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Abelian Gauge Field
I Chosen framework: Electrodynamics

LQED = ψ̄(x)(i /∂ −m)ψ(x)− 1

4
FµνFµν

I Invariant: Under local phase transformation; depends on only one
parameter Λ(x). It’s constant in spinor point of view but spacetime
point of view, it’s not.

ψ(x) 7→ ψ′(x) = exp(iΛ(x))ψ(x)

I Group: Abelian, U(1) group

I No. of Gauge fields: Only one, Aµ(x)

I Requirement 1: Gauge covariant derivative

Dµ := ∂µ + ieAµ(x)
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Abelian Gauge Field

I Requirement 2: Similarity transformation of Dµ

Dµ 7→ D ′µ = exp(+iΛ(x))Dµexp(−iΛ(x)) = Dµ

I New transformation: Gauge transformation

Aµ(x) 7→ A′µ(x) = Aµ(x)− 1

e
∂µΛ(x)

I Property: Fµν = −ie−1[Dµ,Dν ], F ′µν = Fµν

I Finally: Gauge invariant QED Lagrangian

LQED = ψ̄(x)(i /D −m)ψ(x)− 1

4
FµνFµν
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Types of representation (reps)

I Trivial reps: For a ∈ g lie algebra associated with Lie group G (i.e.
tangent space) and h ∈ G (i.e. Lie group manifold)

triv(a) = 0, triv(h) = id
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Types of representation (reps)

I Trivial reps: For a ∈ g lie algebra associated with Lie group G (i.e.
tangent space) and h ∈ G (i.e. Lie group manifold)

triv(a) = 0, triv(h) = id

Matter fields transforming in the trivial reps would not interact with
the gauge fields
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Types of representation (reps)

I Trivial reps: For a ∈ g lie algebra associated with Lie group G (i.e.
tangent space) and h ∈ G (i.e. Lie group manifold)

triv(a) = 0, triv(h) = id

I Fundamental (or called defining) reps: For v ∈ CN

def(A)v = Av , def(U)v = Uv , dimdef = N
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Types of representation (reps)

I Trivial reps: For a ∈ g lie algebra associated with Lie group G (i.e.
tangent space) and h ∈ G (i.e. Lie group manifold)

triv(a) = 0, triv(h) = id

I Fundamental reps: For v ∈ CN

def(A)v = Av , def(U)v = Uv , dimdef = N

I Conjugate fundamental reps:

def(A)v = A∗v = −AT v , def(U)v = U∗v , dimdef = N

Matter fields can also transforms in the fundamental and their
conjugates in the conjugate fundamental reps
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tangent space) and h ∈ G (i.e. Lie group manifold)

triv(a) = 0, triv(h) = id

I Fundamental reps: For v ∈ CN

def(A)v = Av , def(U)v = Uv , dimdef = N

I Conjugate fundamental reps:

def(A)v = A∗v = −AT v , def(U)v = U∗v , dimdef = N

I Adjoint reps:

ad(A)B = [A,B], Ad(U)B = UBU−1, dimad = N2 − 1
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Types of representation (reps)
I Trivial reps: For a ∈ g lie algebra associated with Lie group G (i.e.

tangent space) and h ∈ G (i.e. Lie group manifold)

triv(a) = 0, triv(h) = id

I Fundamental reps: For v ∈ CN

def(A)v = Av , def(U)v = Uv , dimdef = N

I Conjugate fundamental reps:

def(A)v = A∗v = −AT v , def(U)v = U∗v , dimdef = N

I Adjoint reps:

ad(A)B = [A,B], Ad(U)B = UBU−1, dimad = N2 − 1

For SU(N), U−1 = U†. For SO(N), U−1 = UT
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Non-Abelian Gauge Field

I Chosen framework: Generalized Electrodynamics

I Invariant: Under complicated local phase transformation; depends
on several parameters and generators which are non-commutating

ψ(x) 7→ ψ′(x) = exp(iαa(x)ta)ψ(x), where U(x) := exp(iαa(x)ta)

I Group theory: Non-Abelian; Groups of non-commutating
transformation; SO(N) (For eg. SO(3, 1) in Minkowski spacetime of
GR) and SU(N) in QFT (For eg. SU(3) for strong interaction i.e.
QCD)

I No. of Gauge fields: several independent gauge fields, Aa
ν

I Requirement 1: Gauge covariant derivative

Dµ := ∂µ − igAa
µt

a ≡ ∂µ − igAµ
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Non-Abelian Gauge Field

I Requirement 2: Similarity transformation of Dµ

Dµ 7→ D ′µ = U(x)DµU
†(x)

I New transformation: Gauge transformation

Aµ(x) 7→ A′µν = U(x)

(
Aµ +

i

g
∂µ

)
U†(x)

I Property 1: Fµν = ig−1[Dµ,Dν ], F ′µν = Fµν − f abcαb(x)F c
µνT

a

I Property 2: F ′µνF
′µν 6= FµνF

µν But, Tr[F ′µνF
′µν ] = Tr[FµνF

µν ]

I Finally: Lagrangian of Yang-Mills coupled with matter fields

LYM+Matter = ψ̄(x)(i /D −m)ψ(x)− 1

2
Tr[FµνFµν ]
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Conclusion

I Fields have particular transformation properties under gauge
transformation.

I Mathematically, their transformation rules are described by
representation.

I Fields belongs to a representation space while the representation of
the lie group describes large no. of gauge transformations.

I Representation of lie algebra not only describes infinitesimal gauge
transformation but also the coupling of fields to the gauge potentials.

I In non-abelian gauge theory, there is no classical point of view.

Thank You For Listening!
I Invite You To Ask Any Questions You May Have...
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