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Supplementary Material

1 MULTIPLE SCALES ANALYSIS

The solution of the leading order Eq. (29) is derived by making the following product ansatz
P(r,R.n,T.t) = w(r,n)p’ (R, T,t). (S1)

Integrating by parts over the microscale variables r and 77, and using the solvability condition, the solution
of Eq. (29) P" is constant over the period: P(r, R,n,T,t) = P°(R,n, T,t). The leading order Eq. (29)
becomes 1

Vi - ] + §V2,w =0. (S2)

Using the known result for a multi-dimensional Ornstein-Uhlenbeck process Ref. 138, the solution for w is
given by
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The solvability condition for O(¢) equation is
/drdn ap + W 0 [po}—l—van-VRpO =0 (S4)
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which depends on the leading order result, PO from which we find
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and the O(¢€) equation becomes
LP' = wPwen - Vigp'. (S6)
We assume that
P! = wPu,00 - Vgp°, (S7)
after which we find that .
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o PAn (S8)

Substitution of P! into the O(¢?) equation and using the solvability condition, we obtain
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and in dimensional form, we have
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—p = B0V [pVsd) = 5= [0 + V3 [ (Da+ D)p] . (S10)
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2 SOLUTION OF THE FOKKER-PLANCK EQUATION IN THE LARGE PECLET
LIMIT

The analytic solution of Eq. (32) in the large Péclet number limit follows by expanding the probability
density function, p perturbatively Ref. 139, as

p=po+p1, (S11)

with p; = O(¢)pop. The associated system of equations is
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=0+ 5= [5p0] = V2 |(Da + D)o =0, (512)
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o1+ 5= [5p1] = V2 |(Da+ D)pr | = =BV - [pu Vi) (S13)

To derive the solutions for py and p;, we use the Green’s function G(7, |7, t) Ref. 140 which satisfies
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556+ 5= [06] = V3 [(DaJrD)G]_O. (S14)

The solution of Eq.(32) was derived in the large Péclet number limit in Ref. 89, and is
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(S15)
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Given the Green’s function the formal solution of Eq. (32) is

(7. 1) = G(#, 70, 7o) —BD/dT/dflG(fF,Z, 71,7) [V, (G(F1, 70, 7o) Vi &1, 770, 70)]

(S16)
with
&(7, |70, t0) = L _ exp {— (F %)+ _ﬁO)? +- 20)2)} . (S17)
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Aty = 0 and T = 7o = 0, the initial distribution is, to leading order py, given by
po(7,f=0) = %e){p [—%—@2—1—@2)] . (S18)

Equations (S16) and give the analytic solution to Eqgs. (32)-(33), with initial distribution given by Eq.
(ST8). When the nutrients are neglected we recover our previous result Ref. 89.
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