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SECTION A: DERIVATIONS

Nondimensionalization

Let

H=[H]H [H] = pre, AT
zZ=Hz
T =TT + T [T] = AT
v _ prcpAT
6= 1616 0] = e = P25
_ _ [m]KAT
N = [NIN ) -
2
P= [ ] = 0L
We non-dimensionalize Equation (77?):
PaoH | A T | pulloliN]
[t] ot H 0z H? 022 [n1]
oH | [t]oH [T][t] &*T (1] puLllt][¢][N]
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— o T mez  CTHEE 022 [#] ] ¢
. JH <aH2p[cp>é”H B (KATH2pIcp)82T _ ( H?pre, )W— (pwEHQGnIKAT
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— ot ( K )E ﬁ‘(KAT)W oN
We define two nondimensional numbers:
W H?
Br=Har
Po — aHprcy,

Jox
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So we can rewrite Equation (5) in terms of these numbers:

2
oH P(?H o°T

E‘f’ GE—EIBY—QﬁN

Now we non-dimensionalize Equation (?7):

;i{W[_ (pw — p1)g + H 25

Hny, 0z

. k0€aﬁ{¢a[_(pw_pl)g+W]MI} _ €N]

koe*(pw — p1)g 0 ) 4 [N]  ON || _ elV]
:M&{qﬁ[—l—i—H(p ]}_ o N

w— p1)g 0z

Hnpy

. . wlH?
We multiply both sides by 2477

pwlH?\ koe®(pw — p1)g 0 | o [N]  oN || _ (pwlH?)€[N]
(ATK> Hr 5Z{¢ [_1+H(pw—p1)gaz]}_<ATK> Y
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= N K AT R A H(pw — p1)g 0z

Define two more non-dimensional numbers:

o N
H(pw — p1)g

. koprcpe® (pw — p1)g
eKny

So we can rewrite Equation (14) in terms of these numbers:
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nr

I

(V] aN” [N ,
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0
az{/‘igba[ -1

The non-dimensionalized equations are

éi’-[ + Pea—H
ot 0z

0
az{:‘ﬁ(ba[ -1

Higher-Order Matching to Find Inner Solution of Porosity, ¢,

ON
+5az” = ¢oN

o*T
+5(ZNH=¢N

Equation (?7?) can be used to find the first order solution for porosity from Equation (?7). We can integrate

Equation (??7) to obtain

¢1 (2) _ JBT _ ¢0Ninner

_JBY
] Pe

Pe

b0
Pe

[Nouter (0) +

dz

Pe

_ JBT - ¢ON0uter(O) ¢0

[No — Nouter(0)] exp[— \FZ]]

[ 0 — Nouter( )]eXP[ \/7'2]

_ [Br - ¢0N0uter(0)

Pe

]2 * \/E%e

[NO - Nouter( )] exp[ \FZ]

To find C, we use the higher-order matching condition

lim 676y (2)
zZ—00

= lim ¢0uter (Z)
z—0

(25)

First let’s expand the outer solution for z — 0. Consider Equation (?7), the outer porosity equation. Let

Y = Pouter and expand y such that
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z
Y=y +—u (26)
Zet
We can expand Equation (?7) as
z Z 4
Pe(yo + —v1) — k(Yo + —y1)* = Br(z — 2c) (27)
Zct Zct

At zeroth order, we have Peyy — ky§ = Br(z — z¢), in which yo = ¢outer(0). At first order (O(%)), we

Zct

have
Pey, — /fayg‘_lyl = Brzg (28)
BI‘ZCt
S e 29
a maygfl — Pe (29)
So we have

z Brz.
lim @outer = ¢outer(0) + — | — ————— 30
z1~>0¢ t (Z) ¢ t ( ) Zut [ /ﬁJOdyg_l - Pe] ( )

Z

Now let’s expand ¢;(Z) for large 2. We note that 2 = 5

and we do a change of variables:

. 0d1 . Br — ¢0Nouter(0) | . ) N Vva
m 8 — 58 B
lim J S P dz =9 [ 57Pe 2+ lim § JaPe [No — Nouter (0)] exp| 57 z]+C (31)

_ [BI‘ - (bONouter(O)

Po ]z +C (32)

Here we employ higher-order matching since we’re interested in the constant of integration for ¢;. In this

case, the higher-order matching condition is lim, 5 $1(z) = Z—ityl. So the matching condition from

Equation (25) is
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B
ciCo 2 Bra 33)
Zet Koy~ — Pe

Br — ¢0 Nouter (0)
Pe

B
+C = —% (34)
kay, — — Pe

Br — (bONouter(O)
ES
Pe

Brrwzd)g*z
Pe—ragg™ L

s Recall that Noyter(0) = — We plug this into Equation (34) such that

B Brnaqﬁg‘_Q
r= ¢0 o Pe—noqug‘*l Br
Pe kay, — — Pe

B Breag) > B

. Br_fof Bmady 4o DBr (36)
Pe Pe Pe — kagg kapy — — Pe
Br 1 Brrag] ™! B

B L) Bmad G o Br (37)
Pe Pe Pe — kagg kapy — — Pe
Br[Pe — ka¢y '] + Breagd ! Br

> 0 a—1 0 + == a—1 <38)

Pe[Pe — kagg ™| kagy  — Pe
B B

== —ril +C = —7—{ (39)
Pe — kagg kagy  — Pe

= (C=0 (40)

a7 We then plug this C' into Equation (24) to finalize our equation for the first-order solution of porosity:

[NO - Nouter(o)] eXp[—\/af] (41)

Br — QSONouter(O)] A

o1(2) = [ Pe et qch(l)De

a8 We can plug this into ¢inner(2) = ¢0(2) + 9 %qbl (%) to arrive at our inner solution for porosity:

[NO - Nouter(o)] eXp[—\/&f] (42)

Br — ¢0Nouter (0)]2 + Qb()

(binner = ¢outer(0) + 5% [[ Pe \/5Pe

s FINDING COMPOSITE SOLUTIONS

N

so To find the composite solution for effective pressure, we consider the overlap region
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lim Nipper(2) =1

Z2—0 z

i_)I%Nouter(z) = Nouter(o) (43)

So the composite solution for effective pressure is

Ncomposite = Nouter + (NO - Nouter(o))eXp(*\/aé) (44)

To find the composite solution for porosity, we consider the overlap region

lim ¢inner(2) = lim ¢outer(z) (45)
2—00 z—0

Recall from Equation (26) that we can expand the outer solution for small z. We take the expansion as

the matching condition such that

z Brz.
li inner 2) = li outer = @Pouter 0)+—| ————— 46
Jim inner (£) = lm Gouter (2) = Pouter (0) o [ . Pe] (46)

Therefore the composite solution of porosity combines Equations 7?7 and 42 and can be written as

z Brza
composite = Pouter + Pinner — outer 0) + 7[ - —:| 47
Pcomposite = Pouter + @ [¢ ter(0) o radt ] — Po ] (47)

SECTION B: COMPARISON TO NUMERICS FOR DIFFERENT SHEAR
HEATING RATE

Figure S1 shows comparison to numerics for Br = 6. The comparison shows good agreement with the ana-
lytical estimates presented in this study and the numerics for a different Brinkman number, and therefore

a different temperate zone thickness (~ 38% of the ice thickness).
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1 L]
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Fig. S1.

Ice temperature, effective pressure, porosity, and meltwater flux, compared to numerics. In comparison
to numerics, we let H = 200, Pe = —1.1115, k = 0.4416, Br = 6, § = 0.0023, o =2, AT =1, Ny = 1.
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(a) Brinkman Number (b) k (Qa
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Fig. S2. Ice temperature, effective pressure, porosity, and meltwater flux, computed with varying parameters. The
standard parameters are h = 1000 m, Pe = —2.5, k = 0.52, Br = 6, § = 0.001, o = 2.5, AT = 25 K, Ny = 1, and
then specific parameters are varied: (a) Br, (b) &, (¢) a, (d) Br,Pe, (e) &, a.

SECTION C: DEPENDENCE OF TEMPERATURE, PRESSURE, POROSITY,
AND FLUX ON VARIOUS PARAMETERS

Here we show how ice temperature, effective pressure, ice porosity, and meltwater flux depends on the
uncertain parameters explored in the main text. Figure S3a shows the profiles for varying Br, the Brinkman
number. As discussed in the main text, the magnitude of flux is most sensitive to changes in this parameter.
Further, this parameter affects the thickness of the temperature zone, effective pressure above the bed, and
ice porosity at the bed.

Figure S3b shows the profiles for varying k. Effective pressure varies significantly depending on the
value of k, though the change in porosity is much less. This leads to a smaller change in the flux.

Figure S3c shows results for varying §. The parameter § varies for many orders of magnitude and
does not significantly affect porosity or meltwater flux. The difference in flux between orders of magnitude

variations in 4 is < 0.05 in nondimensional flux.
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10

Ice temperature, effective pressure, porosity, and meltwater flux, computed with varying parameters. The

standard parameters are h = 1000 m, Pe = —2.5, k = 0.52, Br = 6, § = 0.001, o = 2.5, AT = 25 K, Ny = 1, and
then specific parameters are varied: (a) Br, (b) &, (c) d, (d) a.



73

74

75

76

7

78

79

80

81

82

83

84

85

86

Ranganathan and others: Meltwater generation 11

Depth profiles in Pine Island Glacier for a range of k values

(a)k =0.52 (b)k=5 (k=25

o ® & o

1 o 1 o
75 o .75
S
< 01 E Eos 0.1
N 5 3
25 2 .25
-0.2 o 0.2
0 10 20 30 40 50 60 70 80 L] 10 20 30 40 50 60 70 80 50
Distance Upstream (km) Distance Upstream (km) Distance Upstream (km)

Fig. S4. Effect of varying x on depth profiles in Antarctic ice streams: Estimates of effective pressure, porosity,
and flux with depth for (a) x = 0.52, (b) k = 5, (¢) kK = 25.

Finally, Figure S3d shows results for varying porosity exponent a. This parameter has a small effect
on effective pressure and a negligible effect on ice porosity, leading to a very minor variation in meltwater

flux for varying «.

SECTION C: EFFECT OF « ON DEPTH PROFILES

As noted in the previous section, depth profiles (especially of effective pressure) vary with x significantly,
introducing uncertainty into the depth profiles of Antarctic ice streams shown in the main text. In Figure
S4, we show depth profiles of Pine Island Glacier for three values of k: k = 0.52 (the value used in the

main text), Kk = 5, and x = 25. These are values explored also in Schoof and Hewitt (2016).

SECTION D: EFFECT OF TEMPERATURE-VARYING A

In this study, we use a constant value for the ice softness parameter A, in which we define A to be the
flow-rate parameter that corresponds to ice at its melting point. However, typically A is represented as a

function of ice temperature 1" by

A= Agexp [ — %] (48)

where @ is the activation energy for creep, R is the ideal gas constant, and Ag is a constant prefactor. This

parameter then enters the equation for ice flow as

Porosity (%)
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Pine Island Glacier
Amery Ice Shelf

Constant A

normalized temperate zone thickness
0.00 0.25 0.50 0.75 1.00
| ' T

Temperature-dependent A

Fig. S5. Thickness of temperate ice zone, computed from the model presented in Meyer and Minchew (2018), for
(top row) constant ice softness parameter A, and (bottom row) temperature-dependent ice softness parameter A.

é=Ar" (49)

where € is effective strain-rate, 7 is effective deviatoric stress, and n is the stress exponent. In Figure S5, we
show results for using a coupling between ice temperature and A. Including the temperature-dependent A
results in larger and more extensive temperate ice zones in all regions studied, suggesting that this would

produce larger meltwater fluxes than those presented in this study.

SECTION E: BRINKMAN AND PECLET NUMBERS IN ICE STREAMS

Estimates of ice temperature and thickness of temperate zone are dependent upon the nondimensional
Brinkman number, denoted Br, and estimates of ice temperature, thickness of temperate zones, and melt-
water flux are dependent upon the nondimensional Peclet number, denoted Pe. In Figure S6, we show

these values, computed by the relations shown in the main text and from remote sensing observations.
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Bindschadler and
Pine Island Glacier MacAyeal Ice Stream Byrd Glacier Amery Ice Shelf

b

Fig. S6. Nondimensional in Antarctic ice streams: Brinkman number, Peclet number, ¢, k, § computed for Pine
Island Glacier, Bindschadler and MacAyeal Ice Streams, Byrd Glacier, and Amery Ice Shelf. Dashed lines denote
velocity contours of 200 m yr—!, 400 m yr—!, 600 m yr—1.
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Br is larger in the shear margins due to the increase in strain-rate in these regions, thereby suggesting
that heating by viscous dissipation is strongest in these regions. Pe is dependent upon the vertical velocity,
here set to be w = —a, where a is surface accumulation. This varies based on the region of the ice streams,
with Pe ~ 2 —4 except in Pine Island Glacier, where estimated surface accumulation rates are much higher
and therefore Pe > 10.

Further, estimates of porosity, effective pressure, and meltwater flux are dependent upon €, x, § nondi-
mensional numbers defined in the main text. e varies spatially based on surface temperature, while k varies

based on € and ice thickness, and & varies based on ice thickness and a reference scale for ice viscosity.
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