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Table S1: Closure for turbulent model

Turbulent viscosity

µt
g = ⇢gCµ

k2g
"g

Turbulent kinetic energy production?

St = Cb�(
#»v s � #»v g)

2

Turbulent stress tensor?

¯̄⌧t = �2

3
⇢gkg

¯̄I + 2µt
g
¯̄Sg

Table S2: Empirical parameters for the � " model.

Cµ �0 �" C1 C2 Cb

0.09 1.00 1.30 1.44 1.92 0.25
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Table S3: Constitutive equations for internal momentum transfer

Gas phase stress
¯̄⌧g = 2↵gµg

¯̄Sg

Solid phase stress
¯̄⌧s = �(�ps + ↵sµB,sr · #»v s)� 2↵sµs

¯̄Ss

Deformation rate for phase k (k = g, s)

¯̄Sk =
1

2

�
r #»v k + (r #»v k)

T
�
� 1

3
(r · #»v k )̄̄I

Solid phase pressure?

ps = ↵s⇢s⇥s[1 + 2(1� e)↵sg0]

solid bulk viscosity?

µB,s =
4

3
↵s⇢sdpg0(1 + e)

r
⇥s

⇡
+

4

5
↵s⇢sdpg0(1 + e)

Solid phase shear viscosity?

µs =
2µdilute

s

↵sg0(1 + e)


1 +

4

5
↵sg0(1 + e)

�2
+

4

5
↵s⇢sg0(1 + e)

r
⇥s

⇡
Conductivity of the granular temperature?

s =
15

2

µdilute
s

(1 + e)g0


1 +

6

5
↵sg0(1 + e)

�2
+ 2↵2

s⇢sdp(1 + e)g0

r
⇥s

⇡
Collisional energy dissipation?

�s = 3(1� e2)↵2
s⇢sg0⇥s

"
4

dp

r
⇥s

⇡
�r · #»v s

#

Radial distribution function?

g0 =
1 + 2.5↵s + 4.5904↵2

s + 4.515439↵3
s

1� (
↵s

↵max
s

)3
�0.67802

Dilute viscosity?

µdilute
s =

5

96
⇢sdp

p
⇡⇥s

Interfacial force
# »
Mg = � # »

Ms = �( #»u s � #»u g)

Drag coe�cients?

� = C[
17.3

Rep
+ 0.336]

⇢g
ds

|vs � vg|↵s↵
�1.8
g
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Table S4: Constitutive equations for mass transfer

E↵ective di↵usivity

De
k,j = Dm

k,j +Dt
k

Molecular di↵usion coe�cient?

Dm
g,j =

1� !j

Mm
P
j 6=i

!j

MjDji

Binary di↵usion coe�cient?

Dji =
T 1.75
0

p
1/Mj + 1/Mi

101.325P
⇣
(
P

V )1/3j + (
P

V )1/3i

⌘2

Turbulent di↵usion coe�cient?

Dt
g =

µt
g

⇢gSct

Dt
s =

dp
16↵s

p
⇡⇥
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Figure S1: Sketch of the numerical solution algorithm
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