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Introduction Framework Modern Approach Closing Remarks

What you will know from this talk?

Introduction

Framework

Modern Approach

Closing Remarks

AIM of this talk: To introduce how Kaluza’s idea on unifying EM
with gravitation shaped into Kaluza-Klein theory
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[Klein, 1926]

Kaluza-Klein Theory*

On 21 April (1919) Einstein writes [O’Raifeartaigh and Straumann, 1998],

“The idea of achieving [a unified theory] by means of a five-dimensional
cylinder world never dawned on me. . . . At first glance I like your idea
enormously”
Photos credit: Theodor Kaluza (left) and Oskar Klein (right), photos taken from Science Photo Library (left), Oskar Klein Center (right)
*It was first used in 1933 by Oswald Veblem.
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Introducing Kaluza’s Framework

Kaluza’s Preliminary Idea

d2xµ

dτ 2
+ Γµνδ

dxν

dτ

dxδ

dτ
= 0 :=⇒ worldline of a test particle in gravitation field is geodesic

H =
1

2m0
gµνpµpν :=⇒ Assuming a Hamiltonian

where m0 is the rest mass of the particle, pµ are canonical momenta conjugated to
the coordinates xµ and µ, ν ∈ {0, 1, 2, 3}. Metric signature (−+ ++).

WHY WE CHOOSE HAMILTONIAN?

Using this fact

∂µg
νδ = −gνρ(∂µgρσ)gσδ

Using Hamilton equations

dxµ

dτ
=

∂H

∂pµ
,
dpµ
dτ

= − ∂H
∂xµ

=⇒ provides Geodesics equation
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Introducing Kaluza’s Framework

Kaluza’s Idea
? :=⇒ TRYING to see the worldline of a test charged particle with charge
q and rest mass m0 6= 0 in gravitation field and an electromagnetic field :

geodesic is the projection on the 4D spacetime of a 5D space

H =
1

2m0
gµν

(
pµ −

q

c
Aµ
)(

pν −
q

c
Aν
)

:=⇒ Assuming a new Hamiltonian

=
1

2m0

[
gµνpµpν − 2

q

c
Aµpµ +

(q
c

)2

AµAµ

]
∵ Aµ ≡ gµνAν

WAIT WAIT! Assuming geodesic is the projection on the 4D spacetime
of a 5D space

H =
1

2m0
ĝABpApB :=⇒ Defining Hamiltonian : A,B ∈ {0, 1, 2, 3, 4}

=
1

2m0

[
ĝµνpµpν + 2ĝµ4pµp4 + ĝ44p4p4

]
:=⇒ expanding

∑∑
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Introducing Kaluza’s Framework

Kaluza’s Idea

Comparing BOTH

H =
1

2m0

[
ĝµνpµpν + 2ĝµ4pµp4 + ĝ44p4p4

]
AND

H =
1

2m0

[
gµνpµpν − 2

q

c
Aµpµ +

(q
c

)2

AµAµ

]
YIELDS

ĝµν = gµν , ĝµ4p4 = −q

c
Aµ, ĝ44p4p4 =

(q
c

)2

AµAµ
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Introducing Kaluza’s Framework

Kaluza’s Cylinder Condition

I Components gµν and Aµ are function of xν

I Thus assumes ĝAB (also ĝAB) are function of xµ because new
coordinate x4 does not appear in our new Hamiltonian.

Conclusion,

Metric tensor ĝAB does not depend upon fifth dimension (x4)

↪→ Kaluza’s (arbitrary) cylinder condition i.e. ∂4ĝAB = 0 =⇒
∂4Aµ = 0, ∂4gµν = 0

I x4’s conjugate momentum p4 has a constant motion.
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Introducing Kaluza’s Framework

Kaluza’s Hypothesis Mathematical Construct

(
A0 A1 A2 A3

) 
g00 g01 g02 g03

g00 g01 g02 g03

g00 g01 g02 g03

g00 g01 g02 g03



g00 g01 g02 g03 A0

g00 g01 g02 g03 A1

g00 g01 g02 g03 A2

g00 g01 g02 g03 A3

A0 A1 A2 A3 ?



So, ĝAB =

(
ĝµν ĝµ4

ĝ4µ ĝ44

)

New Notations Alert: defined as in-cooperating EM vector field by GR and

defined as in-order to in-cooperate EM with GR, the resulting tensor should be

symmetric tensor. I’ve defined it to make everything in one slide. Please do not take it

seriously! ©
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Introducing Kaluza’s Framework

Kaluza’s Idea Continued

Thus,

ĝµν = gµν , ĝµ4 = −κAµ, ĝ44 = κ2AµAµ

I κ is constant such that κ = q
p4c

I Add 1 to κ2AµAµ such that matrix ĝAB is non-singular i.e.
det(ĝAB) 6= 0

ĝµν = gµν , ĝµ4 = −κAµ, ĝ44 = 1 + κ2AµAµ

Using the fact that ĝAB ĝAC = δBC , the inverse of ĝAB must be given by

ĝµν = gµν + κ2AµAν , ĝµ4 = κAµ, ĝ44 = 1
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ĝµν = gµν + κ2AµAν , ĝµ4 = κAµ, ĝ44 = 1
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Introducing Kaluza’s Framework

Metric of the 5D space

INSERTING ĝµν = gµν + κ2AµAν , ĝµ4 = κAµ, ĝ44 = 1 IN

dŝ2 = ĝABdx
AdxB = ĝµνdx

µdxν + 2ĝµ4dx
µdx4 + ĝ44dx

4dx4

∴ dŝ2 = gµνdx
µdxν + (dx4 + κAµdx

µ)2

WITH signature (−+ + + +)
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Introducing Kaluza’s Framework

Klein’s add-on to Kaluza’s Hypothesis

Classically, which is appropriate space M(5) or M(4) × S1 as ground state? Hard to
decide!!! Both has zero energy [Witten, 1981]
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Introducing Kaluza’s Framework

Klein’s add-on to Kaluza’s Hypothesis

* Fifth dimension should be periodic and very small

(Not notice in
everyday experience)

* Assume ĝ44 to be scalar field φ on M(4) instead of constant i.e. 1.
φ is also called Brans-Dicke Scalar [Witten, 1981] or Dilaton
[Pope, 2003].

* ∂4 can be think of killing vector associated with spacetime isometry
i.e. x4 7→ x4 + ε,∀ε ∈ R

∂4ĝAB = 0 =⇒ (∂4gµν = 0, ∂4Aµ = 0), ∂4φ = 0

↪→ Kaluza’s refined cylinder condition [Klein, 1926]
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On the language of Differential forms by [Thiry, 1948]

Digression

We’ll follow a different approach than the Kaluza’s original way of using
Einstein tensor notation (See [del Castillo, 2019])
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

Digression

We’ll follow a different approach than the Kaluza’s original way of using
Einstein tensor notation, following the philosophy of Amy’s Ice Cream:

Life is uncertain. Eat dessert first.
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On the language of Differential forms by [Thiry, 1948]

Digression
Exterior (or Wedge) product

I Start with meaningless symbol dx1, . . . , dxn

I Exterior product ∧: dx i ∧dx j = −dx j ∧dx i and dx i ∧dx i = 0

I Usual properties of multiplication holds

I Differential forms is co-ordinate independent

I 0-form on Rn is a function

I 1-form is an expression of the form
∑

i fi (x)dx i

I 2-form is
∑

i,j fij(x)dx i ∧ dx j

I k-form is
∑

I fI (x)dx I where I is a subset {i1, . . . , ik} of
{1, 2, . . . , n} and dx I is shorthand dx i1 ∧ . . . ∧ dx ik

I If α is a k−form, we say that α has degree k :
α :=

∑
I αIdx

I .
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

Digression Contd.

Exterior derivative

I α :=
∑

I αIdx
I so, exterior derivative,

dα :=
∑

I ,j
∂αI (x)
∂x j dx j ∧ dx I

I Holds chain rule

I For example, on R2, if α = xydx + exdy then,

dα = ydx ∧ dx + xdy ∧ dx + exdx ∧ dy + 0dy ∧ dy

= (ex − x)dx ∧ dy .

I Simpler case: if f is 0-form then, df (x) =
∑

j
∂f (x)
∂x j dx j
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

General Construction

I Assume M(5) be (4+1)D Lorentzian manifold with general
co-ordinates x̂ := xA∂A

; aim to replace by xaê
a, êa is 1-form.

I Rewriting Kaluza-Klein condition,
∂4ĝAB = 0 =⇒ (∂4gµν = 0, ∂4Aµ = 0), ∂4φ = 0

I Use Clairaut parametrization under the condition that we can foliate
our spacetime by spacelike hypersurface, each orthogonal to the
Killing vector field ∂4 i.e. M(5) ≡M(4) ×M(1). So,

dŝ2 = gµνdx
µdxν + (dx4 + κAµdx

µ)2, Set κ =
q

p4c
= 1

∴ dŝ2 = e2αφgµνdx
µdxν + e2βφ(dx4 + Aµdx

µ)2

α and β are arbitrary constant.
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

General Construction Contd.

I ĝAB has components in-terms of Clairaut parameterization,

ĝµν = e2αφgµν + e2βφAµAν , ĝµ4 = e2βφAµ, ĝ44 = e2βφ, β 6= 0.

I Co-ordinate free descriptions:

- Tetrad basis {ea, eb} on M(4): ηab = eµae
ν
bgµν∀a, b ∈ {0, 1, 2, 3}

- Fünfbein basis {êa, êz} on M(5): η̂ab = êAa ê
B
b ĝAB∀a, b ∈ {0, . . . , 4}

I By inspection using Tetrad (or Vierbein) and Fünfbein metric:
êa = exp(αφ)ea and êz = exp(βφ)(dx4 + Aµdx

µ)

I z for the basis element pointing in direction associated with the
cylinder condition
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

General Construction Contd.
I To calculate curvature, use Maurer-Cartan structure equations,

- 5D Torsion two-form: T̂ a = dêa + ω̂a
b ∧ êb, a, b ∈ {0, . . . , 4}

- Curvature two-form: R̂a
b = ω̂a

b + ω̂a
c ∧ ω̂c

b + ω̂a
z ∧ êz ,

where ω̂a
b is Spin connection 1-form i.e. ω̂a

b := ω̂ a
c bdx

c

I Our spacetime is Torsion free, the structure equation reduces to

T̂ a = 0 = dêa + ω̂a
b ∧ êb + ω̂a

z ∧ êz (1)

T̂ z = 0 = dêz + ω̂z
b ∧ êb + ω̂z

z ∧ êz (2)

R̂a
b = ω̂a

b + ω̂a
c ∧ ω̂c

b + ω̂a
z ∧ êz , (3)

R̂a
z = ω̂a

z + ω̂a
c ∧ ω̂c

z + ω̂a
z ∧ êz , (4)

R̂z
z = ω̂z

z + ω̂z
c ∧ ω̂c

z + ω̂z
z ∧ êz (5)
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

General Construction Contd.

I One form:
dφ = ∂Aφdx

A = ∂µφdx
µ + ∂4φdx

4 = ∂µφdx
µ, ∵ ∂4φ = 0

I To calculate Spin connection,

êa = exp(αφ)ea

dêa = d(exp(αφ)ea)

= d exp(αφ) ∧ ea + exp(αφ)deb

= α exp(αφ)dφ ∧ ea− exp(αφ)ωa
b ∧ eb, Using eqn (1) in M(4)

= α exp(αφ)∂µφ(dxµ ∧ ea)− exp(αφ)ωa
b ∧ eb
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

General Construction Contd.

I Using eqn 1,

T̂ a = 0 = dêa + ω̂a
b ∧ êb + ω̂a

z ∧ êz

or, dêa = −ω̂a
b ∧ êb − ω̂a

z ∧ êz

= −exp(αφ)ω̂a
b ∧ eb − exp(βφ)ω̂a

z ∧ (dx4 + Aµdx
µ)

= − exp(αφ)ω̂a
b ∧ eb − exp(βφ)ω̂a

z ∧ (dx4 +A), A := Aµdx
µ

I Comparing like terms from two ways:

α exp(αφ)∂µφ(dxµ ∧ ea) = − exp(βφ)ω̂a
z ∧ (dx4 +A)

∴ α exp(αφ)∂µφ(ea ∧ dxµ) = exp(βφ)ω̂a
z ∧ (dx4 +A) (6)

and, ω̂a
b ∧ eb = ωa

b ∧ eb (7)
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

General Construction Contd.

I Similary,

dêz = d [exp(βφ)(dx4 +A)]

= β exp(βφ)dφ ∧ (dx4 +A) + exp(βφ)d2x4 + expβφdA
= β exp(βφ)∂µφdx

µ ∧ (dx4 +A) + exp(βφ)F , F := dA

where d2x4 term disappear because d2Φ = 0 for any differential
form Φ and x4 is zero form.

I Using eqn 2,

T̂ z = 0 = dêz + ω̂z
b ∧ êb + ω̂z

z ∧ êz

or, dêz = − exp(αφ)ω̂z
b ∧ eb − ω̂z

z ∧ êz
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

General Construction Contd.

I Comparing like terms from two ways:

ω̂z
z = ω̂zz = 0,

ω̂z
c = −β exp(−αφ)∂aφêz − 1

2
Fa

b exp{(β − 2α)φ}êb,

ω̂cz = −ω̂zc = β exp(−αφ)∂aφê
z +

1

2
Fac exp[(β − 2α)φ]êc

where Fac is the components of F in the co-ordinate-free basis. i.e.
Electromagnetic tensor. Hint: See this arXiv:1711.09503v1 [gr-qc]
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

Curvature two-form
I Using all the Machinery we built, in eqn (5):

R̂z
z = ω̂z

z + ω̂z
c ∧ ω̂c

z + ω̂z
z ∧ êz

or, R̂z
z = ω̂z

c ∧ ω̂c
z

or, η̂zz R̂
zz = ω̂z

c ∧ ω̂cz η̂zz

or, R̂zz = ω̂z
c ∧ ω̂cz

= −[β exp(−αφ)∂aφêz +
1

2
Fa

b exp{(β − 2α)φ}êb]∧

[β exp(−αφ)∂aφê
z +

1

2
Fac exp{(β − 2α)φ}êc ]

∴ R̂zz = β2 exp(−2αφ)�φ+
1

4
exp{2(β − 2α)φ}F2

where, F2 := FabFab, � := ∂a∂
a = ∂µ∂

µ := d’Alembert operator
or Laplacian operator in 4D.
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

Curvature two-form Contd.

I Remaining curvature two-forms [Pope, 2003, Miller, 2013]:

R̂ab = exp(−2αφ)[Rab + (αβ − 4α2)∂aφ∂bφ− αηab�φ]−
1

2
exp{2(β − 2α)φ}F c

a Fbc

and, R̂az = R̂za =
1

2
exp{(β − α)φ}∇b[exp{2(α + β)φ}Fab]

where Rab is curvature two-form on M(4), ηab is 4D Minkowski
metric, and ∇b is covariant derivative on co-ordinate free basis.
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Introduction Framework Modern Approach Closing Remarks

On the language of Differential forms by [Thiry, 1948]

5D Ricci scalar
I Trace of the curvature 2-form

R̂ = η̂AB R̂AB = ηabR̂ab + R̂zz

= ηab[exp(−2αφ){Rab + (αβ − 4α2)∂aφ∂bφ− αηab�φ}−
1

2
exp{2(β − 2α)φ}F c

a Fbc ]+

β2 exp(−2αφ)�φ+
1

4
exp{2(β − 2α)φ}F2

= exp(−2αφ){ηabRab + (αβ − 4α2)(∂φ)2 − αηaa�φ}−
1

2
exp{2(β − 2α)φ}F2 + β2 exp(−2αφ)�φ+

1

4
exp{2(β − 2α)φ}F2

∴ R̂ = exp(−2αφ){R + (αβ − 4α2)(∂φ)2 − (β2 − 2α)�φ}

−1

4
exp{2(β − 2α)φ}F2 (8)
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Introduction Framework Modern Approach Closing Remarks

Field Equation

Lagrangian Density

I Easily verify:
√
−ĝ =

√
− det( ˆgAB) = exp{(β + 4α)φ}

√
−g

I Lagrangian density (Setting 1
16πG = 1):

L :=
√
−ĝ R̂

=
√
−g exp{(β + 2α)φ}[R + (αβ − 4α2)(∂φ)2 + (β2 − 2α)�φ]−
1

4

√
−g exp(3βφ)F2

I In-order to include 4D Einstein gravity with its Lagrangian has the
form

√
−gR [Pope, 2003]. i.e. β := −2α

I Our beautiful Lagrangian becomes

L =
√
−g [R − 6α2(∂φ)2 + (4α2 − 2α)�φ− 1

4
exp(−6αφ)F2]
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Introduction Framework Modern Approach Closing Remarks

Field Equation

Lagrangian Density Contd.

I −6α2(∂φ)2 equivalent to − 1
2 (∂φ)2 is a Klein-Gordon Lagrangian for

a massless scalar field. Extract α = 1√
12

.

I Drop �φ term. (∵ It gives total derivative in L which does not
contribute to the field equation [Pope, 2003])

I Final version of our beautiful Lagrangian becomes:

L =
√
−g [R − 1

2
(∂φ)2 − 1

4
exp(−

√
3φ)F2] (9)

I Set φ = 0 retrieves Einstein-Maxwell Lagrangian:

L =
√
−g(R − 1

4
F2)

I But setting φ = 0 is illegal (∵ ĝAB will become non-invertible).
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Damodar Rajbhandari | dAmodr rAjB�XArF | | 〈firstname〉@PhysicsLog.com Jagiellonian University | 21 Jan 2020

A Beginning for the search for a Theory of Everything- Kaluza-Klein Theory 26 of 32

https://www.physicslog.com/author


Introduction Framework Modern Approach Closing Remarks

Field Equation

Ingredients for Field Equation
I For simplicity, assume 5D spacetime has no boundary

I Remember from General relativity, δ
√
−g = − 1

2

√
−ggαβδgαβ

I The variation on action is:

δSKaluza =

∫
d5xδL

=

∫
d5xδ

[√
−g
(
R − 1

2
(∂φ)2 − 1

4
exp(−

√
3φ)F2

)]
=

∫ √
−gδ

(
R − 1

2
(∂φ)2 − 1

4
exp(−

√
3φ)F2

)
d5x︸ ︷︷ ︸

δS1

+

∫ (
R − 1

2
(∂φ)2 − 1

4
exp(−

√
3φ)F2

)
δ
√
−gd5x︸ ︷︷ ︸

δS2
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Introduction Framework Modern Approach Closing Remarks

Field Equation

Field Equation on-process

δS1 =

∫ √
−gδ

(
R − 1

2
(∂φ)2 − 1

4
exp(−

√
3φ)F2

)
d5x

=

∫ √
−gδ

(
gµνRµν −

1

2
gµν(∂µφ)(∂νφ)− 1

4
exp(−

√
3φ)gµρgνσFµνFρσ

)
d5x

=

∫ √
−g
(
gµνδRµν + Rµνδg

µν − 1

2
(∂µφ)(∂νφ)δgµν − 1

2
gµν(∂µφ)∂νδφ

)
d5x

− 1

4

∫ √
−g exp(−

√
3φ)

(
−
√

3F2δφ+ 2FµρFνρδgµν + 2FµνδFµν
)
d5x

δS2 =

∫ (
R − 1

2
(∂φ)2 − 1

4
exp(−

√
3φ)F2

)
δ
√
−gd5x

= −1

2

∫ √
−g
(
R − 1

2
(∂φ)2 − 1

4
exp(−

√
3φ)F2

)
gαβδg

αβd5x
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Introduction Framework Modern Approach Closing Remarks

Field Equation

Field Equation on-process

I Setting variation of action = 0, this results

0 =

∫ √
−ggµνδRµνd5x (10)

0 = −1

2

∫ √
−g exp(−

√
3φ)FµνδFµνd5x (11)

0 =

∫ √
−g
(

1

4

√
3F2 − 1

2
(∂µφ)∂µ

)
δφd5x (12)

0 =

∫ √
−g
[
Rµν −

1

2
Rgµν −

1

2

(
(∂µφ)(∂νφ)− 1

2
(∂φ)2gµν

)
−

1

2

(
F2
µν −

1

4
Fgµν

)]
δgµνd5x (13)

where F2
µν := FµρF ρ

ν
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Introduction Framework Modern Approach Closing Remarks

Field Equation

Serving Field Equation

I Eqn 10 is integral over boundary thus, vanishes.

I Remaining three integrals defined our field equations:

0 = ∇µ
(

exp(−
√

3φ)Fµν
)

(14)

�φ = −
√

3

4
exp(−

√
3φ)F2 (15)

Rµν −
1

2
Rgµν =

1

2

(
∂µφ∂νφ−

1

2
(∂φ)2gµν

)
+

1

2

(
F2
µν −

1

4
F2gµν

)
(16)
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Introduction Framework Modern Approach Closing Remarks

Field Equation

Few words on Field equation

I Eqn 14 is an equation of continuity

I Eqn 15 suggest φ 6= 0

(∵ Source term F cannot be zero). Source
term for scalar field. Eqn 15 is Klein-Gordon equation for massless
scalar field.

I In-general, φ = 0 iff F = 0.

I Eqn 16 resemble as Field eqn from Einstein gravity if

Rµν −
1

2
Rgµν =

1

2

(
∂µφ∂νφ−

1

2
(∂φ)2gµν

)
+

1

2

(
F2
µν −

1

4
F2gµν

)
︸ ︷︷ ︸

Tµν := Energy-Momentum tensor

I If φ = 0,F = 0 then, eqn 16 reduces to 4D Einstein pure gravity
with no EM field
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Field Equation

Few words on Field equation

I Eqn 14 is an equation of continuity

I Eqn 15 suggest φ 6= 0 (∵ Source term F cannot be zero). Source
term for scalar field. Eqn 15 is Klein-Gordon equation for massless
scalar field.
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Why this theory is so remarkable?

- Various attempts have been made trying to find unified theories that
include all known fundamental interactions

- Inspired from Kaluza-Klein (K-K) theory, string theory uses string
instead of periodic circle which is the improvement on K-K theory
based on the Quantum theory [Overduin and Wesson, 1997]

Thank You For Listening!
I Invite You To Ask Any Questions You May Have...
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