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Abstract

This thesis explores the problem of endogeneity in the trending time series regression
model. The nonstationary regressor in the model is assumed to follow a nonlinear
trend-stationary process instead of a unit root process. We introduce a magnitude
parameter that characterizes the strength of the trend in the nonstationary time series.
The time trend is termed a weak trend when such parameter is exactly one. While it is

called a strong trend when the parameter is greater than one.

The weak trend does not dominate the stationary error term in the regressor’s data
generating process so that the simple ordinary least squares estimator is biased and
inconsistent due to the problem of endogeneity. To fix this issue, we employ a control
function to decompose the endogenous correlation between the corresponding error
terms. To avoid potential model misspecification, we let the control function be non-
parametric. Replacing the regression error by such control function expression yields
a semi-parametric partially linear model. We show that the conventional estimator
remains valid (unbiased and \/n-consistent), although we fail to satisfy the usual iden-

tifiability condition for the semi-parametric partially linear model.

On the contrary, the strong trend dominates the stationary error term that makes
the OLS estimator consistent when the sample size tends to infinity. However, the sta-
tistical inference on the regression coefficient is substantially affected by endogeneity
that the inference for the coefficients can be quite misleading unless we deal with the
endogeneity issue appropriately. We propose a bias-corrected estimator that adjusts

the endogeneity bias in the OLS estimator. The asymptotic results show that the new

X1



xii ABSTRACT

estimator is unbiased and consistent. Meanwhile, the simulation results indicate that
the bias-correction method greatly improves the estimation accuracy as well as the
inference performance for the coefficients.

The regression models and the estimation methods are applied to investigate the
relationship between the logarithm of aggregate personal consumption and the loga-
rithm of aggregate personal disposable income as an illustrative example. The result
reveals significant endogenous correlations between the variables, and moreover, such
correlation is found to be nonlinear rather than linear.

To summarize, the main objective of this thesis is to explore the effects of endogene-
ity on the trending regression models with nonlinear trend-stationary processes and
propose effective methods to correct the endogeneity bias. In the process of achieving

these goals, we reveal some interesting facts, such as

(1) it is difficult to discriminate between a unit root process and a nonlinear trend-

stationary process;
(2) the strength of the trend matters a lot in the trending regression model;

(3) the behaviors and properties of certain conventional estimators are likely to be
different for the models with nonstationary time series compared to those with

stationary time series.



Chapter 1

Introduction

“No one understands trends, but everyone sees them in the data.”

Laws and Limits of Econometrics

— Peter C. B. Phillips (2003)

1.1 Background and overview

Time series regression models are widely used in the economic and financial analysis.
When estimating these models in practice, economists frequently encounter two major
challenges. The first problem is the nonstationary trending feature of the time series
data. As suggested in Andrews and McDermott (1995) and Krugman (1995), most of
the empirical data, especially the macroeconomic aggregates, exhibit linear or nonlin-
ear time trends. Such nonstationary characteristic violates the standard assumption
that the time series should be stationary over time. Endogeneity is the second prob-
lem that we need to deal with in practice. The correlation between the explanatory
variables and the regression error may lead to biased and inconsistent estimates of the
coefficients. Various reasons may cause the problem of endogeneity, such as simultane-

ity, measurement errors, omitted variables, selection bias, etc. A popular example is

1



2 CHAPTER 1. INTRODUCTION

the linear regression model of income and consumption
cr=a+ Py +ey (1.1)

for t =1,2,...,n, where ¢; and y, represent the (logarithms of) aggregate personal con-
sumption expenditure and disposable income. A simple plot of the two time series
shows that both ¢; and y; exhibit upward trends, thus they are nonstationary across
time. Meanwhile, due to the simultaneous determination of income and consumption,
vy and e; are believed to be endogenously correlated. Therefore, it induces the problem
of endogeneity. Since the assumptions for the classical linear regression (CLR) models
are not satisfied!, we cannot use the ordinary least squares (OLS) method to estimate
the marginal propensity to consume.

This thesis deals with both problems of nonstationarity and endogeneity. We con-

sider a general linear trending regression model formulated as

Y =a+x,f+e, (1.2)

x; =g(t) + vy, (1.3)

fort=1,2,..,n, where x; is a k x 1 vector of trending time series, g(-) is a k x 1 vector of
functions representing the deterministic time trends in x;. The problem of endogeneity
occurs when the stationary error terms e; and v; are correlated.

The true form of the trend function in the generating process of the trending time
series is usually unknown. We let g(-) be a nonparametric function rather than a
pre-specified parametric form. Therefore, we avoid potential model misspecification,
which may induce inconsistency in the estimation of the coefficients. The nonpara-
metric form of g(-) provides sufficient flexibility to capture the nonstationary and non-
linear characteristics in the time trends. In this thesis, we use nonparametric ker-
nel methods to estimate the trend term.? Since the estimation method is data-driven,

the nonparametric estimate of g(-) is adaptive to the changes in the levels and slopes

Here, both assumptions of exogeneity and stationarity are not satisfied.
20ther nonparametric methods are also applicable, for example, the Sieve method.
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of the trends. In fact, equation (1.3) represents a class of nonlinear trend-stationary
time series. By definition, stationary is achieved after removing the nonlinear trends.
Moreover, as we will discuss later, it can be regarded as an alternative data generating
mechanism to the unit root process for the nonstationary time series data.

Equation (1.2) forms a linear trending regression model. Since we do not impose
constraints on the dependent variable y;, the interpretation of the coefficient vector f
depends on the nature of ;.

One scenario is that y; also contains a time trend as x;, then the coefficient vector
B represents the co-trending relationship between x; and y;. Hence, the equation (1.2)
is analogous to the co-integration model first studied in Engle and Granger (1987).
We also take into account the endogeneity problem, and the model investigated in
this thesis is similar to the one discussed in Phillips and Hansen (1990), in which the
authors studied the instrumental variable regressions for I(1) processes.

Another scenario is that y; is stationary, but the elements of x; have trends so that
co-trending occurs between the elements. A popular example is the predictive regres-

sion model commonly seen in the finance literature
vi=a+x,_ftes, (1.4)

where y; represents asset returns, x; 1 is a vector of predictors such as the dividend-
price ratio, the book-to-market ratio in Stambaugh (1999) and Welch and Goyal (2008).
The predictors are usually quite persistent, with first order autocorrelations close to 1.
In the literature, they are usually modeled as integrated processes with root equal
or near to unity; see Campbell and Yogo (2006), Cai and Wang (2014). As we will
address in detail later, it is also reasonable to model the predictors as (1.3) because
it is hard to distinguish between a unit root process and a nonlinear trend-stationary
process. When the predictors are modeled as (1.3), the persistence shown in the sample
autocorrelation coefficients may come from the low-frequency information in the data,
i.e., the nonlinear time trends. To balance both sides of equation (1.4), the coefficient

B should represent both the co-trending relationship and the predictability of x;. In
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other words, the linear combination x;_lﬁ itself forms a stationary process, which has
predictive power on ;.

As the endogeneity bias is caused only by the correlation between the stationary
error terms, the magnitude of the time trend matters a lot to the consistency and the
convergence rate of the simple OLS estimator. If the stationary term v, were dominated
by the time trend g(-), the endogeneity bias vanishes when the sample size goes to
infinity. Otherwise, we cannot obtain consistent estimations of the coefficients when
the time trends are weak.

The primary objective of this thesis is to establish the estimation and inference
methods for the coefficients in the trending regression model with endogeneity. We
propose two methods (the nonparametric control function approach and the bias-
correction method) to solve the problem of endogeneity in both cases with weak and
strong trends respectively. We will show the properties of these estimators as well as

some numerical and empirical examples in subsequent chapters.

1.2 The deterministic and stochastic trending time se-
ries

In the recent twenty years, nonstationary trending time series, as well as their regres-
sion models, have gained much attention. The challenges of the trending time series
econometrics have been extensively discussed in Phillips (2001, 2003, 2005, 2010) and
White and Granger (2011). As stated in these papers, trends are full of mysteries, and
the sentence 'No one understands trends, but everyone sees them in the data’ as quoted
at the beginning of this chapter has been one of the laws of modern econometrics.
Trends contain a vast amount of information, and they have significant implications
on various economic phenomena, such as the structural breaks, economic bubbles, and
business cycles.

The generating process of the time series data is crucial for estimating the time
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series models. Figure 1.1 shows the basic categorization of time series. The data can
either be stationary or nonstationary. Econometricians have established a systematic
framework with hundreds of models for the stationary time series data. However,
this thesis aims at constructing nonstationary time series models, in particular, the

regression models for the trending time series represented by area 3.
Figure 1.1: The categorization of time series data.

Stationary time Series Non-stationary time series
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In the trending time series data, trends can be either/both deterministic or/and

stochastic. For the deterministic trend, it can be either linear or nonlinear. Area Q) in
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Figure 1.1 is the usual trend-stationary process, which is a stationary process around

a linear deterministic trend. Specifically, it can be written as
xt:a+bt+vt, (1.5)

for t = 1,2,..,n, where v, is a sequence of stationary innovations. Area @ is the unit

root process. For instance, a random walk process with drift
xt:5+xt_1+vt, (16)

for t =1,2,..,n, where 6 # 0 is the drift term and v; is stationary as well. It is easy
to find that the non-zero drift term 6 would form a linear deterministic time trend

because
t

X; = ot + Zv5+x0, (1.7)

s=1

where x is the initial value.

Area Q) is the type of trending time series we are going to explore in this thesis. It
is a stationary process fluctuating around a nonlinear deterministic trend as equation
(1.3).

In practice, the true generating process of the empirical time series is usually un-
known and even unknowable. As suggested in Harvey (1997), the trend component
can hardly be specified as a linear function of time unless the length of the time series
is relatively short. In other words, nonlinear trends are often seen in the trending time
series with a relatively longer horizon. Also, in terms of model specification, it is too
restrictive to assume that the level and the slope parameters of the trend in the time
series are constants over a long time period. Consequently, it is necessary to adopt the
nonlinear time trend models to accommodate the nonlinear and nonstationary charac-
teristics in the data.

By definition, a deterministic trend always map a given time point to a determin-
istic value. Otherwise, the trend is stochastic since its position is random at time ¢.
Apparently, polynomial trends with constant coefficients are deterministic. For exam-

ple, a linear trend g(t) = 1 + 2t, or a quadratic trend g(t) = 1 + 2t + t>. On the contrary,
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stochastic trend appears when the level and slope parameters are not deterministic
over time. For instance,

xt:at+ﬁtt+7}1t, (18)
where a; = a; 1 +vy, fr = Pro1+va, fort =1,2,..,n, vy L4 N(O, 0'1-2), aiz >0fori=1,2,3.
The most intensively studied stochastic trend process is the unit root process, typically

the random walk without drift

Xt :xt_l +vt, (1.9)

fort=1,2,...,n, where v, iid N (0, 03). The nonstationarity of the random walk process
originates from the growing unconditional variance of x;, i.e., var[x;] = to?, although
its unconditional mean is always a constant over time. In this case, the level and the
slope of the realized trend in x; are stochastic instead of deterministic at any given
time point t.

The structural form of a trend-stationary process is simply a stationary process
about a deterministic time trend. One can obtain a stationary time series by removing
such linear or nonlinear time trend. While for the unit root process, stationarity is
achieved after taking the difference of the time series. Therefore, it is also named the
difference-stationary process.

There are sharp differences between the economic interpretations of the two kinds
of data generating processes. As the time series fluctuates about a deterministic time
trend, the effects of the innovations in the trend-stationary process die out quickly, and
they only cause transitory changes to the time series. While in the unit root process,
the shocks cause permanent shifts to the time series as they are 100% accumulated
without any loss. Economists are interested in revealing the data generating process
of the empirical data, as it is critical to determining whether certain economic event
would cause temporary or permanent effects on the economic variable.

Since the 1980s, economists and econometricians have established various unit root
tests to statistically distinguish between the unit root process and the (trend-) station-

ary process. The Augmented Dickey-Fuller unit root test and the Phillips-Perron unit
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root test are the most widely used statistical tests; see Fuller (1976), Dickey and Fuller
(1979) and Phillips and Perron (1988). The null and the alternative hypothesis in these

tests are established as

Hp: x; has a unit root, (1.10)

H, : x;is (trend) stationary, (1.11)

where x; is the time series to be tested. Note that a deterministic time trend can be
included in the test equation. Therefore the alternative hypothesis is allowed to be a
trend-stationary process®.

Testing for unit roots in the empirical time series data has been a necessary pro-
cedure before applying the time series models. Economists are aware that unlike in
the stationary case, the estimation and inference of the coefficients are greatly differ-
ent when the time series contain unit roots. In Nelson and Plosser (1982), fourteen
U.S. macroeconomic time series are examined using the ADF test, and for most of the
time series, the authors failed to reject the null hypothesis of unit root. This paper
has been cited frequently, and similar results are also found in Said and Dickey (1984)
and Perron (1988), where the error terms in the test equation are allowed to be serially
correlated.

In conducting the unit root tests, the probability of making the Type I error is con-
trolled by the significance level we choose, given that the tests do not suffer from size
distortions. For instance, under 5% significance level, the probability of incorrectly
rejecting H, while in fact the null hypothesis is true, is less than 5%. Hence, it means
that rejecting the null hypothesis is usually a statistically reliable conclusion for the
hypothesis tests.

However, the probability of making the Type II error may be substantially large if
the unit root test has power problems. The ADF tests are found to have low power

against the alternative hypothesis of autoregressive process with roots near unity in

3In fact, the alternative hypothesis in the ADF test only allows for a linear deterministic time trend.
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DeJong et al. (1992). In other words, the null hypothesis is rarely rejected even though
the null hypothesis is false while the alternative hypothesis is true. Meanwhile, Rude-
busch (1993) found that the existence of a unit root is quite uncertain in the U.S. real
GNP. Diebold and Rudebusch (1991) found that the ADF test also has low power
against the alternative of fractionally integrated time series. Therefore, in such unit
root tests of (1.10) and (1.11), failing to reject the null hypothesis does not necessarily
imply the existence of unit root in the time series due to the power problems.

A straightforward way to fix this problem is swapping the null and alternative
hypothesis so that we are testing stationary against unit root. Kwiatkowski et al. (1992)
propose the Kwiatkowski-Phillips—Schmidt-Shin (KPSS) unit root test, in which unit
root is taken as the alternative hypothesis. Thus, rejecting the null hypothesis strongly
supports the existence of unit root in the time series. In DeJong and Whiteman (1991),
the authors employ the Bayesian methods and find that only two of the Nelson-Plosser
series contain unit roots. Nevertheless, if we fail to reject both null hypothesis in the
ADF and KPSS tests, we are still ignorant about the existence of unit root in the data.

As discussed in the previous paragraphs, the unit root conclusion is questionable
due to the power problems of the unit root tests. In practice, if the data exhibits an
upward or downward trend, a linear function of time is usually included in the test
equation of the ADF type tests. Specifically,

Ax; = ag+ot  +px o Ax g+ A, tey, (1.12)
—_—
linear trend
where aq + 0t is used to capture the linear deterministic trend in the data. However,
as mentioned at the beginning of this section, Harvey (1997) suggests that for the em-
pirical data, the deterministic trend is not necessarily linear. Perron (1989) establishes
a unit root test in which one trend break? is allowed in both the null and the alter-
native hypotheses. Bierens (1997) uses Chebyshev polynomials to replace the linear

deterministic trend terms in the test equation so that the test allows for nonlinear de-

41t is a special case for nonlinear trends.
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terministic trends. Both papers find that for some time series in the Nelson-Plosser
data set, we should reject the null hypothesis of unit root, which, however, is not re-
jected by the usual ADF test with linear trends.

To conclude, since "unit root’ is the null hypothesis to be tested and the power of
the ADF test is low in some cases, the unit root conclusion is not statistically reliable.
On the other hand, when the deterministic trend is allowed to be nonlinear functions
of time, it is more likely to reach the conclusion that the time series is nonlinear trend-
stationary rather than unit root. Therefore, it is reasonable to model the trending time

series as a nonlinear trend-stationary process as (1.3).

1.3 An illustrative example

In the previous section, we addressed some problems and conflicting results in deter-
mining the existence of unit roots. In this section, we illustrate this phenomenon by
an example with simulated time series as plotted in Figure 1.2.

The time series in the four subfigures are generated as the following steps.

(1) In the first subfigure, x;; is a simulated random walk process without drift, i.e.,
X1t = X14-1 + Vs, Where v; i-id. N(0,1) for t = 1,2,..,300. As the trend is stochas-
tic, for each realization, you may get different paths of the time series sequence.
Without loss of generality, we focus on one realization of the random walk pro-

cess as shown in the figure.

(2) We then suppose that the true data generating process of x;; is unknown and
approximate x;; using a time polynomial.> Specifically, we run the following
regression

X1 =g+ ait+...+agt® e, (1.13)

and obtain the least squares estimates of «y, ..., #g. The spuriously estimated time

>Alternatively, one can also use nonparametric methods to fit a time trend.
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Figure 1.2: Unit root process versus nonlinear trend-stationary process
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trend is g(t) = ap + @yt + ... + ayt®, plotted as the red dashed line in the second

subfigure.

(3) We create a nonlinear trend-stationary process x,; in the third figure. The blue
solid line in the lower-left subfigure is x,; = g(t) + u;, where ¢(t) is the fitted
trend in the previous step and u; is a stationary AR(1) process. In particular, let

u; = 0.6u;_q +1; for uy = 0 and #; L. N(0,1), fort=1,2,...,300.

(4) Lastly, the unit root process x1; and the nonlinear trend-stationary process xy;

are plotted together in the fourth subfigure.

Visually, based merely on the fourth subfigure, one is hard to tell which line is a



12 CHAPTER 1. INTRODUCTION

unit root process and which line represents a trend-stationary process as their paths
are very close to each other. Statistical tests also fail to distinguish between the two
processes. The ADF test, Phillips-Perron test and the KPSS test all suggest that both xy;
and x,; exhibit unit roots. On the other hand, removing the time trend (the red dashed
line) from both series gives two residual sequences, and all the unit root tests suggest
that they are stationary time series under the 5% significance level. This result leads
us to an opposite conclusion that the two sequences are nonlinear trend-stationary
processes.

To conclude, given a sequence of time series (especially when the sample size is
small), the unit root time series and the nonlinear trend-stationary time series are
hardly distinguishable. Therefore, it is apparently necessary to study the nonlinear

trend-stationary process as well as its regression models.

1.4 Detrending methods and their problems

As discussed in the first section, the stationary assumption for most of the time series
models is violated when the time series exhibit trends. In practice, economists usually
transform the non-stationary time series into stationary versions, and this process is
called ‘detrending’, or ‘the stationarization of the trending time series’.

Various detrending methods are investigated in Canova (1998). The author finds
that different detrending methods lead to different patterns of estimated trends and
cycles. In the section, I summarize some of the detrending methods and discuss their

problems.

(1) Fitting the polynomial functions of time
Fitting a polynomial trend is the simplest and the oldest method for detrending.
When the time series is trend-stationary, one only needs to approximate the se-

quence using a pre-specified polynomial function of time, and then subtract the



1.4. DETRENDING METHODS AND THEIR PROBLEMS 13

estimated trend to obtain a stationary process. For example, suppose that

p
xt:Zaktk+et, (1.14)
k=0

where the polynomial order p is known and e; is a stationary process. We regress
x; over the polynomials of time and obtain the residuals as the detrended version
of the time series

G=x—Y att~1(0), (1.15)
k=0

where @}, is the OLS estimate of a; for k =0, 1,...,p. In most of the cases, we only

include a linear time trend and let p = 1.

(2) Taking difference

Taking difference®

is another commonly used method to eliminate the trends in
the nonstationary time series. When the series is an integrated process, for ex-
ample, an I(d) process with d being a positive integer, then taking the difference

of x, for d times gives a stationary process. That is, if x, ~ I(d), then A%x, ~ I(0).

(3) The Hodrick and Prescott’s filter
The HP-filter method was established in Hodrick and Prescott (1997), and it is
widely applied by macroeconomists. The HP-filter separates the trend and cycle

components by solving the optimization problem

n n

. 2 2
- +A -8)— (& —g-1)) > 1.16
gl,.r.{lglt?.,,gn ;(xt 8t) ;((gtﬂ 8t) — (8 — & 1)) ( )

where {g;}}; is the trend sequence to be estimated. The smoothness of the es-
timated trend depends on the smoothing parameter, which is usually denoted
as A. In practice, A takes different values for different frequencies of the time
series. For example, A = 100,1600,14400 for the yearly, quarterly and monthly

data respectively.

®Here we only consider time series data. Sometimes, differencing for the cross-sectional data are

quite useful in practice, see the first chapter of Yatchew (2003).
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Some other detrending methods are also discussed in Canova (1998), such as the Beveridge-
Nelson’s method, the frequency domain method, the unobserved component model, the one-
dimensional index model, the model of common deterministic trends, and the model of com-

mon stochastic trends.

Since we are usually ignorant about the true generating process of the time series
data, these detrending methods should be used with caution. At the same time, we
should be aware of the specific assumptions before using these methods. For example,
the Hodrick-Prescott filter can only be applied to an I(2) process. In the literature,

these methods are criticized in many research papers.

First, trend-elimination throws away a vast amount of information in the data.
Particularly, long-run information with low frequency is wiped out from the time se-
ries, and only short-run disturbances of high frequency information are left behind.
Rao (2010) argues that the regressions using the differenced variables are useless to
verify economic theories as they only reflect the relationship between short-run vari-
ables rather than the long term equilibrium relationships. As shown by an example
in Cochrane (2012), the relationship between the original nonstationary data is quite
significant, while the scatter plot shows little correlation between the differenced se-
quences. Moreover, the time series sometimes need to be differenced more than once
before achieving stationarity. Eventually, little information is maintained in the sta-

tionary time series after differencing for several times.

Second, as the true data generating process is unknown for most of the time, mis-
use of the detrending methods usually lead to severe statistical problems. Nelson and
Kang (1981) suggest that if we remove an estimated polynomial trend from an I(1) pro-
cess, we may introduce pseudo-periodic behavior in the detrended series. Therefore,
the regression results make no sense as we have artificially introduced the autocorre-
lations. Moreover, for a nonlinear trend-stationary process, one may need to take the
difference more than once to obtain a stationary process. For example, if x;, = t* + v;,

where v; is an I(0) process, the second order difference of x; contains moving average
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unit roots as A%x; = 2 + A%v, is a non-invertible process. For the time series with both
global and local trends as x; = a+ bt + g(t) + v;, where g(t) is a local weak trend and v,
is stationary, differencing only eliminates the strong global trend a + bt, but the weak
local trend Ag(t) still remains in Ax;.

To conclude, the trend-elimination methods delete much more useful information
than expected. Meanwhile, they may cause other statistical issues that lead to com-
plicated econometric problems. To overcome these problems, we propose trending
regression models that directly deal with the nonstationary time series instead of their

stationarized versions.

1.5 Nonstationary trending time series models

As we discussed in the previous section, detrending the nonstationary time series may
cause unexpected problems. The verification of particular economic theories requires
the application of trending time series models that regress the nonstationary time se-
ries directly.

The prevalence of the unit root conclusions leads to the popularity of the co-integration
models, in which the combination of the integrated time series forms a stationary pro-
cess. Such combinations are considered as equilibrium relationships in economics.
Since the deviations from the equilibrium states are stationary over time, co-integration
indicates stable relationships in the long-run.

In the two influential papers by Granger (1981) and Engle and Granger (1987), the
authors investigate the representation, estimation, and testing of the co-integration

models. Specifically, a co-integration relationship between x; and y; takes the form as
v = xif+ey, (1.17)

where {x;,7;} are integrated processes, ¢; is an I(0) process, f is called the cointegrating

coefficient (vector).
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However, in practice, it is not easy to find the evidence of co-integration when the
length of the sample period is relatively long. That is because the true co-integration
coefficient (vector) may be time-varying, and a misspecified constant coefficient (vec-
tor) can hardly describe the changes in the cointegrating relationship. Hansen (1992)
and Quintos and Phillips (1993) established the Lagrange multiplier tests to examine
the parameter consistency in the co-integration models. To allow for the changes in
the coefficients, Park and Hahn (1999) developed the co-integration regression model

with time-varying coefficients of the form
Vi = X;Br+ s, (1.18)

where x; is a k-dimensional vector of I(1) processes, p; = f(t/n) is a smooth function
defined on [0, 1] representing the slowly changing coefficients. 7 The paper also stud-
ied the U.S. automobile demand, and the authors showed that the time series data are
cointegrated with smoothly varying coefficients. However, they are not cointegrated
when the coefficients are restricted as constants for the whole sample period.

It is usually necessary to include nonlinear and nonparametric time trends in many
time series and panel data regression models. For example, Gao and Hawthorne (2006)
investigate the climate time series data using a semi-parametric model. In Cai (2007),
the author proposes a varying coefficient trending time series model, where the error
terms are allowed to be autocorrelated. However, both papers require the regressors
to be stationary. Hence, they can not deal with the regression between trending time
series.

In panel data models, nonlinear time trends are also taken into account to capture
the trending feature. Robinson (2012) considers a nonparametric trending regression
with cross-sectional dependence, where the error terms are allowed to be correlated
and heteroscedastic over the cross-section. Chen et al. (2012) study a semi-parametric
trending panel data model with cross-sectional dependence. By incorporating un-

known nonlinear deterministic trends in both the regression equation and the data

"Recently, Phillips et al. (2017) also consider the same model by a kernel approach.
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generating process, the model is capable of accommodating the nonstationarity in the
data. Unfortunately, none of these models considers the endogeneity issue, which we

will take into account in this thesis.

1.6 The endogeneity bias and the strength of the trend

The endogeneity problem affects the performance of the simple OLS estimator when it
occurs in the regression model. Specifically, in the univariate linear regression model
with stationary time series, the OLS estimator is defined as®

n 1y n -1 n
Bors = [thz] thyt] =p+ [% Zx?] [% thet]: (1.19)

t=1 t=1 =1

where endogeneity suggests that E[x;e;] # 0, hence EOLS is biased and inconsistent for
p as n— oo.

When x; is nonstationary as equation (1.3), the strength of the trend matters. Recall
that x; is generated by

xp = g(t) + vy,

where v, is stationary and E[v;] = 0,E[v?] = 02 < co. Suppose that Y I, ¢(t)> = O(n?)

for some d > 1. Then as n — oo, we have
1 n
ﬁthz —p Q, (1.20)
t=1
for some 0 < Q < co. The value of d is determined by the strength of the trend in x;,
i.e., stronger trends lead to larger values of d. Then the endogeneity bias in the OLS
estimator can be written as

t=1 t=1

1 n
Fthet], (1.21)
t=1

where d is the magnitude parameter for g(t). Therefore, the OLS estimator is consistent

when d > 1. In other words, when the trend is strong, n~d Yixe = Op(n'=%) = 0p(1),

8For simplicity, we only consider the univariate regression model.
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and the endogeneity bias vanished when n — co. Otherwise, it is inconsistent when
d = 1 because the trend is too weak to dominate the stationary component and the
endogenous correlation causes permanent bias in the estimator. Phillips and Hansen
(1990) study the endogeneity in the co-integration regression that the regressor follows
a pure random walk process. In their model, d = 2 and the OLS estimator is consistent.
However, the limit distribution of n(fi\ow — B) is not centered around zero because of
endogeneity”. In this thesis, we propose two different estimation methods for the weak

trend regression when 4 =1 and the strong trend regression when d > 1.

1.7 The relationship between income and consumption

In this thesis, we re-examine the relationship between the aggregate personal con-
sumption expenditure and the disposable income as an empirical example, which has
been extensively studied in many research papers. This simple regression is related to
the permanent income hypothesis (PIH), which has been a very popular topic since the
1970s in many research papers.

Hall (1978) solves the consumer’s optimization problem under the condition of ra-
tional expectations. He concludes that the consumption should follow a random walk
process that the changes are not predictable under the permanent income hypothe-
sis, given that the real interest rate is a constant value over time. In other words,
consumption tracks the permanent income, and it is not sensitive to the changes of
current income.

However, opposite conclusions are found in some other papers. Flavin (1981) de-
velops a structural econometric model of consumption to estimate the excess sensitiv-
ity of consumption to current income. Such excess sensitivity should be zero under

the permanent income hypothesis. The empirical result shows a strong effect of excess

When the time series are I(1), the consistency of the OLS estimator is not affected by endogeneity
because the stochastic trend is very strong that dominates the time series. However, since the endoge-

nous correlation causes a bias in the limit distribution of n(EOLS — pB), the inference is severely affected.
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sensitivity in the consumption to current income. Therefore, the permanent income
hypothesis is rejected. Similar results are also found in Flavin (1984) and Bernanke
(1985). While in these papers, they assume that the time series of income is a station-

ary process around a deterministic trend.

Mankiw and Shapiro (1985) noticed the statistical evidence in Nelson and Plosser
(1982) that income and consumption exhibit unit roots. They showed that excess sensi-
tivity was favorable if we ignored the unit root and conducted inappropriate detrend-
ing, which could bring spurious cycles in the transformed data; also see Nelson and
Kang (1981, 1984). Therefore, the Flavin’s conclusions are likely to be biased and not

reliable.

King et al. (1991) proposed a co-integration model with known cointegrating vector
(1,-1) for the logarithms of consumption and income, and the model is regarded as a
special version of the permanent income hypothesis. Han and Ogaki (1997) considered
the co-integration between both the stochastic trend and the deterministic trend, and
they find that both trends are cointegrated, implying that the post-war U.S. saving rate

is stable in the long-run.

Meanwhile, the estimation of such regression relationship of consumption over in-
come also suffers from the problem of endogeneity as both of them belong to a system
of simultaneous equations. Phillips and Hansen (1990) developed the bias-correction
method for the co-integration models with endogeneity. In Hansen and Phillips (1990),
they applied the bias-correction method to the co-integration model of the per capita
personal consumption over the per capita personal income. In their paper, the per-
manent income hypothesis is not rejected as unit coefficient 1 is included in the 95%

confidence interval of the estimated coefficient.

We also consider the relationship between income and consumption in this the-
sis. However, we treat the logarithms of income and consumption as nonlinear trend-
stationary time series. Also, we deal with the endogeneity issue using the proposed

methods when estimating the linear regression models.
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The contributions and the organization of the thesis

The main objective of this thesis is to establish an estimation method for the linear

trending time series models with endogeneity. The following items are the main con-

tributions of this thesis.

(1)

(2)

The thesis explains in detail that it is difficult to distinguish between a unit root

process and a nonlinear trend-stationary process.

The thesis studies the linear regression model with endogenous trending time
series, and the trending time series are assumed to be stationary processes about

nonlinear and nonparametric time trends.

A trending magnitude parameter is defined to characterize the strength of the

trend. Therefore, the time trends are categorized into weak and strong kinds.

For the weak trend case, we use a nonparametric control function to deal with
the endogenous correlation. I prove that the conventional estimator for the semi-
parametric partially linear model is still unbiased and consistent, although the

population version of the identifiability condition is not satisfied.

For the strong trend case, we first discussed the asymptotic properties of the
simple OLS estimators and then propose a bias-corrected estimator to adjust the
endogeneity bias in the simple OLS estimator. The bias-correction procedure
significantly improves the performance of the t-tests in the inferences on the

coefficients.

Both methods have the advantage that there is no need to find instrumental vari-
ables because we have used the information in the time trends. Another advan-
tage is that the limit distributions in the asymptotic results are normal distribu-
tions instead of non-standard distributions such as Brownian Motions for the co-
integration models. This brings much convenience in conducting the hypothesis

tests for the coefficients.
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The remaining parts of the thesis are organized as follows. Chapter 2 deals with
the endogeneity issue in the weak trending regression model by using a nonparametric
control function approach. Chapter 3 first explores the asymptotic properties of the
simple OLS estimators, and then introduces the bias-corrected estimator that adjusts
the endogeneity bias. The performances of the estimators in Chapter 2 and Chapter
3 are examined by Monte Carlo simulations in Chapter 4. The results are followed by
an empirical example to illustrate the implementation steps of the methods proposed
in this thesis. Chapter 5 concludes the thesis and several future research directions
are discussed in Chapter 6. Appendix A presents a ‘constructed instrumental variable
approach’ to solve the endogeneity problem. ! The detailed mathematical proofs of

the main Theorems, as well as the Lemmas, are provided in the appendices.

10This method was considered in the first year of my PhD candidature when I started to study this

research topic. For the completeness of my PhD research, I include this method in the Appendix.
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Chapter 2

Endogeneity in the weak trending

regression

2.1 Weak trends and the control function approach

In this section, we consider the weak trending time series regression model with endo-

geneity. In the literature, the time trend term is commonly written as
xp = 8(1) + vy, (2.1)

fort=1,2,..,n, where 1, = t/n and v, is a stationary I(0) process. Suppose that g(-) is a
continuous function defined on [0, 1] and square integrable, then equation (2.1) forms

a nonstationary time series with weak trend since

n 1
% Zg(rt)Z N L ¢(1)%dT < oo, (2.2)
t=1

as n — co. Therefore, the trending parameter 4 = 1 and
1 v !
2 2 2
— —> dt+ o7, 2.3
G2 | stepars; (23)

where o2 is the variance of v;,. The advantage of writing the weak trend as g(t;) is

that it allows for the accumulation of information on the compact interval [0,1]. In

23
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other words, for any 7 € [0,1], the information about the trend function g(-) in the
small neighborhood of T grows with the sample size n. Therefore, the nonparametric
estimation of the trend function g(-) is getting more accurate. Therefore, the nonpara-

metric estimate of g(7;) is consistent when n goes to infinity.

Remark 2.1.1. The function g(t;) is a standardized version of the form g(¢) in the previ-
ous chapter!. In fact, we have re-defined the trend function g(t) as g(7;). It is straight-
forward that there is a one-to-one correspondence between g(7;) and g(t), hence, for

estimation purposes, there is no difference to estimate g(7;) instead of g().

With equation (2.1) as the data generating process of x;, we then set up the weak

trending regression model with endogeneity as

Ve =a+x,p+ey (2.4)

xt =g(Ty) + vy, (2.5)

where ¢, and v; are endogenously correlated. The ordinary least square estimator is

defined as .

a 1 nly o x nty "
e Yol Xt Y i1Vt . (2.6)
p (D WRETR (D IR E I (D WEES
Replacing y; by equation (2.4), we have
-1
ad—a 1 n Yyl ox nlYy ! e
i _ 2 i=1%t Yi-16t ' (2.7)
B-p (D WP RN WP nt Y xeey

The problem of endogeneity implies that E[v;e;] # 0. Since g(7;) is deterministic in
(2.5), the simple OLS estimators of a and f§ are biased and inconsistent in that by the
Law of Large Numbers, n' Y /' | x,e, does not converge to zero as the sample size n
goes to infinity.

To deal with the problem of endogeneity, we employ a nonparametric control func-

tion approach. The control function describes the endogenous correlation between the

ITo discriminate the trend functions, g(t) here is the same as g(t) in the previous chapter.



2.1. WEAK TRENDS AND THE CONTROL FUNCTION APPROACH 25

error terms of e; and v, in equations (1.2) and (1.3). Specifically, we assume

e = Avy) + uy, (2.8)

where A(v;) = E[es|v;] and u; = e; — E[e;|v;]. This approach is also followed by Amihud
and Hurvich (2004) and Cai and Wang (2014) for solving the endogeneity problem in
the predictive regression models. But they assume a linear functional form for A(v;).
We aim to avoid any potential misspecification arising from this linearity assumption
and let the control function be an unspecified nonparametric form. Replacing e; in

(1.2) with (2.8) yields a semi-parametric partially linear model

Vr = a+ X8+ Avy) + uy. (2.9)

Since u; is assumed to be uncorrelated with v; and x;, the problem of endogeneity
disappears in the augmented model. We also assume E[A(v;)] = 0, so that we don’t
have the problem in identifying the intercept term a and the nonlinear term A(v;) in
model (2.9). However, the cost of using the nonparametric control function is that
we need to assume some regularity conditions on v; since it is used as the smoothing

parameter in the nonparametric kernel estimation.

The semi-parametric partially linear model (2.9) has been extensively studied and
widely applied; see Robinson (1988), Hirdle et al. (2000), Gao (2007), Li and Racine
(2007), as well as many other related papers. Our setting differs from those in the liter-
ature in two ways. First is that the disturbance v; is not observed and must be estimated
from x;. Second is that the regressors in (2.9), x; and v;, differ only by the deterministic
trend g(7;), implying that E(x;|v;) = x; and a potential identification problem for f —
in fact, the usual identification condition for f in partial linear models (see Robinson
(1988)) is not satisfied here. However, we show in the subsequent sections that the
conventional estimators remain valid for the trending time series regression since the

sample identifiability condition can be satisfied.
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2.2 Estimation method

2.2.1 Nonparametric kernel estimation method

The nonparametric kernel estimation method is commonly applied to estimate the
density functions and the regression functions. For example, in the nonparametric

regression model,

Ve =m(x;) + e, (2.10)

m(x;) is the conditional mean E[y;|x;], and e; is the usual stationary and ergodic er-
ror term. One can estimate the conditional mean function nonparametrically using
the local constant or local polynomial kernel estimation methods. The local constant

estimator (also called the Nadaraya-Watson estimator) is defined as

i) = Bulyelxe] = ) wis(t)ps, (2.11)

s=1

where
_ k()
wns(t) - ZZ:1 Kl (xq];xt)f (2.12)

fors=1,2,..,n, K{(-) is the kernel function and h is the bandwidth.

The nonparametric kernel method can also be applied to estimate the time trend in
the data generating process of (2.5).

Replacing x; by 7;, we obtain the local constant estimator for the weak trend term

in (2.5)
gly) = iwzs(t)xs, (2.13)
where
wy,s(t) k(%) (2.14)

YK ()

fors=1,2,...,n, K,(-) is another kernel function and b is another bandwidth.
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2.2.2 Model identification and estimation

In this section, we outline the estimation method for g in (2.9). Equation (2.9) has
the form of a partially linear regression model, with the additional complication that
v; is unobserved. Suppose first, however, that v; were observed. Then, following the
usual approach (Robinson (1988)) to partial linear estimation, taking the expectations

of (2.9) conditional on v; and subtracting this from (2.9) gives

ve —E[vilve] = (x; — E[x;|v])'B + (4 — E[uylvy]), (2.15)

leaving B as the coefficient in a linear regression of y; — E(y;|v;) on x; — E(x;|v;). In this
case there appears to be an identification problem because the deterministic nature of
the trends g(t;) implies that E[x;|v;] = x;, leading to f disappearing from the model
(2.15). However this apparent identification problem can be shown not to apply to
the sample version of (2.15). We do the subtraction with their sample versions of the

conditional means as (2.11) and obtain

Yt —Eh[}/th’t] = (x; _/E\h[xtlvt])’ﬁ +(AMvy) —Eh[/\(vtﬂvt]) + (uy _Eh[”t|vt])f (2.16)

which includes the additional estimation error A(v;) — E,[A(v;)lv;] (shown to be neg-
ligible for sufficiently large n). In nonparametric analysis of stationary time series,
Ej[x;|v] is consistent for E[x;|v,] as the sample size n goes to infinity, but this becomes
invalid when deterministic time trends are present in x;. To explain this inconsistency,
suppose that x; follows equation(2.1), and E[xtIUt] is the local constant kernel estimator

for the conditional mean E[x;|v;] defined as
n n n
Eh[xtlvt] = zwns(t)xs = ans(t)g(Ts) + ans(t)vs = Eh[g(Tt)lvt] + Eh[vtlvt]- (2.17)
s=1 s=1 s=1

Since v, for s = 1,...,n is the smoothing variable in the weight function w,(¢), whose

value is not linked with the time index, we then have

Eulg(rlv] = ) wus(t)g() —p g, (2.18)
s=1
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Figure 2.1: The inconsistency of the conditional mean estimator.

X=g+V

where g = fol g(t)dt. Graphically, we consider the scatter plot of x; versus v; in Figure
2.1. The red 45° solid line represents the function of m(v) = v. Therefore, each point
in the scatter plot of x; versus v; ends up with an upward shift from the 45° line
(suppose that the trend function g(-) is always positive). Again, since the value of v; is
not linked with the value of the time index t, the amount of the shift is random for a
given value of v;. Therefore, the sample version of the expected value of x; given v, = v

is approximately v + g, where ¢ = fol g(7)dt, which is the limit of the average of g(7;).

This implies that x, — Ej,[x;|v;] is not a constant value of zero in (2.16), even though

the population expression shows that x; — E[x;|v;] = 0 for all t. Therefore, f can be
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identifiable in (2.16). The condition g(7;) is not a constant for all ¢ is analogous to the
time trend g(7;) being a relevant instrumental variable for x;.
Formally, the identifiability condition for 8 in the partially linear models (Robinson

(1988), Gao (2007), Li and Racine (2007)) is that the matrix
> = B(x ~ Elx,[v,]) (x, - B, ])] (2.19)

should be positive definite, but this does not hold in our context because E[x;|v;] = x;.

However, with further assumptions, the sample identifiability condition

in = %Z(xt _Eh[xt|vt])(xt _Eh[xtlvt]), —pQ, (2.20)
t=1

can be satisfied with Q being positive definite, see Theorem 2.3.1 below. We wish to
emphasize this as it is the key condition that makes the conventional estimator work.
The smoothing operation over x; with respect to the sequence vy, for t = 1,2,...,n, is
in fact an averaging process for g(t;), yielding g as n — co. From the perspective of
model estimation, the trending feature in x; provides additional information to help
with the estimation of the coefficients. In this way, the coefficients  can be identified
and estimated. Of course, further assumptions are necessary to guarantee that the
estimator is well-defined.

Based on the preceding discussion of identification, the estimation of § when v; is
observed could be based on the usual partial linear regression estimator

-1
n n

E: Z(xt—Eh[xtlvt])(xt—Eh[xtlvt])' Z(xt —Eh[xtWt])(Vt —Eh[yth/t]): (2.21)

t=1 t=1
which is the same as the one in Robinson (1988). The sample identifiability condition
(2.20), along with some regularity conditions given below, are sufficient for the consis-
tency of f. However, f is infeasible since v, is not observable. Therefore we estimate
the trends g(7;) using nonparametric regression of x; on 7;, and define the estimator of
v; as the residuals

V=X _Eb[xtht]: (2.22)
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where 7, = t/n and a different bandwidth b is used for the regression on ;. The feasible
estimator of g is then obtained by replacing v; in (2.21) using v;

n _1n

/ﬁ\: Z(xt —Eh[xtlﬂ])(xt —fh[xtlﬂl)’ Z(xt _Eh[xtﬁ}\t])(yt —Eh[l’tm])- (2.23)

t=1 t=1
It is not necessary that the choice of kernels in the nonparametric regressions Eb[xtlrt],
Ej,[x:[7;] and E,,[v,[v;] should be the same. Finally, the intercept term can be estimated
by
1y =
a= ;@t ~x/p). (2.24)

2.3 The main results

2.3.1 Assumptions
We first make the following assumptions for establishing the asymptotic results.

Assumption 2.3.1. Assume that ¢(7) = (g1(7), g2(7),..., gx(7))" is a k x 1 vector of func-
tions and each g;() is a continuous and bounded function defined on [0, 1] with con-

tinuous derivatives of up to the second order for i =1,2,...,k. We also assume that

1 /

Q=L (8(1)-8)(g(1)-g) dr, (2.25)
is a k x k positive definite matrix when k > 1 and a positive scalar when k = 1, where
— 1
g= Jo g(r)dr.

Assumption 2.3.1 regulates the weak trend components in the regressors. The pos-
itive definiteness of the Q matrix rules out the case of collinearity when k > 1. When
k =1, Q is always positive as long as the trend g(t) is not a horizontal line. This
condition ensures that the coefficients can be identified properly and the estimator is

well-defined.

Assumption 2.3.2. A(-) is a continuous and differentiable function defined on R — R!.

Denote the first order derivative of A(-) as {(z) = A/(z).
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Assumption 2.3.3. (i) The error term u; is a stationary a-mixing time series with
mixing-coefficient a(-) satisfying ) 7> , a%é(d) < o0, for some 0 > 0 such that E [|ut|2+5] <
Q.

(ii) The error term v; is strictly stationary with zero mean and finite variance. The two

sequences u; and v, are independent for ¢t,s = 1,2,...n.

Assumption 2.3.3(i) contains the standard requirements for the stationary a-mixing
time series. The independence of u; and v; guarantees that the endogenous correla-
tion is separable and thereby can be represented by the control function (2.8). It is a
strong condition that u; and v, are independent for all t,s = 1, 2,...,n, however, we need
this assumption to prove the asymptotic results. Meanwhile, we address the follow-
ing restrictions on v; to regulate the weak dependence instead of using the mixing-

conditions.

Assumption 2.3.4. Let f(z) be the marginal distribution of the strictly stationary pro-
cess v for t =1,2,..,n. Let fy _+ (21,...,2,) be the joint probability density function of
Vi Viyreoes Vs, for p > 1. Assume that for p = 2,3,...,6, the joint and marginal densities

satisfy

p
J J Ftarty (20 22002p) = | | f(20)] d21...dz, = O(mP 7). (2.26)

totpnty=1 i=1

t1¢t2¢ itp

In addition, we introduce the following technical assumptions that are useful for the

proofs.
1. trlnai; %dz < oo, for p=12,3.
2. tr1na>t; C(Z)zﬁ}"(‘#dz<oo for p=3,5.
3. max IC(Zl)C(Z2)f (4f><(3:52?((z1,z2,z1,z2,z1,z2 dzydz,| < oco.

4 Dbzt Hf = 2f 2|ft1 ts(21,21,21, 22,22, 22) — f(21)*f(22)’|dz1dz; = O(n°).
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|IC (z)dz] < 0.

6. When p = 6, we have

max Z JJ'ftl ta,ents (21, 21,21, 22,22, 22) — f(21)3f(22)3|d21d22 = o(n4).

ts,tg
t1,t0,..,t4=1
by 2ty #... 21y

7. The partial derivatives satisfies

t11t2; ’ ﬂ

forp<6and 1<g;<q;<..<g,<p.

le de < 00,

ql&]z
ftl,tz, Lt Zl,--.,Zl,Zz,...,Zz)

It is a special situation that v, is unobserved in the nonparametric component A(v;)
and it works as the smoothing variable in the nonparametric estimation when comput-
ing the conditional expectations. Therefore, instead of assuming that v, is a stationary
a-mixing process as u;, we place restrictions on its marginal and joint probability den-
sity functions for the convenience of proving the Theorems.

The restriction in Assumption 2.3.4 is reasonable for the weakly dependent time
series v; as the joint probability density converges to the product of marginal densities
when the distances between the time indexes become sufficiently large, i.e., they are
asymptotically independent.

The estimation process has two kernel functions and bandwidths involved. When
we estimate the conditional expectations using the smoothing variable v;, for example,
Ep[x;|v;] and Eh[ytlvt], the kernel function is denoted as K;(-) with bandwidth k. When
we estimate the nonparametric time trend g(7;), the kernel function is represented
by K,(:) with bandwidth b. For the kernel functions and bandwidths, we have the

following assumptions.

Assumption 2.3.5. K;(-) and K;(-) are symmetric and continuous kernel functions. We
require that fK Jdu =1, qu )du =0, IK2 Jdu < oo, qu’K u)du < oo, for i =
1,2.
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Assumption 2.3.6. As n — oo, the bandwidths / and b satisfy h — 0,b — 0,nh?k —

00, 1b? — 0o, nh%* < 0o, nb% < 00, and b/hF — 0.

The conditions in Assumption 2.3.5 can be easily satisfied. For example, the Epanech-
u2
nikov kernel function K(u) = 0-75(1_u2)1(|u|§1)1 or the Gaussian Kernel K(u) = e~ 2 /V2m.
The conditions in Assumption 2.3.6 are reasonable when the bandwidth is selected as

~1/5). Meanwhile,

the usual optimal bandwidth, which has the same order as O,(n
bandwidth b should converge to 0 faster than h* to ensure the consistency of the esti-

mators.

2.3.2 Asymptotic results

A special feature in our estimation of the semi-parametric partially linear model is that
the smoothing variable v; in the nonlinear component is unobservable. It is therefore
replaced by its estimated value v; in the estimator. Hence, in all the analysis below,
we follow a two-step procedure by first considering the properties of the infeasible
estimator § and then address that the distance between the feasible estimator f)’\and
the infeasible estimator f§ is a small quantity that converges to zero in probability as
n — oco. Thus fﬁ\follows exactly the same asymptotic properties of § when the distance

between them converges to 0 sufficiently fast. Recall that the infeasible estimator is

defined as

where %, = x, — E[x,lv,] and 7, = v, — E,[v;|v,] are the modified versions of x, and ;.

The first Theorem ensures that the estimator is well defined.

Theorem 2.3.1. Under Assumptions 2.3.1 to 2.3.6, as n — oo, we have

— 1 &
%, = ;;xﬁcﬁ —p Q, (2.27)

where En is defined as (2.20) and Q is defined in Assumption 2.3.1.
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Remark 2.3.1. In fact, ¥, can be regarded as a generalized version of the 'variance-
covariance matrix’ that measures the variation in the time trends. Particularly, in the
univariate case, a relatively flat time trend leads to a small value of Q, which indicates
relatively insufficient information in the trending component. Thus it causes relatively

large standard errors in the estimator.

Replacing 7; in f using (2.16), we have

n 1w
BB =Bn+[Z’x‘t?c?] [ ’f{u‘t] (2.28)
t=1

where B, = (Z1, %i%) (L1 BA(wn)), A(vs) = Aw) ~Ey[ Aol and T = By vy

Rearranging the equation and multiply both sides by v/n, we obtain
Ytﬁt] (2.29)
1

-1
W(EﬁBH):[%Zm] 7

Lemma 2.3.1. Let Assumptions 2.3.3 to 2.3.6 hold. As n — oo, we have

VB,

= 0,(1). (2.30)

This Lemma indicates that the potential bias term is negligible in the asymptotic

results. It then leads to the following Theorem.

Theorem 2.3.2. Under Assumptions 2.3.1 to 2.3.6, as n — oo, we have
\/ﬁ(ﬁ—ﬁ)—m N(0,Q), (2.31)
where Q = Q7'A,, and A, is the long-run variance of u;.

According to Theorem 2.3.1 and in conjunction with Lemma 2.3.1, it is straightfor-
ward to show Theorem 2.3.2. In the next step, we pass the asymptotic properties of
the infeasible estimator to the feasible estimator by evaluating the distance between
the two versions of estimators. We first address in the following Lemma that the dis-

tance between the information matrices is negligible.
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Lemma 2.3.2. Let fn = n 'Y %%, where X; = x; —E,[x,/7;]. Under Assumptions
2.3.1to0 2.3.6, as n — oo, we have

Z'n_zn

Equation (2.32) is the key intermediate result we need to prove. As the distance

=0,(1). (2.32)

between ¥, and X, is converging to zero in probability, we have
= QI =112, =% + 2, = QI < I = Zull + 12, - Qll —p 0, (2.33)
which leads to the following Theorem.
Theorem 2.3.3. Under Assumptions 2.3.1 to 2.3.6, as n — oo, we have
~ 1 <&
T, - Y T%— Q (2.34)

n
t=1

This Theorem shows that the feasible information matrix also converges to Q. We
then move on to the asymptotic property of the feasible estimator. As in Theorem 2.3.2,
we have shown that the infeasible estimator is asymptotically normal with convergence
rate \/n. The following lemma bounds the distance between the feasible and infeasible

estimators.
Lemma 2.3.3. Under Assumptions 2.3.1 to 2.3.6, as 1 — oo, we have
[Va@- || = 0, (1), (2.35)
Based on this Lemma, the asymptotic normality is easily obtainable as follows.
Theorem 2.3.4. Under Assumptions 2.3.1 to 2.3.6, as n — oo, we have
Vi (B-p) —p N(0,Q), (2.36)
where QO = Q7'A, and A,, is the long-run variance of u;.

Corollary 2.3.1. Under Assumptions 2.3.1 to 2.3.6, as n — oo, we have

VO™ (B - B) —p N(0,Iy), (2.37)
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where I is the k x K identity matrix, Q= i;lfxu, in which En =n~ 1Y " %X and

p
A, = Za)lFL(l), (2.38)
I=-p

where T; () is the Ith sample autocovariance of u; and u; =y, — a0 — x;E— A(7;). Por
1=1,2,..,p, w; is a weight function that guarantees T.() nonnegative, p is a truncation
parameter. For example, in Phillips and Perron (1988), they used w; =1 -1/(p + 1),
which was first proposed in Newey and West (1987). Since both 3. ! and A, are con-

sistent estimators for Q and A,,, Q is a consistent estimator for Q).

Remark 2.3.2. Theorem 3.4.1 shows that the estimator j is yn-consistent. The conver-
gence rate is slower than the rate in the co-integration regression with I(1) process due
to the weak trend assumption. Since the weak trend g(7;) does not dominate the time
series, the simple OLS estimator is therefore inconsistent due to endogeneity. This phe-
nomenon is examined in the subsequent chapter of Monte Carlo simulations. Unlike
the limit distribution of the coefficients in the co-integration regressions, the limit dis-
tribution of (B — B) is Gaussian with zero mean. Therefore, it is more convenient to
conduct hypothesis tests for the parameters in (1.2) than for those in the co-integration

models.

2.4 Implementation steps and computational issues

Suppose that we are given the data set {y;, x1;,Xo4,..., x5} for t = 1,2,...,n and the as-
sumptions in the previous sections are satisfied. To obtain consistent estimates of the
coefficients in (2.9), we follow the estimation steps below.

Step 1: Use nonparametric kernel methods® to estimate the weak trends in x;; =

gi(t)+vyforty=t/mandi=1,2,.,k, t=1,2,..,n.

(1) = Bylxielry] (2.39)

’In R, we apply nonparametric regression using the ‘np’ package developed by Jeffery Racine and

Tristen Hayfield. https://cran.r-project.org/web/packages/np/np.pdf
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Then, compute k sequences of residuals v;; = x;; — g;(7;) for i = 1,2,..., k respectively.

Step 2: Conditional on vy, ..., 7y, obtain the expectations of y;, xy;,..., Xi; respectively.

70, =Ep[9:014r . Vit (2.40)
XVjy :Eh[xitﬁ}\ltl"-ﬁ/\kt]- (2.41)

Note that for multivariate nonparametric regression, the kernel function is defined as

the product of the kernel functions for each element, i.e.,

(2.42)

Vis —V;
K(vls,...,vks):HleK( = Zt).

Once we have the smoothed versions v, and xv;;, compute the modified versions of

the time series by

Vi =Y =9V, (2.43)
Xit =Xt — XVjy, (2.44)

fori=1,2,..,kandt=1,2,...,n.
Step 3: Apply the simple OLS method to estimate the coefficients of f,..., B in the

linear regression model
Ve = X111+ X0 Po + oo + Xpt B+ Uy (2.45)

Therefore,

n R
B=(Birs ) = (ZW] [ f?] (2.46)
t=1 t=1
Note that the intercept term is removed in the above regression. Once the estimated
values of f,..., fx have been obtained, the intercept term can be estimated by
1y — —
a=-— Z(?t = X1¢B1 — e = Xkt Pr)- (2.47)

n
t=1

Step 4: Compute the residual sequencee; =y, —a — xltﬁl —.. —xktl/B\k. Since the endoge-
nous correlation is defined as e; = A(vyy,..., Vxs) + U;, we can then uncover the control

function using nonparametric kernel methods.

A(vy) = Bul& 1014, - Tkt ). (2.48)
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Remark 2.4.1. The estimation process involves nonparametric kernel estimation that
we need to carefully select bandwidths of h and b. The selection of the bandwidths
is the trade-off between the bias and the variance of the nonparametric estimates. In
the literature, various bandwidth selection methods have been developed, such as the
rule-of-thumb and plug-in method, the cross-validation (CV) method, and the AIC type
methods, see Hiardle and Vieu (1992), Fan and Gijbels (1996), Fan and Yao (2003), Li
and Racine (2007), Cai (2007). In this thesis, we apply the cross-validation method
based on a grid search procedure. The optimal bandwidth of h for Ej,[x,|v,] is the one

that minimizes the objective function
n
: — 2

hop = arg min Z(xt - x_l(vt,h)) , (2.49)

h =T
where X (v;, h) is the leave-one-out kernel estimator of E,[x,|v;]. While for the optimal
bandwidth b for the time trend estimation in E,[x;|1,], as the error terms in (1.3) are
allowed to be weakly dependent, we should apply a modified version of the cross-
validation method by removing 2r + 1 data points around x;, i.e., we remove the data
points from x;_, to x;,, to ensure that the autocorrelation in v; does not affect the

selection of b. Therefore, the optimal bandwidth b,; is selected by

n

bopt = arg bmin Z(xt -g (1, b))z, (2.50)
t=1

and ¢ ,(t;,b) is the leave-(2r+1)-out estimator of Ey[x;|7;]. Note that when the error
terms are i.i.d., r = 0 is sufficient to eliminate the information at time t for cross-

validation, i.e., the usual leave-one-out cross-validation method.



Chapter 3

Endogeneity in the strong trending

regression

3.1 Strong trends and the OLS estimation

We noticed that all the trends have their orders of magnitudes. Recall the data gener-
ating process of x;,

xe = g(t) + vy,

where g(t) is the time trend and v, is the stationary error term. We use d to denote the

order of magnitude of the sum of squared trend. Specifically,

1 n
2 80— C, (3.1)
t=1

for some 0 <C<ooand d > 1.

In Chapter 2, we have already discussed the linear regression model where all the
trends are weak (d = 1). The weak trend does not dominate the time series. Therefore,
the endogenous correlation induces bias and inconsistency in the simple OLS estima-
tor.

In this Chapter, we consider the linear regression model where all the nonstation-

ary time series contain strong trends, i.e., d > 1 for all the trending time series. Thus

39
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the trend dominates the time series, and we show later that the simple OLS estimator
is consistent. However, the limit distribution may not be centered around zero. There-
fore, the OLS method provides consistent estimates, but the inference conclusions are

not reliable due to the endogeneity problem.

3.2 Identification and assumptions

As we only consider strong trending time series, the time trends play dominating roles
over the stationary disturbances. Formally, we regulate the nonlinear and nonpara-

metric time trends by the assumption as follows.

Assumption 3.2.1. Let G = (g1,9»,...,8) and g; = (g;(1),£i(2),...,gi(n)) for i = 1,2,.., k.

Assume that there exists a diagonal matrix D = diag(n“/?,...,n%?), such that as n — co,
D'G’'GD™' — Q, (3.2)
where d; >1fori=1,2,..,k and Q is a positive definite matrix.

This assumption rules out weak trends since the parameter d; is assumed to be
greater than 1 for i = 1,2,...,k. Matrix Q is a k x k positive definite matrix with full
rank, therefore, collinearity has been ruled out that none of the time trends can be
represented by the rest of the time trends. It is shown later that this condition is

necessary for identifying the coefficients.

Remark 3.2.1. Equation (3.2) simply implies that
1
E;gi(t)gj(t) — Qij» (3.3)
where di]- =(d; + dj)/2, fori,j=1,2,..,k.
For the purpose of nonparametric estimation, given the sample size n, it is equiva-
lent to define a rescaled time trend g;(7;) that

1 v Iv|g®)gt)| 1w,
i ;gi(t)gj(t) = Z( gdf_l) ][ ]d};l ] = ;gi(Tt)gj(Tt) — Qij (3.4)

t=1 n 2
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— di-1 ..
where g;(7;) =n" "2 g;(t)fori,j=1,2,...,k.

Assumption 3.2.2. Let (e;,1;)" = (€4, 114,-.-Mkt) be a k + 1 vector of i.i.d. innovations
with mean 0 and of = E[e?], ® = (0y,..,6k), 0; = Cov(es, ;) and X, is the k x k
variance-covariance matrix of #; = (114, ..., ;)" with o0;; being the element at the it row
and j* column, i.e., oij = E[n;1;:]. Meanwhile, E[e}] < oo, E[qi] < oo and E[efiyft] < 0,

fori,j=1,2,..,k.

Assumption 3.2.3. The error terms are defined as linear processes with respect to the

sequences of innovations defined above. Specifically,

o

et :Z¢s€t—s = O(L)ey, (3.5)
s=0

[ee]

v=) o 2 W(L)y, (3.6)

s=0
where @, = diag(i; 1, ..., Ps k) is a kxk diagonal matrix. The coefficients satisfy } 2 ¢p2 <

oo and ) 32y gbszi <oo,fori=1,2,..,k.

Since 1 is a diagonal matrix, for each element of v;, we can write

viy = Vi(L)y; e = Z'ubs,irli,t—s- (3.7)
s=0
Meanwhile, we define
fi,q(L) = Z(Psll)ﬁq,il‘sr (3.8)
s=0
Mig(L) =) dsrqthsil’, (3.9)
s=0

where L is the lag-operator, for example, L' x; = x,_;. Therefore, by the Beveridge-Nelson

Decomposition, we have
(L) =D(1)— (1 -L)D(L), (3.10)
Wi(L) =W(1) - (1 -L)W(L), (3.11)

fia(L) =fig(1) = (1 = L) f; 4(L), (3.12)
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mi,q(L) :mi,q(l) — (1 — L)Tf’}"l'Z L), (313)

al

where CD ) Zs 0 <P5L5 ( Zs 011Ds 1L5 fz q Z;K:)O fi,qsLS; ﬁii,q(L) = Z:io ﬁi,qsLs'
in which (Ps = Z;o:sﬂ (Pp' lzbs,i = Zp:s+l Yp,is fi,qs = Zp:s+l ¢p¢p+q,il mi,qs = Z;o:sﬂ ¢p+q‘/)p,i-

Remark 3.2.2. In fact, Assumption 3.2.3 is a special case of the following linear pro-

cess. Assume that u; = (e;,v/) and

= Zwmé s (3.14)

where p; is an i.i.d. process with mean 0 and variance-covariance matrix ¥,

Assumption 3.2.4. In addition, we propose the following conditions that are necessary
for establishing the asymptotic results. Let H represent f or m in the BN decomposi-

tion and we assume
L Y2 fs < oo
2. Zq 1 2sm0H 1q5 < ©o.
3. | g =1 Hig (1)Hj 4, (1)] < o0,
4 1 Ep5 X1 Higy (DHg, (D Hipeg, (DHj g, (1] < co.
5. Yoo -1 Hig,(1)*Hj 4, (1)* < 0.
6. 1L 01 Lot Z;;;:ql H; g (1)Hj g, (1)H; g, (1)Hj g, (1)] < c0.
201

7. Yot Hig(1)? < oo,

8. lim,oon'™ [ [ Z(1)Zi(m)y(n(1y - 1), j)dT1d Ty = 0,
where V(d']) = qu 1H] ql(l)Hj,d+q1(1)-

9. |Z qu 1 ]ql( )Hj,p+q1(1)|<°°-

10. Y021 Hig(1)* < oo,
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1L Y5a1 L g1 Hig, (1)7Hig,(1)% < co.

These assumptions can be easily satisfied, particularly when the error term follow a
stationary AR(p) or MA(q) process. For example, in condition 8, y(d, j) is a finite value
when the time series follows an AR(1) process, hence the limit converges to 0 for dj > 1.
When O = 0, the innovations €; and r; are correlated and therefore, the error terms v;
and e; are correlated. Then it causes the problem of endogeneity in the regression.

We define the sample information matrix as Q = D' X’XD1. The strong trend
condition indicates that the stationary disturbances in the regressors are dominated.

Therefore, they can be ignored in the information matrix.

Theorem 3.2.1. Under Assumptions 3.2.1 to 3.2.4, as n — oo, we have
Q=D'X’XD™' —, Q, (3.15)

where Q is a positive definite matrix defined in Assumption 3.2.1.

This Theorem shows that the variation in the time trends plays a central role in the
identification and estimation of . In the next section, we discuss the performance of

the simple OLS estimator given that all the trends are strong, i.e., d; > 1 for all i.

3.3 The simple OLS estimator

In this section, we investigate the asymptotic properties of the simple OLS estimator,

which is defined as

-1
Eols = [thx;] [th?t]- (3.16)

t=1 t=1
In matrix form, it can be written as

Bois = (X'X)7'(Xy). (3.17)

In Theorem 3.2.1, we have shown that D1 X’XD! —>p Q as n — oo, in which Q is a

positive definite matrix. Therefore, D! X’XD~! is invertible and

D(Bos-B)=(D7'x’xD7) " (D7 X"e). (3.18)
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Obviously, the convergence rates of the coefficients depend on the strength of the

trends respectively. We show that

Theorem 3.3.1. Under Assumptions 3.2.1 to 3.2.4, as n — oo,

D(Bois—p-D7'Q'D7'nb) —p N(0,Q7'QQ7Y), (3.19)

where b = E[e;v;] = (Z]f’io qu‘Pj)G, Q) is the asymptotic variance-covariance matrix of

D~!'X’e. Specifically, if d; = d;=1,and let 65; = E[etijt] and 0,;; = E[efqimﬁ]. We have

sz —01 2Q1]+f1 f] 521] 6 6 f] ( )62jg_i+q) fl 621g]
+0101]Zﬁ‘h )i (1 +0101]Zmlql mjq,(1)
q1=1 q1=1
+0,6; Zfi,q(l)m],q(m 0,6; ij,q(l)mi,qu), (3.20)
q=1 q=1

where g, = Io gi(t)dt. Ford;>1butd; =1,

Q;j =2 D(1)2Q;; + D(1)f; 0(1)0,,3 - (3.21)

Finally, when d; > 1 and dj >1,

Qz] _01 D(1 ) sz (3.22)

Note that the endogenous correlation between the error terms induces bias in the
simple OLS estimator. As the strong trends dominate the time series, the endogene-
ity bias diminishes to zero when n — co. To investigate the bias and the asymptotic
distribution under different orders of trends, we study the univariate regression and

introduce the following Corollary.

Corollary 3.3.1. Under Assumptions 3.2.1 to 3.2.4, let k = 1. As n — oo, we have
\/E(B\Ols_ﬁ_Bn)_)D N(0,Q7'QQ™), (3.23)

where B,, = nl_dQ\b.
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Also note that when d =1, B,, = éb, and it does not vanish when the sample size
tends to infinity. Therefore, the simple OLS estimator is biased and inconsistent. While
in the case of d > 1, the bias term is negligible that B,, = 0,(1) and the simple OLS es-
timator is super-consistent when n — co. The speed of convergence is faster than the
usual /n rate because the trend goes to infinity when the sample size tends to infin-
ity. Hence, in terms of estimation, the endogeneity does not affect the consistency of
the estimators, though in finite sample, the bias can hardly be neglected. However,
inference is substantially affected by endogeneity since VniB, = nl_%ab is not decay-
ing with sample size n when 1 < d < 2. Even when d > 2, the limit distribution can
also be distorted significantly in finite sample. We formally address these properties

as follows.

Corollary 3.3.2. As n — oo, when d = 1, the OLS estimator is inconsistent. However,

when d > 1, the OLS estimator is consistent. Specifically

* For d = 1, the estimator is inconsistent with bias Qb. Hence, we can not apply

the bias-correction method. !

e For 1 <d < 2, the estimator is biased but consistent, and the bias diminishes to

zero at the rate of n1 ™4,

« For d = 2, the estimator is super-consistent. However, 1(B,; — B) converges to a
distribution that is not centered around zero. Specifically, the limit distribution

becomes

n(Bots — B) —p N(B,Q'QQ™), (3.24)

where B = Q7!b is a non-zero constant when there exists endogeneity.

* For d > 2, the potential bias term satisfies VnB,, = op(1), which is negligible to

the limit distribution that is always regarded as Op(1). Therefore, the simple OLS

IThis is the weak trend condition, and we should use the control function approach introduced in

Chapter 2.



46 CHAPTER 3. ENDOGENEITY IN THE STRONG TRENDING REGRESSION

estimator is unbiased and consistent.
Vi (Bys - B) —p N(0,07'QQ7), (3.25)

In the next section, we propose a bias-corrected estimator to adjust for the bias in
the simple OLS estimator when d; > 1 for i = 1,2,...,k, without the need to know the

exact order of the trending components.

3.4 The bias-corrected estimator

Since the simple OLS estimator is always consistent when d > 1, the bias in the OLS es-
timator can therefore be estimated consistently. We propose a bias-corrected estimator
as follows.
n 1oy
Buc = Bots—Bias =Bos=| ) _xixi| ) 7ie, (3.26)
t=1 t=1
where v; = x; - g(7;), ¢ = v — x;Pors, and g(7;) = (81(7y), -, 8k (1)) that g;(7;) is the non-

parametric estimates? of the time trend g;(;).

Remark 3.4.1. Fortunately, we do not need to know the value of d; when we do the

bias-correction for ﬁols as d; is not involved in the estimator of the bias term.

Theorem 3.4.1. Under Assumptions 3.2.1 to 3.2.4, the bias-corrected estimator is un-

biased and consistent.

D(Bye— ) —p N(0,Q7'QQ™). (3.27)

The availability of the bias-correction method depends on the consistency of the
first-stage OLS estimator and this condition is similar to that in Phillips and Hansen
(1990). In fact, we show that

1
n

ﬁbc_ﬁ :ﬁols[zxtx; le—ﬁ
t=1

2t is not a problem to write g(7;) instead of g(t) because for estimation purposes, they are equivalent.
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n
o ’
= ﬁols - thxt

t=1

-1 "

-1
nb-p+ [thxg] n(b-"b)

t=1

:Sl(Tl)'l'Bz(n), (328)

where S;(n) converges to the limit distribution in (3.27) according to (3.19), while
B,(n) is the potential bias term that B,(n) = Op(n%‘d) and \/n_de(n) = Op(n¥), which
is always 0,(1) when d > 1. Hence regardless of the value of d, the endogeneity bias can
always be ignored in the bias-corrected estimator B\bc and the asymptotic distribution

is always centered around zero when n — co.

3.5 Estimation of the trending parameter

Although we do not need to know d; in the bias-correction procedure, we do need to
approximate its value when we estimate the variance-covariance matrix. An imperfect
way of estimating d; is introduced as follows.

Note that as Q; converges in probability to a constant value Q;, and

n

fot = Q;ni, (3.29)

t=1

We take the logarithms of both sides, and yield

n
log inzt =logQ; +d;logn. (3.30)
t=1
Therefore,
1 "oxk o1 ;
dl — ngt—l 1t + Ong' (3'31)
logn logn
~——
0p(1)
Since 1/logn — 0 as n — oo, we define a consistent estimator for d; as
—~ logY ! x*
d; = @ (3.32)

logn

fori=1,2,..k.
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Remark 3.5.1. The problem in the estimator of d; is that logn goes to infinity very
slowly with 7, so that the second term in (3.31) can be quite large in finite sample,

resulting a relatively quite large bias in d;.



Chapter 4

Numerical evidence

4.1 Overview

In this chapter, we first present some simulated examples to compare the OLS estima-
tor and the proposed estimator in this thesis. In the weak trending regression case, we
find the presence of persistent biases in the simple OLS estimator due to the problem
of endogeneity. By using the control function approach, the estimators for the coeffi-
cients in the augmented semiparametric partially linear model become unbiased and
consistent. While in the strong trending regression case, the simple OLS estimator
itself is consistent when the sample size tends to infinity. In the finite sample case,
however, the bias can be substantially large for the OLS estimator. On the other hand,
the bias-corrected estimators are unbiased and consistent as they significantly reduce

the bias.

We then show an empirical example to demonstrate the applicability of the models
as well as the estimation procedures. We consider the linear regression of the loga-
rithm of aggregate personal consumption on the logarithm of the aggregate personal
disposable income and the real interest rate. The result reveals how personal con-
sumption reacts to the changes in personal disposable income and real interest rate.

We also find a nonlinear relationship between the error terms that induces the problem

49
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of endogeneity.

4.2 Simulated examples

4.2.1 The weak trending regression model

In this subsection, consider the time series data generated from the trending regression

equations as

Ve =Pr1X1 + Paxor +ep (4.1)
X1 =81(7) + V14 (4.2)
X2t =82(T¢) + V21, (4.3)

fort =1,2,..,n, and 7, = t/n. In the process, we let f; = 0.7, 3, = 0.5. The time trends
are bounded weak trends g;(t;) = 3 — 4(t; — 0.5)? and g»(7;) = 2 + 0.7sin(27m7;). The
error term e; is correlated with v;; and v,; that e; = 1.5vy; + vo; + ;. Meanwhile, vy, vy,
and u; follow stationary AR(1) processes v;; = 0.2v; ;_; +11;; and u; = 0.2u;_1 + €; where
entlis X N(0,0.22) for i =1,2.

We examine the performances of the simple OLS estimator for f; and f8, in (4.1)

and the proposed estimator (2.23) for the semiparametric partially linear model

Ve = X141 + X0 o + A4, Vop) + Uy, (4.4)

where A(:) is an unknown nonparametric control function, u; is the error term inde-
pendent with xq4, X5, V14, Vo4
The time series are simulated independently for Ng = 5,000 times, and the estima-

tion procedures are conducted each time. We denote the OLS estimator and the esti-

—_

mator in equation (2.23) as /)’10;5 B?Zntrol

The sample sizes are chosen as 250, 600 and 1000 respectively.

and respectively fori=1,2and p=1,2,.., Np.

To show the properties of the two estimators, we calculate the averages of the biases,

the standard deviations as well as the root mean squared errors for the two estimators
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in Table 4.1. Specifically, they are computed by the formulas below.

1 &
Biasi =5~ ) Bip=P (4.5)
p=1
1 & P M)
Std; = Biy——1Y Bi,l, 4.6
; \NB_1; Biv NB;/sz,p (4.6)

RMSE; = /Bias? + Std?, (4.7)

fori=1,2,and 73\1'4, is replaced by B\l"if and 73:?;’]””"1 respectively for the two estimators.

Table 4.1: Simulation results for the weak trending regression with endogeneity.

OLS Control function

n 250 600 1000 250 600 1000

Bias | 0.4776 0.4755 0.4787 | 0.0105 0.0088 0.0028
p1  Std | 0.0663 0.0430 0.0340 | 0.1132 0.0764 0.0577
RMSE | 0.4822 0.4775 0.4799 | 0.1137 0.0769 0.0578

Bias | 0.1420 0.1446 0.1462 | -0.0324 -0.0307 -0.0298
B, Std | 0.0506 0.0307 0.0242 | 0.0719 0.0428 0.0343
RMSE | 0.1507 0.1479 0.1482 | 0.0789 0.0527 0.0454

According to the discussion in Chapter 2, since the weak trends do not dominate
the stationary error terms, endogeneity causes persistent biases in the simple OLS es-
timators for the coefficients. Therefore, as expected, a non-diminishing positive bias is
seen in the simple OLS estimates of f; (= 0.47) and B,(= 0.14). This result reconciles
with the theoretical conclusion that the OLS estimators are inconsistent in the weak
trending regression with endogeneity.

On the other hand, by applying the control function approach, we fix the prob-
lem of endogeneity, and the control function extends the linear regression model to a

semiparametric partially linear model as (4.4). In Chapter 2, we have shown that the
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proposed estimators for f; and 8, converge to their true values consistently. The bi-
ases are negligible, and the standard deviations decrease at the rate of 1/y/n as n — oo.
Therefore, the control function approach successfully adjusts for the endogeneity bias

and yields unbiased and consistent estimates of the coefficients.

4.2.2 The strong trending regression model

In this subsection, we investigate the behaviors of the simple OLS estimator and the
bias-corrected estimator in the strong trending regression models with endogeneity.
We also show the improvement in terms of statistical inference when the endogeneity

bias has been adjusted. We consider a univariate regression

Vi =Xt +ey (4.8)

xp =g(t)+ vy, (4.9)
where we let § = 0.5 and consider two kinds of trends in the regressors
» Example 1: g(t) = 0.1Vt
* Example 2: g(t) = 0.01t.

In the first example, as t — oo, the trend term goes to infinity with diminishing speed.
The magnitude parameter d = 2 and according to our previous discussion in Chapter
3, the OLS estimator is consistent, but the limit distribution of n(ﬁ\ols— B) is not centered
around zero. While in the second example, there is a linear time trend in the regressor,
hence the trending parameter d = 3. The OLS estimator is unbiased and consistent
theoretically.

The error terms e; and v; follow AR(1) processes as e; = 0.2¢;_; +€; and v; = 0.2v;_ +

yi.d.d.

1s, where (e;,1;)" "~ N(0,X) and

Y= , (4.10)
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where the off-diagonal element is nonzero. Hence, ¢; and v; are correlated, causing
endogeneity in the regression model.

We generate the data and obtain the simulation results independently for N =
5,000 times with sample size n = 300,600 and 900 respectively. In each replication,
we compute the estimates by using the simple OLS and the bias-correction methods.
Table 4.2 shows the biases, standard deviations and the root mean squared errors for

both estimators 73\1‘,’15 and B‘Sc under different cases of trends and sample sizes.

Table 4.2: Simulation results for the strong trending regression with endogeneity.

OLS Bias-correction

n Bias Std RMSE | Bias Std RMSE

300 | 0.2851 0.0412 0.2880 | 0.0581 0.0522 0.0781
Example1 600 | 0.1563 0.0245 0.1582 | 0.0174 0.0285 0.0334
900 | 0.1076 0.0171 0.1090 | 0.0082 0.0191 0.0208

300 | 0.1541 0.0344 0.1579 | 0.0179 0.0403 0.0441
Example 2 600 | 0.0418 0.0141 0.0442 | 0.0017 0.0148 0.0149
900 | 0.0189 0.0078 0.0204 | 0.0004 0.0081 0.0080

According to the main results in Chapter 3, the strong trend in x; dominates the
stationary error term v;, and therefore the OLS estimation of the coefficient § is con-
sistent for both examples regardless of the existence of endogeneity. As the sample
size increases, a sequence of decreasing biases is seen in Table 4.2 for the OLS esti-
mator in both examples. However, when the sample size is relatively small, the bias
can still be substantially large. It is obvious in Table 4.2 that as an improvement, the
bias-correction method significantly reduces the biases, and the RMSEs for the bias-
corrected estimator are only a quarter of those for the simple OLS estimators.

The endogeneity issue not only affects the estimation accuracy, but also severely

distorts the statistical inferences of the coefficients even for the very strong trend con-
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ditions. Suppose that we are interested in testing the hypothesis
Hy:B=0.5 vs. H:p=0.5. (4.11)

In the following context, we show the nonparametrically estimated distributions of the

t-statistics for the two estimators. The ¢ statistics are computed as follows.

—_

Bp—0.5
tiy = ———, 4.12

for the two estimators ffgls and ﬁ;’;c and p=1,2,.., Ng. Figure 4.1 and 4.2 are presented

Figure 4.1: The distributions of the ¢-statistics for the OLS and the bias-corrected esti-

mators when d = 2.
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—— Bias—corrected (n=300)
- - - Bias—corrected (n=600
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™
s
N
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—
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Q ———
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respectively for the two examples of trends. In each graph, black lines represent the es-
timated distributions for the t-statistics based on the OLS estimator, while the red lines
shows the estimated distributions for t-distributions of the bias-corrected estimator

with sample size 300 (solid line), 600 (dash line) and 900 (dot-dash line) respectively.
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Figure 4.1 shows that when the order of the trending magnitude is 2, the distri-
butions of the t-statistics for the OLS estimators are not centered around 0. In other
words, the distributions are persistently biased (the black lines) regardless of the sam-
ple size. When it comes to the bias-corrected estimators, however, the means of the
distributions of the t-statistics are moving towards 0 as the sample size tends to infin-
ity. Hence, bias-correction is of critical importance for hypothesis testing as it signif-
icantly reduces the probability of making the type-one error, which is very high (close

to 100%) for the OLS estimators.

Figure 4.2: The distributions of the ¢-statistics for the OLS and the bias-corrected esti-

mators when d = 3.
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In the second example, the order of the trending magnitude is 3 for the linear time
trend. Therefore, the OLS estimator is consistent when n — oo and the potential bias

caused by endogeneity is proportional to op(1), which is negligible to the limit distri-
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bution. Consequently, in Figure 4.2, all the centers of the t statistics distributions are
moving towards 0 for both OLS and bias-corrected estimators. When the sample size is
small, the mean of the t-statistics for the OLS estimator starts from the location which
is quite far away from 0. Thus, the bias in the distribution of the t-statistic may not
be negligible. On the other hand, in terms of unbiasedness and consistency, the bias-
correction method gives a much better estimator whose distribution of the t-statistics

is centered close to 0 even when the sample size is small.

Table 4.3: The probability of making the Type I error.

Example 1(d = 1) Example 2(d = 2)

n OLS Bias-correction | OLS Bias-correction

300 | 0.998 0.184 0.991 0.071
600 | 1.000 0.089 0.836 0.048
900 | 1.000 0.074 0.663 0.051

The adjustments for the endogenous bias is critical to statistical inferences of the
coefficients. In the simulation, the real value of  is 0.5. Therefore, we should not
reject Hy. Table 4.3 shows the proportion of the t-statistic that is greater than the
critical value! under 5% significance level. Due to the endogenous correlation, the
sizes of the t-test based on the simple OLS estimator exhibit severe distortions in both
examples. While with relatively larger sample size, the probability of making the Type
I error converges to the normal 0.05 for the bias-corrected estimators. To summarize,
even though the OLS estimator is consistent when the trending parameter d > 3, the
inferences are not reliable when endogeneity is present in the regression model. The
bias-corrected estimator performs much better in terms of estimations and inferences

of the coefficients.

Here we choose the 97.5% quantile of the ¢t-distribution with degree of freedom 1 — 1.



4.3. EMPIRICAL EXAMPLE 57

4.3 Empirical example

In this section, we explore the relationship between the quarterly data? of the U.S. ag-
gregate personal disposable income, the aggregate personal consumption expenditure

on non-durable goods and services and the real interest rate from 1960Q1 to 2009Q3.

Figure 4.3: The data and the removal of linear trends
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(a) Log of income and consumption. (b) Data used in the regression model.

The logarithms of aggregate personal disposable income and aggregate personal
consumption expenditure are plotted in Figure 4.3a. We estimate and remove the
linear time trends® in both time series and denote the residuals as i; and ¢, for income
and consumption respectively. Figure 4.3b shows the graphs of ¢; and i; as well as the
real interest rate r,. These three time series are usually believed to be pure random

walk processes as the null hypothesis of unit root cannot be rejected in the ADF unit

2The data can be downloaded from http://www.bea.gov.
3We should remove the linear trends as they are caused by the average growth rates of income and

consumption. However, we are interested in the deviations to such average level, which would cause

nonlinear trends in the long-run.
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root test. Based on the arguments in this thesis, it is also reasonable to assume that

these three sequences c;,i; and r; are nonlinear trend-stationary time series that

iy =g1(t) +v1p, (4.13)

re=go(t) + vy, (4.14)

where g;(t) are nonparametric functions of time trends for i = 1, 2.
For the nonparametric estimation purposes, the nonlinear trends can be standard-

ized on [0, 1] with given sample size n. i.e., we write the DGP of the regressors as

iy =81(T¢) + V14 (4.15)
1 =82(T) + vy, (4.16)
where 1, = t/n. Since the trend functions are continuous and differentiable, one can
estimate the trends using nonparametric kernel methods. Note that g(7;) is the esti-

mated value of g;(t). In this thesis, the two functions g;(7;) and g,(7;) are estimated

using nonparametric local linear kernel methods as in Figure 4.4.

Figure 4.4: The explanatory variables and their estimated trends.
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(a) i; and its estimated trend. (b) r; and its estimated trend.
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The real solid lines are the estimated trends, and the blue dashed lines are their 90%
confidence bands. Since the horizontal zeros-line (dot line) is not entirely contained in
the 90% confidence band, it indicates that the trends exist significantly.

We then examine the stationarity of the two residual sequences vy; = i; — g1 (7;) and
vy = 1 — §(1;). By visual inspection, the two residual sequences have stable means as

they fluctuate steadily around zero in Figure 4.5.

Figure 4.5: The residuals of v1; and vy;.
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Meanwhile, Figure 4.6 presents the autocorrelation functions (ACF) and the partial
autocorrelation functions (PACF) of the two residual sequences. The ACF and PACF
decay to zero very quickly, suggesting very weak serial dependence in the residuals.
Further, the p-values of the Augmented Dickey-Fuller test with respect to the two resid-
ual sequences are smaller than 5%. Therefore, the residuals of v;; and v;; are station-
ary time series, and hence the data generating process (4.13) and (4.14) for i; and ¢; are

reasonable.
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Figure 4.6: The ACF and PACEF of the estimated residuals v;; and vy;.

ACF of residuals V1 ACF of residuals V2
o | e
- -
«© | «©
o o
© ©
S S
w ¥ TR
o o
g e
- S A |
S Tl ‘ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, * S O O R
] L ‘ [ =] ‘ , ‘
S \‘H H‘w S ‘JH‘\\”HHH\
£ T [ O S I I A
o o -
] |
T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
Lag(Year) Lag(Year)
PACF of residuals V1 PACF of residuals V2
©
© | S
o
<
o
< |
w o L
9] Q
< <
g 3 3
g o S ‘ ————————————————————————————————————————
”””””””””””””””””””””””””””””” = ‘ \ ‘ \ ‘ \ : ‘
| | [T
(=} | | ‘ L
° ‘ \ R \ \ | | | o [T
S 4
[]
o [
9 T T T T T T T T T T
1 2 3 4 5 1 2 3 4 5
Lag(Year) Lag(Year)

To reveal the relationship between the aggregate personal disposable income, the
personal consumption expenditure and the real interest rate, we consider the linear

regression* model®

Ct:itﬁ+rt)/+€t, (4.17)

where the regressors are assumed to follow (4.13) and (4.14). Intuitively, consumers

41t is equivalent to estimate ¢, = a + 6t + iy + 11y +e; if we do not remove linear trends in ¢; and i;.
>We subtract each time series with its mean and therefore the intercept term is ignored.
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spend more if there were an increase in the personal disposable income or a decline
in the real interest rate. Hence, we would expect a positive value of f and a negative
value of y. The problem of endogeneity arises as the error terms v;; and v,; are possibly
correlated with e;,. Hence, the simple OLS estimation of the coefficients are not reliable.
In the following two subsections, the regression is conducted under the assumptions

of weak and strong trends respectively.

4.3.1 The weak trending regression model

In this subsection, we assume that the time trends in i; and r; are bounded functions
of 7; in (4.15) and (4.16). Therefore, i; and r; contain weak trends and the simple
OLS estimator is biased and inconsistent. To deal with endogeneity, suppose that the

endogenous correlation can be expressed by the nonparametric control function
et = /\(vlt,VZt)‘f‘ut, (418)

where u; is uncorrelated with v; and v,;. Hence, replacing e; in the linear regression
model, we have

cr=if+ry+ AV, v) + Uy, (4.19)
in which the nonparametric control function captures the endogenous correlation with-
out the risk of misspecification. The problem of endogeneity disappears since u; is

assumed to be uncorrelated with #;, r;, v{;, and vy;.

Table 4.4: Estimated coefficients in the weak trending regression model.

OLS Control function
B | 0.7541 0.7718"
(0.0232) (0.0266)
Y | —0.2438™ -0.3663"
(0.0435) (0.0662)

The estimates of the coefficients are summarized in Table 4.4. They are significant

at the 1% significance level. The estimated coefficients have the correct signs as ex-
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pected that higher income leads to higher consumption (positive ), while higher real
interest rate encourages people to save more and spend less (negative y). Meanwhile,
due to the issue of endogeneity, the simple OLS estimates underestimate the elasticity
of income and real interest rate to consumption.

Since f)’\and y are unbiased and consistent estimators for § and y by using the
control function approach, we can recover the control function e¢; = A(vy;,vy;) using

the residuals e;, V1, V.

Figure 4.7: The local linear kernel estimation of the control function
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Figure 4.7 is the local linear kernel estimation of the control function, which is
nonlinear and can hardly be expressed as additive functions of v{; and v,;. There-
fore, if we specify incorrect parametric forms for the control function, for example,

AV, v2r) = P1V1+ + P2V2s, Such misspecification would lead to inconsistent estimates of
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pand y.

Figure 4.8: The estimated conditional means of the control function
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In addition, Figure 4.8 presents the nonparametric kernel estimates of the expecta-
tions of the control function conditional on vy, and v,;, respectively. The 2-dimensional
graphs provide much convenience to the determination of the significance of the con-
trol functions with respect to v{; and v,;. The 90% confidence bands (the blue dashed
lines) show that both regressors are endogenously correlated with the error term in the
regression model (1.2). Also, the form of such correlation is not linear as what we have

—

observed in the graph of A(v;;,v5;).

4.3.2 The strong trending regression model

In practice, the logarithm of aggregate income is usually believed to be a random walk

process with drift, i.e.,

it =w+ it—l + Vi¢s (420)
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for some constant w > 0. The positive drift generates the upward trend and a pure

random walk is then left behind as z;.
it:i0+a)t+zt, (421)

where z, = Y !_; v|,. The order of magnitude is 2 for the pure random walk process that
Y zt2 = Op(n?). As discussed in the introduction, it is difficult to distinguish it from
a nonlinear trend-stationary process. Therefore, it is also reasonable to assume that in
addition to the linear upward trend, there still exists a time trend that is weaker than
the linear time trend, but stronger than a weak trend (therefore 1 < d < 3). Specifically,

the data generating process of log income can be written as
it:i0+w1t+g1(t)+v1t. (4:22)

where vy; is stationary and g;(#) is a deterministic nonlinear time trend with magni-
tude order 1 < d < 3. Since the strong linear trend wt is caused by the average growth

rate, which is not our concern, we remove the linear trend and focus on
iy = &1(t) +v1p (4.23)
where g () is a strong trend. Similarly, the real interest rate r; can also be written as
e = g2(t) + vy, (4.24)

in which g,(t) is a strong trend. Therefore, we consider the regression model® as fol-
lows.

Ct = itﬁ+1’t7/+€t, (425)

where 7; and r; contain strong trends g;(¢) and g,(?).

Table 4.5: Estimated coefficients in the strong trending regression model.

OLS Bias-correction s.e.
B | 0.7541 0.7233 0.0231**
¥ | -0.2438 -0.3059 0.0434*

®Again, the data has been demeaned and therefore the intercept term can be ignored.
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Table 4.5 shows the coefficients in (4.25) estimated by the simple OLS as well as the

bias-correction method. For the estimated values of § and y, the difference between

the two methods are approximately 1.5 standard errors for each coefficient.

OLS residuals

Figure 4.9: Scatter plots of residuals
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(a) v1; and the estimated OLS residuals.
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(b) v5; and the estimated OLS residuals.

Figure 4.9 shows the scatter plots of the OLS residuals versus the estimated values

of vy; and vy; respectively. It is clear that the OLS residuals are correlated with the

innovations in i; and r,. Specifically, the OLS estimates are positively biased as e; is

positively correlated with v7; and v;.
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Chapter 5

Conclusions and further discussion

5.1 Conclusions

We first discussed the differences between the nonlinear trend-stationary process and
the unit root process in term of statistical properties and empirical interpretations.
We also explained the difficulties to statistically discriminate between the two kinds
of data generating processes. The model we studied in this thesis reveals the co-
trending relationship between the nonstationary time series with nonlinear determin-
istic trends, and it is regarded as an analogy to the co-integration model with inte-

grated time series.

To deal with the problem of endogeneity, we adopted two methods to correct for
the endogeneity bias in the OLS estimator of the regression models with weak and
strong trending time series respectively. We showed that when the regressors have
weak trends, the simple OLS estimator is biased and inconsistent as the trending com-
ponent does not dominate the stationary error term. A nonparametric control function
approach is employed to fix the problem by extending the linear regression to a semi-
parametric partially linear model. Based on the generating process of our regressors,
the usual identifiability condition for the partially linear model is not satisfied. How-

ever, we showed that the conventional estimator is still unbiased and consistent in that
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the sample version of the identifiability condition can be satisfied. Simulation results
verified the consistency of the estimator for the partially linear model with comparison

to the simple OLS estimator for the linear regression.

While in the second case, we assumed that all the regressors have strong trends,
which dominate the stationary error terms. Therefore, the endogeneity bias dimin-
ishes, and the simple OLS estimator is consistent when the sample size goes to infinity.
However, statistical inferences are affected by the issue of endogeneity. We defined a
magnitude parameter that describes the strength of the trends in the regressors, and
developed the asymptotic results for different values of such trending parameter. We
also found that the estimation bias could be substantially large when the sample size is
small. To adjust for the endogeneity, we proposed the bias-corrected estimator based
on the fact that the initial OLS estimator is consistent. The asymptotic results as well
as the simulation results show that the bias-corrected estimator is unbiased and con-
sistent. Moreover, the size distortion in the hypothesis test is alleviated by using the

bias-correction method.

We applied our model and estimation method to study the regression between the
logarithm of aggregate personal consumption, the logarithm of the aggregate personal
disposable income and the real interest rate. The regression equation represents the
long-run behavior of consumption to income and real interest rate. However, it is
affected by the problem of endogeneity because income and consumption belong to
a system of simultaneous equations. In the two scenarios of trends, we applied the
nonparametric control function approach and the bias-correction method respectively.
Both methods showed corrections to the OLS estimator, and the nonlinear endogenous
correlation between the error terms are found according to the graph of the estimated

control function and the scatter plot of the residuals.

One major finding of this thesis is that the econometric properties of the estimators
with the trending time series involved are different from those with stationary time

series. The main reason is that for the nonstationary time series, we have additional



5.2. FURTHER DISCUSSION 69

information of trends contained in the data. Of course, this thesis is a very primary

study of this topic, and there is much more to be explored in the future.

5.2 Further discussion

Before we discuss the future research directions on the basis of the results in this thesis,
let us first review some of the regression models with deterministic and stochastic

trends in the next two sections.

5.2.1 Regression models with deterministic trends

We first summarise the models that mainly focus on explaining the variations in the
trending time series and panel data. The main feature is that these models have non-
linear and nonparametric deterministic time trends included. For example, Gao and
Hawthorne (2006) investigate the climate time series data using a semi-parametric

model

k
vi=g(t/m)+ ) BpXpi+er, (5.1)
p=1

where y; is a nonstationary trending time series, g(t/n) is a nonparametric function
of 7, = t/n that captures the nonlinear time trend in the temperature series y;. The
regressors Xiy,..., X,y are stationary covariates that explain the variations in y; around
the time trend with constant coefficients. The nonparametric form of g(-) allows the
data to speak for themselves so that the trend term is free from misspecification. A
simple test shows that the estimated trend g{:) should be nonlinear rather than linear.

Later in Cai (2007), the author proposes a varying-coefficient trending time series

model formulated as ]

ye=glt/m)+ ) By(t/n)xy + e, (5.2)
p=1

where the error term is allowed to be serially correlated. Compared with (5.1), the

time-varying coefficient model is more adaptive to the empirical data as it is able to
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capture the dynamic changes in the relationships between y; and the regressors.

In Liang and Li (2012), the authors constructed a functional coefficient regression
model as

Y = x;B1(z¢) + tfo(2;) + uy, (5.3)

for t =1,2,...,n, where z; is a scalar, and x; is stationary. Instead of allowing the coeffi-
cients to change over time, the authors let them depend on a scalar variable z; so that
we are able to identify the reasons that caused such changes in the trends.

In panel data models, nonlinear time trends are also taken into account to capture
the trending feature. Robinson (2012) considers a nonparametric trending regression

with cross-sectional dependence. The model is formulated as
Vit = & + B + ejp, (5.4)

where e;; is allowed to be correlated and heteroscedastic over the cross section.
Chen et al. (2012) study a semi-parametric trending panel data model with cross-

sectional dependence

Vi =X, B+ f(t/n) + @ + ey, (5.5)
Xip =g(t/n) + x; + vjy. (5.6)

By incorporating the unknown nonlinear deterministic trends f(t/n) and g(¢/n), the
model is capable of accommodating a wide range of nonstationary time series.

There are two major improving directions in the above models. First issue is that
the regressors in all these models except Chen et al. (2012) need to be stationary.
Hence, they can not reveal the co-trending relationship that should be expressed in
the form of regressions between trending time series. The second is that none of the

above models consider the possible endogeneity issue in the regressions.

5.2.2 Co-integration models

In the thesis, our model deals with nonstationary time series with deterministic trends

rather than stochastic trends. Nonlinear trend-stationary is regarded as an alterna-
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tive way of modeling the nonstationary time series data. Therefore, the co-integration
models with unit root time series can be borrowed in a parallel way. i.e., we can con-
sider the same model, but use the data generating process (1.3).

Since the seminal paper by Engle and Granger (1987), co-integration models have
been quite popular as it reflects the long-run equilibrium between the variables with
stochastic trends. This thesis is motivated by Phillips and Hansen (1990) that studied
the endogeneity issue in the co-integration model. Recently, co-integration models

with functional coefficients are studied in Xiao (2009a). The model takes the form as

Ve = x(B(2) + 1y, (5.7)

where x; is an I(1) process, {z;, u;} are stationary processes. The coefficient S(-) rep-
resents the varying relationship between x; and y;, which depends on the market
or macroeconomic conditions expressed as z;. Xiao (2009b) studies the quantile co-
integration model, where the cointegrating coefficients are computed with respect to
different quantiles. He also proposed the quantile-varying coefficient co-integration
models, in which the coefficient varies smoothly over the quantiles.

Wang and Phillips (2009) investigated the nonparametric co-integration model

Yy =m(x;) + ey, (5.8)

xt :xt_l +7/t, (59)

which avoids potential model misspecification. They considered the endogeneity prob-
lem that ¢; and v, are correlated. Dong and Gao (2014) considered the same model and
developed a specification test using the method of series expansions.

A general functional coefficient nonstationary regression model is investigated in
Gao and Phillips (2013). The model studies the non- and semi-parametric co-integrations

of the form

Ve = X, B(zp, 1) + ey, (5.10)

Xt = X1+ Pt (5.11)
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Zt = Zt—l + Vt, (512)

where {uy,e;, p;, v;} are stationary time series. Under certain conditions, their model
is able to incorporate several useful models, including the additive nonparametric re-

gression and the partially linear models with integrated processes.

5.2.3 Some future research directions

Based on the above discussions on deterministic and stochastic trending time series
models, the current work in this thesis can be further developed in following direc-
tions.

(1) [Mixture of weak and strong deterministic trends] In the thesis, we only con-
sider the case where all the trends are either weak or strong. While in practice, the

regressors may have weak and strong trends simultaneously. i.e.,

p q
Yt = intﬁi + szth ey (5.13)
i1 =1
where
xit =8i(t) + vip (5.14)

th :]’l](l’) +V;

it (5.15)

in which g;(t) are weak trends and h;(t) are strong trends for i = 1,2,..,p and j =
1,2,..,q.

(2) [Time-varying coefficient models| The varying coefficient model is able to
show the dynamic changes in the relationships between the economic variables. It
is more adaptive to the empirical applications compared with the constant coefficient
model in this thesis. We can consider the problem of endogeneity in the varying coef-

ficient model formulated as

Vi =x;Br + ey, (5.16)

x; =g(t)+vy, (5.17)
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where ¢, and v; are endogenously correlated. In particular, when the first element of
x; is assumed to be 1 constantly, then the first coefficient 1; represents the trend in y;
that is not explained by the regressors.

(3) [Nonparametric regression] The linear regression model discussed in this the-
sis is misspecified if the true relationship between the variables is not linear. To solve
this problem, we should consider the nonparametric regression model with trending

time series of the form

yr =m(x;) + ey, (5.18)

x; =g(t) + vy, (5.19)

where m(-) is a continuous and differentiable function, and e; and v; are allowed to be

correlated.

5.2.4 Empirical applications

Since most of the economic data contain trends, the trending time series regressions
can be widely applied in the empirical applications.

(1) [Permanent income hypothesis] Since Hall (1978), the time series of income
and consumption are usually assumed to be a random walk process based on the as-
sumption of rational expectations. Therefore, permanent income is the same as current
income. The permanent income hypothesis is then verified if consumption tracks in-
come perfectly. However, the conclusion was carried out by the regression with the dif-
ferenced data (i.e., the growth rates), and the detrending process may induce spurious
cycles in the residuals that lead to unreliable inferences. For references, see Mankiw
and Shapiro (1985, 1986), Campbell (1987), Campbell and Mankiw (1990), Han and
Ogaki (1997), Fernandez-Villaverde and Krueger (2007).

In fact, the mean of the first difference of log income (i.e., the growth rate) may not
be a constant over time as shown in Figure 5.1. There have been periods with high

growth rates and other periods with low growth rates. Therefore, the drift term in
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the random walk process is smoothly varying instead of a constant value over time.
Specifically,

xt = at + xt_l + Vt, (520)

where a; is a term of low-frequency information. In Figure 5.1, the red dashed line is
the nonparametrically estimated drift term @;. Intuitively, when a; = a, the constant
drift generates a linear time trend. However, when a; is time-varying, it generates

nonlinear time trends as
t

g1 =g(0)+) a, (5.21)

s=1

where g(0) is the starting point of the nonlinear time trend. Removing the determinis-

tic trend g(t), we obtain the ‘detrended’ component of x; as

Mﬂ

X =x—8(t) =x—g(0)— ) (5.22)

s=1
where X; is found to be stationary. Therefore, the log income is a nonlinear trend-
stationary process and an MA unit root was generated in Ax; after differentiation.

Generally, since the nonlinear time trend can always capture the nonlinearity and
nonstationarity in x; regardless of the existence of unit root, we can then verify the
permanent income hypothesis by regressing the log aggregate personal consumption
over the log aggregate personal income.

(2) [Breaks, bubbles and cycles] In White and Granger (2011), the authors dis-
cussed the breaks, bubbles and cycles in economics, which are highly related to the
characteristics of trends involved in the time series. Therefore, trending time series
models can be used to detect and analyze the structural breaks, economic bubbles
and business cycles. Figure 5.2 is the example used in White and Granger (2011) that
illustrates the structural break in the time series of the amount of currency in circu-
lation for the Euro Area. There is an obvious break at 2002. Before the break point,
the trend is weak, however, it becomes a strong linear trend after the break. Intu-
itively, there is an intrinsic linkage between the occurrence of a trend break and the

change of the trending parameter d on the two sides of the break point. The reason
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Figure 5.1: The growth rate of aggregate personal income
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is that trend break (or the place where a bubble starts) implies changes of the trend
type and therefore will cause the variation in the magnitude parameter that represents
the strength of the trend. Recently, the problem of bubble detection has been quite
popular, see Phillips et al. (2011) and Phillips et al. (2015), in which they developed
the sup augmented Dickey-Fuller test. In short, the quantitative analysis of these bub-
ble phenomena depends on our understanding of the trend behaviors as well as the

econometric tools that can deal with them effectively.
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Figure 5.2: Currency in Circulation: an example of break in White and Granger (2011)
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Appendix A

A constructed IV approach

In the first year of my PhD candidature, I believed that the conventional estimation
method for the semiparametric partially linear model cannot be used because the iden-
tifiability condition is not satisfied for our model. Therefore, under particular assump-
tions, I proposed a method to estimate the coefficients in the linear regression model
(1.2) by constructing functions of v; in (1.3) as instrumental variables. Here I explain

the method in this Appendix just for the completeness of my PhD thesis.

A.1 Identification and assumptions

Recall that our model is

Ve =xif + e, (A.1)
xp =8(T;) + vp, (A.2)
e; =A(vy) + uy. (A.3)

where x; is a k-dimensional vector of trending regressors as equation (1.3). We first
introduce some assumptions for the error terms in the model before we estimate the

parameters.
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Assumption A.1.1. Let (u;,v;) be zero-mean stationary and a—mixing innovations
with mixing coefficient a(k) satisfying ) >, a2+ (k) < co for some 6 > 0, where 0 is
chosen such that E[|u,|**?] < oo and E[||v4]|**°] < oo. u; and v; are uncorrelated, and

E[u?] =02 >0, E[v,v]] = Q,, which is a symmetric positive definite matrix.

Assumption A.1.2. Let A(-) be a continuous function defined on R¥ to R'. There al-
ways exists some continuous function 7t(v;) that satisfies E[nt(v;)A(v;)] =0, and ¥, =

E[m(v;) Jo T)dt + E[1t(v;)v/] is a positive definite matrix.

Assumption A.1.3. Let K(-) be a symmetric and continuous probability density func-
tion with IKZ )du < oo, juK )du =0, qu u)du < co. Let h be the bandwidth,

which satisfies h — 0, nh — oo, and 1nh? — oo as 1 — co.

A.1.1 Parameter estimation

Consider equation (A.1) in the model, the error term u; can be written as
—xiB - Avy) (A4)

Since we have assumed that u; and v; are uncorrelated, the following orthogonal con-
dition holds.
E[n(vs)u;] = 0. (A.5)

Substituting u; by (A.4), we have
E[rc(vy)y;] = E[rt(v,)x(]B + E[mc(vy) A(vy)]. (A.6)
Assumption A.1.2 suggested that E[nt(v;)A(v;)] = 0, therefore

B[rt(v)y;] = E[”(Vt)xé]ﬁ- (A.7)

-1

Hence, B can be explicitly expressed provided that the inverse E[7m(v;)x;]”" exists. In

fact,

E[7t(v;)x;] = E[mt(vy)(g(T;) + v¢)'] = B[ (v, ]j t)dt + E[n(vy)v(] = %, (A.8)
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where ¥, is assumed to be an invertible positive definite matrix by Assumption A.1.2.

We obtain an equation which can be used to estimate § as follows.
B = E[n(v)x;] E[n(v))y:] (A.9)

By the method of moments, § can be estimated by the sample analogue of (A.9).

EO = ( i”(vt)x;)_l( i”(vt)yt)- (A.10)
t=1 t=1

Since v, is not observable, the estimator By is not feasible. By equation (A.2), we con-

struct an alternative feasible estimator

— T N\t
p = (;”(Vt)xt) (

r(@)y: ) (A11)

ITMH
—_

where
v =X — 8(1)- (A.12)

and g(7;) is the nonparametric kernel estimator for the trend term g(t;).

A.2 Nonparametric estimation

There are various kinds of methods to estimate the trend term. As discussed in the
introduction, misspecified parametric forms may cause inconsistent estimations. In
this thesis, we employ the nonparametric kernel methods. For instance, we use the

nonparametric local constant method to estimate g(t) at some point 7 € (0,1) that

gl7) = anS(T)xSI (A.13)
s=1

where

k(=)
wns("[) = T(Tp__r) (A14)
p=1 h
The control function A(v;) can also be estimated by kernel methods. Once the trend
term and coefficients of the linear component are properly estimated, the control func-

tion can be approximated by the methods in Fan and Gijbels (1996).
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A.3 Asymptotic properties

Theorem A.3.1. Let Assumptions A.1.1 and A.1.3 hold, as n — oo,

h2

Vih| glx) = g(1) = Z8”(T)p2 | = N(0,Q,2),

[o0]

for t €[0,1] and yzzf

—00

u?K(u)du, x, = I_OZOKZ(u)du.
Theorem A.3.2. Let Assumptions A.1.1 to A.1.3 hold, we have

V(- B) -5 N(0,Q).

(A.15)

(A.16)

where Q = ¥ITY 1, T is the long run variance-covariance matrix of & = 7t(v;)e, that

I'= i E[Etét—j]'

J==

The long-run variance can be consistently estimated by

p
T=) Tik(j),
j==p

where p = [Vn]~, v; = x; —g(1;), k(j) is a weight function, ¢; = y; — xtﬁ\, and

n o =

e Zt:jvtetet_]-vt_j

I = -
n

A.4 Simulation results

A.4.1 1.I1.D. error terms

(A.17)

(A.18)

(A.19)

The data generating process follows (A.1) to (A.3) and has explicit forms as g(7;) =

7+ 21, AMvs) = 0.5v4, and y; = 0.6x; + e;, where u;, v, L. N(0,1). In this example, we

first let 7t(v;) = o
t
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—

Repeat=500 B Bols

Sample size 300 600 1000 300 600 1000

Bias(x1000) | -0.0215 | 0.2431 | 0.0866 | 7.8000 | 7.9000 | 7.8000

Std 0.0086 | 0.0062 | 0.0046 | 0.0079 | 0.0058 | 0.0043

RMSE 0.0086 | 0.0062 | 0.0046 | 0.0111 | 0.0098 | 0.0089

—_

Q 0.0196 | 0.0197 | 0.0196 | 0.0195 | 0.0196 | 0.0196

Std/\/ﬁ 0.0616 | 0.0442 | 0.0329 | 0.0561 | 0.0411 | 0.0305

The next table shows the simulation results based on another case of the trend func-

tion. In particular, when g(7;) = 2sin(3.147;), the IV estimator is still consistent.

—

Repeat=500 B 73)\015

Sample size 300 600 1000 300 600 1000
Bias -0.0007 | -0.0042 | -0.0006 | 0.1663 | 0.1644 | 0.1658
Std 0.0547 | 0.0357 | 0.0299 | 0.0354 | 0.0235 | 0.0196

RMSE 0.0547 | 0.0360 | 0.0299 | 0.1700 | 0.1660 | 0.1669

—_

Q 0.7826 | 0.7822 | 0.7778 | 0.3613 | 0.3613 | 0.3613

Std/NQ | 0.0618 | 0.0404 | 0.0339 | 0.0589 | 0.0391 | 0.0327

. . . 2
In the next table, we show the estimation results if we choose m(v;) = ™t as an

alternative IV. When g(t;) = 7 + 27;, the simulation results are

—

Repeat=500 B 73\015

Sample size 300 600 1000 300 600 1000

Bias(x1000) | 0.0069 | -0.2682 | 0.1334 | 7.7000 | 7.5000 | 7.6000

Std 0.0096 | 0.0068 | 0.0049 | 0.0083 | 0.0058 | 0.0042

RMSE 0.0096 | 0.0068 | 0.0049 | 0.0113 | 0.0095 | 0.0087

—_

Q 0.0219 | 0.0220 | 0.0219 | 0.0190 | 0.0190 | 0.0190

Std/\/a 0.0646 | 0.0457 | 0.0334 | 0.0600 | 0.0421 | 0.0304

Again, when g(t;) = 2sin(3.147;), the results are shown in the following table.
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Repeat=500 B Bols

Sample size | 300 | 600 | 1000 | 300 | 600 | 1000
Bias 0.0000 | 0.0024 | -0.0016 | 0.1650 | 0.1649 | 0.1670
Std 0.0577 | 0.0417 | 0.0311 | 0.0344 | 0.0261 | 0.0190
RMSE | 0.0577 | 0.0418 | 0.0312 | 0.1686 | 0.1670 | 0.1681
Q 0.8886 | 0.8756 | 0.8803 | 0.3834 | 0.3834 | 0.3834
Std/NQ | 0.0612 | 0.0466 | 0.0332 | 0.0555 | 0.0421 | 0.0306

A.4.2 Autocorrelated error terms

When the innovations follow AR(1) process, i.e. other DGPs remain unchanged, u; and

v, are generated by u; = pu;_ + & and v; = pv;_1 + €;, where &, €; L. N(0,1).

(1) p=0.2,g(7;) = 25in(3.141;), (vy) = e"’tz, Cross-validation: leave 5 out.

Repeat=500 B Bols

Sample size | 300 600 1000 | 300 | 600 | 1000
Bias -0.0142 | -0.0078 | -0.0056 | 0.1691 | 0.1723 | 0.1708
Std 0.0727 | 0.0485 | 0.0371 | 0.0400 | 0.0301 | 0.0221
RMSE 0.0741 | 0.0491 | 0.0375 | 0.1737 | 0.1749 | 0.1722
Q 1.1498 | 1.1362 | 1.1404 | 0.8517 | 0.8480 | 0.8559
Std/NQ | 0.0678 | 0.0455 | 0.0347 | 0.0433 | 0.0326 | 0.0239

(2) p=0.2,g(7;) = 2sin(3.147,), 7 (v;) =

1
1+v2’

Cross-validation: leave 5 out.
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Repeat=500 B Bols
Sample size 300 600 1000 300 600 1000
Bias -0.0168 | -0.0072 | -0.0038 | 0.1691 | 0.1696 | 0.1722
Std 0.0669 | 0.0492 | 0.0366 | 0.0407 | 0.0289 | 0.0215
RMSE 0.0690 | 0.0498 | 0.0368 | 0.1739 | 0.1720 | 0.1735
5 1.1087 | 1.0154 | 1.0531 | 0.8869 | 0.8440 | 0.8690
Std/\/ﬁ 0.0636 | 0.0489 | 0.0357 | 0.0432 | 0.0315 | 0.0231
(3) p=0.6,g(7;) = 25in(3.1471;), (v4) = e‘”tz, Cross-validation: leave 9 out.
Repeat=500 B Bols
Sample size 300 600 1000 300 600 1000
Bias -0.0183 | -0.0171 | -0.0178 | 0.2231 | 0.2200 | 0.2170
Std 0.1429 | 0.0941 | 0.0783 | 0.0672 | 0.0483 | 0.0389
RMSE 0.1441 | 0.0956 | 0.0803 | 0.2330 | 0.2253 | 0.2204
5 3.4662 | 3.4428 | 3.3339 | 1.6787 | 1.7021 | 1.7295
Std/\/ﬁ 0.0768 | 0.0507 | 0.0429 | 0.0519 | 0.0370 | 0.0296
(4) p=0.6,g(1;) = 2sin(3.141;), e (vy) = l:—v?, Cross-validation: leave 9 out.
Repeat=500 B\ 73’\015
Sample size 300 600 1000 300 600 1000
Bias -0.0277 | -0.0181 | -0.0138 | 0.2169 | 0.2195 | 0.2163
Std 0.1404 | 0.0987 | 0.0750 | 0.0681 | 0.0497 | 0.0399
RMSE 0.1431 | 0.1003 | 0.0763 | 0.2273 | 0.2251 | 0.2199
Q 3.3738 | 3.1418 | 3.0823 | 1.6917 | 1.7254 | 1.7198
Std/\/ﬁ 0.0764 | 0.0557 | 0.0427 | 0.0524 | 0.0379 | 0.0304

Remark A.4.1. All the results in the above tables show that our estimator is unbiased
and consistent, while the simple OLS estimator is biased and inconsistent. Meanwhile,

the convergence rate of our estimator is y/n.
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A.5 Application

We consider the U.S. personal consumption expenditure and personal income quar-
terly data from 1947 to 2009. In our model, x; represents the logarithm of personal

income, while y; represents the logarithm of personal consumption.

Ve =xp + e, (A.20)
xt =8(7) + vy, (A.21)
e; =A(vy) + uy, (A.22)
which is equivalent to estimate
Ve =P+ Avy) + 1y, (A.23)
xp =8(T¢) + vy, (A.24)

The estimation involves the choice of 77(v;), hence the subsequent analysis follows two

schemes depending on the characteristics of A(v;).

A.5.1 Casel: A(v,)is an odd function of v,

Suppose that A(v;) is an odd function of v;. For example, the error terms e; and v;

follow a joint normal distribution. Let 7(v,) = (1, v?)’, X; = (1, x;), ¥ = (a, B)’, we have
yt - X;7/+/\(vt)+ut. (A.25)

Multiply both sides of the equation by 7(v;), and take expectation,

1 x?2 «a Alv u
Bl 7 =k t Y B P B (A.26)
Vtzyt Vtz Vtht B VtZ/\(Vt) vtzut

Because A(v;) is an odd function of v;, it is straightforward to obtain E(A(v;)) = 0 and
E(v?A(v;)) = 0. Meanwhile, the parameters are identified only if the matrix in front of

the coefficients is positive definite. Therefore, if E(vtz)fo1 g(t)dt - (E(v?))? >0,

-1

a 1 nlyn 2 nlyn
_ Y -1 Vi Y -1Vt . (A.27)

- 2 - 2 - 2
B n Y vl n Y vix n Y viy
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To make the estimators feasible, we substitute v; by its consistent estimator v; = x; —
gl(t;, h). Then estimate A(v;) using local linear kernel estimation with bandwidth cho-
sen as h* and obtain the error terms ;. Figure (A.1) shows the sum of squared residuals
Y I | #? under different bandwidth pairs of (h,h*), where the smallest value of SSR is

obtained at an interior point. For fixed h*, the SSR and bandwidth form a U-shape

Figure A.1: Sum of squared residuals for the bandwidth selection
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functional relation as shown in Figure (A.2).

Therefore, the optimal bandwidth for h is 0.045, under this bandwidth, the SSR
under different h* is shown in Figure (A.3). At the lowest point, SSR is minimized
by choosing h* = 0.029. The parameters can be estimated as @ = —0.1994, 8 = 1.0118
under selected bandwidths. The functional form of A(v;) can be estimated by local
linear estimation as the odd function shown in Figure (A.4). The p-values of ADF-test

for the residual series {e;} and {v;} are 0.0001 and 0.0012 respectively.
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Figure A.2: Sum of squared residuals for fixed h*
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A.5.2 Casell: A(v,) is an even function of v,

If the control function is symmetric about the y-axis, the assumption E(A(v;)) = 0 can
be relaxed and the intercept term in the model can be eliminated and included in the

control function. Consequently,

Ve =X p+ M) + 1y (A.28)

Multiply both sides by m(v;) = v;, and take expectation.

E(v,yy) = E(vix;) B + E(vi A(vy) + E(vyuay). (A.29)
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Figure A.3: Sum of squared residuals for fixed h*
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The parameter § can be estimated by

(I L
ﬁ:[zitxt] [Zﬁt%]: (A.30)

t=1 t=1

where v; = x; —¢(1;, h). The bandwidths are selected by minimizing the sum of squared
residuals of the model as h = 0.095,h" = 0.016, which can be seen from figure (A.5),
figure (A.6) and figure (A.7).

The coefficient g is estimated as E: 0.9865, and the estimated functional structure
of A(v;) is shown in Figure (A.8). The p-value for the ADF-test for the residual series
{e;} and {u;} are 0.0076 and 0.0022 respectively. Figure (A.9) shows the raw data of
income and consumption, together with the estimated trend term and fitted value of

consumption.
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—

Figure A.4: Estimated control function A(v;).

0.041

0.031

0.02-

Av)

0.01-

hed

L]
P

-0.01-

0 ! ! !
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04

<

A.6 Conclusions

This appendix introduced the estimation methods for the trending regressions with
endogeneity by constructing a function that is orthogonal to the control function. The
assumption that E(7t(v;)A(v;)) = 0 holds for some continuous function 7 (v;) was quite
important for identifying and estimating the coefficient.

There are several aspects to improve the model in the future. Since A(v;) is unable
to capture the time trend, and it is likely that the time trend in y; cannot be fully
explained by x;. It is reasonable to add a trend component in the regression as the

following model.

Ve =x( B+ f(T0) + Avy) + 1y, (A.31)

x; =8(T) + vy, (A.32)

where f(7;) captures the remaining trend in y; that can not be explained by x;.
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Figure A.5: Sum of Squared Residuals under different bandwidth pairs.
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Figure A.6: Sum of Squared Residuals under different bandwidth of h for fixed h*.
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Figure A.7: Sum of Squared Residuals when h = 0.095.
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Figure A.8: Estimated control function A(v;).
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Figure A.9: Income, Consumption, Trend Term, and Fitted Value
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Considering structural breaks is another direction, because the relationship be-
tween x; and y; may vary over time. As in the example we discussed in the thesis,
B represents the elasticity between income and consumption. This elasticity, however,
may be different in recent years when compared to that 30 years ago. Following this

idea, a threshold can be added to the model we discussed. For t <,

Yt :x;ﬁl + A1 (vg) + 1y, (A.33)

x; =g1(7) + vy (A.34)
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Fort >c,

Ve =X+ Ax(vy) + g, (A.35)

Xt =9 (T4) + vy (A.36)

The critical issues are to test the existence of structural break(s) and detect the time

point at which the structural break occurred.



Appendix B

Proofs of the Theorems

The following Appendices are organized as follows. In Appendix B, I proved the main
Theorems in Chapter 2 and 3 for the weak/strong trending regressions by introducing
several important Lemmas. Appendix C are the detailed proofs for the Lemmas used
in Appendix B. In Section 2 for the weak trend case, I used a special assumption on
the density functions of v; to address it weak dependence across time. That special
assumption is verified by a stationary AR(1) process in Appendix D. The proofs of the

Theorems in Appendix A are given in Appendix E.

B.1 Proofs of the Theorems in Chapter 2

Some useful Lemmas

We first introduce the following Lemmas that would provide much convenience to the

proofs of the Theorems in the thesis.

Lemma B.1.1. Under Assumptions 2.3.1 to 2.3.6, as n — oo, let ¢ = fo T)dT, g; =
IO gz dT gz Tt gi(Tt) - Zs:l wns( )gi(Ts)l Xit = Xit — Z,szl wns( )xisl

n

1
M (i, j) =% ) (8i(t)=8:)(g()-8)) — fo (8i(1)-g)(gj(1)-g;)dT,  (B.1)

t=1

93
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M2(irj) :l g_i,n - wns(t)gi(Ts) g_]',n - wns(t)gj(Ts) —p 0, (B.Z)
n t=1 s=1 s=1
Mis(ij) == Y (80t =) G0 = Y ws(tlgj(z) | —p 0, (B.3)
" t=1 s=1
M1 (i) I% 8in~ ans(t)gi(’fs)] (gj(Tt) _g_j,n) —p 0, (B.4)
t=1 s=1
82(i:j) :% vitans(t)vis][vjtans(t)vjs] —Pp 0. (B-S)
t=1 s=1 s=1

Lemma B.1.2. Under Assumptions 2.3.1 to 2.3.6, as n — oo, let {(v) = (8/\/91/1,..., 8)\/81},(),

be the first order derivative of A(v) with respect to vector v, then

Iy = %;ac’wm =0p(1), Iy = %;g‘(mc%vtm —op(1).  (B.6)

Lemma B.1.3. Under Assumptions 2.3.1 to 2.3.6, as n — oo,

1 n
— Y Tt |[= 0,(1), (B.7)

=
where u; =Y 1 w,(t)us.

Lemma B.1.4. Under Assumptions 2.3.1 to 2.3.6, as n — o,
1 n
D) = ) (=T )| =0y (B.8)

Lemma B.1.5. Let Assumptions 2.3.3 to 2.3.6 hold. As n — oo, we have

X%nx?l =0,(1). (B.9)

Proof of Theorem 2.3.1: Recall that x; is a k-dimensional vector of trending time

series sequence, hence En is a k x k matrix. To prove fn —p Q, it suffices to show that
Y.(i,j) —p Q(i, ), fori,j=1,.., k. Note that X;; = x;;—)_ 1 wys(t)x;s and x;; = g;(T)+vis,

therefore,

n

I 1 n n
Euli,j) == XitXjt = — Xit — Whs ()X Xjt — wns(t)xjs
" " s=1 s=1

t=1 =1
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:% i[gi(Tt) - iwns(t)gi(Ts) T Vit~ iwm(t)vis]

s=1

:% Z[gi(Tt) - ans(t)gi(Ts)] [g](Tt) - ans(t)gj(Ts)]
s=1 s=1

n

1 n n
+ E Vit — ans(t)vis [vjt - ans(t)vjs
= s=1 s=1
1 n n
+E gi(Tt)zwns(t)gi(Ts)][vjtans(t)v]s
1
+Z ans st][g] Tt ans g] Ts

n n
al

1 —~
n 8i(1)gj(T) + nZ iVt + = Zgz T)Vjr + = Z ;18 (1)

t=1 t=1

£81(6,7) + S2(i,7) + S12(i,§) + S1 (i, ). (B.10)

In the above equations, we define

n

Iy A PO
(i ])ZEZgi(Tt)gj(Tt)1 52(1’])25 VitVjts
t=1
n

1
S12(i,7) = gz )i, Sali,]) = Vi18(Tt), (B.11)
n

t=1
where Vj; = vy — Y Ly wys(t)vig, for i,j = 1,2,..,k, t =1,2,...,n. Let g, , = n Y gi(t)
fori=1,2,.., k. Therefore, g; , denotes the sample average of the trend component of

x;. We further decompose S;(i, ) as

S ( Z[gz Tt ans gl Ts ][gj(Tt)ans(t)gj(Ts)]
[ Tt g1n+g1n ans gl TS)][g](Tt) g]n+g]n ans g] TS)]

s=1 s=1

( gzn)(gj(Tt) g]n) Z[gzn ans gz Ts ][g_j,n_zwns(t)gj(Ts)]
s=1

:II

:Ir—\
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+% Z(&'(Tt) —g_i,n)[g_j,n - ;wns(t)gi(TS)] * % Z

n

_i,n - ans(t)gi(TS)](gj(Tt) _gjr”)
=

= = -

AM, (i, §)+My(i, 1)+ Mo (i, ) + Moy (i, ), (B.12)
where

M (i, j) =% 1 (8i(t) i) (8)(1) =8} 0), (B.13)

Ma(i,j) = 1 [g‘,,n - : wnsu)gxm][@m - iwmu)gj(m], (B.14

Mi(i, j) =% 1 (8i(72) —g?,-,n)[gz-,n - iwmmgﬂm], (B.15)

Moo j) =, 1 [g‘i,n - iwmu)gxu)](gj(m %) (B.16)

Therefore, by Lemma B.1.1,

1
51(4,]) =Ml(i;j)+Mz(i;]')+M1z(i,j)+M21(i;]')—>pJO (&i(7)-8;)(gj(r)-g;)dr, (B.17)

S, (i, j) —p 0. (B.18)

Meanwhile, by Cauchy-Schwarz inequality, given (B.17) and (B.18),

n_l Z[gi(Tt) - iwns(t)gi(l—s)][vjt - iwns(t)vjs]
s=1 s=1

n
t=1

1S12(4, /)l =

1/2 1/2

n n 2 n L ’
< n! ;[gi(Tt) - ;wns(t)gi(Ts)] n! th[vjt N ;wm(t)vjs]

t= t=

=181 (1, i) 21S2(j, )IM? = 0, (1)0,(1) = 0,(1). (B.19)

The same result holds for S,;(7,j). Hence, fori,j =1,...,k,

v ! _ _

) FiFi—n [ (a0-Tg0-gde (8.20)
t=1

ie., En(i,j) —p Q(i,j). Therefore, the convergence of every element in fn yields the

convergence of the whole matrix that as n — oo, En —p Q. |
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Proof of Lemma 2.3.1: Note that

-1
VnB, = [% W] [% ’x:’ﬂvt)]. (B.21)
t t

=1 —1
-1
Theorem 2.3.1 shows that n™! Y I ; X,X] —p Q, hence (n_l Y "xvt?c”t) —p Q71, which
is Op(l). Without loss of generality, we assume that k = 1. Our objective becomes

showing that
1 v~
% th/\(vt) = 0,(1). (B.22)
t=1

Note that X; can be written as

% =x, - _lema)xs = v+ g(Ty) - _lemmvs - _lemmg(rs)

=v = ) Wt + g(T) — ) was(B)g(T) = T+ Z(Ty), (B.23)
s=1 s=1

where 7; = v~ Y1 w,s(1)v; and F(p) = g(1) — Ty wys(1)g(7,).

Meanwhile, A(v;) can be written as
AMvy) = Avy) - iwns(t)/\(vs) = iwns(t) (Aw) = A(vy)). (B.24)
s=1 s=1
Apply the Taylor expansion for A(vy),
Aws) = Awy) + AV (v) (v - vy) + %A(Z)(v:)(vs ~v;)%, (B.25)

where v} lies between v; and v, and A(Z)(v’;) < oo for any t. Therefore,

Xwe) = ) wie(t)(Mve) = Ave)) = ansu)(a“wvt)(vt )~ AP (-,
s=1 s=1
A0 Y wael) (v =) = 50D ) w0
s=1 s=1

=AM~ 2760 )_ w1~ (8.26)

Substitute ¥; in (B.22) with (B.23) and A(v;) with its leading term in (B.26), denote the

first order derivative of A(v;) as C(v;),

% ;EX(Vt) = % ;@I(vt) + % ;g(Tt)I(vt)
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1 v 51 v _
%;C(vt)vf+%;g(rt)(:(vt)vt (1 +op(1))
= (Iy + L) (1 +0p(1)), (B.27)

where we defined I, = \/Lﬁztnzl C(v,)v? and I, = %Z?:l'g'(Tt)C(vt)?}}. Therefore, we
complete the proof provided that Lemma B.1.2 holds. The proof of Lemma B.1.2 is
provided in Appendix B. W

Proof of Theorem 2.3.2: Substituting 7; in § using 9; = %, + A(v;) + iI;, we have

[thxt] [th (%18 + A(vy) +m)]

t=1

-1
=ﬁ+Bn+[ 'XZYZ][ Ytiﬁf] (B.28)

t=1

where B,, = (Z’le 52}32:)_1 (Z?:l EX(vt)). Therefore,

-1
ﬁ(/?—/s—Bn)[% “*] [% ~~] (B.29)
t=1

t=1

In the previous proofs of Theorem 2.3.1, we have shown that
1 n
Ly wx o (B.30)
t=1

where Q is assumed to be positive definite, therefore invertible. For the latter part,

n

1 1 _
— ) XU = Xp(up —uy) Xy +—= ) XplUy, (B.31)
R DR R )]

where u; = Y ! | w,s(t)u;. Under Assumptions 2.3.3 to 2.3.6, since u; is mixing and

n

independent with v;, by Central Limit Theorem (CLT) for mixing processes (see Fan

and Yao (2003), Theorem 2.21), as n — oo,

=Y T —p N(O.QA,) (B.32)
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where A, is the long-run variances of u, that
A, :E[utut]+ZZE[utut_]-]. (B.33)
j=1

Meanwhile, by Lemma B.1.3, we have

n

1 _
— VY % =0.(1). B.34
‘/% — xtut Op( ) ( )
Then, by the Slutsky Theorem, we have
Vi(B-p-B,)—pN(0,Q), (B.35)

where Q) = Q7'A,,. By Lemma 2.3.1, the bias term B,, is negligible that ynB,, = 0,(1) as

n — oo. Thus, we can ignore the potential bias term and yield
Va(f-p) —pN(0,Q). ® (B.36)

Proof of Lemma 2.3.2 and Theorem 2.3.3: We focus on the difference between En and

—_

3, Write

-~ 1 v~

X, :; X X; = EZ(xt_xt'i'xt)(xt_xt"'xt)/
t=1

n n

S I - v ., 1
4 (X —X) (X — %) + o ;(xt - xt)?i + n ;xt(xt -%;) + o ;x{ﬂ, (B.37)

n
t=1
n
t=1

where the last term is En Therefore,

- = IS e I IS
Y, =%, :; Z(xt_xt)(xt_xt) + ;Z(xt—xt)xﬂr szt(xt_xt)
t=1 t=1 t=1
=Dy (n) + Dy(n) + D3(n), (B.38)

where Dy (n) = n" LiL 1 (%) (X;=%;), Dao(n) = n~! Ly (-%)%;, and Ds(n) = ™! i % (%

X:)". We control the difference by

’Z\n _En

= [[D10) + D)+ Dsm)]| <Dy (0l + 1D ()] + D3 (B.39)



100 APPENDIX B. PROOFS OF THE THEOREMS

Hence, ||§n | converges to zeros in probability if ||D;(n)|| —p 0 for I = 1,2,3. By

Cauchy-Schwarz inequality,

1/2 1/2
1 v 1 v 1 &
IDamll=||= ) @ -TF| <|-) @-F@-%)| |-) %F
t=1 t=1 t=1
=IDy ()25 )12 (B.40)

By Lemma B.1.4, [[Dy(n)|| = 0,(1), and we have shown that the limit of ||En|| is finite,
therefore, [|D,(n)|| = 0,(1). We can also show |[D3(n)|| = 0,(1) using the same method.
Thus ||fn —fn” —p 0 as n — oo. Therefore, we complete the proof of Lemma 2.3.2 and

Theorem 2.3.3. [ |

Proof of Lemma 2.3.3 and Theorem 3.4.1: Note that

V(B —p)=n(p-p+p-B)=Nn(p-p)+Vn(p-p), (B.41)

where we have shown (B.36). Therefore, we can complete the proof once Lemma 2.3.3

is proved in which
(Netal

Note that Y = )?ﬁ +MV)+U,Y = XB +A(V)+U,e=A(V)+ U and = A(V) + U. Here,

= Op(l)' (B.42)

Y = @1 Tn)s X = (%0 %)y AMV) = (A1), 000, Ay)), U = (81,0, 1), €= (€1,...,8)
and 9 =y, —Ep[p:0i], % = x; —Epl[xifvi], Ave) = Awe) = Ep[A@o)V], 1 = uy — Ep[usfvr]),
€ = e, —Eyle[r].
B-B=B-B-(B-p)=X'X)"(XV)-p-(XX)'(X'V)-p)
=(X'X)" (X9 - (X'X)(X'e)
=(X'X)"(X'e) - (X'X) (X' +(X'X) " (X'e) - (X'X) ' (X'9)
=(X'X) (X'e-X"?)+((X'X) - (X'X) ) (X7?). (B.43)

Then our goal is to show that the norm of the following equation is o

W(B\_F):(X’X [an) _(X};X)

p(1).

@]

+

n

Vi

! [X‘?— XT
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£DB, + DB,. (B.44)

We first examine DB;. By Lemma B.1.5, ) and as shown in the

(&= XK@y || = o

—p Q, where Q is positive definite, hence ): —p QL. Then

first Theorem, ): = X X

we have

DB, = 0,(1)0,(1) = 0,(1). (B.45)

We then examine DB,. By the second step in the proofs of Theorem 2.3.3, ||:‘fn—fn|| —p

XX\ (XX)
n | n

Meanwhile, in the first step, we have shown that X "e/\n = Op(l). Therefore,

0, therefore,

n n

|
X X] - = 0,(1). (B.46)

n

X'X
n

DB, = 0,(1). (B.47)

To summarize, equations (B.45) and (B.47) imply (B.42). Then, together with (B.36),

we are able to complete the proof. [

B.2 Proofs of the Theorems in Chapter 3

Proof of Theorem 3.2.1: The estimator Q is defined as D! X’XD!, then let dij =
(di +d])/2 >1 and

- divd; dj+d;
Qij=n" szitx]-tzn ) (&ilt)+vie)(g (1) +vje)
t=1 =1
n n

Z Bvje+ — i Zg] Jvir + 1] Zviﬂ/jt, (B.48)

l
-1 i

fori,j=1,2,..,K. The first term is deterministic and by Assumption 3.2.1, as n — oo,

1 n
e Zgi(t)gj(t) — Q). (B.49)
=1
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For the last term,

t=1 t=1

1\ 1 |1y
Ezvitvﬁzm ;Zvitv]’t , (B.50)

where d;; —1>0and n~ LY " viviy = Op(1). In fact, by Cauchy-Schwarz Inequality,

. " 1/2 . " 1/2
2 2
) i3] ws

jt=

=

n (o) 2 0 o]
ZE% [Z'Ps,i’%,t s] :%t ZZ¢5,i¢l,iE[’7i,t—s’7i,t—l]

t=1 t=1 \ s=0 =1 s=0 [=0
n o0

= L) Vil ]- auzew 552
t=1 s=

Therefore, as 1 — oo, the last term
1 n
— vivi = Op(nt~%i) = 0p(1). B.53
ndij;w p(n' =) = op(1) (B.53)

The second and third terms are similar, so we only study one of them. By Cauchy-

Schwarz Inequality, it follows that

t=1 t=1\n 2 n-z
5[1/2 P 1/2
n n
< l [gz(t) ] l Vjt
= d;-1 di-1
n t=1\n 2 n t=1 n]T
1/2 1/2
1 ¢ 1 v«
2
=|—) &) /) Vii| (B.54)
L L

in which n~ Y I igi(t)> — Qi <ocoand n- ]Zt lv = Op(n! ) = op(1). Therefore,
the second term is op(1), so is the third term. To summarize,
Qij —r Qijy (B.55)

for all 1,j = 1,2,...,k. Therefore, 6 —p Q as n — oo, in which Q is assumed to be a

positive definite matrix.
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Proof of Theorem 3.3.1: Recall that the OLS estimator is defined as

> ’ -1 )

Bois = (X'X) " (X'y). (B.56)

Therefore,

D(Bos—B)= (D' X’XD7) " (D' Xe). (B.57)

We have already proved in Theorem 3.2.1 that D~'X’XD~! —p Q as n — oo, where Q
is a positive definite matrix.

Let b = E[e;v;] and b = (b4, ..., by)’ where fori = 1,...,k,

Z(Pset lePlznzt l] - Z(PslabszE[et sHi,t— s] 0; Z(P 7111511 B 58)

where 0; = E[e;#;;], which is the i" element of the k x 1 vector ®. We then focus on

b; = Ele,v;] =

D™ 1X’e. Denote
D! (X'e—nb) £ Z,. (B.59)

Then the i*" element of the k x 1 vector Z, is

n n

_4 _4
Z);=n2 (xjrer —b;)=n" 2 Z& Jey +n 2 (vice; — b;)
t=1 = t=1
d: n d: n oo o0
=n 2 gi(t)e,+n 2 ZZ¢ Y1i€1_sMit—1 — Zq’)s'ubsz
=1 t=1 \ s=0 =0
d n o0 d: n [oe]
=n 2 gz(t)z(i)set s+n 2 Z(P 71b51 6t s’71t -s )
t=1 s=0 t=1 s=
d o o0 d, n (o0} oo
+n Z Z bsthyi€r_sNip+n 2 Z Z D51 €151 -1
t=1 s=0 [=s+1 t=1 [=0 s=Il+1
2P (n) + Py(n) + P3(n) + Py(n), (B.60)

fori=1,.., K, where the last three terms correspond to s =, s <l and s > I respectively.

Then for P;(n), as e; = @(L)e;, by Beveridge-Nelson(BN) decomposition, we have

:n_% Zgi(t)q)(L)et = n_% Zgl-(t)CD(l)et - n_% Zgi(t)(l ~L)®(L)e,
t=1 t=1 t=1
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dl
=n"2 gi(t)D(1)e; +n~ 7 Zg, (€;_1 —€1), (B.61)

where €; = 5(L)et as defined in the beginning of the Appendix. The second term is

negligible provided the following Lemma holds.

Lemma B.2.1. Under Assumptions 3.2.1 to 3.2.4, as n — o,

n ¥ Zgz (€:-1—€) =op(1).

For Py(n), let f; o(L) = Y} 2o ¢ss,;L°. By BN decomposition, we have

=hn 71 Z(P 1/’51 €t—sti,t—s = )

tls

=n %ZZ(P wsz €t171t )_ n 21 Zfi’O(L)(etmt_Qi)
=1 s=0

—”_7 Zfz €t771t )— 3 Z}: (L)(1 - L)(etﬂit - 91‘)
:n_tgﬁ,o(l)i(emit—Gi)+n_§€ﬁ{n—n_?’€ﬁ{0, (B.62)

t=1

where we denote €77 617 y ﬁ )(€71ir — 0;). The last two terms in (B.62) are negligible

according to the following lemma.

Lemma B.2.2. Under Assumptions 3.2.1 to 3.2.4,as n — oo, fort=0and t =n,

4
n_Teq{t —p 0. (B.63)
For Ps3(n), let f; 4(L) = Y320 PsiPs1q,iL°. By the BN decompositon,
dl n [ee] (o) d (o) o0
Py(n)=n"72 ZZ¢¢lz€t Mip-1 =1 ? ZZZ(P Psiq,i€t-sMi,t-s—q
t=1 5=0 [=s+1 t=1 s=0 g=1
d: n [ee] [ee] d: n (o]
=n 2 Z Z(i) labs+q,z'Ls EtMip—qg =M1 2 Zfzq €t77i,t—q

t=1 g=1\ s= t=1 g=1

:ﬂ_% ifzq( D)eti—q—n" ? ZZﬁ )1 =L)eniiq
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d; 1 f
- flq Jeitlizq—n"7 ) (1-L)B],
= t=1

Zflq Jeittipg+n 3B~ "B/, (B.64)
=1 g=1

[l
3
N\§~
2 ||

~

where B =) = 1f, g(L)€in; 1—q. The last two terms are negligible provided the follow-

ing lemma holds.

Lemma B.2.3. Under Assumptions 3.2.1 to 3.2.4,as n — oo, for t =0 and t =n,

dj
n_7Bf

it —)P 0 (B65)

Similarly, for Py(n), let m; o(L) = Y12, (j)q+l1,bl,iLl. By the BN decomposition,

n %ZZ Z(i) ll)lzet sMijp—1 =1 dz Ziiqbqﬂlplzet —q-1Mi,t-1

t=1 =0 s=I+1 t=1 1=0 g=1
4 n o (59 d: n s
_4 ) -
=n"2 Z Z%H'J’L# €r—qllip =1 2 Zmirq(L)ef—q”i:f
=T g=1 \ 1=0 t=1 g=1
FRCke NN
=n"2 Zmzq(l)et_qmt n? Zmzq(L)<1_L)€t—q171t
t=1 g=1 t=1 g=1
gL @ PR
_4 -+ m
o Zml’q(l)et_qﬂlt n"? Y (1-L)B"
t=1 g=1 t=1
ek ~4 om -3 gm
=ne Zmi,q(l)et—qﬂi,t+” 2By - Bz w (B-66)
t=1 g=1

where let = 220:1 M q(L)€;_gn; - According to the following lemma, we can ignore the
last two terms in (B.66).
Lemma B.2.4. Under Assumptions 3.2.1 to 3.2.4,as n — oo, fort =0and t = n,

dA

n 2B, —p 0. (B.67)

To summarize, we can ignore the negligible terms in P,(n) for i = 1,2,3,4. Thus,

equation (B.60) can be written as

n
Zyi=) M +op(1), (B.68)
t=1
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where
. d; 0 [e)
My, =17 | (O (Ve + fio(1) (eie = 0:)+ ) fig(D)ering+ ) mig(l)e gilis |
q=1 q=1
(B.69)
We denote M,,; = (M},,..., MK)’, then
n
Z, = ZMm +op(1). (B.70)

t=1

M,,; is a martingale difference sequence(m.d.s.) suggested by the equation asfollows.
E[Ml/ltlFt—l] = 0, (B.71)

where F;_; is the filtration that F;_; = {€;_1,€/_5,..., J4_1,Y4—2,...}. We are able to apply
the Central Limit Theorem for martingale difference sequence(m.d.s) given the follow-

ing Lemma holds.

Lemma B.2.5. For any K x 1 vector a = (ay,...,ag)’ with [ja|| =1,

g 2
Z,E [(a'Mnt) lFt_l] —p a’'Qa, (B.72)
=1
and
S E [(a’Mnt)4 |Pt_1] 0, (B.73)
=1

where () is a K x K positive definite matrix ();; = 0'12(13(1)2Qi]-.

Remark B.2.1. Once the two conditions are satisfied, we can apply the CLT for a’M,,,
which is any linear combination of the elements in M,;. Thus the vector } | ; M,;
converges in distribution to multivariate Gaussian.
n
ZMW — N(0,Q). (B.74)
t=1

Therefore, by equation (B.70), we have

Z,=DYX’e—nb) —p N(0,Q), (B.75)
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with Q);; = 012CD(1)2Q1-]~. As n — oo, since G: D'X’XD! —, Q, we have
D(Bois—B)-Q'D'nb = (D' X’XD™!)H (D7} (X e - nb))
—p N(0,Q7'QQ™), (B.76)

i.e.,

D(Bos—p-D7'Q7'D7'nb) —p N(0,Q7'QQ7™), (B.77)

Thus we complete the proof for this Theorem. [
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Appendix C

Proofs of the Lemmas in Appendix B

C.1 Proofs of the Lemmas in Appendix B.1

Proof of Lemma B.1.1:

Equation (B.1) in Lemma B.1.1 Recall that 7; = t/n and

n

M) =2 (800~ i) (1700~ (1)

t=1
where g, = n 1Y "  g(t,). Since g(-) is a continuous differentiable function of 7 €

[0,1], under Assumption 2.3.1, we have

_ 1y t ! _
Zin= > ;gi (E) — L gi(t)dr =g, (C.2)

as the Riemann sum converges to its integral limit. The same argument applies to
M](i,j), that
1 v _ _ 1 _ _ .
=) (&t =8i) (8i(0) ~8;) — L (8i(1)-8,)(g(1) -8 )dT = Q(i,j).  (C.3)
t=1
Therefore, as n — oo, M;(i,j) — Q(i,j), fori,j =1,...,k. [ |
Equation (B.2) in Lemma B.1.1 Applying the Cauchy-Schwarz inequality, we have

l n g_i,n_ n Ws(1)8i(Ts) g_j’n_ n w”5(t)gj(T5)
n s=1 s=1

t=1

M (i, j)l =

109
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1/2 1/2

2
1w | L 1 <[ n
< ;Z[gi,n_ ans(t)gi(Ts) ;Z[g]’n— ans(t)gj(Ts) . (C4)
t=1 s=1 t=1 s=1
Hence we are able to show that M;(i,j) = 0,(1) if as n — oo,

2
%Z[gi,n_zwns(t)gi(Ts)] :Op(l)f (C.5)
t=1 s=1

for any i =1,2,...,k. Since (C.5) is always positive, we only need to show that

2
E%Z$@me&mq=mu (C.6)
t=1 s=1

To prove the above result, we first write the equation as

2
%Z[gi’nans(t)gi(Ts] g z[zwns ) (8i() §z-,n)]
:—Zzwns gz Ts gi,n)2

2

t=1 s=
_ZZ ansl wn52 gl(Tsl) g_i,n)(gi(Tsz)_g_i,n)' (C-7)
t= 151—1 Sp= 1,
Sp#S1
For simplicity and without loss of generality, we assume k = 1. Since w,4(t) = K(hfi(h t)),
nhf(v;
and for the kernel density estimator, we have f(v) = f(v) +0,(1), which is commonly
vs—vt
applied in the literature. Let & ; = K}Ef ) . Therefore, it is equivalent to show that
E[M;,i(n)] = o(1), (C.8)
for i = 1,2, where
1 n n 2
Mo (n)=— Eft(g(Ts)—gn) ) (C.9)
t=1 s=1

and

M (n ZZZ%%/Q&ngJ (C.10)

t= 151 152 1,
Sp#S1
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Note that

K2 Vs vt
E[£2] :E[ h2f(v,)? } J] 2 f (v;)2 fst Vs, V4)dvsd vy

thJ‘szfstz+whzhdd_l+o J fst

Therefore, E[M,(n)] = O((nh)~!) = o(1) given that fwK2 w)dw = 0, fKZ

fulz2)
g | S

Meanwhile, Let ®3 denote the condition that t # s; # s,, then

and

E % Zésl,tész,t (g(Tsl) —g_n)(g(’f52) _§”)}

ZE ZE [Esl,tESQ,t] (g(Tsl ) _g_n)(g(Tsz) _g_”)'

Note that by change of variables, we have

1}51 vt 7/52 vt

E[Esl tEs,, t] JJ]- h2f f(vsl,v52,vt)dv51dv52dvt
J:[[ hzf fs1 syt(z+wih,z+woh, 2)h*dw dw,dz

-tat) [ K<wl>dwl) [ B

— 3 3
~(1 +o<1>>Jbe52'f<Z’2'z;(z)f’2 @+

=(1+o(1)(Ds(s1,52,1)+1),

where X
Ds(s1,52,) = f ) 1’52’t(z}i’z’2_f S
Then,
—ZE[Esl o] (807 80 ) (8(1:,) - ,)
:<1+o<1>>

Z(D3(51,52, t) + 1)(g(T51) —g_n)(g(Tsz) _gn)

3
n
O3

111

(C.11)

dw<oo

(C.12)

(C.13)

(C.14)

(C.15)
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1+0 ZD3 51,59, 1) Tsl)—g‘n)(g(rsz)—@)

+<1+o<1>)

2 Z(g(Tsl)—gn)(g(Tsz)—gn)é(1+0(1))(M2,2,1 +M;,.). (C.16)

0,
Since g(-) is a bounded function, there exists some positive value C, > 0, such that

max [¢(7) - g| < C, uniformly. Then we have
7€[0,1]

|M2,2,1| <iZ'D3 (51,52, )(g(Tsl)_gn)(g(Tsz)_g_n)

g f:;lSthZZ f2)3

dz| = O(n™Y). (C.17)

where the last step holds by Assumption 2.3.4. For M, ; ,, it is straightforward that

Pyl (8(Ts1)—§n)(g(rsz)—gn) =0(n™). (C.18)

Therefore, M, , = O(n™!). To summarize, we have proved that E[Mz,i(n)] = o(1) for
i =1,2. They directly imply that M5(i, j) = 0,(1). Hence we complete the proof. [
Equations (B.3) and (B.4) in Lemma B.1.1 Using the Cauchy-Schwarz inequality,

Mo (i, )l < 1M (5,02 IMo (. )12 = Op(1)0, (1) = 0p(1). (C.19)

The same result holds for M, (i,j) fori,j =1,...,k. |
Equation (B.5) in Lemma B.1.1 For S,(i, j), using the Cauchy-Schwarz inequality, we

have

S2(1, /)| =

(vlt ans vzs][vjtiwns(t)vjs]
s=1

172 2|1/2

n 2 n n
% Z[ ZWns(t)vis] % Z[v]-t —~ ans(t)vjs] , (C.20)
s=1 =1 =1

1

fori,j=1,...,k, where

n n ? L d 2
%Z(vit_ZWns(t)Vis] = % [ans(t)(vis_vit)]

t=1
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= Zzwns vzs - Vit)z + % i i i Wys, (t)wnsz(t)(visl - vit)(visz - vit)' (C-21)

t=1 s= t=1 s1=1s,=1,
Sp#S1

As in the previous proofs, we assume k = 1. As f(v) = f(v) +0,(1), it suffices to prove

that (C.21) is 0,(1). Since (C.21) is always positive, we only need to show that the

pl

expectations of the following two expressions are o(1).

51 = ZZ‘SSf , (C.22)

t=1 s=
s:tt

1 n n n
S22=75) ) ) Esubaulvy —v)(vs, —vi), (C.23)

t=1 51:1 52:1,
S1#t Sp#t,Sp %S

K(57)

where &;; = T Here, we only examine equation (C.23) and (C.22) is similar and

simpler. Define L(u) = uK(u), we have

e
|E[S2,2]I =|E EZ O
vsl vt v52 yt)
- ZJJJ f(vslrvszxvt;)dvsldvs2d7}t

hdw,dw,dz

w w
o ZM l%fswz,t(“'wlhxyrwzh;z)

_{1+o Zﬂ]' wlzL) for st(2,2,2)| dwi dw,dz
_(1 +ol (J|L w, |dw1) stl sl Z’ = O(h?), (C.24)
where flL(wl)ldwl < oo and
m SZJfﬂ 2222 o (C.25)

Under Assumption (2.3.6), h — 0 as n — oo, therefore, E[S;,] — 0 as n — oco. This

implies that S;, = 0,(1). Similarly, S;; = 0,(1) and therefore S,(i,j) = 0,(1) for any
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i,j =1,2,..,k. Thus we complete the proof. [ |

Proof of Lemma B.1.2: Note that

1 n Vs—V, 2
1 o, 19 LT K () (vs—v)
Ly =— t t2: W t =
| ﬁ;av o ﬁ;av) )
(140, Ly K (252) we-vy)) _
= ZC ) ] 2 (1+0,(1)Ty (C.26)

Hence, it is equivalent to show I, = 0,(1). We consider the square of T, as follows.

?:IK(¥)(%—%)]Z

f(th)

><L(vl2 Y ) (C.27)
Therefore, we have to prove that the expectation of

FYYYY ZZf ot

= 1t2 151 152 111 ll
VI vt Vl —Ut
xL( 1 2)L( 2 2) C.28

is o(1). We consider some typical cases of the index vector (ty,%;,51,5;,11,1;), while
under remaining conditions it can be proved similarly.

(1) Let ®6 denote b2l S £S5, % ll * 12,

th vtz (VSI —vtl) (VSZ_vtl) (VZI —vtz) ('I/lz_vtz)
n5Z [fvtlzfv 2 h L h L h L h

tz

(v¢,)C (vsl—vtl) (Vsz—th) (vll—vtz)
T ZJ Jf (ve,) 2f 2 h L h b h

V, — V¢
2 2
L( p )ﬁl’tz’sll%ll,lz(vtl,vtz,vsl,vSZ,vll, vlz)dvt1 dvtzdvs1 dstdvll dv12
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ZJ ff (z1) Zf wy)L(w)L(ws)L(wy)

ﬁl'tz'sleZ;llrlz 21,29,21 +wih,z; + wzh Zy + w3h, 2, + wyh)dwidw,dwsdwydz;dz,

S XM W] Fe bt s bt

)(3,4,5,6)
ﬂl)tz’sl’sz’ll’lz(zl,22,21,21,22,22)11./171/21{)31{]4]1 dwldw2dw3dw4dzld22

8
—(1+0( )h ijl wl)dw1szL(wz)dwzjw3L(w3)dw3Jw4L(w4>dw4

)(3,4,5,6)

C(21)C(2 ﬂ1,t2,51,52,11,12(21;22,21,21:22,Zz)
2 ledZZ
f( Zl f(z2)?
_(1+0f h8 (20822 f I (21,25, 21,21,22,2:)
0 7’1 K » 1 41r41> ’
2l ZH “'”'51'52'1;'12 dzjdz,  (C.29)
f(z1)?f(22)?
where x5 = wa( Jdw = jw w)dw < co. Meanwhile, we require that
4)(3,4,5,6)
(z)C(2)f; (21122121121122;22)
max Jf tl’tz’sl’sz’g’lz dz,dz,| < co. (C.30)
tl,tz,Sz,SQ,ll,IQ f Zl f ZZ

Therefore, when t; # t, #5s; #5, 21 # I, as 1 — oo, nh® — 0, and
LZE C(vtl)c(vtz) L(vsl_vtl )L(vSZ_vtl )L(vll_th)L(UZZ_vt2)
n o, f)?*f(vs,)? h h h h

=O(nh®) = o(1). (C.31)

(2) Let ©5 denote t; =t, =t,t #s; =5y #l; #1,. Therefore,
1 C(vy) (vsl_vt) (vsz_vt) (Vll—vt) (Vlz—vt)
— E L L L L
n> @Z« f(v)* h h h h
5

N B B e B e
=— L L L L
n5®ZSr fv)4 h h h h
vt,vsl,vSZ,vll,vlz)dvtdvs dvg,dvy dvy,

Xf = L Ly L)L)

ftsi,s00y (2 2+ wWih,z+woh, z+wsh, z + w4h)h4dzdw1 dw,dwsdwy
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z

s% ;ff ]C(E ;iL(wl)L(wz

)L(w3)L(wy)

fts1,5000 z,z+w1h zZ+woh, z+wsh, z+w4h)h dzdwidw,dwsdwy

Z

(wa)L(ws3)L(wy)

1+0 ZI J

ﬁ' $1,82, ll lz(zl Z2,2,2,2 dZdw] dW2dW3dW4

_(1+o (J‘lL dw ”fi

where flL(w

ft.s1,5001,,(%2,2,2,2)d2 O(h4)

)ldw < 0o, and

z
max — Z,2,2,2,2)dz < 00
t,51,52,11,12v[f(Z)4ft’51,sz’l1’l2( e ) ’

(3) Let O3 denote ty =ty =t,s;=s, =5, Iy =, =Lt=s =1
1 [ C(v,)? 2(Vs—7/t) 2(Vl—vt)
— E L L
”SZ f(vt)4 h h

2 -v V-V
;4122( p t)Lz( lh t)ft,s,l(vt,vs,vl)dvtdvsdvl

=2 L2 (wy) L (w,) ) fi5,1(z 2+ wih,z+woh)dwdw,dz

@Zﬂf o
1+0 ZJLZ wq dle‘L2 wy dwzfc stz )dz
O3

f(z)*
_(1+0 K221ZJC ﬁslzz,

Jdw = fszz (w)dw < o0, and

z
(z,2,2z)dz < 0.

Therefore, in this condition when t; = t, = t,sy = s, =s,ly = L =Lt #s 21,

;Ezi;iI}(VS ;W)Lz(%)} — O(Z_z) = o(1).

(wy)L?(wy ) f1.5,1(2,2,2)dwdw,dz

where k5, = ILQ

1
— E
nd

t#s#l

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)
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To summarize,

]=o(1), (C.37)

which implies that I;, = 0,(1) and therefore I, = 0p(1).

p

We consider the second moment of I,,, which can be written as

I =% ) g
Z?1I<(’”Sh”t)(g<m—g<n>)] zle(”sh”f)ws—vt)]

n

1
2 nh? ;C(vt)

—

f(v) f(vy)
CL40,(1) & YK (22 ) (g(m) - glm) |[ T K (252 ) (vs —v)
N n2+/nh? ;C(Vt) (o) o)
=(1+0,(1))I,,. (C.38)

Hence, it is equivalent to prove that I, is 0p(1). We then show that E[Tgn] — 0 as

n — oQ.

P K (S5 ) (8(n) — g(my)
Y K(v —hv,1 )(Vs ~ Uy ) it K(W—h% )(g(’fz) _S(th))
f(vtl) f(Vtz)
V-V )
)

vSl _vtl ) (VSZ _vtl ) (vll _vtz) (vlz _vtz)
xK( (=K () (), (C.39)
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Therefore,! we need to show that the expectation of

n5h2 Z Z Z ZZZf vztlzf ZZZ (8(7,) = 8(,)) (8(m,) - 8(,))

= ltz 151 152 111 11

vsl_vtl) (vsz_vtl) (vll_vtz) (vlz_vfz)
K(thKth (C.40)

is 0(1). We only consider some typical conditions of the index vector (t1,t5,51,52,11,12),

and the proofs can be conducted similarly for other conditions.
(1) Let G(s1, 11,1, t2)= (8(7s,) - g(11,))(8(1,) — §(7,)), when all the subscripts are not

equal to each other,

| b
7
S Vo e S e My
)
e Lty [ [ P (e ()

Vi, =Vt
2 2
L( ),ftl,tz,SL,Sz,ll,lz(vtl’ vtz’ vsl’vSZ’ vll’vlz )dvtl dvtzdvsl deZdvll dvlz

h
n5h2 Zg syt 1, t) J. Jf @) zf (wq)L(w,)K (w3)L(wy)

4
ftl’tZ/SlrSZ/llrlz(zl’zz’zl +w1h 21 +U/2h 2y +U/3h,22 +W4h)h dwldedU)3dU/4dzld22

h
G(s1,t1, 11, t2) J Jf @) 2f )L(wz)K(w3)L(w4)(ft1,tz,sl,sz,ll,lz(21;22x

zi twih, 21 +woh, 2y + w3h, zy + wyh) — f(21)f (22)f (21 + wih)f (21 + wah)
f(zo+wsh)f(zo +wah) + f(z1)f (22)f (21 + wih) f(z1 +woh)f (2o + w3h)f (25 + w4h))
dwidwydwsdwydzidzy

:D3 + G3, (C41)

where the second term is

!The term in the summation becomes 0 when one of the following conditions happens, s; = t;, s, = 1,

S1 = tz, or sp = tz.
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G(s1,t1,11,12) J Jf @) 2f )L(wo)K(w3)L(wa)f (21)f (22)
f(Z] +w1 21 + WQh)f(Zz + W3h)f(22 + w4h)dw1 d'W2d'U/3dU}4d21d22
=h—5 Gttty | - f A K L K wa)Lwa) (21)f () f )

f’(21)wzhf(zz)f’(zz)w4hdw1dw2dw3dw4dzldzz

4 2 2
Z% @ZG'Q(SI’ ti, 1y, 1) (j C(z )f’(zl)d21) (szL(wz)dw2)

Ch*
== Z G(s1,t1, 11, t2) = O(hY), (C.42)

BEEDEY)
in which we require IwL( Jdw < oo, IC z1)f’(z1)dzy < oo and it is straightforward

that

1
= Z G(s1,t1, 11, 1) = O(1). (C.43)
Slitlillitz

While Dj is also o(1) because

(1
Dy =Lxell Zw sutulito) | - H e K (a1 LK L)
|ﬁ1,t2,51,52,ll,lz(zlf22'21:21’22122) —f(21)3f(22) |dw1dw2dw3dw4dzldzz
1+0(1))h2 2 g
A Y gt bt [ kGt | ( [ LGt
3
JJ‘% |for taspsaln i (21, 22,21, 21,22,22) = f(21)° f (22)| d 21 d 2
=0(h?), (C.44)
where we used the assumptions that flK(w)|dw < o0, f|L(w)|dw < o0,
max |Q(51, tl’ll’ t2)| < oo and
sptylnts
C(z1)C(z3) 3 3 5
o\ r/_ \) 14Dy L9494, - d d = O .
@Zﬁfjjf(z1)2f(zz)2 |ft1,t2,sl,52,11,12(21 22,21,21,22,22) = f(21) f (22) | 214z (n°)
(C.45)
Hence,

#@Z’g(sl,tl,ll,tzm[ff(vtl )f( t,) K(vsl ;th )L(vs2 ;th )K(vll ;Vtz)
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L(%)] — o(1). (C.46)

(2) Let G(s,t,1) =G(s,t,1,t),and let O3 denote t #s # [, and assume t; = t, =t,5; =5, =5,
ll = 12 = l,.

n5h2zgs,tl [f i;zK 2 )L(Vs;vt)K(vz;W)L(w;w)}

i Lo [ L (o (e (2

X f(vy,vg,vp)dv,dvsdv,

2
- n51h2 @Z;Q(s, 1) Jjj 584 K(wy)L(wy)K(wy)L(wy) fr5,1(2, 2 + wih, z + woh)

x h*dw,dw,dz

1+0 s, t,1) jjh ](EE ; K?(wy)wyK* (w, ) fi5.1(2, 2, 2)dwdw,dz
“0 G(s,1,1) |JJ ft; wy K2 (w) ) w, K2 (wo) fy (2,2, 2) | dw dw, dz
2 2
=1i§“)%:w@»Jnk WMK%wnde JW%%%ﬂ@Azz@zh
:o(%), (C.47)

where for any s,t,1, |G(s, t,1)| < o0, fllez(w)dw < 0o, and

z
tslffz4ﬁslzzzdz<m (C.48)

Therefore, when t; =t, =t,s1 =s, =s,l; =, =L,s#t =],

#@ZZ,Q(S’t’l’t)E[;EZi;iK(vS;W)L(v“";vt)K(vl;vt)L(vl;w)]

=o(1). (C.49)

To summarize,

E[T3,] = o(1), (C.50)
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which implies that I, = 0,(1). Thus we complete the proof. [
Proof of Lemma B.1.4: Without loss of generality2, we assume k = 1. Therefore, the

objective is to prove that

Dyn) =~ Y (%% = 0,(1). (C51)

Di(m== ) (F-%)

:Dll(i’l)+D12(71). (C52)

Let Il ; = w,s(t) —w,5(t). We define several useful notations as follows.

K (2 K (¥
S =](((—v’;))<g<rt> ~$(5), Ealrn)= %m )
2s(L,1) =Ko () (gl - gl Ball ) = Ko (5 o,

Es(p,t,1) =E3(L,p) + Eu(l, p) - E5(L, 1) - E4(l, 1).

Note that

K () (o) - ) (K(T)_K(T))
— nh(f(v)? +0,(1)) nh(f (v;) +0,(1))

K(55%) (Flon - F @) (K(”‘Z”S)—K(”fz”s))
nhf (v,)? T () -

=(1+0,(1))

(C.53)

2The proofs for the multivariate case can be carried out at the cost of more tedious derivations.
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By Taylor expansion, and denote K;(p, t) = K’(L),

K(”P ”f) K ) <1+op<1>>1<’(v”;:vt)[(%;_zw)‘(?pf]]

h
] (s apatp) 5

h
=(1+0p( det[

1+0 (1+0,(1))
( (15)) - h” Ka(p,t)(8() - g())
1+0
Tp)
1+0
- t)x; — 8(71)
(T+0,(1 -1, < -1,
nhb Zl’ ( ) _g(Tp))-’_;KZ( b )Ul
(40,1 -7 - T -1
o koot ZKZ( ) g(rt>>+;Kz(T)vt
(1+0,(1
e A = _=
0 ki, ;(% (p)+ Z5(L,1)-E4(l,1))
(1+0,(1 1
é— =
S ;% p,t,0), (C.54)
where E5(p,t,1) = Z3(L,p) + Z4(1,p) — E5(l, t) — E4(I, ). Meanwhile,
- — 1 & v, =V v, —V;
Floo - = )| (%5 t)—K[ - )]
p=1
(1+0,(1)) { s
=5 ) Kalp.t)) Es(p.tl). (C.55)
p=1 I=1
Therefore,
V Vt n
[T, =(1+0,(1 n3h3bf Zdet 2 Esptl)]
K(s,t)Y 1, E5(s,t,1)
+(1+0p(1))( i nZhZZb]lf( é(1'1'017(1))(1_15,t,1"'I_[s,t,z)- (C-56)
We then have
1 n n 2 1 n n 2
Dll(n):; (wns(t) Wws(t)) x2 = ;t L 1( (1+0p( st1+Hst2))
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1+0 ) A —~
XZ [y +T0g2)°x7 2 (1+0,(1)) Dy (C.57)

t=1 s=

Also note that

~ 1 n n
Dy = (g1 + 154 0)%x2
t=1 s=1
2 n o n _ N
S T2, %2 +_ZZHst2x = 2Dy, + 2D (C.58)
t=1 s=1 t=1 s=

Hence we need to show that ]511,1 =0,(1)and ]511,2 = 0p(1). As the all the terms in 511,1-
are positive, we only need to show that E[I~)11,1~] — 0 as n — oo for i = 1,2. We omit the
proofs here as they belong to special and simpler cases of our subsequent proofs for

Dy,(n). Then we move on to prove the term Dy,(n).

D12 ZZZ wns wns t))(wnr(t)_wnr(t))xsxr

t=1 s=1 r=1
r#S
(1 +0, T &
- Z s,t,1 + Hs,t,2) (nr,t,l + Hr,t,2)xsxr
t=1 s=1 r=1
r#s$
1 n o n 1 n o n n
:(1 + Op ; ZZHS t, IHr t,1Xs Xy + ; ZZZHs,t,IHr,t,szxr
t=1 s=1r t=1 s=1 r=1
r:ts r#s
1 n n n 1 n n o n
+Z Z s,t, ZHr t, 1XsXy + ; ZZZHs,t,an,t,szxr
t=1 s=1 r=1 t=1 s=1 r=1
r#S r#S
2(1+ Op(l))(Dlz,l(”) +Dy2,2(n) + Dy 3(n) + D12,4(”)). (C.59)

Therefore, we need to prove that 512,1-(11) =0,(1) fori=1,2,3,4. We take 512,1(11) as an

example, and other terms can be proved similarly.

Diai(n ZZZHstlHrtlxsxr

tlslrl
r#s

ey sy V)

t=1 s=1 r=1
r#S
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X ZKd(Pl;t) ZES(pl;t:Zl) ZKd(pZIt) ng(sz t, o)X,
p1=1 11—1 p2= =1
K(Vr Vt)
oy
t=1 s=1 rrig
n n
x Y Kalpi,t) ) (E3(h,p1) +Eally, p1) = Es(ln, 1) - Ea(ly, 1))
p1=1 h=1
n n
X Kd(Pzrt)Z(Ez»(lz,Pz)+E4(12:P2)—53(12;f)—54(12rt))xsxr- (C.60)
p2=1 =1

We pick one typical term to demonstrate the proving methods, and other terms can be

conducted similarly. Note that x; = g(Tt) + vy,

n7h6b2 ZZZZZZZ )K( T t)Kd(Ple)53(le1)Kd(P2;t)

t=1 s= 11’ 111—1[71 112 1p2

1 K(Vsve ) g (2t .
25 (12, pR(TI(T) ~ s ) ( ’“f()vt)i h )Kduu,t)Kz(%)
(g(11) - gty )Ka(pa, >I<2( ; _T"Z)(gmg—g(rm))g(rs)g(m, (C.61)

where ~ means that they have the same order. Also note that

K (55K (=52)
E W (0,3 Ka(p1,t)Ka(pa, t)|| < C, (C.62)
for some C > 0 and
1 n o n 7 )
50 ) (Ko 5 ) glm) —g(m)| = (L+o(1))C. (C63)
I=1 p=1
Therefore,
1 KR () -7
E[ T HoD2 @Z Flop)? Kd(pl,t)Kz(%)(g(Tzl) —8(7p,))Ka(p2, 1)
7

T, — T
Kz( lzb p2

n7h6b2 Z«E

((71,) — 8(1p,))8(T5)g ()

EINEY

|

Ka(p1,t)K(pa, t)

Ko 52 st - st
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Ko 5 gt - gty gt

C
T @Z

7

KZ(Tll;Tpl)(g(Tll)_g(Tpl))Kz( 5 2)(g(rzz)—g(sz))g(Ts)g(Tf)

=(1+0(1))Cb?/h? = O(b*/h?). (C.64)
Similarly, we can show that other terms are all 0,(1). Therefore, 512’1 =0,(1), hence
D12,1 = Op(l). (C65)

It is similar to show that

D12,i = Op(l). (C66)
for i = 2,3,4. Hence, we are able to show that Dy = 0,(1), D13 = 0,(1). To summarize,
D] = Op(l). (C67)

Thus,we complete the proof. n

Proof of Lemma B.1.3: As X; = g(7;) + v;, we have

1 _

ﬁ L Xl = Zg T, )u, + vtut 2 Gy(n)+ Gy(n), (C.68)
hence, we need to show that both G;(n) and Gz(n) are 0,(1). Note that by previous
definition,

1 n 1 n n n
Giln) =5 L_Bwi =) | s(w)- ;wm(t)g(rs) ;wnzmuz]

1 Z 1 & K(552) (gt -8t ) |[ 1 & K (252 ) uy
Vi | nh flvy) nh I=1 fwr)
1+0,(1) & & & K557 ) (g(7) — g )K (5 ) u _

- 20p(2) ( )g t g25 ( - ) lé(l"'op(l))Gl(n)
mANnh? f@i)

(C.69)

Therefore, it suffices to show that al(n) is op(l). Note that

(1) - (T K (252 )y ]2

o ["W h? ZZZ fw)? h

t=1 s=1 I=1
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51 Vfl )K<v52;vf2 )K(Vh ;vtl )K(Vlzzvfz )

n5h4 Z Z Z Z Z Z f)?f(vy,)?

tl 1t2 151—152 111_112

xug, g, (8(7y,) — 8(75,))(g(1,) = 8(7s,))- (C.70)

By Assumption 2.3.3, for the @-mixing error term u;, we have

E %iiullulz :%iiE[ullub]:O(l). (C.71)

11:1 12:1 11:1 12:1
Meanwhile,
Vg, =Vt Vs, —Vy v, V¢ V1, —V;
. K (P ) K (252 ) K (2 ) K (F52)
WA f(vy,)? f (vy,)?
Vsl vtl Usz ;vtz )K ( Vll ;th )K(vlz ;vtz )
\J‘ J h4 2 f(vsllezlvll’vlzlvtl’vtz)
f th f (v
stlstdelldvlzdvtldvtz
(w1)K(wy)K(w 3)K(w4)
Jjjj 2 fsl,sz,ll,lz,tl,tz(zl +wih,zy + woh, zy +wsh
f(z1)2f( z5)?

, 2y + wyh, z1,20)dwidwydwsdwydzidz,

21,22,21,22, 21,2
_(1+0(1 ))(J (w, dwl) j fsl,sz,ll,lz,tl,tz 1,22 1; 2,21, 2)d21d22

f(z1)%f(2,)?
1 +0 J‘ fS1,52,11,12,t1,t2 21’22’21’22’21’22)‘12 dz (C 72)
where
21,22,21,29,21,2
j f51 $2,01,00,t1, tzzl 12f2221 Lt 2)d21d22
f:ﬂ so,l1,00,t1,t 21,22,21, 27, 21’22) f(zl)3f(22)3 J‘
dzydzy + || f(z1)f(22)dz1dz,
j f(z1)*f(22)?
éB4(51,52, tllt2)+ L. (C73)
Therefore,>
- 1+o(1)”n”nnn
B|Gi(m?| = (Balsvysztu t2)+ 1)E [y, |

tlzl t2=1 5121 52:1 11:1 12:].

3Here, we only need to consider the condition when all the indexes are not equal to each other since

the quantity would be a higher order when we have equal indexes.
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x (g(ty,) — &(ts,))(g(T,) — 8(7Ts,))

n

_1 +nc;(1) i Z i i ii34(51,52,t1, t)E [“11”12]

tlzl t2:1 51:1 52:1 11:1 12:1

x (g(Ty,) — g5, ))(&(Tr,) — &(7s,))

n n n

= :?” 2 > ) ) Z iE[ullulzl (8(11,) - 8(7s, )(8(Tr,) — 8(7s,))

tlzl tzzl 5121 52:1 11:1 1221

=(1+0(1))(EG1(n) + EGya(n). (C.74)

We show that

‘Féll(”)

=0(1)O(1) = o(1), (C.75)

and by Assumption 2.3.4,

Z Z Z Z'Bz} S1,S9,t1,12) |

t1= 1t2 151 152

1 v Fs1 50l 0o 1,15 ( 21122121:22’21’22) f(z1)°f(22)
SRR : e
" e o f(21)*f(22)?
ZZZZ
ft1—1t2 151 152
T ﬂ oo daiis(21022,21,220,20) = f(20) (22| dzidzy = o(1). (C.76)
1,52

Also note that
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53335 st £33 ]

Hh= ltz 151 152 11 112

oftJo=o[2). e

n
where Zzzl Z?Fl E [“11 u12] = O(n) because u; is a statioanry a-mixing process. There-
fore, we have E[G;(1)?] = o(1), which implies that G, (n) = 0,(1). While for G,(n),

zw ]

n

1 1 v
G2(n) :ﬁ L vt”t:%Z[vt ans ]

n n

K (25 _
111:\(/)—;12 XZZ v)2 ( : ) = (1+0y(1))Ga(n).  (C.78)

t=1 s=1 [=1

Thus it is sufficient to show Gz(n) =0,(1). Let L(u) = uK(u), and note that

bt

t=1 s=1 I=1

non L Ys Vfl)K(VSZ;%)L(VH;VM)K(vlzzvfz)ul n
140

Ly yyyy e e

tl—ltz 151—152 1l1 112 1

Similar to the previous proof, we have

E[@z(n)z]
] . i L(vsl;}tl )K(V”;vtz )L<v11 ;th )K(vzzzwz )”ll ulz
n>h? t oty sioady =1 f(Vt1)2f(Vt2)2
1 n L(vﬂ;’tl )K(vszzvfz )L(”h ;’11 )K(Wz;vtz )
e L F F (00 )2 (v7,)° Efi,

t1,t2,51,52,11,1p=1
O(h4) n o n n n non
:WZZZZZZE[%%]:o<h2):o<1), (C.80)
t=1ty=1s1=1s=111=11,=1
where we used the results that
L(vsl ;vtl )K ( Vs, ;vtz )L ( vy ;vtl )K(vl2 ;vtz )
f(vtl)Zf(vtz)z

E
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(Utl )Zf(vtz)Z

Vsl th VSZ vt2 Vll—vtl) (Vlz—vtz)
l J J‘ T )L< )K=

f (V)5 Vs, V1,5 V1, Uy, U, )AVs dUg dvy dvg d vy dvt2|

vsl vtl Vszzvfz )L<Vl1 ;Vu )K ( v12;w2 )
f J- 2 2 f(vs]:v52: Vs Vlys Utl,vtz)
f(vtl) f(vtz)
dvsldezclvlldvlzdvtldvt2
_p f f (w1)K (wy) L(w 3>K<w4>
B 2
f(z1) f 25)?

f51;52,11,12,t1,t2(21 + wlh, Zy + th, zZ1 + W3I’l, Zy + W4I’l, Z1, 22)| dwl dw2dW3dW4d21dZZ

2 2
=(1 +0(1))h4U|L(w)|dw) (J-lK(w)|dw)
jj f:91,52,l1,l2,t1,t2 21122121’22’21r22)

f(z1) 2f Zz

2
<(1 +o(1))h4U|L(w)|dw) U|K(w)|dw)

f fsl,sz,ll,lz,tl,tz 21122121:22121:22)
f(z1) 2f (22)?

=0(h*), (C.81)

d21d22

led22

where as for s; #s, #1; # 1, # t; # t, uniformly, we have

max
Sl,Sz,ll,lz,tl,tz

f, 0ot t (21,22 21 22,21,22)
J 515““2 T Y dz1dz, < oo (C.82)

f(21)*f(22)?
Therefore, E E;/z(n)2 =0(1) implies that G,(n) = 0,(1). To summarize,
P p

n

LN %, = Gy(n) + Gy () = 0,(1). (C.83)
h =1

Thus we complete the proof. [
Proof of Lemma B.1.5:

We first decompose the equation as



130 APPENDIX C. PROOFS OF THE LEMMAS IN APPENDIX B

1 =,
=ﬁ(x —XA) T(Xe Xz)
:%(2—2)’ T @=7?)
1 = _
_%(x X)( —2) + T( - ) N7 )
=P, (1) + Py(n) + P3(n), (C.84)

where Pi(n) = (X~ X) (@-2)/y, Py(n) = (X~ X) &, Ps(n) = X' (@-2)/vn. There-
fore, it suffices to show that P;(n) = 0,(1) as n — oo for i = 1, 2,3. Note that e = ;\\(V) +U,
e= I(V) + U, and write A, = A(v;). We have

n

1l (& =v 1

Pi(n)=—=(X-X) @2=—=) @®-%)@-a)
t=1
- Y @ -FIT T+ —= Y (Fi-F)T - ) = Pr(n)+ Paln), (C.85)
n t=1 h t=1
Py(n) :L(i—i)"e‘: Ly (% - %)%
2 \/E \/ﬁt:1 t t)*t
=% Zlca T)T+ Zlec‘ )T, = Py (n) + Pya(n) (C.86)
Py(n) ==X (@0 = —= Y TG -T) = —= Y B - )+ = Y (T~ T
\/E n =1 h t=1 h =1
=P31(n) + P35(n). (C.87)

Hence, our objective is to show that Pl-]-(n) = op(l) fori=1,2,3,j =1,2. Note that

=
2
=2
=
=

_ K (*52) _ K (")
Ei(r1) =w(g(ﬂ) -g(7,), Ea(rt)= W(vt —- ),
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L+o,(1) ¢- K (47) L 1H0,(1) &
nh ; o) (g(te) - g(t) = — m:l(r,t), (C.89)
Similarly,
1+ 0,(1) & K(Vr;l/t) Cltoy(l) &
V= nZ ; (o) (v —v,) = n;}l ;az(r,t). (C.90)

Also note that

— —

flo)  nhf@) Whf(v)f (@
K (%) (Flwn) = @) (K(”T’S)—K h))

T h(fu)? +0,(1)) | nh(fvg) +0,(1)

K (%) (Fw) - F@3) (K(”’Z”S)—K(”f;"f))
nhf(vt)z i nhf(v;) :

k() KR k()R- T ()1 (5%)
Yk )

(C.91)

=(1+0,(1)

Vp —Vt

By Taylor expansion, and denote K;(p,t) = K’( 7 ),

Up— Vi Up =) AT AN
K( . )—K( . ]_<1+op<1)>1<( . )[( . )_( _ ]]

_ffp]_(l +0,(1)Ka(p, t)(vt%@)

Vp

=(1 +op<1>>1<d<p,t>[
=(1+0p(1))h " Ky(p, t) (Z(1,) - 8(7p)) = (1 + 0, (1) Ky(p, 1) (311) - 8(71))

=(1+0,(1)h " Ky(p, f)[Zw;l(p)xp —g(Tp)]
I=1
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> w0~ g(t)

I=1

132

—(1+0,(1)h™" Ka(p,t)

n

ZKz(Tl r ) g(Tp))+ZK2(leTp)Vl]

I=1

(1+o
nhb

pt

2 n n
_—(1+0p(1)) Ki(p,t) ZKZ(Tl;Tt)(g(TZ)g(Tt))JFZKz(%)Vt]
I=1

nhb

I=1

n

1 1))?
é%mp, 0" (Es(Lp)+Eallp)=Es(l1)-Ea(L1)
1

(1+0,(1))?
nhb

~—

Ka(p,t) ) Es(p,t,1),
=1

(C.92)

>

—

where Z5(p,t,1) = Z5(L, p) + E4(1,p) — E5(1, t) — E4(I, t), Meanwhile,

{5 o5

1 1)) &
p=1

Therefore,

Ky(s, t)Zl 1 Es(s,t, l))‘ (C.94)

K(%5) & L Ka(s, t) X Es(s,t,1)
" T N Kup,t)Y Es(ptl A i s

p=1 =1
1 1 nononon on g%k (p t)
:(‘/;:f};;) =1 s=1 r=1 p=1 I=1 ( f(gt)zd (El(r t)+“2(r’t))85(p t, D
=1 s=1 r=1 p=1 I=
1 1 n n n n
(\/;”05232) =T =1 =1 I=1 Klf((jt)t) (El(r )+ Ealr t))E5(5 £, ug (C.95)
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Replacing Es(p, t,1) = E5(1,p) + E4(l, p) — E5(1, t) — E4(1, t), it is equivalent to prove that

the following quantities are o,(1).

o B Ky(pot) ~

(23(Lp) +Ea(lp) ~E5(Lt) - Ea(l, 1)) us. (C.96)

(23(Lp)+ 24l p) —E3(L 1)~ Ea(l, 1)) us. (C.97)

We consider one typical term, for example,

w, = \/_n4h4b ZZZZZ )El(r, HE5(1, p)us. (C.98)

t=1 s=1 r=1 p=1 [=1

It suffices to show that wy is 0,(1) if E[LU%] — 0 as n — oo. We only consider the
condition that all subscripts are not equal (denoted as ®;(), and it is straightforward

that the conclusion still holds for the rest of the conditions.

K(Vsl ~n )K/(”Pl ~Vn )K(Vfl_vfl )

|E[ %]| IE[ 9h8bzz f(vﬁ)?’ h
K (=2 vtz)K;( Vp,—Vt, % vy, =1,
( f(v:)s ) ( h )(g(Ttl)—S(Trl))(g(rtz)_g(%))
Ty T, — Tp,
Kz( : )(gml)—g(rp1>>Kz(T)<g<uz>—gum))ule,SJ

n9h8b2 Z' () — &1y ))(&(11,) — &(77,)) ‘E[uslusz]

KR A R K (o K 5

; )
f(vy,)? f(v,)? ”

1, — T

\Kz( R LGRS e [FERE )

) ‘E[u51u52]

E

n9h8b2 Z' Ttl Trl (g(th) _g(Trz)
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T, —T

Ch6\K2(T’1 - )<g<r11>—g<rp1>>f<z (%)(gmz) ~8(1,)

n5h2b2 Z Z‘E[”Slusz]

\KZ(T“ 72 et~ ()

S1= 152 1p] 1
T, —

ZZ‘ ( : ) (le)_g(sz))
lr=1p,=1
_Cb?
= ) Z\E[usluSZ]

S1= 152
Cb2 L 246 2+6 _ 21,2
=2 ZZ 249 (51 = 52)Elug, |7 OElug, |7 = O(b7/h7), (C.99)

S1= 152

where we used the results as follows.

- I ) Ve, —V I V=V
K (=L f K’ (2L 51 K (21 f K (=2 tp K’ (=22 2 K (=22 1]
'E[(h)(h)(h)(h)(h)(h)”
fvy)3f(v,)?
(wq)K'(w;)K(w3)K(wy)K'(ws)K (wp)
'J J Zl)3f Zz) f51,P1:71:52:P2’f2’f1’t2(Zl +wih,zy

+woh, 2y + wsh, zy + wah, 2o + wsh, 2y + weh, 21, 25 )W dw, dw,dwsdwydwsdwgdz, dz,

J J‘ (w1)K'(wy) (w3)K(w4)K’(w5)K(w6)

Zl 3f Zz bePl:rl:Sz:Pz;fz;fpfz(Zl +wih,

z1 +woh, zy + w3h, zy + wah, 2, + wsh, z, + w6h,zl,zz)h6‘dwldwzdw3dw4dw5dw6dzldzz

—(1+0(1 h6j J‘ (w1)K'(w,) ( 3)K(w 4)K,(w5)K(w6)

f(z1) 3f Z:z

(z1,21,21,22,22, 22, zl,zz)'dwldwzdw3dw4dw5dw6dzldzz

~(1+o(1))IS f IK (wy)ldw, f|f<’<wz>|dw2 J K (ws)ldws J IK (wa)ldws f K (ws)

(21,21,21,22,22,22,21,22)
dw5J|K(w6)|dw6 fj ][51,P1,Y1,52,P2,f2,f1;f2 g - 1o~ ‘dzldzz
f(z1)°f(z2)

<(1 + o(1))h® (f |K<w1>|dw1)4(f |K'<w2>|dwz)2
]

for some C > 0 and

f51 D1,11,52,P2,72,81,12

fsl,pl,rl,sz,pz,rz,tl,tz (21; 21,21,22,22,22, 21, 22)

f(Zl)sf(Zz)3

‘dzldz2 < (1 +0(1))CHS, (C.100)

max
51,P1,71,52,P2,12,t1,t2

j ](51 P1,71,52,P2,12,t1, tz(erzlyZlyz2yz2122rzll22)dz dz, < (C 101)
1 2 Q. .

f(z1)*f(22)?
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In the same time, by the definition of Riemann Integral,

%iimf?%n 1ﬂ221(

) -8 (5,

—>J]A y X) |g |dydx b y x ) g (x)|dydx
=b? f |K2(w)w| dw x)|dx = O(b?). (C.102)
where lez( Jw|dw < oo, and jlg )|dx < co. Thus we complete the proof. [ |

C.2 Proofs of the Lemmas in Appendix B.2

Proof of Lemma B.2.1:

Y shE @)=y S -

n?: t=1 t=1 1N 2

=in izzm)(’e:_l @)= 5 ) (&E g

t=1

=

( (T1)€¢—1 — GilTi1)€r1 + Gi(T4—1 )€ 1—gz(Tt)€t)
t 1

1 — 1 ~ -~ =
:% ;(gi(Tt)et—l — 8i(Tt-1)€r1 ) + ﬁ ;(gi(Tt—l)et—l —gi(’ft)et)
1L (~,(T) (T ))e . 1( (7o)~ Gi( )e) (C.103)
_\/Etzlglt 8ilTi—1 t—1 \/—gZO —&i\Ty)€n ) .
where the second term is 0,(1/+/n). For the first term, by Taylor expansion,
1
Z(g’ ) — &i(Te- 1))€t 1——\/— g (T-1)€1. (C.104)

It is easy to show that E[C5(n)] = 0 and E[C3(n)?] = O(n~?). Therefore, as n — oo, we

have
1 n
75 LB -8) —p o
t=1

We then complete the proof. |
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Proof of Lemma B.2.2: We need to show that as n — oo,

I 7

Wé’ﬂi,o —p O, (C].OS)
1

e —— 1, —p 0, (C.106)

where €77 61/]” fl (L)(ermir —60;) = 12 Ofl 0s(€r-s7i,+-s — 0;) and EOS = Y ilse1 Pty It is

obvious that

Eln;/Z €n; n] - [Zfz 0s et sMit—s — )}

1 —
:ndi/z Zfi,OS(E[et—sﬂi,t—s] -0;)=0. (C.107)
s=0
Meanwhile,
1 _f 2 1 oo
E (Tld /26171 n) ] = ; Z}?OSE[(et sHit—s 61’)2]
5=0
2 (o0] oo
_d Z Z .fl 052 et—Sl Ui,t—Sl - ei)(et—Szi/]i,t—Sz - 91)]
51=0s,
520 =07 & )
R ZE?OS =0(n™%), (C.108)

o

S=
given that } 2, f < oo. Therefore, as n — oo, (C.105) holds. Similarly, we can prove

(C.106) given the same condition. Thus we complete the proof for Lemma B.2.2. [

Proof of Lemma B.2.3 and B.2.4 In these two Lemmas, we define

=Y FraL)ei g (C.109)
q=1

=) ilig(L)ergin (C.110)
=1

where fi,q(L) = Z;x:’ofi,qsLs/ fi,qs = Z;ozs+l ¢p¢p+q,i and ﬁii,q(l‘) = ZSOO:O ﬁi,qsLs; ﬁi,qs =

Y pesi1 PprqPp,i- Therefore, it is obvious that for any ¢,

E [ndi/z Bi,tl =E 1di/2 ZZﬁ',qset—s’?i,t—q—s
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1 (e¢] o0
:ndi/2 ZZfi,ksE[et—sﬂi,t—q—s] =
q=1 s=0

and

1 (o) (o)
E|——=B" €
pdi/2 it M 4s€t—q—sMit—s
q:

ZZ mzquetqsrlzts]—
q=1 s=0
While for the second moments,
1 f 1 v v 2 ) —d;
EI(WB) = 0D _faBlel il ] =00,
q=1 s=0

given that ) 72, Y2 f2 i;qs < ©0- Similarly, we can show that

1 2
m
E[(nd/szt)

given that ) 22, 2, ﬁiizqs < oo. Therefore,

1
WB;Z = op(1),
1L f
nd/zBlt_OP(l)'

fort=0and t =n.
Thus we complete the proof for Lemma B.2.3 and B.2.4. N
Proof of Lemma B.2.5: Denote Z; = (a’M,;)?, then

k K .
= ZZaujM;tMth.
i=1j
Note that

i aql
MntMnt

137

(C.111)

(C.112)

(C.113)

(C.114)

(C.115)

(C.116)

(C.117)

=n"4/2 gi(t)P(1)e; + fz‘,o(l)(etﬂit - 91’) + Zfi,q(l)etﬂi,t—q + Zmi,q(l)et—qﬁi,t
q=1

g=1
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™2 ()@ (1) + f (1) (errje — 0) me Jetji—q + me‘i R

. . . . j j
é (Mi,nt + Mé,nt + Mé,nt + Mﬁll,nt) (Ml,nt + M2,nt + M 3,nt + M4 nt) (C'118)

where fori=1,2,...,k,

M, =g (1) @(1)ey, (C.119)
Mé,nt = ”_di/2]ci,0(1)(€t77it - 91’): (C.120)
M3, =n? Zﬁ,q(l)emi,t_q, (C.121)
q=1
M, =n %2 i g(Der g (C.122)
q=1
Then
n n k k 4 4
ZE I:(a/Mnt)2|Ft—1:| = ZZ Z ZE [ala]Ml’l I/lth’z nt Ft-l:l
=1 t=1 i=1 j=1r=1r,=1
k k 4 4 1 n '
=) D) )} B[ MMl
i=1 j=1 gy iy (s
ko k 4 4
=Y ) gy Y ZuGijrr), (C.123)
i=1 j=1 T1:l T‘2:1

]
where Zy(i,j,r1,1m) = n” dij p 1E[ . mM,2 nt|Fie 1] For given i,j = 1,2,...,k, we ana-
lyze the terms in (C.123) one by one with respect to r;,7, =1,2,3,4.

(1) When ry =1, =1, as n — oo, we have

n .
ZE [Mi,nt 1,nt
t=1

- ZE[g,-m)gj(rt)@(l>263|Pt_11

F;_ 1]

2
O"ICD

n Zgz Tt g] Tt)_)gl ( )2Q1] (C-124)

(2) When r{ = 2,1, =2, as n — oo, we have

n
ZE [Mé,nt 2,nt
t=1

Fy_ 1]
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=fi ol ZE €41jt — etn]t 9)] (C.125)

when dl] = 1,

n

] j
ZE [Mé ntMZ nt

Foot | =hol0f o ELE ;) - 0,60,)

t=1
:fi, f} 521] 916]): (C.126)
where 65;; = E[efqitr]jt].
When d1] >1,
E[ez’?'t’?'t]—e‘e‘
ZE[MZnt 2t |Ft- 1] fio(D)fjo(1)— lndi]j—l L o, (C.127)

(3) Whenry =1,rp=20rr; =2,r, =1, as n — oo, we have

n .
5o, o,
t=1

1 n

=i L FIs ) a1 et~ )i
t=

D(1)f;0(1) ¢
:T]ijo ;gi(Tt)E[et (€t77jt - 61)]

1 n
=0 (1)f0(1)02 - ) sim)
=1

() o(1)3y L = gi(T) (C.128)
j,0(1)02 A d-1/2 p n(di=1)/2 :
t=1

Ft—l]

where 6 = E[etijt]. Whend; =1,

n .
ZE [Mi,nt 2,nt
t=1

in which g; = [, g¥(v)dt

Fot | —@()f0(10058, (C.129)

When dj >1,

Ft_l] —0. (C.130)
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Similarly result holds for r; = 2,r, = 1.

(4) When r{ =, = 3, as n — oo, we have

ZE[M3nt 3,nt
djj ZE Zf“h JEtTi i, Z,f]qz )€t1j g, |Fi1

o

t=1 |[q1=1
(71
Zzzﬁql )fi.a:(Dit—q, 1,14,
t=1 q1=1q,=
2 n (o] (o]
(71 01
ZZfz q1 f]‘h 7711‘ 9 ]t q1 E Z Z fi,ql(1)_7(j,q2(1)77i,t—q1’7j,t—q2
th—l t=1 g1=1 g,=1
1 1 ‘722 q1
2Uq1(n) + Upa(n). (C.131)

Note that when d;; = 1,

E[U11(n Ull] szl 9 f]fh E[mf a1 'jt- ql] Gl 0ij Z,fl q1 f]ql

t= 1[]1_1
(C.132)
and
012 n 00 o]
BlUnl =20 ) Z_l Z Fia D f s (VEi g, Mtg,] = 0. (C.133)
o ‘? #q
Meanwhile,
2
n (o]
Var[Ull E Zf f]‘h 771t g Mj,t-q O_ij)
t=1 q1=
n n

E [(’71' t—q1 ity —q1 ~ Oi]')(qi’tz—%mztz—% - Oij)]

Z Zfz q1 f] q V’E [(ni'tl‘ﬂh Miti-a1 ~ 01']')2]

tl—l ql—l
4 n—1 n

Z Z Zflfh f]‘h flfz t1+‘11 f]fz t1+0I1

t1=1ty=t;+1 q1=
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E [(771‘ ti—q1 ity —qy — Gij)z]

nlntloo

20‘1 6 R
A R Z] ZZZM flql flP+fh f1p+ql(

ti1=1p=1¢g;=1
=0(n 1), (C.134)

given that Z;?:l fi,ql(l)zfj,ql(l)Z < oo and Z;ozl Z;cl’:l |fi,q1(Ufj,ql(1)](i,p+q1(1)fj,p+q1(1)| <

co. Also,
Var[Uiy(n)]
4 n n (o] (o] [ I
01
2 Z Z szl a1 (D g, (D ity (D f1, (OB i, g, 1oy, ity =1, M1,
tlzl tzzl q1 qul l1:1 1221

4 n 00 00

9
:F Z Z Z fi"il(1)2](1342(1)215[171'2,&—611’7]'2:t1—f12]

tlzl qlzl Q2:1
927#4q1

n [Se] [Se]

2014
Z Z Z Zfzﬂh f]qz fltz t1+q1 f]tz t1+q2 [1711*1 fhn]tl 42]

t1=1t,= t1+1fh 1(]2 1
02791

n (S¢] [S¢]

m”ZZZmZm

t1=1q1=1 q=1
42741

n—-1n-t; oo 0

20 0;;0
ST 3 ) WA R SR

t1=1 p=1 q1=1 qo=1

927491
=0(n™"), (C.135)
given that Y 2° 1 Y% _; fiq,(1)*fjq,(1)* < oo and
92791
YY) i Do) <
p=1q1=1 q5=1

42741

Therefore, when dl-]- =1,asn— oo,

Ui(n) —p0toi; ) g (1fi, (1), (C.136)
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Ulz(n) —)pO.

When d1] >1,

E[U;;(n)]
t= 1q1

=n dij—

and
o0

EUmMI=—-) ) ) fun(Dfig,(1)E

q2=1
92#q1
Meanwhile,

f]‘h

o0

=

t1=1t,=1¢q1=1¢>=1

o0

f1 1=

1
n—1 n

ofajj th o (Dfjq (1)
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(C.137)

ZZleh f]q1 E[”zt g1 Mj,t- ql]

(C.138)

[Mit-q,1j,t-q,) = O. (C.139)

1711‘ a1 'lj,t- fh)

=) YY) S (Dfigp (D 1)

[ Nisti—aq1 Mjti—q1 Mistr =, ni'tz—qz]
n

2d Z,fwh qul ZE[ (it -q1 M.ty 1) ]
0=

4 [c]
f o 2 0 Y Ohia Wit (Dfineg ()

tlzl t2:t1+1 qlzl
2
E[ Misty =1 "jti - fh) ]

”ZZﬁql P fiq (1)

t1=1q1=1

n—1n—t; oo

201 IJZZZJCI% f]’h f1P+fh f]P+’h

t1=1p=1¢g;=1

=0(n™Y),

) fi,q,(1)?

given that ) 2°_, fi 4 (1

oo. Also,

Var[Uiy(n)]

<00 and Z?:] Z;?:l |fl;‘h(1

(C.140)

Via (W fiprqr (1) fjprg (DI <
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tl_l t2 1q1_1 qz 1 11:1 =1

927#91 I :tll
f (1) .4, (1)E[ ]
2d i1 (1) fj.q,( ’71 t— q1’7] t-g2
fl lg1=1 go=1
127491

o =l h=h+1q:=1 q
q ‘71

n (o] o0
01011 01 9ii0jj 2 2
Zfqu P fia(1)

= t]l 1 =

q :tq

1 n—t
201011 ]] S Al e 1) : (1) i (1) . (1)
f f]&]z fl:P*‘@l f],p+6]2
tl 1p 1‘11 1

l] q
:O(Tl_Zdij+1),

given that Y 2° 1 Y% _; fig,(1)*fjq,(1)* < oo and
42791

i i i fir‘h (1)'7[]':‘12(1)](1"P+q1 (1)fj,p+q2(1) < oo

p=1q1=1 9,=1
92791

Therefore, when dl-]- >1,as n— oo,
Upi(n) —p0,

Ulz(n) —>p0.

Hence, when d,-j =1

ZE[MS ntMé,ntlpt—l] P 01201-]- Zfi,ql(l)fj,ql(l)r

q1=1
when d;; > 1,

n
ZE[Mé,ntMé,ntlFt—ll —P 0
t=1
(5) When ry =1, =4,

n (o]

1

143

2171 Z Z i i i if”‘h(1)ﬁrqz(1)ﬁ»ll(I)fj,lz(l)E[qi'fl—‘h77]3f1—4217i,t2—11 ”j,tz—lz]

20{1 n—1 n 0o ) , ,
+ 2d;; Z Z Z Zfith(l)ﬁrqz(l)ﬁ’fz—tlﬂh(1)f]"fz—t1+112(1)E[Ui,tl—qlnj,tl—qz]

(C.141)

(C.142)

(C.143)

(C.144)

(C.145)

n
ZE[MZL nt 4nt|Ff 1 E mi % e, q it Zm] 92 Le, 0"}, lFi
:1 qz

n ’]
t=1 |q
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—— NS iy (U gy (Ve r-gE [mia14]

n t=1 ‘7121(72:1
O n o o0
2
= dl~ Z Zml"ql(1)m]‘,q2(1)€t_q1€t_q2
)
O'i]' 01]
T4 thm(l)mml Jeig, * ZZ Z Mg
=T g=1 =1 q;=1 g,=1

12#q1

2 Uy (n) + Uy (n).

It is easy to show that when d,-j =1,

E[Uyi ()] 05507 ) g, (1)mjq, (1),
q1=1

E[Uj,(n)] =0.

Using the same method as in the previous case, we can show that

Var[Uyy(n)] — 0,

VﬂT[U22(Tl)] — 0.

Therefore, when dij =1,

Ui (n) —p 0jj01 Z Mg (1)m; g (1),

q1=1

Uzz(fl) —)PO.
When di]- > 1, we can show that

E[U,;(n)] = 0,E[Uy,(n)] =0,

Var[U21(n)] —> 0, Var[UQZ(n)] — 0.
Therefore, when dij >1,

Uy (n) —p0,

Uzz(n) —)PO.

Mg, (L)€rg, €1,

(C.146)

(C.147)

(C.148)

(C.149)

(C.150)

(C.151)

(C.152)

(C.153)

(C.154)

(C.155)

(C.156)
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Hence, when dz-- =1

ZE[M4ntMi”t|Ft 1] —p 00 Zml o (Do (1). (C.157)
t=1 ql—l
when dl] >1,
n
) E[M, M}, [Fia]—p 0. (C.158)
t=1

(6) Whenry =1,r,=30rr, =3,rn,=1,

n n
ZE[Mi,mMé,mlFH] =5 E|gi(t,)® eth]q )€t t—qlFr-1
t=1 t=1
2 n %)
o;D(1) A
s Zgi(ft)ij,q(l)m,t_q:Ua(n). (C.159)
t=1 q=1
Note that
E[U;,] = 0. (C.160)
Meanwhile,
2
4 2 n o)
o;7D(1)
E[Us(n)) =—5—E|| ) _&(w) ) _fa(W1jeg
n= =1 )
4 2 n n o0
o, P(1)
T 24 Z Zgi(Tﬁ)gl ) i1 (1) f.a E[”J ti—q1 jt qz]
hn t1:1 t2:1 q1:1 q2:]-
4 2 n
o7 P(1) 2 26,2
24 Zgl(Ttl) fian (1) E[”J fl—lh]
tlzlq =1
201 1)? © 5
Yt Z Zgl Tty gl Tt, f]‘h f]tz t1+q1 )E [”j,tl—ql]

t=lt=t1+1q;1=

4 2 n oo
0'1 (D(l) G]]
== ) )&t fig (17
t]:1 qlzl

]]
dij Z Z Zgl Tt )i T, f}‘h f]t2 t1+q1 (1), (C.161)

tl—l b= t1+1 ql—l

Zqu)

where the first term is O(n_df) given that quzl fimn (1)? < co.

For the second term

n [o¢]

1
Zdl] 1 Z Z Zgl Ty gl Tt, f]‘h f]tz t1+‘11

t1=1t,= t1+1q] 1
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1 1
= 1_ J J M%(”(Q—Tl)’j)dﬁd’czHO, (C.162)

given that y5(d,j) = Y 52 X_g /=1 fj.q,(1)fj a1, (1) and

Hm 7 J J B! Tl y2(n(ty —11),j)dtidT, = 0. (C.163)
—0o ]
Therefore, as 1 — oo,

n

ZE[ ML IF ] —p 0. (C.164)

Similar result holds when r; =3 and r, = 1.

(7YWhenry=1,r,=40rr, =4,r=1,

n n (o)
1
ZE[ 1ntMA]L wlFro1] = E E gi(Tt)cD(l)etij,q(l)et—qﬂj,t|Ft—1
= t=1 q=1
7 Zgl Ty Z (1)er—g £ Uy(n). (C.165)
We can show that
E[U4(n)] = 0. (C.166)
Meanwhile,
2 2 n 2
0:D(1) >
B[Us(n)’] == | }_gi(w) )_mjg(1)eiy
n= =1 )
62(1)(1)2 n n 00 (o]
= D D 8T )gi(T g (1m g, (DE[€r, g, €1,

- =
92(1)(1)2 n-1 n o0
+ ’2d,~ Z Zgi(Ttl)gi(th)mj,ql(1)mj,t2_t1+q1(1)E[€t21_q1]
n ! tlzl t2:t1+1q1:1
92@ 1 202 n oo
== (zd) 1 zzgl(nl)zm]qlu)?
Y tl:l‘h=1
02D (1)%02 ¢
+lnT Z Zgl Tt )i TtZ J‘h( )m j,tz—t1+q1(1); (C.167)

t1=1t,=t;+1 q1=
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where the first term is O(n~%) given that ) *_; m; (1)% < 0.

191

For the second term

1 n—1 n 00
) ) Zgiml)gi(nz)mj,%<1>mj,t2_tl+,h(1>

b= 1 tz t1+1 q1=

T1)gi(T .
4 1[ f o nldgll 2 y3(n(ty —1),j)drydt, — 0, (C.168)

where y;(d, j) = Z:;:I M (1)m;j 4,4 (1) and

am J J sittgites) Tl y3(n(ty - 1), j)dTyd, = 0. (C.169)
71—)001/1 ]

Therefore, as 1 — oo,

n
ZE[ LML ] —p 0. (C.170)

Similar result holds when r; =4 and r, = 1.

(8) Whenry =2,rp,=30rr,=3,r,=2,

i i
ZE[Mé nt tlFt 1 7 ZE Jiol etﬂzt Zf]q )€t i q'Ft 1
t=1
_Lif Zf (62 ] 621fl sz U( )
i L 50 5.0, B | (€710 a; 50D, 1—q = Us(n

t=1 g=1

(C.171)

It is obvious that

E[Us(n)] = 0. (C.172)

Meanwhile,

2

E[Us(n)*] =E # ij a1

=1
65 fio(1)> ¥ v v ©
- andl-]- Zijm(1)][]3!]2(1)]3[Wj,fl—fI117fzt2—qz]

83 fi0(1)? o
:zznZ—(a)lij Z_,f] 1 [17] t1— 41]
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5 f 2 n—1 n 00
95iJi,o\ L)~ 2
Z dij Z Zﬁ’ql(l)fj,fz—fﬁ‘h(l)E[qj'tl—‘h]

tlzl tr= t1+1 ql—l

621f1 Oﬁisz‘h 2. 521f1 i ”Z Z Zf]ql ) jtr—ti 44, (1

tl—l ql—l tl—l ty= t1+1 t]l—l
=O(n~2it1), (C.173)
given that Y 2 f; o (1) <coand Y 321 Y & fj 4, (1)fj p+q, (1) < co. Therefore,
n ) i
) E[M; M} IF ] —p 0. (C.174)
=1

Similar result holds when r; =3 and r, = 2.

(9) Whenry =2,r,=4o0rr; =4,r,=2,

ZE[Mz nt 4 I/ltht 1 d ZE f; €t17it - 91) ij’q(l)et_q”j’t Fi’—l
q=1

Le; 4 €t’71t’7] t]

t=1 g=1
1,0 61
_Jiol T ”ZZ 1e;_y = Ug(n), (C.175)
t=1 g=1

where 6,;; = E[€;7);;1;,;]. Similar as in the previous case, we can show that
E[Ug(n)] = 0. (C.176)

Meanwhile,

2

E[Us(n)?] =E 6“ Zimj,q(1)et_q
=1 g=1
. ”Zim are()

t=1 g=1
2 2 1
fz S n— n

11]
i ) ) Z’”m ren e

tl 1ty=t;+1 q=

1)262~ .012 n-1 n—ty

(o]
_ 11] 2 1ij
- Zme SO S a0

t=1 g=1



C.2. PROOFS OF THE LEMMAS IN APPENDIX B.2 149
=O(n~2%ij*1), (C.177)

given that } -2, mj,q(l)2 <ocoand ) ;) o2y mj4(1)mj,,, <oo. Therefore, as n — oo,

n
ZE[M;m M} JFiy] —p 0. (C.178)

Similar result holds when r; =4 and r, = 2.

(10) Whenry =3,r,=4o0rr =4,1r,=3,

=1
1 n oo o0
:_l.. ZZfZ,q( )771t q ( €t lE[et”]t]
W T =T 1=
6] n 0 00
=== ) ) FgDmiu(Digie g
Ly
_Yj j
= 2D _Jia(Umig(rge-géig + - Y Frgm (1) ger
t=1 g=1 t=1 g=1I=g+1
Uy, (n) + Uzy(n). (C.179)

Then, when d,-j =1,

6 n (o] (o]
E(Un(m] =B )Y fig(Vmjg(Unigeig| = 0;60: ) fig(lymjg(1),  (C.180)
q=1

t=1 g=1
and
6_ n (ee) o0
E[Upam]==2) ) ) figm(E ie-gert] = 0. (C.181)

t=1 g=1I=g+1

Meanwhile,

2
) 9] n (e8]
E[(U71(n)—E[U71(n)]) ]:E 7 Zfi,q(l)m ( )(7711‘ qet q 91)

t=1 g=1

62 n oo :
:n_]2 Zzﬁﬂ(l)zmm(l)zE | (71i,0-q €19 = 91')2]

t=1 g=1
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— n

)

ty=t1+

)
=0

bl
3
—_

+

gk

n

_..
11
—_

1 q1

1
_9]2(5221' -6%) &

n2

ﬁ,ql (]‘)m],ql (1)ﬁ,t2—t1+ql (1)mj,t2—t1+ql (1)E [(Ui;fl—‘h etl—ql - 91)2]

e L

=T q=
9]'2(5221'_9,'2) el

) ) ) Mg (Wit (D, (1)

tlzl t2:t1+1 lhzl

1

=0(n™"), (C.182)

given that Y 2 f; o(1)*m;4(1)* < co and

p=1g:=1
2
6' n [o0] (0]
E[Upa(n?]=E|[ L) ) ) fugWmin(Wisgery
t=1 g=11=q+1
92 n oo 00 92 n—1 n [ ]
_ ] 2 2 2 2 ]
n2 Z Z fi.q(1)7m;(1) E[’?zt 9t l]+n_z Z Z
t=1 L]:l l:q+1 t1=1ty=t1+1 Lh:l QQ:1

92 n oo o 92 n-1 n 00
_ ] 2 2 2 2 ]
IS5 w2 ] 45 Y 5

t=1 q:] l:q+1 t1:1t2:t1+1qlzl
2 2

Z f;Q] ,fltz t1+q1( j,ll(l)mj,tz—t1+ll(1)E [Ui,tl—qletl—ll]

ll q+l

92522, n [ee] o0

] oAt 2 2
S S W

11=g+1

]' (o0] oo
+ YN M fitgtyg (Dmy, (Vg (1)

=0(n™"), (C.183)

given that ) 2, Zfiqﬂ fi. q(l)2m~,l(1)2 < oo and

Z Z Z |f1 ‘11 fl p+q1 m; l1 M o+l (1)| < 00.

p=1g;=111=g+1
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Therefore, when dij =1,asn— oo,

Uy1(n) —p0;0; Zfi,q(l)mj,q(l); (C.184)
g=1
U7,(n) —pO0. (C.185)
Hence,
ZE[M3 MYl Fia] = Ui () + Upa(n) —p 0,0, ) fig()myg(1).  (C.186)
q=1
When dz] >1,
9_ n [oe]
E[Un (m)] =E| == ) ) fig(Dmjg(1)i gt g
ST =
0,0, &
_ ]t ; .
_ndij—l ;ﬁ,q(l)m],q(l) — 0, (C.187)
and
9‘ n (0] [oe]
E[Uno(n)] = —- > fogVmj(E[1;—ger] = 0. (C.188)
YT g=1 15g01
Meanwhile
2
9] n o0
E[U71(”)2] =E|| —- Zfi,q(l)m (1)(1i,t-g€1-¢)
n“ii
t=1 g=1
j
=iy 20 _Fia(1Vmig (DB [0lisger-g)’]
=1 g=1
92 n—1
j 2
* n2dij Z Zf”h Ml(l)fi:tz—tlﬂh(1)m]"t2—t1+q1(1)E[(77ift1—%€f1—‘11)]
t=1t, t1+1q1
0762 - &
=1z Zﬁ,qu)zm]q(l)z
n=%i
=1 g=1
925221
+ . Z Z ﬁ ql j,ql (1)ﬁ,t2—t1+q1 (1)mj,t2—t1+t]1 (1)
n’ t=1ty=t; +1
2= q1=

=O(n~ 2%+, (C.189)
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p=1g:=1
2
E|U =E|| — Ca(D)mg ((1)n; 4_p€4
[ 72( ] ndij Z Z fz,q( )m],l( )771,t g€t-1
t=1 q=1I=g+1
92 n 00 9-2 n-1 n 00 00
__ 17 . 2. 2 2 2 ]
=i L2 L Sl PRl o ) ) D)
t= 11= +1 t1=1t,= t1+1q1:1QQ:1

o0
Z Z ,fl fh ,fl 112 ] 11 ],12(1)E [”irtl_ql qi,tz—qzetl—ll etz—lz]
ll q+1 lz q2+1

62111 n 0o

BNl (A I oy

= 1q 11= q+1 t1=1t,= t1+1111 1

2 2
Z fi"h(1)fi,tz—t1+q1(1)m]'»11(1)m]3t2—t1+ll(1)E[17i;t1—611€t1—l1]

ll :q+1

t=1 g=1I=g+1
6 622 -1 n =) )
Z Z Z .fl tr— t1+6]1(1)mj,l1(1)mj,t2—t1+ll(1)
t1=1ty=t1+1q1=111=g+
=O(n~2%ij+1), (C.190)

given that Z;’;l Z;’qu fi,q(l)zmj,l(l)2 < oo and

ZZ Z, |fi.q (V) fi g, (D)mj g (1)m; 50, (1)] < oo.

p=1g91=1l=g+1

Therefore, when dij =1,asn— oo,

U71(7l) —)po, (C191)
U72(11) —>p0. (C192)
Hence, when dl-j =
n ) . 0
Y E[M} M} [Fia] = Usi (1) + Upa(n) —p 6,6, ) fig(1)mjq(1).  (C.193)
t=1

g=1
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When dl] >1,

n
XE[Mé,ntMi,ntlpt—l] = U71(n) + U72(n) —p 0.
=1

Similar result holds when r; =4 and r, = 3.

To conclude,

iE [(a,Mnt)zlpt—I] —p a'Qa,
t=1

where Q) is a K x K variance-covariance matrix defined as follows.

FOI'lSiSKl andlSjSKl,i.e.,dl-zdjzl,

Qz] _Ul 2Qz]+fz f] 521] 99 f] 62]gl+CD fl
+ 070 Zfl 1 (Dfjq, (1) + 0703 Zm, g (1) g, (1)
q=1

+QQZf, +9,6]Zf]q )i (1

ForK1<iSnand1SjSKl,i.e.,di>1,d]-:1,

Ql] —(71 ( ) Q1]+CD f] 52]g1

Finally, when K; <i<Kand K; <j<K,ie., d;>1, d]- > 1,

sz —01 ( )2Q1]

153

(C.194)

(C.195)

621g]

(C.196)

(C.197)

(C.198)

We then examine the second condition of the CLT for martingale difference sequence

that as n — oo,
n
ZE [(a/Mnt)4‘Pt_l:| —>p 0.
t=1
It is then equivalent to show that for any i,

n
Y E [af(M;t)‘*‘Pt_l] —p 0.
t=1

Then, it is equivlent to prove

3 B[00 | i

(C.199)

(C.200)

(C.201)
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for p =1,2,3,4, respectively.
Whenp =1,

)_E[(M] ) 1F ] :ﬁ )_su el
t=1

nZd Zgl )4 (C.202)

which is purely deterministic. Note that

1
_Z( —r Tt) J ¢V (1)4dt < oo,
0
d;-1

7 g;(t;) is the rescaled trend function. Therefore, given that E[e}] <

where gZ.N(T) =n

0o, we have

iE[(Ml ) HE] = [ccm ) J (x >dr)ﬁo, (C.203)

t=1
as n — oco. When p =2,

ZE[(Mé,nt)AL'Pt—l] :ﬁ Zfi,o(l)4E [(et’?it - 012)4]
t=1 t=1
_oiy
) hatt
t=1

_(044i = 0y) fio(1)*
- 1241

(C.204)

where 044; = E[ef;ﬁt] < co. Since it is also purely deterministic and 2d;—-1 > 0, therefore,

as n— oo
ZE[(MQm)ﬂPt_I] 0. (C.205)
t=1

When p =3,

e 4
ZE M3nt |Pt ll—ﬁ Zfzq ﬂth E[et]
t=1\ g=1
C n
:’17 flq( )’7th —C'US( ) (C.206)
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Note that

E[Us(n)] = Y ) ) Foa Wfiaa (D foan (D g (OB gy i gy i g3 i -5

g2=1g3=1q4=1

1 q 4E [771 t— q] = nzd Z Z Z fl fh 2f1 qz E [rliz,t—m”i%t—%]

t=1 q1=1g,=q1+1
2

==z 1Zfzq + =7 Y Y AP RO

q1=1g2=q1+1

=0(n~ i1y = o(1), (C.207)

I
—_

q1

m : l[\q
HMEZ gk

=lg

since 2d; —1 > 0 and given that E[;ﬁ’t] < o0, E[qft_qqu’t_qz] < oo and Z;’:lfi’q“)‘l < 00,
Z;?:l Zz:qﬁl fi,q1 (1)2](1'412(1)2 <00
Since Ug(n) > 0, then as n — oo, E[Ug(n)] — 0 implies

Using the same method as above, we can show that when p =4,
4

n n o]
: 1

) E[My ) ] =5 ) ) mig(erg | Blnd]

t=1 t=1 1\ g=1
4
C n 0
:ﬁ; Zlm,-,q(l)et_q 2 C-Usg(n). (C.209)

= q=

Note that

=

1 c 4 2 2 2
=702 Mg (Elet, ] ndeZ Z i gy (1m0, (17Elefy €7, ]

t= qlzl thl qu Q1+1
C 5
Y Y (1P
q1=1 g1=1q2=g1+1
=O0(n~ 241y = o(1), (C.210)

given that E[e?_ql] < oo and E[etz_qletz_q2] < co. Meanwhile, } 2, mi,q(l)4 < oo and

Y g1 Lgo=q+1 mz-,ql(1)2mi,qz(1)2 < co. Hence, as Ug(n) > 0, E[Uy(n)] — 0 implies

Uq(n1) —p 0. (C.211)
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as n — oo. Therefore, (C.200) holds. We then complete the proof for Lemma B.2.5. B



Appendix D

Verification of Assumption 2.3.4

It is sufficient to show that the stationary sequence {v,} satisfy

n

Z .ftl tr,.. 211221 2 Hf Zl - np 1 ; (Dl)

totyety=1
t#ty#.. 2,

for p = 2,3,...,6. In addition to the mixing conditions, this assumption describes the
asymptotic independence of the mixing sequence in terms of the joint density and the
marginal density. Without loss of generality, suppose p = 2, and the sequence {v;}
follows AR(1) process as

UVt = PVi-1 T €4 (D.2)
where 0 <p <1, and ¢; Lid N(0,1 - p?). Therefore, the marginal distribution of {v;} is

the standard normal distribution. Meanwhile, the joint density of v; and v; is

1 x% + 2 —2pixy
s(0,Y) = ————=exp| - . . (D.3
frs(x,9 Sy T p( 2= p%) )

Therefore, our objective is to show that

ZZVts x,9) - f(x)f (v)| = O(n). (D.4)

t=1 s=
S;tt

Let j = |s —t|, based on stationarity, the joint density only depend on j. Hence we can
write f;(x,7) £ f,s(x,p). Let A= (x*+9%)/2>0,B=(x* +p% - 2p/xy)/2, note that

2 2_9 ] 2 2
1 ,exp[—x +v (.)xy]—iexp[—x ;—y ]

21041 = p? 2(1-p%) 21

Ifi(x,9) = f(x)f (¥)] =

157
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_x2+y2—2pjxy _x2+y2)

1 1
——ex . - ex
27141 = p?I p( 2(1-p?) ) 2141 - p? p( 2

£ F1(j) + F2(j), (D.5)

1 . x+p2) 1 . x% +p?
it P2 ) m TP T2

where

= || fexp| gy |~ exp ()
Tlayioo|| P T1=p )P
1 B A A
< Gy exp[—1 _‘02].]—exp(—1 _pzj]+exp[—1 _pzj)—exp(—A)
1 B A 1 A
< gy eXp[_l—pzj]_eXp(_l—pzj] o exp(—l_pzj)—exp(—A)
=F11(j) + Fia(j). (D.6)
Notice that
Y iy - fERf@I< ) R+ ) [Fu()+ ) [Fiai) (D.7)
j=1 j=1 j=1 j=1

Further,

A
S
&
S
i
[T
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Also note that

=1 |k=1
) 00 k
exp(-A) ¢ AF p*
27 Z_'Z 1—p2f ’ (D.9)
k=1 j=1
Meanwhile,
Y [ =) | exp(-A) - exp(-a)
) ) 2141 - p*J T
:iexp(—A) 1 _ exp(—A) i(—l)k(Zk—l)!!pM‘
= 27 J1— p? p= 27 P 2kk!
exp(-A) v [(1)f (k=D i _ exp(=4) v | (=DF2k-1)1t]| p*
T 2n ;l 2k ]Zf < 27 I; 2k k1 1_p2k

exp( )i(zk—l) 2k -3 5.3 1 p*
27 = 2k 2(k-1) 6 4 2 1—p2k
4y @ 2k
< &4 | (D.10)
2t |1~ p2k
Define! k; = [ 2(1L/p)] +1, for 0 < p < 1. Therefore, we have 1 —p% > 1/2 when j > k;.
Note that
) exp( ) |Xy| k ) k
ZPM(]) S Z Z
j=1 k=1 j=1
<|exp(=4) Z(Ixyl)" =(_¢ exp(-A) Z(Ixyl)" y ¢’
- 27 k! £ 1-p% 21 k' 1-p%
k=1 ]:1 k=1 ]:k1+1

![x] denotes the integer part of x.
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0 ) N
eXp Ixyl exp(— ) Ixyl -
< Z o Z Z 1/2
k=1 k=1 j=ki+1
_|exp(=A)C i Ixyl L [exp(=A) | - @yl !
27 — 27T — k! 1-p

~

exp(-A)C xp(=A)| iy 2Ixyl (2lxp)*
=|——5—|(exp(lxyl) - 1)+ ! PXYPREPY
27 ( ) 27 Zkl k:k1+1 k!(1 - pk)
k

_ exp(-A) ki+1 exp(—A) ki+1 c (2]xpl)
1)+ = o C+ o P Z

IA

~

IA

1)+ [2REA) o, [expioa

ki+1
e —|p L (exp(leyl)—1)<oo.

(D.11)

Following the same method, it can be easily shown that } 72, |P12(j)| <oo,and ) 2, |F2(])| <

co. Therefore,

ilfj(x,y) —fX)f ()l <eo, (D.12)
and it suffices to show that i
iilﬁ,s(x,y) - ffl= 3 fi(xp) = f(x)f (@) + i Z fi(x9) = f(x)f (@)l
o et
=) ) Vi) =f@f@l+) ) fijxy) - fx)fp)l=0m). (D.13)

This result can be generalized to the cases when there are more than two variables. i.e.,

n

Z ft1 t,ntp 21,22, :Z ﬁf nP 1) (D14)

tl,tz,..,,tp 1 i=1
tlitzi...itp



Appendix E

Proofs of Theorems in Appendix A

For simplicity, we only prove the Theorems when the error terms are i.i.d. innovations.
The case of mixing innovations can be proved with more complicated mathematical
techniques.

Proof of Theorem A.3.1: The trend function is estimated by local constant method,

i.e.,

1 . Ts— T
ﬁT):nh]?(T);K( ) )xs. (E.1)

We can write the above equation as

— 1 v Ta—T 1 Ta—T
f<r></g1r)—g<w>=%;f<( ) (g(r)- g0+ — ) K(Z ),
é(;1\11(7’1)4'(;]\]2(11). (EZ)

We show that GN;(n) forms the bias term in the estimation, while GN,(n) forms the

variance term. By Taylor Expansion, g(t,)-g(7) = ¢'(7)(t,—1)+¢"(7)(T,~7)%/2+0(1,~T7)*.

Therefore, the leading term of GN;(n) is

GNy(m)=— ZK( 58 (g(m) - g(0)
s=1

:% ) K ( TS}:T)(g’(T)(TS - 1) +g8" (1) (1~ 7)*/2
s=1

-1 ;K(T . T)g’mws—mﬁsiK(Ts g (-1
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S0 () RN e

s=1

=

where the first term converges to IuK(u)du = 0 and the second term converges to

hzg”(T)IuZK(u)du/Z. Therefore, as n — oo,
GN;(n) — h*g”(t) J u?K(u)du/2. (E.4)

The variance of GNj(n) is 0 because this term is deterministic.
We then look at the second term GN,(n). It is obvious that the expectation is 0. The

variance of GN,(n) is

Var(GN,(n)) =Var

1 « T.—T 1 L T.—1T
K o=
nh;«(h Vs n2h2; no )

Q, o Ts—T Q ’
=) K (T)en—;l’fK (u)d . (E.5)

s=1

Since g(:) is defined at fixed designed points, we have ]?(T) =1+o0(1). To summarize,

by Liapunov’s CLT, we have as n — o,

2
\%[ar)—g(r)— %g"(r)m] —p N (0,Qy12), (E6)

where y, = juzK(u)du, and x, = sz(u)du.
Proofs of Theorem A.3.2: We first show that

%in(vt)x; —p I, (E.7)
Note that -
% :1 (ve)x] =— in(vt)g(rt) +— Zn(vt)vt
:% tnl (m(ve) - Blm(v,)])g(w) + % iE[ﬂ(vt)]g(Tt)’ +- in(vt)vt
éPN_l(n) + PN,(n) + PN3(n). _ _ (E.8)

By Law of Large Numbers, we can show that

PNj(n) —p E[n(v;)v1], (E.9)
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as n — oo. Also, we have

PN,(n) eE[n(vl)](Jg(T)dT). (E.10)

For the first term PN, (n), we have E[PN;(n)] = 0 and !

E[PNy(n)?] =E —ZX (vy) = E[m(01)]) (m(v >E[n<v1>])g<rt>g<n>]

t=1 s=

n

=E % (n(vt)—E[n(vl)])zg(Tt)zl
| =1
[% (7e(v0) = Blre(wn)]) (e(vs) ~E[ <v1>])g<rt>g<n>]
t=1 s=1,s=t
- n g(n) — 01 ()dr=0(n™"), (E.11)

where C, = E[(n(v;) — E[n(v;)])?] < 0. To summarize, as 1 — oo,
—Zﬂ v;)x; —p E[m(vg ]J t)dt + E[1t(vy)vq] = (E.12)

where ¥, is defined in Assumption A.1.2.

Next, we consider \/LE Y !, 7(vs)e;. By Central Limit Theorem, it is easy to show that

% Zn(vt)et —sp N(0, T). (E.13)
t=1

where T’ is the variance-covariance matrix of &; = m(v;)e;. Therefore, by Slutsky’s The-

orem, we have

V(B - ) —p N(0,5,'T=,1). (E.14)

Thus, we complete the proof of this Theorem. l

'We only consider the univariate case just for simplicity.
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