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1 Derivation of the free-energy
functional for a homopoly-
mer and ionic liquid mixture

We first introduce the coarse-grained number den-
sity field cs(~r) for speciess using the identity

1 =
∫

Dcsδ [cs(~r)− ĉs(~r)] =
∫

DcsDωs

× exp

{
i
∫

d~r ωs(~r) [cs(~r)− ĉs(~r)]

}
, (S1)

where the right-hand side of the equation results
from the Fourier representation of theδ function
with ωs(~r) being the Fourier conjugate field to
cs(~r). A similar procedure is performed for the
total charge densitŷρ(~r) with the charge density
field ρ(~r), which introduces the conjugate field
ψ(~r).

Using the identity operator in Eq. (S1), we re-
place the instantaneous particle densityĉs(~r) with
the coarse-grained (average) densitycs(~r). The
partition functionZ in Eq. (4) can then be cast into
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a functional integral as follows:

Z =

∫
∏

s=p,±
DcsDωsDρDψ

× exp

{
−

1
2

∫
d~rd~r ′ρ(~r)v(~r−~r ′)ρ(~r ′)

+ i
∫

d~rρ(~r)ψ(~r)+ i ∑
s=p,±

∫
d~r cs(~r)ωs(~r)

−

∫
d~r χcp(~r)φIL(~r)] ∏

s=p,±
∑
ns

λ ns
s

ns!

∫ np

∏
i=1

D~Ri(t)
n0

∏
j=1

d~r (+)
j d~r (−)

j δ [vpĉp(~r)+ v0ĉ+(~r)

+ v0ĉ−(~r)−1]exp

{
−

np

∑
i=1

∫ N

0
dt

3
2b2

p

×

[
d~Ri(t)

dt

]2

− i
np

∑
i=1

∫ N

0
dt ωp[~Ri(t)]

− i ∑
s=±

[ n0

∑
i=1

ω[~r (s)i ]+
n0

∑
i=1

qsψ[~r (s)i ]

]}

=
∫

∏
s=p,±

DcsDωsDρDψ exp(−F)

× δ [vpĉp(~r)+ v0ĉ+(~r)+ v0ĉ−(~r)−1], (S2)
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where

F
kBT

=
1
2

∫
d~rd~r ′ρ(~r)v(~r−~r ′)ρ(~r ′)

− i ∑
s=p,±

∫
d~r cs(~r)ωs(~r)

− i
∫

d~r ρ(~r)ψ(~r)−λpV Qp

− ∑
s=±

λsVQs +

∫
d~r χcp(~r)φIL(~r).

(S3)

Here, we have performed the following calcula-
tion:

∫
d~r ĉp(~r)ω̂p(~r) =

∫
d~r

np

∑
i=1

∫ N

0
dt δ [~r−~Ri(t)]

× ωp(~r)

=
np

∑
i=1

∫ N

0
dt ωp[~Ri(t)], (S4)

and the summation over the particle number using
the identity∑∞

N=0(x
N/N!) = ex.

Extremizing the free energy functional in
Eq. (S3) yields coupled mean-field equations. To
rationalize the field variables in terms of observ-
able quantities, we must replaceiψ(~r) andiωp(~r)
by ψ(~r) andωp(~r) because the original fieldsψ(~r)
andωp(~r) are purely imaginary at the saddle point.
For charge neutrality, the bulk charge density be-
comesρ = 0. Without loss of generality, we set
the electrostatic potential around the homogeneous
phase asψ = 0. Interested readers are referred to
the detail of these field-theoretical methods in, for
example, Refs. 1 and 2. The thermodynamically
consequential free energy density for the homo-
geneous phase is then given byvpFFH

kBTV =
φp
N lnφp −

φp
N +∑s=±[

vpφs
v0

ln vpφs
v0

−
vpφs
v0

]+χφp(1−φp).

2 Gaussian integral for the
fluctuation

To perform the Gaussian functional integral in
Z ≈ exp[−FFH

kBT ]
∫

DΩδ [vpδcp(~r) + v0δc+(~r) +

v0δc−(~r)]exp[−∆F(2)

kBT ] over the field variables,

we use the idensity
∫ +∞
−∞ dx exp(−ax2

2 + iJx) =

√
2π
a exp(−J2

2a ). For convenience,a is simply

given by the second derivative of−ax2

2 + iJx.
Because the integrals are Gaussian, the calcu-
lation for exp(−J2

2a ) can be performed simply
by extremizing the integrand with respect to
the field variables. We then obtain the effec-
tive free energy∆Feff = −kBT lnZ = ∆FFH +
kBTV
2(2π)3

∫
d~k ln(λρλψλωpλω+λω−

λn−λnp), where

the values ofλs are systematically calculated by

λρ =
δ 2∆F (2)(ρ ,ψ,ωp,ω+,ω−,n−,np)

kBT δρ2

λψ =
δ 2∆F (2)(ρ∗,ψ,ωp,ω+,ω−,n−,np)

kBT δψ2

λωp =
δ 2∆F (2)(ρ∗,ψ∗,ωp,ω+,ω−,n−,np)

kBT δω2
p

λω+ =
δ 2∆F(2)(ρ∗,ψ∗,ω∗

p,ω+,ω−,n−,np)

kBT δω2
+

λω−
=

δ 2∆F(2)(ρ∗,ψ∗,ω∗
p,ω∗

+,ω−,n−,np)

kBT δω2
−

λn− =
δ 2∆F(2)(ρ∗,ψ∗,ω∗

p,ω∗
+,ω∗

−,n−,np)

kBT δn2
−

λnp =
δ 2∆F(2)(ρ∗,ψ∗,ω∗

p,ω∗
+,ω∗

−
,n∗

−
,np)

kBT δn2
p

.

(S5)

Here,ρ∗, ψ∗, ω∗
p, ω∗

+, ω∗
−

, andn∗
−

are the solu-
tions of

δ∆F(2)(ρ ,ψ,ωp,ω+,ω−,n−,np)

δρ
= 0

δ∆F (2)(ρ∗,ψ,ωp,ω+,ω−,n−,np)

δψ
= 0

δ∆F (2)(ρ∗,ψ∗,ωp,ω+,ω−,n−,np)

δωp
= 0

δ∆F (2)(ρ∗,ψ∗,ω∗
p,ω+,ω−,n−,np)

δω+
= 0

δ∆F (2)(ρ∗,ψ∗,ω∗
p,ω∗

+,ω−,n−,np)

δω−

= 0

δ∆F (2)(ρ∗,ψ∗,ω∗
p,ω∗

+,ω∗
−
,n−,np)

δn−
= 0.

(S6)
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Eqs. (S5) and (S6) then lead to

λρ =
4πl0
εrk2 , λψ =

εrk2

4πl0
+2q2

0c0,

λωp = N2cpgp(R
2
gk2)

λω+ =
c0(4c0q2

0πl0+ εrk2)

[k2εr +8πl0q2
0c0]

,

λω−
=

c0εrk2

(4πl0q2
0c0+ εrk2)

, λn− =
2
c0

+
16πl0q2

0

εrk2 ,

λnp = [2gp(R
2
gk2)cpc0v2

0N2]−1[N2cpv2
agp(R

2
gk2)

+ 2c0v2
0−4c0χvpv2

0N2cpgp(R
2
gk2)], (S7)

where we have setq+ =−q− = q0 for charge neu-
trality. We then obtain

Feff = FFH+
kBTV
2(2π)3

∫
d~k [lnGchain(k)

+ lnGel(k)]

Gchain(k) =

[
N2cpv2

pgp(R2
gk2)

v0
+2c0v0

− 4χvpcpv0c0N2gp(R
2
gk2)

]

Gel(k) = 1+
8πl0q2

0c0

εrk2 . (S8)

Incidentally, the effective free energy resulted
from Gchain(k) is consistent with those for charge-
neutral polymer blends in Refs. 3 and 4, with one
of the components being a non-polymeric solvent,
and that in Ref. 5, withχ = 0 set in our theory. In
addition,Gel(k) is an analog of the self-energy of
ions in Ref. 6.
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