Supplementary Material for “Bayesian Projected
Calibration of Computer Models”

A  Proof of Theorem 1

We first present a classic result regarding convergence rate of the Matérn Gaussian process

regression from van der Vaart and Zanten (2011).

Theorem A.1. Suppose n is imposed the Matérn Gaussian process with a smoothness pa-
rameter o, and 1y € € (Q)NH (), where a > p/2. Then there exists some constant C' > 0,
such that

E, {/Q [||77 — 7]0||%2(Q)} II(dn | Dn)} < Op20/(20+p). (A.1)

The first assertion follows immediately from the Markov’s inequality:
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The posterior distribution of 1 can be expressed by
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where po(yi,X;) = ¥, (y; —no(X;)) is the density of the true distribution. To prove the second
assertion, we need the following result from Xie et al. (2017) to bound the denominator of

the preceding display.

Lemma A.1. Assume the conditions of Theorem 1 hold. For any D > 0, define the event
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Suppose (€,)°2, is a sequence such that ne2 — oo and €, — 0. Then Po(HS) — 0.

Since o > p/2, there exists some positive  such that f € (max{a,p/2}, ). Define

€n, = nP/2B4P) - Since the Matérn Gaussian process assigns prior probability one to the
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space €5(€2) (see, for example, section 3.1 in van der Vaart and Zanten, 2011), then the
Gaussian process prior on 7 can be regarded as a mean-zero Gaussian random element in
the Banach space €3(£2) equipped with the S-Holder norm |- ||¢, (). Therefore by the Borell’s
inequality (see, for example, Ghosal and van der Vaart, 2017) it holds that

1/2
[ i) ) <2 (A2

IT <||?7||ca<9> > 4z

for any positive x.
By Lemma 15 in van der Vaart and Zanten (2011) there exists a constant M > 0 such
that | fllo.) < MG I fl5g ™ for any function f € €4(Q). Let s > 0 be a

constant determined later. Then

1/2
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for some constant M; > 0 depending on 7y only when n is sufficiently large. Note that

—a/(2a +p) < —B/(28 + p), then taking M, = logn yields
{Hn Moll Loy < My M2/ @RI —2aﬁ/[<2a+p)<2ﬁ+p)}an/[2<2B+p>2]}
{HU oll 2oy < Mi(logn)?/@5P)y (252—P2/2)/(2,8+p)2}
C {lln =10l iy < M}

for some constant M > 0, where § > p/2 is applied. Since by the first assertion II(||n —
Mol ra@) < Muyn=/@o4P) | D) = 1 — op, (1), it suffices to show that Eo [II(U, | D,)] — 0,



where U,, is the event

1/2
Uy = {||n|lcﬁ<m > 4sv/ne, U ||n||§ﬂ(mﬂ(dn)] }

The following argument is quite similar to that of Lemma 1 in Ghosal and van der Vaart
(2007) and is included here for completeness. Let H,, be defined as in Lemma A.1 with the
constant D be determined later. Then Py(HS) — 0, and we directly compute by Fubini’s

theorem

Eo [IT Uy | Dn)] < Eo [L(Hn)IT U | Dn)] + Po(H,,)

/Hpn yzaxz dn)
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exp|(D + 1/0%)ne?] / [Hpn
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I1(dn) + o(1)

I(fln = noll i) < €n)
exp|(D + 1/0?)ne2|11(U,)
(7 = noll Lo (o) < €n)

By Lemma 3 and Lemma 4 in van der Vaart and Zanten (2011) we have

+o(1).

T1([|7 — 10| 1o @) < €n) > exp (—CE;p/Q) > exp (_Cnpﬁ/[a(26+p)])
for some constant C' > 0. Now take D = 1/(2¢?%), s = 1/0, and we conclude

3
Eo{II(U, | D)} < exp (ﬁ”fi + Cnpﬁ/[o‘(QB*p”) I(U,) + o(1)

3 2
< 2exp (ﬁnei + CnWB/le@s+p)] _ gnei) +0(1) = 0,

where the last inequality is due to (A.2) and the fact 5 < a.

B Proof of Lemma 1

We first prove the first assertion, i.e., the Taylor’s expansion of 6, with respect to 7. Re-
call that 0 = argmingee [|7(-) — ¥°(-,0)||7,(y- Since by condition A4 it is permitted to

interchange the differentiation with respect to 8 and the integral, it follows that
S

= Saln = C Ol =<2 [ (160 -y 0)] G 07
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Now define the function F : F x © — R? by

y*
P1.6) = -2 [ ) - 1°(x.6) 7 (x.6)dx.
Q
It follows immediately that F(n,8;) = 0. The partial derivative of I with respect to 6 is
given by

Fo(n6) = 5 6) = [ {5l v o) fax

and the partial Fréchet derivative of F with respect to 7 is a function F, : 7 — R? given by

. 0)]() = =2 [ ()5 (x.O)dx.

since I is linear with respect to . Therefore by the implicit function theorem on Banach
space, there exists some € > 0 such that over {n € F : ||n — no||r,0) < €}, the functional
0; . n— argmingcg ||I7(-) — y°(;, 9)||%2(Q) is continuous, the Fréchet derivative 07*7 : F > R?
for 6 exists, and can be computed by

-1

0:(h) = — [Fo(n,0;)] " [Fy(n.0;)] (h) =2V, / (z,0;)dx.

Therefore we obtain by the fundamental theorem of calculus and the mean-value theorem

that
1
d
0 —0,= —07 d
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=2 [ o)~ GOV, 29< X, 03 )x,

where n[u] = 19+ (n—mno)u for 0 < u <1 and v’ € [0,1]. By condition A3, we know that the
smallest eigenvalue A\yin(V,) of V,, is strictly positive in an Lo-neighborhood of 7y, and we
can without loss of generality require that infy, |, o <e Amin(Vy) > 0. Hence we proceed

by condition A4 and Jensen’s inequality that

?)?g(x’e)H/QWX) — no(x)]dx
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-1 a 1/2
<o)t V| s 1% e0) {0 - meorax
(

=70l Ly (o) <€ x,0)eQxO

_L( )HT/ 770||L2

for some constant L%) > ( depending on 79 only.

We now analyze the property of V,, as a functional {n € F : ||n—no| 1,0 < €} =€ R,
n — V,. For a matrix A € R?7*? denote [A];; to be the (7, 7)-th element of A. Directly

compute

Vil = Vil =2 [ 500 07) 50 . 07) - G0-,80) 5. 03) | x

sine gl | O o Oy .
~2 [ {0 - 0301 | 5 tc07) - . 0)] e

=2 [ {0 = ) (. 05) .07 55 . 03)
=2V — 2V5 — 2V4.

For Vi, by condition A4 we know that 0y®/08 is Lipschitz continuous on 2 x ©, and therefore

oy* |0y . oy® i
<
Vil < [ o6 | o 05) — S0, ax
" 80<9) 39<9>‘39(X9)d
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Condition A4 also implies that 9?y*/(06;00},) is Lipschitz continuous on © x ©. Hence
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S LY Nn =m0l Lo

Now we consider Vj:

82ys /
V S Ssu X) — X _|_ S X, 0 - S X) 0* dX
V3] wSup 96,00, QH??( ) — mo(x)] + [y*(x, 60) — y*(x, 67)]]
82ys [ a
S sup n— 9 + sup X 0 H 0* 0* de
oo om0, | |11l S0 og O O 162 = 00l
82ys [ ays H
< sup 14+  sup % O LD 117 =m0l
(x,0)c0x6 | 00,00, | xo)enxe 00 (x,0)|| Ly | [In = 1ol (e
We conclude that |[Vy]x — [Voljk| < Cyolln—m0ll 120 for all j,k =1,..., g for some constant

Cy, > 0 depending on 7y only. By the fact that
Z:IA (B)| < ||A - BJ|%

holds for any positive definite matrices A, B € R7*7 (see, for example, Hoffman and Wielandt,
2003), we obtain

Amin (Vi) = Amin(Vo)| < [V, = Viol[7 = ZZ| — Vo> < ¢C3lln = moll 7,0

=1 k=1
We may also assume without loss of generality that e is sufficiently small such that [Ayi, (V) —
Amin(Vo)| < Amin(Vo)/2 whenever || — mol|,) < €, in which case it holds that [V, | >
2|V |- Hence

IV, = Vo[ = Ve (Vo= V)V, |
< [[Va'llVo = VIV, |
< 2|V P11V, = Vol
< 2qCy, | Vo | 17 = moll 1,0

whenever || —no/z,) < €. Hence
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=2 /QWX) — 10(x)] [(V;hlu] B Vol)%(x’ ZM)] >

dy ‘ Yy ‘
#2 [ 1060~ oIV | G 05) — o x,05)|
and hence,
Iermll <2 [ o) =m0l {[Vidy = Vit s | 0)] | ax
T 0 gyeaxe || 08
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+2/|n |[||V 1| S 5~ Sy ax

S =m0l a@@®Co VG Hllm = noll o) + 1IVo HHin = m0llZ0)

implying that |[r(n, )| < L,%)Hn — nOH%Q(Q) for some constant L%) depending on 7y only.
This completes the proof of the first assertion.

To prove the second assertion, note that if A1 and A3 hold for all 7 in an Ly-neighborhood
U of ngy, then for any 1, € U, Al and A3 hold for all  in an Ls-neighborhood of 7, inside
U. Therefore, the first assertion can be applied to n;: For all ;1 € U, 6; is a continuous
functional of n at n = m. Namely, 6; is a continuous functional of n € U. Therefore,
MU) = {(n,0;) : n € U} becomes the graph of this continuous functional. It follows
directly that the maps Ty : MU) — U : (n,0;) — nand T : U — MU) : n — (n,6;)
are continuous and invertible to each other. Therefore, the transition map Th o Ty * is the

identity on U, showing that M (Uf) is a Banach manifold.

C Proof of Lemma 2

Before proceeding, we introduce the notion of covering number for a metric space (X,d).
The e-covering number of (X, d) for € > 0, is the smallest number of e-balls (with respect to
the metric d) that are needed to cover X.

Since 7 is imposed the Matérn Gaussian process with a smoothness parameter o, it

follows that the concentration function

Pao(€) = HmHH%(m log ([l Loe () <€)

inf
M €My, ():llm =10l Lo () <€ 2



satisfies ¢, (€) < CeP/® for some constant C' > 0 for sufficiently small ¢ > 0. Then by
Theorem 2.1 in van der Vaart and van Zanten (2008), it holds that

([l = moll (@) < ) = exp(=C™ney), (C.1)

where €, = n~®/(2+?) Pick 8 > 0 such that 8 € (max{a,p/2},a). Then we know that
the Matérn Gaussian process GP(0,V,,) assigns prior probability one to €3(£2). Now set
B, = €,€5(Q) + m,Hy, (Q), where

C5(Q) = {f € &) : I fllesoy <1}, Hy, () = {f € Hu, () : [ fllery, @) <1},

m,, is some sequence determined later, and Hy, (£2) is the reproducing kernel Hilbert space
(abbreviated as RKHS) associated with the Matérn covariance function ¥,. Denote ® to
be the cumulative distribution function of the standard normal distribution and set m,, =
—2® 1 (exp[—(2C + 1/0?)ne2]). Since n ~ GP(0,¥,,) can be viewed as a Gaussian random
element in the Banach space €5(£2) with the norm || - [|¢,(0), then by the Borell’s inequality

(van der Vaart and van Zanten, 2008) we have

11(B,)

Vv

@ (@7 (exp (~Cnet)) +m,)

> (q>—1 (exp (—Cne2)) — 207" (exp {— (20 + %) neiD)
oo el o ]
o] (a0 )]

I(n € BS) < exp {— (20 + é) nei} . (C.2)

Now we prove the first inequality using (C.1) and (C.2). Let H,, be defined as in Lemma
A.1. Denote M,, =logn. Then

Hence

Eo[II(B;, | Dn)] < Eo[1(Hn)IL(B,, | Dn)] + Po(Hy,)

| [T

llpo

=T, [/c ﬁ Mﬂ(dn) +o(1)

=1 pO(yZaXZ)




exp[(D + o7 2)ne2]
~ (|7 —mollze@) <€)

1 1
< exp {(D + —2) ne: + Cne? — (20 + —2> nei] +o(1)
o o

<exp [(D - C)nea] + o(1).

II(B;) + o(1)

Hence taking D = C/2 yields Eo[II(B¢ | D,,)] — 0.

Finally we prove the second inequality involving the bracketing integral. Since Hy,_ (£2) is
the RKHS of the Matérn covariance function with a smoothness parameter «, then Hy, (€2)
coincides with the Sobolev space Hqp/2(§2) (see, for example, Corollary 1 of Tuo and Wu,
2016). The logarithm of the covering number of pHy, () is bounded by (Edmunds and
Triebel, 2008)

P\ 2p/(2a+p)
log AV (€. pHy, (). - @) S ()

for sufficiently small € > 0. The metric entropy for the a-Holder space €,€. (Q) is also known

in the literature (see, for example, van der Vaart and Wellner, 1996):

€, \P/B
log ' (€0 €H(). || - @) S ()7
Hence for sufficiently small € > 0,

2\ 2P/ (2a+D) n\P/B
log N (e, By, || - HLoo(Q)) S (m_> + (6 > ’

€ €

and it follows by simple algebra that

Myen
JH(M’N,ETL?BTH || : ||L2(Q)) ,S /0 \/IOgN(E,Bn, || . ||Loo(Q))d€

< mﬁ/(m“’) (Mnen)2a/(2a+p) + 62/25(]\4”6”)(26—17)/(25)

— Mga/(ZOH*p)\/ﬁei+M£2B*p)/(2/3)€n

< Mga/(Qa-i-p)\/ﬁei

for sufficiently large n.



D Proof of Lemma 3

[e.9]

Before proceeding, we establish the following fact: if (W,)22, is a sequence of event such

that II(W,, | D,,) = op, (1), then
/ exp(€n(n) — £n(no))(dn) = TI(W,, | Dy) /GXP(En(ﬁ) — Ln(10))(dn)

n

= op,(Dp), (D.1)

where

Dy = / exp(Ca(17) — £ (10))TI(d).

Recall that the RKHS Hy, (€2) of the Matérn Gaussian process with a smoothness pa-
rameter a > p/2 coincides with the Sobolev space Hqp/2(£2) (Wendland, 2004; Tuo and Wu,
Recall
the definition of the isometry U. Then under the prior distribution II, for any h € Hy, (),
U(h) ~N (O, ||h||§{%(m). Hence by Lemma 17 in Castillo (2012), for any measurable func-
tion T : €(2) — R, any g, h € Hy_(Q2), and any p > 0,

2016), and the RKHS norm |- ||m,,, (o) is equivalent to the Sobolev norm |- |4, »@)-

En [1{|U(9)] < p}T(n — h)]
—En {1 []006) + {0 e, ] <] T 0 | U1 = U0 ] - (D2)

Let e, = n=/G) Denote A1y, = {I|n — 1ol o) < Muen}, Azn = {1 — nolliy < M},
and take

oy® 202 oy*

=207V 122 (x, 0%, h(x) = —tTV !

g(X) a 0 60 (Xv 0)7 (X) \/ﬁ 0 80

Since U(g/|| gy, () follows the standard normal distribution under the prior, it follows

(x,0;).

that for sufficiently large L,

II(C;) =11 {’U (L) > L\/ﬁen} < 2exp (—Enei) .
191l () 2

Then by the proof of Lemma 2, we know that II(CS | D,,) = op,(1) by taking a sufficiently

large L. This completes the proof of the first assertion.
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Now we focus on proving the second assertion. Observe that

’( h) | — 4;‘4 tvaly( 6;) ’
9, Hy, ()| — \/ﬁ 0 o0 » Y0 Ha, (©)
q 8 s 2
||V 11:|| sup (+,0) = o(v/ne,),
\/— ZGE@ Hy,, (Q)

which implies that for sufficiently large n,
{lU(9)] < (L/2)Vneallgllmg, @}  {|U(9) + (9, Mm@ < Lvneal|glliy, o)}
< {lU(9)l < 2Lvnenllgllame, @} (D3)

On the other hand,
2q0

ooy < 7 IV ol s | 55-0)] =ofe)
implying that
A = {lIne — 10 + "l o) < Myen}
C {llme = mollzaer < Maa + bl
C {lln = ey < 20} i= AL 0.4)

for sufficiently large n, where the fact n='/2 < ¢, is applied. Similarly, for sufficiently large
n it holds that

A D {llne = m0llra0) < Muen/2} = A, (t). (D.5)

Similarly, by taking A5, (t) = {||nt — 1ol .o (0) < M/2} one can also show that A, (t) C As,.
We break the rest of the proof into two components.

Step 1: We provide an upper bound for [, . exp(¢,(1) — £u(n0))TI(dn).

Write

/A exp(t () = o)1)
/ L{{U(9)] < Iveallgling. )} 1AL (£)) exp(a(ne) — €u(m0))TI(d).

We obtain the upper bound of the right-hand side of the last display using the change of
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measure formulas (D.2), (D.3), and (D.4):
[ 1106001 < Lyealgli, o} 1043 () expltam) — b))

< [1{]U@) + (9 W, o] < LAl o} 10l - e < 2Me)

< exp(tuln) — () exp |U(-h) — 27 v 2 )| | )
Hy,, (£2)

< /1{|U(9)| < 2Lvne|9llmg, @} LUIn = moll o) < 2Maen)
< exp(ty(1) = Calm) xp U (—%)] I1(d)

< / exp(£a(1) — L)) exp (2Len gl @) TI()
{lln=mn0ll o) <2Mnen}

< [+ o(D)] [ exp(taln) = talm)1(d7).

Therefore we conclude that
/ exp(La(1) — £a(mo))TT(dn) < [1 + 0p, (1)] / exp(La(n) — Lu(mo))I(d7).  (D.6)

n

Step 2: We provide a lower bound for [, . exp(£n(n:) — €n(10))T1(d7).

Recall the construction of B, in the proof of Lemma 2: B, = ¢,&5(Q) + m,Hy, (Q), where
() = {f € &) : flles <1}, Hy () = {f € Huo () : [| £y, @) < 1},

and m,, = —20~ (exp[—(2C +1/02)ne2]). Now take B, = = €,C5() + (3m,,/4)Hy,, (Q). Then

again by the Borell’s inequality (van der Vaart and van Zanten, 2008) we have

N(B,) > (@1 (exp (—Cne?)) + 37Z>

o (q>1 (exp (~Cnet)) - 207! (exp {— (20 n %) neQD)
(ol rr2) )

Using the facts that &1 (—=1/2)\/log(1/u) for u € (0,1/2), 1 — ®(z) < (1/2)e **/2 for

sufficiently large x (see, for example, Lemma K.6 in Ghosal and van der Vaart, 2017), and
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ne2 — oo, we further lower bound the last display as follows:

1(B,) > (—%@‘1 (exp {— (20 + %) neiD)
> O <i\/<20+%) neg> 1— %exp {—3% ( C+2%2) ei} :

Then we conclude that II(B, | D,) = op,(1) by following an argument that is similar to that

for proving (B, | D,) = op,(1). Furthermore, for any 1 € B,, there exists 1, € €5(€) and
ny € Hy, () such that n = e,m + (3m,,/4)ne. Consequently, if 7, € gn, then

3(77¢)2 i) ‘

_I_

0=+ = el + G/ ) + = enls + my (2002 4

Then we directly conclude that n € B,,, namely, 1(n € gn) < 1(n € B,), by noting that

S0n)2 k-
4 My,

3 1
< T lnellyo + —lly, @ < 1.
. @ T - 1lva@)

Now we turn to the computation of the desired lower bound. Write

/. el — ()T
> [ 1{1U)] < Lyienlglinyio} LAL (6)1 (4, () 20k € Bu) expla () = o)1)
We lower bound the preceeding display using (D.2), (D.3), and (D.5):
[ H{10) < Lyl e} (AL ()10 () 1n € B exp(en () — £, () Il
= [1{106) + {9 0] < Ll o} 1l = mlier < Maca/2}
(8)
> [1{U) < @2 Vienlgl.o)} 1 {In = mle < Maen/2)
X 1{Jln = nollzeiey < M/2} 1 (0 € By) exp(ba(n) — ()
<exp (== U (@) [ - o0ty
> (1= o(V)] [ 1{IU(9)] < (L/2renlgllse, o} 1 {l1n = s < Muca/2)

< 1 {1 = ol iy < M2} 1(B,) exp(u(r) — b 0) T (dip).

tTV lay ( 9*) 2
0 60 0

x exp(ln(n) — €n(m0)) exp II(dn)

Hy,, (2)
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Since II(||n — 1ol o) > Mn€n/2 | Dy) = opy(1), II(B) = op,(1), and for sufficiently large

Land M, II(|U(g)] > (L/2)v/nen]|glliy @) | Pn) = 0p(1), (|1 = o]l L) > M/2 | Do) =
op, (1), the last display can be further computed

[1{106) < (/2vmelglins, o} 1=l < Maa/2)

X {l1n = ollie) < M/2} 1(By) exp(£a(n) — £a(io) ) T1(dn)

> [ exp(ln(n) — £n(no))Il(dn) — exp(ln(n) — £ (no))II(d
_/ p(£n(n) (10))IL(dn) /{lU(g)|>(L/2W€ng”H%(m} p(£n(n) (10))IL(dn)

— exp(£, — U, (no))Il(dn) — exp(¥, — 0, (noNII(d
/{||M0”L2(Q)>MM/2} P(€n(1) = €n(10))11(dn) /~ P(€n(17) = € (10))11(dn)

_ / exp(£a(n) — £a(n0))TI(dn)

{||77*T]0||Loo(sz)>M/2}
- / exp(£a(n) — €u(10))T1(dn) — 08, (D).

Hence we conclude that

/ exp(bn(1) — Lu(o))TI(dy) > [1 — o(1)] / exp(£a(1) — (o) )TI(d7) — 080(Dy)

n

— 1 ogy(1) / exp(ta () — (o)) TI(dn). (D.7)

The proof is completed by combining (D.6) and (D.7).

E Proof of Corollary 2

The proof is similar to that of Corollary of Yang et al. (2015) and is included here for
completeness. For each k =1,...,q, let theevent A=R x...x A, X ... xR in Theorem 2,
where the sth component is A; and the rest are R. Then it follows directly from Theorem 2

that

402

sup |11 ([0;]x € As | D) =N ([éLQ] - [VO_IWVO_I]MC) (As)| = op, (1),

AsCR
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where [-]; is the kth component of the argument vector and [|x is the (k, k)th element of

the argument matrix. Now set A; = (—o0, [é*] k]. It follows that

v (\/402[\751:7\7\/51]% (1% - [OALQ]’“D B %‘ ~onll):

where @ is the cumulative distribution function (CDF) of the standard normal distribution.

By the continuity of ®~! we have [é\*]k - [§L2]k = op,(1/4/n). Invoking the asymptotic

normality of 5,;2 completes the proof.

F Proof of Theorem 3

Before presenting the proof, we need several auxiliary Lemmas from Mairal (2013) and Li

and Orabona (2018).

Lemma F.1 (Mairal (2013), Lemma A.5). Let (a¢)i>1, (b)i>1 be two non-negative real se-
quences such that by’s are bounded, Y .=, a;by converges and .~ | a; diverges, and |bq—by| <

a;. Then b, — 0 ast — oo.

Lemma F.2 (Lemma 4, Li and Orabona (2018)). Let (a;)Y, be a non-negative real sequences

such that ag > 0, and 5 > 1. Then S~ | a,/(ao + Z;Zl a)’ < (B—1)"tag".

Lemma F.3 (Lemma 5, Li and Orabona (2018)). Assume conditions A2 and A4 hold, and
the sample path 1 is squared-integrable. Then the iterates of Algorithm 1 satisfy the following

X[ 0f,00) N af,00)
Z< 00 LT 90, >]

t=1 k=1

inequality

Ey

1
< 15(6") = £,(8;) + 5 sup
0co

X By {XN: Xq:a?k [a%k(ys(wt, 0") - U(Wt))ﬂ 2}

t=1 k=1

| il x.6) = i ax

Lo ()

The proof is based on a modification of the Theorem 2 in Li and Orabona (2018), which

is provided here for completeness. Observe that by Lemma F.2, conditions A2 and A4, and
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the fact that 7 is continuous over €2, we have,

Do | 5 (0 (Wi, 09) = n(wi)
00,
t=1 k=1
o) q 9
= Z CKQ i( S(W 0(t)) N (W >>2
(t+1)k 89k Yy t) n t
t=1 k=1
+ Z (0 — Ay [%(ys(wb 6") }
t=1 k=1
2 o g
g 0 t
< + sup max W ’9 02 — o2
2ebie (w,0)e0x 0 1<k<q 89k [ (W ;k 1 tk (t+1)k;
2 2
ag + sup max i [yS(Wt,O(t)> _ W(Wt)]2 O‘%k < o,
B 26b(2)E (w,0)eQx0O 1<k<q 89k

Therefore, for any m € N, | we obtain by Cauchy-Schwarz inequality that
2

N+m—1 N+m—1
HH(Ner) . H(N)HZ _ Z (0(t+1) o a(t)) <m Z He(tJrl) _ e(t)HQ
t=N t=N
N+m—1 ays 2
<m Z 2[y* (wy, H(t)) —n(we)]diag(ow, . .., aug) 5 90 (wy, 6 )
t=N
N+m—1 g 8 2
<m Y Do ad gl (we 09) —n(w)P
t=N k=1
and the previous infinite sum being finite implies that limy_,o ||V —0WN)|| = 0 a.s., i.e

(™M) y forms a Cauchy sequence, and thus must converges to some point 8* € © a.s.. Note
that 6* is still a random variable.

Next we show that 6* is a stationary point of f,,. We obtain, by Lemma F.3 and taking

N — oo that
o] q 8f (e(t)))2

E L 2 < f,(0W) = f,(0%) + = / 0) — d
;;atk< 9, < Fl670) = 1a(6) + 2228 56V (x ) =l XLZ(Q)

{ZZ% {89 “(wi, 0) — U(Wt))2r} < 0.

t=1 k=1

Therefore, 7%, aw[0f,(0)/00))> < 0o as., for all k =1,...,¢. In addition, observe that

s

sup |2l (wi, 01) — p(wy)diag(as, . . ., aug) 2 (Wt’g(t))H

Wi 70(”

%) pg
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s

. (x,0)

2 sup [2[y°(x,0) — n(x)]| < ox.

(x,0)eQx0

< maxay,  sup
2 (%,0)€Qx O

Since by the construction of Algorithm 1, 8®) € ©\00, we see that there exists an integer
m*, such that for all ¢ € N, the number of times that line 11 of Algorithm 1 is called is no

greater than m™*. This implies that

t—1 Noa2) —(1/2+€) -1 9y —(1/2+e€)
o 8g(Wj, 0(])) ag(wﬁ O(J))
v e— < < AN
Qm* {bo + Z |: agk S O > Ao bo + ]Z 8Qk

=1

for all t € Ny and all k = 1,...,q, where g(x, 0) = [y*(x,0) — n(w;)]?. This further implies

o0 oy —(12+0)
) ag(wja O(J))
— E bp+ (t—1) sup [— = 00.
2m L { 00,

(x,0)€Qx 0

that

o0
E Qe =
t=1

Since condition A4 implies that almost surely,

Of,(6“D)  af,(6V) (t+1) / )
— <16 ,0) — d
<ay su 9(x,0) / su o S[y°(x,0) — n(x)*dx
= e)egx@ 39k Q (x, a)egxe 06
S./ Al

then by the facts that > 72 aw[0f,(01)/00;]* < oo as., and > ;2| ay, = oo, we invoke
Lemma F.1 to conclude that limy o, f,(0™))/06, = 0 as., for all k = 1,...,q. The
continuity of Vf,(0) and the almost sure convergence of OWN) — @* directly yield that

V £,(0*) = 0 a.s., completing the proof.

G Proof of Theorem 4

The idea of the proof is based on the proof of Theorem 2 and a fine control between 6; and 5,7.
By the proof of Lemma 1, there exists some € > 0 such that over {n € F : |[[n—nol|,@) < €},
the functional @; : 7 +— argmingg [[1(-) —¥°(-, 0)||7 7.() 1s continuous, the Fréchet derivative

0;’7‘ : F — R for 0] exists, and can be computed by

6:(h) = — [Fo(n.0)] " [Fy(n.02)] (h) = 2V / (,62)dx.
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By Proposition 1 in Tuo and Wu (2015), || — 1o/ r,@) = Op,(n=®/**P)), since the RKHS
Hy, coincides with H,(2) for v = a — p/2. Therefore, with probability tending to one,
17 — Mol| L2) < €. We now assume this event occurs and denote it by &£,. Then similar to
the proof of Lemma 1, for any 7 in the Ly(Q2)-neighborhood of 1y with radius €, we apply

the fundamental theorem of calculus and mean-value theorem to obtain

. A La . Oy *
077—9L2 = ; Qu n[u]dUZQ Q[U(X) n(x )]Vn[u’] 00 (x, On[u/])dX,

where n[u] =7+ (n —N)u for 0 <u <1 and «’' € [0,1]. Then following the same argument
in the proof of Lemma 1, we have, |6; — §L2 | < Lq%) 11 = | £o(0) for some constant L,%) >0
depending on 7o only. Furthermore, [V 1 — V|| < 2¢C V5 [In — noll o) for some
constant C,, > 0 whenever || — ||z, < €. Therefore, using a technique similar to that

in the proof of Lemma 1,

a s

£(1.7) = 0, — 0, = 0, 01, 2 | [nx) ~700] V' G (x. B
=2 [ 60~ 760 |V, s 5 85) — Vi 50 .81 | dx
=2 J 100 = | Vi g (% Onpun) = Va5 (% 01,
_ _ _1,0y° .
=2 ) = 7601 | (Vi = V"4 Vi = Vi) 0 B
- - _ K A
"‘2/9[77(3() —(x)](Vg! +Vﬁ1 - Vi) {a_g(xa o)) — 20 - (X, ng)} dx,
and hence,
R _ _ _ oy’
o 1 1 1
o1 <2 ) =09 | (Vi Ve 7t - v )(x;ggxe o] o
~ _ _ oy~
+2/ X—X|:V1+VA1— H 0.1) x, 07, }dx
[ n) =G (Ve + [V = v3')) ) = g (%,61.)

S (||77[U/]—770HL2(9)+||ﬁ—770HL2(Q))/Q|77(X)—ﬁ(X)|dX

2

y°
0000T

+ (Vi +20C) [ ) = 0lax sup
Q (x,0)€Q%O

(x,0) H 16051 — 0L2H

S (I = Allza@ + 17 = moll o) 17 = Allza@) + 10 = All2,0)

Sin— 770“%2((2) + 17— 770”%2(9)'
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Recall that we use A, = {||1 — mollz.) < Mnen} N {11 — 10l o} N B, in the proof of
Theorem 2 for M, = logn and ¢, = n=*/®**P) Let 7, = {Dr 11— 10l o) £ Mpen}
Clearly, By the argument of the proof of Theorem 2, it suffices to show that

L 1
/A ew [tT\/ﬁ (0,7 _ 0L2>] T(dn | D) — exp {atT (40*V; "WV, 1) t}
nm n

in Py-probability for any fixed vector t € R?. First observe that by the previous derivation,
for any D,, € J,,

sup ’tT\/ﬁ(én —6;) 5,7 —6;, — 0, + 6.,

neA,NCrp,

< Vel sup (|

neAy,

) = Vel sup (.7

n€An
S VnMie, = (logn)n~ (@7 7/2/Getw) — 0,
Therefore, for any € > 0,

£7v/n(8, — 07) t"v/n(6, - 6;)

> e) <Po(Ty) + Py (sup

776-'477.

]PO( sup >e,Dn€.7n) — 0.

Since

. 1
/A exp [tT\/ﬁ(e;; — 0)} II(dn | D,) = exp [ﬁtT(LLaQVO_lWVgl)t] + op, (1)

by the proof of Theorem 2, it follows that
| e[t vi®, - 9)| 1y | D,)
AnCn
_ T n * * 2)
_ / exp {47V [0, — 6;) + (0 — 81,)] } (dn | D)
AnCy
1 1
= (1+ op,(1)) {exp [§tT(402V01WV01)t} + Opo(l)} — exp |:§tT(4O'2V01WV01)t

in Pyp-probability. This completes the proof.

H Additional Numerical Results on KO Calibration

In this section we provide additional results regarding the computation issue of the classical
KO approach for calibrating computer models. Recall that Kennedy and O’Hagan (2001)

formulate the computer model calibration problem as the following statistical model:

U(X) = yS(X7 0) + (5(X)’
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where 7 is the physical system, y° is the computer model involving the calibration parameter
0, and ¢ is the discrepancy between them. Classical KO approach and the variations thereof
are built on the assumption that ¢ follows a Gaussian process prior 6 ~ GP(u,¥,) for
some mean function p : £ — R and some covariance function W(-,- | ¢) : Q@ x Q@ — R,
that is typically governed by a range parameter 1, and 6 follows some prior 7(0) based on
certain expert knowledge. It is routine in the Bayes literature to further impose a hyperprior
distribution 7 (1)) on the range parameter 1. For example, in Section 5 of the manuscript we
take m(¢)) to be the inverse-Gamma distribution. For simplicity we assume that p is zero.
After collecting noisy physical observations y; = n(x;) + ¢;, e, R 'N(0, 0?), the joint posterior

density of @ and v is

m(0)m (1))
m(0,¢ | Dy) o Aot (W (X1oms X1 | ) + 02L,)1/2
X exp _%(y - yZ)T(‘Il(Xl:na X1 ‘ ¢) + UzIn)_l(y - yZ) ) (Hl)

where y§ = [y*(x1,0), ..., y*(Xn, 0)]" and ¥ (X1, X1 | ©) = [P (X1, X5 | )]s

In principle, posterior computation can be directly carried out by routinely drawing
samples of 8 and 1) using Metropolis-Hastings algorithm. This could be cumbersome when
n is large, since each iteration of the algorithm requires inverting an n x n matrix. Here
we present an alternative strategy to reduce the computational complexity. Rather than
drawing 1 from the Markov chain, we propose to directly estimate 1) by maximizing the
posterior density (H.1), i.e., we seek to find the maximum a posteriori (MAP) estimate of
0 and 1. In order for the MAP estimation to be valid, the hyperprior (1) for the range
parameter needs to be carefully selected. We follow the suggestion of Gu (2018) and take
7(¢) to be of the form

() o (Y + )" exp [=by (¢ + 0?)] (H.2)

for some ay, > —(p+ 1) and by > 0. Eq. (H.2) is the one-dimensional version of the jointly
robust prior proposed in Gu (2018), and has been shown to yield valid MAP estimate of 1)
for Matérn covariance function.

Having an estimate ¢ of ¢ by maximizing (H.1) with 7(¢)) in (H.2), the posterior inference

20



regarding 0 can be conveniently carried out by Metropolis-Hastings scheme, and the precision
matrix (¥(Xy.,, X1.p | {ZJ\) + 0%I,)7! can be computed before the MCMC. As pointed out by
one of the reviewers, besides MCMC sampling, the normalizing constant in 7(6 | D,) can
also be computed by numerical integration method when © is low-dimensional. Namely, one

first computes

Z(0) = / 7(6, | D,)d6

using numerical integration methods (e.g., quadrature method), and then obtain the exact
posterior density of @ via 7(0 | D,) = 7'('(9,’(//)\ | Dn)/Z(@/Z)\). The posterior density of 6
obtained via numerical integration can serve as an auxiliary result to check the accuracy of
MCMC samples. In what follows we provide an illustrative numerical example.

We adopt the same simulation setup as that of configuration 1 in Section 5.1, and is

included here for readers’ convenience. The computer model is
v (z,0) = Tlsin(270; — 7)) + 2[(270, — 7)*sin(27nz — 7)],

and the physical system coincides with the computer model when 6; = [0.2,0.3]T, i.e.,
no(x) = y*(x, 05). The design space 2 is [0, 1], and the parameter space © for 6 is [0, 0.25] x
[0,0.5]. We simulate n = 50 observations from the randomly perturbed physical system
yi = no(x;) + e;, where (z;)"_, are uniformly sampled from €2, and the variance for the
noises (e;)"; is set to 0.22. We follow the aforementioned strategy to compute 7:0\ and draw
1000 posterior samples from the MCMC after 1000 burn-in iterations. These post-burn-in
samples are collected every 10 iterations during the Markov chain. The comparison between
the posterior samples and the exact posterior density obtained via numerical integration is
visualized in Figure 1. It can be seen that the distribution of these MCMC samples are in
high accordance with the exact posterior density.

Furthermore, we compute the means, standard deviations, and covariance matrices of 8
using the drawn MCMC samples and the exact posterior density, respectively, and tabulate
them in Table 1. It can be seen that the results computed using MCMC samples are close to

their exact values, and there is no sign of non-accuracy occurring in these MCMC samples.
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KO Calibration with Numerical Integration
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Figure 1: Visualization of the comparison of MCMC sampling and numerical integration
for posterior inference in KO method for configuration 1 in Section 5.1. The heatmap is
the posterior density of 8 in KO method, the normalizing constant of which is computed
using the cubature numerical integration method; The orange scatter points are the samples
drawn from MCMC.

Table 1: Summary statistics comparison of MCMC sampling and numerical integration for
posterior inference in KO method for configuration 1 in Section 5.1.

MCMC Sampling Numerical Integration
0 91 92 91 92
Mean 0.2013 0.2982 0.2037 0.2984
Standard Deviation | 0.0244 0.0048 0.0255 0.0052
5.91 —0.0354 6.48 —0.0024
. . —4 —4
Covariance Matrix | 107* x 0.0354 0.23 107* x 0.0024 0.97
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