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Abstract

There are three fundamental classical theories which can be used to study the
motion of dynamical systems: Newtonian mechanics (NM), special-relativistic
mechanics (SRM) and general-relativistic mechanics (GRM). It is conventionally
believed that (i) the predictions of SRM are well approximated by those of NM in
the low-speed limit, (i1) the predictions of GRM are well approximated by those
of SRM in the weak-gravity limit, and (iii) the predictions of GRM are well
approximated by those of NM in the low-speed weak-gravity limit. In my
research project, numerically-accurate predictions of the theories were compared
in the three limits for chaotic dynamical systems to check the validity of the
conventional beliefs. The results of this study have overturned the conventional
beliefs: for each limit, I showed that the two predictions can rapidly disagree
completely. This new conceptual understanding of the relationships between the
predictions of the theories for low-speed, weak-gravity, and low-speed
weak-gravity chaotic dynamical systems implies that physicists and engineers
must replace the theories they have conventionally been using to study these
systems with the more general theories. In particular, NM must be replaced by

SRM for low-speed systems, SRM must be replaced by GRM for weak-gravity

v



systems, and NM must be replaced by GRM for low-speed weak-gravity systems.

These paradigm shifts could potentially lead to new understanding and

discoveries in these systems.
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Chapter 1

Introduction

There are 3 fundamental classical theories in physics which can be used to
study the motion of a dynamical system: Newtonian mechanics (NM),
special-relativistic mechanics (SRM) and general-relativistic mechanics (GRM).
Over the last one hundred years, physicists have conventionally believed that the
3 fundamental theories are generally related as follows (Einstein,1961; Lapidus,
1972b; Ford and Mantica, 1992; McComb, 1999; Hartle, 2003):

(1) NM is the low-speed limit of SRM;
(2) SRM is the weak-gravity limit of GRM;

(3) NM is the low-speed weak-gravity limit of GRM.

1.1 Low-speed chaotic dynamical system

(Relationship #1:) It is conventionally believed (Einstein,1961; Ford and
Mantica, 1992; Corben and Stehle, 1994; McComb, 1999) that if the speed of a
dynamical system remains low, 1.e. much less than the speed of light ¢, then the

dynamics predicted by SRM stays well approximated by the dynamics predicted



by NM for the same parameter(s) and initial conditions.

In recent times, much progress has been made in studying the

special-relativistic dynamics of nonlinear systems, where gravity does not play a

role in the dynamics of the system, for example, an electron in a time-varying

electric field in a plasma (Chernikov et al., 1989; Nomura et al., 1992), the

relativistic kicked harmonic oscillator (Longcope and Sudan, 1987; Karimabadi

and Angelopoulos, 1989; Ashkenazy and Horwitz, 2000; Horwitz and Ashkenazy,

2000), transport properties in the relativistic periodically kicked rotor (Matrasulov

et al., 2005), the diffusive ionization of a relativistic hydrogen-like atom

(Matrasulov, 1999), and the relativistic motion of a particle acted upon by a

constant force (Lapidus, 1972a). The research work in (Lapidus, 1972a) compared

the equations of the Newtonian and special-relativistic trajectories without

studying the closeness between the two trajectories numerically.

Although dynamical systems where gravity is not involved in the dynamics

have been studied in the framework of SRM, the numerical comparison between

the closeness of the Newtonian and special-relativistic predictions for low-speed

chaotic dynamical systems has never been done before until the recent work of

Lan (2006, 2007, 2008, 2009a, 2009b; Lan and Cheng, 2010; Lan and Borondo,

2011). Since 2006, Lan (2006, 2007, 2008, 2009a, 2009b; Lan and Cheng, 2010;



Lan and Borondo, 2011) has showed numerically with three prototypical chaotic

dynamical systems that, although the system is moving at a low speed, the

Newtonian and special-relativistic trajectories of the same parameters and initial

conditions can rapidly diverge and become completely different from each other if

the trajectories are chaotic.

The first counterexample chaotic dynamical system is (Lan, 2006, 2009b) a

model Hamiltonian system — the periodically delta-kicked particle. Lan found that

the Newtonian and special-relativistic trajectories eventually become completely

different regardless of whether the trajectories are chaotic or non-chaotic. The

breakdown of agreement between the two trajectories is, however, much faster in

the chaotic case compared to the non-chaotic case because the difference between

the two trajectories grows exponentially in the former case but linearly in the

latter case.

Similar rapid breakdown of agreement was also found numerically in the

second counterexample: a model dissipative system (Lan, 2007, 2008, 2009a; Lan

and Cheng, 2010), if the trajectories are chaotic. However, if the trajectories are

non-chaotic, there is no breakdown of agreement between the two trajectories.

The third counterexample is a model scattering system (Lan and Borondo,

2011). Similar rapid breakdown of agreement was also found numerically in this



third counterexample. For this scattering system (Lan and Borondo, 2011), the
rapid breakdown of agreement is due to a sufficiently-long exponential growth of
the difference between the two trajectories in the scattering region when the
scattering is chaotic.

The surprising finding in (Lan, 2006, 2007, 2008, 2009a, 2009b; Lan and
Cheng, 2010; Lan and Borondo, 2011) for Relationship #1 raises the fundamental
question of whether, for low-speed chaotic dynamical systems, Relationship #1 is

true for other predictions besides the trajectory.

1.2 Weak-gravity and low-speed weak-gravity chaotic

dynamical systems

(Relationship #2:) When gravity plays a role in the dynamics of a system but
only weakly, i.e. gravitational potential << ¢* (Davies, 1992), it is conventionally
believed (Einstein, 1961; Lapidus, 1972b) that the dynamical prediction of GRM
is well approximated by the prediction of SRM for the same parameter(s) and
initial conditions.

(Relationship #3:) If the speed of a dynamical system is low, i.e., v << ¢, and

gravity plays a role in the dynamics but is weak, it is conventionally believed



(Einstein, 1961; Lapidus, 1972b) that the dynamics predicted by GRM is well

approximated by the dynamics predicted by NM for the same parameter(s) and

initial conditions.

In recent times, much progress has been made in studying the relativistic

dynamics of nonlinear systems, where gravity plays a role in the dynamics of the

systems. For example, the non-chaotic pendulum (Erkal, 2000) has been studied

numerically in the context of SRM, where the special-relativistic period was close

to the Newtonian period when the speed of the system was low. Another example

is the study of the relativistic non-chaotic motion of a free particle in a uniform

gravitational field (Lapidus, 1972b; Desloge, 1990) in the context of SRM and

GRM. The research work in (Lapidus, 1972b; Desloge, 1990) compared the

equations of the Newtonian, special-relativistic and general-relativistic trajectories

without studying the closeness among the trajectories numerically.

Although dynamical systems where gravity is involved in the dynamics have

been studied in the frameworks of SRM and GRM, in my literature search, I have

not found any research work which compares the closeness of the dynamical

predictions of NM (SRM) and GRM for low-speed weak-gravity (weak-gravity)

chaotic dynamical systems numerically. The finding in (Lan, 2006, 2007, 2008,

2009a, 2009b; Lan and Cheng, 2010; Lan and Borondo, 2011) for Relationship #1



casts a long shadow of doubt on the validity of Relationship #3 (#2) for trajectory
predictions for low-speed weak-gravity (weak-gravity) chaotic dynamical systems.
Furthermore, the finding in (Lan, 2006, 2007, 2008, 2009a, 2009b; Lan and
Cheng, 2010; Lan and Borondo, 2011) also raises the fundamental question of
whether, for low-speed weak-gravity (weak-gravity) chaotic dynamical systems,

Relationship #3 (#2) is true for other predictions besides the trajectory.

1.3 Objectives of the research

The objectives of my research is to determine whether

(1) the statistical predictions of SRM for a low-speed system are always well
approximated by the NM predictions,

(2) the single-trajectory and statistical predictions of GRM for a weak-gravity
system are always well approximated by the SRM predictions,

(3) the single-trajectory and statistical predictions of GRM for a low-speed
weak-gravity system are always well approximated by the NM predictions,

if the system is chaotic. The statistical predictions which will be studied are the

means, standard deviations and probability distributions of position and

momentum, the momentum diffusion, the mean dwell time, and the reflection and



transmission coefficients - these quantities are determined from an ensemble of

trajectories.

1.4 Methodology

To address the 3 objectives of the research, it is imperative that the
predictions of the theories are numerically calculated accurately for comparison.
The strategy 1 have adopted to achieve this is to only study chaotic dynamical
systems where the equations of motion are reducible to mappings for the
trajectory.

To address objective #1, the chaotic dynamical system for my research must
meet the following criteria:

(1) gravity does not play a role in the dynamics of the system since gravity is not

involved in Relationship #1 and, thus, objective #1,

(2) the mapping for the trajectory should be simple and can be studied easily to
obtain accurate numerical results.

The chaotic kicked particle previously studied by Lan (2006, 2009b) meets the

above criteria. For this spatially bounded Hamiltonian system, the Newtonian and

special-relativistic maps are known as the standard map (Casati et al., 1979;



Chirikov, 1979) and the relativistic standard map (Chernikov ef al., 1989; Nomura

et al., 1992) respectively.

I have also addressed objective #1 for the chaotic scattering system

introduced by Beeker and Eckelt (1993). For this spatially unbounded system, the

Newtonian map (Beeker and Eckelt, 1993) and special-relativistic map (Lan and

Borondo, 2011) are also known. By studying the predictions for this chaotic

scattering system, besides the mean, standard deviation and probability

distribution, one can also study the predictions for other statistical quantities, such

as mean dwell time, transmission and reflection coefficients, which cannot be

studied for the chaotic kicked particle.

To address objectives #2 and #3, the chaotic dynamical system for my

research must meet the following criteria:

(1) gravity plays a role in the dynamics of the system since gravity is involved in

Relationships #2 and #3 and, thus, objectives #2 and #3,

(2) the Newtonian, special-relativistic and general-relativistic mappings for the

trajectory should not be too difficult to solve numerically.

The bouncing ball system (Tufillaro et al., 1986; Tufillaro et al., 1992), where

gravity governs the motion of the ball in between its impacts with a vertically

oscillating ‘table’, meets the criteria above. The Newtonian map (Tufillaro et al.,



1986) for this bounded system is known, but the special-relativistic map and

general-relativistic map are not known and so I had to derive them in my research

project. In order to derive the general-relativistic map, I had to study and derive

and solve the general-relativistic equations of motion for a free particle in a

gravitational field due to a uniform sphere, which is the most challenging part of

my thesis.

The accuracy of the single-trajectory and statistical quantity calculations

were determined by the standard method (Lichtenberg and Lieberman, 1983) of

comparing the less-accurate calculation with the more-accurate calculation. Each

statistical quantity was calculated from an ensemble of trajectories.

Table 1 gives a summary of the dynamical quantities and the chaotic

dynamical systems that were studied in my research project.



Table 1. Summary of the dynamical quantities and the chaotic dynamical systems

that are studied in my research project.

(11) Weak-gravity
Limit (1) Low-speed (111)) Low-speed
weak-gravity
o . (i1) SRM vs. GRM
Theories involved (1) NM vs. SRM
(111) NM vs. GRM
Kicked | Scattering Bouncing ball
System .
particle system system
Single trajectory \ \ 0
Mean trajectory 0 0 0
Standard deviation 0 0 0
Probability
.. . 0 o o
distribution
Dynamical | Momentum
0
quantity diffusion
Mean dwell time 0
Transmission
0
coefficient
Reflection
0
coefficient

Note: V means that the dynamical quantity has already been studied by other
researchers. o means that the dynamical quantity was studied in my research

project.
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Chapter 2
Low-Speed Chaotic Dynamical System (I) -
Kicked Particle

2.1 Introduction

In this chapter, I extend the Newtonian special-relativistic comparison for the
low-speed periodically-delta-kicked particle from single-trajectory predictions
(Lan, 2006) to statistical predictions — in particular, the mean, standard deviation
and probability density function of the position and momentum — which are
calculated from the same parameters and initial ensemble of trajectories.
Calculating these statistical quantities directly from an ensemble of trajectories is
far easier than solving the Newtonian and special-relativistic Liouville’s equations
numerically to first obtain the phase-space probability density functions.

Furthermore, momentum diffusion in Hamiltonian systems has been studied
(Chirikov, 1979; Karney, 1983; Chernikov et al., 1990; Afanasiev et al., 1991;
Chaikovsky and Zaslavsky, 1991; Ishizaki et al.,1991; Ishizaki et al., 1993;
Ishizaki and Mori, 1997; Zaslavsky et al., 1997; Ishizaki and Mori, 1998; Lebceuf,

1998; Zheng and Kobe, 2006) extensively using Newtonian mechanics and it is

12



known that it can be anomalous. Considerable effort has been made recently to

understand anomalous diffusion in Hamiltonian systems — see, for example, the

article by Altmann and Kantz (2008) and the review by Zaslavsky (2002).

However, a comparison of Newtonian and special-relativistic predictions for

low-speed momentum diffusion has not been done. In this chapter, I also compare

the low-speed momentum diffusion predicted by the two theories for the

periodically-delta-kicked particle. Details of the kicked particle and numerical

calculation are presented next (Sec. 2.2), followed by the discussion of the results

(Sec. 2.3).

2.2 Calculation

The model Hamiltonian system is a one-dimensional system where the

particle is subjected to a sinusoidal potential which is periodically turned on for

an instant. The Newtonian equations of motion for the periodically-delta-kicked

particle are easily integrated exactly (Casati et al., 1979; Chirikov, 1979) to yield

a mapping, which is known as the standard map, of the dimensionless scaled

position X and dimensionless scaled momentum P from just before the nth kick to

just before the (n+1)th kick:

13



P =P —%sin@an_]) (2.1

X,=(X,,+P) modl (2.2)
where n = 1,2,..., and K is a dimensionless positive parameter. For the standard
map, the transition from weak (local) chaos to strong (global) chaos occurs at K =
0.917.

The special-relativistic equations of motion are also easily integrated exactly,
producing a mapping known as the relativistic standard map (Chernikov et al.,
1989; Nomura et al., 1992) for the dimensionless scaled position X and

dimensionless scaled momentum P from just before the nth kick to just before the

(n+1)th kick:
K .
P =P , ——sin(27X, ) (2.3)
2r
P
X,=|X,, +———=| modl (2.4)
J1+ B*P;
where n = 1,2, ..., and B, like K, is a dimensionless positive parameter. Since
P
v___ B _- (2.5)
¢ J1+(BP)

PP << 1 implies v << ¢ (i.e., low speed), where v is the particle speed and c is the

speed of light. Ciubotariu et al. (2002) have studied a dissipative version of the

relativistic standard map to see how weak damping changes the phase-space

structure around the origin described by the relativistic standard map; they did not

14



however compare the dynamical predictions of their dissipative relativistic
standard map with the predictions of the dissipative non-relativistic standard map.
For both theories, the ensemble of trajectories is initially Gaussian

distributed in position and momentum with means <Xy> and <Py>, and standard

deviations o, and o, :
0 0

_ 1 _(Xo_<X0>)2 _(Po_<Po>)2
p(Xo’Po)_ 210, o (2 26)2(0 261230

(2.6)

Each trajectory in the Newtonian (special-relativistic) ensemble is time-evolved
using the standard map (relativistic standard map). For each theory, the mean
trajectory, i.e., mean position and mean momentum, just before each kick is
calculated from the ensemble of trajectories. First, the mean trajectory is
calculated using 10° trajectories, where the accuracy of the double-precision
calculation is determined by comparison with the quadruple-precision calculation.
The mean trajectory is then recalculated using 10’ trajectories with the same
accuracy determination. Finally, the accuracy of the mean trajectory is determined
by comparing the 10°-trajectories calculation with the 10’-trajectories calculation.
The position and momentum standard deviations and probability density functions
are calculated in the same manner.

As for the momentum diffusion, the statistical quantity that is typically used

to study momentum diffusion is (Chirikov, 1979; Chernikov et al., 1990; Ishizaki

15



et al., 1991; Ishizaki et al., 1993; Lebeeuf, 1998; Zheng and Kobe, 2006) the mean
square momentum displacement (MSMD)

(6n ) =((r, - ). 2
where <...> is an average over an ensemble of trajectories. The MSMD [Eq. (2.7)]

can be expressed as the following sum:

n—1 n—1 n—1-i

((ap, ) =3 c,(0)+2). > ¢, (2.8)

j=0 i=l =0

is the correlation of the momentum difference u; = Py — P; and it is a function of
kick 7, and i, j = 0,1,.... For the Newtonian standard map [Eqgs. (2.1) and (2.2)]
and the relativistic standard map [Egs. (2.3) and (2.4)] , the correlation function is
given by

C,())=K>(sinzx Jsin2zx ., )) /47 . (2.9)
Eq. (2.8) can be rewritten as

(027 )= {087 )+ 0+ 25 € ) 2.10
Eq. (2.10) shows that the MSMD at kick » can be rewritten as the MSMD at kick
(n-1) plus a sum involving correlation functions C,_,_ 1( )E <un_]_iun_,> where i =

0,1,..., n-1. I will refer to Eq. (2.10) at the end of the results section.

In previous studies (Chirikov, 1979; Ishizaki ef al., 1991; Zheng and Kobe,

16



2006) of momentum diffusion in the Newtonian standard map, an initially
non-localized semi-uniform ensemble, where the initial positions are uniformly
distributed and the initial momentums are all the same, is used in the numerical
calculation of the MSMD. Previous studies (Ishizaki ef al., 1991; Zheng and Kobe,
2006) of the Newtonian standard map have shown that, for parameter K where
accelerator mode islands exist, the MSMD has a power law dependence on the
kick n: Dn® where 1 < a < 2. In this case, the diffusion is termed anomalous. In
contrast, for parameter K where there is no accelerator mode island, the diffusion
is normal — the MSMD grows linearly (Chirikov, 1979; Ishizaki et al., 1991;
Zheng and Kobe, 2006).

In my calculations, besides the initially non-localized semi-uniform
ensemble, | also use an initially localized ensemble where the initial positions and
momentums are both Gaussian distributed (see Eq. (2.6)) with means <Xy> and
<Py>, and standard deviations o, and o, . The accuracy of the MSMD is
determined in the similar way to the mean trajectory, however, to obtain a higher
accuracy for the MSMD, the 30-significant-figure calculation is used instead of

the double-precision calculation.

17



2.3 Results - Statistical predictions

2.3.1 Mean, standard deviation and probability distribution

In this section, I will present three examples to illustrate the general results.
In the first example, the map parameters are K = 7.0 and 8= 10". The Newtonian
and special-relativistic ensembles are both initially Gaussian distributed in phase
space with means <X;> = 0.5 and <Py> = 99.9, and standard deviations
Oy,=0p= 10°, and thus initially localized in the chaotic ‘sea’ in phase space.
Fig. 2.1 shows that the Newtonian mean position and mean momentum agree with
the special-relativistic mean position and mean momentum for the first 16 kicks
only, the two mean trajectories are completely different from kick 17 onwards.

The breakdown of agreement between the Newtonian and special-relativistic
mean trajectories in Fig. 2.1 can be understood as follows. In either the
Newtonian or special-relativistic case, the position and momentum standard
deviations grow (Fox and Elston, 1994; Lan, 1994), on average, exponentially
initially because the trajectories in the ensemble are chaotic. But as long as the
position standard deviation remains small (<<1), the mean trajectory is (Fox and

Elston, 1994; Lan, 1994) well-approximated by the single trajectory with the

18
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Figure 2.1. Newtonian (squares) and special-relativistic (diamonds) mean
positions (top plot) and mean momentums (bottom plot) for the first example.
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same initial conditions as the mean trajectory. The agreement between the single
trajectory and mean trajectory breaks down when the position standard deviation
saturates (Fox and Elston, 1994; Lan, 1994), that is, when the position probability
density becomes delocalized over the entire position interval, which triggers the
delocalization of the momentum probability density. Fig. 2.2 shows that the
Newtonian and special-relativistic position standard deviations saturate at kick 19.
In each theory, before the saturation of the position probability density, the

exponential growth constants of the standard deviations are about 1.0, which are

log(position s. d.)

0 5 10 15 20 25 30
kick

Figure 2.2. Natural-log of the Newtonian (squares) and special-relativistic
(diamonds) position standard deviations for the first example.

20



close to the Lyapunov exponent of 1.27 for the single trajectory. Thus, in either
the Newtonian (see Fig. 2.3) or special-relativistic (see Fig. 2.4) case, the mean
trajectory is well-approximated by the single trajectory for the first 18 kicks only.
The complete disagreement between the Newtonian and special-relativistic mean
trajectories at kick 17 and kick 18 is therefore due to the complete disagreement
of the Newtonian single trajectory and the special-relativistic single trajectory,
which are both chaotic with Lyapunov exponent of 1.27, from kick 17 onwards.
Since the position and momentum difference between the chaotic Newtonian and
special-relativistic single trajectories grows exponentially at a rate approximately
given by the Lyapunov exponent (Lan, 2006), we can estimate when the
agreement between the two single trajectories breaks down and thus when the two
mean trajectories breaks down. In particular, the position difference between the
two single trajectories with the same initial conditions is 4.99x10” after 1 kick
and, assuming that the exponential growth constant is 1.27, it grows to 0.1 (the
maximum possible position difference is 1) after 14 kicks, which is close to the
actual 17 kicks.

Furthermore, the difference between the Newtonian and special-relativistic

mean trajectories grow exponentially up to kick 18 (see Fig. 2.5) because the
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Figure 2.4. Special-relativistic single trajectory (circles), special-relativistic mean
trajectory for the first example (squares), and special-relativistic mean trajectory
for the second example (triangles): positions (top plot) and momentums (bottom

plot).
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Figure 2.5. Natural-log of the absolute value of the difference between the
Newtonian and special-relativistic mean positions (top plot) and mean
momentums (bottom plot) for the first example. The mean-position differences at
kick 22 and 24 cannot be resolved with the accuracy I have for the Newtonian and

special-relativistic mean positions at those kicks.
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difference between the Newtonian and special-relativistic chaotic single

trajectories grow (Lan, 2006) exponentially. Hence, the breakdown of agreement

between the Newtonian and special-relativistic mean trajectories is rapid because

of the exponential growth of the difference between the two mean trajectories.

Figure 2.2 and Fig. 2.6 show that the position and momentum standard

deviations predicted by the two theories also do not always agree. The breakdown

of agreement occurs at kick 12. This rapid breakdown of agreement is, see Fig.

2.7, due to the exponential growth of the difference between the Newtonian and

special-relativistic standard deviations, for both position and momentum, up to

kick 12. In Fig. 2.7, the exponential growth constants of the position and

momentum standard-deviation differences, which are measured from kick 10 to

kick 19 (the accuracy of the standard-deviation differences before kick 10 cannot

be resolved with the accuracy I have for the standard deviations), are 1.36 and

1.38 respectively. These growth constants are slightly larger than the Lyapunov

exponents of 1.27 for the Newtonian and special-relativistic single trajectories.

Together, Fig. 2.1, Fig. 2.2 and Fig. 2.6 show that the agreement between the

statistical predictions of the two theories, Newtonian and special relativistic, for

the position and momentum means and standard deviations breaks down from
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Figure 2.6. Newtonian (squares) and special-relativistic (diamonds) momentum
standard deviations for the first example: first 15 kicks (top plot), kick 15 to 30
(bottom plot). The Newtonian and special-relativistic momentum standard
deviations in the bottom plot are completely different from each other - they
appear to be close from kick 25 onwards because the natural log of the standard
deviations is plotted.
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Figure 2.7. Natural-log of the absolute value of the difference between the
Newtonian and special-relativistic position standard deviations (top plot) and
momentum standard deviations (bottom plot) for the first example. The
standard-deviation differences from kick 1 to 9 cannot be resolved with the
accuracy I have for the Newtonian and special-relativistic standard deviations at
those kicks.



kick 12 onwards even though the mean particle speed is low, only 0.001% of the
speed of light since B = 10”. Fig. 2.8 shows the different Newtonian and
special-relativistic position and momentum probability densities at kick 17.

In the second example, the parameters and initial means are the same as
those in the first example but the initial standard deviations are larger: o, =0, =
10, In this case, Fig. 2.9 shows there is no breakdown of agreement between the
mean trajectory predictions of the two theories. In addition, Fig. 2.10 shows there
is also no breakdown of agreement between the position and momentum standard
deviations predicted by the two theories.

The results in Fig. 2.9 and Fig. 2.10 for the second example can be
understood as follows. Fig. 2.3 and Fig. 2.4 show that the single trajectory is close
to the mean trajectory for the first 12 kicks only, in either the Newtonian or
special-relativistic case. Thus, for the first 12 kicks, the Newtonian and
special-relativistic mean trajectories are close because the Newtonian and
special-relativistic single trajectories are close (recall, the agreement between the
two single trajectories only breaks down at kick 17). Furthermore, the Newtonian
and special-relativistic standard deviations are, like the means, still very close at

kick 13 when the position standard deviations saturate. In other words, the
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Figure 2.8. Newtonian (shaded grey) and special-relativistic (bold line) position
(top plot) and momentum (bottom plot) probability densities for the first example
at kick 17.
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Figure 2.9. Newtonian (squares) and special-relativistic (diamonds) mean
positions (top plot) and mean momentums (bottom plot) for the second example.
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Figure 2.10. Natural-log of the Newtonian (squares) and special-relativistic
(diamonds) position standard deviations (top plot) and momentum standard
deviations (bottom plot) for the second example.
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Newtonian and special-relativistic position and momentum probability densities

are essentially the same at kick 13. I have found that the agreement between the

statistical predictions of the two theories for the position and momentum means

and standard deviations does not break down for an ensemble of trajectories

which is initially uniformly distributed (delocalized) in position. Thus, in this

example, because the Newtonian and special-relativistic position probability

densities are essentially the same and delocalized at kick 13, the statistical

predictions of the two theories continue to be close for subsequent kicks.

The results illustrated by the two examples above were also found for other

values of the K parameter: 0.9, 3.86, 6.4717, 6.9115 and 10.053.

Recall, in the first example (with smaller initial standard deviations), the

Newtonian and special-relativistic position standard deviations saturate affer the

agreement between the Newtonian and special-relativistic single trajectories

breaks down. However, in the second example (with larger initial standard

deviations), the Newtonian and special-relativistic position standard deviations

saturate before the agreement between the Newtonian and special-relativistic

single trajectories breaks down. The first and second examples therefore show

that in order for the statistical predictions of the two theories to break down, the

initial Gaussian ensemble must be sufficiently well-localized in phase space, that
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is, the initial standard deviations must be sufficiently small such that the
Newtonian and special-relativistic position standard deviations saturate affer the
agreement between the Newtonian and special-relativistic single trajectories
breaks down.

If the initial ensemble is localized in the chaotic ‘sea’ in phase space, in the
first example for instance, the agreement between the Newtonian and
special-relativistic single trajectories (the initial conditions of the two single
trajectories are the same, equal to the initial mean position and mean momentum)
breaks down rapidly because the difference between the single trajectories grows
(Lan, 2006) exponentially. In contrast, if the initial ensemble is localized in the
non-chaotic ‘island’ in phase space, the difference between the Newtonian and
special-relativistic single trajectories only grows (Lan, 2006) linearly, and
therefore it takes a very long time for the agreement between the single
trajectories to break down. This means that the breakdown of agreement between
the statistical predictions of the two theories, Newtonian and special-relativistic, is
very fast in the chaotic case, as we saw in the first example, but very slow in the
non-chaotic case.

As an example of the non-chaotic case (this is my third example), for map

parameters K = 0.9 and 8 = 107, the agreement between the Newtonian and
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special-relativistic single trajectories with initial conditions Xp = 0.7 and Py = 99.9
takes about 10° kicks (Lan, 2006) to break down. The Newtonian and
special-relativistic statistical predictions can thus agree for a very long time.
Indeed, for initial standard deviations o, =0, = 10, the means still agree to 6
and 9 significant figures respectively for position and momentum at kick 1000. At
the same kick, the accuracies I have for both the Newtonian and
special-relativistic standard deviations are 3 and 4 significant figures respectively
for position and momentum — the Newtonian and special-relativistic standard
deviations are the same, 2.67x107 for position and 2.446x107 for momentum,
within these accuracies. Similar results were found for other non-chaotic cases for
other values of the parameter K, 0.5 and 1.5.

Finally, the breakdown of agreement between the Newtonian and
special-relativistic statistical predictions for the periodically-delta-kicked particle
at low speed can be further understood from a broader perspective by comparing

the Newtonian Liouville’s equation for the phase-space probability density

function p(X,P,?)
op(x,Pt) [P op K . e . op
= —[F}[a—X} + {ﬁ sin (27IX)J;oT5(]T - t)}[ﬁ_P} (2.11)

with its special-relativistic counterpart
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op(X,P,t) _ P [%}{Lm(zﬂx)iTg(jT_t)}[a_P}

Ot T (1 + B2 P )”2 ox || 2aT 4 oP
(2.12)
where the infinite sum in both equations is the series of periodic delta kicks with

period 7. For low speed, fP << 1, therefore

1 1
(1+5°P)
in Eq. (2.12). The breakdown of agreement between the Newtonian and

special-relativistic statistical predictions is therefore essentially due to the small

[*P*/2 term in Eq. (2.12).

2.3.2 Momentum diffusion

In this section, I will present three examples to illustrate the general results.
In all the examples presented here, the parameter [ in the relativistic standard map
[Egs. (2.3) and (2.4)] is small, 107, and so the mean speed is low, at most about
0.001% of the speed of light.

If the initial ensemble 1s semi-uniformly distributed, where the initial
positions X are uniformly distributed between 0 and 1 and all initial momentums

are Py, then there is generally no breakdown of agreement between the Newtonian
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and special-relativistic MSMD, which grow either linearly or as a power law from
the outset. An example (this is my first example) is given in Fig. 2.11 for Py =
99.9 and K = 10.053, where the two MSMD grow linearly at close rates.

In the second example, K is also 10.053, but the ensemble is initially
Gaussian localized in phase space with means <Xy> = 0.5 and <Py> = 99.9, and

standard deviations o, =0, = 102, Fig. 2.12 shows that the Newtonian and

special-relativistic predictions for the MSMD are very close and fluctuating for

90 r

MSMD

0 10 20 30 40 50 60 70 80 90 100
kick

Figure 2.11. Newtonian (squares) and special-relativistic (diamonds) MSMD in
the first example where the initial ensemble is semi-uniformly distributed. MSMD

which cannot be resolved in accuracy is not plotted.
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Figure 2.12. Newtonian (squares) and special-relativistic (diamonds) MSMD in
the second example for the first 13 kicks (top plot) and from kick 13 to kick 53
(bottom plot). MSMD which cannot be resolved in accuracy is not plotted.
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the first 9 kicks, but, from kick 10 onwards, the MSMD predicted by the two
theories disagree with each other completely.

In the third example, the map parameter K and the means of the initial
Gaussian ensemble are the same as those in the second example but the initial
Gaussian ensemble is broader in both position and momentum with
Oy,=0p =10"". In contrast to the result in the second example, Fig. 2.13 shows
that there is no breakdown of agreement between the Newtonian and
special-relativistic MSMD in this case.

In the second example, the Newtonian and special-relativistic position
probability densities are delocalized in the entire position interval at kick 13 and
kick 15 respectively. In the third example, the position probability densities are
both delocalized at kick 8. The MSMD results in the second and third examples
before the position probability densities are delocalized can be understood as
follows. In each theory, before the delocalization of the position probability
density, the MSMD

(B-R))=0} +(B) ~2(ER)+o; +(R) (2.14)
is dominated by

(R) =2RR)+(R)", (2.15)

38



10

MSMD

kick

MSMD

8 13 18 23 28 33 38 43 48 53
kick

Figure 2.13. Newtonian (squares) and special-relativistic (diamonds) MSMD in

the third example for the first 8 kicks (top plot) and from kick 8 to kick 53
(bottom plot).
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which is approximately

(B) 2B )R)+(R)
since <P,Py> ~ <P,><Py,>. Moreover, the mean trajectory (<X,>, <P,>) of the
ensemble is well-approximated by the central trajectory (X,, P,), that is, the single
trajectory with the same initial conditions as the mean trajectory: Xy, = <Xp> and
Py = <Py>. Hence, the MSMD in each theory is approximately given by the
square momentum displacement

(P, -P) =P°-2PP +P’ (2.16)
of the central trajectory, which is chaotic in the two examples, before the position
probability density is delocalized — see Figs. 2.14 and 2.15. The initial
fluctuations of the Newtonian and special-relativistic MSMD are therefore due to
the fluctuations of the square momentum displacement of the corresponding
chaotic central trajectory. Furthermore, the difference between the Newtonian and
special-relativistic MSMD grows exponentially initially — see Figs. 2.16 and
2.17 — because the difference between the Newtonian and special-relativistic
central-trajectory square momentum displacements grows exponentially initially.
In Fig. 2.16 (Fig. 2.17), the exponential growth constant of the MSMD difference

(measured from kick 2 to kick 12 (7)) is 1.49 (1.97), which is slightly smaller

40



kick

Figure 2.14. Newtonian (top plot) and special-relativistic (bottom plot) MSMD
(squares), momentum variances (diamonds) and central-trajectory square
momentum displacements (triangles) in the second example from initial until each

ensemble is delocalized.
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kick

Figure 2.15. Newtonian (top plot) and special-relativistic (bottom plot) MSMD
(squares), momentum variances (diamonds) and central-trajectory square
momentum displacements (triangles) in the third example from initial until each
ensemble is delocalized.
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Figure 2.16. Difference between the Newtonian and special-relativistic MSMD in
the second example.
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Figure 2.17. Difference between the Newtonian and special-relativistic MSMD in

the third example. Data which cannot be resolved in accuracy is not plotted.
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(greater) than the Lyapunov exponents of 1.6 for the Newtonian and

special-relativistic central trajectories. In the second example, the breakdown of

agreement between the Newtonian and special-relativistic MSMD at kick 10

before the delocalization of the position probability densities is therefore due to

the breakdown of agreement between the Newtonian and special-relativistic

central-trajectory square momentum displacements triggered by the breakdown of

agreement between the Newtonian and special-relativistic central trajectories. In

contrast, in the third example, there is no breakdown of agreement between the

Newtonian and special-relativistic MSMD before the position probability

densities are delocalized because the agreement between the Newtonian and

special-relativistic central trajectories only breaks down at kick 10 after the

position probability densities are both delocalized at kick 8.

Generally, in each theory, after the position probability density is delocalized,

the behavior of the MSMD calculated using an initially Gaussian ensemble is

similar to the behavior of the MSMD calculated using an initially semi-uniform

ensemble for the same parameter K, which is either linear growth or power-law

growth. The linear growth rates or power-law exponents of the former MSMD

and latter MSMD are close. In the second and third examples where K = 10.053,

the growth is linear (see Figs. 2.11, 2.12 and 2.13). In the second example,
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although the Newtonian and special-relativistic MSMD both grow linearly at

close rates after the delocalization of the position probability densities, they start

at different values and therefore the two MSMD remain different from one

another. On the other hand, in the third example, the two MSMD remain close

after the delocalization of the position probability densities because they grow

linearly at close rates from close values.

The second and third examples illustrate that, typically, the agreement

between the MSMD predicted by the two theories breaks down if the initial

Gaussian ensemble is well-localized (i.e., sufficiently localized) in phase space

such that the Newtonian and special-relativistic position probability densities are

delocalized after the breakdown of agreement between the Newtonian and

special-relativistic central trajectories. The breakdown of agreement between the

two MSMD occurs when the agreement between the two central trajectories

breaks down and therefore is rapid if the two central trajectories are chaotic (as

the second example shows) but very slow if the two central trajectories are

non-chaotic (Lan, 2006).

Since the MSMD can be written as, see Eq. (2.10), the MSMD at kick (n-1)

plus a sum of correlation functions, if the MSMD predicted by the two theories

agree with each other for the first (n-1) kicks and disagree completely from kick »
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onwards, the Newtonian predictions for the sum of correlation functions and
some/all of the correlation functions in the sum should disagree completely with
the special-relativistic predictions for »n, n+l, .... For instance, in the second
example, since the two predictions for the MSMD disagree completely from kick
10 onwards, the two predictions for the sum of correlation functions and some/all
of the correlation functions in the sum should disagree completely for » > 10. For
example, the Newtonian and special-relativistic predictions for the sum of
correlation functions for » = 10 are 0.31 and 0.11 respectively. In addition, Fig.
2.18 shows, for example, that the Newtonian predictions for the correlation
functions
Cy_, (z) = <u9_iu9>, where i =0,..., 9,
disagree completely with the special-relativistic predictions, except when i = 5

and 9.
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Figure 2.18. Comparison of Newtonian (squares) and special-relativistic

(diamonds) correlation functions Cy_(7) versus kicks i for the second example.
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Chapter 3
Low-Speed Chaotic Dynamical System (II) —
Scattering System

3.1 Introduction

In this chapter, I extend the comparison of the Newtonian and
special-relativistic single-trajectory predictions for the low-speed model scattering
system presented in (Lan and Borondo, 2011) to a comparison of statistical
quantities which are calculated from the same parameters and initial ensemble of
trajectories. In particular, I focus here on the position and momentum means,
standard deviations and probability density functions, mean dwell time, and
transmission and reflection coefficients. The dwell time is, for each trajectory in
the ensemble, defined as (zour — #n) Where #, is the time when the particle first
enters the scattering region and 7, 1s the time when the particle subsequently first
exits the scattering region. The transmission coefficient (reflection coefficient) is
defined as the ratio of the number of transmitted (reflected) particles to the total

number of particles in the ensemble. A comparison of Newtonian and
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special-relativistic statistical predictions has not yet been done for a low-speed
scattering system.

The model scattering system 1 have chosen to study allows
sufficiently-accurate calculation of the statistical quantities because the
time-evolution of each trajectory in the ensemble is described by an exact
analytical map in both the Newtonian and special-relativistic frameworks. Details
of the model scattering system and calculations are given next (Sec. 3.2),

followed by the presentation and discussion of the results (Sec. 3.3).

3.2 Calculation

The scattering system consists of a particle of rest mass my moving in the
one-dimensional potential well introduced by Beeker and Eckelt (1993):
V _
V(x)=— 20 (14 22)"", (3.1)
B
which is periodically turned on only for an instant of time. The potential well is
characterized by two parameters Vy and S, where Vy/[ determines the depth of the
well and S determines its asymptotic behavior.
The Newtonian equations of motion for this periodically-delta-kicked

scattering system are easily integrated exactly (Beeker and Eckelt, 1993) to yield
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a mapping for the position x and momentum p from just before the nth kick to just

before the (n+1)th kick:
P =~ Vol (L2722, (3.2)
xn+] :xn +lpn+]’ (33)
m

0

where T is the kicking period.

The corresponding special-relativistic equations of motion are also easily
integrated exactly (Lan and Borondo, 2011) to produce a mapping for the position
x and momentum p from just before the nth kick to just before the (n+1)th kick:

)—(ﬂ+2)/2

Do = Py —VoTx, (1452 : (3.4)

Tpn+]

e m, \/1 + [-pn+] /(moc)]2 |

x (3.5)

For both theories, I consider an initially Gaussian ensemble of trajectories

centered in the mean values <x> and <p>, and with standard deviations o; and o:

2ro.0,
Each trajectory in the Newtonian (special-relativistic) ensemble is time-evolved
using the map given by Egs. (3.2) and (3.3) [Egs. (3.4) and (3.5)]. For both
theories, each statistical quantity is calculated by averaging over the ensemble of
trajectories. First, the statistical quantity is calculated using 10° trajectories, where

its accuracy is determined by comparing the 30-significant-figure calculation with
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the quadruple-precision (35 significant figures) calculation. The statistical
quantity is then recalculated using 10’ trajectories where its accuracy is
determined in the same manner. Finally, the accuracy of the statistical quantity is
determined by comparing the 10°-trajectories calculation with the 10’-trajectories

calculation. Tused mo=1,7=1, and c = 10° in all of our calculations.

3.3 Results - Statistical predictions: Mean, standard
deviation, probability distribution, mean dwell time,

reflection and transmission coefficients

In this section I present and discuss four examples illustrating the general
results. In all cases, the mean speed is low, representing only 0.001% of the speed
of light.

In the first example, the parameters of the scattering potential well are taken
as Vo = 8 and S = 4. The corresponding potential profile is plotted in Fig. 3.1. For
these parameters, the scattering is chaotic, i.e., the scattering function has
intertwining regular and irregular intervals down to all scales, from both the

Newtonian (Beeker and Eckelt, 1993) and special-relativistic (Lan and Borondo,
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Figure 3.1. Scattering potential well for V, = 8 and = 4 (solid line), and Vy = 2
and S = 4 (dotted line).

2011) perspectives. The means and standard deviations of the initially Gaussian
ensemble are taken as <x> = -20, <p>=1.2497 and o; = 0, = 10", This initially
localized ensemble is far from and to the left of the scattering region ranging from
x=-4tox=4.

Figure 3.2 shows that the Newtonian mean trajectory, i.e., mean position and
mean momentum, agrees with the special-relativistic mean trajectory for the first
35 kicks. The two mean trajectories are completely different, however, from kick

36 onwards. This breakdown of agreement can be understood as follows. The
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Figure 3.2. Newtonian (squares) and special-relativistic (diamonds) mean
positions (top plot) and mean momentums (bottom plot) for the chaotic scattering

case in the first example discussed in the text.
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Newtonian (special-relativistic) mean trajectory is well-approximated by the

Newtonian (special-relativistic) single trajectory with the same initial conditions

until the Newtonian (special-relativistic) ensemble is delocalized in phase space at

kick 38 (kick 39). Since the agreement between the Newtonian and

special-relativistic single trajectories breaks down earlier, at kick 36, the

agreement between the Newtonian and special-relativistic mean trajectories

therefore also breaks down at the same kick. Furthermore, the breakdown of

agreement between the Newtonian and special-relativistic mean trajectories is

rapid because the difference between them grows exponentially in the scattering

region, like the growth of the difference between the Newtonian and

special-relativistic single trajectories shown previously in (Lan and Borondo,

2011).

Figure 3.3 shows that the agreement between the Newtonian and

special-relativistic standard deviations also breaks down at kick 36. Fig. 3.4

shows that this rapid breakdown of agreement is due to the exponential growth of

the difference between the Newtonian and special-relativistic standard deviations

up to kick 38 while the ensembles are still in the scattering region.

The mean dwell time, transmission coefficient and reflection coefficient
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Figure 3.3. Newtonian (squares) and special-relativistic (diamonds) position
standard deviations (top plot) and momentum standard deviations (bottom plot)
for the chaotic scattering case in the first example. The Newtonian and
special-relativistic standard deviations are not plotted before kick 33 because they

are close to each other.
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Figure 3.4. Difference between the Newtonian and special-relativistic standard
deviations — for position (top plot), and momentum (bottom plot) — for the chaotic
scattering case in the first example. The standard-deviation differences before
kick 33 and at kick 34 are not shown because they cannot be resolved with the
accuracy of our calculations. After the exponential growth, which ends at kick 38,
the position-standard-deviation difference grows linearly from kick 50 onwards
and the momentum-standard-deviation difference is essentially constant from kick

60 onwards.
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predicted by the two theories are also, remarkably, very different. Indeed, the

Newtonian mean dwell time i1s 32.9 kicks, while the corresponding

special-relativistic value is only 30.3 kicks. Even more striking is the difference in

the transmission coefficients, since the Newtonian value of 0.57 is more than two

times the special-relativistic one of 0.24. Similarly, for the reflection coefficient,

the special-relativistic value of 0.75 is about two times the Newtonian value of

0.42. Fig. 3.5 shows the different Newtonian and special-relativistic position
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Figure 3.5. Newtonian (shaded grey) and special-relativistic (bold line) position
probability densities for the chaotic scattering case in the first example at kick
160.
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probability densities at kick 160 after the ensembles have exited the scattering
region.

In the second example, the scattering is also chaotic. All the parameters are
the same as in the first example except that a broader initial Gaussian ensemble,
both in position and momentum with o, = o, = 10'7, 1s used. In contrast to what
happened in the previous example, there is no breakdown of agreement between
the position and momentum means and standard deviations predicted by the two
theories. In this example, when the Newtonian and special-relativistic ensembles
delocalized in phase space at kick 32, the Newtonian and special-relativistic mean
trajectories are still close to one another because the agreement between the
Newtonian and special-relativistic single trajectories with the same initial
conditions only breaks down sometime later at kick 36. The Newtonian and
special-relativistic standard deviations at kick 32 are also still close to one another.
Hence, since the Newtonian and special-relativistic delocalized phase-space
distributions are close to one another at kick 32, the subsequent predictions of the
means and standard deviations by the two theories continue to be close.
Furthermore, the other statistical quantities predicted by the two theories are also
close, in particular, they agree to at least 2 significant figures: the two theories

predict 25 kicks for the mean dwell time, 0.39 for the transmission coefficient and
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0.60 for the reflection coefficient.

These two examples of chaotic scattering illustrate that the statistical
predictions of the two theories completely disagree if the initially Gaussian
ensemble is well, ie., sufficiently, localized in phase space, such that the
Newtonian and special-relativistic ensembles delocalize after the agreement
between the Newtonian and special-relativistic single trajectories, with the same
initial conditions as the Newtonian and special-relativistic mean trajectories,
breaks down.

In the third example, the parameters of the scattering potential well are taken
to be Vp = 2 and B = 4 — the corresponding potential profile has also been plotted
in Fig. 3.1. For these values of the parameters, the scattering is non-chaotic, i.e.,
the scattering function varies regularly from both the Newtonian (Beeker and
Eckelt, 1993) and special-relativistic (Lan and Borondo, 2011) perspectives. The
means and standard deviations of the initially Gaussian ensemble are taken as <x>
=-20, <p>=1.2497 and o, = 0, = 10™. This choice initially localize the ensemble
far from and to the left of the scattering region, which is in the range x = -3.5 to x
= 3.5. In this case, the transmission and reflection coefficients predicted by the
two theories are the same, and equal to 1 and 0, respectively. Both the Newtonian

and special-relativistic ensembles are still localized in phase space when they are

60



far away from the scattering region on the other side at x ~20 at kick 40. Fig. 3.6
shows that when the Newtonian and special-relativistic ensembles are far away
from the scattering region on the other side, the Newtonian and special-relativistic
mean trajectories are still close to one another — this is because they are
well-approximated by the corresponding single trajectories (with the same initial
conditions) which are still also close to one another. The Newtonian and
special-relativistic standard deviations are also close to one another — see Fig. 3.7.
The mean dwell times from the two theories are also the same: 6 kicks.

In the fourth and final example, the scattering is also non-chaotic. All the
parameters are the same as in the third example except that the initial Gaussian
ensemble is broader in both position and momentum with o, = ¢, = 107 In
contrast to the previous example, the Newtonian and special-relativistic
ensembles are already delocalized in phase space at kick 17 in the scattering
region. The two ensembles are still close to one another when they delocalize,
which means that there is no subsequent breakdown of agreement between the
means and the standard deviations predicted by the two theories for the position
and momentum. Furthermore, the transmission and reflection coefficients

predicted by the two theories are the same, 1 and 0, respectively. The two
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Figure 3.6. Newtonian (squares) and special-relativistic (diamonds) mean
positions (top plot) and mean momentums (bottom plot) for the non-chaotic

scattering case in the third example discussed in the text.
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predictions for the mean dwell time agree to at least 3 significant figures, they are

both equal to 5.64 kicks.

The third and fourth examples above illustrate that if the scattering is

non-chaotic, there is no breakdown of agreement between the statistical

predictions of the two theories.
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Chapter 4
Low-Speed Weak-Gravity Chaotic Dynamical
System - Bouncing Ball System

4.1 Introduction

In this chapter, I study a low-speed weak-gravity system — the bouncing ball
system (Tufillaro et al., 1986; Tufillaro et al., 1992) — to ascertain if the
Relationships #2 and #3 in Sec. 1.2 are correct by comparing the Newtonian and
special-relativistic single-trajectory and statistical predictions (in particular, the
means, standard deviations and probability distributions for the position and
velocity) with the corresponding general-relativistic predictions. Here, the
gravitational field of the earth is modeled as the field due to a uniform sphere.
Moreover, both elastic and inelastic collisions between the ball and table are
considered.

The Newtonian map for the bouncing ball system is known (Tufillaro et al.,
1986; Tufillaro et al., 1992), however, the relativistic maps are unknown. To
derive the general-relativistic map, I need to know the general-relativistic free fall

motion of a particle — see the derivation in Sec. 4.2. The derivations of the
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relativistic maps are given in Sec. 4.3. Details of the bouncing ball system, as well
as the Newtonian and relativistic single-trajectory and statistical quantity

calculations are given in Sec. 4.4, and the results are presented in Sec. 4.5.

4.2 Newtonian and relativistic free-fall motion

Here 1 consider the radial motion of a particle of mass m due to the
gravitational field of a uniform sphere of mass M and radius R.
In the Newtonian framework, the change in gravitational potential energy of

the particle from an initial position 7y to a final position r is given by
1 1
AU:U(r)—U(rO):—GMm{———}. (4.1)

If the distance travelled by the particle is small compared to ry, that is, |7 - ro|/ro

<<1, then 1/r is essentially given by

-1
I 1 r=r, 1 r=r 1 r-r
i) )t s

since higher-order terms involving (r - ry)/ro are negligible. If the particle is

initially near the surface of the sphere, that is, 7y = R, then
GMlry® ~ GMIR* = g. (4.3)

Substituting Egs. (4.2) and (4.3) into Eq. (4.1) reduces Eq. (4.1) to approximately
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the change in gravitational potential energy of a particle in a uniform gravitational
field
AU = mgr- mgr. (4.4)
The Newtonian position and velocity of the particle at time ¢ are therefore given
by the well-known equations:
r—r0=v0(t—t0)—%g(t—t0)z, (4.5)
v=v,—glt—1,). (4.6)
In the special-relativistic framework, if | - ro|/ro <<l and ry = R, Eqgs. (4.2)

and (4.3) reduce the change in gravitational potential energy of the particle to

AU :_ﬂ{l_i}w_ @7
1-(v/e)' L ™ 1-(v/e)’

0
Solution of the special-relativistic equation of motion with the force derived from

the gravitational potential energy U(r) in Eq. (4.7) yields (Srinivasa Rao, 1966;

Lapidus, 1972a, 1972b)

r—r, = —(02 /g)ln{%Kl +V?°]e'g("’°)/c + (1 —Vf]eg(’_"’)“}, (4.8)

N (1+v, /c)e stV —(1—v, /)t 49)
T (v L) g (1, fo)e U :

for the position and velocity of the particle at time ¢.

In the general-relativistic framework, the gravitational field outside the

uniform sphere is described by the Schwarzschild metric (Landau and Lifshitz,
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1975) in terms of the Schwarzschild coordinates (ct, r, 0, @)

2
ds® = cdr? :(1—i]c2dt2 T 2(46* +sin® 6dg?), (4.10)
P
r
where ds is the interval between neighboring events, 7 is the proper time, and s =
2GM/c* is the Schwarzschild radius. For purely radial motion (Srinivasa Rao,

1966; Srinivasa Rao and Gopala Rao, 1974) along the line ¢ = constant in the

equatorial plane 6 = 7/2, the metric Eq. (4.10) is simplified, with d¢ = d6 = 0, to

2
ds? = c*dr? =[1-15 |c2dr? __drt (4.11)
r (1 -7, /r)
and the geodesic equations are reduced to
2 2
cz'd t2 N r./r° \cdt dr _o, (4.12)
c'dr l-7/r )cdr cdt

2 2 -1 2
%Jr 1-5 Vsz (C_dt] 1= Vsz (ﬁ] -0, (4.13)
codr r \2r- N\edr r 2r° \edr
The local velocity (Landau and Lifshitz, 1975; Zel'dovich and Novikov, 1996) of

the particle, measured by a local observer who is at rest at a particular

Schwarzschild radial coordinate and is next to the particle, is

v=(1—i]_ @:(1_2@\4}‘ dr (4.14)

r dt cr dt’

The integral of Eq. (4.12), which is given by

|
_C:l” _ k(l_i] , (4.15)
cart r

where £ is a constant, and the integral of Eq. (4.13), which is given by Eq. (4.11),
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together with the initial condition v = vy at » = ry, lead to the following expression

for dr/dt:

2 2 -1
(@] :(1—2€Mj 1 2oM vg(l—zGTM]uGM o1 e
dt cr c’r, cr ror,

If | - rol/ro <<1 and ry = R, substituting Eqs. (4.2) and (4.3) into Eq. (4.16)

and integrating it with initial condition » = ry at ¢ = fy yields the general-relativistic

position of the particle at time ¢

-2
2 ) _g(t-1) (i)
r—r():—;—[l— gzroj 1—{£|:(1+V—°]e ¢ +(1—V—°]e ¢
g c 2 c c

(4.17)

In the limit of weak gravity (2gr/c*<<1 and 2gro/c’<<1), Eq. (4.17) reduces to the
special-relativistic Eq. (4.8). In the limit of weak gravity and low speed (v/c<<I,
vo/c<<1 and g(¢ — ty)/c<<1), Eq. (4.17) reduces to the Newtonian Eq. (4.5).
Substituting Eqgs. (4.14), (4.2), (4.3) and (4.17) sequentially into Eq. (4.16)
yields the general-relativistic velocity of the particle at time #, which is the same
as the special-relativistic Eq. (4.9). In the limit of low speed, Eq. (4.9) reduces to

the Newtonian Eq. (4.6).
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4.3 Derivation of the  Special-Relativistic  and

General-Relativistic Maps

Following (Tufillaro et al., 1986; Tufillaro et al., 1992), the earth is assumed
to be a uniform sphere of radius R. Furthermore, in between impacts with the
table, the ball, which is initially close to the earth’s surface (rp = R), undergoes
free-fall motion along the radial direction where the distance it travels |r - rg| is
assumed small compared to its initial position ry (|7 - ro|/ro <<I). The relativistic
position and velocity of the ball between impacts (which are derived in Sec. 4.2)
are needed in the derivations of the relativistic maps. In the derivations, it is
convenient to transform the position » of the ball, which is measured relative to
the center of the earth, to y: y = r - Rrrp, where Rrrp is the distance from the
center of the earth to the table’s lowest position. The table’s position
s(t) = Alsin(ewr + 6, )+1] is measured relative to Rrpp.

In between the kth and (k+1)th impacts, the ball moves with initial velocity
v and position yy just after the kth impact. The ball’s initial position yy is the same
as the table’s position A[sin(@k)+ 1] just after the kth impact, where
0, = wt, +0, is the table’s phase and #; is the time just after the kth impact. In the

general-relativistic framework, the ball’s position at time ¢ after the kth impact is
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[based on Eq. (4.17) in Sec. 4.2]

[ 2e(Rity,) o ) o) e )
D et | i e B F ) B e e :
2g c 2 c c

(4.18)

and the ball’s velocity at time ¢ after the kth impact is [based on Eq. (4.9) in Sec.
4.2]

(1 +v, /c)e—g(f—fk)/c _ (1 —v, /C)eg(t_t")/c
(v, /e)e = 4 (1=, [c)es )

vV=¢C

(4.19)

Setting the difference between the ball’s position y(¢) [Eq. (4.18)] and table’s
position s(t) = Afsin(wr +6,)+1] at the (k+1)th impact to zero yields the
impact-phase map (the map is given in the next section).

If the collision between the ball and table is inelastic, v',,;, and v,,,, which
are respectively the ball’s velocity just before and just after the (k+1)th impact in
the table’s reference frame, are related through

Vg =—av', (4.20)
where a (0 < a < 1) is the coefficient of restitution. o = 1 if the collision is elastic.
The ball’s velocity just before and just after the (k+1)th impact in the ground'’s

reference frame are respectively

— —
v k+1 +uk+] Vk+] + uk+]

and v, = , (4.21)

Vo=

k+1 = p—
v k+1 uk+] Vk+]uk+]
o I+
C C

1+

where u,,, 1s the table’s velocity at the (k+1)th impact in the ground’s reference
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frame. Solving for v',,, and v,,, from Eq. (4.21) and substituting into Eq.
(4.20) yields the velocity map (the map is also given in the next section). The
expression for V', 1s obtained by substituting ¢=¢,, into Eq.(4.19).

In the derivation of the special-relativistic map, Eq. (4.18) is replaced by the
special-relativistic position of the ball between the Ath and (k+1)th impacts based
on the special-relativistic Eq. (4.8) in Sec. 4.2. In the derivation (Tufillaro et al.,
1986; Tufillaro et al., 1992) of the Newtonian map, the Newtonian Egs. (4.5) and
(4.6) in Sec. 4.2 were utilized to obtain the position and velocity of the ball
between the kth and (k+1)th impacts, and Eq. (4.21) is used without the terms

. . 2
involving ¢”.

4.4 Calculation

The bouncing ball system (Tufillaro et al., 1986; Tufillaro et al., 1992)
consists of a ball bouncing repeatedly on a table which is oscillating sinusoidally
with amplitude 4 and frequency w. The impact between the ball and the table is
instantaneous, where the coefficient of restitution o (0 < a < 1) measures the
kinetic energy loss of the ball at each impact: the impact is elastic if a = 1,

inelastic if a < 1. The table is not affected by the impact because the table’s mass
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is much larger than the ball’s mass. In between impacts, the ball undergoes
free-fall motion due to the gravitational field of the earth, which is assumed to be
a uniform sphere.

In the Newtonian framework, the dynamics of the bouncing ball is described
by the two-dimensional map derived by Tufillaro and co-workers (1986, 1992).
Following (Tufillaro et al., 1986; Tufillaro et al., 1992), 1 derive the
special-relativistic map and general-relativistic map in terms of the ball’s velocity
v and the table’s phase 6 just after each impact. The table’s phase is given by (w¢
+ 6p) modulus 2z. I will refer to the table’s phase just after each impact as the
impact phase. My derivations (see Secs. 4.2 and 4.3) of the relativistic maps for
the bouncing ball follow the same steps as the derivation (Tufillaro et al., 1986;
Tufillaro et al., 1992) of the Newtonian map.

In the Newtonian framework, the dynamics of the bouncing ball is (Tufillaro

et al., 1986; Tufillaro et al., 1992) described by the impact-phase map

2

Afsin(6, )+1]+v, E(e,ﬁ, -6, )} —% gB(ekH -0, )} — Asin(,,,)+1]=0

(4.22)
and the velocity map
1
Vi =1+ a)odcos(6,,,)- a{vk - g[; (A )}} (4.23)

where g =GM / R*, M and R are respectively the mass and radius of the earth,
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and G is the gravitational constant.

In the special-relativistic framework, the impact-phase map is

Afin(o >+11—g1n{ {mm ), <1—ﬁk>efwjﬂ

~ A[sin(8,,,)+1]=0

(4.24)
v, ) .
where [, =—. The velocity map is
c
v U
2 k+1 k+1
-c'a PERT +u,,,
TV k41 %t
Vk+] = V' " (425)
k1~ Pkl
I-au,, (2,]
c -V k+1 uk+]

where u,,, = Awcos(6,,,) is the table’s velocity just after the (k+1)th impact,

and

8( Or1—6; g 9k+l_9kj

(l+ﬁk)e_C( ° j_(l_ﬁk)eC( °

£ 04101 01 =6, j

(l+ﬁk)e_c{ ¢ ]"'(l_ﬂk)ef( ¢

' —
Vk+]_c

is the ball’s velocity just before the (k+1)th impact.

In the general-relativistic framework, the impact-phase map is

Asinl),)+1]- Asinl6,.,)+1]

_ g_z {1 [RTLP+A[51H(9 ) ]] (1 N ﬁk) [GA lﬂgk] (l— B, ) ;(@] ~0
g ¢’

(4.26)

where the constant Rrpp is the distance between the table’s lowest position and the
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center of the earth. The velocity map is also given by Eq. (4.25).

The general-relativistic map [Eqgs. (4.26) and (4.25)] is approximately the
same as the special-relativistic map [Eqgs. (4.24) and (4.25)] if gravity is weak
[2g(Rrip + y)/c’<<l and 2g(Rrip + yo)lc’<<l], where y is the ball’s position
relative to Rrrp. And the general-relativistic map is approximately the same as the
Newtonian map [Eqgs. (4.22) and (4.23)] if the ball’s speed and table’s speed are
low [vie<<1, vo/c<<1, g(t — tp)/c<<I and u/c<<1] and gravity is weak. Furthermore,
the special-relativistic map is approximately the same as the Newtonian map if the
ball’s speed and table’s speed are low.

To time-evolve the Newtonian and relativistic trajectories, the impact-phase
maps Eq. (4.22), Eq. (4.24) and Eq. (4.26), which are implicit algebraic equations
for 6y+1, must be solved numerically by finding the zero of the function on the left
side of the equation given 6, and v;. I used Brent’s method for this purpose. First,
each trajectory is calculated in quadruple precision (35 significant figures) with a
tolerance of 107° for the zeros. The trajectory is then recalculated in quadruple
precision but using a smaller tolerance of 107> for the zeros. Finally, the accuracy
of the trajectory is determined by the standard method (Lichtenberg and
Lieberman, 1983) of comparing the less-accurate calculation (10~°-tolerance)

with the more-accurate calculation (10°*-tolerance). For example, if the
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Newtonian velocity is 7.123456789... from the 107°-tolerance calculation and
7.123456799... from the 10*-tolerance calculation, then it is accurate to 8
significant figures, i.e., 7.1234567. 1 used g = 981 cm/sz, c = 3x10" cm/s, and
Rrip = 6.4x10® cm (mean radius of the Earth).

The trajectory generated by each of the three maps can be chaotic. A
trajectory is defined (Sprott, 2003) as chaotic if it exhibits sensitive dependence
on initial conditions, that is, the distance between the trajectory and another
initially-nearby trajectory from the same theory grows, on average, exponentially
for a short time, where the exponential growth constant is not exactly equal to but
close to the Lyapunov exponent which is a long-time asymptotic quantity. To
determine if a trajectory is chaotic, I inspect the trajectory in phase space, check
for sensitivity of the trajectory to initial conditions and calculate (Sprott, 2003)
the largest Lyapunov exponent to see if it is positive.

As for the statistical quantities, they are calculated as follows. For each

theory, the ensemble of trajectories is initially Gaussian distributed in position and

velocity with means <yy> and <vy>, and standard deviations o, and g, "

p(y,v,tzo):ﬁexp —% (M] +(V_—<VO>] . (4.27)

GYO G"o

Each trajectory in the Newtonian (relativistic) ensemble is time-evolved using the

Newtonian (relativistic) impact-phase map and velocity map. For each theory, the
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mean trajectory, i.e., mean position and mean velocity, just after each impact is
calculated from the ensemble of trajectories. First, the mean trajectory is
calculated using 10° trajectories in quadruple precision, where the accuracy of the
10”"-tolerance calculation is determined by comparison with the 10~*-tolerance
calculation. The mean trajectory is then recalculated using 10’ trajectories with
the same accuracy determination. Finally, the accuracy of the mean trajectory is
determined by comparing the 10°-trajectories calculation with the 10’-trajectories
calculation. The position and velocity standard deviations and probability density
functions are calculated in the same manner.

In the following results section, instead of reporting the impact phase 6, i.e.,
the table’s phase just after each impact, I report the ball’s position (which is also
the table’s position) y = A[sin(f) + 1] just after each impact, together with the
ball’s velocity v just after each impact, when comparing the predictions of the

three theories.

4.5 Results

4.5.1 Single-trajectory predictions

Three examples are presented and discussed to illustrate the general results.
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In all three examples, the ball’s speed and table’s speed remained low (about
10"°), and gravity is weak (2g(Rrip+ y) is about 107¢?).

In the first two examples, the system is dissipative with o = 0.5. In both
examples, the initial conditions are 0.02022 cm for the ball’s position and 8.17001
cm/s for the ball’s velocity. The table’s frequency (w/2x) 1s 60 Hz, but the table’s
amplitude 4 is slightly different: 0.0102 cm in the first example, 0.012 cm in the
second example.

In the first example, the Newtonian, special-relativistic and
general-relativistic trajectories are all non-chaotic. Fig. 4.1 shows that the three
trajectories are close to one another and they converge to period-one fixed-point
attractors which are almost identical.

In the second example, the Newtonian, special-relativistic and
general-relativistic trajectories, which are plotted in phase space in the top part of
Figs. 4.2, 4.3 and 4.4 respectively, are all chaotic as evidenced by the sensitivity
to initial conditions (shown in the bottom part of Figs. 4.2, 4.3 and 4.4
respectively) and positive largest Lyapunov exponent of 0.34 for each trajectory.
Fig. 4.5 shows that the agreement between the special-relativistic trajectory and

general-relativistic trajectory breaks down very quickly at impact 55, and the
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Figure 4.2. Top: Chaotic Newtonian phase-space trajectory, plotted for the first
210 impacts, from the second example. Bottom: Natural-log of the magnitude of
the difference [position difference (squares), velocity difference (diamonds)]
between the chaotic Newtonian trajectory and another Newtonian trajectory
which differed initially by 10™* in position and 10™* in velocity. Straight-line fits
up to impact 84 are also plotted.
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Figure 4.3. Top: Chaotic special-relativistic phase-space trajectory, plotted for the
first 1000 impacts, from the second example. Bottom: Natural-log of the
magnitude of the difference [position difference (squares), velocity difference
(diamonds)] between the chaotic special-relativistic trajectory and another
special-relativistic trajectory which differed initially by 10™* in position and 107
in velocity. Straight-line fits up to impact 84 are also plotted.
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Figure 4.4. Top: Chaotic general-relativistic phase-space trajectory, plotted for the
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magnitude of the difference [position difference (squares), velocity difference
(diamonds)] between the chaotic general-relativistic trajectory and another
general-relativistic trajectory which differed initially by 10™* in position and 107"

in velocity. Straight-line fits up to impact 79 are also plotted.
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Figure 4.5. Comparison of the Newtonian (squares), special-relativistic
(diamonds) and general-relativistic (triangles) positions (top plot) and velocities

(bottom plot) for the chaotic second example.
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agreement between the Newtonian trajectory and general-relativistic trajectory

also breaks down at impact 55. The breakdown of agreement between the

Newtonian and special-relativistic trajectories (not shown in Fig. 4.5) occurs later,

at impact 95.

Figures 4.6 and 4.7 show, respectively, that the rapid breakdown of

agreement between the special-relativistic and general-relativistic trajectories and

between the Newtonian and general-relativistic trajectories are due to the, on

average, exponential growth — that is, exponential growth with small

fluctuations — of the magnitude of the difference between the two trajectories for

at least the first 61 impacts:

Ay, = Aylec‘("_]) (4.28)
Av, = Av,e?") (4.29)
where n = 1,2,... . In both cases, the exponential growth constants for the position

difference in Eq. (4.28) and velocity difference in Eq. (4.29) are close to each

other: ¢;~ 0.360 and c,~ 0.363. This exponential growth constant of about 0.36 is

close to (i) the exponential growth constant for the magnitude of the difference

(plotted in Figs. 4.2, 4.3 and 4.4) between the chaotic trajectory and another

initially-nearby trajectory from the same theory — the growth constants are 0.31,
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Figure 4.6. Natural-log of the magnitude of the difference between the
special-relativistic and general-relativistic positions (squares) and velocities

(diamonds) for the chaotic second example. Straight-line fits up to impact 61 are

also plotted.
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Figure 4.7. Natural-log of the magnitude of the difference between the Newtonian
and general-relativistic positions (squares) and velocities (diamonds) for the

chaotic second example. Straight-line fits up to impact 61 are also plotted.
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0.31 and 0.34, respectively, for the Newtonian, special-relativistic and
general-relativistic case, where the two nearby trajectories differed initially by
10" in position and 10™? in velocity, and (ii) the largest Lyapunov exponent of
0.34 for the Newtonian, special-relativistic and general- relativistic chaotic
trajectories. I note that the magnitude of the difference between the Newtonian
and special-relativistic trajectories also grows exponentially on average,
consistent with the results in (Lan, 2006, 2009a; Lan and Cheng, 2010; Lan and
Borondo, 2011) for low-speed systems, with growth constants ¢;~ 0.319 and c,~
0.320.

In the non-dissipative case, where a = 1, the agreement between the
special-relativistic and Newtonian chaotic trajectories with the general-relativistic
chaotic trajectory also breaks down exponentially fast. The agreement also breaks
down for non-chaotic trajectories but it takes a much longer time to occur because
the difference between the trajectories only grows linearly. Fig. 4.8 illustrates this
linear growth for the difference between the Newtonian and general-relativistic
quasiperiodic trajectories (the trajectories are plotted in phase space in Fig. 4.9) —
in this third example, the table’s frequency and amplitude are 60 Hz and 0.005 cm,

and the ball’s initial position and velocity are 0.00991 cm and 8.17001 cm/s. The

87



ol
2 28
at
=
mrm
o~
S 5
p—
WP
Z g
@]
o £
va
e}
n(..a.
O
g8 8 =
> 5 2
th
O
22 2
AVuku
&) 3 o
15 8 S 5 g
s} ena
L ©
5 =
.l\LI)vf
5 L2 2
s S
2 & =
tOh
S
— <
OSU
o N
o .
2 L
ZEE
= g
g g
-
.d
.=
l-h
8 ~—
5 L
=
@]
° <
& <=
5 3}




9.2

8.8

8.4 r

velocity

TEF

?’2 1 1 1 1 1
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

impact phase

Figure 4.9. Quasiperiodic Newtonian, special-relativistic and general-relativistic
phase-space trajectories, plotted for the first 1000 impacts, from the non-chaotic
third example. The three trajectories are still close to one another at impact 1000

and thus they are indistinguishable in the plot.

linear growth rates of the magnitude of the position difference and velocity
difference are 2x10™"° cm and 4x10"? cr/s, respectively, per impact. It would thus
require 2.5x10'° (1) impacts for the magnitude of the velocity difference to grow
to 0.1 cm/s. Similar linear growth rates were found for the difference between the
special-relativistic and general-relativistic quasiperiodic trajectories in this
example (the special-relativistic trajectory is also plotted in Fig. 4.9).

In general, the breakdown of agreement between the special-relativistic and
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general-relativistic trajectories for weak gravity, and between the Newtonian and

general-relativistic trajectories for low speed and weak gravity can be further

understood as follows.

Firstly, rewriting the general-relativistic impact-phase map [Eq. (4.26)] and

taking the natural logarithm on both sides yield

2 2
C C

ln{l_{l_ 2[R +A[sin<ek>+1]]}-' {ng[smwk)—sm(em )]}}

(4.30)

ﬁ[ 1=k 8( O =0

==2In %{(ﬂﬂk)ec gl ]]

For weak gravity, we have 2g{Rz.p+ A[sin(fy) + 1]}/c*<<l and this implies that
the factor {1 — 2g[Rpp+ A[sin(6y) + 1]J/c*}™" in the logarithmic function on the
left of Eq. (4.30) is approximately 1. Furthermore, for weak gravity, we have
2g{Rpp+ A[sin(0k1) + 1]}/c*<<I, therefore we can use the expansion In(1 + x) =
x — x*/2 for the logarithmic function on the left of Eq. (4.30) since |x|<<I.

Consequently, Eq. (4.30) becomes

A[sin(@k)+l]—iln % (1+ B, )eff[mw_k] +(1- B, )ef[m“’_k] ~ Asin(6,.,)+1]
g

+ c% {Alsin(6, )+1]- 4lsin(6,., ) +1]|* =0

(4.31)
The approximate general-relativistic impact-phase map given by Eq. (4.31) differs

from the special-relativistic impact-phase map [Eq. (4.24)] by the last term which
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involves 1/¢*. The general-relativistic velocity map is exactly the same as the
special-relativistic velocity map [Eq. (4.25)]. The breakdown of agreement
between the special-relativistic and general-relativistic trajectories is thus
essentially due to the small 1/¢* term in Eq. (4.31).

Secondly, for weak gravity, the factor {1 — 2g[Rzp+ A[sin(6y) + 1])/c*} in
the general-relativistic impact-phase map [Eq. (4.26)] is approximately 1.
Additionally, for low speed, we have g(0x+1 — 0k )/(cw)<<l, therefore we can use
the expansion ¢* = 1 + x + x*/2 for the exponential functions in the term with
exponent -2 in Eq. (4.26) since |x|<<l. Furthermore, for /ow speed, we have
vi/e<<1, and hence we can expand the resulting (1 + x)? term as 1 — 2x + 3x°

since |x|<<lI. For low speed and weak gravity, Eq. (4.26) is thus approximately

2
A[sin(@k)+l]+vk[9k” _ekj—g[ek” _9"] — Alsin(6,,, ) +1]
o o

2 2
+3_%[Mj {Vk _E[Mﬂ _0
2c 0] 2 w

Moreover, for low speed, v’k+1/c<<I and uy+,/c<<l, and so the general-relativistic

(4.32)

velocity map, which is exactly the same as the special-relativistic velocity map
[Eq. (4.25)], is approximately

Vg =(l+au, —a' . (4.33)
Furthermore, for low speed, we can use the expansion €' = 1 + x + x%/2 for the

exponential functions in v’ (the expression for v’iy; is given after Eq. 4.25)
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since |x|<<I, and then expand the resulting (1 + x)" term as (1 — x) since |x|<<l.

Substituting the resulting approximate expression for v’i+; and ugr; = A wcos(Gr+1)

into Eq. (4.33) yields

Virr = (1 + Oc)Aa) COS(9k+l )_ O{vk - g(uﬂ
(0}

2 b
_a_g(em -6, ]{v,f _ng(e,m -6, ]+g_2(9k+] —ek] }
c W 0} 2 [0}

where terms involving 1/c¢* are omitted since they are very small. The

(4.34)

approximate general-relativistic velocity map given by Eq. (4.34) differs from the
Newtonian velocity map [Eq. (4.23)] by the last term which involves 1/c”.
Similarly, the approximate general-relativistic impact-phase map given by Eq.
(4.32) differs from the Newtonian impact-phase map [Eq. (4.22)] by the last term
which involves 1/¢*. The breakdown of agreement between the Newtonian and
general-relativistic trajectories is therefore essentially due to the small 1/¢* term in

Eq. (4.32) and Eq. (4.34).

4.5.2 Statistical predictions : Mean, standard deviation and

probability distribution

In this section, I will present four examples to illustrate the general results. In

the numerical calculations, I also used g = 981 cm/sz, c=3x10" cn/s, and Ryip =
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6.4x10® cm (mean radius of the Earth). For all examples, the mean velocities of
the ball and table remain low at about 10"°, i.e., about 10™® percent of the speed
of light ¢, and the gravitational field is weak, about 10”¢?,

In the first three examples, the system is dissipative with o = 0.5. In the first

example, the ensemble in each theory is initially Gaussian distributed with means

<yp>=10.02022 cm and <vp> = 8.17001 cm/s, and standard deviations o, = 10
cmand o, = 10° cmy/s. The amplitude 4 and frequency @27 of the table’s
oscillation are, respectively, 0.0102 cm and 60 Hz. For the choice of parameters
and initial conditions in this example, the trajectories in the ensembles are
non-chaotic. Fig. 4.10 shows that the mean trajectories (mean positions and mean
velocities) predicted by the three theories agree with each other and converge to
mean values which are almost identical. Similarly, there is no breakdown of
agreement between the position and velocity standard deviations predicted by the
three theories (see Fig. 4.11). This result is also true when initial Gaussian
ensembles with smaller widths — for example, the position and velocity standard
deviations are of the order 10™'° or 10" — are used in the numerical calculations.
In the second example, all the parameters and initial conditions are the same

as the first example except that the table’s amplitude is 0.012 cm and the position
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Figure 4.10. Newtonian (squares), special-relativistic (diamonds) and

general-relativistic (triangles) mean positions (top plot) and mean velocities

(bottom plot) for the non-chaotic first example.
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Figure 4.11. Natural-log of the Newtonian (squares), special-relativistic
(diamonds) and general-relativistic (triangles) position standard deviations (top
plot) and velocity standard deviations (bottom plot) for the non-chaotic first
example.
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and velocity standard deviations of the initial Gaussian ensemble are 10" ¢cm and
10" cm/s respectively. In this example, the trajectories in the ensembles are
chaotic. Fig. 4.12 shows that the Newtonian, special-relativistic and
general-relativistic mean trajectories are close to each other for the first 54
impacts. However, the Newtonian and special-relativistic mean trajectories
disagree completely with the general-relativistic mean trajectory from impact 55
onwards. The breakdown of agreements can be understood as follows. In each
theory, the mean trajectory is well-approximated by the central trajectory, that is,
the single trajectory with the same initial conditions as the mean trajectory, until
the velocity probability density is delocalized which triggers the delocalization of
the position probability density. The Newtonian, special-relativistic and
general-relativistic velocity probability densities are delocalized at, respectively,
impact 70, 70 and 67 — see Figs. 4.13, 4.14 and 4.15 respectively. In each theory,
before the delocalization, the position and velocity standard deviations grow, on
average, exponentially with grow constants close to the largest Lyapunov
exponent of 0.34 for the central trajectory. The agreement between the
special-relativistic (Newtonian) and general-relativistic central trajectories breaks

down at impact 55, and, therefore, the agreement between the special-relativistic
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Figure 4.12. Newtonian (squares), special-relativistic (diamonds) and

general-relativistic (triangles) mean positions (top plot) and mean velocities

(bottom plot) for the chaotic second example.
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Figure 4.13. Natural-log of the Newtonian position standard deviations (squares)
and velocity standard deviations (diamonds) for the chaotic second example.

Straight-line fits up to impact 70 are also plotted.
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Figure 4.14. Natural-log of the special-relativistic position standard deviations
(squares) and velocity standard deviations (diamonds) for the chaotic second

example. Straight-line fits up to impact 70 are also plotted.
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Figure 4.15. Natural-log of the general-relativistic position standard deviations
(squares) and velocity standard deviations (diamonds) for the chaotic second

example. Straight-line fits up to impact 67 are also plotted.

(Newtonian) and general-relativistic mean trajectories also breaks down at impact
55. Moreover, Fig. 4.16 (Fig. 4.17) shows that the difference between the
special-relativistic (Newtonian) and general-relativistic mean trajectories grows,
on average, exponentially, at least up to impact 61 because the difference between
the special-relativistic (Newtonian) and general-relativistic central trajectories
grows exponentially on average. All of the exponential growth constants of the

mean-trajectory differences are also close to the largest Lyapunov exponent of
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Figure 4.16. Natural-log of the magnitude of the difference between the
special-relativistic and general-relativistic mean positions (squares) and mean
velocities (diamonds) for the chaotic second example. Straight-line fits up to

impact 61 are also plotted.
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Figure 4.17. Natural-log of the magnitude of the difference between the
Newtonian and general-relativistic mean positions (squares) and mean velocities
(diamonds) for the chaotic second example. Straight-line fits up to impact 61 are

also plotted.
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0.34 for the central trajectory in each theory. The exponential growth of difference

between the central trajectories caused the rapid breakdown of agreement between

the mean trajectories.

Furthermore, Fig. 4.18 shows that the Newtonian and special-relativistic

standard deviations disagree completely with the general-relativistic standard

deviations from impact 52 onwards. The rapid breakdown of agreement between

the special-relativistic (Newtonian) and general-relativistic standard deviations is

due to the, on average, exponential growth of the difference between the

special-relativistic (Newtonian) and general-relativistic standard deviations at least

up to impact 61, see Fig. 4.19 (Fig. 4.20). In both figures, the exponential growth

constants of the position and velocity standard-deviation differences are,

respectively, 0.74 and 0.72, which are measured from impact 32 to impact 61 (the

standard-deviation differences before impact 32 cannot be resolved with the

accuracy | have for the standard deviations). These exponential growth constants

are about two times the largest Lyapunov exponent of 0.34 for the central trajectory

in each theory. Fig. 4.21 (Fig. 4.22) shows the different special-relativistic

(Newtonian) and general-relativistic probability densities at impact 55.

In the second example, similar rapid breakdown of agreement occur between
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Figure 4.18. Newtonian (squares), special-relativistic (diamonds) and
general-relativistic (triangles) position standard deviations (top plot) and velocity
standard deviations (bottom plot) for the chaotic second example. The Newtonian
and relativistic standard deviations before impact 30 are not plotted because they
are still close to each other.
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Figure 4.19. Natural-log of the absolute value of the difference between the
special-relativistic and general-relativistic position standard deviations (squares)
and velocity standard deviations (diamonds) for the chaotic second example.
Straight-line fits up to impact 61 are also plotted. The standard-deviation
differences before impact 32 cannot be resolved with the accuracy I have for the

special-relativistic and general-relativistic standard deviations.
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Figure 4.20. Natural-log of the absolute value of the difference between the
Newtonian and general-relativistic position standard deviations (squares) and
velocity standard deviations (diamonds) for the chaotic second example.
Straight-line fits up to impact 61 are also plotted. The standard-deviation
differences before impact 32 cannot be resolved with the accuracy I have for the

Newtonian and general-relativistic standard deviations.
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Figure 4.21. Special-relativistic (shaded grey) and general-relativistic (bold line)
position probability densities (top plot) and velocity probability densities (bottom

plot) for the chaotic second example at impact 55.
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Figure 4.22. Newtonian (shaded grey) and general-relativistic (bold line) position
probability densities (top plot) and velocity probability densities (bottom plot) for

the chaotic second example at impact 55.
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the Newtonian and special-relativistic mean trajectories and standard deviations.
However, in order to see the breakdown of agreements, the initial Gaussian
ensemble must be smaller in width, on the order of 107",

In the third example, all the parameters and initial conditions are the same as
in the second example, except that the position and velocity standard deviations of
the initial Gaussian ensemble are larger, i.e., 10" cm and 10™° cm/s respectively.
The trajectories in the ensembles are also chaotic. However, in contrast to the
second example, there 1is no breakdown of agreement between the
special-relativistic (Newtonian) and general-relativistic mean trajectories and
standard deviations. In this example, when the special-relativistic (Newtonian)
and general-relativistic phase-space distributions are both delocalized at impact
49 (the delocalization occurs first for the velocity at impact 48 followed by the
position delocalization at the next impact), the special-relativistic (Newtonian)
and general-relativistic mean trajectories are still close to each other, because,
recall from the second example, the agreement between the special-relativistic
(Newtonian) and general-relativistic central trajectories only breaks down later at
impact 55. Similarly, at impact 49, the special-relativistic (Newtonian) and
general-relativistic standard deviations are also still close to one another. The

special-relativistic (Newtonian) and general-relativistic means and standard
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deviations therefore remain close to each other at subsequent impacts since the

special-relativistic (Newtonian) and general-relativistic delocalized phase-space

distributions at impact 49 are close to each other.

Recall, in the chaotic second example (with smaller initial standard

deviations), the special-relativistic (Newtonian) and general-relativistic velocity

probability  densities delocalize affer the agreement between the

special-relativistic (Newtonian) and general-relativistic central trajectories breaks

down. However, in the chaotic third example (with /larger initial standard

deviations), the special-relativistic (Newtonian) and general-relativistic velocity

probability  densities delocalize before the agreement between the

special-relativistic (Newtonian) and general-relativistic central trajectories breaks

down. The chaotic second and third examples therefore show that in order for the

special-relativistic (Newtonian) and general-relativistic statistical predictions to

break down, the initial Gaussian ensemble must be sufficiently well-localized,

that is, the standard deviations must be sufficiently small such that the

special-relativistic (Newtonian) and general-relativistic velocity probability

densities delocalize affer the agreement between the special-relativistic

(Newtonian) and general-relativistic central trajectories breaks down.

If the system is conservative (a = 1), the agreement between the
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special-relativistic (Newtonian) and general-relativistic predictions for the means
and standard deviations can break down in both the chaotic and non-chaotic case.
For the breakdown of agreement to occur, the initial Gaussian ensemble must be
sufficiently well-localized such that the velocity probability densities delocalize
after the agreement between central trajectories breaks down. In the chaotic case,
the breakdown of agreement is rapid because the difference between the central
trajectories grows exponentially, like the dissipative chaotic second example. But
in the non-chaotic case, the breakdown of agreement takes a very long time to
occur because the difference between the central trajectories only grows linearly -
the fourth example illustrate this result, where the table is oscillating with
amplitude 0.005 cm and frequency 60 Hz, and the means and standard deviations

of the initial Gaussian ensemble are: <yp> = 0.00991 cm, <vp> = 8.17001 cm/s,

o, =10° o, =10° cns. In this example, the mean trajectories predicted by

Yo Yo
the three theories are still very close to one another at impact 500 — the three mean
positions and mean velocities still agree to 6 and 6 significant figures respectively.
Furthermore, at the same kick, the standard deviations predicted by the three

theories are also very close to each other — the standard deviations still agree to 3

and 2 significant figures, respectively, for position and velocity.
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Chapter 5

Summary and Discussion

First, the Newtonian and special-relativistic statistical predictions for the
mean, the standard deviation and the probability density function of the position
and momentum, as well as the mean square momentum displacement were
compared for the periodically-delta-kicked particle at /ow speed in Chapter 2.
Contrary to expectation, I found that the statistical predictions, which were
calculated from the same parameters and initial Gaussian ensemble of trajectories,
do not always agree if the initial ensemble is sufficiently well-localized in phase
space. Moreover, the breakdown of agreement is very fast if the trajectories in the
ensemble are chaotic, but very slow if the trajectories in the ensemble are
non-chaotic.

Furthermore, 1 also compared the statistical dynamical quantities — position
and momentum means, standard deviations and probability density functions, and
the mean dwell time, and transmission and reflection coefficients — calculated
from an initially Gaussian ensemble of trajectories using NM and SRM for a
low-speed scattering system in Chapter 3. I also found that the statistical

predictions made by the two theories do not always agree as conventionally
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expected. In particular, the predictions are radically different if the scattering is

chaotic and the initial ensemble is well localized in phase space. There is no

breakdown of agreement between the two predictions if the scattering is

non-chaotic.

Finally, 1 showed, contrary to expectation, in Chapter 4 that the

single-trajectory and statistical dynamical quantities (in particular, the mean,

standard deviation and probability density function for position and velocity)

predicted by GRM for a low-speed weak-gravity bouncing ball system are not

always well-approximated by the corresponding quantities predicted by SRM and

NM for the same parameters and initial conditions. If the system is dissipative, the

breakdown of agreement occurs for chaotic trajectories only. If the system is

non-dissipative, the breakdown of agreement occurs for chaotic trajectories and

non-chaotic trajectories. The agreement breaks down slowly in the non-chaotic

case but rapidly in the chaotic case.

My finding raises three important fundamental questions in physics: When

the

1.  Newtonian and special-relativistic statistical predictions are completely

different for a low-speed system,

il.  special-relativistic and general-relativistic single-trajectory and statistical
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predictions are completely different for a weak-gravity system,

iii. Newtonian and general-relativistic single-trajectory and statistical

predictions are completely different for a low-speed weak-gravity system,

which of the two predictions is empirically correct? Since special relativity and

general relativity continue to be successfully tested (see (Ball, 2004; Pospelov and

Romalis, 2004; Cho, 2005) and (Stairs, 2003; Will, 2005, 2006) for reviews of the

experimental tests) in recent times, we expect the general-relativistic

(special-relativistic) predictions to be empirically-correct for weak-gravity and

low-speed weak-gravity (low-speed) systems. This implies that (i)

special-relativistic mechanics must generally be used, instead of Newtonian

mechanics, to correctly study the dynamics of a low-speed system, (ii)

general-relativistic  mechanics must generally be wused, instead of

special-relativistic mechanics, to correctly study the dynamics of a weak-gravity

system, and (1i1) general-relativistic mechanics must generally be used, instead of

Newtonian mechanics, to correctly study the dynamics of a low-speed

weak-gravity system. These paradigm shifts could potentially lead to new

understanding and discoveries in these dynamical systems.
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Introduction

For dynamical systems where gravity does not play a dynamical
role, it is expected (see, for example, [1-3]) that, if the speed of the
system is low (i.e., much less than the speed of light ¢/, the dynamics
predicted by special-relativistic mechanics is always well-approxi-
mated by the prediction of Newtonian mechanics for the same
parameters and initial conditions. However, in a recent study on a
model Hamiltonian system [4], we found, contrary to expectation,
that the Newtonian trajectory does not remain close to the special-
relativistic trajectory although the particle speed is low — the two
trajectories eventually become completely different regardless of
whether the trajectories are chaotic or non-chaotic. But the
agreement between the Newtonian and special-relativistic trajecto-
ries breaks down much faster — exponentially fast - in the chaotic
case compared to the non-chaotic case. Similar rapid breakdown of
agreement was also found in a model dissipative system [5,6] and a
model scattering system [7] in the chaotic case but no breakdown of
agreement was found in the non-chaotic case. The loss of agreement
means [6-8] that special-relativistic mechanics must be used,
instead of the standard practice of using Newtonian mechanics, to
correctly study the dynamics of a low-speed system.

For dynamical systems where gravity does play a dynamical role
but gravity is weak (i.c., gravitational potential «¢” [9]), it is expected
(see, for example, [3,10,11]) that the dynamical prediction of
general-relativistic mechanics is always well-approximated by the
prediction of special-relativistic mechanics for the same parameters
and initial conditions. Furthermore, if gravity is weak and the speed
of the system is low, the dynamical prediction of general-relativistic
mechanics is expected (see, for example, [3,10-13]) to be always
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well-approximated by the Newtonian prediction for the same
parameters and initial conditions. In this paper, we study a low-speed
weak-gravity system — the bouncing ball system [14,15] — to ascertain
if these expectations are correct by comparing the Newtonian and
special-relativistic trajectories with the general-relativistic trajectory.
In a recent paper [16], only the Newtonian and general-relativistic
trajectories were compared, with the assumption that, in between
impacts with the table, the ball free falls in an exact uniform
gravitational field. Here, the gravitational field of the earth is instead
modeled as the field due to a uniform sphere — this leads to a
different general-relativistic description of the free-fall motion and
consequently of the bouncing ball dynamics. Moreover, in the
previous paper [16], only inelastic collision between the ball and
table was considered; here, both elastic and inelastic collisions are
considered. Details of the bouncing ball system and the Newtonian
and relativistic trajectory calculations are given next. This is
followed by the results and discussion, and concluding remarks on
their significance.

Methods

The bouncing ball system [14,15] consists of a ball bouncing
repeatedly on a table which is oscillating sinusoidally with
amplitude 4 and frequency @. The impact between the ball and
the table is instantaneous, where the coefficient of restitution o
(0=a=1) measures the kinetic energy loss of the ball at each
impact: the impact is elastic if =1, inelastic if #<1. The table is
not affected by the impact because the table’s mass is much larger
than the ball’s mass. In between impacts, the ball undergoes free-
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fall motion due to the gravitational field of the earth, which is
assumed to be a uniform sphere.

In the Newtonian framework, the dynamics of the bouncing ball is
described by the two-dimensional map derived by Tufillaro and co-
workers [14,15]. Following [14,15], we derive the special-relativistic
map and general-relativistic map in terms of the ball’s velocity v and
the table’s phase 0 just after each impact. The table’s phase is given
by (w#8y) modulus 27. We will refer to the table’s phase just after
cach impact as the impact phase. Our derivations (see Text S1 and
52) of the relativistic maps for the bouncing ball follow the same steps
as the derivation [14,15] of the Newtonian map.

In the Newtonian framework, the dynamics of the bouncing ball
is [14,15] described by the impact-phase map

2

. 1 1 [1
Alsin(0) + 1] + vk [5(9/(4.1 —9/{)} = Eg {6(01{4.1 —0/{)] =
Afsin(041)+1]=0
and the velocity map
1
Ves1=(14+2)04 cos(O+1)—as vi—g 6(9;{“—0;{) (2)
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In the special-relativistic framework, the impact-phase map is
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Trajectory for a Low-Speed Weak-Gravity System

where the constant Ryyp is the distance between the table’s lowest
position and the center of the earth. The velocity map is also given
by Eq. (4).

The general-relativistic map [Eqs. (5) and (4)] is approximately
the same as the special-relativistic map [Eqs. (3) and (4)] if gravity
is weak [2g(Ryppy)/ ¢ <1 and 2Ry ptyo)/ ¢ « 1], where y is the
ball’s position relative to Rypp. And the general-relativistic map is
approximately the same as the Newtonian map [Egs. (1) and (2)] if
the ball’s speed and table’s speed are low [0/ ¢« 1, v/ c< 1, glt—1)/
¢« and w/c«1] and gravity is weak. Furthermore, the special-
relativistic map is approximately the same as the Newtonian map
if the ball’s speed and table’s speed are low.

To time-evolve the Newtonian and relativistic trajectories, the
impact-phase maps Eq. (1), Eq. (3) and Eq. (5), which are implicit
algebraic equations for 0,1, must be solved numerically by finding
the zero of the function on the left side of the equation given 0,
and 7. We used Brent’s method for this purpose. First, each
trajectory is calculated in quadruple precision (35 significant
figures) with a tolerance of 107" for the zeros. The trajectory is
then recalculated in quadruple precision but using a smaller
tolerance of 107 for the zeros. Finally, the accuracy of the
trajectory is determined by the standard method [17] of
comparing the less-accurate calculation (10™*-tolerance) with
the more-accurate calculation (10™**tolerance). For example, if
the Newtonian velocity is 7.123456789... from the 10~
tolerance calculation and  7.123456799... from the 107
tolerance calculation, then it is accurate to 8 significant figures,
Le., 7.1234567. We used g=981 cm/sQ, ¢=3x%10" cm/s, and
Ryip= 6.4x10% cm (mean radius of the Earth).

The trajectory generated by each of the three maps can be
chaotic. A trajectory is defined [18] as chaotic if it exhibits sensitive
dependence on initial conditions, that is, the distance between the
trajectory and another initially-nearby trajectory from the same
theory grows, on average, exponentially for a short time, where the
exponential growth constant is not exactly equal to but close to the
Lyapunov exponent which is a long-time asymptotic quantity. To
determine if a trajectory is chaotic, we inspect the trajectory in
phase space, check for sensitivity of the trajectory to initial
conditions and calculate [18] the largest Lyapunov exponent to see
if it is positive.

In the following results section, instead of reporting the impact
phase 0, i.c., the table’s phase just after each impact, we report the
ball’s position (which is also the table’s position) y = A[sin(0)+1] just
after each impact, together with the ball’s velocity v just after each
impact, when comparing the predictions of the three theories.

Results

Three examples are presented and discussed to illustrate the
general results. In all three examples, the ball’s speed and table’s
speed remained low (about 10™"), and gravity is weak (2¢(Rr1p)
is about 107,

In the first two examples, the system is dissipative with o= 0.5.
In both examples, the initial conditions are 0.02022 cm for the
ball’s position and 8.17001 cm/s for the ball’s velocity. The table’s
frequency (w/2m) is 60 Hz, but the table’s amplitude 4 is slightly
different: 0.0102 cm in the first example, 0.012 ¢m in the second
example.

In the first example, the Newtonian, special-relativistic and
general-relativistic trajectories are all non-chaotic. Fig. 1 shows
that the three trajectories are close to one another and they
converge to period-one fixed-point attractors which are almost
identical.

April 2012 | Volume 7 | Issue 4 | e34720



0.024

0.02 ¥

0.016

0.012

position

0.008

0.004

Trajectory for a Low-Speed Weak-Gravity System

impact

velocity

4 1 1 L 1

0 5 10 15 20 25 30

impact

35 40 45 50

35 40 45 50

Figure 1. Comparison of trajectories for the first example. Comparison of the Newtonian (squares), special-relativistic (diamonds) and
general-relativistic (triangles) positions (top plot) and velocities (bottom plot) for the non-chaotic first example.

doi:10.1371/journal.pone.0034720.g001

In the second example, the Newtonian, special-relativistic and
general-relativistic trajectories, which are plotted in phase space in
the top part of Figs. 2, 3 and 4 respectively, are all chaotic as
evidenced by the sensitivity to initial conditions (shown in the
bottom part of Figs. 2, 3 and 4 respectively) and positive largest
Lyapunov exponent of 0.34 for each trajectory. Fig. 5 shows that
the agreement between the special-relativistic trajectory and
general-relativistic trajectory breaks down very quickly at impact
55, and the agreement between the Newtonian trajectory and

@ PLoS ONE | www.plosone.org

general-relativistic trajectory also breaks down at impact 55. The
breakdown of agreement between the Newtonian and special-
relativistic trajectories (not shown in Fig. 5) occurs later, at impact
95.

Figs. 6 and 7 show, respectively, that the rapid breakdown of
agreement between the special-relativistic and general-relativistic
trajectories and between the Newtonian and general-relativistic
trajectories are due to the, on average, exponential growth — that
is, exponential growth with small fluctuations — of the magnitude
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Figure 2. Newtonian trajectory for the second example. Top: Chaotic Newtonian phase-space trajectory, plotted for the first 210 impacts, from
the second example. Bottom: Natural-log of the magnitude of the difference [position difference (squares), velocity difference (diamonds)] between
the chaotic Newtonian trajectory and another Newtonian trajectory which differed initially by 10" in position and 10~"2 in velocity. Straight-line fits
up to impact 84 are also plotted.

doi:10.1371/journal.pone.0034720.g002

of the difference between the two trajectories for at least the first
61 impacts: (=
pacts Avy Ay 2D (7)

Ay, x Ay e1 =1 (6) where n=1,2,.... In both cases, the exponential growth constants
for the position difference in Eq. (6) and velocity difference in Eq.
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and 10”2 in velocity. Straight-line fits up to impact 84 are also plotted.
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(7) are close to each other: ¢;~0.360 and ¢,~0.363. This
exponential growth constant of about 0.36 is close to (i) the
exponential growth constant for the magnitude of the difference
(plotted in Figs. 2, 3 and 4) between the chaotic trajectory and
another initially-nearby trajectory from the same theory — the
growth constants are 0.31, 0.31 and 0.34, respectively, for the

@ PLoS ONE | www.plosone.org

Newtonian, special-relativistic and general-relativistic case, where
the two nearby trajectories differed initially by 10™"* in position
and 10™"% in velocity, and (ii) the largest Lyapunov exponent of
0.34 for the Newtonian, special-relativistic and general- relativistic
chaotic trajectories. We note that the magnitude of the difference
between the Newtonian and special-relativistic trajectories also
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grows exponentially on average, consistent with the results in [4-7]
for low-speed systems, with growth constants ¢;~0.319 and
CQ”‘V’O?)QO

In the non-dissipative case, where = 1, the agreement between
the special-relativistic and Newtonian chaotic trajectories with the
general-relativistic chaotic trajectory also breaks down exponen-

@ PLoS ONE | www.plosone.org

difference
in position

tially fast. The agreement also breaks down for non-chaotic
trajectories but it takes a much longer time to occur because the
difference between the trajectories only grows linearly. Fig. 8
illustrates this linear growth for the difference between the
Newtonian and general-relativistic quasiperiodic trajectories (the
trajectories are plotted in phase space in Fig. 9) — in this third
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Figure 5. Comparison of trajectories for the second example. Comparison of the Newtonian (squares), special-relativistic (diamonds) and
general-relativistic (triangles) positions (top plot) and velocities (bottom plot) for the chaotic second example.
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example, the table’s frequency and amplitude are 60 Hz and
0.005 cm, and the ball’s initial position and velocity are
0.00991 cm and 8.17001 cm/s. The linear growth rates of the
magnitude of the position difference and velocity difference are
9x107" em and 4x107'% cm/s, respectively, per impact. It
would thus require 2.5x10' (1) impacts for the magnitude of the
velocity difference to grow to 0.1 cm/s. Similar linear growth rates
were found for the difference between the special-relativistic and

@ PLoS ONE | www.plosone.org

general-relativistic quasiperiodic trajectories in this example (the
special-relativistic trajectory is also plotted in Fig. 9).

In general, the breakdown of agreement between the special-
relativistic and general-relativistic trajectories for weak gravity, and
between the Newtonian and general-relativistic trajectories for low
speed and weak gravity can be further understood as follows.

Firstly, rewriting the general-relativistic impact-phase map [Eq.
(5)] and taking the natural logarithm on both sides yield

April 2012 | Volume 7 | Issue 4 | e34720
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Figure 6. Difference between the special-relativistic and general-relativistic trajectories for the second example. Natural-log of the
magnitude of the difference between the special-relativistic and general-relativistic positions (squares) and velocities (diamonds) for the chaotic
second example. Straight-line fits up to impact 61 are also plotted.
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Figure 7. Difference between the Newtonian and general-relativistic trajectories for the second example. Natural-log of the magnitude
of the difference between the Newtonian and general-relativistic positions (squares) and velocities (diamonds) for the chaotic second example.
Straight-line fits up to impact 61 are also plotted.
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are also plotted.
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logarithmic function on the left of Eq. (8) since |x|«Il.
W { . { | 2elRrup-+ Alsin(00) + 1]]}*1 {ZgA[sin(();\) _sin(om]}} Consequently, £q. (8) becomes
P

1 () £t %) (8) Alsin(6,) +1]-
=*2ln{5 (I+BJe N7 J+(1=p)eN 7 H

2

2 1 (Yt =0 g (et =%

Eln 7 (1+Bi)e ( >+(1—5k)€< ) 9)
For weak gravity, we have 2g{Ryp+A[sin(0,+1]}/¢* <1 and this

implies that the factor {1—Qg[RyLﬁA[sin(ek)H]]/CQ}71 in the —A[sin(0 4 1)+ 1]+ %{A[Sin(@k) +1]—A[sin(0; 1) + 1]}2 =0.
logarithmic function on the left of Eq. (8) is approximately 1. &

Furthermore, for weak gravity, we have 2g{Ry7p+A[sin(0,,)+1]}/
«1, therefore we can use the expansion In(1+x) = x—x*/2 for the

The approximate general-relativistic impact-phase map given by
Eq. (9) differs from the special-relativistic impact-phase map [Eq.
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they are indistinguishable in the plot.
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(3)] by the last term which involves 1/¢. The general-relativistic
velocity map is exactly the same as the special-relativistic velocity
map [Eq. (4)]. The breakdown of agreement between the special-
relativistic and general-relativistic trajectories is thus essentially
due to the small 1/¢* term in Eq. (9).

Secondly, for weak gravity, the factor {1—2g[R7zptA[-
sin(0)+1]]/¢*} in the general-relativistic impact-phase map [Eq.
(5)] is approximately 1. Additionally, for lbw speed, we have
40, —0p)/(cw)« 1, thereforc we can use the expansion
¢'=I4x+x’/2 for the exponential functions in the term with
exponent —2 in Eq. (5) since |x| « 1. Furthermore, for bw speed,
we have g/¢« 1, and hence we can expand the resulting (14+x)
term as 1-2x+3+% since |x| « 1. For lnw speed and weak gravity,
Eq. (5) is thus approximately

2
Alsin(6) +1]+ vk <9k+1w— 0k> B % (akHw— 9k> -
2 ,(10)
i 3¢ (Ok+1 =0 g (01 -0\
At 1+ 55 (R [u-§ (1) [0

Moreover, for low speed, v'441/¢«< 1 and wy,/c<1, and so the
general-relativistic velocity map, which is exactly the same as the
special-relativistic velocity map [Eq. (4)], is approximately

(1)

Furthermore, for low speed, we can use the expansion ¢' = 1+x+x/

Vi1 =(l+oc)uk+1—ocv}\,+1.

2 for the exponential functions in #'44; (the expression for o'y, is
given after Eq. 4) since |x| «1, and then expand the resulting
(1+9 ™" term as (1—x) since |x| «1. Substituting the resulting
approximate expression for o4y and ;= docos(0) into Eq.

@ PLoS ONE | www.plosone.org

(11) yields

Or 41— 0;
[0}
(12
<0k+1 —0k> [ ) <0k+1 —9k) <9k+1 —0k> }
— ) |V — 8 + 5
) ) )

where terms involving 1/¢" are omitted since they are very small.
The approximate general-relativistic velocity map given by Eq.
(12) differs from the Newtonian velocity map [Eq. (2)] by the last
term which involves 1/¢%. Similarly, the approximate general-
relativistic impact-phase map given by Eq. (10) differs from the

Vi1 =(1+0) 4o cos(ﬁkH)—a[vk—g(

g_z
2

g
2

Newtonian impact-phase map [Eq. (1)] by the last term which
involves 1/¢*. The breakdown of agreement between the
Newtonian and general-relativistic trajectories is therefore essen-
tially due to the small 1/¢* term in Eq. (10) and Eq. (12).

Discussion

The simplicity of the bouncing ball system allows accurate
calculations of the Newtonian, special-relativistic and general-
relativistic trajectories for comparison, whereas such accurate
calculations would be very difficult to achieve in more complex
gravitational systems that can also exhibit chaotic behavior, for
example, the three-body problem. Furthermore, the bouncing ball
system can be realized experimentally — one realization [15] of the
system consists of a steel ball bouncing on a concave lens which is
attached to the membrane of a sinusoidally-driven loudspeaker.
Because the bouncing ball system is a simple but realistic example
of low-speed weak-gravity systems that can exhibit chaotic and
non-chaotic behavior - i.e., a prototypical system — the breakdown
of agreement of the special-relativistic and Newtonian trajectories
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with the general-relativistic trajectory should also occur in other
low-speed weak-gravity systems.

The breakdown of agreement of the special-relativistic and
Newtonian trajectories with the general-relativistic trajectory for a
low-speed weak-gravity system has two important implications.
First, general-relativistic mechanics must be used, instead of
special-relativistic mechanics, to correctly study the dynamics of a
weak-gravity system. Second, general-relativistic mechanics must
be used, instead of the standard practice (see, for example, [19]) of
using Newtonian mechanics, to correctly study the dynamics of a
low-speed weak-gravity system. These paradigm shifts may well
lead to new understandings and discoveries for low-speed weak-
gravity systems.
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Text S1. Derivation of the special-relativistic and general-relativistic maps.

Following [1,2], the earth is assumed to be a uniform sphere of radius R.
Furthermore, in between impacts with the table, the ball, which is initially close to
the earth’s surface (rp = R), undergoes free-fall motion along the radial direction
where the distance it travels |r - ro| is assumed small compared to its initial position
ro (| - ro|//ro <<1). The relativistic position and velocity of the ball between impacts
(which are derived in Text S2) are needed in the derivations of the relativistic maps.
In the derivations, it is convenient to transform the position » of the ball, which is
measured relative to the center of the earth, to y: y = r - Ryrp, where Rrrp is the
distance from the center of the earth to the table’s lowest position. The table’s
position s(¢)= Afsin(wt + 6, )+1] is measured relative to Rrpp.

In between the kth and (k+1)th impacts, the ball moves with initial velocity v
and position y; just after the Ath impact. The ball’s initial position yx is the same as
the table’s position A[sin(6,)+1] just after the kth impact, where 6, = o, +6,
is the table’s phase and # 1is the time just after the Ath impact. In the
general-relativistic framework, the ball’s position at time ¢ after the Ath impact is

[based on Eq. (B17) in Text S2]

[ 2e(Rity,) 0 o et o) e )
et | e e B F ) B e e T :
2g c 2 c c




and the ball’s velocity at time ¢ after the Ath impact is [based on Eq. (B9) in Text S2]

B (1+vk /c)e—g(t—tk)/c —(l—vk /c)eg(t—t,()/c .
ree 1+v, /e)e e f(1—v, /)t | (A2)
k k

Setting the difference between the ball’s position y(¢) [Eq. (Al)] and table’s
position s(t)= Afsin(wt +6,)+1] at the (k+1)th impact to zero yields the
impact-phase map Eq. (5).

Since the collision between the ball and table is inelastic, v',,, and v,
which are respectively the ball’s velocity just before and just after the (k+1)th impact
in the table s reference frame, are related through

Vg =—av', (A3)
where a is the coefficient of restitution. The ball’s velocity just before and just after

the (k+1)th impact in the ground s reference frame are respectively

— —
1% +u \% +u
V'/H.] — k‘_:-] :l+] and Vk+] — k+]‘7 uk+] , (A4)
1+ k+]2 k+1 1+ k+1 2k+]
C C

where u,,, 1s the table’s velocity at the (k+1)th impact in the ground’s reference

frame. Solving for v',,, and v,,, from Eq. (A4) and substituting into Eq. (A3)

yields the velocity map Eq. (4). The expression for V', 1is obtained by substituting

t=t,,, into Eq. (A2).

In the derivation of the special-relativistic map, Eq. (Al) is replaced by the

special-relativistic position of the ball between the kth and (4+1)th impacts based on



the special-relativistic Eq. (B8) in Text S2. In the derivation [1,2] of the Newtonian
map, the Newtonian Eqgs. (B5) and (B6) in Text S2 were utilized to obtain the
position and velocity of the ball between the kth and (k+1)th impacts, and Eq. (A4)

is used without the terms involving ¢’.
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Text S2. Newtonian and relativistic free-fall motion.

Here we consider the radial motion of a particle of mass m due to the
gravitational field of a uniform sphere of mass M and radius R.

In the Newtonian framework, the change in gravitational potential energy of the

particle from an initial position ry to a final position 7 is given by

AU =U(r)-U() = —GMmP—l} (B1)

rorn

If the distance travelled by the particle is small compared to ry, that is, |r - ro|/ro <<1,

then 1/r is essentially given by

-
l:i(lﬂ_“] zi(l—r_r"]:i—r_f’, (B2)
r 14 14 14 14 14 14

since higher-order terms involving (r - ro)/rp are negligible. If the particle is initially

near the surface of the sphere, that is, 7y = R, then
GMlry® ~ GMIR* = g. (B3)
Substituting Egs. (B2) and (B3) into Eq. (B1) reduces Eq. (B1) to approximately the
change in gravitational potential energy of a particle in a uniform gravitational field
AU = mgr- mgry.. (B4)
The Newtonian position and velocity of the particle at time ¢ are therefore given by

the well-known equations:

1
r—r0=vo(t—t0)—zg(t—t0)2, (B3)



v=v,—glt-1,). (B6)
In the special-relativistic framework, if |r - ro|/ro <<l and ry = R, Egs. (B2) and

(B3) reduce the change in gravitational potential energy of the particle to

AU:_ﬂ{l_l}M_ E)
1-(v/e)' LT % 1-(v/e)’

Solution of the special-relativistic equation of motion with the force derived from

the gravitational potential energy U(r) in Eq. (B7) yields [1-3]

r—r,=-c* /g)ln{% Kl + %Oje‘g(""’)/c + (1 — Vf]e“”(""’)“ } : (B8)

i (l+v0 /c)e—g(f—fo)/C _(l_vo /c)eg(t—to)/c
- (1+v, /c)e"g(’""’)/” +(1-v, /c)eg("’o)/”

(B9)

for the position and velocity of the particle at time ¢.

In the general-relativistic framework, the gravitational field outside the uniform

sphere is described by the Schwarzschild metric [4] in terms of the Schwarzschild

coordinates (ct, r, 6, @)

2
ds* = c*dr? :(1—i]c2dt2 T 2(a6* +sin 6dg?), (B10)
P
r
where ds is the interval between neighboring events, 7 is the proper time, and », =
2GMI/¢c* is the Schwarzschild radius. For purely radial motion [3,5] along the line ¢

=constant in the equatorial plane 6 = 7/2, the metric Eq. (B10) is simplified, with d¢

=df=0,to



2
ds? = c*dr? =[1-15 |c2dr? __drt (B11)
r (1 -7, /r)
and the geodesic equations are reduced to
2 2
cz'd t2 N r./r° \cdt dr _o, (B12)
c'dr l-7/r )cdr cdt

d’r rY r cdt r Y r ( dr jz
— |- == —| |1 — | — 1 =0. B13
c’dr’ ( r ]{21”2 ]{cdr] ( r] (21”2] cdt (B13)
The local velocity [4,6] of the particle, measured by a local observer who is at rest at a

particular Schwarzschild radial coordinate and is next to the particle, is

-1 -1
v=l1-L @:(1_2?\4] ar. (B14)
r dt cr dt

The integral of Eq. (B12), which is given by

|
_"jf _ k(l_ij , (B15)
cart r

where £ is a constant, and the integral of Eq. (B13), which is given by Eq. (B11),
together with the initial condition v = vy at r = ry, lead to the following expression for

dr/dt:

2 2 -1
(ﬁj :(1—2€Mj 1——2€M vé(l——zczM]+2GM l—l ) (B16)
dt cr c’r, cr ror,

If |7 - ro|//ro <<I and ry = R, substituting Egs. (B2) and (B3) into Eq. (B16) and

integrating it with initial condition » = ry at ¢ = £, yields the general-relativistic

position of the particle at time ¢



)
2 ) _g(t-1) (i)

r—r, :-5—[1— gfoj 1—{1[(1+V—0je ‘ +[ —V—Oje ‘ .(B17)
g c 2 c c

In the limit of weak gravity (2gr/c’<<1 and 2gr¢/c’<<l), Eq. (B17) reduces to the

special-relativistic Eq. (BS8). In the limit of weak gravity and low speed (v/e<<l,

vo/c<<1 and g(¢ — ty)/c<<l1), Eq. (B17) reduces to the Newtonian Eq. (BS).

Substituting Egs. (B14), (B2), (B3) and (B17) sequentially into Eq. (B16) yields

the general-relativistic velocity of the particle at time ¢, which is the same as the

special-relativistic Eq. (B9). In the limit of low speed, Eq. (B9) reduces to the

Newtonian Eq. (B6).
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Abstract

The Newtonian and special-relativistic statistical predictions for the mean, standard deviation and probability density
function of the position and momentum are compared for the periodically-delta-kicked particle at low speed. Contrary to
expectation, we find that the statistical predictions, which are calculated from the same parameters and initial Gaussian
ensemble of trajectories, do not always agree if the initial ensemble is sufficiently well-localized in phase space. Moreover,
the breakdown of agreement is very fast if the trajectories in the ensemble are chaotic, but very slow if the trajectories in the
ensemble are non-chaotic. The breakdown of agreement implies that special-relativistic mechanics must be used, instead of
the standard practice of using Newtonian mechanics, to correctly calculate the statistical predictions for the dynamics of a
low-speed system.

Citation: Liang S-N, Lan BL (2012) Statistical Predictions for the Dynamics of a Low-Speed System: Newtonian versus Special-Relativistic Mechanics. PLoS ONE 7(5):
€36430. doi:10.1371/journal.pone.0036430

Editor: Gerardo Adesso, University of Nottingham, United Kingdom
Received November 11, 2011; Accepted April 2, 2012; Published May 11, 2012

Copyright: © 2012 Liang, Lan. This is an open-access article distributed under the terms of the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original author and source are credited.

Funding: This work was supported by a Fundamental Research Grant Scheme, FRGS/2/2010/ST/MUSM/02/1. The funders had no role in study design, data

collection and analysis, decision to publish, or preparation of the manuscript.

* E-mail: lan.boon.leong@monash.edu

Competing Interests: The authors have declared that no competing interests exist.

Introduction

If the speed of a system is low, that is, much less than the speed
of light, it is expected [1-3] that the dynamics predicted by special-
relativistic mechanics is always well-approximated by the dynam-
ics predicted by Newtonian mechanics for the same parameters
and initial conditions. In a recent paper [4], we compared the
Newtonian and special-relativistic predicted trajectories for a
model Hamiltonian system — the periodically-delta-kicked particle.
We found, contrary to expectation, that although the particle
speed is low, the Newtonian trajectory does not remain close to the
special-relativistic trajectory — the two trajectories eventually
become completely different regardless of whether the trajectories
are chaotic or non-chaotic. However, the agreement between the
Newtonian and special-relativistic trajectories breaks down much
faster in the chaotic case compared to the non-chaotic case.
Similar breakdown of agreement was also found in a model
dissipative system [5,6] and a model scattering system [7]. The loss
of agreement means [6-8] that special-relativistic mechanics must
be used, instead of the standard practice of using Newtonian
mechanics, to correctly calculate the trajectory of a low-speed
system.

In this paper, we extend the Newtonian special-relativistic
comparison for the low-speed periodically-delta-kicked particle
from single-trajectory predictions [4] to statistical predictions = in
particular, the mean, standard deviation and probability density
function of the position and momentum - which are calculated
from the same parameters and initial ensemble of trajectories.
Calculating these statistical quantities directly from an ensemble of
trajectories is far casier than solving the Newtonian and special-
relativistic Liouville’s equations numerically to first obtain the
phase-space probability density functions. Details of the model

@ PLoS ONE | www.plosone.org

Hamiltonian system and calculation are given next, followed by
the results and discussion.

Methods

The model Hamiltonian system is a one-dimensional system
where the particle is subjected to a sinusoidal potential which is
periodically turned on for an instant. The Newtonian equations of
motion for the periodically-delta-kicked particle are easily
integrated exactly [9,10] to yield a mapping, which is known as
the standard map, of the dimensionless scaled position X and
dimensionless scaled momentum P from just before the nth kick to
just before the (n+1)th kick:

K .
P;1=P:171—ﬂ51n(2ﬂXn71) (1)
Xn =(sz—1 +Pu)m0d1 (2)

where n=1,2,..., and K'is a dimensionless positive parameter. For
the standard map, the transition from weak (local) chaos to strong
(global) chaos occurs at £~0.917.

The special-relativistic equations of motion are also easily
integrated exactly, producing a mapping known as the relativistic
standard map [11,12] for the dimensionless scaled position X and
dimensionless scaled momentum P from just before the nth kick to
just before the (n+1)th kick:

K .
Pn:Pn—l_Esm(ann—l) (3)
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Figure 1. Comparison of mean trajectories for the first example. Newtonian (squares) and special-relativistic (diamonds) mean positions (top
plot) and mean momentums (bottom plot) for the first example.
doi:10.1371/journal.pone.0036430.g001

, e (5)
an anl‘l"’7 modl (4) ¢ 1+([jP)2

\1+5°P
PP<<1 implies v<<c (i.c., low speed), where v is the particle
where n=1,2, ..., and B, like K is a dimensionless positive speed and c is the speed of light. Ciubotariu et al. [13] have

parameter. Since studied a dissipative version of the relativistic standard map to see
how weak damping changes the phase-space structure around the
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origin described by the relativistic standard map; they did not
however compare the dynamical predictions of their dissipative
relativistic standard map with the predictions of the dissipative
non-relativistic standard map.

For both theories, the ensemble of trajectories is initially
Gaussian distributed in position and momentum with means
<Xp> and <Py>, and standard deviations ¢y, and ¢py:

1 Xo—<(Xod)®  (Po—<{Po))
P(XO,P0)= exp _( 0 <2 0>) _( 0 <2 0>) (6)
27‘[6,\/00?0 20){[] 201’0

Each trajectory in the Newtonian (special-relativistic) ensemble
is time-evolved using the standard map (relativistic standard map).
For each theory, the mean trajectory, i.e., mean position and mean
momentum, just before each kick is calculated from the ensemble
of trajectories. First, the mean trajectory is calculated using 10°
trajectories, where the accuracy of the double-precision calculation
is determined by comparison with the quadruple-precision
calculation. The mean trajectory is then recalculated using 107
trajectories with the same accuracy determination. Finally, the
accuracy of the mean trajectory is determined by comparing the
10°trajectorics calculation with the 10’-trajectories calculation.
The position and momentum standard deviations and probability
density functions are calculated in the same manner.

Results

In this section, we will present three examples to illustrate the
general results. In the first example, the map parameters are
k=70 and $=10"". The Newtonian and special-relativistic
ensembles are both initially Gaussian distributed in phase space
with means <X;>=0.5 and <Py>=99.9, and standard devia-
tions 0y =0py=10""", and thus initially localized in the chaotic
‘sea’ In phase space. Figure 1 shows that the Newtonian mean

log(position s. d.)
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position and mean momentum agree with the special-relativistic
mean position and mean momentum for the first 16 kicks only, the
two mean trajectories are completely different from kick 17
onwards.

The breakdown of agreement between the Newtonian and
special-relativistic mean trajectories in Figure 1 can be understood
as follows. In either the Newtonian or special-relativistic case, the
position and momentum standard deviations grow [14,15]
exponentially initially because the trajectories in the ensemble
are chaotic. But as long as the position standard deviation remains
small (<<1), the mean trajectory is [14,15] well-approximated by
the single trajectory with the same initial conditions as the mean
trajectory. The agreement between the single trajectory and mean
trajectory breaks down when the position standard deviation
saturates [14,15], that is, when the position probability density
becomes delocalized over the entire position interval. Figure 2
shows that the Newtonian and special-relativistic position standard
deviations saturate at kick 19. Thus, in either the Newtonian (see
Figure 3) or special-relativistic (see Figure 4) case, the mean
trajectory is well-approximated by the single trajectory for the first
18 kicks only. The complete disagreement between the Newtonian
and special-relativistic mean trajectories at kick 17 and kick 18 is
therefore due to the complete disagreement of the Newtonian
single trajectory and the special-relativistic single trajectory, which
are both chaotic with Lyapunov exponent of 1.27, from kick 17
onwards. Since the position and momentum difference between
the chaotic Newtonian and special-relativistic single trajectories
grows exponentially at a rate approximately given by the
Lyapunov exponent [4], we can estimate when the agreement
between the two single trajectories breaks down and thus when the
two mean trajectories breaks down. In particular, the position
difference between the two single trajectories with the same initial
conditions is 4.99x10™" after 1 kick and, assuming that the
exponential growth constant is 1.27, it grows to 0.1 (the maximum
possible position difference is 1) after 14 kicks, which is close to the
actual 17 kicks.

20 25 30

Figure 2. Comparison of position standard deviations for the first example. Natural-log of the Newtonian (squares) and special-relativistic

(diamonds) position standard deviations for the first example.
doi:10.1371/journal.pone.0036430.g002
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Figure 3. Newtonian single and mean trajectories. Newtonian single trajectory (circles), Newtonian mean trajectory for the first example
(squares), and Newtonian mean trajectory for the second example (triangles): positions (top plot) and momentums (bottom plot).

doi:10.1371/journal.pone.0036430.g003

Furthermore, the difference between the Newtonian and
special-relativistic mean trajectories grow exponentially up to kick
18 (see Figure 5) because the difference between the Newtonian
and special-relativistic chaotic single trajectories grow [4] expo-
nentially. Hence, the breakdown of agreement between the
Newtonian and special-relativistic mean trajectories is rapid
because of the exponential growth of the difference between the
two mean trajectories.

Figure 2 and Figure 6 show that the position and momentum
standard deviations predicted by the two theories also do not
always agree. The breakdown of agreement occurs at kick 12. This

@ PLoS ONE | www.plosone.org

rapid breakdown of agreement is, see Figure 7, due to the
exponential growth of the difference between the Newtonian and
special-relativistic standard deviations, for both position and
momentum, up to kick 12.

Together, Figure 1, Figure 2 and Figure 6 show that the
agreement between the statistical predictions of the two theories,
Newtonian and special relativistic, for the position and momentum
means and standard deviations breaks down from kick 12 onwards
even though the mean particle speed is low, only 0.001% of the
speed of light since f=1077. Figure 8 shows the different

May 2012 | Volume 7 | Issue 5 | e36430
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Figure 4. Special-relativistic single and mean trajectories. Special-relativistic single trajectory (circles), special-relativistic mean trajectory for
the first example (squares), and special-relativistic mean trajectory for the second example (triangles): positions (top plot) and momentums (bottom

plot).
doi:10.1371/journal.pone.0036430.g004

Newtonian and special-relativistic position and momentum
probability densities at kick 17.

In the second example, the parameters and initial means are the
same as those in the first example but the initial standard
deviations are larger: 0x)=0p)= 1078, In this case, Figure 9
shows there is no breakdown of agreement between the mean
trajectory predictions of the two theories. In addition, Figure 10
shows there is also no breakdown of agreement between the

@ PLoS ONE | www.plosone.org

position and momentum standard deviations predicted by the two
theories.

The results in Figure 9 and Figure 10 for the second example
can be understood as follows. Figure 3 and Figure 4 show that the
single trajectory is close to the mean trajectory for the first 12 kicks
only, in either the Newtonian or special-relativistic case. Thus, for
the first 12 kicks, the Newtonian and special-relativistic mean
trajectories are close because the Newtonian and special-relativ-
istic single trajectories are close (recall, the agreement between the

May 2012 | Volume 7 | Issue 5 | e36430
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Figure 5. Difference between the mean trajectories for the first example. Natural-log of the absolute value of the difference between the
Newtonian and special-relativistic mean positions (top plot) and mean momentums (bottom plot) for the first example. The mean-position
differences at kick 22 and 24 cannot be resolved with the accuracy we have for the Newtonian and special-relativistic mean positions at those kicks.

doi:10.1371/journal.pone.0036430.9005

two single trajectories only breaks down at kick 17). Furthermore,
the Newtonian and special-relativistic standard deviations are, like
the means, still very close at kick 13 when the position standard
deviations saturate. In other words, the Newtonian and special-
relativistic position and momentum probability densities are
essentially the same at kick 13. We have found that the agreement
between the statistical predictions of the two theories for the
position and momentum means and standard deviations does not
break down for an ensemble of trajectories which is initially

@ PLoS ONE | www.plosone.org

uniformly distributed (delocalized) in position. Thus, in this
example, because the Newtonian and special-relativistic position
probability densities are essentially the same and delocalized at
kick 13, the statistical predictions of the two theories continue to be
close for subsequent kicks.

The results illustrated by the two examples above were also
found for other values of the K parameter: 0.9, 3.86, 6.4717,
6.9115 and 10.053.
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Figure 6. Comparison of momentum standard deviations for the first example. Newtonian (squares) and special-relativistic (diamonds)
momentum standard deviations for the first example: first 15 kicks (top plot), kick 15 to 30 (bottom plot). The Newtonian and special-relativistic
momentum standard deviations in the bottom plot are completely different from each other - they appear to be close from kick 25 onwards because

the natural log of the standard deviations is plotted.
doi:10.1371/journal.pone.0036430.9006

Recall, in the first example (with smaller initial standard
deviations), the Newtonian and special-relativistic position stan-
dard deviations saturate affer the agreement between the Newto-
nian and special-relativistic single trajectories breaks down.
However, in the second example (with larger initial standard
deviations), the Newtonian and special-relativistic position stan-
dard deviations saturate before the agreement between the
Newtonian and special-relativistic single trajectories breaks down.
The first and second examples therefore show that in order for the

@ PLoS ONE | www.plosone.org

statistical predictions of the two theories to break down, the initial
Gaussian ensemble must be sufficiently well-localized in phase
space, that is, the initial standard deviations must be sufficiently
small such that the Newtonian and special-relativistic position
standard deviations saturate affer the agreement between the
Newtonian and special-relativistic single trajectories breaks down.

If the initial ensemble is localized in the chaotic ‘sea’ in phase
space, in the first example for instance, the agreement between the
Newtonian and special-relativistic single trajectories (the initial

May 2012 | Volume 7 | Issue 5 | e36430



log(position s. d. difference)

0 5 10 15
kick

-10

12+

log(momentum s. d. difference)

14

Statistical Predictions for a Low-Speed System

20 25 30

-16
0 5 10 15

kick

Figure 7. Difference between the standard deviations for the first example. Natural-log of the absolute value of the difference between the
Newtonian and special-relativistic position standard deviations (top plot) and momentum standard deviations (bottom plot) for the first example. The
standard-deviation differences from kick 1 to 9 cannot be resolved with the accuracy we have for the Newtonian and special-relativistic standard

deviations at those kicks.
doi:10.1371/journal.pone.0036430.g007

conditions of the two single trajectories are the same, equal to the
initial mean position and mean momentum) breaks down rapidly
because the difference between the single trajectories grows [4]
exponentially. In contrast, if the initial ensemble is localized in the
non-chaotic ‘island’ in phase space, the difference between the
Newtonian and special-relativistic single trajectories only grows [4]
linearly, and therefore it takes a very long time for the agreement
between the single trajectories to break down. This means that

@ PLoS ONE | www.plosone.org

the breakdown of agreement between the statistical predictions of
the two theories, Newtonian and special-relativistic, is very fast in
the chaotic case, as we saw in the first example, but very slow in
the non-chaotic case.

As an example of the non-chaotic case (this is our third
example), for map parameters K=0.9 and f=1077, the agree-
ment between the Newtonian and special-relativistic single
trajectories with initial conditions Xp=0.7 and P,=99.9 takes
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Figure 8. Comparison of probability densities for the first example. Newtonian (shaded grey) and special-relativistic (bold line) position (top
plot) and momentum (bottom plot) probability densities for the first example at kick 17.

doi:10.1371/journal.pone.0036430.g008

about 10° kicks [4] to break down. The Newtonian and special-
relativistic statistical predictions can thus agree for a very long
time. Indeed, for initial standard deviations 6y = 0p)= 10_9, the
means still agree to 6 and 9 significant figures respectively for
position and momentum at kick 1000. At the same kick, the
accuracies we have for both the Newtonian and special-relativistic
standard deviations are 3 and 4 significant figures respectively for

@ PLoS ONE | www.plosone.org

position and momentum — the Newtonian and special-relativistic
standard deviations are the same, 2.67x1077 for position and
2.446x1077 for momentum, within these accuracies. Similar
results were found for other non-chaotic cases for other values of
the parameter £, 0.5 and 1.5.

Finally, the breakdown of agreement between the Newtonian
and special-relativistic statistical predictions for the periodically-
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Figure 9. Comparison of mean trajectories for the second example. Newtonian (squares) and special-relativistic (diamonds) mean positions
(top plot) and mean momentums (bottom plot) for the second example.
doi:10.1371/journal.pone.0036430.9009

delta-kick particle at low speed can be further understood from a  with its special-relativistic counterpart
broader perspective by comparing the Newtonian Liouville’s
equation for the phase-space probability density function p(X,Pf)

Op(X,P,t) _ P [a_p}
Op(X,Pyt) _ {f] V_p} 0t T(l +[f2P2)1/2 ox .
ot T||ox .
= ™ |- ey Y T(S(jT—;)} ol
+ %sin(ZnX)f;x T&UT;)} [%} T = L?P}
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Figure 10. Comparison of standard deviations for the second example. Natural-log of the Newtonian (squares) and special-relativistic
(diamonds) position standard deviations (top plot) and momentum standard deviations (bottom plot) for the second example.

doi:10.1371/journal.pone.0036430.g010

where the infinite sum in both equations is the series of periodic
delta kicks with period T. For low speed, fP<<1, therefore

1 1

— Al pP 9)
1/2

(+pp)" 2

in Eq. (8). The breakdown of agreement between the Newtonian

and special-relativistic statistical predictions is therefore essentially

due to the small f2P2/2 term in Eq. (8).
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Discussion

Since the periodically-delta-kicked particle is a prototypical [16]
Hamiltonian system, we expect the breakdown of agreement
between the Newtonian and special-relativistic statistical dynam-
ical predictions to occur in other low-speed Hamiltonian systems.

Our finding raises an important fundamental question: When
the Newtonian and special-relativistic statistical dynamical pre-
dictions are completely different for a low-speed system, which of
the two predictions is empirically correct? Since special relativity
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continues to be successfully tested [17] in recent times, we expect
the special-relativistic predictions to be correct. The breakdown of
agreement therefore implies that special-relativistic mechanics
must be used, instead of the standard practice of using Newtonian
mechanics, to correctly calculate the statistical predictions for the
dynamics of a low-speed system.

We have recently [18,19] shown that the trajectory predicted by
general-relativistic mechanics for a low-speed weak-gravity system is
not always well-approximated by the trajectories predicted by
special-relativistic and  Newtonian mechanics for the same
parameters and initial conditions. We expect similar breakdown
of agreement in the statistical predictions for the mean, standard

References

1. French AP (1968) Special relativity. Cambridge: Thomas Nelson & Sons. 167 p.

2. McComb WD (1999) Dynamics and Relativity. Oxford: Oxford University
Press. preface.

3. Hartle JB (2003) Gravity: An introduction to Einstein’s general relativity. San
Francisco: Addison-Wesley. 88 p.

4. Lan BL (2006) Comparison of the Newtonian and relativistic predicted
trajectories for a low-speed periodically delta-kicked particle. Chaos 16: 033107.

5. Lan BL (2009) Disagreement between Newtonian and relativistic trajectories for
a low-speed kicked dissipative system. In: Skiadas CH, Dimotikalis I, Skiadas C,
eds. Topics on chaotic systems World Scientific. pp 199-203.

6. Lan BL, Cheng HY (2010) Newtonian and special-relativistic predictions for the
trajectory of a slow-moving dissipative dynamical system. Commun. Nonlinear
Sci. Numer. Simulat. 15: 2497-2503.

7. Lan BL, Borondo F (2011) Newtonian and special-relativistic predictions for the
trajectories of a low-speed scattering system. Phys. Rev. E 83: 036201.

8. Lan BL (2009) Implications of the disagreement between Newtonian and
relativistic low-speed trajectories. Chaos, Solitons and Fractals 42: 534-537.

9. Chirikov BV (1979) A universal instability of many-dimensional oscillator

systems. Phys. Rep. 52: 263-379.
. Casati G, Chirikov BV, Izrailev FM, Ford J (1979) Stochastic behavior of a
quantum pendulum under a periodic perturbation. In: Casati G, Ford J, eds.

@ PLoS ONE | www.plosone.org

Statistical Predictions for a Low-Speed System

deviation and probability density function of the position and
momentum. Finally, it would also be interesting to compare the
thermodynamics predictions of classical Newtonian statistical
mechanics with the predictions of classical special-relativistic
statistical mechanics at low speed.

Author Contributions

Conceived and designed the experiments: SNL BLL. Performed the
experiments: SNL. Analyzed the data: SNL BLL. Contributed reagents/
materials/analysis tools: SNL BLL. Wrote the paper: SNL BLL.

Stochastic Behavior in Classical and Quantum Hamiltonian Systems. Berlin:
Springer. pp 334-352.

. Chernikov AA, Tél T, Vattay G, Zaslavsky GM (1989) Chaos in the relativistic
generalization of the standard map. Phys. Rev. A 40: 4072-4076.

12. Nomura Y, Ichikawa YH, Horton W (1992) Nonlinear dynamics of the
relativistic standard map. Phys. Rev. A 45: 1103-1115.

. Ciubotariu C, Badelita L, Stancu V (2002) Chaos in dissipative relativistic
standard maps. Chaos, Solitons and Fractals 13: 1253-1267.

. Fox RF, Elston TC (1994) Chaos and the quantum-classical correspondence in
the kicked pendulum. Phys. Rev. E 49: 3683-3696.

. Lan BL (1994) Wave-packet initial motion, spreading, and energy in the
periodically kicked pendulum. Phys. Rev. E 50: 764-769.

. Campbell DK (1987) Nonlinear science from paradigms to practicalities. Los
Alamos Sci. 15: 218-262.

. Pospelov M, Romalis M (2004) Lorentz invariance on trail. Phys. Today 57:
40-46.

. Liang SN, Lan BL (2011) Newtonian versus general-relativistic prediction for the
trajectory of a bouncing ball system. Results in Physics 1: 36-39.

. Liang SN, Lan BL (2012) Comparison of Newtonian and special-relativistic
trajectories with the general-relativistic trajectory for a low-speed weak-gravity
system. PLoS ONE 7(4): ¢34720.

May 2012 | Volume 7 | Issue 5 | e36430



