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SUMMARY

In this thesis we explore two examples of how to exploit structure in networks with coopera-
tive nodes. 1) In the first direction, we explore the impact of message structure and how it may
(or may not) be exploited to increase capacity depending on how this “matches” the channel’s
structure. As an example of this concept, the Inverse Compute-and-Forward (ICF) problem is
proposed and studied, where we show that K-wise message correlations when K > 2, cannot
be utilized to improve rate regions in a Gaussian MAC channel. 2) In the second direction
we work towards explicitly exploiting channel structure in a zero-error primitive relay channel
scenario. The problem of communicating over a primitive relay channel without error is for
the first time proposed, with the goal of exploring and fulfilling the intuition that the central
role of a relay is to only deliver "what the destination needs”. A novel relaying scheme termed
“Colour-and-Foward” is proposed and is shown to be the most efficient way of compressing
signals at the relay terminal, for any fixed number of channel uses, when enabling an effectively
full cooperation between the relay and the destination terminals, i.e. achieving the single-input
multi-output (SIMO) upper bound, is required. This Colour-and-Forward relaying is designed
by an explicit exploit of the channel structure and directly embodies the intuition of having

relay transmit “only what the destination needs”.

vil



CHAPTER 1

INTRODUCTION

Shannon theory studies the fundamental limits of communication: source coding considers
how much one may compress data, while channel coding considers how fast one may reliably
communicate data. To understand these limits, one needs to understand how to exploit dif-
ferent forms of structure in the problem. In source coding, the structure / form of the source
distribution may be exploited to compress the data efficiently. In channel coding, one devises
coding schemes to combat the particular channel or noise structure to ensure reliable commu-
nication. In this thesis we explore two examples of how to exploit structure in networks with
cooperative nodes. 1) In the first direction, we explore the impact of message structure and how
it may (or may not) be exploited to increase capacity depending on how this “matches” the
channel’s structure. 2) In the second direction we work towards explicitly exploiting channel
structure in a zero-error primitive relay channel scenario.

In the first direction, we explore how to exploit message structure in a multiple access chan-
nel. One could ask whether mimicking message structure to create correlated codewords is
always capacity achieving. We show that there is more to it than that: the message structure
must somehow be “exploitable” by the channel’s structure as well. As an example of this con-
cept, the Inverse Compute-and-Forward (ICF) problem is proposed and studied, where we show
that K-wise message correlations when K > 2, cannot be utilized to improve rate regions in a

Gaussian MAC channel. The ICF problem, considers an L user multiple access channel where

1



transmitter m has access to the linear equation u,, = @lL: 1 fruwy of independent messages
w; € ]F];l with fp; € Fp,, and the destination wishes to recover all L messages. This problem
may be motivated as the last hop in a network where relay nodes employ the Compute-and-
Forward strategy and decode linear equations of messages; we seek to do the reverse and extract
messages from sums over a multiple access channel. In particular, we exploit the particular form
of correlation between the equations at the different relays — which does not map onto known
results for multiple access channels with correlated sources — to improve the reliable commu-
nication rates beyond those achievable by simply forwarding all equations to the destination
independently. The presented achievable rate region for the discrete memoryless channel model
is furthermore shown to be capacity for the additive white Gaussian noise channel.

In the second direction, we focus on channel structure in the relay channel. We believe the
relay channel highlights the role of channel structure in developing capacity-achieving relaying
schemes. We are particularly interested in exploiting channel structure at the relay node to
provide “what the destination terminal needs”. We are not aware of an explicit attempt to
quantify this intuition and hence potentially develop a new relaying strategy beyond the known
Amplify, Decode or Compress-and-Forward schemes (and their variations). We start tackling
this ambitious problem in a simpler setting than the general relay channel: 1) we focus on the
primitive relay channel (PRC), which decouples the multiple access and broadcast components
of the relay channel by having the link from the relay to the destination be out of band and of
fixed capacity r; and 2) we focus on zero-error communication with finite channel inputs and

outputs, which turns our problem into a combinatorial one. We believe it is also somewhat



easier to see, and quantify, what the destination terminal “needs” in the zero-error setting. In
particular, for zero-error communication over a PRC, we develop an exact quantitative measure
of “what the destination needs” and “what the relay should (at least) send”. This quantity is
related to the minimum number of colors of a coloring on a graph G which captures “what
the destination needs” and is constructed based on the channel structure: both the source to
destination and the source to relay channel structures and how their relations are captured.
This graph may also be used to develop associated relaying strategies which are shown to be

capacity achieving for several classes of zero-error primitive relay channels.

1.1 Motivational Examples

1.1.1 Message structure, codebook structure and channel structure

In our first direction, we explore how to exploit message structure in a multiple access
channel and show that, with some linear constraints (inherited from the lattice implementation
of Compute-and-Forward framework) on the messages , K-wise message correlations when K >
2, cannot be utilized to improve rate regions in a Gaussian MAC channel. One might initially
conjecture that a capacity-achieving scheme should somehow mimic the message structure in the
codeword structure, but we show that this is not necessarily true. We illustrate the motivation
behind this conjecture: the classical two-user discrete memoryless MAC (1), Slepian-Wolf MAC
coding (2) and L-user discrete memoryless MAC (3) in which capacity achieving schemes mimic
the message structure. We then point out a counterexample (the ICF problem, Chapter 2) to
show the role of channel structure: the message structure must somehow be “exploitable” by

the channel’s structure as well.



Let W1, -+, Wy denote messages to be communicated and let the dependence / indepen-
dence among these M random variables be called the message structure. A codebook X' € A}
at terminal [ consists of a collection of length-n vectors of alphabet A}. In the random cod-
ing framework, these are i.i.d. generated according to distribution of the random variable X;
with support X}. The codebook structure refers to the relationship among random variables Xj.
Finally, the channel structure is characterized by the conditional probability mass function in
the discrete memoryless channel or any relationship between the channel inputs and channel
output. In the following examples, we adopt graphical models ' to represent the relationship

between/among random variables, thus indicating the message/codebook structure.

Example 1 (Two-user MAC with independent messages Wi, Ws). As shown in Fig. 1(a), two
transition terminals with independent message W1 and Wy, Tz-1 with W1 and Tx-2 with Wa,
want to transmit its own message to the destination terminal Rx simultaneously with a discrete

memoryless channel p(y|z1,x2) with channel input X1 X Xa and output Y.

The capacity region is achieved by constructing random codebooks by Px, at Tx-1 and
Py, at Tx-2 respectively, where random variable X; and X5 are independent as the message
Wy and Wy are. Fig. 1(b) and Fig. 1(c) are the graphical models, representing the message

and codebook structure. The resulting capacity region (1) is, where we see that the codebook

LA graphical model is a probabilistic model for which a graph denotes the conditional dependence
structure between random variables. Each arrow indicates a dependency.
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Figure 1. Two-user MAC with independent message W7y, Wy

structure mimics the message structure (cannot create correlation, or destroy it any further, so

this is rather trivial):

R1 S I(Xl; Y|X2)

Ry < I(X2:Y[Xy)
(R1, Ry) :

Ri+ Ry < I(X1,X2;Y)

for p(z1,z2,y) = p(z1)p(x2)p(y|21, 72)

Example 2 (Two-user MAC with one common message Wy and two private messages Wy, Wa).
As shown in Fig. 2(a), three messages Wy, W1, Wa are independent and are partially revealed
to two terminals: terminals Tx-l has respectively a private message Wi and a common message
Wqy, I = 1,2. The channel is the same as in the previous example and is characterized by

p(ylr1, z2).
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Figure 2. Two-user MAC with one common message W, and two private messages Wy, Wo

The capacity region is achieved by constructing random codebooks according to the Markov
chain X7 <> Q + Xo. First, codebook Q™ (W) with |[Wy|| codewords, indexed by common mes-
sage Wy is generated by the distribution of random variable ). Then, codebook X;*(W;, W)
at Tx-l is generated according to the conditional distribution Py, g, | = 1,2. For exam-
ple, when Terminal Tx-1 wants to communicate message pair (Wp, W) = (wp, w1 ), sequence
q"(wp) is first chosen by codebook Q"(Wy) and then codeword zj'(wi,wp) with probability

n
p(z](wi, wo)) = Hl DX 1;|Q=q; (wo) (T1:) 18 transmitted. Fig. 2(b) and Fig. 2(c) are the graphical
1=



models, representing the message and codebook structure. The resulting capacity region (2) is

as follows, where again the codebook structure seems to mimic the message structure:

Rl < I(Xl,Y|X27Q)a

RQ S I(X27Y’X17Q)7

Ri+ Ry < I(X1, X2;Y|Q)
(RlaRQ) :

Ry + Ry + Ry < I(X;,X2;Y)

for p(q, x1,22,y) = p(q)p(w1|q)p(x2|q)p(y|r1, 22)

and [|Q < min{[|Xy | - [[ X[l +2, V] + 3}

Example 3 (L-user MAC with a Special Message Hierarchy (3) ). As shown in Fig. Figure 3
and Figure 4, L messages W1, --- , W, are independent and are partially revealed to L terminals:
terminal Tz-1 has access to all L messages {Wy,--- ,Wr}; terminal Tx-2 knows all messages
except for the first one, i.e. {W --- Wr}; terminal Tz-3 knows all messages except for the
first two, i.e {Ws,--- ,Wr} and so forth. The channel is characterized by p(y|z1,--- ,xr) with

channel input X x --- X1, and output Y.

The capacity region can be achieved by random codebooks generated by random variables
X1, -+, X, satisfying p(z1,- -+ ,2r) = p(er) - p(er—1|xr) - - - p(z1]|z2), as shown in 4(b). First,
codebook X7(W7p) is generated according to distribution px, and revealed to all terminals.
Then, codebook X7 _(Wr_1,Wr) is generated according to Px;_.|x,, producing codeword

n

o} (wr—1,wr) with probability p(z}_,(wr-1,wr)) = [] Px;_,|x =20 (ws)(Tr-1)i)- The re-
i=1



T, R,

Wi, Wa,--- Wy

Figure 3. L-user MAC with a Special Message Hierarchy: channel and communication goal

maining codebooks are generated similarly. The resulting capacity region is the closure of the

convex hull of all rate tuples satisfying:

Rl S I(X17Y’X27 7XL)7
Ry + Ry <I(Xy,X9;Y|X3,---,X1),
(Rla"' 7RL):
Ri+Ry+ -+ Rp 1 <I(Xy, -, Xp—1;Y|Xp)
Ri+Ry+ -+ R, <I(Xy, - ,X1;Y)

for p(x1,--- ,2r,y) = p(x1|x2) - - - p(xp—1|zr)p(er)p(ylrL, - -+, 21)

Unlike examples 1, 2 and 3, example 4 shows a case where capacity region is achieved while

the “codebook structure” (Fig. 5(c)) is different from the “message structure” (Fig. 5(b)).
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Figure 4. L-user MAC with a Special Message Hierarchy

Example 4 (Three-user Gaussian MAC with hybrid message Wy, Wy, Wi, We). As shown in
Fig. Figure 5, all terminals share one common message Wy and terminal Ta-1,2,3 has access
to private messages Wy, Wp and W¢ respectively. As shown in Fig. 5(b), messages
Wa, W, We are pairwise independent conditioned on the common message Wy,
but in general are not mutually independent given Wy. The channel is specified by the
input/output relationship Y = X1 + Xo + X3 + Z, where Z ~ N(0,1) is a Gaussian random

variable.

By the argument established in Chapter 2, one may show that the random codebooks
generated from Q, X, Xo, X3 satisfying p(q, z1, z2,23) = p(q)p(x1|q)p(x2|q)p(zs|q) as shown
in Fig. 5(c) is capacity achieving. Comparing the Fig. 5(b) and Fig. 5(c), it is clear that

capacity-achieving codebook structure is not consistent with the message structure. Actually,
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Figure 5. Three-user Gaussian MAC with hybrid message Wy, W4, W, We

it is shown that for a Gaussian MAC channel, any type of K-wise message correlations when

K > 2, are not “exploitable” by the channel.

1.2 Contribution

The contributions center around demonstrating the exploration of message/channel /codebook
structures and how to employ them to enhance the communication efficiency, i.e. enlarge the
achievable rate region. We identity that codebook structure does not have to fully mimic the
message structure to be capacity-achieving and the message structure should be “exploitable”
by the channel’s structure. In the primitive relay network, we construct a quantitative measure
of “what the destination terminal needs” in communication in a zero-error context and develop

a novel relaying strategy, termed as Colour-and-Forward, which is shown to be optimum — giv-
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ing the most efficient compression at the relays while enabling the whole network to achieve its

absolute maximal message rate — for any fixed number of channel use n.

1.3 Outline of thesis

In Chapter 2, the Inverse Compute-and-Forward problem is formulated and the capacity
region for decoding L independent messages over a Gaussian multiple access channel when the L
transmitters each have a linear equation of these L messages, subject to invertibility conditions,
is derived. In Chapter 3, 4 and 5, the zero-error and small-error communication over a primitive

relay channel are formulated and 0- and e- Colour-and-Forward relaying are developed.



CHAPTER 2

INVERSE COMPUTE-AND-FORWARD

In this chapter, we explore how to exploit message structure in a multiple access channel.
As an example of this concept, the Inverse Compute-and-Forward (ICF) problem is proposed
and studied, where we show that K-wise message correlations when K > 2, cannot be utilized

to improve rate regions in a Gaussian MAC channel.

2.1 Introduction

The recently proposed Compute-and-Forward (CF) framework (4) enables the decoding of
linear combinations of messages at relays over Gaussian channels. The decoding of integer com-
binations of lattice codewords corresponds to decoding integer combinations of the underlying
messages u which are vectors of length % of elements over a finite field of size p, F), or u € ]F’; .
When decoding sums of messages suffices, this may sometimes be done at higher rates using
the CF rates than decoding individual messages.

In the CF model, individual messages are transmitted over a multiple access channel (MAC),
and linear combinations of messages are decoded!; in the inverse compute-and-forward (ICF)
channel model studied here the reverse is done, i.e. a destination node seeks to decode individual

messages over a MAC from relays which possess linear combinations of messages. In a larger

!The CF framework may handle more general cases when combinations of messages are transmitted
as well, but this statement was made for the sake of argument/intuitive definition of the ICF model.

12
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network one may envision source nodes having messages, destination nodes wanting to decode
these messages, and intermediate relay nodes decoding individual or linear equations of messages
according to the CF framework. We determine the rates at which we may extract individual
messages from linear message equations known at relays over a MAC. This may be combined
with CF rates in deriving overall achievable rates in larger networks. We provide some examples
for doing so, but this is not the main focus of this study. For more works on multi-source multi-
relay setup, please refer to (5), (6) and references therein.

We focus on the general L-user ICF problem where each relay node possesses a linear
combination of L messages assumed to have been obtained using the CF framework. These
relays transmit over a MAC to a single destination which seeks to decode the L individual
messages. In order for the problem to be feasible, the matrix relating the messages to the
equations must be invertible. The coefficient matrix is assumed to be non-singular throughout
the study, and several additional invertibility constraints, for succinctness, will also be imposed.
One might consider sending these L equations to the destination using independent codebooks
as in a MAC, and having the destination invert the message equations to obtain the original
messages. However, we show that the relays may extract dependencies from the linear equations
when message rates are unequal, which allows one to achieve a larger rate region. In particular,
we show that when message rates are unequal, 1) a common message may be extracted, 2)
knowing some equations limits the number of values other equations may take on, and 3) there

is a special pairwise (conditionally) independent structure in the equations.
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Past Work.The problem statement and motivation builds upon the compute-and-forward
(CF) framework (4): it is assumed that message equations have been previously decoded at
the relays, and that messages are length k vectors of elements over a finite field F,,, as in the
CF framework. There are many other applications of CF, but they all differ from the ICF
problem. For example, in (7), an integer-forcing linear receiver framework is developed for a
MIMO system and is shown to outperform conventional linear receivers. Papers (8), (9) study
a distributed antenna system (DAS) where antenna terminals, which serve user terminals, are
connected to a central processor (CP) via digital error-free links of finite capacity. Both the
up- and down-link can be facilitated by CF; we note that the “Reverse Compute and Forward”
precoding strategy proposed in (9), should not be confused with the ICF problem proposed
here. In these examples, linear equations are known at a single node (for the MIMO scenario)
or can be gathered to a central node by some error-free links (in the DAS system). In contrast,
the ICF problem studies how to directly extract the original messages over the air from the
equations known to distributed nodes.

The ICF problem was first considered for the two-user case in (10), where an achievable rate
region was presented. Though not formally presented in (10), one may show, as done here, that
the two-user ICF problem may be mapped to sending one common message and two private
messages over a MAC. This corresponds to the Slepian-Wolf MAC, whose capacity is known
for both the discrete and Gaussian channels (2; 11; 12). The capacity of an extension of the
Slepian-Wolf MAC of (2) to an arbitrary number of users, each of which has access to a subset

of independent messages is solved in (13) and simplified in (14). We note that when going
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beyond two-users, this L-user ICF problem cannot be mapped into the framework in (13), as
in the latter, the users either have common message(s) or completely independent ones, but
do not have for example, the pairwise (but not mutual) independence correlation pattern. We
are not aware of any other related problems which explicitly capture the pairwise independent
structure. One might attempt to cast this problem into the framework considered by (15), as
the transmission of arbitrarily correlated sources over a MAC channel via joint source-channel
coding. We first remark that for the two-user case their achievable rate region results in the
capacity region of the Slepian-Wolf MAC (2)!, which also corresponds to the region obtained
here for two users. More generally, in (15) only uncomputable multi-letter capacity expressions
are presented for L arbitrarily correlated i.i.d. sources. In this work we strengthen the initial
results of (10) considerably by obtaining the single-letter and fully-characterized capacity region
for the general Gaussian L-user ICF problem rather than an achievable rate region for the two-
user problem.

Contribution and Outline. The main contribution of this study is the derivation of the
capacity region for decoding L independent messages over a Gaussian multiple access channel
when each of L transmitters has a linear combination of these messages, subject to invertibility
conditions. we first present the necessary definitions and formally state the general ICF problem

in Section 2.2. Before demonstrating the most general results for arbitrary L, in Section 2.3

! As shown in the special case d) in (2), a channel-coding problem may be seen as a special case of
the related joint source-channel coding problem, where messages are extended into information sources
with the equivalent entropy rate while the channel model stays the same.
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the L = 2 user case is used to build intuition. We provide plots of numerical evaluations of
the ICF capacity region compared to other possible regions for this model, and an example
of how to combine this rate region with a CF rate region to obtain an overall rate region
for a relay network. In Section 2.4, the L = 3 user case is also outlined to build additional
intuition for the new ingredient in moving beyond two users — pairwise independent but not
mutually independent components at the transmitters. In Section 2.5, an achievable rate region
for the general L-user ICF problem is first derived, followed by the capacity region for the
Gaussian MAC channel model, the main contribution of this study. The converse follows along
similar lines to those in (11; 12), but differs in an interesting way due to the special pairwise
independent component of the message equations. In essence, for Gaussian channels, only
pairwise dependency between equations is of concern and any correlations of order higher than
2 cannot be exploited to improve the rate regions.

Notation. Row vectors and matrices are written in bold font in lower and upper case,
respectively. Length-n, n € N, vector codewords are represented by X". Define C(z) as
5 logy(1+z), E[] as the expectation operator, and Pr[A] the probability of event A. Let A® B
denote the Cartesian product of the sets A and B, and ||A|| denote the cardinality of set A.
| X™|| also denotes the Euclidean norm of vector X™. For p prime, let IF’; ~{0,1,---,p— 1}¥
(“2” indicates “is isomorphic to”) denote the field of length k vectors of elements in the field
F, = {0,1,---,p—1}, under element-wise addition/multiplication modulo p. Let var(X) denote
the variance of X, Ry, = min{Ry, -+, R}, and Rpax = max{R;,---,Rr}. Let X4 denote

the set {X,,a € A} which contains all X, with index a from a given set A. Similar notation is
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used to defined w4 (the set of messages with indices in the set A) and uy (the set of equations
with indices in the set A). We use the following indexing convention: [ is used for sources (w),

m for relays (u), and ¢ for equation/message sections.

2.2 Problem Statement: Definitions and Channel Models

As shown in Figure 6, L source nodes indexed by [ (I = 1,--- , L) would like to communicate
with one destination node via L intermediate relay nodes indexed by m (m =1,---,L). The
relays have successfully decoded the “message equations” u,, = @le fmiw; (to be made precise
below). The ICF problem seeks to determine at what rates these message equations may
be transmitted over a MAC channel in order to decode the individual messages at a single
destination. We make this more precise below, where we note that while definitions such as
messages and equations follow the definitions in (4), new definitions of message sections and
equation sections are needed to rigorously and compactly define the particular dependency

structure between the equations, which impacts the description of the capacity region.

Definition 5 (Messages, Message rate). Source-l has message w; (I = 1,2,--- L) which is
uniformly drawn from F’;l ~{0,1,---,p — 1}*, and viewed as a row vector of elements in F,
of length k;. The messages of the different sources are independent. Without loss of generality,
k1> ko > -+ > kr; all messages are zero-padded at the head to a common length k = max; k;.
For block length n, the message rate Ry of message w; at source-l is defined as Ry := % logs (p*).

Let W denote the L x k matriz whose l-th row is the message w;. Note that Ry > Ry > --- > Ry.



Sources: Relays:

u = ®F, fuw
wi(1) | Xy

Destination

"v'uzz@_f;"l'fzle n
W2®‘ ‘ oo 2 )22

Y™ = (Qg,---,0r)
= (W1, -+, Wr)
: DM-MAC: p(y|z1,---,xr)
RS xn or L
Gaussian-MAC: Y™ = Y~ X7 4 Z"
WL@ m=1
up = &L fuw

frorrrnnnee C.F)| l ICF

\|
A

Figure 6. L-user ICF problem in which L relays each have a linear combination

U, = eBlL:l fruw; of L messages and wish to convey these messages to a single destination.

Definition 6 (Equations decoded at relays). Relay m, m = 1,---

, L, is assumed to have
recovered a linear combination of the messages (as in the Compute-and-Forward framework

(4)): up = @ZL:1 Sruwy in IF’;, for some given fn, € Fp. In matriz form,

u fir fiz - fir w1
= , or U=F - W,
ur, foi fr2 -+ fro Wi,
where £, = (fm1, - fmr), U = (u{,-'- ,u{), FT = (f1T,~~ ,fg), and WT = (wr{,--- ,W%).

We note that each equation can take on 2Mimax .= gnmax{Ri,

RL} possible values.
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Remark 1. Unless otherwise noted, we assume that ¥ and all ¢ by ¢ sub-matrices from its first
c columns are of full rank, c=1,--- , L. This assumption is made to simplify notation and the
derivation of the general L-user achievable rate region considerably. In particular, to recover all
messages at the destination, all one needs is for F to be full rank; requiring specific sub-matrices
to be full rank as well is not necessary to derive an achievable rate region. However, as will be
outlined in examples in subsection 2.5.5, when some of the sub-matrices are not full rank one
must carefully consider which equation sections (formally defined later) are linearly dependent.
This in turn will affect the number and form of error events and hence rate region. While the
derivation of achievable rate regions for individual cases is relatively straightforward, we have
thus far not been able to come up with a compact, non-enumerative rate region for general F.
The current conditions on F come from the proof of Lemma 62 in Appendix A, which explains
the properties of equation sections and leads to Lemma 64, which enumerates the number of

equation sections and is used in the error analysis.

Definition 7 (Memoryless MAC channel). The last hop of the network is a memoryless multi-
ple access channel (MAC) defined by the conditional probability mass functions p(y|x1,--- ,xr)
which are identical at each channel use and relate the channel inputs X{*, X3',--- , X7 in alpha-
bets XI' (m = 1,2,--- L) and the channel output Y™ in alphabet Y™ seen at the destination
node. For the memoryless additive white Gaussian noise (AWGN) channel, all input and out-
put alphabets are the real line, and this input/output relationship, over n channel uses, may be

expressed as

L
Yr=> Xp+27", (2.1)
m=1
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IN

where Z" is i.i.d. Gaussian noise, Z" ~ N (Opx1,Inxn), subject to power constraints E [|| X7 ||?]

nkPy,.

Definition 8 (Encoding at relays). Each relay is equipped with an encoder, &y, : F’; — X7, that
maps the decoded equation W,,, a length-k vector, to a length-n codeword, i.e, X\, = Em(um) €
X . For the Gaussian noise channel the encoders are further subject to power comstraints

m

E[|X1]?] < nPy,.

Definition 9 (Decoding and probability of error). The destination wishes to recover the mes-
sages in W. The decoder Dy at the destination node estimates the set of equations transmitted
by the relays from the received signal, i.e., {1, --,ar} = D1(Y"). We say that the equation

set {uy,--- ,ur} are decoded with average probability of error € if Pr [Ufn:l {t, #un}] <e

Definition 10 (Achievable, ICF achievable rate region). A rate tuple (Ry,--- , Ryr) is achievable
if for any € > 0 and n large enough, there exist a sequence of encoders &i,---,&r and a

decoder Dy such that the probability of error is bounded by €. An ICF achievable rate region

RICF(Rl, -+, Rp) is a set of achievable rate tuples for the ICF channel model.

Definition 11 (ICF capacity region). The capacity region for the ICF problem C'°F(Ry,--- ,Ry)

1s the closure of the set of all achievable rate tuples.

Remark 2. Let the computation rate region RF(Ry,--- , Ry) defined in (4) capture the con-
straints on message rates imposed by the communication from source nodes to the last layer of
relays. Then the intersection of RCF(Ry,--- ,Ry) and the ICF rate region R'“F(Ry,--- ,Rr)

yields an achievable rate region for a larger network in which there is a single destination node
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desiring multiple messages. For succinctness, we omit the superscript '¢F in most of the fol-
lowing as this study will only be focused on the ICF problem (rather than this intersection with

CF rates).

We now break up the messages and equations into sections, which will allow us to succinctly

describe the dependency structure between the equations at different nodes.

Definition 12 (Message sections, Matrix of message sections). Message w; € F’;l is, after
zero-padding at the head, a length-k row vector and may be partitioned into L segments wy .
(the cth message section of message w;), ¢ =1,--- , L (from head to tail) of lengths s. and rates
pe where

Sc 1= ke — key1,

1
pe = —logyp™ = Re — Rey,

with kp+1 =0 and Rry1 = 0. Notice that ZCLZI se =k and ZCLZI Pe = Rmax.
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The matriz of the c-th message section is a matriz of dimension L X s., denoted by W...
The l-th row of matrix W.. is the c-th message section of message wy, i.e., Wy .. Define the

upper triangular matrix

Wixr = [Wa, Wi, -, W,]

W11 Wi2 0 Wie | Wie -+ Wi 1 W[

0 woo -+ Wo. 1 Wo. -+ Wor_ 1] W3f
(2.3)

0 o - 0 Wie “+ Wip_1 W[

0 0o ... 0 0o ... 0 WLL

Definition 13 (Equation sections, Matrix of equation sections). Similarly, w,, . denotes the
c-th section of equation Wy, i.€., Uy ¢ = £, - W... The matriz of c-th equation section U, has

W as its m-th row, i.e. UL = (uf _,jul .- ul ). We have

ﬁLXL = [6*176*27 T 7ﬁ*L] =F- [W*17W*27 T 7W*L]

Definition 14 (Section rates). We denote as p. the rate of section Wi . or Uy .. Recall that

pe = Llogyp* = R, — Req1 with s¢ := ke — key1, kr41 =0 and Rp4q = 0.
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2.3 Two-user Case

Before demonstrating the general L-user result, we consider the L. = 2 user case in Figure 7
to build intuition. Recall that the matrix F is assumed to be non-singular and the first column
should not have zeros, i.e., fi1, fo1 # 0. In Figure 7 the first hop corresponds to the CF hop, and
in the Gaussian case, at each channel use, Y3 = ¢g13X1+¢g23Xo+ 723 and Yy = g14 X1+ goa Xo+ Z4.

In subsection 2.3.1, we briefly walk through three achievability schemes to show how depen-
dency patterns may be created by the presence of interference at the relays, and how these may
be exploited by different schemes in the ICF hop. In subsection 2.3.2, we numerically evaluate
these three achievable rate regions for the Gaussian-MAC channel. An illustrative example of
how CF and ICF rate regions may be combined — an interesting problem in itself but not the
focus here — is provided in subsection 2.3.2.2. The takeaways are that 1) linear equations of
messages create dependencies at the relays that may be exploited, and 2) in combining CF and
ICF in a larger network, interference is not necessarily harmful and allows for the creation of

such dependencies.

2.3.1 Three achievable rate regions for the two-user discrete memoryless ICF channel

Scheme 1: a non-coherent scheme without cardinality bounding. Ignoring the

dependencies between the two equations and communicating the two equation indices (of rates
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Sources: Relays: Destination

u; = fiiwi @ fiowe

913
MO0

Y5n — (ﬁ1,ﬁ2) = (Wl,WQ)

L I 914 Network model:
Wl@ ) g24 2 Y3t = g13 X7 + g23 X3 + 27
= fawi @ f Vi = g1aX] + 924 X3 + Z}
uz = Jj21wW1 22 W2 Y5n — X;:L + X;l + ZgL

}CF ........ N |_IL)|

Figure 7. Two-user ICF problem with Gaussian-MAC channel. Power constraints

Py, Py, P3, Py, respectively.

Riax = max{Rj, Ra} each) to the destination as if they were independent messages yields the

rate region:

Ryax < min{I(Xl; Y|X2)¢ I(XQ; Y|X1)}

RNaive(R1, R2) = § (R1, R2) : R + Runax < I(X1, X9:Y) : (2.4)

for p(x1,x2,y) = p(x1)p(z2)p(y|T1, 22)

This region may be improved upon by properly accounting for the correlations between the two
equations.

Scheme 2: a non-coherent scheme with cardinality bounding. Assuming R; > Ro,
each equation may take on R; values. However, as U = F - W and F is full rank, (uj,us2)
and (w1, ws) are in one-to-one correspondence, and there are only Ry + Ry < 2R; possibilities.

Hence, sending the two equation indices independently is redundant whenever R # Rs.
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To exploit this, note that when one equation is fixed, the other may not take on all possible
values in F’;l; this observation led to the “cardinality based approach” of (10), which resulted

in the rate region:

Ruyin < min{/(X1;Y[X2), [(X2;Y|X1)}

Rep(Ri, Re) = § (B, R2) + Ry + Ry < I(Xy, Xo;Y) : (25)

for p(z1,z2,y) = p(z1)p(w2)p(y|21, 22)

The region Rcp(R1, Re) improves over Rnaive(R1, R2) as the error events are more carefully
bounded (i.e. if one equation is correct, this limits the number of choices of the other equation).
Inspection of Rep(R1, R2) reveals that the codewords are still independently generated which
does not exploit the common messages present in the problem, and is generally not capacity
achieving.

Scheme 3: a capacity-achieving coherent coding scheme with cardinality bound-
ing. The relays, which have u; and us, actually share a common message — the message section
w11 of the rate p; message wy, in addition to each having a private, independent message of
rate pg (12 = fl11wi2 + flaWa2 or Uz = forwi 2 + faowz2). We may map the two-user ICF
problem into the Slepian-Wolf MAC problem (2) (which in turn may be seen as Special case
d) of joint-source-channel coding over a MAC as studied in (15)) of a two-user MAC with a
common message and two private messages. This idea is first expressed in (10), but was not

fully explored, and yields the region:
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k1 — k2 ko k1
——
uq - uj Wi I W11 I W12 I
= F k2
—
u wailo oL W
common independent

Figure 8. Two-user ICF message/equation structure. Grey indicates that equation sections
uy,; and ug are fully correlated, while different solid colors indicate that two equation
sections uy 2 and up o are independent. All message sections w; ; are mutually independent;

i,j=1,2

. 1
Ruin < min{I(X1;Y|X,Q), (X2 Y|X1,Q), §I(X17X2;Y|Q)}

Ricr(R1, Rp) = (R, R2) © Ry + Ry < I(X1, X2;Y)

\ for p(q, x1,22,y) = p(q)p(x1|q)p(z2|q)p(y|z1, 72)
(2.6)

The cardinality of the alphabet of @ may be bounded as ||Q|| < min{||X||-||Xa]|+2, [| V|| +3}.

Remark 3. Any rate pair achieved by Scheme 2 can be achieved by the capacity-achieving
Scheme 3 by setting Q = 0. Comparing these two regions, the left hand sides of the inequalities
are identical, but the right hand sides have increased due to the possible correlation of the
codewords created through Q, i.e. I1(X1,X2;Y) mazimized over {p(q)p(x1|q)p(x2|q)p(y|x1,z2)}

is generally larger than the mazimum evaluated over {p(z1)p(z2)p(y|z1,z2)}.
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2.3.2 Numerical comparison

Consider the AWGN channel model in Fig. Figure 7 with gi13 = ¢go3 = go4 = 1, g14 = —1
in the first hop, and symmetrize the powers as Ps = P; = P». Note that one can easily obtain

regions for general g;; and power constraints, but that this is not the focus of this work.

2.3.2.1 Numerical comparison of three two-user ICF only rate regions

We now numerically evaluate the three achievable rate regions of Schemes 1, 2, and 3 for
the ICF hop only of an additive Gaussian noise channel as shown in Fig. Figure 7, where we
recall that all noises are i.i.d. unit variance Gaussians, i.e. Z" ~ N(0px1,L,xn), i = 3,4,5.
Scheme 1 and 2 lead to the regions RY . (Ry, Ry) and R%B(Rl, Rs), which correspond to those

Naive

in (Equation 2.4) and (Equation 2.5) for Gaussian inputs:

Py + P4>}}, (2.7)

N =

R oo (R, R2) = {(Rl,m)  Runax < min{C(Py), C(Py),

Rmin S min{C(Pg), C(P4)}
REp(Ri, R2) = { (Ri, Ra) : . (2.8)

R1+R2§C(P3+P4)
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Scheme 3 has been shown to be exhausted by jointly Gaussian inputs (11), yielding the
region

Uy b2c0,1] RIQCF(Rl, Ry | b1, be), where for each pair of constants by, by € [0, 1] we define

( )

Ruin < min{C((1 — b1)P3),C((1 — ba) Py),

Rigp(Ri, Rz [bi,bs) = { (Ri, Rp) : %C((l—bl)P3+(1—b2)P4)} - (29)

Ry + Ry < C(Ps+ Py + 24/b1bay/ PsPy)

Fig. 9(a) demonstrates the relative rate regions of the three schemes for equal relay power
P3; = P; = 20, while Fig. 9(b) demonstrates the regions for asymmetric powers P3 = 4, Py = 36.
From the figure, one can see how Scheme 3 improves upon Scheme 2 (coherent gains), that in
turn improves upon Scheme 1 (proper accounting of dependencies in error events). Coherent
gains are most useful for unequal Ry and Ro; when R; = Ro, all regions degrade to the same line
segment depicted using thick black dots. This is intuitive: at equal rates there are no common
messages and the two linear equations known to the relays are independent and no dependencies
may be extracted or exploited. One may also observe that when the powers at the relays (nodes
3,4) are asymmetric but sum to the same value, the gains of Scheme 2 over Scheme 1 increase
while the gains of Scheme 3 over Scheme 2 decrease. The region of Scheme 1 decreases as
the powers become more asymmetric as the regular MAC channel region is constrained by the
minimum of the powers at the relays. The region of Scheme 3 also decreases with increasing
asymmetry in powers: the coherent gain manifests itself in the sum-rate as an additional term

v P3Py. For fixed sum P34+ P, this is maximized when they are equal.
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2.3.2.2 An example: combining CF and ICF in a network

We now illustrate how ICF may be combined with the CF rate region to provide an overall
achievable rate region in an AWGN relay network.

In the first hop, or the CF stage, since the channel gain to receiver 3 is Y3 = X1 + X9 + Z3
and that to receiver 4 is Yy = X1 — X9 + Z4, the relay nodes 3 and 4 may decode equations
u; = w; ® wg and up = w; © wo (which intuitively match the channel gains) using the CF
framework at rates (4). Next, in the ICF stage, destination node 5 recovers (wi,wsg) from

(ur,uz) at rates:

R < %log (% + PS)
First hop: Second hop: region (Equation 2.9). (2.10)

Ry < %log (% + Ps)

To obtain an achievable rate region for the entire network, first intersect the CF and ICF
rate regions in (Equation 2.10) and then take the convex hull of the resulting regions. As one
can see in Fig. 10(b), the achievable rate region for the whole network when using CF + ICF
Scheme 3, improves upon Scheme 2, that in turns improves upon Scheme 1. Note that when
looking at only the ICF rate region, at equal rates Scheme 3 does not outperform the other
schemes. However, when combined with the CF region in a larger network, using CF + ICF
(scheme 3) outperforms the other schemes. This is because source nodes 1,2 may transmit at
unequal rates (which maximizes the benefits of Scheme 3’s coherent gains in the ICF phase),
and then use time sharing between this and the reverse unequal rates to achieve the larger rate

region.
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2.3.2.3 Comparison with the scheme of decode and forward and full cooperation

(DF+FCo)

One alternative approach for the two-hop network is to have both relays in the first hop
decode and forward (DF) the two messages w; and wo. This allows them to fully cooperate
(FCo) in the second hop. This leads to the following achievable rate regions, which again must

be intersected and then convex-hulled:

Ry < $log(1+ Py)
First hop: 4 R, < Llog (1+ R,) Second hop: {R1 + Ry < Llog (14 Py + Py + 2/ P5Py) .

R+ Ry < %log(l + 2Fs)

\

(2.11)

As one can see from the expressions in equation (Equation 2.10) and (Equation 2.11), the
extra sum rate constraint, which is due to treating the first hop as two MAC channels in
the DF stage, could potentially! render DF+FCo inferior to CF+ICF. This is confirmed by
the simulations shown in Fig. Figure 11. One misleading thought is that the superiority of
CF+ICF comes solely from the CF stage and that ICF is immaterial here. To clarify the role
of ICF scheme, we also plot the overall network rate region by adopting CF and the naive ICF
(ICF Scheme 1) in green in Fig. Figure 11, where one can see that ignoring the correlations

between the equations (ICF Scheme 1) could reduce the gains significantly. Thus, a proper ICF

IThis is true when the powers at the relay nodes are not too much smaller than those at the source
nodes; otherwise, the second hop rate constraints will dominate.
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scheme is needed for the overall superior performance of the CF+ICF scheme. We also note
that in some extreme scenarios, as shown in Fig. 11(b), the gain of CF+ICF over DF+FCo

can be substantial.

Remark 4. We do not claim that CF+ICF generally leads to larger rates than DF+FCo. For
example, when the powers at the source nodes are abundant while those at the relay nodes are
scarce, the overall rate region will be dominated by the rate constraints of the second hop. In this
scenario, CF+ICF and DF+FCo will have exactly the same performance. Also, our simulations
assume that the channel coefficients are integers (with absolute value 1), which is well suited to
the Compute-and-Forward scheme. When the channel coefficients are not as assumed here, one

needs to carefully choose the equation to decode, which is outside of the scope of this study.

2.4 Three-user Case

We now move to the three-user ICF problem to build additional intuition. Recall the
following assumptions placed on coefficient matrix F: (1) full rank; (2) any 2 by 2 submatrix
from its first two columns is non-singular; and (3) all entries in its first column are non-zero.
As shown in Fig. Figure 12, recall that w; . denotes a message section of length s. := k. — ke
(for k4 := 0) which corresponds to the c-th segment of message w; for ¢ € {1,2,3}. Let W..
be the matrix of dimension 3 x s. whose I-th row is w; .. Following the notation of Section 2.2:
[fj*l U.o 6*3:| = <F> . [W*l W., W,3|. or, breaking this into message sections and
equation sections, as shown in Fig. Figure 12.

It can be checked that:



32

(I) Uyq, or uy 1,u2,,u3; are completely correlated, and may be used to reconstruct wy 1, a

common message known to all relays.

(IT) uy2,u22,us2 are pairwise independent and have the property that the third is a deter-

ministic function of the other two. These three are not mutually independent.

(III) wuy3,u23,uz 3 are mutually independent.

In moving to three users one interesting new aspect arises: in addition to extracting a
common message and two independent messages from the equations as in the two-user case,
in the three-user case we also extract three pairwise independent messages. One may wonder
if/how this kind of dependency may be exploited. We show that for the Gaussian MAC channel
model, no coherent power gains may be obtained from such pairwise independent correlation.
This is at least partially due to the linearity and second moment constraints of the AWGN
channel where Gaussians maximize entropy, and the second moment of a linear sum of random
variables depends only on the pairwise correlation between its elements. We conjecture that, for
fixed source/message dependencies, coherent encoding is possible or valuable only when these

dependencies are not destroyed by the channel.

Remark 5. One might ask whether this problem maps onto an extension of the two-user
Slepian- Wolf problem. An extension of the Slepian- Wolf MAC' is considered in (13), where each
transmitter in an L-MAC has access to an arbitrary subset of messages from a set of independent
messages. Our problem cannot be mapped into the framework in (13), as in the latter, the users

either have common message(s) or completely independent ones, but do not have the pairwise
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(but not mutual) independence property seen here. We are not aware of any other related prob-
lems which capture the pairwise independent structure. The ICF problem might be a special case
of the problem considered in (15), which obtains an uncomputable multi-letter expression for
the capacity region for sending arbitrarily correlated sources (S1,S2,S3) ~ [Ii—y p(S1i, S2i, S3i)
over a MAC channel. It is easy to pull out the fully common and the conditionally independent
components, but how to cast the pairwise independent but not mutually independent components
as a source of this form (S1,82,S3) ~ [ p(s1i, $2i, 83:) is an open problem. Unfortunately,
even if one were able to cast our constraints into a source of that form, the capacity region is
not computable. We will next show a simple achievability scheme, which turns out to be the

explicitly computable capacity region in the Gaussian case.

Theorem 15 (Memoryless three-user ICF achievability). Assume that F and all ¢ by ¢ sub-
matrices from its first ¢ columns are of full rank, ¢ = 1,--- , L. The messages (Wi, wa, W3) at

rates (Ry > Ry > R3) may be recovered from (uy,ug,us) sent over a MAC if the rates lie in

RiN = U R (2.12)
p(q)p(z1lg)p(z2|q)p(z3|q)
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for [|Q] < min{||Xy] - ||Xe| - || 5] + 3, | V]| + 4}, where R is the set of (Ri, Re, R3) with

(R1 > Ry > R3) :

R+ Ro+ R3 SI(Xl,XQ,Xg;Y) (213&)
2Ry + R3 < I(X1, X2, X3;Y|Q) (2.13b)
RQ + R3 < min{I(XluXQ;Y‘X?H Q)uI(X17X3;Y‘XZaQ)v‘[(X27X3;Y|X17Q)} (213C)

Ry < min{I(X; Y| Xo, Xa, Q). I(Xa3 VX1, X3, Q), I(X: Y| X1, X2, Q). (2.130)

Remark 6. To understand the form, consider for ezample (Equation 2.13b). This results from
the error event that all message sections except the common message (W11 or fJ*l) are icorrect.
The rate of these incorrect message sections is 2(Re — R3) + 3(R3) = 2Rs + Rs. Similarly,
(Equation 2.13c) corresponds to when the common message portion and one of the codewords
is correct and thus the rates of the incorrect message portions is 1(Re — R3) + 2(R3) = Ry + Rs.
Finally, (Equation 2.13d) corresponds to when the common message and two entire codewords

are correct: only the independent message section of rate Rs is wrong.

An alternative interpretation is the following: (Equation 2.13a) corresponds to the overall
sum rate constraint and (Equation 2.13b) corresponds to the sum constraint apart from the
cooperative or common message of rate Ry — Ro (see Fig. Figure 12). Any single link cannot
help the destination distinguish between more than 2" possibilities for the equations (or
messages), because knowing one u, say uj, can at most resolve 2P yncertainties. Hence, the

other two links must help the destination to distinguish between at least 2"(F2+13) values so that
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overall, it may distinguish between the 2n(f1+R2+Es) ogsible equation or message values. This
explains (Equation 2.13c). Analogously, any two links cannot help the destination distinguish
between more than 27(81752) values; the third link distinguishes between the remaining 274
choices. For the Gaussian channel, the above achievable rate region is the capacity region, given

in Theorem 17 for general L.

Remark 7. The above theorem holds for Ry > Re > Rs; other relative orderings may be
obtained similarly. We do not claim the convex hull of the rate regions for different orderings
to be achievable as the relative values of R1, Ra, Rs are fived as part of the ICF problem setting.
When deriving an achievable rate region for a larger network, one takes the convex hull after

intersecting the CF and ICF rate regions.

2.5 Main result: L-user ICF achievable rate region

We now present the main technical contributions: 1) an achievable rate region for the
general L-user ICF problem of extracting L independent messages from linear equations of these
messages over a multiple access channel, and 2) the capacity region for the L-user Gaussian
ICF channel. Both regions are enlarged with respect to a MAC with independent messages
as the relays extract and exploit a special form of dependency from the linear equations they
possess. The extraction of a common message allows for coherent gains, while knowing some
equations limits the values other equations may take on and hence reduces the number of error
events.

The main theorem is stated in terms of message rates R;, while its proof in the Appendix

B is argued via section rates p. (Definition 14, Section 2.2). The use of section rates not only
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facilitates the error analysis but also helps to reveal the effect of dependency patterns among
the equations at the relays. There is a one-to-one mapping between p1,--- ,pr and Ry, -+, Ry,
given by p. = R. — Req1, Rp+1 = 0.

2.5.1 An ICF achievable rate region for the Memoryless ICF channel

Our main achievability result for the L-user ICF channel model follows.

Theorem 16 (Achievable rate region for Memoryless ICF Channels). Assume that F and all
c by c sub-matrices from its first ¢ columns are of full rank, ¢ = 1,--- ,L. The messages

(w1, -+, W) may be recovered from the equations uy,--- ,ur over the memoryless MAC chan-

nel p(y|zy,--- ,xr) if:

L
Y R <I(Xy,--, XLY) (2.14a)
=1
L
2Ry + ZRl <I(Xy,-, XL Y[Q) (2.14b)
=3
L
Z R <I(Xj0;Y|Xa,Q) forv=12---,L—1 (2.14c¢)
l=v+1
fO?" all A C {1727 T 7L}7 HA” = v, taken 0'1)67'2?((]) p(mllq) o p(fI?L‘Q) p(y|x17 e ,ZCL).

First, it may be verified that the two-user region in (Equation 2.6) and the three-user
achievability scheme in Theorem 15 may be obtained as special cases of this theorem by selecting
L =2 and L = 3 respectively. Note that there are 2 inequalities in total in (Equation 2.14),

compared to the 2 — 1 in a classical MAC.
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We may interpret (Equation 2.14c¢) as follows. Take for example L =5, v =2, A = {2,3}

and A = {1,4,5}. Then (Equation 2.14c) works out to

(0)R1 + (0)Ry + (1) Rz + (1) Ry + (1) Rs < I(X1, Xy, X5; Y[ X, X3, Q).

In this case, the correctly decoded codewords X3 and X3 can at most help the destination
distinguish between on(F1+R2) hossible values of the messages Wi, - - - , Ws. Hence, the remaining
codewords must help distinguish at least 2"(Hs+Rat+Hs) of the remaining message tuples, and
these may be communicated at a rate up to (X1, X4, X5; Y| X0, X3,Q) if X3 and X% are
correct (and hence also the common message encoded into @ is correct). Alternatively, from
a linear algebra perspective, given the correct estimation of codewords X3 and X2, i.e., us
and uz, we may completely remove variables w; and wo from the set of remaining equations,
i.e., uj,uy,us. Thus, we have a new equation set U’ = F - W', which relates (u;,uy,us) to

Rs+Ra+Rs) (Jifferent solutions.

(w3, Wy, Ws), with at most on(

The proof is provided in Appendix B. The achievability scheme generates a common code-
book for the common message wi 1 (or equivalently equation section matrix fJ*l) and condi-
tionally independent (conditioned on this common part) codebooks at each transmitter for the

remaining equation sections. We index everything by the equation sections and use a joint

typicality decoder to estimate these directly.

Remark 8. As noted in Remark 5, whether the above presented achievability scheme may be

cast as a special case of the L-user problem of sending arbitrarily correlated sources over a
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MAC as considered in (15) is an interesting open question. One might suspect so, but it is not
clear how to express the dependencies induced by the ICF problem as an i.i.d. (but correlated)
source of the form (S1,S2,---,Sr) ~ [y p(s1i, 82, ,s1i). We furthermore go beyond an
achievability scheme and in the following section show capacity explicitly by obtaining a general

CoOnverse.

2.5.2 The ICF Capacity Region for the Linear Gaussian-MAC model

We now turn our attention to AWGN channels. In moving towards capacity, the difficulty
lies not in deriving rate bounds which match the general achievable rate region but rather in
showing that restriction to input distributions of the form p(q)p(x1|q) - - - p(xr|q) and Gaussian
is without loss of generality. In general, given the message equations, it may appear that all
relay node inputs could be arbitrarily correlated and hence outer bounds would need to be
evaluated over all joint p(z1,z2, - ,2zr). However, for the AWGN channel we show that the
form of the equations dictates a particular dependency structure. This structure, for Gaussian

channels, results in an achievable outer bound exhausted by Gaussian inputs.

Theorem 17 (The ICF Capacity Region for Linear Gaussian MAC). Assume that F and

all ¢ by ¢ submatrices from its first ¢ columns are of full rank, ¢ = 1,--- ,L. One can fully
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recover messages wi,--- , Wy, from the equations ui,--- ,uy transmitted by the relays via a

linear Gaussian MAC channel in (Equation 2.1) if and only if the message rates Ry satisfy:

(

SE R < Yom (1450 2)

2Ry + 3L, R < Llog, (1 +k d?) (2.15)

kZZL:VH Ry < glogy (1 + 2 jeac d?)

forv=1,--- L —1, Rpy1 :=0, and all A such that ||A|| =v, A C {1,2,---,L}, with some

{do,--- ,dr} such that dy = /by + Vb2 + --- + V/br, dj = \/Pj —bj, and 0 < b; < P, for

j=1,---,L.

Proof. Achievability: Let Q,Q1,Q2, - ,Qr ~ N(0,1), and all independent, be used to gen-

erate i.i.d. length n sequences Q", Q7,--- , Q7. Relay m sends:

X;,"Q(um) =V men(um,l) + P, — me:Ln(um,Qa t 7um,L)7 0<by < Py,

Thus, p(q) is Gaussian, and every p(x,,|q) is again Gaussian. Then, at each channel use,

Y=X1+ - +X,+Z2

= VhiQ+ VP —biQi+ -+ VbQ+ VP —bQL+ Z

=doQ+dih+ - +dQr+ 72
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where dg = /b1 + -+ + /by, and d,, = /Py, — by, m = 1,2,---, L as in the Theorem state-
ment. Evaluating the bounds of Theorem 16, we obtain the achievable rate region specified by

inequalities (Equation 2.15).

Converse:

The converse uses Lemmas 18, 19 and 20 to upper bound the capacity region as follows
Lemma 18 Lemma 19 Lemma 20
C - Rout - U R/ - U R” .

We first state the lemmas, explain the intuition and show how they are used to establish the
converse. We defer the proofs of Lemmas 18 and 19 to the following subsections, while the
proof of Lemma 20 is inline.

First, Lemma 18 provides an outer bound Ryt valid for any memoryless channel. Define
P = {plg,r1, - ,20) : Xn = Q — Xy, Ym #m/, m,m’ € {1,2,--- | L}} (2.16)
Lemma 18. C C Ry, where Ryt is defined as

Rout = U R(Q: X17 t aXL)7 (217)
p(g,z1, ,xp)EP

where R(Q, X1,---,X1) denotes the set of rate tuples (Ry,---,Ry) that satisfy inequalities

(Equation 2.14).
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Lemma 19 further loosens the outer bound Ryt in Lemma 18 for the Gaussian-MAC model
Y = X1+ -+ X+ 7 and shows Rout € [JR'. The essence of its proof in Section 2.5.4 is to note
that for Gaussian channels subject to power constraints, only second moment constraints are of
interest and the variance of a linear sum of random variables does not depend on correlations

of order higher than 2.

Lemma 19. For the Gaussian-MAC model, Y = X1+ - -+Xp+Z, for any given p(q,x1,- - ,xr)
P, region R(Q, X1, - ,Xr) can be outer bounded by region R', where R' consists of the rate
tuples:

S Ry < O by BIX2) 4 Y i Bl X X))

2Ry + iy Ry < C(X 0, var{X,|Q)) (2.18)

|1l = V) (R = Risa) < C(E e varlXnlQ)
forv=1,2,--- L —1, Rpy1 := 0, and all possible A such that A C {1,2,---,L} and
JA] = v.
We outer bound the outer bound R’ one more time in Lemma 20. This lemma is based

on the power constraints and the Markov chains X,,, — Q — X,», Vm # m/, m,m' €

{1,2,---,L}. Toshow Lemma 20, note that it follows from (11, Lemma B.3) that E[X,,X,,/] <

VE[X2] — var(X,,]Q) \/E[an,] —var(X,,#|@Q). This, together with ¢, = E[X’z”}g[‘;gf(m@) €

[0,1], m = 1,---, L immediately lead to the following Lemma.
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Lemma 20. The region R’ C R”, where R" consists of the rate tuples that satisfy

S Ri < C(my EIXR] + Yo Vombow | EIXZ]E[X2,)])

2Ry + Y1y Ry < C(Xk_ (1~ tw) BIX2)) (2.19)

S i B € O nenc(1 = tm) E[X2))

forv=1,2,--- L —1, and all possible A such that A C {1,2,---,L} and ||A|| =v.

Combining Lemma 18, Lemma 19 and Lemma 20, we have

/
C - 7—\)fout - U R|Y:X1+~--+XL+Z,p(q,xl,m,xL)eP
p(q,xl,m,xL)E'P

"
U Rl

t1,t2,,tL€[0,1]

N

where the last region may be verified to be that stated in Theorem 17 with b; replaced by ¢;P;
— i.e. may be achieved by jointly Gaussian inputs which are conditionally independent given

Gaussian p(q). O

2.5.3 Proof of Lemma 18

Proof. We have the Markov chain W — U — (Xy,---,X;) = Y — U. Recall that U,,
stands for the cth column of the equation matrix U Lx L, Which is equivalent to U «x, and that

pe = Re — Reya:
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L L

n(z Ry) = anpc ) H(U)
=1 c=1
(b)
< I(U;Y") + ney,
<> I(U; Vi) + nen
=l (2.20)
9 ZI(U,XM,“' , X1i;Yi) + nep
i—1
9 ZI(X1i> 0, X Ys) + nep
i=1
(e)
< nI(X17 7XL;Y)+n6n
L
n@2Ry+ S R) =1 cpe Y H([U.2, Uy, -, 0.1)) Y H(UIT,)
=3 c=2

= I(U;Y"U,1) + HU|Y", U,1)
() 5
< I(U; Y™ Uy) + nep,

n
<Y I(U;Y;[U.) + ney

B (2.21)
© ZI(U,XM, o, X143 Yi|Usa) + ney

=1

9 ZI(XM o, X143 Y| Ua) + nen
=1

(@)

= ZI(XIU e aXL7,7YVz|Ql) + ney (Q@ = U*l)
i—1

(e)
S nI(X17 T 7XL7Y|Q) + Nén
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L L
WS (=v)Ri—Rp)=n S (c=v)p. 2 HUA) Y H(upe|T,, ua)
l=v+1 c=v+1

= I(uAc;Y"|fJ*1,uA) + H(uAc]Y",fJ*l, uy)

IN
=~

uyc; YU, ug) + nep

< I(uyc; YU, uy) + nep, (2.22)

d) -
Y > (X a0y YilQi, Xai) + nen (Qi:=Ul)
i=1

(©)
< nl(Xye;Y|Q, Xa) + ney

The equalities in (a) all follow by definitions, and Lemma 62 and 64 in the Appendix. This
is where we use that F and all ¢ by ¢ sub-matrices from its first ¢ columns are of full rank — if
not Lemmas 62 and 64, and hence the relationships between rates and entropies would change.
Inequalities (b) follow from Fano’s Inequality, where €, — 0 as n — oco. Steps (c) follow from
the encoding functions, the Markov chain at the start of this proof, and the memoryless channel
properties. In steps (d), we set Q; := U,1. In steps (e), by further time-sharing arguments and

Jensen’s inequality we obtain the form in (Equation 2.14) as n — oo.
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Notice that since the u,, are conditionally pairwise independent given U, and since X7 is
a function of u,,, then X (and hence also X,,) are conditionally pairwise independent given

Q. O

2.5.4 Proof of Lemma 19

Proof. The key is to first apply the Max-Entropy therorem conditioned on @) = g. The proof

of I(X pc;Y|X4,Q) < C (X, cac var[Xn|Q]) is shown as an example.

[(Xa0:Y]X4,Q) = EQU(Xac; VX, Q = )] LEI( Y X+ 21Q = q) — h(2)]

meAC

(b) 1 V&I‘(Zm AC Xm + Z|Q = q)
<Eg [2 log < < var(Z) >]

c 1
(:)EQ —log | 1+ Z var( X, |Q = q)

2
meAC

@1
gilog 1+ Z var(Xn,|@Q) |,

meAC
(2.23)

where (a) follows by definition of Y and the linearity of the AWGN channel model, (b) follows
by the fact that Gaussians maximize entropy subject to second moment constraints (c) is the
critical step and follows from 1) the linearity of the AWGN channel model, 2) the variance
of a linear sum of random variables is defined by the pairwise relationships between these

random variables, and does not depend on any higher order correlations such as for example
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E[X1X2X3|Q = q], and 3) the fact that X;’s are conditionally independent conditioned on Q.

Since this is the crucial step, note that

var( Z Xm+2ZIQ=q) = Z var(X,,|Q = q) + 2 Z cov(X;, X;|Q = q)+var(2)

meAC meAC i,J€AC i)
= Y var(Xm|Q = q)+var(Z), (2.24)
meAC

where ‘cov’ denotes the covariance between two random variables. Note that since X;, X; are
conditionally independent given @ = ¢, cov(X;, X;|Q = ¢q) = 0. Step (d) follows from Jensen’s

inequality. O

2.5.5 On the assumptions placed on F

As commented in Remark 1, the assumption that F and all ¢ by ¢ sub-matrices from its
first ¢ columns, ¢ = 1,2,---, L, are of full rank is made for the succinctness of presentation.
Without the requirements on sub-matrices, one could further exploit the specific dependencies
between the equations u,, for each specific coefficient matrix F. We provide examples of how
to proceed in this direction for L = 2 and 3 next. We note that F must always be full rank in
order for the ICF problem to be feasible. However, no further requirements need to be imposed

on sub-matrices to do so.
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Two-user example: Recall that we require F to be full rank and its first column entries
f11 and f21 to be non-zero. However, there are four types of 2 by 2 matrices (upto scalings on

rows) that yield invertible F' (feasible) but violate the assumptions on sub-matrices:

0 1 1 1 0 1 1 0
F = , F= , F= , F=
1 1 0 1 1 0 0 1
Consider
0 1 u=0-w; @1l -wy
F = , and hence
1 1

w=1-wid1l -wy

In this case, the two equations u; and us are actually independent. Although F is still
full rank and may be inverted to recover the original messages W, knowing ui, for example,
can only resolve wy and the number of possible choices of uy is 2", Thus, the cardinality

bounding arguments in Scheme 2 in Section 2.3 fails. The achievable rate region shrinks to

Rmax S I(X2; Y|X1>

Rmin S I(X17Y|X2)
(Rl,RQ) .

R+ Ry < I(X1,X2;Y)

for p(x1,22,y) = p(x1)p(x2)p(y|21, 22)

/
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1 0
When F = , following similar arguments, one can check that the region (Equation 2.5)

01
should be modified to

Rmin < I(XQ; Y|X1)

Rmax < I(X17Y’X2)
(Rl,Rg) :

Ry + Ry < I(X1,X2;Y)

for p(x1,22,y) = p(x1)p(x2)p(y|21, 22)

\ Vg

We omit the other cases for brevity. This is an example of how, in contrast to (16), we do not
require all square sub-matrices of F' to be full rank. Nevertheless, the format of the rate region

varies.

Three-user example: Recall that we require F to be full rank and further assume that (1)
its first column entries fi1, fo; and f3; are all non-zero; (2) any 2 by 2 submatrix from its first
two columns is nonsingular. There are many (but finite) realizations of F such that it satisfies
the feasibility constraint (full rank) but violates the assumptions on sub-matrices. We consider

one example to show that the derivation of achievable rate region for each individual case is
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a relatively straightforward extension of the work presented in Appendix B, but the format of

corresponding rate region differs from case to case. Let

1 1 1 u=1-widl-wopl-ws

F= {1 1 3| and hence W=1-w Sl wy®3- ws

L i u3=1-w; 2 -wy B3 -wsg

It may be checked that:

11

1. coefficient matrix F is invertible but sub-matrix is singular ';
11

2. equation sections uj 1, uz; and uz; share the same information;

3. equation sections u; 2 and ug o are exactly the same instead of being (pairwise) indepen-

dent;

4. equation sections uy 3, uz 3 and ug 3 are mutually independent.

We now ask whether the derived achievable rate region in the Appendix B for the discrete
memoryless MAC still holds in this case. The analyses of Error event type I, II III remain
valid while the analysis of Error event type IV is unable to proceed, and must be modified as

follows:

. . |1 3. . . . . .
!'Note that is submatrix L 3] is also singular but it does not violate our sub-matrix assumption.



50

Let (s represent the number of correctly estimated equation sections among U.o, ie.,
Ui, U2, - ,ur2, and f3 for U.;. Letv e {1,2}, A C {1,2,3}, and ||A| = v. For de-

tailed definitions of these parameters/indicators, please refer to the proof in Appendix B.

e The analysis of Error event type I holds due to the definition of the jointly typical set.

e The analysis of Error event type II, Error event type I1I, and case v = 1 of Error event
type IV remains valid even though 2 = 2 is possible, which violates Lemma 64. This
results from the fact that the most demanding constraints among these error event cases
do not change. For example, when v = 1, A = {1}, A® = {2,3}, we have Uy = Uz =
the correct value. Thus, 82 cannot be 1 as expected but is actually 2. Surprisingly, this
does not disagree with equation (Equation B.3) when v = 1 since v = 1,73 = 2 stays

true.

e The singularity of sub-matrix does affect the case when v = 2 in FError event
11

type IV. For example, when A = {1,2}, AY = {3}, we have B = 2,33 = 2 and thus
Y2 = 1,")/3 = 1, i.e., 1- P2 + 1- p3 = RQ < I(Xg;Y’Xl,XQ,Q) instead of O - P2 + 1- pP3 =

R3 < I(X3:Y[X1,X2,Q).

In summary, the achievable rate region for this particular choice of F would lead to the
same region as in (Equation 2.13) except for the third term in inequality (Equation 2.13d)

which becomes the new Ro< I(X3; Y| X7, X2, Q).

Remark 9. Note that if two rows are exchanged in matriz ¥, say the 2nd and 3rd rows,

then inequality Ry < I(X9;Y|X1, X3,Q) in region (Equation 2.13) will be replaced by Ry <



51

I(X2; Y| X1, X3,Q). Thus, we note that the assumption that all ¢ X ¢ sub-matrices of the first
c columns of F be non-singular is not necessary for our coding scheme, but makes a succinct

and consistent presentation of rate regions possible.

While achievable rate regions could be naturally extended using the above techniques, we
note that for the Gaussian model, the converse as currently written would not naturally fol-
low. The Markov inequalities (pairwise independent conditioned on the common message) no
longer naturally follow and the current argument that mutually independent (conditioned on

@) Gaussians maximize the outer bound would fail.

2.5.6  On the generalization of the ICF result

The ICF problem and particular message structure is motivated by relay networks in which
CF is used at relay nodes. An abstract generalization of our capacity result holds for the

following channel model.

Abstract Gaussian ICF model. Consider again an L-user Gaussian channel model as
in (Equation 2.1). Consider a set of 1 +2+ 34 -+ L independent messages and a set of L x L

functions satisfying:

1. One message Wi is of rate pi, two messages Wio, Wao of rate ps, three messages

W13, Wa 3, W33 of rate p3, ---, L messages Wy r,---, Wy 1 of rate pr.

2. All users know message Wi 1 (or a one-to-one function T; ; thereof).
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3. Bachusert=1,2,---,L, foreachl = 2,3,--- , L knows a function say 7; ; of the messages
Wiy, -+, Wy such that given any [ of L functions T;;, 7 = 1,2,---, L, it is possible to

reconstruct the original [ messages.

4. For | =2,3,---, L, any two T;; for different ¢ are independent.

Constraints 2) and 3) allow us to relate message rates to the entropy (or conditional entropy)
of some sets of equations, needed in Lemma 18 in Subsection 2.5.3. Furthermore, since all
messages are independent, together with constraint 4) in particular, the set of Markov chains
Xm = Q— Xy, Ym#m/, mym' € {1,2,--- | L}, presented in Lemma 18 are ensured. Thus,
Lemma 19 and Lemma 20 may be derived, and the converse for the Gaussian channel follows.

The remainder of the necessary definitions follow by extension of those in Section 2.2. Then

the next Corollary is easy to obtain from the proof of Theorem 17.

Corollary 21. The capacity region of Theorem 17 is the capacity region for the Abstract Gaus-

stan ICF model described above, with the convention that p. = R. — Rey1 and Ry = 0.

2.6 Conclusion

We consider an L-user multiple access channel where transmitter m has access to the linear
equation u,, = GBZL: 1 fmiuy of independent messages u; € Flgl with f,,,; € Fp, and the destination
wishes to recover all L messages. The dependency patterns among these given equations are
explored and exploited to enlarge the achievable rate region relative to sending these equations
independently as in a classical MAC channel. In the discrete memoryless MAC channel model,

a tighter achievable rate region than (10) is obtained by adopting a coherent encoding scheme
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which exploits the fact that given equations at unequal message rates, common messages are
in fact shared by the transmitters. In the Gaussian MAC channel, the general L-user capacity
region is derived. All derived results assume invertibility constraints on the coefficient matrix of
the decoded message equations, which is discussed. The outer bound relies heavily on the the
linearity and second moment constraints of the AWGN channel, in addition to careful accounting
of the dependency structure between the equations. In essence, only pairwise dependency
between equations is of concern in Gaussian channels. This ICF capacity region may be used
as a building block for the “last hop” in relay networks where CF is employed at relay nodes,
besides being of independent interest. As such, capacity is also obtained for a generalized
abstraction of our model. Whether the achievable rate region presented for a general, non-
Gaussian memoryless channel is capacity remains an interesting open question; We are currently
not able to find an example of a channel where this type of message dependency would enlarge

the achievable rate region.
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(b) asymmetric powers at relays.
Figure 9. Numerical evaluation for two-user Gaussian-MAC ICF problem. In (a)
Py = Py =20, and in (b) P3 =4, Py = 36. The union of the two orderings R; > Ry and

Ry > Ry (each convex) is plotted rather than their convex hull, as elaborated on in Remark 7.
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P =P, =P, =30, P, =4, P, =36, N=1

Scheme 1
Scheme 2
Scheme 3
CF

e

R,

35

(a) asymmetric powers at relays. + combinning CF and

ICF

P =P =P, =30, P, =4, P, =36, N=1
=== CF + ICF Scheme 1

we=  CF + ICF Scheme 2
3.0 == CF + ICF Scheme 3

(b) the convex hull of the intersection region.

Figure 10. An example: combining CF and ICF in a network. Powers at the source nodes are
P, = P, = P, = 30; Powers at the relay nodes are P3 = 4, P, = 36; 1.id noises are with
variance N = 1. In (a), the union of the two orderings R; > Ry and Rs > R; (each convex) is
plotted rather than their convex hull, as elaborated on in Remark 7. (a) also contains the first
CF hop explained in equation (Equation 2.10). In (b), we show the convex hull of the
intersection of each scheme with the CF rate region. We use the convention: thin dotted lines
for the first hop, thin solid lines for the second hop, thick solid lines for the rate regions for

the whole network and thick dotted lines to depict the line Rs = R;.
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Figure 11. Examples of CF+ICF outperforming DF+FCo.
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Figure 12. Three user ICF message/equation structure. The grey color indicates that these
equation sections (u 1) are fully correlated; shading indicates that these three equation
sections (uy2) are pairwise independent, while different solid colors indicate that these three
equation sections (u,3) are mutually independent. All message sections w; ; are mutually

independent.



CHAPTER 3

BACKGROUND ON COLOUR-AND-FORWARD RELAYING AND

PRIMITIVE RELAY CHANNELS

From this chapter onwards, we will present our work on how to exploit channel structure to
improve communication efficiency. In particular, the primitive relay channel is adopted to study
how to optimally operate the relay terminal using the smallest conference rate that enables the
whole network to achieve its absolute maximum message rate, i.e. the single-input multiple-
output upper bound. The (zero-error) Colour-and-Forward and e-Colour-and- Forward relaying
algorithms will be represented in Chapter 4 and Chapter 5 respectively. In this chapter, we
will provide background on the primitive relay channel, our motivation for developing Colour-
and-Forward relaying algorithms, and how we was inspired to study zero- error communication

over the primitive relay channel.

3.1 Primitive relay channels

As shown in Figure 13, a primitive relay channel (PRC) (X, p(y, yr|z),Y X Vr), r) consists
of a source terminal S that wants to communicate a message W to a destination terminal D
aided by a relay terminal R. The broadcasting links (X, p(y, yr|z),) x Vgr) from the source
to the relay and destination terminals are orthogonal to the error-free conference link with

maximum rate r bits / channel use from the relay to the destination terminal. This channel
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model is motivated when a relay terminal cannot simultaneously transmit and receive signals

or when the relay has an out-of-band link to the destination.

Figure 13. A primitive relay channel ((X,p(y,yr|z),Y x Vr), 7).

Clearly, a primitive relay channel is much simpler than a classical relay channel (X X
Xr,p(y,yr|x,zR),Y X YR): It decouples the multiple-access component and the broadcasting
component in a classical relay channel. Studying PRCs can help to better understand the
classical relay channels. As pointed out in (17), there are two perspectives on the study of
primitive relay channels. From the transmitter’s point of view, it can be seen as the simplest
channel coding problem with a source coding constraint. At the same time, from the relay’s
point of view, it is the simplest source coding problem for a channel code; the relay wishes to

compress Y to help the receiver decode X™.
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My endeavour on primitive relay channels follow the second perspective: Seeing communi-
cating over a PRC as a source coding problem for a channel code. ' Note that for each input
symbol X = z, what the relay terminal shall observe is a random variable that is defined by
the conditional pmf p(yr|z); Once a codebook is chosen, what the relay terminal shall observe
would be a random process, each random variable of which depends on the transmitted symbol.
The terminology “for a channel code” is adopted to emphasize the phenomenon that what needs
to be compressed at the relay terminal depends on the channel codebook. This is also reflected
in the optimization over all possible codebooks in Theorem 31 and equation (Equation 4.10)
for resolving the minimum required conference rate, which is the main focus of this study.

In particular, the question we are interested in is how to operate the relay terminal to
achieve the maximal possible network message rate while using the least number of bits on
the conference link. we are driven by the straightforward intuition that the core function
of the relay is to help the destination in disambiguating the channel inputs, i.e. to provide
“what the destination needs”. The relay need not decipher the channel inputs (messages)
nor transmit what the destination can infer about the channel inputs from its own received
signals. A relay’s goal is not to decode the message - this is why Decode-and-Forward fails in
general; it is not to provide “what the destination does not want”, i.e. the noise, - this is why
Amplify-and-Forward fails in general; nor is it desirable to waste its communication to send

“what destination already possesses”. One might argue that Partial Decode-and-Forward and

1Surely, the source coding problem and the design of the channel codebooks will be coupled and/or
entangled.
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Compress-and-Forward embody the idea of providing “what the destination needs” to some
extent. However, we are not aware of any explicit attempt to characterize and quantify this
intuition, which could potentially lead to a new relaying strategy with improved rates.

What the relay should forward depends on both the broadcasting links and the allowable
conference rate r. When r is infinite or large enough, the relay can simply forward everything
it has observed to the destination terminal. Thus, the primitive relay channel effectively turns
into a point-to-point channel with single input and two outputs, say (X, p(y,yr|x),Y X Vr),
whose capacity is known. The natural question to ask is how large the conference link capacity r
should be to ensure that the PRC network can achieve the capacity of the point-to-point channel
(X,p(y,yrlz), Y x Yr). We denote this capacity as the single-input multi-output (SIMO) upper
bound for the given PRC channel. When conference rate r is big enough such that the SIMO
upper bound can be achieved, We say that an “effectively full cooperation” between the relay
and destination terminals can be established.

1

The small-error * version of this question was first proposed in (17) and remains open.

We propose the zero-error version of this problem and obtain the exact solution for any fixed
number of channel use n. Next, let us see a toy problem, which explains the motivation of this
study: the advocation of having the relay terminal deliver “only what the destination needs”

¢

as well as the introduction of studying the “zero-error” communication over a PRC.

!Communication allowing a vanishing probability of error is called small-error or e—error communi-
cation, while communication without error is called zero-error or 0-error communication.



62

3.2 A motivating example

Take for example a PRC with p(y, yr|z) = p(y|z)p(yr|z) as in Figure 14. The destination,
upon receiving Y can tell whether {1,2} or {3,4} were sent, but not which message within
those sets. The relay can “provide the destination what it needs” by forwarding E or O, i.e.
whether the X was even or odd. This amounts to considerable savings for the conference link
capacity with respect to sending Y directly, and allows the destination to fully resolve which
X was sent as long as the conference link capacity is at least 1 bit. Please check the detailed

explanation in Figure 17.

X Y X Yr Yr
I | l———mm—1 ..
2X2 2%2_“ 0
=———=3 3 37 )
—_— . e

p(yl) p(yr|x)

Figure 14. Toy Problem: p(y,yr|z) = p(y|z)p(yr|x). A solid link indicates the probability

value p(x|x) is positive, where * indicates y or yg.

It may be checked that this simple channel does not fall into a class of PRCs for which ca-
pacity is known, i.e. it is not a degraded, semideterministic, orthogonal-component, or semide-

terministic PRC.
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The next question is how one interpret this toy example and decide if it is possible and how
to generalize the insights that its solution embodies, if any.

First try: take this toy problem as a small-error communication problem.
Assume that the probability value on each solid link in Figure 14 is equal to % Assume r =1
bit.

It can be checked that regardless of the distribution on X, we have H(Y|X) = H(Yg|X) =1
bit. It can also be checked that the H(Y') < 2 bits and the equality is achieved when Pr[X €
{1,3}] = Pr[X € {2,4}] = 3. Similarly, H(Yg) < 2 bits and the equality is achieved when

Pr[X € {1,2}] = Pr[X € {3,4}] = . It is also clear that the capacity of this channel, denoted

as C, should be upper bounded by the maximal entropy of X, i.e., Cc < max,,) H(X). That

p(z)
is, C¢ <log4 = 2 bits.
We next try to apply various communication schemes on this toy channel and compute the

maximal achievable rate under each scheme. Note that these achievable rates serve as lower

bounds on the capacity C..

e By direct transmission, i.e. using only the direct link from the source terminal to the
destination terminal, we have the achievable rate R.; = max,) [(X;Y). It can be

checked that R.; = 1 bit and the maximum is achieved when Pr[X € {1,3}] = Pr[X €
{2,4}] = 3.

e When the direct link is not used, we have R.s = max

p(x) min{r, I(X, YR)} RE’Q =

min{r, 1} = 1 bit, because max,,) [(X;Yr) = 1 bit.
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e When the relay adopts the Decode-and-Forward strategy, we have Re 3 = max,, min{I(X;Y)+

r, I(X;YR)}. Rez = max

o(z) [(X;YR), because I(X;Yg) < I(X;Y) +r. Thus, Re3 =1

bit. The equality is achieved when Pr[X € {1,2}] = Pr[X € {3,4}] = 1.

e When Partial Decode-and-Forward is adopted, we have R, 4 = maxy »), v <||x | in{ L (X;Y )+
r, I(U; YRr)+1(X;Y|U)}. It can be checked that R4 = 2 bits and the equality is achieved
when Pr[X = 1] = Pr[X = 4] and Pr[X = 2] = Pr[X = 3], and U = ly,¢( 3}, meaning

U =1 when Y € {1,3} and U = 0 otherwise.

Note that the achievable rate by Partial Decode-and-Forward strategy coincides with the upper
bound of the capacity. Thus, we can claim that the capacity of this channel is 2 bits/channel
use.

We also remark that this capacity C. = 2 bits per channel use is achieved in one-shot, i.e.
by using only one channel use and requires no block coding. Furthermore, the probability of
error is exactly 0.

We can see that the intuitive “Even/Odd” mapping in Figure 14 from Yg’s to the two
labels F, O coincides the Partial Decode-and-Forward relaying strategy. But since the Partial
Decode-and-Forward scheme involves the axillary random variable U, it is in general not clear
how to construct a proper communication scheme.

A second try: take this toy problem as a zero-error communication problem.
We are excited about the effectiveness and the efficiency of the “Even/Odd” mapping, but we are
frustrated to see that this straightforward and intuitive mapping seems to just be an application

of the traditional Partial Decode-and-Forward relaying scheme, which is not constructive.
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We note that the essence of this mapping is that Yr needs not to decode X, it just needs to
say whether X is even or odd (E or O), which is exactly the information that the destination

terminal lacks about the transmitted symbol. This motivates us to realize that

the essential role of a relay is to only provide “what the destination needs”

To define “what the destination needs”, we need to define the destination terminal’s goal. A
natural setting is to request the destination terminal to obtain as much information about X
as if the genie pair (Y, Yr) was given, based on its own observation and the message sent by
the relay terminal through the conference link. That is to let the whole network to achieve the
SIMO bound.

Given the goal of achieving the SIMO bound, we still need to represent and quantify “what
the destination does and does not know about X”. This line of thinking naturally leads to
the zero-error communication setting and the proposal of the study on communicating over a
PRC without error. In Chapter 4, Colour-and-Forward relaying is developed for the zero-error
PRC communication problem and is shown to be optimum for any fixed number of channel use.
Based on the insights gained in the zero-error scenario, the e-Colour-and-Forward relaying that
mimics the construction of that in the zero-error scenario is proposed in Chapter 5.

3.3 Notation convention

Throughout Chapter 4 and Chapter 5, we will use subscripts , adn . to denote the zero-
error and small-error context respectively. we use upper and lower cases to differentiate the
overall network message rate R, and the conference rate r,. The superscripts of a graph or set

indicate the vertex nodes or the elements of the set, while their subscripts denote the needed
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parameters. Bold font, as well as the superscript ™ are both used to denote a sequence of length
n. Let random pair (X,Y) ~ p(z,y) and (X,Y) € X x Y. Denote the marginals for X and
Y by p(x) and p(y) respectively. When a conditional joint pmf p(y, yr|z) with support X and
output YV x Vg is restricted to input K, we denote its induced conditional pmf, support and

output by pi(y,yr|z), K and Y|k x Vr|x respectively. All logarithms are base 2.

3.3.1 Graph theoretic notation

A graph G(V, E) counsists of a set V' of vertices or nodes together with a set E of edges,
which are two-element subsets of V. Two nodes connected by an edge are called adjacent. we
will usually drop the V, E indices in G(V, E).

An independent set of a graph G is a set of vertices, no two of which are adjacent. Let
independence number o(G) be the maximum cardinality of all independent sets. A mazimum
independent set is an independent set that has a(G) vertices. Note that one graph can have
multiple maximum independent sets. A colouring of graph G is any function ¢ over the
vertex set such that ¢~! induces a partition of the vertex set into independent sets of G. The
chromatic number x(G) of the graph G is the least number of colours in any colouring. A
minimum colouring of graph G uses x(G) colours.

The strong product G X H of two graphs G and H is defined as the graph with vertex set
V(GR H) = V(G) x V(H), in which two distinct vertices (g, h) and (¢, h’) are adjacent iff g
is adjacent or equal to ¢’ in G and h is adjacent or equal to A’ in H. G®" denotes the strong

product of n copies of G.
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A confusability graph G;(( of X given Y, specified by conditional probability function

ylz)
p(y|x) with support X and output Y, is a graph whose vertex set is X and an edge is placed
when two different nodes =,z € X may be “confused”, that is, if 3y € Y : p(y|z) - p(y|z’) > 0.

For a given conditional probability function p(y|z), we denote S;i;l;) (y) == {z : p(y|z) > 0}

X

as the conditional support of Y = y. Thus, the confusability graph Gp(ypc)

can be equivalently

constructed by fully connecting the nodes inside each conditional support XY

o (wlz) (y), for all

yey.
Graph G(A) is the induced subgraph of graph G, with vertex set A C V(G) and edge set
(Ax A)NE(G).

3.4 Contribution

The main contribution of this study:

e Zero-error communication over a primitive relay channel is for the first time proposed and

studied.

e Colour-and-Forward relaying is designed and serves as an example of how one may ex-
plicitly exploit channel structure with the intuitive goal of having relay transmit “only

what the destination needs”

e Show that Color-and-Forward algorithm is optimal—- for any fixed number of channel uses,
this relaying scheme requires the smallest conference link capacity if one desires to achieve

the SIMO upper bound.

e Develop various bounds on the minimum required conference rate 7}
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e Develop an alternative capacity achieving scheme for the small-error point-to-point chan-

nel, which embodies an explicit codebook construction using graph theoretic notation.

e Derive the e-Colour-and-Forward relaying for small-error PRC communication problems,
which serves a good example of how to transfer insights gained from studying the zero-

error problem into the small-error domain.



CHAPTER 4

0-COLOUR-AND-FORWARD

In this chapter, the zero-error communication over a primitive relay channel is first defined
before the Colour-and-Forward algorithm is introduced. We will show that the Colour-and-
Forward relaying defined in Definition 28 is optimum for any fixed number of channel uses n.
We do not have a solution for the asymptotic scenario, but some bounds for it are obtained

based on the n-shot Colour-and-Forward relaying scheme.

4.1 Zero-error preliminaries

The zero-error capacity of a point-to-point discrete memoryless channel was initially studied
by Shannon in (18) in 1956; see (19; 20) for further zero-error capacity details.

Consider zero-error communication over a point-to-point channel (X, p(y|z),)). First, note
that only whether p(y|z) is zero or not matters for communication without error. Next, consider
first communicating over a single channel use: the maximal number of channel inputs the

destination can distinguish without error is a(GZX ), the maximum number of vertices that

p(ylz)
are non-adjacent, or pairwise distinguishable. When multiple channel uses are allowed, we

know that a([G  ]¥") is the number of distinguishable channel inputs X™, where [Gz)?(( [

p(ylx) ylz)

X

is the strong product of n copies of graph Gp(y|:r

).1 Thus, the zero-error capacity of a point-

n

'Note that the n-fold strong product graph [G;((yu)]g" is equivalent to graph G;)n((ynlw")’ which is the

confusability graph directly constructed from the compound channel (X™, p(y™|x™), I with p(y"|z") =
H?:l p(yilzi).
69
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to-point channel (X, p(y|z),Y) is defined as the supremum of all achievable message rates, i.e.,

Slip % log oz([G])f(y‘x)]&").

The zero-error capacity is then characterized as (19)

.1 X ®ay _ 1 n X n
Jgrgoﬁbga([Gp(ylx)] )_nh_{l(}obg O[([Gp(ylﬂf)]g )

which may be upper and lower bounded as (18; 19):

loga(G;((y|z)) < nl;rgo log ,”/a([G;((ylz)]gn) <log || X]|

where ||X|| is the cardinality of the input alphabet, which is the maximal number of possible

inputs per channel use. Note the limit exists by Lemma 22.

Lemma 22. Let G denote the confusability graph specified by p(y|x). Then the sequence

{log {/a(G®")}22, converges to sup{log {/a(G®"),n =1,2,---}.

Proof. Tt can be checked that the sequence {a(G™")}52; is super-multiplicative, i.e. a(G®(M+n2)) >

a(G¥™) . a(G®"2) for any indices n1,n2. Thus, the sequence {log al(G¥™)}2_; is super-additive

and each item is non-negative. By Fekete’s Lemma, the limit lim log {/a(G¥") exists and is
n—oo

equal to sup{log /a(G®n),n =1,2,---}. 0

Remark 10. The behavior of the sequence of independence numbers for strong product graphs,
say {a(G®™)}>2,, is a long standing open question and attracts attention in research fields like

graph theory and combinatorics (21), (22), and is notoriously difficult. As discussed in the
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Introduction section, it took 23 years for the researchers to prove that Shannon’s conjecture
that the Shannon capacity for the pentagon graph/channel is %log 5, while the value of the
Shannon capacity for the T-cycle graph remains unresolved (23). Given this, it is understandable
that researchers are reluctant to approach zero-error communication problems over a multiple-
terminal network. We thus would like to emphasize that the formation and proposal of zero-error

communication over a PRC is a real contribution by itself.

4.2 Zero-error communication over a primitive relay channel and the minimum

(n)

*
conference rates r; and r,

We first define zero-error communication over a PRC, then we introduce cut-set bounds,

(n), which are the quantities and

SIMO bounds and the minimum conference rates r¥ and 7
optimization problems of interest in this study.

4.2.1 Zero-error communication over a primitive relay channel

As shown in Figure 15, an n-shot protocol (n, X, h, g) for zero-error communication over a
PRC ((X,p(y,yr|z),Y X YR), r2) is composed of a codebook X C X", a r,-admissible relaying
function h : Y — Wg which satisfies [|[Wg|| < 2""* and a decoding function g : V" x Wg — X.
Let X and W demote the estimate for codeword X and the message W respectively. Note that
W =¢"YX) = ¢ "g(Y™,Wg)). Because the mapping ¢() is bijective, decoding message
W € W is equivalent to decoding codeword X € X. We will not distinguish these two concepts
and abuse notation @ € X and W = g(Y™ Wg) for the decoding result at the destination.

A message rate R. := Llog||[W| = 2 log||X| is achievable if there exists an n-shot protocol

(n,X,h,g) over a PRC ((X,p(y,yr|z),Y x Yr), 7>) achieving zero error, i.e. Prlg(y,wr) #
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Figure 15. An n-shot protocol (n, X, h, g) for zero-error communication over a PRC
((X,p(y,yr|x),Y X YR), 72), with an encoder ¢, a codebook X, a relaying function h and a

decoding function g.

w] = 0 for all values w € X. The capacity C, of zero-error communication over a PRC
((X,p(y,yrlz), Y X YR), T») is the supremum of all possible achievable rates R, for any n.
Clearly, C, is at most log || X||.

As indicated in Chapter 3 , the goal of this study is to study what is the best compression
algorithm that leads to the most efficient summary of relay’s observations while enabling the
relay to help the destination terminal to its maximum capability. Basically, we keep the broad-
casting links (X, p(y, yr|z),Y x Yr) unchanged in a PRC and ask how C, changes as r, varies.
So in the rest of theis chapter, we will use C,(r,) to denote the zero-error capacity of a PRC
(X, p(y,yrl2), Y X VR), 2).

4.2.2 “Cut-set” bound for C,

Before formally proposing the SIMO bound for a PRC channel, we state the cut-set bounds
first. Note that the inequality in (Equation 4.1) involves the value of r, which does not show

up in the SIMO bound in (Equation 4.2).
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Proposition 23 (Zero-error capacity cut-set bound). The capacity C,(r,) of the 0-error PRC

s upper bounded by

1 o n X Xn
C.(r,) < min{ log nhﬁnolo a([Gp(y‘gc)] )+ 7, W)

log lim /a([GX

neso0 p(y,yrlT

JEn) ).

Proof. Note that log lim ,”/a([fo(y‘x)]&”) is the zero-error capacity of the direct link from the
n—oo

source to the destination terminal; if this is orthogonal to what is received from the relay, we

obtain the first bound. The second bound is obtained by recognizing log lim 2 a([G;{(y yR|x)]@”)
n—oo ?

as the zero-error capacity of a point-to-point channel p(y”|z) with y* = (y",y%), obtained by

giving (genie) y} to the destination. O

4.2.3 SIMO bounds and the minimum conference rates r; and ri)

As discussed in Chapter 3, the question we are after is how to operate the relay terminal so
that with the minimum conference rate one can achieve the maximal possible network message
rate, i.e., the capacity of the virtual point-to-point channel (X, p(y,yr|z),Y x Vgr). Formally,

we propose

Proposition 24 (Zero-error capacity SIMO upper bound). The zero-error capacity of a PRC

channel

(X, p(y,yrl|z),Y X YR), =) is upper bounded by

C.(ry) < SIMO := lognli_glgo T a([G])f(y’lex)]g”) }. (4.2)
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This is established by allowing full cooperation between the relay and destination terminals.
Proposition 24 can as well be derived from the cut-set bounds in Proposition 23 by setting r,

equal to infinity, making the first quantity in (Equation 4.1) irrelevant for the minimization.

Clearly, C.(r;)|r,—c0 = SIMO. Also, C,(r,) = SIMO, when r, > log ||Vg||, implying that
the conference link can afford letting the relay terminal transmit its complete observation with-
out compression. We are interested in the minimum value of 7, such that C,(r,) = SIMO, i.e.,
what is the best compression rate at the relay terminal. Formally, we define the minimum con-
ference rate r} that can enable an effectively full cooperation between the relay and destination

terminals as:

Definition 25 (The minimum conference rate r}).

ry =inf{r, : C,(r,) = SIMO}. (4.3)

When restricted to the n channel uses only, n =1,2,--- let C§") (r,) denote the supremum
of messages rates that are achievable by using n channel uses. Similarly, we can derive and

define the the corresponding SIMO bound SIMO(n) and the minimum conference rate i,

Proposition 26 (The n-shot zero-error capacity SIMO upper bound). The n-shot zero-error

capacity of a PRC channel ((X,p(y,yr|x),Y X YRr), 12) is upper bounded by

C(r.) < SIMO(n) = log \/ X ol E b (4.4)
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where SIMO(n) denotes the mazimum achievable rate of the virtual channel (X", p(y", yilaz™), V" x
Vi)-
(”)).

Definition 27 (The n-shot minimum conference rate re

™ = inf{r, : ¢ (r,) = SIMO(n)}. (4.5)

z

Remark 11. We emphasize again that

SIMO = sup SIMO(n)= lim SIMO(n). (4.6)

n=12,- n—00

The first equality comes from the definition of the capacity of a point-to-point channel to be the
superemum of its all achievable rates. The second equality is established by by Lemma 22.

(

The plan is to first derive an upper bound on rx n), for any fized number of channel use n.
We then derive various upper bounds on vk based on this sequence of upper bounds of rz(n). For

details, please check Chapter 4.7.

4.3 Colour-and-Forward relaying: from an intuition to an algorithm

4.3.1 Colour-and-Forward relaying: from an intuition to an algorithm

The Colour-and-Forward relaying strategy that will be presented is based on the intuition
of providing “what the destination needs”, i.e. remaining information lossless, while trying

to minimize the number of bits needed to do so. In this subsection, we demonstrate how to
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transform this intuition into a practical and executable construction of a relaying algorithm
using 1-shot case.

Sitting at the destination terminal, for a given a conditional joint pmf p(y, yr|x) with support
X and output Y x Vg, we consider an arbitrary observation ¥ = y. Given this observation
Y =y, the destination knows that the channel input symbol lies in the corresponding conditional

support SX (y). What the destination needs is to resolve the ambiguity among which z out

p(ylz)

of S;%ylr) (y) was sent. Furthermore, according to the joint pmf p(y, yr|z), the destination knows
what the relay could have observed when the channel input symbol is X = x given observation

Y =y, ie.

Yr

o nle) (z,y) :=={yr : p(y,yr|x) > 0 for given = and y}.

In order to help D distinguish which channel input symbol x was actually transmitted, the relay

terminal needs to differentiate different collections of yg, i.e., B;/(Iz yalz)

(z,y) in terms of the
first index x for a given second index y. We propose to do so through the Construction of
the graph Gr(V, E) as shown in Table I

For example, in the toy problem in 3.2 discussed in the Introduction (??7) section, when
the destination terminal observes Y = 1, it knows that the transmitted symbol can be either
X =1or X =2 (assuming that they can both show up in the codebook), as shown in Table II.
When the true transmitted symbol is indeed X = 1, the relay terminal would have observed a
Yr = yr where yr € {1,3} based on the conditional joint pmf p(y,yr|z) = p(y|z)p(yr|z). On

the other hand, when the true transmitted symbol is indeed X = 2, the relay terminal would

have observed a Yr = yr where yr € {2,4}. Thus, to help the destination terminal to further
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1) Vertices: V = Vg := {Yr1,Yr2, “?JR||yR||}§

2) [Edges: for every y € Y, construct a sequence of subsets of Vg,

Yr

p(y,yr|) (z,y), indexed by x, where z € sXY (y). Edges are placed

p(ylz)

by fully connecting any two subsets BY

(om0 y) and By (2, y),

where x # 2’/ (i.e. put an edge between every pair (yg,yy) where

Y, .

YR € Bp@jymm)(a:, y) and y € By, (2',y).) Note that for a given Y = y,

the yr vertices that are inside one B;/(’Z yrl?) (z,y) need not be connected.
TABLE I

CONSTRUCTION OF THE GRAPH Gy (V, E)

decide which symbol X out of the two-symbol set {1, 2} is the true transmitted symbol, it suffices
for the relay terminal to tell group {1,3} from group {2,4}. Note that it is immaterial, from
the perspective of helping the destination terminal, if the relay will distinguish its observations
one from another within a given group; for example, whether Yz = 1 and Yr = 3 (from group
{1,3}) will be distinguished or not by the relay terminal has no interest to the destination
terminal (for classifying the ambiguity when Y = 1 was observed).

We listed in Figure 16 the needs for other observations, say, Y = 2, 3,4 and superimpose all
the edge constraints to get the compression graph Gg. We can label (or color) the 4 vertices by E

and O, standing for Fven and Odd, and satisfy the edge constraints, meaning no two connected
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The ambiguity at destination | What relay has observed | What the destination wants from relay

Sﬁym (y) B;/(’;)fm)}(m, Y) expressed as edge constraints
X =1 1,3
Y =1 Yo ! 1-2,1-4,3-2,3—4
TABLE II

EXPRESS “WHAT THE DESTINATION TERMINAL NEEDS” WHEN IT OBSERVES

Y =1 AS EDGE CONSTRAINTS IN THE COMPRESSION GRAPH.

vertices have the same label (or color). Thus, all the “needs” or request of the destination
terminal is met. As discussed earlier in the Introduction section (?7), forwarding E or O to the
destination terminal will help it to fully identify what X symbol has been transmitted.

As one can see from the three confusability graphs listed in Figure 17: (1) the destination
terminal cannot fully distinguish all four transmitted symbols based on its own observations,
i.e. graph G;((ym) is not edge-free; (2) Graph G;((y,gmz) is free of edges, meaning the destination

terminal can fully distinguish four transmitted symbols based on its own observations and two

labels (or colours), say Yr = E,O; (3) Two graphs GX and GX

_ are the same
p(y,yr|x) p(y,9r|x) ’

termed as the property of being informationloss-less in Theorem 30, which We will show to be

in general true.
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Sﬁy\x) (v) B;/(}?g,yR|m) (z,y) edges
y=1 §il gﬁ 1-2,1-4,3-2,3—4 lg
y=2 §22 g?& 1-21-43-23-4] .
y=s3 §ii gﬁ 1-2,1-4,3-23—4
y=d ?ii gi% 1-2,1-4,3-23-14 3

Figure 16. Express “what destination needs” by imposing compression constraints, i.e. the
edge constraints on compression graph Gr. The relay can simply “provide the destination

what it needs” by forwarding E or O, i.e. whether the X was even or odd.

4.3.2 Formal definitions of Colour-and-Forward algorithm

We now formally define the Colour-and-Forward graph and Colour-and-Forward relaying for
any fixed number of channel use n. Consider the compound or symbol-extended broadcasting
channel (X", p(y", yi|z™), V" x V) which is represented by a conditional joint pmf p(y™, y3[2™)
with support X" and output V" x V3. The compression graph can be analogously defined and
the vertex nodes are y%;’s. Recall that bold font, as well as the superscript " are both used to

denote a sequence of length n. The n-shot Colour-and-Forward graph is defined as:

(”))

Definition 28 (Colour-and-Forward graph G’). Given a conditional joint pmf p(y,yr|x)

with support X™ and output Y™ x Vg, graph Gg) is an undirected graph with vertex set Vp
and an edge Yr1 — YR is imposed when for some 'y, x1 # %2, Pr(Y =y, Yr = yri1|X =

Xl) . PI“(Y =y, Yp= yRQIX = Xg) > 0.
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(Y,Yr) S};X(y’yn‘m)(yayR) edges (Y, Yr) Sﬁy,gmm)(yd;’l%) edges
0y 00)
1,3 1,
1) {1} 0 (2.0) {1} 0
(2,3) (2,0)
(1,2) (IE)
wy | @] op ||
(2,4) (2,E)
(3,1 (3,0)
o ®) 0 G0l ® 0
Y [ 5500 () | edees (4,3) (4,0)
] {1,2) [1-2 (3,2) (3, E)
2| {1,2}] |1-2 3,2 3,E
ST T e @ 0 b | W 0
1| {3,4f |3-4 (4,4) (4,E)
1 1 1

3 3 3
X X X
(@) Gpiyla)- (®) Gotyyrle): (©) Goty,amle)

Figure 17. Three confusability graphs in the toy problem in Figure 14.

(n) . . YR
Note that G,” is short for the standard notation Gp(yn,y%xn)’

which explicitly indicates
that the vertex nodes of the graph are relay’s observation yj’s and the edges are determined
by the broadcasting links (X", p(y™, y|z™), Y™ X V).

It can be checked that the construction of the graph Gr(V, E) described in Table Table I is

consistent with the Definition 28 when n is 1.

Remark 12. Note that graph G(Q), constructed from (X2, p(y*, y&|x?), V? x V%), cannot be

derived from graph G%), which is constructed from (X, p(y, yr|z), YXVRr), by any standard graph
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product operations. In particular, the relationship between graphs Gg) and Gg) is different from
any of the four standard graph products surveyed in (24). To emphasize this fact, we adopt open
parenthesis for n in the superscript, i.e. ™, to denote the n-shot Colour-and-Forward graph
Gg). The complexity of graph Gg) is a reflection of the channel structure, of which one can

make use to provide a more efficient compression algorithm by adopting a proper block coding

length n.

We now propose a novel relaying function W;L(n), based on the Colour-and-Forward graph
a\w.

("))

Definition 29 (Colour-and-Forward relaying W; . Given a conditional joint pmf p(y, yr|x)

with support X™ and output Y" x Vi, we define the Colour-and-Forward relaying W;L(n) as a

function of Yg by a minimum colouring ¢ with X(Ggg)) colours on graph Gg) :

(n

where graph GR) is defined in Definition 28. (Note that c is not unique.)

4.4  Colour-and-Forward relaying is information-lossless

)

Recall that the Colour-and-Forward relaying W;(n is defined as a minimum coloring func-

tion on the Colour-and-Forward graph, as shown in Definition 29 and Definition 28, for any n

(n)

channel uses. In this section, we will show that this relaying WE is infomrationloss-less and

(n)

. . o . . *
leads to a complete characterization of the minimum required conference rate r.* ", for any fixed

number of channel uses, proposed as an optimization problem in (27). In subsection We will
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also discuss the connection between the Colour-and-Forward relaying and the Witsenhausen’s
source coding problem (25).

4.4.1 Information-lossless Theorem

The information-lossless property demonstrated in the toy problem in Figure Figure 17 can

generalized as:

™) s information-lossless

Theorem 30 (Information-lossless). Colour-and-Forward relaying W;
in the sense that, together with Y™, the destination terminal can infer as much information

about the transmitted symbol X™ as if the genie Y was received. Mathematically,

(557 o 07 W)+ 7 W) € POV} = (S5 (07 ) (7 9R) € I VR)
(4.7)
Furthermore, it holds that GX", . .. =GX" , i.e. the confusability graph on X™
p(y ’yR‘m ) p(yn,wR( )|SC”)

from p(y", yi|a™) equals that from p(y",w;%(n)\x”). W;;(n) is generated by Definition 29 from
p(y"™, ypla™) with support X™ and output Y™ x V.

X”l

n . ni.ny, Dy definition is characterized
p(y™yhlem)

Recall that a confusability graph, for example G
by the collection of conditional joint supports, for example {Sﬁ;n’y%‘rn)(y",yﬁ) (" uR) €

V" x Yi}, and does not depend on the actual probability values. Thus, once the equality in

. . . . . . XTL . Xn
(Equation 4.7) is established, it immediately follows that Gp(y",y%kr") = Gp(yn,w;f”)\xn) holds.

We will show the proof in the next subsection (subsection 4.4.2).
Recall that in Subsection 4.3.1 we showed that the “Even/Odd” mapping for the toy problem

indicated in Figure 14 in Chapter 3.2, can be derived by creating a Colour-and-Forward graph
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(1)

and is indeed a Colour-and-Forward relaying, by recognizing Yi as W; . It can be checked in
Figure 17 that two sets of conditional supports, indicated in equation (Equation 4.7) are the

same and two corresponding confusability graphs are equal.

4.4.2 Proof of Theorem 30

We next show the proof of Theorem 30.

Proof. We first rewrite equation (Equation 4.7) in a more compact way:

{Sﬁva;@)lx) (v, wi™) s (yowp™) € Y x Wy = {SX o (v.yR) ¢ (v,¥R) € V" x Vi)

(4.8)
where the bold font is used to denote a sequence of length n for succinctness. Note that the

superscript (™ as denoted in Remark 12 is kept to emphasize that Colour-and-Forward graph

Gg) cannot be constructed from Gg) via any standard graph product operations. Thus, W;;(n)

needs not to be related to WE(D.
Note W;(n) = ¢(YR) is a deterministic function of Y i by Definition 29. Thus given the con-
ditional joint pmf p(y,yr|x), the introduced conditional joint pmf p(y, wgn)\x) is computable.

We justify equality (Equation 4.8) by pointing out

P(y,w}(") |x) (y’ w;(n)) = S;%y,ylﬂx) (y7 YR) (49)

yrEc L (wi™)

X

. X .
and showing that every non-empty S vy rI%) (Y0, YRo) is equal to Sp(y,w;;(")|x)

o (vo, w}}%l)), where

w}kz((;l) = c(Yro)-
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For every (yo,yro) such that SX (y0,YRro) # 0, we denote c(ygro) = w}}%l) and let

p(y,yr|x)

cfl(w;%(g)) = {YRro,YR1, " ,YR(Kk—1)}, Where K > 1 is the number of yg’s that are mapped to

the same colour index w};(g). When K =1, SX (vo, w}(:)) = §X (Y0,YRo)- When
p

(y7w;;("> |x) p(y,yRr|X)

K >2, S;( (vo. whg!) = Sy ynlo (Y0 YROUSY (Yo, YU - US  (¥0, YR(K—1))-

(ywi™x)

Note that S;%YQ’RPC) (Y0, YRo) is non-empty:

e when S%X

o(y,y 2l%) (Y0, YRo) has only one element, say xq, it is true that Pr(Y = yo, Yr =

yro|X = xg) > 0. By the construction of W;(n) in Definition 29, it holds that Pr(Y =
v, Yr = yre|X = %) = 0forallt =1,--- ,K — 1 and x;, # x9. Otherwise, the

*(SL ) leads to a contradic-

presumption that yrg and yg; share the same colour index wp,

tion. As a result, for all t = 1,--- , K — 1, SX

p(y7yR\x)(yOvYRt) = {xo} when Pr(Y =

v0o, Yr = yr|X = x0) > 0 and S%X

oy yR|x)(yOaYRt) = () otherwise. Thus, we have

X X X _ X
SP(YQ’R"‘) (o, yRO)USp(y,yRIX) (¥0, yR1)U-- 'Usp(y,yRIX)(yo’ YR(K-1)) = SP(YvYR"‘) (¥0,¥ro),

and Sp(y,’w;;%(n)‘x) (y07 wRO ) = Sp(y,yR|x) (y07yR0)‘
e when S’;%%yR‘x) (Y0, YRro) has more than one element, i.e., X07X6 c Sﬁym'x) (yo.yro) and

X0 # X(,. Applying the argument above twice, we have Pr(Y = yo, Yr = yr|X =%4) =0

forallt =1,--- , K—1when x; # xo and x; # x(,. Thus, Pr(Y =yo, Yr = yr|X =x) =

Oforallt=1,--- ,K—landallx € X, i.e., S;%ny‘x)(yovth) —Qforallt=1,--- ,K—1.
#(n)y
SO7 S;iij*(n”x)(yOu W po ) = S;%y,yR\x) (yoijO).

#(n) _

X (yo,w;(g)), where wp,” =

Thus, every non-empty Sp(y,yR‘x) (yo,Yro) is equal to S% “(n)

p(y,wg' %)

c(yro) and hence equation (Equation 4.8) and equation (Equation 4.7) hold. O
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4.4.3 Connection with the Witsenhausen’s source coding problem

Readers might be reminded of Witsenhausen’s work! in (25) shown in Figure 18, where a
point-to-point zero-error source coding problem with correlated side information available only
at the receiver’s end is studied. Witsenhausen’s graph Gx is on vertex set X and z; is joined
to x2 by an edge when, for some y, p(x1,y)p(x2,y) > 0. The minimum signal alphabet size, for
encoding a sequence of n independent pairs is shown to be the chromatic number x(G’% ) of the
product of n copies of the graph Gx. Witsenhausen’s graph Gx solves a standard compression
problem for exact recovery of the source random variable X given side information Y. In
contrast, the relaying function in Definition 29 is not a standard compression problem as the
destination is not seeking to reconstruct yr, but rather is a channel-aware form of compression:
two relay observations yr1 and yrs cannot be ”combined”, i.e. are connected in graph G only
when the destination, based on its own observation and the color index, is incapable of resolving
the ambiguity between x and 2/, i.e. for some y and = # 2/, p(y, yr1|z)p(y, yra|z’) > 0.

In the problem of zero-error communication over a PRC, consider the extreme channel

realization when Yrp = X with probability 1. In this scenario, graph G;(( ) becomes edge-

YYrlT
free and with a large enough conference rate, one can achieve overall network message rate
log||X||. This also implies that the channel input codebook has to be the full channel input
alphabet X, sayX = K = X. In this specific case, finding r; may be mapped to the source

coding problem with receiver side information, which was solved by Witsenhausen (25) and

'In this subsection, we adopt the notation for confusability graphs from the Witsenhausen’s work
(25).
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Ty Ry
X@ i(X) €[1: M| OX
side info Y’

Given Pxy, what is My, := min M, subject to Pr[X # X] =07

Figure 18. Transmit X to a receiver which has knowledge of Y (the side information) by

means of a discrete signal taking as few values as possible.

in this case, coincides with the result presented here. It is noted that the construction of the
Gpgr graph (on Yg) in Table I or Definition 29 gives the same graph as that constructed by
Witsenhausen (on X’). This can be seen by realizing that Witsenhausen’s graph Gx can be
constructed by fully connecting Sx |y (y) for each y, which is exactly what the iterative algorithm
does in Step 2.(a) in this scenario.

But we note that in general, finding the minimum conference rate r} is different from
Witsenhausen’s source coding problem with receiver side information. This is because: 1) not
all PRCs have Yr = X; 2) when the SIMO bound is not the absolute maximum log || X||, only
some subset of the channel input alphabet can be transmitted and there may be more than
one choice of channel input codebook, as seen in the example in Tables I and II; and 3) in
general, Gg) is not a m-fold strong product of graph Gg), ie. Gg) =+ [Gg)]g", and cannot be

constructed via any standard graph product operations surveyed in (24).
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4.5 Characterizing r;(n) by ColourRate(n)

In this section, we present an exact characterization of the minimum required conference
rate 5™ as defined in Definition (27), based on the Colour-and-Forward relaying W;(n) defined
in Definition 29. Recall that when a conditional joint pmf p(y, yg|x) with support X and output

Y X Ypg is restricted to input I, we denote its induced conditional pmf, support and output by

p(y,yr|z), K and Y|k X Vr|k respectively.

Theorem 31 (Colour-and-Forward relaying is optimal). Colour-and-Forward relaying in Def-
inition 29 leads to the minimum required conference rate rz(n) for any fized number of chan-

(n)

nel use n. That is, rz(n) = ColourRate(n), where 2" is specified in (Equation 4.5) and

ColourRate(n) is defined as

ColourRate(n) :=
(4.10)

min on log n\/ X(G%) )

K is a maximum independent set of graph Gp(yn,y%‘:cn)

where X(Gg)\lc) is the chromatic number of graph Ggg)];c, constructed via the algorithm de-

scribed in Definition 28 with restricted input / codebook K.

Letting n = 1 in Theorem 31, we have Corollary 32. We will use this 1-shot scenario
to illustrate the minimization involved in equations (Equation 4.10) and (Equation 4.11), in
Remark 13. We also compare ColourRate(1), in 1-shot scenario, to other trivial bounds, in

Remark 14.
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Corollary 32 (Colour-and-Forward relaying is optimal, n = 1). Colour-and-Forward relaying
W;(l) in Definition 29 characterizes the exact value of the minimum required conference rate

rz(l), specified in (Equation 4.5). That is, i = ColourRate(1) and

ColourRate(1) := min log x(GRrlk), (4.11)

K is a mazimum independent set of graph Gp(y’lem)

where x(GRrlx) is the chromatic number of graph Grli, constructed via the algorithm described

in Table I from the induced conditional joint pmf px(y, yr|x).

Remark 13. We will provide an example of how to compute ColourRate(1) in detail in Sub-
section (XX). But to give one a sense of the optimization involved, we provide a summary
in this remark. We note that the minimization is over the different maximum independent
sets of the graph Gi){(y,lex) and that different mazimum independent sets may yield different
conference link rates. To illustrate this, consider the PRC described by the joint distribution
p(y,yr|x) provided in Table 1. Its confusability graph, and compression graphs G constructed
by the Colour-and-Forward algorithm (for inputs in X or some mazimum independent subsets
K1 and Ko of the confusabilty graph Gli((y,yR\x)) when n = 1, are shown in Table II. We note

that in order to have the smallest number of colours for the conference link one must use Ko

and not Ky.

Remark 14. Note that the vertex set of graph Grlx is Yrlx, which is a subset of Vg, i.e.
YRl € Vr. Thus,

(a) (b)
x(Grl) < I Vrlcll < | VRl
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By Brooks’ Theorem (26), the chromatic number of a graph is at most the maximum degree A
(the largest vertex degree), unless the graph is complete or an odd cycle. So x(GRrlx) is at most
A and can be as low as 1. Inequality (a) can be strict. The equality in (b) is obtained only when

the restriction of support from X to K does not prohibit any Yr = yr from showing up. One

X

extreme case is when gmph Gp(y’yR‘x)

is edge free, then K equals to the whole vertex set and

Yrlx = Yr. Please refer to the examples in the case study in Chapter 4.6.

4.5.1 Achievability proof for Theorem 31

To show the achievability of Theorem 31 is to show r:(n) < ColourRate(n).

Proof for the achievability of Theorem 31. We establish the achievability by explicitly construct-
ing an n-shot protocol (n, X, h,g) that can achieve SIMO(n) when r, > ColourRate(n), im-

plying ri < ColourRate(n).

n

Y™yl

Choose codebook X to be the (or any) maximum independent set K of graph G;((
that achieves the minimum in equation (Equation 4.10), i.e., log 1/ X(Gg) |x) = Colour Rate(n).

Note that ||X]| is equal to a(GX

Sy ynlem)s 1€ log [|X]| = SIMO(n).

Consider the restricted conditional joint pmf p| &(y”,w};(n”x”), from which we construct
the Colour-and-Forward graph Ggg) |, according to Definition 28, and the Colour-and-Forward
relaying W;;(n) |, according to Definition 29. Choose the relaying function h(yg) := W;(n) lx =

c(yr) as in Definition 29. Note that log HW};(H)@H = log \"/X(Gg)@) = ColourRate(n). So

when r, > ColourRate(n), W;(n) |x can be successfully transmitted to the destination terminal.
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Xn _ X" . .
By Theorem 30, we have Gp\&(y",w;(n)\:p") = Gp\&(y",y%x")' Thus, the decoding function

g specified in equation (Equation 4.12) is valid and completes the construction of the desired

n-shot protocol (n, X, h, g) that can achieve SIMO(n) when r, > ColourRate(n).

90" ) = S o O = U S e 0T 0R) (@12)

yr € (wi™)

4.5.2 Converse proof for Theorem 31

To prove optimality of Colour-and-Forward relaying W;;(n) is to show rz(n) > ColourRate(n),

which requires the following zero-error data-processing inequality.

Lemma 33 (Data-Processing Inequality). Given a conditional pmf p(y|z), let Z = f(Y') be any
deterministic mapping f 1 Y — Z and denote p(z|z) the induced conditional pmf from p(y|z).

Then the confusability graph G~

ol specified by p(y|z) has no more edges than the confusability

graph Gx|z specified by p(z|z); i.e., E(Gx|y) C E(Gx|z).

(X, p(ylz), Y)

Figure 19. Data-processing cannot increase the zero-error capacity: the zero-error capacity of

the induced channel (X, p(z|z), £) is no larger than the original channel (X, p(y|z),)).
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Recall that the zero-error capacity of a point-to-point channel (X, p(y|x),)) is fully charac-

terized by the confusability graph Gl)f( and is directly related to the independence number of

y|z)

its n-fold strong product. Lemma 33 implies a(Gl)f(y‘x)) > O‘(G;((zu))’ because the more densely
a graph is connected, the smaller its independence number becomes. Equivalently, as shown in
Figure 19, the zero-error capacity of the induced channel (X, p(z|z), Z) is no larger than the
original channel (X, p(y|x),)). Lemma 33 and its validity follows directly from the definition

of confusability graph and the nature of zero-error communication.

Now we are ready to present the proof for the converse part of Theorem 31.

Proof for the converse of Theorem 31. It suffices to prove r:(n) > ColourRate(n). Let (n, X, h, g)

denote any n-shot protocol that can achieve the SIMO upper-bound message rate SIMO(n)

without error, say R = Llog||X|| = log {L/a(fo(yn yn\x"))' We will show that ||W](%n)H >
YR

||W;(") | = 2n-ColourRate(n) myst, hold for any such relaying function h : Y3 — W](%n) (for any n).

Because rate %log ||X|| can be achieved by the given n-shot protocol (n, X, h, g), we know

(X) ! 2 must be edge-free. Recall that WI({L) is a deter-

that the induced subgraph GX

p(ym i |en)
ministic function of Y3, so (Y, W](%")) is a deterministic function of (Y, Y}). According to the

n

X)) € B(GY

data-processing inequality in Lemma 33, we have E (Gp(yn,yg\x")( S w(")|z")(&)) =
, wl

1Graph G(A) is the induced subgraph of graph G, with vertex set A C V(G) and edge set (A x A) N
E(G).

2GXT ) (X) is the same as GX (n)) r
p(y™wy” z™) plx(ymwg”|z™)
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(). Thus, we know that two induced subgraphs G;( " (X) and GX"

(Y™ yplan) p(y",wg)m”)(&) must both

be free of edges. Consider any triple (X =x,Y =y, Wl(zn) = wg)) € X XYy x ng), we have

PriY =y, Wi = wl|X = x]

= Z Pr[lY =y, Ygr =yr|X =x]

YR: h(YR):w%L)

Thus,
SX g i) = {x € X s plaly, wi|x) > 0}
p(Yva %) -
={xcX: Y PrY=y,Yr=yrX=x]>0}
YR: h(YR):ng)
(4.13)
= |J {xea:PY=y,Yr=yrlX=x]>0}
YRZh(YR):ng)
_ X
- U Splyyrix) Y YR)
YR: h(yR)=w§g”)
S;%%yR'x) (y,¥r) has zero or one element because graph G;((Z",yﬁ\x")(& ) has no edges. Sim-
ilarly, since graph GX" oy, (&) is edge-free, SX () (y,wgl)) shall also at most have
py™wy =) p(y,wr %)

one element. So in equation (Equation 4.13), the sets to be unioned can have 0 or 1 el-
ement and all non-empty sets shall be the same, i.e., containing one same element. This
means that for any fixed Y = y, any two different yr’s such that S;%%lex) (y,yr1) and
S;%y,yRIX) (¥,¥Rr2) (which are both either an empty set or a single-element set) have differ-
ent elements, say x; and X», are prohibited to be mapped into the same color W](%n). That is,
requiring two yr’s to be differentiated (via the relaying function h) if for some y, x; # Xo,

PrilY =y, Yr=yri|X =x1) - Pr(Y =y, Yr = yr2/|X = x2) > 0, is necessary. Equivalently,
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all edges in the compression graph GS_-?) constructed in the Colour-and-Forward algorithm are
necessary; any other valid relay mapping WI(%”) = h(Yg) would result in equally or more strict
edge constraints than Colour-and-Forward or graph G%). Note that as more edges are added to

a graph, its chromatic number cannot decrease. Therefore, for any valid relay mapping W]({L),

we have |[Wg| > HW;(R)H, implying s > ColourRate(n). O

4.6 An example of computing ColourRate(1)

In this section, taking the example of the 1-shot case, we will demonstrate: (1) how to
compute Colour Rate(1) in Corollary 32 and illustrate in details the process of minimization over
all possible maximum independent sets; (2) how to interpret the information-lossless property
of the Colour-and-Forward relaying WE(D stated in Theorem 30. For succinctness, we drop the
superscript 1 and use W5 to denote W;(l).

Throughout the section, we will be studying the PRC, whose broadcasting component is
defined in Table IV, and try to compute the minimum required conference rate 7“;(1), a threshold
below which the PRC will fail to achieve the SIMO upper bound message rate SIMO(1). Recall
that rz(l) is equal to ColourRate(1) by Corollary 32. Table IV enumerates a conditional joint
probability mass function: p(y,yg|z), where ||X| = || V| = ||Vr]| = 5. An entry at position
(z,y,yr) is denoted by “x” (the actual value does not matter), when its probability p(y, yr|x)

is positive and by “0” when p(y, yg|x) = 0.
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4.6.1 Compute all possible codebooks

Recall that valid codebooks are the maximum independent sets of the confusability graph

GX

o1 X
Dywnle) So we first compute confusability graph Gp(y

wrle) from the conditional joint pmf illus-

trated on Table IV, by enumerating the collection of conditional supports, i.e., {S;%y ylz) (y,yr) :
(y,yr) € Y x Yr}, and obtaining edge constraints by fully connecting the X symbols within

each conditional support S (y,yr). This process and the resulting confusability graph

p(y,yr|T)

G;((y,ymx) are provided in detail in Figure 20.

(Y, Yr) Sﬁ%ym@ (y,yr) | edges
(1,3)
(1,4) {1} 0
(2,1)
(3,3) {2} 0
(3,1) {
3} 0 1
(4,3) 2
2.4) —
(4,4) {4} 0 *5
(5.3) 3e |
1,1
I :
2.2) 1,2 1-9 confusability graphs: fo(y_’yR‘z)
. P X
Figure 20. Construct confusability graph Gp(ny'z).

X

D(y.ynle) has two maximum independent sets: 1 = {1, 3,4,5}

As shown in Figure 20, graph G

and Ko = {2,3,4,5}.
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4.6.2 Compute Colour-and-Forward graph Gg

After obtaining all possible codebooks, one can consider the restricted conditional joint pmf

under each chosen codebook, say (K1, pr, (v, yr|z), Y], X Vrli,) and (Ko, pic, (v, yr|z), Vlic, X
Yrlk,), and compute the corresponding Colour-and-Forward graphs, say Grlx, and Gg|k,,
according to Definition 29 or the construction algorithm shown in Table I. But before computing
GRrlk, and GRg|k,, we would like to compute Gr|x based on (X, p(y,yr|z),) x Vg) first as
a benchmark for comparison. Note that the construction of Colour-and-Forward graph Gg,
in Definition 28, and Colour-and-Forward relaying W, in Definition 29, applies to any given

broadcasting component, regardless of whether the conditional joint pmf is a restricted one or

nOtv say, (va(yvyR|1:)’y X yR)’ (’Clap/C1 (yvyR‘x)yy“Cl X yR|’C1) and (K27pK2(ya yR|55)7y‘IC2 X
yR’KQ)'

Figure 21(a) illustrates the iterative algorithm: for each Y € [1 : 5], construct a sequence of

Yr

o ounlo) (z,y) € Yr = [1: 5], where x € SX y(y) = {z : p(y|x) > 0} and put an edge between

p(y|x

every pair (ygr,yy) where yr € B;/(}Z,yalr) (x,y) and y} € B;/@yR‘m) (2',y). Superimposing these

edges, we have the compression graph Gg|x as shown in Figure 21(b).
In graph G|y in Figure 21(b), different colours are used to denote one choice of minimum
colouring function c. These colours specify the relay’s mapping W}, = ¢(Yr).

As shown in Figure 22, two collections of conditional supports are equal, say, {Sﬁy yrle) -

(y,yr) € ¥ X Y} = {Sﬁ (y,wy) € ¥ x Wy}, and two corresponding confusability

ywklz) -

=GX

p(y,wp|z

graphs are equal, say, GI))(( ) That is, compressing Y into W5 is information

Y,YR|T)
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Syl ) B;/(}Z,y}ﬂx) (z,y) edges
Zl {?ﬁ} 1-3,1-4
- {132}
{2} 1-2,1-4,2—4
{4}
{3}

{1} 1-3
{3}

{4} 3—4
{3}

{5} 3—5

Il
o

SIS SRS SRS ISR (PR
I I Il
TR ol o nof i

(a) The iterative algorithm for constructing compression graph Gg.

1 9 Lg
2 b

3 3p
4 4,

Compression graph Gr One minimum colouring ¢
(b) The compression graph Gr and one choice of minimum
colouring function c.
Figure 21. Constructing compression graph Gr from p(y,yg|x) in Table IV. Note that the

least number of colours required is: x(Gr) = 3.

lossless in the sense that together with Y, W, provides the same ability to distinguish different

X =2’s as Yg, as stated in Theorem 30.
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(Y.YR) [ S}yl ¥ yR) | edges Y WR) T Sy le) W wh) | edges

(1,3) (1,0)

(1,4) {1 0 (1,7) {1 0

(2,1) (2,9)

(3,3) {2} 0 (3,0) {2} 0 1

8 3 3 0 ﬁ i; {3} 0 2

2.4) ) o5

(4,4) {4} 0 (4,7) {4} 0 3e

25, 3; <(5,b)> Z

L1 Lg

(5.5) 15} ’ (5.7) (s} / ox  _ox

(2,2) {1,2} 1-2 (2,b) {1,2} 1-2 p(y.yrle) p(y,wile)
(a) Conditional  supports (b) Conditional supports  (c) Confusability
S;((y,th:) (y,yr)- S;((y,w}‘?'\x) (y, wk)- graphs.

Figure 22. Compressing Y into W}, according to the minimum colouring function ¢ on graph
Gr in 21(b), is information lossless in the sense that together with Y, W}, provides as much

information of about X as Yx. Note that the independence number is: o (G =4.

p(y7yR|I))

4.6.3 Compute Colour-and-Forward graph Gr|i,

When codebook K1 = {1, 3,4, 5} is chosen, the induced broadcasting component is (K1, px, (v, yr|x), V|ic, X

yR”Cl)'

e The iterative algorithm: in 23(a).!

e The compression graph Ggli,: in 23(b).2

'We retain the cross-out items in Tables 23(a), 25(a) to serve a comparison with the construction
algorithm in Figure 21(a).

2We retain the dotted edges in 23(b), 25(b) to serve as a comparison with the compression graph in
21(Db).
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e One choice of minimum colouring on compression graph Grli,: in 23(b) with chromatic

number x(Grli,) = 3.

e The information-lossless property stated in Theorem 30 is verified in Figure 24.

4.6.4 Compute Colour-and-Forward graph Gglc,

When codebook Ko = {2,3,4,5} is chosen and the induced broadcasting component is
(K2, pica (s yr|®), Vs X VRlK.)-

e The iterative algorithm: in 25(a).!

e The compression graph Ggli, : in 25(b).2

e One choice of minimum colouring on compression graph Grli,: in 25(b) with chromatic

number x(Grli,) = 2.

e The information-lossless property stated in Theorem 30 is verified in Figure 26.

4.6.5 The value of ColourRate(1)

So ColourRate(1) = log min{x(Grlx,), x(Grlk,)} = log min{3,2} = 1 bit/channel use.
This means that when the conference rate is smaller than 1 bit/channel use, there exists no
communication scheme that can achieve the message rate SIMO(1) = log4 = 2 bits/channel
use. Note that in order to have the smallest number of colours for the conference link one must

use o and not Ky as the codebook.

1See footnote 1.

2See footnote 2.
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(n)

4.7 Properties of 7.’ and its connection with 7}

We note that in general, the Colour-and-Forward graph or the compression graph GgL),

(n)

which determines the value of r:""”, cannot be constructed via any standard graph product

operations surveyed in (24). The Colour-and-Forward compression graphs Ggl)s’ behavior and
their chromatic numbers as a function of n are not obvious, and are interesting open questions
(n)

that requires more work. We show in Subsection 4.7.2 a class of PRC channels where r3"" is

known as an exemplary exploration of charactering Ggf) and r;(n).

In Subsection 4.7.1, we discuss how to go beyond the limitation of n-shot channel use and try
to infer 7} based on r:(n)’s. As demonstrated in Figure 27, the PRC capacity C,gn)(rz) depends
on two parameters: the number of channel uses n and the conference link capacity r,. For any
fixed number of channel use n, PRC capacity an) (r,) is non-decreasing w.r.t. r, and when

r, > r;‘(n), oM (r,) stays at SIMO(n). For the sequence SIMO(n), we have the asymptomatic

conclusion that sup SIMO(n) = li_>m SIMO(n). But for finite n’s, how SIMO(n), i.e. the
n n—o0

|¥n), behaves

sequence of independence numbers of the strong product graphs log ’\l/ of [G;((y yrle)

is a long-standing open question (21; 22).
Figure 27 is also very helpful for understanding Lemma 34 and the corresponding proofs.

4.7.1 Bounds on 7}

(n)

In this section, we discuss the relationship of ;" and r* in general and provide the following

lower and upper bounds of r}.

Firstly, similar to what was done (17), based on the cut-set bounds on PRC capacity, as

presented in Proposition 23, we can have a lower bound for r}:
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1 n X Xn
nh_?olo a([Gp(%yR\x)] )< ¥

log r

1 n X Xn - &
nh—>r20 V a([Gp(ylw)] )

Next we show several upper bounds on r} based on the value of s

(4.14)
(n)’s, which can be fully

characterized by the Colour-and-Forward relaying algorithm.

Lemma 34 (Upper bounds on r} ). 75 can be lower and upper bounded by:

)

(1) 7% is no greater than the supremum of 3. (n)

That s, vy < Uy, where Uy := sup r
n

(2) Let Uy := sup r;k(n), where J C {1,2,---}. As long as J has infinitely many elements, Us
neJ

s an upper bound on v}, i.e., ri < Us.

(3) When {SIMO(n)}32 is a closed set, rs = Us, where Us := min ri®,
t: SIMO(t)=SIMO

It is clear that Uy < U; and Uz is a more strict upper bound on 7} than U;. One of the
reasons why we can restrict the set on which the superum is defined, from natural numbers
{1,2,---} to its any subset J that has infinite many elements, is due to the fact that the
sequence {STMO(n)}5° ; has a limit, which equals to its supremum.

Note that to infer the behavior of r} from the upper bounds on r;(n)

requires knowing how
SIMO depends on SIMO(n). By the super-multiplicity of the independence number sequence
of the strong product graphs and Fekete’s lemma, we know that sequence SIMO(n) converges
to its supremum. In general, the maximum need not exist.

n=1

When {SIMO(n)}>°, is an open set, meaning SIMO = lim SIMO(n) = sup SIMO(n)

cannot be obtained by any SIMO(n), we conservatively conjecture that
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().

. . *
Conjecture 35. r; = lim 7,
n—oo

Remark 15. We remark that v} can be strictly smaller than Uy. Ifr, < Uy, it means that r, <

rz(n) holds for at least one n. Otherwise, r, will be an upper bound on rz(n) and the assumption
r, < Uy will contradict with Uy being the least upper bound (the supremum,) ofr;(n). We further
note that, for any n that satisfies r, < rz(n), we have an)(rz) < Cz(,n)(r:(n)) = SIMO(n)
by the definition of r:(n). But this does not necessarily harm the validity of sup C’én) (ry) =
sup SIMO(n). In the case where sup ctm (ry) =sup SIMO(n) indeed holds, % will be smaller

n

or equal to r, and thus strictly smaller than U;.

Remark 16. 7} can be smaller than the infimum of r:(n). That s, there may exist PRC
channels where r} < Ly, where Ly := infr;(n). Consider an)(rz) when r, < Lyi. Clearly,
n

™) holds for any n, because Ly equals to the infimum of rz(n). So for all n, an) (ry) <

T, < Th
SIMO(n) is true. Thus, supC,gn)(rz) < sup SIMO(n) holds, equivalently, supC’én)(rz) <
SIMO holds.
o When sup cim (ry) < SIMO, we can conclude that r% > 7.
Note the assumption is L1 > r,, from which one cannot cannot tell if r} is bigger or
smaller than Lq.

e But when sup C§") (r,) = SIMO happens, we can conclude that ri < r,.
n

Note the assumption is r, < Ly, which implies ry < L;.

So we have shown that r; < Ly is possible.

Next we present the proofs for the three statements in Lemma 34.
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Proof of Lemma 34 - (1). Consider C,gn)(rz) when r, > U;. First r, > U; > rz(n) holds for any

n, because U; is the supremum of all rz(n)’s. It is also true that Cé”) (ry) > Cﬁ”) (r:(n)), because

Z(n))

cim (r.) is non-decreasing with respect to r,. Note that an)(r by definition achieves the

SIMO upper bound, i.e. C§")(r2(")) = SIMO(n). So C’gn)(rz) > SIMO(n) holds for any n.
Thus we have sup ol (ry) > sup SIMO(n), equivalently, C,(r,) > SIMO. This implies that

T;SUL L]

Proof of Lemma 34 - (2). It suffices to show when r, > Us, C,(r,) = SIMO holds. Recall that
C(r,) is defined as sup C’én) (rz), and SIMO is defined to be sup SIMO(n), which is equal to

lim SIMO(n).

n—oo

(n)

First, r, > U, implies 7, > 72" for any n € J. Because Cﬁ”) (r.) is non-decreasing, we have

C’g")(rz) > Cg”)(rz(n)), equivalently C’,gn)(rz) > SIMO(n), for any n € J. So, sup C’,gn)(rz) >
neJ

sup SIMO(n) holds.

neJ
Secondly, because sup ci (ry) > sup ci (r;), we have sup i (ry) > sup SIMO(n), equiv-
n neJ n neJ
alently, C;(r;) > sup SIMO(n). If sup SIMO(n) = SIMO holds, then C,(r,) > SIMO holds,
neJ neJ

which establishes C,(r,) = SIMO because C,(r;) < SIMO is always true.

We next show that sup SIMO(n) = SIMO holds by showing sup SIMO(n) = lim SIMO(n).

neJ neJ n—roo
Assume sup SIMO(n) < lim SIMO(n). Let supSIMO(n) = lim SIMO(n) — §, where §
neJ n—oo neJ n—oo

is some given positive real number that can be arbitrarily small. By the definition of the
existence of a limit, we know that there exists some big number N such that when n > N,

SIMO(n) > lim SIMO(n) — g > lim SIMO(n) —§. This means that there are at most N
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items of sequence SIMO(n), which are smaller than or equal to linr} SIMO(n) — 6. Because J
ne

has infinitely many elements and thus has more than N elements, J has to contain n’s that are

greater than N. This implies that, set {SIMO(n),n € J} contains SIMO(n)’s that are greater

than lim SIMO(n) — 6. So, sup SIMO(n) > lim SIMO(n) — § holds and contradicts with

the assumption sup SIMO(n) < ILm SIMO(n) — 6. Thus, sup SIMO(n) > le SIMO(n).
neJ n—0o0 neJ n—00
Recall that ILm SIMO(n) = sup SIMO(n), which is greater or equal to sup SIMO(n). So,
n—oo n—00 neJ
we have sup SIMO(n) = li_>m SIMO(n).
neJ n—oo

Proof of Lemma 34 - (3). When {SIMO(n)}>2, is a closed set, its supremum matches its max-
imum. That is, max an)(rz) = sup Cg")(rz) = SIMO. Recall that v} = inf{r, : C,(r,) =
SIMO}. Clearly, for t that satisfies SIMO(t) = SIMO, ri(t) is an upper bound on 7;. So
Us is an upper bound on r}. Us is tight, because of the optimality of the Colour-and-Forward

(n)

relaying, i.e., 72" is the minimum required conference link that can enable the whole network

to achieve message rate SIMO(n). O

4.7.2 A class of PRC channels where r} is known

Lemma 36. For PRC channels where p(y,yr|x) satisfies (a) p(y,yr|x) = p(y|z) - p(yr|x), and

(b) p(ylx) >0 forally €Y and x € X,

ry = lim SIMO(n) (4.15)

n—o0
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2. i = SIMO(n), which implies

: () \ _ X Xn
IICHEIII%X(GR "C) - a([Gp(y,yR|x)] ) (416)

Proof of Lemma 36. We first prove statement 1) and statement 2) will follow immediately after
1) has been established.

Recall that we have the following lower bound on 7} by inequality (Equation 4.14):

71113010 \ a([G;((y,yR\m)]&n)
log <ri.

] n X Xn
Jimpfa((G ) TE)

Condition (b) implies that Gl)f(y‘x) is fully-connected and a([G

n

X ]IXTL)

(yl) =1 for any n. Thus,

lim log {/a([GX 8y <r}. (4.17)

e p(y,yr|T)

Statement 1) follows by combining (Equation 4.17) with (Equation 4.18) and (Equation 4.19).

So we next just need to show (Equation 4.18) and (Equation 4.19).

) < lim log ,”/a([G;((yRm]@”) (4.18)

and

3 n X Xn) — 13 n X n
nh—{glo log Oé([Gp(y,yRII)] )_nh—{go log \/a([GP(yR|I)]|E ) (4.19)
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Equality (Equation 4.19) holds because Sﬁy yR|x)(y, yr) = {z : p(y,yrlx) > 0} = {z :

p(ylz) > 0, p(yrlr) > 0} = {z : p(yrlz) > 0} = Sy, (yr), for any y € ¥ and yr € Vg,

. . X _ X
implying Gp(y,lefv) N Gp(leﬂﬁ)'
Inequality (Equation 4.18) can be shown by considering the following communication scheme

where

e The destination terminal ignore its own observation and only utilize what it receives from

relay terminal

e The relay terminal adopts the Decode-and-Forward (DF) relaying strategy, which is

constrained by the source-to-relay capacity li_}m log v/a( [G;f(ymx)}g”) and the relay-to-
n o

destination conference link capacity r,.

So the maximal achievable rate R, for this communication scheme is min{ lim log /c( [G;((ymx)]@"), Ty}
n—oo

Noting equality (Equation 4.19), it can be checked that when 7, > lim log 1/a([GX J&n),
n—00 p(yr|z)

the SIMO bound message rate lim log #/a([GX
n—00 p(y.yrlT

)]‘X”) can be achieved. By definition of 7%,

this implies that inequality (Equation 4.18) holds and completes the proof for statement 1).

The above argument for establishing statement 1) is valid, when only n channel uses are

allowed. Thus, we have i = SIMO(n), i.e. Iréli’%X(Gg)\;c) = a([G;((y,lex)]gn)
€

O

Remark 17. Fquality (Equation 4.16) relates independence and chromatic numbers of two dif-
ferent graphs, which are both derived from the same underlying channel p(y,yr|z). This equality

might have meaningful implication or interpretation in graph theory as well as understanding
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the intrinsic channel structure. It might be another example of bridging the closely intertwined
research fields like combinatorics, graph theory and information theory. We thus propose the
following open question:

Open question: How to interpret the equality in (Equation 4.16) 2

4.8 The perfect PRCs and examples

4.8.1 Zero-error capacity of a special class of primitive relay channels

Applying Theorem 31 using the Colour-and-Forward relay strategy W, defined in Definition
29, We may obtain the zero-error capacity of a special class of primitive relay channels. We
term these perfect primitive relay channels as (1) like in the point-to-point channel, we can
characterize the zero-error capacity exactly, and not because any of the associated graphs are
perfect graphs necessarily; (2) the zero-error capacity of such PRCs is the maximal possible rate

— the logarithm of the channel input alphabet size || X||.
Definition 37. A PRC channel ((X,p(y,yr|z),Y X Vr), ) is perfect if

1. G;((%yR'x) is edge free;

2. r, > Us, where Us is defined in Lemma 34.
Theorem 38. The zero-error capacity of the perfect primitive relay channel satisfying condi-
tions in Definition 37, is

Cz,perfect = log HX‘ |

Proof. The converse is trivial: the zero-error capacity is always upper bounded by log ||X||.

The achievability follows by default:
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e graph G;(( being edge-free implies that block coding brings no gain than a single-

Y,YR|T)

shot coding scheme. That is, SIMO(n) = log a(GX

p(yvyRIx)) = log HXH for any n. So Us

in Lemma 34 is well-defined.

e SIMO = log||X|| is achievable because r, > r} is guaranteed by r, > Us.

To be explicit, the n-shot protocol (n, X = &, h, g) achieves zero error when r, > Us, with the

n

codebook X being the whole channel input alphabet as desired, the relaying h(yr) := c(y}) as

in Definition 29 and the decoding function g(y", w};(n)) as in the proof of Theorem 31:

a(y", w}kz(n)) =S8N

n *(n) _ X" n n
plx(y™wy \x")(y W) = Y SP&(y"vyﬁ‘m")(y UR)

yprec! (w}}(n))
O

Note that while the overall message rate remains as a constant, we still adopt n-shot pro-
tocols or block-coding schemes; we do so to minimize the required conference rate at the
relay-to-destination conference link. An interesting open question is to find an example where
SIMO(1) = SIMO(2) and riW > @

4.8.2 More examples

We provide in the following another three conventional examples to further illustrate the
intuition and potential benefit of relaying to provide “what the destination needs”. For the
sake of simplifying the description for a conditional joint pmf, we let p(y, yr|x) = p(yr|z)p(y|x)
in the these three examples. An edge in a bipartite graph between X and Y (or X and Yg)

indicates p(y|z) > 0 (or p(yr|z) > 0).
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4.8.2.1 The pentagon problem

We now consider a channel where the direct link between the source and destination consists
of Shannon’s “pentagon problem”, which was notoriously difficult to solve. If the relay link is
such that the corresponding channel forms a perfect PRC (this relay link described by p(ygr|x)

is not unique) an example of which is shown in Figure 28, we have a(G ) = 5 and rate

X
p(y:yr|T)
log5 can be achieved, when r, > log3 (in a 1-shot scheme). Note that smaller values of r,
might still be able to guarantee the maximal rate log || X|| = log5 when multiple channel uses
are allowed, but this is left open.

We compare the rate achieved by our strategy with that achieved by a “Decode-and-
Forward” (DF) relaying strategy. In a DF strategy, the relay would like to decode every

codeword w € X, in which case the message rate is constrained by R, < log a(Gl)f( . In this

yR\x))

example, a(G;‘& = 3. Thus, R, <log3 is a hard constraint on the message rates that can

yR\»”C))
be achieved by Decode-and-Forward, which is clearly inferior to that achieved by our scheme.
This scheme might be seen as a “channel-aware” (depends on the conditional p(y,yr|x)) com-

pression of Y, and thus might be seen as a smart way of implementing Compress-and-Forward.

4.8.2.2 An example where no compression is possible

We now provide an example in Figure 29 to show that there exist channels for which no
information lossless compression is possible at the relay and the relay has to forward everything
that it has observed, i.e, 7} = log || Vg||. The relaying scheme W7}, captures this phenomenon

by requiring 8 different colours for 8 yg’s, as shown in Figure 29.
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4.8.2.3 An example where much compression is possible

Finally, in Figure 30 We show an example of a channel where Yz may be highly compressed
without losing the needed information about X — i.e. we do mot need to reconstruct Yz at
the destination, but only need to use the conferencing link to resolve any remaining ambiguity
from the direct link. Here, one may verify that by sending only one of the two colours over the

conferencing link, that a capacity of log 8 may be achieved when r, > log 2.

4.9 Conclusion

In this chapter, the problem of communicating over a primitive relay channel without error
is for the first time proposed, with the goal of exploring and fulfilling the intuition that the
central role of a relay is to only deliver "what the destination needs”. Next, a novel relaying
scheme termed “Colour-and-Foward” is proposed and is shown to be the most efficient way of
compressing signals at the relay terminal, for any fixed number of channel uses, when enabling
an effectively full cooperation between the relay and the destination terminals, i.e. achieving
the single-input multi-output (SIMO) upper bound, is required. This Colour-and-Forward
relaying is designed by an explicit exploit of the channel structure and directly embodies the
intuition of having relay transmit “only what the destination needs”. We also provide various
non-trivial bounds on the asymptotic case, say r; — the minimum required conference rate
such that the given PRC channel can achieve the SIMO upper bound message rate. But the
general relationship of rz(n) and 7} depends on the behavior of SIMO bounds, say SIMO(n),
which is the sequence of independence numbers of the graph products of a graph specified by

the broadcasting component of the PRC channel in discussion, and is not clear. We believe
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understanding the behavior of the Colour-and-Forward graphs Gg)

plays a central role in
deciding the limit of how much and how efficiently the relay terminal can contribute to the
overall communication. Probably, a characterization of the Colour-and-Forward graphs Ggg)
will help in identifying certain new categories of PRC channels whose capacity characterize
may be more computable/tractable. Also, graph theory and combinatorics could potentially
benefit from the connection among the graphs in Lemma 36, introduced by the study of zero-
error communication over a PRC and the Colour-and-Forward relaying algorithm. In next

chapter, we will show how to apply the Colour-and-Forward relaying scheme to the small-error

communication problem over a PRC channel.
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5
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1 1 1
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3 3 3p
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. 4 4,
Ko =1[2,3:5] Compression graph Gg|x, X(Grlk,) =2

TABLE III
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AN EXAMPLE TO SHOW THE IMPACT OF THE CHOICE OF INDEPENDENT SETS

IN THEOREM 31. THE CONDITIONAL JOINT PMF P(Y,Yr|X) IN DISCUSSION IS

SHOWN IN IV.



112

Yr Yr Yr Yr Yr
sPWYRE) | 1 9 3 4 5 | 1 23 45 | 12345 | 12345 | 12345
1 00« 0] 000O0O0] 0O0O0O0ODO0O]O0O0DO0DO00O0] 0000
2 « « 000 ] 0% 0001, 00000]000=%0/,00000
Y 3 00000 /| 00 00| %0000, 000001/, 000°00
4 00000 /| 000O0O0OD]| 0O0=%=001,000w%01]00000
5 0000O0/|]000O0O]| 00O0DO0O/|00=001]0000 =
X =1 X =2 X =3 X =4 X=5

TABLE IV. Conditional joint probability mass function: p(y, yg|z), where

|X] = |V|| = ||Vr]| = 5. Note that s(p(y, yr|z)) equals to * when p(y,yr|x) > 0 (actual value

is unimportant) and 0, otherwise.
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X Y . <
p\)cl(y\l)(y) Bp\i,(y-yn\-r)(l’y) edges
L x-=t1 (3.1}
Y=1 X—5 n 1-3,1—-4
X=1 {1,2}
=2 —2—
Y =2 A2 {2} ' ’
X =1 {4} 1—-4,2—-4
_ =2 3
Y=3 X =3 1 +30
| x=3 3} B
Y=4 X—4 4 3—4
X =4 {3} .
5 _ 5
Y=5 X—5 (5} 3-5

(a) The iterative algorithm for constructing com-

pression graph Grlk, -

2

3

4,

Compression graph Gg|i, One minimum colouring c

(b) The compression graph G|k, and one choice of minimum

colouring function c.
Figure 23. Constructing compression graph Grli, from induced conditional joint pmf

(K1,px, (v, yr|x), VI, X Vrli,)- Note that the least number of colours required is:

X(GR|/C1) =3.
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(Y.YR) [ Spynie) W yr) | edges YV W3) [ Syl wh) | edges

(1,3) (1,0)

(1,4) {1} 0 (1,7) {1} 0

(2,1) (2,9)

3,1 . 3.9 ) o

03 3} 0 e 3} 0

(2,4) (2,7) o5

(4,4) {4} 0 (4,7) {4} 0 3e

(5,3) (5,0) 4.1

by O 0 eh | © 0 e

(2.2) 421 {1} 1+—20 2:2y 421 {1} 20 Gp;cl (yyrlz) — Gp;cl (y,wy|z)
(a) Conditional supports  (b)  Conditional supports (c) Confusability graphs.
Spc, wunle) Y YR)- Sp, i le) (U WR)-

Figure 24. Compressing Y into W}, according to the minimum colouring function ¢ on graph
Gr in 23(b), is information lossless in the sense that together with Y, W}, provides as much

information of about X as Yg.



Y]
Dhea @) | Byit, woyain (#:9) edges
y=1| %1 3; 54
= X=5 ! 0
Xt Ty
91 40 4
y=2| x=2 2 %
X—4 (4) 24
. x=2 3 .
v=3| y_, o 1-3
T x=3 @
y=4| 3.7 W 34
X=1 3
— = Q_r
Y=5 X—5 {5} 3-5

(a) The iterative algorithm for constructing com-

pression graph Grli,.

Compression graph Gg|x,One minimum colouring c

(b) The compression graph Gr|x, and one choice of minimum

colouring function c.

Figure 25. Constructing compression graph Grli, from induced conditional joint pmf
(K2, pic, (v, yr|x), VI, X VrlK,)- Note that the least number of colours required is:

X(Grlx,) = 2.
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(Y,Yr) S;‘Eyvm‘z)(y,yﬁ) edges (Y, W5) Sﬁy,u:,}l:r)(y’ wy) | edges

4y e @ 4y + @

(3,3) {2} 0 (3:5) {2} 0 1

(3,1) . (3,7) . 2

(4,3) ) 0 (4,) {3} 0 .

(2,4) (2,7) o5

(4,4) {4} 1] (4,7) {4} 0 3e

(5,3) (5,b) 4.1

Eiii {5} 0 Ei;g {5} 0 . *

(2.2) {421 {2} 1+—20 2:2y 421 {2} 20 Gp;cz(y.ya\l') - Gp;cz(y,w}g\l')
(a) Conditional supports  (b)  Conditional supports (c) Confusability graphs.
Sy iz (U5 YR)- Sy gy (Y WR)-

Figure 26. Compressing Y into W}, according to the minimum colouring function ¢ on graph
Gr in 23(b), is information lossless in the sense that together with Y, W}, provides as much

information of about X as Yg.
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()

Figure 27. A symbolic graph for showing PRC capacity Cé”) (r.) as a function of n and r,.
Note that for succinctness, subscripts , are omitted and C(n,r) is adopted to indicate
™ (r,). C(n,r > r*™) equals to the SIMO bound SIMO(n). Red solid and dashed lines
are depicted to indicate that the SIMO bound sequence SIMO(n) converges. That is, there
exists big enough n (N7 or Na) after which all SIMO bounds will be within certain divergence

from the limit, which equals to the supremum of the sequence.

X Y X Yr
27"
1 11 1
2 2 2 2 3g
3 33 3 1,
4 4 4 44,
5 55 5 4
p(y|x) p(yrlz) Gr

Figure 28. Pentagon problem: marginals and Gr graph used for relaying. The capacity is

log 5 and may be achieved if r, > log 3, in 1-shot.
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X Yy X Yr
1 1 1
2 2 2 3p
1 4, 2pyr
3 3 3
; RS G
2
6 —— 6 6 2
7 or 7bl y
8
p(ylz) p(yr|z) Gr

Figure 29. An example where information lossless compression at the relay is impossible.

X Y X Yr
1 11 1
2 2 2 2 4, 3r 9
3 33 3 e
4 4 4 4 X
5 55 50T 1r
6 6 6 6 S
7 77 7 6 7 B
8 8 8 8

p(y|r) p(yr|z) Gr

Figure 30. An example where much compression is possible.



CHAPTER 5

e-COLOUR-AND-FORWARD RELAYING IN SMALL-ERROR

PRIMITIVE RELAY CHANNELS

In this chapter, we will apply Colour-and-Forward relaying, originally proposed for the com-
munication over a primitive relay channel (PRC) channel without error, to the conventional
small-error communication case, as studied in (17). A new e-Colour-and-Forward relaying algo-
rithm is analogously proposed for the problem of communicating over a PRC channel allowing
arbitrarily small probability of error. To facilitate the transfer of insights from zero-error
Colour-and-Forward relaying to small-error PRCs, an alternative e-error capacity-achieving
scheme for a discrete memoryless point-to-point channel is proposed. This scheme resembles
that for obtaining the 0-error capacity, utilizing a joint typicality graph which parallels the role
of the confusability graph in 0-error communications. In this new framework, an explicit code-
book construction approach is provided for the e-error scenario using graph theoretic notation:
the codebook is constructed as some maximum independent set of a joint-typicality confus-
ability graph under the optimal input distributions. Although the codebook — which involves
finding the maximum independent sets of a graph is not easily computable and is in general
NP-complete, it provides a unified way to analyze both the 0 and e-error capacities of a point-to-
point channel. Consequently, when the relay and destination can fully cooperate, the small-error

PRC can be analogized as a virtual zero-error PRC; any zero-error Colour-and-Forward relaying
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developed for this virtual zero-error PRC serves as one e-error Colour-and-Forward relaying for

the original small-error PRC.

5.1 Shannon’s channel coding theorems: small-error versus zero-error

Communication allowing a vanishing probability of error is called small-error or e—error
communication, while communication without error is called zero-error or 0-error communi-
cation. Let (X,p(y|z),)) denote a discrete memoryless point-to-point channel, where finite
sets X and ) are respectively the channel input and output alphabets, and the conditional
probability mass function (pmf) p(y|x) describes the channel. The small-error capacity and
the zero-error capacity of a point-to-point discrete memoryless channel were initially studied

by Claude E. Shannon, in (27) in 1948 and in (18) in 1956.

5.1.1 The small-error / e-error scenario

Capacity for the small-error scenario is given below.

Theorem 39 (Shannon’s channel coding theorem: small error scenario (27) ). The supremum
of all message rates that one can communicate via channel (X, p(y|z),Y), allowing a vanishing
probability of block-error, is pér)lz%xl(X; Y). Px denotes the set of all possible pmfs defined on
set X.

This is established by a random coding argument, which generates codebooks randomly,
utilizes joint typicality decoding and computes the average (expected) probability of block-

error over all possible codebooks. When the block-error probability averaged over all possible

codebooks goes to zero as the block length goes to infinity, one may conclude that there exists
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at least one codebook under which the block-error probability can be made arbitrarily small.
This shows the existence, rather than construction, of a good codebook.

5.1.2 The zero-error scenario

The expression for the capacity of a point to point channel (X, p(y|z),)) when one wishes

to recover the sent message ezxactly looks quite different:

Theorem 40 (Shannon’s channel coding theorem: zero error scenario (18)). The supremum

of all message rates that one can communicate via channel (X,p(y|x),)) without error is

X ]Xln)

s%p % log a([Gp(y‘x)

The proof for this theorem is very intuitive and straightforward. Note that for zero-error
communication, only whether p(y|z) is zero or not matters and the point-to-point channel can

be fully described by its confusability graph G~

p(yle) where an edge indicates that the receiver

cannot distinguish the two vertices it connects. To build intuition, first consider communicating

over a single channel use: the maximal number of channel inputs the destination can distinguish

X

p(y|x)), the maximum number of vertices that are non-adjacent, or pairwise

without error is a(G

distinguishable. When multiple channel uses are allowed, by extension, a([G;((ylz)]gn) is the

X ]IZln

p(ylz) is the strong product of n

number of distinguishable channel inputs X", where [G

copies of graph Gf(y‘x).l 2

'Note that the n-fold strong product graph [fo(ylw)]&” is equivalent to graph G;))((Zﬂx")’ which is the

confusability graph directly constructed from the compound channel (X™, p(y™|x™), Y™) with p(y"|z™) =
[T p(yil ).

2One can show that the supremum of sequence {1 log a([G;((ylx)]gn)}%o:l is equal to its limit.
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5.2 Definitions

We now make several definitions for both 0- and e-error communication so as to make the
parallel evident. In particular, we define the O-error and e-error version of the confusability
graphs.

5.2.1 Definitions for zero-error communication

Definition 41 (Conditional support). For a given triple (X, p(y|z),Y), the conditional support

of Y =y is Sﬁy\m)(y) = {z : p(ylz) > 0}

Definition 42 (Confusability graph). The confusability graph G;((yp:) with respect to'Y and
p(y|z) for point to point channel (X,p(y|x),Y), is defined on X and two different symbols

x' # 2" € X are connected by an edge if there exists some y € Y such that p(y|z') - p(y|z”) > 0.

5.2.2 Robust typicality

We adopt the form of robust typicality proposed in (28); several lemmas based on this

definition provided or easily derived from (28) are provided in the Appendix for completeness.

Definition 43. For a given random variable X ~ p(z), its typical set T;((m) . 1s defined as

{x € X" :Va € X, |vx(a) —p(a)| < e-pla)}

where vx(a) denotes the empirical distribution on X based on the sample x.
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TXY

Definition 44. For a given random variable pair (X,Y) ~ p(z,y), their joint typical set y).c

1s defined as

{(x,y) € X" x Y" :¥(a,b) € X x Y, |vxy(a,b) — pla,b)| < e€-p(a,b)[}

where vy y(a,b) denotes the empirical distribution on X x Y based on the sample pair (x,y).

5.2.3 Definitions for e-error communication

Definition 45 (e-conditional support). For a given triple (X,p(y|x),)), the n-shot joint-

typicality conditional support of Y =y is S’;%I Y) (y) ={xe&x": (x,y) € T;((ny) -

Definition 46 (e-confusability graph). For a point to point channel (X, p(y|z),Y) and a chosen

input distribution p(x), its n-shot joint-typicality confusability graph fo(x )se is defined on X",

TXY

where two vertices X' and X" are connected if there exists one'y € Y™ such that (x',y) € ) e

and (x")y) € Tg(?(y) .- The parameter 0 < e < 1.

Definition 47 (Restricted e-confusability graph). For a point to point channel (X, p(y|z),Y)
and a chosen input distribution p(z), choose parameters 0 < €1 < €3 < 1 such that typical set

is a subset of the vertex set of the e-confusability graph GX e defined in Definition

p(fl‘),61 p(:v,y),

46. Then, the restricted e-confusability graph is defined as G;((x,y),q,@ = Gﬁx’y),eg (T;((x)’q), i.e.

on vertex subset T

the induced subgraph of graph GZ% @)

Izy)7€2
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5.3 A new capacity-achieving scheme for Shannon’s small-error coding theorem

The link between the 0-error and e-error channel coding theorems lies in using the e-
confusability graph in Def. 46 to mimic a zero-error communication protocol whose confus-
ability graph is provided in Def. 42. We formally define the new communication protocol in
Subsection 5.3.1, evaluate its probability of error in Subsection 5.3.2, demonstrate the max-
imal achievable rate of this protocol in Subsection 5.3.3. This will show that that this new

communication protocol is indeed capacity-achieving. That is,

Theorem 48. The communication protocol in Definition 49 can achieve message rates that are

arbitrarily close to m(a§< I(X;Y), i.e., it is capacity-achieving.
p(x

Remark 18. We acknowledge that the communication protocol in Definition 49 is essentially
equivalent to the standard random coding protocol, rephrased in the graph theoretic notation.
One might think that this is a trivial “rephrasing”. But it is noted that this representation via
graph theoretic notation is meaningful, because it provides a movel perspective of viewing the
small-error communication and thus allows and facilitates the usage of mathematical tools in

graph theory and combinatorics.

5.3.1 The e-error point-to-point communication protocol

We now propose a protocol whose codebook and decoding are based on the restricted e-

ey X o).
confusability graph Gp(x,y),q,ﬁz of Definition 47.
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Definition 49 (Communication protocol). For any given input distribution p(x), the protocol

consists of a codebook L, which is an independent set of the restricted e-confusability graph

X

D) ersen’ and a decoder:

Ln S[))%x,y),q (y) : (51)

If the intersection is an empty set, the receiver declares an error. If the intersection is non-

empty, the recetver claims the only element it contains to be the transmitted one.

Remark 19. It is noted that there is a one-to-one mapping from the message set to the codebook

L and the transmitter sends the codeword corresponding to a given message.

X

The communication protocol in Definition 49 essentially view the graph Gp(x Wieres its

confusability graph, just like in the zero-error scenario. Intuitively, when only some independent

X

set of graph Gp(x’y)’eh62

is sent, the destination terminal can distinguish all codewords pairwise
(with arbitrarily small probability of error) given its side information (its own observation Y =

y). Thus, the maximum number of codewords (channel input sequences) that the destination

terminal can pairwise distinguish is equal to the independence number of graph G;((m Deren”

Recall that graph G;((x,y),el,ez is a restricted graph of G;((x’y)@ over the vertex subset T;((x)ﬂ.

Thus, being an independent set of graph GX codebook L simultaneously qualifies for

p($,y),61,€2 ’

- X X
an independent set of graph Gp(:w),62 and a subset of Tp(x)’q.

Considering the first aspect, i.e. codebook L being an independent set of the e-confusability

graph GX

p(z,y),e2 (y) and an independent set

, it follows that the intersection of a clique S
p(x7y)’€2

L can at most have one element. In the zero-error communication scenario, the intersection
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LN S;%y‘x) o (y) has exactly one element, which is exactly the sent codeword. In the small-error

communication scenario, the intersection L N S;%x V)€
I b

(y) has at most one element, which may
or may not be the sent codeword. As we will show, when taking into the second aspect, i.e.
codebook L being a subset of T g(cm) o and €1 < €2, the probability that the intersection has the

sent codeword as the unique element can be made arbitrarily close to 1.

Remark 20. Having two parameters €1, €2 and the requirement €1 < e€o are necessary to bound
the probability of error in (Equation 5.2). This subtlety comes from the necessity of establishing
Lemma 65. We note that weak typicality is insufficient to establish the Lemma 65 (or conse-
quently Theorem 48). Owverall, we believe that adopting robust typicality and using the restricted

e-confusability graph in Definition 47 are both critical, and novel, components of this protocol.

5.3.2  Analysis of probability of error

The probability of error under this protocol is:

1
Prlerror] := I Z Pr[ error |x € L was sent | < d¢, ¢, (1), (5.2)
xeL
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P *(52*61)2'ﬁ‘(n';ﬂmin(a,b)) )
where ¢, c,(n) = 2|55, | - e 3 and pmin(a,b) = Min (g pesxy p(a,b)

goes to 0 as n — oo, as

Pr[ error |x € L was sent ]

=Pr[LNSY (Y)=0or

p(l’,y),EQJ’l

Ln Sﬁx,y),EQ,n(Y) # {x}|x € L was sent |

=1-Pr[LN Sﬁ%y)m’n(Y) = {x}|x € L was sent |

=1-Pr[(x,Y) € Tg((gy)@ |x € L was sent ]

<1- (1 - 661,62 (n)) = 561762 (n)

where the inequality and the value of d¢, ¢,(n) follow from Lemma 65 in the Appendix.

5.3.3 The maximal achievable rate

It has been shown that the probability of error can be made small, but now discuss how
large the codebook L may be while guaranteeing this.

We claim that for any given p(z), the communication protocol in Definition 49 can achieve
rates arbitrarily close to I(X;Y') evaluated at p(x) (we will maximize over p(z) in the next
subsection). This will be shown by investigating the maximum cardinality of codebook L.

Recall that it is desired that

: X : X
1. L is a subset of the vertex set of graph Gp(x’y)’q’eg, ie, L C Tp(m)ﬂ.

2. L is an independent set of graph G])D(( , denoted by E (G;((xyy)’q@(L)) = 0.

xzy)7€1 5€2
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We show that such an L exists using a random coding argument. First generate a random
set S consisting of s i.i.d. sequences of X of length n, i.e. S = {x(w) : w € [s]}. Next, compute
the probability that this random set S satisfies requirements 1) and 2) above. The probability
being positive indicates the existence of some “good” realizations of set S satisfying 1) and 2).
Thus, rate %logs would be achievable.

Mathematically, we are interested in:

X X
Pr[SCTX, . and E (Gp(x,y),el,e2(5)> — ]

("E)ﬁl

=Pr[S C T, and B (GX, ) ,(5)) =0

—

p(zvy)7€2
>Pr[S CTX,) ]~ PI[E (G, (S)) # 0 (5.4)

2onp - (a s
> <1 _9. HSX )H . 611)3“"[1()> B 2n(2-(%10gsfl(X;Y))+e’2)
=:Ap(z) 61,62 ()

where €, := €z - (H(XY)+ H(X|Y)+2H(X)+ H(Y)). The first equality follows by Definition

47 that graph GX is an induced subgraph of graph Gz)f(

o) e . The first inequality in the

z7y)7€2

above equation follows from Pr[A N B] > Pr[A] — Pr[B].

We defer the proof of the second inequality for now and first interpret this lower bound.

e When 2 logs > I(X;Y), the lower bound Ap(zy).er,e0(n) < 0, which is not useful.

e For any % logs < I(X;Y) (but arbitrarily close), for any p(x,y), €1, €2, there exists n large

enough such that Ay ) e (1) > 0. Thus, Pr[S C T;( and F (GX (S)) =

(1)761 p(CE,y),El,EQ

0] > 0.
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Now we show the computation of probabilities Pr[S C T;f((x),q] and Pr[E (G;f(x’y)m (S)) # 0].

X
5.3.3.1 compute Pr[SCTX |

By Lemma 66 in the Appendix and the independence of x(w),w € [s], we have

Pr[S - Tp)((x),el] :PI‘[V’LU € [8]7 X(w) € T;((x),q]

@ | ° (5:5)
> (12|15, e

5.3.3.2 compute Pr[E (fo(x,y),ez(s)) 70

PiE (GX, ) (9) #0)

= Pr[fo(x,y),Q(S) has some edge(s) ]

(a)
<s-(s—1) Pr[x(w) and x(w') is connected]

=5 (s— 1) - Pr{{(x,xy) : x(w) = x, x(w) = X, (x(w),y) € TXY, . (x(w),y) € TXY, )]

p(z,y p(z,y),e2
=S - (S — 1) . Z Z p(XaX/7Y)

XY re 89X
(X,)')ETP(,;,WEQ x Esp(z,y),eg,n(y)

<s-(s—1).2nte)HXY)  gn(lte)HX]Y)

1 1 1
Con(l—e)H(X) 9n(l—e)H(X) 9n(l—e)H(Y)

s (5 — 1) - 2T )Eh) - gn(2:(5 Tog s—I(X3Y)4e))

(5.6)

The inequality (a) follows from the union bound and (b) follows from Lemmas 67, 68, 69.
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5.4 A unified framework for small-error and zero-error coding

In this section, we will introduce a “matrix” P representation of a point-to-point discrete
memoryless channel (X, p(y|z),)). Depending on the type of communication, i.e. zero-error
or small-error, this matrix P is defined as Pe(n) and Pz(") respectively. The zero-error /
small-error capacity of the given channel can be correspondingly defined by supremum of the
independence numbers of the confusability graphs, determined through the same mechanism as

in Definition 56 by matrix Pe(n) or Pz(n).

5.4.1 Matrix representation for small-error coding scheme

Definition 50 (Matrix Pé(n)). For a given point-to-point discrete memoryless channel (X, p(y|z), )

and a fized channel input distribution p(x), define a two-dimensional matriz Pe(n) by

e The dimensions are ||[X"|| x [|V"]].

e Fach entry is either O or 1 and is specified by Pe(n) (%,¥) = Lyxy)>0 - ik yyerx¥

P(Z»y)752,n
Leerx —, where p(x,y) = p(x)p(y|x).

P(T)@l,n

For each matrix Pe(n), define a graph:

Definition 51. For any n-shot use of point-to-point discrete memoryless channel allowing
arbitrarily small probability of error, represented by Pe(n), define graph Gﬁn):
o The vertex set consists of all row indices x, where there is at least one non-zero entry.

e (Consider every column of the matriz and fully connect row indices of the non-zero entries

in that column. The edge set is a union of edges resulting from all columns.
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It can be checked that the confusability graph G;((Z W).ensen is equivalent to graph Pe(n). The

decoding function, say LNS%

() a7 in the communication protocol in Definition 49 is equivalent

)

to looking at the column indexed by Y = y in matrix Pe(n and trying to see if there is only
one non-zero entry in that column. As n increases, the probability that there is exactly one
non-zero entry in the column can be arbitrarily close to 1.

Because the communication protocol in Definition 49 is capacity-achieving (48), it follows

that

Lemma 52. The small-error capacity of a point-to-point discrete memoryless channel (X, p(y|z), V)
P™ s characterized by the supremum of independence numbers of graph G;i(n), i.e.

1
C(P™) = sup max — log a(GX,,, 5.7
(PL) = supmax ~ loga(GX) 6.1

where G;f(n) is defined by Pe(n) via Definition 51.

€

5.4.2 Matrix representation for zero-error coding scheme

Definition 53 (Matrix Pz(n)). For a given point-to-point discrete memoryless channel (X, p(y|z),))

and a fired number of channel use n, define a two-dimensional matriz Pe(n) by

e The dimensions are ||[X"| x || V™.

e Fach entry is either 0 or 1 and is specified by Pz(n)(x,y) = Iyy|x)>0, where p(y|x) =

n

[T p(yilzi)-

i=1

)

For each matrix Pz(n , define a graph:
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Definition 54. For any n-shot use of point-to-point discrete memoryless channel allowing

arbitrarily small probability of error, represented by Pz(n), define graph G’;E(n):

e The vertex set consists of all row indices x, where there is at least one non-zero entry.

e (Consider every column of the matriz and fully connect row indices of the non-zero entries

in that column. The edge set is a union of edges resulting from all columns.

Consider n = 1. It is straightforward that the conditional support of ¥ = y in Definition
41 is just the z-indices of non-zero entries in the column y in matrix P, i.e. S¥ . (y) = {z:

p(ylz)

P,(xz,y) > 0}. Futhermore, the confusability graph Gz)?iylw) is a union of cliques, where each

clique is define on the support of a column. It can be checked that graph G;f(n) is the same as

graph [fo(ylm)]&”.

Thus, it follows by definition that

Lemma 55. The zero-error capacity of a point-to-point discrete memoryless channel Pz(n) 18

characterized by the supremum of independence numbers of graph G;i(n), i.e.
(n) 1 X
C(P;") = sup —log a(G~)) (5.8)
n N P;

where Gﬁ(n) 1s defined by Pz(n) via Definition 54.

5.4.3 A unified framework for small-error and zero-error coding

Thus, we can represent a n-shot usage of a point-to-point discrete memoryless channel

(X,p(y|z),)) by matrix Pe(n) or Pz(n). We define the confusability graph G;f(n) as
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Definition 56. For a given point-to-point discrete memoryless channel P™, define graph
GXi:

e The vertex set consists of all row indices x, where there is at least one non-zero entry.

e (Consider every column of the matriz and fully connect row indices of the non-zero entries

in that column. The edge set is a union of edges resulting from all columns.

5.5 Application to the primitive relay channel

In this section, we will utilize the matrix representation of the capacity-achieving communi-
cation protocol in Definition 49 to mimic the construction of the Colour-and-Forward relaying
algorithm, originally developed for zero-error communication, to construct the e-Colour-and-

Forward relaying .

5.5.1 Construct e-Colour-and-Forward

Wr:=h(YR) €{1,---, [Wrll}

A
S -
|[Wr| <277
" e LCTX n n W =g(Y™,Wg)
= tp(x),e1,m X Y D » VR
S(W) = a™(W) S O =Lns¥X Ym)

p(z.y).e1.c2.n
Wew={1,---,[Wl}

Figure 31. A capacity-achieving communication protocol by joint-typicality confusability
graph, when 7. = co. An n-shot protocol (n, L, h, g) for small-error communication over a
PRC ((X,p(y,yr|x),Y X Vr), rc), with an encoder ¢, a codebook L, a relaying function h and

a decoding function g.
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Let p*(z) be the optimal input distribution that maximizes I(X;Y,Yg). By Theorem 48,
we can use the communication protocol with p*(z) in Definition 49 to achieve the maximum
(or cut-set) information rate max I(X;Y, Ygr).

p(z)

It is noted that for any fixed number of channel use n, the communication protocol in Defi-

X|Y, YR

nition 49 is fully specified by the restricted e-confusability graph GP(%%ZJR),ELQ

or equivalently,
the collection of restricted e-conditional supports

X|Y,Y n n
T:= {Tﬁfm),el N SP(L,y,y,f),EQ (y,¥r): (y,¥Rr) € V" x yR} (5.9)

Based on collection 7', we can implement the Colour-and-Forward relaying algorithm in (29; 30).
We first state the e-Colour-and-Forward graph and relaying and will explain the motivation

in the next subsection.

Definition 57 (e-Colour-and-Forward graph G%L)Q). For a joint distribution p(x,y,yr), define

Gg}@ as a graph with

XYY
o Vertex set {yg: I(x,y) s.t. (X,y,¥r) € Tp(w,y,yljz)»ez}

e Fdges constructed by connecting two vertices yr1 and yre if there exist (x1,y), (X2,¥),

and (Xg, Yy, YRZ) € TXYYR

XYY
and X1 # Xg such that (x1,y,yr1) € T D) e’

p(T,y,YR),€2

For the Colour-and-Forward relaying function, we define
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n)

Definition 58 (e-Colour-and-Forward relaying WI(% .). Let ¢ be a minimum colouring on the

e-Colour-and-Forward graph G%ZZQ, defined in Definition 57. Let

c(yr), whenygeV(GY))

€2

Wi = . (5.10)

,€

0, otherwise

5.5.2 ¢Colour-and-Forward is information-lossless

e-Colour-and-Forward is information-lossless, in the sense that

Lemma 59 (Information-lossless). The following two graphs are the same:

X|Y»YR _ X|Y,WR
p(xy,yRr)€2  ~p(X,y,wR) €2 (5.11)

where graphs GXIY YR pg XY Wr

D(X,y.y e pxywn).es VTC defined according to Definition 46, and WI({L) 18

defined by the e-Colour-and-Forward algorithm.

Corollary 60.

cX =GgX (5.12)

p(x7y7yR)7617€2 p(xvvaR)7€17€2

because

X|Y,Yr ( X )

X|Y7WR X
p(z,y,yRr),e2 N~ P(T),€1 T, ) (5.13)

P,y wi)sea (Lp(w)er
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X X
and graph G p(CC,y,yR),EQ,TL

can be viewed as an induced subgraph of G
p(%,Y,YR)€1,€2

by restricting

the vertex set to 7X . . That is,
p(x),€e1
X _ XY, Yg X
Gp(x7y,yR),61762 - Gp(x7y,yR)7€2 (TP(I),Q) (5.14)
Proof of Lemma 59. G;((l)?g’,z,’; Ve = G;((L:}’,TU’; e, OF €Colour-and-Forward relaying W;{lg is in-

formation lossless follows the same proof in the zero-error Colour-and-Forward relaying, nicked
named as 0-Colour-and-Forward.

Recall that graph GXIY-Yr

Dy yr)es 1S fully specified by the collection {Sﬁx,y,m),@(y’y}?) :

(v,¥r) € V" x Y3} and graph Go SR by {9

p(x7yawR)762 (x7y7wR)7€2

(v,wr) : (y,w}) € V" x Wg}.
The lemma follows if these two collections are equivalent, say,

{S;%$vy7yR)7€2 (v,¥yr): (y,¥yr) € V" x Vi}
(5.15)

= {Sﬁx,y,wR),EQ(vaR) : (y,wr) € V" x Wgr}

We do not state the proof explicitly here, but showing that the above equivalence statement
follows naturally from the proof for the 0-Colour-and-Forward being information lossless, the
Theorem 2 in (29).

Firstly, it has been shown in Section 5.4 that the small-error and zero-error communication
over the point-to-point single-input multiple-output channel, (X, p(y,yr|X),Y x Vr), can be
unitedly represented in the matrix form P, Recall that p*(z) denotes the optimal input

distribution that maximizes I(X;Y,Yx). So we have sup = log a(G Pr )).
n s x
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Furthermore, the 0-Colour-and-Forward graph (the Colour-and-Forward graph G in Defi-
nition 12 in (29)) and e-Colour-and-Forward graph can also be defined in a unified way:

e Given a three dimensional matrix P(x,y,yr)

e The vertex set is {yr : 3 some (x,y) s.t. P(x,y,yr) > 0}

e The edges are constructed by connecting yr; and ygrs if there exist (x1,y) and (x2,y),

where x1 # x2 such that P(x1,y,ygr1) - P(x2,¥,¥YRr2) > 0.

Thus, the argument for 0-Colour-and-Forward graph being information lossless applies for

e-Colour-and-Forward graph. O

5.6 Conclusion and Discussion

In this chapter, we have presented a new framework for viewing the e-error channel coding
theorem in terms of zero-error notions such as confusability graphs, unifying the 0 and e-
error communication strategies. The motivation is to provide a tool for translating results in
one domain to the other. We show that this new coding scheme is capacity achieving and
furthermore explicitly constructs the codebooks as independent sets of confusability graphs
(rather than random generation). It is acknowledged that this new communication scheme is
essentially equivalent to the standard random coding protocol and might at first appear to be
a mere rephrasing of the Shannon’s coding scheme using graph theoretic notations. It is noted
that this representation via graph theoretic notation is meaningful, because it provides a novel

perspective on how to view small-error communication and thus allows and facilitates the usage



138

of mathematical tools in graph theory and combinatorics. Further connections with coding for
computing is also an open question that is worth investigating.

Based on the alternative capacity-achieving scheme for the point-to-point discrete memo-
ryless channel, the e-Colour-and-Forward relaying scheme for the small-error communication
over PRC channels is established, adopting the insights from the Colour-and-Forward relaying
scheme originally developed for the zero-error PRC channels. This transfer of insights sets a
good example of relating problems in different domains, in particular connecting the zero-error
and small-error communication problems. The zero-error Colour-and-Forward has been shown
to be optimal for any fixed number of channel uses. It remains a open problem to determine

whether e-Colour-and-Forward is optimum for small-error PRCs to achieve its SIMO bounds.
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Appendix B

PROOF OF THEOREM 16

Proof. We first present the definition for Error matriz T and lemmas regarding the structure

of the equations at the relays which will aid in the error analysis.

Definition 61 (Error matrix T). Define the L x L binary matriz Try 1 as:

Ty (ain) Ty, (wi2) -+ Ty (anr)
I 0 (u271) Io (U_272) I 0 (u27L)

TL><L = 2 22 “2 € {Oa 1}LXLa
T (ury) Ty (upg) -+ Iy (arr)

LxL

where I,(b) is the indicator function which has value 1 if a = b and 0 otherwise. Entries of Tpx1,
from different columns are independent, while entries of the same column are correlated, which
follows from the message matriz W« being block upper triangular. We present properties of
T in Lemmas 62 and 64, which will be used to enumerate the different error events for the
ICF problem. Lemma 62 states that given arbitrary ¢ or more elements of Us., the remaining
entries of Uy. can be reconstructed deterministically; this will limit the number of error events

in decoding the equation sections as outlined in Lemma 64.
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Lemma 62 (Properties of equation sections). Assume the matriz F and all ¢ by ¢ sub-matrices

from its first ¢ columns are of full rank. Then, for any column c=1,--- L,

row space of Use := span [{uye,--- ,urc}] = span [Ua,]

where Ug . ={u,c:a€ A}, and A C {1,2,--- ,L}, ||A]| > ¢

Proof. Recall that we zero-pad at the head of each message to make them of equal length k.

Thus,
Wi
Wi,
- - Wee
Uie=F W,=F: =P nxp- g
0
We,e
0

where sub-matrix F[; . 1)[1,... ¢ contains the first ¢ columns of matrix F. Given any ¢ rows of
U,., we can solve for {wy,---, W}, i.e., Wi, since any square sub-matrix of Fii . nx1, .

is guaranteed to be of full rank. This is why we need only all ¢ X ¢ sub-matrices of the first ¢

columns to be full rank. O

L
Definition 63. Let 5. := > Ly (ume), ¢ = 1,2,---, L. B indicates the number of “1”
m=1 ©
entries in cth column of error matriz T, i.e., the number of correctly estimated cth equation

sections.
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Lemma 64 (Cardinality lemma for L-user ICF problem). We have

1. B.€{0,1,-+- ,c—1,L}, Ve=1,--- L.

2. The number of possible values the equation matriz Up g, i.e. fJLxL, may take on is

L . . . .
N1 YePe where p, = %logz p’ is the rate of equation section Uy, ., and 7. 1s:

C_BC ifﬁczoalf"ac_l
Ye =

0 if Be =L

Proof. First, note that g. € {0,1,--- ,¢—1,L},Ve = 1,--- , L. To see this, from Lemma 62,
we know that, if there are ¢ or more occurrences of IUE’n,c (W) =1 in the cth column of error
matrix Ty, i.e., 8. > ¢, then the row space of U,. is determined and the remaining L — (.
rows of U,. may be deterministically computed from the rows for which u,, . = up, .. Then the
remaining L — 3. rows of U,. are guaranteed to equal those of ﬁgc. So, 8. > ¢ implies 8. = L.

Next, 7. is equal to the number of rows of U, that remain free /unresolved given a particular
value of .. To see this, from Lemma 62, there are ¢ degrees of freedom for the row space of
U,.. When 8, # L, i.e., when 8, < ¢, there are at most ¢ — (3, remaining choices for the L — £,
rows of Us,e. S0 7. = ¢ — B,. When . = L, U, is fixed and there is no freedom in specifying
its rows, i.e, v. = 0.

Finally, to show the number of choices of Upyy, i.e. fJ'LX L, there are 2™7P< choices of

equation section matrix U,. with dimension L x s.. As the L equation sections are independent,
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when {f1, 82, -+, 51} are given, the number of possible choices of Upyy is Hle 2MYePe —

N Yy Yepe 0

We now proceed with the proof of achievability. Fix p(q)-p(x1|q)----- p(zrlq)p(y|z1, - ,xL).

Codebook generation:

1. Generate 2" sequences ¢" i.i.d. ~ p(q), indexed by u;; or equivalently by up, 1, m =

2, L.

2. At each relay m, m = 1,---, L, for each sequence ¢", generate 2™MP2++rL) gequences

n

X0 () == X7 (W2, -+, Wy, 1| Uy 1) 1.0.d. according to Pr(X)), (um)) = [] p(@me]q(um1)),
=1

n
m?

where x,,,; denotes the t-th position in the row vector/sequence ], and ¢; denotes the

t-th position in the sequence ¢".

Notice that we index codebooks by the message equations; this differs somewhat from more
standard codebooks indexed by a message € {1,2,--- ,2”R} for coding rate R. Codebooks
Q"(u1,1) and X7 (u,,),m =1,--- , L are revealed to the relays and destination. Codebook Q"
can be equivalently indexed by wuj1,u21,---,ur1 as needed or even ﬁ*l, i.e. this common

portion is available to all relays.

Encoder: Relay m sends signal X! (u,).

Decoder: The destination node looks for unique uy, - - - , uy, such that (Y, Q™(U,,), XT (1), -, X} (ur))
are e-jointly typical according to p(q,z1, -+ ,2r,y), or lie in the set AE")(Q,Xl, e X1 Y.
If none, or more than one tuple of equation sections are jointly typical with the given Y™, an

error is declared.
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Error analysis: Define the event E (ﬁLxL> = {(Q”(fj*l), XP(ay), -+, X} (ug), Y”) € AE”)}.
Assume WLOG that the equation set {uf,uj, - - ,uOL}, also represented as ﬁOLX 1, is the true,
or transmitted set of message equations. Recall the following definitions, and further define

Qm, v as follows, which will help in succinctly enumerating the error events:

Trxr =Igo (fJLxL) € {0,1}1xF

L
Be= Y Iy, (Wme) €{0,1,---,c—1,1}
m=1

L
Q= H Ly, (Wne)  €{0,1}
c=1

v = the number of ones in {ay,--- ,ar} €{0,1,--- L}

We may then denote four different types of error events; event E"’(fj%X 1) indicates the case
when the correct codeword is not jointly typical with the received signal Y™ and is denoted as
error event type I. Error event types II - IV are provided in Table Table V. Note that we
use the error matrix T to facilitate the classification of error events and the analysis of their
corresponding probabilities. Recall that, for each ¢ = 1,--- | L, that . denotes the number of
correct items in the c-th column of T, i.e, denotes the number of correctly estimated equation
sections u,, .. Observe that values of 31,---, 31, are mutually independent by default due to
the uniform and i.i.d. generation of the message vector (w; € F’;l) over the finite field IF,,. This
allows us to first categorize the error events according to the two possible values of 5, (Table

Table V).  Conditioned on the value of i, we may then enumerate all possible values for
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Ba, -+, Br. Such an enumeration is correct but may be simplified as follows: note that greater
than or equal to one zeros in the mth row of T will lead to the same probabilistic dependence
of the received signal y" on codewords «]%,. That is, foreachm =1,--- | L, o, denotes whether
the m-th equation u,, is correct. We can then more succinctly classify the error event types
using «;,, reflected as variable v = the number of ones in {aj, -+ ,ar} in Table Table V.

Further explanations for each error event type follow.

Possible error events

Error event type

B € {0,L} vef{0,1,--,L}
0 Vve{01,--- L} 11
L v =0 111

some fixed v, v € {1,--- ,L — 1}

some fixed A, [|A|| =v

L v=1L correct

TABLE V

TABLE DENOTING THE TYPES OF ERROR EVENTS.
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By symmetry, the probability of error may be expressed as

P = Pr (6()L><L # U0, p | UYyp is sent )

< Pr (EC(fJOLxL)> + Pr U E(Uprxy)
ﬁLXL#ﬁ%XLa B1=0,

+ Pr U E(Upxr) | +Pr U E(Upxr)
ULyx#09, ., B1=L, v=0 ULx#0Y, ;. Bi=L, ve{l, L-1}

We consider the conditions which will drive Pe(n) — 0 as n — oo for each of the events

separately.

e FError event type I: Pr (EC(INJ%X L)) vanishes by properties of the jointly typical set AE").

L

e Error event type II: Consider Pr (UﬂLxL?ﬁﬁoXU 81=0 E(ﬁLxL)>. The constraint 31 = 0
indicates that U, # UY% (common message is incorrect) but says nothing about the
remaining U,., ¢ = 2,3, -+, L. This incorrect first column serves as the index for sequence
q"(U,1), on which codewords X (u,,) are conditioned. Thus the incorrectness of first
column implies that the observed y" is independent of the true (¢", 2%, - ,2%). Thus,

for each error event in this category,

(a)

Pr (E(ijxL) 181 = 0) < 9 (I(QX1, Xp3Y)—€) & g—n([(Xn, o . Xp3Y) =€)
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where (a) follows by the Markov chain @ — (X1, -+, X) — Y, By the union bound,

Pr U E(Urxp) | < {ﬁLxL |Upnxr # 0%, b1 = 0} | x 27U (X XesY)—e),
ﬁLXL;’éﬁgxlﬂﬁl:O

By Lemma 64, the maximal value of the cardinality term (which in turn yields the domi-
nant constraint) occurs when . = 0 for all remaining ¢ = 2, --- | L, yielding the maximum

value of 27 =1 Yepe — 9N e and hence the following is needed to ensure P, — 0:

L
D epe <I(Xy,--, XLY). (B.1)

c=1
Error event type III: Consider Pr (UﬁLxL?ﬁﬁ%xy Bi=L. v=0 E(ULxL)>. This implies that
the first column of T are all ones (index U, of Q™ is correctly decoded) and there exists
at least one zero in every row of T (at least one equation section of each equation is

wrong). Thus,
Pr (E(ijXL) | some {,81, cee ,,BL} s.t. fJLXL =+ INJ%XL, bi=L,v= 0) < 2_n’(](Xl’m’XL;Y|Q)_€).
By the union bound

Pr U E(Upxp)
Urx#09%, ., f1=L, v=0

< {ijXL | I~JL><L # ﬁ%xLa bi=L, v= O} I x o= (I(X1,,X13Y|Q)—¢)
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By Lemma 64, the maximal cardinality occurs when g1 = L and S, =0 forc=2--- L,

with a maximum value of 27 %e=1 YePe — 97X Pe This yields the dominant constraint

L
ZcpCSI(Xla aXLaY|Q) (BQ)
c=2

Error event type IV: Consider Pr (UﬁLxL5£ﬁ%XL7 Bi=L, ve{l, L1} E(INJLxL)). This im-
plies that all entries of the first column and v rows of matrix T are correct. We further
sub-categorize this type of error event. Let A C {1,---,L},||A|| = v, denote the indices
of rows that are all ones, i.e, ayp, = 1,¥m € A. Let A = {1,--- L} \ A denote the rows
that contain at least one zero, i.e., a,, = 0,¥m € AY. For each A, we note that X for

m € A are correct, and the remaining X, for m’ € A€ are incorrect. Thus, for each type

of error event within this sub-category, we have

Pr(B(Up.r)| some {81+, 8o} st Upr # Olrs By = LA A] = v) < 27 (IXe1¥a0)=9)

By the union bound

Pr U E(UpryyL)
{Br,,BLY st. Upu 209 , Bi=L, A, ||Al|=v

<l {T:ILXL 1{B1,--+,BrYyst. Upyp #0%, ;. B =L, A |A| = y} | x 27 (X0 1XaQ)—¢),
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By Lemma 64, the maximum value of the cardinality term occurs when 81 = L and

Be = forc=2,---,L,

yielding the upper bound, by Lemma 64,
~ ~ ~ L L
1 {00k {81+ Bu} st O # Ol Br = Ly AJJA| = v} || < 2= eme = 90 Xecvialevive,

Thus, the most constraining condition needed to ensure P, — 0 is

L
Z (C - I/)pc < I(XAC;Y’XAu Q)v where A C {17 e 7L}7 HAH =Vv. (BB)
c=v+1

This constraint holds for all v € {1,--- L — 1}.

Substituting p. = R. — Rey1 (Rrp4+1 = 0) yields Theorem 16. O
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LIST OF LEMMAS ON THE ROBUST TYPICALITY

The following lemmas may be shown using standard techniques following the presentation

in (28) and are included for completeness.

Lemma 65. Let 0 < €1 < e < 1. For every x € T)(( Jer?

Pr[(x,y) € T}((Y LX =X > 1066 6,(n), (C.1)
XYy _(62_51)2‘ﬁ‘(n‘pmin(avb))
where 6c, ¢, (n) == 2||S y)|| 3 and pmin(a,b) :=min, ;¢ sxy p(a,b).
Lemma 66.
Pr[x € T;((x)7€7n] >1—0(n), (C.2)
62‘”‘pmin(a)
where 6.(n) =2 ||SX ||| -e” 3 goes to zero as n — 00 and pmin(a) ;= min__ox p(a).
p() €5, (a)
Lemma 67. For every x € Tg((z) o
2—(1+6)H(X)TL < p(X) < 2—(1—6)H(X)’I’L. (Cg)
Lemma 68.
(1 _ 5§Y(')”L)) 2(1 e)H(X,Y)n < HT;?(Zy)e” < 2(1+6)H(X,Y)n (04)

2 “TPryin (2,0)

6XY(n) :=2- HSXY || -e” 2+ and pmin(a,b) 1= min(a,b)esﬁiw p(a,b).
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Lemma 69. Random wvariable pair (X,Y) ~ p(z,y). Sﬁx y)€n(y) ={x € A" : (x,y) €

XY
Tp(:c,y),é}' Then,

183%s . cn @] < 2FOHCRn

€,n
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