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S1 General Remarks

This supplementary material is organised into different sections. Section S2 provides some further
details explicitly showing how the factor-augmented model set-up fits the moment inequality setting
and introduces a representation of the factor estimation error, which is used in Sections S4 and
S5. Section S3 on the other hand contains additional factor model assumptions required for various
technical lemmas outlined in Section S4, as well as in Section S5. The latter section uses the results
from Section S4 and deals with parameter estimation error in the test statistic. Finally, based on these
results, the central result of the paper, Theorem 1, is proven in Section S6. Section S7 describes the
technical Assumption SM2 mentioned in Section 3.2 of the paper. It also states Theorem S1, which
shows that the results of Theorem 7.1 in Chernozhukov et al. (2014b)’s paper continue to hold for the
case of unbounded random variables subject to Assumption SM2. Section S8 contains the proof of
Theorem 2 in the paper, and Section S9 outlines an ad-hoc method to choose the small-large block
combination in practice and presents a small Monte Carlo simulation to that effect. Finally, Sections
S10 and S11 provide additional set-ups and tables of results for the Monte Carlo simulations, and then
the set of variables used in the empirical application along with additional sets of empirical results.

S2 Factor Augmented Set-up & Representation

For the results derived in the remainder of this Supplementary Material, we require a representation
of the factor estimation error along similar lines to the representation in (A.1) of Bai (2003) or the
one adapted to out-of-sample estimation in Gonçalves et al. (2017) and Fosten (2016), but with the
extension involving the forecast errors used to address the ragged edge problem. However, while
explicitly accounting for the ragged edge in the factor estimation problem we will, for the rest of this
supplement, abstract from the mixed frequency aspect of the data and assume that the predictor
variables Xjt are released at the same (quarterly) frequency as the target variable yt. The reason for
doing so is that neglecting mixed frequency allows to highly reduce the complexity of the notation
by setting the number of nowcast updates equal to the number of variables in the data (i.e., S = N)
without altering the technical aspects of the problem. For instance, accounting for the monthly
frequency in the proofs below would require a distinction between cases where the ragged edge i =
1, . . . , S occurs in the first (i ≤ N), the second (N ≤ i ≤ 2N), or third month (2N ≤ i ≤ 3N) of
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the last quarter t. Also, as pointed out in Remark 1 in Section S4, skip sampling the monthly series

to obtain quarterly series F̂
(i,t)
t , F̂

(i,t)
t−1/3, and F̂

(i,t)
t−2/3 does, by construction, lead to a sum of squared

estimation error lower than the one for the entire series, and does therefore not alter the conclusions
drawn from the uni-frequency set-up.

S2.1 Monotonicity Testing in the Factor-Augmented Set-up

Before we derive a representation of the factor estimation error for our set-up, we recall some notation
from the main paper adapting it to the uni-frequency case as mentioned above. That is, the window
of monthly observations in the matrix X(t) is now composed of [X1, X2, ..., Xt]

′, where:

Xt = ΛFt + ut (S-1)

and the quarterly regression for yt is:
yt = β′Ft + εt (S-2)

which is the uni-frequency equivalent of unrestricted factor-MIDAS model in the main paper. This
corresponds to the standard factor-augmented model of Stock and Watson (2002a,b) and Bai and Ng
(2006), where we ignore the presence of ‘must-have’ regressors Wt for simplicity. Note that Xt =
ΛFt + ut can be re-written as:

Ft = (Λ′Λ)−1Λ′Xt + (Λ′Λ)−1Λ′ut (S-3)

However, in the out-of-sample nowcasting context, at each quarterly out of sample point t = R+1, ..., T
and nowcast point i = 1, ..., S, we do not observe the matrix X(t). Rather, we must use the estimated
X̂(i,t) which solves the ragged-edge problem, as described in the main text. To apply PCA for factor
estimation, we require the balanced recursive data matrix:

X̂(i,t)

t×N
=


X1,1 . . . . . . . . . . . . XN,1

...
...

X1,t−1 . . . . . . . . . . . . XN,t−1

X1t . . . Xit X̂i+1,t . . . X̂Nt

 for t = R+ 1, ..., T ; i = 1, ..., S (S-4)

A typical element of this matrix of predicted observations from the näıve forecasting model is given

by {X̂(i,t)
j : t = R + 1, ..., T ; j = 1, ..., t; i = 1, ..., S}. The relationship between the two matrices Xt

and X̂(i,t) is given by:
X̂(i,t) = X(t) + Â(i,t)

where:

Â
(i,t)
t×N =

[
0(t−1)×N

µ̂
(i)
t

]
.

That is, µ̂
(i)
t is a 1 × N vector which contains 0 values for the variables which have already been

released at point i:

µ̂
(i)
t = [0, . . . , 0, µ̂i+1,t, . . . , µ̂N,t].
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Since µ̂
(i)
t is usually the result of estimating the parameters of some näıve model for each variable

to solve the ragged edge problem, we make the distinction between the predictions X̂
(i,t)
t based on

estimated parameters, and Ẍ
(i,t)
t , which is free of estimated parameters. The corresponding prediction

errors µ̈
(i)
t is as follows:

µ̈
(i)
t = [0, . . . , 0, µ̈i+1,t, . . . , µ̈N,t].

For example, if the AR(1) interpolation is used, as in Kim and Swanson (2017) and the empirical

section in the main text of this paper, then the distinction between X̂
(i,t)
t and Ẍ

(i,t)
t would be X̂

(i,t)
t =

ρ̂itXt−1 whereas Ẍ
(i,t)
t = ρXt−1. The relationship between Xt and Ẍ(i,t) is therefore:

Ẍ(i,t) = X(t) + Ä(i,t)

where:

Ä
(i,t)
t×N =

[
0(t−1)×N

µ̈
(i)
t

]
.

With the above in mind, we replace Xt in Equation (S-3) with Ẍ(i,t) for each i and t:

F
(i,t)
j = (Λ′Λ)−1Λ′Ẍ

(i,t)
j + (Λ′Λ)−1Λ′uj t = R+ 1, ..., T ; j = 1, ..., t; i = 1, ..., S (S-5)

which gives us an expression of the true factors as a function of the known data at time t and nowcast

point i. We call these factors F
(i,t)
j the “pseudo true factors”. Therefore the pseudo true factors relate

to the true factors as follows:
F

(i,t)
j ≡ Fj + (Λ′Λ)−1Λ′µ̈

(i,t)
j (S-6)

and they can be seen as a potentially biased version of the true factors, caused by the predictions used
to solve the ragged-edge. Later we show results on the limiting properties of the estimated factors
F̂ (i,t) based on the pseudo true factors when Λ has been estimated using PCA.

Finally, we can re-write the quarterly regression model yt = β′Ft+εt for each i and t by expanding
around the “pseudo” factors from Equation (S-6):

yj = β′F
(i,t)
j + εj + β′

(
Fj − F (i,t)

j

)
= β′F

(i,t)
j + ε̈

(i,t)
j t = R+ 1, ..., T ; j = 1, ..., t; i = 1, ..., S (S-7)

where ε̈
(i,t)
j = εj+β′(Fj−F (i,t)

j ). The moment inequalities for our test are based on the end-of-window

“pseudo” error ε̈
(i,t)
t and therefore correspondingly θi = [F

(i,t)′
t , β′]′. For example, for MSFE loss the

moment inequalities can be written as:

L(yt − yi+k,t(θi+k))− L(yt − yi,t(θi)) =
(
ε̈

(i+k,t)
t

)2
−
(
ε̈

(i,t)
t

)2

In this factor model case, if we have correctly specified the model for the true data generating process,
and in the absence of measurement errors, then we expect the null hypothesis of monotonicity to
hold. This is because the pseudo-true factors approach the true factors as i grows towards S, meaning
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that
(
Fj − F (i,t)

j

)
declines to zero and ε̈

(i,t)
j becomes comprised only of εj . Under correct model

specification, we expect that MSFE declines towards the end of the nowcast period.
In order to derive the representation, which will be used in the technical lemmas of Sections S4

and S5, respectively, we define the estimated and ‘infeasible’ t× r matrices of bias terms:

B̂(i,t) ≡ 1

tN

(
X(t)Â(i,t)′ + Â(i,t)X(t)′ + Â(i,t)Â(i,t)′

)
F̂ (i,t)V̂ (i,t)−1 (S-8)

and

B̈
(i,t)
j =

1

tN

(
X(t)Ä(i,t)′ + Ä(i,t)X(t)′ + Ä(i,t)Ä(i,t)′

)
F (t)H

(i,t)
0 V −1

0 . (S-9)

Here, Ĥ(i,t) = V̂ (i,t)−1(F̂ (i,t)′F (t)/t)(Λ′Λ/N) denotes the rotation matrix and H
(i,t)
0 = diag(±1) is its

probability limit. Likewise, V̂ (i,t) is a r× r diagonal matrix containing the largest r eigenvalues of the

covariance matrix X̂(i,t)X̂(i,t)′/Nt, and V0 = Σ
1
2
ΛΣFΣ

1
2
Λ is the probability limit of V̂ (i,t).

S2.2 Representation

Expanding window PCA estimation proceeds to estimate F̂ (i,t) as the t × r window corresponding
to the r eigenvectors corresponding to the r largest eigenvalues of the covariance matrix of X̂(i,t).
Therefore we have the following identity for each t = R+ 1, ..., T and i = 1, ..., S:(

X̂(i,t)X̂(i,t)′

tN

)
F̂ (i,t) = F̂ (i,t)V̂ (i,t) (S-10)

and so:

F̂ (i,t) =

(
X̂(i,t)X̂(i,t)′

tN

)
F̂ (i,t)V̂ (i,t)−1 (S-11)

In order to relate this back to the standard setting where X(t) is used for estimation, noting that the
forecast errors only affect the last row of X̂(i,t):

X̂(i,t) = X(t) + Â(i,t)

with the identity in Equation (S-11) becomes:

F̂ (i,t) =
1

tN

(
X(t)X(t)′ +X(t)Â(i,t)′ + Â(i,t)X(t)′ + Â(i,t)Â(i,t)′

)
F̂ (i,t)V̂ (i,t)−1

Note that the sum of the second, third, and fourth term correspond to the estimated t × r matrix

B̂(i,t) in Equation (S-8) which contains the forecast errors µ̂
(i)
t . Finally, using the same argument as

in Bai (2003), by substituting in the factor model in matrix notation, which is written:

X(t)

t×N
= F (t)

t×r
Λ′
r×N

+ u(t)

t×N
(S-12)

we have that:

F̂
(i,t)
j − Ĥ(i,t)Fj − B̂(i,t)

j = V̂ (i,t)−1

(
1

t

t∑
k=1

F̂
(i,t)
k γkj +

1

t

t∑
k=1

F̂
(i,t)
k ζkj
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+
1

t

t∑
k=1

F̂
(i,t)
k ηkj +

1

t

t∑
k=1

F̂
(i,t)
k ξkj

)
(S-13)

and, as defined in Bai and Ng (2002), we let:

γkj = E

(
1

N

N∑
i=1

uikuij

)

ζkj =

(
1

N

N∑
i=1

uijuik

)
− γkj

ηkj =
1

N

N∑
i=1

F ′kλiuij = F ′k
Λ′uj
N

ξkj =
1

N

N∑
i=1

λ′iFjuik =
u′kΛ

N
Fj

Now, by defining:

F̃
(i,t)
j ≡ Fj − Ĥ(i,t)−1B̂

(i,t)
j (S-14)

we can rewrite Equation S-13 to get:

F̂
(i,t)
j − Ĥ(i,t)F̃

(i,t)
j = V̂ (i,t)−1

(
1

t

t∑
k=1

F̂
(i,t)
k γkj +

1

t

t∑
k=1

F̂
(i,t)
k ζkj

+
1

t

t∑
k=1

F̂
(i,t)
k ηkj +

1

t

t∑
k=1

F̂
(i,t)
k ξkj

)
(S-15)

Equation (S-15) gives us an expression for the deviation of the estimated factors from a rotation of

the true factors plus a contamination due to the presence of the forecast errors µ̂
(i)
t . The right hand

side (RHS) of Equation (S-15) will be treated in the same way as in Bai (2003) and more recently
Fosten (2016) and Gonçalves et al. (2017).

Finally, in each window t = R+ 1, ..., T and for observations j = 1, ..., t we define the ‘pseudo-true
factors’ as:

F
(i,t)
j ≡ Fj −H(i,t)−1

0 B̈
(i,t)
j (S-16)

which is equal to the true factors plus a contamination which depends on the true forecast errors µ̈
(i)
t

rather than estimated forecast errors µ̂
(i)
t . The matrix B̈

(i,t)
j is defined in (S-9). In order to purge

F̃
(i,t)
j in Equation (S-14) of the effect of the estimation error in µ̂

(i)
t we will therefore make use of the

following representation:

F
(i,t)
j = F̃

(i,t)
j −H(i,t)−1

0

(
B̈

(i,t)
j − B̂(i,t)

j

)
−
(
H

(i,t)−1
0 − Ĥ(i,t)−1

)
B̈

(i,t)
j

+
(
H

(i,t)−1
0 − Ĥ(i,t)−1

)(
B̈

(i,t)
j − B̂(i,t)

j

)
. (S-17)
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S3 Factor Assumptions

The following assumptions are used to prove Theorem 1 as well as various auxiliary lemmas listed
below. Before outlining the conditions, let supt stand short for supR≤t≤T and supi,t stand short for
sup1≤i≤N supR≤t≤T (we will refer to the latter as ‘uniformly in i and t’ in what follows). Also, recall

that we imposed the identification assumptions F (t)′F (t)/t = Ir and Λ′Λ/N is diagonal.

Assumption SM1. 1. For every i = 1, . . . , N , the data {Ft, εt, µit, uit}Tt=1 is strictly stationary

and β-mixing with size of the mixing coefficient being brP = o
(
r
−2drP /(drP−1)

P

)
and dr > 1,

where drP was defined in Assumption 4 in the main text.

2. E
[
‖Ft‖4dr

]
≤ C, and 1

T

∑t
j=1 FjF

′
j

p→ ΣF uniformly in R ≤ t ≤ T (‘uniformly in t’ in the

following), with the r × r positive definite matrix ΣF ; The loadings λi for i = 1, ..., N are

either deterministic such that ‖λi‖ ≤ C or stochastic such that E
[
‖λi‖4dr

]
≤ C. In any case

Λ′Λ/N
p→ ΣΛ, with ΣΛ an r× r positive definite matrix ΣΛ; The eigenvalues of the r× r matrix

(ΣΛ · ΣF ) are unique.

3. E [uit] = 0, E
[
|uit|8dr

]
≤ C; E

[
1
N

∑N
i=1 uisuit

]
= γst, |γss| ≤ C for all s,

and 1
T

∑t
j=1

∑t
k=1

∣∣∣γjk∣∣∣ ≤ C for all j, k, as well as 1
P

∑T
t=R+1

∑t
k=1 γ

2
tk ≤ C uniformly in t; For

all (t, s), E

[∣∣∣N−1/2
∑N

i=1 uituis − E (uituis)
∣∣∣8] ≤ C; E [uitujt] = τij,t with |τij,t| ≤ |τij | for some

τij and all t; in addition, 1
N

∑N
i=1

∑N
j=1 |τij | ≤ C; for some (k, h), let E [uikujh] = τij,kh, and

assume for all t, 1
NT

∑N
i=1

∑N
j=1

∑t
k=1

∑t
h=1 |τij,kh| ≤ C.

4. For all s, E

[∥∥∥supt
1√
NT

∑t
k=1

∑N
i=1 Fk (uisuik − E (uisuik))

∥∥∥2
]
≤ C; For all s, and h ≥ 0,

E

[∣∣∣supt
1√
NT

∑t−h
k=1

∑N
i=1 (uisuik − E (uisuik)) εk

∣∣∣2] ≤ C; E

[∥∥∥ 1√
TN

supt
∑t
j=1 Λ′ujεj

∥∥∥2] ≤ C,and E [λiuitεt] =

0 for all (i, t); E

[(
1
N

∑N
i=1

∥∥∥supt
1√
T

∑t
j=1 Fjuij

∥∥∥)2
]
≤ C,

and E [Ftuit] = 0 for all (i, t); E

[∥∥∥ 1√
TN

supt
∑t

j=1 Fju
′
jΛ
∥∥∥2
]
≤ C, and E [λiuitFt] = 0 for all

(i, t); E

[
1
T supt

∑t
j=1

∥∥∥ 1√
N

∑N
i=1 λiuij

∥∥∥2
]
≤ C, and E [λiuij ] = 0 for all (i, j)

5. E[Ftεt] = 0 and E
[
|εt|4dr

]
≤ C; E

[
supt

(
1
T

∑t
k=1 Fkεk

)2] ≤ C.

6. Uniformly in i and t, ‖µ̂(i)
t − µ̈

(i)
t ‖ = Op(1/

√
R) and E

[∥∥∥µ̈(i,t)
t

∥∥∥4dr
]
≤ C.
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S4 Auxiliary Lemmas (Factors)

Lemma B.1. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:∥∥∥V̂ (i,t)−1
∥∥∥ = Op (1) and

∥∥∥Ĥ(i,t)
∥∥∥2

= Op (1)

uniformly in i and t.

Lemma B.2. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:

1

T

t∑
j=1

∥∥∥F̂ (i,t)
j − Ĥ(i,t)F̃

(i,t)
j

∥∥∥2
= Op

(
max

{
1

N
,

1

R

})
uniformly in i and t.

Lemma B.3. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:

1

T

t∑
j=1

∥∥∥B̈(i,t)
j

∥∥∥2
= Op

(
1

R

)
uniformly in i and t.

Lemma B.4. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:

1

T

t∑
j=1

∥∥∥B̂(i,t)
j

∥∥∥2
= Op

(
1

R

)
uniformly in i and t.

Lemma B.5. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:

1

T

t∑
j=1

∥∥∥F̂ (i,t)
j − Ĥ(i,t)Fj

∥∥∥2
= Op

(
max

{
1

N
,

1

R

})
uniformly in i and t, where Fj are the the true factors.

Lemma B.6. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:

1

T

t∑
j=1

(
F̂

(i,t)
j − Ĥ(i,t)Fj

)
F ′j = Op

(
max

{
1

N
,

1

R

})
uniformly in i and t.

Lemma B.7. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:∥∥∥Ĥ(i,t) −H(i,t)
0

∥∥∥ = Op

(
max

{
1

R
,

1

N

})
uniformly in i and t, where H

(i,t)
0 = diag(±1).
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Lemma B.8. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:∥∥∥V̂ (i,t)−1 − V −1
0

∥∥∥ = Op

(
max

{
1

R
,

1

N

})

uniformly in i and t, with V0 = Σ
1
2
ΛΣFΣ

1
2
Λ.

Lemma B.9. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:

sup
i,t

∥∥∥B̂(i,t)
t − B̈(i,t)

t

∥∥∥ = Op

(
max

{
1√
R
,

1√
N

})
.

Lemma B.10. Under Assumption SM1 above and Assumption 4 of the paper, it holds that:

1

P

T∑
t=R+1

∥∥∥B̂(i,t)
t − B̈(i,t)

t

∥∥∥2
= Op

(
max

{
1

R
,

1

N

})
uniformly in i.

Remark 1. Note that the technical results of Lemmas B.1 through B.10 carry directly over to the
mixed frequency case with skip-sampled series. To see this, assume the monthly case from the paper
with j = 1/3, 2/3, 1, . . . , t − 2/3, t − 1/3, t. Then, taking Lemma B.5 as an illustrative example, the
result of this lemma for the uni-frequency case and the rate conditions of Assumption 4 imply that:

1

3t

t∑
j=1/3

∥∥∥F̂ (i,t)
j − Ĥ(i,t)Fj

∥∥∥2
=

(
T

3t

)
1

T

t∑
j=1/3

∥∥∥F̂ (i,t)
j − Ĥ(i,t)Fj

∥∥∥2
= O(1)Op

(
max

{
1

N
,

1

R

})

for each R + 1 ≤ t ≤ T . Now, skip-sampling over say months 1 and 2 of the quarter (i.e., k =
1, 2, 3, . . . , t− 2, t− 1, t) yields automatically the bound:

1

t

t∑
k=1

∥∥∥F̂ (i,t)
k − Ĥ(i,t)Fk

∥∥∥2
≤ 1

t

t∑
j=1/3

∥∥∥F̂ (i,t)
j − Ĥ(i,t)Fj

∥∥∥2
= Op

(
max

{
1

N
,

1

R

})
.

for each skip-sampled series, since the additional scaling of the average by 1/3 does not affect the
asymptotic rate. A similar line of argument can be used for the other Lemmas.

Proof of Lemma B.1. We start with the first claim and note that Lemma A.5 of Gonçalves et al.
(2017) shows uniformity over t in the standard set-up where the data matrix X(t)X(t)′ is used to
estimate the factors and not X̂(i,t)X̂(i,t)′. In this proof it therefore suffices to show that:

X̂(i,t)X̂(i,t)′/tN = X(t)X(t)′/tN + op(1)

uniformly across i, which removes dependence on i. From Section S2, we know that:

X̂(i,t)X̂(i,t)′/tN = X(t)X(t)′/tN +
(
X(t)Â(i,t)′ + Â(i,t)X(t)′ + Â(i,t)Â(i,t)′

)
/tN. (S-18)
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For the term in brackets, we have that uniformly in i and t:

‖X(t)Â(i,t)′ + Â(i,t)X(t)′ + Â(i,t)Â(i,t)′‖/tN = Op

(
1

RN

)
,

which follows from a similar line of reasoning as in the proof of Lemma B.4 below using the fact that
the first (t− 1) rows and/or columns of the first, second, and third term have zero entries (see proofs
of Lemma B.3 and B.4 for details) and Assumption SM1, as well as the fact that (t/R) = O(1) for
every R ≤ t ≤ T by Assumption 4. Moreover, using the matrix representation of X(t) in Equation
(S-12), we obtain for the first term on the RHS of (S-18) that:

E
[
X(t)X(t)′

]
/tN = E

[
F (t)Λ′ΛF (t)′

]
/tN + E

[
u(t)u(t)′

]
/tN.

given that E
[
F (t)Λ′u(t)′] = 0 by 4. in Assumption SM1. Therefore, repeating the line of argument as in

the proof of Lemma A.5 in Gonçalves et al. (2017), we can deduce that the smallest eigenvalue of V̂ (i,t)

is bounded from below by the smallest eigenvalue of Σ
1
2
ΛΣFΣ

1
2
Λ, the probability limit of Λ′F (t)′F (t)Λ/tN

(because the non-zero eigenvalues of X(t)X(t)′ are identical to those of X(t)′X(t)), if we can show that:∥∥∥X(t)X(t)′/tN − E
[
X(t)X(t)′

]
/tN

∥∥∥ = op(1)

uniformly in i and t. But this follows from SM1 and an argument similar to the proof of Lemma
A.5 in Gonçalves et al. (2017), which in turn implies that ‖V̂ (i,t)−1‖ = Op(1) uniformly in i and t.

Moreover, given this result and since F̂ (i,t)′F̂ (i,t)/t = Ir, one can again follow the proof of Lemma
A.5 in Gonçalves et al. (2017) to verify the second claim in Lemma B.1, namely ‖Ĥ(i,t)‖2 = Op(1)
uniformly in i and t.

�
Proof of Lemma B.2. Since V̂ (i,t)−1 is of order Op(1) uniformly in i and t by Lemma B.1, its
presence will be ignored in the following. First, observe that:

1

T

t∑
j=1

∥∥∥F̂ (i,t)
j − Ĥ(i,t)F̃

(i,t)
j

∥∥∥2

≤
(
t

T

)
4

t

(
t∑

j=1

(∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k γkj

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ζkj

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ηkj

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ξkj

∥∥∥∥∥
2))

Since (t/T ) = O(1) by Assumption 4, the remaining arguments are as in the proof of Theorem 1 in
Gonçalves et al. (2017) noting that they hold uniformly in i and t. Therefore, we have that the first
term on the RHS is of order Op(R

−1), the second term is Op(N
−1), the third term is of order Op(N

−1),
and the fourth term is also of order Op(N

−1) uniformly in i and t. This completes the proof of the
Lemma. �
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Proof of Lemma B.3. We firstly obtain an expression for B̈
(i,t)
j for a given t and i. Recall that

B̈(i,t) is the t× r matrix:

B̈(i,t) ≡ 1

Nt

(
X(t)Ä(i,t)′ + Ä(i,t)X(t)′ + Ä(i,t)Ä(i,t)′

)
F (t)H

(i,t)
0 V −1

0

= I + II + III

Starting with I we note that:

X(t)Ä(i,t)′F (t) = X(t)
[
0N×(t−1), µ̈

(i)
t

]
F (t)

=
[
0t×(t−1), X

(t)µ̈
(i)
t

]
F (t)

=

0t×(t−1),

∑N
h=i+1Xh,1µ̈ht

...∑N
h=i+1Xh,tµ̈ht


 F ′1

...
F ′t



=


∑N

h=i+1Xh,1µ̈htF
′
t

...∑N
h=i+1Xh,tµ̈htF

′
t



=


∑N

h=i+1(λ′hF1 + uh,1)µ̈htF
′
t

...∑N
h=i+1(λ′hFt + uh,t)µ̈htF

′
t

 ,
For part II we have:

Ä(i,t)X(t)′F (t) =

[
0(t−1)×N

µ̈
(i)′
t

]
X(t)′F (t)

=

[
0(t−1)×t

µ̈
(i)′
t X(t)′

]
F (t)

=

[
0(t−1)×t∑N

h=i+1 µ̈htXh,1, ...,
∑N

h=i+1 µ̈htXh,t

] F ′1
...
F ′t


=

[
0(t−1)×r∑N

h=i+1

∑t
k=1 µ̈htXh,kF

′
k

]
=

[
0(t−1)×r∑N

h=i+1

∑t
k=1 µ̈htXh,kF

′
k

]

Finally, for part III:

Ä(i,t)Ä(i,t)′F (t) =
[
0N×(t−1), µ̈

(i)
t

] [ 0(t−1)×N

µ̈
(i)′
t

]
F (t)
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=

[
0(t−1)×(t−1) 0(t−1)×1

01×(t−1) µ̈
(i)′
t µ̈

(i)
t

]
F (t)

=

[
0(t−1)×(t−1) 0(t−1)×1

01×(t−1)

∑N
h=i+1 µ̈

2
ht

] F ′1
...
F ′t


=

[
0(t−1)×r∑N
h=i+1 µ̈

2
htF

′
t

]

Therefore we see that parts II and III only affect the last row of the t× r matrix B(i,t) whereas part
I has a contribution to every row.

B̈(i,t) =
1

tN


∑N

h=i+1Xh,1µ̈htF
′
t

...∑N
h=i+1Xh,t−1µ̈htF

′
t∑N

h=i+1

∑t
k=1 µ̈htXh,kF

′
k +

∑N
h=i+1Xh,tµ̈htF

′
t +

∑N
h=i+1 µ̈

2
htF

′
t

H(i,t)
0 V −1

0

Now, we note that for j = 1, ..., t− 1:

B̈
(i,t)
j =

1

tN

N∑
h=i+1

Xh,jµ̈htF
′
tH

(i,t)
0 V −1

0

Whereas for the final observation of the window at j = t:

B̈
(i,t)
j =

1

tN

N∑
h=i+1

t∑
k=1

µ̈htXh,kF
′
kH

(i,t)
0 V −1

0 +
1

tN

N∑
h=i+1

Xh,tµ̈htF
′
tH

(i,t)
0 V −1

0

+
1

tN

N∑
h=i+1

µ̈2
htF

′
tH

(i,t)
0 V −1

0

Therefore we can write the statement in Lemma B.3 as:

t∑
j=1

∥∥∥B̈(i,t)
j

∥∥∥2
=

t∑
j=1

∥∥∥∥∥ 1

tN

N∑
h=i+1

Xh,tµ̈htF
′
tH

(i,t)
0 V −1

0

∥∥∥∥∥
2

+

∥∥∥∥∥ 1

tN

N∑
h=i+1

µ̈2
htF

′
tH

(i,t)
0 V −1

0

∥∥∥∥∥
2

(S-19)

+

∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htXh,kF
′
kH

(i,t)
0 V −1

0

∥∥∥∥∥
2
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noting that the last two terms do not have
∑t

j=1 because these terms only apply to the last row of
the window.

We start with the first term on the RHS of Equation (S-19). Note that H
(i,t)
0 and of V −1

0 are the

probability limits of Ĥ(i,t) and V̂ (i,t)−1, which are both bounded uniformly in i and t. Thus, we can
bound this term as follows:

t∑
j=1

∥∥∥∥∥ 1

tN

N∑
h=i+1

Xj,tµ̈htF
′
tH

(i,t)
0 V −1

0

∥∥∥∥∥
2

≤C
t
‖Ft‖2

(
1

tN2

t∑
j=1

N∑
h=i+1

∥∥(λ′hFj + uhj
)
µ̈ht
∥∥2

)

≤C
(
T

t

)
1

N

(
1

t
‖Ft‖2

)(
1

N

N∑
h=i+1

‖µ̈ht‖4
) 1

2

 1

N

N∑
h=i+1

 1

T

t∑
j=1

(
λ′hFj + uhj

)22
1
2

.

While
(
T
t

)
= O(1) by the rate conditions of Assumption 4, the term t−1 ‖Ft‖2 is of order Op(1)

uniformly in i and t since t−1
∑t

k=1 ‖Fk‖
2 = Op(1) uniformly in i and t. Moreover, note that:

1

N

N∑
h=i+1

 1

T

t∑
j=1

(
λ′hFjF

′
jλh + u2

hj + 2λ′hFjuhj
)2

= Op(1)

uniformly in i and t by Assumption SM1 and an application of Markov’s inequality. Also, by Assump-
tion SM1, the second term on the RHS is:

1

N

N∑
h=i+1

µ̈4 = Op(1)

uniformly in i and t and so the whole term is therefore of order Op(1) uniformly in i and t.
Next, consider the second term on the RHS of Equation (S-19):∥∥∥∥∥ 1

tN

N∑
h=i+1

Xh,tµ̈htF
′
t

∥∥∥∥∥
2

≤ C 1

t2
‖Ft‖2

(
1

N2

N∑
h=i+1

µ̈4
ht

)
.

By Assumption SM1 and application of Markov’s inequality, it holds that:

1

N

N∑
h=i+1

µ̈4
ht = Op(1)

uniformly in i and t. The whole term is therefore of order op(R
−1) for all i and t since t−1 ≤ R−1.

The final term from the RHS of Equation (S-19) to consider is:∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htF
′
k

(
λ′hFk + uhk

)∥∥∥∥∥
2

,
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which can be bounded by:

C

(
1

t

t∑
k=1

‖Fk‖2
)(

1

N

N∑
h=i+1

µ̈2
ht

)(
T

t

)(
1

N

N∑
h=i+1

(
1

T

t∑
k=1

(
λ′hFk + uhk

)2))
(S-20)

The term t−1
∑t

k=1 ‖Fk‖
2 is of order Op(1) uniformly in i and t by the arguments from before. More-

over, by Assumption SM1 and Markov’s inequality:(
1

N

N∑
h=i+1

µ̈2
ht

)(
T

t

)(
1

N

N∑
h=i+1

(
1

T

t∑
k=1

(
λ′hFk + uhk

)2))
= Op(1)

uniformly in i and t, and by Assumption SM1 for all i and t:

1

N

N∑
h=i+1

µ̈2
ht = Op(1).

Thus, the bound for Equation (S-20) is of order Op(1), which holds uniformly in i and t. The claim
follows noting that (R/T ) = O(1) by assumption.

�
Proof of Lemma B.4. A similar decomposition as in the proof of Lemma B.3 yields:

t∑
j=1

∥∥∥B̂(i,t)
j

∥∥∥2
=

t∑
j=1

∥∥∥∥∥ 1

tN

N∑
h=i+1

Xh,jµ̂htF
′
tĤ

(i,t)V̂ (i,t)−1

∥∥∥∥∥
2

+

∥∥∥∥∥ 1

tN

N∑
h=i+1

µ̂2
htF

′
tĤ

(i,t)V̂ (i,t)−1

∥∥∥∥∥
2

(S-21)

+

∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̂htXh,kF
′
kĤ

(i,t)V̂ (i,t)−1

∥∥∥∥∥
2

.

We will only sketch the steps for the first term on the RHS of S-21, the others follow by similar
arguments. Since Ĥ(i,t) and of V̂ (i,t)−1 are both bounded in probability uniformly in i and t by
Lemma B.1, we can use the same argument as in the previous lemma to derive the bound:

t∑
j=1

∥∥∥∥∥ 1

tN

N∑
h=i+1

Xj,tµ̂htF
′
tĤ

(i,t)V̂ (i,t)−1

∥∥∥∥∥
2

≤C
(
T

t

)
1

N

(
1

t
‖Ft‖2

)(
1

N

N∑
h=i+1

|µ̂ht|4
) 1

2

 1

N

N∑
h=i+1

 1

T

t∑
j=1

(
λ′hFj + uhj

)22
1
2

.

While the first, second, and fourth term are identical to the proof of Lemma B.3, the third term on
the RHS is:

1

N

N∑
h=i+1

µ̂4
ht =

1

N

N∑
h=i+1

µ̈4
ht + op(1) = Op(1)

13



uniformly in i and t by Assumption SM1 and an application of Markov’s inequality. The remaining
terms can be analyzed using analogous arguments to above and Lemma B.3.

�
Proof of Lemma B.5. Note that:

1

T

t∑
j=1

∥∥∥F̂ (i,t)
j − Ĥ(i,t)Fj

∥∥∥2
=

1

T

t∑
j=1

∥∥∥F̂ (i,t)
j − Ĥ(i,t)

(
F̃

(i,t)
j + Ĥ(i,t)−1B̂

(i,t)
j

)∥∥∥2

=
1

T

t∑
j=1

∥∥∥F̂ (i,t)
j − Ĥ(i,t)F̃

(i,t)
j − B̂(i,t)

j

∥∥∥2

≤ 1

T

t∑
j=1

∥∥∥F̂ (i,t)
j − Ĥ(i,t)F̃

(i,t)
j

∥∥∥2

+
1

T

t∑
j=1

∥∥∥B̂(i,t)
j

∥∥∥2
.

By Lemma B.2, the first term after the inequality is of order Op
(
max

{
1
N ,

1
R

})
, while the second is of

order Op
(

1
R

)
by Lemma B.4, and so the entire term is of order Op

(
max

{
1
N ,

1
R

})
uniformly in i and

t. �
Proof of Lemma B.6. The proof of this lemma has been omitted for brevity. It follows very closely
Lemma B.2 of Bai (2003), replacing use of his Lemma A.1 by our Lemma B.5 above, and noting that
results can be shown to hold uniformly in i and t. �
Proof of Lemma B.7. The proof closely follows the argument of Bai and Ng (2013), Appendix
B (p.27), extending the results to hold uniformly in i and t. Starting with the rotation matrix
Ĥ(i,t) = V̂ (i,t)−1(F̂ (i,t)′F (t)/t)(Λ′Λ/N) defined in the text, we decompose the term F̂ (i,t)′F (t)/t into:

F̂ (i,t)′F (t)

t
=

(
F̂ (i,t) − F (t)Ĥ(i,t)′

)′
F (t)

t
+ Ĥ(i,t)F

(t)′F (t)

t

= Ĥ(i,t) +Op

(
max

{
1

N
,

1

R

})
(S-22)

since we use the normalisation F (t)′F (t)

t = Ir for all t = R+1, ..., T , and since
(
F̂ (i,t) − F (t)Ĥ(i,t)′

)′
F (t)/t =

(T/t)
(
F̂ (i,t) − F (t)Ĥ(i,t)′

)′
F (t)/T = Op

(
max

{
1
N ,

1
R

})
uniformly in i and t by Lemma B.6.

Now post-multiplying Equation (S-22) further by Ĥ(i,t)′ we have:

F̂ (i,t)′F (t)

t
Ĥ(i,t)′ = Ĥ(i,t)Ĥ(i,t)′ +Op

(
max

{
1

N
,

1

R

})
and expanding this further:

F̂ (i,t)′
(
F (t)Ĥ(i,t)′ − F̂ (i,t) + F̂ (i,t)

)
t

= Ĥ(i,t)Ĥ(i,t) +Op

(
max

{
1

N
,

1

R

})
14



which finally gives:

Ĥ(i,t)Ĥ(i,t) = Ir +Op

(
max

{
1

N
,

1

R

})
since we normalise the estimates F̂ (i,t)′F̂ (i,t)

t = Ir for all t = R + 1, ..., T , i = 1, ..., N , and since it also
holds from Lemma B.6 and a similar result to Bai and Ng (2006) Lemmas A1(ii) and A1(iii) that

F̂ (i,t)′
(
F (t)Ĥ(i,t)′ − F̂ (i,t)

)
/t = Op

(
max

{
1
N ,

1
R

})
uniformly in i and t.

The result that Ĥ(i,t)Ĥ(i,t) = Ir + Op
(
max

{
1
N ,

1
R

})
uniformly in i and t means that Ĥ(i,t) is an

orthogonal matrix with eigenvalues equal to ±1 up to a term which is negligible uniformly in i and t.
Finally, in order to show what is required, that Ĥ(i,t) is a diagonal matrix with ±1 on the principal
diagonal, up to a term which is of order Op

(
max

{
1
N ,

1
R

})
, it suffices to show that Ĥ(i,t) is symmetric,

which follows an identical proof to that of Bai and Ng (2013). �
Proof of Lemma B.8. Since we know from the proof of Lemma B.7 that

Ĥ(i,t)Ĥ(i,t) = Ir +Op

(
max

{
1

N
,

1

R

})
,

uniformly in i and t, and, as in Bai and Ng (2013), Appendix B (p.27),

Λ′F (t)′F (t)Λ

Nt
Ĥ(i,t) = Ĥ(i,t)V̂ (i,t) +Op

(
max

{
1

N
,

1

R

})
,

we can conclude that:

V̂ (i,t) = V0 +Op

(
max

{
1

N
,

1

R

})
uniformly in i and t. Moreover, it holds that:∥∥∥V̂ (i,t)−1 − V −1

0

∥∥∥ =
∥∥V −1

0

∥∥× ∥∥∥V0 − V̂ (i,t)
∥∥∥× ∥∥∥V̂ (i,t)−1

∥∥∥ .
Since V0 is positive definite by Assumption SM1 above and Lemma B.1 that

∥∥∥V̂ (i,t)−1
∥∥∥ = Op(1)

uniformly in i and t, it follows that for all i and t:∥∥∥V̂ (i,t)−1 − V −1
0

∥∥∥ = Op

(
max

{
1

R
,

1

N

})
.

�
Proof of Lemma B.9. Using the representation derived in the proof of Lemma B.3, we have that:∥∥∥B̂(i,t)

t − B̈(i,t)
t

∥∥∥
=

∥∥∥∥∥ 1

tN

N∑
h=i+1

(
Xhtµ̂htF̂

(i,t)′
t V̂ (i,t)−1 −Xhtµ̈htF

′
tH

(i,t)
0 V −1

0

)∥∥∥∥∥
+

∥∥∥∥∥ 1

tN

N∑
h=i+1

(
µ̂2
htF̂

(i,t)′
t V̂ (i,t)−1 − µ̈2

htF
′
tH

(i,t)
0 V −1

0

)∥∥∥∥∥
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+

∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

(
µ̂htXhkF̂

(i,t)′
k V̂ (i,t)−1 − µ̈htXhkF

′
kH

(i,t)
0 V −1

0

)∥∥∥∥∥ .
For simplicity, we will only examine the leading term involving the double sum

∑N
h=i+1

∑t
k=1, the

remaining terms follow by similar arguments and are of smaller order than the last term. First note,
that this term can be further decomposed as:∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̂htXhkF̂
(i,t)′
k V̂ (i,t)−1 −

N∑
h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0 V −1

0

)∥∥∥∥∥
≤

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̂htXhkF
′
kH

(i,t)
0 V −1

0 −
N∑

h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0 V −1

0

)∥∥∥∥∥ (S-23)

+

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̈htXhkF̂
(i,t)′
k V −1

0 −
N∑

h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0 V −1

0

)∥∥∥∥∥
+

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0 V̂ (i,t)−1 −

N∑
h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0 V −1

0

)∥∥∥∥∥
+op(1),

where the op(1) term holds uniformly in i and t and contains the cross-products. We start with the
last term on the RHS of the inequality, which can be written as:∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0

(
V −1

0 − V̂ (i,t)−1
)∥∥∥∥∥

≤ sup
i,t

∥∥∥V −1
0 − V̂ (i,t)−1

∥∥∥(∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0

∥∥∥∥∥
)

≤ sup
i,t

∥∥∥V −1
0 − V̂ (i,t)−1

∥∥∥(T
t

)( 1

TN

N∑
h=i+1

t∑
k=1

‖µ̈htXhk‖2
) 1

2
(

1

t

t∑
k=1

‖Fk‖2
) 1

2


≤ sup

i,t

∥∥∥V −1
0 − V̂ (i,t)−1

∥∥∥(T
t

)((
1

N

N∑
h=i+1

µ̈4
ht

) 1
4
(

1

TN

N∑
h=i+1

t∑
k=1

(λ′hFk + uhk)
4

) 1
4

×

(
1

t

t∑
k=1

‖Fk‖2
) 1

2
)

= Op

(
max

{
1

R
,

1

N

})
O(1)Op(1)Op(1)Op(1),

where the last equality follows from Lemma B.8, Assumption SM1, and the fact that:(
1

t

t∑
k=1

‖Fk‖2
)

= Op(1)
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for every i and t. For the second term on the RHS of Equation (S-23), we get that:∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htXhk

(
F̂

(i,t)′
k − F ′kH

(i,t)
0

)
V −1

0

∥∥∥∥∥
≤ C

( 1

tN

N∑
h=i+1

t∑
k=1

‖µ̈htXhk‖2
) 1

2
(

1

t

t∑
k=1

‖F̂ (i,t)′
k −H(i,t)

0 F ′k‖2
) 1

2


≤ C

(
T

t

) 1
2

((
1

tN

N∑
h=i+1

t∑
k=1

‖µ̈ht‖4
) 1

4
(

1

TN

N∑
h=i+1

t∑
k=1

‖Xhk‖4
) 1

4

×

(
1

t

t∑
k=1

‖F̂ (i,t)′
k −H(i,t)

0 F ′k‖2
) 1

2
)

where we used the fact that ‖V −1
0 ‖ = O(1). While the first term in brackets is again of order Op(1)

uniformly in i and t by Assumption SM1 and the same argument as above, note that the second term
can be decomposed as follows:

1

t

t∑
k=1

‖F̂ (i,t)
k −H(i,t)

0 Fk‖2

≤
(
T

t

)
1

T

t∑
k=1

‖F̂ (i,t)
k − Ĥ(i,t)Fk‖2 +

(
‖Ĥ(i,t) −H(i,t)

0 ‖2
) 1

t

t∑
k=1

‖Fk‖2 = Op

(
max

{
1

R
,

1

N

})
uniformly in i and t by Lemma B.5 and B.7, which implies this term is of order Op

(
max

{
1√
R
, 1√

N

})
uniformly in i and t. For the first term on the RHS of Equation (S-23), we obtain instead:∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

(µ̈ht − µ̂ht)XhkF
′
kH

(i,t)
0 V −1

0

∥∥∥∥∥
≤ C sup

i,t
|µ̈ht − µ̂ht|2

(
T

t

) 1
2

(1

t

t∑
k=1

‖Fk‖2
) 1

2
(

1

NT

N∑
h=i+1

t∑
k=1

(λ′hFk + uhk)
2

) 1
2


= Op

(
1√
R

)
O(1)Op(1)Op(1),

where we used again the fact that ‖V −1
0 ‖ = O(1) and H

(i,t)
0 H

(i,t)
0 = Ir uniformly in i and t.

�

Proof of Lemma B.10. Unlike in Lemma B.3, we now look at 1
P

∑T
t=R+1

∥∥∥B̂(i,t)
t − B̈(i,t)

t

∥∥∥2
, which

involves averages of the last row of the window, across all t = R, ..., T .
First, note that:

B̈
(i,t)
t =

1

tN

(
N∑

h=i+1

t∑
k=1

µ̈htXhkF
′
k +

N∑
h=i+1

Xhtµ̈htF
′
t +

N∑
h=i+1

µ̈2
htF

′
t

)
H

(i,t)
0 V −1

0 (S-24)
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whereas:

B̂
(i,t)
t =

1

tN

(
N∑

h=i+1

t∑
k=1

µ̂htXhkF̂
(i,t)′
k +

N∑
h=i+1

Xhtµ̂htF̂
(i,t)′
t +

N∑
h=i+1

µ̂2
htF̂

(i,t)′
t

)
V̂ (i,t)−1. (S-25)

It is straightforward to see that the leading term of 1
P

∑T
t=R+1

∥∥∥B̂(i,t)
t − B̈(i,t)

t

∥∥∥2
is given by the ex-

pression involving the double sum
∑N

h=i+1

∑t
k=1, which can be written as:

1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̈htXhkF
′
kH

(i,t)
0 V −1

0 −
N∑

h=i+1

t∑
k=1

µ̂htXhkF̂
(i,t)′
k V̂ (i,t)−1

)∥∥∥∥∥
2

≤ 1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̈htXhkF̂
(i,t)′
k V̂ (i,t)−1 −

N∑
h=i+1

t∑
k=1

µ̂htXhkF̂
(i,t)′
k V̂ (i,t)−1

)∥∥∥∥∥
2

(S-26)

+
1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̂htXhkF
′
kH

(i,t)
0 V̂ (i,t)−1 −

N∑
h=i+1

t∑
k=1

µ̂htXhkF̂
(i,t)′
k V̂ (i,t)−1

)∥∥∥∥∥
2

+
1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

t∑
k=1

µ̂htXhkF̂
(i,t)′
k V −1

0 −
N∑

h=i+1

t∑
k=1

µ̂htXhkF̂
(i,t)′
k V̂ (i,t)−1

)∥∥∥∥∥
2

+op(1),

where the op(1) term holds uniformly in i and t and contains the cross-products. We start with the
last term on the RHS of the inequality. Since |µ̈ht − µ̂ht| = op(1) uniformly in i and t by Assumption
SM1, note that this term can be written as:

1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htXhkF̂
(i,t)′
k

(
V −1

0 − V̂ (i,t)−1
)∥∥∥∥∥

2

≤ sup
i,t

∥∥∥V −1
0 − V̂ (i,t)−1

∥∥∥2

 1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htXhkF̂
(i,t)′
k

∥∥∥∥∥
2


≤ sup
i,t

∥∥∥V −1
0 − V̂ (i,t)−1

∥∥∥2
(

1

P

T∑
t=R+1

(
1

tN

N∑
h=i+1

t∑
k=1

‖µ̈htXhk‖2
)(

1

t

t∑
k=1

‖F̂ (i,t)
k ‖2

))

≤ sup
i,t

∥∥∥V −1
0 − V̂ (i,t)−1

∥∥∥2
(
T

t

) 1
2

(
1

P

T∑
t=R+1

(
1

N

N∑
h=i+1

µ̈4
ht

) 1
2
(

1

TN

N∑
h=i+1

t∑
k=1

(λ′hFk + uhk)
4

) 1
2

×

(
1

t

t∑
k=1

‖F̂ (i,t)
k ‖2

))

≤ sup
i,t

∥∥∥V −1
0 − V̂ (i,t)−1

∥∥∥2
(
T

t

) 1
2

((
1

N

N∑
h=i+1

µ̈4
ht

) 1
2
(

1

P

T∑
t=R+1

(
1

TN

N∑
h=i+1

t∑
k=1

(λ′hFk + uhk)
4

)) 1
2
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×

 1

P

T∑
t=R

(
1

t

t∑
k=1

‖F̂ (i,t)
k ‖2

)2
 1

2)

= op

(
max

{
1

R
,

1

N

})
O(1)Op(1)Op(1)Op(1),

where the last equality follows from Lemma B.8, Assumption SM1, and the fact that:(
1

t

t∑
k=1

‖F̂ (i,t)
k ‖2

)
= Op(1)

for every i and t due to the normalisation. After replacing again µ̂ht and V̂ (i,t)−1 by its counterparts
µ̈ht and V −1

0 , respectively, using Assumption SM1 and the uniformity over i and t, we have for the
second term on the RHS of Equation (S-26) that:

1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

µ̈htXhk

(
F̂

(i,t)′
k − F ′kH

(i,t)
0

)
V −10

∥∥∥∥∥
2

≤ C
1

P

T∑
t=R+1

((
1

tN

N∑
h=i+1

t∑
k=1

‖µ̈htXhk‖2
)(

1

t

t∑
k=1

‖F̂ (i,t)′
k −H(i,t)

0 F ′k‖2
))

≤ C

 1

P

T∑
t=R+1

(
1

tN

N∑
h=i+1

t∑
k=1

‖µ̈htXhk‖2
)2
 1

2
 1

P

T∑
t=R+1

(
1

t

t∑
k=1

‖F̂ (i,t)′
k −H(i,t)

0 F ′k‖2
)2
 1

2

where we used the fact that ‖V −1
0 ‖ = O(1). While the first term in brackets is again of order Op(1)

uniformly in i and t by Assumption SM1 and the same argument as above, note that the second term
can be decomposed as follows:

1

t

t∑
k=1

‖F̂ (i,t)
k −H(i,t)

0 Fk‖2

≤ T

t

1

T

t∑
k=1

‖F̂ (i,t)
k − Ĥ(i,t)Fk‖2 +

(
‖Ĥ(i,t) −H(i,t)

0 ‖
) 1

t

t∑
k=1

‖Fk‖2 = Op

(
max

{
1

R
,

1

N

})
uniformly in i and t by Lemma B.5 and B.7 and (T/t) = O(1) by Assumption 4. For the first term
on the RHS of Equation (S-26), after the same replacements as above, we obtain instead:

1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

N∑
h=i+1

t∑
k=1

(µ̈ht − µ̂ht)XhkF
′
kH

(i,t)
0 V −1

0

∥∥∥∥∥
2

≤ C sup
i,t
|µ̈ht − µ̂ht|2

1

P

T∑
t=R+1

((
1

t

t∑
k=1

‖Fk‖2
)(

T

t

)(
1

NT

N∑
h=i+1

t∑
k=1

(λ′hFk + uhk)
2

))

= Op

(
1

R

)
Op(1),
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where we used again the fact that ‖V −1
0 ‖ = O(1) and H

(i,t)
0 H

(i,t)
0 = Ir uniformly in i and t.

Next, we examine the second term of 1
P

∑T
t=R+1

∥∥∥B̂(i,t)
t − B̈(i,t)

t

∥∥∥2
, given in the expressions of (S-24)

and (S-25):

1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

Xhtµ̂htF̂
(i,t)′
t V̂ (i,t)−1 −

N∑
h=i+1

Xhtµ̈htF
′
tH

(i,t)
0 V −1

0

)∥∥∥∥∥
2

≤ 1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

Xhtµ̂htF
′
tH

(i,t)
0 V −1

0 −
N∑

h=i+1

Xhtµ̈htF
′
tH

(i,t)
0 V −1

0

)∥∥∥∥∥
2

+
1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

Xhtµ̈htF̂
(i,t)′
t V −1

0 −
N∑

h=i+1

Xhtµ̈htF
′
tH

(i,t)
0 V −1

0

)∥∥∥∥∥
2

(S-27)

+
1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

(
N∑

h=i+1

Xhtµ̈htF
′
tH

(i,t)
0 V̂ (i,t)−1 −

N∑
h=i+1

Xhtµ̈htF
′
tH

(i,t)
0 V −1

0

)∥∥∥∥∥
2

+op(1),

where the op(1) term holds uniformly in i and t again and collects the cross-products. Starting with
the first term on the right hand side of (S-27), it is straightforward to see that similar arguments to
before yield:

1

P

T∑
t=R+1

∥∥∥∥∥ 1

tN

N∑
h=i+1

(µ̈ht − µ̂ht)XhtF
′
tH

(i,t)
0 V −1

0

∥∥∥∥∥
2

≤ C

R2
sup
i,t
|µ̈ht − µ̂ht|2

(
1

P

T∑
t=R+1

‖Ft‖2
) 1

2
(

1

NP

T∑
t=R+1

N∑
h=i+1

(λ′hFk + uhk)
2

) 1
2

= op

(
1

R

)
Op(1)Op(1),

where we used again the normalisation H
(i,t)
0 H

(i,t)
0 = Ir and the fact that (R/t) = O(1). Using similar

arguments we can bound the second term on the RHS of (S-27) by:

C

R2

 1

P

T∑
t=R+1

(
1

N

N∑
h=i+1

‖µ̈htXht‖2
)2
 1

2 (
1

P

T∑
t=R+1

(
‖F̂ (i,t)′

t −H(i,t)
0 F ′t‖2

)2
) 1

2

. (S-28)

Now while the first term in brackets is clearly Op(1) uniformly in i and t since

1

N

N∑
h=i+1

‖µ̈htXht‖2 ≤

(
1

N

N∑
h=i+1

|µ̈ht|4
) 1

2
(

1

N

N∑
h=i+1

‖Xht‖4
) 1

2

= Op(1)
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by Assumption SM1, we note that for the second term the crude bound:

‖F̂ (i,t)′
t −H(i,t)

0 F ′t‖2 ≤
t∑

k=1

‖F̂ (i,t)′
k −H(i,t)

0 F ′k‖2.

Therefore, re-inserting this term into the bound in Equation (S-28) and using the same arguments
as for the second term of Equation (S-26) term gives us that the second term is of order Op(1/R)
uniformly in i and t. Finally, for the third term on the RHS of (S-27) we get the bound:

1

R
sup
i,t
‖V̂ (i,t)−1 − V −1

0 ‖
2

 1

P

T∑
t=R+1

(
1

N

N∑
h=i+1

‖µ̈htXht‖2
)2
 1

2 (
1

P

T∑
t=R+1

(
1

t
‖Ft‖2

)2
) 1

2

,

which is of order Op
(

1
R

)
uniformly in i and t. Since similar arguments to above, also yield that the

third term of 1
P

∑T
t=R+1

∥∥∥B̂(i,t)
t − B̈(i,t)

t

∥∥∥2
, given in the expressions of (S-24) and (S-25), is of order

Op(1/R) uniformly in i and t. This establishes the claim. �

S5 Auxiliary Lemmas (Test Statistic)

Recall that c, c′, C, and C ′ denote generic positive constants whose values may vary from line to line
and which are assumed to depend exclusively on 0 < c1 ≤ C1 < 1 and on 0 < c2 < 1/4. Also, let
Pr∗ (·) denote the bootstrap probability measure, conditional on the data {∆Lt(.)}Tt=1, defined on a
given probability space (Ω,F ,Pr). Also, recall that κ denotes the cardinality of the set CS .

Lemma C.1. Grant the assumptions of Theorem 1. For some ζP1 satisfying Assumption 4 (ζP1 ≤
C1P

−c2 in particular), where all constants have been defined above, it holds that:

Pr

(
max
i,k∈CS

√
P

∣∣∣∣∣ 1

P

T∑
t=R+1

∆Lt(θ̂i+k,t, θ̂it)−∆Lt(θi+k, θi)

∣∣∣∣∣ > ζP1

)
≤ C1P

−c2

Lemma C.2. Grant the assumptions of Theorem 1. For some ζP1 as in Lemma C.1 and all constants
have been defined above, it holds that:

Pr

(
max
i,k∈CS

(
1

√
mP qP

mP∑
h=1

∑
t∈Ih

(
∆Lt(θ̂i+k,t, θ̂it)−∆Lt(θi+k, θi))

)2
) 1

2

> ζP1

)
≤ C1P

−c2 .

Lemma C.3. Grant the assumptions of Theorem 1. For some ϕP with 0 < ϕP ≤ CP−c, it holds
that:

Pr

(
cBMB(α) ≥ c0(α+ ϕP )

)
≥ 1− CP−c

and

Pr

(
cBMB(α) ≤ c0(α− ϕP )

)
≥ 1− CP−c,

where c0(γ), γ ∈ (0, 1), denotes the (1− γ) quantile of the distribution of max1≤l≤κ Yl.
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Proof of Lemma C.1. Applying Markov’s inequality, the probability is bounded by:

E

[
max
i,k∈CS

∣∣∣∣∣√PP ∑T
t=R+1 ∆Lt(θ̂i+k,t, θ̂it)−∆Lt(θi+k, θi)

∣∣∣∣∣
]

ζP1
. (S-29)

For simplicity, we focus on θ̂it = [F̂
(i,t)′
t , β̂′it]

′, ignoring any other set of estimated factors F̂
(i+k,t)′
t

as they will follow an identical proof. Thus, taking a mean value expansion around Ĥ(i,t)F
(i,t)
t and

Ĥ(i,t)′−1β we obtain:

1√
P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂it)−∆Lt(θi+k, θi)

)

=
1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

] (
F̂

(i,t)
t − Ĥ(i,t)F

(i,t)
t

)
(S-30)

+
1√
P

T∑
t=R+1

∇β
[
∆Lt(θi+k, θi)

] (
β̂it − Ĥ(i,t)′−1β

)
.

In the following we establish that:

1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

] (
F̂

(i,t)
t − Ĥ(i,t)F

(i,t)
t

)
= Op

(
max

{
P

R
,

√
P

R

})

and

1√
P

T∑
t=R+1

∇β
[
∆Lt(θi+k, θi)

] (
β̂it − Ĥ(i,t)′−1β

)
= Op

(
max

{
P

R
,

√
P

R

})
uniformly in i and t (note that since the same arguments apply to terms with k, uniformity holds also
in k). The first term in Equation (S-30) can be split into the following two components:

A1T =
1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

] (
F̂

(i,t)
t − Ĥ(i,t)F̃

(i,t)
t

)
and

A2T =
1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

]
Ĥ(i,t)

(
F̃

(i,t)
t − F (i,t)

t

)
.

Starting with A1T , we use the representation of Equation (S-15) to obtain:

1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

] (
F̂

(i,t)
t − Ĥ(i,t)F̃

(i,t)
t

)

=
1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

](
V̂ (i,t)−1

(
1

t

t∑
k=1

F̂
(i,t)
k γkt +

1

t

t∑
k=1

F̂
(i,t)
k ζkt
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+
1

t

t∑
k=1

F̂
(i,t)
k ηkt +

1

t

t∑
k=1

F̂
(i,t)
k ξkt

))
(S-31)

=
1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

](
V̂ (i,t)−1

(
I1t + I2t + It + I4t

))
The RHS of Equation (S-31) can be treated using standard arguments relying on Lemma B.2. We
will therefore only sketch the key steps.

Since ‖V̂ (i,t)−1‖ = Op(1) and ‖Ĥ(i,t)‖2 = Op(1) uniformly in i and t by Lemma B.1, we can ignore

the presence of V̂ (i,t)−1 in what follows as it can just be replaced by some constant. Thus, note that
the first term of Equation (S-31) can be decomposed as:

1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

](1

t

t∑
k=1
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)
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∇F
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](1

t
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(
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k −Ĥ(i,t)F

(i,t)
k

)
γkt

)

The second term can be bounded (uniformly in i and t) as follows:

1

P

T∑
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∇F
[
∆Lt(θi+k, θi)

](1

t
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(
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k − Ĥ(i,t)F
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)
γkt

)

≤ 1

tP

(
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t=R+1

∥∥∇F [∆Lt(θi+k, θi)]∥∥2
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∥∥∥∥∥
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(
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k − Ĥ(i,t)F

(i,t)
k

)
γkt

∥∥∥∥∥
2
1/2

=

(
1

P

T∑
t=R+1

∥∥∇F [∆Lt(θi+k, θi)]∥∥2

)1/2
 1

P
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∥∥∥∥∥1

t
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(i,t)
k

)
γkt

∥∥∥∥∥
2
1/2

= Op (1)Op

(
max

{
1√
N
,

1√
R

})
Op

(
1√
R

)
,

where the last line follows from an argument similar to Lemma A.2 and A.3 in Goncalves and Perron
(2014) using Lemma B.2. That is:

1

P

T∑
t=R+1

∥∥∥∥∥1

t

t∑
k=1

(
F̂

(i,t)
k − Ĥ(i,t)F

(i,t)
k

)
γkt

∥∥∥∥∥
2

(
1

t

t∑
k=1

∥∥∥F̂ (i,t)
k − Ĥ(i,t)F

(i,t)
k

∥∥∥2
)(

1

tP
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t=R+1

t∑
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T

t

)2
(

1

T
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∥∥∥F̂ (i,t)
k − Ĥ(i,t)F

(i,t)
k
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)(

1

PT
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γ2
kt

)

= O(1)Op

(
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{
1

N
,

1

R

})
Op

(
1

R

)
uniformly in i and t using the fact that t/T = O(1) by Assumption 4. Similarly, since

√
P/
√
R −→ 0,

it follows that the second term is of order op

(√
P
R ,

√
P
N

)
uniformly in i and t. By contrast, for the first
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term, we have that:

1√
P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

](1

t

t∑
k=1

Ĥ(i,t)F
(i,t)
k γkt

)

=
1√
P
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∆Lt(θi+k, θi)

](1

t
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Ĥ(i,t)Fkγkt
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− 1√

P

T∑
t=R+1

∇F
[
∆Lt(θi+k, θi)

](1

t

t∑
k=1

B̂
(i,t)
k γkt

)
= Q1T +Q2T .

The first term Q1T can be dealt with using standard arguments. That is:

E

∥∥∥∥∥∥ 1

t
√
P

T∑
t=R+1

t∑
j=1

∇F
[
∆Lt(θi+k, θi)

]
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∥∥∥∥∥∥

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|γjt|
(

E
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E
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√
P

R

1

P
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t∑
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|γjt| ×Op (1)

= Op

(√
P

R

)
,

where the last two lines hold uniformly in i and t, and follow from 1
P

∑T
t=R+1

∑t
j=1 |γjt| = Op (1) in

Assumption SM1. For the second term, Q2T , observe that:

1

t
√
P
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j=1

∇F
[
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]
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j γjt

= E
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j γjt

+
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The first term on the RHS of the above equation can be bounded by:

C E
[
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[
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T
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γ2
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 1
2

,

which is of order Op
(

1
R

)
for all i and t by Assumption SM1 and Lemma B.4. For the second term,

note that for all i and t:

1

t
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Op(1) = Op

(
1
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,

where the first term on the last line follows from the rate conditions, the second term from Assumption
SM1, while the third term follows from Lemma B.4. Finally, the last term is a result of an argument
similar to the proof of Lemma A4 in West (1996). Q2T is thus of order Op

(
1
R

)
uniformly in i and t.

The remaining terms involving I2t, It, and I4t can be treated in a similar manner to before using
and combining again arguments from Bai and Ng (2006) with arguments from Lemma B.2,B.4, and
B.9.

Turning to A2T from in Equation (S-30), note that we can use expressions (S-14) and (S-16), along
with the representation in Equation (S-17) to obtain:
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)
+ op(1)

= A21T +A22T + op(1),

where the op(1) term contains the cross-product and holds uniformly in i and t, which follows once
we have established the uniform convergence of A21T and A22T .

We start with A21T :∥∥∥∥∥ 1

P

T∑
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,

which uses the fact that ‖Ĥ(i,t)‖2 = Op(1) uniformly in i and t. The last term on the RHS is Op(1)

by Assumption SM1. For 1
P

∑T
t=R

∥∥∥B̈(i,t)
t

∥∥∥2
we have the following crude bound:
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which is Op(1) by Lemma B.3.

Finally, since Ĥ(i,t)−1 − H(i,t)−1
0 = H
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0
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uniformly in i and t, it therefore follows that:
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Next for A22T we have:
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For the first part, since ‖Ĥ(i,t)‖ = Op(1) uniformly in i and t, and E

[
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[
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]]
< C by

Assumption 2, by Lemma B.10 it follows that this expression is of order Op

(
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. For

the second term instead, we note that this expression can be bounded by:
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by Lemma B.9 and the fact

that all but the last row are zero, the second term satisfies again a CLT for mixing data (cf. West,

1996), and so we obtain that A22T = Op

(
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uniformly in i and t. We therefore have

that A2T = A21T + A22T is the sum of an Op
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(
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P
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We therefore have shown that the first term on the RHS of Equation (S-30) is:

1√
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uniformly in i and t.

Now we can we turn to the second term on the RHS of Equation (S-30). For this we need to analyse
the OLS estimator β̂it, remarking that these OLS estimates use the whole window from 1, ..., t, for

which only the last row of factor estimates are contaminated by the forecast errors µ̂
(i)
t .

β̂it = (F̂ (i,t)′F̂ (i,t))−1F̂ (i,t)′y(t)
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=
1

t
F̂ (i,t)′y(t)

since we normalize (F̂ (i,t)′F̂ (i,t))/t = Ir. Now manipulating Equation yt = β′Ft + εt, ignoring the
presence of Wt, we get:
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Ĥ(i,t)Fkεk +
1

t

t∑
k=1

(F̂
(i,t)
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Ĥ(i,t)Fk − F̂
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)′
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Inserting the representation from Equation (S-32) into the second term on the RHS of Equation (S-30)
we get:
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For the second term on the RHS of Equation (S-33), note that this expression can be decomposed as:
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The first term is bounded by:
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uniformly in i and t by Assumption SM1 and Lemma B.5. The second term can be bounded in a
similar manner to before:
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where the last line holds for all i and t. Using similar arguments to the above and noting that Ĥ(i,t)′−1β
is uniformly bounded in i and t, we obtain:
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Finally, we address the first term of Equation (S-33), namely:
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But this expression can again be decomposed by:
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where Ĥ(i,t) has been omitted since it is of order Op(1) uniformly in i and t. The second term will
follow by the same arguments as the first term after noting that it can be bounded by:
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where the first term is of order O(1), the second part of order Op(1) uniformly in i and t using again
arguments from West (1996). Turning to the first term of Equation (S-35), we note that Fkεik is a
mixingale for all i, 1 ≤ l ≤ κ, satisfying E

[
sup1≤t≤T |(F1εi,1 + . . .+ ∆Ltεi,t)

2|
]
≤ CT (see Hall and

Heyde, 1980). Thus, for all i, note that:

P E

[
sup

(R+1)≤t≤T

∣∣(T )−2(F1εi,1 + . . .+ Ftεi,t)
2
∣∣]

=P (t)−2 E

[
sup

(R+1)≤t≤T

∣∣(F1εi,1 + . . .+ Ftεi,t)
2
∣∣]
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≤P (R)−2 E

[
sup

1≤t≤T

∣∣(F1εi,1 + . . .+ Ftεi,t)
2
∣∣]

≤P (R)−2CT,

which converges to zero at rate O(P (R)−1) uniformly in i. By Markov’s inequality and Assumption
4, this implies that Equation (S-34) is of order Op

(
P
R

)
uniformly in i and t. This completes the proof.

Turing again to Equation (S-30), it therefore follows that:

1√
P

T∑
t=R+1

∇β
[
∆Lt(θi+k, θi)

] (
β̂it − Ĥ(i,t)′−1β

)
= Op

(
max

{
P

R
,

√
P

N

})

uniformly in i and t.
Thus, putting all pieces together, it follows from Assumption 4 that:

Pr

(
max
1≤l≤κ

√
P

∣∣∣∣∣ 1

P

T∑
t=R+1

∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

∣∣∣∣∣ > ζP1

)
≤
C max

{
P
R ,
√
P
R

}
ζP1

≤ C1P
−c2

and hence the claim of Lemma C.1 follows.
�

Proof of Lemma C.2. By Markov’s inequality, we can bound the probability by:

Pr

(
max
i,k∈CS

(
1

mP qP

mP∑
h=1

∑
t∈Ih

(
∆Lt(θ̂i+k,t, θ̂i,t)

)2
) 1

2

> ζP1

)

≤
E

[
maxi,k∈CS

(
1

mP qP

∑mP
h=1

∑
t∈Ih

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi))

)2
) 1

2
]

ζP1
. (S-36)

As in the proof of Lemma C.1, we will start with a mean value expansion of the term inside the
expectation around the ‘pseudo-true’ factors and the other population parameters, and then then
establish convergence rates in probability uniformly over i, k and t, which in turn implies uniformity
in l = 1, . . . , κ. Thus, a mean value expansion of the term inside the expectation around F (i,t)Ĥ(i,t)

and Ĥ(i,t)′−1β (ignoring again terms with k) yields:

1

mP qP

mP∑
h=1

∑
t∈Ih

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

)2

=
1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇F [∆Lt(θi+k, θi)]∥∥2
∥∥∥F̂ (i,t)

t − Ĥ(i,t)F
(i,t)
t

∥∥∥2
(S-37)

+
1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2
∥∥∥β̂it − Ĥ(i,t)′−1β

∥∥∥2
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− 2

mP qP

mP∑
h=1

∑
t∈Ih

(
∇F

[
∆Lt(θi+k, θi)

]′∇β [∆Lt(θi+k, θi)]) (β̂it − Ĥ(i,t)′−1β
)′ (

F̂
(i,t)
j − Ĥ(i,t)F

(i,t)
j

)
,

where the rate of convergence of the cross-product will follow once the convergence rate of the first

two terms has been established. Noting that as in the proof of Lemma C.1, ‖F̂ (i,t)
t − Ĥ(i,t)F

(i,t)
t ‖ =

‖F̂ (i,t)
t − Ĥ(i,t)F̃

(i,t)
t ‖+ ‖Ĥ(i,t)F̃

(i,t)
t − Ĥ(i,t)F

(i,t)
t ‖, we can insert the representation of Equation (S-15)

into the first part of the RHS of Equation (S-37) to obtain:

1

mP qP

mP∑
h=1

∑
t∈Ih

∇F
[
∆Lt(θi+k, θi)

] (
F̂

(i,t)
j − Ĥ(i,t)F̃

(i,t)
j

)

=
1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

2∥∥∥∥∥V̂ (i,t)−1

∥∥∥∥∥
2∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k γkt

+
1

t

t∑
k=1

F̂
(i,t)
k ζkt +

1

t

t∑
k=1

F̂
(i,t)
k ηkt +

1

t

t∑
k=1

F̂
(i,t)
k ξkt

∥∥∥∥∥
2

(S-38)

≤ 4

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

2∥∥∥∥∥V̂ (i,t)−1

∥∥∥∥∥
2(∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k γkt

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ζkt

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ηkt

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ξkt

∥∥∥∥∥
2)

=
4

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

2∥∥∥∥∥V̂ (i,t)−1

∥∥∥∥∥
2(
I1t + I2t + It + I4t

)
,

where the inequality follows since (w + x + y + z)2 ≤ 4(w2 + x2 + y2 + z2). Since V (i,t)−1 = Op(1)
uniformly in i and t by Lemma B.1, which in turn implies that ‖V (i,t)−1‖2 = Op(1) uniformly in i and
t. Similar to before, we will therefore ignore the presence of V (i,t)−1 in the following as it can just be
replaced by a constant C. Starting with the term involving I1t, note that this term can be bounded
by:

sup
t

(
1

t

t∑
k=1

∥∥∥∥∥F̂ (i,t)
k

∥∥∥∥∥
2)(

4

tmP qP

mP∑
h=1

∑
t∈Ih

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

2 t∑
k=1

γ2
kt

)
.

The first term is of order Op(1) uniformly in i and t since for every i and t, we impose the normalization

F̂ (i,t)′F̂ (i,t)/t = Ir, where Ir denotes the r × r identity matrix. For the second term note that:

E

[
4

tmP qP

mP∑
h=1

∑
t∈Ih

t∑
j=1

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

2

γ2
jt

]

≤ 4

mP qPR

mP∑
h=1

∑
t∈Ih

t∑
j=1

(
E

[∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

2])
γ2
jt
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≤
(
T

R

)(
sup
t

E

[∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

2])(
4

mP qPT

mP∑
h=1

∑
t∈Ih

t∑
j=1

γ2
jt

)
= O(1)O((R)−1)

uniformly in i and t, where the last equality follows from Assumptions SM1 and the fact that (T/R) =
O(1). By Markov’s inequality, the term involving I1t is therefore of order Op(R

−1) uniformly in i and
t.

Next we turn to the term involving I2t, which can be bounded by:

4

mP qP

(
mP∑
h=1

∑
t∈Ih

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

4) 1
2
(
mP∑
h=1

∑
t∈Ih

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ζkt

∥∥∥∥∥
4) 1

2

.

The first term is of order Op(1) for all i and t by Assumption SM1, while the second term can be
bounded as follows:

1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ζkt

∥∥∥∥∥
4

=
1

mP qP

mP∑
h=1

∑
t∈Ih

(
1

(t)2

t∑
k=1

t∑
k∗=1

F̂
(i,t)′
k F̂

(i,t)
k∗ ζktζk∗t

)2

(S-39)

≤
(
T

R

)
1

mP qP

(
1

t

t∑
k=1

∥∥∥∥∥F̂ (i,t)
k

∥∥∥∥∥
2)2(

1

(T )4

t∑
k=1

t∑
k∗=1

t∑
j=1

t∑
j∗=1

(
mP∑
h=1

∑
t∈Ih

ζktζk∗tζjtζj∗t

)2) 1
2

.

As in Bai and Ng (2002), note that:

E

[(
mP∑
h=1

∑
t∈Ih

ζktζk∗tζjtζj∗t

)2]
≤
(
mP qP

)2
max
s,t

E
[
|ζst|8

]
and, by Assumption SM1:

E
[
|ζst|8

]
= E

[
1

N4

∣∣∣∣∣N− 1
2

N∑
i=1

(
eiseit − E

[
eiseit

])∣∣∣∣∣
8]
≤ N−4C.

The last term of Equation (S-39) is therefore of order Op
(
N−2

)
uniformly in i and t, and so the term

involving I2t is of order Op
(
N−2

)
uniformly in i and t.

By the same arguments as above, the term involving It is bounded by:

4

mP qP

(
mP∑
h=1

∑
t∈Ih

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

4) 1
2
(
mP∑
h=1

∑
t∈Ih

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k ηkt

∥∥∥∥∥
4) 1

2

=
4

mP qP

(
mP∑
h=1

∑
t∈Ih

∥∥∥∥∥∇F [∆Lt(θi+k, θi)]
∥∥∥∥∥

4) 1
2
(
mP∑
h=1

∑
t∈Ih

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k F ′k

Λ′ut
N

∥∥∥∥∥
4) 1

2

(S-40)
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As in Bai and Ng (2002), we can bound the second term by:(
1

t

t∑
k=1

∥∥∥∥∥F̂ (i,t)
k

∥∥∥∥∥
2)2(

1

t

t∑
k=1

∥∥∥∥∥Fk
∥∥∥∥∥

2)2(
1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∥∥∥Λ′ut
N

∥∥∥∥∥
4)

= Op(1)Op(1)

(
1

mP qPN2

mP∑
h=1

∑
t∈Ih

∥∥∥∥∥Λ′ut√
N

∥∥∥∥∥
4)

= Op

(
1

N2

)

uniformly in i and t by Assumption SM1. Since the first term of Equation(S-40) is of order Op(1)
uniformly in i and t, the expression involving It is of order Op(N

−2) uniformly in i and t. The last
expression involving I4t can be treated in an analogous manner and is therefore of order Op(N

−2) for

all i and t. Finally, the term involving ‖Ĥ(i,t)F̃
(i,t)
t − Ĥ(i,t)F

(i,t)
t ‖ can be treated as A2T in the proof

of Lemma C.1 to obtain that the first part on the RHS of Equation (S-37) is Op(max{R−1, N−1})
uniformly in i and t.

Next, we address the second term on the RHS of Equation (S-37). Using the representation of
Equation (S-32), we obtain:

1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2

(∥∥∥∥∥1

t

t∑
k=1

Ĥ(i,t)Fkεk

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

(F̂
(i,t)
k − Ĥ(i,t)Fk)εk

∥∥∥∥∥
2

+

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k

(
Ĥ(i,t)Fk − F̂

(i,t)
k

)′
Ĥ(i,t)′−1β

∥∥∥∥∥
2)
, (S-41)

where the cross-products have again been neglected since they will follow once the convergence rates
of the squared terms have been established. Starting with the first term and omitting again Ĥ(i,t),
note that this expression is bounded by:

C

R

 1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥4

 1
2
 1

mP qP (t)2

mP∑
h=1

∑
t∈Ih

(
t∑

k=1

‖Fk‖2
)2( t∑

k=1

ε2
k

)2
 1

2

.

The first term is of order Op(1) uniformly in i and t by Assumption SM1 and Markov’s inequality, and
the second one is also of order Op(1) uniformly in i and t by SM1. The entire expression is therefore
of order Op(R

−1) uniformly in i and t.
The second term on the RHS of Equation (S-41) can be bounded as follows:

1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2

∥∥∥∥∥1

t

t∑
k=1

(F̂
(i,t)
k − Ĥ(i,t)Fk)εk

∥∥∥∥∥
2

≤
(
T

R

)
1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2

(
1

T

t∑
k=1

∥∥∥(F̂
(i,t)
k − Ĥ(i,t)Fk)

∥∥∥2
)(

1

T

t∑
k=1

ε2
k

)
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≤ C sup
t

(
1

T

t∑
k=1

∥∥∥(F̂
(i,t)
k − Ĥ(i,t)Fk)

∥∥∥2
)

sup
t

(
1

T

t∑
k=1

ε2
k

)
1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2

= Op

(
max

{
1

R
,

1

N

})
Op (1)Op (1) ,

where the first part of the last equality follows from Lemma B.5, the second and the last part from
Assumption SM1 (all terms hold uniformly in i and t).

For the last term on the RHS of Equation (S-41), noting that Ĥ(i,t)′−1β is uniformly bounded in i
and t, we can derive the following bound:

1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2

∥∥∥∥∥1

t

t∑
k=1

F̂
(i,t)
k

(
Ĥ(i,t)Fk − F̂

(i,t)
k

)′
Ĥ(i,t)′−1β

∥∥∥∥∥
2

≤ C

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2

(
1

T

t∑
k=1

∥∥∥(F̂
(i,t)
k − Ĥ(i,t)Fk)

∥∥∥2
)(

1

t

t∑
k=1

∥∥∥F̂ (i,t)
k

∥∥∥2
)

≤ sup
t

(
1

T

t∑
k=1

∥∥∥(F̂
(i,t)
k − Ĥ(i,t)Fk)

∥∥∥2
)

sup
t

(
1

t

t∑
k=1

∥∥∥F̂ (i,t)
k

∥∥∥2
)

1

mP qP

mP∑
h=1

∑
t∈Ih

∥∥∇β [∆Lt(θi+k, θi)]∥∥2

= Op

(
max

{
1

R
,

1

N

})
Op (1)Op (1) ,

Turning back to the inequality in Equation (S-36), the conclusion of the lemma follows by Assumption
4 and the same argument as in the proof of Lemma C.1. �
Proof of Lemma C.3. The proof of this Lemma follows by similar arguments as the proof of
Theorem 4.3 of Chernozhukov et al. (2014b). That is, to establish the first claim, note that for any
x ∈ R:

Pr∗

(
WBMB ≤ x

)
≤ Pr∗

(
W

BMB ≤ x+ ζ ′′P1

)
(S-42)

+ Pr∗

(∣∣∣WBMB −WBMB
∣∣∣ > ζ ′′P1

)
,

where ζ ′′P1 was defined as ζ ′′P1 = ζ
1
2
P1 log

1
2 κ and the second part of the RHS follows since:

Pr∗

({
W

BMB
+
(
WBMB −WBMB

)
≤ x

}
∩
{∣∣∣WBMB −WBMB

∣∣∣ > ζ ′′P1

})

≤ Pr∗

(∣∣∣WBMB −WBMB
∣∣∣ > ζ ′′P1

)
.

The RHS of Equation (S-42) can be further bounded by:

Pr

(
max
1≤l≤κ

Yl ≤ x+ ζ ′′P1

)
+ ρP + Pr∗

(∣∣∣WBMB −WBMB
∣∣∣ > ζ ′′P1

)
,
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where ρP is defined in Equation (S-46) below. Moreover, by the same arguments as in the proof of

Theorem 4.3, for any γ ∈ (0, 1− 8ζ ′′P1 log
1
2 κ) and sufficiently large P one can show that:

Pr

(
max
1≤l≤κ

Yl ≤ c0(γ + 8ζ ′′P1 log
1
2 κ) + ζ ′′P1

)
≤ 1− γ

and thus:
c0(γ + 8ζ ′′P1 log

1
2 κ) + ζ ′′P1 ≤ c0(γ), (S-43)

which follows since max1≤l≤κ Yl has no point masses. Now, setting x = c0(α + CP−c + C ′P−c
′

+

8ζ ′′P1 log
1
2 κ) in Equation (S-42), it holds that:

Pr∗

(
WBMB ≤ c0(α+ CP−c + C ′P−c

′
+ 8ζ ′′P1 log

1
2 κ)

)

≤ 1− α− CP−c − C ′P−c′ + ρP + Pr∗

(∣∣∣WBMB −WBMB
∣∣∣ > ζ ′′P1

)
≤ 1− α

on the events ρP < CP−c and Pr∗
(∣∣∣WBMB −WBMB

∣∣∣ > ζ ′′P1

)
≤ C ′P−c′ , which hold with probability

1− CP−c by Equations (S-46) and (S-48). Since CP−c + 8ζ ′′P1 log
1
2 κ ≤ C ′P−c

′
, this implies the first

claim. The second claim follows by analogous arguments starting with:

Pr∗

(
WBMB ≤ x

)
≥ Pr∗

(
W

BMB ≤ x− ζ ′′P1

)

−Pr∗

(∣∣∣WBMB −WBMB
∣∣∣ > ζ ′′P1

)
,

and mirroring the steps from before. �

S6 Proofs of Theorem 1

Before stating the proof of Theorem 1, we define various quantities:

U ≡ max
i,k∈CS

1√
P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)− E

[
∆Lt(θi+k, θi)

])
and

U0 ≡ max
i,k∈CS

1√
P

T∑
t=R+1

(
∆Lt(θi+k, θi)− E

[
∆Lt(θi+k, θi)

])
.

Moreover, let:

WBMB ≡ max
i,k∈CS

(
1

√
mP qP

mP∑
h=1

εh
∑
j∈Ih

(
∆Lj(θ̂i+k,j , θ̂i,j)−

1

P

T∑
t=R+1

∆Lt(θ̂i+k,t, θ̂i,t)

))
,
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and

WBMB ≡ max
i,k∈CS

(
1

√
mP qP

mP∑
h=1

εh
∑
j∈Ih

(
∆Lj(θi+k, θi)−

1

P

T∑
t=R+1

∆Lt(θi+k, θi)

))
,

and

W 0
BMB ≡ max

i,k∈CS

(
1

√
mP qP

mP∑
h=1

εh
∑
j∈Ih

(
∆Lj(θi+k, θi)− E

[
∆Lt(θi+k, θi)

]))
,

where ε1, . . . , εmP are standard normal random variables independent of the quarterly data {∆Lt(·)}Tt=1.
In Theorem S7 of Section S7 below, we show that under the assumptions of Theorem 1, the results of
Theorem 7.1 of Chernozhukov et al. (2014b) continue to hold, namely:

ρUP ≡ sup
x∈R

∣∣∣∣∣Pr

(
U0 ≤ x

)
− Pr

(
max
1≤l≤κ

Yl ≤ x

)∣∣∣∣∣ ≤ CP−c, (S-44)

and

ρWP ≡ sup
x∈R

∣∣∣∣∣Pr∗

(
W 0
BMB ≤ x

)
− Pr

(
max
1≤l≤κ

Yl ≤ x

)∣∣∣∣∣ ≤ C ′P−c′ , (S-45)

where Y = (Y1, . . . , Yκ)′ is a centered normal random vector with covariance matrix:

E
[
Y Y ′

]
= (1/mP qP )

mP∑
h=1

E
[(∑

t∈Ih

∆Lt(θ)− E
[
∆Lt(θ)

])(∑
t∈Ih

∆Lt(θ)− E
[
∆Lt(θ)

])′]
,

Here, ∆Lt(θ) denotes a stacked vector in Rκ.

Proof of Theorem 1. First, note that under H0, it holds that:

U∗ = max
i,k∈CS

1√
P

T∑
t=R+1

∆Lt(θ̂i+k,t, θ̂i,t) ≤ max
i,k∈CS

1√
P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)− E

[
∆Lt(θi+k, θi)

])
= U,

where the equality holds when E
[
∆Lt(θi+k, θi)

]
= 0 for all i, k ∈ CS . Moreover, invoking Assumption

4 and in particular (rP /qP ) log2 κ ≤ C1P
−c2 and qP log

5
2 (κP ) ≤ C1P

1
2
−c2 thereof, and using the same

steps as in the proof of Theorem 7.1 in Chernozhukov et al. (2014b), the following result can be verified
conditional on the data:

Pr∗

(∣∣∣∣∣WBMB −W 0
BMB

∣∣∣∣∣ > ζ ′P1

)
≤ CP−c′ ,

where ζ ′P1 = C ′P−
1
4

+
3c2
4 log κ. Thus, from ρWP in Equation (S-45) it follows that:

sup
x∈R

∣∣∣∣∣Pr∗

(
WBMB ≤ x

)
− Pr

(
max
1≤l≤κ

Yl ≤ x

)∣∣∣∣∣ ≤ C ′P−c′ (S-46)
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with probability larger than 1 − CP−c. Likewise, from Equation (S-44) we know that ρUP ≤ CP−c.
Now, to prove Theorem 1, we proceed in two steps: first, we establish that:

Pr

(∣∣∣U − U0

∣∣∣ > ζP1

)
≤ CP−c (S-47)

and

Pr

(
Pr∗

(∣∣∣WBMB −WBMB
∣∣∣ > ζ ′′P1

)
> C ′P−c

′

)
≤ C ′P−c′ , (S-48)

which deal with the estimation error in the test and the bootstrap statistic, respectively. Then, in
a second step, we verify the first (only some moment inequalities are binding) and the second (all
moment inequalities are binding) claim of Theorem 1.

We start with the expression in (S-47). Using Lemma C.1, it follows that:∣∣∣∣∣U − U0

∣∣∣∣∣ ≤ max
i,k∈CS

∣∣∣∣∣√P
(

1

P

T∑
t=R+1

∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

)∣∣∣∣∣ ≤ ζP1

with probability 1− CP−c. Next, we turn to Equation (S-48). Start again with:∣∣∣∣∣WBMB −WBMB

∣∣∣∣∣ ≤ max
i,k∈CS

∣∣∣∣∣ 1
√
mP qP

mP∑
h=1

εh
∑
j∈Ih

(
∆Lj(θ̂i+k,j , θ̂i,j)−∆Lj(θi+k, θi)

)

− 1

P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

)∣∣∣∣∣.
Conditional on {∆Lt(·)}Tt=1, the vector:

1
√
mP qP

mP∑
h=1

εh
∑
j∈Ih

((
∆Lj(θ̂i+k,j , θ̂i,j)−∆Lj(θi+k, θi)

)
− 1

P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

))
,

maxi,k∈CS is normal with mean zero and all diagonal elements of the covariance matrix bounded by:

max
i,k∈CS

1

mP qP

mP∑
h=1

∑
j∈Ih

((
∆Lj(θ̂i+k,j , θ̂i,j)−∆Lj(θi+k, θi)

)
− 1

P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

))2

,

(S-49)
For the last expression, observe that:(

1

mP qP

mP∑
h=1

∑
j∈Ih

((
∆Lj(θ̂i+k,j , θ̂i,j)−∆Lj(θi+k, θi)

)
− 1

P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

))2) 1
2

≤

(
1

mP qP

mP∑
h=1

∑
j∈Ih

(
∆Lj(θ̂i+k,j , θ̂i,j)−∆Lj(θi+k, θi)

)2) 1
2

(S-50)
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+

∣∣∣∣∣ 1

P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

)∣∣∣∣∣
where the inequality follows by an application of Minkowski’s inequality and the fact that:

1

mP qP

mP∑
h=1

∑
j∈Ih

(
1

P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

))2

=

(
1

P

T∑
t=R+1

(
∆Lt(θ̂i+k,t, θ̂i,t)−∆Lt(θi+k, θi)

))2

.

The first term on the RHS of (S-50) is bounded by ζP1 with probability larger than 1 − CP−c by
Lemma C.2. The second term on the RHS of (S-50) is also bounded by ζP1 with probability larger
than 1 − CP−c by Lemma C.1. Hence Equation (S-49) is bounded by Cζ2

P1 with probability larger
than 1− CP−c. Then, by Markov’s inequality (conditional on the data):

Pr∗

(∣∣∣WBMB −WBMB
∣∣∣ > ζ

1
2
P1 log

1
2 κ

)
≤ CζP1 log

1
2 κ

ζ
1
2
P1 log

1
2 κ

≤ CP−c,

which follows from Proposition 1.1.3 in Talagrand (2003) and the rate condition in Assumption 4.1

The claim from Equation (S-48) follows by setting ζ ′′P1 = ζ
1
2
P1 log

1
2 κ.

We now prove the claims of Theorem 1 starting with the case where E
[
∆Lt(θi+k, θi)

]
< 0 for at

least some i, k ∈ CS . Under H0 it holds that:

Pr

(
U∗ > cBMB(α)

)
≤ Pr

(
U > cBMB(α)

)

≤ Pr

(
U0 > cBMB(α)− ζP1

)
+ Pr

(∣∣∣U − U0

∣∣∣ > ζP1

)

≤ Pr

(
U0 > c0(α+ CP−c + 8ζ ′′P1 log

1
2 κ)− ζP1

)
+ C ′P−c

′

≤ Pr

(
U0 > c0(α+ CP−c + 16ζ ′′P1 log

1
2 κ)

)
+ C ′P−c

′

≤ Pr

(
max
1≤l≤κ

Yl > c0(α+ CP−c + 16ζ ′′P1 log
1
2 κ)

)
+ ρUP + C ′P−c

′

= α+ CP−c + 16ζ ′′P1 log
1
2 κ+ ρUP + C ′P−c

′

≤ α+ CP−c,

1Proposition 1.1.3 in Talagrand (2003): For centered normal random variables ξl, l = 1, . . . , κ with max
1≤l≤κ

E[ξ2l ] <∞,

it holds that: E
[
max
1≤l≤κ

ξl
]
≤

√
2 max

1≤l≤κ
E[ξ2l ] log κ.
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where the second inequality holds since 0 < ζP1 ≤ CP−c and Pr
({
U0 +

(
U − U0

)
> cBMB(α)

}
∩{

U − U0 > ζP1

})
≤ Pr

({∣∣∣U − U0

∣∣∣ > ζP1

})
, the third inequality follows from Equation (S-47) and

the first claim of Lemma C.3, the fourth inequality from Equation (S-43) in the proof of Lemma C.3,
the fifth inequality from Equation (S-44), while the equality follows from the fact that max1≤l≤κ has
no point masses. This establishes the first claim of Theorem 1. For the second claim, suppose that

E
[
∆Lt(θi+k, θi)

)]
= 0 for all i, k ∈ CS . Then, under H0:

Pr

(
U∗ > cBMB(α)

)
= Pr

(
U > cBMB(α)

)

≥ Pr

(
U0 > cBMB(α) + ζP1

)
− Pr

(∣∣∣U − U0

∣∣∣ > ζP1

)

≥ Pr

(
U0 > c0(α− CP−c − 8ζ ′′P1 log

1
2 κ) + ζP1

)
− C ′P−c′

≥ Pr

(
U0 > c0(α− CP−c − 16ζ ′′P1 log

1
2 κ)

)
− C ′P−c′

≥ Pr

(
max
1≤l≤κ

Yl > c0(α− CP−c − 16ζ ′′P1 log
1
2 κ)

)
− ρUP − C ′P−c

′

= α− CP−c − 16ζ ′′P1 log
1
2 κ− ρUP − C ′P−c

′

≥ α− CP−c,

where the first inequality holds again since 0 < ζP1 ≤ CP−c and Pr
({
U0 +

(
U −U0

)
> cBMB(α)

}
∩{

U − U0 > ζP1

})
≤ Pr

({∣∣∣U − U0

∣∣∣ > ζP1

})
, the second inequality follows from Equation (S-47) and

the second claim of Lemma C.3, the third inequality from the reverse of Equation (S-43) in the proof
of Lemma C.3, and the fourth inequality from Equation (S-44). Together with the previous set of
inequalities, this establishes the second claim of Theorem 1. �

S7 Extension to Unbounded R.V.’s

In this section, we show formally that the results of Theorem 7.1 (more specifically, Theorems B.1 and
B.2 therein) of Chernozhukov et al. (2014b) remain valid for unbounded random variables, which satisfy
the assumptions stated in the main text and Assumption SM2 below. Before stating Assumption SM2
and Theorem S1 below, we introduce the following notation from here onwards: we will use the more
compact shorthand θl = (θ′i+k, θ

′
i)
′, where l corresponds uniquely to a specific pair i, k from CS , and

thus ∆Lt(θlt) = ∆Lt(θi+k, θi). Likewise, θ̂lt = (θ̂′i+k,t, θ̂
′
it)
′ with ∆Lt(θ̂lt) = ∆Lt(θ̂i+k,t, θ̂it) for every

i, k ∈ CS and l = 1, . . . , κ. Finally, let ∆Lt(θ) denote a stacked vector in Rκ. We write:

Sv(θ) =
∑
t∈Iv

(
∆Lt(θ)− E

[
∆Lt(θ)

])
S′v(θ) =

∑
t∈Jv

(
∆Lt(θ)− E

[
∆Lt(θ)

])
,
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where Iv and Jv denote sets of observations from large and small blocks, respectively. Next, let

{S̃v(θ)}mv=1 and {S̃′v(θ)}mv=1 be two independent sequences of random vectors in Rκ such that S̃v(θ)
d
=

Sv(θ) and S̃′v(θ)
d
= S′v(θ), where

d
= denotes equality in distribution. The small and large block sizes

are qP and rP . Also:

σ2(q) ≡ max
1≤l≤κ

max
Iq

Var

(
q
− 1

2
P

∑
t∈Iq

∆Lt(θl)

)
,

σ2(r) ≡ max
1≤l≤κ

max
Ir

Var

(
r
− 1

2
P

∑
t∈Ir

∆Lt(θl)

)
as well as:

σ2(q) ≡ min
1≤l≤κ

min
Iq

Var

(
q
− 1

2
P

∑
t∈Iq

∆Lt(θl)

)
,

Finally, recall the definitions of U0, WBMB, and W 0
BMB from Section S6 above.

Assumption SM2. Assume that the following expressions are bounded as follows:

E

[
max
1≤l≤κ

∣∣∣∣∣S̃′v(θl)
∣∣∣∣∣
2]

< rPσ
2(r)

E

[
max

1≤l,k≤κ

∣∣∣∣∣S̃v(θl)S̃v(θk)
∣∣∣∣∣
2]

< Cq4
P E

[
max
1≤l≤κ

∣∣∣∣∣(∆Lt(θl)− E
[
∆Lt(θl)

])∣∣∣∣∣
4]

E

[∣∣∣∣∣S̃v(θl)S̃v(θk)
∣∣∣∣∣
2]

< Cq3
Pσ

2(q) E

[
max
1≤l≤κ

∣∣∣∣∣(∆Lt(θl)− E
[
∆Lt(θl)

])∣∣∣∣∣
2]

as well as:

E

[
exp

(∣∣∣∣∣S̃v(θl)(mpP
−1)

1
2

∣∣∣∣∣
/
Cq

1
2
P E

[
max
1≤l≤κ

∣∣∣∣∣(∆Lt(θl)− E
[
∆Lt(θl)

])∣∣∣∣∣
])]

< 3.

E

[∣∣∣∣∣S̃v(θl)(mpP
−1)

1
2

∣∣∣∣∣
3]
≤ Cq

1
2
P E

[
max
1≤l≤κ

∣∣∣∣∣(∆Lt(θl)− E
[
∆Lt(θl)

])∣∣∣∣∣
3]

E

[∣∣∣∣∣S̃v(θl)(mpP
−1)

1
2

∣∣∣∣∣
4]
≤ CqP E

[
max
1≤l≤κ

∣∣∣∣∣(∆Lt(θl)− E
[
∆Lt(θl)

])∣∣∣∣∣
4]
.

Finally, assume that:
c1 ≤ σ2(q) ≤ max{σ2(q), σ2(r)} ≤ C1

As noted in the paper, Assumption SM2 allows to relax the bounded support assumption for
the case of dependent data, imposed by Chernozhukov et al. (2014b) for illustrative purposes. The
following Theorem S1 therefore establishes formally that the results of Theorem 7.1 in their paper
continue hold under the regularity set out in Theorem S7.
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Theorem S1. Under Assumptions 1 through 5 and the definitions of Theorem 1 in the paper, and
Assumption SM2 above, the results of Theorem 7.1 in Chernozhukov et al. (2014b, p. 30) continue to
hold, namely:

sup
x∈R

∣∣∣∣∣Pr

(
U0 ≤ x

)
− Pr

(
max
1≤l≤κ

Yl ≤ x

)∣∣∣∣∣ ≤ CP−c, (S-51)

sup
x∈R

∣∣∣∣∣Pr∗

(
W 0
BMB ≤ x

)
− Pr

(
max
1≤l≤κ

Yl ≤ x

)∣∣∣∣∣ ≤ C ′P−c′ , (S-52)

where Y = (Y1, . . . , Yκ)′ is a centered normal random vector with covariance matrix E
[
Y Y ′

]
=

(1/mP qP )
∑mP

h=1 E
[(∑

t∈Ih

(
∆Lt(θ)−E

[
∆Lt(θ)

]))(∑
t∈Ih

(
∆Lt(θ)−E

[
∆Lt(θ)

]))′]
(∆Lt(θ) de-

notes a stacked vector in Rκ).

Proof of Theorem S1. The proof of Theorem 7.1 in Chernozhukov et al. (2014b) starts off by
establishing (S-51) through Theorem B.1 (pp. 53-55) and continues to verify (S-52) through Theorem
B.2 (p. 56). In the following, we therefore outline the changes in the proofs of Theorems B.1 and B.2,
which are required for the conclusions in (S-51) and (S-52) to continue to hold. Since most arguments
are identical to the ones used in Chernozhukov et al. (2014b) and only involve replacing certain bounds
in a suitable manner, we just sketch the key differences.

We start with (S-51) and the changes in Theorem B.1: as in Chernozhukov et al. (2014b), the first

step involves a reduction of
∑T

t=R+1

(
∆Lt(θl)−E

[
∆Lt(θl)

])
in U0 into a sum of independent blocks∑m

v=1 S̃v(θl) by showing that

Pr

(
max
1≤l≤κ

1√
P

m∑
v=1

S̃v(θl) ≤ x− CP−c log−
1
2 κ

)
− P−c − 2(mP − 1)br

≤ Pr

(
U0 ≤ x

)
(S-53)

≤ Pr

(
max
1≤l≤κ

1√
P

m∑
v=1

S̃v(θl) ≤ x+ CP−c log−
1
2 κ

)
+ P−c + 2(mP − 1)br.

Focusing on the second inequality only, first note that:

T∑
t=R+1

(
∆Lt(θl)− E

[
∆Lt(θl)

])
=

m∑
v=1

Sv(θl) +

m∑
v=1

S′v(θl) + S′m+1(θl),

and thus:∣∣∣max
1≤l≤κ

T∑
t=R+1

(
∆Lt(θl)− E

[
∆Lt(θl)

])
− max

1≤l≤κ

m∑
v=1

Sv(θl)
∣∣∣ ≤ ∣∣∣max

1≤l≤κ

m∑
v=1

S′v(θl) + max
1≤l≤κ

S′m+1(θl)
∣∣∣.

By Corollary 2.7 in Yu (1994), it holds that:

sup
x∈R

∣∣∣∣∣Pr

(
max
1≤l≤κ

m∑
v=1

Sv(θl) ≤ x

)
− Pr

(
max
1≤l≤κ

m∑
v=1

S̃v(θl) ≤ x

)∣∣∣∣∣ ≤ (mP − 1)brP
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and

sup
x∈R

∣∣∣∣∣Pr

(
max
1≤l≤κ

m∑
v=1

S′v(θl) ≤ x

)
− Pr

(
max
1≤l≤κ

m∑
v=1

S̃′v(θl) ≤ x

)∣∣∣∣∣ ≤ (mP − 1)bqP ,

where brP and bqP are the mixing coefficients. Hence for every δ1, δ2 > 0:

Pr

(
U0 ≤ x

)
≤ Pr

(
max
1≤l≤κ

1√
P

m∑
v=1

S̃v(θl) ≤ x+ δ1 + δ2

)
+ Pr

(
max
1≤l≤κ

∣∣∣∣∣ 1√
P

m∑
v=1

S̃′v(θl)

∣∣∣∣∣ ≤ δ1

)

+ Pr

(
max
1≤l≤κ

∣∣∣∣∣S′m+1(θl)

∣∣∣∣∣ ≤ √Pδ2

)
+ 2(mP − 1)br

= I + II + III + IV.

The second inequality of (S-53) follows once we have established that II and III are of order P−c

and δ1 + δ2 ≤ CP−c log−
1
2 κ. We start with II. By Markov’s inequality, for every ε > 0 setting

δ1 = ε−1 E
[

max
1≤l≤κ

∣∣∣ 1√
P

m∑
v=1

S̃′v(θl)
∣∣∣]

yields II ≤ ε. The expectation E
[
max1≤l≤κ

∣∣∣ 1√
P

m∑
v=1

S̃′v(θl)
∣∣∣] on the other hand can be bounded as

follows: noting that S̃′v(θl), 1 ≤ v ≤ m, are independent, we can invoke Assumptions 2 and SM2

to obtain
(

max1≤l≤κ
m∑
v=1

E
[∣∣∣S̃′v(θl)∣∣∣2]) 1

2 ≤ m
1
2
P r

1
2
P

(
σ2(r)

) 1
2
. By Lemma A.3 in Chernozhukov et al.

(2014b, p. 34):

E
[

max
1≤l≤κ

∣∣∣ 1√
P

m∑
v=1

S̃′v(θl)
∣∣∣] ≤ C((mP

P

) 1
2
rP

√
σ2(r) log

1
2 κ+ P−

1
2 rPσ

2(r)
)
≤ CP−2c log−

1
2 κ,

where the last inequality follows by the rate conditions in Assumption 4. Finally, setting ε = P−c

leads to the required result with δ1 ≤ CP−c log−
1
2 κ. Next, consider III. Applying again Markov’s

inequality with δ2 = ε−1(
√
P )−1 E

[
max1≤l≤κ

∣∣∣S′m+1(θl)
∣∣∣], we have that III ≤ ε. Moreover, note that:

E
[

max
1≤l≤κ

∣∣∣S′m+1(θl)
∣∣∣] ≤ (qP + rP − 1)C E

[
max
1≤l≤κ

∣∣∣∆Lt(θl)∣∣∣],
where E

[
max

1≤i≤κ

∣∣∣∆Lt(θl)∣∣∣] < C ′ by Assumption 2. Thus, setting ε = P−c
′

for some c′ sufficiently

small, it holds that δ2 ≤ CP−c log−
1
2 κ by the rate conditions in Assumption 4 and the fact that

P = (qP + rP )mP as well as mP ≥ C−1P c.
The next step, which requires modification, is the normal approximation of the sum of independent

blocks from the first step. Chernozhukov et al. (2014b) verify the conditions of Corollary 2.1(i) in
Chernozhukov et al. (2013) for independent random variables S̃v(θl), v = 1, . . . ,m. Note that as in
their paper, it holds that:

c1/4 < σ2(q)/4 < var
(
S̃v(θl)(mpP

−1)
1
2

)
≤ σ2(q) < C1,
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which follows since:
1√
P

m∑
v=1

S̃v(θl) =
1
√
mP

m∑
v=1

S̃v(θl)

√
mP

P

and mP = P/(qP + rP ) so that
√
qp ≤

√
mP /P ≤ 2

√
qP . Now, setting Bn = Cq

1
2
P E
[

max
1≤l≤κ

∣∣∣(∆Lt(θl)−

E
[
∆Lt(θl)

])∣∣∣] with C sufficiently large and invoking Assumptions 2 and SM2, the conditions of Corol-

lary 2.1(i) can be straightforwardly verified noting that
(
Cq

1
2
P E
[

max
1≤l≤κ

∣∣∣∆Lt(θl)∣∣∣])2
log7(κP )P−1 ≤

C ′P−c as qP ≤ P/(4qP ) ≤ CP 1−c. The remaining parts of the proof of Theorem B.1 are as in
Chernozhukov et al. (2014b).

The validity of the Block Multiplier Bootstrap, i.e. the verification of (S-52), is established through
Theorem B.2, which in turn relies on Theorem 2 from Chernozhukov et al. (2015) and again Corollary
2.7 of Yu (1994). The only difference w.r.t. their paper consists again in appropriately bounding the
expression:

E
[

max
1≤l,j≤κ

∣∣∣ 1

qPmP

m∑
v=1

Sv(θl)Sv(θj)− E
[
Sv(θl)Sv(θj)

]∣∣∣].
By Assumptions 4 and SM2, we have that:(

max
1≤l,j≤κ

m∑
v=1

E
[∣∣∣Sv(θl)Sv(θj)∣∣∣2]

) 1
2

≤ Cm
1
2
P q

3
2
Pσ(q)

and

E
[(

max
1≤l,j≤κ

∣∣∣Sv(θl)Sv(θj)∣∣∣)2]
≤ Cq4

P .

Hence, by Lemma A.3 in Chernozhukov et al. (2014b), it follows that:

E
[

max
1≤l,j≤κ

∣∣∣ 1

qPmP

m∑
v=1

Sv(θl)Sv(θj)− E
[
Sv(θl)Sv(θj)

]∣∣∣] ≤ C ′
(m 1

2
P q

3
2
Pσ(q) log

1
2 κ

mP qP
+
q2
P log κ

mP qP

)
≤ C

(qP log
1
2 κ

P
1
2

+
q2
P log κ

P

)
.

By Assumption 4, this is bounded by C ′P−c2 log−2 κ.
�

S8 Proof of Theorem 2

Proof of Theorem 2. The proof follows the steps of the proof of Theorem 4.4 in Chernozhukov
et al. (2014b) and adapts them to the case of dependent data. First note that from Lemma B.3 of the
paper, we know that cBMB(α) ≥ c0(α+ ϕP ) and cBMB(α) ≤ c0(α− ϕP ) with probability larger than
1− CP−c for some 0 < ϕP ≤ CP−c. Moreover, recall the definition:

∆Ll ≡
1

P

T∑
t=R+1

∆Lt(θ̂lt).
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as well as:
J ≡

{
l ∈ {1, . . . , κ} :

√
P E

[
∆Lt(θl)

]
> −c0(βP + ϕP )

}
and the complement set Jc = {1, . . . , κ} \ J . In a first step, we want to show that with probability
larger than 1 − CP−c − βP − 2(mP − 1)brP , it holds that ∆Ll ≤ 0 for all l ∈ Jc. First, observe that
∆Ll > 0 for some l ∈ Jc implies that:

max
1≤l≤κ

1√
P

T∑
t=R+1

(
∆Lt(θ̂lt)− E

[
∆Lt(θl)

])
> c0(α+ ϕP ).

Thus, it is sufficient to prove that:

Pr

(
U > c0(βP + ϕP )

)
= Pr

(
max
1≤l≤κ

1√
P

T∑
t=R+1

(
∆Lt(θ̂lt)− E

[
∆Lt(θl)

])
> c0(βP + ϕP )

)
≤ CP−c + βP + (mP − 1)brP .

First, for some ϕ′P only dependent on ϕP , note that:

Pr

(
U > c0(βP + ϕ′P )

)
≤ Pr

(
U0 > c0(βP + ϕ′P )− ζP

)
+ Pr

(∣∣∣U − U0

∣∣∣ > ζP

)

≤ Pr

(
U0 > c0(βP + ϕ′P + 8ζP log

1
2 κ)

)
+ CP−c,

where the first inequality follows by the fact that Pr
({
U0 +

(
U −U0

)
> c0(βP +ϕ′P )

}
∩
{(
U −U0

)
<

ζP

})
≤ Pr

(
U0 > c0(βP +ϕ′P )− ζP

)
, and the second inequality follows from Equation (S-47) and the

proof of Theorem 1. Moreover, since by the argument in the proof of Theorem S7:

sup
x∈R

∣∣∣∣∣Pr

(
U0 ≤ x

)
− Pr

(
max
1≤l≤κ

Yl ≤ x

)∣∣∣∣∣ ≤ CP−c + 2(mP − 1)brP ≤ C
′P−c

′
,

and by Corollary B.1 in Chernozhukov et al. (2014b):

sup
t∈R

∣∣∣∣∣Pr

(
max
1≤l≤κ

1
√
mP qP

m∑
l=1

Sl(θl) ≤ x

)
− Pr

(
max
1≤l≤κ

Yl ≤ x

)∣∣∣∣∣ ≤ CP−c + (mP − 1)brP ≤ C
′P−c

′
,

it holds that:

Pr

(
U0 > c0(βP + ϕ′P + 8ζP log

1
2 κ)

)
+ CP−c

≤ Pr

(
max

1≤i≤κ

1
√
mP qP

m∑
l=1

Sl(θl) > c0(βP + ϕ′P + 8ζP log
1
2 κ)

)
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+ C ′P−c
′
+ 2(mP − 1)brP

By Corollary 2.1 in Chernozhukov et al. (2014a) setting ϕP = ϕ′P + 8ζP log
1
2 κ and using the fact that

ϕP = C ′P−c
′
, it follows that:

Pr

(
U > c0(βP + ϕP )

)
≤ βP + CP−c + 2(mP − 1)brP .

This establishes the first step.
For the second step, we wish to prove that with probability larger than 1−CP−c−βP−2(mP−1)brP ,

ĴBMB ⊃ J . Thus, start with:

Pr

(
ĴBMB 6⊃ J

)
= Pr

({
∃l ∈ {1, . . . , κ} :

{√
P E

[
∆Lt(θl)

]
> −c0(βP + ϕP )

}
∩
{√

P∆Ll > −2cBMB(βP )
}})

≤ Pr

(
max
1≤i≤κ

√
P
(

E
[
∆Lt(θl)

]
−∆Ll

)
> 2cBMB(βP )− c0(βP + ϕP )

)
.

On the event cBMB(βP ) > c0(βP +ϕP ), it holds that 2cBMB(βP )− c0(βP +ϕP ) ≥ c0(βP +ϕP ). Thus:

Pr

(
ĴBMB 6⊃ J

)
≤ Pr

(
max
1≤l≤κ

√
P
(

E
[
∆Lt(θl)

]
−∆Ll

)
> c0(βP + ϕP )

)
+ Pr

(
cBMB(βP ) < c0(βP + ϕP )

)

≤ Pr

(
max
1≤l≤κ

√
P
(

E
[
∆Lt(θl)

]
−∆Ll

)
> c0(βP + ϕP )

)
+ CP−c

By arguments similar to step one above, the first term can be bounded by:

Pr

(
max
1≤l≤κ

√
P
(

E
[
∆Lt(θl)

]
−∆Ll

)
> c0(βP + ϕP )

)
≤ βP + CP−c + 2(mP − 1)brP ,

which leads to the conclusion of step two.
The last step completes the proof. Assume that J = ∅. Then, with probability larger than

1− βP −CP−c − 2(mP − 1)brP , it must hold that U∗ ≤ 0 by step one above and Lemma C.1. But as
cBMB,2S(α) ≥ 0, it holds that:

Pr

(
U∗ > cBMB,2S(α)

)
≤ βP + CP−c + 2(mP − 1)brP ≤ α+ C ′P−c

′
.

By contrast, consider the case where J is not the empty set and define cBMB,2S(α, J) by the same
bootstrap procedure as cBMB,2S(α) with ĴBMB replaced by J . Then:

Pr

(
U∗ > cBMB,2S(α)

)
= Pr

({
U∗ > cBMB,2S(α)

}
∩
{

max
l∈Jc

∆Ll ≤ 0
})

+ Pr

({
U∗ > cBMB,2S(α)

}
∩
{

max
l∈Jc

∆Ll > 0
})
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≤ Pr

(
max
l∈J

√
P∆Ll > cBMB,2S(α)

)
+ βP + CP−c + 2(mP − 1)brP ,

where the inequality follows from step one above and the fact that
{
U∗ > cBMB,2S(α)

}
∩
{

max
l∈Jc

∆Ll ≤

0
}
⊂
{

max
l∈J

√
P∆Ll > cBMB,2S(α)

}
. The probability of the last line can be further decomposed as:

Pr

(
max
l∈J

√
P∆Ll > cBMB,2S(α)

)
= Pr

({
max
l∈J

√
P∆Ll > cBMB,2S(α)

}
∩
{
ĴBMB ⊃ J

})

+ Pr

({
max
l∈J

√
P∆Ll > cBMB,2S(α)

}
∩
{
ĴBMB 6⊃ J

})

≤ Pr

(
max
l∈J

√
P∆Ll > cBMB,2S(α, J)

)
+ Pr

(
ĴBMB 6⊃ J

)

≤ Pr

(
max
l∈J

√
P
(

∆Ll − E
[
∆Lt(θl)

])
> cBMB,2S(α, J)

)
+βP + CP−c + 2(mP − 1)brP ,

where the first inequality follows from the fact that cBMB,2S(α) ≥ cBMB,2S(α, J) on the event ĴBMB ⊃
J , and the second inequality follows from step two above. Thus, by similar steps as for step one above:

Pr

(
U∗ > cBMB,2S(α)

)
≤ α− 2βP + 2βP + 4(mP − 1)brP + CP−c = α+ 4(mP − 1)brP + CP−c.

If E
[
∆Lt(θl)

]
= 0 for all 1 ≤ l ≤ κ, it holds that J = {1, . . . , κ}. Hence, cBMB,2S(α) = cBMB,2S(α, J)

with probability larger than 1− βP − 2(mP − 1)brP and so:

Pr

(
U∗ > cBMB,2S(α)

)
= Pr

(
U > cBMB,2S(α)

)

= Pr

({
max
1≤l≤κ

√
P
(

∆Ll − E
[
∆Lt(θl)

])
> cBMB,2S(α)

}
∩
{
ĴBMB = J

})

+ Pr

({
max
1≤l≤κ

√
P
(

∆Ll − E
[
∆Lt(θl)

])
> cBMB,2S(α)

}
∩
{
ĴBMB 6= J

})

≥ Pr

(
max
1≤l≤κ

√
P
(

∆Ll − E
[
∆Lt(θl)

])
> cBMB,2S(α, J)

)
− βP − 2(mP − 1)brP − CP−c

≥ α− 3βP − 2(mP − 1)brP − CP−c,

where the last inequality follows again by similar arguments as in step one.
�
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S9 Optimal Block Length Procedure

S9.1 Description of Optimal Block Length Procedure

As standard selection methods of the block size for dependent data have not yet been extended to
high-dimensional data, we follow and adapt an ad-hoc nested bootstrap procedure suggested by Zhang
and Cheng (2014) for the BMB applied to a max statistic to estimate the optimal small-large block
combination: firstly, define a grid (rP , qP ) of possible small and large block combinations and pick an
initial block size for both the small and the large block, say (rint, qint), such that (rint+qint)mint = P .
Conditional on the sample {∆Lt(θ̂lt)}Tt=R+1, let s1, . . . , smint be i.i.d. uniform random variables on

the set {0, . . . ,mint− 1} and define ∆L∗(j−1)(rint+qint)+i
(θ̂lt) = ∆Lsj(rint+qint)+i(θ̂lt) with 1 ≤ j ≤ mint

and 1 ≤ i ≤ (qint + rint). In other words, {∆L∗t (θ̂lt)}Tt=R+1 is a block bootstrap sample of the original
sample with non-overlapping blocks and initiates the outer bootstrap procedure. Since, conditional
on the sample, ∆Ll is the true mean of this block bootstrap sample, compute the times that the
sample mean ∆Ll satisfies P

1
2 max1≤l≤κ(∆L

∗
l − ∆Ll) ≤ c(α) for each grid value of (rP , qP ), where

c(α) is computed on the basis of {∆L∗t (θ̂lt)}Tt=R+1 repeating steps 1 through 3 from the main text
BI times (the inner bootstrap procedure). Drawing BO different block bootstrap samples allows to

compute the times that ∆Ll is contained in the set {∆Ll : P
1
2 max1≤l≤κ(∆L

∗
l − ∆Ll) ≤ c(α), l =

1, . . . , κ|{∆Lt(θ̂lt)}Tt=R+1} (empirical coverage probability) for each grid choice (rP , qP ). The pair
(rP , qP ) associated with the empirical coverage probability closest to 1−α can viewed as an estimate
of the optimal block choice(s) that captures the dependence structure of the actual data best. This
‘optimal choice’ can then subsequently be employed to perform the moment inequality test of interest
on the original sample.

S9.2 Monte Carlo Simulation

Table S1 presents a small set of power results for the optimal block length procedure outlined above,
for the data generating process DGP-A1 described in Section S10.2 below with sample size P = 100
and dependence combination ρ = 0.2 and φ = 0.2. We have set the number of inner and outer
bootstrap replications described above to BI = 299 and BO = 400, respectively, while the number
of Monte Carlo and of bootstrap replications to calculate the critical values are as in Section S10.2
below.

Table S1: Optimal Block Choice Procedure - Rejection Frequencies

κ = 105 κ = 300

0.962 0.951

The results suggest that the optimal block length procedure does a reasonable job in picking a
suitable (rP , qP ) combination from the grid as the rejection rates are around the upper end of the
values seen in the equivalent Table S8, which presents results for fixed block length combinations.
We leave it as a topic for future research whether additional iterations of the optimal block length
procedure may improve results further.
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S10 Additional Monte Carlo Simulations

In this section we present two additional sets of Monte Carlo set-ups. The first set-up in Section S10.1,
as mentioned in the main text, expands on the simulations involving parameter estimation error by
adding in a nowcast bias component in generating violations of monotonicity. The second set-up
in Section S10.2 gives a set-up without parameter or factor estimation which was used in previous
versions of the paper to assess the performance of the test under various cross-section and time series
dependence scenarios.

S10.1 Additional Set-up 1: With Parameter Estimation and Nowcast Bias

Here the DGP for yt is the same as in the main text, namely:

yt = β′0Ft + β′1Ft−1/3 + β′2Ft−2/3 + εt (S-54)

where the number of factors is r = 1 and we use the scalar parameters (β0, β1, β2) = (0.25, 0.25, 0.25).
The nowcaster makes predictions using the estimated equivalent of Equation (S-54), with factors
estimated by PCA and coefficients by OLS. However, in addition to this they also adds a bias Bi to
their prediction of yt, in other words:

ŷit = β̂0itF̂
(i,t)
t + β̂1itF̂

(i,t)
t−1/3 + β̂2itF̂

(i,t)
t−2/3 +Bi (S-55)

for each t = R + 1, ..., T and i = 1, ..., S where it is clear that the bias only depends on the nowcast
point i and does not vary across t. In other words at each nowcast point the prediction ŷit is formed of
the factor-augmented model-based prediction plus the bias term. With the model correctly specified,
we have an otherwise declining MSFE profile plus the square of the bias term. We can therefore use
the bias to control the degree of non-monotonicity of MSFE.

In order to check the power of the test, under the alternative there are many different ways in
which monotonicity can be violated. From the perspective of nowcaster bias, the interpretation is that
the systematic bias to the nowcast depends on which point the nowcaster is throughout the prediction
period. We follow the literature on monotonicity testing in formulating two different types of violation
of monotonicity, differing in the degree and persistence of violation (e.g., Ghosal et al., 2000). These
bias terms are all depicted graphically in Figure 1.

DGPF-A3: For i = S+1
2 , Bi = K with K > 0, else for all i 6= S+1

2 , Bi = 0.

DGPF-A4: For all i, Bi = 8K
Se−1 (S − i)e−

8(S−i)
S , with K > 0.

In both of the above cases, we set K = σε, the standard deviation of the factor-augmented model
error. This means that the bias term causes a peak violation in the MSFE profile equal to 2σ2

ε , which
is double that of the lowest point. Case A3 is a violation of monotonicity at a single point (spike)
occurring at the point i = S/2, which should help to detect the test’s sensitivity to small periods
of violations of the null. The second case A4 is a standard non-monotonic function often used in
simulation studies on tests for monotonicity where the MSFE follows a humped shape.
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Figure 1: Bias Terms Corresponding to DGPF-A3 and DGPF-A4
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Notes: This example has been created for S = 35 with parameter value K = σε where, as in the main text,
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2 = 3× 0.252.
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S10.2 Additional Set-up 2: Without Estimation Error

In this set-up we directly simulate the nowcast errors εit for i = 1, ..., S and for each t = R+ 1, ..., T .
The general form of the data generating process (DGP) for each of the forecast errors εit was closely
follows that of Zhang and Cheng (2014) and Jin et al. (2017) allowing for cross-sectional and time
series dependence. We describe it in more detail here:

εit = ρεi,t−1 + (1− ρ)
(√

1− φvi,t +
√
φv0,t

)
(S-56)

where ρ and φ are scalars such that |ρ| < 1 and 0 ≤ φ < 1.
In the results below, we let the number of nowcasts be S ∈ {15, 25, 35}, which implies a maximum

number of κ = S(S − 1)/2 ∈ {105, 300, 595} moment inequalities, while a small dimensional example
with S ∈ {3, 5} is also investigated. We consider ruling out adjacent and nearby moment inequalities
with additional spacings than the previous section, namely kcS ∈ {1, 2, 5}. We will also consider the
adjacent-only set of moment inequalities, as in the test ∆e of Patton and Timmermann (2012). The
sample sizes are P ∈ {100, 200} which give scenarios in which the number of moment inequalities is
larger than the number of observations.

In the DGP in Equation (S-56) we let vi,t ∼ i.i.d.N (0, σ2
i ) for all i = 0, ..., S. The term v0,t is

introduced only as a device to produce cross-sectional dependence. Note that in this set-up when
σ2
i = 1 for all i, it follows that for some errors εit and εiv, we have Cor(εit, εiv) = ρ|t−v|φ. Therefore

we can choose ρ and φ to vary the degree of time-series and cross-section dependence. We consider
cases (ρ, φ) ∈ {(0.2, 0.2), (0.5, 0.5)}. Note that in the main text, only the (0.5, 0.5) case was presented
and only for the null case.

The parameter σ2
i can be varied across i to generate scenarios of non-monotonicity to assess the

power of the test. When the null hypothesis is true, we use a parameterisation of the DGP with
constant forecast error variance across all i:

DGP-N: σ2
i = 1 for all i = 0, ..., S.

This ‘least favourable case’ is often chosen to assess the performance of the test when the null is
satisfied as it is for this case that rejection rates should be close to the nominal level α.

Under the alternative there are many different ways in which monotonicity can be violated. In a
similar way to the case described in Section S10.1 above, we will use standard shapes of monotonicity
violation. The difference is that here we are seeing how these affect the results in a case with no
parameter estimation error, and with different sized violations of the null. The null and alternative
cases are depicted graphically in Figure 2.

DGP-A1: For i = S+1
2 , σ2

i = 3
2 −

i
S +K with K > 0, else for all i 6= S+1

2 , σ2
i = 3

2 −
i
S .

DGP-A2: For all i, σ2
i = 1 + 8K

Se−1 (S − i)e−
8(S−i)
S , with K > 0.

In both of the above cases, we can set K = K̃/(1−φ) so that the largest violation of monotonicity
is of magnitude K̃. The rescaling by (1 − φ)−1 is required because violations in monotonicity due
to changes in σ2

i are dampened when φ is large according to the DGP in Equation (S-56). We can

therefore use this parameter, which we set to K̃ = 1.5, to analyse the power properties of the test.
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Figure 2: MSFE Profiles Under the Null (DGP-N) and Alternatives (DGP-A1, DGP-A2)
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Horizon i after the start of the reference period
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Notes: This example has been created for S = 35 with parameter value K̃ = 1.5.

Below we provide the results tables for this Monte Carlo set-up without parameter estimation error,
starting with dependence case (ρ, φ) = (0.5, 0.5) for the five different versions of the test with different
sets of moment inequalities, and then (ρ, φ) = (0.2, 0.2). Note that the results for (ρ, φ) = (0.5, 0.5)
and DGP-N correspond to what was presented in the main text. After these results, for the case
(ρ, φ) = (0.5, 0.5), we also provide results for the ‘small dimensional’ scenario where S = {3, 5} using
all and only adjacent moment comparisons.
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Table S13: Rejection Frequencies - Small S ∈ {3, 5} - All Inequalities

P = 100, (ρ, φ) = (0.5, 0.5)

κ = 3 κ = 10
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2

rP = 0 qP = 4 0.060 0.793 0.490 0.070 0.861 0.814
rP = 0 qP = 5 0.048 0.790 0.460 0.063 0.840 0.775
rP = 0 qP = 6 0.067 0.802 0.459 0.057 0.781 0.802
rP = 0 qP = 7 0.057 0.740 0.438 0.056 0.803 0.788
rP = 0 qP = 8 0.048 0.762 0.479 0.061 0.772 0.759
rP = 1 qP = 4 0.070 0.823 0.504 0.076 0.856 0.815
rP = 1 qP = 5 0.055 0.783 0.514 0.076 0.842 0.815
rP = 1 qP = 6 0.054 0.788 0.440 0.075 0.845 0.791
rP = 1 qP = 7 0.040 0.814 0.457 0.061 0.830 0.803
rP = 1 qP = 8 0.055 0.768 0.441 0.047 0.839 0.784
rP = 2 qP = 4 0.054 0.835 0.554 0.076 0.868 0.828
rP = 2 qP = 5 0.045 0.757 0.486 0.074 0.825 0.788
rP = 2 qP = 6 0.049 0.775 0.487 0.093 0.776 0.726
rP = 2 qP = 7 0.070 0.773 0.440 0.059 0.802 0.750
rP = 2 qP = 8 0.045 0.793 0.478 0.056 0.835 0.814

P = 200, (ρ, φ) = (0.5, 0.5)

κ = 3 κ = 10
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2

rP = 0 qP = 4 0.070 0.983 0.810 0.062 0.993 0.987
rP = 0 qP = 5 0.070 0.983 0.779 0.052 0.990 0.994
rP = 0 qP = 6 0.065 0.983 0.729 0.049 0.990 0.991
rP = 0 qP = 7 0.057 0.980 0.782 0.053 0.982 0.988
rP = 0 qP = 8 0.057 0.985 0.810 0.045 0.984 0.994
rP = 1 qP = 4 0.081 0.986 0.773 0.075 0.994 0.991
rP = 1 qP = 5 0.051 0.983 0.781 0.053 0.990 0.988
rP = 1 qP = 6 0.044 0.985 0.778 0.045 0.990 0.992
rP = 1 qP = 7 0.058 0.980 0.795 0.049 0.990 0.991
rP = 1 qP = 8 0.065 0.987 0.800 0.036 0.982 0.987
rP = 2 qP = 4 0.065 0.983 0.778 0.062 0.984 0.990
rP = 2 qP = 5 0.059 0.983 0.794 0.053 0.990 0.991
rP = 2 qP = 6 0.076 0.981 0.750 0.045 0.981 0.987
rP = 2 qP = 7 0.058 0.980 0.760 0.049 0.981 0.987
rP = 2 qP = 8 0.058 0.982 0.794 0.045 0.993 0.994
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Table S14: Rejection Frequencies - Small S ∈ {3, 5} - Adjacent-only Inequalities

P = 100, (ρ, φ) = (0.5, 0.5)

κ = 2 κ = 4
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2

rP = 0 qP = 4 0.083 0.795 0.511 0.055 0.799 0.416
rP = 0 qP = 5 0.091 0.819 0.509 0.084 0.848 0.437
rP = 0 qP = 6 0.070 0.832 0.439 0.069 0.792 0.428
rP = 0 qP = 7 0.069 0.796 0.507 0.063 0.800 0.477
rP = 0 qP = 8 0.083 0.773 0.435 0.073 0.790 0.481
rP = 1 qP = 4 0.074 0.804 0.562 0.077 0.789 0.449
rP = 1 qP = 5 0.085 0.809 0.496 0.068 0.790 0.437
rP = 1 qP = 6 0.071 0.823 0.460 0.041 0.796 0.415
rP = 1 qP = 7 0.083 0.814 0.492 0.062 0.834 0.396
rP = 1 qP = 8 0.072 0.823 0.468 0.059 0.824 0.425
rP = 2 qP = 4 0.087 0.807 0.562 0.088 0.840 0.477
rP = 2 qP = 5 0.084 0.768 0.457 0.062 0.792 0.414
rP = 2 qP = 6 0.085 0.823 0.492 0.058 0.830 0.448
rP = 2 qP = 7 0.075 0.805 0.512 0.058 0.780 0.403
rP = 2 qP = 8 0.069 0.806 0.492 0.050 0.811 0.403

P = 200, (ρ, φ) = (0.5, 0.5)

κ = 2 κ = 4
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2

rP = 0 qP = 4 0.077 0.982 0.767 0.058 0.991 0.775
rP = 0 qP = 5 0.066 0.984 0.780 0.056 0.988 0.748
rP = 0 qP = 6 0.057 0.984 0.730 0.067 0.985 0.748
rP = 0 qP = 7 0.061 0.981 0.777 0.072 0.992 0.715
rP = 0 qP = 8 0.056 0.982 0.744 0.053 0.985 0.748
rP = 1 qP = 4 0.057 0.982 0.757 0.062 0.989 0.772
rP = 1 qP = 5 0.089 0.982 0.771 0.058 0.988 0.763
rP = 1 qP = 6 0.070 0.984 0.780 0.065 0.989 0.716
rP = 1 qP = 7 0.055 0.980 0.743 0.045 0.986 0.755
rP = 1 qP = 8 0.057 0.975 0.780 0.066 0.988 0.789
rP = 2 qP = 4 0.079 0.987 0.814 0.055 0.984 0.665
rP = 2 qP = 5 0.070 0.984 0.791 0.058 0.988 0.726
rP = 2 qP = 6 0.070 0.974 0.759 0.045 0.992 0.750
rP = 2 qP = 7 0.057 0.984 0.754 0.045 0.988 0.733
rP = 2 qP = 8 0.057 0.982 0.761 0.045 0.989 0.723
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S11 Additional Tables: Empirical Application

S11.1 List of Variables

Table S15: Monthly Variables and Quarterly GDP Component Target Variables

FRED Code Description Publication Lag

UMCSENTx Consumer Sentiment Index -2
S&P 500 S&Ps Common Stock Price Index: Composite 0
TB3MS 3-Month Treasury Bill 0
GS10 10-Year Treasury Rate 0
TWEXMMTH Trade Weighted U.S. Dollar Index: Major Currencies 0
EXSZUSx Switzerland/U.S. Foreign Exchange Rate 0
EXJPUSx Japan/U.S. Foreign Exchange Rate 0
EXUSUKx U.S./U.K. Foreign Exchange Rate 0
EXCAUSx Canada/U.S. Foreign Exchange Rate 0
CE16OV Civilian Employment 1
UNRATE Civilian Unemployment Rate 1
PAYEMS All Employees: Total nonfarm 1
USGOOD All Employees: Goods-Producing Industries 1
CES1021000001 All Employees: Mining and Logging: Mining 1
USCONS All Employees: Construction 1
MANEMP All Employees: Manufacturing 1
DMANEMP All Employees: Durable goods 1
NDMANEMP All Employees: Nondurable goods 1
SRVPRD All Employees: Service-Providing Industries 1
USTPU All Employees: Trade, Transportation & Utilities 1
USWTRADE All Employees: Wholesale Trade 1
USTRADE All Employees: Retail Trade 1
USFIRE All Employees: Financial Activities 1
USGOVT All Employees: Government 1
CES0600000007 Avg Weekly Hours: Goods-Producing 1
AWOTMAN Avg Weekly Overtime Hours: Manufacturing 1
AWHMAN Avg Weekly Hours: Manufacturing 1
M2SL M2 Money Stock 2
BUSLOANS Commercial and Industrial Loans 2
REALLN Real Estate Loans at All Commercial Banks 2
CLAIMSx Initial Claims 7
WPSFD49207 PPI: Finished Goods 13
RETAILx Retail and Food Services Sales 15
INDPRO IP Index 15
IPFINAL IP: Final Products (Market Group) 15
IPCONGD IP: Consumer Goods 15
IPDCONGD IP: Durable Consumer Goods 15
IPNCONGD IP: Nondurable Consumer Goods 15
IPBUSEQ IP: Business Equipment 15
IPMAT IP: Materials 15
IPDMAT IP: Durable Materials 15
IPNMAT IP: Nondurable Materials 15
IPMANSICS IP: Manufacturing (SIC) 15
IPB51222S IP: Residential Utilities 15
IPFUELS IP: Fuels 15
CUMFNS Capacity Utilization: Manufacturing 15
HOUST Housing Starts: Total New Privately Owned 19
HOUSTNE Housing Starts, Northeast 19
HOUSTMW Housing Starts, Midwest 19
HOUSTS Housing Starts, South 19
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HOUSTW Housing Starts, West 19
PERMIT New Private Housing Permits (SAAR) 19
PERMITNE New Private Housing Permits, Northeast (SAAR) 19
PERMITMW New Private Housing Permits, Midwest (SAAR) 19
PERMITS New Private Housing Permits, South (SAAR) 19
PERMITW New Private Housing Permits, West (SAAR) 19
AMDMNOx New Orders for Durable Goods 27
ANDENOx New Orders for Nondefense Capital Goods 27
DPCERA3M086SBEA Real personal consumption expenditures 29
CMRMTSPLx Real Manu. and Trade Industries Sales 30
DTCOLNVHFNM Consumer Motor Vehicle Loans Outstanding 48
DTCTHFNM Total Consumer Loans and Leases Outstanding 48

GDP Real Gross Domestic Product 28
CONS Real Personal Consumption Expenditures 28
INV Real Gross Private Domestic Investment 28
GOV Real Gov Consumption Exp & Gross Inv 28
EXP Real Exports of Goods & Services 28
IMP Real Imports of Goods & Services 28

S11.2 Additional Results

This section provides several additional sets of results, as laid out in the main text these are as follows:
(i) rolling estimation scheme, (ii) reduced dataset of N = 9, (iii) nowcasts evaluated at the end of
each day (iv) nowcasts evaluated once every 10 days, (v) post-1984 sample, (vi) using the Linex loss
function.
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