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S1 General Remarks

This supplementary material is organised into different sections. Section provides some further
details explicitly showing how the factor-augmented model set-up fits the moment inequality setting
and introduces a representation of the factor estimation error, which is used in Sections [S4] and
Section [S3| on the other hand contains additional factor model assumptions required for various
technical lemmas outlined in Section [S4] as well as in Section The latter section uses the results
from Section[S4 and deals with parameter estimation error in the test statistic. Finally, based on these
results, the central result of the paper, Theorem 1, is proven in Section [S6] Section [S7] describes the
technical Assumption mentioned in Section 3.2 of the paper. It also states Theorem S1, which
shows that the results of Theorem 7.1 in |Chernozhukov et al. (2014b)’s paper continue to hold for the
case of unbounded random variables subject to Assumption Section contains the proof of
Theorem 2 in the paper, and Section [S9] outlines an ad-hoc method to choose the small-large block
combination in practice and presents a small Monte Carlo simulation to that effect. Finally, Sections
[S10] and [ST1] provide additional set-ups and tables of results for the Monte Carlo simulations, and then
the set of variables used in the empirical application along with additional sets of empirical results.

S2 Factor Augmented Set-up & Representation

For the results derived in the remainder of this Supplementary Material, we require a representation
of the factor estimation error along similar lines to the representation in (A.1) of Bai| (2003) or the
one adapted to out-of-sample estimation in |Gongalves et al.| (2017) and Fosten| (2016]), but with the
extension involving the forecast errors used to address the ragged edge problem. However, while
explicitly accounting for the ragged edge in the factor estimation problem we will, for the rest of this
supplement, abstract from the mixed frequency aspect of the data and assume that the predictor
variables X; are released at the same (quarterly) frequency as the target variable y;. The reason for
doing so is that neglecting mixed frequency allows to highly reduce the complexity of the notation
by setting the number of nowcast updates equal to the number of variables in the data (i.e., S = N)
without altering the technical aspects of the problem. For instance, accounting for the monthly
frequency in the proofs below would require a distinction between cases where the ragged edge ¢ =
1,...,5 occurs in the first (i < N), the second (N < i < 2N), or third month (2N < i < 3N) of



the last quarter ¢. Also, as pointed out in Remark [[] in Section [S4} skip sampling the monthly series
to obtain quarterly series Ft(l’t), Ft(i’?/s, and Ft(i’;)/3 does, by construction, lead to a sum of squared
estimation error lower than the one for the entire series, and does therefore not alter the conclusions

drawn from the uni-frequency set-up.

S2.1 Monotonicity Testing in the Factor-Augmented Set-up

Before we derive a representation of the factor estimation error for our set-up, we recall some notation
from the main paper adapting it to the uni-frequency case as mentioned above. That is, the window
of monthly observations in the matrix X® is now composed of [X1, X9, ..., Xy]', where:

Xt = AFt + Uy (S—l)

and the quarterly regression for g, is:
yr = B'Fy + & (S-2)

which is the uni-frequency equivalent of unrestricted factor-MIDAS model in the main paper. This
corresponds to the standard factor-augmented model of [Stock and Watson| (2002a},b) and Bai and Ng
(2006)), where we ignore the presence of ‘must-have’ regressors W; for simplicity. Note that X; =
AF; + u; can be re-written as:

Fr = (NA) A X, + (MA) A g (S-3)

However, in the out-of-sample nowcasting context, at each quarterly out of sample point t = R+1,...,T
and nowcast point i = 1, ..., S, we do not observe the matrix X®. Rather, we must use the estimated
X () which solves the ragged-edge problem, as described in the main text. To apply PCA for factor
estimation, we require the balanced recursive data matrix:

X171 XN71
X0t = : 1 fort=R+1,...T;i=1,..,8 (S-4)
XN Xl,t—l cee e e Xg}tfl

Xy .o Xy Xyt o X

A typical element of this matrix of predicted observations from the naive forecasting model is given
by {Xj(z’t) ct=R+1,.,T;5=1,..,t;i = 1,...,5}. The relationship between the two matrices X,
and Xt is given by:

)?(i7t) — X(t) + A\(lvt)

where:

That is, ﬁg”) is a 1 x N vector which contains 0 values for the variables which have already been

released at point i:

/71@ =1[0,...,0, Big1,5 - -+, AN



Since ﬁgz) is usually the result of estimating the parameters of some naive model for each variable

to solve the ragged edge problem, we make the distinction between the predictions )A(t(i’t) based on

estimated parameters, and Xt(i’t), which is free of estimated parameters. The corresponding prediction

errors /'lgi) is as follows:

M?EZ) = [07 ce 707lu’i+1,t7 B 7ﬂN,t]~

For example, if the AR(1) interpolation is used, as in |[Kim and Swanson| (2017) and the empirical

) =

section in the main text of this paper, then the distinction between )?t(i’t) and Xt(i’t) would be )?t(”

pitXt_1 whereas )'("t(i’t) = pX;_1. The relationship between X; and X (@t) ig therefore:

PO SO ()

where:

(it O—1)xN
Al = [ "ii)x .

With the above in mind, we replace X; in Equation (S-3) with X1 for each i and ¢:

F = (NA)TWXP) 4 (WA) TNy t=R+ 1., Tij=1ti=1,..,5  (S5)
which gives us an expression of the true factors as a function of the known data at time ¢ and nowcast

point 7. We call these factors Fj(i’t) the “pseudo true factors”. Therefore the pseudo true factors relate
to the true factors as follows: - o
it) —1As (it
F% = Fj+ (MA) N (S-6)
and they can be seen as a potentially biased version of the true factors, caused by the predictions used
to solve the ragged-edge. Later we show results on the limiting properties of the estimated factors
F(:1) based on the pseudo true factors when A has been estimated using PCA.
Finally, we can re-write the quarterly regression model y; = 8'F}; +¢; for each 7 and t by expanding
around the “pseudo” factors from Equation ([S-6)):

y; =B j“’t) +e;i+ 06 (Fj - F](i’t))

_ 5/Fj<ivt> +g§?¢) t=R+1,..T;j=1,. ti=1,..,8 (S-7)

where é'y’t) =¢;+0(Fj—F j(i’t)). The moment inequalities for our test are based on the end-of-window

“pseudo” error égi’t) and therefore correspondingly 6; = [Flt(i’t)/7 B']". For example, for MSFE loss the

moment inequalities can be written as:

. 2 i 2
Ly — gisne(Bi1x)) — Ly — yia(00) = (£70) " = ()

In this factor model case, if we have correctly specified the model for the true data generating process,
and in the absence of measurement errors, then we expect the null hypothesis of monotonicity to
hold. This is because the pseudo-true factors approach the true factors as ¢ grows towards S, meaning



that (Fj — Fj(l’t)) declines to zero and é’gz’t) becomes comprised only of €;. Under correct model
specification, we expect that MSFE declines towards the end of the nowcast period.

In order to derive the representation, which will be used in the technical lemmas of Sections
and respectively, we define the estimated and ‘infeasible’ ¢ x r matrices of bias terms:

Bt = % <X(t);{(i,t)/ + AGt) x () + g(i,t)g(i,t)/) PN GH)-1 (S-8)
and )
B](z,t) == (X(t)A(i,t)/ 1A x4 A(i,t)A'(z',t)/) F(t)Héz,t)%_1_ (S-9)

Here, H() = VE0-1(F@O O /1) (A’A/N) denotes the rotation matrix and Héi’t) = diag(41) is its

probability limit. Likewise, V() is a r x r diagonal matrix containing the largest r eigenvalues of the
s 1 1 —~

covariance matrix X (i) X (@:)/ /Nt, and Vh = XXX} is the probability limit of 174008

S2.2 Representation

Expanding window PCA estimation proceeds to estimate F@Y as the t x r window corresponding
to the r eigenvectors corresponding to the r largest eigenvalues of the covariance matrix of X (1),
Therefore we have the following identity for each t = R+ 1,...,T and i =1, ..., S:

(X(l,l);((z,t)/) Pl — RO (S-10)
and so:
. X x@EHr\ o
F(z,t) — ( . F(z,t)v(l,t)fl (S—ll)

In order to relate this back to the standard setting where X® is used for estimation, noting that the
forecast errors only affect the last row of X (41):

R0 — x® 4 460

with the identity in Equation (S-11)) becomes:
. 1

ol ——

tN

Note that the sum of the second, third, and fourth term correspond to the estimated ¢ x r matrix

(X(t)X(t)/ _I_X(t)A‘(z‘,t)/ +A\(i,t)X(t)/ + A‘(z‘,t);[(z‘,t)/> Pl GEH—1

BEY iy Equation |D which contains the forecast errors ﬁgl) Finally, using the same argument as
in Bai| (2003)), by substituting in the factor model in matrix notation, which is written:

X0 =F® A 4y (S-12)
txXN txXr rxN txXN

we have that:

t
(i o 60 o1 [ 1= 56, 1= A0,
F) — gO0p; - B = pln-1 (tz FECBTEED S sl
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_|_

~+ | =
MW

t
~(i 1 ~(i,
,5 ’t)ﬁkzj T3 Z F;E t>§kj> (S-13)
k=1

B
Il
—

and, as defined in Bai and Ng (2002), we let:
LN
i =E (N ; uzk“zj)
L
Chj = <N > uz]“zkz) = Vkj
i=1
ol Nu;

1
M = D Fidiuij = F—
=1

1 Y AN
& = 3 ; NiFjuik = = F)

Now, by defining: ' ,
PO — -1 i (3-14)

we can rewrite Equation [S-13] to get:
Y — gEOF = plio-t (t SOy + 5 FOO¢,

t t
1 ~(; 1 ~(,
+z E ]5 7t)77]gj + g E F]E t)fkj> (S—15>

Equation (S-15)) gives us an expression for the deviation of the estimated factors from a rotation of
(

the true factors plus a contamination due to the presence of the forecast errors ﬂtz). The right hand
side (RHS) of Equation will be treated in the same way as in Bai (2003) and more recently
Fosten| (2016) and |Goncalves et al.| (2017)).

Finally, in each window t = R+ 1,...,T and for observations j = 1, ...,t we define the ‘pseudo-true

factors’ as:

FiY = Fy - m ) By (S-16)
which is equal to the true factors plus a contamination which depends on the true forecast errors jjgi)
rather than estimated forecast errors ﬁgz) The matrix B](-i’t) is defined in . In order to purge
ﬁj(i’t) in Equation (S-14)) of the effect of the estimation error in ﬁiz) we will therefore make use of the
following representation:

F(i,t) _ ﬁ(i,t) _ H(()i,t)fl (B(i,t) - E(i,t)) _ (Héi,t)fl _ ﬁ(ivt)*l) Bj(i,t)

+ (Héi’t)_l - ﬁ“vﬂ—l) (B](."’t) - é(i’t)) . (S-17)




S3 Factor Assumptions

The following assumptions are used to prove Theorem 1 as well as various auxiliary lemmas listed

below. Before outlining the conditions, let sup, stand short for supp<,<7 and sup; ; stand short for

SUD| << N SUP p<y<7 (We will refer to the latter as ‘uniformly in ¢ and ¢’ in what follows). Also, recall

that we impose_d_the identification assumptions F('F® /t = I and A’A/N is diagonal.

Assumption SM1. 1. For everyi = 1,..., N, the data {F}, e, pit, wi }iy is strictly stationary
and [B-mixing with size of the mizing coefficient being b,, = o (T;erp/(drp_l)) and d, > 1,
where d,, was defined in Assumption 4 in the main text.

2. E[\|Ft||4d’°} < C, and %Z;Zl FyFY L Sp uniformly in R < t < T (‘uniformly in t’ in the
following), with the r x r positive definite matriz Xp; The loadings \; for i = 1,..,N are
either deterministic such that | \;|| < C or stochastic such that E {HA,-HMT} < C. In any case

ANA/N By Sa, with $p an r x r positive definite matriz $a; The eigenvalues of the r X r matriz
(XA - XF) are unique.

3. Eluy) =0, E [|U1;t|8dr} <C;E [% Zfil uisuit:| = Yst, |7ss| < C for all s,
and % 22:1 Zizllm‘ < C for all j,k, as well as % ZtT:RH 22:1 v2, < C uniformly in t; For

8
all (t,s), E UN‘UQ SN wiuis — B (uius)

} < C; Elujuji] = 754 with 1354 < |735] for some
7ij and all t; in addition, + SV Z;VZI |Tij| < C; for some (k,h), let Eujpujn] = 7ijkn, and
assume for all t, gp S5y S0 Yohoy Yoy [Tl < C.

4. For all s, EU

2
SUPtﬁZZﬂ Zf\il Fy (uisugg — E(uwuzk))H } < C; For all s, and h > 0,

9 2

E Usupt levT ZZ_:’; i\; (wiswir — B (uisuir)) €k‘ } <G E U’\/%Tv Sup; Z;:I Auje; } < C,and E[Ajuirer] =
AN 1 N 1 3 . 2

0 for all (i,t); E|( % i1 ||sup; T Zj:l Fjuij <C,

2
and E[Fyug] = 0 for all (i,t); E [H\/%—Nsupt >iet Fj“Q‘AH } < C, and ENuyFy] = 0 for all

2
(i,t); E [} sup, Z§'=1 Hﬁ le\il Aiti; ] < C, and E[Nu;j] =0 for all (i, )
5. E[Fie] =0 and E [w‘ﬂ <C;E [Supt (A5, Fkgkﬂ <C.

, , o 14dy
6. Uniformly in i and t, ||ﬁtz) - ﬂgz)H = 0,(1/VR) and E {Hﬂf’“” } <C.



S4 Auxiliary Lemmas (Factors)

Lemma B.1.

uniformly in 1

Lemma B.2.

uniformly in i

Lemma B.3.

uniformly in i

Lemma B.4.

uniformly in 1

Lemma B.5.

uniformly in 1

Lemma B.6.

uniformly in 1

Lemma B.7.

uniformly in i

Under Assumption above and Assumption 4 of the paper,
. 2
[veot| =00 and A= 0, (1)
and t.
Under Assumption above and Assumption 4 of the paper,

L ([860 7 5602 L1
r - BOR =0, (max{ 5 1)
j=1
and t.
Under Assumption above and Assumption 4 of the paper,

t
1 Sanl2 1
F 2[5 =0 (7)
j=1
and t.
Under Assumption above and Assumption 4 of the paper,

¢ .
r B =0 (3)

and t.
Under Assumption above and Assumption 4 of the paper,

LS 560 g |’ — o L
7 2|3 -] = 0 (max 7o
and t, where F; are the the true factors.

Under Assumption above and Assumption 4 of the paper,

t

LS~ (B6h _ gung ) pr— L1
T;(Fj HUOF;) Fj = 0, ( max T

and t.
Under Assumption above and Assumption 4 of the paper,

e sl o ({7 })

and t, where Ho(i’t) = diag(£1).

it holds that:

it holds that:

it holds that:

it holds that:

it holds that:

it holds that:

it holds that:



Lemma B.8. Under Assumption above and Assumption 4 of the paper, it holds that:

H"}(i,t)fl _ V0—1H =0y (max{}lz Jif})

1 1
uniformly in i and t, with Vo = XX pX3.

Lemma B.9. Under Assumption above and Assumption 4 of the paper, it holds that:

Sup HB(” t(i’t)H =0, <max{\/1ﬁ, \/lﬁ}> .

Lemma B.10. Under Assumption above and Assumption 4 of the paper, it holds that:
T
1 (it - (i0)|2 1 1
p 3 1805 =0 (e {5 5})
t=R+1

Remark 1. Note that the technical results of Lemmas through carry directly over to the
mized frequency case with skip-sampled series. To see this, assume the monthly case from the paper
with j = 1/3,2/3,1,...,t —2/3,t —1/3,t. Then, taking Lemma as an illustrative example, the
result of this lemma for the uni-frequency case and the rate conditions of Assumption 4 imply that:

3tZHF(”) Aon( = (5) 1 ZHF” 800" = 0wo, (max{ 5.7 )

=1/3

uniformly in i.

for each R+ 1 <t < T. Now, skip-sampling over say months 1 and 2 of the quarter (i.e., k =
1,2,3,...,t —2,t — 1,t) yields automatically the bound:

P2 [Ee - aon] <] Z |70~ B8 =0, (max{ 5 1 })-

for each skip-sampled series, since the additional scaling of the average by 1/3 does not affect the
asymptotic rate. A similar line of argument can be used for the other Lemmas.

Proof of Lemma We start with the first claim and note that Lemma A.5 of [Gongalves et al.

(2017) shows uniformity over ¢ in the standard set-up where the data matrix X O X®" is used to
estimate the factors and not X (#9) X 41 In this proof it therefore suffices to show that:
XOOXE N = XOXO /tN 4 0,(1)
uniformly across i, which removes dependence on i. From Section we know that:
XEDXE N = xOXO tN 4 (X@)E(iat)’+ﬁ(iv”X(ﬂ’+E(iat>ﬁ<ivt>’) JEN. (S-18)



For the term in brackets, we have that uniformly in ¢ and ¢:

1
(t (3,t)! A6, v (8) 1 3,t) t AGt)r
X + A x4 4 V|I/tN = 0, (RN>

which follows from a similar line of reasoning as in the proof of Lemma [B.4] below using the fact that
the first (¢ — 1) rows and/or columns of the first, second, and third term have zero entries (see proofs
of Lemma and for details) and Assumption as well as the fact that (t/R) = O(1) for
every R <t < T by Assumption 4. Moreover, using the matrix representation of X ®) in Equation
, we obtain for the first term on the RHS of that:

E [X(”X@)’] JtN = E [F(”A’AF(W} JIN + B [ (y } JtN.

given that E [F A u(t)’] = 0 by 4. in Assumption Therefore, repeating the line of argument as in
the proof of Lemma A.5 in Gongalves et al.| (2017)), we can deduce that the smallest eigenvalue of v (t)
1

is bounded from below by the smallest eigenvalue of £3% FE the probability limit of A’ F&/ (A JtN
(because the non-zero eigenvalues of X ) X(®) are identical to those of X’ X®) if we can show that:

HX )X /N — E[X(t ]/tNH—o,, 1)

uniformly in ¢ and t. But this follows from and an argument similar to the proof of Lemma
A.5 in |Gongalves et al.| (2017), which in turn implies that ||[V®)=1|| = O,(1) uniformly in i and t.
Moreover, given this result and since PG i) /t = I, one can again follow the proof of Lemma
A5 in |Gongalves et al.| (2017) to verify the second claim in Lemma namely ||HD|2 = 0,(1)

uniformly in ¢ and t.
[

Proof of Lemma Since V@1 is of order Op(1) uniformly in ¢ and ¢ by Lemma its
presence will be ignored in the following. First, observe that:

2

t
1 (it
n > FMG

IN
M| =
N

k=1 k=1
Since (t/T) = O(1) by Assumption 4, the remaining arguments are as in the proof of Theorem 1 in
Gongalves et al. (2017) noting that they hold uniformly in ¢ and t. Therefore, we have that the first
term on the RHS is of order O,(R™1), the second term is O,(N 1), the third term is of order O,(N 1),
and the fourth term is also of order O,(N 1) uniformly in 4 and ¢. This completes the proof of the
Lemma. |



Proof of Lemma |B.3. We firstly obtain an expression for Bj(i’t) for a given t and 7. Recall that

BY) is the t x r matrix:

(th) = — (t) (th)/ (th) (t), (th) (7’7t)/ (t) (Z’t) -1
BUO = — (XOAG 4 4EOXO 4 460 46O PO O,

=14+ 1T+ 111
Starting with I we note that:
X ® jG@0 g — x(®) [ONX (1) ﬂy‘)] FO®
= |01, XD | FO
[ ZhN:i—i-l Xh,1fint By
= | O (t—1) : :
i Soheis1 Xnding F{
[ ZhN=i+1 Xh,l/ihtFt/

L ZhN:iH Xh,t/lhtFtl
[ Z;zv:iﬂ()\%Fl + up1) fine FY

I

| E}IyziJrl()‘;th + wp ) fine FY

For part I we have:

Al x @O p(t) — O(tf(li))/XN ] X O ()
Hy

_ | OQe-nxe ] ja0

- Mgl)’X(t)l
] F
_ O—1)xt )
D SATRY 15 ORI S AN 19, OF ] I;’
t
o [ O(t—l)xr :|
B L Zi]zvzi—‘rl Zizl ﬁhtXhﬁFl:‘

[ N O(¢—1)xr }
= t .
L Zh:i+1 Zk:l NhtXh,kFl;

Finally, for part I11:

N el % Ot
A6 JG@0r ) — ONX(FU?/)E)} [ (t“(li))/xN F®

Ky

10



Op—1)x(t-1) Ou—1)x1 ¢
= 5 o | FO
i 1x(t—1) My = My
] By
_ | O¢-1yx@-1) 0}&;:—1)><1 ] :
Otx(t=1)  Doheit lipg F,
t

- je(t—l)xr ]
L Zh:i+1 :U'%LtFt/

Therefore we see that parts 11 and 111 only affect the last row of the ¢ X r matrix BUt) whereas part
I has a contribution to every row.

fozm X1 jine FY
1 :

tN

B(i,t) — : H(gi’t) ‘/0_1
Zf]LV:iH Xh,tflllhtFt/

N t . N . N .
S oheint 2ot Fne Xn g FY A+ Y ey Xnint FY + Yy i FY

Now, we note that for j =1,....;t — 1:

N

"("t) R 1 7 ('7t) —1

sz ~IN E: XhajluhtFt/HOZ Yo
h=i+1

Whereas for the final observation of the window at j = t:

N t N
» 1 . o1 1 ) )
B = iy S e X FLHS Ve + 2 Xpjin F{HS V!
h=i+1 k=1 h=i+1

N
1 . i)
+m Z :U’}QLtFt,H(gZ )Vo !
h=i+1

Therefore we can write the statement in Lemma [B.3] as:

t 02 t 1 N - 2
SBN =20 iy 32 eV
Jj=1 Jj=1 h=i+1
1 O ’
o X dinErE v (8-19)
h=i+1
L N ‘ 2
iy 3 Sy
h=i+1 k=1

11



noting that the last two terms do not have 25‘:1 because these terms only apply to the last row of
the window. ‘
We start with the first term on the RHS of Equation (S-19)). Note that Héz’t) and of V(f1 are the

probability limits of HED and YA/("’t)*l, which are both bounded uniformly in ¢ and t. Thus, we can

bound this term as follows:
tN Z Xj, t,uhtl[‘ﬁtH(Z t)Vo '

t

j=1 h=i+1
C ) 1 t N )

<7 17l <thZ > H(Aszmhj)uhtH)

j=1 h=i+1

2

2\ 3

1
N 2 N ¢
™ 1 /1. 2\ (1 ! 1 1
<C <t> ~ (t (| F2] ) (N > il > N > E (ML + ung)”

h=i+1 h=i+1 ]:1

While (%) — O(1) by the rate conditions of Assumption 4, the term t~1||Fi||* is of order O,(1)

uniformly in i and ¢ since t=' 3F_, | Fi|[* = O,(1) uniformly in i and ¢. Moreover, note that:
1T [1 i
2
~ > - ST GE FIN, + ud + 20, Fyugg) | = 0,(1)
h=i+1 j=1

uniformly in 4 and ¢ by Assumption and an application of Markov’s inequality. Also, by Assump-
tion the second term on the RHS is:

uniformly in ¢ and ¢ and so the whole term is therefore of order Op(1) uniformly in i and t.
Next, consider the second term on the RHS of Equation ([S-19)):

g R
2 -4
< Cﬁ | E2 <Ng Z :uht) :

h=i+1

1

N > XnfineF

h=i+1

By Assumption and application of Markov’s inequality, it holds that:
1 N
.4
N Z fine = O
h=i+1

uniformly in i and ¢. The whole term is therefore of order o,(R™!) for all 4 and ¢ since t~* < R™L.
The final term from the RHS of Equation (S-19) to consider is:

1
tN

N ¢ 2
30> iineFy (N Fr + ung)

h=i+1 k=1

)

12



which can be bounded by:

t N i
(igme) (5 £) () (3 Z (L wnewr))  om
1 h=i+1 h=i+1 k=1

The term ¢~ Y24 _, || Fi||? is of order O,(1) uniformly in i and ¢ by the arguments from before. More-
over, by Assumption and Markov’s inequality:

(725) () (3 2, (r0sm o)) -0

h=i+1 h=i+1

uniformly in 7 and ¢, and by Assumption for all 7 and ¢:

1N
N Z ,Llit:Op(l)

h=i+1

Thus, the bound for Equation (S-20)) is of order Op(1), which holds uniformly in ¢ and ¢. The claim
follows noting that (R/T) = O(1) by assumption.

|
Proof of Lemma A similar decomposition as in the proof of Lemma yields:
t [ X 2
S =X oy 3 Xuawrtco7eo
=1 j=1 h=i+1
1 O ’
+ v [z FHG 601 (S-21)
h=i+1

t
1 - 1 77 (0,8) T (i)~ 1
iy 2o DA XngFLHEOVE
h=i+1 k=1
We will only sketch the steps for the ﬁrst term on the RHS of [S-21] the others follow by similar
arguments. Since H H(D and of V@)-1 are both bounded in probability uniformly in ¢ and ¢ by
Lemma we can use the same argument as in the previous lemma to derive the bound:

2
t
Z Z Xj t;uhtF H(Zt)‘//\*(i,t)—l
J=1 h i+1
1
™ 1 /1 1 Y : 1 X (1 A\’
. 2
<C <t> I <tHFt||2> (N Z ’Mht|4> N Z fZ()‘;LFj+uhj)
h=i+1 h=i+1 j=1

While the first, second, and fourth term are identical to the proof of Lemma the third term on
the RHS is:

1 1 Y
N ﬁ%t =N Z ﬂit +0p(1) = Op(1)
h=i+1 h=i+1



uniformly in ¢ and ¢ by Assumption and an application of Markov’s inequality. The remaining
terms can be analyzed using analogous arguments to above and Lemma [B.3]

[ |
Proof of Lemma [B.5l Note that:
L~ (5600 76 2 L (260 A6 (560 L #i0-1500 |
S U CE I o A R 8
j=1 j=1
L [ 600) @) _ B
_ 2 St Fn) mi 5,
= TZ B0 = HBVF — B H
j=1
1 | a0
< 3l
j=1
L[ #600)
2,0
o
j=1

By Lemma [B.2} the first term after the inequality is of order O, (max { , —q ) while the second is of
order O, ( by Lemma and so the entire term is of order Op ( {N ﬁ}) uniformly in ¢ and
t. |
Proof of Lemma The proof of this lemma has been omitted for brevity. It follows very closely
Lemma B.2 of Bail (2003), replacing use of his Lemma A.1 by our Lemma above, and noting that
results can be shown to hold uniformly in ¢ and ¢. |
Proof of Lemma The proof closely follows the argument of Bai and Ng| (2013]), Appendix
B (p.27), extending the results to hold uniformly in 7 and ¢. Starting with the rotation matrix
H@) = yE)—1(F@ p®) /1) (AA/N) defined in the text, we decompose the term F&)'F® /¢ into:

plrpw  (FOO - O ﬁ(i,w/)’ P L PO
t t t
= HO) 4+ 0, ( max L1 (S-22)
P N'R

since we use the normalisation F(t>;F(t> = I, forallt = R+1,...,T, and since (13(“) — FO R > 0/t =

(T/t)( FOb F(t)H(“t)’> FO/T =0, (max {%,%}) uniformly in i and ¢ by Lemma [B.6
Now post-multiplying Equatlon ) further by H HED we have:

Fapo PN 11
fH( O — G gl O, (max { NTR })

and expanding this further:

Plity <F(t)ﬁ(i,t)/ _ PG _|_ﬁ(i,t)) L1
— gt gt) = =
; HY"WH +Op<maX{N,R}>
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which finally gives:
A = 1 40, (max{ —, %
b N’'R

since we normalise the estimates w =I.forallt=R+1,...,T,i=1,..., N, and since it also
holds from Lemma and a similar result to Bai and Ng| (2006) Lemmas A1(ii) and A1(iii) that
by (F(t)ﬁ(i7t)’ - ﬁ(i’t))/t = O, (max {%, %}) uniformly in ¢ and t.

The result that HG) HG) = I, + 0O, (max {%, %}) uniformly in ¢ and ¢t means that HED is an
orthogonal matrix with eigenvalues equal to -1 up to a term which is negligible uniformly in ¢ and ¢.
Finally, in order to show what is required, that HED is a diagonal matrix with +1 on the principal
diagonal, up to a term which is of order O, (max {%, %}), it suffices to show that H () is symmetric,
which follows an identical proof to that of Bai and Ng| (2013). |
Proof of Lemma Since we know from the proof of Lemma that

73 (i) 73 (i 11
HOWWHED = 1,40, (maX{N, R}) ;

uniformly in ¢ and ¢, and, as in |Bai and Ng (2013), Appendix B (p.27),

t t
NFOFON 560 _ gaopao 0, (max {1 1}) ,

Nt N'R
. 1 1
v = v, + O, <maX{N,R})

uniformly in ¢ and ¢. Moreover, it holds that:

we can conclude that:

e N e

Since Vj is positive definite by Assumption [SM1| above and Lemma [B.1| that Hf/\'(i’t)*lH = Op(1)
uniformly in ¢ and ¢, it follows that for all ¢ and ¢:

H‘/}(i’t)_l — VO_1 ’ =0, <max{]1%, ]17}) .
|

Proof of Lemma Using the representation derived in the proof of Lemma we have that:

Hﬁt(i,t) _ BIEM)H

N
1 ~ BEDIT ) — . iE) ¢ —
~ N Z (Xht“htFt(Z VO - Xy FHSV 1) ‘
h=i+1
1 N . ) .
o Do (A ECTVE i BV
h=i+1

15



i Z Z(MhtthF M 7ACUR 1_ljhtthFléH(gi7t)Vb_l>

For simplicity, we will only examine the leading term involving the double sum Ziv:z I ch:l, the
remaining terms follow by similar arguments and are of smaller order than the last term. First note,
that this term can be further decomposed as:

N t N t
1 ~ S (14) — . )
TIPSR I ELLEES Sp RIS
h=i+1 k=1 h*i—i—l k=1
1 Dy, Dy,
< v (3 Smenunnit - 3 S pownnovt )| s
h=i+1 k=1 h= H—lk 1
N t
1 .. S
e (2 St = 3 S nia it
h=i+1 k=1 h=i+1 k=1
N
e (3 S v - 5= S |
i+1 k=1 h=i+1 k=1

+op(1),

where the 0,(1) term holds uniformly in ¢ and ¢ and contains the cross-products. We start with the
last term on the RHS of the inequality, which can be written as:

N ¢
% Z ZﬂhtthFl::H(()w) (VO_l - ‘7(17071) ‘

h=i+1 k=1
A 1 M .
< sup VOA_V(z,t)—l ( ~ Z Zﬂhtth;FéHéz’t) >
ut h=i+1 k=1
1 1
- T L N VoI 3
< s vt =700 (D) { (7 2 Shiwexud?) (G X l?
bt h=i+1k=1 k=1
1 1
o T | X P N 1
< sl -7 (5) ( (3 20 ) (g 30 S0wms wot
Ut h=i+1 h=i+1k=1

< (1?1@9”2)%)
= 0, (max{ 75 }) o0, WO, 010,

where the last equality follows from Lemma Assumption and the fact that:
L
(t > ||Fku2> = 0,(1)
k=1
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for every i and t. For the second term on the RHS of Equation (S-23)), we get that:

O S (RO )

h=i+1 k=1

| X 3

2 (3,t)1 zt 2

<cof(n 2 znmxhku) LRSS

h=i+1 k=1

T % 1 N t Z 1 N t %

< c(7) ((W S zuw) (TN S z||xhk||4)

h=i+1 k=1 h=i+1 k=1

( ZIIF” thkHQ)é)

where we used the fact that ||V, || = O(1). While the first term in brackets is again of order O,(1)
uniformly in ¢ and ¢ by Assumption and the same argument as above, note that the second term
can be decomposed as follows:

fZM” 1
T\ 1 70t 7t o2 i) 2 11
(t)TZyﬂ; AEOR2 + (JA6 - {07 1 Eij max { L L

uniformly in ¢ and ¢ by Lemma and [B.7, which implies this term is of order O, (max {f })
uniformly in ¢ and ¢. For the first term on the RHS of Equation (S-23|), we obtain instead:

N ot
1 . ~ i) 1 —
‘tN ST Gine — Fine) Xoe FRHS V!
h=i+1 k=1
1 1
T 1 1 ) 2 1 Moo 2
. —~ 2
< CS}’ltpmht_,uht‘ (t) t;HFk” NThZ1; X Fr + une)’
= i+ =

1
- 0, () oo,

where we used again the fact that ||[V;!|| = O(1) and H(gi’t)Héi’t) = I, uniformly in ¢ and ¢.

|
Proof of Lemma (B.10. Unlike in Lemma [B.3| we now look at % E?:RH Hét(i’t) - B,g”)’ 2, which
involves averages of the last row of the window, across all t = R, ..., T
First, note that:
= (i,t) 1 SN, / al N al "9 (it)yr—1
B = ( Z > i XneFY, + Z Xpjin F + Z Mhtﬂ) H"v; (S-24)
h=i+1 k=1 h=i+1 h=i+1
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whereas:

Et(i,t) 1 (

It is straightforward to see that the leading term of % ZtT: Rl Hét(”) — Bt(”)H is given by the ex-

Z ZHhtthF "+ Z Xnetine B + Z ) vn-1, (S-25)

h=i+1 k=1 h=i+1 h=i+1

2

pression involving the double sum Z,JZV:Z 41 Ezzl, which can be written as:

T
1 (i
LD BB ETED op AN S )
t=R+1 h=i+1 k=1 h=i+1 k=1
1« |1 ’
ED I R 9) R SR 9 A Sl ) .
t=R+1 h=i+1 k=1 h=i+1 k=1
1 < ’
it
5 3 L (3 S0 3 S s
t=R+1 h=i+1 k=1 h=i+1 k=1
1 I 1 N ot o N ot o 2
1 L ~ St ,—1 ~ ST (3,8)—1
+5 > N ( Z > I Xk Fy Vg Z S hinXpeFy VO )
t=R+1 h=i+1 k=1 h=i+1 k=1
+op(1)

where the 0,(1) term holds uniformly in ¢ and ¢ and contains the cross-products. We start with the
last term on the RHS of the inequality. Since |fips — fint| = 0p(1) uniformly in i and ¢ by Assumption
note that this term can be written as:

1 I
S

t=R+1

T
vl s 1 Z
0 P

IN

sup
it

IN

sup
it

IN
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it

N t
1 . (e — T(i.t)—
v 2 X inXuF( (v - ve0)

T
Vol ot 2 (113 Z ( Z ZHMhtthH ) (
“Rt1
1

2

h=i+1 k=1

Z Z MhtthF bE)

h=i+1 k=1

z\H

h=i+1 k=1
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~
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1 ~(i
* <t2 I} ’”IP))
k=1
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where the last equality follows from Lemma Assumption and the fact that:
1< )
=it
<tZHF£ ||2> = 0,(1)
k=1

for every 14 and t due to the normalisation. After replacmg again fip; and y -1 by its counterparts
fipe and VO , respectively, using Assumptlon and the uniformity over ¢ and ¢, we have for the

second term on the RHS of Equation ([S-26 that

T
Z Z Zﬂhtth (F(z V'~ FLH" t)) Ve

2

h i+1 k=1
T N t 1 t
.. 7(i,t)r iyt
< Z (( thtxhk?) (tZF,i’ ) )F,zn?))
=R+ h=i+1k=1 k=1
L LN 2\ 2 . 2\ 2
. (i,t)7 7,t
<ol X (tN > Znuhtxhkn?) 5 5 ( ZHF ~ Hj >F,22>
t=R+1 h=i+1k=1 t=R+1

where we used the fact that ||V, || = O(1). While the first term in brackets is again of order O(1)
uniformly in ¢ and ¢ by Assumption and the same argument as above, note that the second term
can be decomposed as follows:

t
(it it
fZHFé )~ R

| =

t

t
41 77 (it) 2 7)) pr(it) 1 2 _ 11
tT - HEOR P (VI HE) § ST IR =0, (o { %

uniformly in 7 and ¢ by Lemma and and (T'/t) = O(1) by Assumption 4. For the first term
on the RHS of Equation (S-26)), after the same replacements as above, we obtain instead:

'ﬂ

<

2

T ¢
1 _
Iz Z Z (fine — Fine) X FRHS Vg !
t=R+1 N S
1 & 1 )\ (T 1T L& )
< Csup|jine — pime|” 5 > EZHFkH T\ N7 0D (O F A+ unk)
bt t=R+1 k=1 h=i+1 k=1
1
= Op (R) Op(1)>
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where we used again the fact that ||[V;!|| = O(1) and H(i’t)Héi’t) = I, uniformly in ¢ and ¢.

N
Next, we examine the second term of 5 Zt Ral HB(l ) Bgz’t) ,

and (525)

given in the expressions of (|S-24

T N 2
1 1 ) N
23 [ (S0 v S )
t=R+1 h=i+1 h=i+1
T 2
< l Z i Z XhtﬂhtFtH(”) Z Xht,uhtFtH(“)V
- P tN 0
t=R+1 h=i+1 h=i+1
T N N 2
1 1 . (e —_ . ) —
+F Z N ( Z XhtﬂhtFt(%t),VE) T Z Xht,U«htFt/HéZ’t)Vo 1)‘ (S-27)
t=R+1 h=i+1 h=i+1
1« |1 N 2
1 )t
P > tN ( > Xnejint F{H, AT - > Xneiine FLHS Vg 1)
t=R+1 h=i+1 h=i+1
+0p 1)7

where the 0,(1) term holds uniformly in ¢ and ¢ again and collects the cross-products. Starting with
the first term on the right hand side of (S-27)), it is straightforward to see that similar arguments to
before yield:

1« |1 & i) ’
. ~ it —1
P > N Z (fine — fine) X F{Hy " Vyy
t=R+1 h=i+1
C 1 T % 1 T N %
< it (3 2 188) (5 33 ohm e
wt t=R+1 t=R+1 h=i+1
1
= o (3) 000,00

where we used again the normalisation Héi’t)Héi’t) = I, and the fact that (R/t) = O(1). Using similar
arguments we can bound the second term on the RHS of (S-27)) by:

1 1
T N 2\ 2 T 2
c (1 1 . 1 i 2
AV (N > Huhtxhw) (P > (IF ”F{H2)> S s

t=R+1 h=i+1 t=R+1

Now while the first term in brackets is clearly Op(1) uniformly in ¢ and ¢ since

NI

<; > \Xhtn‘*) = 0,(1)

h=i+1

1 & 1 O
~ > i Xne® < (N > \ﬂht\4)

h=i+1 h=i+1
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by Assumption we note that for the second term the crude bound:

t
Hp‘t(z,t)/ B Héz’t)F{HQ < Z Hﬁéz,t)/ _ H(gz,t)F];HQ.
k=1

Therefore, re-inserting this term into the bound in Equation (S-28) and using the same arguments
as for the second term of Equation (S-26|) term gives us that the second term is of order O,(1/R)
uniformly in ¢ and ¢. Finally, for the third term on the RHS of (S-27)) we get the bound:

1 1 & (1 & ) # 1 & /1 2\ ?
- ‘/}(i,t)—l o V*l 2 - - . X 2 - - F 2
RSBFH o 7 5 > N D e Xnel P > I E2] :

t=R+1 h=i+1 t=R+1

which is of order O, (%) uniformly in ¢ and ¢. Since similar arguments to above, also yield that the

(i 12
third term of % ZtT: Rl HBt(l’t) — Bgl’t)H , given in the expressions of (S-24]) and (S-25)), is of order
Op(1/R) uniformly in ¢ and ¢. This establishes the claim. [

S5 Auxiliary Lemmas (Test Statistic)

Recall that ¢, ¢/, C, and C’ denote generic positive constants whose values may vary from line to line
and which are assumed to depend exclusively on 0 < ¢; < C7 < 1 and on 0 < ¢g < 1/4. Also, let
Pr* (-) denote the bootstrap probability measure, conditional on the data {AL(.)}L, defined on a
given probability space (€2, F,Pr). Also, recall that x denotes the cardinality of the set Cg.

Lemma C.1. Grant the assumptions of Theorem 1. For some (p1 satisfying Assumption 4 ((p1 <
C1 P~ in particular), where all constants have been defined above, it holds that:

T
Z AL (Ot 0i) — ALy (01, 0;)
t=R+1

1

P P
r(max VP P

i,k€Cg

> CP1) <Ci P

Lemma C.2. Grant the assumptions of Theorem 1. For some (p1 as in Lemma[C.1] and all constants
have been defined above, it holds that:

1
1 mp . R 2 2
P eSS (AL B, Bie) — AL O, <P,
T(ﬁ%ggg( T ( (Ot e, Oit) (Ot )))) >CP1> 1

h=1tely

Lemma C.3. Grant the assumptions of Theorem 1. For some pp with 0 < pp < CP™¢, it holds
that:

Pr(cBMB(a) > oo+ <pp)> >1-CP ¢

and

Pr(cBMB(oz) < cola — @p)) >1-CP ¢,
where co(y), v € (0,1), denotes the (1 — ) quantile of the distribution of maxi<i<, Y.
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Proof of Lemma Applying Markov’s inequality, the probability is bounded by:

E zrlrclgé( P Zt R+1 ALt<91+kt791t) ALt(01+k791>]
S
. S-29
Cp1 (8-29)
For simplicity, we focus on 0 = [ﬁt(i’t)/,@’-t]’ , ignoring any other set of estimated factors ﬁt(Hk’t)l

as they will follow an identical proof. Thus, taking a mean value expansion around H (i’t)Ft(i’t) and
HY'=18 we obtain:

T

> (ALt Or ks, Oir) — ALt(9z‘+k,9i))
=R+

T

T
A(i»t) _ A(i,t) (ivt) _
ftzR;-l P [AL(@ir, 0] (B — AEOF) (S-30)
52 (- 5).
+— Z Vs [ALi(0i1k,0:)] (Bt — H A1
\/Tjt R+1
In the following we establish that:
T
1 Z N (B0 7 (i) P VP
e Vr [ALt(9i+k,0i)] o — HY > :Op max<{ —, —
7P ( ) R

and
zt/ P
ft%%vg [ALBi4,0.)] (B = HO18) = 0 (max{ = })

uniformly in ¢ and ¢ (note that since the same arguments apply to terms with k, uniformity holds also
in k). The first term in Equation (S-30)) can be split into the following two components:

T
_ 2 A (B0 F St
A = ﬁjt:RHvF [AL (41, 0:)] (Ft AW E )
and
1 d " il (i,t) (z t) (3,t)
Agp = ﬁt;lvp [AL(0;45,0:)] H ( () _ )

Starting with 47, we use the representation of Equation (S-15]) to obtain:

Vi [AL(0;41,0:)] (ﬁt(i’t) - ﬁ(i’t)ﬁt(i’t))
t

t
— 1 ~(i
Vr [ALt(0i+k79) ( v b= 1<t E i W“—I_E g Flg ’t)gkt
k=1

k=1

—_
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t t
1 (it 1 ~(it
A ) -

T
1 _ _ ~
= 75 E Vi [AL (01, 0:)) <V(Z’t)_l (Ilt + Iy + I + I4t> )

t=R+1

The RHS of Equation (S-31)) can be treated using standard arguments relying on Lemma We
will therefore only sketch the key steps.
Since ||[VEO=1| = O,(1) and ||[H®Y |2 = O,(1) uniformly in i and ¢ by Lemma we can ignore

the presence of VE0-1 i what follows as it can just be replaced by some constant. Thus, note that
the first term of Equation (S-31)) can be decomposed as:

¢ ¢
\/» Z Vi [ALy(0i41,05)] (tzf[(i’”Féi’t)%> Z Ve [Li(0iyr, 0 (12( —HEDF O)’th)

t=R+1 k=1 t R+1 k=1

—_

The second term can be bounded (uniformly in ¢ and ¢) as follows:

T ¢ ‘ -
% Z Vr [ALt(giJrk,gi)] (12(1}\;1@ _ g p (4, t)>’)/]g>

t=R+1

T 1/2 T ¢ 2\ 1/2
1 PO _ 60 plid)
< = D Ve (AL 0] | > I (E - )
t=R+1 t=R+1 |l k=1
1 I 1/2 R - » 2\ 1/2
= (P Z |VE [ALi(Oiyk, 0 }H) P Z EZ(Fk — HUDF, >’th
t=R+1 t=R+1 1|~ k=1

= 0,00, (max{ . —=1) 0, ().

where the last line follows from an argument similar to Lemma A.2 and A.3 in |Goncalves and Perron
(2014)) using Lemma That is:

1o~ [ 260) (i,) p(ist)
- FUY — HEO D)
t;( ) ket

2

P
t=R+

1y Flt) (4,t) (ist) S 2
tukHFuxmgz@
(3 (5l meort ) (3 5 34)

-oe, e A} 1)

uniformly in i and ¢ using the fact that /7" = O(1) by Assumption 4. Similarly, since v’ P/vR — 0,
L L) uniformly in ¢ and ¢. By contrast, for the first

VR

IN

it follows that the second term is of order o, (
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term, we have that:

t

1 1 = (i) ,

— Z Ve [AL(0isr, 0; (ZHtF )

Pt R+1 t k=1

1 < 1< 1 1= 56
- Ve [AL(Oir, 0] [ =S HUOE - Vi [AL(G:yr, =N gy

\/ﬁt%-l St )]<tk¢:1 e \/thR—:i-l r(ALGind t; e

= Qir +Qor.

The first term Q17 can be dealt with using standard arguments. That is:

\f Z ZVF (AL @4k, 05)] HOD Fyyse

t=R+1 j=1

< o 3 Yl (e[l ]]) " @ ive oG )

=R+1 j=1

T t
= S S bl x0,)

t=R+1 j=1
VP
= O (R ’

where the last two lines hold uniformly in i and ¢, and follow from Z?: Rl 22:1 |7t = Op (1) in
Assumption [SM1] For the second term, Qs7, observe that:

t\f Z ZVF [AL(0 l+ka0)]B( )

t=R+1 j=1

- E[VF [AL(O5 44, 05) } Z ZB Vit

t R+1 j=1
Z Z(vF AL (0i+1,05)] —E[vF [ALt(HHk,ei)]D gj(i,w%t'
t R+1 j=1

The first term on the RHS of the above equation can be bounded by:

exfortsnonan] (3518°T) (% 5 54)

t=R+1 j=1

which is of order O, (%) for all ¢ and t by Assumption and Lemma For the second term,
note that for all ¢ and ¢:

\F Z Z(vF [AL(Oi11,05)] —E[VF [ALt(em,ei)]D B0,

t=R+1 j=1
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1 = 50 _ -
< sup< =2 B ) Vi [AL(Bi1.0)] — E|Vr [ALt<ei+k,9i>ﬂ)
t j=1 t R+1
T 1~ s 1 ([ 56012 : d _ o
< (&) |72 E 2|3 75,2 (e (o] - [Tr (AL G ]

1 1 1
= 0010, | =0, | = 10,(1) =0, | = |,
0o (7)o (7)o =01 (7)

where the first term on the last line follows from the rate conditions, the second term from Assumption
[SM1], while the third term follows from Lemma [B.4] Finally, the last term is a result of an argument
similar to the proof of Lemma A4 in [West| (1996)). Q27 is thus of order O, (%) uniformly in ¢ and ¢.

The remaining terms involving Is¢, I;, and 14 can be treated in a similar manner to before using
and combining again arguments from [Bai and Ng (2006) with arguments from Lemma and
B.9

Turning to Aor from in Equation (S , note that we can use expressions ([S-14]) and (S-16)), along
with the representation in Equation (S-17] to obtain:

T

S T I B (60— 5
_T e ) : (s
= 5 2 Ve [AL@ 0] HUO (HOO7 - mf0) B
t R+1
1 T . L
+ﬁ Z VF ALt(Hz-HmH )] H(z F s ( t)—-1 (Blgz,t) _ Bt(z,t)) + Op(l)
t=R+1

= Ao + Axr + 0p(1),

where the o,(1) term contains the cross-product and holds uniformly in ¢ and ¢, which follows once
we have established the uniform convergence of As;r and Agor.
We start with Agi7:

Z Vi [AL(Oitk, 0:)] HD (ﬁ(i’t)_l - H(gi’t)_l) Bt(i’t)
t=R+1

. 1 & Py Z v
< CsupHH” Héz’t)fl ) ( Z H () H ) (P Z HVF [ALt N }H ) :
t=R

t=R+1

which uses the fact that [|[H |2 = Op(1) uniformly in ¢ and ¢. The last term on the RHS is Op(1)

w12
by Assumption [SM1| For % ZZ; R ‘ Bt(z’t) H we have the following crude bound:

T
1 s 2 (s 2
b3 LB s [ 3
P 1 1<i<N R<t<T 1<i<N R<t<T
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which is O,(1) by Lemma
Finally, since HEH-1 Héi’t)fl = H[()i’t)*1 (H(()i’t) — fl““) H@)-1 and since Lemma [B.7] shows

)

that Hfl“ﬁ - H(()i’t) H =0, (max { bl N ) uniformly in ¢ and ¢, it therefore follows that:

=5

- = it)— i0)—1\ (it VP
Ao = \Ft%;w ALy (841, 0:)] HOD <H< -1 _ glit) ) B =0, <max {R,
Next for Ao we have:

T
Vi [AL(041,60:)] HO t)H(gi,t)—l <§§¢,t) B Bt(i,t)>

- 3l

Nt
- i B Ve [AL (B4, 00)]) WO HFOT (B - B
: +T 0 0. 0. 0 77 (i it)—1 [ 50 s
+\/73t§+1 (Y [ALBi14,0)] — B [V [AL (@5, 0)]]) HOO B (B0 - BY)

For the first part, since ||ﬁ(i’t) | = Op(1) uniformly in i and ¢, and E [Vp [AL(0;4x,6:)]] < C by

Assumption 2, by Lemma [B.10| it follows that this expression is of order O, (max {@ vP ) For

—_

R> N

the second term instead, we note that this expression can be bounded by:

C sup sup HB” B(”)H (\/> Z vF ALt(ez—kkae)] _E[ALt(GHka@i)]))-

1<i<N R<t<T SR

‘Egi’t) - Bt(Zt)H =0, (max{ﬁ, ﬁ}) by Lemma [B.9| and the fact
that all but the last row are zero, the second term satisfies again a CLT for mixing data (cf. |West,
1996), and so we obtain that Agr = O, (max{ 1

Now, while sup; <<y Supr<i<r

1 }) uniformly in ¢ and ¢t. We therefore have

VR’ VN
that Ay = Agi7 + Agor is the sum of an O, (max {%, %}) term and an O, (max {ﬁ, ﬁ})

term. Therefore, since P/ (R)% — oo and P/N = O(1) by Assumption 4, it follows that Asr =

Op (max {4 })

We therefore have shown that the first term on the RHS of Equation (S-30) is:

T
1 — — ~(; =~ i, P v
Wi E Vi [ALi{(0i1k,0:)] (Ft( D H ’t)Ft( t)) =0p (max{R N })

t=R+1

uniformly in ¢ and t.
Now we can we turn to the second term on the RHS of Equation (S-30). For this we need to analyse
the OLS estimator B, remarking that these OLS estimates use the whole window from 1,...,¢, for

(%)

which only the last row of factor estimates are contaminated by the forecast errors fi; .

Bit _ (F\(i,t)/ﬁ(i,t))flﬁ(i,t)/y(t)
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- Bty 0

since we normalize (F\(”)’ﬁ(i’t))/t = I,. Now manipulating Equation y; = 8'F}; + &, ignoring the
presence of W;, we get:

_pf _ gt -1 7 -1 (G p(ist)
BFt-i-&g BH F +€t+/BH F F

and so:
t
ﬁzt* Fylit)— g — }Zﬁ]gzte 4= ZF(M)( HOD R — F(zt)) Al 13

t
k=1 b

1 ¢ = (6,0) 1 56 7(i)

- EZH : Fkak—ku(Fk — HUY ek (S-32)

k=1 k=1

t
1 (%t (3,t) 500\ 7(it)—1
+ ; ( ), — F| ) HE-1g

Inserting the representation from Equation (|S into the second term on the RHS of Equation ([S-30))
we get:

t

T
Z ALt (Oitk, 0 )] <t Z:H(Z Y Fer + = Z F(“) ) t)Fk)

k=1
Lo . i N~
_’_% Z F’gz,t) (H(z,t)Fk . F’gz,t)) H(z,t)/l/g) ) (8—33)
k=1

For the second term on the RHS of Equation ([S-33|), note that this expression can be decomposed as:

[Vﬁ [ALi(is1,0:) } Z Z — HOOF))e;

t R+1 j=1

\F Z Z(Vﬁ [AL(Oiyr,05)] — E[Vﬁ [ALt(§i+k’§i)H)(ﬁ]‘(i’t) — HODF))e;

t=R+1 j=1

The first term is bounded by:
2 T 2
xfmsuman)e (L $ (L -monf)) (53 (bxa))
t=R+1 t=R+1

k=1
vP P
=0 <maX{R’N}>

uniformly in ¢ and ¢ by Assumption and Lemma The second term can be bounded in a
similar manner to before:

t
USSR DR,

( 1
sup
t

t

"
=

)\ﬁ 3 (vF [ALy(Bi1,0:)] —E[VF [ALt(GHk,Qi)H)

t=R+1

k=1
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1 1

t 2 t 2
T 1 2 1 (i) 1r(ist) 2
(R) P (Tkz_1€k> P <Tkz_1H<Fk - HOOR)

R - -
— Vi |AL{(0ik,0:)] — E|VE [AL(0i1x,0i) )
< 30 (T 800 ] B[ (300030

0(1)0, (max {]1% }V}) 0,(1) = 0, (max {]1% ;}) ,

where the last line holds for all 7 and ¢. Using similar arguments to the above and noting that HG0-1 I3
is uniformly bounded in ¢ and ¢, we obtain:

Tt
1 a1 Bl (F 60\ 7)1 VP P
— Y Vs [AL(Oi, 0)] BV (HOOE — BV ) HED' IR = 0, | max  ——, ~— b | .
RS (@ = EY) Y
Finally, we address the first term of Equation (S-33]), namely:

1 T ot S

"o > Vs ALk, 0,)] HD e (S-34)

VP S

But this expression can again be decomposed by:

T t
E [Vg [AL (0, 91)}} VP <113 Z <1 Z Fk&k)) (S-35)
t=R+1 \ " k=1
T t
+\/13<; Z (V,B [ALt(0i4k,65)] — E{Vﬁ [ALt(ez‘Jrk,Qi)H) (1 ZFkﬁz‘k>>,
=R+ =1

where H(!) has been omitted since it is of order Op(1) uniformly in ¢ and ¢. The second term will
follow by the same arguments as the first term after noting that it can be bounded by:

- Lo o - 3 . T 3
<R> (P > (vg [AL(0i+1,0:)] —E[Vﬁ [ALt(ervei)H)) (\/]3 > T};Fk@"f) 7

t=R+1 t=R+1

where the first term is of order O(1), the second part of order O,(1) uniformly in ¢ and ¢ using again
arguments from [West| (1996). Turning to the first term of Equation , we note that Fje;p is a
mixingale for all 4, 1 <1 < &, satisfying E [sup;<;cp |(Figi1 + ...+ ALigiy)?|] < CT (see Hall and
Heyde, 1980). Thus, for all i, note that:

PE sup ](T)”(Flai,l +...+ Ft&',t)Z‘]
(R+1)<t<T
—P()E| sup |(Fieii+...+ Ftez;t)2|]
(R+1)<t<T
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<P(R)’E

sup |(Figin+ ...+ thi,t)2‘]
1<t<T

<P(R)7*CT,

which converges to zero at rate O(P(R)™!) uniformly in i. By Markov’s inequality and Assumption

4, this implies that Equation 1) is of order O, (%) uniformly in ¢ and ¢. This completes the proof.
5-30

Turing again to Equation ([S-30)), it therefore follows that:

\/ﬁ Z Vs [ALy(Oitk, 0:)] (ﬂzt HOO 1/3) (max{Z,{\?})

t=R+1

uniformly in ¢ and t.
Thus, putting all pieces together, it follows from Assumption 4 that:

Cmax{%, Q}
>(p1| < <GP
1<i<k

Cp1
and hence the claim of Lemma follows.

Z ALt l-i-k:taelt) ALt(el-‘rk’ )
t R+1

|
Proof of Lemma By Markov’s inequality, we can bound the probability by:
1
2
p (ALBinn00) ) >
(mc<mpqp > (s ) cpl)
1
5\ 2
E | max; rec <quP 2hi e, <ALt(91+k 00:) — ALt(9i+k,9i))> > ]
< (S-36)

- ¢pP1

As in the proof of Lemma we will start with a mean value expansion of the term inside the
expectation around the ‘pseudo-true’ factors and the other population parameters, and then then
establish convergence rates in probability uniformly over i, k and ¢, which in turn implies uniformity
inl=1,...,x Thus, a mean value expansion of the term inside the expectation around F(:) ()
and H0/-13 (ignoring again terms with k) yields:

mp

1 Z Z (ALt(@iJrk,t’th) - ALt(9i+k7‘9i)>2
MPAP 37 et
= (it) _ fjin p (zt)H2 )
—— ;t; |V e (AL, 0] B0 - (8-37)
zt /—1
e ZZ 95 [AL@ie, 8] B — F00 18]
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mp

S5 (Ve [AL 48] Vi [ALeBrsn,80)] ) (B — HOO 1) (FE0 = HEOFE

h=1tely

2

mpqp

where the rate of convergence of the cross-product will follow once the convergence rate of the first
two terms has been established. Noting that as in the proof of Lemma Hﬁt(i’t) ~H (i’t)Ft(i’t) =
][ﬁt(i7t) — ﬁ(i’t)l?’t(i’t) | + || H D ﬁt(i’t) — ﬁ(i’t)Ft(i7t) ||, we can insert the representation of Equation
into the first part of the RHS of Equation to obtain:

T o
m Z Z VF [ALt(QHk,gi)] <FJ( 1) _ H(Z,t)Fj( ,t))
PaP =
2 9 L
RIS AT | e
mPQPh lier, tk:l
2
tim ! t =k £k
2 2/ & 2
Ai, 1 A(l,t)
= quPZZ Vi [ALi@ir, 0] || ||V <tZFk Vit
h=1tely p
RN (4,t) ’ 1< (i) 2 1< - 2
P plist (it
+¥ZF’“ e[ 17 2 B | 7 2 B )
=l k=1 k=1
2
N ZZ Vi [ALi(0i4k,05)] pen-t <11t+12t+ft+l4t>u
quph 1iel,

where the inequality follows since (w + z + y + 2)? < 4(w? + 22 + y? + 22). Since VOI~1 = 0,(1)
uniformly in ¢ and ¢ by Lemma which in turn implies that ||V #)~1||2 = O,(1) uniformly in i and
t. Similar to before, we will therefore ignore the presence of V(=1 in the following as it can just be
replaced by a constant C. Starting with the term involving I, note that this term can be bounded

by: wp (1 3 2) (tmi _ Sy

¢ k=1 h=1tel,

ﬁlgi,t)

Vi [AL(Oitk, 0

z)

The first term is of order O,(1) uniformly in i and ¢ since for every i and ¢, we impose the normalization
FO'EGY /t = I where I, denotes the r x 7 identity matrix. For the second term note that:

# g 2 2

h=1tel, j=1

< 2 (e

h= 1t€[h] 1

2 —_

2
Vit

2_
2
)'th

vF A-Lt ’H—kv 9 )]

Vi [ALi(Biyr, 0:)]
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Vi [ALi(0i1k,0:)]

ity

 (2) o

= 0(MO((R)™)

uniformly in ¢ and ¢, where the last equality follows from Assumptions and the fact that (T/R) =
O(1). By Markov’s inequality, the term involving Iy; is therefore of order O,(R~!) uniformly in i and
Next we turn to the term involving Io¢, which can be bounded by:
’ L\~ pi)
St
>y i) (8 x]ee
k=1

t.
1
< 4) §
— .
PAP \} 2 e, h=1tely

The first term is of order Op(1) for all ¢ and ¢ by Assumption while the second term can be
bounded as follows:

Vi [ALi(0i1k, 0

4

>y LSRG,

mpqp

h=1tel k 1
L5~ L N~ N A 30 i
(0,07 (0t
- (S A ) .
h=1tel;, k=1k*=1
T 1 1 <&~ t t t t [/mp 3
< <R)m (tz F}g”) ) ( 42222(22(1“@ nener t) > .
AN k=1k*=1j=1;j*=1 \h=1t€l,

As in Bai and Ng| (2002), note that:

mp 2
E (ZZthCk*thth*t) ] < (mpqp>2rrﬁxE[|Cst|8}

h=1tely

and, by Assumption

eliar] -5 5

The last term of Equation (S-39) is therefore of order O, (N *2) uniformly in ¢ and ¢, and so the term
involving Io; is of order O, (N™ ) uniformly in ¢ and t.
By the same arguments as above, the term involving I; is bounded by:

N
1
N~z Z <€is€z’t —-E [eiseit})

8
] < N~4C.
i=1

_ B 4 % mp 1 t Ny 4 %
(ZZ Vi [AL(Bi11,07)] ) <ZZ S >
MPAP \} 7 ie, h=1telll " k=1
o 3 (e 1~ Nu o
- (ZZ Vi [AL (i1, 0)] ) (ZZ PR ) (8-40)
MPAP \} = i1 h=1telyll = k=1
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As in |Bai and Ng (2002), we can bound the second term by:
¢ 2 L 2\ 2
D_||Fx 72 ||F 2.2 |
( k=1 ) (tk: > (mpqph 1tely,
= 1
0,(1)0,(1) (mpqp 53 2|7~ )

h=1tel,
1

uniformly in ¢ and ¢ by Assumption Since the first term of Equation(S-40) is of order Op(1)
uniformly in i and ¢, the expression involving I; is of order Op(N ~2) uniformly in i and t. The last
expression involving I;; can be treated in an analogous manner and is therefore of order O,(N ~2) for

Fst) Auy

)

Aut

all 7 and t. Flnally, the term involving HH (l Y _ [ (i’t)Ft(i’t)|| can be treated as Ao in the proof
of Lemma |C.1| to obtain that the first part on the RHS of Equation is Op(max{R~1, N~1})
uniformly in ¢ and ¢.

Next, we address the second term on the RHS of Equation (S-37)). Using the representation of

Equation (S-32)), we obtain:

mpqp ZZ Hvﬁ ALt Oitk, 0 (

h=1tel,

t 2

t
Z stk Z — HOD F)ep
k:

) ; (S-41)

where the cross-products have again been neglected since they will follow once the convergence rates
of the squared terms have been established. Starting with the first term and omitting again H ),
note that this expression is bounded by:

t
~(: ~. ~(: I <.
%ZFIS,@ (H(z,t)Fk B F}gz,t)> A1

k=1

_l’_

mpqp

1 1
mp t 2 t 2\ 2
Zzuvg (AL (@i, 0] | = ijZ(k IHFkuz) <§5z> .

h=1tely, h=1tel,

The first term is of order O,(1) uniformly in i and ¢ by Assumption and Markov’s inequality, and
the second one is also of order Op(1) uniformly in ¢ and ¢ by The entire expression is therefore
of order O,(R~!) uniformly in i and ¢.

The second term on the RHS of Equation can be bounded as follows:

Z S IVs (AL, 0] |

h=1tely

2

t
1 ~i P
o) (D — DBy
k=1

= ( )mpqp hthgZ[:HVB (AL (B 0:)] | (;zt:H(ﬁ/gi’t)—ﬁ(i’t)Fk))r) <;i€i>

mpqp




mp

1 =0 (i 2 1¢ 1 1) 0
= o <T B (] ) " <T Z) g 2o 215 (AL Gk 0]

h=1tel
= 0wl L 20,0y,

where the first part of the last equality follows from Lemma the second and the last part from
Assumption (all terms hold uniformly in ¢ and ¢).

For the last term on the RHS of Equation , noting that HG-1 [ is uniformly bounded in i
and ¢, we can derive the following bound:

ZZHV@' [ALi(8iv4,0

2

F (i,t) “«, F F(z t) (i,t)/flﬁ
Z

mpqp

h=1tely
t .
I (zu - i) <1zuﬁwu2)
< (33l aen H)S“p(i,i\\ ) s S5 0]

h=1tely

_ o, <max{;z é})o (1)0, (1),

Turning back to the inequality in Equation , the conclusion of the lemma follows by Assumption
4 and the same argument as in the proof of Lemma |
Proof of Lemma The proof of this Lemma follows by similar arguments as the proof of
Theorem 4.3 of |(Chernozhukov et al. (2014b). That is, to establish the first claim, note that for any
zeR:

Pr* <WBMB < m) < prt (WBMB <z+ g;;l> (S-42)
+Pr* (‘WBMB S 231),
where (7, was defined as (%, = (1%31 log% k and the second part of the RHS follows since:
pr* ({WBMB + (WEME T PME) < b {|wEME e g;;l}>
< Pr*(‘WBMB BMB)>§ )

The RHS of Equation ([S-42) can be further bounded by:

Pr<1n<1la<x Y, < x—i—(m) +pp+Pr*<’WBMB —WBMB’ > }51>,
K
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where pp is defined in Equation (S-46)) below. Moreover, by the same arguments as in the proof of
Theorem 4.3, for any v € (0,1 — 8¢}, log% ) and sufficiently large P one can show that:

Pr (fglax Yi < coy + 8Chy log? k) + CP1> <l-n

and thus: )
co(y + 8¢py log? k) + (P < co(v), (S-43)
which follows since maxj<;<, Y; has no point masses. Now, setting z = ¢o(a + CP~ ¢+ C'P~¢

8¢, log% k) in Equation 1) it holds that:

Pr* (WBMB <cola+CP 4+ C' P 4+ 8% log% ﬁ))

< 1—a—C’P_C—C’P_C/+pp—|—Pr*<’WBMB—WBMB‘> §£1>
< 1l—«

on the events pp < CP~¢ and Pr*( WBMB _ vy > (}él) < C'P~¢, which hold with probability

1 — CP~¢ by Equations dS—46b and (IS-48I). Since CP~° + 8¢}, log% k < C'P~¢, this implies the first
claim. The second claim follows by analogous arguments starting with:

Pr* <WBMB §:17> > Pr* (WBMB <gz-— §£1>
—Pr*(‘WBMB—WBMB) > ;;1>,

and mirroring the steps from before. |

BMB’

S6 Proofs of Theorem 1

Before stating the proof of Theorem 1, we define various quantities:

T
_ 1 R N
U= Jp ALi(Oitrt,0it) — E|ALi (011, 0;
zrlrclgcxs \/ﬁt:%l< t(Oitkts 0it) { t(Oi+k )})
and .
1
0 zl}clgé(s \/TDt:gH( t(Oi+1, 0i) [ t(Oitn )})

Moreover, let:

i,k€Cg

WeypB = max
Vmpqp

ZehZ<AL Z-‘rk’,]? J - = Z ALt 7,—|—kt7 zt)))

jeI, t R+1
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and

WprmB = max
i,k€Cg

ZehZ<AL Ois 1, 0 Z AL Oy, )))

PQP

j€In P
and
WO, = AL; (05, E[AL 0; ,0] ,
BMB = Z%gg;( PP 4 ZGh Z ( (Oiti, b)) — t(itk, 0i)
Jelp
where €1, . . ., €y, are standard normal random variables independent of the quarterly data {AL,(-)}L_;.

In Theorem [S7) of Section [S7] below, we show that under the assumptions of Theorem 1, the results of
Theorem 7.1 of (Chernozhukov et al.| (2014b)) continue to hold, namely:

p% = sup|Pr <U(] < a:) — Pr(max Y < x) <CP™¢, (S-44)
zcR 1<i<r

and

pW = sup|P (WBMB < x) - Pr(max Y, < :1:) <C'p°, (S-45)

zeR 1<i<k
where Y = (Y7,...,Y,) is a centered normal random vector with covariance matrix:
/
E [YY’} = (1/mpap) Z [(Z AL,6) — E [ALt(e)D (Z AL,(6) - E[ALt(O)]) }
h=1 tely telp
Here, AL(0) denotes a stacked vector in R".
Proof of Theorem 1. First, note that under Hy, it holds that:
1 < ~ o~

U* — nggcxs — t ZR;FI AL (6 H—k ‘ zt) < ngeaé; ﬁ t_ZR;rl (ALt(QHk,m 0i+) —E|AL(0;1k, 90}) =U,

where the equality holds when E [ALt(OH_k, 91)} =0 for all 7, k € Cg. Moreover, invoking Assumption

4 and in particular (rp/qp)log? k < C1 P~ and ¢p logg(/ﬁ;P) < C’llt’%””2 thereof, and using the same
steps as in the proof of Theorem 7.1 in |Chernozhukov et al.|(2014b)), the following result can be verified
conditional on the data:

Pr* <‘WBMB — WgMB > C}31> < CP_CI,

where (p = C’ pitE log k. Thus, from pi¥ in Equation 1D it follows that:

(WBMB < a:) — Pr(max Y, < x)
1<I<k
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sup|P <c'p~ (S-46)
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with probability larger than 1 — CP~¢. Likewise, from Equation 1} we know that pg < CP -
Now, to prove Theorem 1, we proceed in two steps: first, we establish that:

Pr(‘U - U0’ > gp1> <cope (S-47)

and

Pr <Pr* (‘WBMB whMB ‘ > ) > C’PC'> <0'p, (S-48)

which deal with the estimation error in the test and the bootstrap statistic, respectively. Then, in
a second step, we verify the first (only some moment inequalities are binding) and the second (all
moment inequalities are binding) claim of Theorem 1.

We start with the expression in . Using Lemma it follows that:

U - Uy

< max

<
i,k€Cg - CPl

T
]. -~ ~
\/ﬁ (P Z ALt(aiJrk,ta ei,t) - ALt(eiJrk, (91)>

t=R+1

with probability 1 — CP~¢. Next, we turn to Equation (S-48)). Start again with:

‘WBMB ~WPMPL < max Z en D (AL O 0rg) — AL (O, 90)
i,keCs p(]p
h=1 jelh
1 -
-5 2 (ALthk,t, 0i1) — ALy(0 1k, 9») ‘
t=R+1
Conditional on {AL(-)}L,, the vector:
1 ~
Z ey << Ok, 0:.7)— AL (B4, 9¢)> ~5 > <ALt(9i+k,ta 0it) —ALt(0ik, 9i)>>,
PqP jEIh t=R+1

max; pecg is normal with mean zero and all diagonal elements of the covariance matrix bounded by:

T 2
ZZ(( (O41,3- 0, >—ALj(ei+k,ei>>—; > (ALt<@+k,t,@,Q—ALt(er,ei))) ,

h=1jel, t=R+1 (5-19)
-49

max
i,keCs mpqp

For the last expression, observe that:

T 2 %
1 1 PO
(mPQP Z Z <<AL (HHI”’ 9”> AL; (Orr b )> P 21 (ALt(ei-Hﬂ,ta 0it) — ALt(9i+k7‘9i)>> )

h=1 jeI,, t=R+

1

2\ 2
(quP >, < Ok 0ij) — AL (O, 90) ) (S-50)

h= 1jelh
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T
1 . .
2 Z (ALt(eiJrk,ta 0it) — ALi(0i v, 9i)> '

where the inequality follows by an application of Minkowski’s inequality and the fact that:

mp T 2
1 Z Z (;} Z (ALt(é\Hk,t, é\zt) — AL(0i 1, Oz)))

mpqp

h=1j€l}, t=R+1
1 & 2
= <P Z (ALt(9i+k,t76i,t)_ALt(HiJrk,@i))) )
t=R+1

The first term on the RHS of (S-50)) is bounded by (p; with probability larger than 1 — CP~¢ by

Lemma The second term on the RHS of (S-50)) is also bounded by (p; with probability larger
than 1 — CP~¢ by Lemma Hence Equation (S-49)) is bounded by C(%, with probability larger
than 1 — CP~¢. Then, by Markov’s inequality (conditional on the data):

1
_ 1 log2
Pr* (‘WBMB _ WBMB) > (2, log? ﬁ> < Cipliogl” <cp,
pplog? Kk

which follows from Proposition 1.1.3 in [Talagrand (2003) and the rate condition in Assumption 4E|

1
The claim from Equation (S-48)) follows by setting (%, = (2, log% K.

We now prove the claims of Theorem 1 starting with the case where E [ALt(HHk, 92)} < 0 for at
least some i,k € Cg. Under Hy it holds that:

Pr(U*>cBMB(a)> < Pr<U>cBMB(a))

< Pr(Uo > BMB(q) — §p1> + Pr<)U— U0’ > gp1>

< Pr <U0 > co(a+ CP~ ¢+ 8(%, log% K) — Cpl) +c'p

< Pr <U0 > co(a+ CP™° + 16, log? n)) +c'p~

< Pr <11£1la<x Y, > co(a+ C P~ + 16¢)h, log? /@)) +% 4+ P
SISK

= a+CP°+16(p log% k+p%+ 0P

< a+CP¢

!Proposition 1.1.3 in Talagrand| (2003): For centered normal random variables &, I = 1,...,x with ‘max E[ff] < 00,

: . 2
it holds that: E [élzagxn 51] <. /2 Jmax E[¢7]log k.
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where the second inequality holds since 0 < (p1 < CP~¢ and Pr({Uo + (U — U()) > CBMB(a)} N

{U — Uy > Cpl}) < Pr i U - U()’ > Cpl}), the third inequality follows from Equation (S-47) and

the first claim of Lemma the fourth inequality from Equation (S-43)) in the proof of Lemma
the fifth inequality from Equation (S-44]), while the equality follows from the fact that max;<;<, has
no point masses. This establishes the first claim of Theorem 1. For the second claim, suppose that

E[ALt(HHk, 9,))} =0 for all 7,k € Cs. Then, under Hy:

Pr(U* > cBMB(a)> = Pr(U > cBMB(a))

> Pr(Uo > PMB(q) + <p1> — Pr<)U— Uo‘ > ¢p1>

> Pr (Uo > co(a— CP~ ¢ —8(} log% K) + CPl) —c'p~

> Pr (Uo > co(a— CP~¢ —16¢%, log% /1)) —c'p

> Pr (lrillag( Y, > co(a — CP~¢ —16(p, log% /1)) — % —c'pc
SISK

= a—-CP°—16¢C} log% k—ph—C'P

> a—-CP™°

where the first inequality holds again since 0 < {p; < CP~¢ and Pr({UO + (U - Uo) > CBMB(Q)} N

{U - Uy > Cp1}> < Pr({ ‘U — Uo‘ > Cpl}), the second inequality follows from Equation (S-47]) and

the second claim of Lemma the third inequality from the reverse of Equation ([S-43|) in the proof
of Lemma and the fourth inequality from Equation (S-44). Together with the previous set of
inequalities, this establishes the second claim of Theorem 1. |

S7 Extension to Unbounded R.V.’s

In this section, we show formally that the results of Theorem 7.1 (more specifically, Theorems B.1 and
B.2 therein) of Chernozhukov et al.| (2014b) remain valid for unbounded random variables, which satisfy
the assumptions stated in the main text and Assumption below. Before stating Assumption
and Theorem S1 below, we introduce the following notation from here onwards: we will use the more

compact shorthand 6; = (¢, +k,«9§)’ , where [ corresponds uniquely to a specific pair i, k from Cg, and
thus AL(6y) = ALi(6;1,0;). Likewise, 0, = (é\g-s-ktvé\ét)/ with ALt(alt) = ALt(@Jrk,tyé\it) for every

i,k €Csand [ =1,...,k. Finally, let AL{(0) denote a stacked vector in R*. We write:

Su(0) =Y (ALt(B) . E[ALt(a)D HOESY (ALt(O) . E[ALt(O)} )

tel, tedy
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where I, and J, denote sets of observations from large and small blocks, respectively. Next, let
{S,(8)}™, and {5 (0)}™, be two independent sequences of random vectors in R such that S,(6) 4

S,(0) and S’ (0) 4 S!(6), where 2 denotes equality in distribution. The small and large block sizes
are gp and rp. Also:

1
72(¢) = max max Var| ¢p> ZALt(OZ) ,

1<I<k Iq
tel,
7%(r) = max maxVar rP g AL(6))
1<i<k Iy
tel;,

as well as:

. _1
c“(¢) = min n}(iZnVar qp° ZALt(Ol) ,

1<i<k
== tel,

Finally, recall the definitions of Uy, W iR, and Wg wp from Section above.

Assumption SM2. Assume that the following expressions are bounded as follows:

N
E| max S'@)| | < rpai(r)
2: 4
B| max_ S.(0)5.,01)| | < CcdbE max (ALt(E)l) [ALt(el)D ]
2: 2
Su008.(00)] | < Capo(a) B| max | (AL(6) — B[AL(6))) ]
as well as: _
E exp( S,(8,)(mpP1)2 /cqé,E max ALt(el)—E[ALt(el)D‘D] <3.
h 3
B||5.(8,)(m,P1)2 ] < Cap B| max |(AL(6) — E[AL(8)))) ]
4
E||S,(6,)(m,P~1)3 ] < Cop E| max (ALt(Bl)—E[ALt(Bl)D ]

Finally, assume that:
c1 < ¢*(q) < max{a*(q),5°(r)} < C1

As noted in the paper, Assumption allows to relax the bounded support assumption for
the case of dependent data, imposed by |Chernozhukov et al| (2014b) for illustrative purposes. The
following Theorem S1 therefore establishes formally that the results of Theorem 7.1 in their paper
continue hold under the regularity set out in Theorem
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Theorem S1. Under Assumptions 1 through 5 and the definitions of Theorem 1 in the paper, and
Assumption above, the results of Theorem 7.1 in|Chernozhukov et al. (2014b, p. 30) continue to

hold, namely:
Pr<U0 < x) — Pr(max Y, < x)
1<I<k

W < - P Y; <

where Y = (Y1,...,Y.) is a centered normal random wvector with covariance matriz E[YY’} =

(1/mpgp) S, E[(Zte N (ALt(O) - E[ALt(O)D) (zte N (ALt(O) - E[ALt(e)D)l] (AL;(6) de-

notes a stacked vector in R").

Proof of Theorem S1. The proof of Theorem 7.1 in |Chernozhukov et al. (2014b) starts off by
establishing through Theorem B.1 (pp. 53-55) and continues to verify through Theorem
B.2 (p. 56). In the following, we therefore outline the changes in the proofs of Theorems B.1 and B.2,
which are required for the conclusions in ([S-51)) and (S-52) to continue to hold. Since most arguments
are identical to the ones used in|Chernozhukov et al.| (2014b)) and only involve replacing certain bounds
in a suitable manner, we just sketch the key differences.

We start with and the changes in Theorem B.1: as in |Chernozhukov et al.| (2014b)), the first

step involves a reduction of ZtT: R+1 (ALt(é’z) -E [ALt(Hl)D in Uy into a sum of independent blocks
p Sy(6;) by showing that

sup <CP, (S-51)

z€R

sup| P <c'p, (S-52)

z€R

R <gz-— ¢ _ p—¢_ _
Pr(llglaS \FZ_: »(0)) <z —CP “log™ 2m> P 2(mp — 1)b,

(S-53)

IA

)—U

=
VR

S

INA

8
~

< Pr(maxZS (0)) <z +CP ‘log™ 2/<a>+P +2(mp — 1)b,.
1

Focusing on the second inequality only, first note that:

ZT: (ALt(ol)—E[ALt(al D ZS () +ZS' (01) + S, 1(6)),
v=1

t=R+1
and thus:
T m
max Z (ALt(Bl) —E[ALt(BZ)D — max Sy(0;) ‘ < | max ZS (6;) + max S/ ma1(07)].

1<I<k 1<l<,‘€ 1<l</§

By Corollary 2.7 in [Yu| (1994), it holds that:

Pr(max Sy(0;) < x) Pr(max S,(0;) < )
1<I<k 1 1<I<k 1

v= v=

sup
zeR
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and

sup
zeR

<z|- S (0)) <
Pr (1121&}; SACH! x) Pr <1r£1la§>22250(91) < a:)

v=1

where b,, and by, are the mixing coefficients. Hence for every 61, d2 > 0:

< < —_— <
PI"(U()_ZL‘> < Pr (1@?<)ifzs (6)) 33+51+52>+Pr<1121a<);

< \/1362> +2(mp — 1)b,

Syr1(61)

= I+II+1I1+1V.

+ Pr| max
1<I<k

The second inequality of (S-53) follows once we have established that IT and I11 are of order P~¢
and 61 + 6o < CP~¢ log_% k. We start with I1. By Markov’s inequality, for every € > 0 setting

\/1]3;@;(91)“

5 =€ ! E{max
1<i<k

mo -
yields IT < e. The expectation E{nlaxlglg,.i ﬁ > S;(OI)H on the other hand can be bounded as
v=1

follows: noting that g{}(Ol), 1 < v < m, are independent, we can invoke Assumptions 2 and [SM2

m . 2 1
to obtain (maxlglgn > E{ S;(Gl)‘ ]) * < mPrP (72(7“)> . By Lemma A.3 in |Chernozhukov et al.
v=1

(20141, p. 34):

fZS' (6r) H < C(( )lrp\/a (r )log%/ﬁ—FP*%rpE%r)) < CP*QClog*% K,

where the last inequality follows by the rate conditions in Assumption 4. Finally, setting e = P~¢

E [ max
1<I<k

leads to the required result with §; < CP_clog_% k. Next, consider I11. Applying again Markov’s
inequality with do = e 1(/P) ! E{maxlglgn S’ +1(0l)H7 we have that 111 < e. Moreover, note that:

]

ALt(el)H < C'" by Assumption 2. Thus, setting ¢ = P~¢ for some ¢ sufficiently

(61)

Qe ~1)CE|
B g Sa (0] < (ar +re ~ DB e

where E { max
1<i<k

small, it holds that dy < CP_Clog_% k by the rate conditions in Assumption 4 and the fact that
P = (qgp +rp)mp as well as mp > C~LP°,

The next step, which requires modification, is the normal approximation of the sum of independent
blocks from the first step. |Chernozhukov et al. (2014b) verify the conditions of Corollary 2.1(i) in
Chernozhukov et al. (2013) for independent random variables S,(60;), v = 1,...,m. Note that as in
their paper, it holds that:

c1/4 < 0%(q)/4 < var(§v(ol)(mpp—1)%) <32(q) < C4,
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which follows since:

P v=1 Vinp v=1
1
and mp = P/(qp +rp) so that /g, < /mp/P < 2,/qp. Now, setting B, = qu?-,ELrElaé( (ALt(Ol) -
SISK

E [ALt(Hl)] ) H with C sufficiently large and invoking Assumptions 2 and |SM2| the conditions of Corol-

m ALt(Hl)H)Qlog7(mP)P‘1 <

C'P~¢ as qp < P/(4gp) < CP'¢. The remaining parts of the proof of Theorem B.1 are as in
Chernozhukov et al.| (2014b)).

The validity of the Block Multiplier Bootstrap, i.e. the verification of , is established through
Theorem B.2, which in turn relies on Theorem 2 from |Chernozhukov et al. (2015) and again Corollary
2.7 of [Yu (1994). The only difference w.r.t. their paper consists again in appropriately bounding the
expression:

1
lary 2.1(i) can be straightforwardly verified noting that (CqI%E[maéx
SISK

1 m
E Lg}%n P ; S,(6))S,(8,) — E [sv(ol)sv(aj)} H .
By Assumptions 4 and we have that:
- : o
R DD E[|S.(005.(6,)] || < Cmiagata)
and )
A < Ol
E[(lg}?é S,(8,),(8;) ) ] < Ogb.

Hence, by Lemma A.3 in (Chernozhukov et al.| (2014b)), it follows that:

m 13 1
m3q3o(q)logz K ¢%logk
E 5,(0;)S,(0;) —E|S,(68;,)S,(0; < (£ L
Lgll,?}s{n qpmp; (81)50(6) [ (850 j)H - ( mpqp * mpqp)
1
grlog? k| qplogk
< .
- C( P3 * P )

By Assumption 4, this is bounded by C'P~log™?2 k.

S8 Proof of Theorem 2

Proof of Theorem 2. The proof follows the steps of the proof of Theorem 4.4 in |[Chernozhukov
et al. (2014b) and adapts them to the case of dependent data. First note that from Lemma B.3 of the
paper, we know that ¢®MB(a) > co(a+ ¢p) and cPMB(a) < co(a — pp) with probability larger than
1 —CP~¢ for some 0 < op < CP~°. Moreover, recall the definition:

T
— 1 ~
AL[ = F E ALt(Blt).
t=R+1
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as well as:

J={ie{l,....k}: VPE[AL(6)] > ~co(Bp + ¢r) }

and the complement set J¢ = {1,...,x}\ J. In a first step, we want to show that with probability
larger than 1 — CP~“ — Bp — 2(mp — 1)by,, it holds that AL; < 0 for all [ € J¢. First, observe that
AL; > 0 for some [ € J¢ implies that:

1<l<,.@ \f Z <ALt (O1r) — [ALt(az)D > cola+ ¢p).
t=R+1
Thus, it is sufficient to prove that:

Pr (U > co(Bp + SOP)) = Pr <1<l<n NIz Z (ALt (011) — [ALt(Ql)]) > co(Bp + @P))

t=R+1
< CP™“+Bp+ (mp—1)by,

First, for some ¢/, only dependent on ¢p, note that:

IN

Pr (U > Co(ﬁp + 90;:)) Pr (UO > Co(ﬁp + Q033) - CP) + Pr(‘U - UO‘ > CP)

IN

Pr (Uo > co(Bp + SO/ID + 8Cp log% K)) +CP™¢,

where the first inequality follows by the fact that Pr({UO + (ﬁ— Uo) > co(Bp+ golp)} N { (ﬁ — Uo) <

¢ p}) < Pr(Ug > co(Bp+¢p) — ¢ p), and the second inequality follows from Equation (S-47) and the
proof of Theorem 1. Moreover, since by the argument in the proof of Theorem [ST}

Pr(Uo < :U> — Pr<max Y, < a:)
1<i<k

and by Corollary B.1 in (Chernozhukov et al.| (2014b)):

Pr(max ZS; 0)) <m>—Pr<maxYl§x>
1<i<k qu 1<i<k

it holds that:

sup <CP “+42(mp—1)b,, < C’P_C,,

z€R

sup < CP~+ (mp —1)b,, <C'P~°,

teR

Pr <U0 > co(Bp + ¢p + 8Cp log% m)) +CP~¢

< Pr| max
1<i<k \/mpqp

Z (01) > co /BP+(PP+8CP10g2K/)>
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+C'P~ +2(mp — )by,

By Corollary 2.1 in (Chernozhukov et al.| (2014a)) setting pp = ¢’» +8(p log% % and using the fact that
op = C'P~¢ it follows that:

Pr (U > co(Bp + SOP)> <Bp+CP “+2(mp—1)by,.

This establishes the first step.
For the second step, we wish to prove that with probability larger than 1-CP~“—pp—2(mp—1)b,,,

jBMB D J. Thus, start with:
Pr <JBMB ) J) - Pr<{az e{l,... K}: {\/EE[ALt(el)} > —co(Bp +<pp)} n {\/TDAE > 2cBMB(5P)}})
< Pr< max ﬁ(E [ALt(Ol)} - AE) > 2eBMB(3L) — ¢ (Bp + @P))
1<i<k
On the event cPMB(Bp) > co(Bp+¢p), it holds that 2¢BMB(8p) —co(Bp +¢p) > co(Bp+@p). Thus:
Pr <jBMB ) J) < Pr (fg&xﬁ\/ﬁ(E [ALt(Bl)] - Afl) > co(Bp + gop)) + Pr (cBMB(ﬁp) < co(Bp + @p))
< Pr (1@% VP (E [ALt(Gl)] - Afl) > co(Bp + <pp)> +Cope
By arguments similar to step one above, the first term can be bounded by:

Pr (1%% \/TD(E [ALt(el)] - Afl) > co(Bp + m) < Bp + CP~°+ 2(mp — )by,

which leads to the conclusion of step two.

The last step completes the proof. Assume that J = (). Then, with probability larger than
1—Bp—CP ¢—2(mp —1)b,,, it must hold that U* < 0 by step one above and Lemma But as
cBMB25(q) > 0, it holds that:

Pr (U* > (PMB25 (a)> < Bp+CP°+2(mp —1)b,, <a+C'P°.

BMB,ZS(a J)

By contrast, consider the case where J is not the empty set and define ¢ by the same

bootstrap procedure as ¢ZM5:29(q) with jBMB replaced by J. Then:

Pr (U* > cBMB’QS(a)> = Pr({U* > cBMB’QS(a)} N {Illé%)c(Afl < O})

—i—Pr({U* > cBMB’QS(oz)} N {Illé%)ciﬁfl > 0})
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< Pr (IZIIE}]X \/ﬁAE > CBMB’2S(04)) + ,Bp +CP ¢+ Q(mp — 1)[)”,,
S

where the inequality follows from step one above and the fact that {U * > (BMB2S (a)} N {Ilngx AL <
6 (&

0} C {r{l%x VPAL; > ¢BMB25 (a)}. The probability of the last line can be further decomposed as:
€

Pr (max VPAL; > CBMB’QS(a)> = Pr({m%X\/TDALl > CBMB’QS(a)} N {jBMB D) J})

leJ le

+Pr<{ma}]X\/ﬁALl > CBMB’QS(()()} N {jBMB ) J})

le

IN

Pr <max VPAL;, > CBMB’QS(Oz, J)) +Pr <jBMB 2 J)

leJ

IN

leJ

Pr <max ﬁ(Afl - E[ALt(Hl)]) > BMB2S (¢ J))
+BP + CP_C + Q(mp — 1)b7«P,

on the event jBMB D
J, and the second inequality follows from step two above. Thus, by similar steps as for step one above:

where the first inequality follows from the fact that cPMB:29(q) > BMB25(q, J)

Pr (U* > CBMB’QS(a)> <a—28p+26p+4(mp — 1), + CP¢ =+ 4(mp — 1)b, + CP°.

IfE{ALt(Gl)} =0 for all 1 <[ < k, it holds that J = {1,...,x}. Hence, cBMB:25(q) = ¢BMB25 (¢ J)
with probability larger than 1 — Sp — 2(mp — 1)b,,, and so:

Pr<U* > cBMB’QS(a)> = Pr(U > cBMB’QS(a)>
= o (g vP(aT - E[a00]) > 20w} 0 s - ) )

1<i<k

+Pr<{1r;1?§XK\/13<ALZ - E[ALt(al)D > CBMB,QS(Q)} N {jBMB # J})

v

1<i<k

Pr(max VP(AL ~E[AL(6)]) > #MB25 a, J)) — Bp —2(mp — )by, — CP~¢
> a—30p — 2(mp - 1)brp - CcP™°,

where the last inequality follows again by similar arguments as in step one.
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S9 Optimal Block Length Procedure

S9.1 Description of Optimal Block Length Procedure

As standard selection methods of the block size for dependent data have not yet been extended to
high-dimensional data, we follow and adapt an ad-hoc nested bootstrap procedure suggested by [Zhang
and Cheng| (2014) for the BMB applied to a max statistic to estimate the optimal small-large block
combination: firstly, define a grid (rp, gp) of possible small and large block combinations and pick an
initial block size for both the small and the large block, say (7int, Gint), such that (rine + Gint)Mine = P.

Conditional on the sample {ALt(alt)}z; Re1s let s1,...,5m,,, beiid. uniform random variables on
the set {0, ..., mjp; — 1} and define AL}Ejfl)(ﬁnt+ql’nt)+i(0“) = AL, (it qine)+i(O12) With 1 <5 < mjn

and 1 < i < (¢int + Tint)- In other words, {AL; (0)} ., is a block bootstrap sample of the original
sample with non-overlapping blocks and initiates the outer bootstrap procedure. Since, conditional
on the sample, AL; is the tr}le mean of this block bootstrap sample, compute the times that the
sample mean AL; satisfies P2 max;<j<.(AL; — AL;) < c(a) for each grid value of (rp,qp), where
¢(a) is computed on the basis of {ALj (glt)}?: R41 Tepeating steps 1 through 3 from the main text
By times (the inner bootstrap procedure). Drawing Bo different block bootstrap samples allows to
compute the times that AL; is contained in the set {AL; : P2 max<j<x(AL] — AL) < c(a),l =
1,.. .,/{|{ALt(§lt)}tT:R 41} (empirical coverage probability) for each grid choice (rp,qp). The pair
(rp,qp) associated with the empirical coverage probability closest to 1 — « can viewed as an estimate
of the optimal block choice(s) that captures the dependence structure of the actual data best. This
‘optimal choice’ can then subsequently be employed to perform the moment inequality test of interest
on the original sample.

S9.2 Monte Carlo Simulation

Table [S1] presents a small set of power results for the optimal block length procedure outlined above,
for the data generating process DGP-A1 described in Section below with sample size P = 100
and dependence combination p = 0.2 and ¢ = 0.2. We have set the number of inner and outer
bootstrap replications described above to By = 299 and Bp = 400, respectively, while the number
of Monte Carlo and of bootstrap replications to calculate the critical values are as in Section
below.

Table S1: Optimal Block Choice Procedure - Rejection Frequencies

k=105 &~ =300
0.962 0.951

The results suggest that the optimal block length procedure does a reasonable job in picking a
suitable (rp,gp) combination from the grid as the rejection rates are around the upper end of the
values seen in the equivalent Table which presents results for fixed block length combinations.
We leave it as a topic for future research whether additional iterations of the optimal block length
procedure may improve results further.
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S10 Additional Monte Carlo Simulations

In this section we present two additional sets of Monte Carlo set-ups. The first set-up in Section
as mentioned in the main text, expands on the simulations involving parameter estimation error by
adding in a nowcast bias component in generating violations of monotonicity. The second set-up
in Section gives a set-up without parameter or factor estimation which was used in previous
versions of the paper to assess the performance of the test under various cross-section and time series
dependence scenarios.

S10.1 Additional Set-up 1: With Parameter Estimation and Nowcast Bias

Here the DGP for g is the same as in the main text, namely:

yr = BoFr + B1F_1/3 + BoFy_os3 + & (S-54)

where the number of factors is 7 = 1 and we use the scalar parameters (8o, 1, 52) = (0.25,0.25,0.25).
The nowcaster makes predictions using the estimated equivalent of Equation , with factors
estimated by PCA and coefficients by OLS. However, in addition to this they also adds a bias B; to
their prediction of ¥, in other words:

Vit = Bm‘tﬁt(i’t) + Eutﬁt(i’?/g + gzitﬁt(i’?/g + B; (S-55)

foreacht = R+ 1,....,T and i = 1, ..., S where it is clear that the bias only depends on the nowcast
point 7 and does not vary across ¢. In other words at each nowcast point the prediction ¥;; is formed of
the factor-augmented model-based prediction plus the bias term. With the model correctly specified,
we have an otherwise declining MSFE profile plus the square of the bias term. We can therefore use
the bias to control the degree of non-monotonicity of MSFE.

In order to check the power of the test, under the alternative there are many different ways in
which monotonicity can be violated. From the perspective of nowcaster bias, the interpretation is that
the systematic bias to the nowcast depends on which point the nowcaster is throughout the prediction
period. We follow the literature on monotonicity testing in formulating two different types of violation
of monotonicity, differing in the degree and persistence of violation (e.g., Ghosal et al. 2000)). These
bias terms are all depicted graphically in Figure

DGPF-A3: For i = 21, B; = K with K > 0, else for all i # 5%, B, = 0.

DGPF-A4: For all i, B; = £5(S — i)™ "5, with K > 0.

In both of the above cases, we set K = 0., the standard deviation of the factor-augmented model
error. This means that the bias term causes a peak violation in the MSFE profile equal to 202, which
is double that of the lowest point. Case A3 is a violation of monotonicity at a single point (spike)
occurring at the point ¢ = S/2, which should help to detect the test’s sensitivity to small periods
of violations of the null. The second case A4 is a standard non-monotonic function often used in
simulation studies on tests for monotonicity where the MSFE follows a humped shape.

47



Figure 1: Bias Terms Corresponding to DGPF-A3 and DGPF-A4

0.3-
0.2-
. DGPs
2 —— DGPM_A3
m —— DGPM_A4
0.1-
A
0.04 4/
1 1 1 1 1
0 10 20 30 40

Horizon i after the start of the reference period

Notes: This example has been created for S = 35 with parameter value K = o. where, as in the main text,
02 = B3+ 67 + B3 =3 x0.25%.
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S10.2 Additional Set-up 2: Without Estimation Error

In this set-up we directly simulate the nowcast errors €4 for i = 1,...,.5 and foreacht = R+ 1,...,T.
The general form of the data generating process (DGP) for each of the forecast errors €;; was closely
follows that of Zhang and Cheng| (2014) and |Jin et al. (2017) allowing for cross-sectional and time
series dependence. We describe it in more detail here:

git = peir—1+ (1 —p) (v 1 —¢vit + \/51)0,75) (S-56)

where p and ¢ are scalars such that [p| <1 and 0 < ¢ < 1.

In the results below, we let the number of nowcasts be S € {15, 25,35}, which implies a maximum
number of k = S(S —1)/2 € {105, 300,595} moment inequalities, while a small dimensional example
with S € {3,5} is also investigated. We consider ruling out adjacent and nearby moment inequalities
with additional spacings than the previous section, namely k¢ € {1,2,5}. We will also consider the
adjacent-only set of moment inequalities, as in the test A€ of |Patton and Timmermann (2012). The
sample sizes are P € {100,200} which give scenarios in which the number of moment inequalities is
larger than the number of observations.

In the DGP in Equation (S-56) we let v;; ~ 4.i.d.N'(0,0?) for all i = 0,...,S. The term o is
introduced only as a device to produce cross-sectional dependence. Note that in this set-up when
0'22 =1 for all 7, it follows that for some errors €;; and €;,, we have Cor(e;,€;y) = p|t_”‘¢). Therefore
we can choose p and ¢ to vary the degree of time-series and cross-section dependence. We consider
cases (p, ¢) € {(0.2,0.2),(0.5,0.5)}. Note that in the main text, only the (0.5,0.5) case was presented
and only for the null case.

The parameter O'Z-2 can be varied across i to generate scenarios of non-monotonicity to assess the
power of the test. When the null hypothesis is true, we use a parameterisation of the DGP with
constant forecast error variance across all i:

DGP-N: af =1foralli=0,..,5.

This ‘least favourable case’ is often chosen to assess the performance of the test when the null is
satisfied as it is for this case that rejection rates should be close to the nominal level .

Under the alternative there are many different ways in which monotonicity can be violated. In a
similar way to the case described in Section above, we will use standard shapes of monotonicity
violation. The difference is that here we are seeing how these affect the results in a case with no
parameter estimation error, and with different sized violations of the null. The null and alternative
cases are depicted graphically in Figure
DGP-A1: Fori= %, 02:%—%+Kwi‘chK>O, else for all i # %, 0-2:%—

3 7

s

DGP-A2: For all i, 0? = 1 + &K, (§ —i)e= "5, with K > 0.

In both of the above cases, we can set K = K /(1 —¢) so that the largest violation of monotonicity
is of magnitude K. The rescaling by (1 — ¢)~! is required because violations in monotonicity due
to changes in o? are dampened when ¢ is large according to the DGP in Equation (S-56). We can
therefore use this parameter, which we set to K= 1.5, to analyse the power properties of the test.
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Figure 2: MSFE Profiles Under the Null (DGP-N) and Alternatives (DGP-A1, DGP-A2)
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2 -
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LL
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=
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0 -

0 10 20 30 40
Horizon i after the start of the reference period

Notes: This example has been created for S = 35 with parameter value K =15.

Below we provide the results tables for this Monte Carlo set-up without parameter estimation error,
starting with dependence case (p, ¢) = (0.5,0.5) for the five different versions of the test with different
sets of moment inequalities, and then (p, ¢) = (0.2,0.2). Note that the results for (p,¢) = (0.5,0.5)
and DGP-N correspond to what was presented in the main text. After these results, for the case
(p,¢) = (0.5,0.5), we also provide results for the ‘small dimensional’ scenario where S = {3,5} using
all and only adjacent moment comparisons.
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Table S13: Rejection Frequencies - Small S € {3,5} - All Inequalities

P =100, (p,¢) = (0.5,0.5)

k=3 k=10
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2
rp=0 ¢qp=4 0.060 0.793 0.490 0.070 0.861 0.814
rp=0 ¢qp=5 0.048 0.790 0.460 0.063 0.840 0.775
rp = qp = 0.067 0.802 0.459 0.057 0.781 0.802
rp=0 qp=7 0.057 0.740 0.438 0.056 0.803 0.788
rp=0 g¢qp=38 0.048 0.762 0.479 0.061 0.772 0.759
rp=1 qp=4 0.070 0.823 0.504 0.076 0.856 0.815
rp=1 ¢qp=5 0.055 0.783 0.514 0.076 0.842 0.815
rp = qp = 0.054 0.788 0.440 0.075 0.845 0.791
rp=1 qp=7 0.040 0.814 0.457 0.061 0.830 0.803
rp=1 g¢qp=38 0.055 0.768 0.441 0.047 0.839 0.784
rp=2 gqp=4 0.054 0.835 0.554 0.076 0.868 0.828
rp=2 qp=2>5 0.045 0.757 0.486 0.074 0.825 0.788
rp = qp = 0.049 0.775 0.487 0.093 0.776 0.726
rp=2 qp=1717 0.070 0.773 0.440 0.059 0.802 0.750
rp=2 gqp=2_8 0.045 0.793 0.478 0.056 0.835 0.814
P =200, (p,¢) = (0.5,0.5)
k=3 k=10
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2
rp=0 g¢qp=4 0.070 0.983 0.810 0.062 0.993 0.987
rp = qp =5 0.070 0.983 0.779 0.052 0.990 0.994
rp=0 ¢qp=2©6 0.065 0.983 0.729 0.049 0.990 0.991
rp=0 qp=7 0.057 0.980 0.782 0.053 0.982 0.988
rp = qp =8 0.057 0.985 0.810 0.045 0.984 0.994
rp=1 qp=4 0.081 0.986 0.773 0.075 0.994 0.991
rp=1 ¢qp=5 0.051 0.983 0.781 0.053 0.990 0.988
rp=1 qp=6 0.044 0.985 0.778 0.045 0.990 0.992
rp=1 qp=7 0.058 0.980 0.795 0.049 0.990 0.991
rp=1 g¢qp=38 0.065 0.987 0.800 0.036 0.982 0.987
rp=2 gqp=4 0.065 0.983 0.778 0.062 0.984 0.990
rp = qp =9 0.059 0.983 0.794 0.053 0.990 0.991
rp=2 qp=~6 0.076 0.981 0.750 0.045 0.981 0.987
rp=2 qp=1717 0.058 0.980 0.760 0.049 0.981 0.987
rp=2 gqp=28 0.058 0.982 0.794 0.045 0.993 0.994
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Table S14: Rejection Frequencies - Small S € {3,5} - Adjacent-only Inequalities

P =100, (p,¢) = (0.5,0.5)

K =2 k=4
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2
rp=0 g¢qp=4 0.083 0.795 0.511 0.055 0.799 0.416
rp=0 qp=5 0.091 0.819 0.509 0.084 0.848 0.437
rp = qp = 0.070 0.832 0.439 0.069 0.792 0.428
rp=0 ¢qp=7 0.069 0.796 0.507 0.063 0.800 0.477
rp=0 ¢qp=28 0.083 0.773 0.435 0.073 0.790 0.481
rp=1 ¢qp=4 0.074 0.804 0.562 0.077 0.789 0.449
rp=1 qp=5 0.085 0.809 0.496 0.068 0.790 0.437
rp = qp = 0.071 0.823 0.460 0.041 0.796 0.415

rp=1 ¢gp=7 0.083 0.814 0.492 0.062 0.834 0.396
rp=1 ¢gp=8 0.072 0.823 0.468 0.059 0.824 0.425

rp=2 gqp=4  0.087 0.807 0.562 0.088 0.840 0.477
rp=2 qp=2>5 0.084 0.768 0.457 0.062 0.792 0.414
rp = qp = 0.085 0.823 0.492 0.058 0.830 0.448
rp=2 gqp=7 0.075 0.805 0.512 0.058 0.780 0.403
rp=2 qp=2~8 0.069 0.806 0.492 0.050 0.811 0.403
P =200, (p,¢) = (0.5,0.5)
k=2 k=4
DGP-N DGP-A1 DGP-A2 DGP-N DGP-A1 DGP-A2
rp=0 qp=4 0.077 0.982 0.767 0.058 0.991 0.775
rp = qp =5 0.066 0.984 0.780 0.056 0.988 0.748
rp=0 qp=6 0.057 0.984 0.730 0.067 0.985 0.748
rp=0 ¢qp=7 0.061 0.981 0.777 0.072 0.992 0.715
rp = qp =8 0.056 0.982 0.744 0.053 0.985 0.748
rp=1 qp=4 0.057 0.982 0.757 0.062 0.989 0.772
rp=1 ¢qp=5 0.089 0.982 0.771 0.058 0.988 0.763
rp=1 ¢qp=26 0.070 0.984 0.780 0.065 0.989 0.716
rp=1 qp=7 0.055 0.980 0.743 0.045 0.986 0.755
rp=1 ¢qp=28 0.057 0.975 0.780 0.066 0.988 0.789
rp=2 gqp=4 0.079 0.987 0.814 0.055 0.984 0.665
rp = qp =5 0.070 0.984 0.791 0.058 0.988 0.726
rp=2 qp=2©6 0.070 0.974 0.759 0.045 0.992 0.750
rp=2 gqp=7 0.057 0.984 0.754 0.045 0.988 0.733
rp=2 qp=2~8 0.057 0.982 0.761 0.045 0.989 0.723
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S11 Additional Tables: Empirical Application

S11.1 List of Variables

Table S15: Monthly Variables and Quarterly GDP Component Target Variables

FRED Code Description Publication Lag
UMCSENTx Consumer Sentiment Index -2
S&P 500 S&Ps Common Stock Price Index: Composite 0
TB3MS 3-Month Treasury Bill 0
GS10 10-Year Treasury Rate 0
TWEXMMTH Trade Weighted U.S. Dollar Index: Major Currencies 0
EXSZUSx Switzerland /U.S. Foreign Exchange Rate 0
EXJPUSx Japan/U.S. Foreign Exchange Rate 0
EXUSUKx U.S./U.K. Foreign Exchange Rate 0
EXCAUSx Canada/U.S. Foreign Exchange Rate 0
CE160V Civilian Employment 1
UNRATE Civilian Unemployment Rate 1
PAYEMS All Employees: Total nonfarm 1
USGOOD All Employees: Goods-Producing Industries 1
CES1021000001 All Employees: Mining and Logging: Mining 1
USCONS All Employees: Construction 1
MANEMP All Employees: Manufacturing 1
DMANEMP All Employees: Durable goods 1
NDMANEMP All Employees: Nondurable goods 1
SRVPRD All Employees: Service-Providing Industries 1
USTPU All Employees: Trade, Transportation & Utilities 1
USWTRADE All Employees: Wholesale Trade 1
USTRADE All Employees: Retail Trade 1
USFIRE All Employees: Financial Activities 1
USGOVT All Employees: Government 1
CES0600000007 Avg Weekly Hours: Goods-Producing 1
AWOTMAN Avg Weekly Overtime Hours: Manufacturing 1
AWHMAN Avg Weekly Hours: Manufacturing 1
M2SL M2 Money Stock 2
BUSLOANS Commercial and Industrial Loans 2
REALLN Real Estate Loans at All Commercial Banks 2
CLAIMSx Initial Claims 7
WPSFD49207 PPI: Finished Goods 13
RETAILx Retail and Food Services Sales 15
INDPRO IP Index 15
IPFINAL IP: Final Products (Market Group) 15
IPCONGD IP: Consumer Goods 15
IPDCONGD IP: Durable Consumer Goods 15
IPNCONGD IP: Nondurable Consumer Goods 15
IPBUSEQ IP: Business Equipment 15
IPMAT IP: Materials 15
IPDMAT IP: Durable Materials 15
IPNMAT IP: Nondurable Materials 15
IPMANSICS IP: Manufacturing (SIC) 15
IPB51222S IP: Residential Utilities 15
IPFUELS IP: Fuels 15
CUMFNS Capacity Utilization: Manufacturing 15
HOUST Housing Starts: Total New Privately Owned 19
HOUSTNE Housing Starts, Northeast 19
HOUSTMW Housing Starts, Midwest 19
HOUSTS Housing Starts, South 19
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HOUSTW Housing Starts, West 19

PERMIT New Private Housing Permits (SAAR) 19
PERMITNE New Private Housing Permits, Northeast (SAAR) 19
PERMITMW New Private Housing Permits, Midwest (SAAR) 19
PERMITS New Private Housing Permits, South (SAAR) 19
PERMITW New Private Housing Permits, West (SAAR) 19
AMDMNOx New Orders for Durable Goods 27
ANDENOx New Orders for Nondefense Capital Goods 27
DPCERA3MO8S86SBEA  Real personal consumption expenditures 29
CMRMTSPLx Real Manu. and Trade Industries Sales 30
DTCOLNVHFNM Consumer Motor Vehicle Loans Outstanding 48
DTCTHFNM Total Consumer Loans and Leases Outstanding 48
GDP Real Gross Domestic Product 28
CONS Real Personal Consumption Expenditures 28
INV Real Gross Private Domestic Investment 28
GOV Real Gov Consumption Exp & Gross Inv 28
EXP Real Exports of Goods & Services 28
IMP Real Imports of Goods & Services 28

S11.2 Additional Results

This section provides several additional sets of results, as laid out in the main text these are as follows:
(i) rolling estimation scheme, (ii) reduced dataset of N = 9, (iii) nowcasts evaluated at the end of
each day (iv) nowcasts evaluated once every 10 days, (v) post-1984 sample, (vi) using the Linex loss
function.
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