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What you will see in this talk?

Part 1: The Motivation

Part 2: The Model

Part 3: The Observable

Part 4: The Result



Part 1

Why Quantum Gravity?



So far we know in the Theoretical High-Energy Physics
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Well known Periodic Table for Physicists
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Our Present Cosmos
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Does this mean Gravity has Quantum Sector?

Quantum Gravity | ...
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Is this too far?
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Part 2 Causal Dynamical Triangulations
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Figure: (1+1)-dimensional
Quantum paths
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Non-perturbative Quantum Mechanics iemn. re woa s 20,367 10aey

Probability amplitude in the
configuration of paths,

(4, tf) o
(gr, trlqi, ti) = Dlq] efSlal/h
qi
where
tr
Six = / cdt
t ti
X is the classical action. The
(4t:) observable O is

lRS

qar
, b &) iy ti) = / D OeSla/n
Figure: (1+1)-dimensional (ar, tr|Olai, ti) qi Lal

Quantum paths

Damodar Rajbhandari | ZTHTET TTwueTr | @@iad Aza@@Ell | (firstname) @PhysicsLog.com University of Adelaide | 12 May 2023 1 1

Generalised spectral dimensions in non-perturbative quantum gravity of 33


https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.20.367
https://www.physicslog.com/author
http://www.maths.adelaide.edu.au/vhosts/iga/dgseminar/dgwg_2023.html

Non-perturbative Quantum Gravity e, re voa s 2, a97 057y

@y 9w

Figure: (3+1)-dimensional Quantum
spacetimes

| (firstname) @PhysicsLog.com i of Adelaide | 12 Ma

ntum


https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.29.497
https://www.physicslog.com/author
http://www.maths.adelaide.edu.au/vhosts/iga/dgseminar/dgwg_2023.html
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Figure: (3+1)-dimensional Quantum
spacetimes

Probability amplitude (formal) in the
configuration of (pure) spacetime
geometries,

<g/JV|g/u/ : Z /D[g ]els[g,“,]/h

METop.

where

Slguw] = Senlguv] + Schvlgur]

such that
1 4
5EH[g;w] ~ 161G /M d Xv—g(R - 2/\),

1
SGHY[gMu] tt = 8’/T7G AM d3y \/EK

1 Gibbons & Hawking, Phys. Rev. D 15, 2752 (1977)
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Figure: (3+1)-dimensional Quantum
spacetimes

Damodar Rajbhandari | ZTHTET TTwueTdr | @@iad Az@@Ell | (firstname) @PhysicsLog.com University of Adelaide | 12 May 2023 12

Probability amplitude (formal) in the
configuration of (pure) spacetime
geometries,

(gh,|8n.) = /M Dlg,,] eSEn/"
where
S[guy] - SEH[EW]

such that

1
Senle] = 1o = /M d*x v/ —g(R - 2M).

» For simplicity, assume (M, g..,)
closed with fixed topology.
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Non-perturbative Quantum Gravity e, re. wos. e 20, 57 uosry

Probability amplitude (formal) in the
configuration of (pure) spacetime
7 geometries,

<gul/|guy . / D[g ] e’s[g;u/]/h

where
Guv

S(guv] = Senlgu]

t

_ such that
X i 4
L,w)z G SEH[gW] 16n -G / d*x+/— (R 2/\).

Figure: (3+1)-dimensional Quantum I he observable O (formal) is
spacetimes

<gNV|O|gpA/> : /M D[g,“,] O[gwj]e’.s[g/w}/h
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Regge Calculus e o cim 1, sso-sm1 ooy

» Senlguu] is sum of total curvature fM d*x «/—gR and total volume

[ dx /g
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Regge Calculus e o cim 1, sso-sm1 ooy

{ Deficit angle

Figure: lllustration’ of Regge Calculus in Lorentzian manifold. Left: Manifold
M. Right: Simplicial Manifold 7 (Piece-wise linear geometry)

1 Inspired from Misner et al., Gravitation (1973)

> Curvature is located at of 2.

Damodar Rajbhandari | ZTHTET TTwueTdr | @@iad, Az@@Ell | (firstname) @PhysicsLog.com University of Adelaide | 12 May 20

Generalised spectral dil i - urbative quantum gr


https://link.springer.com/article/10.1007/BF02733251
https://press.princeton.edu/books/hardcover/9780691177793/gravitation
https://www.physicslog.com/author
http://www.maths.adelaide.edu.au/vhosts/iga/dgseminar/dgwg_2023.html

Regge Calculus e o cim 1, sso-sm1 ooy

ﬂ \/Deﬁcit angle
;A ‘ ‘&

Figure: lllustration of Regge Calculus in Lorentzian manifold. Left: Manifold
M. Right: Simplicial Manifold 7 (Piece-wise linear geometry)

» Deficit angle €_s— defines the curvature at 0372 with dihedral angle
0

0:=0(c?,087%). ie

_ _ d _d-2 ig(og?)
€po—2 = | 2m Z 0(of,0q )| €% ) eC

0430072
0 if 072 is timelike
where phase qS(Jg 2 = I 02_2! ! I_
-m/2  if o5 ° is spacelike
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Causal Dynamical Triangulations (CDT) iumsism ecsi. nuctps. se10 567302 coony

Figure: CDT spacetime T foliated by a family of space-like (Cauchy)
hypersurfaces (>°,):ez. Similar like ADM formalism in classical GR.

» 4D CDT spacetime T is diffeomorphic to M =R x )
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Causal Dynamical Triangulations (CDT) iumsism ecsi. nuctps. se10 567302 coony

Figure: CDT spacetime T foliated by a family of space-like (Cauchy)
hypersurfaces (>°,):ez. Similar like ADM formalism in classical GR.

» 4D CDT spacetime T is diffeomorphic to M =R x )
» Given the lattice cutoff a, introduce asymmetry between space and
time («, a new coupling in the model):

if V.

spacelike

=athen (V1 )= —aa’|a>0.

timelike
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C DT Geomet ry Of 0-45 [Ambjgm et al., Nucl.Phys. B610 347-382 (2001)]

Q Q 0 t+1

Figure: Visualization of fundamental building blocks in 4D CDT. Dotted line
illustrates the cross-section of o*. Blue o' is spacelike. Red o is timelike.
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C DT Geomet ry Of 0-45 [Ambjgm et al., Nucl.Phys. B610 347-382 (2001)]

o 0 t+1

Figure: Visualization of fundamental building blocks in 4D CDT. Dotted line
illustrates the cross-section of o*. Blue o' is spacelike. Red o is timelike.

» Using Regge calculus and topological identities gives (CDT) Regge
action:

5,(;)[7_] = —(ro +64) No + ra (Nga1y + Ngzoy) + 24 Neapy

where L mean in Lorentzian spacetime, g is (inverse) bare
gravitational constant, x4 is bare cosmological constant, and A is
asymmetry parameter.
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C DT M O nte_ Ca rIO S i m U |atio n [CDT Handbook: Ambjgrn et al., Phys. Rep. 519 127-210 (2012)]

» Perform analytic continuation of time to Euclidean (E) signature
(i.e. Wick rotation), results into

dt®) — dt®) = i dtl) — (v,

T timelike

)2 =—aqa’ > aa’ | a>0
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CDT Monte-Carlo Simulation Tormmmes mmmme s e s 12210 G0l

» Perform analytic continuation of time to Euclidean (E) signature
(i.e. Wick rotation), results into

dt®) — dt®) = i dtl) — (v,

T timelike

)2 =—aqa’ > aa’ | a>0

> Upon the constraint (in 4D) & > |/ gives S;L)[T] =i S,gE)[T] so
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CDT Monte-Carlo Simulation Tormmmes mmmme s e s 12210 G0l

» Perform analytic continuation of time to Euclidean (E) signature
(i.e. Wick rotation), results into

dt®) — dt®) = i dtl) — (v,

‘Ttimelike)2 = —a32 = &32 | a>0
» Upon the constraint (in 4D) & > ,/% gives Sf?L)[T] = Sf(?E)[T] so
Flgi \ — L s - .
<g;t1/’gp,y> =Z = Z ?Te R (The Partition Function)
T

N
A\ . 1 1 _S(E)[T] - 1 (i) .
<O> =z 27_: CTO[T]e R ~N ;O[T ] (The Expectation Value)

where Crt is the order of automorphism group of T.
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Renormalization Group Flow in CDT i, auserestuica et ot epsc 77 152 (aorny

0.8
H

0.6 i ]
0.4 + 1

<‘ A
0.2 + 1

0 ’
B 1Quadruple point
—0.2 s ‘ ‘ ‘ ‘
0 1 2 3 4 5

Ko

Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =5' x §* x §' x S, and after fine tuning x4 so that triangulation
fluctuate around target volume.
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =5' x §* x §' x S, and after fine tuning x4 so that triangulation
fluctuate around target volume. iiustration Credit: Andrzej Gérlich
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =5' x §* x §' x S, and after fine tuning x4 so that triangulation
fluctuate around target volume.
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Part 3 Generalised Spectral Dimension




Continuum tensor diffusion

[Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)] [Gilkey - Asymptotic Formulae in Spectral Geometry (2003)]

Let (M, g) be a closed, connected, smooth oriented, n-dimensional
Riemannian manifold.
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Continuum tensor diffUSION e e - o e s i spect e o)

Let (M, g) be a closed, connected, smooth oriented, n-dimensional
Riemannian manifold. Let AXT*M is k-exterior (co-tangent) bundle over

M.
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Continuum tensor diffUSION e e - o e s i spect e o)

Let (M, g) be a closed, connected, smooth oriented, n-dimensional
Riemannian manifold. Let AXT*M is k-exterior (co-tangent) bundle over
M. So, the space of smooth k-forms A¥(M) is the section of AKT* M.
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Continuum tensor diffUSION e e - o e s i spect e o)

Let (M, g) be a closed, connected, smooth oriented, n-dimensional
Riemannian manifold. Let AXT*M is k-exterior (co-tangent) bundle over
M. So, the space of smooth k-forms A¥(M) is the section of AKT* M.

Definition. Smooth Differential k-form w on M is a linear map

w: X (M) = C2(AK(M))

where X, (M) is the Lie-algebra of all smooth tensor field of type (0, k) .
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Continuum tensor diffUSION e e - o e s i spect e o)

Let (M, g) be a closed, connected, smooth oriented, n-dimensional
Riemannian manifold. Let A*T* M is k-exterior (co-tangent) bundle over
M. So, the space of smooth k-forms A¥(M) is the section of AKT* M.

Definition. Smooth Differential k-form w on M is a linear map

W : Xk (M) = CZ(AK(M))
where X, (M) is the Lie-algebra of all smooth tensor field of type (0, k) .

Definition. Exterior Algebra A(M) of smooth differential forms on M is
defined as the grading

AM) = P A*(M).
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Continuum tensor diffUSION (e« - o s e s i spe ey ooty

Definition. Hodge-de Rham operator (or the Laplace-Beltrami operator
on k-forms, or the k-Laplacians), an elliptic and self-adjoint operator which
acts on AX(M), denoted by

AW AM) 3 AKM) = AK(M) € AM)
is defined by

AW - AK(M) 3 w s ARG = d5 1 o 6K (w) + 65+ o d¥(w) € AK(M).

Note. A©) is the Laplace-Beltrami operator A.
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Continuum tensor diffUSION (e« - o s e s i spe ey ooty

Definition. Hodge-de Rham operator (or the Laplace-Beltrami operator
on k-forms, or the k-Laplacians), an elliptic and self-adjoint operator which
acts on AX(M), denoted by

AW AM) 3 AKM) = AK(M) € AM)
is defined by
AW - AK(M) 3 w s ARG = d5 1 o 6K (w) + 65+ o d¥(w) € AK(M).

Note. A©) is the Laplace-Beltrami operator A.

Remark. (AWw, w) >0V w e [2AK(M), and has (purely) point spec-
trum.
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Continuum tensor diffUSION (e« - o s e s i spe ey ooty

Definition. Heat Bundle over the base manifold M x M x R consists
of a bundle manifold AKT* M @ AKT* M x RT with a surjective bundle

projection
7 ANT*MQANT*M x RY = M x M x Rt

such that at point (x,y;7) € M x M x R, the fiber 77 1(x,y;7) =
ATIM @ NTEM x RY,
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Continuum tensor diffUSION (e« - o s e s i spe ey ooty

Definition. Heat Bundle over the base manifold M x M x RT consists
of a bundle manifold AKT* M @ AKT* M x RT with a surjective bundle
projection

7 ANT*MQANT*M x RY = M x M x Rt

such that at point (x,y;7) € M x M x RT, the fiber 7=1(x,y;7) =
ATIM @ NTEM x RY,

Definition. Heat k-kernel is a smooth section K() of a heat bundle
such that at point (x,y;7) € M x M x R gives (double) (k,k)-form
K" (x,y;7) € 7= Y(x,y; T) and satisfy:

(A + 0, ) KW =0

= K(x,y;7) = exp(—TAW) K (x, yi 7 = 0)

, and is a (heat) semi-group.
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Continuum tensor diffUSION (o et s - 0 and New Aspects in Spectral Geometry (2000)

Remark. Vy € M,7 € (0,400), and with Borel probability measure
pg(x) then,

/ K®) (x, y; ) dpg(x) = 1.
M

i.e. total probability is preserved over time.

Damodar Rajbhandari | ZTHTET TTwueTHr | @@iad Aza@Ell | (firstname) @PhysicsLog.com University of Adelaide | 12 May 2023

Generalised spectral ons in non-pertur e quantum


https://link.springer.com/book/10.1007/978-94-017-2475-3
https://www.physicslog.com/author
http://www.maths.adelaide.edu.au/vhosts/iga/dgseminar/dgwg_2023.html

Continuum tensor diffUSION (o et s - 0 and New Aspects in Spectral Geometry (2000)

Remark. Vy € M,7 € (0,400), and with Borel probability measure
pg(x) then,

/ K(k)(x,y;T) dpg(x) = 1.
M
i.e. total probability is preserved over time.

Definition. Heat Trace K(X)(7) is defined as

k(k)(T) 1:/ K(k)(x x;7) dpg(x) = Zeﬂ—)\ *Tr( NG )
M

and is spectral invariant, but not translation invariant.
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CO nti n U U m te n Sor d iﬂ:U SiO n [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

Remark. Vy € M,7 € (0,400), and with Borel probability measure
g (x) then,

/ KB (x, y; ) dpg(x) = 1.
M
i.e. total probability is preserved over time.

Definition. (Average) Return Probability P()(7), defined as

PK)(7) :=

where Vol(M, g) := [, dug(x).
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Continuum tensor diffUSION cuiovens et st - 01 snd New Aspects in Spectral Geometry (2001)]

Remark. Heat trace K(¥) on (M, g) has the following asymptotic expan-
sion as 7\, 0:

R(k)(T) ~ T3 B,-(A)T"
i=0

where B;(A) are integrated C functions of the metric g, called heat k-
coefficients.
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Continuum tensor diffUSION cuiovens et st - 01 snd New Aspects in Spectral Geometry (2001)]

Remark. Heat trace K(¥) on (M, g) has the following asymptotic expan-
sion as 7\, 0:

k(k)(T) ~ T3 Z B,-(A)T"
i=0

where B;(A) are integrated C functions of the metric g, called heat k-
coefficients.

Remark. Dimension of M can be extracted from the asymptotic expansion

__dlog(P¥(r))
n= 72Tg(7') as 7\, 0.
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CO nti n U U m te n Sor d iffu SiO n [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG IOPScience (2023)]

Remark. Heat trace K(X) on (M, g) has the following asymptotic expan-
sion as 7 \, 0:

k)(T ~ T gz Bi( A)T
i=0

where B;(A) are integrated C*° functions of the metric g, called heat k-
coefficients.

Definition (Physically Inspired). (Running) Generalised Spectral
Dimension D(k)(T) is defined by dropping 7\, 0 condition such that

i o dlog(P®) (7))
DF(r) = =2 dlog(r)

Damodar Rajbhandari | ZTHTET TTwueTHr | @@i@d Az@@Ell | (firstname) @PhysicsLog.com

University of Adelaide | 12 May 2023 23

Generalised spectral dimensions in non-perturbative quantum gravity of 33


https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc
https://www.physicslog.com/author
http://www.maths.adelaide.edu.au/vhosts/iga/dgseminar/dgwg_2023.html

Discrete Tensor DiffuSION e i, Lesk, warsden - discrete Exteror Calcuts (2005

Let ok =[0?,... ,02+1] be an oriented simplex, with k > 1.
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Discrete Tensor DiffuSION e i, Lesk, warsden - discrete Exteror Calcuts (2005

Let ok =[0?,... ,02+1] be an oriented simplex, with k > 1.

Definition. The orientation of o gives each of the (k — 1)-dimensional
faces an induced orientation. For k > 1, if i is even the induced orientation
of the face {09, ... ,Q‘?, .. ,02+1} is the same as the orientation of the
oriented simplex [09, ..., ¢?, ..., 0%41] where ¢? is ignored. Otherwise, it
is the opposite one.
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Discrete Tensor Diffusion e s e, e - oiscee seario cacuus 2005
Let ok = [09,...,0% 1] be an oriented simplex, with k > 1.

Definition. The orientation of o gives each of the (k — 1)-dimensional
faces an induced orientation. For k > 1, if i is even the induced orientation
of the face {09,... ,¢?, ...,0p,1} is the same as the orientation of the

oriented simplex [0?, ..., qf?, e agﬂ] where ¢,0 is ignored. Otherwise, it
is the opposite one.

Example. For k = 2,

0
03

University of Adelaide | 12 May 2023
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Discrete Tensor Diffusion e s e, e - oiscee seario cacuus 2005
Let ok = [09,...,0% 1] be an oriented simplex, with k > 1.

Definition. The orientation of o gives each of the (k — 1)-dimensional
faces an induced orientation. For k > 1, if i is even the induced orientation
of the face {09,... ,¢?, ...,0p,1} is the same as the orientation of the

oriented simplex [0?, ..., qf?, e agﬂ] where ¢,0 is ignored. Otherwise, it
is the opposite one.

Example. For k = 2,

0 0
03 03

Def.

0 0
(%51 ] o1 O3
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Discrete Tensor DiffuSION e i, Lesk, warsden - discrete Exteror Calcuts (2005

Let ok = [09,...,0%, ] be an oriented simplex, with k > 1.

Definition. The orientation of o gives each of the (k — 1)-dimensional
faces an induced orientation. For k > 1, if i is even the induced orientation
of the face {09,...,¢°,...,09,,} is the same as the orientation of the
oriented simplex [0, ..., 47, ...,02, ] where ¢° is ignored. Otherwise, it
is the opposite one.

Note. We chose: o) < ... <09, ;.
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Discrete Tensor DiffuSION (icmsn - compuing sets Numbers vis Combinatoril Laplacians (1958)]

Definition. Incidence Matrix /™ between the k-dimensional sub-simplices

o* and o**1 in a simplicial complex T is defined as
1 ifok=< a}‘“ with same orientation,
(N =4 -1 if ok < 0’}<+1 with opposite orientation,

ek k+1
0 ifof Ao/
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Discrete Tensor DiffuSION (icmsn - compuing sets Numbers vis Combinatoril Laplacians (1958)]

Definition. Incidence Matrix /™ between the k-dimensional sub-simplices

o* and o**1 in a simplicial complex T is defined as
1 ifok=< O’}<+1 with same orientation,
(N =4 -1 if ok < O'}H_l with opposite orientation,

ek k+1
0 ifof Ao/

Definition. Combinatorial k-Laplacian LX) is a discrete counterpart of

A defined on a space of discrete k-form fields Ak( T), is a real symmetric
(sparse) matrix of rank #a%inT, given by

L(k) — LS{‘) + L(k) Lgf) _ (Ilerl)TI,i(Jrl’ L(_k) — Ilf—l(llf—l)-r'

- )
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D iSC rete tensor d iﬂ:USion [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG 10PScience (2023)]
Given a continuum heat k-kernel with continuous diffusion time 7,

K(k)(x,y; T) = exp(fTA(k)> K(k)(x,y; 0)
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Discrete tensor diffuSion ke nemen, rajsnandar, s, Gizver stunick - cac topseence (2029
Given a continuum heat k-kernel with continuous diffusion time T,
K®(x,y;7) = exp(fTA(k)> K®)(x, y;0)
~ exp(—sL(k)>tK(k)(x,y; 0)

where t = 7/s,s e R, t € Z+, KK ¢ AX(T)
= (I—sL™ + O(r%)'K®(x, y; 0)
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Discrete tensor diffuSion ke nemen, rajsnandar, s, Gizver stunick - cac topseence (2029
Given a continuum heat k-kernel with continuous diffusion time T,
K®(x,y;7) = exp<fTA(k)> K®(x,y:0)
~ exp(—sL(k))tK(k)(x,y; 0)
where t = 7/s,s e R, t € Z+, KK ¢ AX(T)

= (I—sL™ + O(r%)'K®(x, y; 0)

Definition. Discrete heat k-kernel K(¥)(x,y;7) € AX(T) is defined as a
matrix

K(k)(x,y; T4+s)=1- SL(k))K(k)(X7y; 7)

where 7 = ts,s € R, t € Z*, and sL(¥) is a normalized k-Laplacian such
that > KW (x,y;7) =1V y.
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D iSC rete tensor d iﬂ:USion [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

Definition. Discrete heat k-kernel K(¥)(x,y;7) € AX(T) is defined as a
matrix

KO(x,yi7 +5) = (1= sLN)KO(x, y; 7)

where 7 = ts,s € R, t € Z*t, and sL(¥) is a normalized k-Laplacian such
that > KW (x,y;7) =1V y.

Proposition. For any 0 < k < n, 0 < s < 2/A\nax where A\pax €
Spec(Lk)) such that it preserves S K (x,y;7) =1V y.
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D iSC rete tensor d iﬂ:USion [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

Definition. Discrete heat k-kernel K(¥)(x,y;7) € A¥(T) is defined as a
matrix

K®(x,y;7+5) = (I — sLINYKK)(x, y; 1)

where 7 = ts,s € R, t € Z*1, and sL(¥) is a normalized k-Laplacian such
that . KW (x,y;7) =1V y.

Proposition. For any 0 < k < n, 0 < s < 2/Amax Where A\pax €
Spec(L(®) such that it preserves 3° K" (x,y;7) =1V y.

Note. We chose s = 1/ A\ ax-
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D iSC rete tensor d iﬂ:USion [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

Definition. Discrete k-form tensor field is a surjective function
£:QK(T) — XK(T),

k n
g <o

where (a¥)#(o7) is the value (in ®*IR") of the discrete vector field X* =
(a*)* in the simplex o7, a*(af) is the value (in R) of the discrete k-form
evaluated on the simplex a}‘, and E}‘ is the k-tensor associated to the

simplex o
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D iSC rete tensor d iﬂ:USion [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

Example. For k = 3, given a one-form field a!, the corresponding vector

field evaluated on o3 is given by £ = af(03) = Z?:l a(o})at.

o}
&
=1
03 ag
7
i

0 0
01 O3
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3 Lessons from flat 2-torus e veme.

k
D()

Damodar Rajbhandari
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, Gorlich, Gizbert-Studnicki - CQG 10PScience (2023)]
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[ ® Dual scalar D(Q) ]
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0 1000 2000 3000 4000 5000
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3 Lessons from flat 2_torus [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]
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Part 4 Results




3 D S patial SI ice Of 4D C DT[Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG IOPScience (2023)]
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3 D S patial Sl ice Of 4 D C DT[Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG IOPScience (2023)]
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Figure: Power law fit of the form a+ b - Nf;. For large diffusion time (left),
extrapolate an IR effective dimension <D$f)> = 2.66 &+ 0.21 in the infinite
volume limit. For short diffusion time (right), extrapolate a UV effective
dimension (D)) = 1.47 +0.01.
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3 D S patial SI ice Of 4 D C DT[Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG IOPScience (2023)]
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Figure: An effective dimension <5§})> = 4.03 £ 0.45 in the infinite volume limit.
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S U m ma ry [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

Type

Effective Spectral Dimension H

Scalar (D©)
One-form (D)
Vector (D)

~4

4.98 +0.36
4.03+0.45
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S U m ma ry [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

H Type Effective Spectral Dimension H
Scalar (D) ~ 4
One-form (D) 4.98 +0.36
Vector (DM)) 4.03 £ 0.45
H Type uv IR H

Two-form (D®))  1.44+0.23 2.30+0.64
Tensor (D@)  1.274+0.26 2.03+0.11
Dual scalar (D®))  1.474+0.01 2.66 +0.21

Note: All measurements done in 3D spacelike hypersurfaces of 4D CDT.
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Thank You For Listening!
I Invite You To Ask Any Questions You May Have...
Interested to Learn CDT: PhysicsLog.com/CDT
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Figure: Illustration of (14+1) dimensional CDT Simulation . credi: Andrzej Gsrlich
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Figure: Illustration of (1+1) dimensional CDT Simulation when it's

thermalized. credit: Andrzej Gorich



Renormalization Group Flow in CDT iumen e, s rep. 510 127210 on2
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =5' x §* x §' x S, and after fine tuning x4 so that triangulation
fluctuate around target volume
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* = S' x S* x S* x S*, with phases: branched polymer phase (A)
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =S x §* x §' x S, with phases: branched polymer phase (A), collapsed
phase (B)
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Renormalization Group Flow in CDT iumen e, s rep. 510 127210 on2
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =S x §* x §' x S, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter (semi-classical) phase (C). ustration Credit: Andrzej Gérlich
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =S x §* x §' x S, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter phase (Cas), & the bifurcation phase (Cp).
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =S x §* x §' x S, with phases: branched polymer phase (A), collapsed

phase (B), the de Sitter phase (Cas), & the bifurcation phase (Cp).
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =S x §* x §' x S, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter phase (Cas), & the bifurcation phase (Cp).
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Figure: CDT phase diagram in terms of the bare couplings ko & A, with
T* =S x §* x §' x S, with phases: branched polymer phase (A), collapsed
phase (B), the de Sitter phase (Cas), & the bifurcation phase (Cp).
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Continuum scalar diffusion - A Revision

[Craioveanu et al. - Old and New Aspects in Spectral Geometry (2001)] [Grigor'yan - Heat Kernel and Analysis on Manifolds (2009)] [Rosenberg - The Laplacian on a

Riemannian Manifold (1997)] [Chavel - Eigenvalues in Riemannian Geometry (1984)]

Definition. Laplace-Beltrami operator, a second-order elliptic self-adjoint
partial differential operator which acts on C*°(M), denoted by

A C®(M) 3 f s Af € C2(M),

defined by

Af := —div(grad(f))



https://link.springer.com/book/10.1007/978-94-017-2475-3
https://bookstore.ams.org/amsip-47
https://www.cambridge.org/core/books/laplacian-on-a-riemannian-manifold/56F18C2AB0A765A91892E164079A3B74
https://www.cambridge.org/core/books/laplacian-on-a-riemannian-manifold/56F18C2AB0A765A91892E164079A3B74
https://www.elsevier.com/books/eigenvalues-in-riemannian-geometry/chavel/978-0-12-170640-1

Continuum scalar diffUSION o . - o i e s i st ceomet aony

Definition. Laplace-Beltrami operator, a second-order elliptic self-adjoint
partial differential operator which acts on C>°(M), denoted by

A:C®(M)>f— Af € CP¥(M),
defined by

Af := —div(grad(f))

Remark. Let M is compact. Spec®)(M,g) of A is (in most cases)
discrete sequence of real numbers

0< <M< hmh<. .. T+

i (AF,f) >0V f e [2C%(M).



https://link.springer.com/book/10.1007/978-94-017-2475-3

Continuum scalar diffUSION . -ou o spec e Gy oy
Definition. Laplace-Beltrami operator, a second-order elliptic self-adjoint
partial differential operator which acts on C*°(M), denoted by

A:C®(M) > Af € CO(M),
defined by

Af = —div(grad(f))

Remark. Let M be a closed. Spec®(M, g) of A is (purely) point spec-
trum

0=X< X\ < A <...T+4x
~~ ~~

my, times my,times

where each eigenvalue J;, j € N of A is repeated according to its (finite)
multiplicity my;, and accumulates only at infinity.
Note. dim(ker A) =1 (zero modes).



https://link.springer.com/book/10.1007/978-94-017-2475-3

Continuum scalar diffUSION o . - o i e s i st ceomet aony

Definition. Heat Kernel (propagator) on closed n-dimensional (M, g) is
a continuous function

K(x,y;7) : M x M x (0,40) — R

that satisfies:
1. Kis C?>(M) in x and y, and C1(M) in diffusion time 7.
2. (A+Z)K(x,y;7) =0 = K(x,y;7) = exp(—TA)K(x,y;0)
3. K(x,y;7) = K(y,x; 7).
4. Tlig1+ K(-,y;7) =60(-—y) V y € M, where §(") is the Dirac delta
function.
5. For any compactly supported function f on M,

i [ Km0 dug0 = 1)

for every y € M, where pz(x) is a Borel probability measure.



https://link.springer.com/book/10.1007/978-94-017-2475-3

Continuum scalar diffUSION e o - o m new s spst coomeny oty
Remark. Yy e M, 7 € (0,+00) then,

/ K(x,y;7) dpug(x) = 1.
M

i.e. total probability is preserved over time.



https://link.springer.com/book/10.1007/978-94-017-2475-3

Continuum scalar diffUSION e o - o m new s spst coomeny oty
Remark. Yy e M, 7 € (0,+00) then,

/ K(x,y;7) dpug(x) = 1.
M
i.e. total probability is preserved over time.

Property. Heat Semi-group:

K(x,y;m + 1) = /M K(x,z;1)K(z,y; 1) dug(z) -



https://link.springer.com/book/10.1007/978-94-017-2475-3

Continuum scalar diffUSION e o - o m new s spst coomeny oty
Remark. Yy e M, 7 € (0,+00) then,

/ K(x,y;7) dpug(x) = 1.
M
i.e. total probability is preserved over time.

Property. Heat Semi-group:

K(x,y;m + 1) = /M K(x,z;1)K(z,y; 1) dug(z) -

Definition. Heat Trace K(7) is spectral invariant and defined as
K(r) = / K(x,x;7)dpg(x) = Z e TN =Tr(e ™)
= i

Note. dim(ker A) = lim K(7).

T—+00



https://link.springer.com/book/10.1007/978-94-017-2475-3

CO ntl n uu m Sca | a r d Iﬂ:U SIO n [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG IOPScience (2023)]
Remark. Vy e M, 7 € (0,+00) then,

/ K(x,y;7) dpug(x) = 1.
M
i.e. total probability is preserved over time.

Property. Heat Semi-group:
K(x,y;m1 + 1) = / K(x,z;1)K(z,y; ) dug(z) -
M

Definition. (Average) Return Probability P(7), defined as

Kit)  X,e™
Vol(M,g) ~ Vol(M,g)

P(7) =

where Vol(M, g) := [, dug(x).



https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc

Continuum scalar diffUSION o . - o i e s i st ceomet aony

Remark. If M = R” then, K : R" x R" x (0,+00) — R, defined by

—y|2
K(x,y;7) = (47r7')_§e“ #" is Gauss-Weierstrass kernel, and
K(r)~(1)~%.


https://link.springer.com/book/10.1007/978-94-017-2475-3

Continuum scalar diffUSION o . - o i e s i st ceomet aony

Remark. If M = R” then, K : R" x R" x (0,+00) — R, defined by
—y|2
K(x,y;7) = (47r7')’ge" " is Gauss-Weierstrass kernel, and

K(t) ~ (1)7%.

Remark. Heat trace K on (M, g) has the following asymptotic expansion
as 7\, 0:

K(r) ~ 772 A(D)7r
i=0

where A;(A) are integrated C> functions of the metric g, called heat
coefficients.



https://link.springer.com/book/10.1007/978-94-017-2475-3

CO ntl nuum scCa | ar d Iﬂ:U SIO n [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

[x—

n 2. :
K(x,y;7) = (4n7)"2e &  is Gauss-Weierstrass kernel, and

K(t) ~ (1)7%.

as 7\, 0: oo
K(r) ~ 772 A(D)7r
i=0

coefficients.

_ _,dlog(P())

dlog(7) as 7 \(0.

Remark. If M = R” then, K : R" x R" x (0,+00) — R, defined by

Remark. Heat trace K on (M, g) has the following asymptotic expansion

where A;(A) are integrated C> functions of the metric g, called heat

Remark. Dimension of M can be extracted from the asymptotic expansion



https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc

CO ntl nuum scCa | ar d Iﬂ:U SIO n [Reitz, Németh, Rajbhandari, Gérlich, Gizbert-Studnicki - CQG I0PScience (2023)]

Remark. Heat trace K on (M, g) has the following asymptotic expansion
as 7\ 0:

K(t) ~ 773 ZA,‘(A)’Ti
i=0
where A;(A) are integrated C* functions of the metric g, called heat

coefficients.

Remark. Dimension of M can be extracted from the asymptotic expansion

72d log(P(7))
dlog(7)

as 7\, 0.

Definition (Physically Inspired). (Running) Spectral Dimension D(7) is
defined by dropping 7\, 0 condition such that

72d log(P(7))
dlog(r)

D(r) :=



https://iopscience.iop.org/article/10.1088/1361-6382/acd0fc
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