Computational techniques for kinematical

It roduction

I order to mix p]a]te kinemalic conslrainls with mantle Jgnam—
ics we need to be able to applg pla{e—]il(e looumlarg condilions
16 conyeclion models Tnwhich the penaljcg ][or the model ][ailing
to sa‘ciS][g the condition can be weigL{eJ accor(ling lo the uncer—
tainty in the kinemalic réconskructions Constraints ]tgpica"g n-
BR: e e near siGidily o e A Dt e D E el in &

observed plajte motions.

Anadditiona! requirement is a l(inemaﬁca"g—plausi]J]e (lgnamic
model ][or the (le][ormaﬁon al pla]ce boundaries and regions where

{Lere iS poor Oloservaﬁonal COIlSleIY[IIIIS on {Le l(inema]tics.

Numiexically Sthe application of the rigidily! éonstraint cansbe
achieved log etther penalizing the strain-rate in the pla‘te inte-
rior or Ijg prescril)ing that the velocilies must be consistent with a
rigic] loodg molion, Plale reconsirucon in][orma‘cion is imposed
upon the rigi(l pla’tes log an additional penaljcg on the mismalch
between the convection model pla‘te velocities and those ][rom the

recons liicked plale molions:

R e et e st hi i ssiie 0][ solving the ‘tgpical systems 0][ equa-
Hons which emerge when such conslraints are appliec], and which
are present when appropriate constitutive models ][or the pla]te

ljoun(laries are inclu(le(l.

R Tex | lore iR sie . L on Tsethe Particle-in2CellEETe

Element Method' described in Morest et al. (QOOQ, 2003). This
has the capacily lo incdude the relevant constitulive behaviour

(e.g. sfrain—so{{ening p]asﬁci‘tg) expresse(l will ahsinmtintb]-1

S et ][ormulaﬁon ity il Lot ain) prololem B be

][ormula]ced.

Constrained How ~ template problem

The arCLe]cgpaI prouem Is SIZO](GS ][IOW
V-o—Vp=gpz 1)

sulo]'ec’t o various constraints inclu(ling, ][or examp]e, Incompress—
ibility
V-u=0 9)

S s][ronglg varying maeril properties (Vl'scosi]cg or an equiva—
lent parameler which adls as a penally on the plate-rigidity con-

s’train‘t)

045 — 77(3%?/72) o | 8; _péij (3)
g 0

Oigerete D roblem

e important issue in the Iarge—scale Condlramed mm]e"ing prolj—

Iem iS CI’IOOSiIlg a precon(li]tione(l ﬁeraﬁve me][LO(l. ‘i Ilile J[Lere

are many possiljle approacl'[es, jtLus we wou” Iﬂ(e to experiment

to (le]termine Wl’liCI’l strateqy 1s op]timal.

lo provi(]e ][Iexiloili]tg in Je][ining both the tteralive method and a

suttable precomliﬁoner, we pre][er to Je][ine the discrele counler—
part to cadlt operator in (1) as AT ot el resulﬁng

system 0][ equations is then given as a block malvix —

co)()=)

Here, B represents the discrete gra(]ien’c operator and C =

BT, {Le (liscre]te (livergence. Il’l {Le general case, edCI’l O{ A, B, <C

may {Lemselves Le LIOCI( ma’crices.

The constraint system above is im]e{ini’te due to the zero (2, 2)

block. As a consequence, a common operator ][or N eIe L

(]e][ining a precom]i‘cioner or operator ][or a Krglov sulospace method

is the SCLur Complemen{, b =¥ A\ 1B,

Precondilionérsfean be consiruched ][rom the manipulaﬁng the

Iolocl( matrices in (4) (in some manner) or {Lrougll a IJ]OCI( pre-

- (A B
A = A 5
( 0 AQQ) ( )
which has been shown lo e][][ecﬁve e applied as a rigll]c pre—
cohdiHonerdo (4) N ceridligiattetval. (2002), Llman (2002)

comli’cioner

We implemen]ce(l arloi’crarg sized block veclors, malrices and pre-
conditioner objects within PEISc Balay et al. (1997), with a ma-

lil‘iX 'jree represen]caﬁon O{ {Le SCl’lllF Complemen]t aml O{I’lel‘ pre-

condifiGRCE ][or S.

Do acid test

LR on LRl e e Lene][i’cs 0][ using a block ][rameworl(, we com-—
pare Soy eral Sl strategies appliec] Lok urither 0][ Stokes
][Iow mbtlels, [he re][erence solytr upon which we seek bosdm—

prove is the segrega{e(l approacll emploged Lg (orans Ae][ine
Il e NeatiAN S | o lor (1995 )

We ran three simple test examples to guage the aloili’cg 0][ a very
Iarge range 0][ solvers to address ]tgpical C]1a"enges: ][IOW models
driven ]og internal Jensﬂg contrasts with: 1) exponenﬁa"g vary-
ing verlical gra(]ien]c in viscosity 0][ A?] = 106; 2) exponen—
Hally varying horizontal viscosity gradient (An = 10°); and
3) a sinldng, dense ball 0][ viscosity contrast 108

COMPARISON OF PRECONDITIONED ITERATIVE
METHODS APPLIED TO STOKES FLOW
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Figure 1 — The qualifying round: which solvers can beat Citcom out-
of-the-box ? Any which come in under the qualifying time for the

%JWW!&

The BEBL precomliﬁoners, par’cicularlg e Ao g ]
RES, beat the Citcom solver strategy in the simp]e tests l)g a re—
spec’taue margin. In the slab subduction test {Leg e oSl e
ala]g more robust. lmpor‘can’clg, their convergence is uni{orm to
hl small®leranced whereR NI It he Tre ][a"s 0][][ n e][][iciencg
quite earlg.
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Figure 2 — How well does the best alternative preconditioning
strategy stack up against Citcom ? The convergence for the slab-
subduction challenge shows very reliable residual reduction without

e -:;::"’/ //‘( ."‘{
Figure 3- a 3D subduction n which has strong rheological

variations due to natural layering and the development of
localization. The material is constrained to be incompressible.

;

We regar(] a precon(li‘cioner as op’cimal i][ the iterative method
used exhibils convergence rates indepenclen’t 0][ the discrelisation
parameter N, and independen’t 0][ the constitutitve behaviour.
lhese stringent requirements are ’tougL to sa’ciS][g simtleryall cirs
Iy, o suile 0][ Stokes ][Iow dertved numerical ex-
periments in which gritl resolutionkand viscosilty contrast were
our ][ree parameters, we observe the BFBL precom]i’cioner satis—
{ies our (le][iniﬁon 0][ an op’timal precon(li’tioner. The commonlg

use(l CLOice 0][ S — (liag(G T) ((hag (K ) ) 4 G - Jemons{ra’tes

a sensilivily o botl/the grid resolitlion and the viscosity contrask

The (levelopmen’t 0][ generic block structure ol)]'ecj[s enables us lo

easilg cle][ine coupIeJ systems arsing ][rom the discrelisalion 0][

PDLs. In S e e precondi’cioners s O e e
][ine(l e | e][][orjt. ’[og{Ler, we envisage that these tools

WI'" enaue improvec] e][{iciencg n solving simple Cons]crainetl prolj—
]ems sucll as SlZOl(eS ][IOW, an(l more Comp]ex Cons]trainecl systems

SllCll as couple(l manjtle HOW, pla]ce l(inemaﬁc prololem.
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