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1. The Fox-Wright function and a few of its properties.

In this section, we present the general form of the Fox-Wright function (Fox, 1928; Wright,
1935) and identify a specific case that is required for studying the Modified-Half-Normal
distribution. We include a brief discourse to familiarize the related notions and to investigate
certain aspects of the function.

The general class of the Fox-Wright Psi function, introduced by Fox (1928) and Wright
(1935), is defined as

U (CLl, Al) (CLQ, AQ) . (CLp, :| Z CLl + Aln F(Clp -+ Apn) ﬁ
(b1, B1) (b2, Ba) T'(by + Bin)---T(b, + Byn) n!’

where p, ¢ are non-negative integers, A; >0 forl=1...pand B,, > 0form=1,...q. The
constants a; for [ =1,... p and b,, for m =1, ... ¢ are allowed to be any nonzero complex
numbers(Craven and Csordas, 2006; Mainardi and Pagnini, 2007) but for this manuscript
we only need the case when they are positive real numbers. The above series converges
absolutely for z € Cif Y7 | B;—>"" | A, +1. Though the function is defined for z € C, in
this manuscript we will only be needing the case when z belongs to the real line. The usage
of the function is seen in different branches of science. Many of its properties are documented
for years while the related scientific investigation is still an active area of research (Wang,
2019; Wei, 2019). In the context of the current article, we streamline our focus on
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a specific case of Fox-Wright function which is required not only to represent the normalizing
constant of the MHN («, 3, ) distribution (See Section 3) but also to apprise the efficiency
of the rejection sampling algorithms developed in Section 3. Note that for the brevity of

1
the expression we have used the notation W [g,x} =10 [(& 5)) x} for the rest of the
document. The availability of computational algorithms for ¥ [% } and/or the ratio of the
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appropriate Fox-Wright functions are crucial for computing mean, variance, skewness and
other moment based statistics (See Section 3 for details).

As a note in passing, we would like to mention that the Fox-Wright Functions are closely
connected with ,F,, the hypergeometric functions (Srivastava, 2007; Mehrez and Sitnik,
2019). In particular,

(a1,1)...(ap, 1) | Tla1)---T'(ap) ap...a,
ol (b,1) . (b 1) 7] T Tloy) - T (5, "L [bl...bq’z} 2)

when Ay,...,A, = 1 and By, ..., B, = 1(Mehrez and Sitnik, 2019). As a result, many of
the attributes including computation of the Fox-Wright function follows directly from that
of the ,F, whenever the functional equality in Equation 2 is applicable. Unfortunately, it
is not applicable to the specific case of the Fox-Wright function (as in Equation 1) that
corresponds to the MHN (a, 8,7) distribution. Therefore, we invested a nontrivial effort
design strategies for its computation which is require for the subsequent developments.
Additionally, we develop a few generic properties of Fox-Wright Functions that we utilize
in the later sections.

Lemma 9. Let ¥ [%, x} denotes the Fox- Wright Function. The following functional prop-
erties holds for all x € R.

(a) If o +n > 2 then

-2 -2 -1
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(b) If &« > 1 then

v [a';l,x} r a-—1 1
= —+ s
v [%,x} 2 2 .
§+ "z 1% 1
A
[

do = 1 if v is an integer otherwise 6, = o — || where || denotes the largest integer

less than equal to a.
(c) If we denote the cumulative dz’stril;utz’on function of the standard normal distribution as

2 x 2

®(-) then, iEj =5+ #%, and W [1 2] =2/me’T (1 — @(_\%D _
The proof of part(a) of the Lemma 9 essentially relies on the recurrence relation of the
Gamma function while part(b) is a consequence of the part(a). The Part (c) of the proof
utilizes the specific from of the normal probability density function restricted to the positive
part of the real line. Though the statement of Lemma 9 does not show it explicitly, it can
be employed for computation of the Fox-Wright function and their ratios when the « is
a positive integer. Using part(c), we may evaluate the ratios of the FoxWright function
without any further need of approximation. In the case when « is a positive integer, the
continued fraction type recursive relation is an option for computing the moments, variance
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and skewness of the corresponding MHN (o, 3, ) distribution (see Lemma 2). The following
Lemma is motivated by the series representation of the Fox-Wright function that is shown
in the Equation 1.

(S +k)z?k

Lemma 10. Let o > 0,z € R then for arbitrary e > 0, let A(k) = o)

D(2L ko2t

and B(k) =

. Let [z] denotes the smallest integer larger than .

(2k+1)!
(a) For a given constant 0 < q < 1, Agf(z)l) < q if k > C, where the constant
¢y = max{ {—(6‘1 —2?) + v/(6g — 2%) — 8q(4q - afﬂ , 1} .
8q
(b) For a given constant 0 < q < 1, Bgz:)n < q if k > Cy, where the constant
C, — max{ {—(10q — %)+ /(10g —;2)2 —8¢(12g — (o + l)ﬂf)w | 1} _
q

(c) A(k) is strictly decreasing function when k > Cy and B(k) is strictly decreasing function
when k > Cy. Moreover limy_,o, A(k) =0 and limg_,o, B(k) = 0.

(d) For a given € > 0, if K = max{Ki, Ky}, K1 = max{min{k : A(K) < { for all K >
k}, C1}, Ky = max{min{k : |B(K)| < § for all K > k},Cs} then

v Ex} - <§: A(k) +§:B(k)>

k=0 k=0

< e.

The Lemma 10 provides a way to compute W [%, a:} by truncation of a infinite series in a
systematic manner. Specifically from the part(d) of the Lemma identifies a truncation point
K so that the finite summation Y_r A(k) + Son_, B(k) can be used to approximate the
intended function with a maximum predetermined error bound € > 0.

In the case when v < 0, the series approximation procedure appears to be inefficient.
From empirical experiments we observed that the accumulated errors contributed by the
computation of the each terms of the A(k) and B(k) ( Computation error that involving
'lgamma’ function that is implemented in base R) appears to be significant compared to
the functional value of Fox-Wright function. Hence we consider an alternative procedure
premised on numerical integration. The strategy appears to perform efficiently for computing
the function when v < 0. In the following lemma, we truncate the infinite integral to that
over a finite region in a systematic manner so that the error of the approximation can be
controlled.

Lemma 11. Let « > 0,8 > 0 and v < 0. For any m > 0,

M.

a7 < a—1_—px%—|y|z

‘I/[—,—}—QBQ/ x* e x| < e.
2" VB 0

when M, > 377 (a, [FE:Z)]Q — 2;5%(28?;:17«3)) .The constants a = —a2(§$j:|‘z|‘)’ b= Bm? + |y|m,

and the function v(a,bM,) is a lower incomplete gamma function.
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An implementation for the inverse of the lower incomplete gamma function is available in
the R package “zipfR” (Evert and Baroni, 2007). So far, we have developed properties of
the Fox-Wright function primarily aiming at its numerical computation for different cases.
The following result provides functional approximation to the Fox-Wright function.

Lemma 12. Let a > 1,5 > 0.
(a) If v < 0 then for any m >0
. [% —m] J BEex» (-200(5)
T

(b) If v > 0 then for any positive oy, > 0 and p,q > 1 such that 1lo + é =1,

o -~ a+pan—1 V4
op {F( 2219 )} (qry)P(0 D45

0
qf[—,}>
I

Y]

I (g, — g+ 1)]

In particular if p = -%5,q = a,ap = O‘Tfl then

TENE [C(a = D} (am)*

2% ar(ata - )

The Lemma is utilized for establishing uniform efficiency of the accept reject algorithms
that are designed later in this article.

2. Proof of the Lemma and Theorems
2.1. Proof of Lemma 9
2.1.1. Proof of Lemma 9 (a)

In the case when o > 1, from the standard recurrence formula of the Gamma function we
obtain that '(2H+) = (2=144) T(2=+) for all i > 0. As a result

a+1 = ZT(e+
it - £

a—1 i Zir(a—21+i) N P 00 ziflr(a—i-;—l)
il 224 (i—1)
=1

(*5):
(a—l)iziF(%)+zifL%i)
(
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2.1.2. Proof of Lemma 9 (b)

The continued fraction representation can be obtained via repeated use of the recursive
relation established in part(a) the Lemma.

2.1.8. Proof of Lemma 9 (c)

From Lemma 1, we get that ¥ [%, \/ig} =202 [Cy*exp (—By* + vy) dy. Therefore,

ﬁ»

= 14 7zeT[l — d(—

2.2. Proof of Lemma 10

D(4+4k)ArgFW2k
(2k)!

(2 k) Arg FW2k+1
(2k+1)!

Let a > 0, € R then for arbitrary e > 0, let A(k) =
Let [2] denotes the smallest integer larger than x.

and B(k) =

2.2.1. Proof of part(a) of Lemma 10

If 0 < ¢ <1 then
Ak +1) (% + k)22
g =

Ak) =1 (2k +2)(2k + 1)

where k > (', where (] = max{ [_(6q_22)+\/(6q_32)2_8(1(4(1_%2)—‘ , 1}-

8q

<qg = 4qk2+(6q—22)k+(2q—%z2)20 = k>0C,

2.2.2. Proof of part(b) of Lemma 10
If 0 < ¢ <1 then

a—+1

B(k+1) _ (%5 + k)2”
Bk) -1 (2k + 3)(2k + 2)

— 722 —Zz — — & z
where O, = max {[ (10g—22)++/(10g—22)2—8q(12¢—(a+1) 2)" | 1}‘

<q = 4qk* + (10q — 2*)k + (6q — >0 = k>0,

8q
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2.2.8. Proof of part(c) of Lemma 10

By Lemma 10 (a) and Lemma 10 (b), we get that the sequences { A(k) }x>c, and {B(k) }x>c,
are strictly decreasing. Also, if k¥ > C; then A(k) < qk_ClA(C’l). Hence

lim A(k) < A(Cy) lim ¢*~“* =0

k—o0 k—o0

as 0 < ¢ <1 and |A(CY)| < co. In a similar fashion we can show that limy_,..|B(k)| = 0.

2.2.4. Proof of part(d) of Lemma 10

Given any € > 0, let K; = min{k : A(k) < (1 —-¢)5 forall k > C1} where 0 < ¢ <1lisa
fraction of our choice and (7 is the constant as it is define in the previosu part. A possible
value for ¢ is % The integer K7 is well defined because limy_,., A(k) = 0.

As K, > C}, we get from the previous part of the Lemma that A(n) < A(K;)q" 5t <
(1 —q)5¢" ™ for all n > K;. As a result,

o) Ky o)
S AR) =S AR = | Ak 2(1—(;, ) ’”ﬁ:g
k=0 k=0 k=K, k=K,

In a similar fashion, it can be shown that ‘Z,;'OO (k) — S0k, B(k)‘ < 5, when K, =
min{k : [B(k)| < (1 —q)§ for all k£ > Cs}. Define K = max{K, K»}.

xp[%z] - <ZA(k)+ZB(k))| =N Ak - S Ak + S Bk) - B(k) |
<D ARy =D A()| + > B(k) = > B(k)

<e
(3)

for a given value for the error of the approximation ¢ and K = max{K7j, K>} is a truncated
point for the infinite series for even as well as odd order terms.

2.3. Proof of Lemma 11

From Lemma 1, we get that

\pg’l}zggwalx—Q d
{2\/3 B/Ox exp (—fz* + yx) dx
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If we would like to find a positive constant T, depending on «, (3,7 such that

'@{2 \F] —252/T *lexp (—f2* + yzx) dx

Using the inequality in part(a) of Theorem 3, we get

/ % Lexp (—5m2 + vx) dr < /

T T

=282 / 2 Vexp (—fa* + yx) dr < e

T

o0

2B8m+|v|
22" exp (=(Bm? + [ym) (=) T ) da,

28m+|v|
It follows from the change of variable ¢ = () il that

> a—1 2 a 6771 + h/‘ > a—1_-—bt
2 exp (—fr +yr)dr < mt—— e dt
/ ( ) 250+ 1] Jr-

me Bm + h/| |:/‘OO taflefbt o /T talebt‘|
28m+ |y Lo 0

o B+ {F(a) B v(a,bT*)]
26m + |9 I(a) ]

28m *
where T* = (L) St . Let 282m® 2%7;41@‘ [F(a) — %} = ¢, the truncated point of the

numerical integral is

Smth| 1 ['(a))? r
2pzme 2pm+|
where a = égﬂ”;‘—m, b= Bm? + |y|m), and ~(a,bT) is a lower incomplete gamma function.

The inverse of the lower incomplete gamma function can be calculated by the Igamma.inv()
in the "zipfR” package in R.

2.4. Proof of Lemma 12
2.4.1. Proof of part(a) of Lemma 12

Counsider the fact that

Therefore,

\Ilgﬂ1:2gooalx—2— d
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Let « > 1,6 >0 and v < 0, then for any m > 0,

a —|y|] _ A% exp (—Zhr(2)
\D{? ¢%} - (m m)i '

2.4.2. Proof of part(b) of Lemma 12

Let p,q > 1 be such that 110 + % = 1 then, using Holder’s inequality we get that

0 a+po¢0 l 7&
T » dx
0
o0 z2 "/ YT
= / { r p} [mao—le‘ﬂ dx
0
1 1
o 2 P oo qvz q
< / e Ty / 29 Ve % da| .
0 0

Therefore, it follows that

\If[g,’y} = 2/ 2 e Ty
2 0

a+po¢0 —1

z2 p

2 {foooa: P _le_Pd:c]
p

|:f0 l'(qao g+1)-1 7%da{|

F(%) oz+poc071 p
2 N J 2p

v

2 p

TG, -0 (2)™]

atpag—1 _ p(qao —q+1) |:1"(a+p20;01> :| p

2
q

2p 2 q 5

p _ plaag—g+1)
T (go, —q+ 1)) (q7) “

(2o Y at+pag—1) 1P
2p7+<2 20)p 1—§ |:F( 22p0 >:| (q,}/)P(aOfl)Jr%

I (g, — g+ 1)]

Q3

(4)

Our recommended values are p = —%5,q¢ = a, qp = O‘Tfl. Then the bound takes the following
form
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In particular when v = y/a then

|2 va| >

2

[(o— D770’
2P(a(0 — 1))

2.5. Proof of Lemma 1
2.5.1. Proof of Lemma 1 (a)

The density function of the MHN («, 8,7), fumx (T | @, 8,7) o< -2 ! exp(—Bz?+vz)I(x > 0).
The corresponding normalizing constant is

1!

/ 7 Lexp(—Ba® + yr)dr = / ! exp(—Ba?) Z V,f dx.
0 0 i=0

Using a change of variable ¢t = 22, the above integral turns out to be

[e%¢) lF ati [e’e) a+ti . (o] 21—‘ a+i 9 a
Z - : (i) ﬁaii D exp(—[St)dt = Z 7 ‘ <a2+) = Gk :
o 22 Jo I'(%5*) o 2ilB2 U [%’\/LB}

(e 42) (L)
where ¥ [%, \/iﬁ] =320 W, which denotes the Fox-Wright function of the appro-

priate order. Consequently the corresponding density function is given as

2620 exp(—pa® + yx)

e b= S
2 VB

I(x > 0).

2.5.2. Proof of Lemma 1 (b)

The cumulative distribution function F'(t) is given as

to2ps
FMHN<t|a7/B7Fy):/ a—7$ 1exp(—ﬁ$2+'yx)dx
0¥ [335
285 t 00 i
L, e
‘P[%a\/lg} 0 i—0

by considering th change of variable y = S2°
t2

25% - Y _ati P i g
v [5,\/—3} i=0 = 0

23% N awi a4
e DL o s
s |:g l:| =0 21! 2

= Bt?),
2 /B

where (s, t) = fom t*~le~tdt denotes the lower incomplete gamma function.
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2.6. Proof of Lemma 2
2.0.1. Proof of part (a) of Lemma 2

A moment is a specific quantitative measure of the shape of a function. The £ moment of
the random variable following a MHN («, 3, y) distribution can be expressed as:

B(XY) = /0 " (@) da

2.6.2. Proof of part (b) Lemma 2

Based on the property of FoxWright function

a+k a+k—2 a+k—2 T a+k—-1
v = |\ Syl ==
e e g [

we could get the conclusion that
a+k—2

2ﬁ E(Xk 2)_'_ E(Xk 1)

E(X*) =
(x4 -

2.6.3. Proof of part (c¢) of Lemma 2

The variance of a random variable X, which follows a MHN (a, £, 7) (a, 8,7) distribution is

Var(X) = E(X?) — [E(X)]

Zoo Wir(7a+§+2) ZOO viF(4“f§+1*) 2
i=0 ',8? i=0 ,ﬁ%
a+i) - 00 ,YZF
2
BZ z'62 ﬁ Z 5%
2

Using the property of Fox-Wright function

" a+k’x :a+k—2\P oz—l—k—2,x
2 2 2

Var(X) = % + B(X) (% - E(X)) . (6)
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2.6.4. Proof of part (d) of Lemma 2

Let X ~ MHN («, 3,7). Then the moment-generating function of the random variable X is

M,(t) = E[e"]
(%s) 2 a
:/ et b 2 Lexp(—Bx? + yr)dx
T
2 VB
a \D[Q v_ﬁ} oo o
2 ) 2
- pe 22 gﬁ / 52+t v Vexp(—px? + (v + t)z)dx
(e} 2 o
vis. 5] 2 hows)
a oyt
v Bl
a 7
i

2.7. Proof of Lemma 3

distribution is

NI

(a) The density function for the MHN («, 3, 7)

_ 2B a—1 2
fum (@ [ @, B,7) = a—’yl' exp(—pfz* + yx)
v s )

Therefore = log (fyu(z | @, 8,7)) = <=L — 28z + 7. If Xjnode denotes the mode of the
distribution then

a—1 Y+ /72 +8(a—1)p
-2 Xmoe =0 = Xrno e — ’
Xrnode ﬁ d +7 ¢ 4B

_ 2 _
while we ignore the other solution % as it does not belong to the support

of the distribution. Additionally,

g a—1
—10g(fMHN($‘a7/6a7)) :_XQ —2,6<Ofora21.

mode

=Xmode

(b) If 1—% < a < 1and vy > 0 the equation 0‘7_1—262:—1—7 = 0 has two real positive solutions,
corresponding to the local minima and the point of local maxima. As a consequence,

[ ~2 _ —./~2 _
the density has a local maxima at TEVIHETD) 04 a local minima at 2-Y2 887D

because v Y
d2
o8 Gz @B <0, e
d? :
e R [
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()If0<a<1——2and7>0then

d 1 2 7
%log(fMHN(x|a,ﬁ,7)):—x (\/2ﬁx—\/2—7) —i—(l—@—a)} <0

for all x > 0. Therefore, in this case, the density function is gradually decreasing on
R, and mode of the distribution doesn’t exist. The same is true for the case v < 0 and
a<1.

2.8. Proof of Lemma 4
2.8.1. Proof of part(a) of Lemma 4

If @ > 1, then from Lemma 2, we have that E(X) = o‘_lE( ) + 5. As the function
x> % is convex on ]R+, using Jensen’s inequality E(%) > when X ~ MHN (a, 8,7).

Hence,E(X) > O‘Qﬁl 7o+ 55~ Consequently,

E(X)

v+ /2 +83(a— 1)
18 '

On the other hand, using lemma 2 we get the recursive relation F(X?) = %E(XO) +
LE(X) = &+ ZE(X). As B(X?) > E(X)2E(X)? < & + 2 E(X). Therefore,

px) < TV 0

E(X) > (7)

2 _
EV P A8Beml) oy on

From Lemma 3, we know that the mode of the distribution is X040 = 7
a > 1. An implication of the inequality in 7 is that E(X) > Xeqe- Thus MHN (o, 3,7) is
a positively skewed distribution when v > 1.

2.8.2. Proof of part(b) of Lemma 4

Let X ~ MHN (o, 8,7) for @« > 4, and v > 0, then E(log(X)) > log(Xmode) Where Xpode =

vy tAel) +85(a Y Without loss of generality we assume 3 to be 1 for this proof. Define the
functlon

h(7) = E(log(X)) — log(Xumode) =/ 10g(2) fupn (2 | @, B, 7)dz — 10g(Ximode)-
Ry
Counsider that
a)(mode o 1 + Y o Xrnode
2l 4 4/ 48a—-1) /2 +8a—-1)

Therefor, we get
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oh / 1 a)(mode
— = xlog(z) fuun (Z | o, B,v)dx — —_—
e A R e =
1 8)(rnode
= F(Xlog(X))—
(X log(X)) X 09
1

> B(X)log(E(X)) -

Vi +8(a—1) (©)

where the step us due to the Jensen’s inequality because x +— xlog(x) is a convex function
(86—;2@ log(z)) = 1 > 0 for z > 0). Also, it follows from Lemma 2 that E(X) > Xyode =

Y4/ 72 +8(a—1)
4

. Therefore

\/ﬁ \/ﬁ
oh > v+ 718(04 1)log v+ 718(04 ) 1

Oy 2+ 8(a— 1)

@ log( 8(04—1)) V8(a—1) 1

1 4 Bla-1

> 0. (10)

for a > 4. The inequality in ({1) is an implication of the fact that 1

1 . . . . . . . .
————— is an increasing function in v > 0. Altogether, the function v +— h(y) is an in-
V2 +8(e—1)

creasing function in . As a result, for « > 4 and v > 0,

h(v) = h(0)
e 20 1’ 8(aw—1)
= log(z) ————dz — log(~———
| tose) g V=
0 (P9 a—1,—22
_ a I 2:cale dx g 8(a—1))
I'(3) 4
1 ag(az) ( (Oé — 1))
= = —lo
2T(g) — V2
(o 1 «Q 1 1
1 -
” 2 o8 1) 20 602
> 0. (11)
The inequality in (%) is due to the fact that d%r((g)%) > log(%) — = — 5 (Batir, 2005). On
the other hand,
d |1 « 1 1 1 1 1 o+ 2
Sl e | - = — = — <0f > 1.
do |2 Og(a — 1) 20 602 20(a — 1) * 202 * 3a3 6 (a—1) ore

v/l (7+\/72+8(a1)
4

>_
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Therefore the function o — %log(ﬁ) — i — &% is decreasing in o > 1 and
1 a 1 1 1 o) 1 1
-1 —— —— > lim =1 —— = —=0
21801 "0 " Gar T A8 T T 50 T G

Finally, if follows from the the definition of the function v + h(7y) and the Equation 11 that
E(log(X)) > log(Xumode),

for all ¥ > 0 when X ~ MHN (¢, 1,7), @ > 4. On the other hand, using Jensen’s inequality
the previous part of the lemma we get that

E(log(X)) < log(E(X)) < log (7 TV Z;+ sl ) . (12)

2.8.3. Proof of part (c) of Lemma 4

If & > 1, then from part(a) of Lemma 4, it appears that

Bx) 2 1V el = (peo- ) 2 T ay

Additionally, from Lemma 2 we get that

Var(X) = B(X?) — B*(X) = — 1+ LEX)-EXX)

23 " 28

a7 7\
- 5t (P05
th o N 7 Y +8Ba—1)
= 23 1642 162

1

%7
where the inequality in (1 1 1) follows from the Equation 13.

2.9. Proof of Lemma 5
2.9.1. Proof of part(a) of Lemma 5:

Let v > 0 when X ~ MHN («, 3, 7). Consider a random variable V' such that the conditional
probability distribution of V' given X is a Poisson distribution with parameter vX which
has the probability mass function

e (v X)"

fPoi(V:U|X): U!

(14)
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Consequently the conditional probability density of the random variable X given V'

_ fxv(r,v)
Pavlelv) = fv(v)

2ﬁ%ma_1€_612+71 {e—v.r(,yx)u } ]I(x N 0)

_ sl !
7 I(2FY)
v[5,3|vs2
2/6a-2-v o 718 )
= —— " e P (x> 0). (15)
P(e5+)

As a result, the conditional distribution of the random variable X given V is the square root

of a Gamma random variable with shape parameter O‘T*” and rate parameter 8. Obviously

the conditional distribution of V' given X is a Poisson random variable with parameter v.X.

2.9.2. Proof of part(b) of Lemma & :

Let v < 0 when X ~ MHN («, 3, 7). Consider a random variable U such that the conditional
probability distribution of U given X is a Generalized Inverse Gaussian distribution, i.e.

1
U|X ~GIG(;.1,7°X?)

with the probability density function

o 2) = —ebleyto1e 3 (), (16)

21

Hence the conditional probability density of the random variable X given U

fre|u) = T2t

fo(u)

2,2
2ﬁ%x°‘f1673””27‘7|1 1 lyle,, =1 _%(u+7um )
——eMTyz~le I(z > 0)
&)
2

v%.5]

28+ )% oy (o4
= — 1" "¢ I(x > 0). (17)
NG
As a result, the conditional distribution of the random variable X given U is actually the

square root of a Gamma random variable with shape parameter § and rate parameter

b+ %2 The above result can be utilized to design hierarchical models by introducing ad-
ditional variables U,V that can bypass the sampling step that involves sampling from the
MHN («, 3, ) distribution directly. But, this strategy of introducing additional variables is
expected to lead to slower mixing Markov chains.

(NI}
|
=
+
=R
8
N
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2.10. Proof of Lemma 6

The results in Lemma 6 are the direct implication of the corresponding restrictions that
we assume.

2.11. Proof of Theorem 1

2.11.1. Proof of Theorem 1 (a)

Let v > 0.
fumx (@ | @, B,y) = fQ -2 exp{—B2® + vz}
Vg, \/lB
— —55 ““Lexp{—pa? + vz} exp{f(x — n)*} exp{—p(x — n)*}
Vg, \/lﬁ
_ 267 exp{—(28p — v)z + B} exp{—B(z — )’} (18)
v |3, 3]

a—1
Assuming 1 > 75, it can be shown that z* “Lexp{—(2Bu—)r} < <2§‘;_17) exp{—(a—1)}

for all x > 0. Therefore,

famla | anBy) < —22 }( a1 )a_lexp{—(a—1)+ﬁu2}exp{—ﬁ(w—u)2}

a o | \28u—
qJ[Q,\/B p="
1
= KlfNormal(x | M7%)’ (19)
2f< 2<a 1) o 2
where £ = etvTieT . On the other hand, 11 0 < 0 < e any constant
here K W[B“”] {=(a=1)+81"} " On the other hand, if 0 < 6 < 8 b
2B
then
o 26% a 2
fMHN(:C‘Oé7ﬂ77) - a—’yw exp (—5$ +’7.1')
i
2% 2
- b exp (—(8 — 0)a® + yz) 2 e
U|la L
53]
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that
2832 42
fMHN(a: ‘ 05757'7) < —52 64(5*5).%&_16_6962
v (3 3]
262 2 T(a/2)
- ez LD g (a]a,0)
\IJ [%’ \/lB:| 2(5 Gam
= Kof . (z]a,9), (21)
1(2)8% exp( 17
where Ky = : xp[ﬁ 7(]4;; 6)).
2B

2.11.2. Proof of part(b), Theorem 1

The inequalities in part(a) is efficient when the constant K;(u, o, 8,v) and Ks((0, o, 3,7))
are small. Therefore, we find the optimum values for g and § by minimizing K;(u, «, 3, 7)
and K5(0, a, B, 7) correspondingly.

2 a—
The function u +— —(26;2)557’;21 from (%, o0) to Ry is minimized when pu = yryvoyrtem )P 158( Dy
\/ a-1
Thus, the best possible choice for p is fiop; = W# and K1 (fopt) = 2v7B 7 po7 exp{—(a=1)+pu}

2

exp (—L——
On the other, the function § — % from (0,5) to R, is minimized when § =

B+ V=172 4808 ¥ —yy/2+8aB
4o

. Therefore, the optimum choice for § is given as dop = 5 +

4o ’
2.11.8. Proof of part(c), Theorem 1
Aty/A248(a—1)
Let A = \/LB AS \/Bluopt = —
a—1
27 ()T exp (<(a = 1)+ Brdy,)
Kl(ﬂ/opta «, /8a ’7) =
¥le L
5]
a—1
2V (VBpop)” ™ exp (—(a = 1) + Bpigy,)
[
V3
a—1
Qﬁ (A+\/A24+8(a—1)> exp (—(a;” i A2 A /A82+8(a—1))
= (22)

v[s.4]

bR
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(\/B ocp(%) exp (ﬁ)

K1<50pt7057ﬁ77> =

B8 e} dory?
()" T(5) exp (4@@—%))

(23)

Consequently, we will denote K;(a, A) := K1 (ftopt, @, 5,7) and Ky(o, A) := Ki(opt, @, B, 7)

— 2
where A = 75

Result 1. Let o > 0 and A € R.
(o) Then 5 {9 [3,A]} = ¥ [252,]
(h) At/A248(a—1) < w[ef Al < A+/A218(a)

4 — @[%,A] 4

Proof of the part(a) of Result 1

sslval) - s e snal

= 2 y* T exp (—y? + Ay) dy

1
- \1:{(” ,A}. (24)
2
Proof of the part(b) of Result 1 Let X ~ MHN («, 1, A) then from Lemma 2, we get
atl
that E(X) = \Ilq[l[i ﬁ]. From Lemma 4 we get that
27
A+ A2 +8a—1) _Y[5HA] A+ /A2 +38(a)
1 S w[gA] ¢ 4 '

2.12. Proof of Theorem 2
2.12.1. Proof of part(a), Theorem 2

From Theorem 1, we get that

fMHN('I | O‘aﬁa’Y) < IKl(a7A) {fNormal('r | H, %)} + (1 - ]>K2(O‘7A> {fm(x | a75>}7
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where A = = and [ = [(K; (o, A) < Ks(a, A)). Therefore

\/B

1

Iy {110 A) fp (| 1 55) + (1= Do, A)f (] @6 o
1
IKl(Oé, A) + (1 - I)KQ(O(, A)
1 1-1
Ki(o, &) " Ky, A)

= o e ay T ) (2)

2.12.2. Proof of part(b), Theorem 2

Apos(a, A) =

To prove that A — Kj(a,A) is decreasing in A.

2y (B,)* " exp (—(a— 1)+ B?)

Ki(a,A) = v [g A}
= log(Ki(a, A) = (@ — 1)log(B,) + B2 — log (¥ [% Al) +log(2v/T exp(~(a - 1))).
(26)
where B, = atya+sesl) VATS(Q_D. Note that
OB, 0 [A+/A2+8(a—1)
oA  OA 4
N A
4 VA2 +8(ar— 1)
B A+\/A2+8a—1) 1
B VA2 +8(a— 1)
- <\/A2+8 a—1))' 0
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Therefore, Result 1 and Equation 26, it follows that

Olog(Ky(a, A)) {(a—l) 2BA} 0B, ={v[2 A]}

0A R OA T[4, A]
O R LI
s (5.4

(a—1)+2B2 A+ /A2+8(a—1)
VA2 +8(a— 1) - 4
(a—1)+2B?
VA2 +8(a—1) e
2(a— 1)+ AB,

VA2 +8(a— 1) &
because B, satisfy the condition 2B? — AB, — (a — 1) = 0. Consider the fact that
2(a—1)+AB,)" = 4(a—1)*+4(a —1)AB, + A’B?
= 4a-1)[(a—1)+AB,]+A’B?
= 4(a—1)[2B’] + A*B?
= B (A’ +8(a—1)). (28)
Therefore it follows from Equation 28 and Equation 28 it follows that,
Olog(Ky(a, A)) 20 —1)+AB, B

9A S VAisa-1  °
VB2 (A% 4 8(a — 1))
— — B,
VA2 +8(a— 1)
= 0.

To Prove that A — Ky(a,A) is increasing in A.
Consider that

o « a 2+8a «a o AD
(ETF28) T 1(g) exp (AATEA) (2D )0 T(g) exp (252

e (20)5 @ [g, %B} (20)% W [g%ﬁ] ’
where D, = M—”A;JFS(Q). Hence
log(Ks(a, A)) .
oy -5 e (250
)

= alog(D,)+ D2 — % — log(¥ {%, %]) + log (
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because D, satisfy the condition 2D? — AD, — a = 0. Note that

oD, 0 <A+\/A2+8a>

oA oA 1
- i ()
:<A+\/§2+_8a)(\/A21T)

Therefore, from Result 1 and Equation 29, we infer that

Dlog(Kn(a ) f o\ 0D, & {¥[5.A]}
OA D, A 0A U [2,A]
W [2fl A
_ {iHDA}@DA_ [*5*, A
D, OA U [g2 A]
a+2D7 A+ VAZ+38a
VA2 + 8 4
oz+2DZ
VA2 4+ 8a
20+ AD,
- ——2_D, 31
VAZ £ 8a ¢ (3)

where the last equality follows as the constant D, satisfy the condition 2D? — AD, = a.
Consider the fact that

(2a+AD,)* = 4a®+4aAD, + A?D?
dafa+ AD,])+ A*D?
= 4a[2D%] + A*D?
D2 (A + 8a). (32)

Consequently, it follows from Equation 31 and Equation 32 that

/D2 (A? + 8a))
Olog(Ks(a, A)) 20+ AD, D 2 (A% +80) D, =0. (33)

>
OA VA? + 8« 4 VA2 + 8« 8
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2.12.3. Proof of part(c), Theorem 2

Let B, = Vot (fs(a_l) — Yot V49a_8 for a > 1.

o Kileva) L 2VE (B exp(—(a—1) + BY)

atoe Ky(a, /@) | aseo 25T(3) exp(2)

(34)

because limg_, = 1 using the Starling’s approximation for the Gamma function.

Consequently,
K B,)*! —(o — )
lim Bl va) o (Be)” exp a,(la D+ Ba) {1}
a0 K (a, /) a0 a2z
1. Ba ot ( ( 1) +B2)
= lim (— exp (—(a —
a—00 \/a p a

— lim (%)CH exp (—(a ; D \/aQBC“), (35)

because B, satisfies 2B2 — y/aB, = (o — 1). Now consider that

(Ba)alz(\/&+m>“‘l - (1_m_m>a—l

Va v 4o

- (“ﬁ(@imJM

9 a—1
(1_ <3a+¢m>> |

Therefore

im & ail:ex — lim e — 1) = ex _1
al%o(\/a) p< A (3a+\/m)> p(—3) (37)
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On the other hand

lim a—1) aB, — lim 1 o a+/a(9a-28)
a—00 2 2 Qa—00 2 2 8
1 3 a — 9o — 8
= lim —\/E< va a(9a )>
a—r00 8
1
= lim - — va
a—voo 2 (3va + /a(9a —8))
_ 11
2 6
1
= 3
(38)
Hence, it follows from Equations 35, 37, 38 that
lim £V (39)
Q=00 KQ(a’ \/a)
From Equation 26, we get that
log(K1(a,v/a)) = (a = 1) log(Ba) + B2 = (a — 1) — log (¥ |5, va] ) + log(2v/m).
On the other hand,
2:T(5) exp(§)
log(Ks(a, vVa)) = log —
v (5, va]
Therefore
d K
e log( 1(0&, \/&))
da Ky (a, v/a)
d d
= % 10g(K1(Oé, \/a)) - % 1Og(K2(Oé, \/a))
B d [« «a «
= log(B — — — (=log(2) +log(I'(=) + =
08(Ba) + 5 = o (5 108(2) +1og(T(5) + 5
B 1 1-4(I(9) 1
= log(B — — | = log(2) + =42 -
B 1 1 « 1 1 1
< log(B T —( Zlog(2) + = [log(=) — = — — —
< tog(B) + 5 — (5 1o@ + 5 (lo6(3) — 5~ 55 ) + )
(40)
because log(§) — = — 515 < %((2()%) < log(%) — £ that follows from an inequality in (Batir,
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2005). Therefore,

d (Kl(a, \/a>>

KQ(a> \/a>

IN

— log

B, B, 1 1 1
log | —= ) + +—+— =
do

Va 2y/a  2a 602 2
< 0. (41)

In order to establish the last inequality, we define p(a)) = log (5—%) + 2?/“& + i + G# — %

dp(e) _ 1 + 1 _
da Baa\/a(9a78) 2a\/a(9a78)

Note that p(a) is an increasing function as its derivative

1
202

An implication of Equation 41 is that the function o —
a result, it follows from Equation 41 and Equation 39

Kl(av \/a> > lim Kl(a7\/a>
KQ(a7 \/a> ~ a—o KQ(a7 \/a>

Consequently, K;(a, /a) > Ky(a, y/a) for all a > 1.

— # > 0 and lim,_, p(a) = 0.

EZ%% is decreasing in @ > 1. As

K1
K>

=1for all « > 1.

2.12.4. Proof of part(d), Theorem 2

To prove Ki(«,+/a) is decreasing.
From the definition of K;(a, A), we get that

L exp(—(a—1)+ B?)

Kl(Oé,\/a) — 2ﬁ(Ba)a

v [, val
(42)
where B, = %m. As
(a—1)+2B% = (a—1) + (5a_4+W> _ <9a_8+W>
- (VIa=8)B.. (43)
it turns out that
%_1[ 1 4 9 } 1 V9a — 8+ 9/«
oA 4 2y/a  2¢/9a — 8 8 a(9a — 8)
_ B, 1 )

2\/a(9a — 8) - V(9 —8)

Observe that

log(K1(a, A)) = (o — 1) log(Ba) + B2 — (o — 1) — log (q; [% \/ED + log(2/7).
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Therefore,

O0log(Ki(a, A))

Oa
_ 9 a /o
= log(B,) — 1+ {(O‘Bal) +28a} aaia — Do \{Iﬁg{zi/é}_”
= log(Ba) — 1+ {(O‘B_al) +23a} aai” - ﬁﬁg[%\’/‘g]a}}
_ 4 la=)+2B; Ba ! s i¥[5 Vo)
= log(B,) — 1+ B (2¢a(9a_8)+¢(9a_8)> 2 ¥z, val

—~
N

W _ B, 1 B [

= log(Ba) =14 5 (2 D m) V[ 7a]
0 a /o

log(Ba) — 1+ (% + 1> — Do \{IJ\IEQ[Z\/\%_”

Bo 3 {¥[5 val}

TaaT w3 VAl

= log(B.)

where the equality in () is due to Equation 43. On the other hand,

2 17 [5,Val} E(X)
v[3. Vol 3a

where X ~ MHN («, 1, y/a). Therefore, it follows from Equation 45 that

— E(log(X)) + (46)

Olog(Ki(a, A))
oo

E(X)

N

[E(X) — Ba]
2\/a

- ofe)- 2
< 0, (47)

B,
0o E(log(X))

= —[E(log(X)) —log(B,)] —

= log(Ba) +

when a > 4. The last inequality in Equation 47 follows from part(a) and part(b) of the
Lemma 4 as B, is also the mode of the MHN («, 1, y/a) distribution.

2.12.5. Proof of part(e), Theorem 2

. . 1 1 . 1 1
Result 2. For arbitrary a > 1, min max{Kl(a’A), KQ(Q,A)} > max mm{Kl(a’A), Rala ) }
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Proof of Result 2: According to the part(b) of the Theorem 2, the functions A — Kj(a, A)
is non-increasing and A — Ks(a, A) is non-decreasing for all a > 1. Therefore,

B - < 0 for arbitrary Ay, Ay > 0 and o > 1.(48
(Kl(Oz,Al) Kl(a, Ag)) (Kg(a,Al) K2(04’ A2)> - Yy A1 2 ( )

If the statement of the result were not true then

. 1 1 . 1 1
A X { Ki(a, &) Ko, A) } < R { Ki(a, &) Ks(a, ) } ‘

In that case, there would exist Ay, Ay > 0, a > 1 such that

1 1 . 1 1
max , < min ,
{Kl(@,Al) K2(047A1)} {K1<047A2) K2(CY>A2)}

1 : 1 1
. Fied) < M 7oAy Baay [ and,
1 : 1 1
KAy <MD T i) Kalahs)
1 1
e {Kl(O{:Al) i Kl(OfAQ) and !
Ko(a,Av) Ko (a,A2)
. ( L ! )( L L )>0 (49)
Ki(o, A1) Ko, Ag) ) \Ka(a, A1) Ka(a, As) 7

which would contradict the fact in Equation 48. Therefore the statement of the result holds
true.

Proof of part(e), Theorem 2: From part(a) of the Theorem 2, we have A,os(a, A) =

maX{Kl(}l’A), KQ(;A)}. An implication of the Part(b) of the Theorem 2 is that, for any

o > 1 the functions A — ==~ and A — —=— are increasing and decreasing in A > 0
1 2(a j)l

a,A )
correspondingly. On the other hand, Result 2 implicates that

1 1 1 1
> mi . ‘
e { Ki(a, A)" Ks(a, A)} = { Ki(a,A)" Ko, A*)} for arbitrary A > 0 and A, > 0.(50)

In particular, if we choose A, to be \/a then for any A > 0

o ) e 2" e v - meve O

where the last equality is due to the Part(c) of the Theorem 2 which conveys that m
m for all a > 4. Additionally, from the part(d) of Theorem 2 we infer that ————

K1(4,V/4)
for all a > 4. Altogether, we conclude that

IA A

_r
Ki(a,W/a)

Apes(r, A) = ! S N
pos\&¥, = max Kl(Oé,A)’KZ(a,A) _Kl(aa\/a)_Kl(Zlaz)_ .

for all A > 0 and o > 4. As the point A > 0 is arbitrary, we can write

v 1 1
Apos(a>ﬁ) > K1<C¥, \/a) = K1(4, 2)

>08foralla>4,6>0,v>0.
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2.13. Proof of Lemma 7

The MHN (a, 8,7) density function could be expressed as the summing of a infinite series
of square root gamma density function.

fums (@ | @, B,7) = {—

= Zpifi(x|a75>v (52)

atiN/ Y i —+1 .
where p; = % and fi(z|a, ) = Qﬂz)x"‘“_le_ﬁ”ﬂ. fi(z]a, B) is the square root
278"
gamma density function. The density function of square root gamma distribution is f _(Yle, B,7) =
1%’(8:) y2~Le=PY’ which is derived by the transformation y = v/z from the Gamma dlstrlbutlon

density f.,. (z|a,B,7v) = %xo‘_le_ﬁx.

2.14. Proof of Lemma 8

2.14.1. Proof of Lemma 8 (a)

T a+1 Y i
G = # for ¢ > 0 where a > 1, v > 0,8 > 0. For an arbitrary positive number

€1 > 0, suppose MT = Maz {[a], [%}} where [a] and [ } denotes the largest integer

less than equal to v and % respectively.
1

p(etMiry( o \MH

- )<ﬁ> [(etM+1
qM+1 _ (M+1)' _ Fy ( 2 ) (53)
qm reegy ()" VB(M + 1)P(eE)

M!

(
I(

1o

)
)

2
} for z > —1 (see (Kazarinoff, 1956; Watson,

Using the fact that F((If)) \/ + 1+ [

1959; Qi et al., 2012)) we get that,

S
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)

2
M (312 M a-1 , 1 [F(%)]
R T Cha e

qm+1 < _

am VB(M +1) VB(M +1)
_ wWEH
- VB(M +1)

NEhs
VB(M +1)
2) WM+ 1
— VB(M+1)

S e — (54)

VB(M +1)

where the inequality in (iz) follows from the assumption that M > [a]. From equation 54
and the assumption M > [%}, it follows that
1

W (o

IS

05 q
M+ 1 Z 545 — Ml S €1.
€1f M

2.14.2. Proof of Lemma 8 (b)

r(e ()™ e ()
div2di (i+2)! il

%‘2—4-1 [F(W)<%)i+1]2

Gi+1)!

r(=H42) p(ef)
(i42)! !
(it 2
e

(i + DI]° T(52)T(%5)

1) (5= +3)
(1+2)D(eH + ) T(e= + 1)

From Watson’s monotonicity properties (Kazarinoff, 1956; Watson, 1959; Qi et al., 2012) of
the ratio of Gamma functions, we have the double inequality

x+1<—<\/x+1+ {F(%)
47 D(x+3) ~ 4 I(4)

(55)

’ 1
} for x > —5 (56)
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Using equation 56 in Equation 55 we get that

ati | 1 F(i)r
Git2di t+1Y 2 +4+[F(i)
2 - 1+2 ati-1 | 1
qz—l—l +T+Z
i1 F<i>]2
_ i1y +4+[r(i>
B Z"‘Q 7 1
3T 1
<i>]2
g z‘+1\/1+“r +2[(z)
T 42 /-1
L5
: r(2)12
| i+3+2|nf]
< l.“\/ el (57)
- o142 Sl
Z+§
As [ER) <2 t that
5 | ; we get tha
Qi12i - 1+ 11+ 2 1+ 1 141
2
Tit1 Z+2,/@+ 1/@+2 Z+ @/z—i—l
for all 4 > 0.
2.14.3. Proof of Lemma 8 (c)
Let M > M, then using part (a) we get that
qjqwj‘—;léeh (58)

while from part (b) it follows that
dMm+1 > dm+2

> ..
dm aM+1
Consequently, gar1 < que€r, ..., ¢j+1 < qu{_M for j > M. As a result
D S
=M

part(d): From the deﬁmtlon of the the fox wright functlon we have

which is a (absolutely) convergent series. Hence lim;_.o.q; = 0.
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2.15. Proof of Theorem 3

The argument presented depends on the the following theorem.

Theorem: (AM-GM Inequality with non uniform Weights (Steele, 2004)) Suppose
that pi, po, - - -, p, are nonnegative real numbers such that Y, p; = 1. For any nonnegative
real numbers aq, as. - - -, ay,

N p1 P2 Pn
p1a1 + p2az + -+ ppay = ay ay” @

fMH (i’ )
_ ﬁ5 _polor, —Ba?
U % \/_B
- %xa texp (—=Bm*(z/m)* — |y|m(z/m))
v 2 \/_B
S s i i
- [ 2 Lexp <—(5m2+|'7|m)(T|,y|m($/ )? m(:p/m))).

Applying the AM-GM Inequality with non uniform Weights ( that we stated above) we get
that

fMHN<x | Oé,ﬁ,’Y) S gkernel(x;auﬁ”Y) (59)

28m+|v|
where giemel (7|, 3,7) = Ko(m, o, B,7)z%" exp ( (Bm? + |7|m)( ) BmEA >7

Ko(m,a, 8,7) = %
20 VB

2.16. Proof of Theorem 4
2.16.1. Proof of part(a), Theorem j:

The proposal kernel for the Accept-Reject algorithm is ( see Theorem 3)

~

25% a— €T . 28m+|y|
Glama(@ | @, 8,7) = —F——=a° " exp (—(Bm + [rm)(=-) L)
v s %)
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Therefore,

/ gkernel(x|a, 6, v)dx =
0 ‘I/ |:%7

ﬂ] [ e~ + ol

2
VB

2B8m+|y|

Applying the change of variable y = () #»h | we get that

31

€T . 28m+t|y|
—) Bm+]v]
m

) d.

o0 28% W BmE Y [ amihh
| stata i - D[ 1 ol (Bme? + hylm)yldy

0 U [_ L} 26m + |v] Jo

27 /B

a a(Bm+]v])
2032 o B+ |y P(S5menr)
o a(Bmr]])
(53] 2Pt Dl m(m o+ ) S

Then the acceptance rate

Aneg(m7 «, 67 7)

— fooo Sumn (2 | 0, B,7)dx

B fOOO gkernel(x|05> 57 "}/)d.’lj

1
B fooo gkernel(l‘|a7 57 ’Y)dl’

1 a =Nl
2(ﬂm2)%qj [2’ W?]

a(Bm+[7])
BmA1y| P (SBmapr)
2Bm—+|y]| a(Bm+|v])

[m(Bm+[y])] 2Pm+h]

2.16.2. Proof of part(b), Theorem 4:
a1 A
% Og( neg(maaa/Ba’Y))
B aflyl [, (a(Bm+|v])
= Gt ¢ () ~ ostemt + i) +
B aplyl [, (a(Bm+|v])
= it ¢ () ~ ostemt + i) +
_afp 'w (a(6m+lvl))+ 28m + ||
2Bm+ v |\ 268m+ |y a(Bm +|v])

25 B

26m+ |y Bm+ |yl
B

~ log(Bm? + mm)} |

(Bm + [Y[)(2Bm + 1))

(60)

where () denotes the digamma function. The function & — 9(x)+ 1 is a strictly increasing

function because

d

dx

(v +1) = (

dip(x)

1 >
dx 2 2

1
(%) ez+1 — e~

8=

> 0,
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where the inequality in (xx) is due to Equation 1.12 in (Qi and Mortici, 2015; Yang, Chu
and Tao, 2014).

The function m s 2Bt

S5mt is strictly decreasing. Therefore their composition, m

o(Bm+|y|) 28mAly| : : : : aBly
V(e al) t amipy I8 a strictly decreasing function. As the functions m — Gz o0

and m — —log(Sm?2+|y|m) are strictly decreasing as well, it follows from Equation 60 that
a% log(Aneg(m, @, 5,7)) is strictly decreasing in m for m > 0. Moreover,

lim ilog(flneg(m,mﬁm)) =00, lim ilog(““neg(mvo"ﬁﬁ)) -

m—0 am am
and m — 5= log(Aneg(m a, 3,7)) is a continuous function. Consequently, we conclude that
that a umque Mept > 0 such that 32 log(Apeg(m, av, 8, 'y))}mfm =0.
—""Yopt

Now we will prove that mgpt > Xmode the mode of the MHN («, 8,7) distribution. Xyode
satisfies the equation

a—1
Xmode
As a result, it follows that

a(BXmode + |7|)
[w( 28X mode + 1] > log(5 m°de+Xm°deM)}

— |}ﬁ (a(ﬁanode + |7|Xmode)

~2BXmode — V[ =0 = 2BX7o4e + [V Ximode = @ — 1. (61)

a—1

) = 108X+ Xowae)| (62

Consider the inequality log(z) — ¢ (z) < 1 for all z > 0 (Alzer, 1997; Anderson et al., 1995).
Thus it follows from Equation 62 that

CYB|’}/| a(ﬁXmode + |'7|)
(26Xmode + |’7|)2 |:¢ ( 2B‘)(mode + |7| ) IOg(ﬁ mode T Xm0d0|7’>:|
aﬁ|f}/| O'/(BXIQnOde + |7|Xmode>
g (26Xmode + |'7|)2 {log ( a—1 >

Bl
2BAXVmode + |7|)(5Xmode + |7|)

oyl
(26Xmode + |’7|

I

—

Q)
0?

a—1
— 108(BX 250 + Ximode }
OZ mode + |’Y|Xm0de) g( d d |7|)

(26Xmode + [7/)? a—1)  (26Xmode + 72 (BX2 40 + |7 Xmode)
- <7l 5 log ( a ) Bl a—1

(26Xmode + |’7| a—1 QBXmode + |7|)(26X310de + |/y|Xm0de) (ﬁXInode + |7|)
. il 5 log < a ) Bl a—1

(28Xmode + |7/)? a—1 (28X mode + [7]) (@ — 1) (BXmode + [7])
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where the equality in (x) is a consequence of the Equation 61. Therefore,

0
a_m log(Aneg(m7 a, 57 /7))

m=Xmode

afl|y] [¢ (a(ﬁXmode + )
(ZﬁXmode + |7|)2 2ﬂ*vaode + |’7|

) —108(BX2 g0 + Ximoe 1)

L% P
2BAXVmode + |’Y| ﬁXmode + |’7|

afly| o
~ <2ﬁXmode + |7|)2 log (Oé - 1)
il N Bl
(28Xmode + [71) (BXmode + [7])  (28Xmode + |7]) (BXmode + [7])

aBlv| ( o )
28X mone + 2 0 =1
> 0. (63)

The function log(Aneg(m, v, 3,7))) is increasing in the region (0, m,pt) whereas it decreases
on (Mept, 00). As the slope of the function at Xede is positive (see Equation 63) we conclude
that Xmode € (0, Mopt) and mept > Ximode-

2.16.3. Proof of part(c), Theorem 4:

The arguments used to prove this part of the Themorem utilizes the following Theorem on
the Gamma function.

Theorem (Ramanujan’s Double Inequality(Alzer, 2003)) For z > 0,

z 1 % z 1 %
\/E<3> 828 +422 + 2+ — <F(1+z)<ﬁ<z> 828 +422 + 24+ — | .
e 100 e 30
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From Theorem 3 and the Lemma 12 we get that,

(28m + [ (Bm + ) 5w [, 2]

20% mAE (D)

Aneg<m7 Q, ﬁa 7) =

D 1 [ 8% oxp (=™ ypran ]
(28m + [y|)(Bm + |y|) FFwer 1 | A2 ew (2 NE)
= L ()
262 TP F((ffm_illz‘l))
aBm+|v) 4 T m ]
(28m -+ [y)(Bm + o) B [exp (~2EDr(3)]
2 it [ (54 )
e m|y| a
L @Imt hGm o+ ) e OrG)
- T Il 8 [(2@mthD)
2 m2fm+l <B_|_ 9 ) S5mt
+[vD) m|y| o
> (26m + |’Y’)(5m+ 71 ot ! y [eXp(—TV)F(g)}
D R e it [(25m+|7|)%] F<"§§$—ﬂ3ﬂ))

B )T lexp (-0hr(s)]

-1 a(Bm+|v|)
F< 2Bm+|y| )

TS (3m + y))E

Consider a point m, > 0 such that 28m? + |y|m, = a. Note that, X 04e, the mode of the
MHN (a, 8,7), @ > 1,7 < 0 satisfies the equation 28X?2 ;. + |7|Xmode = @ — 1. Therefore
my is greater than X ,qe. It follows from Equation 64 that

“1(Bm, + |7|)a§§$fi||3|‘) 1 [GXP(——m*M)F(%)}
Al ) 2 2 o i
mPE 9pm, + ) E DSSET)
251 (B2 + yfmy) B [exp (—252)(3)]
o £-1 My
(28m3 + |v[m.) > I( ggm*im))

(65)

Applying Ramanujan’s Double Inequality for the Gamma function (stated above), we get
that

aBmatiyl) |

I () (2 el Ly
F(%w) - 2e (26m*+ |’}/|> <a’ﬁ”77m*>a
(66)
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where
1
a—2P%+(a—2)*+ 524 Ls
KO‘ =21 +c,, . )0+ (@=221+c,, . )2+ QT_Q(l + Com,) T 310] ‘
and

ay
C = .
e (o= 2)(28my +7)

In the case when o« > 3

. _ oy _ aym,
pome T (= 2)(28m, +7) (o —2)(28m2 +ym,)
s
-~ (a=2)(a)
B 2
(a—?)( (1+8$—f)+1>
< 1 (67)

(e®+a®+5+155)

(a2 +(a-2?+ 2524 117) (a4 5+ 535)
(3a*+4aZ+a+ & )

[(2=2)3(2)*+(a=2)2(2)2+ 252 (2)+55]

. . . . ad+a+ %+t

is strictly decreasing in o and lim ( Ll
y & =00 (8a3+4a2+a+%)

Moreover, Y (a, 5,7, my) >

1
> 7 because o —

=2l

%. Therefore,

_aBmathl) | g

L'(5) - <a—2>3‘1 (1 {a(ﬁm*+|y|) 1}) 2T T ]
P(—az(grnrffim)') 2e e | (26m. +|7l) V2
(68)
Consider the fact that, for any ¢ > 0,z > 0,
1 1
14+ ——)""> (1+ )
(1+ T+ c> (1+ 3:)
= °(r+c+ 1) > (x4 1)%(x+ )"
— 2%z 40)7C) > (p 4+ 1)%(x + e+ 1)7 @,
(69)
Utilizing the inequality with x = § —1 and z+c = % —1, it follows from Equation 68

that

a(Bms+y]) |
2 i 1

e &) Clamam)) 7

28mu+|v|

I(s)

a(Bma+|v]) +1

B <E)W—§ (1) o <M)_ 26ma+17] i
: 2)  \(@Bm. + ) %
= _aBmst|yv])
2= (E)zmmﬂrw (M) 26msta] 11

(70)
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It follows from Equations 65 and 70 that
Aneg<m*7 Oé? ﬁ7 7)
L 28 (Bm 4 yfm) B Jexp (CL(S)
— 21 a(Bmx
(2hm2 + |rlm,)? NECEEy
a(Bmat|y])
. 51 (Bm2 + yfm.) P exp (— )
- (28m2 + |y|m,) %!
o(Bmy+y)
x |27 %% <_>2<25m*+|7) < (Bmy + 7)) > 2Bmatin] 11
a (28m, + ])
25 exp (—21) PR
= a2 (_)
(2ﬁm2 + ‘fy‘m ) 2(2Bms+)) i o
_ 272 exp (—™22) y <6><5|+w)]
- afq] - :
(28m2 + |y|m,) " 2@Bmtin |
(71)
As the point m, is such that, 28m? + |y|m, = a. It appears that
2- 2 ex m*\’Y\ e :Inlz\
Aneg(m*’ a’ /8’ ’y) 2 p ( ?)47‘ > <_) 2(28 +[vD )
(28m2 + |y|m, ) 2C@FmtTD o
_27rexp (—2) 8 (g)@ﬁlm
(a) 2(2»8m‘ZLrM) o
afy|my
= ot (T (%]
1
= — (72)

7

The point my, maximizes the function m — Apeg(m,

Aneg(mopt7 «, 67 /7) 2 Aneg<m*7

2.17. Iterative algorithm to find the optimal

a, f,7). Therefore, we conclude that

1
>

7

Matching Point

a,3,7)

Our goal is to find the m making Ayeq(Mopt, @, §,7) maximum, which is same as finding
the m maximizing log(Ayeg(Mopt, @, 8,7)). Use Newton-Raphson Method to estimate the

optimal m.

e Start with the proposed initial value mj,;,which i
o, and .

s calculated based on the parameters
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U(me)

e For iteration time t 4+ 1, my; 1 = my — T (me)

e Repeat this process until |myy1 — my| < €, where € > 0 is a predetermined small number
to identify the convergence of the algorithm.

[ = log(.Aneg (mopty a, 67 7))
B a —|y| a(Bm + |7|)
= log(¥ {5’ \/B}) 26m +

a a(Bm+ |y|)

log(Bm?* + m|y|) + log(26m + |y|) — log 2

) —log(Bm + |7),

28 B
2Bm+ |y Bm+ |y

y— _ aBhl [w(a(ﬁmﬂvl)

- 2
= @m+ )7 mmm\) log(m *m‘”‘)]+

o daf?|y| . [¢ (a(6m+ 1)

2
= @+ 28m 1 ) ~ log(fm *m'”')}

afy] {—aﬁhl W(O&(ﬁmﬂvl))_?ﬁmﬂﬂ}_ L
@Bm+ P [@Bm+ 117" \ 28m+hl )~ Bm2+mhl]  nv Hp " (m+ Bl

where ¢ and ¢’ denote the digamma and trigamma functions respectively.

2.18. Method of Moment Estimators

First, based on lemma 2, we could express the expected value and variance of the random
variable as functions of the parameters of interest. The number of such equations is the
same as the number of parameters to be estimated.

Var(X) = — 4+ B(X) (l—E(X))

25 " 23
B(X?) = O‘;ﬁlE(X)JF%E(X?)
B(XY = QQEQE(X2)+%E(X3) (73)

The variance and moments are 02 = Var(X) and p;, = E(X*). If X;, -, X, arei.i.d. random
variables from the distribution, the k""" sample moment can be expressed as my, = > i,z
where k=1,2,3, and 4. From the law of large number, m; — p in probability as N — oo.
In addition, we could replace Var(X) = F(X?) — F(X)? in equation 73. Then, all expected

values acould be set equal to the sample moments. Finally, the solution of equation 73 is
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a
s

/5/

m

3 _
2

m% — M1MaM3 + MMy

38

G

2m3 — myms — m3m,

2mamsz — mym3 — mymy

2G

-1

G

3 2

where G = 2mymaoms — m%m4 + mamy — m5 — Mm;3.

2.18.1. Asymptotic Distribution of Estimated Parameters

Consider a random vector Y; = (X;, X2, X3, XH)7 in R*, with the mean vector u = E(Y;) and

the covariance matrix 3. (Y7,---

,Y,,) are independent and identically distributed random

variables, where X; ~ MHN (a, 3, 7). Using the multivariate central limit theorem,

whereY,, =

V(Yo =) =5 Ni(0,9),

,and X =

fia — pf
M3 — M2
Mg — H1l3
M5 — g

Here, my, = >, XF and py = E(XF) foriin (1,2,

(75)
M3 — Hif2 phg — H1p3 M5 — f1fhg
fla =[5 s — fafls e — Hofla
[s — Hopls  flg — [5 7 — [3fia
fig — fofla  fi7 — Mafla  fig — {3
1),

Define a function g : ]R‘l — R3 such that g applied to the vector of moments in Equation 75
yields the vector (&, 3,%) as defined in expression 74.

By the delta method,

vn

2> >

«

s
g

d
—>N3

my
mao

my

e B
6m1 Bm1
86 ap
Ooms Oomo
o0& 9B
Omsz  Omg
da 9B
_8m4 Bm4
0
0],Y"=1]Vg
0

07 ]

(76)

It is easy to find that all elements in ¥* only depend on py for & = (1,2,--- ,8).
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2.19. Deribatives required for the finding MLE

The likelihood function for the
L) = Lo 57) =] [
The log-likelihood function is
16) = 1o f0) = Tog(2) + "5 log(8) ~ n log(w¥ | 5. 7]

+(a—1) Zlog(q:j) — BZ:CJ-Q - ”yZa:j. (77)

The deribatives required for the optimization is given as following.

(5:3)
v [V202). 2
ol n ! 1{(1,0)’\/3 n
P 510@;(,8) —-n + Zlog(mj)
o [g L} —
27 VB j
* (%?%)l
Since | ¥* (%’%) | =V [9 i} incr lim i [(1’())’ v =
ce (V7 (1,0)' V3 2+ JF| as « increase, so lim \1/[2 l} =00
2 VB
o T(E+D(H)F
ol na n 2u=1 (i—1)!ﬁ 2
W B wls gkl 5

24_1 e i . 2
Since Y2, %();/B) > U [%, l} as o increase, so lim L2V

\/B a—00 [0} :OO7
v s )
\If** (%7%) Y \I/ o 'Y} _ \I’* (%7%> 8i ’
0% Y 1,0) VB 2 VB PR11(1,0) VB
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oo VD) ¢ [a 0505 o D(§+5)(J5)"
921 n (_ﬁ) zz‘:l 22(ii1);/3 v [57\%3] - 1‘1’1 {&78)’\%} (_%>Zz’=1 Q(Z-i—l)g\/g
0adB 28 |:\Ij [g lHQ
2 /B
o DE+(H) o [a NICES o T(2+i)(2)
o CHEnEEEE s ) - ()] - wmn A
=-n
8048"}/ o~ 2 )
v 5 )
2
atl atl
Pl 4naf+noy® 6y +nyt Y = ) Y )
ap? 8/? 832 [g L} 46 [g L} ’
5 AL vls 2

a+1 a+1
9l nay 2nﬁ+n72\11[7’\/l§} ny \II[T’\/LB]

080y 4B 153 - [%%ﬁ] 262 | [%%5} :
a_%__y_nv‘y[%’\/iﬁ]Jrﬁ \I[[QTIH%} 2
v 28 283 g 55 flvis s

We apply the Newtown Raphson and Gradient based procedures to obtain the MLE.
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