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What you will see in this talk?

Part 1: The Motivation

Part 2: The Model

Part 3: The Observable

Part 4: The Result



Part 1 Why Quantum Gravity?



So far we know in the Theoretical High-Energy Physics

|
SU

(3)C

| U(1)EM=T3+Y

| SU(2)L
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Well known Periodic Table for Physicists

|
SU

(3)C

| U(1)EM

| SU(2)L

| SU(3)C ⊗ SU(2)L ⊗ U(1)Y
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Beyond Standard Model . . .

| SU(5) ⊃ SU(3)C ⊗ SU(2)L ⊗ U(1)Y
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Our Present Cosmos

| Diff(M
)
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Does this mean Gravity has Quantum Sector?

| . . .
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Is this too far?
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Part 2 Causal Dynamical Triangulations



Non-perturbative Quantum Mechanics [Feynman, Rev. Mod. Phys. 20, 367 (1948)]

Figure: (1+1)-dimensional
Quantum paths
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Non-perturbative Quantum Mechanics [Feynman, Rev. Mod. Phys. 20, 367 (1948)]

Figure: (1+1)-dimensional
Quantum paths

Probability amplitude in the
configuration of paths,

⟨qf , tf |qi , ti ⟩ =
∫ qf

qi

D[q] e iS[q]/ℏ

where

S [x ] =

∫ tf

ti

L dt

is the classical action. The
observable O is

⟨qf , tf |Ô|qi , ti ⟩ =
∫ qf

qi

D[q] Oe iS[q]/ℏ
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Non-perturbative Quantum Gravity [Misner, Rev. Mod. Phys. 29, 497 (1957)]

Figure: (3+1)-dimensional Quantum
spacetimes
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Non-perturbative Quantum Gravity [Misner, Rev. Mod. Phys. 29, 497 (1957)]

Figure: (3+1)-dimensional Quantum
spacetimes

Probability amplitude (formal) in the
configuration of (pure) spacetime
geometries,〈
g f
µν

∣∣g i
µν

〉
:=

∑
M∈Top.

∫
M

D[gµν ] e
iS[gµν ]/ℏ

where

S [gµν ] = SEH[gµν ] + SGHY[gµν ]

such that

SEH[gµν ] =
1

16πG

∫
M

d4x
√−g(R − 2Λ),

SGHY[gµν ]
†† =

1

8πG

∫
∂M

d3y
√
hK

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

†† Gibbons & Hawking, Phys. Rev. D 15, 2752 (1977)
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Non-perturbative Quantum Gravity [Misner, Rev. Mod. Phys. 29, 497 (1957)]

Figure: (3+1)-dimensional Quantum
spacetimes

Probability amplitude (formal) in the
configuration of (pure) spacetime
geometries,〈
g f
µν

∣∣g i
µν

〉
:=

∫
M

D[gµν ] e
iS[gµν ]/ℏ

where

S [gµν ] = SEH[gµν ]

such that

SEH[gµν ] =
1

16πG

∫
M

d4x
√−g(R − 2Λ).

▶ For simplicity, assume (M, gµν)
closed with fixed topology.
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Non-perturbative Quantum Gravity [Misner, Rev. Mod. Phys. 29, 497 (1957)]

Figure: (3+1)-dimensional Quantum
spacetimes

Probability amplitude (formal) in the
configuration of (pure) spacetime
geometries,〈
g f
µν

∣∣g i
µν

〉
:=

∫
M

D[gµν ] e
iS[gµν ]/ℏ

where

S [gµν ] = SEH[gµν ]

such that

SEH[gµν ] =
1

16πG

∫
M

d4x
√−g(R − 2Λ).

The observable O (formal) is

〈
g f
µν

∣∣Ô∣∣g i
µν

〉
:=

∫
M

D[gµν ] O[gµν ]e
iS[gµν ]/ℏ
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Regge Calculus [Regge, Nuovo Cim 19, 558–571 (1961)]

▶ SEH[gµν ] is sum of total curvature
∫
M d4x

√−gR and total volume∫
M d4x

√−g .

Deficit angle
DC

B
A

D
C
B
A

Figure: Illustration† of Regge Calculus in Lorentzian manifold. Left: Manifold
M. Right: Simplicial Manifold T (Piece-wise linear geometry)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

† Inspired from Misner et al., Gravitation (1973)

▶ Curvature is located at σd−2
0 .
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Regge Calculus [Regge, Nuovo Cim 19, 558–571 (1961)]

Deficit angle
DC

B
A

D
C
B
A

Figure: Illustration of Regge Calculus in Lorentzian manifold. Left: Manifold
M. Right: Simplicial Manifold T (Piece-wise linear geometry)

▶ Deficit angle ϵσd−2
0

defines the curvature at σd−2
0 with dihedral angle

θ := θ(σd
i , σ

d−2
0 ). i.e.

ϵσd−2
0

=

2π −
∑

σd∋σd−2
0

θ(σd
i , σ

d−2
0 )

 e iϕ(σ
d−2
0 ) ∈ C

where phase ϕ(σd−2
0 ) =

{
0 if σd−2

0 is timelike

-π/2 if σd−2
0 is spacelike
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Causal Dynamical Triangulations (CDT) [Ambjørn et al., Nucl.Phys. B610 347-382 (2001)]

Figure: CDT spacetime T foliated by a family of space-like (Cauchy)
hypersurfaces (

∑
t)t∈Z. Similar like ADM formalism in classical GR.

▶ 4D CDT spacetime T is diffeomorphic to M = R ×∑
▶ Given the lattice cutoff a, introduce asymmetry between space and

time (α, a new coupling in the model):

if Vσ1
spacelike

= a then (Vσ1
timelike

)2 = −αa2 | α > 0.
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CDT Geometry of σ4s [Ambjørn et al., Nucl.Phys. B610 347-382 (2001)]

Figure: Visualization of fundamental building blocks in 4D CDT. Dotted line
illustrates the cross-section of σ4. Blue σ1 is spacelike. Red σ1 is timelike.

▶ Using Regge calculus and topological identities gives (CDT) Regge
action:

S
(L)
R [T ] = −(κ0 + 6∆) N0 + κ4 (N{4,1} + N{3,2}) + ∆ N{4,1}

where L mean in Lorentzian spacetime, κ0 is (inverse) bare
gravitational constant, κ4 is bare cosmological constant, and ∆ is
asymmetry parameter.
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CDT Monte-Carlo Simulation [CDT Handbook: Ambjørn et al., Phys. Rep. 519 127-210 (2012)]

▶ Perform analytic continuation of time to Euclidean (E) signature
(i.e. Wick rotation), results into

dt(L) 7→ dt(E) = i dt(L) =⇒ (Vσ1
timelike

)2 = −αa2 7→ α̃a2 | α̃ > 0

▶ Upon the constraint (in 4D) α̃ >
√

7
12 gives S

(L)
R [T ] = i S

(E)
R [T ] so

〈
g f
µν

∣∣g i
µν

〉
≡ Z :=

∑
T

1

CT
e−S

(E)
R [T ]

(The Partition Function)

〈
Ô
〉
:=

1

Z
∑
T

1

CT
O[T ]e−S

(E)
R [T ] ≈ 1

N

N∑
i=1

O[T (i)] (The Expectation Value)

where CT is the order of automorphism group of T .
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Renormalization Group Flow in CDT [Ambjørn, Gizbert-Studnicki et al., EPJC 77 152 (2017)]
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Quadruple point

∆

κ0

Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, and after fine tuning κ4 so that triangulation
fluctuate around target volume.
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Part 3 Generalised Spectral Dimension



Continuum tensor diffusion
[Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)] [Gilkey - Asymptotic Formulae in Spectral Geometry (2003)]

Let (M, g) be a closed, connected, smooth oriented, n-dimensional
Riemannian manifold. Let ΛkT ∗M is k-exterior (co-tangent) bundle over
M. So, the space of smooth k-forms Ak(M) is the section of ΛkT ∗M.

Definition. Smooth Differential k-form ω on M is a linear map

ω : Xk(M) 7→ C∞(Ak(M))

where Xk(M) is the Lie-algebra of all smooth tensor field of type (0, k) .

Definition. Exterior Algebra A(M) of smooth differential forms on M is
defined as the grading

A(M) :=
n⊕

k=0

Ak(M).
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Continuum tensor diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Definition. Hodge-de Rham operator (or the Laplace-Beltrami operator
on k-forms, or the k-Laplacians), an elliptic and self-adjoint operator which
acts on Ak(M), denoted by

∆(k) : A(M) ∋ Ak(M) 7→ Ak(M) ∈ A(M)

is defined by

∆(k) : Ak(M) ∋ ω 7→ ∆(k)ω := dk−1 ◦ δk(ω) + δk+1 ◦ dk(ω) ∈ Ak(M).

Note. ∆(0) is the Laplace-Beltrami operator ∆.

Remark. ⟨∆(k)ω, ω⟩ ≥ 0 ∀ ω ∈ L2Ak(M), and has (purely) point spec-
trum.
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Continuum tensor diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Definition. Heat Bundle over the base manifold M×M× R+ consists
of a bundle manifold ΛkT ∗M ⊗ ΛkT ∗M × R+ with a surjective bundle
projection

π : ΛkT ∗M⊗ ΛkT ∗M× R+ 7→ M×M× R+

such that at point (x , y ; τ) ∈ M × M × R+, the fiber π−1(x , y ; τ) =
ΛkT ∗

x M⊗ ΛkT ∗
y M× R+.

Definition. Heat k-kernel is a smooth section K (k) of a heat bundle
such that at point (x , y ; τ) ∈ M × M × R+ gives (double) (k,k)-form
K (k)(x , y ; τ) ∈ π−1(x , y ; τ) and satisfy:(

∆(k) + ∂τ
)
K (k) = 0

=⇒ K (k)(x , y ; τ) = exp
(
−τ∆(k)

)
K (k)(x , y ; τ = 0)

, and is a (heat) semi-group.
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Continuum tensor diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Remark. ∀y ∈ M, τ ∈ (0,+∞), and with Borel probability measure
µg (x) then, ∫

M
K (k)(x , y ; τ)dµg (x) = 1.

i.e. total probability is preserved over time.

Definition. Heat Trace K̃ (k)(τ) is defined as

K̃ (k)(τ) :=

∫
M

K (k)(x , x ; τ)dµg (x) =
∑
i

e−τλ
(k)
i ≡ Tr

(
e−τ∆(k)

)
and is spectral invariant, but not translation invariant.
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Continuum tensor diffusion [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Remark. ∀y ∈ M, τ ∈ (0,+∞), and with Borel probability measure
µg (x) then, ∫

M
K (k)(x , y ; τ)dµg (x) = 1.

i.e. total probability is preserved over time.

Definition. (Average) Return Probability P(k)(τ), defined as

P(k)(τ) :=
K̃ (k)(τ)

Vol(M, g)

where Vol(M, g) :=
∫
M dµg (x).
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Continuum tensor diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Remark. Heat trace K̃ (k) on (M, g) has the following asymptotic expan-
sion as τ ↘ 0:

K̃ (k)(τ) ∼ τ−
n
2

∞∑
i=0

Bi (∆)τ i

where Bi (∆) are integrated C∞ functions of the metric g , called heat k-
coefficients.

Remark. Dimension ofM can be extracted from the asymptotic expansion

n = −2
d log

(
P(k)(τ)

)
d log(τ)

as τ ↘ 0.
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Continuum tensor diffusion [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Remark. Heat trace K̃ (k) on (M, g) has the following asymptotic expan-
sion as τ ↘ 0:

K̃ (k)(τ) ∼ τ−
n
2

∞∑
i=0

Bi (∆)τ i

where Bi (∆) are integrated C∞ functions of the metric g , called heat k-
coefficients.

Definition (Physically Inspired). (Running) Generalised Spectral

Dimension D(k)(τ) is defined by dropping τ ↘ 0 condition such that

D(k)(τ) := −2
d log

(
P(k)(τ)

)
d log(τ)

.
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Discrete Tensor Diffusion [Desbrun, Hirani, Leok, Marsden - Discrete Exterior Calculus (2005)]

Let σk = [σ0
1 , . . . , σ

0
k+1] be an oriented simplex, with k ≥ 1.

Definition. The orientation of σ gives each of the (k − 1)-dimensional
faces an induced orientation. For k > 1, if i is even the induced orientation
of the face {σ0

1 , . . . , /σ
0
i , . . . , σ

0
k+1} is the same as the orientation of the

oriented simplex [σ0
1 , . . . , /σ

0
i , . . . , σ

0
k+1] where /σ

0
i is ignored. Otherwise, it

is the opposite one.

Example. For k = 2,
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Discrete Tensor Diffusion [Desbrun, Hirani, Leok, Marsden - Discrete Exterior Calculus (2005)]

Let σk = [σ0
1 , . . . , σ

0
k+1] be an oriented simplex, with k ≥ 1.

Definition. The orientation of σ gives each of the (k − 1)-dimensional
faces an induced orientation. For k > 1, if i is even the induced orientation
of the face {σ0

1 , . . . , /σ
0
i , . . . , σ

0
k+1} is the same as the orientation of the

oriented simplex [σ0
1 , . . . , /σ

0
i , . . . , σ

0
k+1] where /σ

0
i is ignored. Otherwise, it

is the opposite one.

Note. We chose: σ0
1 < . . . < σ0

k+1.
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Discrete Tensor Diffusion [Friedman - Computing Betti Numbers via Combinatorial Laplacians (1998)]

Definition. Incidence Matrix I k+1
k between the k-dimensional sub-simplices

σk and σk+1 in a simplicial complex T is defined as

(I k+1
k )ij =


1 if σk

i ≺ σk+1
j with same orientation,

−1 if σk
i ≺ σk+1

j with opposite orientation,

0 if σk
i /≺ σk+1

j .

Definition. Combinatorial k-Laplacian L(k) is a discrete counterpart of

∆(k), defined on a space of discrete k-form fields Ak(T ), is a real symmetric
(sparse) matrix of rank #σk inT , given by

L(k) = L
(k)
+ + L

(k)
− , L

(k)
+ = (I k+1

k )T I k+1
k , L

(k)
− = I kk−1(I

k
k−1)

T .
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Discrete tensor diffusion [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Given a continuum heat k-kernel with continuous diffusion time τ ,

K (k)(x , y ; τ) = exp
(
−τ∆(k)

)
K (k)(x , y ; 0)

≈ exp
(
−sL(k)

)t

K (k)(x , y ; 0)

where t = τ/s, s ∈ R, t ∈ Z+,K (k) ∈ Ak(T )

= (I− sL(k) +O(τ 2))tK (k)(x , y ; 0)

Definition. Discrete heat k-kernel K (k)(x , y ; τ) ∈ Ak(T ) is defined as a
matrix

K (k)(x , y ; τ + s) = (I− sL(k))K (k)(x , y ; τ)

where τ = ts, s ∈ R, t ∈ Z+, and sL(k) is a normalized k-Laplacian such
that

∑
x K

(k)(x , y ; τ) = 1 ∀ y .
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Definition. Discrete heat k-kernel K (k)(x , y ; τ) ∈ Ak(T ) is defined as a
matrix

K (k)(x , y ; τ + s) = (I− sL(k))K (k)(x , y ; τ)

where τ = ts, s ∈ R, t ∈ Z+, and sL(k) is a normalized k-Laplacian such
that

∑
x K

(k)(x , y ; τ) = 1 ∀ y .

Proposition. For any 0 ≤ k ≤ n, 0 < s < 2/λmax where λmax ∈
Spec(L(k)) such that it preserves
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x K
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Definition. Discrete heat k-kernel K (k)(x , y ; τ) ∈ Ak(T ) is defined as a
matrix

K (k)(x , y ; τ + s) = (I− sL(k))K (k)(x , y ; τ)

where τ = ts, s ∈ R, t ∈ Z+, and sL(k) is a normalized k-Laplacian such
that

∑
x K

(k)(x , y ; τ) = 1 ∀ y .

Proposition. For any 0 ≤ k ≤ n, 0 < s < 2/λmax where λmax ∈
Spec(L(k)) such that it preserves

∑
x K

(k)(x , y ; τ) = 1 ∀ y .

Note. We chose s = 1/λmax.

Damodar Rajbhandari | dAmodr rAjB�XArF | | ⟨firstname⟩@PhysicsLog.com University of Adelaide | 12 May 2023

Generalised spectral dimensions in non-perturbative quantum gravity 26 of 33

https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc
https://www.physicslog.com/author
http://www.maths.adelaide.edu.au/vhosts/iga/dgseminar/dgwg_2023.html


Discrete tensor diffusion [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Definition. Discrete k-form tensor field is a surjective function
♯ : Ωk(T ) → Xk(T ),

(αk)♯(σn
i ) =

∑
σk
j ≺σn

i

αk(σk
j )σ⃗

k
j ,

where (αk)♯(σn
i ) is the value (in ⊗kRn) of the discrete vector field X k =

(αk)♯ in the simplex σn
i , α

k(σk
j ) is the value (in R) of the discrete k-form

evaluated on the simplex σk
j , and σ⃗k

j is the k-tensor associated to the

simplex σk
j .
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Discrete tensor diffusion [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Example. For k = 3, given a one-form field α1, the corresponding vector
field evaluated on σ3 is given by ξ⃗ = α♯(σ3) =

∑6
i=1 α(σ

1
i )σ⃗

1
i .
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3 Lessons from flat 2-torus [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

●

●

●

●
●
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3 Lessons from flat 2-torus [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]
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Part 4 Results



3D Spatial slice of 4D CDT[Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]
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Figure: Upper right shows ⟨D(3)⟩ for small diffusion times.

Damodar Rajbhandari | dAmodr rAjB�XArF | | ⟨firstname⟩@PhysicsLog.com University of Adelaide | 12 May 2023

Generalised spectral dimensions in non-perturbative quantum gravity 30 of 33

https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc
https://www.physicslog.com/author
http://www.maths.adelaide.edu.au/vhosts/iga/dgseminar/dgwg_2023.html


3D Spatial slice of 4D CDT[Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Figure: Power law fit of the form a+ b · N̄c
41. For large diffusion time (left),

extrapolate an IR effective dimension ⟨D(3)
eff ⟩ = 2.66± 0.21 in the infinite

volume limit. For short diffusion time (right), extrapolate a UV effective

dimension ⟨D(3)
eff ⟩ = 1.47± 0.01.
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3D Spatial slice of 4D CDT[Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]
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Figure: An effective dimension ⟨D⃗(1)
eff ⟩ = 4.03± 0.45 in the infinite volume limit.
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Summary [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Type Effective Spectral Dimension

Scalar ⟨D(0)⟩ ∼ 4
One-form ⟨D(1)⟩ 4.98± 0.36

Vector ⟨D⃗(1)⟩ 4.03± 0.45

Type UV IR

Two-form ⟨D(2)⟩ 1.44± 0.23 2.30± 0.64

Tensor ⟨D⃗(2)⟩ 1.27± 0.26 2.03± 0.11
Dual scalar ⟨D(3)⟩ 1.47± 0.01 2.66± 0.21

Note: All measurements done in 3D spacelike hypersurfaces of 4D CDT.
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Thank You For Listening!
I Invite You To Ask Any Questions You May Have...
Interested to Learn CDT: PhysicsLog.com/CDT

Research financed by the National Science Centre, Poland, under grant no.

2019/33/B/ST2/00589

https://www.physicslog.com/physics-notes/cdt-papers/
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Figure: Illustration of (1+1) dimensional CDT Simulation . Credit: Andrzej Görlich



Figure: Illustration of (1+1) dimensional CDT Simulation . Credit: Andrzej Görlich



Figure: Illustration of (1+1) dimensional CDT Simulation when it’s
thermalized. Credit: Andrzej Görlich



Renormalization Group Flow in CDT [Ambjørn et al., Phys. Rep. 519 127-210 (2012)]

Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, and after fine tuning κ4 so that triangulation
fluctuate around target volume
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Renormalization Group Flow in CDT [Ambjørn et al., Phys. Rep. 519 127-210 (2012)]

Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, with phases: branched polymer phase (A)
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Renormalization Group Flow in CDT [Ambjørn et al., Phys. Rep. 519 127-210 (2012)]

Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, with phases: branched polymer phase (A), collapsed
phase (B)

https://www.sciencedirect.com/science/article/abs/pii/S0370157312001482


Renormalization Group Flow in CDT [Ambjørn et al., Phys. Rep. 519 127-210 (2012)]

Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter (semi-classical) phase (C). Illustration Credit: Andrzej Görlich

https://www.sciencedirect.com/science/article/abs/pii/S0370157312001482


Renormalization Group Flow in CDT [Ambjørn, Gizbert-Studnicki et al., EPJC 77 152 (2017)]
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Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter phase (CdS), & the bifurcation phase (Cb).

https://link.springer.com/article/10.1140/epjc/s10052-017-4710-3


Renormalization Group Flow in CDT [Ambjørn, Gizbert-Studnicki et al., EPJC 77 152 (2017)]
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Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter phase (CdS), & the bifurcation phase (Cb).
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Renormalization Group Flow in CDT [Ambjørn, Gizbert-Studnicki et al., EPJC 77 152 (2017)]
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Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter phase (CdS), & the bifurcation phase (Cb).
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Renormalization Group Flow in CDT [Ambjørn, Gizbert-Studnicki et al., EPJC 77 152 (2017)]
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Figure: CDT phase diagram in terms of the bare couplings κ0 & ∆, with
T 4 = S1 × S1 × S1 × S1, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter phase (CdS), & the bifurcation phase (Cb).
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Continuum scalar diffusion - A Revision
[Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)] [Grigor’yan - Heat Kernel and Analysis on Manifolds (2009)] [Rosenberg - The Laplacian on a

Riemannian Manifold (1997)] [Chavel - Eigenvalues in Riemannian Geometry (1984)]

Definition. Laplace-Beltrami operator, a second-order elliptic self-adjoint
partial differential operator which acts on C∞(M), denoted by

∆ : C∞(M) ∋ f 7→ ∆f ∈ C∞(M),

defined by

∆f := − div(grad(f ))

Remark. Let M is compact. Spec(0)(M, g) of ∆ is (in most cases)
discrete sequence of real numbers

0 ≤ λ0 < λ1 ≤ λ2 ≤ . . . ↑ +∞

. i.e. ⟨∆f , f ⟩ ≥ 0 ∀ f ∈ L2C∞(M).

https://link.springer.com/book/10.1007/978-94-017-2475-3
https://bookstore.ams.org/amsip-47
https://www.cambridge.org/core/books/laplacian-on-a-riemannian-manifold/56F18C2AB0A765A91892E164079A3B74
https://www.cambridge.org/core/books/laplacian-on-a-riemannian-manifold/56F18C2AB0A765A91892E164079A3B74
https://www.elsevier.com/books/eigenvalues-in-riemannian-geometry/chavel/978-0-12-170640-1


Continuum scalar diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Definition. Laplace-Beltrami operator, a second-order elliptic self-adjoint
partial differential operator which acts on C∞(M), denoted by

∆ : C∞(M) ∋ f 7→ ∆f ∈ C∞(M),

defined by

∆f := − div(grad(f ))

Remark. Let M is compact. Spec(0)(M, g) of ∆ is (in most cases)
discrete sequence of real numbers

0 ≤ λ0 < λ1 ≤ λ2 ≤ . . . ↑ +∞

. i.e. ⟨∆f , f ⟩ ≥ 0 ∀ f ∈ L2C∞(M).
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Continuum scalar diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Definition. Laplace-Beltrami operator, a second-order elliptic self-adjoint
partial differential operator which acts on C∞(M), denoted by

∆ : C∞(M) ∋ f 7→ ∆f ∈ C∞(M),

defined by

∆f := − div(grad(f ))

Remark. Let M be a closed. Spec(0)(M, g) of ∆ is (purely) point spec-
trum

0 = λ0 < λ1︸︷︷︸
mλ1

times

< λ2︸︷︷︸
mλ2

times

< . . . ↑ +∞

where each eigenvalue λj , j ∈ N of ∆ is repeated according to its (finite)
multiplicity mλj , and accumulates only at infinity.
Note. dim(ker ∆) = 1 (zero modes).

https://link.springer.com/book/10.1007/978-94-017-2475-3


Continuum scalar diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Definition. Heat Kernel (propagator) on closed n-dimensional (M, g) is
a continuous function

K (x , y ; τ) : M×M× (0,+∞) 7→ R

that satisfies:

1. K is C 2(M) in x and y , and C 1(M) in diffusion time τ .

2.
(
∆+ ∂

∂τ

)
K (x , y ; τ) = 0 =⇒ K (x , y ; τ) = exp(−τ∆)K (x , y ; 0)

3. K (x , y ; τ) = K (y , x ; τ).

4. lim
τ↓0+

K (·, y ; τ) = δ(n)(· − y) ∀ y ∈ M, where δ(n) is the Dirac delta

function.

5. For any compactly supported function f on M,

lim
τ↓0+

∫
M

K (x , y ; τ)f (x)dµg (x) = f (y)

for every y ∈ M, where µg (x) is a Borel probability measure.

https://link.springer.com/book/10.1007/978-94-017-2475-3


Continuum scalar diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Remark. ∀y ∈ M, τ ∈ (0,+∞) then,∫
M

K (x , y ; τ)dµg (x) = 1.

i.e. total probability is preserved over time.

Property. Heat Semi-group:

K (x , y ; τ1 + τ2) =

∫
M

K (x , z ; τ1)K (z , y ; τ2)dµg (z) .

Definition. Heat Trace K̃ (τ) is spectral invariant and defined as

K̃ (τ) :=

∫
M

K (x , x ; τ)dµg (x) =
∑
i

e−τλi ≡ Tr
(
e−τ∆

)
Note. dim(ker ∆) = lim

τ→+∞
K̃ (τ).

https://link.springer.com/book/10.1007/978-94-017-2475-3
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Continuum scalar diffusion [Reitz, Németh, Rajbhandari, Görlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Remark. ∀y ∈ M, τ ∈ (0,+∞) then,∫
M

K (x , y ; τ)dµg (x) = 1.

i.e. total probability is preserved over time.

Property. Heat Semi-group:

K (x , y ; τ1 + τ2) =

∫
M

K (x , z ; τ1)K (z , y ; τ2)dµg (z) .

Definition. (Average) Return Probability P(τ), defined as

P(τ) :=
K̃ (t)

Vol(M, g)
=

∑
i e

−τλi

Vol(M, g)

where Vol(M, g) :=
∫
M dµg (x).

https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc


Continuum scalar diffusion [Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)]

Remark. If M ≡ Rn then, K : Rn × Rn × (0,+∞) 7→ R, defined by

K (x , y ; τ) = (4πτ)−
n
2 e−

|x−y|2
4τ is Gauss-Weierstrass kernel, and

K̃ (τ) ∼ (τ)−
n
2 .

Remark. Heat trace K̃ on (M, g) has the following asymptotic expansion
as τ ↘ 0:

K̃ (τ) ∼ τ−
n
2

∞∑
i=0

Ai (∆)τ i

where Ai (∆) are integrated C∞ functions of the metric g , called heat
coefficients.

Remark. Dimension ofM can be extracted from the asymptotic expansion

n = −2
d log(P(τ))

d log(τ)
as τ ↘ 0.

https://link.springer.com/book/10.1007/978-94-017-2475-3
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Remark. Heat trace K̃ on (M, g) has the following asymptotic expansion
as τ ↘ 0:

K̃ (τ) ∼ τ−
n
2

∞∑
i=0

Ai (∆)τ i

where Ai (∆) are integrated C∞ functions of the metric g , called heat
coefficients.

Remark. Dimension ofM can be extracted from the asymptotic expansion

n = −2
d log(P(τ))

d log(τ)
as τ ↘ 0.

Definition (Physically Inspired). (Running) Spectral Dimension D(τ) is
defined by dropping τ ↘ 0 condition such that

D(τ) := −2
d log(P(τ))

d log(τ)
.

https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc
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