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Abstract

The aim of this thesis is to derive adaptive methods for discontinuous Galerkin
approximations for both elliptic and parabolic interface problems. The derivation
of adaptive method, is usually based on a posteriori error estimates. To this end,
we present a residual-type a posteriori error estimator for interior penalty discon-
tinuous Galerkin (dG) methods for an elliptic interface problem involving possibly
curved interfaces, with flux-balancing interface conditions, e.g., modelling mass
transfer of solutes through semi-permeable membranes. The method allows for
extremely general curved element shapes employed to resolve the interface geom-
etry exactly. Respective upper and lower bounds of the error in the respective
dG-energy norm with respect to the estimator are proven. The a posteriori error
bounds are subsequently used to prove a basic a priori convergence result. More-
over, a contraction property for a standard adaptive algorithm utilising these a
posteriori bounds, with a bulk refinement criterion is also shown, thereby proving
that the a posteriori bounds can lead to a convergent adaptive algorithm sub-
ject to some mesh restrictions. This work is also concerned with the derivation
of a new Lo (Lsg)-norm a posteriori error bound for the fully discrete adaptive
approximation for non-linear interface parabolic problems. More specifically, the
time discretization uses the backward Euler Galerkin method and the space dis-
cretization uses the interior penalty discontinuous Galerkin finite element method.
The key idea in our analysis is to adapt the elliptic reconstruction technique, in-
troduced by Makridakis and Nochetto [48], enabling us to use the a posteriori
error estimators derived for elliptic interface models and to obtain optimal order
in both Lo (L) and Lo (Ls) + Lo(H") norms. The effectiveness of all the error
estimators and the proposed algorithms is confirmed through a series of numerical

experiments.
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Chapter 1

Introduction

Interface conditions are used in the modelling of various engineering applications
stemming from physical, chemical, and biological phenomena, in particular, ones
involving multiple distinct materials with different diffusion, density, permeability
or conductivity properties. Such interface conditions are typically used to close
systems of partial differential equations (PDEs) posed on multi-compartment dis-
tinct material regions. As a result, these interface problems often produce solutions
having jump discontinuities of the state variable and/or of some of its derivatives
across the interface. In other words, their solutions may have higher regularity in
individual material regions than in the entire physical domain. The analytical reg-
ularity theory for interface problems is far less advanced than for respective stan-
dard (one-compartment) initial /boundary-value problems. Therefore, the reliable
and efficient numerical approximation of such problems is desirable. Furthermore,
such a development has the potential to be used to inform on the underlying local

analytical regularity properties, too.

A class of interface problems, which is still relatively unexplored, are problems with
flux-balancing interface conditions, resulting in discontinuities in the state variable
itself. This class of interface conditions model, among other things, the mass
transfer of solutes through semi-permeable membranes in a number of engineering
applications and biological processes; see, e.g., [19, 20| for more details on the
modelling. The design of practical high-order numerical methods for this class of
problems poses a number of challenges, most important being the discontinuity of
the solution across the interface, and the geometric approximation of the, possibly

curved, interface itself.
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In the context of finite element methods (FEMs), when the interface is a gen-
eral manifold of co-dimension one, the geometry cannot be described exactly by
the mesh, as even isoparametric elements can only exactly resolve interfaces with
polynomial level-sets. A number of methods to address this shortcoming have
been proposed over the years, such as the unfitted FEM [37], immersed interface
methods [45, 46, 54|, fictitious domain methods [10, 15, 16|, composite FEM [55],
cut-cell techniques [49, 57, 14, 36/, etc.

Many of the aforementioned works also provide a priori error analysis of the pro-
posed methods and/or goal-oriented error estimation techniques and the lack of
availability of rigorous a posteriori bounds may appear somewhat surprising at
first sight. Observing, however, that, upon interface approximation, the exact
solution is defined on a different domain to its finite element approximation, the
standard approach of proving a posteriori bounds, i.e., using PDE stability results
linking the error with the residual, becomes cumbersome. Few a posteriori bounds
for curved domains exist, focusing on the related (but simpler) problem of proving
a posteriori bounds for elliptic problems posed on (single-compartment) curved
domains |27, 4].

Moreover, the topic of a convergence analysis of adaptive algorithms for ellip-
tic problems is now relatively well understood for both conforming and non-
conforming methods, see, e.g., [52, 42, 25, 11, 39, 40, 53|; no results in the context

of elliptic interface problems exist.

To address the challenge of general curved interface geometry, in this work we
present a fitted interior-penalty discontinuous Galerkin (dG) method for an elliptic
interface problem involving elements with extremely general curved faces. This
fitted approach avoids some of the aforementioned challenges for crucially, proving
a posteriori error bounds, at the expense of extending standard approximation,
inverse, and conforming-nonconforming recovery estimates (in the spirit of the
seminal work [41]) to elements with curved faces, which are also derived. The latter
results may be of independent interest. The elliptic interface problem considered
here is posed on a multi-compartment domain with specific flux-balancing interface
conditions modelling mass transfer through semi-permeable membranes [17, 19,
20]. Such interface problems, yielding discontinuous solutions across the interface,
can be easily implemented within an existing dG code simply by modifying the

interior penalty dG numerical fluxes accordingly [35, 20, 21].
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Moreover, the extremely general element shapes allowed in the proposed method
are able to resolve very general interface geometries exactly, up to quadrature
errors. The optimal approximation of the finite element spaces and good con-
ditioning of the respective stiffness matrices are ensured by the use of physical
coordinate basis functions, as opposed to standard mapped ones from a reference
element; this idea was utilised in [9, 18], where efficient techniques for the assem-
bly step are presented. Furthermore, an alternative construction using parametric
maps of reference elements with extremely general reference element shapes is also
proposed. The latter may prove to be useful in the context of high-order finite

element spaces.

Of course, the “fitted” approach proposed below may appear cumbersome at first
sight particularly in view of spatial discretisation in the context of evolutionary
PDEs involving moving interfaces. This is, in fact, not necessarily the case as
the developments presented below appear to be generalisable, at least in principle,
to a cut-cell-type setting, whereby a mesh is not subordinate to the interface
location a priori. This is not done here, however, in the interest of simplicity of

the presentation of the key ideas.

The choice the interior penalty dG method for interface problems is motivated
by the following factors. First, due to the lack of any conformity requirements,
it is possible to choose the local element bases freely, which is important when
employing very general element shapes to ensure optimal approximation rates and
well-conditioned stiffness matrices; this idea was utilised in [18], where efficient
techniques for the assembly step where presented. Second, for interface problems
yielding discontinuous solutions across the interface, such as the one considered
below, the interface conditions can be easily implemented within an existing dG
code simply by modifying the interior penalty dG numerical fluxes accordingly
[35, 20, 21]

This thesis is also concerned with the development and analysis of numerical
methods for a class of parabolic interface problems, modelling the mass trans-
fer of solutes through semi-permeable membranes, closed by nonlinear interface
conditions. We tackle the challenge of deriving a posteriori error bound for such
problems by employing a nonstandard elliptic reconstruction. This is inspired by a
classical elliptic projection construction of Douglas and Dupont for the treatment
of nonlinear boundary conditions in the a priori error analysis setting [29]. A key

aspect of our analysis is the use of elliptic reconstruction technique, introduced by
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Makridakis and Nochetto [48, 44|, and extended to dG methods in [33]. Here, we
investigate adaptive algorithms for both elliptic and parabolic interface problems
with a focus on addressing some challenges to derive estimators error for nonlin-
earity and the geometric approximation of the interface itself. To do this, different

problems are presented below along with their respective challenges.

In Chapter 2, the model problems are introduced. The discontinuous Galerkin
method, along with the admissible curve element shape, are given. Semi and fully
discrete approximation scheme for nonlinear interface problem are shown. Some
necessary lemmas and theorems which will be used throughout this work are also
given. In Chapter 3, we present some necessary approximation, trace, inverse and
continuity recovery. These are a key part of the error analysis which we use to
derive a posterior error bounds in Chapter 4. Further, in Chapter 3, the coercivity
and contiounty are also proven. Chapter 4 is devoted to the proof of reliable and
efficient a posteriori error bounds in terms of the energy norm for the interior
penalty discontinuous Galerkin method. An important attribute of this method is
the use of physical coordinate basis functions, as opposed to standard mapped ones
from a reference element. We stress that the developments presented in Chapter
4 also apply to the special case of elliptic problems with non-essential boundary
conditions on a single non-polygonal /non-polyhedral domain. Using the derived a
posteriori bounds, we also give a basic priori convergence result for the proposed
method using the efficiency under minimal regularity assumptions, in the spirit
of the seminal work [34]. We do so since of regularity theory for elliptic interface
problems is far from being well developed. The theory presented is complemented

by a series of numerical experiments.

The aim of Chapter 5 is to study the convergence analysis for the presented adap-
tive algorithm. We prove a basic error contraction result of an adaptive discontin-
uous Galerkin method for an elliptic interface problem. The adaptive algorithm
is based on the residual-type a posteriori error estimator, with a bulk refinement
criterion. The results here are inspired and influenced by [42, 11] in the context of
elliptic problems. The derivation of the adaptive schemes to arrive to a contraction
result poses a number of challenges. First, the treatment of the interface condi-
tions. Second, the refinement of curved elements touching the interface boundary
so that their angles remain uniformly bounded. The latter will introduce some

mild mesh assumptions.

Chapter 6 deals with nonlinear parabolic interface problems. In particular, we
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derive new posteriori error estimator for backward Euler time-stepping method
combined with the spatial discontinuous Galerkin scheme from Chapter 4. The
main challenge in the construction of such an error estimator is having to deal
with a nonlinear error equation due to the interface modelling. This challenge
can be handled with an elliptic reconstruction inspired by a nonstandard elliptic
projection of Douglas and Dupont [29] for the treatment of nonlinear boundary

conditions.

To the best of our knowledge, an a posteriori error estimator for an interface
problem with linear conditions at the interface was only proven in [50]| for straight
interfaces. The main contribution of Chapter 6 is to provide an a posteriori error
estimator for the backward Euler in time and fitted interior-penalty discontinuous
Galerkin method in space applied to nonlinear interfaces problem. The presented
a posteriori error analysis in terms of Lo, (Lg)+ Lo(H') and L., (Lz)-norms appear
to be of optimal order. The derivation of the energy-norm bound is inspired
and influenced by [22, 23|. For linear parabolic problems, there are many error
estimators available in the literature |8, 26, 44, 47, 48, 6, 43]. Other posteriori
error estimates for linear and nonlinear parabolic problems in the literature include
[33, 59, 51, 2, 24, 58, 30, 56]. Numerical experiments are presented through an

implementation based on the deal.II finite element library |7].

Finally, in Chapter 7 we summarise the results of this work and discuss ways in
which this work could be extended.



Chapter 2

Interface problems and

Discontinuous Galerkin methods

2.1 Introduction

The objective of this chapter is to introduce the elliptic and parabolic inter-
face model problems, and the fitted interior-penalty discontinuous Galerkin (dG)

scheme for their discretisation.

The dG method employs elements with, possibly, curved faces, able to resolve the
interface geometry exactly. The method is closely related to the spatial discretiza-
tion for parabolic interface problems introduced in [20], with the latter assuming
exact interface resolution using standard (non-curved) simplicial or box-type ele-

ments only.

A key attribute of the proposed method is the use of physical frame basis functions,
i.e., the elemental bases consist of polynomials on the elements themselves, rather
than mapped polynomials through a mapping from a reference element. Crucially,
the lack of conformity of the dG method allows for such physical frame polynomial
basis functions to be used on very general element shapes. The implementation

challenges arising from this non-standard choice will be discussed below.

Before introducing the model problems and their dG discretisation, some useful
general definitions and basic inequalities that shall be used throughout this work

are also given here.
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2.1.1 Sobolev spaces

Let w CRY  d=1,2,3 be a bounded Lipschitz domain with boundary dw. The
norm of Ly(w) = H%(w), w C Q, will be denoted by || - ||,,, and is induced by the
standard Lo(w)-inner product, denoted by (-, -),; when w = €, we shall use the
abbreviations || - || = || - [|q and (-,-) = (-,-)a . For 1 <p < 400, we define the L,

norms by

1/p
||U||L,,(w) = (/ |U|de) for some 1 <p < +4o0,

V]|, (w) := esssup|v ()| for p=+oo.

Note that Ly (w) is a Hilbert space with an inner product given by (:,-),. For

a = (aq,ag, ..., aq) multi-index, the distributional derivative D*v is denoted by

olel

= (5] (65)] (%
0x{"0x5°...0xy,

Da

The Hilbertian Sobolev space of order s € N is defined by
H*(w) :={v € Ly(w) : D € Ly(w), 0 < |a| < s},

with associated norm

o]

1/2
H* () 12( > IID‘“UIIZ) :

0<||<s

and seminorm

|v

1/2
ww = ( SI0MIE)

la|=s
It is also possible to define Sobolev spaces of fractional order based on function
space interpolation, we refer to [1] for details. Whenever boundary values are used
in this thesis, they are to be understood in the sense of traces. The space H}, is

defined as
Hg = {ue H'(w) : ulr, =0},

where I'¢ C dw. If T'¢ = dw, then the space will be denoted by Hj(w). With
C* (w) we denote the space of all functions u for which D% is continuous for all

muliti-indices a with norm |a| < k. Further, we Let L,(0,7; X) be the Bohner
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space (where X is real Banach space equipped with norm ||.||y which consist of

all measurable functions v : [0,7] — X) defined by

T 1/17
ol 0z = / lol%dt | < 400, 1<p< oo,
0 (2.1)

||U||Loo(0,T;X) = esssup |[v(t)||x < +oo, p=+o0.

2.1.2 Useful inequalities

The purpose of this section is to introduce general results which will be utilized

throughout the rest of this work.
Theorem 2.1 (Young’s inequality). Let a,b € R, then for any e > 0, we have

b < a’e N b?

a —+ —.

-2 2e

Theorem 2.2 (Poincare—Friedrichs inequality). Let w be a connected open polyg-
onal/polyhedral domain in RY, d = 2,3. Then, for all u € H}(w), we have

lullss < ClIVulls.

Proof. See [12]. O

Theorem 2.3 (Trace inequality). Given z € H'(w), for and open Lipschitz do-
main w C R, d = 2,3 , the following bound holds

1211% < Ctrace (67 I215 + 0NV 2IIE), (2.2)

for all & positive and for some positive constant Cirace, independent of z, where

¥ C Ow of positive (d — 1)-dimensional Hausdorff measure.

Proof. See [1] for a proof. O
Lemma 2.4 (Gronwall’s inequilty). If a and b are non-negative constants and
t
0<u(t) <a+ b/ u(s)ds, V0O<t<T, (2.3)
0

then, we have
u(t) < ae’. (2.4)
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O It Qy

FIGURE 2.1: The Q is subdivided into two sub-domains ; and 9 by the
interface T = Q\(Q; U Q).

Proof. See [38]. O

2.2 A fitted dG method for interface problems

We shall consider two model problems: a linear interface problem for the Poisson
equation and a nonlinear interface parabolic problem. The former will be used
to introduce the basic idea of the fitted approach for the discretisation of the
space variables. This framework is then applied to the latter problem, starting
with the semi-discrete approximation using the fitted dG in space approximation
and finishing with the fully discrete backward Euler in time fitted dG in space

approximation.

2.2.1 Elliptic model problem

Let © be a bounded open polygonal /polyhedral domain with Lipschitz boundary
00 in R, d = 2,3. Q is split into two sub-domains Q; and )y, such that Q =
QU Qy UTY ) with T := (921 N 92) \OQ being also Lipschitz continuous with

bounded curvature; see Figure 2.1 for an illustration.

We consider the model problem:

_Au:f7 n QlLJQQ,
u =0, on 0f),
_ (2.5)
n' - Vu, = Cp(uy —uy)|g, on QNI

n2 : VUQ = C’tr(ul - U2)|Q2 on QQ N ]_—mn,

with u; = ulg,, i = 1,2, Cy, > 0 a given interface transmission (e.g., permeability)

constant and n’, i = 1,2 denoting the respective outward unit normal vectors.
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This is a simplified model for mass transfer of a solute through a semi-permeable
membrane through osmosis, but it is rich enough in highlighting the aforemen-
tioned challenges posed for the numerical analysis of this class of problems. Also,
we set H' := H'(Q; UQy), and

Hy = {veH :v=0o0n 0N}

Upon integrating by parts on each sub-domain and applying the interface condi-

tion, we arrive to (2.5) in weak form, which reads: find u € H} such that

D (u,v) = /Q B Vu - Vudzr + /1“” Cy[u] - [v]ds = /vadx, (2.6)

for all v € H}, where [u] := v1|gn' + vo|xn? is the jump across the interface.

We shall now introduce the fitted interior penalty discontinuous Galerkin (dG)

finite element method for the discretization of the elliptic interface problem (2.6).

2.2.2 The Mesh

Let T = {K} be a locally quasi-uniform subdivision of €2, possibly containing
regular hanging nodes, with K a generic, possibly curved, simplicial, box-type,
or prismatic element of diameter hgx. More specifically, we shall assume that
the mesh consists of triangular or quadrilateral elements when d = 2, and of
tetrahedral or prismatic elements with triangular bases when d = 3. We stress that
the prismatic elements considered here are not assumed to have parallel bases, in
general. The mesh skeleton I' := Ug 70K is subdivided into three disjoint subsets
[ =0QUI™UT" where I := T\ (9Q U T™).

For simplicity of the presentation, we shall assume that elements with curved faces
will be employed only to resolve the interface geometry, i.e., only elements K € T
such that 0K N T = () are curved, see Figure 2.2 for an illustration. This is
also realistic from a practical perspective, as the global use of curved elements is
more computationally demanding (with no immediate advantage) during assembly.
Nevertheless, the theory below can be easily modified to cover the case of curved

elements away from the interface, if so desired.
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V9

Ky

Xy

FIGURE 2.2: Curved elements K; and Ky (solid lines/curves) from either side
of the interface I'"", resolving the geometry of I'*".

2.2.3 Finite element space

We define the discontinuous finite element space S}, subortinate to the mesh

T ={K}, by
SP = S'(T) = {v € L2(Q) : v|x € P,(K), K € T}, (2.7)

where P,(K') denotes the space of polynomials of total degree p on an element K.

For each element face £ C I'™ U T, there are two elements K; and K, such
that £ C 0K, N 0K,. The outward unit normal vectors on E of 0K; and 0K,
are denoted by ng, and ng,, respectively. For a function v : 2 — R that may
be discontinuous across I', we set v; = v|k,, and we define the jump [v] and the

average {v} of v across FE by

1
[v] = vl 0k, +v|k,ng,, {v}= B (|, +v|K,) - (2.8)

Similarly, for a vector valued function w, piecewise smooth on 7" with w; = w|,,

we define
1
HW]] - WlKl ‘Ng, + W|K2 "Ry, {W} = 5 (W‘Kl + W|K2) .

When E C 052, we set {v} = v, [v] = vn and [w] = w - n with n denoting the

outward unit normal to the boundary 0.

We introduce the meshsize function h : @ — R, where h|x = hg, K € T and
h = {h} on each (d — 1)-dimensional open face £ C I". We also define hyay =
max,coh and hyy, = mingegh. Without loss of generality, we shall assume
that A remains uniformly bounded throughout this work, thus, avoiding having

estimation constants dependent on max{1, Amax}-
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2.2.4 dG method for the elliptic problem

To arrive the interior penalty discontinuous Galerkin method, we multiply (2.5)

by a test function v € S} + H} and, integrate over each subdomain, we have.

- /Q (Au) vdx = /Q fuds. (2.9)

Next, we decompose the integrals into element contributions and integrate by

/ Vu- Vods = > (- Vi, v)ox = Z/ fudx. (2.10)

KeT KeT KeT

parts:

The next step is to split the face integrals:

Z (n-Vu,v)or = Z ((n -Vu,v)ox, nE + (- Vu, v>aK2ﬂE>

KeT Eer\Itr

-+ Z (n Vu’lJanmE-i-(n Vu, U>8QgﬂE )
Eertr

(2.11)

where K1, Ky € T, for E € 0K, N 0Kj,, n is the a corresponding unit normal on
E (exterior to K3). We can see that

> (i Vaohoms + - Vs hoew) = [ (Va) - [olds

Eer\rtr ne (2.12)
+/ [Vu] - {v}ds.
Fint\l"tr
Applying the interface condition, gives
3 <<n Y, v)a0, n 8 + (0, mmm,;) = [ ] [v]lds.  (2.13)
Bertr e

Collecting all these results together, we obtain

K;r / Vu - Vodx — /F \FtT{Vu}-[[v]]dS— / [Vu] - {o}ds

Flnt\r‘tr (2‘14)

+ Cir[u] - [v]ds = /vadx.

Ttr

Assuming that the fluxes Vu are continuous almost everywhere in {2, we obtain

/ [Vu] - {v}ds =0 VYue H%+E(Ql UQy) fore>0.
Fint\r‘tr
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Also [u] = 0. We obtain, for all u,v € H2%(Q, UQy), >0,

Z Vu-Vvds—/

i rre

+ /F Cul] - [olds = /Q Fudx.

The above suggest the following interior penalty discontinuous Galerkin method :
find uy, € S¥ such that

(Vu}-[e]+ (Vo - [ ds+ [ 320l [ols

\l"tr

Dy (up,v) = (f,vn), for all v, € SY, (2.15)
where

Dy (up,vp) = Z Vuy, - Vupde — / ({Vup} - [on] +{Vup} - [un])ds

ier /K nr
+/ %[[Uh]] . [[vh]]ds +/ Ctr [[Uh]] . [[vh]]ds;
I‘\Ft'r Ft'r
(2.16)

here 7o > 0 is the discontinuity-penalization function (to be defined precisely in the
next Chapters,) and Cj, > 0 is the permeability coefficient. We note carefully that
there is no discontinuity penalization on the interface. As we shall see below, the
penalty parameter has to be chosen large enough in order to ensure the stability

of the discontinuous Galerkin discretization; cf., also, e.g., [20].

2.2.5 Parabolic model problem

We consider a parabolic interface model problem, modelling the mass transfer of
solutes through semi-permeable membranes, closed by nonlinear interface condi-
tions. To begin with, we define the permeability p : R?® — R™ as a function of

the traces of u from both sides of the interface, with P(u) = p(u1,us), we have

uy — Au = f, in QUQUI0,T],
u =0, on 012,
u(0,z) = up(x), on {0} x Q, (2.17)
n' - Vu;, = P(u)(uy — uy)|a, on NI,
n? - Vuy, = P(u)(u; — ug)lq, on QNI
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where u; = u|g,qrer, ¢ = 1,2, and n’, i = 1,2 denoting the respective outward unit
normal vectors. Let p : R?*® — R" denote the function describing the diffusive

flux across the interface I''", that is
ﬁ(.ﬁlﬁl, 1'2) = P(.ﬁlﬁl, .1'2)(33'1 — 372) Vxl, To € Rzn, (218)

and assume that € C»'(R?") and that its Jacobian § is bounded. Upon integrat-
ing by parts on each sub-domain and applying the interface condition, we arrive
to (2.17) in weak form, which reads: find u € Ly(0,T, H) NH(0, T, La( Uy))
such that, for almost every ¢ € (0,77, we have

/ %vdx + D (t;u,v) + M (u,v) = / fudz, (2.19)
o Ot Q
for all v € Hj. Here,

D (tu,0) = /Q VuVeds, M) = [ Pl Plas (220

Ttr

In the remaining of the chapter we present the semi-discrete and fully-discrete

formulations of the model problem (2.17).

2.2.6 Semi-discrete formulation

We consider the semi-discrete interior penalty discontinuous Galerkin method for
(2.17) as Dy, : S? x S? — R of the bilinear form D, given by

a ~
<%’Uh> + Du(t; up, vn) + M(up, vn) = (f, vn), for all v, € 5, (2:21)

where

Dy (t; up, vp) = Z /K Vuy, - Vopde — /F {Vup} - [on] + {Vur} - [un])ds

KeT e
Yo
—l—/ E[[uh]] - [on]ds;
F\Ftr

(2.22)

where the dependence on time has been made explicit in D, and M as in (2.20).
Note that D, differs from D), defined in (2.16), in that it does not include the

interface term.
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2.2.7 Fully discrete formulation

We consider a fully discrete scheme consisting of the fitted interior penalty discon-
tinuous Galerkin method in space, together with backward Euler Galerkin time-
stepping. To this end, we will discretise the time interval [0, 7] into subintervals
(th_1,tn), n =1,..., N with t° = 0 and ¢t = T, and we denote by k" = t, —t,,_;
the local time step. We associate to each time-step ¢y a spatial mesh 7™ and the
respective finite element space S™ := S(7™). The fully discrete scheme is defined
as follows. Set u} to be a projection of 1y onto some space S° subordinate to a
mesh 7 employed for the discretisation of the initial condition. For k =1,...,n,

find up € S™ such that

n n—1

<T7 V") + Dy (up,v") + M (up,v") = (f",0") Yo" e S, (2.23)

where Dj(-,-) = Dp(t,,-,-) denotes the dG bilinear form defined on the mesh 7.



Chapter 3

Approximation and recovery on

curved elements

3.1 Introduction

This chapter aims to present some useful approximation, trace, inverse estimates
and recovery operator, which will be used in the derivation of the a posteriori error

bound below. The coercivity and continuity of the bilinear form are also proven.

3.2 Mesh assumptions

We make some further assumptions on the admissible meshes near the (curved)
interface. We assume that no interior point of an element K € T (which we
recall is an open set) can have a non-trivial intersection with the interface I'*".
Moreover, for simplicity (and with no essential loss of generality,) we assume that
the set 0K NT' # () is one whole face of K, or one vertex of K only. Hence, when
d = 3, we shall only consider (possibly curved) tetrahedral or prismatic elements
with triangular bases K € T such that 0K NI # (), so that a unique cut plane
passes through the 3 vertices of K lying on I'"". Elsewhere in the mesh, box-type
elements when d = 3 are also allowed. Moreover, we assume that the mesh is

constructed in such a way that each element K is a Lipschitz domain.

Assumption 3.1. For all elements K € T, we assume that:

16
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Ftr

FIGURE 3.1: Elements K € T are assumed to satisfy Assumption 3.1 a) (left)
and b) (right)

a) (star-shapedness) each element K € T having the face E C I'"", is star-
shaped with respect to all vertices opposite this face E; note that we have one
such vertex when K is simplicial, or more than one such vertices when K is
box-type or prismatic. Furthermore, we assume that each element K € T
is also star-shaped with respect to all the midpoints of the edges sharing a
common vertex with the face E C I'" and are not (edges of) E C I''" itself;

we refer to Figure 3.1 for an illustration for d = 2.

b) (shape-regularity) we have m(x)-n(x) > ¢/m(x)| uniformly across the mesh,
for every vector m(x) = x — xg, with x € E and xq any vertex opposite
E € T, and n(x) the respective unit outward normal vector to E at x.

Moreover, we assume that |m(x)| ~ hx uniformly.

Note that Assumption 3.1 b) is trivially satisfied by shape-regular elements K
with straight faces. It is a natural condition in view of proving trace estimates, cf.
Lemma 3.3 below (see also |3, Theorem 3.10| and [31, Section 3| for illuminating
expositions). Assumption 3.1 a) can always be fulfilled on sufficiently fine meshes,

given that the curvature of I''" is bounded.

We denote the set of, possibly curved, interface elements by
T":={K €T : measg_1(0K NT") > 0};

with meas, (w) denoting the r-dimensional Hausdorff measure of a set w C RY; see
Figure 2.2 for an illustration of such elements. Note that elements having just one

vertex on I'"" do not belong to 7.

Definition 3.2. For each K € T'", we define the simplicial or box-type related
element K to be the element with straight /planar faces having the same vertices
as K. Let also K C K be the largest sub-element with straight /planar faces and

all faces parallel to the faces of the related element K.
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R

Ptr

FIGURE 3.2: A three-dimensional curved element K € T'" (enclosed by the

solid lines and curve), its related elements K having the same vertices as K

and straight faces (two same faces and the third depicted by a dashed line,)

and K (having two same faces and the third depicted by a dashed-dotted line.)

Although it does not belong to I''", the face E (enclosed by the solid lines and

curve,) has a curved edge while the related face E (two same faces and the third
depicted by a dashed line,) is a straight triangle.

For two adjacent elements K, K’ € T' sharing a common face £ € '™ U T we
shall denote by E := 0K NOK’ the related common face of the two (also adjacent)

related simplicial or prismatic elements K, K.

Notice that in general, K # K when 0K NT" is curved; see Figure 3.2 for an

illustration.

Next, we define
It .={Eel™.E+ L},

i.e., the subset of I containing all the faces E € I'™ with different related faces

E; see again Figure 3.2 for an illustration. Notice that F # E is possible only
when d = 3.

The above star-shapedness assumptions effectively imply that the angles between
the faces E C T and those faces in T cannot be arbitrarily small and that the
Jacobian of the function parametrising £ C I'"" on a local coordinate system, as
defined above, cannot be very large. Satisfying these assumptions may require a

small number of refinements of the elements K € T of a given initial mesh.

3.3 Approximation, trace, and inverse estimates

For the proof of upper and lower a posteriori error bounds, we shall require ap-
proximation, trace, and inverse estimates for the elements with curved boundaries
K € T', with uniform constants, i.e., constants that are independent of the par-

ticular shape of K. We begin by extending the standard trace estimate (2.2) to
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elements with curved faces in which the constant independent of the shape and

size of K and of v.

Lemma 3.3. Let v € HY(K) and K € T". Then, under the above assumptions

on the mesh, we have
[vlloxcare < C (hig vll% + ke[ Voll%) | (3.1)

with C' > 0, independent of the shape and size of K and of v.

Proof. Since K € T' is star-shaped with respect to any given vertex vg, opposite
the face E,, = 0K NI, let m(s) be the vector pointing from the vertex vg,, to
all points s € K, thereby defining m : K — R?, cf. Figure 3.1 (right). Without
loss of generality, we assume that K € T is simplicial. Indeed, if K € T is
prismatic, let Ky C K to be the (curved) simplex defined by vg, and E,. and

follow the argument presented below for K instead.

Defining the vector field F' = mv?, the divergence theorem implies

/ (m-n)des:/ F-nds:/V-Fdx:/(v-m)Ude+2/vVv-mdx,
Etr oK K K K

noting that m(s) - n(s) = 0 for all s € 0K\ E4,., which, in turn, yields
min [m - nl|[v]g, < dlfvllx + hucllolle | Vol (3:2)

noting that |V -ml||,_(x) = d and || jm|||._(x) < hx. The result already follows
by Assumption 3.1 b). O

Next, let Ty : L?(Q2) — SP denote the orthogonal L?-projection operator onto the

element-wise constant functions, given by
yv| g := |K]1/ vdz, for K € T,
K
with | - | = meas,y(-) denoting the volume. We have the following approximation
result.

Lemma 3.4. Given the assumptions on the mesh, for eachv € HY(K), K € T,

we have the bounds

H’U — HOUHK S OhKHVUHK; (33)
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and

v = Hovllox < CvVhi|[Vv|k, (3.4)

with C' > 0 constant independent of the shape of K € T, on v and on hg.

Proof. Due to the general, possibly curved, shape of the elements K € T, a
simple application of a standard Bramble-Hilbert type result (cf., e.g., [13]) and
scaling is not sufficient to provide uniform constant C' with respect to the shape
of K. Instead, we work as follows. For K € T\T", the results are well-known.
For K € T', the Friedrichs-type inequality proven in [61, Theorem 3.2], with
explicit constant with respect to the domain, along with shape-regularity, yields
(3.3). The bound (3.4) follows by combining (3.1) with (3.3). O

For each K € T', we shall require special sub-simplices contained in K, with

certain properties, having, in particular, straight /planar faces.

Lemma 3.5. Let K € T, For eachv € Py(K), there exists a simplex K,(v) C K
with straight/planar faces such that

K| < Gl (0)] - with |ol| ) = [[oll e, 0

where the positive constant C, is independent of v, hg, and p, but depends, how-

ever, on the shape-reqularity constant of K.

Proof. Let K € T and fix v € P(K). Define xx¢ € K to be a point where the

maximum of v in K is attained, viz.,

[Vll oo ) = Jo(x5)]

To prove the result, it is sufficient to show that there exists a simplex K,(v) C K
with straight /planar faces containing x; € K such that | K| < C,|K,(v)|. Recalling
Definition 3.2, we observe that, for K, we have |K| ~ | K| from shape-regularity.
If x € K, then we can take K, (v) := K. If xx € K\ K, the star-shapedness of K
with respect to the midpoints of the faces (when d = 2) or the edges (when d = 3)
allows for the construction of a simplex K, (v) with faces (when d = 2) or edges
(when d = 3) defined by the line-segments connecting xx with these midpoints.
Given that the distance between xx and these midpoints equivalent to hg /2, the
result follows. Since we have established that exists at least one K}, (v) per element,

we may define K,(v) as the one with the maximum area, to minimize the constant
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FIGURE 3.3: A curved element K € T'" (enclosed by the solid lines and curve,)

its related element K having the same vertices as K and straight faces (two

same faces and the third depicted by a dashed line,) K (having two same faces

and the third depicted by a dashed-dotted line,) and K, (v) for some v € Pp(K)

(enclosed by the solid lines with endpoints denoted by *.) Here, xx is the point
where the maximum of v in K is attained.

C,. Notice that C, can be taken independent of the polynomial v, as the area of

K, (v) is always bounded from below by a multiple of 2% and K is compact. [J

We refer to Figure 3.3 for an illustration of the elements K, K, K, and K, (v), for
some v € P,(K). Notice that we have K = K = K = K,(v), for all v € P,(K),
when the face E C T of a K € T is not curved.

The above result is required to show the following crucial inverse-type estimates
between L2-norms of polynomials on curved elements K € 7' and their related

elements K.
Lemma 3.6. Let K € T and assume that the related element K is such that
CinvaPZd‘K\K’ < ‘K‘> (35)

with ¢y > 0 the constant of the inverse estimate ||v < Cinop™ K| 0%,

for all v € P,(K). Then, the following estimate holds

2
“Loo(f()

Il < Bino B 101 5

where 0;n,(K) == |K|/ (| K| — cmvC’prd|K\K]).

Proof. Let v € P,(K). We have, respectively,
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Il = vll%ng + Il

< lolfeng + K] v

HL (K\K)

< vl enie + K91 1,00

<NVl enz + Conod™ 15 ()| THEN\K 0], )
< ol z + CmnCop™ | K EAK[[v]1 %,

i

as K,(v) C K, using Lemma 3.5; the result follows. O

Lemma 3.7. Let K € T and let K C K and K as in Definition 3.2 be such that
Cinvp2d|l~(\£’ < |K|7 (36)

for ¢iny > 0 as in Lemma 3.6. Then, for each v € P,(K), the following estimate
holds

I7

[0]% < Do (F)[|0]| 5

where Ny, (K) 1= ]l~(|/(ll~(| - cmvpgd\f(\KD.
Proof. Let v € Py(K). We have, respectively

1ol = Ivlli + ol < Iolli + IEAENIT g

< ol + EN\E 0l _ ) < Nollk + conop™ K] HE\K ][0l %

which implies the result. O
Notice that, when K € T is convex, we have K = K and, thus, 7,,(K) = 1.
Also, when K € T is not curved, we have K = K = K and, therefore, Oinw(K) =

1 = i (K).

Remark 3.8. It is possible to extend the applicability of the above estimates by
replacing p?¢ by p? in (3.6) at the expense of a, more involved to estimate, constant
Cinv- We refer to [32, Lemma 3.7] for a similar construction. This remark also

applies to (3.5) for the case where K}, (v) and K have parallel faces.

Remark 3.9. A close inspection of the proof of Lemma 3.5 reveals that the shape-
regularity assumption of K can be relaxed to requiring that there exists a, uniform
across the mesh, constant ¢,; > 0 such that |l~( | < ca|K|. The constant C), will
then depend on c¢,; instead of the shape-regularity constant of K as stated in
Lemma 3.5. This, in turn, implies the validity of the inverse estimates in Lemmata
3.6 and 3.7 in this setting also.
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For the remaining of this work, we shall require the above inverse-type estimates,
hence we make the following saturation assumption which can always be satisfied

after a finite number of refinements of an original coarse mesh.

Assumption 3.10. We assume that the conditions (3.5) and (3.6) are satisfied for
all elements K € 7.

We continue with a generalization of the standard inverse-type estimate from a

face of an element to the element itself; here the face is allowed to be curved.

Lemma 3.11. Let K € T such that a whole face of K, say Ey,., is contained in
I, and is, in general, curved. Then, for each v € P,(K), the inverse estimate
2
p
ol < O ol
K

with C' > 0 constant, independent of v, p, hx and K, but dependent on the shape-

reqularity constant of K.

Proof. We partition Ej,. into m (d — 1)-dimensional pieces of equal measure, de-
noted by E;, j = 1,...,m. Further, we construct a partition of K into (curved)
sub-elements K;, by considering the simplices with one face £; and the remaining
vertex being the vertex of K opposite E;., when K is simplicial or by considering
the prismatic elements obtained by extrusion of £ orthogonally to the face of K
opposite E},., when K is prismatic. We refer to Figure 3.4 for an illustration when
d=2.

)

E, C Tt /E,. C Tt

FIGURE 3.4: Curved elements K € 7' with their partitions.

Denoting by Ej the straight /planar face of the related element K ; approximating

E;, we have

2 2
p p
||U||2*j < OEHUH% < Cninv<Kj)E“UH§(jv (3.7)

|Z5]
lvli%, < Cp® ~]'|
J

as, in view of Remark 3.9, it is possible to apply Lemma 3.7 on each K; (for

sufficiently large m.)
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As m — oo, K; becomes infinitesimal in (d — 1)-dimensions, and so, approxi-
mating K, by K ; produces arbitrarily small error in the geometry, resulting to
Ninw(K;) — 1. Moreover, since Ej. admits a differentiable parametrization, we
have lim,, 0o D07 [[0]1%

m — 00, we arrive at the required result. O]

= ||v||%,,- Therefore, summing (3.7) over j and taking

Lemma 3.12. Let K € T and let E a face of K, such that E C OK\I'"". Then,

for each v € P,(K), the inverse estimate
2
p
Jolls < O ol
K

with C > 0 constant, independent of v, p, hx and K, but dependent on the shape-

reqularity constant of K.

Proof. Fix K € T and a face E, C 9K\I''". For d = 2, the star-shapedness with
respect to the midpoints of the faces E C dK\I''", allows for the existence of a
straight-edged triangle K, C K having F, as one face and as remaining vertex the
midpoint of the other face E C 9K \I'"" opposite to E,. From the shape-regularity
of K, we infer that |K| ~ |K,|. On this triangle K, we can apply the standard

inverse inequality to deduce

2 p2 2 p2 2
Joll3. < CF— ol < C=lolfk,

as required.

For d = 3 and K with measy(OK NT'*) > 0, we approximate F, C K\I'" by a
quasiuniform triangulation consisting of m triangles, denoted by E~j, j=1...,m
Let g, be the midpoint of an edge of K which is not an edge of E, and consider
the straight-faced pyramids K'j, j =1,...,m, having Ej as one base and rp, as

remaining vertex. On each K j, we can apply the standard inverse estimate

Z!IUH2. _CPQZ| ]|H vli%, _C ZHUHK < Cnino (K ZH I%;

working as before. Taking m — oo gives the result. O]
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3.4 Recovery operator

An important tool for the a posteriori analysis will be a conforming recovery
operator in the spirit of the original construction by Karakashian and Pascal [41].
In particular, we shall modify the construction from [41] to allow for discontinuous
functions across I''" and for curved elemental faces and edges on I''", under the

following assumption.

Assumption 3.13. We define the positive function 6 : Ly(2; U ) — R with
Ok = iny(K), for K € T, 0l := 1, for K € T\T", and 0 := {6} on I'\I'"".
We also define the positive function 7 : Lo(T\I'"") — R with n|g := {9}, for
E € T'\I''". For the remaining of this work, we shall assume that 6 and n are

locally quasi-uniform.

Lemma 3.14. Given the above mesh assumptions, there exists a recovery operator
E: Sy — Hj, such that

DIV on = E@))l% < Ca Y IV [ua], (3:8)

KeT ECT\I'tr

for allv, € S}, C, >0, a =0,1, independent of vy, 6 and h.

Proof. The proof is based on the one of [41, Theorem 2.2|; particular care is given
in dealing with the additional challenges posed by the, possibly curved, interface
elements. Without loss of generality, we assume that the mesh is conforming on
each €2;, i = 1,2, i.e., no hanging nodes are present; for, otherwise, we perform a
finite number of ‘green’ refinements to remove the hanging nodes, and we consider

the new refined mesh in the place of the original 7 in what follows.

We begin by choosing a Lagrange basis for S?. For each K € T\T", we consider
the standard Lagrange degrees of freedom. For each K € T'", we choose respective
the Lagrange basis of K. Let A denote the set of all Lagrange nodes of Sy, and
we define five of its subsets:

e N the set of all internal elemental nodes;

o N, the set of all nodes situated on I'"*;

e Nyq the set of all nodes situated on 9€;

e N, the set of all nodes situated on I''";
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e N, the set of nodes belonging to each element K € T, situated outside
K. (E.g., the node of Kj situated at the midpoint of the linear segment v
in Figure 3.5.)

FiGURE 3.5: Degrees of freedom for (iuadratic Lagrange interface elements

K1,K5 € T, denoted by e and o, respectively. Note that one degree of free-

dom of K7 is situated outside K (i.e., in f(l\f(l,) at the midpoint of the linear
segment vvs.

Evidently, we have N' = Ny U N U Ngg U Ny, U NM,e. Note, however, that,
Nowe NNy # 0, in general; for an illustration consider the node v situated at the
midpoint of the linear segment v,v5 in Figure 3.5: v viewed as a node for K,

implies ¥ € Ny and viewed as a node for K; implies v € N, .

Further, let NV} and N, denote the two subsets of the interface nodes NV;,, and the

‘outer’ nodes N,,; associated with the Lagrange basis functions from the respective

elements belonging to 2; and {2, only, respectively. Note that if non-matching

grids are used across the interface T, AL and M2 are, in general different and

strict subsets of N,; if, on the other hand, there are no hanging nodes on the
i

interface, the N, i = 1,2, are each a copy of ;.. Completely analogous properties

characterise N ., i = 1,2 also.

out?

For each node v € N\ (N, UN,u), we define its element-neighbourhood
w, ={K€eT:veK},

along with its cardinality |w,|. Note that, when v € Np, we have |w,| = 1. Also,

for each node v € N}, i = 1,2, we define its ‘one-sided’ element neighbourhood

try
wo={KecT:KcCQ,veK}, 1=1,2,

along with its cardinality |w?|, i = 1,2, while for each node v € Ny, we define its

‘one-sided’ element neighbourhood

wf,::{KE’TJ”:KCQi,VEIZ(}, 1=1,2,
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along with its cardinality |w’|. Finally, for each K € T, let N :=={v : v € K 1,

ol

the set of Lagrange nodes of K.

The recovery operator € : S? — H; is defined by determining its nodal values N,
at each of the Lagrange nodes v € N:

(

0, if v € Nyq;
N,y (vpk), if v € Ny UNp;
N, (E(vy)) = Iwul Kze; (3.9)
‘wf,‘ Kezz Ny(vlg), ifve NLUNL,, i=1,2.

Note that £(vy,) will be, in general, discontinuous across I'". Therefore, denot-
ing by ¢, the conforming Lagrange basis function at the node v, (which may,

nonetheless, be discontinuous across I''")) we have

=) N(E(vn) v, (3.10)

veN

allowing for the regular nodes on v € N;, to be counted twice in the summation,
i.e., once for each 7 = 1,2; here we have used the convention that ¢, signifies its
restriction onto the respective element K for all nodes v € N,,;. Hence, we have

E(Uh) c /Hcl)

From this, we deduce, respectively,

Z ”V Vp — Uh ||K < Z emv ”V Uh — g<vh))||§(mf{

KeT KeT
< Z Z Oino (K ‘N (vnlx) — &(vn) | ||V¢V||KOK
KeT veNg
ST 0w 2w) ST [No(unlk) = No(E(w))]
veN\No K:weNgk
> 1,
veNM\No

using the standard bound ||V, [ - < [[Ve,[% < Ch?{Q, where h(v) and 6(v)

are given by extending the definitions of the functions h and 6 (to include the



Error estimates for dG methods for elliptic interface problems 28

mesh nodes also)

1
] Z hi, if v e Ny UNg;
h(v) = | & . o
mzhfﬂ lfye'/v’tz”UNozuﬁZ:laQ?

Keuwi,

and 0(v) := 1, if v € Ny UNsq, while 0(v) := ﬁ D ieews Oinn (), if v € N UNG,,
1 =1,2. We have

> L= Y 0w ) Y N[O Y VI ulli s

veNso veNso K:wveNgk EcCoQ

Also,

S L<C Y YR WIN(lk) ~ Nolwnlio)|

VeMntuMTUNout ECFint VEE

d—2
<0 Y VTl s,

Ecrint

with £ := E when E ¢ T, Note that E # E is possible only for d = 3. The
first inequality follows from applying the crucial [41, Lemma 2.2| and working as
in the proof of [41, Theorem 2.2]|, while the last inequality follows from the shape-
regularity property. We remark that, for d = 2, we have |N,,(Uh|K)—NV(5(vh))| =0
as |w!| = 1whenv € N ,,i = 1,2, while for d = 3 and for p = 1, we have N,,; = 0.

For d = 3, and p > 2, we may have |w’| > 1 and, thus, the above calculation is

non-trivial for v € N,,;.

Combining the above bounds, we arrive at

S IVn—E@)llx<C ) H\/Eh%[[vh]]uiw@)_

KeT ECT\I'tr

Finally, applying the standard inverse estimate

oI} ) < COIRE I,

2
HLOO(E

for all polynomials v € PP(E), and using Lemma 3.7 with K = E, we deduce

011 < i (B)[|0]| -
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Hence, we obtain the required bound for & = 1. The proof for a = 0 is completely

analogous. O

Remark 3.15. When I''" is not curved, i.e., when the mesh 7 does not contain
any elements with curved faces, we have § = 1 = n on T'\I'"" in (3.8), thereby

retrieving the known bound of Karakashian and Pascal [41, Theorem 2.2].

Next, we shall modified the trace estimate defined for straight line to case the
curved boundary for functions in S? 4+ H}; see Karakashian and Pascal [41] and
[20, Lemma 3.1].

Lemma 3.16. Suppose that the mesh T s both shape-reqular and locally quasi-
uniform. Then for v € Sy + Hg, the following trace estimate holds

2
> lolo,lIfer < Corace <<€_1||v||2 +e( ) IVollk +11v/on/hle]
j=1

KeT

%)) (3.11)

for any &€ > hyay, and constants Cyrqce > 0 independent of the shape and size of K

and of v.

Proof. Let decompose the function v € S + HJ into a conforming part £(v)
and a nonconforming part v — £(v) € S}. Using Lemma 3.14, there exists a
E(w) € Hy, i=1,2, such that

DIV = E@)% < Cal VO > o] fun. (3.12)
KeT
Applying triangle inequality i.e v = c+ v — E(v), gives
2 2
D lolallEe <2 (€@, IR + 1I(v = E()]a, |17+). (3.13)
=1 j=1

Now, to bound the first term on the right-hand side of the (3.13), we note that
E(v) € H}, giving

Z IE@)Ie, lIter < C (eHE@I + el VEW)IF) (3.14)
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for any € > 0 sufficiently small. Now, applying triangle inequality for each term,

given

IE@ < o=@ +loll, IVE@)IP <2 (IV(0 = E@)I + IVol).

KeT

From (3.12), we have

2ine 702

2
Z 1€ (v ’Qj”%” < Cirace (6_100”\/ Onh'/?[v]
P FE Y ||vv||§()

KeT

< Ctrace <5IHUH2 +e Z IVl + el v enhil/ZHU]] 12““")7
KeT

(3.15)

+ Ciel|/Onh=2[v]

using the assumption that € > hp.. Now, it remains to bound the second term
on the right-hand side of (3.13). To do this, applying trace estimate in Lemma

3.3 on each element, we obtain

Z o)l lIfer < Chrace Y (H\/l_ v —E@))|l% + VRV (v~ (v))H?()-

KeT

S Ctrace” V ‘977[[1’]]

Tint,

(3.16)

using the assumption that € > hpax. Now, inserting (3.15) and (3.16) in (3.13)
the proof is finished. O

Lemma 3.17. For each vy, € H}, w,v € Hy + SE, we have
Dy (vn, vn) 2 —||\Uh|\| (3.17)

Dy(w,v) < Clwllflv]l, (3.18)

for 7o > 0 large enough, where Dy, is given in (2.16), Dy is an (inconsistent)
extension Dy, : (Hy + SP) x (H) + S?) — R of the bilinear form Dy, given by
Dy (w,v) = / Vw - Vvdr — / ({VIw} - [v] + {VIIv} - [w])ds

KeT IAVAS (3.19)

+ A GRCUE [ Culul - [olas
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and

lewll == (D 19wl + VAo Blonl By + Corllloall2)*. (3.20)

KeT

Proof. We begin by assessing the coercivity of the dG bilinear form D), on S} x S,
thereby further determining the discontinuity-penalization parameter v,. To this

end, we have

Du(onon) = 3 [ (Von)de —2 / (Von} - [on]ds + / Wy, Jds
i x rre nr
+ Cy[vn]?ds.
l“t'r

To bound the second term in the above equation. Using the Cauchy-Schwartz

inequality and Lemma 3.12, we obtain

2 /F \w{wh}-[[vh]]dsg( > H\/h/’Yo{Vvh}HQE)§H\/’yo/h[[vh]]Hp\rtr

ECT\I't"

o G S VATV 2o A R VAT [

<
ECOK,ECT\I't"
1
—-1/2 2
< (D I A VuuliE) 1 vAo Bloal e
KeT
C —1/2 1
< 5 2 I Vol + 31V 0/ bloalllfe-
KeT

(3.21)

Choosing vy > C, we obtain

1 1
2 [ 0l ds < 5 3 I9ulc+ gl o Rl

KeT

The continuity property follows analogously to (3.21), giving

/F \w{vnw}-[[v]]dsg( S ||\/h/’YoVHwH2E>§||\/”yo/h[[v]]||p\ptr

ECT\I't"

<o > IRVl ) IVA/BI e

ECOK,ECT\I't"

< (X IVwllic) " IV3o/mE e

KeT
(3.22)
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and similarly,

/F\FtT{VHv}'[[w]]ds§< 3 H\/h/%vmug)§|\\/%/h[[w]]up\w

ECT\I'tr
1
< (X 190l " IvAo/blel e
KeT

Combing these results, gives the bound.



Chapter 4

A posteriori and a priori error
estimates for dG methods for

elliptic interface problems

4.1 Introduction

We shall prove a reliable and efficient a posteriori error estimate for elliptic for
the interior penalty discontinuous Galerkin (dG) method for the elliptic interface
equation. The a posteriori error estimate is derived under the assumption that the
triangulation is aligned with the interfaces although, crucially, extremely general

curved element shapes are also allowed, as discussed above.

Let u be the exact solution of a PDE and wu;, be some finite element approximation;
an a posteriori error estimator T with T depending only on the the u; and the PDE
data is an approximation of the error e := u — uy, in a certain norm ||.|| such that
|.]| < Y. A posteriori estimates can be used to estimate the local error distribution,
and can be incorporated in an adaptive algorithm. Such bounds are useful not
only for adaptivity but also for the quality assessment of the approximate solution.
An a posteriori estimator, T, is said to be reliable if there is C > 0, independent

of the exact solution v and of uy, such that

lell < CT, (4.1)

33
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while T is said to be efficient if there is ¢ > 0, independent of the exact solution
u and of wuy,, such that
Y <|le]- (4.2)

The constants appearing in equations (4.1) and (4.2) are not always explicitly
calculable. Related to this is the useful notion of the efectivity index, which
defined as the ratio of the posteriori error indicator and the dG-norm of the actual
error. We stress that the posteriori error bounds that derived for elliptic interface
problem will be the key ingredient in the study of the error for non linear parabolic

modelling in Chapter 5 .

4.2 A posteriori error bound

We begin by assessing the coercivity of the dG bilinear form Dy, on S} x S}, with

respect to the dG-energy norm

lewll = (3 19wl + A0 Blonl s + Corlllendllfer ), (43)

KeT

for 70 = 740(p) > 0 sufficiently large. We note carefully that the definition of the
discontinuity-pernalization parameter vy to be given below will only depend on the
polynomial degree p and the shape-regularity of the mesh, through the respective

dependence of the inverse estimates from Lemmata 3.11 and 3.12.

Letting IT : Ly(2) — S} denote the orthogonal Ly-projection operator onto the
discontinuous finite element space, we begin by defining the a posteriori error

indicator

5 \1/2 . 2 2 2 2 )2
T = ( Z TK> , with Tk = (TRK + Ty, + 715, + TTTK> , (44)
KeT

comprising of the interior, normal flux, jump and interface residuals
The o= IR + Aw)llx,  Tope = IVRIVasl loxnron,

2
Yy = [hoh ™ [unllloxervrer, Trrg == Z IVB(Cor[un] + Vur) - 0 |loxrrer
i=1
We also define the data oscillation term

O := [[h(f = TN,
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along its restriction on each K, ©; x := ||h(f — ILf)|| k.

4.2.1 Upper bound

For the proof of an a posteriori bound, we use the conforming recovery operator.
To this end, we decompose the error into conforming and non-conforming parts

u—up = e+ ul, with ¢ := u— E(up,) and uf := E(up) — up, noting that e € Hy.

Then, from (3.19) we have immediately that Dy, (w,v) = Dy (w,v) for all w,v € S¥,
and also Dy, (w,v) = D(w,v) for all w,v € H}. The error equation can be derived

as follows
lle“[lI* = D(e, e?) = D(u,e) — Dy (un, €) — Dy (ufl, )
— / fefdr — bh(uh, e) — ﬁh(ui, e) + Dp(up, pe®) — / fge® dx
Q Q

- </ f(e = pec) da — Dy (up,, € — Hoec)> — Dy(u ey =T —1I1.
Q

We estimate the terms I and I1 above in the following lemmata.

Lemma 4.1. We have
I1<c(r?+02)"?|ve,

for vo = ymax{+/0n, 1} for some v > 1 large enough.

Proof. Integration by parts yields

I= Z /K(f + Aup,) (e — Tpec) da — [Vup] - {e — Hpe}ds

KeT Lt

¢ c o ¢ .
+ /F\Ftr[[u;l]] {VII(e® — Ipe®) }ds —/F 2 fun] - [ — Moe“]ds (4.5)

\Ft'r

— /Ftr (Ctr[[uh]] e — e + [Vup (e — Hoec)]])ds.

We focus on estimating the third term on the right-hand side of (4.5), which can
be bounded as

7o VR{VII(e” = Toe)}Hryoer [[yoh ™ [un] yor- (4.6)
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The term involving e can be further bounded by

Y e VR{VII(e" ~ Toe) iz < C ) Il VIL(e® — oe)

Eer\I'*" KeT

<C Y e VOVII(ef —Tloe) % < C ) [|(7oh) ' VOII(e” — Tge?) |3
KeT KeT

< C Y VOn(voh) (e = Toe®) |5 < C Y [[Ve|l%,
KeT KeT

using Lemma 3.12, Lemma 3.6, a standard inverse estimate on K, and Lemma
3.7, respectively, upon selecting o = v max{/0n, 1} for some v > 1 large enough;

hence, we get

/ [un] - {VIL(e® — Moe) }yds < C|lyoh™ "2 [un]||ryper [ VeS|
r\rr

Working in a standard fashion for the remaining terms, we deduce

1

1< C(D7 Blf + Aunle + IVRIVan] e + Ilyoh ™[] e ) 0]
KeT

2
+C3° S VR lun] + Van) - 0lloxer | Vel x,

i=1 KeTtr

using the approximation bounds given in Lemma 3.4. The result already follows.
]

To estimate 11, we use (3.18) for Dy, along with the following bound.

Lemma 4.2. With the above mesh assumptions and with vy as in the statement

of Lemma 4.1, we have

2 _ _
gl < C Y (v + 972 (1 + hxCi)) Y5, (4.7)
KeT

for C' > 0 generic constant, independent of h and of uy,.

Proof. Using Lemma 3.14, we have

DIVl + v/ /mluglitee < Y VO PLug]llE + (k) ™2 Lug] IR per

KeT ECT\I'tr

<CY (G715,
KeT
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For the third term on the right hand side of (4.3), we use (3.1) and Lemma 3.14

once more to deduce

2
CorlllugllIfer < 2C0 Y uitlo,lIfer <2CCo Y (Rl Vuilli + b lluill%)
Jj=1 KeTtr
< 2octr((01 +Co) Y ||\/97][[uh]]”%> <cc, (7—2 > hKT?,K).
ECTint KeT
Combining the last two bounds yields the result. O]

Theorem 4.3 (Upper bound). Let u be the solution of (2.5) and let u, € S} be
its dG approzimation with o as in the statement of Lemma 4.1. Then, we have

the following a posteriori error bound

o —ull® < C (Y2 +07) +C Y (v '+ 920+ hiCi)) Y5, (4.8)
KeT

Proof. The proof follows immediately from the error equation, the bounds on 7

and on 1, along with the triangle inequality ||u — uall| < ||[e€]l] + [||u]]|- O

4.2.2 Lower bound

We employ standard bubble functions, [60], to show lower bounds for the above a
posteriori estimator. A key challenge to overcome is the shape of interface elements
K € T', for which we do not posses any stability properties of respective elemental
or face bubble functions. We shall overcome this by employing bubble functions

on K and on E instead.

To this end, we denote by wg the union of the elements sharing an interior face
E € T"™\T" and by 1 x and ¥ the (standard) element and face bubble functions
[60]. The functions ¢x € Hj(K) and g € Hj(wg) are such that ||¢x]|r. k) = 1,
and ||Yg||r. s = 1. Moreover, for each v € S}, there exist positive constants

1, 2, independent of h and of v, such that

lvllk < elllvVirvllic,  vllE < eallvVieoll, (4.9)

for all K € T\T" and £ C T"\I'""". When K € T or when E € '™ (4.9)

tr tr

holds for K or E instead, respectively, so that, by Lemma 3.6 and Lemma 3.7,

[v[l7 < On(F)|vll% < c1fn(F)|l\/Yroll, (4.10)
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where 0n(K) := 00 (K)Niny (K) and
Il < on(E)|lvlE < c2tn(E)]lVvevllE, (4.11)

with 0n(E) := 00 (E)Ninu (E). To treat both the cases K € T\T" and K € T
simultaneously, we shall carry over the 6 and 7 terms (along with K and E) for
all K € T, recalling that 60;,,(K) = 1 = 9;(K) (and K = K, E = E) when
KeT\T".

We can now show a lower bound for the a posteriori error estimator.

Theorem 4.4 (Lower bound). Let u be the solution of (2.5) and let uy, € S} the
dG solution given by (2.21). Then, for all K € T, we have the following bound

The + T3, <C Y On(E)P(IV (- w)lio +O10).  (412)

K'cwgk

where wi = {K' € T : meas;_1((0KNIOK')\T'") # 0}. Further, for two elements
K; € T sharing a face E C T''", we have the bound

2 2

S IVA(C T+ V) w3, < € (000 (19 () [, 162 ) 1631, )
= - (4.13)
where E; -= ENOK;, i = 1,2, represent the related faces E, signifying that the
values of a function on E; are taken from within K;. Also, it denote the respective
outward normal to E;. Finally, Ok, = |I~(iAKi\h;<fHCtr[[uh]] + Vuyl g, is the
interface oscillation term, with PAQ := (P\Q) U (Q\P) denoting the symmetric

difference between two sets P and Q).

Proof. We first prove (4.12). For the interior residual, for K € T, we set R|x :=
(IIf + Aup)|r, and M|k := h% Ripgc. Then, using (4.10), we have

Tr, = Wil Rk < eifn(K)hillv/ xRl = cfn(K)(ILf + Aup, M. (4.14)
Using integration by parts along with (2.6) yields

<Hf + Auh,M>£

Tz(u —un), VM)g + (ILf — f, M)k (4.15)

< IV —un) |k IVM I + R ITLf = fllichi 1M -
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Further, as hy ~ hg, we have |[VM|3 < Chi2||M|% < Ch%| R||%, which, used
on (4.15) and in view of (4.14), implies

Y%, < COn(K)([V(u = wn)llx + [MALf = F)llx) T rec. (4.16)

which already gives the required bound.

For the normal flux residual, for £ C I'™ we set wp := K; U K, U E with
K., Ky € T such that F = 0K; N 0K, and, on wg, we define the function 75 :=
h(E)[Vup]Yenok roxk,- Here, [Vu,] in wg is understood as its constant extension
in the normal direction to E. (Notice that E € I'\I'" is not curved, so there is

a unique normal direction to E.) Since [Vu] = 0 on '™, and 7g|g,, = 0, with
wg = K1 U Ky UE we have, for K € T,

The <0 Z On(E)[Vun], 7e)r = c2 Z On(E)V (up, — )], 76) E-
ECOKNIint ECOKNIint

(4.17)
Integration by parts and (2.6) imply

(IV(un —u)], 7e)E = (Bun + f, 7B)uwy + (V(un — 1), VTE)uy
= <Hf + Auh: TE>WE + <f - Hf7 TE>WE + <V<uh - u)> VTE>WE'
(4.18)

Observing that 75 = 0 on (K3 UKy UE)\(K;UK,U(ENJK,NJK,)), a standard

7el%, < Chi |[Vunll3nox,» which,

inverse estimate implies ||V7gll%, < Chy’

used on (4.18) and in view of (4.17), implies

12 < CCQ( > (Th + @i,)é)TEK. (4.19)

K'ewk

We now prove the bound on the interface residual (4.12). For E C 0K;NOK,NI'*",
we consider the related face E of K;, i = 1,2, and let also n signify the normal
vector to E. We consider the face bubble W;E supported in K;, i = 1,2, respectively.
We shall also make use of the extension and /or restriction of 1/1% onto K;,i=1,2,
denoted for simplicity also by @/J% Therefore, @/J% = 0 on OK;\E also, since @Z)ZE
is constructed to vanish on the (d — 1)-dimensional hyperplanes containing the

(straight) faces of K; not belonging to the interface. We define

ry = h(E)((Cylun] + Vup) - nepl)

K>
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for i = 1,2, where (Cy,.[up] + Vuy,) -1 in K; is understood as its constant extension
in the n-direction. Setting rg|x, :=r%, i = 1,2, we have rg € H{ by construction.

Using the interface conditions in 2.5 along with (2.6), we deduce

2

;«cﬁ[[uh]] +Vug) -n',rg)g, (120)

= <CtT[[uh - U]], IITE]DE + <Auh + f7 TE>K1UK2 + <V(uh - ’LL), VTE>K1UK2>

with F; := ENJK;, and n' := n|g,. Setting N := Cy,.[up] + Vuy, for brevity, and
using (4.20), we get

[+
—

=

=
=

S
ij

2
B S

2
;"> |IVhN - i’
=1

=1

= (Colun —u], [rel) e + (Dun + f,re) koK, + (V(up —u), Vrg) gk, (4.21)

n 22: ((N ) — (N - ni,rE>Ei>.

Note that vhN - iif is a polynomial and, therefore, the constant ¢, in the first
inequality above is independent of E. Now, recalling that E and E have the same

endpoints, for the last two terms on the right-hand side of (4.21), we have

<NI~1177’E>EZ — <N~ni,7’E>Ei :f (N’T’E) ‘nds = V- (NT’E)dLU, (422)

E,UE; szKz
from the divergence theorem.

Combining (4.21) and (4.22), along with the Cauchy-Schwarz inequality yields

2
' Y VAN 'L
=1

| (4.23)

K; K;

< Curllwn =l lrellls + - (9 (un = w)

i=1

+ Ib(Aun + Al bl + 19 - (Nl g, )-

K;

Now, Lemma 3.5, and a standard inverse estimate give, respectively,

V7]

2 d

7 (12
Voo (0, (9t
< Oh P Irllzee i, oy < ORI Il e

=Chi ey < Chialirisly, < CIVRN -8,
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since 7% is constant in the direction of n’. Also, from Lemma 3.11, we have

B < Chig 7]

I 2 < Ch Il ) < Chi VRN -1,

Finally, using Lemma 3.5, along with standard inverse estimates, we have

IV - (Nrp) | s o aieyy < TGAKHIY - (N7E) | oo 0160
< |KAKIV - (N7E) || oo 2,0k
= |K: DKV - (N72) | oo ((Ri0K), (V)
< C|R1AKi‘h;Ql~HNTEHLOO((fQUKi)b(NrE))
< C|f(zAKi|hf_<1||N7“E||Loo(Ei)
< CIKAK | W INTEl 1 i,
< C|K;AK| || N(VRN - ) || 1)
< Ol AK|hig|IN|| g || (VRN - i)l g,

Combining the above bounds and using (4.16), we deduce from (4.23):

2 2
SOIVRN 5% < O( Y IVRCy [un — ullly, + KA K2 V]
i=1 i=1
+ ORIV (= un) [, + IBTS = £)]%)),

which implies the result.

O
Remark 4.5. For the jump residual, we trivially have
15, = 2llv0/hlu — un]5xerrer (4.24)

so it is omitted in the lower bound.

We observe that the interface oscillation term O3 g is equal to zero when K = K,
i.e., on non-curved elements. When K # K, the size of O,k depends on the ratio
between the d-dimensional volume of the symmetric difference between K and K,

divided by h% ~ |K|.
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4.3 A priori error bound

Since no a priori error bound is available for the (fitted) discontinuous Galerkin
method proposed above for the elliptic interface problem, we use the above a
posteriori bounds to show a basic a priori convergence result in the spirit of the
celebrated work of Gudi [34]. Here, however, we need to account also for the

oscillation term arising from the treatment of the interface.

Theorem 4.6. Let v € H} and u, € S? be the solutions of (2.6) and (2.21)

respectively. Then, the error bound

P
h

llu—wnll < C in
VR ES

(e = eulll + €1+ ©2). (4.25)
holds with Os| i := O, K € T.

Proof. Let vy, € St with v, # up and set ¢ := up — v, € S). Coercivity, (2.6),
(2.16), and continuity imply

e~ vnll® < Dau, — vn. ) = (£.18) — Dy(on, )

= Dp(u—vp, E@)) + (f, 00 — E()) — D (vn, ¥ — E())
< Olllw = vl €@ + (f. ¥ — E@)) — Dp(vn, ¥ — E@)).

Noting that Lemma 3.14 implies [|E(¥)]| < C|||¢|||, for some constant C' > 0
depending on 07, after division by by |||/, we arrive at

(¥ = EW)) — Dalow v —EW)) (4 9)

llun = wnlll < Clllw = vnl| + 2
1l

Now, to estimate the second term on the right-hand side of (4.26), integration by

parts gives

7h:/fw—EWDM—DW%w—&W)
Q
=> [ (f+Au)@—-E@)dz— [ [Vou]-{ - E)}ds

KeT K m (4.27)

Yo
- Ll (T £ s - [ R s

\Ftr

_ /F” (Ctr[[vh]] = EW)] + [Vor (v — 5(¢)]]>ds.
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Working in a standard fashion to estimate the terms on the right-hand side of
(4.27), we have

-

2

R < C( 3 WklS + Avli + Al V0l + bt Iond e )

KeT
(Zh 2\l — E@p ))||K>
KeT
2 3 (4.28)
+< Z ZhKH(C”[[Uh]] + Vup) - nngKﬂFtr) 2
KETtr i=1

(EZMrVQw E@)lnl?,)"

For the last term on the right-hand side of (4.28), we use Lemmata 3.11 and 3.14

to deduce

2
S IR —E@)o, I, < C Y b @ —E@))5 < CllVonh 2[R per-
j=1

KeTtr

Noting that the fact that w; is the dG solution was not used in the proof of the
lower bound (Theorem 4.4 above), it can be replaced by any v, € S}. Therefore,

Theorem 4.4 (with vy, replacing uy,) and the triangle inequality yield the result. [

The above result offers a basic convergence proof for the proposed (fitted) dis-
continuous Galerkin method for interface problems. Note that the regularity of
solutions to such interface problems, which may involve piecewise smooth inter-
face manifolds, is not well understood in the literature. Therefore, such basic
convergence results, not requiring any regularity of the underlying solution, are

desirable.

4.4 Higher order interface approximation

The saturation of the approximation of the geometry by the mesh, (3.5) and (3.6),
is required to be satisfied for the above a posteriori error bounds to hold. One
way of achieving this in practice is an initial refinement step in the vicinity of 7.
This approach is expected to deliver optimal convergence rates for the respective
adaptive algorithm when p = 1,2. Indeed, from the a priori error analysis of

finite element methods with local basis of degree p and with boundary and/or
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interface approximation, we can expect optimal convergence rates when the curved

boundaries/interfaces are approximated locally by interpolants of degree p — 1.

To ensure that the above interface approximation requirements (3.5), (3.6) do
not result to potentially excessive and unnecessary refinement in the vicinity of
I'*", when higher order elements are used, we can employ a (non-standard) fitted

approach based on parametric elemental mappings, which we shall now describe.

Each element K € 7' is assumed to be constructed via a parametric elemental
mapping Fi : K — K of polynomial degree ¢ € N, from a curved reference
element K with | K| ~ O(1).

N\

FIGURE 4.1: A curved element K € 7' and the related g-degree parametric

element K as the mapping of the respective reference elements K and K.

More precisely, we begin by considering a parametric mesh of degree ¢ € N, whose
skeleton approximates the interface I''" with a piecewise interpolant of degree q.
Setting K to be one such (unfitted) parametric element with non-trivial intersec-
tion with '™, we consider the ¢-degree parametric mapping Fj K — K with K
being the (classical) reference element, i.e., it may be the d-simplex, the reference
d-hypercube or the reference d-prism, the latter constructed as tensor-product of
the reference (d — 1)-simplex and the interval [0, 1]. By considering the extension
of Fz on a larger domain Y o l:( with the same (polynomial) formula, we can
precisely define Y as the F =-pre-image of K U K where K € T' is the fitted
clement related to K; we denote the extension of F % to Y by Fx. We refer to
Figure 4.1 for an illustration. Hence, the reference element K := F LK) will, in

general, be curved.

We, now, define the mapped discontinuous finite element space S7*¢, subortinate
to the mesh 7 = {K}, by

—{ve L*Q) :vo Fl'lx € Ry(K)}, (4.29)

where R,(K) € {P,(K), Q,(K)}, and Q,(K) denotes space of tensor-product

polynomials of degree p in each variable; when K is a d-simplex, we may select
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R,(K) = P,(K), while we select R,,(K) = Q,(K), in general, otherwise to ensure

optimal approximation rates.

The key motivation for the above construction is that we can re-use the above
developments in this fitted mapped setting also, by first applying the elemental
mappings Fx and then use the results from Section 3.3 on the curved reference
element K instead. An inspection of the proofs from Section 3.3 shows that all
results hold true in this setting also, with the constants in the estimates now
depending also on the nature of the mapping Fk, as is standard in parametric

finite elements.

4.5 Numerical experiments

We shall now illustrate the performance of the a posteriori error estimator within
a standard adaptive algorithm, through an implementation based on the deal.II
finite element library |7]. This allows for the use of curved elements via high-order
parametric mappings of tensor-product reference elements. We take advantage this
capability and approximate curved interfaces via tensor-product elements defined
through parametric mappings of degree higher than linear, as described in Section
4.4.

Although not discussed above merely for simplicity of the presentation, the ex-
tension of the proposed dG method to problems with non-homogeneous Dirichlet
boundary conditions is straightforward; the a posteriori bound is then modified
accordingly [42]. In all cases considered below the interface residual term ©y ;- was
omitted due to its insignificant magnitude (Example 1 below) or simply because

it is equal to zero (Example 2 below). We set v = 10 throughout.

4.5.1 Example 1

We consider the problem (2.6) with Q@ = (—1,1)? and the interface I'"" being a
circle of radius r = 0.5, centred at the origin. The Dirichlet boundary conditions

and the source term f are determined by the exact solution

r3, in O
u =

TB + 1, n QQ
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| DoFs | estimator | rate | [|.]|-error | rate | L?-error |  H'-error |
192 || 1.3381e+01 — || 1.7550e+00 | — || 6.2516e-02 | 1.3886e+00
768 || 7.6174e+00 | 0.81 || 8.4388e-01 | 1.06 || 2.0201e-02 | 7.2406e-01
3072 | 3.9838e+00 | 0.94 || 3.9950e-01 | 1.08 || 5.7567e-03 | 3.6434e-01
12288 || 2.0259e+00 | 0.95 || 1.9147e-01 | 1.06 || 1.5192e-03 | 1.8187e-01
49152 || 1.0202e+00 | 0.99 || 9.3267e-02 | 1.04 || 3.8765e-04 | 9.0744e-02
196608 || 5.1826e-01 | 0.98 || 4.6010e-02 | 1.02 || 9.7624e-05 | 4.5323e-02

TABLE 4.1: Example 1. Convergence of estimator and errors; quadratic map-
ping with p = 1.

’ DoFs H

estimator | rate | [||.[[|-error | rate

|

L?-error ‘

H'-error

432

1.8278e+00

4.5728e-01

7.6800e-03

1.9028e-01

1728

3.8913ee-01

2.2

8.4015e-02

2.44

6.2879e-04

3.3034e-02

6912

9.2506ee-02

2.07

1.8457¢e-02

2.19

5.9084e-05

6.8618e-03

27648

2.2127ee-02

2.06

4.2318e-03

2.12

5.7411e-06

1.5135e-03

110592

5.5103e-03

2.00

1.0017e-03

2.08

5.7413e-07

3.4841e-04

TABLE 4.2: Example 1.

Convergence of estimator and errors; quadratic map-

ping with p = 2.

DoFs

estimator

rate

|l||||-error

rate

L?-error

H'-error

768

6.5923e-02

4.3641e-02

8.5525e-05

3.0614e-02

3072

8.1666e-03

3.01

4.6166e-03

3.24

5.7611e-06

3.7515e-04

12288

1.0233e-03

2.99

9.289e-05

3.12

3.8178e-07

4.6925e-05

49152

1.2937e-04

2.98

6.3781e-06

3.05

2.4791e-08

5.9393e-06

196608

1.7042¢-05

2.92

8.0091e-07

2.99

1.5886e-09

7.5685¢-07

TABLE 4.3: Example 1. Convergence of estimator and errors; quadratic map-
ping with p = 3.

where r = /22 + y? and C}, = 0.75.

Upon satisfactory approximation of the interface geometry, the above problem
does not admit singular behaviour and we expect to observe optimal convergence
rates. To simulate a fitted approach, presented above, we use parametric maps of

degree higher than linear for the interface elements. We set v = 10.
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’ Dofs H Estimate ‘ Rate ‘ E.norm ‘ Rate H L2-error ‘ H1l-error ‘
192 1.3359e+01 — | 1.7552e+00 | — 6.2249e-02 | 1.3886e+00
768 7.6144e+00 | 0.81 8.439%e-01 | 1.05 2.02e-02 7.2405e-01
3072 3.9829e+00 | 0.93 | 3.9949e-01 | 1.07 || 5.7576e-03 | 3.6433e-01
12288 2.0255e+00 | 0.97 | 1.9147e-01 | 1.06 | 1.5194e-03 | 1.8187e-01
49152 1.02e4+00 | 0.98 | 9.3261e-02 | 1.03 | 3.8766e-04 | 9.0742¢e-02
196608 || 5.1507e-01 | 0.98 | 4.5982e-02 | 1.02 || 9.7628e-05 | 4.5315e-02
TABLE 4.4: Example 1.Convergence of estimator and errors; cubic mapping
with p = 1.

’ Dofs H Estimate ‘ Rate ‘ E.norm ‘ Rate H L2-error ‘ H1-error ‘
192 1.3383e+01 — | 1.7546e+00 | — 0.062308 1.3879
768 7.6178e+00 | 0.81 8.437e-01 | 1.05 0.020188 0.7239
3072 3.9836e+00 | 0.93 | 3.9946e-01 | 1.07 || 0.0057546 0.3643
12288 2.0257e+00 | 0.97 | 1.9146e-01 | 1.06 || 0.0015189 | 0.18186
49152 1.02e+00 | 0.98 | 9.3261e-02 | 1.03 | 0.00038766 | 0.090742
196608 || 5.1507e-01 | 0.98 | 4.5982e-02 | 1.02 || 9.7628e-05 | 0.045315

TABLE 4.5: Example 1. Convergence of estimator and errors; mapping =4 with
p=1.

4.5.2 Example 2

Let, now, Q = (—1,1) x (0, 1), subdivided into Q; = (—1,0) x (0,1), Qy = (0, 1),
i.e., interfacing at z = 0. The Dirichlet boundary conditions and the source term

f are determined by the exact solution

(2?2 +y®) 4+ 2 in Q;

1+3%24+2 in Q,

which has a point singularity at (0,0). This example studies the interaction of the
interface discontinuity, with the point singularity at one interface endpoint. The
convergence under uniform as well as adaptive refinement is given in Figure 4.6 for
p = 1,2, while the respective effectivity indices (i.e., the ratio between estimator

and exact solution) and adapted meshes are given in Figure 4.7.

We begin by assessing the decay of the estimators under uniform refinement, using
quadratic parametric mappings (¢ = 2) for the elements on I'"": in Tables 4.1, 4.2,
and 4.3, the convergence of the a posteriori estimator, of the energy norm, of the
H'-seminorm and of the L2-norm of the error are reported, along with the respec-
tive convergence rates for the estimator and for the energy error, for p = 1,2, and

3, respectively. The estimator and the dG-norm of the actual error are plotted in
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(b) Quadratic mapping with p = 2.

mesh in the left and uniform mesh in the right.

Figure 4.2, for both adaptive and uniform refinement; for the adaptive refinement

a standard bulk criterion is used. Optimal convergence rates are observed in all

cases.
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Chapter 5

Convergence of the adaptive

algorithm

5.1 Introduction

The aim of this chapter is to prove the convergence of a standard adaptive algo-
rithm applied to the elliptic interface problems introduced in Chapter 2, based
on the a posteriori error bounds derived in Chapter 4. The proof of convergence
is based on the techniques developed in [11, 42]. However, the condition at the
curved interface poses a series of difficulties, particularly in view of proving a con-
traction result. We will need to assume that angle remain uniform bounded when
refining curved elements at the vicinity of the interface boundary by newest vertex
bisection. It should be possible to generalise such property through a set of mild

mesh assumption, although we leave this issue to future work.

5.2 Convergence analysis

We begin by defining

Yo (un) =Y Bl f + Aull + D bl [Vun]ll%
KeT Eerint

+ 3 02 (Co[un] + Vup) - 0.

J=1

54
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The following Lemma generalises to the present setting the result in Karakashian

and Pascal [42].

Lemma 5.1. Let E(uy) € HY be the continuity recovery of w, given in Lemma

3.14 and assume that

mgx{\/%} <2 (5.2)

Then, there exists a constant v > 0, depending only on the shape reqularity of the

triangulations, such that
Ivoh™ 2 [un] [Fper < CYF(un), (5.3)
for 7o =y max{v/#n, 1}.
Proof. The coercivity of the dG bilinear form Dj, implies
v/ lunllfrer < lun = E(ua)I* < 2Dn(wn — E(un), un — E(un)).
The dG method gives
A = Dy, (up, — E(up), up — E(up)) = /Qf (up, — E(up)) de—Dyp, (E(up), up — E(up)) .
Using the continuity of €(uy), the above implies

A:/Qf(uh —E(up))dz =Y [ Vuy -V (uy — E(up)) dz

KeT VK
+ 3 [V~ E(un)) - V (up, — E(un)) da
KeT 7K
+ / {VE(un)} - [un — E(un)]ds (5.4)
r\rer

— /Ftr C’tr[[uh]] . [[Uh — S(Uh)]]ds
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Integration by parts on the second term on the right-hand side of (5.4) yields

-2 /Kvuh V(= E(un))dw = | Aup (un — E(up)) da

KeT KeT 7K

— / {Vup} - [un — E(up)]ds — / {up, — E(up)} - [Vur]ds
r\[tr

F\Ftr

2
— Z/ n' - Vup; (un; — E(uny ) ds,
=1 Ftr

(5.5)

using the notation v; := v|q,, i = 1,2 for a function v € H}. Combing (5.4) and
(5.5) gives

AT < C ) (167 (= £ )|+ 572, = £ e )

+ CTT(Uh)(Z |[h=1/2 (un, — E(un)lo,) !\%”)1/2 + Z IV (un, — E(up)) |13

j=1 KeT
+[1(0n/0) 2 [up][|rveer | (0/6)V{VE (up) = Vun}ryper
+ Y Cull[un — E)]|*

Eertr
Now, applying Lemmas 3.11 and 3.12, along with Lemma 3.14, we arrive at the
bound

|A| < CTT(uh)”\/%h_m[[“hwr\rﬁ

(5.6)
+ C 1+ CooV ) | VO[], o

Selecting now vy > 0 large enough such that, for the coefficient of the second term
on the right-hand side of (5.6), it holds v > 8C'(1 + Ctr\/ﬁmax), we have

C 1
VA0 /Blunllffveer < = (un) oo™ unllg o+ g [Foh ™ 2Bl [y

C 1 _
< i) + - foh Ll [

(5.7)

and, thus,

1
(1 1 max{mgx VO, 1}) ||70h*1/2[[uh]]\|12ﬂ\ptr < Cmax{mgx VOn, 135 (uy,),
(5.8)
which already implies the result. O
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Therefore, under the assumptions of Lemma 5.1, the a posteriori bound from

Theorem 4.3 can be reduced to
e = wn [ < CY5(up), (5.9)

i.e., the penalty term disappears from the estimator. This is crucial, since the

penalty term involves the mesh-size h with a negative power.

5.2.1 Adaptive procedure

We consider a sequence {Sy,}men, of fitted dG spaces Sy, := (S}),, subordinate
to a mesh 7,,, constructed following the above assumptions. We shall describe
and analyze an adaptive discontinuous Galerkin method admitting an iteration of
the form SOLVE — ESTIMATE — MARK — REFINE, which will determine {S,,},

automatically.

SOLVE: In this step, on a mesh 7,,, the dG approximation u,, € .S, is computed
by solving
Doy (U, o) = (f, vm) YU, € S, (5.10)

with D,, denoting the discrete bilinear form with respect to the mesh 7,,, (2.16).

ESTIMATE: In this step, for each element K € 7T,,, we evaluate the local a posteriori

error estimators V7. (u,, K), given by

Y5 (i, K) = > Wl + Dunlfe+ D hell[Vunl |
KeTm EcdKNIint

) (5.11)
+ ) 02 (Cor[tim] + V) - 0|3 gerers

J=1

note that, with this notation, we have

Y5 () = Y Y7 (um, K).
KeTm

MARK: The third step is based on the, so-called, Dorfler or bulk marking strategy
[28], whereby, given 0 < p < 1, we find a collection of elements M,, C 7T, such
that

pY5 () S Y5 (g, M) == > Y5 (u,, K); (5.12)
KEMm
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the collection M,, is called the set of marked elements.

REFINE: Finally, the elements and faces that have been marked are subdivided by

bisection into children see below (cf., [28|). This process gives Tp41.

A crucial challenge for the interface problem compared to the, now standard, proof
of convergence of the above adaptive procedure applied to single domain problem
is that the steps MARK and REFINE require to be compatible with the interface

approximation saturation assumption (5.2).

In what follows, we shall use a subscript m to denote quantities related to mesh 7,,.
Now, let 5; and f5 be two constants depending only on the initial triangulation
and such that 0 < 5, < By < 1. If 7,, is constructed from 7,,_; by adding a new
vertex or edges using a bisection technique, then for K € 7, ; and K e T,, we
have

kihgy < hg < kohp, (5.13)

where Kk == 21/251/52 and ko := 21/262/61, for all elements not having a face on

the interface. For the elements on I'"", we make (5.13) an assumption
Next, we show an estimator reduction property (cf., [25], Corollary 4.4).

Lemma 5.2. Let 6 =1 — 272 and 0 < u < 1. Then, we have

o 2
0 () < (1= S0, () + (1 5 max{1, G}
< (32 19w = )l + V00 B[ty = 112, )
KeTm
(5.14)
Proof. Set v,, := Uy — Upm_1, m € N, for brevity. Using a standard Poincaré-
Friedrichs inequality along with Lemma 3.14, we have
[omll* < 2(1E (W) I + 2[lvm — & (va)?
< C Y IVE@RI, + ClIVOmu [on] 17, \re,
j=1,2
<C 3 IVl + 19 (@ — E@a) 1) (5.15)
KeTm

+ ClIV/Onhy [un] 17\ rir
<C Z IVl % + Cllv 00/ [um] 12, e

KeTm
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Therefore, using Lemma 3.11 and (5.15), we have

> Ao |5 + 12 [Von]

12“%“5 + Z C’tT’Hl’lrln/2 ([[Um]] + va) ' nZH%‘ﬁ;

KeTm Jj=1,2
<C D Vol + CClvm|® (5.16)
KeTm
< Cmax{L,Cy} > | Vomli + CCullN/0n/hn[om]|IE, \rer
KeTm

for C' > 0, constant depending only on the local geometry of the triangulation.

Using the elementary identity (a + 0)? < (1 + X)a® + (1 + A71)b?, for a,b, A € R,
A > 0, we have

> b (f + A5 < L+A) Yl (f + A [I%

KeTm KeTm

(5.17)
+ (1A D [hn Aol
KeTm
I V] Ry < (1 NI IVt + 1+ A Vo] e, (5:18)

and

05 ([l + V) - 0|2,

7j=1,2
< @+A) Y 02 ([uma] + Vi) - [y, (5.19)
j=1,2
(1A Y A (o] + Vo) -0y
j=1,2

Combing (5.17), (5.18) and (5.19), with (5.16), we deduce

T%;n (um) < (1+ )‘)Tgrm,l(um—l) + (1 +2"HCmax{1,Cy,}

< (3 190l + IV BBl s ) (520

KeTm

Now, for each element K € M,,_1, i.e., elements refined at the (m—1)-st iteration,
let Ry, :={K €T, : K C K}. Then, forall K' € R,,,



Convergence of the adaptive algorithm 60

we have Ay <<5) 2712h e < 271/2h e and

Y2 (1) = Y2 (1 Tt \ Mo 1) + T2 (1, {Ron - K € My 1})
<YZ (Unets Tt \Mo—1) + 27202 (w1, Miyq)
<YZ (Upet, Tne1) — (1= 27T (g, Myny)
< (1= 0p)YT, (w1, To1),

(5.21)

making use of the a Dorfler-type marking strategy property (5.12) in the last step.
Substituting (5.21) into (5.20), and selecting A = dp/2, the result already follows
by noting that

(H%M)(l—éu) 1—%“

5.2.2 Quasi-orthogonality

We now prove a mesh perturbation result, which we shall use to establish the

quasi-orthogonality in Lemma 5.4 below.

w

5 then we have

Lemma 5.3. For vy > 0 sufficiently large, and Cq =

b a C
Dp(2,2) < 2Dy 1(2,2) + TG”%h_l/Qﬂz]]

% e (5.22)

for all z € S,y + H}, with r € N denoting the minimum number of refinements
on the elements on T, required to satisfy maxq{+/0n} < 2 in the transition from
Trn_1 to T,,. Here ﬁm denoted the inconsistent bilinear form introduced in section
4.2.1.

Proof. Since Ty, is a refinement of 7,1, we have z € S,, + H} also. Hence,

associated to Z,,.

A ~

Dp(2,2) = Dy (2, 2) + 2/1“ \W{HVz} - [z]ds — 2/ {IIVz} - [2])ds

mel\rﬁrrz—l

+ 10/ B =DIIE,\ry = V0 /Mot LD, e

1

since

[ e 1 1 o SO [T e SO 1

m —1
KeTm KeTm-1
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Using (5.13), we have
I LDy < OF P by PR e (523

Using similar arguments as in Lemma 3.17, gives

(1172} - [-]ds < ( > ||»f1/2wu%<) Vi & [

T \Tly KeTm (5.24)

—H\/%/h [=]IIE, .\

for ~, sufficiently large, and, as in the proof of Lemma 4.2, we immediately have

l\DI»—

1 _
IV A0/ D[] 1, o < ;||70hm1/2[[2]]||%m\r¢g- (5.25)

and

) / {HVz}-[[z]]dsgC( 3 |w”2vZ||%<) ey S [
r KeTm—

m— 1\Fm 1 1

Dy —||\/70/hm 1[I, e

Combining the above bounds the assertion already follows. O

m—1

l\i)lr—A

Lemma 5.4. Let e, :== u — u,, and Cg = %C’ +2C(4+ Cp)y+ Cg. Then, we

have

- A 1
Din(emsem) = (2+77") D (em-1, em-1) = Zllltm =t

(%<T2@%)+T%4@%10, 220

for vo = ymax{+/0n, 1}, and v > 0 sufficiently large.

Proof. For brevity, we set vy, := Uy, — Up—1 and Wy, := vy, — E(Vy), m € N.
Using the PDE problem along with straightforward manipulations reveals the
identity

~

Dm(ema em) = Dm(em—la em—l) - Dm(vmyvm) + Q-Dm(emvwm>

—Q(Dm@mﬂ%ﬁ—<ﬁwm». (5:27)
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We now consider bound each term in turns. Applying Lemma 5.3, gives

A

R C _
Dm(em—la em—l) S 2Dm—l(em—17 6m—1> + TG“’YOh 1/2[[6771—1]]”12",”,1\1"5;

,1'
The coercivity of the bilinear form Dy, gives
. 1 9
Dy (U, 0n) > §|||Um|” . (5.28)

To bound the third term on the right-hand side of (5.27), we start by observing
that

~

2Dy, (em, Wiy) = 2D,, (em—1, W) + 2D,, (U, Wi ) - (5.29)
The first term on the right-hand side of the above equation can be bounded by

(5.13) as follows:

D,, (€m—1,Wn)

< IVemalllVwnll + [IVem -1V 0/ M [wm] 0, \rir

+ [Vl Vo /hmlem-1]lr.ary + Corlllem-1lllrg ([ [wa]s
+ [V 0/ hm-1lem—lllrnrg | VAo /D [wn] lle,rg

1/2
< (Vw2 + VA0 Bnlm] I, + Corll T ]I )
. 1/2
x (IFemlI? + 2720 B alem L2, s, + Corlllem 111 _)

< Crlllem-tllliwmnl-

(5.30)
where Cp = (max{1, 02*’"/2})1/2. Using Lemma 3.17, gives
~ 1 ")/CF
Doy (€1, wm) < 5|||€m—1|||2 + = llwmll. (5.31)

The second term on the right hand side of (5.31) can be bound by using (4.7), we

have

. C
Do (em-1.0m) < g-llemall® + 255 (03 (07 #9720+ G V)
K€eTm

. (5.32)
X H’Yohml/2 [[Um]] H%m\F%a

< 771Dm71 (em—1,€m-1) + CCFHVOh;zl/Z [[Um]]lem\F;;-
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Next, for the second term on right-hand side of (5.29), we also have

A

1
2D (U, W) < Z|||vm|||2 +4C[Jw I
(5.33)

1 2 _
< llomll” + 4CIyohy, 2 [l 17, .\t

Collecting all of these results, we obtain

~

L 1 .
2D (em wn) <77 Dot (em-1, em—1) 4 [vmll*+C(4+Cr) by [omlIF, ;-

To bound the final term in equation (5.27), we begin with setting

B = (f,wn) — Dy, (U, W) = / fwpmdz — D,, (U, Wiy ) -
Q
Integration by parts on the above implies
81 < T () (Il 0]+ 10720
- 1/2 5\ V2
+ O () (D I3 20mle, ) 12,
j=1

+ 110n/0n) 2 [um] e, 0 | (i / 00) 2 {V w0l

Now, applying Lemmas 3.11 and 3.12, along with Lemma 3.14, we arrive at the
bound

1Bl < 0% (wn) [ VOn, Lo oy + ClVOMLTondlf e (5:34)

Selecting now v > 0 large enough so that, for the coefficient of the second term
on the right-hand side of (5.34), we have v > 8C, we obtain

C _ 1 _
|B| S ;TTm (Um) H,yohml/2 [[Um]] ||Fm\r‘% + @ HIVOhml/Q [['Um]] H?‘m\I‘%

C 1 2
c Lo v
< v Tgfm (um) + 4fy||70hml QHUmHHFm\F%'

(5.35)

Finally, applying the triangle inequality and Lemma 5.1, gives

_ - ~1/2
ohz [t = w120 < o> Tum][12,psy + 0B 3 Tm-a 7.,

< CY% (um) + CY%  (um—1).

—1

Recalling that 79 = ymax{y/0n,1},7 > 1 and combining the above bounds the

results already follows. m
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5.2.3 Contraction property

We are now ready to prove the main theorem of this Chapter.

Theorem 5.5. Let u € H}. Then, there exist constants 3 > 0 and 0 < p < 1
depending only on the shape reqularity of the triangulations and on the marking

parameter i, such that
Do (emsm) + B3, () < p (Dt (emosemo) + 875, (un1))  (5.36)

Proof. Using Lemma 5.2 and Lemma 5.4, we have

Dm (ema em) + BT%H (um>

1\ 7 1
S (2 + Y 1) Dm—l <€m—17 6m—l) - Z’Hum - um—lle

. 1
< (2497") Dot (€1, €m1) — Zmu"”l — | (5.37)

+ (% + (% + B)(1 — 5—”)) T%—mA (Um—1, Tm—1)

-1
If we choose f = (4(1 + %) max{1, Ct,,}> — %, this leads to cancellation of the

term |||tume1 — U] on the right hand side of (5.37) with the last component of

the fourth term on the right hand side of(5.37). Setting v = f—g we obtain

Dm (em> em) + BT’%;” (um) S (2 + EB) Em—l (em—la 6m—l)
16 (5.38)
+(2e+1— 7)5T2rm_1 (Um—1) -

Due to (5.9), we deduce

bm (€m7 em) + BT%’m (um) S (2 - 66) bm—l (em—ly 6m—l)

5.39
FEACH )+ 1= PYB0L (). o)
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Choosing € = and 7, large enough to make g > 0, we have

op
8(C+1)

A

Dm <€m7 em) + ﬁT’%’m (um> S <2 - %) Dm (emfla emfl)

(5.40)
o
+ (1 = Z“) BYZ (1)
The proof follows by choosing

opp op
= p P S S A1
pma o OOy O] (541
O

The contraction of Dy, (e, €m) + BYZ (um) as m — oo implies that

Doy (ém, €m) — 0 as m — oo, which, in true, implies |[|e,, ||| = 0 as m — oco.

5.3 Numerical experiments

The main objective of this section is to illustrate the practical performance of the
adaptive algorithm. All results shown are obtained with an implementation based
on the deal.II finite element library [7|. Here, we present the result of three
numerical examples, with 7 = 10 and polynomials of degree one and two in all
the examples. In all the cases, the starting mesh is the uniform square mesh node
of 16 x 16 elements. Although not discussed above merely for simplicity of the
presentation, it is straightforward to extend the proposed dG method to problems

with non-homogeneous Dirichlet boundary conditions.

5.3.1 Example 1

Let Q = (—1,1)? and subdivide it into two subdomains interfacing at = = 0; thus
Q) =(—1,0) x (—1,1), Q3 = (0,1) x (—1,1). Dirichlet boundary conditions and

source term f are determined by the exact solution

2
(o +422) ") i Q;

u(z) = 2
(—=ba® + 4z + 1) 1) i Q.
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Both components obey non-homogeneous Dirichlet boundary condition. Further,
the solution w is compatible with the transmission condition (defined in (2.5)) with

respect to the permeability C;,. = 4.

The numerical solution obtained after few iterations of the adaptive algorithm

presented above is plotted in Figure 5.1 together with the respective meshes.

T I T T T ] i
I 1 I I I
=
£ R
e
=l
558 u
H 0.5
T T T T T F
O ==, -1
-1 -0.5 ] 8.5 1
(a) Refinement =6 (b) Refinement =6

1Y ] ¥ w5 1 -1 -8.5 8 8.5 1

(c) Refinement =11 (d) Refinement =11

FiGURE 5.1: Example 1. Solution profiles ; with p = 1, in the left and meshes
produced ; with p = 1, in the right.

We begin by assessing the decay of the estimators on uniform meshes. Numerical
results are reported in Table 5.1 and Table 5.2 in the case of linear and quadratic
elements, respectively. In both cases, the a posteriori estimator appears to be of
optimal rate under uniform refinement. The estimator and the dG-norm of the
error are plotted in Figure 5.2 under both uniform and adaptive mesh refinement;
in Figure 5.3, we plot the respective effectivity indices, defined as the ratio of the
posteriori error indicator and the dG-norm error. Optimal rates of convergence

are observed with respect to the degrees of freedom for both the estimator and
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| DoFs || estimator | rate | [I.[|-error | rate | L?-error | H'-error |
16 8.86664e+01 — | 2.26145e+01 1.49369+401 | 1.5493e+01
64 4.50136e+01 | 0.97 | 1.08152e+01 | 1.06 || 5.40166e-01 | 0.810062e+01
256 2.37694e+01 | 0.92 | 0.495936e+01 | 1.12 || 1.75040e-01 | 0.40658e+-01
1024 1.23039e+-01 | 0.95 | 0.226606e+01 | 1.13 || 5.07852e-02 | 0.200753e+01
4096 || 0.626679e+01 | 0.97 | 0.106339e+01 | 1.09 || 1.37406e-02 | 9.93241e-01
16384 || 0.316349e+01 | 0.98 5.11661e-01 | 1.05 || 3.57951e-03 | 4.93316e-01
65536 || 0.158947e+01 | 0.99 2.50428e-01 | 1.03 || 9.13994e-04 | 2.4573e-01

TABLE 5.1: Example 1. Decay of the a posteriori error estimator and errors for
p=1.

| DoFs | estimator | rate | [l ]]l-error | rate | L?-error | H'-error |
36 5.89003e+01 —| 1.72413e+01 | — | 0.16731e+01 | 1.17844e+01
144 1.43043e+01 | 2.04 | 0.342048e+01 | 2.33 | 1.71202e-01 | 0.23397e+01
D76 0.345626e+01 | 2.04 8.33096e-01 | 2.03 | 1.93163e-02 | 5.55376e-01
2304 7.92704e-01 | 2.12 | 0.178967e-01 | 2.21 || 1.91641e-03 | 1.17387e-01
9216 1.83402¢-01 | 2.11 3.83275e-02 | 2.22 || 1.80756e-04 | 2.46368e-02
36864 4.34877e-02 | 2.07 8.47322e-03 | 2.17 || 1.66339e-05 | 5.32887e-03
147456 1.05398e-02 | 2.04 1.95167e-03 | 2.11 || 1.52498e-06 | 1.20475e-03

TABLE 5.2: Example 1.Decay of the a posteriori error estimator and errors for

p=2.

the error. Furthermore, the effectivity indices appear to be bounded asymptoti-
cally and remain between 4 and 6, and between 3 and 6 for linear and quadratic

elements, respectively.

5.3.2 Example 2

Let Q = (—1,1)2\(0,1) x (—1,0) and subdivide it into two subdomains interfacing
at x = 0.125. We consider the classical problem with f = 0 and non-homogeneous

Dirichlet boundary conditions compatible to the exact solution
u = r?3sin(260/3),

with 7 = /22 + 2, 0 = tan™'(y/x), and C}, = 1.

The purpose of this example is to observe the behaviour of the adaptive proce-
dure based on the presented a posteriori error estimator, in presence of both a
singularity (at the reentrant corner) and the jump discontinuity at the interface.
Numerical solutions obtained after few iterations of the adaptive algorithm pre-

sented above is plotted in Figure 5.4. The refinement near the origin by adaptive
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F1GURE 5.2: Example 1. Estimator and errors for adaptive mesh in the left and
uniform mesh in the right (p = 1,2).

algorithm clearly indicates that the error estimator is practical and captures the
interface and singularity. The convergence plots reported in Figure 5.5 confirm

that the estimator tends to zero at the expected rate.
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Chapter 6

A posteriori error estimates for dG
methods for parabolic interface

problems

6.1 Introduction

We will now derive a posteriori error bounds for both the spatially-discrete dG
method and a fully-discrete backward-Euler-dG scheme for the solution of parabolic
interface problems. The key technique used in the proofs is the elliptic reconstruc-
tion idea, introduced by Makridakis and Nochetto for spatially discrete conforming
FEM [48] and extended to fully discrete conforming FEM by Lakkis and Makri-
dakis [44]. These ideas have been carried forward also to fully discrete schemes
involving spatially non-conforming/dG methods in [33]. The choice of this tech-
nique for deriving a posteriori error for parabolic problem is motivated by the
following factors. First, elliptic reconstruction allows us to utilise the readily
available elliptic interface a posteriori estimates derived in Chapter 4 to bound
the main part of the spatial error. Second, this technique combines the energy
approach and appropriate pointwise representation of the error in order to arrive
to optimal order a posteriori estimators in the L., (Ly)-norm. As a result, this ap-
proach will lead to optimal order in both Ly(H') and L. (Ly)-type norms, while
the results obtained by the standard energy methods are only optimal order in
Ly(H')-type norms. To the best of our knowledge, no results in the context of
non-linear parabolic interface problems exist for the Lo, (Ls)-norm. The main con-

tribution in this chapter is to prove such an a posteriori error estimator. For an a

72
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posteriori error analysis in the Lo (Lo) + Lo( H')-type norm using backward Euler
in time and a fitted interior-penalty discontinuous Galerkin method in space for

straight interfaces we refer to [50].

6.2 Elliptic reconstruction and revisiting a posteri-

ori error bounds for elliptic interface problems

In this section, we will define the suitable elliptic reconstruction of spatially dis-
crete dG functions. A key observation we will make is that the elliptic reconstruc-
tion is the ezxact solution to an elliptic problem, whose dG approximation is the
dG approximation to the parabolic problem at a particular time. Therefore, we
will be able to utilise a posteriori error bounds for elliptic problems to estimate
the difference between the elliptic reconstruction and the a dG approximation. To
do so, we return to the a posteriori error estimation for the fitted discontinuous
Galerkin method for interface elliptic problems from Section 2.2.4. In particular,
we will extend the energy-norm a posteriori error bounds from Chapter 4 to non-
linear elliptic interface problems including also a reaction term, and we prove a
posteriori error bounds in the Ls-norm, too. The a posteriori analysis follows us-
ing technical developments from the a priori analysis presented in [20]. The latter
was inspired by a, non-standard, elliptic projection construction of Douglas and
Dupont [29] for the treatment of non linear boundary conditions in a classical a

priori error analysis setting, cf., also [20].

To this end, for the a posteriori error analysis, we define the elliptic reconstruction
w € H{ to be the solution of the problem: for ¢ € [0, 7], find w = w(t, Z;,) € Hj,
related to a dG function Z;, € S}, such that

D(t;w,v) + Mw,v) + M(w,v) = (g,v) Vv € Hy, (6.1)

for some fixed A > 0 at our disposal, where g = g(t) € Lo(2) denotes the Riesz
representer of the linear functional given by the right-hand side of (6.1), with

respect to the L?-inner product, with

(g,vn) = Dp(t; Zn, vn) + XN Zn, o) + M(Zp,vp), (6.2)
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for all v, € S}, where

D Zh,vh VZh Vvhdx— VHZh * | Un VH’Uh . Zh ds
2o =3 | o AT Tl + {710} - ()

+ / f[[zh]] - [on]ds;
r\Itr

we emphasise that D, differs from D, defined in Chapter 2 in that it does not
include the interface term. We remark on the technical point that g is first defined
for v € S? by (6.2) and then we consider an (arbitrary) extension of g into Hg+ S
by Hahn-Banach theorem.

To ensure the well-posedness of the reconstruction w, the constant A has to be

chosen large enough, as we shall see below.

Lemma 6.1. Problem (6.1) is well-posed and w € H} is unique when X > 0 is

chosen sufficiently large.

Proof. To show the well-posedness for (6.1), we shall prove the associated mapping
is coercivity on H. We begin by recalling a standard trace estimate (2.2). We

note carefully the crucial fact that ¢) can be a strict subset of dw.

Using the assumption that p(z) = P(2) (21 — 22) € C%(R?*"), we have

2 2
M (w,v) | < /F Callwlll[v ds < G5 Y llwla, e Y vl llre-
" j=1 j=1

) (6.3)

2
< CuraceCp Y (57wl +01Vwllg,)* D (6~ lollg, +68lIVolls,)*,

J=1

[NIE

where Cj is the Lipschitz constant of p; here we have made use of (2.2) with
¢ =T" and w = ;. Choosing, therefore, § = (4C}4Cj) ', and A > 16C3,,..C?

trace~"p»

which implies that A > 4071 Cl,4.Cp, we arrive at

2 2
1 1 1
M —Z (AMllwlg, + IVwlld,) 2> (Mollg, + Vollg,)?. (6.4)
: ]:1

,.lk

Setting v = w in the last bound, we deduce

1

2 2
1 1
M w,w)| < 5 (30 Nl +19]3,)2) " < 53 (i, +19ul?,). (65
Jj=1 j=1

»-bll—‘
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Therefore, (6.2) implies

2
D(t;w, w) + Ajw|)* + M(w,w) > Y [Vwlg, + Aw|* — [M(w, w)]
j=1

2
1
> S (D IVl + Ahwll?).
j=1

which yields the strong monotonicity of the differential operator in weak form

2

with respect to the quantity 3 ||[Vw|[, + Allw|[* which is a norm in H;. The
j=1

continuity follows from (6.1). Therefore, the problem is well-posed upon choosing

A > 16C2,..C? O

trace~"'p*

Now that the well-posedness of the reconstruction is settled, we make the following
crucial observation: Z;, € S is the dG solution to the PDE problem (6.1) which
has exact solution w € H}. Indeed, letting V3, € S¥ to be the dG solution to (6.1),
i.e., we have for all V}, € S? that

Dh(t; Yh, Vh) + )\(Yh, Vh> + M(Yh, Vh) = (g, Vh> (66)

From the definition of ¢ this implies

Dy (t; Yy — Zp, Vi) + AXYh — Zi, Vi) + MY, Vi) — M(Z, Vi) =0, (6.7)

noting carefully that ¢ is defined against all of L?(Q) so testing with functions in
S7 is permitted. Set V3, = Yj, — Z;. Focusing on the last two terms on the left-hand

side of the previous equation, Lipschitz continuity and lemma 3.16 imply

MY, Ys — Z1) — M(Z3,, Y5 — Zn)| < C3||Ys — Z||7r

< CounnC (elun AR

+ e( DIV = 20k + Vo0 /Y — Zh]]”%""t>)’

KeT

(6.8)

for € > hpax. Note that this is not really an essential restriction as € will be of
modest size as we shall now see. Indeed, choosing ¢ = (4C}4eeCp) ' and A >
16C2.,..C2, as in Lemma 6.1 above, (6.7) and (6.8), along with the coercivity of

trace~"p»
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Dy, (3.17), imply

Z IV = Zi)ll% + 11Ya = Zulli + [V A0h[Ys — Z3] |1

Tint - O,
KeT

noting that v > %077. The left-hand side is a norm (as it includes the Ly norm)

and, therefore, we conclude Y}, = Z,.

Upon redefining the dG-norm as

loll = (2 19l + Iv/Ao/Blelleve)

KeT

we now show the following result.

Lemma 6.2 (Energy-norm a posteriori error bound). Let w € HJ be defined by
(6.1). Then, the following bound holds:

llw = ZallP + Allw — Zul < C(¥3%(Z0) + Y (Z1)). (6.9)

and, if 57 9w ¢ H' then

ot — 2|+ M2 0= 20l < C(¥%(20) + X%(2). (610

where

Tss(Z1) i= (3 (g = AZu + AZu)Il + VBRIV Z1]lcpon
KeT
2 1
+ > IVRP(Z)[Z0] + Y 20) - 0 )
i=1

6(017*2 £ o™ 2[Z e + 6Cor 2N oh ™2 [Zu] [ )

Tsp(2n) =
( 0z,

Ys(Zn) == (D ||h (9= A2+ AZ) [+ IVBIV (S e
KeT
oz aZ oz ; 3
+ZW_7’ - (ath))-n\Iémw+T%oo<Zh)T§g(Zh)) :
(6.11)
5 _ 0z 0z
ng(Zh) = <§(CW 2+ 7Y oh” 1/2[[ h]]HF\FtT+ SCoM?[lvoh” 1/2[[ h]]”r\rtr
+T%W(Zh)TQSf(Zh)> ,
(6.12)

2
with Y. (Zy) == Z HBZh!Q || oo, rtr -
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Proof. Using Lemma 3.14, we split the error € := w— Z;, = ¢+ Z{ into conforming
and non-conforming parts, respectively, with € := w—Z¢ € H} and Z¢ .= Z¢—7Z,,.

Noting that Dy, (Zg,€¢) = D(Zg, €°) since both arguments are in Hj, we have

lle“lll* + lle“l|* = D(t; w, €) — Da(Z;, €) + Mw, €) — M(Zj., €°)

i (6.13)
= <g7 €C> - M<w7 Ec) - Dh(Z}fm ec) - )\<Zﬁ, €C>7
where in the last step we used (6.1). From (6.6), we have
Dh<t; Zh, H0€c> + )\(Zh, H066> + M(Zh, H()EC) — <g, H0€C> =0. (614)

Adding the last two identities, we arrive at

llell® + Ale?)?

= <<9> € — oe®) — Di(Zy, €€ — Toe®) — N2, € — H0€C>>
+ (M(Zn Toe) = M(w,€)) + (Da(Z1, ) + MZH, )

- (<g, €€ — TIo€®) — Dp(Zny €€ — TIo€®) — M Zn, €€ — TIp€®) — M(Zp, € — HOEC)>
+ (M2, ) = M(w, ) + (Da(Z1, ) + MZ1 )

=:(I)+ (I)+ (III).
(6.15)

Term [ can be estimated in completely analogous fashion to the corresponding

term without reaction in Lemma 4.1.

For term I1, the assumption p = P(z) (21 — 22) € C*'(R*") and Lemma 3.16
imply

< [ (1oz) = itw)] ) €]

< / Colw — Zu||[€°])

< / \w — Z| + | Z5; — Za]) [[€€]] (6.16)
2
Z lelao; 7o + 1231 N7 )
1 A 1 2 A
< Sl I”+ 5 Sllel” + §|||fo||| + §||Zif||27

working completely analogously to (6.8), using the assumption that hp.x is small

enough.
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Finally, for term I11, we work completely analogously to the proof of Lemma
4.2 (noting that the estimator Y. in Lemma 4.2 includes the constant vy, as
opposed to the current discussion). Putting these bounds together, the result

already follows.

We now prove of (6.10). Similarly as before, we have

Oe* ow 0z, owy, 0zZ;,

H ot = Dl <) = Dut g ) A =AM
T Iy e WOV )

(6.17)
where in the last step we inserted (6.1) differentiated with respect to ¢. Similarly
inserting (6.14) differentiated with respect to time, yields

Oe€ g 07y, YA . .
H ot (<§ € = Tloe?) — Di( 7, € = Thoe?) = M=%, € — Tloe)
_%M(Zh,e — Tpe ))
d c SNV ozd
+ 2 (M2 ) = Mlw,€)) + (Du(SE, ) + ML)
—:(I) + (II) + (II1).
(6.18)

as before, term I can be estimated in completely analogous fashion as in the proof

of Lemma 4.1.

Concerning term 17, the assumption p' € C%'(R?") and Lemma 3.16 imply

< [ (190 - sw)) )
< [ (I&@) - s+ 1)) )

2 2
Oe
< (Oﬁ (Ts..(Zn)) Z €l [ + Zcﬁ’HgMHF") > " llefla, rer

< (14O (20) Zmeﬁij@WMMW+wmmm)

7j=1

1(@-+T2(ZM)UHM + Alel?)

| M
0z

1% I+ 2% |F+M&M-+Mwm)

(6.19)
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where, as before Cj is the Lipschitz constant of p, and Cp is a bound for its

Jacobian. Furthermore, we assumed that A > 16C7,,., max{2,Cs,C3 }.

working completely analogously to (6.8), using the assumption that hp.x is small

enough.

Finally, for (I1I), we work completely analogously to the proof of Lemma 4.2
(noting that the estimator Y ;. in Lemma 4.2 includes the constant -y, as opposed
to the current discussion). Putting these bounds together, the result already
follows. O

We will now also prove an a posteriori error bound for the elliptic problem in the
L4(£2) norm for the above nonlinear elliptic interface problem via an Aubin-Nitsche
duality-type argument, To do so, we follow some ideas from [20, 29| in order to

treat the nonlinear interface condition.

Denoting by S§* the dual space of S := Hg + S}, we consider the linear operator

M(w,-) : § — R, which can be viewed as an operator
M:S8 -8 byw— M(uw,-). (6.20)

Then, we define the derivative M’ is a mapping S — £(S,S*), where £(S,S*) is
the space of linear mappings from S to §*. Using this, for €, := rw + (1 — r) 7,

we define

G(t,v) = /0 M (e,(t,-)) (v)dr. (6.21)

Now, setting v = w — Z,, we have

G(t,w—2Zy) = | M(e)(w— Zy)dr = /O aﬁ(M(e,,))dr

using the fact that the mapping [0,1] — S*, given by r — M(e,) is continuously
differentiable as p € C1(R?"). For brevity, we will denote G(t, 2(¢,.)) by Gz.

We will use G define above to assume the existence of a regular dual problem, as

follows.

Assumption 6.3. We assume that the domains €2; and )y are such that for s €

(2,2], there exist a solution ¢ € H§ (defined in the obvious fashion) of the linear
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dual equation
Dy (v,9) + Mo, 0) + (G, 0) = (v, 1) + (v]rer, ag)per - Vo € Hy + S}, (6.23)

where for the (non-projected) dG bilinear form

Di2(t;v,¢) = Y /K Vo - Vodr — /F ({Vo} - [¢] + {V¢} - [v])ds

KeT AL

R CRCTE

for all data a; € Ly(Q) and ay € (H'Y?(I'™))?, so that 1 satisfies the elliptic

regularity estimate

2

> Iyl

j=1

H3(2) = Cell(HOﬂH + HOC2HH1/2(rtr)), (6.24)

for Cy; > 0, independent of 1, oy and ay. Note also that here, as well as in

subsequent instances, v|re should be interpreted as the vector function whose

component are the traces of v from the two subdomains.

Remark 6.4. We note that the above construction in Assumption 6.3 is well posed.
Indeed, the higher regularity required in allows for the (non-projected) dG bilinear
form D}?(t;v,¢) for ¢,v € Hg + SP to make sense. Therefore, noting that, for
¢ € H, we have

Di*(tv,¢) =Y | Vv-Vedr — / (Vo) - [v]ds;
KeT 7K T\
a simple integration by parts shows the consistency of this bilinear form with the

weak Laplacian.

We are now ready to prove the following Ly(€2)-norm a posteriori error bounds for

the dG method for the elliptic interface problem.

Lemma 6.5. Assume that (6.24) holds for some s € (2,2]. Then, we have the
bound
|lw = Zp||* < CY%, 1, (5, Zn). (6.25)
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and, if in addition p is twice differentiable with bounded second partial derivatives,

||_ (w - Zh) ||2 S T§27L2(87 Zh) + CT§17L2(87 Zh)
(6.26)

X ((Jﬁ—l/z(T%g(Zh) +T%(Zn)) + TS(%Q(Z}I))’

for some constants C' > 0, independent of the mesh and the functions involved in

the bounds, where

Yo 1.(5, Zn) : ( 3" COK N7 (g — AZy + AZ,)|I%
KeT
+ HhH/ IV Zulll3krrime + 100 > 21 Z0] 113 kAr per

1

+Z|]h5 V2AP(Z)[Zn] + V Z) - niy\gmw)y.

Yo, 1,(5, Zn) : (ZC&KHF”)(HhS (g — N+ AZy)|1%
KeT

Y
+ 12V (= -

oZ
Sl [

. az aZ YA ) L
+ZHh VAP + V) 0 o))

)]]Hafmrmt + [lyoh* P2

=

2
with Y g1/2(Z)) = Zl 222 g, | 272 (pery - T%S(Zh) and ng(Zh) defined as in Lemma 6.2.
]:

Proof. Let 1 solve (6.23) with a3 = € and ay = 0. Testing with v = ¢, where
€ = w — Zj, and applying (6.1), we deduce that

ell* = Dy (e, v) + Ae, ) + (Ge, v)
= D (w,v) — Dy* (Zn, %) + Mw, ¥) — \(Zy, ¥)
+ M (w,9) = M (Zn, )
= (9, 0) — Dy (Zn, ) = MZn, ) — M (Zn, ).

(6.27)

Also from (6.6), we have

0 = —(g, T¥)) + D (t; Zn, 1Y) + N(Zp,, TIb) + M(Z,, T14)). (6.28)
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Noting that Dy (t; Zy, TI)) = DF*(Z),, Tp) and adding (6.28) and (6.27), we arrive
at

lell* = (g.¢ — IYp) — Dy (t; Zp, ¥ — IYp) — \(Zy,, ¥ — TT)

(6.29)
Integration by parts yields
D,fQ (t; Zn, o — ) = / AZy (Y — ) dx +/ [VZ,]{v — Y }ds
KeT
—/ [Z,1{9 (4 — ) yds
F\Ftr
[VZp (¥ — ) ]ds = M (Z, & — ) .
ITtr
Using this, along with the approximation estimates
1Y — ||l < COK NI R[] ms ()
[¥ = T llox < COK N7kl s (6.30)

IV (¢ — 1) [loxe < COK NV RS2 4b] i)

and working as in the case of the energy-norm a posteriori bound in Chapter 4,

we deduce the first bound.

Next, we prove the second bound. Following [20], we use the linearity of G in the

second argument, to have

d oG de ,0G 86 og

ZG(te(t) = (= =

26(t. (1) (&Wmmm O eetor = Glteen oo + (S
Setting v = 8t’ ay = 5 and ap = 0 in (6.23), having exact solution ¥ € H§, now,

along with the last 1dentity, yields for each t:

ez g, 0¢ Oe Oe
’E = D (5. \If)+>\(8t )+ (G5 )
L, W L. 07, ow 02y
= Dy (at ¥) — Dy (825 \If)+/\(at,\11> M=)
d oG
+ = — (M(w, V) — M(Zy, ¥)) — <§,\1/>.
(6.31)

where, in the last step, we have inserted (6.1) differentiated with respect to time
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and tested with W. Similarly inserting (6.28) differentiated in time and tested with
[ToW, implies

= , U —TI0) — D}? 92 U —TIW )\<% T — II0)
5l = ( (¥~ 1) = A
- EM(Z;L, v H\If)) — ((%, \I/>) (6.32)

< () + (1).

Integration by parts to bound the first term on the right hand side of (6.32), gives

DE2(t: 02, L U—IT0) Z/ 8Zh (U — [I0)da
(9 KeT

8Zh aZh
+/F [V (5 )Y - qu}ds—/F\ [ HV (¥ = I1W)}ds

[[v(aazth)(\l/ — T10)]ds — %M (Zn, U — TIW) .

Itr

The term I can be bounded using (6.30) and working as in the case of the energy-

norm a posteriori bound in Chapter 4.

Next, we move the second term /7. To do this, using (6.33), we have

(Gl ) = ( / M (6))e(t) o, Wper)
/ {(P(e) [e(t)|rer], [W])dr (6.33)

-[( / () 0lee] 19 ) ar
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Using the boundedness of the second derivatives of p, the elliptic regularity of
U (6.24), yields

Gleeorv)=| [ ([ (7 [G 0] i 101) ar )
< [ (e S ieolertien) ar
) kol
< G| 20

at |1"tr
2
aE(t) 8Zh
< 1 . tr tr
<G (ZH\I’HooQ]) /Ftr (‘ En Ir ‘ 9 Ir
a&(t) 8Zh
Y3 o lisacey + 15 e lirvaeory ) eC®) e gy
j=1 \Eertr

(6.34)

where H'/2(T'"")* indicates the dual space of HY/2(I'*"). Applying trace theorem,

on both terms on the right hand side of the above equation along with Lemma 6.2,

gives

2 2 1/2
De( De(t)
5 3 120 e = 3 5 (15820 + 125 B

j=1 Eertr j=1 Eertr
2 4 0 1/2 oe(t) 1/2
€ €(t) 5

< (218 ) o & Ww)
J=1 KeTtr
1 INane )\ Oe

ey 2)

<+ (ill5 I+ 5

< 20(—= + C)(T4(21) + T2(21) ",

1
VG
(6.35)
where, in the last step, we have used Lemma 3.16.
To estimate ||€(t)|rer||g1/2rerye we use a duality argument. Let ¥ be the solu-

tion of (6.23) with 3 = d(¢). Hence, § is the duality between [|€(t)|re || g1/2(rery and
HG(t) H1/2(Ttr)*) such that Hd(E)HHl/Q(Ftr) = ”E(t) H1/2(Ttr)= and <€(t), 5(6)>1‘*t7- =

Ttr

Ttr
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||€(t)|rtr ”Hl/Q(Ftr)*, we obtain

le(®) e 1z 2pierye = (€ 0(€))rer
= Dh(wﬂ/;) - Dh(ZhﬂZ) + /\<€71;> + ./\/l(w,z/;) - M(ZhﬂL)
= (9,9 — TIY)) — Dy,(Zp, ¥ — ) — \(Zp, ¥ — T1))
— M(Zy, % — 1Y)

From here, the same steps used to derived (6.25) can be followed, yielding,

||€(t)|ptr ||Hl/2(1"tr)* S CT517L2<S7 Zh) (636)

Combining (6.36) and (6.35) with (6.34) we can bound the last term on the right
hand of (6.32) and this concludes the proof. O

6.3 A posteriori bounds for the semi-discrete case

We can now proceed to the derivation of a posteriori error bounds for the spatially

discrete problem in various norms.

6.3.1 (Loo(Ls) + Lo(H'))-norm a posteriori error bounds

We derive a posteriori error bounds for the (Lo (L) + Lo(H"))-equivalent norm,
which defined as

t 1/2
lelle = lell(8) = (llel.. oz + / llel|? ds) (6.37)

The key idea in our analysis is to utilise the elliptic reconstruction framework
discussed above. In particular, we begin by defining for each t € [0, T the elliptic

reconstruction w = w(t, uy) € HY, to be the unique solution of the problem

D(t;w,v) + M(w,v) + Mw,v) = (f — % + Aup, v), v e M, (6.38)

_ auh
ot

via the temporal derivative can be also found in [50]. Notice that from (2.21), we

ie,weset g=f + Auy, to (6.1); the idea to define the elliptic reconstruction
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have

9 3
<%7vh> + Di(t; up, vn) + M(up,vp) = (f, o), for all v, € Sy,
which immediately implies

. 0
Dh(t; Up, Uh) + /\/l(uh, Uh) + >\<Uh, Uh> <f - ﬂ + )\Uh, Uh> (639)

ie., (6.2) with Z, = u

Lemma 6.6. (error relation) Let u and uy, be the solutions of (2.19) and (2.21),
respectively, and let w be given by (6.38). Setting

e:=p-+e, pi=u—w, €= W — Uy,

we have the identity

Oe

<§,v) + D(p,v) + M(u,v) — M(w,v) = X, v). (6.40)

Proof. For each v € H}, from (2.19), we have

<gt vy + D(p,v) + M(u,v) — M(w,v) + Xp, v)
= (F,0) — (O ) — D(w, ) ~ M(w,v) + Alp,v) (6.41)
= Ae,v),

using (6.38) for the last equality. The result follows by noting that e = p+e¢e. O

Theorem 6.7 ((Lo(Ly) + Lo(H"))-norm estimate). For eacht € [0,T], and \ as

defined above, we have

2
el < 467 ((fuo = ()] + Coll VIrBLun 0] e

ou
+C/ (Y% (un) + Y(ur) )dt+—|]\/9n [ h]]||r\m> (6.42)
+ 2[[v/Onh[un] ”LN(O,T;LQ(Q))

Proof. We begin by decomposing uy, into conforming u§ := £(u;,) and non-conforming
parts uf := uy — E(uy) with the help of Lemma 3.14. We also (re)set €€ := u —u§,

and €° := w — uf, thereby, we have e = ¢ — uf, e = ¢ — uf and e¢ = p + €°.
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Setting v = e in (6.54), therefore, we have

1d 9 Oe
Sl + Dl ) = (5

= (P e 4 Dt e%) — M) + M. €) + M, ).

ey + D(t; e, €°)

Working completely analogously to (6.19), for A large enough, we have
2
(M(u,e) = M(w,e)| < Cp > (Ilplo, lIFer + llela, |[Eer)
j=1

2
< 2G5 ) (llelaylIfer + llelay IFe)
j=1

1 1 A
< Sl + 5 ||6'3||2 + S llell® + Sllel

Using the Cauchy-Schwarz inequality and Lemma 3.17, we also have

C )\ C
[Me, e < Alell” + eI,

8uh o 1 auh 2 A
<\

c _c c c 2 2 1 cl2
|D(t; €% e)| < Clle \H + gllHe 11> < Clllell* + Clllus ™ + el

?

—llel®

Combing all of these bounds together, yields

d & 1 (& C
el + Sllecll® < 22l + Cllell” + 3¢l

2 auhHQ'

+ Ol + M + 515

Integrating the time variable for s € (0,t), we have

1 t t
IO + 5 [ llelPas <2 [ fePas + R,

where

c 2 0u
R(O) = IO+ [ (CIP + 31l + Ol + Al + 215

0

and using Gronwall inequality (2.4), we deduce

C 1 ! (&
@I+ 5 [ lelids < R,
0

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

I2)ds

(6.48)
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noting the trivial bound [lec||> < |lec|* + f; lle€|II” d5. Since [|e“(t)] is assumed
to be continuous with respect to ¢, we can select t = t, such that ||e“(t,)| =

1€l Lo (0,7:20(02))- Therefore, (6.48) for t = ¢, implies

c c 1 - cl12
1017 0.7ty < et + 5/0 lle“llFds < e R(t.) < M R(T),

with T being the final time. Combining this with (6.48) for t = T', we arrive at

(& C ]' T C 2
e = 16V o + 5 | llelds < 2T RT)

Triangle inequality now implies ||e||. < ||e¢]l« + |[ug|., thereby, concluding
lells < 4e®TR(T) + 2.

Lemmas 6.2, 3.14 and 4.2 now give

R(T) < (lluo — un(O)] + Coll /BB Lun ()] + / (T3 () + T3y (wn)) dt
SN ks [

while

T
a2 < Vol o + € [ Thgunde.
0
The result, therefore, already follows by combining the last three inequalities. [

Remark 6.8. We note that the elemental residual in Tge(uy) is equal to

ou
> lIn( f——h+A w) I,

KeT

since g = f — auh + Auy. Therefore, the above approach, indeed, results to the

expected residuals.

6.3.2 L. (Ls)-norm a posteriori error bounds

We now derive a posteriori error bounds for the L. (Ls)-norm only, which are
expected to be of higher order than the respective (Lo (L2) + Lo(H'))-norm ones

derived above. The elliptic reconstruction framework will now play a crucial role
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in achieving optimal order a posteriori estimates, just like the classical elliptic

projection idea does for the respective a priori error analysis.

Lemma 6.9 (L. (Ly)-norm estimate). For each time T, and for X\ as defined
above, s € (%, 2] as in (6.24). Then, the following bound holds:

9 2
el ooy < @72 ((luo — un(0)]] + S{2(s, un(0)))

+ /0 8A(T§1,L2(s,uh(t))+%TéZ’LQ(s,uh(t)))dQ (6.49)

+2 Jnax, Tsl (s, un(?)),

with Ts, , and Tg,, asin Lemma 6.5.

Proof. Testing with v = p in (6.54), we have

(P 0+ DUt )+ Ml p) — Mlw,p) = Meop) — (o0 ). (650

From (6.2) (with p in place of w and a different choice of the parameter in Young’s

inequality,) and the Cauchy-Schwarz inequality, we have

2862

2ol + 2151 + Sl

2 < 2 4\ 2
2dtl\pl\ + el < Hlell® + 6H,0H + 4 Jef|” +

or

A
||pH2 loll” +8X[lell* + || H2 (6.51)

Integrating for a dummy variable u between 0 and ¢ the time variable and using

Gronwall’s inequality (2.4), we deduce

oI < e (1lo(O)]? + / (83l + 1 5e1) ). (652

Since ||w(t)|| is assumed to be continuous with respect to ¢, we can select ¢ = t,

such that ||p(t.)| = ||l 2w 0,7:20(0)) in (6.52), to arrive at

T 4 Oe
1ol oo < 72 (@)1 + [ (Sl + F150 1)) (653)

0

Using Lemma 6.5 and the bounds

lp(O) = lluo = w(0)]| < [luo — un(0)]| + [l(0)]],
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lu = unlli . 0.1:Lo0)) < 20017 0221000y T 2M€llT s 0.1:L0(0)

the result already follows. n

6.4 A posteriori bounds for the fully-discrete case

Let u be the solutions of (2.19) and the sequence and {u}},, be the fully-discrete
solution from (2.23) with u} € S, n =0,1,..., N, respectively. Let also w™ € H
be the elliptic reconstruction of uj given by (6.1) for Z, = uj. Let w, and w
denote the piecewise linear interpolants with respect to t at the points {u}'},, and

{w"},, respectively, viz., for t € (t,_1,t,]
up(t) = Lo (U™ + 0, (t)ul, w(t) = Ly (Hw" ™ + £, ()w",

foralln=1,...,N, with ¢,_1(¢) := (t —t,—1)/k" and ¢, (t) := (¢, —t)/k", noting
that

oup,  up —up
o kn
Setting, as before,
e:=p+e, pi=u—w, €= W — Up,

and correspondingly for e, € and u{, we have from (2.19) for v € H{,

Oe
<Ea U> + D(p, ’U) + >‘<p7 U)
6.54)
u — un—l (
= <f7 ’U> - M(U,U) - <hk—nh7v> - D(w,v) + /\<p7 ’U>.
Now, from the elliptic reconstruction definition, we have
D(w,v) + Mw, v) + L (OMw™ ™ v) + £, (HM(w™, v) (6.55)

= (ba-a(t)g" " + La(t)g", ),

from linearity, for
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with ¢" = ¢g(t,,-) and f™ = f(t,,-). Combining, therefore (6.54) and (6.55), we
have the identity

9¢ )+ D(p,v) + Mp,)

T
= (f,v) — M(u,v) — <%,u> + A\ (u, v)
+ by (MW" ) + L () M(w", 0) = (b (H)g" 4 La(t)g", )

= Me,v) + {f = laa () f" 71 = ()", 0) (6.56)
n—1 _  n-2 n_ ,n—1
(Ot = S )

+ (Kn_l(t)/\/l(w”‘l, ) + Lo (M (™, v) — M(u, v))
=: Me,v) + A(v) + B(v) + C(v),

noting the trivial identity £, (t) = 1 — ¢,,_1(t) for t € (t,—1,%,]. We observe that
the first arguments in A(e,v) and C are not computable as it stands, so they will
have to be estimated using the Lipschitz property of M(-,v) and compensated on
the left-hand side by the choice of A > 0 being sufficiently large.

Theorem 6.10 ((Lo(L2)+ Lo(H?'))-norm estimate). For everyn =1,..., N, and

A as defined above, we have

lellZ(tn) < 4™ 205, + 4 max [|v/Onby [ ], (6.57)
with
S‘Ld = zm + Z k] space (ngme) )7 (658)
where

Yini := ||uo — up(0)]| + Col|r/Onh[ux(0) ]]HF\F"

. kI 4+ kitl . . 1/2
Tgpace = (T(T%‘c( .]]’L) + TZ?(“?;))) )
—1 -2 j —1
—(w O G2 g — o 4 20— o
tzme : fi—1 k}j h h h h

4 1/2
| o[ e + 21— a0~ a0 )

with C' > 0 constant depending only on the shape-reqularity of the spatial mesh.
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Proof. Starting from (6.56), we set v = ¢, and we have

2dtH€ I 4+ D(t; €%, e°) = ( e’) + D(e°, e°)
5 d (6.59)
= e, €) + D(ee°) — (== 825 e) + A(e®) + B(e°) + C(e°).

The first three terms on the right-hand side of the above identity can be estimated

in similar fashion to (6.45):

A (&
[Me, e < 2Aell® + S e,

ad oul A
o)\~ h2 g
(St e < XTSI 4 2

c _c c 1 c 2 2 1 ci12
|D(t; €%, e) < 2Cle ||| +gllle 1> < 2C|[ell® + 2Clusll” + glellll™

Zlel||? (6.60)

Y

For the remaining three terms we work as follows:

— n— n A c
JA(E)] < 207 f = baa () "7 = Ga(O) f7)1 + glle 1%,
n—1 n—2 n n—1

U —u uy —u A
<2)\1 h h _h h 2 M ocl12
B(e)] < A7 S| 2 e,

and

C(e)] < [nr (M(w" ™€) + La () M(w", €°) — M (up, €]
+ |/\/l(uh, e) — ./\/l(u,ec)]
—1(O)[MW", ) = M(un, )] + G (t) [ M(w", €) — M (up, )]
+ |M(u e) — M(u, )],

since £,—1 + ¢, =1 and 0 < ¢,_1,¢, < 1. Working now as in (6.44), and recalling
that A > 16C2C},

ioace, We have

[\

| M(w™, ) — M(up, e Ej W™ — up)|a, 2o + o, Fe)

1 A 1 A
< o™ =l + ™ = unl? + LIl + e,

W
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form =n—1,n, and
2
(M (un, ) = M(u,e)| < C5 > (Ilela, I[P + 1€, IFer)
j=1

2
<2C; ) (el IBer + lluile 1)
j=1

1 1 .
§H|uth +—H all” + 5l W+3 ||6 [

Noting the identity 34 ||e°||? +[||e® II> = °||*+ D(t; e, e°), integrating the time

zalle
variable between 0 and ¢, and combining the above estimates we arrive at

c 2 1 ! cl12 5A ! cl|2
e @I+ 7 [ Mllellds < == | llel"ds + Rya(t), (6.61)
0 0
with
c 2 2 2y 4, 0ujl
Roalt) = o)1 + [ (8Nl + ACell? + ACTul* + M + F1 2%
0
4 “Zl_uz2 UZ_UZ_IQ 4 ~1 2
= — —f =l ()=l ()
T/ Mt e A 0 - )
1 A A
g 2 (= = anll - Mo =) ) s
i=0,1
Using Gronwall inequality (2.4), we deduce, therefore,
1 t
@I+ 5 [ lelids < 2 Rpafe), (6.62)
0

as before. Working in identical fashion to the semidiscrete case above, we arrive
at
2 5AT/2 )2
le]|? < 4e™ 2R 5a(T) + 2]Jug .

Now, setting for brevity € := €(t,), n = 0,1,..., N, straightforward calculations

reveal the bounds

> (el + Alel?) < 2~ (eI + Alle™=[1),

Z:O,l 2:071
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and

(™= = unlll* + M = unl?) <23 (Il + Al

i=0.1 i=0,1

2l — A 2A g —

noting the trivial bound ¢2_,(t) + ¢2(¢) < 1. The a posteriori bound now follows
by combining the last three estimates, along with Lemmas 6.2, 3.14 and 4.2. [

Remark 6.11. We note that the maximum with respect to ¢ in the L. (Lg)-norm
can only be attained at one of the time nodes t,, since it is a linear interpolant

with respect to ¢.

6.4.1 L. (Ls)-norm a posteriori bound

The proof of the L. (Ls2)-norm a posteriori bound for the fully discrete scheme

will be split in a number of intermediate results for accessibility.

Lemma 6.12. For A as above, we have the bound

d. o, 1\, ., , 16,9,
— g 4\ —|l=
Lol < X ol + ax el + 20 5
HANTHIf = a7 = (O f7 )
N 4)\71HUZ_1 _ UZ_2 B uz . uz—l ||2 (663)
kn—1 kn
+ 5 lllw P+ Sl — w1
Proof. Setting v = p in (6.56), we have
dp Oe
(5prP)+Dlpsp) = Mep) + (50, 0) + Alp) + Blp) +C(p). (6.64)
Working as before, (6.64) gives
ld, o 2
=< ol + el
A 2 Oe A
< el + = loll® + Sl 11 + < llell?
16 A0t 8 (6.65)
- n— n )\ .
+ 207 = a7 = LS ” + 2ol
n—1 n—2 n__ ,n—1

U —u U U A
pant )t Ty R 4 [ (p)]
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To estimate |C(p)| we work as follows:

C(P)| < [laar (MW", p) + Lo () M(w", p) = M(w, p)|
+ |M(w,P) M(u, p)]
A (OIM@" T, p) = M(w, p)| + Ca(B) MW", p) = M(w, p)]
+ |M(w7ﬂ) M(u, p)l,
since £,_1(t) + €,(t) = 1 for t € (t,_1,t,]. Working now as above, and recalling
that A > 16C3C7,,.., we have

trace’

IM(w™, p) = M(w, p)] < G Y (™ = w)la, 7 + llple, 7+

2
<G Y (Il = w™ Y|, 12 + Il 12
A 1 A
flw™ = w1 4+ Sl = w2+ Sl + Sl

for m =n — 1,n, noting that w™ — w = £,,(w"™ — w"'). Also,

2
(M(w, p) = M(u, p)| < 2C5 > |lpla, IFe <

A

2

llolll™+ S ol
j=1

N | —

Combining the last three estimates, we arrive at
1 A 3 3\
CO) < il — w7 + 2 = w2 4 2l + 2
The result now follows by using the last estimate on (6.65). O

Since the terms involving p will be treated as above, we turn our attention to the

terms involving the difference w™ — w™~!, which as it stands is not computable.

Lemma 6.13. With A > 0 as above, we have

1 A
e = I e =
ur 1_un—2 un_un—l
< AN 1||fn fn 1||2+4/\ 1|| h k)nilh _ “h knh ||2

Proof. By definition of the elliptic reconstruction, we have

D(w™ —w™ ' v) + Mw™ —w" ' v) + M(w"™,v) — M(w" ™!, v)
= <gn - gn_la U>7
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which, upon setting v = w™ — w" ! and working as before leads to

1 A
oo™ =" 4 Maw™ = w2 = 2o =" = Tt —w P

n_gn—1||2 n_wn—1||2

+ 7w

4

from which the result already follows by replacing the ¢"’s with their equals. [

We are now ready to state and prove the following a posteriori bound.

Theorem 6.14 (L. (Ls)-norm estimate). For everyn =1,...,N, and A > 0 as

defined above, we have

Henim(o,tn;Lg(Q)) < 2611”"/8?1 d,L> +411£1]a<>%T Ly (s, up), (6.66)
with
T?dlz = Zm L2 + Z k] space L2)2 + (Tgime,L2)2)7 (667>
where
Tim',Lz = ||u0 - ug” + 7 1L2 (S,U%),
kI + kIt - 16 ouy, 1/2
Y sy = (‘MTTZLQ( )+ TT?%LQ(S’ W’t_» ;
i1 2 j i1
J — <§Hu?1 —u% _ u‘]]l_u‘]]l H2
time,Lo * k_j_l k‘j

4 . . , , 1/2
+ 5 (I = @ = GOPI+ 15 = F70))

with C' > 0 constant depending only on the shape-regularity of the spatial mesh and
TSZLQ signifying the TSZ)LQ of Lemma 6.5 taken on the union mesh 7™ := Tn1UT™,
i.e., the coarsest common refinement of T" ! and T™.

Proof. From Lemmas 6.12 and 6.13, we have, upon integration in the time variable:

11A

ot < B2 [ ol + Ryana ), (6.68)
with
b 16, 0€ 4 O (R T
R tn) =|lp(0)]|? <4)\ 2, o I A TP
jaralt) O+ [ (N1elP + NG + 1y )

+4x4@f—a4uvmﬂ—&@ﬁﬂf+ww—fwwﬁ)w
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Gronwall’s inequality (2.4), thus, implies
lp(ta)|* < ™R g 1, (£)-

Now, setting for brevity €” := €(t,), n = 0,1,..., N, straightforward calculations

reveal the bounds

16, Oe i 16, € — el
4>\||€||2+7||§||2 <4AND) e HQJFT”T”Q' (6.69)
i=0,1

To further estimate the terms €%, i = 0,1, we can use Lemma 6.5. For the last
term on the right-hand side of (6.69), we can (essentially) also apply Lemma 6.5
by viewing the linear interpolant € as a continuous function in time whose finite

element solution is given by

n n—1
up —up  Ouy

K Ot iz

Crucially, however, the application of Lemma 6.5 in this case has to take place on
the union mesh T" := Tt U T", i.e., the coarsest common refinement of 771
and T™.

The bound now follows by triangle inequality |le(t;)|| < [|p(t;)]] + ||e(t;)]| and
Lemma 6.5, noting that a maximum with respect to ¢t can only be achieved at a

time-node. N

6.5 Numerical experiments

We present a numerical experiment aiming to investigate the performance of
the presented a posteriori bound from Theorem 6.14 for the backward-Euler dG
method for the parabolic non-linear interface problem (2.17). To this end, we
have extended the implementation of the adaptive algorithm of Metcalfe from |[?]
(see also [23] for another detailed description) based on the deal.II finite element
library [7] to the present setting of interface problems. Here, we choose v = 5 and

polynomials of degree p = 2.

The adaptive algorithm from [50], starts with an initial uniform mesh in space and
with a given initial time step. Starting from a uniform square mesh of 16 x 16

elements, the algorithm adapts the mesh to improve approximation to the initial
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condition using the initial condition estimator T,,; until some tolerance intol is

satisfied.

To adapt the timestep k7, the algorithm bisects a time interval not satisfying a
J

wime < ttol, and leaves a time-interval unchanged

user-defined temporal tolerance T
if T/ < ttol.

time

Once the time-step is adapted, the algorithm performs spatial mesh refinement and
coarsening, determined by the space indicator Y7, using the user-defined toler-
ances stol™ and stol™, corresponding to refinement and coarsening, respectively.
More specifically, we select the elements with the largest local contributions which

result to Y’ > stol™ for refinement. The spatial coarsening threshold is set to

space
stol” = 0.001 *stol™; we select the elements with the smallest local contributions
which result to 17 . < stol” for coarsening. The algorithm iterates for each

time-step. We refer to [50] for the algorithm’s workflow and all implementation
details.

6.5.1 Example 1.

We use the adaptive algorithm described above to approximate the solution to the
problem (2.17) when Q = (—1, 1), subdivided into two subdomains interfacing at
x=0,1ie, Q) =(—1,0) x (—=1,1), Q3 = (0,1) x (—=1,1), and 7' = 1. The non-
homogeneous Dirichlet boundary conditions, the initial condition and the source

term f are determined by the exact solution

(4z + 42?) ev*=1) cos(t) in O
U= 2
(=523 + 4z + 1) ev*=1) cos(t) in Qo

this is is compatible with the linear interface condition (2.5) having permeability
Cy = 4.

Solution profiles and meshes produced by the adaptive algorithm at the final time
T = 1 are shown in Figures 6.1 and 6.2, respectively. The meshes generated by
the adaptive algorithm clearly show that the error estimator is correctly picking

up the solution’s features.
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FIGURE 6.1: Example 1. Final time adaptive solution profiles with p = 2
obtained with different values of the spatial refinement tolerance: stol™ = 0.1
(left) and stol™ = 0.01 (right).

(a) (b)

FI1GURE 6.2: Example 1. Meshes corresponding to the solution plots of Figure
6.1.



Chapter 7

Conclusions and Future Work

This thesis is devoted to the development and error analysis of adaptive discontin-
uous Galerkin methods for the numerical study of elliptic and parabolic interface
problem on partition subdomains involving, possibly, curved interfaces and arising
in the modelling of mass transfer of solutes through semi-permeable membranes.
We presented a fitted interior-penalty dG method for an elliptic interface prob-
lem involving elements with extremely general curved faces to resolve interface
geometry. As such, a key feature of this approach is that physical coordinate basis
functions, as opposed to standard mapped ones from a reference element, need
to be employed. The fitted nature of the discretisation permitted us to prove
residual-type a posteriori error bounds for a dG energy norm in standard fashion,
after extending standard approximation, inverse and conforming-nonconforming
recovery estimates (in the spirit of the important work of Karakashian and Pascal
[41]) from the literature. Furthermore, we investigated adaptive algorithms for el-
liptic interface problems with a focus on addressing some challenges to derive the
necessary contraction property which leads to proof of convergence of standard
adaptive procedures. Finally, we took the approach one step further to prove a
posteriori error estimates for the respective non linear parabolic interface problem
in the Loo(Ls)- and (Leo(Lo) + Lo(H'))-norms. The analysis for the parabolic
problems is based on the elliptic reconstruction framework of Makridakis and No-
chetto [48] although, crucially, a number of challenges had to be overcome due to

the non-linearity on the interface condition in the present setting.

Another aim of this work was to investigate the possibility of incorporating fitted,
curved elements in adaptive finite element computations. Nonetheless, a number

of important challenges remain.

100
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First and foremost, the mesh design for curved elements is not treated in standard
mesh generators. This creates a number of practical issues, such as the represen-
tation of curves at the algorithmic level and, crucially for us, the refinement of
curved elements, which remains largely open. We remark that for the convergence
result presented in Chapter 5 we assumed that a “good” bisection refinement strat-
egy is available which results to refined meshes with the same geometric properties
for the curved elements. It is not clear at this point how to construct refinement
strategies that guarantee these required geometric properties, which are in turn

needed for the a posteriori bounds to hold.

Second, it would be very interesting to extend the results from this work to the
case of unfitted meshes, which are widely accepted as more practical, especially
in the context of temporally moving interfaces. The geometry variational crime
present in unfitted approximations of the interface poses a number of difficulties
(mentioned in the Introduction) in proving rigorous a posteriori bounds for such

methods.

Another interesting direction would be the extension of the analysis to higher
order time-stepping methods such as Crank-Nicolson (see Akrivis, Makridakis and
Nochetto [5] and the recent work of Bénsch, Karakatsani and Makridakis [8]).
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