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Abstract

Generalized root graded Lie algebras

Hogar M Yaseen

Let g be a non-zero finite-dimensional split semisimple Lie algebra with root system
A. Let T be a finite set of integral weights of g containing A and {0}. We say that a Lie
algebra L over F is generalized root graded, or more exactly (I', g)-graded, if L contains
a semisimple subalgebra isomorphic to g, the g-module L is the direct sum of its weight
subspaces Ly (o € I') and L is generated by all Ly with @ # 0 as a Lie algebra. If g is the
split simple Lie algebra and I' = AU {0} then L is said to be root-graded. Let g == sl,, and

®n:{0,i£ii£j,ie,-,i2£i| 1 Sl%jgn}

where {¢€1,...,¢&,} is the set of weights of the natural si,-module. Then a Lie algebra
L is (®,,g)-graded if and only if L is generated by g as an ideal and the g-module L
decomposes into copies of the adjoint module, the natural module V, its symmetric and
exterior squares S2V and A2V, their duals and the one dimensional trivial g-module.

In this thesis we study properties of generalized root graded Lie algebras and focus
our attention on (®,,,sl,)-graded Lie algebras. We describe the multiplicative structures
and the coordinate algebras of (®,,sl,)-graded Lie algebras, classify these Lie algebras
and determine their central extensions.
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Chapter 1
Introduction

Throughout the thesis, the ground field I is of characteristic zero, g is a non-zero split
finite dimensional semisimple Lie algebra over F with root system A and I' is a finite
set of integral weights of g. Following [6], we say that a Lie algebra L over F is (T, g)-
graded, or simply I'-graded, if L contains a subalgebra isomorphic to g, the g-module L
is the direct sum of its weight subspaces Ly (¢ € I') and L is generated by all Ly with
o # 0 as a Lie algebra (see also Definition 3.0.1). Unless otherwise stated, we assume
that g is the grading subalgebra of the (I, g)-graded L. If g is the split simple Lie algebra
and I' = AU{0} then L is said to be root-graded. If I = BC,, U {0} and g is of type B, Cy,
or D,, then L is BC,-graded. Let g = sl,, and

®n:{0,i£iisj,isi,i2£i| 1<i#j<n}

where {€],...,€,} is the set of weights of the natural s/,-module. The aim of this thesis
is to describe the multiplicative structures and the coordinate algebras of (®,,,sl,,)-graded
Lie algebras, classify these Lie algebras and determine their central extensions.

1.1 Overview

Root graded Lie algebras were introduced by Berman and Moody in 1992 to study toroidal
Lie algebras and Slodowy intersection matrix algebras. However, this concept appeared
previously in Seligman’s study of simple Lie algebras [46]. Root graded Lie algebras
of simply-laced finite root systems were classified up to central isogeny by Berman and
Moody in [22]. The case of double-laced finite root systems was settled by Benkart and
Zelmanov [20]. Neher [44] described Lie algebras graded by 3-graded root systems. This

gives an alternative classification of root-graded Lie algebras since most root systems are



1.1 Overview

3-graded (more precisely, a root system is 3-graded if and only if it does not have an
irreducible component of type Eg, Fy or G»).

Non-reduced systems BC,, were considered by Allison, Benkart and Gao [4] (for n>2)
and by Benkart and Smirnov [18] (for n = 1). It became clear at that time that this notion
can be generalized further by considering Lie algebras graded by finite weight systems.

A central extension of a Lie algebra L is a pair (L, ) consisting of a Lie algebra L and
a surjective Lie algebra homomorphism 7 : L — L whose kernel lies in the center of L. A
cover or covering of L is a central extension (L, 1) of L with L perfect, i.e., L = [L,I]. A
homomorphism of central extensions from the central extension f : K — L to the central
extension f’: K’ — L is a Lie algebra homomorphism g : K — K’ satisfying f = f'og. A
central extension U : K — L is a universal central extension, if there exists a unique homo-
morphism from K to any other central extension K of L. Any perfect Lie algebra L has a
universal central extension which is also perfect, called a universal covering algebra of L
and any two universal covering algebras of L are isomorphic [32]. Two perfect Lie algeb-
ras L; and L, are said to be centrally isogenous if they have the same universal covering
algebra (up to isomorphism). Central extensions of root graded Lie algebras in terms of
the homology of its coordinate algebra were determined and described up to isomorphism
by Allison, Benkart and Y. Gao in [3] and [4]. Derivations and invariant forms of these
Lie algebras were described by Benkart in [10]. Their centroids (the spaces of L-module
endomorphisms y of L: x([x,y]) = [x, x(y)] for all x,y € L) were determined by Benkart
and Neher [17]. Gao studied involutive Lie algebras graded by finite root systems and
classified the fixed point subalgebras up to central isogeny [31]. Yousofzadeh studied the
subalgebras of fixed points of root graded Lie algebras for certain classes of automorph-
isms of finite order [55]. Bhargava and Gao studied (BC,,g)-graded intersection matrix
algebras where g is of type B, (r > 3) [25]. Manninga, Neher and Salmasian studied
representations of a root-graded Lie algebra L which are integrable as representations of
the grading semisimple subalgebra g and whose weights are bounded by some dominant
weight [39].

Finite-dimensional semisimple Lie algebras were generalised in many ways. For ex-
ample, one could try to generalize their presentation given by Serre’s Theorem. In this
way one obtains, for example, the Kac-Moody algebras or Slodowy’s generalized inter-
section matrix algebras. Root-graded or more generally (I", g)-graded Lie algebras can be
considered as another reasonable generalization of semisimple Lie algebras.

The (I, g)-graded Lie algebras form an important class of infinite dimensional Lie al-
gebras. Due to their uniform structure, it is possible to describe their multiplicative struc-
ture and classify them in terms of their coordinate algebras. Apart from split semisimple
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Lie algebras, there are other well known classes of (I",g)-graded Lie algebras, such as
affine Kac—-Moody algebras [36], isotropic finite-dimensional simple Lie algebras [46],
the intersection matrix Lie algebras introduced by Slodowy [48], derived algebras of af-
fine Lie algebras, extended affine Lie algebras (EALAs) [1], the twisted affine algebras,
toroidal Lie algebras, Tits-Kantor-Koecher Lie algebra (see Example 2.2.5), etc. Every
extended affine Lie algebra has an ideal called the core, which is a root-graded (or BC,-
graded) Lie algebra. Classifying the extended affine Lie algebras amounts to determining
the coordinate algebra, derivations and central extensions of the core (see [1], [23], [24]
and [51] for those EALAs which correspond to the reduced root systems).

Another motivation comes from [43], where Neeb applied (T, g)-graded Lie algebras
in a topological setting of locally convex Lie algebras to study some classes of Lie al-
gebras arising in mathematical physics, operator theory, and geometry. This brings some
geometric flavor to the theory because the coordinatization theorems for (I', g)-graded
Lie algebras are very similar in nature to certain coordinatization results in synthetic geo-
metry [43]. Muller, Neeb and Seppaunen introduced and studied (weakly) root graded
Banach-Lie algebras and corresponding Lie groups as natural generalizations of groups
like GL,(A) for Banach algebras A [42].

Root decompositions also play a crucial role in the classification of the finite dimen-
sional complex simple Lie superalgebras (see [35]). Lie superalgebras graded by the
root systems of the finite-dimensional basic classical simple Lie superalgebras A(m,n),
A(n,n), B(m,n), C(n), D(m,n), D(2,1;); (a # 0,—1), G(3), and F(4) were classified
up to central isogeny by Benkart and Elduque [11-13, 15]. Lie superalgebras graded by
P(n) and Q(n) were classified by Martinez and Zelmanov [40]. Lie superalgebras graded
by locally finite root supersystems were studied by Yousofzadeh [58, 59].

There were several attempts to generalize root graded Lie algebras. Neher switched
from fields of characteristic zero to rings containing % and working with locally finite root
systems instead of finite [44]. He also considered Lie algebras graded by infinite root sys-
tems of type A — D. Welte in her PhD thesis described the universal central extensions of
Lie algebras graded by the root systems of type A with rank at least 2 and of type C defined
over commutative associative unital rings [50]. Yoshii [52] studied so-called predivision
(A,G)-graded Lie algebras. These are A-graded Lie algebras with additional compatible
grading by an abelian group G. He introduced the notion of a root system extended by
an abelian group G and showed that (A, G)-graded Lie algebras have such root systems.
As a special case of division (A, G)-graded Lie algebras, Yoshii introduced and studied
Lie G-tori [19, 53, 54]. Yousofzadeh studied Lie algebras graded by irreducible locally
finite root systems [56, 57]. Elduque [28] and Draper and Elduque [27] related root grad-
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ings with fine grading. This notion was extended further by Nervi to the case where g is
an affine Kac-Moody algebra and A is the (infinite) root system of an affine Kac-Moody
algebra. She gave the complete classification of all affine Kac—Moody algebras graded
by affine root systems [45]. Messaoud and Rousseau studied Kac-Moody Lie algebras
graded by Kac-Moody root systems [41].

Shi introduced groups graded by finite root systems which can be thought of as nat-
ural generalizations of Steinberg and Chevalley groups over rings [47]. Ershov, Jaikin-
Zapirain, Kassabov [30] and Ershov, Jaikin-Zapirain, Kassabov and Zhang [29] studied
the class of groups satisfying property T and graded by root systems.

There were several attempts to classify I'-graded Lie algebras for systems I larger than
A. This includes the BC,-graded Lie algebras mentioned above. Certain weight-graded
Lie algebras were considered by Neeb in [43] (with T"\ {0} a finite irreducible root system
and A a sub-root system of I'\ {0}). Let g = s/, and 'y = AUV U{0} where A=A4,_
and V is the set of weights of the natural and conatural g-modules. Bahturin and Benkart
[5] (for n > 3) and Benkart and Elduque [14] (for n = 3) described the multiplicative
structure of the (I'y,g)-graded Lie algebras. Note that a Lie algebra is (I'y, g)-graded
if and only if it decomposes as a g-module into (possibly infinitely many) copies of the
adjoint, natural, conatural and trivial modules. We believe that the set 'y can be enlarged
further by adding the weights of the symmetric and exterior squares of the natural and
conatural modules. Recall that we denote the corresponding set of weights by ®,. Note
that a Lie algebra L is (®,, g)-graded if and only if L is generated by g as an ideal and
the g-module L decomposes into copies of the adjoint module (we will denote it by the
same letter g), the natural module V, its symmetric and exterior squares S?V and A2V,
their duals and the one dimensional trivial g-module (see Proposition 3.2.2). Thus, by

collecting isotypic components, we get the following decomposition of the g-module L:
L=(goA)®(VeB) @ (V' eB)o(S®C)®(SeC)d(ARE)® (N ®EY®D (1.1.1)
where A,B,B’,C,C’' |E,E’ are vector spaces,

g=V(o+m,1), V:=V(ey), V' :=V(w,_1),
S:=VQ2w), S :=VQ2w,_1), A:=V(m), AN:=V(w, )

and D is the sum of the trivial g-modules.

Note that the ®,-graded Lie algebras did appear in the literature previously in vari-
ous contexts. Finite dimensional ®,-graded Lie algebras and their representations were
studied in [8, 9]. It was also proved in [6, 4.3] that a simple locally finite Lie algebra is
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®,-graded if and only if it is of diagonal type.

1.2 Outline of methods and summary of results

Let L be a (I',g)-graded Lie algebra and let A be the root system of g. Then L is a

direct sum of finite-dimensional irreducible g-modules and there is one possible isotypic

component for each dominant weight in I'. By collecting isotypic components, we get the

following decomposition of the g-module L.

1.

IfI'\ {0} =A=A,,D,,Es, E;7 or Eg where n = 2, then the g-module L decomposes
into (possibly infinitely many) copies of adjoint modules (modules isomorphic to

g) and one dimensional trivial g-modules [22].

If '\ {0} = A =B,,C,, Fy or Gy, then the g-module L is a direct sum of adjoint
modules, little adjoint modules (whose highest weight is the highest short root) and
one dimensional trivial g-modules [20].

If I'\ {0} is a finite irreducible root system and A is a sub-root system of '\ {0},
then there are at most three isotypic components, corresponding to the adjoint mod-
ule, little adjoint module and the one dimensional trivial g-module [43].

. If '\ {0} = BC, and A = B,,,C,,,D,, (n > 2), then there are four isotypic compon-

ents, corresponding to the modules V (2 ), V(m,), V(®;) and V(0), except in the

case A = D, where there are five [4].

. fT'=0,and A=A,_; (n>5) then the g-module L is a direct sum of copies of g,

V,V',S, 8, A, A and T (see Proposition 3.2.2). This makes 8 possible components,
which increases the complexity of the problem considerably in comparison with the

case of root-graded Lie algebras.

We will need the following notation to describe our classification of ®,-graded Lie algeb-

ras. Recall that every ©,-graded Lie algebra L is decomposed as in (1.1.1). Since g is

a g-submodule of g ® A, there exists a distinguished element 1 of A such that g=g® 1.

Defineby g™ :={x € g|x =x} and g~ := {x € g | X = —x} the subspaces of symmetric

and skew-symmetric matrices in g, respectively. Then the component g &®A in (1.1.1) can

be decomposed further as

gRA=(g"®g )RA=(g7RAT)® (3" ®AT)
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where A~ and AT are two copies of the vector space A. We denote by a™ the image of
a € Ain AT. Denote

a=ATPA PCRERC'®E and b:=a®BD®B.

Our main goal of classification of ®,-graded Lie algebras L is achieved in the following

steps.

1. The determination of the finite-dimensional irreducible g-modules whose weights
relative to the Cartan subalgebra § of g are in ®,, (Proposition 3.2.2).

2. The proof of the complete reducibility of L as a g-module (Lemma 3.1.2).

3. The computation of all non-zero g-module homomorphism spaces Homg (X ®7Y,Z)
where XY, Z € {g,V,V',S,A,S' A, T}, see (3.4.3).

4. The determination of the system of products on the components of the g-module

decomposition of L induced by multiplication in L, see (3.4.4).
5. Description of the “coordinate” algebra b of L (Theorem 4.2.9).

6. We define a centerless algebra .Z(b) and show that it is an ®,-graded Lie algebra
with coordinate algebra b, see Theorem 5.2.5. Instead of proving directly that .Z(b)
satisfies the Jacoby identity (which is quite lengthy), we construct an explicit ex-

ample of an ®,-graded Lie algebra u such that u modulo its center is isomorphic to
Z(b), see Example 5.2.3.

7. We show that if b is the coordinate algebra of L then L is a cover of .Z’(b) (Theorem
5.2.5).

8. We show that L is uniquely determined (up to central isogeny) by its coordinate
algebra b:=a® % where 4 := B® B’ and L is centrally isogenous to the ©,-
graded unitary Lie algebra u of the hermitian form & := w_ — x on the a-module
a" & % where w: a" x a* — a is a non degenerate bilinear form on a* and ¥ :
B x BB — ais a hermitian form over a (Proposition 5.2.4 and Theorem 5.2.6). This
completes the classification of ®,-graded Lie algebras up to central extensions in
the case when n > 7 or n = 5, 6 and the conditions (1.2.1) hold.

—

9. We find the universal central extension .Z(b) of .Z(b) and show that its center is
HF(b), the full skew-dihedral homology group of b (Theorem 5.3.7). We prove that
every ©,-graded Lie algebra with coordinate algebra b is isomorphic to £ (b,X) =
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%/X for some subspace X of HF(b) which classifies the ®,-graded Lie algebras
up to isomorphism (Theorem 5.3.8).

Chapters 3 and 4 consist mainly of joint work with Alexander Baranov [7]. Chapter 5
contains some results in joint work with Alexander Baranov. We are now ready to state
our main results.

In Chapter 2 we review main concepts and results of the theory of Lie algebras graded
by finite root systems. This chapter is organized as follows. First we recall the multi-
plicative structures and coordinate algebras of Lie algebras graded by finite reduced root
systems (Section 2.1). Then we consider some examples (Section 2.2) and state recogni-
tion theorem for these Lie algebras (Section 2.3). In Section 2.4 we review Lie algebras
graded by non-reduced systems BC,, (n > 2).

In Chapter 3 we study general properties of generalized root graded Lie algebras and
we describe the multiplicative structures of (®,, sl,)-graded Lie algebras. The coordinate
algebra of (©,,sl,)-graded Lie algebra and its properties are analyzed in Chapter 4.

In Section 3.1 we establish general properties of weight-graded Lie algebras. In partic-
ular, we prove that every finite-dimensional perfect Lie algebra is (I, s/;)-graded for some
I, see Theorem 3.1.9. In Section 3.2 we discuss the similarities between the ®,-graded
and BC),-graded Lie algebras by showing that every ®,-graded Lie algebra is BC,-graded
with r = |5 | and every BC,-graded Lie algebra is @,-graded, see Theorems 3.2.4 and
3.2.6. This means that some results about the structure of ®,-graded Lie algebras can be
derived from those proved in BC,-contexts [4, 18]. However note that our approach gives
a “finer” multiplicative and coordinate algebra structure on L as we have more compon-
ents in the decomposition of L (see Remark 3.2.5).

Let L be ®,-graded and let g = s/, be the grading subalgebra of L. Then we have
decomposition (1.1.1). Recall that

a:=ATEA  PCHPERC'®E and b:=a®dBDB.

We are going to show that the product in L induces an algebra structure on both a and b.
Moreover, a is associative if n > 7 or n = 5,6 and the following conditions on multiplic-
ation in L hold:

AQE,AQE]=[N®E AN ®E'] =0 forn=6; (1.2.1)
AQE,(AQE)®(VeB)]=[NQE (NQE)® (V' @B')]=0forn=>5.

Note that the conditions (1.2.1) automatically hold for n > 7 (see Table 3.4.2) and for
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BC,-graded (considered as ®,-graded) Lie algebras with n > 5 (see Proposition 3.2.7).
These conditions appear only because of irregularities in the tensor product decomposi-
tions of the specified modules for small ranks, see Remark 3.4.4. We do not consider the
case of n < 4 in this thesis because of additional technicalities (e.g. A = A’ for A3 and
A=V’"and A’ =2V for A,, so we have less summands in the decomposition (1.1.1)), this
is the subject of our further research.

Suppose that n > 7 or n = 5,6 and the conditions (1.2.1) hold. We prove that there
exists a system of products (see Formulae (3.4.4)) on the components of the decomposi-
tion (1.1.1) which is compatible with the product in L and induces an algebra structure on
both a and b satisfying the following properties.

(i) ais aunital associative subalgebra of b with identity element 1 and with involution
whose symmetric and skew-symmetric elements are AT G EDE and A~ & CH C,

respectively, see Theorems 4.1.3 and 4.1.6.

(ii) b is a unital algebra with identity element 1™ and with an involution 1] whose sym-
metric and skew-symmetric elements are AT GEGE ®B®B and A~ ®C P C,
respectively, see Theorem 4.2.1 and Proposition 4.2.2.

(iii) B@® B’ is an associative a-bimodule with a hermitian form ) with values in a. More
exactly, for all B1,8, € B& B and o € a we have x(B1,2) = Bi1 B2, x(of1,B) =

ax(Bi,B2), n(x(B1,B2)) = x(B2,B1) and x(B1,xfa) = x(B1,B2)n (), see Pro-
positions 4.2.4 and 4.2.6.

(iv) &/ := A~ @A™ is a unital associative subalgebra of a and C®E, C' ®E’, B and B’
are <7 -bimodules, see Corollaries 4.1.4,4.1.5 and 4.2.5.

(v) D acts by derivations on b, see Propositions 4.2.7 and 4.2.8.

Let ey = 1++r and e; = 1+517. Consider the subspaces A| = span{a™ +a~ | a € A}

and A, = span{a™ —a~ | a € A}. In Section 4.3 we show that e; and e; are orthogonal
idempotents with e +e; = 17 and 11 (e} ) = e, where 7 is the involution of the coordinate
algebra b. We also show that A} and A; are 2-sided ideals of the algebra <7 with identity
elements e; and e, respectively. Moreover, we prove that the associative algebra a has

the following realization by 2 x 2 matrices with entries in the components of a:

Al ChHE
C'oFE' Ar

[

In Chapter 5 we classify ®,-graded Lie algebras in the case whenn > 7 orn = 5,6
and the conditions (1.2.1) hold. The chapter is organized as follows. First we study basic
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properties of central extensions of (I',g)-graded Lie algebras. We show all Lie algebras
in a given isogeny class are I'-graded if one of them is, and all have isomorphic weight
spaces for non-zero weights. We also show that for every central extension (L, ) of a
(T",g)-graded Lie algebra L with kernel E, there is lifting of the grading subalgebra g
to a subalgebra of L and L can be lifted to a subspace L of L which contains the given
g so that the corresponding 2-cocycle satisfies A(g,L) = 0 (see Section 5.1). Then we
focus our attention to (®,, sl,)-graded Lie algebras. We define a centerless algebra .Z(b)
and show that it is ®,-graded with coordinate algebra b and any ®,-graded Lie algebra
L with coordinate algebra b is a cover of the centerless Lie algebra . (b). Then we
show that every ©,-graded Lie algebra L is uniquely determined (up to central isogeny)
by its coordinate algebra b. In Section 5.2 we show that L is centrally isogenous to the
explicitly constructed ©,,-graded unitary Lie algebra u of the hermitian form & =wl —
on the a-module a” & Z. This completes the classification of ®,-graded Lie algebras
up to central extensions. In Section 5.3 we find the universal central extension % of
Z(b) and show that its center is HF(b), the full skew-dihedral homology group of b.
We prove that every ©,-graded Lie algebra with coordinate algebra b is isomorphic to
Z(b,X) = %/X for some subspace X of HF(b), which classifies the ®,-graded Lie
algebras up to isomorphism.

At the end of the chapter we relate the ®,-graded Lie algebras to the quasiclassical
Lie algebras (see Definition 5.4.5) by showing that every (E,,sl,)—graded Lie algebra
with

Ep:={0,%&+e€j, 126 |1 <i# j<n}CO,

is centrally isogenous to a quasiclassical Lie algebra (see Section 5.4).

1.3 Notation

* For convenience of the reader we mostly follow notations of [3, 4] whenever pos-
sible.

* g is a non-zero split finite dimensional semisimple Lie algebra over a field ' of
characteristic zero with root system A. Unless otherwise stated we assume that g is
the grading subalgebra of (I", g)-graded L.

* We denote
0, = {O,isiisj,ie,-,i%i |1 <i#j<n}

where {€1,...,¢&,} is the set of weights of the natural s/,-module. We fix a base
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M= {g—¢4 fori=1,2,--- ,n— 1} of simple roots for the root system
A1 :{Si—&‘j |1 <i# j<n}.
. @,T is the set of dominant weights in ®,,. Thus,

®;lr = {81 — &, €1, —&p,y 2817 _28717 €1 +&, —&-1—&, O}

* We say that a Lie algebra is ©,-graded if it is (®,, g)-graded with g = si,,.

* Let g be a split simple Lie algebra of type A,,B,,C, or D,. We use the following
representation of the simple roots oy (1 < k < n) and fundamental weights @y (1 <
k < n) of g in terms of €’s, see [26],

4

&, if k=n (B)
2e, ifk=n (C)
&1 +& ifk=n(D)

Ok

| & — &1 otherwise,
e+ &) if k=n (Bor D)
=3 2(e1+...+&_1—&) ifk=n—1(D)

4.+ & otherwise.

V4(A) (or simply V(A)) is the simple g-module of highest weight A; Vj := V()
(or simply V) is the natural g-module; if M is a g-module then M’ denotes its dual
and # (M) is the set of weights of M.

e If gis of type A,,_1, we will use the following notations for the g-modules below:
g=V(oi+®,-1),V:=V(m), S:=V(Q2w®,), A:=V () and T :=V(0).

Note that V' =2V (®w,_1), S 2V (2®,—1) and A’ =V (®,_5).
* < g > (or simply < g >) is the ideal generated by g in L
* I'is a finite set of integral weights of g.

* Letx and y be n X n matrices. We will use the following products:

[x,y] = xy — yx,
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2
xoy=uxy+yx——tr(xy)l,
n
X0y =xy+yx,
1
(x|y) = —tr(xy).
n
e If g=sl,, we denote by g" :={x € g|x =x} and g~ :={x € g|x = —x} the

subspaces of symmetric and skew-symmetric matrices in g, respectively. Then the

component g ® A can be decomposed further as
gRA=(g" 0y )0A=(g"®A)8(g ®AT)

where A~ and A™ are two copies of the vector space A.

* If A is an associative algebra with involution o (of the first kind) over I then sym(A)
(resp. skew(A)) denotes the set of symmetric elements (resp. skew-symmetric ele-

ments) of A with respect to ©.

« A(5) denotes the Lie algebra of an associative algebra A with the Lie bracket defined
by [x,y] = xy — yx for all x,y € A where xy is the usual multiplication of A and A()
denotes the derived subalgebra of A,

* M,(A) the algebra of n x n matrices over A and gl,,(A) = M,(A)(~) denote the Lie

algebra of n X n matrices over A.
o sly(A) ={xecgl,(A)|trx € [A A]}.
* M, the algebra of all n X n-matrices over I and E; ; denote the matrix units.
* gl, the general linear algebra and s/, denote the special linear algebra over F.

* spo, the symplectic Lie algebra and so,, (m = 2n+ 1 or 2n) denote the orthogonal
Lie algebra over FF.

* Let L be an ©,-graded Lie algebra and
L=(g"®A7)® (g ®A")®(VeB)&(V'@B) & (S2C) 8 (S'®C )& (AQE)® (AN ®E)&D

see (1.1.1). We identify the g-modules V and V’/ with the space F" of column vectors
with the following actions:

xv=uxv forx €sl,,vevV,
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xV =—x"V forxesl,, vV eV

We identify S and S’ (resp. A and A’) with symmetric (resp. skew-symmetric) n x n
matrices. Then S, §’, A and A’ are g-modules under the actions:

x.s =xs+sx' forx € sl,, s €S,
XA =xA+Ax forx €sl,, A €A,
x8 = —sx—xs forxesl,, s €8S,

x A =—-Ax—xXA forxesl,, A e N.

Denote &/ =A~ ®AT, B:=BBB,a:=d PCOHE®C' PE and b:=a® A. The

products on the components of L induces an algebra structure on both a and b.

* We show that a is an associative algebra with involution 7y with respect to multiplic-
ation defined as follows:

o, 0] ajomm

a10p =
12 ) )

for all homogeneous @, € a with the products [ | and o given by Table 4.1.1.
Note that [0, 00] = 010 — 0 and o 0 0 = Q0 + 0 0.

o It can be shown that all products (B, )z with B1,B8, € B& B or B, € a are
either symmetric or skew-symmetric. This is why we will write (B o ;)z or
[B1, B2]z, respectively, instead of (B, 32)z. For o € a and B € B® B’ we will write
of (resp. Bov) instead of (e, B)z (resp. (B, a)z) (see Table 3.4.5 and Section 4.2).
Let b € B and b’ € B. We define bo := y(a)b and ab’ := b'y(a). We show that
B @ B’ is an a-bimodule.

* Let by,by € B and b}, b, € B'. We define

[b1,b2]c n (bioby)E (b1, 03] n (bioby)E

b1b2 = 5 3 , bllblz = 3 2 )
o b Y]a- | (bob)y+ o B4 (bob)a+
bb' = > + > ) b'b .= > + > .

Then b = a® B @ B’ is an algebra with multiplication extending that on a (see Table
4.2.1).

* Der.(b):={d € Der(b) | dX CX forX =AT,A",B,--- ,E' }.
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* Dyy=span{Dgyp | &, B € b} where Dy, g := (a, B) for o, B € b ({,) is a surjective
map from b® b to D, see (4.2.5)).

* Let I be the subspace of b ® b spanned by the elements

aRp+BRa,
yaB+Bya+af 7,
XQy

where o, €bandx€ X andy ¢ X' withX =B,C,Eorxc€ A" andy € A~. Denote
{b,6} =b®b/I (resp. <b,b=={b,b} /X ) with product {c, 3} = x® B +1 (resp.
<a,p={a,B}+X). Denote

ZL():=(gRA)®(VRB)®...® (AN QE")®Dyp,

L) =(gRA)®(VB)D...0(NE)D{b,b},
Z6,X):=(gRA) D (VRB)®...0 (NQE)® <b,b -,

see (5.3.3) and Theorems 5.2.5 and 5.3.7.



Chapter 2

Lie algebras graded by finite root
systems

In this chapter we review main concepts and results of the theory of Lie algebras graded by
finite root systems. Root graded Lie algebras were introduced by Berman and Moody in
1992 to study toroidal Lie algebras and Slodowy intersection matrix algebras [22]. How-
ever, this concept appeared previously in Seligman’s study of finite-dimensional isotropic
simple Lie algebras [46]. He described the multiplicative structure of these Lie algebras
and he constructed a model for them.

Recall that any perfect Lie algebra L has a universal central extension which is also
perfect, called a universal covering algebra of L and any two universal covering algebras
of L are isomorphic [32]. Two perfect Lie algebras L; and L, are said to be centrally
isogenous if they have the same universal covering algebra (up to isomorphism). One
can easily check that every root graded Lie algebra L is perfect (see Theorem 5.1.1). Let
(U, y) be the universal covering algebra of L. Then U is (A, g)-graded if and only if L is
(A, g)-graded (see Theorem 5.1.2). For that reason, root graded Lie algebras of simply-
laced finite root systems were classified up to central isogeny by Berman and Moody
[22]. In the case of double-laced finite root systems this was finalized by Benkart and
Zelmanov [20]. Non-reduced systems BC, were considered by Allison, Benkart and Gao
[4] (for n>2) and by Benkart and Smirnov [18] (for n = 1). Also, central extensions of
these Lie algebras in terms of the homology of its coordinate algebra were determined
and described up to isomorphism by Allison, Benkart and Y. Gao [3].

The chapter is organized as follows. First we recall the multiplicative structures and
coordinate algebras of Lie algebras graded by finite reduced root systems (Section 2.1).
Then we consider some examples (Section 2.2) and state recognition theorem for these

Lie algebras (Section 2.3). In Section 2.4 we review Lie algebras graded by non-reduced
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systems BC,, (n > 2).

2.1 Root graded Lie algebras

A subalgebra h of a Lie algebra L is called a Cartan subalgebra if it is nilpotent and
self-normalising. A Cartan subalgebra h of a finite-dimensional Lie algebra is said to be
splitting if the characteristic roots of every ad &, h € b, are in the base field. A Lie algebra
L is called split if it contains a splitting Cartan subalgebra [34]. If the base field [ is
algebraically closed, then every Cartan subalgebra is a splitting Cartan subalgebra. We
start with the definition of Lie algebras graded by finite reduced root systems.

Definition 2.1.1. Recall that a Lie algebra L over a field F of characteristic zero is graded

by the (reduced) root system A (or is A-graded) if
(A1) L contains as a subalgebra a finite-dimensional split simple Lie algebra

g=bh3 Poa

acA

whose root system is A relative to a split Cartan subalgebra h = go;

(A2)L= @ LgwhereLy={x€L]|hx]=a(h)xforallhebh};
ocAU{0}

(M) Lo= ¥ [Lo,L_ql.
acA

The condition (A2) in the definition of a A-graded Lie algebra can be replaced by:

(A2)" As a g-module L is a direct sum of adjoint modules (modules isomorphic to g),
little adjoint modules whose highest weight is the highest short root, or one-dimensional
g-modules; the latter being contained in Lg [20, 22].

Let L be a Lie algebra graded by the (reduced) root system A with grading subalgebra
g of type A. The multiplicative structure and the coordinate algebra of L is obtained as
follows.

(1) A=A,_1 with n > 3 ([22] and [3, 4.14]). Note that the Lie algebra L in this case
is also ®,-graded, so L = (g ® A) @ D with the same multiplication as in (3.4.4) with
B=B =C=C =E =E ={0}. Here A is an associative (if n > 4) or alternative (if
n = 3) algebra over I and D is the sum of trivial g-modules (acting by derivations on A).

2)A=E, (r=6,7,8) or A=A; ([22] and [3, 2.34]). Then there is a commutative
associative algebra A (or Jordan algebra A if A= A;) over F such that L= (g®A) ® D,
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with

x®a,d] =x®ad,
k®a,y®d]=[x,y|®@ad + (x| y)(a,d’)

where x,y € g, a,d’ € Aand d,(a,d’) € D.

(3) A = B, Cy, or D, with n > 2 [20]. Note that L is also BC,-graded, so L = (g ®
A)® (s®@B)® (V®C)® D (except in the case A = D, where there are five components)
and Theorem 2.4.4 can be used to describe the multiplicative structures and the coordinate
algebras of L with

B={0} if A isof type By,
C={0} if A is of type Cp,
B=C={0} ifAisoftype D,.

(4) A = F4, Gy [20], see Theorems 2.3.5 and 2.3.4.

2.2 Examples of root graded Lie algebras

Example 2.2.1. Let A be an associative commutative F-algebra with unit 1 and let g be a
split simple Lie algebra of type A. Then L =g®A is a (A, g® 1)-graded Lie algebra with
respect to the bracket

k®a,y®b] = [x,y]®ab

for all x,y € g and a,b € A. More generally, any perfect central extension of g ® A is also
(A,g® 1)-graded. The universal covering algebra of g ® A is a generalization of the affine
Kac-Moody algebra determined by g [20, 0.5].

Example 2.2.2. Seligman showed that any finite-dimensional isotropic (i.e. containing
ad-nilpotent elements) simple Lie algebra L over a field of characteristic zero is either
A-graded or BC,-graded [46].

Example 2.2.3. Let L = g; ¢ g» where g; and g, are ideals of L isomorphic to s/, and
let g be the diagonal subalgebra of L isomorphic to sl,. Then L is (A,_1,g)-graded. Note
that L is not (A,_1,g;)-graded as it fails to satisfy condition (A3) in the definition of root
graded Lie algebras. We identify the g-module L with s/, ® A where A = span{e;,e>}.

The Lie algebra structure of L gives the following multiplication on s/, ® A:

[x®€i,y®€i] = [xay]®€i,
x®er,y®ep] =0,
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k@ 1LyRe]=[x®(e1+e2),y®e] =[x,y ®e,

for x,y € sl,, and i = 1,2. Then A becomes a unital associative algebra with multiplication
eiej =& je; (i,j=1,2) and e + e; is the identity element of A, so A = F & F (the sum of
two ideals).

Example 2.2.4. Let L = sl,,; and let g be the copy of s/, in the northwest corner. We
consider the adjoint action of g on L. Then the g-module L decomposes into k copies
of the natural module V = F”", k copies of the dual module V' = Hom(V,F), an adjoint

module g and one dimensional trivial g-modules in its southeast corner. Then

L=goV¥*apVve gD

where D is the sum of the trivial s/,-modules. As a result, we may write
L=gd(VeB)& (V' oB)®D

where B = B’ = ¥, Then L is (A,_1,g)-graded. Bahturin and Benkart [5] (for n > 3) and
Benkart and Elduque [14] (for n = 3) described the multiplicative structure of this type of
Lie algebras.

Note that the Lie algebra L in Example 2.2.4 is also (A,._1,L)-graded. This shows
that Lie algebras can be root graded in different ways.

Example 2.2.5. [4] (1) Affine Lie algebras (or more precisely their derived algebras)
which have realization as
g = (g F[')) @ Fz

where [F[t*] is the algebra of Laurent polynomials in ¢ over I and [Fz is a one dimensional
(non split) center, are A-graded.

(2) Toroidal Lie algebras, which can be realized as
gaff = (9®F[titla e 7tr:zt1]) ®Z

where Z is an infinite dimensional non-split center, are A-graded.
(3) The twisted affine algebras

(@ F[]) @ (WerF[r?)@Fz (A= B:,Cp,Fy)

and their toroidal counterparts are graded by the root system of g.
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(4) The Tits-Kantor-Koecher Lie algebra
K(A) = (slh ®A) @ [La, L]

of a unital Jordan algebra A where L4 denotes left multiplication by a € A, is graded by
A=A;.

2.3 Recognition theorem of root graded Lie algebras

In this section we recall so-called recognition theorems for root graded Lie algebras
proved by Berman and Moody [22] for simply laced case and by Benkart and Zelmanov
[20] for double laced case. To state the theorems in a unified way we mainly use [3] and
[20] as our source. Recall that two perfect Lie algebras L and L; are said to be centrally
isogenous if they have the same universal covering algebra (up to isomorphism).

Theorem 2.3.1 (Recognition theorem for type A, and D). [22] Let L be a Lie algebra
over F graded by a simply-laced finite root system A of rank n 2 2.

(a) If A= D,,n = 4 or if A = Eg¢, E7,Eg, then there exists a commutative associative
unital F-algebra A such that L is centrally isogenous with g Q A, where g is the split simple
Lie algebra with root system A.

(b) If A=A, ,n = 3, then there exists a unital associative F-algebra A such that L is
centrally isogenous with e, 1(A) where e, 1(A) is the ideal of gl,,1(A) generated by the
elements ak; j, a € A and i # |.

(c) If A=Ay, then L is centrally isogenous with Steinberg Lie algebra st3(A), where

A is a unital alternative F-algebra.

Theorem 2.3.2 (Recognition theorem for type B,). [20] Let L be a Lie algebra over ¥
graded by B,, for n 2 3. Then there exists a unital, commutative, associative F-algebra
A and an A-module B having a symmetric A-bilinear form (,) : B x B — A such that L is

centrally isogenous with the Lie algebra
T(J(V)/F,J(B)/A) = (a®A)& (V@B)®Dyp) js)

where V is (2n+ 1)-dimensional F-vector space with a nondegenerate symmetric bilinear
form (the defining representation for By,), g is the set of skew-symmetric transformations
on'V relative to the form on'V, and Dy ;) is the Lie algebra of inner derivations on
the Jordan algebra J(B) = A ® B.
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Theorem 2.3.3 (Recognition theorem for type C,, ). [20] Let L be a A-graded Lie algebra
over .

(a) If A= C,,n = 4, then there exists a unital, associative algebra A with an involution
x : A — A such that L is centrally isogenous with the algebra sp),(A,*) of symplectic
(2n) x (2n) matrices over A.

(b) If A = C3, then L is centrally isogenous with the symplectic Steinberg algebra
stspe(A, x), where A is an alternative involutive algebra whose symmetric elements, {a €
A | a* = a}, lie in the associative center of A.

(c) If A= Cy, then L is centrally isogenous with a Tits-Kantor-Koecher construction of
a unital Jordan algebra J which contains the Jordan algebra of symmetric 2 X 2 matrices,
and the identity of J lies in this subalgebra.

(d) If A= C| = Ay, then L is centrally isogenous with a Tits-Kantor-Koecher construc-

tion of a unital Jordan algebra J.

Theorem 2.3.4 (Recognition theorem for type G;). [20] Let L be a G,-graded Lie algebra
over F. Assume g is the split simple Lie algebra of type G, which we identify with (inner)
derivations of the 8-dimensional alternative algebra O of split octonions over F. Then
there exist a unital commutative associative F-algebra A and a Jordan algebra a over A
with a normalized trace satisfying the Cayley-Hamilton trace identity ch3(x) = 0 of degree

3 such that L is centrally isogenous with the Lie algebra
T(O/F,a/A)=(g®A)B(0yQB) @& Dqq

where B is the set of trace zero elements in a and Dy, 4 is the Lie algebra of inner deriva-

tions of a.

Theorem 2.3.5 (Recognition theorem for type Fy). [20] Let L be an Fy-graded Lie al-
gebra over . Assume g is the split simple Lie algebra of type Fy, which we identify with
the (inner) derivation algebra of the split exceptional 27-dimensional Jordan algebra ¢
over . Then there exist a unital commutative associative F-algebra A and an alternative
algebra a over A with a normalized trace satisfying the Cayley-Hamilton trace identity

chy(x) = 0 of degree 2 such that L is centrally isogenous with the Lie algebra

T(7/Aa/F)=(g®A)&(Fo®B) S Dog

where B is the set of trace zero elements in a and Dy 4 is the Lie algebra of inner deriva-

tions of a.
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2.4 BC,-graded Lie algebras

Lie algebras graded by non-reduced root systems BC, (r > 2) were classified by Allison,
Benkart, and Gao [4]. The grading subalgebra g is a simple Lie algebra of type B,,C, or
D,. Thus

g=00® P ga

aEAy

where Ay is a root system of type X = B,C or D. Let Agc denotes the system BC,. Recall
that

Ap = {tgxg|1<i#j<riUu{zxg|i=1,2,.,r},

Ac = {re+eg|1<i#j<riu{+2g]i=1,2,.,r},
Ap = {f&teg|1<i#j<r}

Apc = {xe&*e|1<i#j<r}Uu{xe, +2¢|i=1.2,..,r}

in terms of €’s (see Bourbaki [26]).

Definition 2.4.1. A Lie algebra L over a field F' of characteristic zero is graded by the
root system BC, or is BC,-graded if:
(1) L contains as a subalgebra a finite-dimensional simple Lie algebrag=h& @ gq

acAy
whose root system relative to a split Cartan subalgebra h = gg is Ax, X = B,C or D.
2)L= @ LgwhereLg={x€L|[hx]=a(h)xforallhecbh} forac Apc.
aeApcU{0}
(3) LO = Z [LOC7L—O£]-
acApc

Example 2.4.2. Any Lie algebra which is graded by a finite root system of type B,,C,,
or D, is also BC,-graded with grading subalgebra of type B,,C,, or D,, respectively. For
such a Lie algebra L, the space L, = {0} for all u not in Ag, Ac or Ap, respectively.

Remark 2.4.3. For r > 2, a BC,-graded Lie algebra L with grading subalgebra g is a
direct sum of the modules g =V (2w,), s =V (), V = V(w;) and V(0), except in the
case Agc = D, where there are five isotypic components [4]. The components can be
parametrized by subspaces A, B, C, and D so that L= (g®A) @ (s ®B)® (V®C) @D,
where D is the centralizer of g in L. Let n =dimV, son=2r or 2r+ 1. Since V is a
natural g-module, the algebra g is defined by a non degenerate g-invariant bilinear form
(|) on V which is symmetric of maximal Witt index or is skew-symmetric. Set p = 1 if

the form is symmetric, and p = —1 if it is skew-symmetric, so that

(v|iu)=p(u|v) forall u,v € V.
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Then
g={x€Endp(V) | (xu|v)=—(u|xv) forall u,y € V},

s={s€Endp(V) | (su|v)=(u]sv)forall u,v €V and tr(s) = 0},

and g is a split simple Lie algebra. When
(1) n=2r+1and p = 1, then g has type B,.
(2) n=2rand p = —1, then g has type C,.
(3) n=2rand p = 1, then g has type D,.

Theorem 2.4.4 (Multiplicative structure and coordinate algebra for type BC,). [4] Sup-
pose that L is a BC,-graded Lie algebra for r > 3 with grading subalgebra g (not of type
D3) over F. Then there exists an F-algebra a with involution M having symmetric ele-
ments A and skew symmetric elements B relative to M, an a-module C, an a-sesquilinear
form x(,) on C so that
(a) a is associative unless r = 3 and g-has type C3 in which case a is alternative and
A is contained in the nucleus (associative center) of a;
(b) C is an associative a-module and X (, ) is hermitian (skew-hermitian) if the form
onV is symmetric (skew-symmetric);
(c)L=(g®A)® (s®B)® (V®C)® D and we may suppose that there exist
commutative products
a®d —aod €A bbb — bob' €A
anti commutative products
a®d —a,d]€eB bRV —[bb€B a®dw—{a,d)eD bb — (bb)eD
products
a®bw [a,b] € A a®@b+—aob€B a®kcr—aceC b@cr bceC
cRc = cxd =pd*xceA c@d—cod=—pdoceB cxd—{c,d)=—p(,c)eD
d@arrdacA d®b—dbeB d®c—dceC
so that the multiplication in L is given as follows. Forall x,y € g, s,uc€s,ac A, bc B,
ceC,deD,

1 1
r@ayod]=[xy©sacd +xoy®a.d]+u(xy)(ad)
1 1
x®a,s@b] =x0s5® E[a,b]—f— [x,s]@iaob =—[s®b,x®ad],
1 1
[s@b,t@b] = [s7t]®§bob/—|—sot®§[b,bl] + tr(st) (b, D',

x®a,uRc]=xu®a.c=—-|u®c,xRa,
[s@b,u®cl=su®b.c=—[u®c,sQDb],
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U@c,v&c) = Yuy@cxc' + 0,y @coc + (u|v){c,),
[d,x®al| =x®da=—[x®a,d],
[d,s®@b]=s®db=—[s®Db,d|,
du®cl=u®dc=—-u®c,d,
[

dy,dr| = didy — dodj,
where
exd =3 (xle.d) +(x(e.d),
coc' = 3 (xed) ~n(x(e.d)
o) = 50 W= (o)),
o) = 30 [+ (o [ 19) = 5y | - )
Moreover,

= (b,b) = (A,A) + (B,B) + (C,C),
and (B,B")B" = Dg g B" for all B,B’,B" € b,where Dg /3" € Der.(b) is defined by

[[o, &+ [n (), n ()], &"] +3(ex, ", &) +3(n (@), ", (')

D(X a/a” = ’
’ 2n
_ ([, a1+ (), n()])e
Da,a’c = n )
D..0 = B[COC',OC],
n
1
DC,C/C// - 5(” (%(C/7C”)'C - X(CU’ C)'C/) + %(X(C,C/) - n (%(C, C/))'C”)a

forallo,a 0" € a, c,c’,¢" € Cand Dy ¢ = Dc 4 = (0).

Theorem 2.4.5 (Recognition theorem for type BC,). [4] Suppose that r > 3 and g does not
have type C3 or D3. A Lie algebra L is a BC,-graded Lie algebra with grading subalgebra
g if and only if there exist an associative algebra a with involution, an a-module C so that
L is centrally isogenous to the BC,-graded unitary Lie algebra of the p-hermitian form
E =wl — py on the a-module a" & AB (see [4, Example 1.23]).



Chapter 3

Generalized root graded Lie algebras

We start with the general definition of Lie algebras graded by finite weight systems.

Definition 3.0.1. [6] Let A be a root system and let I" be a finite set of integral weights of
A containing A and {0}. A Lie algebra L is called (T", g)-graded (or simply I'-graded) if
(T'1) L contains as a subalgebra a non-zero finite-dimensional split semisimple Lie

algebra
g=bho Poa,

acA

whose root system is A relative to a split Cartan subalgebra f) = go;

(I2) L= @ Ly where Ly, ={x € L| [h,x] = o (h)xforall h € h};
acl’

(F3) L() - Z [La,L_(x].
o,—oel'\ {0}

The subalgebra g is called the grading subalgebra of L. A Lie algebra L is called
(T, g)-pregraded if it satisfies (I'1) and (I'2) (but not necessarily (I'3)). Note that the
condition (I"'2) yields [Ly,Ly] C Ly if u+v € "and [Ly,Ly] = 0 otherwise. We denote
by < g > (or simply < g >>) the ideal generated by g in L. Note that a (T", g)-pregraded
Lie algebra L is (I", g)-graded if and only if < g >= L, see Proposition 3.1.3.

3.1 Basic properties of I'-graded Lie algebras

The following is well-known (see for example [6, Lemma 4.2]).

Lemma 3.1.1. Let g be a split simple subalgebra of a Lie algebra L. Assume that a Lie
algebra L is (I, g)-pregraded. Then the space

I = @ Lo+ Z [LayL-o]

acl\{0} o, —ael\{0}
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is a non-zero I'-graded ideal of L. In particular, if L is simple then it is I'-graded.

Lemma 3.1.2. Let L be a Lie algebra containing a non-zero split semisimple subalgebra
g. Then L is (I',g)-pregraded for some finite set I if and only if there exists a finite set
QO of dominant weights of g such that L is the direct sum of finite-dimensional irreducible

g-modules whose highest weights are in Q, i.e. as a g-module,

L= PV(A) W,
A€Q

for some vector spaces W) (the vector space W), indexes the copies of V(L) and the
g-action is given by

x.(va ®@wy) =[x, @wy] = xvy @wy
forxe g, vy €V(A) and wy € Wy).

Proof. The “if” part is obvious with I" being the union of the weights of the modules
V(A), A €Q.

For the converce, it is enough to show that every finite-dimensional subspace U of L is
contained in a finite-dimensional g-submodule M of L. Indeed, by enlarging if necessary
one can assume that U is a weighted subspace. Let {uy,...,u;} be a basis of U consisting
of weight vectors. It is enough to show that each u; belongs to a a finite-dimensional
g-submodule M; of L. Put M; = U(g)u;. Following [13, Lemma 2.2], once we fix an
ordering of the roots of g, there is a triangular decomposition g =n~ @& hHnt (h denotes
the Cartan subalgebra of g) and

M; =U(g)u; = U )U(H)U(n")u;.

But dim(U (n™)u;) is finite, since dimU (n"), is finite for any v € ZA, and L has only
finitely many h-weight spaces. Also, U(h)U(n")u; = U(n")u; because the action of
U (h) is diagonalizable, and again dim(U (n~)U (h)U (n™")u;) is finite by the same weight
argument as above.

0

Proposition 3.1.3. Let g be a split simple subalgebra of a Lie algebra L and suppose L is
(T, g)-pregraded. Then the following are equivalent.
(1) LisI'-graded.

(2) Ly = Z [Loc,L—a]-
o,—acl'\{0}

(3)L: @ La+ Z [La,L—a]-
ael’\{0} o,—ael’\{0}
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(4) < g>=L.

Proof. (1) < (2) and (2) < (3) follows from Definition 3.0.1.
(3) = (4) : Note that Ly = [h, L] €< g > for all o # 0. Since < g > is a subalgebra
of L,wehave L= @ Lg+ Y [Lo,L_q] C<g>CL,so< g>=L.

aell\{0} o,—oel\{0}
(4)=(3):By Lemma 3.1.1, @ Lg+ Y [Lg,L_g] is an ideal of L con-
el {0} a,—ael\ {0}
taining g, so (4) implies (3). O

Corollary 3.1.4. Let g be a split simple finite dimensional subalgebra of a simple Lie
algebra L and let T be the set of all weights of the g-module L. Suppose L is (T',g)-
pregraded. Then L is (T, g)-graded.

Proposition 3.1.5. Suppose L is (I'1,91)-graded and g, is (I'>,g2)-graded. Then L is
(T'3,02)-graded where T's is the set of all weights of the go-module L.

Proof. We only need to check the condition (I'3) of the definition, (I'l) and (I'2) being
obvious. By Lemma 3.1.3, < g; >;= L and < g >4, = g1, S0

L P > =<K P > > =<K g1 >1= L.

Using Lemma 3.1.3 again we get (I'3), as required. O

Lemma 3.1.6. Let L; be (I';,9;)-graded for i = 1,2. Suppose that g = g. Then Ly © L,
is (I'1 Uy, g)-graded for some subalgebra g isomorphic to g.

Proof. LetL=L;® Ly andlet f:g; — g» (i = 1,2) be any isomorphism. Denote

g={x+/(¥)|xca}.

Then g is a subalgebra of L isomorphic to g;. We claim that L is (I'y UT, g)-graded. By
Lemma 3.1.2, L and L, are the direct sums of finite-dimensional irreducible g-modules
whose highest weights are in I'; and I',, respectively. Note that I'; UI"; is finite and L =

@ Lg,so (I'2) holds. It remains to prove (I'3), or equivalently, that < g >;= L. By
acl Ul

Proposition 3.1.3, < g; >1,= L and < g >, = Lo. We have g; = [g;,0i] = [9i,9] €<
g >, so
L=L1®L,=<g1 >, o< g >,cLg>.

Therefore, < g >;= L. O]
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Lemma 3.1.7. Let S be a finite-dimensional simple Lie algebra and let g be a non-zero
split semisimple subalgebra of S. Then S is (I',g)-graded where T is the set of all weights
of the g-module S.

Proof. This follows from Lemma 3.1.1. O

Lemma 3.1.8. Every non-zero finite-dimensional split semisimple Lie algebra is (I, sl)-
graded for some I.

Proof. Let L be a non-zero finite-dimensional split semisimple Lie algebra. Then, L =
S| DSy @+ DSy where S; are split simple ideals. Note that each S; is (I, sl,)-graded
(just fix any subalgebra g; = sl, of S; and use Lemma 3.1.7). It remains to apply Lemma
3.1.6. O

Theorem 3.1.9. Let L be finite-dimensional perfect Lie algebra L and let Q be a Levi
subalgebra of L over an algebraically closed field of characteristic zero. Then

(1)L is (I'1,Q)-graded for some T'}.

(2)L is (T, sly)-graded for some T

Proof. (1) let R be the solvable radical of L. Then L = Q ®R. Note that L is (I'j,Q)-
pregraded where I'; is the set of weights of the O-module L. Since R is solvable,

L/ <0>=(K0>+R)/ < Q>XR/(K Q> NR)

is solvable. But L/ < Q > is perfect, so L/ < Q >= {0} and L =< Q >>. By Proposi-
tion 3.1.3, Lis (I';, Q)-graded.
(2) This follows from Lemma 3.1.8 and Proposition 3.1.5. [

3.2 0O,-graded and BC,-graded Lie algebras

In this section we discuss the relationship between ®,-graded and BC,,-graded Lie algeb-
ras. Let g be a split simple Lie algebra of classical type A,,, By, C, or D,,. Throughout this
thesis, {®,...,,} is the set of the fundamental weights of g; V(@) (or simply V(®))
denotes the highest weight g-module of weight w; V; := V(@) (or simply V) is the nat-
ural g-module; if M is a g-module then M’ is its dual and % (M) is the set of weights of
M. If g is of type A,,_1, we will use the following notations for the g-modules below:

g=V(oi+w,—1),V:=V(m), S:=V(2w,), A:=V () and T :=V(0).

Note that V' =2V (®,_1), S 2V (2®,—1) and A’ =V (®,_>).
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Recall that a Lie algebra L is (I", g)-pregraded if it satisfies (I'1) and (I"2) of Definition
3.0.1. It is easy to see that BC,-pregraded Lie algebras have the following decomposition,
see for example [4, 2.5].

Proposition 3.2.1. Let L be a Lie algebra and let b be a split simple subalgebra of L of
type type By, C, (n>2) or Dy, (n > 3). Then L is (BC,, U{0},b)-pregraded if and only if
the b-module L is a direct sum of copies of Vy(2m), Vy (@), V(@) and Vi (0).

A similar decomposition exists for ®,-pregraded Lie algebras.

Proposition 3.2.2. Let L be a Lie algebra and let g be a subalgebra of L isomorphic to
sly. Then L is (®,,g)-pregraded if and only if the g-module L is a direct sum of copies of
gV, VS S8 ANandT.

Proof. We only need to prove the “only if”” part, the “if”” part being obvious. Suppose L is
(®,,9)-graded. Then by Lemma 3.1.2, L is a direct sum of finite-dimensional irreducible

g-modules. Note that only the following dominant weights appear in ©,,:
) + Op—1, O, Oy—1, 201, 20,1, O, Gy, 0

where @; = € + --- + €. They are the highest weights of the modules g, V, V', S, S, A,
A and T, respectively. O

Suppose L is (@, g)-graded. By collecting isomorphic summands of L into isotypic
components, we may assume that there are vector spaces A, B,B’,C,C'E,E' such that

LY (goA)®(VeB)® (V' eB) o (S®C)d (S'eC)d(ARE)® (N ®EY®D (3.2.1)

where D is the sum of the trivial g-modules (and also the centralizer of g in L).

Remark 3.2.3. Recall that #' (M) denotes the set of weights of a g-module M and M’
denotes the dual of M.
(1) Let £ be a simple Lie algebra of type type B,, C, or D, and let

Ce:=W(TOVe)@(TOW)).

Then I'c = BC,U{0}.
(2) Let g be a simple Lie algebra of type A,,— and let

L= (TeVyadVy) @(TOVaDVy)).
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ThenI'y = ©,.
(3) Let g = sl,, and let £ = 50, be a naturally embedded subalgebra of g. Then V | £ =
Ve, Vg L €= Vy and

Tale=7(ToVadVy) @(T@Va®Vy) L) = (TOVe) (T dVe)) =T

(4) Let £ = 502,41, 502, Or spo, and let g = s/, be a naturally embedded subalgebra of
& Then Ve L g= V@V, (or V@V, O T if €= 502,11) and T | g =Ty,

Theorem 3.2.4. Letn>2 and r = | 5]. Then every ®,-graded Lie algebra is BC,-graded.

Proof. Suppose L is (®,,g)-graded. Let £ = so, be a naturally embedded subalgebra of
g = sl,. Note that the rank of £ is » = | 5 | and si, is (BC, U{0},¥)-graded. By Proposition
3.1.5, we only need to show that the set of all weights of the £-module L is a subset of
BC,U{0}. Using Remark 3.2.3, we get

WL =W (L]g) L ECO, | E=Ty | t=Ty=BC,U{0}
as required. 0

Remark 3.2.5. Suppose L is (®,,g)-graded (n > 5). Let £ = 50, be a naturally embed-
ded subalgebra of g = sl,. As shown in the proof of Theorem 3.2.4, the algebra L is
BC,-graded with respect to the grading subalgebra £ with r = | 7]. The general theory of
BC,-graded Lie algebras gives multiplication structure of L in terms of £-decomposition
components. We are going to show that the multiplication structure of L as an (©,,g)-
graded algebra is “finer” and more specific. Let V¢(A) denote the simple ¢-module with
highest weight A. We have

V(1) Je= Vg(0n) Le= Vs,

Va(201) b2 Vy(20,) 125+ T, 3.2.2)
V(@) Le= Vg(@n-1) L= 8,

Vo(or 4 0,)) L= t+s

where T = Vi(0), ¢ =Ve(@n), s = V¢(200;) and Vi = Vi(w;). By combining (3.2.1) and
(3.2.2), we can rewrite L as a £-module as follows:

L=(tA®E®E))®(sAaCal)® (Vi@ (BaB))aD (3.2.3)

where D' = (T ® (C®C'))®D. Seta=2AGH B where A =AGEDE' and B =AaCHC'.
Then a = 2+ ‘B is an associative algebra with involution * given by a* = a and b* = —b
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fora € A and b € B (see [4]). If we wish to calculate the product [¢Q E,¥® E] in L using

BC,-grading structure then we can only say that

EQEERE|C(EQ(ADEDE)D(s@(AdCal))aD.

On the other hand, ®,-grading structure (see Table 3.4.2 ) implies that

[fQEERE]C[AQRE,AQE]=0.

Similarly, in BC, case we have

EREtRQE|C(ER(ADEDE)d(s@(AaCal))oD

and in ®,, case we have

EQEELQE|C[AQE,NQE'|C(g0A)®D=(EQA)D(s®A)®D.

Theorem 3.2.6. Let L be BC,-graded for some integer r > 2. Then L is ®,-graded.

Proof. Suppose L is BC,-graded with grading subalgebra € of type B,, C,, or D,. Let
g = sl, be a naturally embedded subalgebra of £. It is easy to see that ¢ is (®,, g)-graded.
By Proposition 3.1.5, we only need to show that the set of all weights of the g-module L
is a subset of ®,. Using Remark 3.2.3, we get

W(L\Lg) :W(Lié)\LQQBCVU{O}\Lg:Ffig:Fg:G)M
as required. [

Proposition 3.2.7. Let L be BC,,-graded for some integer n > 5. Then L is ©,-graded and
the conditions (1.2.1) hold.

Proof. Suppose that L is BC,,-graded with a grading subalgebra €. Let g =s/, be a natur-
ally embedded subalgebra of £ as in the proof of Theorem 3.2.6. Then L is ®,-graded and
we need to check the conditions (1.2.1). We will assume that € is of type C, (the cases B,

and D,, are proved similarly). We have the following decomposition of the £-module L:
L=(tRA)®(s®B)®vC®D

where £ = V¢ (20 ), s = V¢ (@,) and v = Vi (). The restrictions of the ¢-modules ¢, s and
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v to g are decomposed as follows:
tE=gpSDS, s=gbADA, v=VaV. (3.2.4)
Therefore we have the following decomposition of the g-module L:

L=(g0S®S)RA® (g ADN)2Bo(VOV)CHD
=(gR(A®B)) D (SRA)® (S RA)B(AB)® (N @B)®(VeC) e (V' eC)dD,

Fix the standard matrix presentations of the algebra £ = sp;, and its modules s and v as
in [4]. Then g is identified with the subalgebra {diag(X,—X") | X € sl,} of £. Let K,
denotes the set of skew-symmetric n X n matrices. Then the components A, V and their

duals in the decompositions (3.2.4) have the following matrix shapes:

= (0 n et w={(0 ) irer).
V- {<O>IGF} v:{<°>|ew}

Let L1 ®b1,A, @by e A®QBand u®c € V®C. Using Formulae in [4, (2.8)] and the fact
that AQ BCs®BandV®C Co®C we get

[blabZ]
2
URc,ARb]=—-Au®c-b=—-[ARb,uc|.

b10b2

[;Ll®b1,k2®b2] = (11012)@) +[)ul,7(‘2]® —|—tr(ﬂ«17tg)<b1,b2>,

Note that A; o Ay = [A1,42] = 414, = 0 and Au = 0. Substituting these values in the
formulae above we get [A® B,A®B] = [A® B,V ®C] = 0. Similarly, we get [A'®
B' N ®@B]=[AN @B,V ®C'| =0, as required. O

3.3 Examples of O,-graded Lie algebras

Example 3.3.1. As discussed previously (see Theorems 3.2.6), every BC,-graded Lie
algebra (n > 2) is ©,-graded.

Example 3.3.2. Any Lie algebra which is (A,_1,sl,)-graded is also ©,-graded. For such
a Lie algebra, the space Ly, = {0} for all o notin A,_;.
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x 0
Example 3.3.3. Let L = sl and g = 0 —x | x € 51, p C L. We consider
0O O

o o O

the adjoint action of g on L. We have the following decomposition of the g-module L:

L=gogdaViohoVioV,oSeoS oA®AN oD

nl, O 0
where D = 0 nl, v | 1,6 € F 5 is the sum of the trivial g-modules
0 0 —n(t1+t2)
and

([x 0 0

g = 0 xX 0| |xesl, p=2g2V(o+w, 1)
(L0 0 0
([0 0 v] ) ([0 0 0] )

Vi= 0 0O |V€F" =V, = 0 0 O |V€Fn §V((D|),
(L0 0 O | ) ([0 V' O] )
[0 0 0] ) ('0 0 0] )

! n ~ ! n ~

V| = 0 0 v||veF';=2V,= 0 0 0| |veF"}=V(w,—1),
(L0 0 0| ) L[V 0 0] )
([0 x 0] )

S= 0 0 0]|xeM,(F)andx=x' } 2V (2a),
(L0 0 0|
([0 0 0] )

NS x 0 0| |xeM(F)andx=x"} 2V (2w,_1),
(L0 0 O | )
([0 x 0] )

A= 00 0]||xeM(F)andx=—x }»2V(m),
(L0 0 0] )
([0 0 0] )

A= x 0 0| |xeM,(F)andx=—x  2V(w, ),
(L0 0 0 )

as g-modules. Then L is (©,, g)-graded.

Example 3.3.4. Let L = g R where R = RadL and g is a simple submodule of L iso-
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morphic to sl,. Suppose [R,R] =0 and R = V(w) as a g-module. Then L is (®,,g)-graded
if and only if w € ©,,.

3.4 Multiplication in ©,-graded Lie algebras, n > 5

Recall that ®, = {0, %€ £ ¢;,+¢&,32¢ | 1 <i# j<n} were {€,...,&,} is the set of
weights of the natural s/,-module. We denote by @, the set of dominant weights in ©,

and the corresponding simple s/,-modules. Thus,

J’_
O, ={01+0,_1 =€ — &, O =€, W1 =—&,

201 =2¢1, 20, 1 = —2€,, ) =€+ &, By 2= —& — &1, 0}.

These are the highest weights of the modules g, V, V', S, S, A, A" and T, respectively.
We fix a base
I1= {OC,' =& —&11 fori= 1,2,--- ,n— 1}

of simple roots for the root system
A1 = {ie,-isj ‘ 1 Sl%]én—i—l}

Let L be an ©®,-graded Lie algebra and let g be the grading subalgebra of L of type A =
A,—1 with n = 5. We identify g with the matrix algebra sl,,. By Proposition 3.2.2 the g-
module L is a direct sum of copies of g, V, V', S, 8", A, A’ and T. By collecting isomorphic
summands of L into isotypic components, we may assume that there are vector spaces
A,B,B',C,C'E,E’ such that

L2 (gA)d(VeB) @ (V' eB) e (SxC)®(SeC)D(ARE)®d (AN ®E)®D.

Alternatively, these spaces can also be viewed as the corresponding g-mod Hom-spaces:
A = Homg(g,L), B=Homgy(V,L), etc, so for each simple g-module M, the space M @
Homg(M, L) is canonically identified with the M-isotypic component of L via the evalu-
ation map

M ®@Homyg(M,L) — L, m® @ — ¢(m). (3.4.1)

Definition 3.4.1. (1) We identify the g-modules V and V' with the space F” of column
vectors with the following actions:

xv=uxv forx €sl,,vevV,
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xV =—x"V forxesl,, vV eV

(2) We identify S and S’ (resp. A and A’) with symmetric (resp. skew-symmetric) n X n
matrices. Then S, S’, A and A’ are g-modules under the actions:

x.s =xs+sx' forx € sl,, s €S,
x A =xA+Ax forx €sl,, A €A,
x.8 = —sx—xs forxesl,, s €8S,

x A =—-A'x—xXA forx esl,, A" €N

Since the subalgebra g of L is a g-submodule, there exists a distinguished element 1
of A such that g = g® 1. In particular,

x®1,y®b] =xy®b. (3.4.2)

where x® 1 1s in g® 1, y ® b belongs to one of the components in (3.2.1), and x.y is as in
Definition 3.4.1.

Let ®(M) be the ®-component of M, i.e. the sum of all simple submodules of M with
highest weights in @, In order to describe multiplication in L we need to calculate first
the ®-components of the tensor products of the modules in ®;". Most of the decomposi-
tions are easily derived from stability results in [21, Cor. 6.22 and 7.2] (for larger ranks)
with a computer program (such as LiE) used to verify the small rank cases. These are the

following (full) decompositions:

) = VQRw)oV(w),
) = V2w-1) DV (02),
) = V(o +a)oV(3a),
) (@1 + 0, 2) BV (3Bw,_1),
) (@1 + 02) BV (@),
V(o) @V(en) = V(o1 +m)eV(e),
) (4o
) (
) (
) (
) (

[
< <

I
<

V(Q2w) V(2w 401) BV (2w + @) &V (2w),
V(2w,-1) @V (2w, 40,-1) BV (201 + 0p—2) BV (20,-2),
V(2w) @V (w,—» 201+ @, 2) BV (0 + @y-1),
= V(0 +20,-1) OV (01 + @y-1),
= VQ2wm)a V(o +w3) dV(wy),

=V

I
<
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V(on-2) @V (0h—2) = V(20,—2) BV (0 + 0,-3) BV (0,_4),
Vim)@V(o) = V(or+w)sV(ws),

V(o2)@V(wy-1) = V(0y-3)OV(0p-1+ 0n-2),
VQ2w)@V(wm) = V(2w +wm)® V(o + w3),

VQR2w-1)@V(0—2) = V(201 +02) BV (01 + 0y3).

Note that the modules V, V', A, and A’ are minuscule i.e. their weights form a single
W-orbit where W is the Weyl group, so the following lemma can be used.

Lemma 3.4.2. [38, Cor.3.5] For two dominant weights A, [ such that V (W) is minuscule,

we have the decomposition

V(A) @V (1) = ) V(A +op)
weW/W,:
A+ ou is dominant

with each summand occurring with multiplicity 1, where Wy, :={@ € W | o = u} is the
isotropy group of . Moreover, the number of irreducible components in V(A) @V (L) is
equal to the cardinality Wy \W /W,,.

This lemma gives us 8 more decompositions:

V(o + @) @V(m) = V(o + @+ 0,-1) & V(03 + @,1) OV (201) DV (an),
V(o + @p-1) @V(0p—2) = V(01 +0p2+01)OV(03+01) OV (20,-1) DV (0-2),
V2w)QV(0—1) = V2w + w,1) &V (o),
VR2w,—1)@V(w) = V(oy+20,-1)dV(0,-1),
V(o + @) V(o) = V(2o 4+ 0u-1) DV (02 + 0p1) DV (),
V(o) + @) @V (0y-1) = V(0 +20,-1) DV (0] + 0yp2) &V (@,-1),
Vo) @V(w,-1)) = V(oy+ w,-1) ®V(0),
V(wp—2) @V(m) = V(o + @—2) ®V(w+ @,—1) &V (0),

Seligman [46, A-2]) found the following decomposition of g ® g for n > 4:

V((D] + (On_l) ®V((x)1 + (Un—l) = V(2601 —|—2(Dn_1> EBV(2(D1 + COn_z) EBV(COZ —|—2(Dn_1)
BV(mm+ w,2)B2V(o+®,—1) B V(0).

It remains to find the decompositions of g® S, g® S’ and S® S’. We will only calculate
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the ®-components. It is well known that the only possible V (v) which can occur as sum-
mands of V(A) @V (u) are those with v = A + u; for some ; in the set of weights of
V(w) [33, p.142]. The following lemma gives a bit more precise information on multipli-

cities.

Lemma 3.4.3. [38, Proposition 3.2] Let A, L be two dominant weights. Then any com-
ponent V(v) of V(L) @V () is of the form v = A + W, for some L, in the set of weights
of V(). Moreover, its multiplicity m}’w <dimV(u)y,.

By Lemma 3.4.3, to calculate ®(V (A1) ® V(u)) we need to find all dominant weights
v € 0, such that v = A + u; for some y; in the set of weights of V (u). All these possib-
ilities are listed in the table below. Note that we have V(i) = S or &', so all weight spaces
of V(u) are 1-dimensional and the corresponding modules V(v) appear in the decompos-
ition with multiplicity at most 1. On the other hand, in the list (3.4.3) below we explicitly
construct all these summands V (Vv), so their multiplicities are exactly 1.

j W V=t co; O(V(A) V(1)
261 = (&1 — &)+ (&1 + &)
E1+& = (& —&)+(&2+&)
—2g, = (g1 — &)+ (—€1— &)
—&p1 — & = (&1 — &)+ (—€1 — &,-1)
e —&,=(2€)+(—€ — &)

2¢e —2¢,_ OS®S)=g+T
! n-l 0= (2¢))+ (—2¢) ( ) =9

g —&, 2€; O(gRS)=S+A

&g - | g+ O(ges)=85+AN

Table 3.4.1:

To summarize, in Tables 3.4.2-3.4.4 below and Remark 3.4.4 we describe ®@-components

of all tensor product decompositions for the modules in ®, (n > 3). If the cell in row X
and column Y contains Z this means that ®(X ® Y) = Z.

®l s [ S [ A [ & [NV ]V ]
g|g+ag+T | S+A| S+A |S+AN | S+AN | V v/
S| S+A 0 0 9+7T | g 0 Vv
A| S+A 0 0 g | g+T | O Vv
S| S+AN | g+T g 0 0 14 0
N| S+AN | g | g+T 0 0 vV’ 0
Vv Vv 0 0 vV’ Vi | S+A| g+T
% % % % 0 0 |g+7T|S+AN

Table 3.4.2: ®-component of tensor product decompositions for si,, (n > 7)
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Remark 3.4.4. For n = 5,6 all the decompositions are the same as in Table 3.4.2 except
in addition we have @(A® A) = A’ and O(A' ® A") = A for slg and @O(ARA) =V,

OARV)=A, 0N @A) =V and O(A ®@V') = A for sls.

Note that A =2 A’ for sly and A = V' and A’ =2V for si3 so we have the following

decompositions.

® g S A=A S’ % %4
g |lg+tg+T | S+A| S+A |[S+A| V %4
S S+A 0 g g+T 0 %
Al S+A g g+T g %4 %
S| S+A |g+T g 0 1’4 0
Vv Vv 0 14 Vi | S+A | g+T
%4 14 1% 1% 0 |g+T|S+A

Table 3.4.3: ®-component of tensor product decompositions for sl

® g S S VN |V 2A
g |gtg+T | S+V' | S+V | S+V | S+V
S| Ss+V/ s’ g+T g 1%
S| 4V | g+T S %4 g
V| S+Vv g v/ S+V' | g+T
Vil S+Vv/ 1% g g+7T | S+V

Table 3.4.4: ®-component of tensor product decompositions for s/3

Let L be an ©,-graded Lie algebra and let g be the grading subalgebra of L. Suppose
that n > 7 or n = 5,6 and the conditions (1.2.1) hold. In (3.4.3) we list bases for all non-

zero g-module homomorphism spaces Homg (X ®Y,Z) where X,Y,Z € {g,V,V',S,A, 8", A, T}
and X and Y are both non-trivial. Note that all of them are 1-dimensional except the first

one (which is 2-dimensional).

2
Homg(g®g,9) = span{x®@y > xy — yx, x@y > xy + yx — Ztr(xy)]}, (3.4.3)

Iy,

t It
HOmg(V ®V/,g) _ span{u®v/ N MV/t B r(l/lV )

Homy(S®@ A, g) = span{s @1’ — sA'},
Homy(S' ® A, g) = span{s' @ A — s'A},
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Homg(A® A, g) = span{A @ A" — AL — I},

tr(ss’)

w(AA)
n

Iy,

Homgy(S®S',g) = span{s@s' + ss' —

Homgy(g®V,V) = span{x @ v — xv},
Homg(A® V', V) = span{A @V — AV},
Homy(S®@V',V) = span{s @V + sv},

Homg(g®@ V', V') = span{x &V — xv'},
Homy(S' @ V,V') = span{s' @v s s'v},
Homg(A' @ V',V') = span{A' @V — A"V},

Homy(g®S,S) = span{x®@s + xs+ sx' },
Homy(V @V, S) = span{u®v > uw' +vu'},

Homg(g® A, S) = span{x@ A — xA — Ax'},
= span{s' @x s s'x +x's'},
Homy (V' @ V', 8") = span{u’ @ V' — V" +Vu"},

Homg(A'®g,S") = span{A’ @x — A'x—x' A"},
Homg (g ® A, A) = span{x@ A — xA + Ax'},
Homg(g ®S,A) = span{x®s — xs — sx' },

)=
)=
)=
)=
)
)
)
)
)
)=
Homgy(S'®g,S")
5)
)
)=
)
Homy(V @V, A) = span{u®@v— w' —vu'},
A) =
)
)=
T)=

Homg(A'®g,A) = span{A’ @ x — A'x+x'A"},
Homg (S'®g,A") = span{s’ @ x — s'x —x's'},
Homy (V'@ V', A") = span{u’ @V — u'v' —V/u"},

1
Homy(g®g,T) = span{x; @ xz — - tr(x1xo) },

1
Homy (V' @V, T) = span{V' @ u— —tr(w')},
n
1
Homy(S®S',T) = span{s ®s' — —tr(ss')},
n
1
Homg(A® A, T) = span{A @ A" — —tr(AL")}.
n

We claim that the Lie algebra structure on the decomposition (3.2.1) induces cer-
tain bilinear maps among the spaces A,B,B’,C,C',E,E’,D. Indeed, denote the irre-
ducible modules and the corresponding spaces by Mj,...,Mg and Hy,...,Hs, respect-
ively. Then L = @ _M; ® H; and H; = Homy(M;,L), see (3.4.1). The Lie product
on L can be identified with an element of Homy(L ® L,L). Since any homomorphisms
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between non-isomorphic irreducible g-modules are zero, the product is actually an ele-
ment of Homg(®(L ® L),L) where @(L ® L) is the sum of all irreducible g-submodules
of L ® L isomorphic to one of My,...,Mg. The g-module L ® L is decomposed as L& L =
@ i j=1Mi®@M;® H; ® Hj and the ®-component of L ® L can be found as

8
O(L®L) = )M, @ Homg(L® L, My) @Mk@)( S M@ H, ®H>
k=1

where Mf‘j = Homy(M; ® M, My ). Then the Lie bracket on L is an element u of the space

Homy(®O(L®L),L) = @Homy(@gjlefj@Hi@Hj,Hk)
= P Homg <M§®Hi®Hj,Hk>~

= @ Homgp <MlkJ,H0mF(Hi®Hj,Hk)>

Denote by {bk” bk” .} the basis of the space Homg(M; ® M, Mj) as in (3.4.3). Then
there exist unique elements %1 , xkl] ,... in Homp(H; ® H;, H) (the images of blfij , bgij .)
which correspond to multiplication i on L. These elements xf Ve Homy (H; ® H;, Hy) are
the claimed bilinear maps H; x H; — H.

In Table 3.4.5, if the cell in row X and column Y contains Z, this means that there is a
bilinear map X ® Y — Z given by x®y — (x,y)z. For simplicity of notation, we will write
dy instead of (d,y)p if X =Z = D and we will write (x,y) instead of (x,y)p if X,Y # D
and Z=D. Inthe case X =Y =Z = A, we have two bilinear products a; ® a, — aj oa; and
a) ®ap — |ay,az] for ay,a; € A. Note that some of the cells are empty. The corresponding
products X ® Y — Z will be defined later by extending the existing maps ¥ ® X — Z. This

will make the table symmetric.



3.4 Multiplication in ®,-graded Lie algebras, n > 5 39

A B | B |clc|E]E|D
Al (Ao[]),D | B C.E C.E
B C.E| AD | 0 0
B A CEE| B o/| B o
C 0 0 [AD|] 0o | A
c’ C',E' B | 0 0| A o0
E 0 0 0 |AD
E' C'.E’ B | o 0 0
D A B | B |clc|E|E|D

Table 3.4.5: Bilinear products

Let x and y be n x n matrices. We will use the following products:

[, y] = xy — yx,
2
xoy=uxy-+yx——tr(xy)l,
n
X0y = xy+yx,

(x13) = ).

Following the methods in [4, 20, 22, 46] (see also our argument below) and using
the results of (3.4.3), Tables 3.4.2 and 3.4.5 and Remark 3.4.4, we may suppose that the
multiplication in L is given as follows. For all x,y € sl,, u,v € V,u',Vv € V', s € 8, L € A,
s'e€S, A e AN andforall a,ay,ar € A, b,by,by € B,V b|,b, eB,ceC,decC,ecE,
¢ €E'andd,d,,d» €D,

r@ar,y@a] = (o) » 2

tr(uy")

Il © T2 (x ) ana), (3.44)

2
@ (b,b)a+ =tr(w){b,b)) = [V @b, ux@b),
n

u@b V@b =w'" -

[s@c,s @c]=(ss' = (s|s))@ (¢, )a+(s]s){e,d) = [ @, s®(],
A@e, M @e]=AL — (A | AN @ (e, )a+ (A | A ) (e,e) = —[A @, A@e,

by,b
u®b1,v®b2 — uvt+vul ®M+ uvl_vu[ ®M7
2 2
b ,b5)cr b, b5 e
[u/®b/1,vl®b/2]:<u/v/l+vlu/[)®( 1722)C +(ulvll_vlu/[)®( 1’22)E,
x®a,s®c| = (xs+sx' ®M+ xs — sx’ ®M:—s®c,x®a,
2 2
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x@a,A®e] = (xA +AxX)® (a,2e)E + (A —AX)® (a72€)c =—[A®e,x®ada,

/ /
s'®c',x®a = (x4 ®M+ sx—x's ®w:—x®a,sl®cl,
2 2
/ /
[l'@e',x@a] :(l/xﬁ—xtl/)@%‘f’(l/x—x’l')@ (e 72a)C/ :—[x®a,ll®€/]7
[s@c,A'®e]=sA"®(c,é)p = —[A ®e,s®],
[f@d,A®e =A@ (,e)y = —[A®e,s @],

X®a,u®b)l=xu® (a,b)p=—[u®b,x®al,

[ @ u@bl=su®(d,b)p=—luxb,s =],
AV @ uxb=2ux(,b)py=—-[ubA 2],
Wb x@a =xu @b a)p = —x@a,u’ @b'],
[ @b s@c]=su' @ c)p=—[s®c,u @],
Wb A®el=—A® (b ,e)p=—[A®e,u @],
[d,x®al =x®da=—[x®a,d]|,
[d,u®@bl=u®db=—[uxb,d|,
[d,s®@c]|=s®dc=—[s®c,d],
[d,A®e] =A®@de=—[A®e,d|,
[d,s' @] =s®dd =—[s 2 ,d],
[du' @b =u ®db = ~[u' @V ,d],
d, l'@e] AMedd =—AMwé,d,
[d,da] €

All other products of the homogeneous components of the decomposition (3.2.1) are zero.
Following the methods in [4, 20], we present a sample argument for the existence
of these maps. Let {q; | i € I} and {d, | s € S} be bases of the vector spaces A and D,

respectively. Fix any a; and a; of A. Then for all x,y € g, write

k@a,y®a] =Y & j(xy)@ar+ Y. nf;(x,y)ds + r(x,)
kel sES
where r(x,y) is the sum of projections of [x ® a;,y ® a;| to other isotypic components. It
is easy to see that the maps el.lfj tgxg—gandn; jigxg—Tare bilinear and induce
g-module homomorphisms el-lfj :g®g— gand nifj g®g—T. By (3.4.3)
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2
Homg(g®g,9) = span{x®@y — xy — yx, x @y > xy + yx — ;tr(xy)l},
1
Homg(g®g,T) = span{x; @®xp — Ztr(xlxz)},

and Homg(g ® g, M) = 0 for all other types of irreducible submodules M of L, so

gl'lfj(x’y) = il,cj[xv)’] + 5k xoy,

nij(x,y) = nf,j(x [y),
r(x,y) =0.

As aresult,

k@a,yRaj] =Y (&YX y+ 8 xoy)@ar+ Y. 0} (x| y)ds
kel seS

=y @Y Ea+xoye ) 8 ac+(x1y) Y ) ds
kel kel ses

These expressions in A depend only on i and j not on x,y € g, and so we define

aioaj:= ZZéi]fjak
k

lai,a;] ;= 225k
a,,aj an,J
seS

for all i, j € I (The factor of 2 is just for notational convenience later on). These maps can
be extended to give F-bilinear mappings o :A®A — A, [,] :ARA —Aand (,) :ARA —
D such that

a; o P
roayoa] = e T2 1 roye B4 (c) ) a)

for all x,y € g, a;,a; € A. Since D is the centralizer of g, it is a subalgebra of L. The
product
[d,g®a;] CgRAforalld € D.

Hence

[d,x®a;] = Zsik(d,x) ® a.
kel
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Note that €X(, ) € Homg(Fd ® g, g) and so €X(d,x) = €Fx for some &f € FF for each i. Thus,

dx®a]=Y ex@a=x®) &a.
kel kel

Setting da; = Y ¢/ el.kak and extending gives an action of D on A. One can show that A is
a D-module and (A,A) is an ideal of D (by using the Jacoby identity for d, x®a, y® b
and ford, d’, x@a where d,d’ € D and a,b € A).



Chapter 4

The coordinate algebra of a ©,-graded
Lie algebra, n > 5

Let L be an ®,-graded Lie algebra and let g = sl,, be the grading subalgebra of L. Assume
that n > 7 or n = 5,6 and the conditions (1.2.1) hold. Let g* = {x € sl, | ¥’ = £x}. Then

gRA=(g" @9 )RA=(g"®A)®(g” ®A)=(g" ®A7)®(g” ®A")  (4.0.])

where A¥ is a copy of the vector space A. Recall that we identify g with g® 1 where 1 is
a distinguished element of A. We denote by a™ the image of a € A in the space A™.

In Chapter 3 we described the multiplicative structures of ®,-graded Lie algebras. In
this chapter we describe the coordinate algebras of these Lie algebras. Denote

a:=ATPA  PCHPERC ®E and b:=a®dBPDB.

We show that the product in L induces an algebra structure on both a and b. In Sec-
tion 4.1 we prove that a is a unital associative subalgebra of b with involution whose
symmetric and skew-symmetric elements are AT @ E®E’ and A~ ®C ® C'. In Section
4.2 we prove that b is a unital algebra with an involution 17 whose symmetric and skew-
symmetric elements are AT OEDE' @BOB and A~ ®C@C'. Itis also shown that B& B’

is an associative a-bimodule with a hermitian form ) with values in a. More exactly,
for all 1,8, € B&B' and a € a we have x(B1,82) = B1B2, x(ap1,B2) = ax(Bi,B2),

Nn(x(B1,B2)) = x(B2,B1) and x(B1,0B2) = x(B1,B2)n (). In Section 4.3 we show that
the associative algebra a has the following realization by 2 x 2 matrices with entries in

the components of a:
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4.1 Unital associative algebra a

We are going to define Lie and Jordan multiplication on a by extending the bilinear
products given in Table 4.1.1 in a natural way. It can be shown that all products (¢, )z
with o,y € a are either symmetric or skew-symmetric. This is why we will write
(a1 o)z or [o, 0]z, respectively, instead of (¢, 0p)z. The aim of this section is to

show that a is an associative algebra with respect to the new multiplication given by

Remark 4.1.1. In this remark we rewrite some of the products in (3.4.4) in terms of sym-

metric and skew-symmetric elements. Note that every x € g is uniquely decomposed as

1
x=x"+4+x" where x" = )% cghandx =5 eg™.

(a) Letx| ®aj,x; ®a, €gT ®A™ andx| ®aj ,x, ®a; € g~ ®A™. Since

k@ ar,y@am] = roye B 4 ey e U L (] ) ar,a)
and (x| x]) = Ltr(x]x]) = 0 we have
it @ sa) =t ot o AN o0 OBt e ),
x| ®af,x; ®ay]=x; ox2®%+[ﬁcl,xz]®%+(?ﬁ Xy ){ay a3 ),
ot Oar oy @] =xfoxy @ LA (ot iy (000

(b)Lets®@ceS®Cand A ®e € AQE. Since

x®a,s@c]= (xs+sx’)®@+(xs—sx’)®



4.1 Unital associative algebra a 45

we obtain
e s9d = oso I L g0 (20,
+ +
[X®a+,s®c]:xos®w+[x, ]®(Cl ;C)C
Since
k®a,A®e] = (A +Ax)® —(a’;)E + (A —AX) @ (a’;)c and
X+)‘+)“(X+)t:x+l+lx+:x+ol,
X A+AT) =x" A —Ax =[x, Al
x_)v_)u(x_)t:x_)v—i_),x_:x_ol’
we get
[ oa e =xtode LU 4 e (120
+ +
i eat kol = ode U 20 20

©Lets®cd eS®C and AV ®e € A®E'. Since

/ /
[ @ x®d = (s'x+x'5)® % +('x—x's)® % and
sSxT 4+ () =5 oxt, 'xt — () =[5, xT],
S/xi -+ (Xi)tS/ = [S/,xi]7 S/x* _ (x*)l‘sl _ S/ Oxi,
we get
/ — / .
[s/ ®C/,x+ ®a | = soxT® % + [s’,x+] ® %,
! ot ooy,
s'@cdx" @a]=sox" ® % +5 x| ® %,
Since

AV @ x®ad =Ax+X1V)® —(6/7;)‘5/ +(AMx—¥A)® —(e’,za)c/ and
Axt+ ()Y A =L ox™, AxT —(x)'A =1, xT],
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A%+ (YA =[x, AxT = (YA = Ao,

we have

Ao xta |=1oxt®

1, Fot
A @ex ®at] = Mox @91 Ly x]®%.

(x+x’ )

(d) Forany x®a € gRA, xQa = ®a —|—( )®a€g+®A—|—g ®A. Since

sSHI @ (c, c')A +(s|s'){c,c’), and

[ ®c,s @c] = (ss' — (s

— (s [ )+ (ss" = (s [ S)I) =50
SS—(S|S) —(ss' = (s [s)D)' = s, ]

we get

[s®c,s/®c/]:sosl®%+[s,sl]®(Co;)fﬁ+(s|s/)<c,c/>.
Since

Ae M ®e]= (AL — (A | AN @ (e,e)s+ (A | A){e,e) and

AV — (A AN+ AL = (A | AN =Ao ),

AV — (A AN — (AL — (A | AN =[A, 4],
we obtain

Aoed @] =Aod 2/] TV Py G ;l) LA A ) e, €.

Since [s®@c,A’ @€ | =sA’ @ (c,e' )4 and sA"+ (sA') = [s,A"], sA' — (sA) =s0A’, we get

! /
s®c, M ®e]=s0d ® [C’ez]f“ 4 s, ® (Cog Ja-

Since [ @', A ®e] =5'A @ (c',e)a and A's+ (A's) = [A/}s], (A's) — (sA') = A" o5, we
have .
[/, el (coe)a-
2 2
The mappings ¢ ®  — (0to )z, and o ® B — [, B]z, can be extended to Y ® X in a
consistent way by defining (Bo o)z, = (0to )z and [B, ]z, = — [, B]z,. In Table 4.1.1

A AL

@, A®e] =500~
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below, if the cell in row X and column Y contains (Z;,0), and (Z,] |) this means that
there is a symmetric bilinear map X XY — Z;, given by « ® B — (a0 )z, and a skew
symmetric bilinear map X x Y — Z,, givenby o @ B — [, Bz, (d € X,B €Y).

At A~ C E C’ E’
L] @) | o) | (€0 | Ee) | (©o) | E)
a | oan | oenD | oen | @En | e
@) | @Te) | (Ee) | (€0 | Ee) | (o)
as | e | en | e n | ey | e
(C,o) (E,o) (A ,o) (Af,o)
“len | @ 0 O e | e
(E.o) | (o) (4-0) | (A*0)
Floen | e 0 ) | @)
(o) | (Ee) | ate) | (a0
Ve | cn | an | e | 0
) | (Co) | o) | @0
len | en ey | e | !

Table 4.1.1: Products of homogeneous components of a

We are going to show that a = AT GA~ @ CHE §C' @ E' is an associative algebra

with respect to multiplication defined as follows:

[0, 0] Lo

a10p =
162 ) )

for all homogeneous o, 0 € a with the products | ] and o given by Table 4.1.1. Note that
[, 0] = a0 —opa; and Qoo = a0 + 0 oy.

From Table 4.1.1 and the formulas in Remark 4.1.1, we deduce the following.

Lemma 4.1.2. Let o1, 0x and o3 be homogeneous elements of a. Then

(o, o]
2

01 00h
[Z1®061,Z2®062] = Z1002Q® +[Z1,Zz]® 7 +(Z1|Z2)<061,062>,

ifog,0p € X =A% or ay € X and o € X' with X = C,E. In all other cases we have

oy, o oy o
z1®a,n®a = Z10Z2®M+[Z1,Z2]® Sy
2 2

Theorem 4.1.3. a = AT PA~ GCHDE O C' ®E' is an associative algebra with identity

element 17,
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Proof. Tt will be shown in Proposition 4.2.2 that 17 is the identity element of a larger
algebra b containing a as a subalgebra. Therefore we only need to prove the associativity.
Let a0, 00,03€ a. We need to show that o (0p03) = (o). By linearity, we can
assume that a1, 0 and a3 are homogeneous. Set

1= E1,2 + €1E2’1, 70 = E273 + 82E3,2 and z3 = E3’4 + 83E473 where g = +1.

The signs of each & can be chosen in such a way that z; ® o; belongs to the corresponding
homogeneous component of L. Note that tr(z;z;) = 0, for all i # j. Hence by Lemma
4.1.2, we have

[0, aj]
2

o0«

[2i® 04,7 @ 0] =2i07; ® 5

+ [2i,2;] ®
Consider the Jacoby identity for z; ® 01,720 ® 02,23 @ 03:

1@ a,[n®m,300)] =10 0,20 0,230 0] +[22® 0, (21 ® 0,723 as)).

Using Lemma 4.1.2 yields

[Z"[Zz’@“(gwﬂl°[Z2>Z3]®M’O;—zoa3] @.1.1)
+z1,(z2023)] ® M tz10(0023)® M
=l 2] 6@ M + ([z1,22] 023) ® M +[z1022,23] ® W
+(zon)on® M + (22, [21,23)] ® M +220(21,23]) ® M
+e2 @ioz)]® M +220(z1023) ® M_

Note that

210(22023) = E1 4+ €18263E4 1,

7102223

)

21,(z2023)] = E14 — €16&263E4 1,
| = E1,4 —&168E4 ],
3] =

[z1,22],2 14+ E1&88E, 1,
(z1022)023 = E1 4+ €168E4 1,
[z1022,23) = E14 — €18263E4 1,

21,22l 023 = E1 4 — €1€283E4 1,
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[z2,[z1,53]] = 2o (z1023) = [22,(z1 023)] = 22 ¢ [z1,23] = 0.

Now (4.1.1) becomes

(E14+€1&88E41) @010 (0p003)+ (E14—€188E41)® [0, 00 03]

+(E14—€168E41) @ oqolon, 03]+ (E1 4+ €18&8E41) @ (a1, [0n, 03]]

= (E14+€188E41)@(a1omm)oos+ (E14— €166E41) ® [0 0 0, 03]

+(E1a—€188E41)®[og, o+ (Eja+€16&8E41) ® ([0, o], 03].
By collecting the coefficients of Ej 4 we get

ogo(amoog)+[og, oo+ 0y oo, 03]+ a1, [0, 03]]

= (a1 o) o0z +[ag 0, 03]+ [0, 0] 0 03 + [[t1, 0], 03],
or equivalently a;(0p03) = (a1 0p)as, as required. O

From Theorem 4.1.3 and tensor product decompositions for s/, (n > 4), we deduce
the following

Corollary 4.1.4. o/ = A~ © A" is an associative subalgebra of a with identity element
1t

Corollary 4.1.5. COE and C' ® E’' are < -bimodules.

Theorem 4.1.6. The linear transformation 7y : a — a defined by

/

'}/(Cl_) = —a_,}/(a+) = a+,'}/(C) = —C, '}/(6) = e7y(cl) = _C/7y(el) =e,
is an antiautomorphism of order 2 of the algebra a.

Proof. We need only to check that y(xy) = y(y)y(x) for all homogeneous x and y in a:

laf,af] af oaf laf,af] af oaf
vlafay) = y(H 2+ o) = =S St = afaf = v(ay)v(a)),
Hapay) = (i) 2y Bl 40 e )ya)
2 P 2 P ’
4o lal,ay] afoay lal,ay] afoa;y Sy oy
Y(ayay) =1( 3 + > ) = 5 9 = (—ay )ay = y(ay)v(ay),
_ a;,aj] ajoal a;,aj] ajoal _ _
Vayap) =yl @00 Mgl 40 _ o - ),
vame) = (e @20y e (09— yepan),

2 2
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2 2 2 2

B L e e S
o) = o 20y e o0 ey
vy =[N Coey e WO _ i ytar e,
pear) =y 4y ooy Gy (Co)e (e — ya e,
yat) =[S ey (G (400 (o) = yatype),
) -y le | Woadey e ol gy
yiee) = p(ela (00 el (0 _ e yieyye)

ee) =yl g (o) lech  (€09n oy,
yiee) = y(©at €000 el (0D _ o)y,
ey =y (0, [ (C00n _ (e~ yoppe)

4.2 Coordinate algebra b

Define
b:=a®B®B =A"T®HA  &@CRE®C ®E' »BDB .

The aim of this section is to show that b is an algebra with identity 1™ with respect
to the multiplication extending that on a given in Table 4.2.1. It can be shown that all
products (B, B2)z with By,B, € B® B’ are either symmetric or skew-symmetric. This is
why we will write (f; 0 2)z or [B1, B2]z, respectively, instead of (B, B2)z. For o € a and
B € B® B’ we will write af| (resp. Ba) instead of (¢, )z (resp. (B,¢)z). Let b € B
and b’ € B. We define ba := y(a)b and ob’ := b'y(a). We will show that B& B is an
a-bimodule.
Recall that

Ra+-——"LRacg  ®A+g QA.

t ot
[ (x—;x) (x 2x)
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Letu®@becV®BandVv @b € V' ®B'. We need the following formula from (3.4.4):

tr(u") 2tr(uw")

u@bV b= w'"— 1)@ (b,b")s+ (b,b').

By splitting (b,b")4 into symmetric and skew-symmetric parts and using the equations

tr(uwv') tr(uv") 2tr(w')

(" — , 1)+ w'" — p N =w" +Vu — TI’
(w'" — @1) — (w'" — @1)’ =w" Vi,
we get
[u@b,V @b =" +Vu — 2tr(:v”)1) ® i bz/]A +
(' — ) B° g/)fﬁ + 2“(;””) (b,b). 42.1)

Let b,by,by € Band b',b}, b, € B'. Using (3.4.4) and (4.2.1) we get

u®@b1,v@by = (' +vi')® b1 bale + (W' —vil) ® (broba)e Ozbz)E :
[ @b,V @b = V' +Vu") ® b, bJer ’5,2]0 + WV —Vu")® —(b/] Ozblz)E/,
[ueb,V @b =" +Vu' — 2tr(:v”)1) ® 2 bzl]A +
W —vu')® (bo 12’/)“ + Ztr(:v”) (b,b'). 4.2.2)
We define
biby = [b172l72]c n (b ozbz)E7 B, [bll,slz]c’ n (b ozblz)E/’
b [b7b2/]A n (bOlz)l>A+’ b [b,bz’]A i (bol;)A*‘

Then b = a® B® B’ is an algebra with multiplication extending that on a. The follow-
ing table describes the products of homogeneous elements of b (use Table 4.1.1 for the

products on a).
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. AT +A™ C+E C'+E B B
AT+A" |AT+A" | C+E | C'+E B B
C+E C+E 0 AT +A 0 B
C'+E | C+E |AT+A~ 0 B’ 0
5 5 0 g | (Eo) | (%o
) | @Al
B B B 0 (A+= o) (Ela o)
A~ []) | @[]

Table 4.2.1: Products in b

Theorem 4.2.1. The linear transformation 1 : b — b defined by (o) = y(a), n(b) =b
and (V') =b' forall o« € a, b € B and b' € B is an antiautomorphism of order 2 of the

algebra b.

Proof. In Theorem 4.1.6, we showed that 1(xy) = n(y)n(x) for all x and y in a. Let
b,by,by € B,b' b} ,b, € B' and o € a. We have

[b1,b2)c+ (b1oby)E [b1,b2)c+ (b1oby)E

n(b1b2) = n( 5 )= — > = byby =1 (b2)n(b1),
b/,b/ 1+ b oby) —b/,b/ ' + b oby)

(o) = (el Grebalery  ZWhbole Lo B)e _py e,
b,b/ _+ (bob —b,b/ _+ (bob

n(bb/):n([ ]A 2( )A+): [ ]A 2( )A+ :b/b:n(b/)n(b),

n(ab) = ab=bn(a)=n(b)n(a

Using these properties and Theorem 4.1.6 we deduce that 1 is an antiautomorphism of
order 2 of the algebra b. [

Proposition 4.2.2. 17 is the identity element of b.

Proof. Letat €AY, beB, bV €B,ceC,c €C,ecE and ¢ € E'. Recall that we
identify g with g ® 1 where 1 is a distinguished element of A and 17 is the image of 1 in
A™T. Using (3.4.4) and (3.4.2) we get

- oo (Fea)ar o At

b @a’ =y @ A g ] A () (1),
1Toa ), 1+,a_ -

[xLxT]@a‘z[xr,xﬂe@%m oxt @] 5 e
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1 1+
X7 sl®@c= [x_,S]®%+x_os® [ éC]E,
1 1+
A @e = h,zm%ﬂom%,
X, |@d=x",d]® % +x of® %,
1Toe)p 1T o]
[x_,QL/]@e’:[x_,l/]@( 026 )E +x_o7tl®[ C;e]Cy
Fogt
and xu @ 17.b = xu®b, ¥’ @ 1.0 = ¥’ @ b'. This implies that (M+)A+ =a",
1F.at],- -0 (1+oa2*)A_ —a [1+,a27]A_ —0 (1+§c)c —©c [1*;]5 —0 (1*;:2)5 —e [l+ée]c _
0, Lol — o dlpr g (Wehy ol _ 1+ — b and 1+.4/ = b'. Com-
bining these properties and the fact that o is symmetric, [,] is skew symmetric and
N(17) =17, we see that 17 is the identity element of b. O

Using (3.4.4) and Table 4.2.1, we deduce the following.
Lemma 4.2.3. Letb € B, b’ € B and o € a. Then
z@o,u®b=zuxab=—[uxb,z® al,
Webzoa=7doba=—-zzauxb].
Proposition 4.2.4. B® B’ is an a-bimodule.

Proof. Letb € B,b' € B’ and let ;, o be homogeneous elements in a. Set
u=E+&E, n=Ej3+&FE3andu = u' = e3 where & = +1.

Then [z1,22]) = E13 —€1&E31, 21020 =E1 3+ €1&E31, 2122 = E1 3 and (z1]z2) = 0.
First we are going to show that (ot 0p)b = a;(ab). Consider the Jacoby identity for
21 Q0,22 ® 0, uDb:

[z1®a,[22@0,u®b]] =21 Q@ a1,20 R W], ub]+ (20 @ 0, [z21 ® 01, u R b]].

Using Lemmas 4.2.3 and 4.1.2 we get

(o, o] 04 0 0

b—lz1,22)u® b=0. (4.2.3)

21(zau) @ o (b)) — (z1022)u®
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Substituting matrix units, we get that

)
[061 Otz]b o100

e1® (o (opb) — > - b) =0,

so o (aph) = %b-l— A5%2p = (o 0)b, as required.
Now we are going to show that (b'op)0 = b'(0p ;). Consider the Jacoby identity
forzi @ a1,z @, u/ Q'

1@, [0, d @b =[z1Q 0,22 ® 0),u @Y+ 2@ a,[z1 @ oy, u’ @ b]].

Using Lemmas 4.1.2 and 4.2.3 we get

(o, Q]
2

,0610062

t ./
— [z, 2] @' ———= 5

(z1)' @ (V'on)on = —(z102)' W @b

Substituting matrix units, we get that

[al,ocz] +b,061 o/

18661 (b/OCQ)Otl = —&15e€; ®b > o

so (b ap)oyy =b' (ap0y), as required. It remains to show b(0 o) = (baty )0 and (o 0 )b’ =
oy (opb'). We have

blaron) = n(n(aio)n(b)) =n((n(e)n(a))n (b))
nm(e)(n(e)n(b))) =n(nox)n((bar))) = (bou)oy
Similarly, we get (0 )b’ = a (apb’), as required. O

Note that both B and B’ are invariant under multiplication by .27, see Table 4.2.1, so
we get the following.

Corollary 4.2.5. B and B’ are </ -bimodules.

Proposition 4.2.6. Let x(B1,B2) := B1Po for all B1,B, € B&B'. Then x is a hermitian
form on the a-bimodule B ® B’ with values in a. More exactly, for all a € a and B, €
B ® B’ we have

(i) x(api, B2) = ax(Bi, Ba),
(i) n(x(B1,B2)) = x (B2, B1),
(iii) x(B1,aB2) = x(B1, B2)n ().

Proof. (i) We need to show that (otf8;) B> = o(fB15>) for all homogeneous fBi, B in B& B’
and @ € a. Setz=Ejp+¢€Ex;, uj =u} = e and up = uy, = e3 where € = £1. Let
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b1,by € B and b),b, € B'. First we are going to show that ¢t(b1b2) = (otb;)b,. Consider
the Jacoby identity for z® @, u; ® by, uy ® by:

2@ a,[u; @by, uy Qbs]] = [[z® o, u; @ by],ur @bs] + [ug @by, [2Q o, up @ by]].

Using (4.2.2) and Lemma 4.2.3 we get

(bl o bZ)E
2

[b1,b2]c

z@a,(Ei3+E31)® 5

+[Z®O€,(E173—E3’1)® ]:[862®O{b1,u2®b2].
(4.2.4)
By using Lemma 4.1.2 and (4.2.2), we get

a,lby,b
M + (8E273 _ 8E372) ®

o,(bjob
M _|_ (8E273 _ 8E3’2) ®

[OCb] ,bz] obioby
2 2

ao[bl,bz]c
2
oo(byoby)g
2

(8E273 —+ 8E372) &
+ (8E273 + 8E372) ®

= (eE23+€E32)® + (eEr3—€E32) ®

By collecting the coefficients of E 3, we get:

[OC, [bI,bZ]C] + oo [bl,bz]c i [OC7 (bl obz)E] + oo (bl obz)E [Otbl,bz] +oabioby
2 2 2 ’

or equivalently a(b1by) = (aby )by, as required.

Similarly, one can show that ct(b1b5) = (otby)b) (by using the Jacoby identity for
2@ o, uy @by, uh, QD).

By using the Jacoby identity for z® o, u} ® b}, u, ® b}, and similar calculations we
get b, (b @) = (byb))o. By applying the involution 1 to both sides and using the fact
that 7 is identity on both B and B', we get (n(a)b))b; = n(o)(b}b)), or equivalently
(ab) )by = a (b)), as required.

By using the Jacoby identity for z® o, u; @ by, uy @ b, we get (bab))ow = by(b o).
By applying 1 we get n(a)(b}b2) = (n(et)b)by, or equivalently a(b)by) = (ob))by, as
required.

(ii) We only need to check this for homogeneous elements. We have

[b1,b2]c+ (b1oby)g,  —[b1,ba]c+(b1oby)E

n(x(b1,b2)) =n( 3 )= 5 = x(b2,b1),
Y B+ (B obh) g . B Bhler + (B o b))
nx(eh.byy) = n(Pralet robalery  ZBibale b Bob ey oy i),

[blabll]A7 +(b1 Ob/l)A*) _ _[bbb/l]A* +(b1 obll)A+
2 2

n(x(b1,b})) =n( = x(b},b1),
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[b1,b1]4- + (P} 0by) 4+ [b},b1]a— + (D) oby) s+

n(x(bh,b1)) =n( 5 )= — 5 = x(b1,b}),

as required.

(iii) Using (i) and (ii), we get

X(Br,of2) =n(x(aB,Bi)) =n(ox(B2,B1)) =n(x(B2,B1))n(a) = x(Bi1,B)n(x).

]

The mapping (,) : X ® X’ — D with X = B,C, E can be extended to X’ ® X in a con-
sistent way by defining (x',x) := —(x,x’). Let X,Y € {AT,A~,B,B',C,C',E,E'}. Recall
also the maps (,) - AT ® AT — D described previously (see Remark 4.1.1(a)). For the
convenience, we extend the mappings to the whole space b by defining the remaining
(X,Y) to be zero. Hence

(b,b) = (AT A")+ (A" ,A")+(B,B')+(C,C"Y + (E,E).
It follows from condition (I"3) in Definition 3.0.1 that
D= (b,b). 4.2.5)

Proposition 4.2.7. Let a,ap and oz be homogeneous elements in b with (o, 0) # 0.

Then
( - - .
[alyazz]A o3 + n(((x3(x2)a12 (063061)062) lf‘al, az, a3 c B@B/’
([, 00]4-, 03] ifar, 0,03 € a,
(o, 0)03 = . /
[a1, 00]4-03 ifa,00 €a, a3 € BOB,
\—Hal’aﬂrm] fog€B, B, azca.

Proof. Since (a1, ) # 0, we need to consider only the following cases:
Case I: oy, 0,03 € a. Consider the Jacoby identity for 71 ® o, 72 ® 0, 73 ® 03:

1@ a,[nRm,500)] =[n1®0,20 0,230 0] +[22Q 0, (21 ® 0,723 a)).

Letzy =20 =Ej >+ € Ey and z3 = Ep 3+ & E3 5 where € = 1. Using Lemma 4.1.2 we
get

o1 ° ((Xz o 063)
4

[0, 0 0 03]

+z10 [Zz,Zz,] (%9 1

[21,[22,23]] ®
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apolap, o o, |0, O
+[Zl,(zzoz3)]®%+mO(Z20Z3)®[1[4—23H
O o0h o 03 (04eN07) , 03
= [[z1,22],23] ® ( 4)A+ +[z1,22] 03 ® I 4)A+ ]
oy, 0ls- 00 oy, 0], 0
(z1 ’Zz)Z3®<(X1,(X2>(X3—|—[ZlOZz,Z3]®w+3+(21022)OZ3®H ] ﬂA 3
Op o (0003 0, 01 © 03
+[Z2,[Z1,Z3H®¥+Z20[Z1,Z3]®%
o oloy, o o, [0y, o
+[Z2,(zloZ3)]®¥+zZO(Z1OZ3)®[2[4—13H.
Note that
21, [22,23]] = €1E23 + €1&2E3 2,
z10(20z3) = €1Er3+ €18&E3,
[z1,2203] = €1Ex 3 — €18F3 2,
z10(2, 3] = €1Ey3 — €18E3,
n—4
(z1022)023 22( . )(€1E2,3+81€2E3,2), (4.2.6)

[z1020,23] = 2(€1E23 — €162F3 ),

[[z1,22],23] = [21,22] 023 = 0,

[22,[z1,23])] = €1E23 + €182E3 2,

€1Ey3+€1,8E3,,

=& k3 —€&E3),

] =
| =
| =
720(z1023)
[22, (21 023)]

| =

20 (z1,23] = €1E23 — €16 E3 .

Now (4.2.6) becomes

oo (ooog) [0, 00 0 03]

(e1E23+€16E32) ® 1 + (6123 — €18F372) ® 1

+(e1Ey3 — €16E32) ® M +(e1Er 3+ €18F37) ® [061,[3—2,063]]

=2(e1Ex3— €16&E32)® [, aZLA 0% +2 (n=4) (e1E23+€16E37)
o, aﬂ" 0] - %(Ez,g +&F37) @ (0, 00)03+ (€1E23 + €16&E37)
M + (e1E23 — €182E32) ® M’O;—loaﬂ +(e1E23 — €18E32)
%200, %l [Zl 0] +(e1E23+€18E3,)® oz, [ou, es]] [T Lol .
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By collecting the coefficients of E; 3 we get

ajo(moas) [og,mo03] ajofop, 03] [o,[0n, a]]

4 4 4 4
O1,0p|s- o —4) ||ay, 04—, 00 2
_ o la-00os | (n—4) [laa, 0ols 3]+—<oc1,oc2>oc3
2 n 2 n
mo(ooos) | [0, 0] I o ooy, o] n [, [y, 03]]
4 4 4 4 ’

Since a is an associative algebra (see Theorem 4.1.3) we obtain

(a1, m)as = [[on, 004, 03],

as required.
Case 2: o1, 0 € a and o3 € B® B'. First assume that oz € B and consider the Jacoby
identity for z; ® a1, 22 ® 0, U ® 03:

[z1® 0, 2@, u@ ]| =[z1®a1,22 R 0p],u® 03]+ [22® 0, [21 ® 04, u @ 3]].

Using Lemmas 4.2.3 and 4.1.2 we get

1,004~ 1
Zl(ZzM)®OC1(OC2(X3) - (Z1 oZ2)u® [ > ]A -0z — E[ZleZ]WX’(Oﬂl OOCz)A+OC3
tr(z122
U ( )<a170‘2>0¢3—Z2(11u)®a2(a1a3):0,

Setz; =z = E12+ € E and u = ey with & = 1. We get

4 |ay, 0|4 2
gre1 ® (o (opos)+(—2+ ;)%0‘3 - Z<0‘1 ,00)03 — 0 (0 053)) =0,
_ 2 _ é [ahaﬂA— _ 2 _ . O S .
s0 o (0nog) — ( L) Aoy — (o, )03 — op(apaz) = 0. Since [0, 00]4- 03 =

o (062063> — 062(061 063), we get
(o, 00)05 = [ar, )4~ 0,

as required. Similarly, one can show that (o, 00)03 = [0, ap]4- a3 for o, € a and
oz €B.

Case 3: a; € B, € B' and a3 € a. Consider the Jacoby identity for u ® o, u' ® oy,
X 03:

o, @0m,z00]] = [ua,u@a],z0 0]+ W o, [u o,z o).
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Setu =ej, u' =e; and z = E| 5+ €E»; with € = £1. Using (4.2.2), Lemmas 4.2.3 and
4.1.2 we get

01,0003 o1 0 (003
(E2,1+E1,2)®%+(E1,2_E2,1)®%
2 o1, 00[4-,03
=((E1,2+€Ez,1)—;(E1,2+852,1))®H Z]A |
0,00 |4— 003 2
+(E1,2—8E271)®%+(E172+8E271)®Z<061,062)063
o300, 0 0300 ) © 0
+8(E2,1+E1,2)®Q+E(E2,1—E1,2)®(T)-
By collecting the coefficients of Ej , we get
o, o003] | aro(amon)  [[on, )4, 08] | [on,00]4- 0o
2 2 2 2
o, 04—, O 2 o300, o az0) oo
_llon 2n]A 3]+Z<a17a2>a3+8[ 321 2] los 12) 2

or equivalently,

([0, 04—, 03]

o1(pas) = [ar, 04— 03 —eop(az0n) — .

2
+Z(061,0€2>063,

Since
[0, ]p-03 = (0o — oy ) o = (a10p) o — (00 )03,

and (o1 0)0s = a1 (0003), (o )os = (N(os)oy) = —eop (a3 ;) (Using Proposition
4.2.6 ) we obtain
[[o, 0], 03]

2 )

(o, 00)03 =

as required.
Case 4:01 € B, € B' and a3 € B. Consider the Jacoby identity for v® o3, 1’ ® oy,
uR o
o, e uzo]] = [veoos,d @, u®o]+ W@, [vea,uza].

Taking v = e;, ' = e1 and u = e;. Using (4.2.2) we get

2 [, 0]~ 2

oz, (2E11 — =1 —(0n, O
[e2® a3, (2E1) n)® 5 +n< 2, 0)]
o3, 0] 4 030 O
=[(Ey1 +E12)® % +(Exy1 —E12)® %761 ® o ]
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03,0 oo
+[€1®0627(E271+E1,2)®¥+(E2,1—&,z)@%].
Using (3.4.4) and Lemma 4.2.3 we get
0,0 |s4-03 2
62®(¢——<O€2,a1)0€3)=
n n
03,004~ 030 03,0 0300
€2®([ 3,004 061-1-( 3 2)A+a1_[ 3 1]ca2_( 3 1)Ea2),
2 2 2 2
S0,
0,0 |g-03 2 03,004~ azoq
[0, ot1] 3__<a27a1>a3:[ 3, 02]a OClJr( 3 2)A+al
n n 2 2
lo,an]e  (ogoau)e
2 7 2
We conclude that
0,0 )s-03  n((oap)op —(az0n)o
<a2,a1)a3:[ 2,04 3. ((azoy)on — (0z00) 1),
2 2
or equivalently,
o, 04—t 030p)0 — (0304 )0t
<oc1,a2)oc3:[ 1,004 3+n(( 300)0n — (a300) %)

2 2

Case 6: oy € B,o; € B and o3 € B'. This is proved similarly to Case 5 by setting v/ =
e>, u' = e and u = e; and considering the Jacoby identity for vV @ o3, 1/ @ 0, u® ot

Proposition 4.2.8. (1) [d,(a,B)] = (da,B) + («,dB) forall o, € b and d € D.
(2) (AT,AT), (A=,A™), (B,B'), (C,C') and (E,E') are ideals of the Lie algebra D.

(3) D acts by derivations on b and leaves all subspaces AT,A™ B, ... ,E invariant.

Proof. Let oo =aj +aj +b1+b+ci+c|+e1+¢ and =a5 +a; +by+by+cr+
¢y + e2 + €5 be the decompositions of ¢ and 8 into homogeneous parts. By considering

Jacobi identities for the following 5 triples,

(i) d,x] ®a;,x3 ®ay;
(ii) d, x; ®af , x; @ay;
(iii) d, u@b;,v' @ b';
(iv)d,s®c,s' @c;

W d,Axe M ®e,;

we get the following equations, respectively,
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d,{a; ,a; )| = (daj ,a; )+ (a; ,da; ), (4.2.7)
[d,{ay ,a3)] = (daf ,ay) +(a] ,day),
[d, (bi,b;)] = (db;,b’;) + (bi,dD;),
[d,(ci,c'j>] = (dcl,c )+ (c,,dc}),
[d,(e,-,e’j>] (dej,e > (e,,de;).
and
d(ajay) = (day)a, +a (da, ), (4.2.8)
dataf) = (dayai +ai (dag),
d(bib') = (db;)b; +b(db),
d(cic}) = (dei)c+ ci(dch),
d(eie]) = (de;)e); +ei(de]y),

where i, j = 1,2. We illustrate this by considering the case (i). By applying Jacobi identity
tod, )c1 ®a; ,x2 ®a, , we get

d,[x] ®a],x3 ®a;]] =[[d,x] ®a]],.x®a; ]+ x| ®a],[d,x; ®a;]]

Using (3.4.4) and Lemma 4.1.2 we get

®d%+[ @ U e a7 )
oxf &P ) (LS (o | )
+x{ ox) ® @ ’dzaz_]A + ] ® M—f— (x{ | x3){ay ,day). (4.2.9)
Then
xTox}L@d[ 1>‘;2_]A +[xf,x;]®d(al O;’z Ja+ —xtox} [da1_>2az_]A—
] ® (day 02‘12 Ja+ txtoxt® [a 7d2“2 Ja- e (a; O‘;az_)ﬁ (4.2.10)
and

(" [x)ld {ay ,ay)] = (" [ x3)((day ,ay) + (ay ,day)). (4.2.11)
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When x| =x5 = Ej 2+ E», we have tr(x] xJ ) = 1. Hence (4.2.11) is equivalent to
[d,(ay ,ay)] = (da; ,ay) +(a; ,day ),

When x| =Ej2+E; andxy = Ep3+Ej3,, we have [x{,x)] =E13+Es; and x| ox; =
E| 3+ E3 1. Hence (4.2.10) is equivalent to:

lay a5 ]a- (al_oaz_)A+):([da1_,a2_]A7 (dal_oaz_)A+>
2 2 2 2
([al_,daz_]Af (ay odaz_)A+)
2 2 ’

d(

or equivalently, d(a; a; ) = (da; )a, +aj (da; ), as in equation (4.2.7).
By combining the equations (4.2.7) we get

[d, (e, B)] = (da, B) + {a,dB),

for all d € D and o, 8 € b. This implies that the subspaces (AT,A™), (A~,A7), (B,B’),
(C,C') and (E,E') are ideals in D. The equations (4.2.8) show that d acts by deriva-
tion. Similarly, one can show that D acts by derivations on b. Using Proposition 4.2.7
and Tables 4.1.1 and 4.2.1 we get the action of D leaves all subspaces A™,A~,B,... E’

invariant as required. [
The above results can be summarized as follows.

Theorem 4.2.9 (The structure theorem for ®,-graded Lie algebras). Let L be an ®,-

graded Lie algebra and let g = sl,, be the grading subalgebra of L. Suppose that n > 7 or
n=>5,6 and the conditions (1.2.1) hold. Then

L=(gA)d(VeB)® (V' oB)®SxC)®(SeC)d(ARE)® (NQE)®D

with multiplication given by (3.4.4) where A,B,B',C,C',E ,E' are vector spaces and D is
the sum of the trivial g-modules. Define by g* :={x € g|x¥ =x}andg :={xecg|x =
—x} the subspaces of symmetric and skew-symmetric matrices in g, respectively. Then

the component g @ A can be decomposed further as

g0A=(g" g )RA=(g"®A ) B (3" ®AT)
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where A~ and A" are two copies of the vector space A. Denote
a:=AT®A” ®COEDC'DE" and b:=a®BdB.

Then the product in L induces an algebra structure on both a and b satisfying the following
properties.

(i) a is a unital associative subalgebra of b with involution whose symmetric and skew-
symmetric elements are AT OE G E' and A~ ®C O C, respectively, see Theorems 4.1.3
and 4.1.6.

(ii) b is a unital algebra with an involution 1 whose symmetric and skew-symmetric
elements are AT OEDE ®BDB and A~ ®C O C, respectively, see Theorem 4.2.1 and
Proposition 4.2.2.

(iii) B® B’ is an associative a-bimodule with a hermitian form ) with values in a.
More exactly, for all Bi, B, € B® B and o € a we have x(B1,B2) = Bi1Ba, x(aPi,B:) =
oz (B, B2). 1(x(B1.B2)) = x(Ba. Br) and 1 (B1, Bz) = x(B. B2) (). see Propositions
4.2.4 and 4.2.6.

(iv) & := A~ ®A™ is a unital associative subalgebra of a and C ®E, C' O E', B and
B’ are o7 -bimodules, see Corollaries 4.1.4, 4.1.5 and 4.2.5.

(v) D acts by derivations on b, see Propositions 4.2.7 and 4.2.8.

4.3 Matrix realization of the algebra a

Recall that g® A = gt ® A~ ©g~ ® A" where g% = {x € 51, | X' = £x} and A is a copy
of the vector space A. We identify g with g® 1 where 1 is a distinguished element of
A. We denote by a™ the image of a € A in the space A*. Recall that o = AT QA
is an associative algebra (for n > 4) with identity element 17. Consider the subspaces
Ay = span{at +a |a €A} and Ay = span{at —a~ |a € A}. Then & = A| B A; as
a vector space. In this section we show that A; and A, are 2-sided ideals of the algebra
</ and that the associative algebra a has the following realization by 2 x 2 matrices with

entries in the components of a:

Ay CHE
C'oF A>

Y

We start with the following observation.

Lemma 4.3.1. Forallat € A* ccC,/ €C,ecE, ¢ cE,beB, b B we have
(W1 .a =at=a .1 and1 " .at =a =at.17;
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2)c=1"wc=—cl ande=1".e=—e.l7;
B)d=d1"==1".dande =17 =—-1".¢;
@) b=1"bandb =b.1".

Proof. Let x* x?t,xzi € g*. Using (3.4.4), we get
X @17 ,x) ®a”

X ®17,x; ®a*
[+®1 SR cC —x+<>s®c,

K1 ,AQe =x"0A®e,
[ @, x+®1 =soxt®d,
ANedxtel1 ]=AVoxt®d,
T ®1,u®b=x"u®b,
Wb xT 217 =X b

Using these properties and the formulas in Remark 4.1.1, we get

e float = o o LTI et gy 100y (o 1m0,
X ]®@a” =xtoxy ®—[1_’Z+]A+ + X ] ®—(1_ o§+)A,
x+<>s®c:x+<>s®%+[x*,s]@—(l_;c)E,
x+ol®e:x+ol®¥+[x+,l]®%,
s’<>x+®c’:s’ox+®@+[s’,x+]®@,
Voxt =1 oxt® [e’,12 ]E/—l—[l' e (e/O;_)C”

xTuRb=x"u®1"b,
Yueb =xXu b .17,

SO
v (IToa s+ [17,a7 |4 . (Imoea™)s [17,a"]ar
=0 = —0
“ 2 T 2 b4 2 T 2 )
[1_,6‘]@ (1_OC)E . [1_,6]5 (1 oe)c .
¢ 2 T 2 0. o= 0
AN SN PRI A B 2
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b=1 b, b=b.1".
This implies (1)-(4) as required. [

1T —1-

Proposition 4.3.2. Let e; = ~——— and e; = —5—. Then the following hold.

(1) eq and e, are orthogonal idempotents with e1 +e; = 11 and 1(e1) = es.

(2) Let a = ejae; B ejaer & eyae; b eyaey be the Peirce decomposition of a. Then
ejae; =Aj, ejaer; = CDE, exaey =C' ©E’, and eraer = As.

(3) Ay and Ay are 2-sided ideals of &7 = A| B A».

(4) e; is the identity of Aj.

(5)n(A1) =A;.

(6) B= PBey and B' = HBe,.

(7) A1 = A and Ay = A°P (the opposite algebra of A) as algebras.

Proof. (1)-(6) This is easy to check using Lemma 4.3.1 and properties of the Peirce de-
composition.

(7) Define the map ¢ :A — A by ¢(a) = ‘ﬁ% where a € A. Note that this map is
well defined and bijective. It remains only to check that ¢ is an algebra homomorphism.
Leta,b € A. Then

aob a,b]
b) =
plab) = o(——+-57)
aob [a,b]
__aob . ,aob _  [ab] , _
atat+ata +aa"+a a
4
at+a  at+a

= ()
=¢(a)p(b),

)

so @ is a homomorphism. Thus, A} = A and Ay = n(A;) = A%, as required. O

Using Peirce decomposition of a as in Proposition 4.3.2 we immediately get the fol-

lowing.

Proposition 4.3.3. The associative algebra a has the following realization by 2 x 2 matrices

with entries in the components of a:

Al COHE
C'®oF' Ay

I
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In particular,

112

A+

i a++a_
a0 geat @e| 20 0,
0 77(611) 0 3

- L

B aj 0 B a’ta_ 0

A cA 2 .
{_O _n(al)]|al 1} (a '_>[ 0 —Cﬁ%])

Let A be an associative algebra with involution o (of the first kind) over F. Recall

that A becomes a Lie algebra A(~) under the Lie bracket [x,y] = xy —yx. Let sym(A)
(resp. skew(A)) denotes the set of symmetric elements (resp. skew-symmetric elements)
of A with respect to 6. Then, skew(A) is a Lie subalgebra of A(~). The following is well
known.

Lemma 4.3.4. Let A; and Ay be two associative algebras with involutions ©1 and 03,
respectively. Then A = A| ® Ay is an associative algebra with involution 6 = 01 ® O».
Moreover, we have

(1) sym(A) = sym(A;) @ sym(Az) @ skew(A}) @ skew(A3).

(2) skew(A) = skew(A1) @ sym(Ay) & sym(A1) @ skew(Ay).

Proof. Ttis easy to see that the RHS of the equation (1) (resp. (2)) is a subspace of sym(A)

(resp. skew(A)). It remains to note that

A1 ®Ap = (sym(A)) D skew(A1)) @ (sym(Az) ® skew(A3))
= sym(A|) @ sym(A;) ® skew(A1) ® skew(A)
@ skew (A1) @ sym(Az) B sym(A;) ® skew(Az).

Lemma 4.3.5. Define 6 : a — a by

ap ct+e
o

d+e  a nid+e) na)

:[ (@) nic+e)

Then o is an involution on a and

a e
sym(a) = { e} n(ar) ] | aj EAl,eEE,e'EE'},
skew(a) = { i} nla) ] lay €A, c€C, c’GC’}.



Chapter 5

Central extensions of ®,-graded Lie
algebras, n > 5

The aim of this chapter is to classify ®,-graded Lie algebras up to isomorphism in the
case whenn > 7 or n = 5,6 and the conditions (1.2.1) hold.

The chapter is organized as follows. First we study basic properties of central ex-
tensions of (I",g)-graded Lie algebras. We show all Lie algebras in a given isogeny
class are I'-graded if one of them is, and all have isomorphic weight spaces for non-
zero weights. We also show that for every central extension (L, 7) of a (T, g)-graded Lie

algebra L = @ V(1) ® Wy with kernel E, there is lifting of the grading subalgebra g of
neQ
L to a subalgebra of L and L can be lifted to a subspace L of L which contains the given

g so that the corresponding 2-cocycle satisfies {(g,L) = 0. Moreover, there exists an F-

bilinear map € : W x W — E onthe space W := @ W, with &(W,,W,) =0 whenever
ne\{o}
V(p) 2 V(v), such that

C(uy @wy,vy @wy) = (uy,uy)€(Wy, wy)

for all uy @wy € V(u) ® Wy, and uy @ wy € V(v) @ Wy, (see Section 5.1). We will use
these properties to compute universal central extensions in Section 5.3. Then we focus
our attention to (®,,sl,,)-graded Lie algebras. First we define a centerless algebra .Z(b)
and show that it is ®,-graded with coordinate algebra b. It is also shown that any ®,,-
graded Lie algebra L with coordinate algebra b is a cover of the centerless Lie algebra
Z(b). Then we show that every ®,-graded Lie algebra L is uniquely determined (up to
central isogeny) by its “coordinate” algebra b and we show that L is centrally isogenous

to the explicitly constructed ®,-graded unitary Lie algebra u of the hermitian form & =
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w_l — x on the a-module a” & Z (see Section5.2 ). This completes the classification of
®,-graded Lie algebras up to central extensions. In Section 5.3 we find the universal
central extension % of .Z(b) and show that its center is HF(b), the full skew-dihedral
homology group of b. We prove that every ®,-graded Lie algebra with coordinate algebra
b is isomorphic to £ (b, X) = %/X for some subspace X of HF(b), which classifies
the ®,-graded Lie algebras up to isomorphism.

At the end of this chapter we discuss the similarities between the ®,-graded Lie al-
gebras and quasiclassical Lie algebras by showing that every (&, sl,,) —graded Lie algebra
with

En={0,tg+¢;,+2¢ |1 <i# j<n} C0O,

is centrally isogenous to a quasiclassical Lie algebra (see Section 5.4).
For convenience of the reader we mostly follow notations of [3, 4] whenever possible.

5.1 Central extensions of (I", g)-graded Lie algebras

Recall that a central extension of a Lie algebra L is a pair (L, 7r) consisting of a Lie algebra
L and a surjective Lie algebra homomorphism 7 : L — L whose kernel lies in the center
of L. A cover or covering of L is a central extension (Z,jr) of L with L perfect, i.e.,
L=[L,L]. A homomorphism of central extensions from the central extension f : K — L
to the central extension f” : K’ — L is a Lie algebra homomorphism g : K — K’ satisfying
f = f"og. A central extension U : K — L is a universal central extension, if there exists
a unique homomorphism from K to any other central extension K of L. A Lie algebra L
is said to be centrally closed if (L,Id) is a universal central extension of L.

Central extensions of Lie algebras graded by finite root systems in terms of the ho-
mology of its coordinate algebra were determined and described up to isomorphism by
Allison, Benkart and Y. Gao in [3] and [4]. The same technique can be used to describe

central extensions of (I",g)-graded Lie algebras.
Theorem 5.1.1. Let L be a (', g)-graded Lie algebra. Then L is perfect.

Proof. We need to show L C [L,L], i.e. Ly C [L,L] for all o € I". By condition (I'3) in
Definition 3.0.1, Ly C [L,L]. Suppose now that o € I'\ {0}. Then there exists & € H such
that ac(h) # 0 so for all x € L,

[h,x] = ot(h)x and x = [a(h) " 'h,x] € [Lo, Ly .

Thus, Ly C [Lo,Ly], as required. O
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Recall that any perfect Lie algebra L has a universal central extension which is also
perfect, called a universal covering algebra of L. Any two universal covering algebras
of L are isomorphic [32]. Therefore every I'-graded Lie algebra has a universal covering

algebra. We need the following simple generalization of [22, Proposition 1.24].

Theorem 5.1.2. Let L be a (I',g)-graded Lie algebra and let (U,y) be the universal
covering algebra of L. Then U is graded by I and y |y, Uy — Lg is an isomorphism for
all oo € T'\ {0}. In particular Ker y C U.

Proof. This is similar to the proof of [22, Proposition 1.24]. It is well known that g is
centrally closed [16]. Thus the central extension ¥ : y—!(g) — g splits and we may view
g as a subalgebra of U. In particular, b is a subalgebra of U. We define

Uy : =y (Lg), 2 €T,

[Ua;b], aeT\{0},

U(x = »
Uy, a=0.

We are going to show that Uy, is exactly the -weight space for ady . For all k, i € h and
X € Ua,
[k, [x, b)) = [[k,x], h] = ac(k) [x + v, h] = ax(k)[x, A]

for some v € Ker y. This proves that Uy is a subspace of the a-weight space for ady b,
o €T\ {0}. It follows that for o € T'\ {0}, Uy NKery = {0}, and hence ¥ |y, Uy — Lg

is an isomorphism for all o € I'\ {0}. Now we are going to show that U = Y. Uy + Up.
acA

Let x € U and write x = ¥ o %o Where £ € Uy. Let o € T'\ {0}. Fix any & € b such
that oc(h) # 0. We claim that

Fo—ot(h) " [h,%q] € Kery C Uy = Up.
Indeed,
Y (o —a(h) " [h,3a)) = W(Fa) — a(h) " [h, ¥(Fa)] = ¥(¥a) — Y(Ta) = 0
as Y(Xq) € Lg. Thus, we may rewrite x as Y o crXo Where xo € Uy. It follows that

U=U+ Y, Usq.

ael’
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Now
Up=Up = ‘I/_1 ( Z [LouL—oc]) = Z [Ua,U_a] +Kery.
oecl'\{0} oel'\{0}
Since ¥ |y,: Uq — Lq is an isomorphism of vector spaces for all & € I'\ {0}, we have
Uy = Uy + Kery so

Uo= Y [UaU-_q]+Kery. (5.1.1)
acl'\{0}

This proves that Uy is a 0O-eigenspace for . Now we see that Uy is exactly the a-
eigenspace for b for all o € I" and hence [Ua, Uﬁ] C Uqyp, whenever o+ f3 € I'. Thus,
U is (T, g)-pregraded. It remains to show that Uy C ¥ ger\ {0} [Ua, U-al-

Since U = [U, U], we have

Uo= Y. [UaU_a]+[Uo,Uo).

oc\{0}

But by (5.1.1),
[UO>U0] = Z HUOHU—OCL[U[SJU—B]] - Z [U%U—Y]'
o,BeT\{0} yel'\{0}

Hence

U= Y [UaU-ql

aem\ {0}

This proves that U is (T, g)-graded, as required. O

Corollary 5.1.3. (1) Let (U, y) be the universal covering algebra of L. Then U is (T, g)-
graded if and only if L is (T, g)-graded.
(2) All Lie algebras in a given isogeny class are 1'-graded if one of them is, and all

have isomorphic weight spaces for non-zero weights.

Lemma 5.1.4. Suppose that 7 : L — L is a central extension of a (T, g)-graded Lie algebra
L with kernel IE. Then there is lifting of the grading subalgebra g of L to a subalgebra of
L. Moreover, L can be lifted to a subspace L of L which contains the given g so that the
corresponding 2-cocycle satisfies £(g,L) = 0.

Proof. We use the same method as in [4, 3.1-3.4 ]. Since [ is a field, we can lift L to a
subspace of L which is mapped isomorphically to L by 7 if we identify this subspace of
L with L. We have L = L ®E and the multiplication on L is given by

If.0] =f.0]+¢(f.0).f.0 €L,
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where [f,g| denotes the product in L and {: L x L — E is the corresponding 2-cocycle.
Thus { is a bilinear mapping satisfying

(i) (f8) = —C(g,/)
(i) C(1f, 8], 1) + C([8, 4], f) + E([h, f],9) = O, (5.1.2)

for all f,g,h € L. The subalgebra § = g {(g,9), is a finite-dimensional g-module under

the action x. w = [x, w], which can be readily seen from the calculation

be,ylw = [l yl wl = [be,y], wl = s [y, w = [y, e, wi] = e (yw) = 3. (eow).

By complete reducibility of finite-dimensional g-modules (see Lemma 3.1.2), there must
exist a g-complement § = g’ & {(g,g) to the g-submodule {(g,g). Then each y € g has a
unique expression y =y’ +e,, where y' € ¢’ and e, € {(g,g). For x,y € g,

e,y = [x,y]' t ey

is one such expression, while [x,y] = [x,y’] — {(x,y) is yet another since g’ is a g-submodule.

Therefore

bey) = [y =
which shows that g’ is a subalgebra of L and that the map g — g’ (y+ ') is a Lie algebra
isomorphism.

Using Lemma 3.1.2, we get L = @ V(u) ® Wy, for some vector spaces W, where Q
neQ
is the set of dominant weights of g. Let {w{l | j € Ju} be a basis of W,,. Then L is the

direct sum of the finite-dimensional g-modules
MeM:={V(w)ow), |ueQ, jedy}.
For such a module M # g ® 1 consider the following g-submodule of L:

M=M&{(g,M),

with g-action given by x.w = [x,w]. This can be viewed as a g’-module where x’.w =

[X',w| = [x,w]for all ¥’ € ¢’ and w € M"™. The submodule {(g,M) has a g’-complement,

M=Ma(g,M).
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Thus for each m € M there exist unique elements m’ € M’ e, € {(g,M) with m =m' +ey,.
Let L' =9 ¥ ,conM’. Then L = L' B .
Suppose 7 : L — L' and 7, : L — [ are the projections onto the summands, and define

[WI7 Z/] 1= ([le ZIT)?

C/(Wla ZI) =M ( [W/> ZID?

forw',7 € L'. We claim (L', [,];) is a Lie algebra isomorphic to L. Indeed,

[, 2t = (W, 21, 0T) = m (w2

It is clear that cyclically permuting w,z’,#' and summing will give 0. Now assume that
m € M and n € N where M,N are two (possibly equal) modules in 9%, and write m =
m' +e, and n = n' +e,. Let M,, r € R, be an enumeration of the modules in 9. Then

the calculation

[m’,n'T = [m,n] = [m’n] + C(m,n)

= Z fr+C(m7n>

reni

= Z fr/+ Z efr+é:(m7n)~

renl reni

Thus

[mlan/]l = Z f;{7

refi
§'(m )=} e+ (m,n),

reR
where [m,n] =Y, fr and f, € M, for all r € RR. Hence the map L — L', f +— f' = m(f)
can be seen to be an isomorphism of Lie algebras.

Finally, it is clear that ’(,) is a 2-cocycle on L' with values in E. Moreover, it has the
property
' ,J)=m(¥,7])=0forally eg 7 L

Since L' is a g’-submodule. Thus by replacing L with L', we see that L can be lifted to a
subspace L of L so that the corresponding 2-cocycle satisfies {(g,L) =0, as required. [

Let V be an irreducible g-module and let V'’ be its dual. Let 7:V x V' — T be any

non-degenerate g-invariant bilinear form. Note that 7 is unique up to a scalar multiple
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as Homg(V @ V',IF) = Homy(V,V) =F. Set ©(V,W) = 0if V and W are irreducible and
WV
Theorem 5.1.5. Let L be a (I, g)-graded Lie algebra and L = @ V() @ Wy for some

ueQ
vector spaces Wy, Assume that L = L®E is a central extension of L determined by the

2-cocycle §(, ): Lx L — E with {(g,L) = 0. Then,
(1) V(1) andV(v) (u,v € Q) are orthogonal relative to §(, ) whenever V(i) 2V (v)’
as g-modules;

(2) there exists an F-bilinear map € : W x W — E on the space W := @ W, with
neo\{0}
€(Wy,Wy) = 0 whenever V(i) 2V (v)', such that

C(uu ®W#,Vv ®Wv) — n.(uu,l/lv)8<W’u,Wv)

foralluy @wy € V(1) @Wy and uy @ wy € V(v) @ Wy,

Proof. (1) Let {W{L | j € Ju} be a basis of W, and let
M,NeM:={V(w)@w) |peQ, jely}.

Assume {¢; | k € K} is a basis for E. The 2-cocycle {(, ) induces an [F-linear trans-
formation §; : M @ N — TF, obtained from reading off the coefficient of e in {(m,n). It
follows from the 2-cocycle condition, §([x,m],n)+ ([m,n],x)+ ([n,x],m) =0, and the
assumption that {(g,L) = 0, that the map §; is a g-module homomorphism. But since M
and N are irreducible g-modules and Homy(M ® N,F) = Homy(M',N), §; # 0 implies
M' = N. Thus {(M,N) # 0 implies M" = N, as required.

(2) Fix wL €W, and wi, € Wy,. The mapping Uy @uy — G (uy ® wL,uv ®ij') determ-
ines a g-module homomorphism from V(i) @ V(v) to F. By Part (1) we can assume that
V(u) =2V (v) (otherwise the mapping & is zero). Then this mapping must be a multiple
of the form 7, i.e. G(uy @ wij,uy Qwl) = Mp.y®(uy,uy) for some nf , € F. Define
& : Wy x Wy, — TF by first setting 8k<wit7 wi) = nl’j’v and extending this bilinearly. Then

iy @ Wiy, ey @W}) = Ty )€y W)
for all WL e Wy, w,ﬁ eWyanduy € V(u), uy € V(v). As aresult,

C(up @w,uy@wh) = Y Geluy @wh,uy @ wl))ex
keK

= 70 (uy, ty) Z gk(WL»W{/)ek
kekK
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- n(“uvuv)g( vaé)

where &(w! Wy W wh) o= ek &(w “,wv)ek € E. Thus we getamap €:V(u)@V(v) - E
such that

C(u,u ® WL?”V ® W</) = E(MM,MV)S(W;J,W{/).

We extend the mapplngs to the whole space W x W by defining 8( wk) = 0 for all
V(u) 2V(v) and w” € Wy, wk € W,. We obtain an F-bilinear map taklng W xW toE,

as required. [

Theorem 5.1.6. Assume that L = L@ E is a central extension of the ®,-graded Lie al-
gebra L= (gRA)®(VRB)® - (N QE')® D determined by the 2-cocycle {(,):
LxL— Ewith {(g,L) =0. Then,

(1) V(i) and V(Vv) (u,v € OF) are orthogonal relative to {(,) whenever V(i) %
V(v) as g-modules;

(2) there exists a 2-cocycle € : b x b — [E on the algebra b with €Wy, Wy) =0
whenever V(i) 2V (v) such that

@ Cetodyted) —ue®)edr.d) (5.9
(b) ((s@e,s@cd) =tr(ss))e(e, )

(©) (A®er®d) =u(A)ele)

(d) bV eb) =uwW)e(bb)

(e) ¢d.(B.B")) =¢(dB,B’) +e(B,dB’) = —C((B,B).d),

forallx,ycgveV, VeV seS AeA s S, A eN andforallaf,a5 € AT, beB,
bVeB,ceC delC,ecE e cE, B, cbanddc D.

Proof. This is similar to [4, Proposition 5.33] and [4, Thereom 3.7]. Let W :=A$®C S
E®C' ®E'®B®B'. In Theorem 5.1.5, we show that there exists an F-bilinear map € an
F-bilinear map taking W x W to E and

(@) C(x®ay®ay) =tr(xy)e(ar,ar)

() C(s®c,s @) tr(ss")e(c,c’)

(c) (
)

a

(A®@e, M @e) =twr(AL)e(e,e)
Cveaby ®b) =tr(w")e(b,b)

c
(d
forallx,ycg,veV,vV eV seS,AcA s eSS, A €A andforall aj,a €A, bEB,

VeB,ceC,cdcC,ecE, e cE,B,B cbanddc D. Since (x* | x~) =0 forall x* €
g*, we can extend the mapping € to the algebrab=AT DA~ PCPEPC ®E' ®BDOB
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by defining £(a],a, ) = €(a;,af ) = 0and €(ai,a5) = €(ay,az) for all ay,as € A. Thus,
we obtain an F-bilinear map taking b x b to E.

It remains to show that €(, ) is a 2- cocycle of b and

£(d,(B,B")) =e(dB,B") +&(B,dB’) = —CL((B.B').d),

for all B,B’ € b and d € D. Applying the cocycle relation {([f,g],h) + {([g,h], f) +
&([h, f],8) = 0 and using the orthogonality of some of the components, we determine that
€(,) is a 2- cocycle of b. We illustrate these calculations by considering homogeneous
elements a,0n and o3 in a. Set

71 = E172 +81E2,1, 0 = E273 —|-€2E372 and z3 = E371 +83E173 where € = +1.

The sign of each &; can be chosen in such a way that z; ® o; belongs to the corresponding
homogeneous component of L. Note that tr(z;z;) = 0 for all i # j. Hence by Lemma

4.1.2, we have

[ai> aj]
2

oo QL
+[z,2;]® 12 L.

[Zi® 04,2, Q0] =707;®
Then from (5.1.2) with z; ® o1, 220 ® 0, 71 ® O3, we obtain

([z1,22] | z3)€(0 0 02, 03) + (z1 022 | 23)€([0U1, 2], O3)
+ (22, 23] | 22)€([o2, 3], 01) + (z2 0 23 | 22)€([02, 03], 11 )

+ ([z3,21] | 22)€(03 0 a1, ) + (23021 | 22)€([03, 1], 00) =0

Using the fact that (z | y) = %tr(zy), it is easy to verify that the form is associative relative

to the “o” product, (i.e. (zoy |z) = (z| yoz) holds for all x,y,z € gUSUS UAUA'), and
also relative to the commutator product. Thus,

([z1,22] | z3)(€(a10 02, 05) + (00 03, 011) +€(030 01, Op))

+(z1022 | z3) (e[, @], 03) + €([o, 3], ) + €([03, 0], 2)) = 0. (5.1.4)
Note that €663 = £1 and

[z1,22]23 = E11 — €188 E33.

(z1022)73 = E11 + €166 E33.
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If 16565 = 1, then

e([on,m),08) + ([, 03], 001) +€([a3,04],00) =0 (5.1.5)
and we have four cases: g =& =g =1, =land e =& =—1;,&6 =& = —1 and
e3=1;€ =& =—1and & = 1. In each of these cases e(aj o 0y, 03) = (o 03,01 ) =
g(azooy,0p) =0 (see Table 4.1.1), so

8(0{1 OOC2,0C3) +8(0620063,061) +8(O€3 0061,(12) =0 (5.1.6)

as well. Adding equations (5.1.5) and (5.1.6) gives the desired 2-cocycle condition.
If 6065 = —1 , then

glogoop,03)+e(moas, o) +e(azoar,an)=0 (5.1.7)
and we have fourcases: =& =& =—1;g=—landg=&=1;¢g=6& =1and & =
—1; & =& =1 and & = —1. In each of these cases ([, 0], a3) = €([, 3], 001) =

e([as, 01],00) =0 (see Table 4.1.1), so
e([ay, ], 08) +e([on, 3], 1) + (o, 0], 00) =0 (5.1.8)

as well. Adding equations (5.1.7) and (5.1.8) gives the desired 2-cocycle condition.
To prove (e), consider the 2-cocycle relation (5.1.2) for the elements x| ® o, x; ® ¢y,
d and use Lemma 4.1.2. ]

Proposition 5.1.7. (,) : b x b — D is a surjective 2-cocycle.

Proof. Linearity of the bracket of L lead to (,) is an F-bilinear map. Let o, 3,y and J be

homogeneous elements in b. From anti-commutativity of the bracket and the fact that

tr(xy) = tr(yx),

tr(w) = wr(Vu'),

for all n x n matrices x and y and v € V and v € V’, we deduce that (o, ) = — (B3, o) for
all a,B € b. It only remains to show that (, ) satisfies the Jacoby identity, which can be
proved by making various choices of 71 @ &, 2 ® 3, 3 QY €(gRA)U(VRB)U (V' ®
BYUS@C)U(S®@CYU(A®RE)U (A ®E’) and calculating the corresponding Jacoby
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identity. As illustration, consider « =a~ € A=, B =b' € B, y=5b € B. We get
z@a ,[V@b ,u@b|=[z0a V@b, uxb+ @b, |[z0a ,uxb].

Using (3.4.4) and Lemma 4.2.3 we get

z0 (uv/t v — 2tr(uv”)1) - [Z, W't vt — Ztr(uv”)l]
4 - ® [a ) [bvbl]A*]A* + 4 .
Y z_2tr(uv”)[
o a ooty e+ T )
4yt — ) 1 o1t
:_( uzw) +2u 5 1 )®[b,b'a]A——(u(Zu)2 Zuw) ®(bob'a )4+
2t t "y t_ 2u(z’)
_2o@) ) gy (Z”; ) ol
1t ()t 2tr( 2t
 (auy 2v (zu)")  (a-bob )y — 1(zuv )<a_b,b'>.

Then (b, b)-component of the Jacobi identity gives

() ((a, ”’2/]/* Vo (b, ba) + (b ,a b)) = 0.

Choosing u, V' and z such that tr(z(w) # 0 (for example u; = ey, u' = e, and z =

(Eip+Ex1)), we get (@, —54=)+ (b,b'a” )+ (b',a"b) =0. Since ((bob')4+,a”) =0,

we obtain (a—,bb’) + (b,b'a™ > (b';a=b) = 0. Thus, (,) is a 2-cocyclic map. In (4.2.5),
)-

we showed that D = (b, b). Therefore (,) is a surjective 2-cocycle as required. U

5.2 Classification of ©,-graded Lie algebras, n > 5

We define a centerless algebra .Z’(b) and show that it is ®,-graded with coordinate al-
gebra b. Instead of proving directly that .2 (b) satisfies the Jacoby identity (which is
quite lengthy), we construct an explicit example of a ®,-graded Lie algebra u such that
u modulo its center is isomorphic to .Z(b), see Example 5.2.3. It is also shown that any
®,-graded Lie algebra L with coordinate algebra b is a cover of the centerless Lie algebra
Z(b). We show that every ®,-graded Lie algebra L is uniquely determined (up to central
isogeny) by its coordinate algebra b and L is centrally isogenous to the ®,,-graded unitary
Lie algebra u of the hermitian form & = w1 — y on the a-module a" & % (Proposition
5.2.4 and Theorem 5.2.6).
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Definition 5.2.1. [2, 2.2] Let A be an associative algebra with involution 1. A map
& : X x X — Ais called a hermitian form over A if X is aright A-module and & : X x X — A

is a bi-additive map such that

fora € Aand x,y € X. If Y is an A-submodule of X, then
Yt = {xex | E(x,y) =0 for all ye¥'}

is also an A-submodule of X. The form & is said to be nondegenerate if X = 0.

Definition 5.2.2. [2, 4.1.1] Let A be an associative algebra with involution. Suppose that
& : X x X — A is a hermitian form over A. Let

U(X,E) = {T € Enda(X) | E(T(u),v) +E(u, T(v)) =0, Yu,v € X}

Then 4U(X, &) is a Lie subalgebra of End4 (X), and we say that $4(X, &) is the unitary Lie
algebra of &.

Example 5.2.3. Let a be any associative algebra with involution 7, identity element 17
and two orthogonal idempotents e and e, such that 17 = ¢; + e, and e; = 1(ey) and
let Z be any unital associative right a-module with a hermitian form ) with values in a.
Put Ny = I. Define B1., = x(B1,B) for all B1,5, € B&B'. Thenb=a®B®B is a
(non-associative) algebra with multiplication extending that on a. For every n > 5, we are
going to explicitly construct a ®,-graded Lie algebra with coordinate algebra b = a & 4.

We start with the Peirce decomposition
a=-e1ae| Dejae; Derae; Deraer.

Note that 11(ejae;) = epae; and both ejae; and epae; are N-invariant. Define

AT = sym(ejae; D eraer), A~ = skew(ejae; D eyaey), B= Bey, B = Be.

E = sym(ejaes), C =skew(ejaes), E' =sym(eraey), C' = skew(ezaey),

Thus, we have a = AT A~ PCPE PG C' ®E' and = BH B'. The right a-module %
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can be regarded as a left a-module by means of the action a.f = Bn(a) for @ € a and
B e

Since a is a right a-module under right multiplication, a” (n X 1 column vectors with
entries in a) is also a right a-module. Let w : a”* x a* — a be a non degenerate bilinear
form on a” defined by

w(ou,00) =n(ou) o

where o, 0p € a*. Let & : (0" & B) x (0" & A) — a" & A be a bilinear form on a” & A
defined by

E(a1 @ Br, 0@ B2) =w(ar, ) — x(B1,B2)

where B, B, € % and o, 0 € a". Then
U=UX,8) ={T € Endo(a" ®B) | S(T (u),v) + & (u,T(v)) =0, Vu,v € a" & %}

is a Lie subalgebra of End,(a” & %) under the commutator [T,7T'] = TT' —T'T, called
the unitary Lie algebra of the hermitian form & = w1 — x. We can identify End,(a" & %)

in a natural way with the algebra of 2 X 2 matrices:
Endq(a") Homgy(%#,a")
Homg(a", %)  Endy (%)

whose components have the following realizations:
M, (a) = Endy(a") via the map M — M(o — Ma).
(#*)" = Homgy (A, a") where 8 = Endy (%, a) via the map

A M B
A= [mAB—=| |
A A

(#")" =2 Homg(a", %) via the map
B'=|B - Bu|—Blarpa)

(0]

Elements of a” & % can be viewed as column vectors " |, where o, ,0, € aand
Oy

B
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B € % and elements of Endy(a” & %) can be regarded as matrices
A
n
[3] e B » N

where M € My(a), Bi,---,Bn € B, A1, , Ay € B* :=Homy(#,a) and N € Endy(£).
The action of Endy(a” + %) on a" & £ is by left multiplication, and composition in
End,(a" & Z) is matrix multiplication. The elements of M, (a) are linear combinations of

the elements E; ;o (1 <1, j <n), but the multiplication in M, (a) is given by
(Eijo)(E;s0) = 8 ,E; a0

We define y. :  — aby x.(c’) = x(c,c’) and for

A XA,
A=| t | e(@B) setyy=|
An A2,
MY (0] 12%) n
Let ¥ Euand(ﬁl>,<ﬁz>€a @ %. Then
. MY (04} (04) (04] MY (0%)
0=5l X N <ﬁ1>7<ﬁ2>)+§(<[31>7 X N ([32))

B Ma; +YB (0%) o Mo, +YpB,

_6(( Xoay +NB; )7( B2 >)+€(< B >7< Xy +Np; >)

w(Moy +YBr1,00) — x(Xay +NBy, Br) +w(a,Max +Y ) — x(B1, X + Nf)
n(Moy+Y 1) oo +n(on) (May+YBy) — x(Xou + NPy, B2) — x(B1,X 0 +NBs)

nMou) oo +nYBi) o +n(on) (Mop)+n(a) (YB)
—x(Xou,B2) = x(NB1,B2) — x(B1,X0) — x(B1,NB2).

We deduce that
(1) n(May) o + (o) (Man) = 0. We get, (M) +M = 0.
(2) X(NB1,B2) + x(B1,NB2) = 0.
G n¥Ypi) o= x (1. X0).
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@ (o) (YB2) —x(Xar,B2) =w(a,YBr) — x(Xou,B2) =0.

M
Fix X = [ N } andY = | : |. By (3), we have n(YB1) a2 = Bi(Xc2)
A
AP
where o € a” and B; € %. Hence 1 ( : )toczzﬁl([ o Y }ocz),so
AP

MBr - Aub } = [ nBiv) - nBim) } = [ B - wmb }

Therefore A;B1 = %1 = x(%,B1)- It follows from the nondegeneracy of w that for any
X € (#") = Homgy(a", AB), there is a unique Y € (£*)" = Hom, (A, a") satisfying (3).
Moreover, when X = ()" in (3), then ¥ = yg. With these convention, we have

=

where

2{ 7155 ] | M € My(a), (MM)'+M =0, B € ", N6ﬂ<x)}a

U(x) ={N € Enda(2) | x(NB.B') + x(B,NB) = 0 VB, B’ € #}

is the unitary Lie algebra of ). Recall that 17 = e| +e,. Put 1~ = e| —e,. Let

M 0
ﬁ:{( 0 O> |M € M, ®span{1*,1"} and (nM)H—M:O}

= { < A(;I 8 > \M€sym(Mn)®1@skew(Mn)®1+}.

By Lemma 4.3.4, the map n : M, ® a - M, ® a given by o(x®@ &¢) = ¥ @ n() is an
involution of the algebra M,, ® a = M, (a). We have

skew(M, ® a) = sym(M,) @ skew(a) @ skew(M,) @ sym(a)

where skew(a) = A~ @ C & C' and sym(a) = AT @ E & E’ with respect to 1. Note that
sym(M,) @ 1~ & skew(M,,) ® 17 is a Lie subalgebra of skew(M,, ® a) and it is isomorphic
to gl,. (The corresponding isomorphism ¢ : gl,, — g is given by

(x+x)® (61;62) Ox—x)® (6142r€2) 0

o) = . o
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Put

H®1™
Leth= ?; 0 where H is the set of diagonal matrices of s/,. Then b is a Cartan

subalgebra of g and 4 has the following weight spaces with respect to the adjoint action
of b:

ngi_g,:{_Ei’j®elael—(|)_Ej’i®ezaez 8] |a€a}, 1<idtj<n
u8i+£]{:Ei7j®(c+e)—0Ej7i®n(c+e) 0 |(c—{—e)€C—|—E}, L <ij<n
uelgj{:Ei7j®(c’+e’)OEj7i®n(c’+e’) g |(c’+e’)€C’—}—E'}, L<ij<n:
ug,:{_(w)?(@b Vb |v€V,beB},1§i§n;
u_gi:{_(vg)t()@b, Vé((g))b/ v eV, b’eB’},lgign;
" { - (Ei,i—Ei+(1),i+1)®a g] o= cA-, i:1,2,---,n—1}
oA] v wesm].

In general, the Lie algebra 4l is not ®,-graded since it may fail to satisfy Condition
(I"3) in Definition 3.0.1. To obtain a ®,-graded Lie algebra we need to pass to the subal-
gebra u of 4l generated by the weight spaces 1y corresponding to no zero weights @ € ©,,.

Then,
u= @ Lla @ Z [ua,ﬂfa] ’

ac®,\{0} a€0,\{0}

and u is a ®,-graded Lie algebra with grading subalgebra g. Note that
up = uNily and uy = Uy for a € O, \ {0}.

We call u the ©,,-graded unitary Lie algebra of & =w1 — .

Proposition 5.2.4. Let n > 5 and let a and A be as in Example 5.2.3. Let u be the ©,-
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graded unitary Lie algebra of the hermitian form & = w1 — ) on the a-module a" & 4.
Then u is ®,-graded with coordinate algebra b.

Proof. In Example 5.2.3 we showed that u is ®,-graded. It only remains to show that u
has coordinate algebra b = a & 2. Recall that

AT = sym(ejae) D eraes), A~ = skew(ejae; D eyaey), B= Bey, B = Be.

E = sym(ejaes), C =skew(ejaes), E' =sym(eraey), C' = skew(eyaey),

We adopt the notation of Example 5.2.3. In particular, i( is the unitary Lie algebra of the
form &, and u is the subalgebra of ${ generated by the weight spaces i, for @ € ®,, and
g = [9,9] where

g= { ( M0 ) ]MEsym(Mn)@)l@SkeW(Mn)@)ﬁ};

0 0
Mo 0
1" =e;+e; and 1~ = e] —e,. Identify M @ @ € M, ® a with ((g)> 0 (resp.
0 0 0
P € Endy(#) with and v® B with veop whereveVand B € #
0 P vepB 0

). As g-modules, gQA, VB, V' @B,S®C, S ®C', AQE and A’ ® E’ are generated
by highest weight vectors corresponding to non-zero weights. Hence, these modules are

contained in L. Then, with the above identifications, we have
u=(gRA)e(VeB)® (V' eB)®...®(NRE)® (DyNu)

I®A™ 0

where Dy =
0 U

is the centralizer of g in L. We have a standard Lie

bracket on u:
hroa,yopl=(x2a)(yop)-(op)xwa)=xyaf -y fa.

We claim that u has coordinate algebra b. Define [a, ] = oy — ap oty and o o 0 =
o0 + opay for oo € b. Note that for x,y € sl,, u,v eV, u',VvV e V', s€ S, A €A,
s' €S8, A" € A and for at,af a5 € A*, b,by,by € B,V b}, by €B,c€C,c €C,ecE,
¢ € E' and d,d,d> € D, we have
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ot o A o~ —
_ _ X7x, ®a,a, —x, x; Qa,a;, 0 _
[x1+®a1 ,x2+®az]: 12 b 0 2 2 0]:x1+°x2+®[a1aaz]fx—
a;oa, . _ | I®la;,a5 )]s~ O
it ) LI (o g | Tl e 0]_

Indeed, a; ,a, € ejae; @esaer, so[a;,a,],a; oa, € ejae; Gerae;. Since N([a; ,a,]) =
—lay,ay]and n(aj oa, ) =aj oa,,wehave [a; ,a,] €A~ and a] oa, € A*. Then

I N RN (.
X| Xy @aya, —xyx{ @a,a; = (x{x; —x, X ) ®

2
2 a, oa,
+ (x{ x5 +x5x] — Ztr(x;rx;)l)@)%—k(xf o) ay a5 |-
Similarly,
- - — — [a+7a+]A— _ (a+oa+)A+ (x |x )I®[a ,a‘f‘]
[x) ®a1+,x2 ®a;] =X 00Xy & 1 22 + x5 ® 1 22 ) . 1:4
a 7a+ a Oa+ _
[xr@a?,xr@ai’_]:xi’_oxl_®[ 1 2] ]A++[XT’X1]®( 1 21)A
Note that
I\t VAN 4 / no
[V®b’vl®bl]: V(V)®bb VIV ®RDb'b 0 _ v®[b’b]A
0 (V)tv, ® [b7 bI]A* 2
(bob')a+ v | @b, b4 0
+ V] @ —L 4 tr(v(v n
v 2 0y) 0 1®[b, b4~

Indeed, b € Bey and b’ € Bey, so [b,b'],bob’ € ejae; ®eyaey. Since n([b,b']) = —[b, D]
and n(bob') =bob', we have [b,b'] € A~ and bob’ € AT. Then

b,b'|4- 2
v(v/)z®bb/—vlvt®b/b: (v(v/)z—vlvt)®%+(\/(v/)t+vlvz——tr(vlvt)l)
n
bob' 1 b,b'|5-
®( © )A+—i——tr(vlvt)[ V)4

2 n 2



5.2 Classification of ®,-graded Lie algebras, n > 5

Similarly, one can show that

/
[s®c,s'®c']=sos'®%+[s,s’]® 5

2 0

Loed o] =iod e LM L1 g
’ N 2 ’ 2

(cocar , [ (s|sH® (e, O ] |
0

(e0ar [ A | M@ e €4 g ] |

0
bi,b byob
[u®@by,v@by] = (Wt+vut)®%+(uv’—vu’)®%,
b, b, ’ b/ b/ ,
W @b}V @bb] = (v +vu") @ % Y =V %
[ @a s@c=x"0os® « QC]C +[x*,s] ®%,
T +
[x7®a+,S®C] :xios®w+ [X,S]@%,
/ — ’ o
[s’@c”x‘f‘@a_] :S/<>x+® [C ,5; ]C +[S/,x+]® (C o;l )E ,
" at / +) .,
f'@da ®@a]=sox"® %4— s, x] ®%,
[ oa e =xtode LU 4 e (20
+ +
v @at A —x ode f%[f@]eg@,
M,®e, X+®a_] :7L’<>)[“®M+ M/ x+]® (e/oa_)c,
9 > , 5 :
Meedx @al=1ox ® [617?]0 + A xT]® (eIO?)E’,
/ /
[S®C,l/®el] :soﬂ,’(g%_F[ ,/l/]® (CO;)A—7
/ /
Y ed dod=sore M [y 1)p T
Since (x+)l =xT, Nna)=-a, (v®b)t(x+ ®a‘)l — vf(x+)t Qba~ = —(X+V®a_b)’,
then
0 + -b
Wr®aTvebl= | L rvea =x"v®a b.
(x"v)Y®a"b 0
Similarly,
0 (x+)tv’ ® ba
+ a = J— —
Veb x"wa )= [ (V) @ ba 0 = )V eba,
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[ @c,veb]= _ v’s’(?i)c’b SIV(}(Z))C% =sv®db,

AV ®e,veb] = - v’?t’(;bbe’ l’v?e’b =Av®eéb,
[s@c,V @b = - (v’)’s0® o SV/%Cb/ =sv' ®cb/,
AV @, veb] = - (v’)’f@b'e /lv’?e’b =M ®eb.

So the product on b determined by (3.4.4) (see Tables 4.1.1 and 4.2.1) is exactly the

given product on b, as required. [
Define Der,(b) := {d € Der(b) | dX C X forX =A",A",B,--- ,E’ }. Using Propos-
ition 4.2.8, we get D C Der,(b). Let o, B € b. Define Dy, g := (t, B). Set

Dy =span{Dq g | @, € b}.
Theorem 5.2.5. Let n > 5 and let a and A be as in Example 5.2.3. Define the algebra
L) :=(gRA)B(VEB)D & (AN QE") DDy

with multiplication as in (3.4.4) with D replaced by Dy and (., ) replaced by Dy p.
Then the following hold.

(1) Z(b) = u/Z(u) is a Lie algebra where Z(u) is the center of u.

(2) Z(b) is ®,-graded with coordinate algebra b.

(3) Every ©,-graded Lie algebra with coordinate algebra b is a cover of £ (b).

Proof. (1) Define f:u— Z(b) by

fx)=x, Vxe(gRA) @& & (NQE,
f({et,B)) =Dgp, Vo, B € b.

It is clear that f is a surjective map. Now we are going to show that f is a Lie algebra
homomorphism. We need to check that f([x,y]) = [f(x), f(y)] for all homogeneous x,y €
u. This is obvious if x € D or y ¢ D. If both x,y € D, we have

f([{ar, ), (B1,B2)]) = f((Day,a,B15 B2) + (B1, Doy e B2))
- DDocl ,a2B17B2 + Dﬁthxl ,oczﬁz
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- [DO‘I»OQ’Dﬁlﬁz]
= [f({a1, ), F({B1,B2))],

as required. The center Z(u) of u is equal to Ker f. Thus, £ (b) = u/Z(u) and so .Z(b)
is a Lie algebra.

(2) By construction, it is clear that Z(b) is ®,-graded with coordinate algebra b.

(3) As in the proof of (1), we can show that every ®,-graded Lie algebra with coordin-
ate algebra b is isomorphic to .Z(b) modulo its center. Thus, it is a cover of £(b). [

Next theorem completes the classification of ®,-graded Lie algebras up to central

extensions in the case when n > 7 or n = 5,6 and the conditions (1.2.1) hold.

Theorem 5.2.6 (Classification of ®,-graded Lie algebras, n > 5). A Lie algebra L is
(®y, g)-graded if and only if there exist an associative algebra a with involution 1, identity
element 1 and two orthogonal idempotents ey and ey such that 17 = e; +ep and e, =
N(e1), a unital associative right a-module 9B with a hermitian form ) with values in
a such that L is centrally isogenous to the (®,,g)-graded unitary Lie algebra u of the
hermitian form & = w1 — x on the right a-module a" ® B (see Example 5.2.3).

Proof. The “if” part follows from Proposition 5.2.4. To prove the “only if”’ suppose
that L is a @,-graded Lie algebra with grading subalgebra g. By Theorem 4.2.9 and
Proposition 4.3.2, L has coordinate algebra b = a+ % with a being associative containing
two orthogonal idempotents e; and e with the above properties. By Proposition 5.2.4,
the (®,,g)-graded unitary Lie algebra u has the same coordinate algebra. By Theorem
5.2.5,L/Z(L) = £ (b) 2 u/Z(u). It follows that L and u are centrally isogenous. O

5.3 The universal central extensions of ©,-graded Lie

algebras, n > 5

In this section we use the same method as in [3, 4] to compute the universal central
extension % of Z(b). We show that for every ®,-graded Lie algebra L there is a
subspace X of the center of ?(F) such that L is isomorphic to .Z(b,X) = ?(?)/X . This
finishes the classification of ®,-graded Lie algebras up to isomorphism.

Recall that Der,(b) := {d € Der(b) |dX C X for X =A",A",B,--- ,E' } and

Dy =span{Dqp | @, € b}
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where Dy, g := (o, 8) for &, € b ((,) is a surjective map from b® b to D, see (4.2.5)).
The centerless (®,, g)-graded Lie algebra .Z’(b) in Theorem 5.2.5 has Lie bracket defined
as follows. For all x*,x7,x5 € g5, uyveV,u',V eV, s€S, LA, s €S, M el
and for all ai,ali,azi €A, bb,byeB b b.b,eB,ceC,delC,ecE, e cFE,

d,o,op € Db,b,

uoby b = (' +vu — 2 g [b’bzl]f‘ + (5.3.1)
(" —Vu') ® (bol;/)A+ + 2tr(uv”)Db,b/ = eb,uxb),

¥t @y} @az) = oxf @ LIy iy W OB |,

v wat s @af] —xy ony @ MBI gy WO (g

by ®@ay,x; @af]=x{ ox; @ @+ ey vy ] ®@

[s@c,s ®c] = sos'®%+ [s,5'] ®% + (5|8 )De o =—[f @, s®],

A®e A @] :)LM’@%HA,M@%qL(A | A VD, =—[A @€ A®e]

[uRb1,v@by] = (W' +vi')® (b1, ba]e —I—(uvt—vu’)@@,

[ @b,V @b5] = (V' +V'u") ®%+ (uv" —v’u”)@%,

T ®a ,s®c] :x+0s®w+[x+,s]®@ = [s®c,xT®a ],

K ®at,s@c =x 0s® [“EC]Eﬂx‘,s]@W%)C = [s®c,x ®a'],

Kt @a ,A®e] :x+ol®M+[x+,l] ®@ =-A®ext®a,

- @at A0 =x oA® [“ze]cﬂx,?t]@@:—[l ®ex” ®at],

[ @d xT®a ] = s/<>x+®@+ [¢ x| ® (C/O;_)El =—Q"®a,s@c],

f@dx ®d]=5ox"® [C/";+]E +[s',x7]® (C/O‘;)O =—x ®a" s,

Ao xt®a ] = l'<>x+®@+ A, xT] ®@ =-Ph"ea , A @],

AV @ x @at]=1ox" ®[el++]cl+ A, x7] ®(e’oTa+)E/ =[x ®a",AM ®¢],
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/ /
[s®c,7t'®e']:sol'®@+[s,l/]®%:—[l/®el,s®c],
/
[f@cd,Axel =5 <>7L®[C ;]A +[s',l]®%:—[l®e,s’®c’],

X®a,u®bl=xu®ab=—-u®b,x®al,
[f@cd,u@b=suxcb=—uxb,s ],
AN@d uxbl=Auxeb=—-[ub A ],
W @b x®@a=xu @bla=—-[x@a,u @b,
Wb ,s®c]=su @b c=—[s@c,u @b,
Wb A@el=—A @be=—[A®e,u @0,
d,x®a] =x®@da=—[x®a,d],
[d,u®bl=u®db=—-[uxb,d,
[d,s®@c]|=s®dc=—[s®c,d],
[d,A®e]l =A®@de=—[A®e,d|,
[d,s' @] =s@dd =—[s®,d],
[d' @b =v ®db = —-[u' @V ,d],
[d A @e]=A®dd=—[A®d|,
[d, Do) = Dy, + Doy dery-

Proposition 5.3.1. [D;,D;| = DD, — DD forall Dy,D; € Dy p.

Proof. Let Dy, g, Dg, g, € Dpp. We need to show that

[Dal 7ﬁ1 7Da27ﬁ2] (6) = (Dal 7[31 Da27ﬁ2 - Da27ﬁ2Dal >ﬁl ) (5)7

for all 6 € b. To prove this, we need to make various choices of ay, B;, o, B> and &, use
Propositions 4.2.8, 4.2.7, 4.2.6 and associativity of a. As illustration, we demonstrate the
case when a, B1, 00, 32,0 € a. We have

[Dey g1+ Day ,)(8) = Dp,, 5 00.8,(8) + Doy p, 4 ,(6)

[[[on, Bi]a-, o], Ba]a-, 6] + [[, [[ar, Bi]a- B2]]a-, 6]
o, Bi]a-, 2], Bala- + [0, [[o1, Bi]a-, B2l]a-, O]
[[[o, Bi]a-, [, B2]a-], 6]
Ii ]
i ]

a1, Bila- ([0, Bala-, 6]] + [[[an, Bi]a-, 0], [z, B2]a-]
a1, Bila- ([0, Bala- 6]] — ([0, Ba]a- [0, Bi]a-, O]
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- Dal ﬁlDOtz-,ﬁz _DazﬁzDOtl B (3)7
as required. [
Lemma 5.3.2. Dy is an ideal in Der, (b).

Proof. This is similar to [4, Lemma 3.6]. In Proposition 4.2.8, we showed that Dy p X C X
for X =A", A~, B,--- ,E', so it is enough to prove that (1) Dyp C Der,(b) and (2)
(W, Dgy 0] = Doy, + Do,y for all &, € b and y € Der,(b). To prove this we
make various choices of o, 0,1, € aUZ and calculate the corresponding deriva-
tion actions by using Proposition 4.2.7. As an illustration, we consider the case when
ay, 0,p1,5 € a.

(1) Let © = Dg, g, € Dy p where By, € a. Using Proposition 4.2.7 and the associ-
ativity of a, we get

B(ay)on+ o (ar) = [[Br, Ba]a— cu]oa + o [[Br, Bala- 2]
([B1,B2]a-0n) o2 — et (02 [B1, Bo] a-)
[Br, B2]a-(102) — (0102) [B1, B2]4-
[

[B1,B2]a- 0102

Y ooy),

for all o, o € a, as required.

(2) Let y € Der,(b) and a;, o € a. Let § € b. We have two cases.

Case 1: 0 € a. Using Proposition 4.2.7, the associativity of a and Dy, yX C X for
X=A" A" ,B,--- ,E we get

(W, Dey.0,)(8) = WDay,,(8) — Doty e, ¥(9)
= y([[on, 0]a-, 6]) — [[on, o] a-, W(5)]
= y([a1, 00]s-6) — y(8[ar, 00]s-)
— a1, 00]4-.y(8) + y(8)[on, a4~
= y([on, 00]s-)6 + [0, 0]s-W(S) — w(6)[an, 0a]4-
=8y ([ou, oo]a-) — [a1, 00]4-.y(6) + y(d)[ar, 02]4-
= y([a1, 00]4-)6 — Sy (a1, 00]s-)
= [y([a1, 00]4-), 6]
= [(ya) e+ ou(yor) — (yar)ou — az(you), 6]
= [(yai)op — o (yar), 8]+ [ (yor) — (Yon) i, 6]
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= [[W(Xl ) OCZ]A*v 6] + [[alv ll/az]A* ’ 6]
= Dy, +DO€1:W052(6)~

Case 2: 6 € B®B'. Using Proposition 4.2.7, the associativity of a and Dy yX C X for
X=A",A",B,--- ,E' we get

(W, Dey.0,](8) = WDay 0, (8) — Doty ¥(6)
= y([lar, ]s-6) —[ou, 0a]4- y(5)
= y([a1, a]s-)6 + [an, 0a]a-W(8) — [ou, )4~ W(5)
= y(lar, 00]4-)0
=y()d —y(a)é
= ((you)o — o (you) + o (o) — (v o)) 6
= [wou, a]s-6 + a1, yan]s-6
=Dy .0, + Doy yo, ().

Then (1) and (2) hold, as required. L]

Lemmas 5.1.7 and 5.3.2 and Propositions 4.2.7 and 4.2.8 imply the following.

Proposition 5.3.3. (1) The space Dy of inner derivations is an ideal of Der,(b) and
Dpp(X)CX forX=A",A",B,---, E.

(2) The inner derivations satisfy

Dyg+Dp o =0,
Dopy+Dgya+Dyop =0,

forall a,B € b. Moreover, D,y =0ifx€X andy ¢ X' withX = B,C,E orx € A" and
yEA™.
Let I be the subspace of b ® b spanned by the elements

cRB+BRa, (5.3.2)
YaQB+ By a+af 7,
XQy

where o, € band x€ X and y ¢ X' with X =B,C,E orx€ A" and y € A~. In Pro-
positions 4.2.7 and 4.2.8 we showed that b is a Dy p-module, so b ® b is a Dy ,-module.
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Thus, the space [ is invariant under Dy p, and so {b, b} is a Dy ,-module under the induced
action:

DOC1,052' {ﬁlvﬁ2} = {Dal,azﬁlaﬁ2} + {BlvDOt,OQB2} .

Consider the quotient space {b,b} =b®b/I and set {a,f} = o @B +1in {b,b}.
Then the relations in (5.3.2) translate to say

{a,B}=—{B.a},
{vo,B}+{Br.o} +{aB,y}=0,
{x,y} =0.

The mapping b® b — Dy p, @ ® B+ Dg g has I in its kernel. We define the induced
mapping p : {b,b} — Dy by p({a,B}) = Dy g. We have the following.

Proposition 5.3.4. (1) The space {b,b} is a Lie algebra with the multiplication

[{ou,00},{B1,B2}] = {Day,a,B1, B2} +{B1,Deyy ey B2} »

forall oy, (Xz,ﬁl,ﬁz eb.
(2) The mapping p : {b,b} — Dy given by p({a,B}) = Dy g is a surjective Lie
algebra homomorphism.

Proof. This is similar to [3, 4.8-4.10] and [4, 5.24].

(1) This can be checked by making various choices of ay, 00,1, 2,71, € aUZA
and calculating the corresponding derivations by using Proposition 4.2.7. As illustration,
consider the case when o, o, B1, B2, 1,7 € a. Note that

o, 00}, r1{B1, B2} +r2{V, 2} = Doy oy -(r1 {B1, B2} + 2 {m, 2})
=Da,0,-"1{PB1, B2} +Day,c,-72{11, 2}
=[{a, ), r{Bi, B} +H{a, @}, {n, nll

This means that, the bracket is bilinear. Now we are going to show that {b, b} satisfies
the Jacoby identity.

{ou, 00}, [{Br, B}, {n, ] = [{Br1, B2}, [{on, 02}, {n, 12 }]]
=[{a1, 0} {Dp, p,11, %2} + {0, Dp, p,12}] -
[{ﬁl’BZ} > {D(xhazj/l,'}’Z} + {717Da1,a2y2}]
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={ai, o}, {n.Dp g2} + {00}, {Dp, 1112} —
{B1, B2} . {Day, et 12} = [{B1, B2} {71: Doy 0, 12}
= {Da .0, 71.Dp, p, 2} + {11, Dy, s D, p, 12} +
{Dal,azD/sl ,ﬁﬂl,}’z} + {Dli'l ,ﬁﬂl,Dal,aﬂ’z} — {Dﬁ,,ﬁzDahazYla'}’z} -
{Da,.0,11,Dp, p, 72} — {Dp, p,V1:Day.cu 2} — {1, Dp, p,Pevy.c 2}
= {Da.0,Dp, 11,2} — {Dp, p,Peovs.c. Vi: 2} +
{1,Dey.0sDp, p, 72} — {71:Dp, p,Pevy.c, V2 }

Doy, Dp, p, )71} + {N, [Day.cn- Dp, ) 12}

~{

= {DDal,azﬁlﬁz +D517Dal,agﬂzyl J YZ} + {% ’DﬁI:Dal,azﬁZ +DDa1,a25175272}

= {DDal,azﬁl,M + DB, Dy 0, M 72} + { Y1:DB, Do, 0,72 T Dy, ,azﬁl,ﬁﬂz}

= {Dnal,%m ﬁthYz} + {Dﬁl 7Da1,a2ﬁ2yl’y2} + {YlaDDal.azﬁl ﬁﬂz} + {VI»Dm,Dal,azﬁﬂz}
S

DDal,azﬁ.,/}lYl,Yz} + {'}’laDDahaQ[)’] 7;3272} + {D/s1 ,Dal,azﬁm,?/z} + {YI»DBI ,Dal,azﬁﬂz}
= [{Day,aB1, B2} AN 2} + {B1:Day . B2} . {11, 12}
= {Day,a,B1, B2} +{B1, Doy ar B2}, {11, 12}]
[{ar, 00} ,{B1,B2}],{n, .}

It follows that, {b, b} satisfies the Jacoby identity. It remains to prove that the multiplica-
tion [{ o, 00},{B1,B:}] is anti-commutative. We have

{ai, 00}, {Bi, B2} + [{B1, B2}, {ou, o2 }]

={Da.c.B1. B2} +{B1, Doy 0. B2} + {Dp, p, 01,00} + {0t1,Dp, g, 02 }

=Day,0,1 ® P2+ P1 @ Doy 0, B2 + D, g, 01 @ 02 + 011 @ D, g, 00 + 1

= [la1, 0], Bi] @ B2+ B1 @ [[on, e, Bo] + [[B1, B, 0] @ 0tz 4 ot @ [[Br, Bo], 2] +1
= [0 — oy, B1] @ B+ B1 @ [0 — 01, Bo] +

[BiB2— Ba2Bi,ou] @0+ 0 @ [Bi o — PP, o] +1

= o, 0] B1 @ Br — P[0, 00] @ Bo + B1 @ [a1, 2] B2 — B1 @ o[, 2]+

[Br, B2lou @ o — o [Br, Ba] @ g + o1 @ [Br, o] oy — a1t @ o [By, Bo] +1

= a1, ] @ B, ] + [Br, Bo] ® [an, 0] +1 = 1.

Thus, the space {b, b} becomes a Lie algebra under this product.

(2) It is clear that p is a surjective map. It remains to show that f is a Lie algebra
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homomorphism. Using Lemma 5.3.2, we get

p({ou, 2}, {B1,B2}]) = p({Day,nB1: B2} + {1, Dy, B2 })
= Dby, o, 1.8+ PB1.Dgy 0B

= [DO‘I:OCZ’Dﬁlﬁz]
= [p({an, 2}), p({B1, B2 })]-

Thus, p is a Lie algebra homomorphism, as required. [
Propositions 4.2.8 and 5.3.4 imply the following.

Proposition 5.3.5. b is a module for the Lie algebra {b,b} with action defined by {o.,B}.v =
p({e,B})y = Dgopv for {a,B} € {b,b}, v € b. This action stabilizes the subspaces
At A" B, E.

Definition 5.3.6. [4, 5.26] The full skew-dihedral homology group of b is

HF([J) =kerp = {Z{Oti,ﬁi} S {b,b} ‘ Z_Daiﬁi = 0} .

i
Theorem 5.3.7. Let n > 5 and let a and 9 be as in Example 5.2.3. Let

o —

L) :=(gRA)®---d(NQE)D{b,b}

be the algebra with multiplication defined by (5.3.1) with Dy y replaced by {b,b} and
Dg g replaced by {a, B}. Then (£ (b), f) where f: £(b) — £(b) is given by

f@) =x,Vx€(gA)® - & (AN RE),
f({avﬁ}> :D(X,B7 V{Ot,ﬁ} € {b7b}v

—

is the universal covering algebra of £ (b) and the center of £ (b) is HF(b).

Proof. This is similar to [3, Theorem 4.13] and [4, Theorem 5.34]. First, we are going to
show that /(?) with the above multiplication is a Lie algebra. It is clear that the bracket
is bilinear. It remains to check % satisfies the Jacobi identity. Observe that if at least
2 of the 3 factors are from (g®A) @ -- B (A’ @ E’), then the products behave as in .Z(b).
The only difference is that the {b,b}-component of the products involves expressions
such as {1, o } rather than Dy, ¢, . But when such a term acts on b, the action of the two

is the same. When all of them belong to {b, b}, by Proposition 5.3.4, the Jacobi identity
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hold. When exactly 2 of the 3 factors belongs to {b,b} then it is necessary to know that
products of the form [{c, a2}, {1, B2}] are represented as [Dg, a,,Dpg, ], but that is the
content of Proposition 5.3.4. As illustration, we consider {oa, o}, {1, B2} € {a,a} and
x@a€(gRA)DSRC)D (SC)D(ARE)® (A ®E'). Using Proposition 4.2.7 and
the associativity of a we get

[[{on, 00} {B1,B2}],x® @] = [{Day,,B1, B2} + {B1, Da,cr, fo } s x @ €
= [{{lon, @], Bi], B2} . x@ a] + [{ B1, [[on, 2], Bo]} . x @ ]
=x® ([[[lar, @], B1], Bo], o] + [[Br; [[ar, 2], Bo]] @]
=x®[[[on, o], [Bi1f]], o]
=x®@ ([[or, @], [[B1, ], o] + [[[e1, 2], @] [Br. B2]])
= [{ou, a2}, x@[[B1, Bo], o] + [x @ [[on, o], @], { B, B2 }]
=[{ai, 0}, [{B1, o}, x@a] + [{ou, o}, x@ ], {B1, B2 }]

e — —

Therefore . (b) with the above multiplication is a Lie algebra. By its construction .Z(b)
is graded by the same root system as .Z’(b) and it is perfect. In Lemma 5.3.4 we showed

that f is a surjective Lie algebra homomorphism and

ker f = {Z{O@,ﬁi} €{b,b} | ZDO‘iaﬁi = 0}-

Thus, (L, f) is a central extension of L. We have ker f C Z(L) and it easy to check that
Z(L) Cker f, so Z(L) = ker f = HF(b), as required.

To see that f % — Z(b) is universal, suppose that f: £ (b) — Z(b) is a central
extension of L/lBl Lemma 5.1.4, we can lift £ (b) to a subspace of /\(E) , which we

identify with .Z’(b), so that the corresponding 2-cocycle satisfies (g,-£ (b)) = 0. Then,
by Theorem 5.1.6, we may assume that the corresponding 2-cocycle is obtained from a

2-cocycle € of b as in (5.1.3). The 2-cocycle induces a mapping & : {b,b} — E with
{o,B} — €(a,B) € E . Thus, there is a homomorphism ¢ : £ (b) — £ (b) with

P(x®a)=x®a,Vx € (gRA)®---® (N QE"),
¢({a,B}) =Dgp+E(,B), V{a,pf} € {b,b}.

—

Hence .Z(b) is the universal covering algebra of .Z’(b), as required. O
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Consider the quotient space < b,b == {b,b} /X and set < o, >= {c,f} + X in
{b,b}/X. Let
ZL6,X)=(gQA) DD (AN QE)® <b,b > (5.3.3)

be the algebra with multiplication same as .#’(b) with D, g replaced by < o, 8 . Then

we have the following:

Theorem 5.3.8. (1) £(b,X) is a (®,,9)-graded Lie algebra with coordinate algebra b.
(2) Every ©,-graded Lie algebra with coordinate algebra b is isomorphic to £ (b,X)
for some subspace X of HF(b).

Proof. This proof is similar to the proof of [3, Theorem 4.20] and [4, Theorem 5.35].
We need to prove only (2). Denote L := #(b). Suppose that L is a (®,, g)-graded Lie
algebra with coordinate algebra b. By Theorem 5.2.5, L is a cover of L. Since L is
(®,,g)-graded with coordinate algebra b, by Lemma 5.1.4 we can lift L to a subspace of
L, which we identify with L, so that the corresponding 2-cocycle satisfies {(g,L) = 0. We
get L = LOE where E is the center of L. Let 7w : L — L be the canonical projection. Then
7 | g = id is a monomorphism which we can use to identify g with its image in L. By
Theorem 5.1.6, we may assume that the 2-cocycle § is gotten from a 2-cocycle € of b as
in (5.1.3). The 2-cocycle induces a mapping € : {b,b} — E with {o,f} — €(a,B) € E .
Thus, there is a homomorphism ¢ : L — L with

P(x®a) =x®a, Vx € (gRA)D--- B (AN RE'),
¢p({o,f}) =Dgp+E(a.B), V{a,pf} € {b,b}.

Then the homomorphism ¢ : L — L has the additional property that ¢ | g =id. Hence, if X
is the kernel of ¢, then ¢ induces an isomorphism v : Z(b,X) — Lsothat y | g=id. [

Using basic facts about central extension [49] we also have

—

Theorem 5.3.9. The natural map £ (b) — £ (b,X) is the universal cover of £ (b,X),
and hence Hy(£(b,X),F) = X.

5.4 Quasiclassical Lie algebras and ©,-graded Lie algeb-

ras

Let A be any associative algebra with identity 1 and let n > 2. We denote by M, (A) =

M, ® A the associative algebra of n X n matrices over A. The corresponding Lie algebra
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M, (A)() is denoted gl,(A) and has the following multiplication:
kooyop]=@xoa)yop)-(ep)hoa)=xyeaf -y pa.

One can check that its derived subalgebra sl,(A) := gl,(A)() is an A,_;-graded Lie al-
gebra with grading subalgebra sl,,(F) ® 1 (see for example, [43, Example 1.5] or [39,
5.1]). The following is well known.

Proposition 5.4.1. The following definitions of sl,,(A) are equivalent.

(1) sly(A) == gln(A)(l)'

(2) sly(A) = e,(A) where e,(A) is the ideal of gl,(A) generated by the elements aE; ;,
reAandi# j)(see [22]).

(3) sly(A) ={x € gl,(A) | trx € [A,A]} (see [44]).

(4) sl,(A) = KerT where T is a natural non-comutative trace map
n
T:gl(A)—AJAA], x— Y xjj]
=1

and [a] denotes the class of a in A/[A,A].

Proof. We will only show (1) < (2) (the other being obvious). Note that
sln(A) = gla(A)V) = (s1, ®A) & (I® [A,A])

(see for example [43, Example 1.5]). We claim that ¢,(A) = (sl, ®A) & (I ® [A,A]). We
have foralla € A, i # j and [a;,a;] € [A,A],

(Eii—Ejj)@a=[Ei;j©@a,E;;@1] € en(A) (5.4.1)
Ej®a=E®aE ;@1 €e,(A)a, k#1i,]
Eii®lai,a] = ([Eij®a1,Ej;@a] — [E;j®@ara, Ej; @ 1]) € e,(A)

Thus (s, ®A) ®1® [A,A] C e,(A). Since gl,(A)V) = (s, @A) ® (I ® [A,A]) (see [43,
Example 1.5]), we have gln(A)(l) C en(A). From Formulas (5.4.1) we see that ¢, (A) C
gl,(A) Y, as required. N

Definition 5.4.2. The Steinberg Lie algebra st,,(A) (n > 3) is defined to be the Lie algebra
over [ generated by the symbols X;;(r), 1 <i,j <n,i# j,r € A, where A is any F-algebra
with identity subject to the relations:

(1) X;j(ar+bs) = aX;j(r) + bX;j(s).
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(2) [Xij(r), Xk (A)] = Xy (rA) if i, j, k are distinct.

(3) [Xij(r),Xi(A)] =0if i # ¢ and j # k, for all a,b € k and for all r,s € A.

Lemma 5.4.3. [37] Let A be any associative algebra with identity and let n > 3. Let
v : st,(A) — sl,(A) be the Lie algebra epimorphism such that y(X;;(r)) = E; j(r). Then
(st,(A), v) is a central extension of sl,(A) and the kernel of y is isomorphic to HC(A),
the first cyclic homology group of A.

Theorem 5.4.4. [22] Let L be an A,_-graded Lie algebra with coordinate algebra A
where n > 4. Then

(1) st,(A) is an A, 1-graded Lie algebra with coordinate algebra A such that

s5ta(A) = st9(A) & X567 (A) where stQ(A) == ¥,2i[Xi;(A), X;i(A)] and st;’ (A) =
Xij(A).

(2) st,(A) is centrally closed.

(3) st,,(A) is the universal covering algebra of L and sl,(A).

Definition 5.4.5. [9] A Lie algebra L is said to be guasiclassical if there exists an associ-
ative algebra A with involution such that L 2 skew(A)(1).

Remark 5.4.6. Let A be an associative algebra and let L = AW Then L is quasiclassical.
Indeed it is easy to see that L = skew(ﬁ)(l) where A := A @ AP, the direct sum of two
ideals, with involution swapping the components.

Corollary 5.4.7. Let L be an A,_1-graded Lie algebra where n > 4. Then L is centrally

isogenous to a quasiclassical Lie algebra.

Proof. By Theorem 5.4.4(3), L is centrally isogenous to s/,(A). It remains to note that
sl,(A) is quasiclassical by Remark 5.4.6. O

Denote by E, the following set of integral weights of s/,:

E,=T((VeV)®?) ={0,+&+¢;,+2¢ |1 <i,j<n} CO,.

We are going to show (E,,sl,)-graded Lie algebras are centrally isogenous to quasi-

classical Lie algebras for n > 5.

x 0
0 —x

adjoint action of g on L. We have the following decomposition of the g-module L:

Example 5.4.8. Let L = sly, and g = | x € sl, p C L. We consider the

L=gogoSeoSaoAdAN D



5.4 Quasiclassical Lie algebras and ®,,-graded Lie algebras 99

t11, . ..
where D = : |11 € F ; is a trivial g-module and
0 —nl,
0
g’z{ g o ] |x€sl}%g%V(w1+wn1),
0+ ]
S = |xeM,(F)andx=x" } 2V(2a),
00
"0 0]
S/:{ 0 | x € M,,(F) and x = } V(Q2w,-1),
x
0 1]
A= o | x € M,(F) and x = — =V
00
"0 0]
A/:{ L0 | x € M,(F) and x = — }§ (w,—2),

as g-modules. Thus, L is (&,,g)-graded.

Define sym(M,,) := {x € M,, | X' = x}, symo(M,,) := {x € sl,, | x¥' = x} and skew(M,,) :=
{xeM, |x¥ =—x}.

Theorem 5.4.9. Let L be (Z,,sl,)-graded. Let a = AT @A~ ®CHE & C D E’' be the
coordinate algebra of L with involution 1 (as in Theorem 4.2.9 with B = B' = 0) and let
U=M,®a. Suppose n > T orn=15,6 and the conditions (1.2.1) hold. Then

(1) $ is an associative algebra with involution ¢ : x®@ a — X' @n(a);

(2) skew($0)V) = symo(M,,) @ skew(a) & skew(M,) @ sym(a) B1® (CHC DD where

D=Ix(A ,AT|a[AT,AT|&[C,C'1®E,E);

(3) skew($0)V) is (2, g)-graded with coordinate algebra a where g = sl,,;
(4) Z(a) is the universal covering algebra of both L and skew(0)"). In particular,

all these three algebras are centrally isogenous.

Proof. (1) This follows from Lemma 4.3.4.
(2) Let 4 = M,, ® a. Recall that $/(-) is a Lie algebra with multiplication:

ka,yeBl=x2a)(yoB)-(yeB)xoa)=xyeap —yx Ba.
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By Lemma 4.3.4,
skew (L) = sym(M,,) @ skew(a) & skew(M,) @ sym(a).
Denote
£ = symo(M,) @ skew(a) & skew(M,,) @ sym(a) 1@ (CHC DD

where
D=I2(A",A7]@[AT,AT]@[C,C|D|E,E).

We need to show that skew($()(1) = €. First we need to prove that skew(8l)(!) contains €.
Note that x® ¢ = [I® L, x®c], for all x € sym(M,) and ¢ € C, so

sym(M,) @ C C skew()(1).
Similarly, we prove that
sym(M,) @ (C®C'") ® skew(My) @ (E®E') C skew(s)V).
It remains to check
symo(My) @ A~ & skew(My,) @ AT & D C skew(L)D).
We have for all a* € A%, i+ jand (o,&’) € (A~,A")U(AT,AT)U(C,C'|U(E,E"),

Ejoat = [Ep@at E @1t € skew(W) V), k£, (5.42)
(Eii—E;j)®a = [Ej@a Ej;®17] € skew(tl)V),
Ei®a,a] = (Ej@oE;0d| - [EjodaEj;o1"]) e skewt)),

as required. Now we are going to show that skew()!) C £. Let x® o and y® B be
homogeneous elements in sym(M,) @ A~ & skew(M,) @ A™. If both x® a and y ® 8
belong to sym(M,) @ A~ or skew(M,) A" then

(o, B] oopf

ke yepl=xoy® ==+ )@ == +1®(x|y)a, Bl € £,

Otherwise, tr(xy) = 0 (as the product of a symmetric and a skew symmetric matrices has
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zero trace) and

o o
k@ a,y®p] =x0y®[;2m + Xy ® ;B €L
Thus,
(sym(M,) @ A~ & skew(M,,) @ A7)V C ¢
Similarly,

[sym(M,,) ® C & skew(M,)) @ E,sym(M,)) @ C' ® skew(M,) R E'] C £.
It is easy to check (using Table 4.1.1) that

[sym(M,)) @ A~ @ skew(M,,) AT sym(M,,) @ (C B C") © skew(M,) @ (E DE"))
C sym(M,) @ (C®C") @ skew(M,) @ (EDE') C £,

[sym(M,,) @ C & skew(M,,) @ E,sym(M,) @ C & skew(M,) Q E] = 0,

[sym(M,,) ® C' & skew(M,,) @ E',sym(M,) ® C' ® skew(M,,)  E'] = 0.

Thus, skew(u)(l) C £, as required.
(3) Denote § := sym(M,) ® 1~ & skew(M,) ® 17. We claim that § is a Lie subalgebra

of skew(4l) isomorphic to gl,. Indeed, since ¢; = ﬁ%l_ and e; = 1+51_ are orthogonal

idempotents in .« = AT @A~ (see Proposition 4.3.2) , it is easy to see that the following
map ¢ : gl, — g is a Lie algebra isomorphism:

_ (x;x)®(e1—e2)+(x_2xf)®(e1+e2)

=x®e+ () Re;.

Put g = §(V) = s1,. We wish to show that £ is (E,,9)-graded with coordinate algebra
a. Let h = H® 1~ where H is the set of diagonal matrices of s/,. Then b is a Cartan
subalgebra of g and £ has the following weight spaces with respect to the adjoint action
of b:

Sgi_gj = {Ei7j®6106€1 +Ej;®erttey | acal, 1 <i#j<m
Lete; = {Ei7j®(c—|—e)—Ej7,-®n(c+e) | (c+e) GCEBE},l <i,j<m
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Lo ={E;®(+e)—Ejjon(d+e)|(+e)eCHE} 1<i,j<n;
L=H®A)&D.

From the formulas (5.4.2), weseethat £o= Y [£4,L_¢]. Thus £is (E,, g)-graded.
aEEn\{O}
It is easy to check that a is the coordinate algebra of £ (this was also proved in more

general case, see Example 5.2.4 and Theorem 5.2.6).
(4) By Theorem 5.2.5, £ and skew()(!) are covers of .Z(b) and by Theorem 5.3.7
Z(b) is the universal covering algebra of both of them. O

Corollary 5.4.10. Let L be (E,,sl,)—graded. Suppose n > 7 or n = 5,6 and the condi-

tions (1.2.1) hold. Then L is centrally isogenous to a quasiclassical Lie algebra.
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