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The derivation of equations in this paper can be readily accomplished with Mathematica 

(Wolfram Research, Champaign, IL). The following shows input and raw output from 

Mathematica 4.1. 

 

Equation [5] 

Input: 

Simplify Solve KD1m R∗ LS RLS, RTm R+ RLS, LSTm LS+ RLS, FSBm 1− LS LST , RT, R, LS, RLS@ @8 ê ê < 8 <DD  

Output: 

:RT→ FSB H−KD1 −LST + FSB LSTL
−1+ FSB

>
 

 

Equation [6] 

Input: 

Simplify Solve KD1m R∗ LS RLS, RTm R+ RLS, LSTm LS+ RLS, FSBm 1− LS LST , FSB, R, LS, RLS@ @8 ê ê < 8 <DD  
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Output: 

:FSB→ KD1 + LST +RT − è −4LSTRT +HKD1 + LST + RTL2
2 LST

>,
 

:FSB→ KD1 + LST +RT + è −4LSTRT +HKD1 + LST + RTL2
2 LST

>
 

(Note that only the first root has physical meaning.) 

 

Equation [8] 

Input: 

Simplify Solve KD1m R∗ LS RLS, RTm R+ RLS, LSTm LS+ RLS+ NS∗ LS, FSBm 1− LS LST , RT, R, LS, RLS@ @8 ê ê < 8 <DD  

Output: 

:RT→ −
HKD1 +LST − FSB LSTL HFSB − NS +FSB NSL

−1 + FSB
>

 

 

Equation [9] 

Input: 

Simplify Solve KD1m R∗ LS RLS, RTm R+ RLS, LSTm LS+ RLS+ NS∗ LS, FSBm 1− LS LST , FSB, R, LS, RLS@ @8 ê ê < 8 <DD  

Output: 

:FSB→ KD1 + LST +KD1NS + 2LSTNS + RT+ è KD12 H1 +NSL2 + HLST− RTL2+ 2KD1 H1 + NSL HLST + RTL
2LST 1 + NS

>,
H L  

:FSB→ KD1 + LST +KD1 NS + 2LSTNS + RT− è KD12 H1 +NSL2 + HLST− RTL2+ 2KD1 H1 + NSL HLST + RTL
2LST 1 + NS

>
H L  

(Note that only the second root has physical meaning.) 
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Equation [12] 

Input: 

Simplify@Solve@8KD1Am R∗LSê RLS, RTm R+ RLS, LSTm LS+ RLS, FSBAm 1− LSê LST, FSBAm H1+ NSL∗FSB− NS<,
RT, FSBA, R, LS, RLS8 <DD  

Output: 

:RT→ HFSB − NS +FSBNSL H−KD1A + H−1 + FSBL LST H1 + NSLL
H L H L−1+ FSB 1 + NS

>
 

 

Equation [16] 

Input: 

Simplify@Solve@8KD1m R∗ LSê RLS, KD2m R∗Lê RL, RTm R+ RLS+ RL, LSTm LS+ RLS, LTm L+ RL, FSBm 1− LSê LST<, LT,
R, LS, RLS, L, RL8 <DD  

Output: 

:LT→ −
HFSB HKD1 −KD2L + KD2L HFSB2 LST+ RT − FSB HKD1 +LST + RTLL

H L−1 + FSB FSB KD1
>

 

 

Equation [19] 

Input: 

Simplify@Solve@8KD1m R∗ LSê RLS, KD2m R∗Lê RL, RTm R+ RLS+ RL, LSTm LS+ RLS, LTm L+ RL+ N∗ L,
FSBm 1− LS LST , LT, R, LS, RLS, L, RLê < 8 <DD  

Output: 

:LT→ −
HKD2 H1 +NL + FSB HKD1 − KD2 H1 +NLLL HFSB2 LST +RT − FSB HKD1 + LST +RTLL

H L−1 + FSB FSBKD1
>

 

 

Equation [27] 

Input: 

Simplify@Solve@8KD1m R∗LSê RLS, KD2m R∗Lê RL, KD3m RL∗LSê RLLS, KD2∗KD3ê KD1m RLS∗ Lê RLLS,
RTm R+ RLS+ RL+RLLS, LSTm LS+ RLS+ RLLS, LTm L+ RL+ RLLS, FSBm 1− LS LST , LT, R, LS, RLS, L, RL, RLLSê < 8 <DD  
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Output: 

8LT→ −HHFSB2 LST +RT − FSB HKD1 + LST+ RTLL H−H−1+ FSBL KD2KD32 +KD1
HH−1 + FSBL KD2KD3 +HKD3 + LST − FSBLSTL H−FSB2 LST − RT+ FSB HKD3 + LST +RTLLLLL ë

HH L H L H H LLL<−1 + FSB KD1 KD1 −KD3 FSB2 LST + RT− FSB KD3 + LST +RT  

 

Equation [30] 

Input: 

Simplify@Solve@8KD1m R∗ LSê RLS, KD2m R∗ Lê RL, KD3m RL∗ LSê RLLS, KD2∗KD3ê KD1m RLS∗ Lê RLLS,
RTm R+ RLS+ RL+ RLLS, LSTm LS+ RLS+ RLLS, LTm L+ RL+ RLLS+ N∗L, FSBm 1− LS LST , LT, R, LS, RLS, L, RL, RLLSê < 8 <DD  

Output: 

8LT→ −HHFSB2 LST +RT − FSB HKD1 + LST+ RTLL
H−H−1 + FSBL KD2KD32H1 + NL+ KD1 HH−1 + FSBL KD2KD3 H1+ NL +

HKD3+ LST − FSBLSTL H−FSB2 LST − RT+ FSB HKD3 + LST +RTLLLLL ë
HH L H L H H LLL<−1 + FSB KD1 KD1 −KD3 FSB2 LST + RT− FSB KD3 + LST +RT  

 

Equation [43] 

Input: 

Simplify Solve KD1− KD2 ∗ FSB+ KD2 ∗ LST∗ FSB^2− KD1+ LST+ RT ∗ FSB+ RT 1− FSB ∗ FSB∗ KD1 m LT, RT@ @HH L L H H L LêHH L L DD  

Output: 

8RT→ HFSB HFSB2HKD1 − KD2L LST− KD2LST − KD1 HKD2 + LTL+
FSB H−KD12 +2KD2LST + KD1 HKD2 − LST+ LTLLLLëHH−1 + FSBL HFSB HKD1 −KD2L + KD2LL<  

 

Equation [44] 

Input: 

Simplify D KD1− KD2 ∗ FSB+ KD2 ∗ LST∗ FSB^2− KD1+ LST+ RT ∗ FSB+ RT 1− FSB ∗ FSB∗ KD1 , FSB@ @HH L L H H L LêHH L L DD  
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Output: 

1
H−1 +FSBL2 FSB2KD1

H2FSB3 HKD1− KD2L LST +

FSB4 −KD1 +KD2 LST − KD2RT + 2FSBKD2RT− FSB2 KD12+ KD1LST +KD2 −LST + RTH L H H LLL  

Input: 

RT= IFSBIFSB2HKD1− KD2L LST− KD2 LST− KD1HKD2+ LTL+ FSBI−KD12+2 KD2 LST+ KD1HKD2− LST+ LTLMMMê
HH−1+ FSBL HFSBHKD1−KD2L + KD2LL  

SimplifyA 1
H−1+ FSBL2 FSB2 KD1

I2 FSB3HKD1− KD2L LST+ FSB4 H−KD1+ KD2L LST− KD2 RT+2 FSB KD2 RT−
FSB2IKD12+ KD1 LST+ KD2H−LST+ RTLMME  

Output: 

−HFSB4 HKD1 −KD2L2 LST −2FSB3 HKD12− 3KD1KD2 + 2KD22L LST + KD2 HKD2LST +KD1 HKD2 + LTLL +
FSB2HKD13+ 6KD22 LST+ KD12 H−2KD2 + LSTL + KD1KD2 HKD2 −6LST + LTLL +
2FSBKD2 HKD12− 2KD2LST− KD1 HKD2 − LST + LTLLLë

HH L H H L LL−1 + FSB 2FSBKD1 FSB KD1 − KD2 + KD2  

 

Equation [46] 

Input: 

FullSimplifyA
DA
−IFSB4 HKD1− KD2L2 LST−2 FSB3 IKD12− 3 KD1 KD2+ 2 KD22M LST+ KD2HKD2 LST+ KD1HKD2+ LTLL +

FSB2IKD13+ 6 KD22 LST+ KD12 H−2 KD2+ LSTL + KD1 KD2HKD2−6 LST+ LTLM +
2 FSB KD2IKD12− 2 KD2 LST− KD1HKD2− LST+ LTLMMêIH−1+ FSBL2 FSB KD1HFSBHKD1− KD2L + KD2LM, FSBE m 0E  

Output: 

HHFSB HKD1− KD2L + KD2L2HKD1 H2FSB2 HKD1 −KD2L − KD2 + 3FSBKD2L+ H−1 + FSBL3KD2LSTL +
H−1 + FSBL3KD1KD2 H2FSB HKD1 − KD2L + KD2L LTLë

HH L H H L L L−1 + FSB 3FSB2 KD1 FSB KD1 −KD2 + KD2 2 == 0  

(Note that a necessary condition is that the numerator equals zero. It can be shown that 

numerator and denominator cannot be simultaneously zero under the physical restraints imposed 

on the variables.) 
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Equation [51] 

Input: 

Simplify@Solve@8KD1m R∗ LSê RLS, KD2m R∗Lê RL, RTm R+ RLS+ RL, LSTm LS+ RLS, LTm L+ RL, FSB== 1− LSê LST<, KD2,
R, LS, RLS, L, RL8 <DD  

Output: 

:KD2→ FSBKD1 HFSB2 LST− LT + RT − FSB HKD1+ LST − LT +RTLL
H L H H LL−1 +FSB FSB2 LST + RT− FSB KD1 + LST +RT

>
 

Input: 

SimplifyASolveA9 KD1+ LST+RT−
è
−4 LST RT+HKD1+ LST+ RTL2

2 LST
m HAU−AFLê HHAB−AUL∗Q+AU−AFL=,ABEE  

Output: 

:AB→ −
i
k
AF i

k
−KD1 + LST− RT +" −4 LST RT + HKD1 + LST +RTL2 y

{
+

AU i
k
KD1− KD1Q − LST H1 +QL + H−1 +QL i

k
−RT +" −4 LST RT + HKD1 + LST+ RTL2 y

{
y
{
y
{
ì

i
k
Q i
k
KD1+ LST + RT −" −4 LST RT + HKD1 +LST + RTL2y

{
y
{
>

 

Input: 

AB=

−JAFJ−KD1+ LST− RT+è −4 LST RT+ HKD1+ LST+ RTL2 N +

AUJKD1− KD1Q− LSTH1+QL + H−1+QL J−RT+è −4 LST RT+ HKD1+ LST+ RTL2 NNN í

JQJKD1+ LST+ RT−è −4 LST RT+ HKD1+ LST+ RTL2NN  

FullSimplify AOBS− AF AB− AOBS ∗Q+ AOBS− AF@H LêHH L LD  

Output: 

H2 HAF− AOBSL RTL ì i
k
2 AOBS H−1 + QL RT +AF i

k
KD1 + LST + RT+" −4LSTRT + HKD1+ LST + RTL2y

{
−

AU i
k
KD1+ LST − RT +2 QRT +" −4 LST RT +HKD1 + LST + RTL2y

{
y
{  

Input: 

Q= 1 

FullSimplify AOBS− AF AB− AOBS ∗Q+ AOBS− AF@H LêHH L LD  
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Output: 

HAF − AOBSL IKD1 +LST + RT − è −4LST RT + HKD1 + LST+ RTL2 M
2 AF LST− AULSTH L  
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