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Abstract

This thesis analyses the effect of optimal monetary policy in economies with im-
perfect labour and financial markets. It also studies how the interaction between
structural characteristics and inflation can affect the economic growth.

Chapters 2 and 3 build on the literature on the New Keynesian model and as-
sess quantitatively the optimal conduct of monetary policy. Chapter 2 analyses the
optimal monetary policy in a currency union with involuntary unemployment and
real wage rigidity by focusing on the role of labour market heterogeneity. Results
show that in the presence of country-specific and aggregate productivity shocks,
under the monetary policy regimes of optimal commitment or discretion, the wel-
fare losses in the currency union increase monotonically with the degree of labour
market heterogeneity.

Chapter 3 quantifies the welfare gains from the central bank using the discount
window as a complementary instrument of monetary policy in an economy with a
frictional financial market. Previous literature has characterised discount window
as redundant. The novelty of chapter 3 is that it constructs a general-equilibrium
model which is used to quantify the effect of discount window lending in house-
holds’ welfare. In contrast with the previous literature, chapter 3 provides an argu-
ment in support of the view that discount window can be an effective instrument of
monetary policy.

Chapter 4 studies the role of social status that is associated with investment
projects in economic growth. By merging a growth model with a credit market frame-
work, chapter 4 analyses the interaction between social status and inflation and the
implications on the economy’s long-term prospects. Results show that inflation is
disruptive for capital accumulation. However, the latter is enhanced from the pres-
ence of social status concerns. Chapter 4 concludes that the role of structural char-
acteristics can be important in determining an economy’s long-term performance.
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Chapter 1

Introduction

Modern macroeconomic theory should aim at studying what influences an econ-

omy’s performance and evaluating the instruments and objectives of macroeco-

nomic policy. The micro-founded models used for such analyses should be tractable.

At the same time, they should incorporate elements that capture key features of the

macroeconomic environment in order to provide useful lessons and more accurate

predictions. The chapters 2, 3 and 4 of this thesis illustrate these views.

In particular, the aim of chapters 2 and 3 is to assess quantitatively the optimal

conduct of monetary policy in economies with imperfect labour (chapter 2) and fi-

nancial (chapter 3) markets. To do this, these chapters build on the literature on

the New Keynesian (NK) model (e.g., Clarida, Gali, and Gertler (1999)), which in

recent years has become the standard model for the analysis of monetary policy.

Incorporating a frictional labour or financial market to the NK model allows us to

extend the scope of the monetary policy objectives and include unemployment sta-

bilisation and financial stability respectively. This is not new in the NK literature.

However, chapters 2 and 3 provide novel elements that capture issues which have

emerged in the aftermath of the recent financial crisis. Including these features to

the NK model helps to address new research questions with regard to the effect of

monetary policy in households’ welfare. The aim of chapter 4 is different. Rather

than evaluating macroeconomic policies, it focuses on how structural character-

istics can affect an economy’s growth performance. The particular characteristic

considered in this chapter is the social status conferred to entrepreneurs who op-

erate investment projects. By expanding a standard growth model (e.g., Acemoglu

(2009)) with a credit market, chapter 4 also studies the role of inflation, the inter-

action between social status and inflation and the implications on the economy’s

long-term prospects. Thus, chapter 4 provides a lesson that highlights the impor-

tance of incorporating a credit market to popular macroeconomic models, such as

an overlapping generations model.

1



Introduction 2

What is the effect of optimal monetary policy in a currency union consisted

of member states that have imperfect labour markets and different labour market

characteristics? This is the main research question addressed in chapter 2. Em-

pirical evidence suggests that since the financial crisis of 2008, the unemployment

rates among the euro area member states have differed in variability and persis-

tence. In contrary, inflation convergence has been maintained. Estrada, Gali, and

Lopez-Salido (2013) suggest that different structural labour market characteristics

between member states could explain unemployment divergence in the euro area.

Taking some of these structural differences as given, chapter 2 examines whether

these movements of unemployment and inflation could be characterised as an out-

come of optimal monetary policy in a currency union. In addition, chapter 2 analy-

ses the consequences of labour market heterogeneity on households’ welfare under

different optimal monetary policy regimes (optimal discretion or commitment).

The model developed in chapter 2 is a NK currency union (two-country) model

(e.g., Benigno (2004), Wickens (2007), Gali and Monacelli (2008)) extended with a

labour market framework. In each member state there is involuntary unemploy-

ment that arises from the presence of frictions in the search and matching pro-

cess. Basing the labour market framework on the literature on Equilibrium Un-

employment Theory (Diamond (1982), Mortensen and Pissarides (1994), Pissarides

(2000), Shimer (2004), Hall (2005)) helps not only to keep the model tractable for

monetary policy analysis, but also to derive a labour market heterogeneity index

which is based on the degree of real wage rigidity (RWR) differential between the

two member states. A linear-quadratic approach (e.g., Rotemberg and Woodford

(1997), Woodford (2003)) for the normative analysis of monetary policy is followed

and a novel feature emerges which is key for the model’s results. The variance of

the terms of trade of the two member states is derived as one of the central bank’s

stabilisation policy objectives.

The main results of chapter 2 can be summarised as follows: In the presence of

a country-specific productivity shock, under any optimal monetary policy regime,

commitment or discretion, the households’ welfare losses in the currency union in-

crease monotonically with the degree of RWR in the country hit by the shock. In the

presence of a union-wide shock, the welfare losses increase monotonically with the

degree of RWR differential, i.e., the value of the labour market heterogeneity index.

The fluctuations of the terms of trade is crucial for these results, as they are positively



Introduction 3

linked with the degree of labour market heterogeneity. In addition, the terms of

trade acts as a transmission mechanism of country-specific shocks from one mem-

ber state to the other and intensifies the asymmetric effects of a union-wide shock.

With regard to unemployment stabilisation, the presence of labour market hetero-

geneity generates a trade-off between optimal commitment and discretion. As the

degree of heterogeneity increases, inflation becomes less responsive to unemploy-

ment changes. Under discretion, the central bank must react more strongly to fluc-

tuations of unemployment and optimal discretion becomes more desirable than

optimal commitment. Furthermore, the degree of labour market heterogeneity af-

fects the frequency of stabilisation of all policy objectives. Nevertheless, it has more

pronounced effects in the persistence of unemployment. Thus, chapter 2 provides

an argument in support of the view that the unemployment divergence and the ho-

mogeneous inflation stabilisation observed in the euro area after the financial crisis

could be an outcome of optimal monetary policy in a currency union consisted of

member states with structurally different labour markets. However this outcome is

sub-optimal.

The optimal monetary policy in a closed economy NK model with labour mar-

ket frictions has been studied extensively (e.g., Thomas (2008), Blanchard and Gali

(2010), Ravenna and Walsh (2011)). To the best of my knowledge, chapter 2 is the

first that performs a normative analysis in a currency union framework. This adds to

some important work in the literature, such as Benigno (2004), who studies a cur-

rency union model without involuntary unemployment and member states with

heterogeneous nominal price rigidity. Chapter 2 also adds to Wickens (2007) who

calls into question the sustainability of the euro area highlighting the role of individ-

ual exogenous characteristics of the member states in the persistence of inflation

differential. In chapter 2, it is the different labour market characteristics that in-

crease the fluctuations of the terms of trade and contribute to higher welfare losses

in the currency union.

Assuming some degree of RWR is an essential characteristic for the Diamond,

Mortensen and Pissarides model in order to generate realistic fluctuations of un-

employment (Shimer (2004), Hall (2005)). In chapter 2, this is an assumption that is

supported from empirical evidence (Babecky (2009), Messina (2010)). Combining

these elements to currency union frameworks, such as in Benigno (2004) and Gali

and Monacelli (2008), is considered as one of the novelties in chapter 2.
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Chapter 3 analyses the effect of the central bank using the Discount Window

(DW), as a complementary instrument of monetary policy in an economy with an

imperfect financial market. In particular, the performance of DW lending is evalu-

ated with reference to its consequences on households’ welfare. The motivation of

chapter 3 is twofold. First, it is driven from arguments in the literature that oppose

to the view that DW is an effective instrument of monetary policy (e.g., Schwartz

(1992)). These views, which are based on cost-benefit analyses of historical facts,

have come to a conclusion that DW is redundant and should not be used by the

central banks. The other motivation of this chapter has been the changes of mon-

etary policy in practice after the financial crisis. The main change has been that

the nominal interest rates have reached the zero lower bound, as a result of ongo-

ing reductions made by the central banks. As a consequence, several central banks

have adopted other, unconventional policies (e.g., large-scale asset purchase pro-

grammes) or have adjusted nominal interest rates below zero in order to combat the

recession. Chapter 3 offers an alternative view. It provides a mainstream macroeco-

nomic model that assesses the performance of the DW and suggests that it is effec-

tive. Thus, it concludes that the DW could be used more often by the central banks

and should not be put on the shelf.

The core model used is a NK DSGE (e.g., Gali (2008)) with capital, which is merged

with a model that analyses the behaviour of financial intermediaries in real busi-

ness cycles (Gertler and Kiyotaki (2010), Gertler and Karadi (2011)). Financial mar-

ket frictions generate borrowing constraints that create a spread between the inter-

mediaries’ real rate of lending and borrowing. In the presence of negative shocks

that affect the financial and the goods market, the economy deviates from its de-

sirable state. The goal of the central bank is to minimise households’ welfare losses

by conducting optimal monetary policy. It has two instruments at its disposal: a

primary instrument, the nominal interest rate and a complementary instrument,

the DW. The optimal monetary policy regimes are implemented by the central bank

adjusting the nominal interest rate. DW is used as a secondary instrument to im-

prove the financial market stability. In the model, DW lending requires the central

bank to monitor the intermediaries’ actions (Bordo (1989)), as there is a risk that

DW loans could be misused in other than financial activities. Chapter 3 follows a

linear-quadratic approach for the welfare analysis. This approach is useful, as the

effect of a zero lower bound constraint on the nominal interest rate can be approx-
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imated. By limiting the variation of the nominal interest rate, the net effect of DW

lending can be calculated.

The main result of chapter 3 is the following: when the ability of the central bank

to monitor financial intermediaries’ actions is low, DW lending can be welfare costly.

This result confirms the doubts raised by the previous literature. However, when the

ability of the central bank to monitor improves, DW lending is welfare enhancing.

Thus, chapter 3 provides quantitative evidence that support the existence of welfare

gains from DW lending, even if the central bank’s ability to monitor is not perfect,

or there are efficiency costs associated with DW lending. Furthermore, chapter 3

shows that the welfare effect from the joint use of DW and nominal interest rate

is different when different policy regimes are followed, despite the presence of the

zero lower bound constraint.

The main contribution of chapter 3 is that it provides a macroeconomic model

that quantifies the effect of DW lending. In addition, it provides quantitative evi-

dence in favour of the view that the DW is effective. The approximation of a zero

lower bound constraint adds to the realism of the model and is a novel element.

Another novel element is that DW is considered as a complementary instrument of

monetary policy used by the central bank to improve efficiency in financial markets.

This view is consistent with the formal position of major central banks, such as the

Federal Reserve. This is not necessarily the same with the view that DW lending is

a non-standard policy used only at exigent circumstances (financial crises), when

the central bank acts as a lender of last resort. In other words, chapter 3 provides

evidence which supports the view that DW lending could be effective during small

recessions.

Chapter 4 analyses the effect of social status conferred to entrepreneurs who

operate investment projects in economic growth. In addition, it studies the inter-

action between social status and inflation and its implications in the economy’s

performance. Chapter 4 adds to the literature (e.g., Weiss and Fershtman (1998),

Varvarigos (2011)) by analysing status concerns that emerge from entrepreneurial

decisions. The motivation for this analysis is the views in the literature that social

status can be an important element of entrepreneurial decisions and performance

(Van Praag (2011)).

The model developed in chapter 4 is an overlapping generations one extended

with a framework for a credit market (e.g., Bose and Cothren (1996), Bose (2002)). In
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the model, individuals are workers and entrepreneurs. The latter borrow funds from

workers to operate projects that produce capital. A key assumption in the model is

that different projects vary with respect to their return as well as the status they con-

fer to the entrepreneurs. Projects with high (low) monetary return require high (low)

effort but confer relatively higher (lower) status.

The main results of chapter 4 can be summarised as follows. Capital accumula-

tion is stimulated from the presence of social status concerns. In contrary, inflation

has disruptive effect, because it decreases the real value of the funds available in

the credit market. Furthermore, inflation reduces the lenders’ real return induc-

ing them to charge a higher loan rate. This decreases the number of entrepreneurs

that undertake projects which produce relatively more capital. In addition, the ef-

fect of social status in the choice of investment projects is a source of transitional

dynamics. The social status associated with the decision to devote effort and oper-

ate a high-return project is less pronounced in the cases where more entrepreneurs

has taken the same decision in the past. In this case, the effect of the number of

entrepreneurs who invest in the high-return project in capital is negative and dom-

inates the positive effect.

Chapter 4 shows that structural characteristics, such as social status, can be re-

sponsible for the emergence of cycles and play an important role in determining

the long-term economy’s performance. This is a different approach to the exami-

nation of circumstances that generate a volatile economic environment. These cir-

cumstances can occur from structural characteristics (social status) rather than ex-

ogenous shocks. Chapter 4 concludes with some policy implications that involve

policymakers’ activities that give individuals the motivation to follow careers with

high status rather than high wage.

Finally, Chapter 5 briefly concludes and provides a discussion for further re-

search.



Chapter 2

Optimal Monetary Policy in a

Currency Union with Labour

Market Heterogeneity

Chapter Abstract

I evaluate the effect of optimal monetary policy in a New Keynesian two-country
currency union model with rigid real wages and involuntary unemployment. I fo-
cus on the role of regional labour market heterogeneity which is quantified from
the degree of real wage rigidity differential of the two countries. In the presence of a
country-specific productivity shock, households’ welfare losses increase monoton-
ically with the degree of real wage rigidity in the country hit by the shock. In the
presence of a union-wide shock, welfare losses increase monotonically with the de-
gree of labour market heterogeneity. The positive relationship between the degree
of labour market heterogeneity and the fluctuation of the terms of trade of the two
countries is crucial for the results. With regard to unemployment stabilisation, the
presence of labour market heterogeneity generates a trade-off between two opti-
mal monetary policy regimes: optimal commitment and discretion. As the degree
of heterogeneity increases, optimal discretion becomes more desirable than opti-
mal commitment. Thus, this paper provides a quantitative argument in support
of the view that labour market heterogeneity acts as an additional distortion in the
currency union. It also attempts to explain the role of monetary policy in various
facts observed in the euro area after the financial crisis, such as the homogeneous
inflation stabilisation and the heterogeneous persistence of unemployment across
member states.

7
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2.1 Introduction

After the financial crisis of 2008−2009, unemployment in the euro area has not only

increased but also diverged. Remarkable differences have been observed in the per-

sistence of unemployment as well. Figure 2.1 illustrates these differences for some

member states. In contrast, inflation in the euro area has been stabilised homoge-

neously and relatively fast.1 This should not be surprising, as despite the social and

political pressures caused by unemployment heterogeneity, price stability still is the

primary policy objective of the European Central Bank (ECB).

Motivated from these facts, in this paper I study the optimal monetary policy

Figure 2.1: Harmonised unemployment rates in euro area, % annually, OECD stats.

in a currency union framework with involuntary unemployment. Estrada, Gali, and

Lopez-Salido (2013) and Boeri and Jimeno (2015) highlight the presence of asym-

metric shocks and transmission mechanisms as potential sources of unemployment

divergence in the euro area. Following this context, the main objective of this paper

is twofold: i) to evaluate the effect of optimal monetary policy by focusing on the

role of structural differences between the labour markets of the member states and

ii) to identify if this slow, heterogeneous recovery of unemployment and the rela-

tively fast, homogeneous inflation stabilisation in the euro area can be an outcome

of optimal monetary policy in a currency union.

I build on Benigno (2004) a New Keynesian (NK), two-country currency union

1See the EU LFS data for the HCPI inflation in the Appendix A.1.
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model. In each country/member state, I introduce Diamond-Mortensen-Pissarides

(DMP) labour market frictions in the search and matching process to generate invol-

untary unemployment.2 I also allow for a form of real wage rigidity (RWR) in each

member state. Following the critique for the DMP model in Shimer (2004, 2005)

and Hall (2005), by assuming some degree of RWR the performance of DMP model

is improved in terms of generating realistic fluctuations of unemployment. The as-

sumption of RWR in the euro area is supported by empirical evidence. Examples

include a firm-level survey by Babecky (2010) and a micro-study by Messina (2010).

I quantify the labour market heterogeneity in the currency union by construct-

ing a simple index that is based on the degree of RWR differential among the two

member states. In the presence of country-specific and union-wide productivity

shocks, I evaluate the effect of optimal monetary policy for different values of the

labour market heterogeneity index assuming that the central bank may follow one of

two optimal regimes: the timeless perspective optimal commitment or optimal dis-

cretion. The criterion of policy evaluation is the households’ welfare losses, which

are generated from the presence of a shock. In particular, I follow a Linear-Quadratic

(L-Q) approach introduced by Rotemberg and Woodford (1997) and Woodford (2003)

and I derive a welfare criterion for the central bank. I find that the stabilisation ob-

jectives of the central bank are: fluctuations of inflation and unemployment in each

member state and fluctuations in their terms of trade.

The main results are summarised as follows: Keeping the union average degree

of RWR constant to avoid effects arisen from union-wide structural changes, in the

presence of a country-specific shock, the welfare losses in both member states and

thus, in the entire currency union, increase monotonically with the degree of RWR in

the country hit by the shock. In addition, in the presence of a union-wide shock, the

welfare losses increase monotonically with the degree of RWR differential, i.e., the

value of the labour market heterogeneity index. I find that the positive relationship

between the degree of labour market heterogeneity and the fluctuation of the terms

of trade of the two countries has a key role for these results. That is because the

terms of trade acts as a transmission mechanism of a country-specific shock from

one member state to the other and intensifies the asymmetric effects of a union-

2Search and matching models of equilibrium unemployment have been merged with closed
economy Real Business Cycle (RBC) models, as well as NK models. For RBC with search and match-
ing frictions, see Merz (1995) and Andolfatto (1996). For NK models, see Cheron and Langot (2000),
Walsh (2005), Trigari (2006), Thomas (2008), Blanchard and Gali (2010), Ravenna and Walsh (2011).
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wide shock. Furthermore, with regard to unemployment stabilisation, I show that,

in the case of a union-wide shock, the presence of labour market heterogeneity gen-

erates a trade-off between optimal commitment and discretion. This is because, as

the degree of heterogeneity increases, inflation becomes less responsive to unem-

ployment changes. Under discretion, the central bank must react more strongly

to fluctuations of unemployment and optimal discretion becomes more desirable

than optimal commitment.

In the quantitative analysis of the model, I find that under any monetary pol-

icy regime, unemployment exhibits strong persistence and is stabilised slowly. In

contrast, inflation is stabilised relatively fast. The degree of labour market hetero-

geneity affects the frequency of stabilisation of all policy objectives, however it has

more pronounced effects in the persistence of unemployment. Thus, this paper

provides a quantitative argument in favour of the view that the facts observed in the

euro area after the financial crisis could be an outcome of optimal monetary policy

in a currency union consisted of member states with structurally different labour

markets. However, these differences have a distortionary effect in the economy and

are welfare costly for the entire union.

In recent years, the ECB has shown an increasing interest in the role of wages in

unemployment persistence and divergence in the euro area. Among others, this is

also demonstrated from the launch of the research group, Wage Dynamics Network,

that studies various characteristics of the labour markets in the euro area. This di-

rection taken by the ECB also justifies the need for a currency union framework with

involuntary unemployment and rigid real wages that studies the optimal monetary

policy. A normative analysis of monetary policy in this framework has been absent

in the literature. Performing this analysis in this framework constitutes one of the

novelties of this paper.

Existing work in currency union models that follows a L-Q approach in norma-

tive analysis of monetary policy includes Benigno (2004), Wickens (2007) and Gali

and Monacelli (2008). Benigno (2004) focuses on the implications of nominal price

rigidity for monetary policy. Wickens (2007) analyses the optimal monetary policy

in the euro area under a discretionary regime highlighting that initial differences in

the price level of the member states can have a permanent effect in inflation diver-

gence in the euro area. Gali and Monacelli (2008) examine the implications of the

coordination between the single monetary authority with fiscal policy-makers. This
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paper adds to this literature by deriving unemployment instead of output gap as pol-

icy objective of the central bank and by focusing in labour market differences. This

paper also contributes to another literature of open economy NK models. There

are a few papers which incorporate wage rigidity. The closest are by Andersen and

Seneca (2010) and Fahr and Smets (2010). Andersen and Seneca (2010) study the

role of heterogeneity in country size and nominal wage rigidity on the dynamic

paths of inflation and output. Fahr and Smets (2010) incorporate nominal and real

wage rigidity to study the effects of asymmetric productivity shocks on inflation.

Both papers also find that the terms of trade acts as a transmission mechanism of

the shocks and strengthens with the asymmetry of the degree of wage rigidity. The

current paper adds to this literature by providing a normative analysis of monetary

policy and by deriving unemployment as policy objective of the central bank. There

are also other papers that incorporate labour market frictions and RWR in a NK cur-

rency union model but they do not focus on optimal monetary policy. Examples

include Campolmi and Faia (2011) who study how the volatility of inflation in euro

area countries is affected from the heterogeneous unemployment insurance and

Abbritti and Mueller (2013) who focus on the implications of different degree of real

wage rigidity on the inflation and unemployment differentials of the member states.

The rest of the paper is organised as follows. The currency union framework is

described in Section 2.2. Section 2.3 describes the L-Q approach and the problem

of optimal monetary policy in this framework. Section 2.4 describes the numerical

solution of the model and presents the main results and implications. Section 2.5

concludes with a further discussion. An Appendix can be found in section A.

2.2 The model

The reference framework for the setup of the currency union is in Benigno (2004).

The currency union model is formed of two countries or member states, A and B.

There is a single monetary policy-maker, the central bank, and for simplicity fiscal

authorities are absent. The currency union is occupied by a continuum of house-

holds on the interval [0, 1]. Each household owns a firm that produces a homoge-

neous intermediate good and a firm that produces a differentiated final good. The

firms and their owners are located in the same country. Consequently, in each coun-
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try, the number of firms (per sector of production) is equal to the number of house-

holds. The population of households on the segment [0,ζ) live in country A and the

one on the segment [ζ, 1] live in country B. In each country, household members

act as workers. However, some members may be unemployed involuntarily. For

simplicity, I assume that there is not on-the-job search, so employment is immo-

bile within and across countries. In addition, unemployed members cannot cross

borders. Therefore, no migration can take place across countries at any point of

time.

2.2.1 Preferences

Households which live within the same country have homogeneous preferences.

Therefore, to make the analysis simpler, it is assumed the existence of a representa-

tive infinitely-lived household of country j ∈ [A, B ]. At any given period of time, t ,

a fraction u j
t ∈ [0, 1] of household members that live in country j are unemployed.

Being unemployed entails the loss of labour income. However, assuming that the

employed household members pool their income and distribute it equally across

all members before making the optimal consumption-savings decision, guarantees

perfect consumption insurance across all of the household members.3 Given that

within a country j all households are identical, u j
t is considered as the unemploy-

ment rate of country j .

A representative household living in country j ∈ [A, B ]has preferences described

by the additively separable, intertemporal utility function

U
�

C j
t , N j

t

�

= E0

∞
∑

t=0

β t





�

C j
t

�1− 1
σ

1− 1
σ

−du

�

N j
t

�1+ϕ

1+ϕ



 (2.1)

where C j
t is an index of composite consumption of final private goods consumed

in country j ∈ [A, B ] and N j
t ∈ [0, 1] is the fraction of household members that are

employed. The component du > 0 accounts for the disutility associated with labour

and ϕ > 0 accounts for the inverse of the Frisch elasticity of labour supply.4 House-

3The assumption of perfect consumption insurance has been presented by Merz (1995) and
adopted by Thomas (2008) and Gertler and Trigari (2009), Blanchard and Gali (2010), amongst oth-
ers.

4As in Blanchard and Gali (2010), this specification for the disutility of labour may occur from the
sum of the disutility from working du iϕ across household members i ∈ [0, 1]. By summing across,
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holds form rational expectations. The parameter β ∈ (0, 1) is the intertemporal dis-

count factor andσ> 0 is a measure of household’s risk aversion. The utility function

is strictly increasing and strictly concave on C j
t and strictly increasing and strictly

convex on N j
t .

The index C j
t is defined as in Obstfeld and Rogoff (2000):

C A
t ≡

�

C A
At

�ζ �
C A

B t

�1−ζ

ζζ (1−ζ)1−ζ
(2.2)

and

C B
t ≡

�

C B
B t

�ζ �
C B

At

�1−ζ

ζζ (1−ζ)1−ζ
(2.3)

for countries A, B respectively. C j
At and C j

B t are the Dixit-Stiglitz indices (baskets)

of consumption across the continuum of differentiated final goods, consumed in

country j and produced in countries A and B respectively. They are given by the

CES functions:

C j
At ≡





�

1

ζ

�
1
γ

ζ
∫

0

c j
t (a )

γ−1
γ d a





γ
γ−1

(2.4)

and

C j
B t ≡





�

1

1−ζ

�
1
γ

1
∫

ζ

c j
t (b )

γ−1
γ d b





γ
γ−1

(2.5)

for a ∈ [0,ζ), b ∈ [ζ, 1] and c j
t (a ), c j

t (b ) denoting the variety of final goods produced

in countries A and B respectively and γ > 1 being the within country elasticity of

substitution of final goods, which is assumed to be the same for both countries.

From the definition of C j
t above, it follows that ζ is the weight that households

put on the domestically produced final goods (home bias in consumption). Thus,

as it has been highlighted by Gali and Monacelli (2008), the term (1−ζ) reflects a

natural index of openness.5

Given the current framework, the representative household takes an intertem-

we get:
∫ N j

t

0
du iϕd i = du

�

N j
t

�1+ϕ

1+ϕ
5Following Benigno (2004), I have assumed the across countries elasticity of substitution of final

goods to be equal to one. See Benigno and Benigno (2003) for the case which the across country
elasticity is higher than 1, and the implications for monetary policy.
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poral consumption/savings decision and two intratemporal decisions: The optimal

allocation of nominal spending between domestic and imported final goods, and

the optimal allocation of the shares of nominal spending among the differentiated

final goods produced in each country.

Households’ optimal decisions

The optimal allocation of nominal spending between domestic and imported final

goods requires the minimisation of total nominal spending P j
c t C j

t given equations

(2.2) and (2.3), where

P A
c t ≡ P ζ

At P (1−ζ)B t (2.6)

and

P B
c t ≡ P ζ

B t P (1−ζ)At (2.7)

is the Consumer Price Index (CPI) for countries A and B respectively, and Pj t is the

Dixit-Stiglitz domestic price index for country j given by:

PAt ≡





1

ζ

ζ
∫

0

pt (a )
1−γd a





1
1−γ

(2.8)

PB t ≡





1

1−ζ

1
∫

ζ

pt (b )
1−γd b





1
1−γ

(2.9)

The solution of the problem yields the optimal shares for the representative house-

hold living in country A:

PAt C A
At = ζP A

c t C A
t

and

PB t C A
B t = (1−ζ)P

A
c t C A

t

while similar conditions hold for country B.6

The optimal allocation of shares of nominal spending among the differentiated

final goods requires the representative household to maximise the Dixit- Stiglitz in-

dices given by eq. (2.4) and (2.5), for any given level of nominal spending. The so-

6For an analytical solution, see Appendix A.2.
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lution of the problem yields the system of demand equations:

c j
t (a ) =

�

pt (a )
PAt

�−γ

S (1−ζ)t C j
t (2.10)

for final differentiated goods a ∈ [0,ζ) produced in country A and

c j
t (b ) =

�

pt (b )
PB t

�−γ

S−ζt C j
t (2.11)

for final differentiated goods b ∈ [ζ, 1] produced in country B where I define

St ≡
PB t

PAt
(2.12)

as the terms of trade of country B.7

The intertemporal consumption/savings decision requires the representative

household to choose the set of processes {C j
t , B j

t } in order to maximize eq. (2.1),

subject to a sequence of budget constraints. The budget constraint can take the

form:

P j
c t C j

t +B j
t ≤ (1+qt−1)B

j
t−1+N j

t W j
t +Π

j
t (2.13)

where the set of processes of {qt }, {P
j

c t }, {W
j

t }, {Π
j
t } are given. B j

t is the one-period

riskless bond, qt is the nominal interest rate paid from bond holdings, W j
t is the

nominal wage in country j andΠ j
t are the nominal profits received from the owner-

ship of firms. Given the solvency condition, limT→∞ Et BT ≥ 0, for all t , the solution

to the above problem yields:

βEt

(

�

C j
t+1

C j
t

�− 1
σ P j

c t

P j
c t+1

)

=
1

(1+qt )
(2.14)

which is a standard consumption Euler equation.8

2.2.2 International trade

The two countries are small open economies and are linked via trade. Following Gali

and Monacelli (2008), in this section, I provide a definition of CPI of each country,

7For an analytical solution, see the Appendix A.3
8For the derivation of the Euler equation, see the Appendix A.4.
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which is expressed in terms of their terms of trade. As in Benigno (2004), I assume

that when the two economies trade, transaction costs are absent. Therefore, the

price of a good produced in a country is the same for both countries, i.e. PAt = PB t ,

i.e., the law of one price holds across the currency union.9 However CPI may be dif-

ferent due to different home biased preferences. Combining eq.(2.12) with eq.(2.6)

and (2.7) the CPI of each country is given by:

P A
c t = PAt S (1−ζ)t (2.15)

and

P B
c t = PB t S (ζ−1)

t (2.16)

In addition, in a currency union area there is a single nominal interest rate, qt . As-

suming symmetric households’ preferences and initial conditions across countries

implies that the Euler condition, eq.(2.14), is symmetric.10 In Appendix A.5, I show

that using the CPI definitions above and the definition of the terms of trade, the

consumption indices of the two countries are linked:

Et

�

C A
t

C A
t+1

�

= Et

�

�

St

St+1

�σ(2ζ−1)� C B
t

C B
t+1

��

(2.17)

2.2.3 Technology

In each country there are two types of production. Production for intermediate and

for final goods. I distinguish technology between intermediate and final goods pro-

duction for tractability, as in Blanchard and Gali (2010). The representative inter-

mediate good firm has a simple technology constituted by the input of labour N j
t .

In any country j ∈ [A, B ], the labour market is subject to frictions in the search and

matching process, as for the representative intermediate good firm of each country

posting a vacancy, v j
t , is costly. In each country there are also final good firms which

buy the homogeneous intermediate good in a perfectly competitive market and use

it as the only input to produce a differentiated final good. The final good is sold in a

monopolistically competitive market. Final good producers are subject to nominal

9This assumption also justifies the absence of a superscript j in pt ( j ) in the Dixit-Stiglitz domes-
tic price indices.

10This is a remark from the assumption of complete securities markets, which is also assumed in
other currency union models, such as in Gali and Monacelli (2008) and Abbritti and Mueller (2013).
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price rigidity a la Calvo (1983).

The labour market

A job match is formed when a posted vacancy is filled by an unemployed worker.

The number of new job matches in country j ∈ [A, B ] at any period t is given by the

matching function, m j
t , which takes the following form:

m j
t =m j (u j

t , v j
t ) =

�

v j
t

�κ �
u j

t

�(1−κ)
(2.18)

where v j
t is the number of posted vacancies in country j. The specification of the

matching function satisfies some standard properties: It is strictly increasing and

strictly concave in both arguments, it exhibits constant returns to scale and it is ho-

mogeneous of degree 1.11 In this case, κ ∈ (0, 1) is considered as the elasticity of

matching function with respect to the number of vacancies. Given the properties

of the matching function, I define labour market tightness of country j for a given

period t , θ j
t , as

θ j
t ≡

v j
t

u j
t

(2.19)

where the rate that job seekers find a job in country j at period t is p (θ j
t )≡

m (u j
t ,v

j
t )

u
j
t

,

while the rate that firms fill a vacancy is q (θ j
t ) ≡

m (u j
t ,v

j
t )

v
j

t

. Combining with eq.(2.18),

I can write the job-finding rate as:

p (θ j
t ) = (θ

j
t )
κ (2.20)

and I can write the vacancy-matching rate as

q (θ j
t ) = (θ

j
t )
κ−1 (2.21)

From (2.20), p (θ j
t ) is increasing in θ j

t , as for a job seeker there is higher probability

to find a job as θ j
t increases. Following the same intuition, by (2.21), q (θ j

t ) is de-

creasing in θ j
t .

11See empirical evidence in Pissarides and Petrongolo (2001) that support the view that the
matching function exhibits constant returns to scales. See in Pissarides (2000) ch. 1 for evidence
that the matching function can be approximated by a log-linear Cobb-Douglas function.



2.2: The model 18

A job match ends for exogenous reasons, at a constant separation rate δ. Given

this and the definition of the matching function, I define the evolution of employ-

ment over time in each country as:

N j
t = (1−δ)N

j
t−1+m (u j

t , v j
t ) (2.22)

At every period the number of workers in country j is given by the number of those

who continue to work from the previous period plus the number of new job matches

(new workers). Unemployment evolves over time according to:

u j
t = 1−N j

t−1+δN j
t−1 = 1− (1−δ)N j

t−1 (2.23)

which implies that unemployment is a predetermined variable at time t .12 Equa-

tions (2.22)and (2.23) with (2.19) determine the Beveridge curve of the DMP model,

i.e. the negative relationship between the number of vacancies and unemployment.

The intermediate good producers

The intermediate good, X j
t , is sold in a perfectly competitive market in a real price

φ
j
t ≡

(P j
t )

I

P
j

c t

. Intermediate good producers deflate their income with CPI and not with

the domestic price index, because in order to post vacancies they buy units of the

tradable final good produced in both countries. 13 The technology is described by

the production function:

X j
t = Z j

t N j
t

where Z j
t is the country-specific productivity. Letting log Z j

t ≡ z j
t , productivity can

be written in log deviation from the steady state terms. Assuming that it follows an

AR (1) process, productivity is given by:

ẑ j
t =ρ ẑ j

t−1+ε
j
t (2.24)

12I use this law of motion of employment following Blanchard and Gali (2010) and Ravenna and
Walsh (2011). Instead, u j

t = 1−N j
t could be used, but this measurement of unemployment considers

those who do not end up with a job match at the end of period t .
13This is different with other currency union models with unemployment, such as in Abbritti and

Mueller (2013) and Campolmi and Faia (2011) in which intermediate good firms deflate their nomi-
nal income with the domestic price index.
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where ρ ∈ (0, 1) and εt ∼N I D (0,σ2).14

Intermediate good producers’ decisions

Following a similar setup for a closed economy in Ravenna and Walsh (2011), I as-

sume that intermediate good producers of country j buy v j
t ( j ) units of the differen-

tiated final good in order to post vacancies, subject to the constraint





ζ
∫

0

v j
t (a )

γ−1
γ d a





γ
γ−1

+





1
∫

ζ

v j
t (b )

γ−1
γ d b





γ
γ−1

= v j
t ( j )

The total nominal spending on posting vacancies in country j is given by:

ψ





ζ
∫

0

pt (a )v
j

t (a )d a +

1
∫

ζ

pt (b )v
j

t (b )d b





whereψ is the cost per posted vacancy (i.e., management or human resources costs).

The total number of vacancies expressed in terms of final goods, v j
t is given by

the Dixit-Stiglitz indices, which are equivalent with those given from (2.4) and (2.5):

v j
At ≡





�

1

ζ

�
1
γ

ζ
∫

0

v j
t (a )

γ−1
γ d a





γ
γ−1

(2.25)

and

v j
B t ≡





�

1

1−ζ

�
1
γ

1
∫

ζ

v j
t (b )

γ−1
γ d b





γ
γ−1

(2.26)

Hence, intermediate good producers face similar intratemporal optimisation prob-

lems with consumers. These are the optimal choice of nominal spending and the

optimal allocation of shares of income between the final goods produced domesti-

cally or abroad. Combining the solution of these problems, yields a system of de-

14Productivity is defined in non-linear form as Z j
t ≡ (Z j )ρt−1(Z

j )(1−ρ)e ε
j
t .
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mand equations for final goods used for posting vacancies:

v j
t (a ) =

�

pt (a )
PAt

�−γ

S (1−ζ)t ψv j
t (2.27)

v j
t (b ) =

�

pt (b )
PB t

�−γ

S−ζt ψv j
t (2.28)

Combining (2.10) with (2.27) and (2.11) with (2.28), I can write the total demand for

the differentiated final goods

(y j
t )

d
(a ) =

�

pt (a )
PAt

�−γ

S (1−ζ)t

�

C j
t +ψv j

t

	

(2.29)

and

(y j
t )

d
(b ) =

�

pt (b )
PB t

�−γ

S−ζt

�

C j
t +ψv j

t

	

(2.30)

produced in country A and B respectively.

The intertemporal problem of the intermediate good producers is, given the law

of motion of employment, equation (2.22), to choose the number of vacancies, v j
t ,

which maximise the expected present discounted sum of real profits. In Appendix

A.6 I show that for country A the solution of the problem yields:

ψ

q (θ A
t )
=
(P A

t )
I

P A
c t

Z A
t −

W A
t

P A
c t

+ (1−δ)Etβt ,t+1

�

�

St+1

St

�(1−ζ) ψ

q (θ A
t+1)

�

(2.31)

where I have used the definition for the stochastic discount factor in open economies,

βt ,t+1 ≡β
�

C j
t+1

C j
t

�−σ−1
�

St

St+1

�(1−ζ)

A similar condition holds for country B.15

Equation (2.31) implies that the optimal hiring decision by intermediate good

firms requires the average cost per vacancy ψ

q (θ j
t )

to be equal to the value of the av-

erage job. That is given by the difference between the real marginal product and

real marginal cost of labour,
(P A

t )
I

P A
c t

Z A
t −

W A
t

P A
c t

, plus the expected continuation value of

the job, (1−δ)Etβt ,t+1

n

�

St+1
St

�(1−ζ) ψ

q (θ A
t+1)

o

. As intermediate good producers buy units

of the final good, which is tradable, the expected continuation value of the job de-

15See appendix A.6 for details about country B.
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pends on the terms of trade. Consequently, the optimal hiring decision requires

firms to consider the changes of the terms of trade between two periods, i.e., the

term

�

St+1
St

�(1−ζ)

.

2.2.4 Wage determination

Flexible real wage

The equilibrium in the labour market is concluded with the wage determination. As

it is discussed in Pissarides (2000), the economic rent created from the costly search

is typically shared through a Nash bargaining process of the real wage. Bargaining

parties renegotiate at every time period taking into account the economic condi-

tions, like the productivity changes. This implies a scheme of real wage flexibility.

The problem is formalised in terms of country A. I follow a procedure similar to

Thomas (2008) in a closed economy NK model with unemployment. Let ξ ∈ (0, 1)

be the bargaining power of a representative firm.16 The firm’s surplus, Λ f
a t , is given

by the marginal value of an additional employment relationship. That is:

Λ f
a t =φ

A
t Z A

t −
W A

a t

P A
c t

+ (1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ)

Λ
f
a t+1 (2.32)

where recall thatφA
t ≡

(P A
t )

I

P A
c t

is the real price for intermediate good firms. The worker’s

surplus, Λw
a t , is given by the marginal value added on the household’s welfare crite-

rion from an additional employment relationship. In order to express this value in

terms of households’ utility, I divide it by the marginal utility with respect to con-

sumption. I obtain the following:

Λw
a t =

W A
a t

P A
c t

−d
�

N A
t

�ϕ �
C A

t

�σ−1

− (1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ)

p (θt+1)Λ
w
a t+1

+(1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ)

Λw
a t+1 (2.33)

16Symmetry implies that in equilibrium all firms behave in the same way hence I have dropped
the subscript i.
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In Appendix (A.7), I show that the solution of the Nash bargaining problem deter-

mines the real wage in country A:

�

W A
t

P A
c t

�N a s h

= (1−ξ)
�

φA
t Z A

t + (1−δ)ψEtβt ,t+1

�

St+1

St

�(1−ζ)

θ A
t+1

�

+ξdu

�

N A
t

�ϕ �
C A

t

�σ−1

(2.34)

A similar condition holds for country B. Notice that in the absence of search and

matching frictions (i.e., ψ = 0) the current labour market would be perfect. Thus,

the real wage would be equal to the workers’ marginal rate of substitution between

labour and consumption, du

�

N A
t

�ϕ �
C A

t

�σ−1

to be consistent with households’ opti-

mal intertemporal choices. In addition, in a perfect labour market, the real wage

would be equal to the real marginal product of labour φA
t Z A

t , to be consistent with

the profit maximisation behaviour of firms. However now, ψ > 0 creates a spread

between the marginal rate of substitution and the marginal product of labour. From

equation (2.34), the Nash bargaining real wage is determined by the weighted aver-

age of the higher wage that firms are willing to offer, and the lower wage that workers

are willing to accept (reservation wage).17 The weights are given by the bargain-

ing power of both workers and firms. Firms use their bargaining power, ξ, to push

the real wage down to the worker’s reservation wage, du

�

N A
t

�ϕ �
C A

t

�σ−1

. Workers use

their bargaining power, (1− ξ), to push the real wage up to the higher level of the

wage that firms are keen to offer. That is the sum of firm’s real marginal product of

labour, φA
t Z A

t , and the savings from not posting a vacancy the next period, i.e. the

continuation value of the job, (1−δ)ψEtβt ,t+1

�

St+1
St

�(1−ζ)
θ A

t+1.

Real wage rigidity

The Nash bargaining real wage determination in the DMP model implies a real wage

flexibility (Shimer (2004)). Firms and workers renegotiate the real wage every pe-

riod, therefore the real wage adjusts to economic changes. This assumption has

been criticised in Shimer (2004, 2005) and Hall (2005). It is highlighted that the ad-

justment of the Nash bargaining real wage to changes in the economic environment

17Notice that, as in the standard Diamond-Mortensen-Pissarides model, the job match will al-
ways be efficient. The real wage cannot be above the valued added to the firms’ expected profits
from an additional worker and cannot be below workers’ reservation wage.
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makes firms to not alter their optimal decision with regard to the number of va-

cancies posted. In this case, the response of unemployment in productivity shocks

could be small and not reflect the unemployment fluctuations observed in reality.

Instead, in this papers, it is supported that assuming a form of real wage rigidity

(RWR) in the DMP model can solve the unemployment volatility puzzle. If wages

are rigid, in the presence of shocks, the added value in firms’ profits from an addi-

tional hiring changes affecting their optimal decision of posting vacancies.

In this paper, I build on this criticism and allow for some form of RWR. Assuming

RWR in this paper serves three purposes. First, it is an assumption that is supported

by empirical evidence for european countries (using euro or non-euro currency),

thus, it adds more realism to the model. Babecky (2010) and Messina (2010) pro-

vide empirical evidence that support the assumption of downward RWR. In partic-

ular, Babecky (2010) analyses data obtained from firm-level surveys in 15 countries

of the European Union. He finds that 17% of firms have applied a real wage in-

dexation scheme. This scheme applies when firms link nominal wage with a wage

deflator (i.e., CPI) making real wage more sluggish. In addition, Messina (2010) pro-

vides data for 13 sectors of three Eurozone countries (Spain, Portugal and Belgium)

and Denmark. He finds evidence of downward RWR. However he highlights that the

degree of RWR estimates varies across countries. Both authors also find that the de-

gree of RWR depends on labour market corporate characteristics. In this paper, for

simplicity it has been assumed that firms are homogenous within countries, hence,

these characteristics are not taken into consideration.

The second reason of assuming a form of RWR in this paper is that it provides

the convenience of a construction of a labour market heterogeneity index across

countries. This index is just the degree of RWR differential between the two coun-

tries. Furthermore, assuming (real) wage rigidity in this NK model solves the di-

vine coincidence problem and allows to observe stabilisation trade-offs between

the optimal policy objectives. This remark has been highlighted first in closed econ-

omy NK models without unemployment (Erceg, Henderson, and Levin (2000), Blan-

chard and Gali (2007)), and then it has been delivered to closed economy NK models

with involuntary unemployment (among others, Krause and Lubik (2007), Thomas

(2008), Christoffel, Kuester, and Linzert (2009) and Blanchard and Gali (2010)).18

18Some empirical evidence has challenged the assumption of real wage rigidity. While also the
aggregate data are supportive of this assumption, there is some ambiguity which lies on the compo-
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I define the rigid real wage as a weighted average between the Nash real wage

and a real wage norm similarly proposed by Hall (2005). This norm can be the last

period wage or the steady-state real wage. The RWR scheme is then formalised as

follows:
�

W j
t

P j
c t

�RW R

= (1−µ j )

�

W j
t

P j
c t

�N a s h

+µ j W j (2.35)

where W j is the wage norm and can be W j ≡W j
t−1 or W j ≡W

j
. The degree of RWR

is µ j , j ∈ [A, B ]. Higher µ j makes the real wage to be based more on the norm, thus,

less responsive to current period shocks.

Equilibrium under RWR

Under RWR, the equilibrium in labour market is given by the Beveridge curve and

equations (2.31), (2.35). These equations, combined with (2.34), give the optimal

hiring decision under RWR, which is a key equation for the model. For country A, I

obtain:

ψ

q (θ A
t )
=φA

t Z A
t − (1−µ

A)(1−ξA)

�

φA
t Z A

t + (1−δ)ψEtβt ,t+1

�

St+1

St

�(1−ζ)

θt+1

�

−

(1−µA)ξAdu

�

N A
t

�ϕ �
C A

t

�σ−1

−µAW A + (1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ) ψ

q (θ A
t+1)

(2.36)

while a similar condition holds for country B. In the presence of real wage rigidity

firms’ optimal number of posted vacancies requires a look backwards to the agreed

real wage of the previous period.

2.2.5 Final good producers

In each country, the final good producers a ∈ [0,ζ), for j = A and b ∈ [ζ, 1] for j = B

are monopolistic competitors and produce a differentiated final good which can sell

in both countries without any transaction costs. In order to produce, they use the

intermediate good which is bought from the domestic intermediate good producers

sition bias of real wages which time-series data cannot capture. This has been highlighted first by
Solon, Barsky, and Parker (1994). In addition, Pissarides (2009) provides a survey of mixed evidence
from panel data which support the real wage flexibility assumption for some euro area countries, the
US and the UK. Also, Haefke, Sonntag, and van Rens (2013) recently provide evidence of real wage
flexibility for the US. These results are in contrast with those of Babecky (2010) and Messina (2010).
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at a price (
P A

t )
I

PAt
≡φA

t+s S (1−ζ)t+s in country A and (
P B

t )
I

PB t
≡φB

t+s Sζ−1
t+s in country B. This price

is the final good producers’ real marginal cost in countries A and B respectivelly.19

The production technology is given by:

y j
t (ι) = X j

t (ι)

for j ∈ [A, B ], and ι = a for j = A and ι = b for j = B . The NK element of mo-

nopolistic competition creates a proper environment to invite the other element of

nominal price rigidity which is crucial for monetary policy non-neutrality. For this

reason, I assume that the price setting decision is subject to nominal price rigidity

a la Calvo (1983). Every time period each producer faces a probability (1−ω) of re-

setting her own price, which is independent of the time since the last reset. Each

producer chooses a price pt ( j ) for j = a , b to maximise her expected discounted

profits considering that her choice will be optimal at time t + s with probabilityωs ,

subject to the demand equations (2.29) and (2.30) given by the consumers’ problem.

The optimal price setting for a final good firm in country A solves the problem:

max
p ∗t (a )

Et

∞
∑

s=0

ωsβt ,t+s

§

(1+τ)
pt (a )
PAt+s

y A
t+s (a )−φ

A
t+s S (1−ζ)t+s y A

t+s (a )
ª

for s = 0, 1, 2, 3..., subject to

(y A
t )(a ) =

�

pt (a )
PAt

�−γ

S (1−ζ)t

�

C j
t +ψv j

t

	

Following the standard NK literature, I assume that final output is subsidised by a

constant rate τ which guarantees that the inefficiency caused from monopolistic

competition will be eliminated.20

The first-order condition associated with the problem above, using the defini-

19The reason that the final good producers deflate their nominal marginal cost
�

P j
t

�I
with the

domestic price index is because in the setup of the model they buy the intermediate good from do-
mestic producers only.

20This subsidy is financed through a lump-sum tax, thus, without causing further inefficiencies.
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tion of the stochastic discount factor yields:

�

1−γ
�

(1+τ)Et

∞
∑

s=0

ωsβt ,t+s y A
t+s

1

PAt+s
+

γEt

∞
∑

s=0

ωsβt ,t+sφ
A
t+s y A

t+s

1

p ∗t (a )
= 0

Rearranging, I can write the above equation as:

p ∗t (a ) =
γ

(γ−1)(1+τ)

Et

∑∞
s=0ω

sβt ,t+sφ
A
t+s S (1−ζ)t+s y A

t+s

Et

∑∞
s=0ω

sβt ,t+s y A
t+s

1
PAt+s

(2.37)

A similar result holds for country B. Under the assumption of perfect price flexibility,

ω= 0, this result is reduced to

p ∗t (a )
PAt

=
γ

(γ−1)(1+τ)
S (1−ζ)t φt (2.38)

i.e. firms set the relative price equal to a markup over the real marginal cost. Notice

that because the economies are open, the optimal price setting is affected from the

terms of trade.

2.2.6 Market clearing in the goods market

The total demand for the final good at country level is given by the Dixit- Stiglitz

aggregators:

Y A
t ≡





�

1

ζ

�

ζ
∫

0

y j
t (a )

γ−1
γ d a





γ
γ−1

(2.39)

Y B
t ≡





�

1

1−ζ

�

1
∫

ζ

y j
t (b )

γ−1
γ d b





γ
γ−1

(2.40)

The market clearing condition for the final good requires at every period the total

quantity of final good to be consumed by households or be purchased by interme-

diate good producers. Combining equation (2.29) with (2.39), and (2.30) with (2.40),

and using also the definition for the domestic price indices yields:
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Y A
t = S (1−ζ)t

�

C A
t +ψv A

t

	

(2.41)

Y B
t = S−ζt

�

C B
t +ψv B

t

	

(2.42)

The intermediate good is used only as input in the final good production and is sold

domestically. Since a unit of the homogeneous intermediate good produces a unit

of the final differentiated good, market clearing implies y A
t = X A

t and y B
t = X B

t ,

2.2.7 The social planner’s problem

In this section, I analyse the social planner’s problem to examine under which con-

ditions can be replicated by the decentralised equilibrium and if this is attainable.

The reason that I perform this exercise is because I use the efficient equilibrium as

the reference state of the currency union. It is the aim of this paper to analyse op-

timal monetary policy, when in the presence of productivity shocks, the economy

deviates from the efficient equilibrium. Ravenna and Walsh (2011) also use the effi-

cient equilibrium as the reference state in a closed economy NK model with unem-

ployment.

The social planner maximises households’ welfare criterion in each country sub-

ject to the technology and the law of motions of employment and unemployment.

The solution of the problem requires the choice of agents’ control variables, C j
t ,

v j
t , and the choice of the economy’s state variables. The problem is formalised for

economy A:

max
C A

t ,v A
t ,N A

t ,u A
t

E0

∞
∑

t=0

β t

(

�

(C A
t )

1− 1
σ

1− 1
σ

−d
(N A

t )
1+ϕ

1+ϕ

�

+λA
1t

�

Z A
t N A

t −S (1−ζ)t

¦

C A
t +ψv A

t

©�

+λA
2t

�

(1−δ)N A
t−1+ (v

A
t )
κ
(u A

t )
(1−κ)−N A

t

�

+λA
3t

�

u A
t −1+ (1−δ)N A

t−1

�

)
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In the Appendix A.8, I show that the combination of the first-order conditions yields

the social planner’s outcome:

ψ

q (θ A
t )
= κ

�

S (ζ−1)Z A
t −du

�

N A
t

�ϕ �
C A

t

�σ−1�

+ (1−δ)
�

Etβt ,t+1

�

St+1

St

�(1−ζ) ψ

q (θ A
t+1)

�

−(1−δ)
�

(1−κ)Etβt ,t+1

�

St+1

St

�(1−ζ)

ψθ
j

t+1

�

(2.43)

A similar condition holds for country B. Now, I compare the Social planner’s out-

come, equation (2.43), with the decentralised outcome, equation (2.36). From (2.43),

efficiency requires φA
t = S (ζ−1)

t (and for country B φB
t = S (1−ζ)t ). From (2.38), this

requires prices to be flexible and particularly, the policy-maker of each country to

eliminate the monopolistic mark-up by imposing a tax-financed subsidy to the final

good sales equal to τ = 1
γ−1 .21 Moreover, comparing the two outcomes, efficiency

requires κ = ξ. That is, the elasticity of the matching function with respect to va-

cancies must be equal to the firm’s bargaining power. This is the Hosios (1990)

condition which satisfies that job creation is efficient. Finally, comparing the two

outcomes, we realise that any positive degree of RWR is undesirable, so efficiency

requires µ= 0.22 In summary:

Proposition 1. In a currency union NK model with labour market frictions and RWR,

the decentralised outcome can replicate the efficient flexible-price equilibrium under

three conditions for each country: i) The policy-maker imposes a tax-financed subsidy

to the final good sales equal to τ = 1
γ−1 . ii) The Hosios (1990) condition for efficient

job creation which is, κ= ξ, holds and iii) The degree of RWR is equal to zero.

In the Appendix A.8, I also show that the conditions for an efficient steady-state

in the currency union can be summarised by:

δ
j
1 =−βδ

j
2 (2.44)

21For assuming tax-financed subsidies see among others, Rotemberg and Woodford (1997). This
is also used in Thomas (2008).

22Similar conditions for an efficient decentralised outcome in a currency union model with un-
employment have also be proposed in Abbritti and Mueller (2013).
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where:

δA
1 =

1

S (1−ζ)
−
ψV A

δκN A
−du (N

A)
ϕ
(C A)−σ (2.45)

δB
1 =

1

S−ζ
−
ψV B

δκN B
−du (N

B )
ϕ
(C A)−σ (2.46)

δ
j
2 = (1−δ)

ψV j

κ

�

1

δN j
−
(1−κ)

u j

�

(2.47)

2.3 Optimal monetary policy. The L-Q Approach

To characterise the optimal monetary policy in the currency union, I follow a Linear-

Quadratic (L-Q) approach introduced by Rotemberg and Woodford (1997) and Wood-

ford (2003). The L-Q approach has been used in several closed economy NK mod-

els with involuntary unemployment like Thomas (2008), Blanchard and Gali (2010)

and Ravenna and Walsh (2011). It has been also used in NK currency union mod-

els without involuntary unemployment like Benigno (2004) and Gali and Monacelli

(2008). Following the L-Q approach, I first linearise the equilibrium conditions and

resource constraints of the model and I then take a second order approximation of

the households’ utility function.

2.3.1 The log-linearised model

The linear representation of the model requires some extra notation. For any generic

variable X t , a small letter with a hat denotes the log deviation of variable X t from

its steady-state value X . That is: x̂t = log X t − log X . The model is log-linearised by

applying some standard techniques proposed by Uhlig (1997).

The final good market clearing condition for both countries, equations (2.41)

and (2.42), are log-linearised according to:

ŷ A
t = (1−ζ)ŝ

A
t +

S (1−ζ)C A

Y A
ĉ A

t +ψ
S (1−ζ)v A

Y A
v̂ A

t (2.48)

ŷ B
t =−ζŝ B

t +
S−ζC B

Y B
ĉ B

t +ψ
S−ζv B

Y B
v̂ B

t (2.49)
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The intermediate good production function is given by x̂ j
t = ẑ j

t + n̂ j
t for j = A, B .

Given the final good production function, ŷ j
t = x̂ j

t , I can write:

ŷ j
t = ẑ j

t + n̂ j
t (2.50)

while the productivity term is already given in log-linear form from equation (2.24).

Here is repeated for convenience: ẑ j
t =ρ ẑ j

t−1+ε
j
t . The Euler equation in log-linear

form is:

ĉ j
t = Et ĉ j

t+1+σEtπ
j
c t+1−σq̂t

where I have used that inflation is defined as πt = log
�

Pt
Pt−1

�

Notice that q̂t is the

absolute deviation of the nominal interest rate from its steady-state, as it is already

expressed in percentages. 23 The Fisher equation, which links the nominal with the

real interest rate, in its linear form is given by:

r̂ j
t = q̂t −Etπ

j
c t+1 (2.51)

By using the Fisher equation, I can rewrite the Euler equation:

ĉ j
t = Et ĉ j

t+1−σr̂ j
t (2.52)

The equations (2.15) and (2.16) which link CPI with the domestic price index, are

log-linearised as follows:

p̂ A
c t = p̂At + (1−ζ)ŝt , p̂ B

c t = p̂B t + (ζ−1)ŝt

Subtracting their own one period lag, I get a link of CPI inflation with the domestic

inflation and the terms of trade:

πA
c t =πAt + (1−ζ)∆ŝt (2.53)

πB
c t =πB t + (ζ−1)∆ŝt (2.54)

where inflation is expressed as a log-deviation from a zero steady-state and the log-

23For a derivation of the log-linear Euler equation, see the Appendix B.6.1. Also, see the Appendix
of chapter 2 in Walsh (2010).
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linear form of the terms of trade is given by ŝt = p̂B t − p̂At . This also implies:

∆ŝt =πB t −πAt (2.55)

The labour market tightness relationship:

θ̂ j
t = v̂ j

t − û j
t (2.56)

The law of motion of employment:

n̂ j
t = (1−δ)n̂

j
t−1+δ

�

(κA −1)θ̂ j
t + v̂ j

t

�

(2.57)

The unemployment relationship:

û j
t =−α

j
0n̂ j

t−1 (2.58)

where α j
0 = (1−δ)

N j

u j

The intermediate good firm’s optimal hiring decision in country A:

ψ(θ A)
(1−κA )

(1−κA)θ̂ A
t = γ

A
1 (φ̂

A
t + ẑ A

t ) + (1−δ)βψ
θ

σ

�

γ0− (θ A)
−κA

�

�

ĉ A
t+1− ĉ A

t

�

−(1−δ)βψθ A
�

γA
0 − (1−κ

A)(θ A)
−κ�
θ̂ A

t+1

−(1−µ)ξAγA
2

�

ϕn̂ A
t +

1

σ
ĉ A

t

�

(2.59)

where I have already substituted the log-linearised version of the real wage with

RWR and γA
0 = (1−µ

A)(1− ξA), γA
1 = (1− γ

A
0 )φ

A, γA
2 = du (N A)ϕ(C A)σ−1

. A similar

condition holds for country B.

From the assumption of nominal price rigidity and by using the domestic price

index, equation (2.8), the average domestic price at time t in country j ∈ [A, B ] is

given by:

P (1−γ)At = (1−ωA)p ∗(1−γ)t (a ) +ωAP (1−γ)At−1 (2.60)

In the Appendix A.9, I show that by taking a first-order approximation of the optimal

price setting decision, equation (2.37), and combining with equation (2.60), I derive

the New Keynesian Phillips Curve (NKPC) in a currency union. For country A, this
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is given by:

πAt =δ
A
p

�

φ̂A
t + (1−ζ)ŝt

�

+βEtπAt+1 (2.61)

while for country B, it is given by:

πB t =δ
B
p

�

φ̂B
t + (ζ−1)ŝt

�

+βEtπB t+1 (2.62)

where δ j
p =

(1−ω jβ )(1−ω j )
ω j is the elasticity of domestic inflation with respect to the real

marginal cost of intermediate good firms, φ̂ j
t and with respect to the terms of trade

adjusted by an index for economic openness.

The NKPC implies that domestic inflation is a forward looking variable and has

two driving forces, the real marginal cost and the terms of trade. The latter creates

an extra cost channel on domestic inflation comparing to the NKPC in a standard

closed economy NK model. Therefore there is an international spillover on domes-

tic inflation through the terms of trade.

2.3.2 The reduced-form representation

The log-linearised model described in the previous section can be reduced to a sys-

tem of difference equations in which the aggregate demand side of the member

states is represented by a dynamic IS curve expressed in terms of domestic unem-

ployment. The NKPC can be also expressed in terms of domestic unemployment.24

The dynamic IS for small open economies

Focusing on country A, by combining the production function, equation (2.50), and

the market clearing condition, equation (2.48), I can solve for consumption:

S (1−ζ)C A

Y A
ĉ A

t = ẑ A
t + n̂ A

t − (1−ζ)ŝt −ψ
S (1−ζ)v A

Y A
(θ̂ A

t + û A
t ) (2.63)

Taking the law of motion of unemployment, equation (2.58), one period forward,

and then using the law of motion of employment, equation (2.57), to substitute for

n̂ A
t , yields:

û A
t+1 = (1−δ)

�

1−
δN A

u A

�

û A
t −α

A
0δκ

Aθ̂ A
t (2.64)

24For this exercise, I have found the work by Ravenna and Walsh (2011) to be very useful.
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Using (2.64) to solve for θ̂ A
t and substitute in (2.63), I can also substitute for n̂ A

t from

equation (2.57). Doing this, I get an expression for consumption in terms of unem-

ployment, the terms of trade and the productivity shock. Taking this expression one

period forward, I can use the Euler equation, (2.52), and substitute for ĉ A
t and ĉ A

t+1

to get the dynamic IS expressed in terms of unemployment. For country A, this is:

û A
t+1 =

ηA
1

ηA
1 +η

A
2

û A
t +

ηA
2

ηA
1 +η

A
2

Et û A
t+2+

σA

ηA
1 +η

A
2

r̂ A
t +

αA
1

ηA
1 +η

A
2

(1−ζ) (Et ŝt+1− ŝt )

−
αA

1

ηA
1 +η

A
2

�

Et ẑ A
t+1− ẑ A

t

�

(2.65)

A similar condition as equation (2.64) holds for country B. Substituting as above, I

get:

û B
t+1 =

ηB
1

ηB
1 +η

B
2

û B
t +

ηB
2

ηB
1 +η

B
2

Et û B
t+2+

σB

ηB
1 +η

B
2

r̂ B
t −

αB
1

ηB
1 +η

B
2

ζ (Et ŝt+1− ŝt )

−
αB

1

ηB
1 +η

B
2

�

Et ẑ B
t+1− ẑ B

t

�

(2.66)

where η j
1 =−α2(α0δκ

j +δ j
u ), η

j
2 = (α

j
2−α

j
3) and αA

1 =
Y A

S (1−ζ)C A , αB
1 =

Y B

S−ζC B , α j
2 =

ψ j v j

α
j
0δκ

j C j
,

α
j
3 =

α
j
1

α
j
0

and δ j
u = ((1−δ)−α

j
0δ)

From the dynamic IS curves, equations (2.65) and (2.66) we understand that do-

mestic unemployment has a forward looking and a backward looking component.

It depends also on the relative change of the terms of trade.

The NKPC for small open economies

In order to get an NKPC with unemployment, I rearrange equation (2.59) and solve

for the real marginal cost φ̂ j
t . Then, I use the Euler equation to eliminate Et ĉ j

t+1− ĉ j
t

and then I use the market clearing condition to express ĉ j
t in terms of employment.

Using equation (2.64), I eliminate θ j
t by expressing it in terms of unemployment.

Finally, I use equation (2.57) to express n j
t in terms of unemployment. Applying

these changes, I get an expression of the NKPC:
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πAt =βEtπAt+1+δ
A
pρ

A
0 û A

t +δ
A
pρ

A
1 û A

t+1−δ
A
pρ

A
2 Et û A

t+2

+δA
pρ

A
3 ((1−ζ)ŝt − ẑ A

t ) +δ
A
pρ

A
4 r̂ A

t (2.67)

πB t =βEtπB t+1+δ
B
pρ

B
0 û B

t +δ
B
pρ

B
1 û B

t+1−δ
B
pρ

B
2 Et û B

t+2+δ
B
pρ

B
3 ζŝt

+δB
p

�

ρB
3 +

1−2ζ

ζ

�

ẑ B
t +δ

B
pρ

B
4 r̂ B

t (2.68)

where theρ j coefficients are given in the Appendix A.11. Notice in equations (2.67)

and (2.68) the presence of the domestic productivity term,ẑ j , which acts as a cost-

push shock on domestic inflation. In the Appendices A.10 and A.11 I show that the

dynamic IS and the NKPC can be written in variables expressed as deviations from

their efficient steady-state.

The equilibrium in the currency union is described by the linear system of differ-

ence equations (2.51) for j ∈ [A, B ], (2.53), (2.54), (2.55), (2.65), (2.66), (2.67), (2.68),

the AR (1) process of the domestic productivity for j ∈ [A, B ] and a nominal interest-

rate rule which satisfies the determinacy of equilibrium.

2.3.3 The quadratic welfare-criterion

In this section, I take a second order approximation of households’ welfare crite-

rion to derive an objective (loss) function for the central bank of the currency union.

Drawing insights from this micro-founded currency union framework, I show that

the monetary policy objectives are the domestic inflation, the domestic unemploy-

ment of the member states as well as their terms of trade. Thus, this paper extends

the normative analysis in Benigno (2004) and Gali and Monacelli (2008) in which the

policy objectives are the domestic inflation and the domestic output gap. Here, by

introducing a specific framework for an imperfect labour market for each member

state we can quantify the size of welfare losses arisen from unemployment fluctua-

tions, as well as the relative strength of the monetary policy response.

The monetary policy-maker chooses the same efficient steady-state with the so-

cial planner. In the Appendix A.12, I show that the currency union’s welfare loss
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function is given by the discounted weighted average of households’ welfare crite-

rion and a second-order approximation yields:

Ωt+i =U ′(C )C

�

ζ
γ

2δA
p

∞
∑

i=0

β iπ2
At+i + (1−ζ)

γ

2δB
p

∞
∑

i=0

β iπ2
B t+i

�

+U ′(C )N

�

ζ
δA

3

2(αA
0 )

2

∞
∑

i=0

β i (û A
t+1+i )

2

+(1−ζ)
δB

3

2(αB
0 )

2

∞
∑

i=0

β i (û B
t+1+i )

2

�

+U ′(C )C ζ(1−ζ)
1+σ

2σ

∞
∑

i=0

β i ŝ 2
t+i (2.69)

where δ j
3 =

N j

σC j S + ϕU ′(N j )
U ′(C j ) . Notice that the weights of domestic unemployment

fluctuations do not depend on the degree of RWR. Also, notice that if one of the

two member states becomes very small in size i , it can be neglected, i.e. ζ→ 0 or

(1−ζ)→ 0, the terms of trade term is eliminated and the loss function takes a form

similar to the closed economy case, like Blanchard and Gali (2010).

I evaluate two optimal monetary policy regimes: The timeless perspective op-

timal commitment and the optimal discretion. Under optimal commitment, the

central bank makes credible announcements about future actions, thus, it can af-

fect agents’ expectations. Under optimal commitment the central bank chooses the

sequence of the variables:

¦

π j t+i , û j
t+1+i , ŝt+i ,πW

t+i , û W
t+i

©∞

i=0

for j ∈ [A, B ] to minimise the welfare loss of the currency union:

E0

∞
∑

i=0

β t

�

Ωt+i

�

Under optimal discretion, the central bank resets its actions every period. There-

fore, current period actions are not restricted at the future and any announcements

made by the central bank are not considered as credible by the agents. Thus their

expectations are not affected.25. In this case the dynamic problem becomes a single-

25See Walsh (2010) chapter 8.4.3 for a comparison between optimal commitment and optimal
discretion.
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period problem and the central bank minimises the loss function by choosing

π j t , û j
t+1, ŝt ,πW

t , û W
t

Notice that, as it has been highlighted in Svensson (1999), in the presence of endoge-

nous persistence (i.e., lagged control variables affect current variables), the single-

period problem of optimal discretion becomes dynamic. This is the case here, as

unemployment depends on its lagged value, thus, it exhibits some endogenous per-

sistence.

The constraints of the dynamic optimisation problem of the central bank are

given by equations (2.51) for j ∈ [A, B ], (2.53), (2.54), (2.55), (2.65), (2.66), (2.67),

(2.68), the AR (1) processes of domestic productivity and the union-wide constraints:

πW
t = ζπAt + (1−ζ)πB t (2.70)

û W
t = ζû A

t + (1−ζ)û
B
t (2.71)

2.4 Quantitative analysis

The dynamic model is stochastic and is solved numerically in DYNARE.26 For the

calibration part, I choose benchmark parameter values selected from estimations of

the euro area and from standard parameter values used in multi-country NK models

or NK models with unemployment. The calibrated values are summarized in table

2.1.

2.4.1 Calibration

Following Gali and Monacelli (2008) and Abbritti and Mueller (2013), I assume that

both countries are symmetric except for the labour market heterogeneity that I in-

troduce.
26For details about DYNARE visit http://www.dynare.org/. For details about the DYNARE code

for optimal monetary policy under commitment and/or discretion please see Adjemian et al. (2011).
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Description Parameter Value Reference

Preferences
Discount factor β .99 Quarterly time interval
Index of openness ζ .5 Member states of equal size
Relative risk aversion σ 1 Log utility, Abbritti and Mueller (2013)
Labour supply elasticity ϕ 0 Abbritti and Mueller (2013)

Labour market
Prob. of filling a vacancy q (θ j ) .97 Ravenna and Walsh (2011)
Exogenous job separation rate δ j .10 Shimer (2005), Ravenna and Walsh (2011)
Elasticity of vacancies w.r.t matches κ j .5 Pissarides and Petrongolo (2001), Campolmi and Faia (2011)
Bargaining power of firms ξ j .5 Hosios (1990) condition
Posting vacancy cost ψ j .097 .01Y

v j , Walsh (2005), Thomas (2008), Blanchard and Gali (2010)
Union-average degree of RWR µ .5 Blanchard and Gali (2010), Abbritti and Mueller (2013)
domestic RWR µ j .1 -.9 Abbritti and Mueller (2013)
Heterogeneity Index ∆µ 0−0.8

Technology
Nominal price rigidity ω j .75 Blanchard and Gali (2010)
Steady-state marginal cost φ j .83 Inverse mark-up, Ravenna and Walsh (2011)

Initial steady-state values
Terms of trade S 1 Gali and Monacelli (2008)
Unemployment u j .10 Euro average unemployment rate, Blanchard and Gali (2010)

Productivity shock
Autocorrelation ρ .95 Euro area estimates, Abbritti and Mueller (2013)
Std. deviation σ j

z .00624 Smets and Wouters (2003), Abbritti and Mueller (2013)
Correlation btw shocks ρz .258 - 1 Abbritti and Mueller (2013)

Table 2.1: Baseline Parameter Values

Preferences: I assume a quarterly frequency for the variables of the model. The

value of the discount factor β for quarterly time interval is set equal to 0.99. I as-

sume that the member states are of equal size, so I choose ζ= 0.5. I assume a rela-

tive risk aversion coefficient,σ= 1. Following Abbritti and Mueller (2013), I assume

the labour supply elasticity to be ϕ = 0, while other studies like Blanchard and Gali

(2010) choose ϕ = 1.

Labour market: The probability for firms to fill a vacancy, q (θ j ), is set equal

to 0.97, following Ravenna and Walsh (2011).27 This value is relatively higher than

q (θ ) = 0.7 which is used in other studies like Campolmi and Faia (2011) and Walsh

(2005). However, as the robustness analysis highlights, q (θ ) does not affect the re-

sults. The elasticity of matching function with respect to the number of vacancies,

κ j , is set equal to 0.5, following the estimations by Pissarides and Petrongolo (2001),

while the same value is used by Thomas (2008) and Campolmi and Faia (2011). For

the calibration of the bargaining power of firms, ξ j , I assume that the Hosios (1990)

efficient job-creation condition holds, so I set ξ j = κ j . The exogenous job separa-

tion rate, δ j is set equal to 0.08 following Ravenna and Walsh (2011). This value is

27This is based on a calculation of a 5% daily probability times the average number of working
days per month, times three, given that I treat time as quarters.



2.4: Quantitative analysis 38

relatively higher to the value chosen by Blanchard and Gali (2010) (0.04). On the

other hand,Campolmi and Faia (2011) choose 0.06 and Abbritti and Mueller (2013)

choose 0.071.28 The posting vacancy cost is calculated as a fraction 0.01 of the GDP

and is set equal to 0.097. The same strategy is used by Walsh (2005), Thomas (2008),

Blanchard and Gali (2010) and Abbritti and Mueller (2013). The value of the post-

ing vacancy cost varies with the specification of the posting cost function.29 For the

calibration of the degree of real wage rigidity, the empirical evidence is mixed. In

the benchmark calibration I choose an average µ = 0.5, following Blanchard and

Gali (2010), Campolmi and Faia (2011) and Abbritti and Mueller (2013). Studying

the labour market heterogeneity, I let the degree of RWR across countries to vary

between 0.1− 0.9 like in Abbritti and Mueller (2013). Finally, I set a steady-state of

unemployment, u j = 0.10 following, Blanchard and Gali (2010) definition for the

sclerotic European labour market. Abbritti and Mueller (2013) choose a value equal

to 0.08.

Final good production: The degree of nominal price rigidity is calibrated follow-

ing estimates that find that prices change every three to four quarters. Hence, I set

ω j = 0.75, following Thomas (2008), Blanchard and Gali (2010) and Ravenna and

Walsh (2011). I limit the analysis to the case where there is a symmetric degree of

nominal price rigidity.30. Settingω j = 0.75 implies an elasticity of inflation with re-

spect to real marginal cost, δp = 0.086. I set the elasticity of substitution among the

differentiated final goods within country to γ = 6 like Ravenna and Walsh (2011).

This implies a steady state real marginal cost of φ j = 0.83, where I have used that

for symmetric countries S = 1 as in Gali and Monacelli (2008).

Productivity shock: I assume a persistent productivity shock by setting an auto-

correlation coefficient,ρ, equal to 0.95 and a standard deviation productivity shock

ofσ j
z equal to 0.00624 following the euro area estimates by Smets and Wouters (2003)

and adopted by Abbritti and Mueller (2013) as well. Finally, the correlation of do-

mestic productivity shocks varies. When it is set to 1, the productivity shock is union-

28These numbers are based on estimates and calculations for the European economy and they
are very different than the more fluid US labour market in which the separation rate is set around
0.10−0.15. For this reason, I calibrate the model by using a wide range for the value of the separation
rate around 0.04−0.12.

29For example, Thomas (2008) uses a convex posting vacancy cost following Gertler and Trigari
(2009), while I use a simpler linear cost similar to Ravenna and Walsh (2011).

30See Benigno (2004) for a normative analysis of a currency union when there is an asymmetric
degree of nominal price rigidity.



2.4: Quantitative analysis 39

wide.

2.4.2 Weights of policy objectives

From the benchmark calibration, I calculate the weights of domestic inflation and

domestic unemployment fluctuations, as well as of terms of trade fluctuations. These

weights may reflect the strength of the response of the central bank on the mone-

tary policy stabilisation objectives. The value of these weights is reported in table

2.2. The weight of domestic inflation fluctuations is relatively higher than the weight

of domestic unemployment and the terms of trade fluctuations. This may reflect an

incentive for the central bank to be more aggressive in stabilising the domestic in-

flation.

Table 2.2: Weights of central bank objectives

Policy Objective* Description Policy Weight**

πAt Domestic inflation of country A 17.48
πB t Domestic inflation of country B 17.48
û A

t+1 Domestic unemployment of country A .0031
û B

t+1 Domestic unemployment of country B .0031
ŝt Terms of trade .25

*Expressed as gap from the efficient steady-state.
**The weights are expressed in absolute value.

2.4.3 Optimal responses to country-specific productivity shocks

First, I analyse the optimal responses of the central bank to a country A-specific pro-

ductivity shock. To focus on the role of labour market heterogeneity, I construct an

index measured from the differential of the degree of RWR of the member states,

∆µ=µA−µB . Following Andersen and Seneca (2010), to avoid misinterpretation of

the results arisen from union-wide level changes, I allow the degree of RWR to vary

between 0.1−0.9 across countries, but I keep the union-average degree of RWR con-

stant and equal to µ = ζµA + (1−ζ)µB = 0.5. Because the sizes of the two countries

are calibrated to be equal, ζ= (1−ζ) = 0.5, then, µB = 1−µA. Therefore the hetero-

geneity index∆µ varies from −0.8 to 0.8.

The two figures below display the impulse responses of the stabilisation policy
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objectives and the real interest rates to a 0.624% standard deviation, positive, coun-

try A-specific shock, when the central bank follows the regime of optimal commit-

ment (figure 2.2) or discretion (figure 2.3). In the cases illustrated here, µA varies

between 0.5−0.9 and µB varies between 0.1−0.5. Therefore, the country that is hit

by the domestic shock has greater or equal degree of RWR. Comparing the two fig-

ures, we observe immediately that while, the two optimal monetary policy regimes

are different, the fluctuations of the policy objectives differ only in magnitude and

not qualitatively.

Figure 2.2: Optimal commitment; country A-specific shock

From figures 2.2 and 2.3, we realise that none of the five policy objectives are fully

stabilised for positive values of∆µ, regardless the type of optimal monetary policy

regime. The positive productivity shock increases the marginal product of labour.

However, the assumption of a high degree of RWR in country A (µA ≥ 0.5) implies

that the real wage is not adjusted instantaneously to the new economic conditions.

Therefore, the intermediate good producers in country A increase the optimal num-

ber of posting vacancies, thus, domestic unemployment decreases. Consequently,

the production of final good increases, prices (set by the fraction of the producers

not constrained to reset prices) fall and domestic inflation in country A declines.
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Figure 2.3: Optimal discretion; country A-specific shock

Because the weight of domestic inflation fluctuations is relatively higher than the

weight of unemployment fluctuations, the central bank has an incentive to keep un-

employment below the baseline, efficient level for several periods, in order to create

inflationary pressure through expectations (under commitment). This policy sta-

bilises domestic inflation in country A faster than domestic unemployment.

Country B is not hit by the country-A productivity shock directly. Nevertheless,

the domestic inflation and unemployment in country B fluctuate for several peri-

ods. The reason lies on the terms of trade effect. Households buy baskets of final

goods from both countries. The country-A specific shock affects the domestic infla-

tion in country A. Thus, the relative competitiveness of the member states changes

and this is translated into fluctuations of the terms of trade. Indeed, the terms of

trade act as a transmission mechanism of the country A-specific shock and as a

"cost-push" component on domestic inflation in country B. As it is shown in the

two figures, the volatility of the terms of trade increases with the degree of RWR of

country A (or with ∆µ) under any of the two optimal policy regimes. The higher

is ∆µ, the more volatile is inflation in country B. Consequently the welfare losses

in country B and the currency union increase regardless the fact that in country B,
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the degree of RWR decreases with∆µ. This result cannot be captured by the closed

economy NK models which highlight that welfare losses increase with the degree of

RWR.

Analysing the role of labour market heterogeneity in the persistence of policy ob-

jectives, we can conclude the following: Under commitment higher degree of RWR

in country A, increases the persistence of all policy objectives. However, it has a

more pronounced effect in the persistence of unemployment in country B. Under

discretion, labour market heterogeneity increases the persistence in country A.

Tables 2.3 and 2.4 display a moment analysis of the domestic productivity shock

under optimal commitment and optimal discretion respectively. The standard devi-

ations of the policy objectives are reported for different values of index∆µ ∈ [−0.8, 0.8].

The reported welfare losses can be read as the average percentage reduction of house-

holds’ steady state consumption.

From the last column, the volatility of the terms of trade increases monotonically

with the degree of RWR of the country hit by the domestic shock. For example, when

∆µ = −0.8 (µA = 0.1 and µB = 0.9) the welfare losses are almost negligible, while

when∆µ= 0.8 (µA = 0.9 andµB = 0.1) the welfare losses are equal to a 2% reduction

of households’ steady-state consumption. From tables 2.3 and 2.4, the standard de-

viation of domestic inflation and domestic unemployment of country B increases

with the standard deviation of the terms of trade. From the second column, we ob-

serve that the welfare losses of the currency union increase monotonically with the

degree of RWR of the country hit by the shock (country A). It is noticeable that if we

assume µA ≥ µB , then the welfare losses increase monotonically with the value of

the labour market heterogeneity index,∆µ.

Table 2.3: Welfare losses under commitment - country A-specific shock

∆µ=µA −µB Welfare losses σπAt
σπB t

σû A
t+1

σû B
t+1

σŝt

-.8 .0001 .0000 .0000 .0196 .0005 .0000
-.6 .0003 .0000 .0000 .0342 .0020 .0002
-.4 .0007 .0001 .0000 .0516 .0031 .0005
-.2 .0016 .0002 .0000 .0724 .0052 .0013

0 .0030 .0003 .0000 .0968 .0077 .0026
.2 .0054 .0005 .0001 .1241 .0104 .0049
.4 .0093 .0008 .0002 .1503 .0131 .0088
.6 .0151 .0012 .0003 .1650 .0146 .0146
.8 .0223 .0017 .0005 .1511 .0131 .0220
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Table 2.4: Welfare losses under discretion - country A-specific shock

∆µ=µA −µB Welfare losses σπAt
σπB t

σû A
t+1

σû B
t+1

σŝt

-.8 .0001 .0001 .0001 .0196 .0032 .0003
-.6 .0005 .0002 .0002 .0338 .0060 .0008
-.4 .0011 .0003 .0003 .0501 .0093 .0018
-.2 .0022 .0005 .0004 .0685 .0127 .0033

0 .0042 .0007 .0005 .0883 .0158 .0056
.2 .0074 .0010 .0006 .1084 .0179 .0087
.4 .0121 .0013 .0008 .1269 .0186 .0126
.6 .0184 .0017 .0010 .1417 .0174 .0170
.8 .0259 .0021 .0011 .1511 .0144 .0214

Given the analysis of moments and the impulse responses above, we can sum-

marise with the following proposition:

Proposition 2. In a currency union consisted of two member states that have im-

perfect, heterogeneous labour markets and are linked via trade of goods, in the pres-

ence of a country-specific productivity shock, welfare losses arise from fluctuations

of domestic inflation, domestic unemployment and the terms of trade of the member

states. The latter acts as a transmission mechanism of the shock from one member

state to the other. The volatility of the terms of trade increases monotonically with the

degree of RWR of the member state that is hit by the shock and intensifies the effect of

the shock. Consequently, the welfare losses in the currency union increase monotoni-

cally with the degree of RWR of the country hit by the shock, for any optimal monetary

policy regime.

2.4.4 Optimal responses to union-wide shocks

In this section I examine the optimal responses of the central bank in the presence

of an aggregate (union-wide) productivity shock. The case of a union-wide shock

is this when the two country-specific shocks are perfectly correlated, i.e., ρa ,b = 1.

The impulse responses under optimal commitment and discretion are displayed in

figures 2.4 and 2.5 respectively.

When there is an aggregate, positive productivity shock, the marginal product

of labour increases in both countries. Because the real wage in countries A and B
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Figure 2.4: Optimal commitment; aggregate productivity shock

exhibits some degree of RWR, firms adjust their optimal hiring decision and unem-

ployment in the currency union falls.

From figures 2.4 and 2.5, when µA = µB = 0.5, ∆µ = 0 the shock has symmetric

effects. When there is perfect symmetry, the terms of trade effect is offset, the cur-

rency union is treated as a single economy by the central bank which responds to

union-wide variables, i.e. the union-wide inflation and unemployment. This result

could add to Benigno (2004) who shows that when two member states are identical

the central bank reacts to the union-wide/CPI stabilisation.31

Not surprisingly, the asymmetric effects of the shock arise when µA 6= µB . In

this scenario, in the country with the higher degree of RWR unemployment declines

more. Because output in this country increases more, domestic inflation will de-

cline more and the relative competitiveness of the two member states will change.

The terms of trade fluctuate the higher is the degree of RWR differential between the

two member states.

As in the case of a country-specific shock, the central bank finds optimal to keep

31In Benigno (2004) countries are identical when they have the same degree of nominal price
rigidity.
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Figure 2.5: Optimal discretion; aggregate productivity shock

unemployment below the efficient steady-state for several periods in order to cause

inflationary pressures. Under commitment, the central bank can affect expecta-

tions. Domestic inflation adjusts faster and the welfare losses are relatively smaller

under commitment.

Analysing the effect of labour market heterogeneity in the persistence of the pol-

icy objectives, we can conclude that under any monetary policy regime, unemploy-

ment exhibits strong persistence and is stabilised slowly. In contrast, inflation is sta-

bilised relatively fast. While the degree of labour market heterogeneity affects the

frequency of stabilisation of all policy objectives, it has more pronounced effects in

the persistence of unemployment. For example, when ∆µ = 0.8, unemployment

in country B is stabilised relatively fast, while in country A unemployment remains

further below the efficient steady-state for about 20 quarters.

The analysis of moments in tables 2.5 and 2.6 illustrates the same result. In the

case of an aggregate productivity shock, the volatility of the terms of trade and con-

sequently the welfare losses of the currency union increase monotonically with the

value of the labour market heterogeneity index, ∆µ, regardless which country has

greater degree of RWR. This result holds under commitment and discretion.
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From these quantitative exercises, we notice that, in the presence of a union-

wide shock, labour market heterogeneity has a distortionary effect on the currency

union and it is inefficient. The single monetary authority of the currency union

does not have a sufficient number of instruments to eliminate all distortions.This

makes the stabilisation of policy objectives unfeasible. The following proposition

summarises:

Table 2.5: Welfare losses under commitment - union-wide shock

∆µ= | µA −µB | Welfare losses σπAt
σπB t

σû A
t+1

σû B
t+1

σŝt

0 .0065 .0003 .0003 .1044 .1044 .0000
.2 .0074 .0005 .0002 .1293 .0827 .0036
.4 .0104 .0008 .0002 .1534 .0644 .0082
.6 .0157 .0012 .0003 .1665 .0484 .0144
.8 .0225 .0017 .0005 .1516 .0325 .0219

Table 2.6: Welfare losses under discretion - union-wide shock

∆µ= | µA −µB | Welfare losses σπAt
σπB t

σû A
t+1

σû B
t+1

σŝt

0 .0101 .0011 .0011 .1039 .1039 .0000
.2 .0113 .0013 .0010 .1209 .0863 .0054
.4 .0147 .0015 .0010 .1360 .0687 .0108
.6 .0201 .0018 .0011 .1475 .0511 .0162
.8 .0268 .0022 .0012 .1542 .0338 .0211

Proposition 3. In a currency union consisted of two member states that have imper-

fect, heterogeneous labour markets and are linked via trade of goods, in the presence

of a union-wide productivity shock, fluctuations of the terms of trade intensify the

asymmetric effects of the shock. In particular, the volatility of the terms of trade in-

creases monotonically with the value of the degree of RWR differential, i.e., the pro-

posed labour market heterogeneity index. Consequently, the welfare losses in the cur-

rency union increase monotonically with the value of the labour market heterogeneity

index, for any optimal monetary policy regime.



2.4: Quantitative analysis 47

2.4.5 Optimal commitment vs optimal discretion: Unemployment

fluctuations

In this section I compare the two optimal monetary policy regimes. From the analy-

sis of moments above, fluctuations of domestic inflation in both member states are

lower under optimal commitment than discretion for any value of the heterogene-

ity index. Under commitment, the central bank has an additional instrument at its

disposal in order to reduce the volatility of inflation, i.e., the public’s expectations

for future inflation. In this case, inflation is stabilised relatively faster. In contrast,

under optimal discretion this instrument is not available, thus, fluctuations of do-

mestic inflation are higher for both member states. This is the main reason that

explains why optimal commitment generates lower welfare losses and is more de-

sirable.

With regard to the role of labour market heterogeneity on inflation stabilisation,

from tables 2.3 - 2.6, in the presence of a country-specific, or a union-wide shock, as

∆µ increases, domestic inflation becomes gradually more volatile in both countries,

under any regime. In addition, as∆µ increases, the difference between the volatil-

ities of domestic inflation under commitment and discretion, i.e., σπc o mm
j t
−σπd i s c r

j t
,

remains almost unchanged in any member state. Hence, we can conclude that if

a central bank focuses on domestic inflation stabilisation, optimal commitment is

preferable for both member states and the degree of labour market heterogeneity

does not alter the incentives of the central bank.

However, if a central bank focuses on domestic unemployment stabilisation, this

does not necessarily hold. Comparing from the tables 2.3 and 2.4 the standard de-

viations of domestic unemployment between optimal commitment and discretion,

σû c o mm
j t+1
−σû d i s c r

j t+1
, in the presence of a country A-specific shock, fluctuations of domes-

tic unemployment in the country hit by the shock are higher under commitment,

while in the other country are higher under discretion. In addition, as the degree

of RWR in the country hit by the shock increases, the volatility of domestic unem-

ployment in this country increases relatively more under commitment than under

discretion. In the other country the opposite holds. This result is visualised in the

right graph of figure 2.6. Commitment and discretion generate similar domestic un-

employment fluctuations, only for extreme degree of labour market heterogeneity,

−0.8 or 0.8. In the other cases, the central bank faces a trade-off between the two
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policy regimes. This trade-off can be visualised from the distance between the blue

(country A) and the red (country B) line. Summarising this result:

Proposition 4. In a currency union consisted of two member states that have im-

perfect, heterogeneous labour markets, in the presence of a country-specific shock,

fluctuations of domestic unemployment in the member state hit by the shock become

larger under commitment than discretion, as the degree of RWR in this member state

increases. In the member state that is not hit by the shock the opposite effect holds.

Therefore, as the value of the labour market heterogeneity index increases, the cen-

tral bank faces a trade-off between optimal commitment and optimal discretion with

regard to domestic unemployment stabilisation. This-trade off is eliminated for ex-

treme values of the index.

Figure 2.6: Unemployment differentials - commitment vs discretion

I perform the same exercise for the currency union in the presence of a union-

wide shock. The standard deviation differentials of domestic unemployment are

displayed in the left graph of figure 2.6. I find that the two regimes generate similar

domestic unemployment fluctuations in a member state, when∆µ is−0.8, 0.8 or 0.

For all values between 0−0.8 and -0.8−0, the central bank faces a trade-off between

the two policy regimes. Optimal commitment is desirable for a member state with
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low degree of RWR. As the degree of RWR increases for this member state, optimal

discretion becomes more desirable. The following proposition summarises:

Proposition 5. In a currency union consisted of two member states that have im-

perfect, heterogeneous labour markets, when the degree of RWR in a member state

increases, in the presence of a union-wide shock, fluctuations of domestic unemploy-

ment are larger under commitment than discretion in this member state. Conse-

quently, as the value of the labour market heterogeneity index increases, the central

bank faces a trade-off between optimal commitment and optimal discretion with re-

gard to domestic unemployment stabilisation. This trade-off is eliminated for ex-

treme values of the index or when there is perfect labour market homogeneity.

The intuition behind propositions 4 and 5 is based on the sensitivity of inflation

to unemployment changes, as it is calculated in the NKPC, and the role that expec-

tations play under optimal commitment. Under optimal commitment, the central

bank uses expectations for inflation to stabilise inflation. There is not strong motive

for domestic unemployment to be used as an instrument for inflation stabilisation.

Thus, domestic unemployment remains further below its efficient level and fluctu-

ates relatively more. However, under optimal discretion, the central bank loses one

instrument. In this case, there is a stronger incentive to stabilise unemployment

relatively faster. Table 2.7 displays the elasticity of domestic inflation to changes of

domestic unemployment (second column) for different degrees of RWR. The higher

is the degree of RWR, the lower is the sensitivity of inflation with respect to unem-

ployment changes. Thus, under discretion, when the RWR differential is relatively

high, a stronger response to domestic unemployment is required. In this case, the

difference in unemployment fluctuations between optimal discretion and commit-

ment becomes relatively larger.
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Table 2.7: RWR and sensitivity of domestic inflation

RWR û j
t+1 ŝt ŝt+1 ẑ j

t

0.2 -.2321 .1665 .0418 -.4124
0.3 -.192 .1205 .1439 -.5144
0.4 -.1576 .0810 .2314 -.6018
0.5 -.1279 .0469 .3073 -.6776
0.6 -.1018 .0170 .3736 -.7439
0.7 -.0788 -.0094 .4322 -.8023
0.8 -.084 -.0329 .4843 -.8543

2.4.6 Further sensitivity analysis

In the quantitative analysis, I allow the member states to be heterogeneous only in

the degree of RWR. This assumption has been motivated by the criticism in the liter-

ature of search and matching models with involuntary unemployment, which has

addressed the importance of RWR in generating realistic unemployment fluctua-

tions. Having this source of labour market heterogeneity unchanged, the results of

the model are robust to different values of other labour market parameters, such as

the exogenous job separation rate, δ j , the elasticity of labour supplyϕ j , the steady-

state probability of firms to fill a vacancy, q (θ j ) and consequently, the steady-state

labour market tightness, θ j .

In particular, δ j has been altered from 0.10 to 0.15, q (θ j ) from 0.7 to 0.97 and

ϕ j from 0 to 2, as these are other values found in the literature. Changing these pa-

rameters and worsening the conditions in the domestic labour markets, the results

of the model are qualitatively the same. The only difference observed in most of

the cases is a percentage increase of unemployment fluctuation in both countries,

which results to an increase of total welfare losses by 0.002.

While the model can capture various currency unions of the world economy, the

calibration strategy has been motivated by the euro area currency union. For this

reason the union average steady-state unemployment has been assumed to be 0.10,

as in Blanchard and Gali (2010). Making the labour market more sclerotic and in-

creasing this value from 0.10 to 0.15, I do not obtain qualitative changes. However,

the total welfare losses increase by 0.02 on average.

The parameters in the benchmark calibration are altered symmetrically across

member states. If we allow asymmetric differences across member states along with
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different degree of RWR, given the robustness checks above, it is expected that the

effect of the shocks will be more pronounced and the welfare losses will have higher

magnitude.

The degree of nominal price rigidity,ω j = 0.75, has been kept unchanged in all

quantitative exercises. Motivated from Benigno (2004), I expect asymmetry in the

degree of nominal price rigidity to alter the incentives of the central bank and make

monetary policy to react, even more strongly, to domestic inflation fluctuations of

the member state with higher ω j = 0.75. Having asymmetric nominal price rigid-

ity as well as RWR across the member states would make the analysis difficult to

make robust inferences with regard to differences in the labour markets. However,

it would be interesting to study cases in which countries have asymmetric degrees

of rigidities.

Finally, making the member states asymmetric in size, but keeping the value

of the labour market heterogeneity index unchanged, produces mixed results. For

example, in the case of a country A-specific shock, fixing ∆µ = 0.6, for ζ = 0.33,

the welfare loss is a 1.32% reduction in households’ steady-state consumption. For

ζ= 0.66, the welfare loss is 1.34%. However, as reported in the previous section, for

ζ= 0.5, the welfare loss is 1.51%. In contrary, for∆µ= 0.3, the welfare loss increases

monotonically with the size of the member state hit by the shock. In particular, for

ζ= 0.33, the welfare loss is 0.6%, for ζ= 0.5 is 0.71% and for ζ= 0.66 is 0.74%.

2.4.7 The role of fiscal policy

In the current model, fiscal policy is absent for simplicity. Introducing local govern-

ments in the model would add an extra variable in the resource constraint of each

member states, i.e, government spending. Following the normative analysis in Gali

and Monacelli (2008), this would add two extra policy objectives for stabilisation.

Given that optimal monetary policy would require co-ordination with the indepen-

dent fiscal authorities and a minimisation of the fiscal gap, this would make the

analysis of this paper more complicated. On the other hand, while it is not the pur-

pose of this model to study fiscal policies, ruling them out makes the model to lose

some of its realism. An escape route in this case would be to assume that domestic

government spending is constant over time. By taking a first-order approximation

of the resource constraints would eliminate the constant component added in the
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right hand side.

2.5 Summary and further discussion

I have merged a frictional search and matching model of equilibrium unemploy-

ment into an otherwise standard NK currency union model in order to generate in-

voluntary unemployment in the member states of a currency union. I have studied

the optimal responses of central bank in country-specific and union-wide produc-

tivity shocks under two optimal regimes. commitment and discretion. I have fo-

cused on the role of labour market heterogeneity in the outcomes of optimal mon-

etary policy. For this reason, I have constructed a simple index of labour market

heterogeneity that is based on the differential of the degree of RWR of the member

states. To the best of my knowledge, this paper is the first that provides an analysis

of optimal monetary policy in a currency union with labour market heterogeneity.

The main results are derived by quantitative comparisons. In particular, I calcu-

late the households’ welfare losses under commitment and discretion for different

values of the labour market heterogeneity index. I find that in the case of a country-

specific shock, higher degree of RWR in the country hit by the shock implies higher

welfare losses for each member state and consequently for the currency union. In

the case of a union-wide shock, the welfare losses increase monotonically with the

value of the labour market heterogeneity index. Finally, comparing the two regimes,

I find that with regard to unemployment stabilisation, the central bank faces a trade-

off between commitment and discretion. This trade-off is higher as the value of

the index increases, excluding the cases where it takes extreme values. In the case

of a union-wide shock, this monetary policy trade-off disappears when the labour

markets are homogeneous. I find that the terms of trade plays a crucial role for the

main results of the model. In particular, the terms of trade acts as a transmission

mechanism of a country-specific shock from one member state to the other and in-

tensifies the asymmetric effects of a union-wide shock. In any case, fluctuations of

the terms of trade make even the country with low degree of RWR to suffer welfare

losses, which in the absence of international trade would not be present. This result

cannot be captured by closed economy NK models and adds to the novelty of this

paper.
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The comparison between the two optimal regimes could be useful for monetary

policy in practice. The ECB has committed that the maintenance of price stabil-

ity across the euro area is their primary goal. This is an objective that is publicly

announced. This paper highlights a case, in which optimal commitment results to

higher unemployment in member states with high degree of RWR. In this case, the

paper adds an argument that could potentially explain why inflation is stabilised rel-

atively fast and homogeneously, but unemployment persistence is heterogeneous

across member states.

The results of the model also confirm the theory of optimum currency union

areas introduced by Mundell (1961). In the presence of too many frictions, a cur-

rency union is far from being optimal. The imperfection of real wage rigidity and

the no-migration assumption play an important role in the sub-optimality of the

presented currency union. Mundell (1961) highlights the importance of wage flex-

ibility and labour mobility for a currency union to be optimal. Assuming that un-

employed workers can migrate would make the model far more complicated as it

would require the construction of migration strategies, as in Ortega (2000). Allow-

ing for migration in the presented framework and linking it with monetary policy is

certainly the next step for further research. It is expected that labour mobility would

absorb the welfare losses generated from the RWR differentials. However, adding ex-

tra frictions in migration could make things more complicated. Thus, such a paper

could have further policy implications and trade-offs.

Finally, the construction of the current NK DSGE framework allows for other

steps for further research. One of this is the estimation of the degree of RWR for

the member states of the euro area using a Bayesian approach. Whether some euro

area countries have rigid real wages is still an open research question. Thus, such an

empirical study would add to the literature. Another extension of the model could

incorporate a model with financial frictions. A macroeconomic framework which

merges an imperfect financial and labour market would be useful for policy impli-

cations. Nevertheless, a normative analysis, as the one presented here, would be

very complicated because of the potential presence of many state variables, such as

capital and unemployment.



Chapter 3

The Welfare Gains from

Discount Window Lending

Chapter Abstract

I study the role of the Discount Window (DW) as a complementary instrument of
monetary policy by analysing the welfare consequences of the central bank provid-
ing DW loans to financial intermediaries. The analysis focuses on the role of the
ability of the central bank to monitor the actions of financial intermediaries with
regard to the effective use of the DW loans. By assessing several quantitative ex-
periments in a New Keynesian DSGE model, I show that when the central bank’s
ability to monitor is low, DW lending can be welfare costly. However, when the abil-
ity of the central bank to monitor improves, DW lending is welfare enhancing, even
if it is associated with efficiency costs. The performance of DW lending depends
on the joint, primary monetary policy regime which is implemented by the adjust-
ment of the nominal interest rate, even if this is constrained from a lower bound.
Under a regime of optimal commitment, the welfare gains from DW lending could
be negligible, but they are considerable when DW lending is used along with an op-
timal interest rate rule. The paper provides a formal argument in favour of the view
that, as a complementary instrument of monetary policy, DW can be effective, in
contrast with the views expressed in previous literature that DW lending should be
redundant.

54



3.1: Introduction 55

3.1 Introduction

Discount Window (DW) lending is a monetary policy operation where the central

bank provides collateralised loans at a penalty rate to financial intermediaries that

require funds to finance their activities but cannot obtain them from other sources,

such as the interbank market. According to the Federal Reserve Discount Window

Book, the role of the DW is complementary to the primary role of open market op-

erations and it is used to help the central bank maintain financial stability.1

However, in practice, and especially before the financial crisis of 2007 − 2008,

this role has been vague. Central banks have been providing DW loans rarely and

only at a small scale. The inactivity of the DW could be explained from a strand

of the financial literature developed in the late 80′s , which has questioned the effi-

ciency of DW lending. This literature has highlighted the difficulties for DW lending

to be effective, mainly arguing that it is associated with a high risk that the loans

will be misused by the financial intermediaries in non-financial activities. In some

cases (Goodfriend and King (1988) and Schwartz (1992)) this literature has recom-

mended that DW should be avoided by the central banks, unless there are exigent

circumstances.

In this paper, I try to shed some light on these arguments. I study the role of

the DW as a complementary instrument of monetary policy and I assess its per-

formance by quantifying the welfare effect of the central bank providing DW loans

to financial intermediaries. To do this, I construct a quantitative macroeconomic

model with nominal frictions, which is expanded to incorporate an analysis of a fi-

nancial market. In the model, the financial intermediaries face liquidity constraints

that are disruptive for the financial market. In the presence of a disrupted financial

market, the effect of a small financial shock is magnified and is transmitted to the

real economy making households suffer some welfare losses. The main objective of

the central bank is to minimise these losses having two policy instruments at its dis-

posal: a primary instrument, the nominal interest rate and a complementary one,

the DW. The central bank selects first an optimal policy regime to stabilise the real

economy. This regime is implemented with the adjustment of the nominal inter-

est rate. However, the deterioration of the financial market expands the scope of

1The electronic version of the Book can be found on the Federal Reserve Discount Window &
Payment System Risk Website: www.frbdiscountwindow.org
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monetary policy. The central bank uses DW as a secondary instrument to provide

liquidity assistance and reduce the inefficiency in the financial market. Calomiris

(1993) has highlighted that DW lending should be used only as a response to finan-

cial market disruptions. In this case, DW lending may stabilise investment and con-

sequently output, supporting the role of the primary instrument. The contribution

of DW lending to welfare is calculated from quantitative exercises, as the difference

in welfare losses obtained by switching the DW off and on.

The objective of this paper is to make the analysis relevant to the criticism on

the DW mentioned above. The friction that I assume in the financial market cap-

tures a main aspect of this criticism. In particular, I allow financial intermediaries

to have the ability to misuse a fraction of the funds borrowed in non-financial activ-

ities, as in Gertler and Kiyotaki (2010). However, the central bank has some means

of monitoring, unlike the other lenders, hence, it can limit the misuse of DW loans. I

evaluate the performance of DW lending by focusing on the role of the central bank’s

ability to monitor the actions of financial institutions. The ability of the central bank

to monitor the use of DW loans has been highlighted in Bordo (1989) as an impor-

tant condition for the DW to be effective.

The main result of the paper is summarised as follows. When the central bank’s

ability to monitor is low, discount window lending is welfare costly. However, when

the ability to monitor improves, DW lending is welfare enhancing. I also take the

assumption that DW lending may be associated with some efficiency costs. Even if

this is the case, there are cases that DW lending increases efficiency. Performing sev-

eral quantitative experiments, I also compare the performance of DW lending with

respect the primary monetary policy regime that is jointly conducted. I find that the

performance of DW lending depends on the joint, primary regime even if the nom-

inal interest rate is constrained from a lower bound. I find that under a regime of

optimal commitment, the welfare gains from DW lending can be neglected. How-

ever, when DW lending is used along with an optimal interest rate rule, there are

considerable welfare gains from DW lending.

The main contribution of this paper is that it provides a quantitative assess-

ment, as a formal argument in favour of the view that, as a complementary instru-

ment of monetary policy, the DW can be effective. While the financial literature

that has studied the performance of DW is comprehensive, it has been based on a

cost-benefit analysis rather than on the evaluation of a quantitative micro-founded
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model. The latter has several advantages, it can be used to derive the main objec-

tives of the central bank and provide further insights with respect to the macroeco-

nomic channels through which the DW operates.

The normative analysis follows the Linear-Quadratic (L-Q) approach introduced

by Rotemberg and Woodford (1997) and Woodford (2003). This approach is accu-

rate for small deviations from the steady-state. In the model, the benchmark cali-

bration accounts for small deviations from the efficient steady-state. Therefore, the

paper supports the view that, as long as the financial markets are disrupted, there

are considerable welfare gains from DW, even when the role of DW is complemen-

tary. In contrast, Calomiris (1993) and Schwartz (1992) have justified the use of the

DW at exigent circumstances only. Indeed, after the financial crisis of 2007− 2008,

DW loans were provided on a large scale. In many of these occasions central banks

acted as lenders of last resort and used DW to provide emergency liquidity assis-

tance and prevent financial institutions from a possible bankruptcy.2 It is the fact

that the DW has been used substantially only during crises, that has made it to be

closely linked with the role of the lender of last resort.

The literature has also tried to explain the inactivity of DW before 2007− 2008

from another view. It has been argued that there is reluctance of the financial insti-

tutions to borrow from the DW, as a result of the fear of revealing their poor financial

condition and to be stigmatised.3

There is a long discussion whether the adjustment of the nominal interest rate is

constrained from a Zero Lower Bound (ZLB). While there is no technical reason to

argue why interest rates cannot be negative, in practice, some central banks are hes-

itant to reduce them below zero.4 However, if the interest rates are close to zero, their

2A summary of these cases can be found on the policy report of the Bank for International Set-
tlements: http://www.bis.org/publ/bppdf/bispap79.pdf.

3The “DW stigma” has been studied extensively in the literature and the current paper abstracts
any feature related with it for simplicity. Clouse (1994) and Courtois and Ennis (2010) have high-
lighted the DW stigma as a reason to explain the reluctance of the depository institutions in the
US to borrow from the Fed. It has been also mentioned in speeches by policymakers, such as by
Bernanke (2009), as well as in the policy report by the Bank for International Settlements. In ad-
dition, Armantier et al. (2015) provide empirical evidence that supports the DW stigma effect, while
Ennis and Weinberg (2013) provide a theoretical framework that incorporates the stigma effect. Both
papers conclude that financial institutions are willing to borrow more expensively from other finan-
cial sources rather than borrowing from the DW of the central bank.

4Actually, since 2008, some major central banks have moved their short-term interest rates close
to zero as a response to the financial crisis. In particular, on April 2016, the Bank of England (BoE)
and the Federal Reserve (Fed) have moved their interest rate to 0.5%. In contrast, since 2014 a few
central banks have moved their interest rates below zero. For example, the European Central Bank
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adjustment below zero is somewhat limited revealing that a lower bound constraint

may has some effect. In the model, I capture this effect. By utilising the L-Q ap-

proach, as in Levine, McAdam, and Pearlman (2008) and Cantore, Gabriel, Levine,

Pearlman, and Yang (2013), I add an interest rate term to the welfare criterion of

the central bank. This limits the variability of the nominal interest rate capturing

a lower bound effect. In addition, limiting the effect of the interest rate, I can cap-

ture the net contribution of DW lending to the real economic activity. I also show

that despite the limited adjustment of the interest rate, the choice of optimal policy

regime plays an important role for the effectiveness of DW lending. In particular, I

find that DW is more effective when it is jointly used under an optimal interest rate

rule rather than an optimal commitment regime.

This paper adds to the value of the core New Keynesian (NK) models, such as

Gertler, Gali, and Clarida (1999) and Gali (2008) by presenting a model that incorpo-

rates a frictional financial market and an additional policy instrument, taking into

consideration the recent macroeconomic environment. It also expands further the

analysis in Edge (2003) with regard to the optimal monetary policy in a quantita-

tive macroeconomic model with investment. The paper also adds to the analysis in

Gertler and Kiyotaki (2010), Gertler, Kiyotaki, and Queralto (2012) and Gertler and

Karadi (2011). The core framework used in the latter is NK, so it is the one most close

to this paper. The scope of the analysis of these papers is quite different. They focus

on the effect of direct lending and unconventional monetary policy that is used to

combat a financial crisis, rather than on the optimal monetary policy and the role

of DW lending.

The rest of the paper is organised as follows. The core framework with financial

intermediaries is described in Section 3.2. Section 3.3 analyses the role of mone-

tary policy. Section 3.4 presents the quantitative results. Section 3.5 analyses DW

lending in the U.S. Section 3.6 discusses some robustness checks and Section 3.7

concludes with a further discussion.

has set interest rate to −0.4%, while the Swedish and the Swiss interest rates have been set to −0.5%
and −0.75% respectively.
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3.2 The model

The model that I construct builds on the standard New Keynesian (NK) framework,

e.g., Gertler, Gali, and Clarida (1999) and Gali (2008). The main elements of the NK

model are monopolistic competition and nominal price rigidity. Monopolistic com-

petition creates an environment for price setters that are subject to nominal price

stickiness. The latter assumption is crucial, as it implies that adjustments of the

nominal interest rate by the central bank affects the dynamic path of real variables.

In the standard NK model, capital is absent from the production process. In the

current paper, capital is added to generate investments. A business cycle model

with capital has been also analysed by Woodford (2003) and Edge (2003). A finan-

cial market framework is also missing from the standard NK model. Here, I add a

financial market by incorporating a model that analyses the behaviour of financial

institutions in business cycles, the Gertler and Kiyotaki (2010) model.

Financial institutions operate in the financial market. They act as financial in-

termediaries, because they have expertise and specialise in transferring funds from

households and other intermediaries to non-financial firms. To do this, they raise

funds from households’ deposits and from other financial intermediaries in the in-

terbank market. Then, they provide loans to non-financial, intermediate good pro-

ducers. The latter use funds to acquire capital from investors. The capital (and

labour) is used for the production of the intermediate good, which is then sold to

the non-financial, final good producers. Households cannot provide loans to non-

financial firms directly because they do not have the knowledge and the means of

financial intermediaries.

The agents of the model are five. Households, financial intermediaries, inter-

mediate good producers, final good producers and investors. Separating the type of

agents makes the model tractable. The central bank is the monetary policymaker.

As in Gertler and Kiyotaki (2010), I further assume that:

• In the economy, there is a continuum of locations of measure unity. Each lo-

cation contains all types of agents.

• Capital is immobile, however labour is perfectly mobile across locations and

firms.

• The probability of investors to invest and create new capital arrives randomly
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only to a fraction of locations and is i.i.d across locations and time. Because

capital is immobile, only the non-financial firms located in the investing lo-

cations can acquire new capital. The non-financial firms located in the non-

investing locations can only use the capital produced in the existing invest-

ment projects.

• The financial intermediaries of locations with no new investment opportu-

nities cannot provide funds to non-financial firms of the locations with new

investment opportunities. However, they can provide funds to the intermedi-

aries of these locations through the interbank market or they finance existing

investment projects of their location.

The assumption of the i.i.d investment opportunity combined with the immobil-

ity of capital generates liquidity needs and creates an environment for an interbank

market in which the financial intermediaries provide and acquire funds from each

other. The optimising behaviour of each agent is described separately in the follow-

ing subsections. The analysis of households, intermediate good producers, capital

good producers and financial intermediaries is similar with the one in Gertler and

Kiyotaki (2010).

3.2.1 Households

A continuum of identical, infinitely-lived households that lies on the interval [0, 1]

lives in each location. A fraction of a representative household members are work-

ers and the rest are owners of the financial intermediaries (from now on they will be

called bankers). The workers are also the owners of the non-financial firms without

this affecting their role as workers. It can be considered that they work in a different

non-financial firm than the one they own. Workers supply labour and earn labour

income, while the bankers provide ownership dividends. To avoid making bankers

to have the incentive to accumulate dividends in favour of the financial intermedi-

ary that they own, when there are liquidity constraints, it is assumed that at every

period workers and bankers can switch roles. In particular, there is an i.i.d proba-

bility that a banker will become a worker and the opposite. Thus the ratio of work-

ers/bankers within households is fixed. The average time of survival for bankers is
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then 1
1−σ . 5

A representative household seeks to maximise the intertemporal utility function

E0

∞
∑

t=0

β t

�

log Ct −
Nt

1+ϕ

1+ϕ

�

subject to a period budget constraint

1
∫

0

Pt (i )Ct (i )d i +dt ≤wt Nt + (1+qt−1)dt−1+Tt

for t = 0, 1, 2, ..., where Ct is the Dixit-Stiglitz index of consumption across the differ-

entiated final goods, given by the constant elasticity of substitution (CES) function

Ct ≡

 1
∫

0

Ct (i )
γ−1
γ d i

!

γ
γ−1

Ct (i ) is the quantity of the differentiated final good i bought at a price Pt (i ) and con-

sumed by the household in period t . Also, dt is the quantity of deposits (in nominal

terms) held to the financial intermediaries at period t and qt is the nominal interest

rate paid at the end of period t . Workers earn a nominal wage rate wt and supply a

measure of employment (e.g. hours of work) Nt . Tt are the dividends from the own-

ership of financial and non-financial firms. Notice that when there is a new banker,

the household provides some initial funds, thus, Tt must be considered as the net

dividends (profits from banks minus start up funds). In addition, γ > 0 is the elas-

ticity of substitution between the differentiated goods and ϕ > 0 is the inverse of

the Frisch elasticity of labor supply. Finally, the log utility of consumption implies a

measure of household’s risk aversion to consumption equal to 1.

Each representative household takes an intratemporal and an intertemporal de-

cision. The intratemporal decision requires the optimal allocation of consumption

expenditures among the differentiated final goods. This is given by the problem

max
Ct (i )

Ct s .t
1
∫

0

Pt (i )Ct (i )d i ≡ Zt

5Given that the household members are infinitely-lived, the average survival time is a geometric
series.
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The solution to the problem, shown in the Appendix B.1, yields the system of de-

mand equations for the final good i :

Ct (i ) =

�

Pt (i )
Pt

�−γ

Ct (3.1)

∀i ∈ [0, 1], where Pt is the Dixit-Stiglitz price index given by:

Pt ≡

1
∫

0

�

Pt (i )
1−γd i

�
1

1−γ

Combining the demand equations with the Dixit-Stiglitz price index, I can write:

1
∫

0

Pt (i )Ct (i )d i = Pt Ct

Then, the budget constraint is rewritten as:

Pt Ct +dt ≤wt Nt + (1+qt−1)dt−1+Tt (3.2)

The intertemporal decision requires the optimal allocation of consumption/savings

and the labour supply decision. It is formalised by the problem:

max
{Ct ,Dt ,Nt }∞t=0

E0

∞
∑

t=0

β t

�

log Ct −
Nt

1+ϕ

1+ϕ

�

subject to equation (3.2) and a solvency condition limT→∞ Et DT ≥ 0, ∀t . The first-

order conditions are given in the Appendix B.2 and yield the optimal labour supply

decision:

Ct Nt
ϕ =Wt (3.3)

which simply equates the real wage, Wt , with the marginal rate of substitution be-

tween consumption and leisure. Combining the first-order conditions with the house-

holds’ stochastic discount factor, βt ,t+s ≡ β s U
′
(ct+s )

U ′ (ct )
, yields the optimal consump-

tion/savings decision. This is given by the Euler equation, which equates the nom-

inal interest rate with the marginal rate of substitution between present and future
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consumption (in real terms):

(1+qt )Etβt ,t+1

Pt

Pt+1
= 1 (3.4)

The nominal interest rate is also linked with the real interest rate, Rt , through the

Fisher equation:

(1+qt ) =Rt+1

Et Pt+1

Pt
(3.5)

3.2.2 Final good producers

In each location there is a continuum of monopolistic competitors i ∈ [0, 1] that

produces a differentiated final good Yt (i ). The intermediate good, X t (i ), is the only

input for production and is bought from the intermediate good producers at a com-

petitive price,φt .6 The technology is given from:

Yt (i ) = X t (i )

Final good producers take consumers’ demand, equation (3.1), and the aggregate

indices for consumption and prices as given. I assume that their optimal price set-

ting decision is subject to nominal price rigidity a′ la Calvo (1983). As it is standard in

the NK model, nominal price rigidity implies monetary policy non-neutrality. When

nominal prices are sticky, the dynamic path of the real interest rate is determined by

the monetary policymaker through the adjustments on the nominal interest rate.

Every period, a representative final good producer resets his/her own price with

a probability (1−ω) to maximise profits. This probability is independent of the time

of the last reset. Thus, the producer chooses a price that will remain until time t + s

with probabilityωs . This problem is formalised:

max
P ∗t (i )

Et

∞
∑

s=0

ωsβt ,t+s

�

P ∗t (i )
Pt+s

Yt (i )−φt+s Yt (i )

�

for s = 0, 1, 2, 3..., subject to

Yt (i ) =Ct (i )

6I distinguish between final and intermediate goods production to avoid the complexity arisen
from the endogenous capital stock to the optimal price setting decision of the firms that are subject
to nominal price rigidity. For further discussion see Woodford (2003) chapter 5.3.2.
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i.e. any firm meets the demand for the good that it produces.

The solution of this problem can be found in the Appendix B.3 and yields the

optimal price decision of the final good producers:

P ∗t (i )
Pt
=

γ

(γ−1)

Et

∑∞
s=0(ωβ )

s C −1
t+sφt+s

�

Pt+s
Pt

�γ

Yt+s

Et

∑∞
s=0(ωβ )s C −1

t+s

�

Pt+s
Pt

�γ−1

Yt+s

(3.6)

Notice that in the absence of nominal price rigidity,ω= 0, the optimal price setting

decision is standard, i.e. the optimal relative price for a monopolistic competitor is

equal to a markup over the real marginal cost.7

P ∗t (i )
Pt
=

γ

γ−1
φt (3.7)

3.2.3 Intermediate good producers

In each location there are intermediate good producers that act under perfect com-

petition. In particular, they buy new capital, It , from capital goods producers (in-

vestors) and hire labour units, Nt , offered by households. Then, they use the in-

puts along with existing depreciated capital and labour to produce a homogeneous

intermediate good X t , which is sold to the final good producers. The production

technology is described by a Cobb-Douglas, constant returns to scale production

function:

X t = At K α
t N (1−α)

t

where At is the total factor productivity (TFP) and 0 ≤ α ≤ 1 is the capital share.

Capital accumulates according to the law of motion

Kt+1 =ψt+1

�

It +τ
i (1−δ)Kt +τ

n (1−δ)Kt

�

=ψt+1 (It + (1−δ)Kt ) (3.8)

7It is standard to assume that due to monopolistic competition, the production of output is less
than the socially optimal. This inefficiency can be eliminated with an output subsidy at a constant
rate. By subsidising output, the monopolistic distortion of the standard NK model is eliminated and
the flexible price equilibrium is efficient. This subsidy is financed by the government with a lump-
sum taxation system that avoids further distortionary effects.
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where τi = 1−τn is the fraction of locations where new investment opportunities

arise, It is the aggregate level of investment and 0 ≤ δ ≤ 1 is the fraction of capital

depreciation during period t .8 The model is stochastic, as it is assumed that the

quality of capital, ψt+1 , is exogenous. Assuming that the quality of capital is ex-

ogenous followsMerton (1973) and has been used by Gertler and Kiyotaki (2010),

Gertler and Karadi (2011) and Gertler, Kiyotaki, and Queralto (2012). This may re-

flect some economic depreciation rather than a physical one. Because in the model

securities are issued against capital, a shock in the quality of capital may affect asset

(security) prices. In this sense, it can be used as a proxy for a financial shock. The

(TFP) and the capital quality shock follow an AR (1) process given by

At ≡ Aρa
t−1A(1−ρa )e εa t (3.9)

and

ψt+1 ≡ψ
ρψ
t ψ

(1−ρψ)e εψt+1 (3.10)

respectively, where ρ’s are the autocorrelation coefficients and εt ’s are i.i.d exoge-

nous disturbance terms. 9

Intermediate goods producers choose optimally the amount of labour units to

maximise profits. The first-order condition to this problem is

Wt = (1−α)φt

X t

Nt
(3.11)

and equates the real wage with the marginal product of labour. Intermediate good

producers issue securities (equities) to obtain funds from the financial intermedi-

aries. Then, those located in locations with new investment opportunities use these

funds to acquire new capital at a perfectly competitive price, Q i
t , that is determined

endogenously by investors’ profit maximisation decision. The net profit from the

capital acquisition is zero, as perfect competition implies that any return from a

unit of new capital acquired is equated to a unit of equity issued. The gross profits

8Notice that at each time t , the capital used for the production of output is of time t . This simply
means that the new capital acquired at time t , It , is used one period after with no initial depreciation.
Gertler and Karadi (2011) follow a similar logic.

9Capital is predetermined at time t . For the sake of terminology, I use ψt+1 instead of ψt to
denote that the realisation of the shock is known at the beginning of period t +1 after the investment
opportunities are realised. Also, notice that new capital
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from capital used in the production process are given by the difference of total rev-

enues minus the labour cost, φX t −Wt Nt . Using equation (3.11), the gross profits

per unit of capital, Zt , are given by:

Zt =αφt

X t

Kt
(3.12)

3.2.4 Capital goods producers (Investors)

Investors act under perfect competition and those located in locations with new

investment opportunities create new capital, It , by using It (i )units of the final good.

The new capital is sold at the competitive price Q i
t . It is assumed that it is costly for

the investors to increase or decrease their capital stock. Also the marginal change

of capital stock is increasing in the size of the change. As it discussed in Woodford

(2003), these assumptions can be captured by the convex adjustment cost function,

I (·), given by:

I
�

It

It−1

�

≡
χ

2

�

It

It−1
−1

�2

where χ is a constant capturing the sensitivity of investment costs. I have also as-

sumed for simplicity a degree of convexity equal to 1. I
�

It
It t−1

�

satisfies the properties

I (1) = I ′(1) = 0 and I ′
�

It
It t−1

�

> 0, I ′′
�

It
It t−1

�

> 0.

Given that It (i ) is expressed in units of final good, It is given by the index:

It ≡





1
∫

0

It (i )
γ−1
γ d i





γ
γ−1

and the total expenditure for investments are:

1
∫

0

Pt (i )It (i )d i

It comes out that the intratemporal decision of the capital goods producers is equiv-

alent to those of households. Solving a similar problem yields the system of demand
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equations for final good used in investment:

It (i ) =
�

Pt (i )
Pt

�−γ

It

The intertemporal decision of capital goods producers is to maximise the expected

discounted profits by choosing the amount of new capital to sell, subject to the ad-

justment costs. This is formalised as:

max
{It }∞t=0

E0

∞
∑

s=0

βt ,t+s

§

Q i
t+s It+s −

�

1+ I
�

It+s

It−1+s

��

It+s

ª

The solution to this problem is provided in the Appendix B.4 and yields the compet-

itive price of capital:

Q i
t = 1+χ

�

It

It−1
−1

��

It

It−1
+

1

2

�

It

It−1
−1

��

−χEtβt ,t+1

�

It+1

It

�2
�

It+1

It
−1

�

(3.13)

Notice that in the absence of adjustment costs, the asset price becomes Q i
t = 1.

Therefore, assuming adjustment costs is also used to capture the asset price vari-

ation as a result from changes of the aggregate level of investment.

3.2.5 Financial Intermediaries

In each location there is a continuum of financial intermediaries (investment and

commercial banks) represented by j ∈ [0, 1] that provides loans to intermediate

good producers. The latter can borrow funds only from financial intermediaries of

the same location. Each financial intermediary may raise funds from households’

deposits, Dt (in real terms), and from funds, B j t , borrowed from other financial in-

termediaries in the interbank market. The interbank market is not location-specific,

but operates in the economy as a whole. The real rate paid to households’ deposits

at the end of period t is Rt+1. From Fisher, equation (3.5), the real interest rate is

determined by the nominal interest rate adjusted by the central bank, as well as the

inflation rate. The interbank lending rate, Rb t+1, is determined endogenously by the

representative intermediary’s optimal behaviour, while h = i , n denotes the type of

the location that a financial intermediary operates, i.e. if at this specific location

there are new investment opportunities or not.
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A representative financial intermediary j can provide a total amount of loans

equal to the total value of its assets, Q h
t S h

j t , where S h
j t is the quantity of the interme-

diary’s financial claims (assets) held by the borrowers, i.e. the intermediate good

producers. Q h
t is the price of this asset.

The representative financial intermediary j is balance sheet constrained:

Q h
t S h

j t =N W h
j t +B h

j t +Dj t +M h
j t (3.14)

At the end of period t , the total value of the intermediary j ’s assets must be equal to

the total value of its liabilities. The latter is given from the sum of the intermediary’s

net worth, N W h
j t , and the amount from borrowing. The last variable of the right

hand side, M h
j t , is the amount of funds borrowed from the DW, where its supply

is controlled by the central bank. The net worth of the intermediary j , is a state

variable and follows the following law of motion:

N W h
j t+1 =R h

k t+1Q h
t S h

j t −Rb t+1B h
j t −Rt+1Dj t −Rm t+1M h

j t (3.15)

where R h
k t+1 is the real lending rate (the return to the intermediary from lending non-

financial firms) and Rm t+1 is the discount rate determined by the central bank. The

real rates are paid at the end of period t . From equation (3.15), it follows that the

value of the intermediary j ’s net worth, at the beginning of period t +1, N W h
j t+1, is

predetermined at time t and is given from the difference between the revenue made

from lending and the costs occurring from meeting the liabilities.

The intertemporal problem of the representative financial intermediary

The intertemporal problem of the representative financial intermediary j is to max-

imise the expected discounted value of its net worth

Ξh
j t = Et

∞
∑

s=0

(1−σ)σs−1βt ,t+s N Wj t+s

where Ξh
j t ≡ Ξ j t (S h

j t , B h
j t , Dj t , M h

j t ). The term (1 −σ)σs−1 reflects the fact that the

intermediary’s owner has a probabilityσ to survive but after s periods, with proba-

bility (1−σ)σs−1, he/she will become a worker.

To generate a liquidity constraint that is disruptive for the financial market, fol-
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lowing Gertler and Kiyotaki (2010), Gertler and Karadi (2011) and Gertler, Kiyotaki,

and Queralto (2012), I assume that the financial intermediaries’ owners have the

ability to cheat and misuse a fraction λ of the funds borrowed for their personal

benefit and not for financial activities. For example, they divert a fraction of funds

to large bonuses or dividends that are transferred to the owner’s household. Good-

friend and King (1988) has stressed the importance of the central bank providing

DW loans to solvent financial institutions only. In the model, the financial interme-

diaries are solvent, but if they are caught cheating, they return the remaining assets

to the lenders and then default. The intermediaries’ actions are perfectly observable

to lenders. In this case, an endogenous borrowing constraint arises for the interme-

diaries, as lenders knowing the bank’s actions may be willing to limit their funds.10

In the absence of DW lending (M h
j t = 0), the liquidity constraint for the repre-

sentative intermediary j is:

Ξh
j t ≥λ

�

Q h
t S h

j t −ωb B h
j t

�

whereωb is the fraction of the funds obtained in the interbank market that cannot

be diverted. I examine two cases: The case where the interbank market is frictional,

i.e. ωb = 0 and the case where the interbank market is frictionless,ωb = 1.

Allowing for DW lending in the model, I assume that the owners of the finan-

cial intermediaries have the ability to misuse a fraction λ (1−ωm ) of the funds bor-

rowed from the DW, as in Gertler and Kiyotaki (2010). The parameterωm is key for

the results of the model. It reflects the ability of the central bank to monitor the fi-

nancial intermediaries’ actions with regard to the use of the funds obtained from

the DW. This could be explained from the fact that a central bank may have access

to means of monitoring (access to financial records, financial inspections etc), in

contrast with the other borrowers. While, I do not construct explicitly a mechanism

of monitoring, this is captured fromωm . A higherωm implies a higher ability of the

central bank to monitor.11 Allowing for DW lending, the liquidity constraint is given

10Banks and lenders face a cost of their actions, which it is not expressed analytically in the model.
In particular, bankers default after their decision to divert funds, while households face the cost of
reclaiming their lost funds.

11As Gertler and Kiyotaki (2010) and Gertler and Karadi (2011) explain, the perfect interbank mar-
ket case,ωb = 1, is isomorphic to the case where the interbank market is absent, since in aggregation
B h

j t is cancelled out. In this paper, it is more intuitive to consider that ωb = 1 describes an absent
interbank market. In this case, I avoid unnecessary computations of assuming alwaysωb <ωm , as
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by:

Ξh
j t ≥λ

�

Q h
t S h

j t −ωb B h
j t −ωm M h

j t

�

The constraint implies that as long as the financial intermediary’s expected present

discounted value of net worth is not lower than the value from the funds misused,

the lenders to this intermediary will not limit their funding.

The intertemporal problem of the representative financial intermediary j is con-

strained from the law of motion of the net worth and the liquidity constraint. Then,

Ξh
j t must satisfy the Bellman equation given by:

Ξ j t (S
h
j t , B h

j t , Dj t , M h
j t ) =Etβt ,t+1

∑

h=i ,n

τh

�

(1−σ)N W h
j t+1

+σmax
Dj t+1

�

max
S h

j t+1,B h
j t+1,M h

j t+1

Ξ j t+1(S
h
j t+1, B h

j t+1, Dj t+1, M h
j t+1)

��

In the right hand side, the continuation value of the Bellman equation satisfies the

assumption that the financial intermediary chooses optimally the level of house-

holds’ deposits before the realisation of the idiosyncratic liquidity risk. In contrast,

the optimal decision for lending and borrowing in the interbank market is made

once the new investment opportunities have been realised.

Let χh
m t ≡

M h
j t

Q h
t S h

j t
be the fraction of the intermediary’s j total assets that have been

obtained from the DW. Then the borrowing constraint can be rewritten according

to:

Ξh
j t ≥λ

�

(1−ωmχ
h
m t )Q

h
t S h

j t −ωb B h
j t

�

(3.16)

I guess that Ξ j t (S h
j t , B h

j t , Dj t , M h
j t ) is linear:

Ξ j t (S
h
j t , B h

j t , Dj t , M h
j t ) =V

h
s j t S h

j t −V
h

b j t B h
j t −Vd j t Dj t −V h

m j t M h
j t (3.17)

Using equation (3.14), I eliminate Dj t and I rewrite equation (3.17) according to:

Ξ j t (S
h
j t , B h

j t , M h
j t , N W h

j t ) =

�

V h
s j t

Q h
t

−Vd j t

�

Q h
t S h

j t −
�

V h
b j t −Vd j t

�

B h
j t

−
�

V h
m j t −Vd j t

�

M h
j t +Vd j t N W h

j t (3.18)

I argue that it is not realistic to assume that a central bank has less means of monitoring than the
financial intermediaries, thusωb >ωm .
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where
V h

s j t

Q h
t

is the marginal value of lending andV h
b j t ,Vd j t ,V h

m j t are the marginal costs

of borrowing from other intermediaries, households and the central bank respec-

tively. Letting:

µh
s j t ≡

V h
s j t

Q h
t
−Vd j t

µh
b j t ≡V

h
b j t −Vd j t

µh
m j t ≡V

h
m j t −Vd j t

and using χh
m t ≡

M h
j t

Q h
t S h

j t
, I rewrite equation (3.18) according to:

Ξ j t (S
h
j t , B h

j t , M h
j t , N W h

j t ) =
�

µh
s j t −µ

h
m j tχ

h
m t

�

Q h
t S h

j t −µ
h
b j t B h

j t +Vd j t N W h
j t (3.19)

Then, the Bellman can be rewritten according to:

Ξ j t (S
h
j t , B h

j t , N W h
t , M h

j t ) =Etβt ,t+1

∑

h=i ,n

τh

�

(1−σ)N W h
t+1

+σ

�

max
S h

j t+1,B h
j t+1,M h

j t+1

Ξ j t+1

�

S h
j t+1, B h

j t+1, N W h
j t+1, M h

j t+1

�

�

�

Therefore, the solution to the financial intermediary’s problem is given from the

solution to the problem:

max
S h

j t+1,B h
j t+1,M h

j t+1

Etβt ,t+1

∑

h=i ,n

τh Ξ j t+1

�

S h
j t+1, B h

j t+1, N W h
j t+1, M h

j t+1

�

subject to the endogenous borrowing constraint, equation (3.16).

Frictionless interbank market

First, I consider the case where the interbank market is frictionless, thus ωb = 1.

The associated Langrangian is given by:

L =
∑

h=i ,n

τh
�

Ξh
j t + l h

t

�

Ξh
j t −λ

�

(1−ωmχ
h
m t )Q

h
t S h

j t −B h
j t

���

(3.20)
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where l h
t is the Langrangian multiplier. Using equation (3.19) and rearranging I ob-

tain:

L =
∑

h=i ,n

τh (1+ l h
t )

�

�

µh
s j t −µ

h
m j tχ

h
m t

�

Q h
t S h

j t −µ
h
b j t B h

j t +Vd j t N W h
j t

�

−
∑

h=i ,n

τh l h
t λ

�

(1−ωmχ
h
m t )Q

h
t S h

j t −B h
j t

�

The first-order and Kuhn-Tucker conditions for this problem are given by:12

S h
j t : (1+ l h

t )
�

µh
s j t −µ

h
m j tχ

h
m t

�

= l h
t λ(1−ωmχ

h
m t )

M h
j t : (1+ l h

t )µ
h
m j t = l h

t λωm

B h
j t : (1+ l h

t )µ
h
b j t = l h

t λ

K T : l h
t

�

�

µh
s j t −µ

h
m j tχ

h
m t

�

Q h
t S h

j t −µ
h
b j t B h

j t +Vd j t N W h
j t −λ

�

(1−ωmχ
h
m t )Q

h
t S h

j t −B h
j t

��

K T : l h
t ≥ 0

I assume that the constraint always binds, hence l h
t > 0. From the first-order con-

ditions, I get that when the interbank market is perfect:

µh
m j t =ωmµ

h
b j t =ωmµ

h
s j t (3.21)

From (3.21), µh
b j t = µ

h
s j t , which implies

V h
s j t

Q h
t
= V h

b j t . In the absence of interbank

frictions, it is also true that
V i

s j t

Q i
t
=
V n

s j t

Q n
t

andV i
s j t =V

n
s j t therefore, Q i

t =Q n
t =Qt . Hence,

for the case of a frictionless interbank market, I can drop superscript h . Assuming

that all banks behave in a symmetric way, I sum across banks and locations and I

can drop subscript j . Using the definition of the leverage ratio, θt

θt ≡
Qt St

N Wt
(3.22)

12For the first order conditions and the guess and verify method, I have found very useful the
handbook from Cantore and Levine (2015) and Gertler and Kiyotaki (2010).
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and given that the constraint always binds, l h
t > 0, from the Kuhn-Tucker condition,

I get:

θt =
Vd t

λ(1−ωmχm t )− (µs t −µm tχm t )
(3.23)

Verifying that Ξ j t (S h
j t , B h

j t , Dj t , M h
j t ) is linear, dropping the subscript j yields:

Ξt = Etβt ,t+1Ωt+1 (Rk t+1Qt St −Rb t+1Bt −Rt+1Dt −Rm t+1Mt )

which implies:

Vs t = Etβt ,t+1Ωt+1Qt Rk t+1 (3.24)

Vd t = Etβt ,t+1Ωt+1Rt+1 (3.25)

Vm t = Etβt ,t+1Ωt+1Rm t+1 (3.26)

where the real rate of lending, Rk t+1, is given by:

Rk t+1 =ψt+1Et

�

Zt+1+ (1−δ)Qt+1

Qt

�

Since the intermediate good producers earn zero profits from renting capital, they

return to the intermediary the net earnings after the depreciation of capital, Zt+1+

(1−δ)Q h
t+1. The real lending rate is also affected from the exogenous quality of cap-

ital. In addition, EtΩt+1 is the marginal value of the bank’s capital and is given by:

EtΩt+1 = 1−σ+σEt

�

Vd t+1+ (µs t+1−µm t+1χm t+1)θt+1

�

(3.27)

I define the difference between the real rate of lending and the real rate of borrowing

from households, as the financial spread, Sp r e a dt+1 ≡ Rk t+1−Rt+1. Now, combin-

ing equations (3.24 - 3.26) with the definitions of the marginal excess value from

lending and marginal costs from borrowing, I summarise the key equations from

the financial intermediaries’ behaviour in the frictionless interbank market:

µs t = Etβt ,t+1Ωt+1Sp r e a dt+1 (3.28)

µm t = Etβt ,t+1Ωt+1

�

Rm t+1−Rt+1

�

(3.29)

Etβt ,t+1Ωt+1Rm t+1 =ωm Etβt ,t+1Ωt+1Rk t+1+ (1−ωm )Etβt ,t+1Ωt+1Rt+1 (3.30)
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By definition, the central bank charges a penalty rate on the DW rate, Rm t+1, that is

set above the real rate of borrowing from households. Notice that at the moment,

nothing has been assumed with regard to the penalty rate. However, we have found

that in equilibrium, µm t =ωµs t . That is, assuming that the central bank has some

means of monitoring, but there is a risk that intermediaries may misuse the funds

obtained from the DW, generates a penalty rate. This has been firstly highlighted

by Gertler and Kiyotaki (2010). Equation (3.30) implies that the DW rate will be be-

tween the real rate of lending and the real rate of borrowing. Given that by defi-

nition, the penalty rate is equal to P Rt+1 ≡ Rm t+1 −Rt+1, combining with equation

(3.30), then the penalty rate is given by:

Etβt ,t+1Ωt+1P Rt+1 =ωm Etβt ,t+1Ωt+1Sp r e a dt+1 (3.31)

From the equilibrium conditions, some further remarks are following:

• There is a spread between the real rate of lending and the real rate of borrowing

from households, as long as the borrowing constraint is binding and therefore

µs t > 0, i.e. the marginal value of lending is higher than the marginal cost of

borrowing from households. From the first order conditions of the problem,

this is true when λ > 0. Hence, given that the borrowing constraint binds al-

ways, the spread in the financial market is a result of the financial friction.

• The demand of financial intermediaries for borrowing from the DW is inelastic

in the penalty rate, as long as the excess return from lending, i.e. the spread,

is nonzero.

• From the first-order conditions, Etβt ,t+1Ωt+1Rb t+1 ≥ Etβt ,t+1Ωt+1Rm t+1. There-

fore the intermediaries located at locations with no new investment opportu-

nities may borrow from the DW and then lend the intermediaries located at

locations with new investment opportunities.13

Frictional interbank market

In this section, I analyse the financial intermediaries’ optimal behaviour when the

interbank market is frictional. As Calomiris (1993) has argued, DW should be mostly

13Of course this holds as long as there is an interbank market. As it is mentioned in a comment
above, the perfect interbank market case is isomorphic to the no interbank market case.
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used in economies with disrupted interbank markets. Because for values 0<ωb < 1,

the solution of the problem becomes complicated, I restrict the analysis for the case

ωb = 0.14 In the numerical exercises, I always allow forωb <ωm , i.e. I assume that

unlike the other borrowers, the central bank has some ability of monitoring. The

fraction of the assets borrowed in the interbank market and from households that

may be diverted is equal to λ.

Now, the associated Langrangian to the dynamic constrained maximisation prob-

lem is given by:

L =
∑

h=i ,n

τh (1+ l h
t )

�

�

µh
s j t −µ

h
m j tχ

h
m t

�

Q h
t S h

j t −µ
h
b j t B h

j t +Vd j t N W h
j t

�

−
∑

h=i ,n

τh l h
t λ

�

(1−ωmχ
h
m t )Q

h
t S h

j t

�

(3.32)

The first-order conditions with respect to the amount of loans and the amount of

borrowing from DW are the same as before. The only first-order condition that is

different now is the one with respect to B h
j t . Together with the Kuhn-Tucker condi-

tions, I now obtain:

B h
j t : (1+ l h

t )µ
h
b j t = 0

K T : l h
t

�

�

µh
s j t −µ

h
m j tχ

h
m t

�

Q h
t S h

j t −µ
h
b j t B h

j t +Vd j t N W h
j t −λ

�

(1−ωmχ
h
m t )Q

h
t S h

j t

��

K T : l h
t ≥ 0

Again, I assume that the borrowing constraint binds always, hence, l h
t > 0. From the

first-order conditions, when the interbank market is imperfect, I get that µh
b j t = 0,

which implies that V h
b j t = Vd j t . Notice that, because the supply of assets is higher

in the locations with new investment opportunities, the asset price will be lower.

Since, the interbank market is imperfect the asset arbitrage between locations is

imperfect, yielding Q i
t <Q n

t . This meansµi
s j t >µ

n
s j t ≥ 0. Summing across banks but

separately for investing and non-investing locations, and also dropping the sub-

script j , I obtain Vb t = Vd t , hence, Rb t+1 = Rt+1. This means that it is costly for the

intermediaries located in the non-investing locations to borrow from the DW, as in

this case lending these funds in the interbank market will yield a lower return. Only

14For a solution of the problem when 0<ωb < 1, see the Appendix in Gertler and Kiyotaki (2010).
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the banks from the investing locations will borrow from the DW, as Gertler and Kiy-

otaki (2010) have highlighted. Given that the borrowing constraint binds always,

l h
t > 0, and combining the first-order conditions, I obtain:

µi
m t =µm t =ωmµ

i
s t (3.33)

Using the definition of leverage:

θ i
t ≡

Q i
t S i

t

N W i
t

a nd θ n
t ≡

Q n
t S n

t

N W n
t

(3.34)

I now obtain:

θ i
t =

Vd t

λ(1−ωmχm t )− (µi
s t −µm tχm t )

(3.35)

and

θ n
t =

Vd t

λ−µn
s t

(3.36)

Verifying again that Ξ j t (S h
j t , B h

j t , Dj t , M h
j t ) is linear yields:

Ξh
t = Etβt ,t+1Ω

h
t+1

�

R h
k t+1Q h

t S h
t −R h

b t+1B h
t −Rt+1Dt −Rm t+1Mt

�

which implies:

V h
s t = Etβt ,t+1Ω

h
t+1Q h

t R h
k t+1 (3.37)

V h
d t = Etβt ,t+1Ω

h
t+1Rt+1 (3.38)

Vm t = Etβt ,t+1Ω
i
t+1Rm t+1 (3.39)

where now EtΩ
h
t+1 is given from:

EtΩ
h
t+1 = 1−σ+σEt

�

Vd t+1+ (µ
h
s t+1−µm t+1χm t+1)θ

h
t+1

�

(3.40)

for h = i . When h = n the same expression holds with setting µm t+1 = 0. Also, com-

bining the equations (3.37 - 3.39) with the definitions for the marginal excess value

from lending and the costs from borrowing, and using the simplifying assumption

that µn
s t = 0 always, I get

Etβt ,t+1Ω
i
t+1R i

k t+1 > Etβt ,t+1Ω
n
t+1R n

k t+1 = Etβt ,t+1Ω
h
t+1Rb t+1 = Etβt ,t+1Ω

h
t+1Rt+1 (3.41)
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As µn
s t = 0, there is a financial spread only in the locations with new investment

opportunities. That is Sp r e a d i
t+1 ≡ R i

k t+1 −Rt+1. Hence, I summarise that the key

equations in the frictional interbank market are:

µi
s t = Etβt ,t+1Ω

i
t+1Sp r e a d i

t+1 (3.42)

µm t = Etβt ,t+1Ω
i
t+1

�

Rm t+1−Rt+1

�

(3.43)

Etβt ,t+1Ω
i
t+1R i

m t+1 =ωm Etβt ,t+1Ω
i
t+1R i

k t+1+ (1−ωm )Etβt ,t+1Ω
i
t+1Rt+1 (3.44)

Now, the penalty rate charged to the DW rate is given by:

Etβt ,t+1Ω
i
t+1P R i

t+1 =ωm Etβt ,t+1Ω
i
t+1Sp r e a d i

t+1 (3.45)

3.2.6 Aggregation and market clearing

In the model there are old and new bankers. Therefore, the total net worth of the

financial intermediaries is given by:

N W h
t =N W h

o t +N W h
n t

The net worth of the old bankers is given by:

N W h
o t =στ

h
�

R h
k t Q h

t−1S h
j t−1−Rt Dj t−1−Rm t M h

j t−1

�

The new bankers begin with a start-up capital transferred from their household.

For simplicity, this is assumed to be equal to a fraction ξ
1−σ of the total value of the

intermediaries’ owners that exit:

N W h
n t = ξτ

h R h
k t Q h

t−1S h
j t−1

Summing across intermediaries, I can drop subscript j . Also, when the interbank

market is frictionless, I can drop superscript h . Hence, the total net worth of finan-

cial intermediaries is given by:

N Wt = (σ+ξ)Rk t Qt−1St−1−σ (Rt Dt−1+Rm t Mt−1) (3.46)



3.2: The model 78

When the interbank market is frictional, I can sum the net worth across intermedi-

aries but separately for locations with new and no new investment opportunities.

Recall that only intermediaries from locations with new investment opportunities

will borrow from DW:

N W i
t =τ

i (σ+ξ)R i
k t Q i

t−1S i
t−1−τ

iσ (Rt Dt−1+Rm t Mt−1) (3.47)

N W n
t =τ

n (σ+ξ)R n
k t Q n

t−1S n
t−1−τ

nσRt Dt−1 (3.48)

The securities S h
t are issued against capital. In equilibrium:

S i
t = It + (1−δ)τi Kt

S n
t = (1−δ)τ

n Kt

Therefore, St = S i
t +S n

t = It + (1−δ)Kt , which implies:

Kt+1 =ψt+1St (3.49)

The labour market clearing condition requires to equalise labour demand with labour

supply, therefore:

(1−α)φt

Yt

Nt
=Ct Nt

ϕ (3.50)

where I have used that Yt = X t .

3.2.7 Government and aggregate resource constraint

The differentiated final goods are either consumed by households or used as input

by investors. The market clearing condition in the final goods market requires that

total demand is equal to the total supply. In the Appendix B.5, I show that by com-

bining the Dixit-Stiglitz aggregator:

Yt ≡





1
∫

0

Yt (i )
γ−1
γ d i





γ
γ−1
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yields:

Yt =Ct + It

Government spending, Gt , as in Gertler and Karadi (2011), is exogenously fixed at

G0, to avoid implications from the interaction of monetary and fiscal policy. In ad-

dition, lending through the DW the total amount of funds Mt = χm t Qt St involves

an efficiency per unit cost, c d w for the central bank. In addition, the central bank

finances DW loans by issuing riskless goverment bonds, Bg t , which are then sold

to households with a return Rt+1. Therefore, the instantaneous net earnings of the

central bank from DW lending are (Rm t+1−Rt+1) Bg t . Taking these into account, the

aggregate resource constraint is given by:

Yt =Ct + It +G0+ c d wχm t Qt St (3.51)

and the government budget is given by:

G0+ c d wχm t Qt St = Tt + (Rm t+1−Rt+1)Bg t

where Bg t =χm t Qt St .

3.3 Monetary Policy

Nothing yet has been analysed with regard to the central bank’s behaviour. I make

an analysis of an optimal welfare-based monetary policy. In particular, I study the

case, where the main objective of the central bank is to minimise the households’

welfare losses that occur from a negative shock in the quality of capital.

I assume that the central bank follows a particular optimal monetary policy regime:

A timeless perspective optimal commitment, or an optimal simple monetary rule.

Any of these two regimes followed is then implemented with the adjustment of the

nominal interest rate.

First, I solve the optimal monetary policy problem for both regimes assuming

that the central bank has no access to a complementary instrument. Then, I switch

the DW on and I solve the optimal monetary policy problem again. In this case, for

any of the two regimes followed, the central bank is jointly adjusting the interest rate

along with the DW. The difference in the welfare losses that occurs from switching



3.3: Monetary Policy 80

DW off and on is the contribution of DW lending on welfare.

The approach on the welfare analysis that I follow is the L-Q developed by Rotem-

berg and Woodford (1997) and Woodford (2003) and implemented by Levine, McAdam,

and Pearlman (2008) and Benigno and Woodford (2012), among many other authors

in the NK literature. The L-Q approach involves a second-order approximation of

households’ welfare criterion and a first-order approximation of the equilibrium

conditions and resource constraints of the economy. The main reasons that I follow

the L-Q approach are the following: First, I can derive an objective function for the

central bank that involves variables relevant for monetary policy, such as inflation

and output gap. The stabilisation of these variables is the main policy objective of

central banks in reality. In addition, the micro-foundations of the model can provide

intuition with regard to the sources of welfare loss and the relative strength put by

the central bank. By decomposing the welfare loss and calculating the second mo-

ments of the central bank’s targets under optimal policy, we can understand better

the macroeconomic channels through which DW contributes on welfare. Last but

not least, as in Woodford (2003) and Levine, McAdam, and Pearlman (2008), the

effect of the ZLB constraint on the nominal interest rate can be approximated by

adding an interest-rate term in the derived welfare loss function.

As Woodford (2003), Benigno and Woodford (2004) and Schmitt-Grohe and Uribe

(2007) have highlighted, the L-Q approach is accurate as long as the deviation of

the economy from steady-state is small and also the steady-state that the economy

starts is close to the efficient outcome.15 For this reason, first I derive and linearise

the equilibrium conditions and resource constraints of the frictionless model, i.e.

the model with fully flexible prices and a frictionless financial market. I name this

state of the model as flexible-price equilibrium. This is close to the efficient out-

come, or it is the efficient outcome, where all variables are at their natural level/rate,

as long as there is also an output subsidy that offsets the monopolistic competition

distortion and does not create an extra inefficiency.16 Then, I derive and linearise

15For a further discussion and a review of the main assumptions that suggest that the L-Q ap-
proach is accurate, see Schmitt-Grohe and Uribe (2007).

16With regard to the inefficiently low output arising from the distortion of monopolistic compe-
tition, it is hard to assume that it is offset by an output subsidy, as normally, this is financed by a
lump-sum tax imposed by the government, which is absent in the model for simplicity. This prob-
lem can be resolved by assuming that the subsidy is financed by the central bank. This would be
equivalent with assuming a lump-sum tax, since both do not cause any further distortionary effect
in the economy.
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the equilibrium conditions and resource constraints of the frictional model and I

write the model in log-deviations from the flexible price equilibrium.

The linear constraints of the central bank in conducting optimal monetary pol-

icy are given by the equilibrium conditions and the aggregate resource constraints

of the model linearised following Uhlig (1997). These can be found in the Appendix

B.6. Some extra notation is also needed. For any generic variable X t , a small letter

with a tilde, x̃t , is defined as the log-deviation of X t from its flexible-price equilib-

rium level. That is: x̃t = x̂t − x̂ e
t , where x̂t , denotes the log-deviation of X t from its

non-stochastic steady-state, X , that is x̂t = log X t − log X , and x̂ e
t denotes the flex-

ible price equilibrium log-deviation of X e
t from its steady state, X e , that is: x̂ e

t =

log X e
t − log X e . In that sense, the model captures how the economy deviates from

equilibrium because of frictions in the real economy and the financial market.

3.3.1 The welfare criterion of the central bank

In the Appendix B.7, I show that a second order approximation of households’ utility

yields:
∞
∑

t=0

β t

�

log Ct −
Nt

1+ϕ

1+ϕ

�

≈
∞
∑

t=0

β t L t + t .i .p .+O 3

where t.i.p. are the terms independent of policy, O 3 are the terms of third or higher

order and L t is the instantaneous welfare loss function given by:

L t =
1

2

�

γδp

1−δp
π2

t +
(α+ϕ)Y
(1−α)C

ỹ 2
t +

α2(1+ϕ)Y
(1−α)C

k̃ 2
t +

I Y

C 2
ĩ 2

t

�

−
Y

C

�

I

C
ỹt ĩt +

α(1+ϕ)
(1−α)

ỹt k̃t

�

−G e
t (3.52)

where:

G e
t ≡

Y

C

�

K

C
k̃t+1

�

∆e
y i ,t −∆

e
y i ,t+1

�

+αk̃t∆
e
y i ,t

�

and∆e
y i ,t ≡ ŷ e

t − î e
t .

The loss function, 3.52, may have the following interpretation. The first part il-

lustrates the average welfare loss per period given by the deviation of inflation from

a zero steady-state as well as the deviation of output, investment and capital from

their flexible-price equilibrium level. The second part illustrates the welfare gains

from the covariance of output with capital and investments. These welfare gains
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arise from the fact that when capital is introduced in the model, the inefficient fluc-

tuations in households’ supply of labour units is reduced. The last part of the loss

function, G e
t , illustrates the effect from the covariance of capital with the flexible-

price equilibrium output and investment.17

First, the central bank chooses to follow an optimal monetary policy regime. I

assume that there are not strategic profiles on the selection of the optimal policy

regime by the central bank, as in Levine, McAdam, and Pearlman (2008), but instead

the central bank chooses to follow a timeless perspective optimal commitment, or

an optimal simple monetary rule for exogenous reasons that are not explained.

When the central bank follows a regime of optimal commitment, this requires

to choose the path for the current and future stabilisation policy objectives

�

πt , ỹt , ĩt , k̃t+1

	∞
t=0

to minimise the welfare loss function (3.52). That is, the optimal response by the

central bank under commitment is given by the solution to the problem:

min E0

∞
∑

t=0

β t

�

L t

�

subject to the constraints given from the linearised model. There is no reason to im-

pose a constraint for the path of the nominal interest rate because, as Walsh (2010)

shows, the optimal choice for the stabilisation policy objectives determines the in-

terest rate path. Assuming a timeless perspective resolves the dynamic inconsis-

tency problem that is associated with optimal commitment.18

When the central bank follows a regime of an optimal monetary rule, I assume

that this takes the form of a Taylor-type rule proposed by Taylor (1993):19

qt =ρq qt−1+ (1−ρq )(κππt +κy ỹt +κk kt +κi ĩt ) (3.53)

17Notice that the loss function does not depend on purely quadratic terms only, neither is neces-
sarily positive definite. However, this is not a problem as Levine, Pearlman, and Pierse (2006) show
that positive definiteness is not necessary condition for optimality. For further discussion see also
Levine, McAdam, and Pearlman (2008).

18See Walsh (2010), chapter 8, for a proof of dynamic inconsistency in a standard NK model.
19In models with a cashless economy, it is standard to assume that the central bank controls di-

rectly the nominal interest rate. Walsh (2010) shows that in a model with separable utility function,
as this one, the quantity of money disappears from the equilibrium conditions, thus it has no effect.
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where 0 ≤ ρq ≥ 1 is the interest-rate smoothing parameter and κ′s are the feed-

back parameters. Then, the central bank chooses κ′s that minimise the expected

discounted value of (3.52) subject to the constraints of the linearised model, which

now includes the optimal simple rule, (3.53).20

When the complementary instrument of monetary policy is introduced, it is ex-

pressed as the fraction of the total assets, χ̃h
m t , that intermediaries finance through

the DW. As in Cantore and Levine (2015) in a similar framework with outside eq-

uity, I assume that the complementary instrument follows a rule. In particular, the

central bank uses DW to reduce the disruption in the financial market only. This is

the case when there is a spread between the real rate of lending and the real rate of

borrowing:

χ̃h
m t = κ%

�

r̃ h
k t+1− r̃t+1

�

(3.54)

The feedback parameter κ% captures how strongly the central bank responds to

changes in the spread. The contribution of DW to welfare is calculated for different

values ofκ% considering both cases of a frictional and frictionless interbank market.

In the frictionless interbank market scenario, the rule applies without the super-

script h . In the frictional interbank market scenario, the rule applies only for h = i .

3.3.2 The Zero Lower Bound Constraint

After the 3r d quarter of 2008, many major central banks cut their interest rates sharply

as a response to the financial crisis. The graph in the Appendix B.10.2 illustrates the

nominal interest rate adjustment for the period 2008− 2015. It is clear that during

this period, the adjustment of the British and American interest rate has been con-

strained by a zero lower bound (ZLB). In addition, on April 2016 these interest rates

have still been above zero (0.5 %). That was also true for the European interest rate

until the end of 2014. Since then, the European Central Bank decided to decrease

the nominal interest rate slightly below zero (-0.4 %). While there is no technical

20The minimum restriction that is imposed on the rule is that the determinacy of equilibrium
is satisfied. This happens by applying the Taylor principle, κπ > 1. In addition, because the term ỹt

involves the natural level of output, which is unobserved by policymakers, issues of implementability
of the rule may arise. In this case, the term ŷt can be used instead. Finally, while it is unusual to
include feedback parameters for capital and investment in the simple rule, here, I include them for
robustness checks. The quantitative experiments suggest that setting κk = κi = 0 is more desirable.
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reason to argue why the nominal interest rates cannot be below zero, the data show

that at least some major central banks have been constrained by a ZLB constraint,

or a lower bound constraint below zero. In any case, the adjustment of the interest

rate becomes limited as long as it reaches the vicinity of zero.

I incorporate the effect of a lower bound constraint for two reasons: first, it is

an assumption that captures the real, recent macroeconomic environment. In ad-

dition, limiting the adjustment of the nominal interest rate, I can quantify the net

contribution of DW lending. Adding a lower bound constraint on the nominal in-

terest rate, as Gertler and Karadi (2011) have highlighted, the effect of the comple-

mentary monetary policy instrument is not understated.

I approximate the effect of a lower bound constraint by utilising the L-Q frame-

work, as in Woodford (2003) and Levine, McAdam, and Pearlman (2008). In this

quantitative model, I want to limit the adjustment of the nominal interest rate and

capture what happens in reality. While there is no actual reasoning to assume a

ZLB constraint, to keep the analysis of the constrained maximisation problem of

the central bank simpler, I assume that this lower bound is zero. In particular, in the

non-linear model, I add the constraint that the expected discounted dynamic path

of the nominal interest rate must be nonnegative:

E0

∞
∑

t=0

β t qt ≥ 0 (3.55)

According to Woodford (2003), chapter 6, this constraint can be approximated as:

E0

∞
∑

t=0

β t q 2
t ≤

1

1+κ2
q

E0

� ∞
∑

t=0

β t qt

�2

(3.56)

That is, using expected discounted values, q 2
t to be no greater than 1

1+κ2
q

times the

square of the expected discounted value of qt . Following the Appendix in Woodford

(2003), page 700, in the Appendix B.8, I show that adding (3.55), (3.56) to the other

constraints of the minimisation problem of the central bank and using the Kuhn-

Tucker Theorem, yields an instantaneous Loss function L Z L B
t :

L Z L B
t = L t +ωq (qt −q ∗)2 (3.57)
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whereωq is the Lagrangian multiplier of the constraint (3.56) and q ∗ is the new in-

terest rate target. Notice that the latter is now higher than the targeted interest rate

that is consistent with a zero steady-state of inflation (that is a targeted interest rate

equal to zero).

The problem of the central bank now becomes to minimise (3.57) subject to the

constraints of the model given in the previous sections. The difference now is that

having the central bank an objective function such (3.57), the policy rule chosen,

E0

∑∞
t=0β

t qt , to minimise the welfare losses, will be subject to the additional con-

straints (3.55), (3.56).

Notice that the variability of the interest-rate term per se ( the termωq (qt −q ∗)2)

is not included in the calculation of households’ welfare losses. Nevertheless, a pos-

itiveωq implies that the constraint (3.56) binds and the central bank will reduce the

adjustment of the nominal interest rate, allowing the policy objectives to be more

volatile and increasing in that way the welfare losses. This approximates the ZLB

effect as in reality. When the nominal interest rate is reaching the vicinity of zero, its

volatility is reduced due to the lack of freedom of the central bank to impose freely

further reductions. Therefore, the policy objectives of the central bank, such as in-

flation, output, investment and capital will be more volatile comparing to the no

ZLB case.

The new distribution for qt is now associated with a nonzero nominal inter-

est rate with probability 1− pZ L B and a nonzero steady state of inflation. Follow-

ing Levine, McAdam, and Pearlman (2008), the problem of the central bank is im-

plemented by the numerical search for values of ωq , such that z0(pZ L B )σq < q ,

where z0(pZ L B ) is the critical value of a standard normally distributed variable Z ,

pZ L B = Z ≤ z0, σq is the standard deviation and q is the new steady state of the

nominal interest rate which is now given by q = R − 1+π∗. Also, the steady-state

inflation, π∗, is given by:

π∗ =max
�

z0(pZ L B )σq − (R −1), 0
�

(3.58)

From the original, derived welfare loss function, we know that the steady-state infla-

tion contributes to the welfare loss. The additional loss from the non-zero steady-

state inflation, π∗, is given by − 1
2
γδp

1−δp
π∗2.

Taking into consideration the analysis above, I calculate the total households’
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welfare losses as:

L To t a l
t = L Z L B

t −ωq (qt −q ∗)2+
1

2

γδp

1−δp
π∗2 (3.59)

A higher value ofωq makes the nominal interest rate less volatile, but increases the

volatility of the policy objectives and consequently increases the welfare loss L Z L B
t .

However, from (3.58), lower σq reduces π∗ and its contribution to the total welfare

loss will be smaller. Therefore, the shift of the distribution of the nominal inter-

est rate implies a trade-off for the central bank. In Levine, McAdam, and Pearlman

(2008), the numerical exercises involve the search for ωq from a range of positive

parameter values and the selection of thatωq that minimises L To t a l
t . In this paper,

i also consider the case of fixing ωq to match a very low volatility for the nominal

interest rate observed in the data after 2008.

3.4 Quantitative Analysis - Results

3.4.1 Calibration

Preferences: The value of the discount factor, β , is set equal to 0.99. The value of the

labour supply elasticity isϕ = 2, which varies from 0−2 in the literature. Gertler and

Karadi (2011) choose 0.276 and Gertler, Kiyotaki, and Queralto (2012) choose 0.33.

Financial market: The calibration of the parameters in the financial market fol-

lows Gertler and Kiyotaki (2010) and Gertler and Karadi (2011). In the case of a fric-

tionless interbank market, the fraction of the assets that financial intermediaries

can divert is λ= 0.383. In the literature, this value is chosen to target a steady-state

leverage approximately equal to 4. For the same reason, the survival rate of bankers

is set equal to σ = 0.972, while the new bankers entry is set equal to ξ = 0.003.21 In

the scenario of a frictional interbank market, λ = 0.129 and ξ = 0.002. The fraction

of locations with new investment opportunities is 0.25,so the probability to invest

becomes 1 after one year. The steady-state spread is 0.0025, which implies a spread

of 100 basis points per year for quarterly data.

Goods market: The calibration of the parameters in the real economy follows the

21The steady-state leverage ratio takes this value based on the average in different sectors of the
financial market. For more details see Gertler and Kiyotaki (2010).
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literature on the NK models. The nominal price rigidity parameter isω= 0.75. The

steady-state real marginal cost is φ = 0.83. It is calculated by setting the elasticity

of substitution among the differentiated final goods equal to 6. The degree of con-

vexity in the capital adjustment cost function is set equal to 2. The deprecation of

capital and the capital share to the production are 0.025 and 0.33 respectively fol-

lowing the literature on the real business cycles.

Monetary policy: With regard to the regime of an optimal monetary rule, I set the

benchmark values, κπ = 1.5 and κ ỹ = 0.125 following Taylor (1993).22 The interest

rate smoothing parameter is set equal to ρq = 0.2, as in Gertler and Kiyotaki (2010).

Furthermore, I choose a probability for the nominal interest rate to hit the ZLB equal

to 2.5%. With regard to DW lending, I search for optimal values of κ% choosing val-

ues between 0−1000.

Shocks: I allow for a 5% standard deviation decline in the quality of capital, as in

Gertler and Kiyotaki (2010) and Gertler and Karadi (2011). The autoregressive co-

efficient is set equal to ρψ0.75, which captures a medium persistence of the shock.

The productivity shock is switched off. I set an autocorrelation coefficientρa = 0.95,

following Smets and Wouters (2003), The parameter values are summarised in the

Appendix, table B.1.

3.4.2 Impulse responses

The effect of the ZLB constraint on the nominal interest rate

To understand what is the effect of the lower bound constraint on the nominal inter-

est rate to the optimal monetary policy regimes, first, I analyse a case where the DW

is switched off. Just for illustration purposes, the interbank market is frictionless

and the central bank follows the regime of the timeless perspective optimal com-

mitment.23. Figure 4.1 displays the impulse response functions of the economy to

a 5% standard deviation negative shock to the quality of capital. The dotted lines

illustrate the case where there is no lower bound constraint on the nominal interest

rate (ωq = 0), while the solid lines show the impulse responses when a lower bound

constraint is imposed and the central bank has chosen a valueωq = 47, which min-

22The determinacy of equilibrium requires κπ > 1.01 (Taylor principle). The search for the op-
timal weight κ ỹ is also done by setting a zero value as a benchmark following Schmitt-Grohe and
Uribe (2007).

23The case of a frictional interbank market is illustrated in B.10.1.
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imises the total welfare losses, L To t a l
t .

When there is a negative capital quality shock, capital loses its economic value

and falls below its flexible price equilibrium value. Total securities decline because

they are issued against capital. Consequently, the asset price falls and the total

value of the assets of financial intermediaries falls as well. Hence, their total net

worth declines. Tightening intermediaries’ balance sheet causes a reduction in the

total amount of loans to non-financial firms and consequently, investment falls. Be-

cause output depends on investment, it declines as well. From the reduction in the

amount of loans, the intermediaries’ marginal benefit from lending, r̃k t+1 increases

relatively to the marginal cost of borrowing, r̃t+1. Therefore, the financial spread

increases. From the NK Phillips curve (Appendix, equation B.10), inflation declines

because depends on the real marginal cost of production, φ̂t , which is affected from

the capital quality shock.

Under optimal commitment, the central bank can affect agents’ expectations.

In particular, after an initial small rise in inflation, the central bank can reduce in-

flation expectations by keeping output, investment and capital below their flexible

price equilibrium level. From figure 4.1, when there is no lower bound constraint,

this is achieved by a relatively sharp cut of the nominal interest rate. The reduc-

tion in households’ opportunity cost of spending gives a boost to the economy. The

main policy objectives are stabilised relatively quickly, after 5−7 quarters. Because

the decline in investment is relatively small, the increase of the financial spread is

relatively small as well. Under optimal commitment, the financial market is sta-

bilised relatively quickly with the use of the primary monetary policy instrument

only.

Nevertheless, when there is a small probability, pZ L B = 0.025, that the nominal

interest rate will reach the zero lower bound, the central bank shifts the distribu-

tion of the nominal interest rate to the right and chooses a new, positive steady-

state inflation, which makes certain that the zero lower bound will be reached with

pZ L B = 0.025. In this case, under a negative capital quality shock, the reduction of

the nominal interest rate is limited. As figure 4.1 illustrates, the effect of the shock

is more pronounced and the return of the economy to the desired state is relatively

slow. This results to an increase in the volatility of the policy objectives and, conse-

quently, to the households’ welfare losses. The central bank chooses a new, positive

steady-state inflation that is equal to π∗ = 3.2% annually. The positive steady-state
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inflation contributes to the total households’ welfare losses, L Z L B
t . Under commit-

ment, the central bank will keep the rest policy objectives below the flexible price

equilibrium level for several periods in order to stabilise inflation. The financial

spread increases relatively more. The nominal interest rate cannot stabilise the fi-

nancial market as before.

Figure 3.1: ZLB constraint under optimal commitment; frictionless interbank market

Discount Window lending. The case of a frictionless interbank market

Now, I switch DW. The first quantitative exercise is to understand what is the joint

effect of the central bank providing loans through the DW along with following an

optimal regime that is implemented with the adjustment of the nominal interest

rate. I also allow for some probability that the interest rate will reach a lower bound.

As the previous experiment showed, this is a case where the downturn of the econ-

omy is relatively large. A complementary monetary policy instrument, i.e., DW can

be useful in this case. Figure 3.2 displays the impulse responses of the economy to

a negative capital quality shock (σψ = 0.05, ρψ = 0.75), when the central bank uses

DW along with following optimal commitment. In addition, under this scenario, the

interbank market is frictionless and all financial intermediaries can borrow from the
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DW. I fix the strength that the central bank reacts to the financial spread to be rela-

tively moderate, so I calibrate κ% = 100. I also allow for a central bank that is char-

acterised by a medium or a high ability to monitor the funds provided through DW,

so I fixωm to be 0.5, or 1 respectively. Given these values, the central bank chooses

optimallyωq and the new positive steady-state inflation. I find that for an average

ability to monitor, ωm = 0.5, the welfare losses are minimised with ωq = 50 and a

new steady-state of annual inflation, π∗ = 2.4%. When monitoring is improved, i.e.

ωm = 1, the optimal choice for the central bank is ωq = 49 and π∗ = 2%. Hence, a

first remark could be that a more efficient use of DW loans reduces the welfare losses

associated with the positive steady-state inflation.

As figure 3.2 illustrates, DW lending improves financial stability, as the financial

Figure 3.2: DW lending along with optimal commitment; frictionless interbank market

spread is reduced. However, the joint use of DW under optimal commitment makes

the adjustment of the main policy objectives slower. In some cases (capital, invest-

ment) the volatility is excessive, even when the ability of the central bank to mon-

itor the use of the funds provided through the DW is high. An explanation for this

outcome may be the following: Under optimal commitment, the agents expect cen-

tral bank to increase inflation. The central bank recognises this and tries to reduce
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expectations for future inflation. This requires to keep output, investment and cap-

ital below their desired level for several periods. In this scenario, DW lending that

is supposed to improve investment, it just adds additional volatility to investment

and output. In other words, DW lending worsens the stabilisation policy trade-off

between inflation and output/ investment gap.

Now, I allow the central bank to use DW along with an optimal interest rate rule.

Figure 3.3 displays the impulse responses of the economy in this case. For illustra-

tion purposes, the quantitative exercise is slightly different now. I fix the value ofωq

to match the low standard deviation of the nominal interest rate observed in the US

data during the period that DW was active (2010−2013). For this reason, I calibrate

ωq to match σ2
q = 0.1%. In this case, the choice of ωq may be sub-optimal, never-

theless, we can draw some implications with regard to the use of DW in practice at

a period where the US had been recovering from the financial crisis. I also allow for

a slightly stronger response of the central bank (κ% = 200).

The impulse responses of the economy are different than the case of optimal

Figure 3.3: DW lending along with an optimal interest rate rule; frictionless interbank mar-
ket

commitment. The main difference is observed in the dynamic path of inflation.
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With an interest rate rule, the central bank allows inflation initially to fall. The cen-

tral bank by relaxing commitment loses inflation expectations as an extra instru-

ment in order to stabilise inflation. In this case, the central bank stabilises invest-

ment, output and capital relatively faster to influence expectations for future in-

flation. DW lending is now effective, as it gives a boost to investment and conse-

quently, to output and capital. This makes the return of inflation to the steady-state

smoother. This is true not only for a high ability of the central bank to monitor, but

also for a medium one. The higher is the ability of the central bank to monitor (e.g.

ωm = 1), the more effective is the use of loans obtained through DW in financing in-

vestment opportunities. Higher ability of the central bank to monitor, increases the

efficient use of DW and helps the central bank to stabilise the economy relatively

faster.

Discount Window lending. The case of a frictional interbank market

Assuming that the interbank market is frictional makes the negative shock to have

more severe effects in the economy. Allowing financial intermediaries to have the

ability to misuse the funds obtained in the interbank market tightens their balance

sheet relatively more, causing a further decline to intermediaries’ net worth and

consequently to investment and the real economy. The effect from the use of the

DW along with the regime of optimal commitment has similar effects with the case

of a frictionless interbank market. As it is illustrated in figure 3.4, DW lending has a

negligible effect. In addition, with pZ L B = 0.025, DW lending does not contribute to

the reduction of the steady-state inflation, which now is higher (π∗ = 4.1%).

Following the same calibration strategy with the case of the frictionless inter-

bank market, in the case of a a frictional interbank market, DW is effective when it

is jointly used with an optimal interest rate rule. Figure 3.5 illustrates the impulse

responses.

3.4.3 Analysis of Moments and Welfare

In this section, I analyse the second moments of the variables that affect house-

holds’ welfare, as they occur from the presence of the negative shock. These mo-

ments are used to calculate the contribution of DW lending to the reduction of the

households’ welfare losses. First, I switch DW off (κ%=0) and for pZ L B = 0.025, I search
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Figure 3.4: DW lending along with optimal commitment; frictional interbank market

for the parameter values ofωq andπ∗ that minimise the households’ welfare losses,

L To t a l
t

�

κ% = 0
�

. Then, I switch DW on (κ% > 0). As in Gertler and Kiyotaki (2010) and

Gertler and Karadi (2011), I assume that the central bank does not have unlimited

capacity to provide DW loans, so I fix the upper level of κ%. Then, by doing several

experiments for all possible values, ωm ∈ (0, 1], that characterise the central bank’s

ability to monitor the misuse of DW loans, I search for the optimal values ofωq , π∗,

which are the new values that the central bank will choose by having DW at its dis-

posal. I then calculate again the households’ welfare losses, L To t a l
t

�

κ% > 0
�

, and by

subtracting them from those obtained when κ%=0, I obtain the contribution of DW

lending to households’ welfare.

The welfare gains/losses from DW lending are given in consumption equiva-

lent terms, as in Levine, McAdam, and Pearlman (2008). That means they are in-

terpreted as percentage change from the efficient steady-state consumption. The

welfare losses L To t a l
t are of the same order of variances. Therefore, expressed in

percentage terms, the consumption equivalent welfare gains from DW lending are

given from:

W G =
L To t a l

t

�

κ% = 0
�

− L To t a l
t

�

κ% > 0
�

C Uc
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Figure 3.5: DW lending along with an optimal simple rule; frictional interbank market

where Uc is the marginal utility with respect to consumption. Table 3.1 displays the

moments and the contribution of DW to welfare in the case where DW lending is

jointly used under optimal commitment in a frictionless interbank market.

The first column reports the variances (for illustration are expressed as standard

deviations) and covariances of the monetary policy objectives that contribute to

households’ welfare. The second column displays the second moments in the case

which the ZLB constraint is absent (ωq = 0). The third column displays the second

moments in the case which there is a probability 0.025 that the nominal interest rate

will reach the ZLB, but DW is switched off. In this case, under optimal commitment,

the central bank will choose an optimal value ωq = 47 and a new positive steady-

state inflation 0.8% quarterly. From the last two rows, If the interest rate adjustment

is not limited from a lower bound constraint, optimal commitment not only elim-

inates the welfare losses, but it is welfare enhancing. I find that the households’

welfare will increase by a consumption equivalent 0.001.24 However, when there is

a lower bound constraint, the welfare losses are equal to 0.005.

24This result should not be surprising, given that in the objective function the terms related with
supply of hours of work are welfare enhancing.
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Optimal Commitment DW lending jointly

ωm - - 0.5 1

κ% 0 0 100 200 300 100 200 300
ωq 0 47 50 49 48 49 48 48

π∗ 0 0.008 0.006 0.006 0.006 0.005 0.005 0.005
σq 0.024 0.009 0.008 0.008 0.008 0.008 0.008 0.008

σπ 0.004 0.012 0.012 0.012 0.012 0.012 0.012 0.012
σ ỹ 0.004 0.011 0.018 0.020 0.021 0.021 0.022 0.022
σĩ 0.011 0.032 0.055 0.057 0.056 0.055 0.051 0.047
σk̃ 0.004 0.010 0.025 0.028 0.029 0.028 0.028 0.026

ρ ỹ ,k̃ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
ρ ỹ ,ĩ 0.000 0.000 0.001 0.001 0.001 0.001 0.001 0.001
ρk̃+1, ŷ e 0.000 0.001 0.003 0.003 0.003 0.003 0.003 0.002
ρk̃+1,î e -0.002 -0.004 -0.010 -0.011 -0.011 -0.011 -0.010 -0.009
ρk̃+1, ŷ e

+1
0.000 0.001 0.003 0.003 0.003 0.003 0.003 0.002

ρk̃+1,î e
+1

-0.002 -0.004 -0.010 -0.011 -0.011 -0.011 -0.010 -0.009
ρk̃ , ŷ e 0.000 0.001 0.003 0.003 0.003 0.003 0.003 0.002
ρk̃ ,î e -0.002 -0.004 -0.010 -0.011 -0.011 -0.011 -0.010 -0.009

σs p r d 0.001 0.003 0.003 0.003 0.002 0.003 0.002 0.002

L Z L B
t -0.001 0.005 0.001 0.000 -0.001 0.000 -0.001 -0.001

L To t a l
t -0.001 0.007 0.002 0.001 0.000 0.001 0.000 0.000

WG - - 0.005 0.007 0.007 0.007 0.007 0.007

Table 3.1: The welfare gains from DW lending along with optimal commitment; fric-
tionless interbank market

The last six columns show the second moments in the case which DW is avail-

able. I search forκ% in the range 0−300. Under optimal commitment, an increase in

the funds provided through DW worsens the volatility of the main policy objectives,

πt , ỹt , ĩt , k̃t . However, from the last two rows, the welfare gains from DW lending

are equal to a consumption equivalent increase of 0.005− 0.007. The reason that

DW lending is welfare enhancing, even if the main policy objectives become more

volatile, is the fact that it increases the covariances of capital with the desired output

and investment. The explanation for this result could be given from the fact that DW

lending reduces output and capital fluctuations through a reduction in the invest-

ment fluctuations. Therefore, their covariance increases. In contrast, this causes a

relative reduction to the covariance between output and hours of labour. The latter
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contributes to the households’ welfare negatively, thus, its reduction is welfare en-

hancing for households.

The contribution of DW lending is maximised when ωq = 48, κ% = 300. If the

ability of the central bank to monitor the use of DW loans is medium, the new steady-

state annual inflation, π∗, is reduced from 3.2% to 2.4%. If the ability of the central

bank is high, then π∗ is reduced to 2%. To conclude, if the central bank is limited

from a lower bound constraint, under optimal commitment, the optimal choice of

the parameters associated with DW lending can reduce the welfare cost associated

with a positive steady-state inflation and can reduce the households’ welfare losses.

Figure 3.6 plots the welfare gains from DW lending with respect toωq andωm .

Table 3.2 displays the second moments of the policy objectives, when DW is

Figure 3.6: The welfare gains from DW lending along with optimal commitment

used along with an optimal interest rate rule in a frictionless interbank market. As

in the standard NK model, in comparison with optimal commitment, the simple

interest rule is sub-optimal and produces larger welfare losses, even if the adjust-

ment of the nominal interest rate is relatively larger. I search for the optimal κ%

between the range 0−1000. I calibrateσq to hit a nominal interest rate variance of

0.001 when DW is off. I obtain that when the central bank reacts to the spread very

strongly (κ% = 1000), financial stability is achieved (σs p r d ≈ 0), while the volatility

of the main policy objectives, inflation, output, capital and investment is reduced

almost by half. I find that the gains from DW lending can be a consumption equiv-

alent increase of 0.04−0.07.

By doing several quantitative experiments, I obtain that the ability of the cen-
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Optimal Simple Rule DW lending jointly

ωm - 0.5 1
κ% 0 100 500 1000 100 500 1000

ωq 491 493

π∗ 0.059 0.061 0.056 0.050 0.060 0.048 0.042
σq 0.035 0.036 0.034 0.031 0.036 0.030 0.027

σπ 0.017 0.018 0.014 0.010 0.017 0.009 0.005
σ ỹ 0.015 0.016 0.012 0.008 0.014 0.007 0.004
σĩ 0.080 0.077 0.053 0.035 0.067 0.032 0.016
σk̃ 0.020 0.021 0.015 0.009 0.019 0.008 0.004

ρ ỹ ,k̃ 0.000 0.000 0.000 0.000 0.000 0.000 0.000
ρ ỹ ,ĩ 0.001 0.001 0.001 0.000 0.001 0.000 0.000
ρk̃+1, ŷ e 0.003 0.003 0.002 0.001 0.003 0.001 0.001
ρk̃+1,î e -0.008 -0.008 -0.006 -0.004 -0.008 -0.003 -0.001
ρk̃+1, ŷ e

+1
0.003 0.003 0.002 0.001 0.003 0.001 0.001

ρk̃+1,î e
+1

-0.008 -0.009 -0.006 -0.004 -0.008 -0.003 -0.002
ρk̃ , ŷ e 0.003 0.003 0.002 0.001 0.003 0.001 0.001
ρk̃ ,î e -0.008 -0.009 -0.006 -0.004 -0.008 -0.003 -0.002

σs p r d 0.002 0.001 0.000 0.000 0.001 0.000 0.000

L Z L B
t 0.012 0.013 0.008 0.004 0.011 0.004 0.001

L To t a l
t 0.132 0.144 0.116 0.091 0.135 0.085 0.063

WG - –0.012 0.016 0.041 -0.003 0.047 0.069

Table 3.2: The welfare gains from DW lending along with simple monetary rule in a
frictionless interbank market

tral bank to monitor the misuse of the DW loans matters for the effectiveness of DW

lending in welfare. In particular, I calculate W G forωm = 0−1 andκρ = 0−1000 un-

til the variance of the spread becomes negligible. Figure illustrates the welfare gains

from DW lending. I obtain that when the ability of the central bank to monitor the

misuse of DW loans is low, DW lending decreases households’ welfare. In particular,

forωm = 0.01−0.2, welfare decreases for all values of κρ. However, as the ability of

the central bank to monitor improves, I find that DW lending is welfare enhancing.

In particular, an average or high ability to monitor captured by ωm = 0.3− 1, pro-

duces welfare gains equal to a consumption equivalent increase of 0.03−0.07.
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Figure 3.7: The welfare gains from DW lending along with a simple monetary rule in a fric-
tionless interbank market;ωq = 491−493

I now perform the same analysis of moments, under the scenario where the in-

terbank market is frictional. Table 3.3 reports the second moments that occur when

DW is used along with optimal commitment. As the table shows, the welfare gains

from DW lending are negligible. From the rows 6− 9 of the table, DW lending does

not affect inflation, but it has some positive effect in the rest policy objectives. From

the rows 10−11, we can see that the covariances between capital and output as well

as capital and investment, which are welfare enhancing, are reduced. A possible ex-

planation for this result could be the fact that in a frictional interbank market, only

financial intermediaries in locations with new investment opportunities will bor-

row from the DW. In this case, DW lending cannot reduce effectively the covariance

between output and hours of labour, which is welfare decreasing. The reduction of

the volatility of the main policy objectives is offset by the reduction of the welfare

enhancing covariances resulting to negligible welfare gains from DW lending, for all

possible values ofωm and κ%.

As a last experiment, I also quantify the effect of DW lending when it is com-

bined with an optimal interest rate rule in the case of a frictional interbank market.

Again, DW lending is more effective when it is combined with an optimal interest

rate rule. Fixing ωq and searching for κ% from 0 to 400, I obtain that the welfare

gains from DW lending can produce a consumption equivalent increase of steady

state consumption equal to 0.045. Surprisingly, I find that higherωm does not im-

prove welfare monotonically, as in the case of a frictionless interbank market. While

DW lending reduces the variance of the main policy objectives, it also worsens the

welfare enhancing covariances between output and capital as well as output and
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Optimal Commitment DW lending jointly

ωm - - 0.5 1

κ% 0 0 100 200 500 100 200 500

ωq 0 66 66

π∗ 0 0.0102 0.0102 0.0102 0.0102 0.0102 0.0102 0.0102
σq 0.0282 0.0104 0.0104 0.0104 0.0104 0.0104 0.0104 0.0104

σπ 0.0051 0.0137 0.0137 0.0137 0.0137 0.0137 0.0137 0.0138
σ ỹ 0.0043 0.0243 0.0237 0.0221 0.0190 0.0242 0.0224 0.0190
σĩ 0.0236 0.0803 0.0791 0.0755 0.0687 0.0800 0.0757 0.0680
σk̃ 0.0023 0.0616 0.0600 0.0550 0.0454 0.0614 0.0560 0.0459

ρ ỹ ,k̃ 0.0000 0.0014 0.0013 0.0011 0.0007 0.0014 0.0011 0.0008
ρ ỹ ,ĩ 0.0001 0.0019 0.0018 0.0016 0.0012 0.0018 0.0016 0.0012
ρk̃+1, ŷ e -0.0001 -0.0008 -0.0008 -0.0008 -0.0008 -0.0008 -0.0008 -0.0008
ρk̃+1,î e -0.0006 0.0046 0.0046 0.0046 0.0045 0.0046 0.0046 0.0046
ρk̃+1, ŷ e

+1
-0.0001 -0.0008 -0.0007 -0.0007 -0.0007 -0.0007 -0.0007 -0.0008

ρk̃+1,î e
+1

-0.0005 0.0044 0.0044 0.0044 0.0044 0.0044 0.0044 0.0044
ρk̃ , ŷ e -0.0001 -0.0008 -0.0007 -0.0007 -0.0007 -0.0007 -0.0007 -0.0008
ρk̃ ,î e -0.0005 0.0044 0.0044 0.0044 0.0044 0.0044 0.0044 0.0044

σs p r d 0.0220 0.0667 0.0636 0.0606 0.0537 0.0575 0.0506 0.0389

L Z L B
t -0.0010 0.0119 0.0119 0.0119 0.0120 0.0119 0.0119 0.0120

L To t a l
t -0.0010 0.0156 0.0156 0.0156 0.0156 0.0156 0.0156 0.0156

WG - - 0 0 0 0 0 0

Table 3.3: The welfare gains from DW lending along with optimal commitment in a
frictional interbank market

investment. The results are summarised in the table 3.4 and also displayed in the

figure 3.8.

3.4.4 DW lending with efficiency costs

So far in the welfare analysis, I have assumed that DW lending is not associated with

efficiency costs, i.e., c d w = 0. In this section, I allow for c d w to be positive. In partic-

ular, I calibrate c d w to take values between 0.05−0.25%. It is reasonable to assume

that the efficiency cost per unit of DW lending will be a small fraction of DW lend-

ing. As the welfare gains from DW lending under optimal commitment are relatively

small, the analysis focuses on the case where DW is used along with a monetary sim-

ple rule. Figure 3.9 displays the welfare gains of DW lending with respect toωm and
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Optimal Simple Rule DW lending jointly

ωm - 0.5 1
κ% 0 100 200 400 100 200 400

ωq 571

π∗ 0.0591 0.0565 0.0528 0.0465 0.0570 0.0533 0.0475
σq 0.0353 0.0340 0.0321 0.0289 0.0343 0.0324 0.0294

σπ 0.0163 0.0151 0.0133 0.0109 0.0154 0.0138 0.0116
σ ỹ 0.0134 0.0118 0.0097 0.0068 0.0122 0.0101 0.0074
σĩ 0.0516 0.0464 0.0393 0.0289 0.0485 0.0419 0.0324
σk̃ 0.0240 0.0203 0.0155 0.0093 0.0210 0.0164 0.0105

ρ ỹ ,k̃ 0.0002 0.0002 0.0001 0.0000 0.0002 0.0001 0.0000
ρ ỹ ,ĩ 0.0007 0.0005 0.0004 0.0002 0.0006 0.0004 0.0002
ρk̃+1, ŷ e 0.0026 0.0023 0.0019 0.0013 0.0024 0.0020 0.0014
ρk̃+1,î e -0.0083 -0.0073 -0.0059 -0.0037 -0.0076 -0.0062 -0.0041
ρk̃+1, ŷ e

+1
0.0025 0.0022 0.0018 0.0012 0.0023 0.0019 0.0014

ρk̃+1,î e
+1

-0.0086 -0.0075 -0.0061 -0.0038 -0.0078 -0.0064 -0.0043
ρk̃ , ŷ e 0.0025 0.0022 0.0018 0.0012 0.0023 0.0019 0.0014
ρk̃ ,î e -0.0086 -0.0075 -0.0061 -0.0038 -0.0078 -0.0064 -0.0043

σs p r d 0.0046 0.0034 0.0025 0.0017 0.0029 0.0021 0.0013

L Z L B
t 0.0068 0.0059 0.0049 0.0039 0.0063 0.0054 0.0044

L To t a l
t 0.1288 0.1175 0.1022 0.0794 0.1200 0.1048 0.0832

WG - 0.0113 0.0266 0.0494 0.0088 0.0240 0.0456

Table 3.4: The welfare gains from DW lending along with a simple monetary rule in
a frictional interbank market

c d w . The left graph presents the case of a frictionless interbank market, while the

right one the case of a frictional one. To simplify the analysis, κ% is kept fixed and

equal to 500 and 100 respectively.

Not surprisingly, in both cases, for any given level of ability of the central bank

to monitor, the efficiency cost reduces welfare. In the case of a frictionless inter-

bank market, DW lending can be welfare costly for low values ofωm . However, for a

medium value of ωm , DW lending is welfare enhancing even if there are efficiency

costs. The same is true for the case of a frictional interbank market. Efficiency costs

reduce the effect of DW lending considerably, however the effect is positive even for

low values ofωm . The results are displayed analytically in tables 3.5 and 3.6.
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Figure 3.8: The welfare gains from DW lending along with a simple monetary rule in a fric-
tional interbank market;ωq = 571

Figure 3.9: The welfare gains from DW lending with efficiency costs
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ωm c d w = 0 0.05 % 0.1 % 0.15 % 0.2 % 0.25 %

0.01 -0.0042 -0.0074 -0.0107 -0.0141 -0.0177 -0.0215
0.1 -0.0146 -0.0167 -0.0189 -0.0211 -0.0233 -0.0256
0.2 -0.0099 -0.0114 -0.0129 -0.0145 -0.0160 -0.0176
0.3 -0.0011 -0.0030 -0.0041 -0.0052 -0.0063 -0.0075
0.4 0.0074 0.0058 0.0050 0.0041 0.0033 0.0024
0.5 0.0161 0.0141 0.0135 0.0128 0.0122 0.0115
0.6 0.0235 0.0218 0.0213 0.0207 0.0202 0.0197
0.7 0.0302 0.0287 0.0283 0.0279 0.0275 0.0271
0.8 0.0363 0.0349 0.0346 0.0343 0.0339 0.0336
0.9 0.0417 0.0405 0.0402 0.0400 0.0397 0.0395

1 0.0467 0.0455 0.0453 0.0451 0.0450 0.0448

Table 3.5: Welfare gains from DW lending with efficiency costs in a frictionless in-
terbank market

ωm c d w= 0 0.05 % 0.1 % 0.15 % 0.2 % 0.25 %

0.01 0.0143 0.0135 0.0126 0.0117 0.0107 0.0096
0.1 0.0137 0.0129 0.0121 0.0111 0.0102 0.0092
0.2 0.0131 0.0123 0.0114 0.0106 0.0096 0.0087
0.3 0.0125 0.0117 0.0109 0.0100 0.0091 0.0082
0.4 0.0119 0.0111 0.0103 0.0095 0.0086 0.0077
0.5 0.0113 0.0106 0.0098 0.0090 0.0081 0.0072
0.6 0.0108 0.0100 0.0093 0.0085 0.0077 0.0068
0.7 0.0103 0.0095 0.0088 0.0080 0.0072 0.0063
0.8 0.0097 0.0090 0.0083 0.0075 0.0067 0.0059
0.9 0.0093 0.0086 0.0078 0.0071 0.0063 0.0055
1 0.0088 0.0081 0.0074 0.0066 0.0059 0.0051

Table 3.6: Welfare gains from DW lending with efficiency costs in a frictional inter-
bank market

3.5 The Federal Reserve Discount Window

In the model, the fraction of the DW loans that can be misused,ωm , is used to cap-

ture the ability of the central bank to monitor. Equilibrium in the financial mar-

ket suggests a link between ωm and the penalty rate charged on the DW rate. Ig-

noring the discount factors from both sides, Penalty Rate =ωm Spread. Given that

ωm = 0− 1, we can conclude that the penalty rate that the central bank charges is

proportional to the financial spread. It would be misleading to draw from the model

any conclusion that links the ability of the central bank to monitor in practice and

the size of the penalty rate. Nevertheless, we can use the equilibrium condition to

extract some information with regard to the relative size of the penalty rate charged

by the Fed.
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To calculate the penalty rate on the DW rate, I use the Fed DW data that are avail-

able quarterly for the period Q 3/2010 - Q 3/2013.25 The Fed DW credit is available

on three different categories based on the financial condition of financial intermedi-

aries. These are: i) primary credit, available for intermediaries with a healthy finan-

cial condition ii) secondary credit, for intermediaries that do not satisfy the criteria

for a primary credit and iii) seasonal credit, available for smaller financial institu-

tions.

Using the World Bank data for the bank lending rate and real rate of borrow-

ing, I calculate the financial spread. Dividing the penalty rate by the spread, I ob-

tain the values for ωm . For seasonal credit, ωm = 0.01 − 0.05, for primary credit,

ωm = 0.18−0.21 and for secondary credit,ωm = 0.34−0.36. In the Appendix B.10.3,

figure B.3 summarises. We can conclude that the fraction between the penalty rate

and the financial spread can be characterised as low.

3.6 Robustness analysis

The quantitative experiments are assessed for a wide range of key parameters, such

as κ%,ωq ,ωm and for two different scenarios for the interbank market ( ωb = 0 or

ωb = 1). I also perform some other computations. When the optimal interest rate

rule is computed, under the benchmark case, the optimal weights are κπ = 1.6,κ ỹ =

0.125. These values are maintained for various configurations of the Taylor rule,

such as i)κπ = 5,κ ỹ = 0 ii) non-zero feedback parameters on investment and capi-

tal, κĩ ,κk̃ 6= 0.

There is a discussion whether a interest rate rule that uses ỹt ) instead of ŷt , is im-

plementable, as the former requires central bank to know the desired level of output,

which is unobservable. Using the “implementable” form of the Taylor rule, I do not

obtain significant changes in the results. 26

A different probability for the interest rate to hit the ZLB does not affect the

welfare gains from DW lending, but it affects π∗ and the standard deviation of the

nominal interest rate. Allowing for a lower persistence of the capital quality shock,

25More recent data are not available, as according to the Fed, these
are reported with a two-year lag. This information is available on:
http://www.federalreserve.gov/newsevents/reform_discount_window.htm

26This discussion has been motivated from Cantore and Levine (2015).
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ρψ = 0.66, as in Gertler and Kiyotaki (2010) and Gertler and Karadi (2011) affects the

volatility of the variables associated with the welfare criterion, thus, households’

welfare losses. Qualitatively though, the effect of DW lending under commitment

or an interest rate rule is similar.

3.7 Conclusion and Further Discussion

I have provided a formal model that can analyse the effectiveness of DW as a com-

plementary monetary policy instrument. After the recent financial crisis, monetary

policy in practice has changed and evaluating other monetary policy instruments

has become of greater importance. The model that I have constructed is enriched

with key elements of the recent macroeconomic environment, such as the limited

adjustment of the nominal interest rate. The motivation for this paper has been the

extensive literature developed the last three decades, which has been criticising the

effectiveness of DW. In the paper, I provide quantitative evidence that is in favour of

the view that DW lending is effective, which is in contrast with the views expressed

in the previous literature.

The normative analysis suggests that there are welfare gains from the central

bank using DW. The L-Q approach is accurate for small deviations from the steady-

state, as those obtained in the model solution. This paper provides evidence that

DW lending is effective in small recessions. Because the model is expressed in a

form of deviations from the flexible-price equilibrium, a novelty of this paper is that

obtains welfare costly fluctuations occurring from the nominal price rigidity. These

implications have not been considered by the literature, even in models featuring

the NK elements, such as in Gertler and Karadi (2011).

In this paper DW lending has been assessed by focusing on the ability of the cen-

tral bank to monitor the actions of financial intermediaries with regard to the use of

the funds obtained from the DW. Bordo (1989) has highlighted perfect monitoring as

a prerequisite for DW lending to be effective. By combining the model of financial

intermediation developed by Gertler and Kiyotaki (2010), I can capture monitor-

ing and then provide quantitative arguments that support the view in Bordo (1989).

In particular, I find that when the ability to monitor is low, DW lending is welfare

costly. This result is obtained even without assuming any efficient cost of DW lend-
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ing. Instead, the welfare losses occurs from the excessive volatility created when the

central bank combines DW lending with other optimal policy regimes, or from the

reduction of the associated welfare enhancing covariances between output and in-

vestment, as well as output and capital. When monitoring improves, DW lending is

effective, as in this case it expands the balance sheet of financial intermediaries. I

find that, when the primary and complementary monetary policies are combined

optimally, the welfare gains from DW lending can reach a consumption equivalent

increase of 0.04−0.07. Given that the fluctuations from the flexible price equilibrium

are very small, this can be considered as a considerable contribution to welfare.

Another novelty of the paper is that while DW is the main policy instrument that

is assessed, some remarks with regard to the conduct of the primary policy regimes,

which are implemented by adjustments on the nominal interest rate. I find that

there is a considerable difference in the effectiveness of DW lending, when it is com-

bined under optimal commitment and when it is combined with an interest rate

rule. I find that the welfare gains from DW lending, under optimal commitment,

could be negligible. On the other hand, when DW is combined with an interest rate

rule, the welfare gains increase.

In future work, the model could include the effect of the DW stigma (Ennis and

Weinberg (2013)). Last but not least, the model implies a link between monitoring

and the penalty rate charged by the central bank. A model that would explore this

relation further could be used to evaluate DW lending focusing on the penalty rates.

As Kaufman (1990) has highlighted, charging the optimal penalty rate is a challeng-

ing task for a central bank. A low DW rate is associated with high risk for the DW

funds to never be used for investments. On the other hand, a high DW rate, DW

lending will be very low. The current model could be used as a benchmark to ex-

plore further these issues.



Chapter 4

Social Status, Capital

Accumulation, and Economic

Growth

Chapter Abstract

We consider a monetary growth model in which entrepreneurs borrow funds to in-
vest in projects that produce capital goods. In addition to their varying pecuniary
returns, different projects also vary with respect to the status they confer to the en-
trepreneurs who operate them. We show that social status promotes capital accu-
mulation, whereas inflation impedes it. We also show that, even when the status-
induced increase of marginal utility is constant over time, the interaction between
status and inflation is an additional source of transitional dynamics. When a social
norm links this increase of marginal utility to past outcomes, however, the dynam-
ics can generate endogenous cycles in the transition to the balanced growth path.
Given these outcomes, we also derive implications for the relation between growth
and volatility.
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4.1 Introduction

The role of social status on decision making has long been recognised as an impor-

tant determinant of economic outcomes (Weiss and Fershtman (1998); Heffetz and

Frank (2011)). From a macroeconomic perspective, economists have investigated

the effects of status on economic growth and social welfare by means of frameworks

in which status concerns are associated with either a desire for high relative wealth

per se1, or conspicuous/positional consumption2, or both (e.g. Zou (1994); Bak-

shi and Chen (1996); Corneo and Jeanne (1997, 2001); Rauscher (1997); Futagami

and Shibata (1998); Tournemaine and Tsoukis (2008); Wendner (2010); Varvarigos

(2011)). These effects have been shown to be ambiguous and to depend on various

characteristics, such as the underlying source of social status. A similar ambiguity

applies to the analysis of Fershtman et al. (1996). They employ a model with costly

occupational choice where higher status is attached to the growth-enhancing occu-

pation. Their results indicate that, in addition to its direct positive effect on growth,

social status may also be a source of negative growth effects due to the fact that it

attracts wealthy, but low-ability, individuals to the growth-enhancing occupation,

hence reducing its average quality.

This paper is an attempt to take explicit account of status concerns that origi-

nate from entrepreneurial decisions, and present their implications for both transi-

tional dynamics and long-term growth. The motivation behind our analysis is the

view that entrepreneurship is yet another area of economic activity for which social

status seems to be pertinent. Indeed, many analyses confirm the view that social

status, and the characteristics that confer it, such as prestige, recognition, approval,

and a sense of achievement, are important elements of entrepreneurial aspirations,

decisions, and performance (e.g. Scheinberg and MacMillan (1988); Shane et al.

(1991); Collins et al. (2004); Malach-Pines et al. (2005); Van Praag (2011)). In a sim-

ilar vein, some researchers (e.g., Hollingshead (1975)) have argued that the scale of

entrepreneurial activities - typically measured by the monetary value of firms - in-

creases the status conferred to their proprietors.

In our model, entrepreneurs are individuals who borrow funds in order to op-

erate projects that produce capital goods. In addition to their varying pecuniary

1This idea follows Weber (1904)’s notion of the ‘spirit of capitalism’.
2See Veblen (1899) and Hirsch (1976).
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returns, different projects also vary with respect to the status they confer to the en-

trepreneurs who operate them - an idea that is conceptually similar to the occupation-

induced status of Fershtman et al. (1996). The model is a monetary one in the sense

that there is a demand for money by lenders who face a liquidity constraint in their

role as loan providers.3 We show that, in addition to their effect on the economy’s

long-run growth rate, which is positive, status concerns have important implica-

tions for the shape of the economy’s dynamics towards the balanced growth path.

In fact, despite the presence of a production technology with permanently constant

(social) returns to capital, the existence of status concerns generates transitional dy-

namics that do not allow an instantaneous adjustment to the balanced growth path.

This happens even when the status-induced increase of marginal utility is constant

over time: By increasing the growth rate and reducing the rate of inflation, the num-

ber of entrepreneurs who invested in the high-return/high-status project in the past

has a positive effect on the incentive of the next generation’s entrepreneurs to act

similarly. The dynamics differ, however, under a social norm whereby status con-

cerns are linked to past outcomes - specifically, when the status-induced increase

of marginal utility is less pronounced in economies where the involvement with the

high-return project was more common among entrepreneurs historically. Under

this scenario, and in addition to sustaining a lower growth rate in the long-run, the

economy’s transitional dynamics can generate cycles endogenously, as it converges

to its balanced growth path.4

Given that the characteristics of social status have implications for the shape of

economic dynamics (monotonic or cyclical) and long-term economic performance

(the growth rate), we also use the model’s implications to provide a novel expla-

nation for the relation between cyclical fluctuations and growth. This issue relates

to empirical analyses that have shown a significant relation between the average

growth rate and its volatility (e.g., Ramey and Ramey (1995); Martin and Ann Rogers

(2000); Koren and Tenreyro (2007)). From a theoretical perspective, the more com-

mon approach in examining the underlying characteristics of this relation has been

3Other monetary models that include elements relevant to social status are those by Chang et al.
(2000) and Gong and Zou (2001). These analyses show that, under the ‘spirit of capitalism’ assump-
tion, inflation has real effects in circumstances where money would otherwise be neutral.

4Azariadis and Smith (1996) analyse a monetary growth model that generates damped fluctua-
tions in the transition to the steady state. In their framework, the underlying cause of such cycles is
the presence of credit market imperfections. In our model, we do not consider such imperfections;
damped fluctuations are attributed solely to status concerns.
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the construction of stochastic endogenous growth models in which the cycles gen-

erated by stochastic shocks impinge on the long-run growth rate (e.g., Femminis

(2001); Canton (2002); Varvarigos (2010)). Our approach in inferring a relation be-

tween cyclical fluctuations and growth is rather different. Specifically, our argument

is that the driving forces behind status considerations are (partially) responsible

for the long-term prospects of the economy, and for the shape of its dynamics. In

other words, the correlation between growth and cycles reflects the idea that cycli-

cal growth converges to a lower value in the long-run, compared with a growth rate

that is smoother (i.e., monotonic) during the transition.

The rest of the paper is organized as follows: In Section 2, we present the eco-

nomic environment and derive the economy’s equilibrium. In Section 3, we analyse

the effects of social status, and its underlying characteristics, on the economy’s dy-

namics and the (long-run) growth rate. Section 4 summarises and discusses some

policy implications.

4.2 The Economy

Consider an economy populated by overlapping generations of individuals who live

for three periods. The population mass of each age cohort is constant over time

and equal to 2n (n > 0). Following their birth, nature divides individuals into two

equal-sized groups of varying characteristics. Particularly, half of these individuals

will spend their lifetimes as workers; the rest of them will spend their lifetimes as

entrepreneurs. Irrespective of their type, all individuals are risk-neutral and enjoy

utility from the consumption of goods during the last period of their lifetime.

Consider a worker born in period t . During the first period of her lifetime she

is endowed with one unit of labour which she (inelastically) supplies to firms that

produce the economy’s final good. In exchange, she receives the competitive salary

wt . Subsequently, she explores opportunities for saving her income until the third

period of her lifetime, during which she will receive the proceeds of her savings and

use them to purchase consumption goods. One such opportunity is a storage tech-

nology that returns 1+q
�

q ≥ 0
�

units of output in period t +2 for each unit of output

stored in period t . Alternatively, she can agree to offer a loan to an entrepreneur, in

a manner that will be described shortly.
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Now let us consider an entrepreneur born in period t . She is largely inactive dur-

ing the first period of her lifetime. In the second period, however, she is endowed

with the ability to operate an investment project that generatesϕ( j )> 0,
�

j = {H , L}
�

units of capital in period t + 2 for each unit of output invested in period t + 1. The

entrepreneur will sell this capital to firms at a competitive price r > 0 per unit.5

There are two such projects at her disposal, but she can choose to operate only one

of them - a decision that, once made, is irreversible. The H project returnsϕ (H ) =ϕ

units of capital for each unit of investment. In addition to its cost in terms of out-

put, this project entails an effort cost for the entrepreneur. We assume that this ef-

fort cost is proportional to the scale of the project as it requires B units of effort per

unit of output invested in it. We also assume that B is uniformly distributed across

entrepreneurs, with support on [0, n ]. The L project, on the other hand, does not

entail such an effort cost. Nevertheless, it offers a lower return of ϕ (L ) =
�

1−ψ
�

ϕ

units of capital (0 < ψ < 1) for each unit of output invested in it. Note that, given

the lack of own sources of income, entrepreneurs have no other option other than

to borrow funds from workers in order to operate any of these two projects. Once

an entrepreneur repays the loan in period t +2, she will use the residual income to

purchase consumption goods.

The economy’s final good can be used for both consumption and investment

purposes. It is produced by a unit mass of perfectly competitive firms who combine

labour from workers, denoted Nt , and capital purchased by entrepreneurs, denoted

Kt , in order to produce Yt units of output according to the following technology:

Yt = AK α
t (Γt Nt )

1−α , α ∈ (0, 1) , (4.1)

Following Romer (1986), the variable Γt captures the productivity benefits that ac-

crue as a result of an economy-wide, learning-by-doing externality that is related to

the stock of capital per worker according to6

Γt =
Kt

n
(4.2)

5Capital is assumed to depreciate completely during the production process.
6This externality is introduced as a means of allowing the emergence of an equilibrium with

positive long-run growth.
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4.2.1 Occupational Choice and Social Status

The differences between the two projects are not restricted to their varying (pecu-

niary) returns in terms of investment. On the contrary, we envisage a scenario where

the choice of investment project generates direct utility effects that accrue to the

entrepreneur who is involved in its operation. Such non-pecuniary differences are

justified by alluding to the idea that an entrepreneur’s occupational choice will have

a direct impact on her utility due to social status concerns.

We formalise the aforementioned ideas by assuming that the marginal utility of

an entrepreneur’s consumption, denoted X ( j ), is

X ( j ) =

¨

xt+1 i f j =H

1 i f j = L
, xt+1 ≥ 1. (4.3)

The underlying idea is that the high-effort/high-return project confers a relatively

higher social status to those entrepreneurs who undertake it. This may be because,

given the H project’s higher return, it is viewed as a more prestigious occupational

choice for an entrepreneur, or because it is associated with a sense of accomplish-

ment, as it reflects the entrepreneur’s abilities and her willingness to strive for a

more rewarding occupation. The recognition of these characteristics by a person’s

peers increases her status and, therefore, has a positive effect on her well-being.

Note that the assumption through which social status impinges on the marginal

utility of consumption is not an alien one. On the contrary, it is consistent with

the existing literature on the economic implications of status (e.g., Fershtman et al.

(1996); Becker et al. (2005); Hopkins (2011)).

We shall also consider two different scenarios regarding the driving forces be-

hind such status considerations. The limiting scenario is one where the marginal

utility of consumption is constant at xt+1 = x̄ ≥ 1 ∀t . Nevertheless, it is also rea-

sonable to consider a social norm whereby the status attached to an entrepreneur’s

occupational choice also depends on the society’s perception on how much of an

accomplishment the involvement with the high-return project actually is. Natu-

rally, such perceptions will (among other factors) rely upon how common was the

involvement with the H project historically. After all, it is reasonable to assume that

the status (e.g., due to prestige; admiration etc.) enjoyed by entrepreneurs who op-

erate the H project, albeit still higher compared with the status attached to the al-
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ternative low-return project, will not be as high in a society where the incidence of

involvement with the high-return project was more common in the past. We cap-

ture this scenario by assuming that xt+1 = x (βt )
�

x
′
< 0

�

, where βt is the number of

the previous generation’s entrepreneurs who invested in the H project. A general

function that encompasses all the aforementioned scenarios is

xt+1 = x̄ − i (x̄ −1)
βt

n
(4.4)

where i = {0, 1} is a binary variable. Particularly, i = 0 captures the case where the

utility benefit of social status is independent of outcomes that transpired in the past,

whereas for i = 1 this benefit is mitigated by the fraction of the previous genera-

tion’s entrepreneurs who devoted the effort necessary in order to operate the high-

return project. Notice that the differences in social status that originate from an

entrepreneur’s choice of investment projects disappear when x̄ = 1 .

4.2.2 The Market for Credit and Money

We follow others (Bencivenga and Smith (1993); Bose and Cothren (1996); Bose

(2002)) in assuming that the credit market operates as follows. Loan contracts are

agreed upon one period in advance of a capital-producing project’s operation.7 There-

fore, in period t each worker announces a contract according to which she will offer

loans in period t +1 at a rate Rt+1 per unit, to be repaid during the next period (i.e.,

in t +2 ). Lenders will be approached by entrepreneurs, each of whom applies for a

loan lt+1 . Furthermore, it is assumed that each entrepreneur can only submit one

loan application.

The above imply that a worker willing to lend funds through the credit market,

needs to have such funds available in period t +1. However, let us imagine that the

storage technology is illiquid in the following sense: Despite the fact that it offers a

(gross) return 1+q between t and t +2, if prematurely liquidated (i.e., in t +1) it en-

tails a cost that is proportional to the amount of stored income. We normalise this

proportional cost to 1, meaning that premature liquidation is prohibitively costly.

Nevertheless, there is a liquid asset in the economy that allows the possibility of

storage within one period. Henceforth, this asset will be called money.

7This assumption ensures there will be a positive demand for money by young workers who wish
to offer loans to entrepreneurs.
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Each unit of the good in period t is exchangeable for pt units of money, where

pt is the price level. During the next period, each unit of money can be exchanged

for 1
pt+1

units of goods. Subsequently, these are supplied to the credit market in the

form of loanable funds that can be borrowed by entrepreneurs who undertake in-

vestments in capital projects. It follows that the overall return from lending to en-

trepreneurs is 1+Rt+1
1+πt+1

, where πt+1 =
pt+1−pt

pt
is the inverse of the (net) period return on

money holdings - i.e., the rate of inflation.

The stock of the liquid asset is controlled by a monetary authority that supplies a

quantity of money mt every period. Following other analyses of money in models of

economic growth (e.g., Ireland (1994); Schreft and Smith (1997); Varvarigos (2010))

we assume that the monetary authority follows a rule whereby the supply of money

evolves according to

mt+1 =
�

1+µ
�

mt , µ> 0. (4.5)

4.2.3 Equilibrium

Let us begin with the reasonable assumption that the two-period return of the illiq-

uid asset dominates the two-period return of holding money. Formally, 1 + q =
1

(1+πt+1)(1+πt+2)
. It follows that workers will be willing to offer their funds in the credit

market as long as the overall return from doing so does not fall short of the overall re-

turn on storage. Given competition among workers in their role as loan providers,

their net economic profit will be driven down to zero. Therefore, the equilibrium

interest rate on loans is

Rt+1 = (1+πt+1)
�

1+q
�

−1 (4.6)

Now, let us consider an entrepreneur who is contemplating which project to un-

dertake after having secured a loan. Taking account of (4.3), the utility associated

with operating the H project is8

u H = xt+1[rϕ− (1+Rt+1)]lt+1−Blt+1, (4.7)

8Each entrepreneur’s consumption expenditures during maturity equal rϕ( j )lt+1 −
(1+Rt+1) lt+1. Given that all individuals are risk-neutral, the presence of xt+1 in Eq. (4.7) re-
flects the social status associated with operating the H project in the previous period.
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whereas the utility associated with the L project is

u L = [r
�

1−ψ
�

ϕ− (1+Rt+1)]lt+1, (4.8)

where r
�

1−ψ
�

ϕ ≥ (1+Rt+1) is imposed as a type of participation constraint, ensur-

ing that all entrepreneurs will avoid bankruptcy.9

Entrepreneurs will choose which project to operate by comparing the corre-

sponding utilities in (4.7) and (4.8), with the marginal entrepreneur being the one

who is indifferent between the two. Setting u H = u L defines a threshold

βt+1 = xt+1[rϕ− (1+Rt+1)]− [r (1−ψ)ϕ− (1+Rt+1)], (4.9)

such that entrepreneurs with 0 ≤ B ≤ βt+1 (βt+1 < B ≤ n) will operate the H (L)

project. Naturally, βt+1 is also the number of entrepreneurs who invest in the high-

return/high-status project in t + 1. Note that the condition r (1 −ψ)ϕ > 1 + Rt+1

ensures that βt+1 > 0. Therefore, in order to guarantee that βt+1 is interior, we natu-

rally assume that xt+1[rϕ− (1+Rt+1)]− [r (1−ψ)ϕ− (1+Rt+1)]< n holds in equilib-

rium.10 Furthermore, given the preceding analysis, it is straightforward to establish

that ∂ u H

∂ lt+1
, ∂ u L

∂ lt+1
> 0. In other words, the amount of loan secured by each entrepreneur

is bound by the amount of funds supplied by workers who offer loan contracts. Re-

calling that each entrepreneur can only make one loan application, and that the two

groups of individuals are of equal size, it follows that

lt+1 =
wt

1+πt+1
, (4.10)

i.e., the loan is equal to the amount of funds available to each worker in period t+1.11

Now, let us turn to the money market equilibrium. Given the earlier discussion,

the demand for money during period t is npt wt . It follows that the equilibrium in

9Note that (1−a )(1+q )
a (1−ψ)2 <

�

(1−a )Aϕ
1+µ

�2
< (1 + µ)2(1 + q ) is a sufficient condition for both 1 + q >

1
(1+πt+1)(1+πt+2)

and r (1−ψ)ϕ > 1+Rt+1 to hold simultaneously.
10A sufficient condition is n > [x̄ − (1−ψ)]a Aϕ− (x̄ −1) (1+q )(1+µ)2

(1−a )Aϕ .
11Note that the same outcomes associated with Eq. (4.6) and (4.10) would also apply if we dispel

the idea behind a credit market altogether and assume, instead, that workers and entrepreneurs of
the same age are randomly matched into pairs who agree on loan contracts. In that case, the loan
rate would be the one that maximises the entrepreneur’s utility subject to the lender’s participation
constraint.
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the money market is characterised by mt = npt wt . Substituting this condition in

Eq. (4.5) yields

1+πt+1 = (1+µ)
wt

wt+1
, (4.11)

i.e., the familiar condition that links inflation to the relative growth rates of money

and (real) income.

4.3 Capital Accumulation and the Dynamics of Growth

Using the production technology in (4.1), together with (4.2) and the labour mar-

ket equilibrium condition Nt = n , we can solve the profit maximisation problem to

derive the following results regarding the wage wt and the return to capital r :

wt = (1−a )A
Kt

n
, (4.12)

r = a A. (4.13)

Recall that the process of capital formation is driven by those entrepreneurs who

operate the capital-producing projects H and L . Therefore, the aggregate stock of

capital is given by

Kt+2 =

∫ βt+1

0

ϕlt+1d B +

∫ n

βt+1

(1−ψ)ϕlt+1d B = [n (1−ψ) +βt+1ψ]ϕlt+1. (4.14)

Combining Eq. (4.9) and (4.14), a preliminary result comes in the form of

Proposition 1. The presence of status concerns associated with the choice of entrepreneurial

projects stimulates the process of capital accumulation.

Proof. It is ∂ Kt+2
∂ xt+1

= ∂ Kt+2
∂ βt+1

∂ βt+1
∂ xt+1

= ϕlt+1ψ[rϕ − (1+Rt+1)] > 0 by virtue of the condition

r (1−ψ)ϕ > 1+Rt+1. �
This result is quite intuitive. As long as xt+1 > 1, the marginal utility of consumption

associated with operating the H project is higher due to the social status attached

to it. Consequently, it increases an entrepreneur’s willingness to devote the effort

required in order to operate the project that returns more units of capital for each

unit of loan invested in it.

The expression in (4.14), when combined with our previous analysis, also allows

us to derive the result that is formally presented in
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Proposition 2. The rate of inflation impedes the process of capital accumulation.

Proof. It is ∂ Kt+2
∂ πt+1

= ∂ Kt+2
∂ lt+1

∂ lt+1
∂ πt+1

+ ∂ Kt+2
∂ βt+1

∂ βt+1
∂ πt+1

. Given ∂ Kt+2
∂ lt+1

∂ lt+1
∂ πt+1

= − [n (1−ψ)+βt+1ψ]ϕwt
(1+πt+1)2

< 0

and ∂ Kt+2
∂ βt+1

=ψϕlt+1 > 0, the effect will be unambiguously negative as long as ∂ βt+1
∂ πt+1

≤
0. Indeed, combining (4.6) and (4.9), it is straightforward to establish that ∂ βt+1

∂ πt+1
=

−(xt+1−1)(1+q )≤ 0. �
Inflation has two distinct, but both negative, effects on the process of capital for-

mation. Firstly, it erodes the real value of the funds that are available in the credit

market, i.e., the market where entrepreneurs seek to secure loans in order to op-

erate their projects (see Eq. (4.10)). Furthermore, inflation reduces the workers’

return from lending relative to the return of the storage technology – an outcome

that induces them to charge a higher loan rate in order to compensate for this loss

(see Eq. (4.6) ). However, due to xt+1 > 1, the higher cost of borrowing has a more

pronounced marginal effect on the utility of those who are attracted to the venture

with the higher return. Consequently, the increased loan rate will induce fewer en-

trepreneurs to undertake the H project.

Our next step is to derive the economy’s growth rate. To do this, we define

Kt+2

Kt+1
= g t+2. (4.15)

Substituting (4.10), (4.11), (4.12) and (4.15) in (4.14) yields

g t+2 =
(1−a )Aϕ
n (1+µ)

[n (1−ψ) +βt+1ψ] = g (βt+1). (4.16)

As expected, given Proposition 1, the growth rate is increasing in the number of en-

trepreneurs who invest in the high-return project, i.e., g ′ > 0.

Now, let us substitute (4.4), (4.6), (4.11), (4.12), (4.13), and (4.16) in (4.9) to get

βt+1 =
�

x̄ − i (x̄ −1)
βt

n

��

a Aϕ−
(1+q )(1+µ)

g (βt )

�

−
�

a A(1−ψ)ϕ−
(1+q )(1+µ)

g (βt )

�

= f (βt ).

(4.17)

Evidently, the entrepreneurial choice of investment projects is a source of dynam-

ics that will permeate the economy’s growth performance (see Eq. (4.16)). These

transitional dynamics rest on the fact that, in the presence of status concerns, there

are two distinct (and conflicting) effects that link intertemporally the number of en-

trepreneurs who opt for the H project. On the one hand, a higher βt increases the
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growth rate of income and, therefore, reduces the rate of inflation (see Eq. (4.11))

– an outcome that increases the workers’ return from lending relative to the return

of the storage technology, hence inducing them to charge a lower loan rate in the

competitive credit market (see Eq. (4.6)). Given x̄ > 1, the lower cost of borrowing

has a more pronounced marginal effect on the utility of those who are attracted to

the venture with the higher return. Consequently, the lower loan rate will attract

more entrepreneurs towards the H project. On the other hand, however, a higher

βt may also have a direct effect on the status-induced utility increment of those en-

trepreneurs who invest in the high-return project, because of the social norm (see

Eq. (4.3) and (4.4) ). This effect mitigates the potential utility benefits that stem from

an entrepreneur’s choice to invest in the H project, hence reducing the fraction of

entrepreneurs who ultimately decide to devote the effort required in order to oper-

ate it.

We shall begin our analysis of the economy’s long-run equilibrium with the base-

line scenario where there are no varying status considerations emanating from an

entrepreneur’s involvement with any of the two available investment projects. Of

course, this is a case where x̄ = 1. The long-run equilibrium outcomes associated

with this scenario are summarised in

Lemma 1. Suppose that x̄ = 1. The number of entrepreneurs who invest in the high-

return project does not vary over time. Therefore, irrespective of initial conditions, the

economy adjusts instantaneously to a balanced growth path characterised by ĝ .

Proof. Setting x̄ = 1 in Eq. (4.17) yields

βt+1 = a Aψϕ ≡ β̂ ∀t , (4.18)

which can be substituted in Eq. (4.16) in order to get

g t+2 =
(1−a )Aϕ
n (1+µ)

[n (1−ψ) + β̂ψ]≡ ĝ ∀t , (4.19)

thus completing the proof. �
This result is not surprising given the discussion that followed Eq. (4.17) and the fact

that the output production technology is (at the social level) linear to the stock of

capital per person. The presence of status concerns is critical in generating the out-
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comes that ultimately shape the intertemporal profile of the variable βt and, there-

fore, the growth rate of income. Consequently, as long as there are no forces that

allow βt to deviate from its steady state, the economy will not deviate from the bal-

anced growth path characterised by Eq. (4.19).

Next, we turn our attention to the outcomes that transpire when status concerns

play a role in an entrepreneur’s occupational choice, i.e., when x̄ > 1. We summarise

these in

Lemma 2. Suppose that x̄ > 1.

1. If i = 0, the number of entrepreneurs who invest in the high-return project con-

verges monotonically to a long-run equilibrium β̃ . Therefore, the economy con-

verges gradually and monotonically to a balanced growth path characterised by

g̃ .

2. If i = 1, the number of entrepreneurs who invest in the high-return project

converges cyclically to a long-run equilibrium
∼
β < β̃ . Therefore, the economy

converges gradually and cyclically to a balanced growth path characterised by

∼
g < g̃ .

Proof. Combine (4.16) and (4.17) to calculate the derivative

f ′(βt ) =−(x̄ −1)
i (1−ψ) +ψ

n (1−ψ) +βtψ

�

i n (1−ψ) + iβtψ

i n (1−ψ) +nψ
a Aϕ−

(1+q )(1+µ)
g (βt )

�

. (4.20)

Furthermore, note that f ′′(βt )< 0 and recall that f (βt ) ∈ (0, n ).

Firstly, consider i = 0. In this case, Eq. (4.20) becomes

f ′(βt ) = (x̄ −1)
ψ

n (1−ψ) +βtψ

(1+q )(1+µ)
g (βt )

> 0.

Thus, we conclude that there is a unique β̃ , such that β̃ = f (β̃ ) and f ′(β̃ )< 1. More-

over, for βt 6= β̃ , convergence is monotonic given f ′(βt ) > 0. Substituting in Eq.

(4.16) yields

g̃ =
(1−a )Aϕ
n (1+µ)

[n (1−ψ) + β̃ψ]. (4.21)

Since βt 6= β̃ ⇒ g (βt ) 6= g̃ , and given Eq. (4.16), we can infer that the growth rate will

converge to its long-run equilibrium monotonically as well.



4.3: Capital Accumulation and the Dynamics of Growth 119

Secondly, consider i = 1. Now, Eq. (4.20) becomes

f ′(βt ) =−
(x̄ −1)

n

�

a Aϕ−
n

n (1−ψ) +βtψ

(1+q )(1+µ)
g (βt )

�

< 0,

given that r (1−ψ)ϕ > 1+Rt+1 holds by assumption. Again, we conclude that there

is a unique
∼
β , such that

∼
β = f (

∼
β ). Since f ′′(βt ) < 0, then f ′(n ) > −1 is a sufficient

condition to ensure that f ′(
∼
β )>−1 holds as well – a condition necessary to establish

the stability of the steady state equilibrium. Note that the expression f ′(n ) > −1

corresponds to

n − (x̄ −1)
�

a Aϕ−
n

n (1−ψ) +βtψ

(1+q )(1+µ)
g (βt )

�

> 0.

It is sufficient to show that this expression holds for the minimum possible n . In-

deed, using the condition in Footnote 10, we can establish that

[x̄−(1−ψ)]a Aϕ−(x̄−1)
(1+q )(1+µ)2

(1−a )Aϕ
−(x̄−1)

�

a Aϕ−
n

n (1−ψ) +βtψ

(1+q )(1+µ)
g (βt )

�

⇒

[x̄−(1−ψ)]a Aϕ−(x̄−1)
(1+q )(1+µ)

g (n )
−(x̄−1)a Aϕ+(x̄−1)

n

n (1−ψ) +βtψ

(1+q )(1+µ)
g (βt )

⇒

a Aψϕ− (x̄ −1)(1+q )(1+µ)
�

1

g (n )
−

n

n (1−ψ) +βtψ

1

g (βt )

�

. (4.22)

Given βt ≤ n and g ′ > 0, the expression in Eq. (4.22) is unambiguously positive,

thus establishing that
∼
β is an asymptotically stable steady state. Furthermore, con-

vergence towards the steady state is cyclical given f ′(βt )< 0. To obtain the long-run

growth rate, we substitute in Eq. (4.16) to get

∼
g =
(1−a )Aϕ
n (1+µ)

[n (1−ψ) +
∼
βψ]. (4.23)

Since βt 6=
∼
β ⇒ g (βt ) 6=

∼
g , and given Eq. (4.16), we can infer that the growth rate will

converge to its long-run equilibrium through cycles (damped oscillations).

Finally, note that, by virtue of Eq. (4.17), we have ∂ f (·)
∂ i < 0. Consequently,

∼
β < β̃ –

a result that can be used together with (4.21) and (4.23) to establish that
∼
g < g̃ . �

In order to facilitate the exposition of the mechanisms underlying Lemma 2,

recall the discussion that followed Eq. (4.17) and consider the effects of a higher
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βt on βt+1. When the impact of social status on the marginal utility of consump-

tion is positive, but independent of past outcomes (i.e., x̄ > 1 and i = 0), the ef-

fect is unambiguously positive due to the fact that an increase in βt increases the

growth rate, reduces inflation and the loan rate, thus attracting more entrepreneurs

towards the high-return project because, with status concerns, the utility associated

with this project is more responsive to these changes. Consequently, when βt < β̃

(βt > β̃ ), the number of entrepreneurs who invest in the H project will be increasing

(decreasing) over time as it converges to its steady state (see Figure 4.1). Similarly,

the growth rate will adjust gradually and monotonically to its long-run equilibrium

since it is an increasing function of the fraction of entrepreneurs who operate the

project that returns more capital goods per unit of investment.

Nevertheless, when the impact of social status on the marginal utility of con-

sumption is positive but mitigated by outcomes that transpired in the past (i.e., x̄ > 1

and i = 1) there is an additional mechanism through which βt impinges on βt+1. By

reducing the increment of the marginal utility of consumption – an effect that is at-

tributed to the idea that the social status attached to the decision to devote effort

and operate a more rewarding project is less pronounced in circumstances where

more entrepreneurs took a similar decision in the past – this effect is a negative one.

In fact, it dominates the positive effect to which we alluded earlier. As a result, when

βt 6=
∼
β , the number of entrepreneurs who invest in the H project converges to its

steady state through cycles (see Figure 4.2). In terms of intuition, consider a rel-

atively high (low) realisation of βt . This will reduce (increase) the current utility

benefits that stem from an entrepreneur’s choice to operate the high-return project,

hence reducing (increasing) the fraction of entrepreneurs who ultimately decide to

invest in it. Given that the growth rate is an increasing function of the fraction of

entrepreneurs who operate the project that returns more capital goods per unit of

investment, the cyclical nature of βt will be the underlying cause for the emergence

of cycles in the economy’s growth performance, as it gradually converges to the bal-

anced growth path.

One implication from the preceding analysis is presented in

Proposition 3. The impact of status concerns in the choice of entrepreneurial projects

is an additional source of transitional dynamics, even when the status-induced in-

crease of marginal utility is time-invariant.

Proof. It follows from Lemmas 1 and 2. �
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Figure 4.1: Phase diagram (i = 0) Figure 4.2: Phase diagram (i = 1)

It is well-known that in the presence of an AK -type technology, the economy ad-

justs instantaneously to a balanced growth path – i.e., a time-invariant growth rate

– irrespective of initial conditions (e.g., Acemoglu (2009)). In our model, this out-

come emerges only in the absence of any status considerations associated with an

entrepreneur’s occupational choice. Nevertheless, when status impinges on this

choice, the adjustment to the balanced growth path is gradual, irrespective of whether

the status-induced increase of marginal utility is fixed (i = 0) or varies over time due

to the social norm (i = 1).

Despite the fact that transitional dynamics emerge regardless of the fundamen-

tal characteristics of the status-induced utility benefits, there are still important im-

plications that emanate from the two different scenarios that capture these char-

acteristics. Specifically, the shape of the economy’s dynamics towards the long-run

equilibrium, as well as the long-run equilibrium itself, differ in each case. The up-

shot from the comparison of these two cases is formally presented in

Proposition 4. The underlying characteristics of social status generate a relation be-

tween cyclical volatility and growth in the sense that, when i = 0, the economy con-

verges monotonically to a growth rate which is higher compared to the growth rate

when i = 1, to which the economy converges cyclically.

Proof. It follows from Lemmas 1 and 2. �
The majority of existing theories on the growth-volatility nexus have investi-
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gated this issue on the basis of stochastic growth models that allowed researchers to

examine circumstances under which the (exogenous) volatility generated by stochas-

tic terms impinges on the economy’s long-term growth. Our paper offers a different

approach which, contrary to these analyses, does not stem from the presence of ex-

ogenous shocks. In our framework, the structural characteristic (in this case, status)

that is responsible for the emergence of cycles, is also an important characteristic in

determining the long-term prospects of the economy. Put differently, here the cor-

relation between growth and cycles reflects the idea that cyclical growth converges

to a lower value in the long-run, compared with a growth rate that is smoother (i.e.,

monotonic) during the transition.

Note that the implications can be generalised to the case where, rather than

treating i as a binary variable, we consider it as a parameter that takes values on

[0, 1], thus measuring the magnitude of the social norm - i.e., the direct effect of

past realisations of βt on the current generation’s perceptions regarding the status

associated with the high-return project. Given the complexity of doing so, we are

going to examine the implications for the function in Eq. (4.17) and, therefore, the

economy’s dynamics, by means of a numerical example.12 In Figure 4.3, we employ

a 3-dimensional plot of f (βt ) against βt and i . As we can see, these general results

are consistent with the implications of Lemma 2 and Proposition 4. Specifically,

we can see that the slope of f (βt ) changes from positive to negative as we increase

the value of i . Consequently, we can infer that the higher the strength of the social

norm, the more likely it is that the steady state will lie on the downward-sloping

part of f (βt ), thus leading to damped oscillations (i.e., cycles) in the transition to

the steady state.

4.4 Summary and Discussion

The model we developed in this paper represents yet another attempt to shed more

light on the macroeconomic implications of social status concerns. Assuming that

such concerns apply to the involvement with investment projects that produce cap-

ital goods, we have shown that the impact of status on the macroeconomic environ-

ment goes beyond its effect on the growth rate. In addition to its impact on long-

12The parameter values we use for this example are a = 0.4; A = 2;ϕ = 2.5; q = 0.2; µ= 0.75; n = 2;
and x̄ = 3.
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Figure 4.3: The slope of f (βt )when i ∈ [0, 1]

term macroeconomic performance, the status-induced increase of the marginal util-

ity of those entrepreneurs who devote effort and operate the high-return project, is

also a source of transitional dynamics. The shape of these dynamics (monotonic or

cyclical) depends on the underlying characteristics that drive status concerns. As

a result, we have employed these characteristics as a means of inferring a relation

between growth and cyclical volatility.

Our framework brings forth some interesting policy implications. Given the ben-

eficial effect of status on macroeconomic performance, there is perhaps scope for

supporting activities directed towards people’s aspirations – for example, activities

that will instil into successive generations of individuals the idea that the pursue of

more rewarding/productive occupations results in benefits that are not solely re-

stricted to high income. Instead, such occupations can offer additional rewards,

such as recognition, admiration, prestige, and all other characteristics that confer

status. Another policy implication relates to the negative relation between cyclical

volatility and growth. Stochastic growth models that generate this relation suggest

that conventional stabilisation policies – designed to eradicate the volatility stem-

ming from exogenous shocks – may entail additional benefits in terms of improved

growth performance. In our model, there is clearly no scope for such policies. This

is because there is no underlying causal effect that underpins the cyclical volatility-

growth nexus. On the contrary, both growth and cycles are endogenously deter-

mined by the relative strength of the social norm that governs the status accruing

to entrepreneurs who invest in the more productive project. Hence, an appropriate
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policy should be one that can somehow impinge directly on people’s perceptions

and reduce the magnitude of this norm. Such a policy will improve the economy’s

growth prospects while, at the same time, alleviating the forces that are responsible

for the emergence of cycles.



Chapter 5

Conclusion

This thesis has studied the effect of optimal monetary policy in economies with im-

perfect labour and financial markets. It has also analysed how structural charac-

teristics, such as the social status associated in investment projects, can affect the

economic growth.

Chapters 2 and 3 have contributed to the design of mainstream monetary pol-

icy. They have built on the New Keynesian model, which in recent years has become

the standard model for the analysis of monetary policy. They have added key fea-

tures of the macroeconomic environment in order to explore new issues that have

attracted the interest of researchers as well as policymakers in the aftermath of the

financial crisis. These aspects include the unemployment divergence in the euro

area (chapter 2) and the presence of a lower bound constraint on the nominal inter-

est rate (chapter 3).

Chapter 2 has been motivated from the divergence of unemployment and the

convergence of inflation in the euro area after the financial crisis of 2008 − 2009.

It has examined whether these macroeconomic facts can be an outcome of opti-

mal monetary policy in a currency union. Previous literature has focused on the

structural differences of the labour markets to explain why there is unemployment

divergence in the euro area. This literature has motivated chapter 2 to explore what

are the implications of structurally different labour markets on monetary policy in a

currency union. Based on this motivation, chapter 2 has analysed the optimal mon-

etary policy in a currency union consisted of member states with heterogeneous

labour markets. The main focus has been on how labour market heterogeneity af-

fects the households’ welfare under an optimal monetary policy regime.

The model that is constructed is a two-country currency union one with invol-

untary unemployment and real wage rigidity. To generate involuntary unemploy-

ment in the model, chapter 2 has assumed that in each member state there are

Diamond-Mortensen-Pissarides (DMP) labour market frictions in the search and

125
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matching process. The assumption of real wage rigidity is supported from empiri-

cal evidence in the euro area. It is also an important assumption for the results of

the model. Based on previous critiques of the DMP model, by assuming rigid real

wages the unemployment volatility puzzle can be solved and realistic unemploy-

ment fluctuations are generated. In chapter 2, the real wage rigidity assumption

has also served another purpose. It has been used to construct a labour market het-

erogeneity index and quantify the labour market differences between the member

states of the currency union.

The model in chapter 2 is stochastic and has been solved numerically. The re-

sults have been obtained through calibration of the structural parameters and sim-

ulations. These can be summarised as follows: When a productivity shock hits a

member state of the currency union and the central bank follows an optimal mon-

etary policy regime (optimal commitment or optimal discretion), the welfare losses

in the currency union increase monotonically with the degree of real wage rigidity

in this member state. In addition, when an aggregate shock hits the economy, the

welfare losses increase monotonically with the degree of the labour market hetero-

geneity index. The dynamic paths of unemployment and inflation diverge more, as

heterogeneity between member states increases. Thus, labour market heterogene-

ity has a distortionary effect in the economy and is a source of sub-optimal mone-

tary policy.

Chapter 2 has also shown that in the presence of a union-wide shock, labour

market heterogeneity generates a trade off between optimal commitment and opti-

mal discretion with regard to the stabilisation of unemployment. If the two member

states are symmetric, optimal commitment and discretion generate the same un-

employment fluctuations. However, in the presence of labour market heterogeneity

discretion becomes more desirable. This is because the strength of the reaction of

the central bank on fluctuations of unemployment increases with the degree of real

wage rigidity relatively more under discretion than under commitment.

In conclusion, chapter 2 has provided an argument in support of the view that

the unemployment divergence and the homogeneous inflation stabilisation observed

in the euro area after the financial crisis can be an outcome of optimal monetary

policy in a currency union consisted of member states with structurally different

labour markets. In addition, chapter 2 is consistent with the well-known theory of

Optimum Currency Areas developed by Mundell (1961). Wage flexibility is a prereq-
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uisite condition for an optimal currency area. Hence, a zero real wage rigidity differ-

ential that generates the lower welfare losses in the currency union can be consid-

ered as a special case of Mundell’s theory. Chapter 2 also adds to the view expressed

in Wickens (2007) that differences in the characteristics of the member states in-

crease the inflation differential and constitute the main reason that the euro area

could be sub-optimal. Chapter 2 provides similar results to this view by focusing on

differences in labour market characteristics.

In recent years, the divergence of unemployment in the euro area has attracted

the interest of the European Central Bank (ECB). In 2006, the ECB launched a re-

search network, the Wage Dynamics Network (WDN), to research and analyse the

changes in the labour markets of the member states. Chapter 2 can be considered

that contributes to the research of the WDN. The main message of chapter 2 could

be used as a policy advice: the presence of labour market heterogeneity among

the member states of a currency union may require additional policies to reduce

or eliminate the heterogeneity-generated welfare losses.

The model developed in chapter 2 could be expanded further to incorporate

other recent key characteristics, such as migration. In this case, a next step would

be to allow for labour mobility (workers can cross the borders) and then study the

outcomes of optimal monetary policy. This work would be highly relevant due to

the growing social phenomena of the persistent unemployment and migration. A

future research work like this would provide a theoretical framework that links mi-

gration with monetary policy. This would contribute significantly to the novelty of

the paper.

Chapter 3 has been motivated from the criticism on the effectiveness of discount

window as an instrument of monetary policy. Previous literature has been based on

historical facts and cost-benefit analyses to argue that the discount window is not

effective because it is associated with the risk that the financial institutions will mis-

use the funds provided from the central bank. As a result of this criticism, the last

few decades, the discount window facilities of the central banks have been inactive.

However, in the aftermath of the financial crisis, the ability of the central banks to

utilise the primary instrument of monetary policy, i.e., the nominal interest rate, has

been limited due to the presence of the zero lower bound constraint. Chapter 3 has

provided evidence which support the use of discount window as a complementary

instrument of monetary policy. It has concluded that in the presence of the zero
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lower bound constraint, alternative, complementary instruments of monetary pol-

icy, such as the discount window, can be effective.

The model constructed in chapter 3 is a standard New Keynesian model ex-

tended with a framework that analyses the behaviour of financial intermediaries

in business cycles. Two main frictions in the model have required the use of two

instruments by the central bank. In the presence of a shock, the New Keynesian as-

sumption of nominal price rigidity creates inefficient fluctuations of inflation and

requires the central bank to adjust the nominal interest rate in order to stabilise the

real economy. The assumption that financial intermediaries may be dishonest and

not use the funds borrowed to financial activities requires the central bank to use a

complementary monetary policy instrument, i.e., the discount window, in order to

stabilise the financial market.

The main objective of chapter 3 has been to evaluate the effect of discount win-

dow lending. In particular, in the presence of a shock in the financial market, the

central bank desires to minimise a loss function. This loss function has been derived

in terms of the central bank’s policy objectives, nevertheless, it captures a welfare

criterion for the economy’s households. The criterion for the evaluation of discount

window lending is the difference in households’ welfare losses, which has been oc-

curred by switching discount window lending on and off.

It has been the intention of chapter 3 to make the analysis relevant to the crit-

icism on the discount window. A strand of the literature (e.g., Bordo (1989)) has

highlighted the ability of the central banks to monitor the intermediaries’ actions as

important for the effectiveness of the discount window. For this reason, the analysis

has focused on the ability of the central bank to monitor the actions of the financial

intermediaries with regard to the use of discount window loans. The main findings

of chapter 3 can be summarised as follows: When the ability of the central bank to

monitor the intermediaries’ actions is low, the latter may misuse a fraction of the

discount window loans to other than financial activities. In this case, discount win-

dow lending is not effective and does not contribute to the reduction of households’

welfare losses. However, as the ability of the central bank to monitor improves, there

are welfare gains from discount window lending, as the households’ welfare losses

are reduced. The welfare gains are maintained even if the discount window lending

is associated with some efficiency costs.

By performing several quantitative experiments, chapter 3 has also compared
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two monetary policy regimes which have been followed along with the discount

window and have been implemented with the adjustment of the nominal interest

rate. These are the optimal commitment and an optimal interest rate rule. Chapter

3 has provided evidence that the welfare gains from discount window lending are

different when it is operated along with these different regimes. It has been con-

cluded that the welfare gains from discount window lending are larger when it is

operated along with an optimal interest rate rule.

The main result of chapter 3 has given some reasoning to the doubts raised with

respect to the effectiveness of discount window lending. Nevertheless, the evidence

for welfare gains it has been in contrast with the views in previous literature (e.g.,

Schwartz (1992)), which have argued that the discount window should be redun-

dant. Indeed, chapter 3 has been the first that constructs a macroeconomic frame-

work that shows the positive effect of discount window lending in the economy.

In future work, the single economy described in chapter 3 could be expanded to

an open economy. By doing this, several aspects could be added. One of these may

include to explore the role of heterogeneous financial markets in a currency union.

In the presence of country-specific and aggregate, asymmetric financial shocks, iden-

tifying a regime or policy tool that minimises the welfare losses would add to the

novelty of this work.

Chapter 4 has analysed the macroeconomic consequences from the presence in

the economy of structural characteristics, such as the social status conferred to en-

trepreneurs who operate projects that produce capital. In addition, it has examined

the effect of the interaction between social status and key macroeconomic indica-

tors, such as inflation.

The model that has been developed is an overlapping generations one which

has been extended with a credit market. In the credit market, entrepreneurs bor-

row funds from workers in order to finance the production of the capital good. The

key assumption in the model is that the investment projects differ in the social sta-

tus they confer to the entrepreneurs who operate them. A project with a high (low)

monetary return requires high (low) effort but confers a relatively higher (lower) sta-

tus.

Chapter 4 has showed that the presence of social status concerns enhances the

process of capital accumulation because higher status is linked positively with the

effort required to operate a project that produces relatively more capital. How-
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ever, capital accumulation is obstructed from the rate of inflation. Inflation dete-

riorates the real value of the funds that are available in the credit market. In addi-

tion, inflation reduces the lenders’ real return and induces them to charge higher

loan rate. This induces fewer entrepreneurs to undertake projects that produce rel-

atively more capital.

Chapter 4 has also showed that the effect of social status in the choice of invest-

ment projects is a source of transitional dynamics. The social status associated with

the decision to devote effort and operate a high-return project is less pronounced

in the cases where more entrepreneurs has taken the same decision in the past. In

this case, the effect of the number of entrepreneurs who invest in the high-return

project in capital is negative and dominates the positive effect.

Chapter 4 has provided a different approach to the examination of circumstances

under which volatility is generated in an economic environment suggesting struc-

tural characteristics (social status) as another candidate rather than stochastic terms

(exogenous shocks). While chapter 4 has not analysed policy actions, it certainly has

some interesting policy implications. These may involve policymakers’ actions that

support activities which give individuals the incentive to follow careers with higher

status rather than higher salary only.

The monetary growth model in chapter 4 could be expanded with the incorpora-

tion of policy and welfare analysis. Adding monetary and fiscal policy in the model,

would add to the novelty of the model. In this case, we could study how monetary

and fiscal policy co-ordinate to maximise welfare in the presence of frictions that

create inefficient fluctuations of inflation and capital.

This thesis has illustrated the view that modern macroeconomic theory should

study what affects macroeconomic performance and how this can be enhanced

from macroeconomic policy. The chapters 2, 3 and 4 of this thesis has built on stan-

dard models of the literature by adding key elements that capture features of the

recent economic environment. The results of this thesis provide some new lessons

for macroeconomic policy. The models that have been built also provide a solid

benchmark for future work.
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Appendix A

Appendix to Chapter 2

A.1 Inflation stabilisation in the euro-area

I use annual European Union (EU) Labour Force Survey (LFS) data of CPI inflation

from 1997− 2014. Figures A.1, A.2 and A.3 display the CPI inflation in some mem-

ber states of the euro area. After financial crisis, inflation has been stabilised to its

steady-state, 2− 3% for almost all member states, in contrast with unemployment

stabilisation.

Figure A.1: CPI inflation in the euro area

Figure A.2: Inflation of euro area member states. i
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Figure A.3: Inflation of euro area member states. ii

A.2 Optimal allocation of nominal spending

The problem of the optimal allocation of nominal spending between domestic and

imported final goods is formalised and solved like in Benigno (2004). For country A,

the problem is formalised as follows:

min
PAt C A

At ,PB t C A
B t

P A
c t C A

t s .t C A
t ≡
(C A

At )
ζ(C A

B t )
1−ζ

ζζ(1−ζ)1−ζ

By substituting the definition of CPI for country A, as well as the definition for the

composite index:

P A
c t C A

t = P ζ
At P (1−ζ)B t

�

C A
At

�ζ �
C A

B t

�1−ζ

ζζ (1−ζ)1−ζ
(A.1)

The first order conditions with respect to PAt C A
At and PB t C A

B t yield:

�

ζ

(1−ζ)
PB t C A

B t

PAt C A
At

�(1−ζ)

= 0 (A.2)

�

(1−ζ)
ζ

PAt C A
At

PB t C A
B t

�ζ

= 0 (A.3)

Combining the first order conditions yields:

C A
At =

ζ

(1−ζ)
PB t

PAt
C A

B t (A.4)

or

C A
B t =

(1−ζ)
ζ

PAt

PB t
C A

At (A.5)

By substituting (A.4),(A.5) to (A.1), I obtain:
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PAt C A
At = ζP A

c t C A
t (A.6)

and

PB t C A
B t = (1−ζ)P

A
c t C A

t (A.7)

Similar conditions holds for country B.

A.3 Optimal allocation of consumption expenditures

In this section, I solve the representative household’s problem of the optimal allo-

cation of any given consumption expenditures among the differentiated final goods

produced in both countries. Here, the solution follows the basic steps provided in

Gali (2008), Appendix of chapter 3, for the single economy problem. Solving first for

goods produced in country A, the problem is formalised as follows:

max
c

j
t (a )

C j
At s .t

ζ
∫

a=0

pt (a )c
j

t (a )d a ≡ Z Z A
t

Formalise the problem with the Langrangian:

L =





�

1

ζ

�
1
γ

ζ
∫

0

c j
t (a )

γ−1
γ d a





γ
γ−1

−λ0





ζ
∫

a=0

pt (a )c
j

t (a )d a −Z Z A
t





The first-order condition with respect to c j
t (a ) yields:





�

1

ζ

�
1
γ

ζ
∫

0

c j
t (a )

γ−1
γ d a





1
γ−1
�

1

ζ

�
1
γ

c j
t (a )

− 1
γ =λ0pt (a ) (A.8)

Notice that, from the derivation of the consumption index:

C j
At ≡





�

1

ζ

�
1
γ

ζ
∫

0

c j
t (a )

γ−1
γ d a





γ
γ−1



A.3: Optimal allocation of consumption expenditures 135

⇒C j
At

1
γ =

�

�1

ζ

�

1
γ

ζ
∫

0

c j
t (a )

γ−1
γ d a

�
1
γ−1

(A.9)

Combining equations (A.8) and (A.9) we can write:

�

1
ζ

�
1
γ C j

At

1
γ c j

t (a )
− 1
γ =λ0pt (a ), ∀a ∈ [o ,ζ)

This expression holds for any two goods ∀ a , a ′ ∈ [o ,ζ). By combining each other

and then rearranging, we can eliminate the lagrange multiplier and obtain:

c j
t (a ) = c j

t (a
′)
�

pt (a )
pt (a ′)

�−γ

(A.10)

Substitute from equation (A.10) to the expression for the consumption expenditures

Z Z A
t :

Z Z A
t =

ζ
∫

0

pt (a )c
j

t (a
′)
�

pt (a )
pt (a ′)

�−γ

d a

and then

Z Z A
t = c j

t (a
′)pt (a

′)γ
ζ
∫

0

pt (a )
1−γd a (A.11)

The domestic price index:

PAt ≡
�

1

ζ

ζ
∫

0

pt (a )
1−γd a

�
1

1−γ

can be re-written according to:

ζP (1−γ)At =

ζ
∫

0

pt (a )
1−γd a

By substituting to equation (A.11):

Z Z A
t = c j

t (a
′)pt (a

′)γζP 1−γ
At , (A.12)
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∀a ′ ∈ [0,ζ), which implies:

Z Z A
t = c j

t (a )pt (a )
γζP 1−γ

At ,

∀ a ∈ [0,ζ). After rearranging:

c j
t (a ) =

1

ζ

Z Z A
t

PAt

�

pt (a )
PAt

�−γ

(A.13)

By substituting for c j
t (a ) from equation (A.13) to the objective function yields:

C j
At =







�

1

ζ

�
1
γ

ζ
∫

0

�

1

ζ

Z Z A
t

PAt

�

pt (a )
PAt

�−γ�
γ−1
γ

d a







γ
γ−1

Rearranging, using again the definition for the domestic price index and after some

manipulations, we get:

C j
At = Z Z A

t (PAt )
−1

or

Z Z A
t =C j

At PAt (A.14)

which implies that:
ζ
∫

a=0

pt (a )c
j

t (a )d a =C j
At PAt

Similarly:
1
∫

b=ζ

pt (b )c
j

t (b )d b =C j
B t PB t

Substituting for Z Z A
t from equation (A.14) to equation (A.13) and rearranging in or-

der to obtain the demand equation for final goods produced in country A:

c j
t (a ) =

1

ζ

�

pt (a )
PAt

�−γ

C j
At (A.15)

, ∀ a ∈ [0,ζ)

Following the same procedure for the differentiated final goods produced in country
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B, the demand for final goods produced in B is given:

c j
t (b ) =

1

1−ζ

�

pt (b )
PB t

�−γ

C j
B t (A.16)

, ∀ b ∈ [ζ, 1]

Combining equations (A.15),(A.16), the results of Appendix A.2, the definition of

CPI, and the definition of the terms of trade, St ≡
PB t
PAt

, yields the equations (2.10)

and (2.11) of the text:

c j
t (a ) =

�

pt (a )
PAt

�−γ

S (1−ζ)t C j
t

for final goods a ∈ [0,ζ) produced in country A and

c j
t (b ) =

�

pt (b )
PB t

�−γ

S−ζt C j
t

for final goods b ∈ [ζ, 1] produced in country B.

A.4 Optimal consumption/savings decision

For a representative household living in country A, the intertemporal optimisation

problem is formalised as follows:

max
{C A

t ,B A
t }∞t=0

E0

∞
∑

t=0

β t

�

(C A
t )

1− 1
σ

1− 1
σ

−du

(N A
t )

1+ϕ

1+ϕ

�

subject to

ζ
∫

0

pt (a )ct (a )d a +

1
∫

ζ

pt (b )ct (b )d b +B A
t ≤ (1+qt−1)B

A
t−1+N A

t W A
t +Π

A
t

Combining the demand equations from Appendix A.3 with the Dixit-Stiglitz domes-
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tic price index, I can write:

ζ
∫

0

pt (a )ct (a )d a = PAt C A
At

and
1
∫

ζ

pt (b )ct (b )d b = PB t C A
B t

Then, the total nominal spending of household living in country A can be written

as:

P A
c t C A

t = PAt C A
At +PB t C A

B t

Therefore the budget constraint for the representative household of country A be-

comes:

P A
c t C A

t +B A
t ≤ (1+qt−1)B

A
t−1+N A

t W A
t +Π

A
t

Given a solvency condition limT→∞ Et BT ≥ 0, for all t , and the law of motion of

employment

N A
t = (1−δ)N

A
t−1+m (u A

t , v A
t )

I solve the dynamic problem using the Lagrangian with period multipliers:

L = E0

∞
∑

t=0

β t

( 

(C A
t )

1− 1
σ

1− 1
σ

−du

(N A
t )

1+ϕ

1+ϕ

!

−
∞
∑

t=0

λ1t

�

C A
t +

B A
t

P A
c t

−
(1+qt−1)B A

t−1

P A
c t

−
ΠA

t

P A
c t

−
N A

t W A
t

P A
c t

�

)

The first-order conditions are given as follows:

C A
t : (C A

t )
− 1
σ =λ1t

C A
t+1 : (C A

t+1)
− 1
σ =λ1t+1

B A
t :β t+1λ1t+1(1+qt )

P A
c t+1

=β t λ1t

P A
c t

Substituting for λ1t , λ1t+1 from the first two first-order conditions to the third one

and then take expectations, I obtain the Euler condition, expressed in terms of coun-

try j ∈ [A, B ], equation (2.14) of the text:
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βEt

(

�

C j
t+1

C j
t

�− 1
σ P j

c t

P j
c t+1

)

=
1

(1+qt )

A.5 International trade and risk sharing

In a currency union the real exchange rate among the member-states is defined ac-

cording:

R E RAt =
P B

c t

P A
c t
= St

(2ζ−1)

R E RB t =
P A

c t

P B
c t
= St

(1−2ζ)

Assuming symmetric households’ preferences and the same initial conditions across

countries, the Euler condition is symmetric. This yields:

�

C A
t+1

C A
t

�− 1
σ

=

�

C B
t+1

C B
t

�− 1
σ R E RAt

R E RAt+1
(A.17)

Combining (2.14) of the text and (A.17) with the definitions of RER, CPI and the

terms of trade, I can link the consumption indexes of both countries:

Et

�

C A
t

C A
t+1

�

= Et

�

�

St

St+1

�σ(2ζ−1)� C B
t

C B
t+1

��

(A.18)

which is equation (2.17) of the text.

A.6 Optimal choice of number of vacancies

The representative intermediate good firm of country A chooses the number of va-

cancies v A
t in order to maximize the expected sum of nominal profits subject to the

law of motion of employment, given by equation (2.22) of the text. That is an intert-

ermporal problem and it can be solved by the Lagrangian with period multipliers:

L = E0

∞
∑

s=0

Ξt ,t+s

¦

�

P A
t+s

�I
Z A

t+s N A
t+s −W A

t+s N A
t+s −ψP A

c t+s v A
t+s

©

+E0

∞
∑

s=0

Ξt ,t+s

�

λ2t+s

�

(1−δ)N A
t+s−1+q (θ A

t+s )v
A
t+s −N A

t+s

�	
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where Ξt ,t+s = β s

�

C A
t+s

C A
t

− 1
σ P A

c t

P A
c t+s

�

is the discount factor for nominal payoffs. The first-

order conditions with respect to v A
t and N A

t yield:

v A
t :ψP A

c t =λ2t q (θ A
t ) (A.19)

N A
t : (P A

t )
I
Z A

t −W A
t −λ2t + (1−δ)Etλ2t+1Ξt ,t+1 = 0 (A.20)

Iterating equation (A.19) one period forward gives:

ψEt P A
c t+1 = Etλ2t+1q (θ A

t+1)

Substituting this together with (A.19) to (A.20) in order to eliminate the Lagrangian

multiplier. By using the definition of the the stochastic discount factor in open

economies, βt ,t+1 ≡ β
�

C
j

t+1

C
j

t

�−σ−1�

St
St+1

�(1−ζ)

, I obtain the firm’s optimal hiring deci-

sion, equation (2.31) of the text:

ψ

q (θ A
t )
=
(P A

t )
I

P A
c t

Z A
t −

W A
t

P A
c t

+ (1−δ)Etβt ,t+1

�

�

St+1

St

�(1−ζ) ψ

q (θ A
t+1)

�

A similar condition holds for country B. In this case, the term St
St+1

is raised at power

−ζ, i.e.
�

St
St+1

�−ζ

A.7 The Nash bargaining solution

As it is mentioned in the main text, the problem is formalised in terms of country A.

For the solution, I follow the closed economy model with unemployment in Thomas

(2008).

Assuming that all firms act symmetrically, we can drop the firm-specific index.

Let ξ ∈ (0, 1) be the bargaining power of firms. Firms’ surplus in country A, Λ f
At , is

given by the marginal value of an additional employment relationship, i.e. Λ f
At =

d J A
t

d N A
t

, where J A
t is the sum of the expected discounted real profits:

J A
t =φ

A
t Z A

t N A
t −

W A
a t

P A
c t

N A
t −ψv A

t +Etβt ,t+1

�

St+1

St

�(1−ζ)

J A
t+1



A.7: The Nash bargaining solution 141

Then,

Λ
f
At =φ

A
t Z A

t −
W A

a t

P A
c t

+ (1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ)

Λ
f
At+1 (A.21)

Worker’s surplus in country A, Λw
At , is given by the marginal value added from an

additional employment relationship expressed in consumption terms, i.e. Λw
At =

d H A
t

d N A
t

1
U ′(Ct )

where:

H A
t =U (Ct , Nt )+βEt Ht+1

Substituting for consumption from the budget constraint to H A
t , that gives:

Λw
At =

W A
t

P A
c t

−du

�

N A
t

�ϕ �
C A

t

�σ−1

− (1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ)

p (θ A
t+1)Λ

w
At+1

+(1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ)

Λw
At+1 (A.22)

where it has been used that the law of motion of employment can be written as

follows:

N A
t = (1−δ)N

A
t−1+p (θ A

t )
�

1− (1−δ)N A
t−1

�

Given ξ ∈ (0, 1) and the total job match surplus ΛT
At = Λ

f
At + Λ

w
At , Nash bargaining

must satisfy:

Λ
f
At = ξΛ

T
At (A.23)

Combining (A.21), (A.22) and (A.23), I can solve for the real wage in country A:

W A
t

P A
c t

= (1−ξ)φA
t Z A

t +ξ

�

du

�

N A
t

�ϕ �
C A

t

�σ−1

+ (1−δ)Etβt ,t+1

�

St+1

St

�(1−ζ)

Λw
At+1

�

In order to eliminate the term Λw
At+1, I use (A.23) again, and I also use the condition

for the firm’s expected discounted marginal value from one hiring at period t + 1.

That is ψ

q (θ A
t+1)
=Λ f

At+1. Finally, the Nash bargaining wage in country A is given by:

�

W A
t

P A
c t

�N a s h

= (1−ξ)
�

φA
t Z A

t + (1−δ)ψEtβt ,t+1

�

St+1

St

�(1−ζ)

θ A
t+1

�

+ξdu

�

N A
t

�ϕ �
C A

t

�σ−1
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which is equation (2.34) of the text. A similar condition holds for country B, where in

this case, the relative terms of trade between two consequent periods term is given

by
�

St+1
St

�−ζ
.

A.8 The social planner’s problem

The problem is formalised for country A. The dynamic constrained optimisation

problem is solved with the method of Lagrangian with period multipliers. I follow

a similar approach used in Ravenna and Walsh (2011) for a closed economy model

with unemployment. The problem is formalised as follows:

max
C A

t ,v A
t ,N A

t ,u A
t

E0

∞
∑

t=0

β t

(

�

(C A
t )

1− 1
σ

1− 1
σ

−du

(N A
t )

1+ϕ

1+ϕ

�

+λA
1t

�

Z A
t N A

t −S (1−ζ)t

¦

C A
t +ψv A

t

©�

+λA
2t

�

(1−δ)N A
t−1+ (v

A
t )
κ
(u A

t )
(1−κ)−N A

t

�

+λA
3t

�

u A
t −1+ (1−δ)N A

t−1

�

)

where I have already substituted the production function of intermediate good pro-

ducers, the matching function and the law of motion of employment and unem-

ployment. Also λt ’s are the Lagrange multipliers. The first-order conditions of the

problem yield:

C A
t : (C A

t )
−σ−1
−λA

1t S (1−ζ) = 0 (A.24)

v A
t :−λA

1tψS (1−ζ)+λA
2tκq (θ A

t ) = 0 (A.25)

N A
t :−du (N

A
t )
ϕ +λA

1t Z A
t −λ

A
2t + (1−δ)βEtλ

A
2t+1+ (1−δ)βEtλ

A
3t+1 = 0 (A.26)

u A
t :λA

2t (1−κ)p (θ
A
t ) +λ

A
3t = 0 (A.27)

Solving equation (A.24) with respect to λA
1t and then substituting to (A.25), I can

eliminate λA
1t from (A.25). Then solving (A.25) w.r.t to λA

2t and substituting together

with (A.24) to (A.26), I can eliminate λA
2t . Now, the only unknown in (A.26) is λA

3t+1.

Now, by using (A.24), (A.25) again to substitute for λA
1t and λA

2t in (A.27), the only
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unknown in (A.27) is now λA
3t . Solving (A.27) with respect to λA

3t and iterate one

period forward, I can get an expression for λA
3t+1. Substituting this expression to

(A.26), I can eliminate λA
3t+1 which is the only unknown of (A.26). This yields the

social planner’s outcome, equation (2.43) of the text:

ψ

q (θ A
t )
= κ

�

S (ζ−1)Z A
t −du

�

N A
t

�ϕ �
C A

t

�σ−1�

+ (1−δ)
�

Etβt ,t+1

�

St+1

St

�(1−ζ) ψ

q (θ A
t+1)

�

−(1−δ)
�

(1−κ)Etβt ,t+1

�

St+1

St

�(1−ζ)

ψθ
j

t+1

�

In this case, the efficient steady-state in country A is given by:

1

S (1−ζ)
−
ψV A

δκN A
−du (N

A)
ϕ
(C A)−σ =−β

�

(1−δ)
ψv A

κ

� 1

δN A
−
(1−κA)

u A

�

�

(A.28)

and a similar condition holds for country B. Following the closed economy model

in Ravenna and Walsh (2011), I can find a condition for the efficient steady-state.

Combining the law of motion of employment with the matching function, in the

steady-state: q (θ j ) = δN j

v j . Using this expression to the social planner’s outcome

above and defining:

δA
1 =

1

S (1−ζ)
−
ψV A

δκN A
−du (N

A)
ϕ
(C A)−σ

δB
1 =

1

S−ζ
−
ψV B

δκN B
−du (N

B )
ϕ
(C A)−σ

δ
j
2 = (1−δ)

ψV j

κ

�

1

δN j
−
(1−κ)

u j

�

I can summarise that the efficiency condition requires:

δ
j
1 =−βδ

j
2

A.9 The New Keynesian Phillips Curve in a currency union

I follow an approach found in any standard macroeconomics textbook, like in Walsh

(2010) Appendix, chapter 8, from which I am borrowed the notation. The derivation
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in Walsh (2010) is for a closed economy. Starting from equation (2.37) of the text and

noticing that it can be written as:

Et

∞
∑

s=0

(ωβ )s C j
t+s

−σ−1

(St+s )
(ζ−1)

�

PAt+s

PAt

�γ−1

y A
t+s R A

t =

γ

(γ−1)(1+τ)
Et

∞
∑

s=0

(ωβ )s C j
t+s

−σ−1

(St+s )
(ζ−1)φA

t+s S (1−ζ)t+s

�

PAt+s

PAt

�γ

y A
t+s (A.29)

where R A
t ≡

p ∗t (a )
PAt

A first-order approximation of the L.H.S of (A.29) yields:

C −
1
σS (ζ−1)Y

1−ωAβ
+

C −
1
σS (ζ−1)Y

1−ωAβ
R̂ A

t +C −
1
σS (ζ−1)Y

∞
∑

s=0

(ωAβ )
s
Et ŷ A

t+s

+(γ−1)C −
1
σS (ζ−1)Y

∞
∑

s=0

(ωAβ )
s
Et p̂ A

t+s

+(ζ−1)C −
1
σS (ζ−1)Y

∞
∑

s=0

(ωAβ )
s
Et ŝt+s

−
1

σ
C −

1
σS (ζ−1)Y

∞
∑

s=0

(ωAβ )
s
Et ĉ A

t+s

−(γ−1)C −
1
σS (ζ−1)Y

∞
∑

s=0

(ωAβ )
s
p̂ A

t

or by collecting terms:

C −
1
σS (ζ−1)Y

1−ωAβ
+

C −
1
σS (ζ−1)Y

1−ωAβ
R̂ A

t

+C −
1
σS (ζ−1)Y

∞
∑

s=0

(ωAβ )
s

�

Et ŷ A
t+s + (γ−1)

�

Et p̂ A
t+s − p̂ A

t

�

+ (ζ−1)Et ŝt+s −
1

σ
Et ĉ A

t+s

�

(A.30)
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where I have used that R̂ A
t =

R A
t −R A

R and R A = 1. Let ΦA
t+s ≡φ

A
t+s S (1−ζ)t+s . Then, similarly,

a first-order approximation of the R.H.S of (A.29) yields:

γ

(γ−1)(1+τ)

�

C −
1
σS (ζ−1)Y

1−ωAβ
ΦA +C −

1
σS (ζ−1)Y ΦA

∞
∑

s=0

(ωAβ )
s

�

Et ŷ A
t+s + (γ−1)

�

Et p̂ A
t+s − p̂ A

t

�

+ (ζ−1)Et ŝt+s +Et Φ̂
A
t+s −

1

σ
Et ĉ A

t+s

��

(A.31)

By letting (A.30) and (A.31) be equal, I have been left with:

1

(1−ωAβ )
R̂ A

t =
∞
∑

s=0

(ωAβ )
s

�

Et Φ̂
A
t+s +Et p̂ A

t+s − p̂ A
t

�

where I can write it as:

1

(1−ωAβ )
R̂ A

t =
∞
∑

s=0

(ωAβ )
s

�

Et Φ̂
A
t+s +Et p̂ A

t+s

�

−
1

(1−ωAβ )
p̂ A

t

or

R̂ A
t + p̂ A

t = (1−ω
Aβ )

∞
∑

s=0

(ωAβ )
s

�

Et Φ̂
A
t+s +Et p̂ A

t+s

�

This can be written as:

R̂ A
t + p̂ A

t = (1−ω
Aβ )

�

Φ̂A
t + p̂ A

t

�

+ (1−ωAβ )
∞
∑

s=0

(ωAβ )
s

�

Et Φ̂
A
t+s +Et p̂ A

t+s

�

(A.32)

Iterating (A.32) one period forward, taking expectations and then substituting back

yields:

R̂ A
t + p̂ A

t = (1−ω
Aβ )

�

Φ̂A
t + p̂ A

t

�

+ωAβ

�

Et R̂ A
t+1+Et p̂ A

t+1

�

(A.33)

Now, from the assumption of nominal price rigidity, I can use the domestic price

index, equation (2.8) of the text, to derive a derivation of the average domestic price

at time t. That is

P (1−γ)At = (1−ωA)p ∗(1−γ)t +ωAP (1−γ)At−1 (A.34)

which I can use to relate R A
t with the domestic inflation of country A. Particularly,

this yields R̂ A
t =

ωA

1−ωA

Therefore, I can substitute for R̂ A
t to equation (A.33). After some rearrangements, I
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obtain:

πAt =
(1−ωβ )(1−ω)

ω
Φ̂A

t +βEtπAt+1 (A.35)

Recall the definition of ΦA
t+s ≡φ

A
t+s S (1−ζ)t+s . A first-order approximation implies: Φ̂A

t ≈
φ̂A

t +(1−ζ)ŝt Substitute back to (A.35) in order to obtain the NKPC for an open econ-

omy:

πAt =δ
A
p

�

φ̂A
t + (1−ζ)ŝt

�

+βEtπAt+1 (A.36)

where δA
p =

(1−ωAβ )(1−ωA )
ωA is the elasticity of domestic inflation in country A with re-

spect to the real marginal cost of intermediate good firms, φ̂A
t and with respect to

the terms of trade adjusted by the economic openness,(1−ζ)ŝt .

Similarly, for country B it holds:

πB t =δ
B
p

�

φ̂B
t + (ζ−1)ŝt

�

+βEtπB t+1 (A.37)

A.10 The efficient dynamic IS in a currency union

In A.8, I show that δ j
1 = −βδ

j
2 . Following Ravenna and Walsh (2011), by using the

definitions for δ j
1 and δ j

2 , I can write: η j
1 =−δ

j
2 and η j

2 = δ
j
1 +du (N j )ϕ(C j )σ−1

which

implies:
η

j
1

η
j
1 +η

j
2

=
δ

j
2

(1+β )δ j
2 −γ

j
2

η
j
2

η
j
1 +η

j
2

=
βδ

j
2 −γ

j
2

(1+β )δ j
2 −γ

j
2

Recall that technology is an AR(1) process. Then Et ε
j
t+1 = 0 and I can write Et ẑ A

t+1−
ẑ A

t = (ρ− 1)ẑ A
t . I can express the dynamic IS equations (2.65), (2.66) in terms of log

gaps of the efficient steady state:

ũ A
t+1 =

δA
2

(1+β )δA
2 −γA

2

ũ A
t +

βδA
2 −γ

A
2

(1+β )δA
2 −γA

2

Et ũ A
t+2+

σ

(1+β )δA
2 −γA

2

r̃ A
t

+
αA

1

(1+β )δ j
2 −γA

2

(1−ζ) (Et s̃t+1− s̃t )+ (1−ρA)
αA

1

(1+β )δA
2 −γA

2

z̃ A
t (A.38)
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ũ B
t+1 =

δB
2

(1+β )δB
2 −γB

2

ũ B
t +

βδB
2 −γ

B
2

(1+β )δB
2 −γB

2

Et ũ B
t+2+

σ

(1+β )δB
2 −γB

2

r̃ B
t

−
αB

1

(1+β )δB
2 −γB

2

ζ (Et s̃t+1− s̃t )+ (1−ρB )
αB

1

(1+β )δB
2 −γB

2

z̃ B
t (A.39)

where the log deviation of x̂t from the efficient steady state is expressed as x̃t =

x̂t − x e , where x e is the efficient steady state of variable X t .

A.11 The efficient NKPC in a currency union

The NKPC can be expressed in terms of log-deviation of variables from their efficient

steady state implies:

πAt =βEtπAt+1+δpρ
A
0 ũ A

t +δpρ1ũ A
t+1−δpρ

A
2 ũ A

t+2+δpρ
A
3 (1−ζ)s̃t

+δpρ
A
4 r̃ A

t −δpρ
A
3 z̃ A

t (A.40)

πB t =βEtπB t+1+δpρ
B
0 ũ B

t +δpρ
B
1 ũ B

t+1−δpρ
B
2 ũ B

t+2+δpρ
B
3 ζs̃t

+δpρ
B
4 r̃ B

t +δp

�

ρB
3 +

1−2ζ

ζ

�

z̃ B
t (A.41)

where the ρ j coefficients are given by:

ρ
j
0 =

δ j
u

α
j
0δκγ

j
1

�

(1−κ)ψθ j (1−κ)−
(1−µ j )ψξvγ j

2

σC j

�

−
(1−µ j )ψξvγ j

2

σC j

ρ
j
1 =

1

α
j
0δκγ

j
1

�

δ j
u (1−δ)βθ

jψ
�

γ
j
0 − (1−κ)

�

− (1−κ)ψθ j (1−κ)

−(1−µ j )ξγ j
2

�

α
j
1δκ

σ
+ϕδκ−

ψv

σC

��



A.11: The efficient NKPC in a currency union 148

ρ
j
2 =
(1−δ)βθ jψ

α
j
0δκγ

j
1

�

γ
j
0 −
(1−κ)
p (θ j )

�

ρ
j
3 = 1−

�

(1−µ j )ξ
γ

j
2α

j
1

σγ
j
1

�

,ρB
3 = (1−µ

j )ξ
γ

j
2α

j
1

σγ
j
1

+
(ζ−1)
ζ

ρ
j
4 =
(1−δ)βθ jψ

γ
j
1

�

1

p (θ j )
−γ j

0

�

I can also eliminate Et ũ j
t+2, by solving for Et ũ j

t+2 and then substituting the IS to the

NKPC. Then the NKPC will become:

πAt =βEtπAt+1+δ
A
p

�

ρA
0 +
ρA

2φ
A
1

φA
2

�

ũ A
t +δ

A
p

�

ρA
1 −
ρA

2

φA
2

�

ũ A
t+1+δ

A
p

�

ρA
3 −
ρA

2φ
A
4

φA
2

�

(1−ζ)s̃t

+δA
p

ρA
2φ

A
4

φA
2

(1−ζ)Et s̃t+1+δ
A
p

�

ρA
4 +
ρA

2φ
A
3

φA
2

�

r̃ A
t +δ

A
p

�

(1−ρA)ρA
2φ

A
4

φA
2

−ρA
3

�

z̃ A
t

(A.42)

πB t =βEtπB t+1+δ
B
p

�

ρB
0 +

ρB
2 φ

B
1

φB
2

�

ũ B
t +δ

B
p

�

ρB
1 −

ρB
2

φB
2

�

ũ B
t+1+δ

B
p

�
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ρB
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B
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φB
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B
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ρB
4 +

ρB
2 φ

B
3

φB
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B
p

�

(1−ρB )ρB
2 φ

B
4

φB
2

+ρB
3 +
(1−2ζ)
ζ

�

z̃ B
t

(A.43)

where:

φ
j
1 =

δ
j
2

(1+β )δ j
2 −γ

j
2

, φ j
2 =

βδ
j
2 −γ

j
2

(1+β )δ j
2 −γ

j
2

φ
j
3 =

σ

(1+β )δ j
2 −γ

j
2

, φ j
4 =

α
j
1

(1+β )δ j
2 −γ

j
2

This derivation of the NKPC has been motivated from Ravenna and Walsh (2011) as

well.
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A.12 The welfare loss function of the currency union

I derive the welfare-based currency union’s loss function following the Linear-Quadratic

approach suggested by Rotemberg and Woodford (1997) and Woodford (2003). In

order to deriver the objective function of the central bank in a currency union with

unemployment, I have also found very useful the work for a currency union by Be-

nigno (2004) and the work for a closed economy model with unemployment by

Blanchard and Gali (2010) and Ravenna and Walsh (2011).

The welfare criterion of the central bank in a currency union of two member

states is the discounted weighted average of the households’ utility function in the

member states of the currency union:

Ω= E0

∞
∑

i=0

β i
�

ζωA
t+i + (1−ζ)ω

B
t+i

�

(A.44)

Households’ welfare criterion

The households’ welfare criterion in each member state is given by equation (2.1)

of the text, which is repeated here for convenience:

ω j
t =
(C j

t )
1− 1

σ

1− 1
σ

−du

(N j
t )

1+ϕ

1+ϕ
(A.45)

for j = A, B

The households’ welfare criterion is additively separable. I take a second-order ap-

proximation of each term separately. Let the first term denoted by U (C j
t ) and the

second term byU (N j
t ). Then the second-order linear approximation ofU (C j

t )around

the steady state value C j yields:

(C j
t )

1− 1
σ

1− 1
σ

≈
(C j )1−

1
σ

1− 1
σ

+ (C j
t )

1− 1
σ

�C j
t −C j

C j

�

−
1

2σ
(C j

t )
1− 1

σ

�C j
t −C j

C j

�

2

+O 3 (A.46)

I have used that up to a second order C
j

t −C j

C j ≈ ĉ j
t +

1
2 (ĉ

j
t )2, therefore

�

C
j

t −C j

C j

�2

≈ (ĉ j
t )2,

where a variable written with a small letter and a hat denotes the log-deviation from

its steady state, i.e. for example for the variable X t , x̂t = log X t − log X . Also notice
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that the steady-state terms are t.i.p, i.e., terms independent of policy. Then, I obtain:

(C j
t )

1− 1
σ

1− 1
σ

≈ (C j )
1− 1

σ
�

ĉ j
t +

1−σ−1

2
(ĉ j

t )
2
�

+ t .i .p +O 3 (A.47)

or for later reference and using that (C j )1−
1
σ =U ′(C )C , which implies:

(C j
t )

1− 1
σ

1− 1
σ

≈U ′(C )C
�

ĉ j
t +

1

2
(ĉ j

t )
2−

1

2σ
(ĉ j

t )
2
�

+ t .i .p +O 3 (A.48)

Similarly, the second-order linear approximation of U (N j
t ) around the steady state

value N j yields:

du

(N j
t )

1+ϕ

1+ϕ
≈ d
(N j )1+ϕ

1+ϕ
+d (N j

t )
1+ϕ�N j

t −N j

N j

�

+
dϕ

2
(N j

t )
1+ϕ�N j

t −N j

N j

�

2

+ t .i .p +O 3

d
(N j

t )
1+ϕ

1+ϕ
≈ d (N j )

1+ϕ�

n̂ j
t +

1

2
(1+ϕ)(n̂ j

t )
2
�

+ t .i .p +O 3 (A.49)

or for later reference and using that du (N j )1+ϕ =U ′(N )N , then:

d
(N j

t )
1+ϕ

1+ϕ
≈U ′(N )N

�

n̂ j
t +

1

2
(n̂ j

t )
2+
ϕ

2
(n̂ j

t )
2
�

+ t .i .p +O 3 (A.50)

Therefore, the households’ welfare criterion is approximated as:

ω j
t =U ′(C )C

�

ĉ j
t +

1

2
(ĉ j

t )
2−

1

2σ
(ĉ j

t )
2
�

−U ′(N )N
�

n̂ j
t +

1

2
(n̂ j

t )
2+
ϕ

2
(n̂ j

t )
2
�

+ t .i .p +O 3

(A.51)

Market clearing condition

For this part, I have found very useful a similar procedure followed in Blanchard and

Gali (2010) Appendix. In order to eliminate ĉ j
t from the welfare criterion, I use the

final goods market clearing condition. These are equations (2.41), (2.42) of the text,

repeated here for convenience:

Y A
t = S (1−ζ)t C A

t D A
t +ψS (1−ζ)t v A

t (A.52)
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Y B
t = S−ζt C B

t D B
t +ψS−ζt v B

t (A.53)

where I have also used the fact that

∫

c j
t ( j )d j =C J

t

∫

c j
t ( j )

C J
t

d a =C J
t

�pt (a )
PAt

�−γ
≡C J

t D J
t

where D A
t ≡

1
ζ

ζ
∫

0

�

pt (a )
PAt

�−γ

, D B
t ≡

1
1−ζ

1
∫

ζ

�

pt (b )
PB t

�−γ

is a measure of price dispersion.

Showing work for country A first, notice that from Y A
t = X A

t = Z A
t N A

t , then also

Z A
t N A

t = S (1−ζ)t C A
t D A

t +ψS (1−ζ)t v A
t . Therefore, I can rewrite the market clearing con-

dition as:
S (1−ζ)t C A

t D A
t

S (1−ζ)C AZ A
t

=
N A

t

S (1−ζ)C A
−
ψS (1−ζ)t v A

t

S (1−ζ)C AZ A
t

(A.54)

Under the assumption thatψ is small enough, so the termψx̂t , for any generic vari-

able X t , is already of second order, a second-order approximation of the R.H.S im-

plies:1

N A
t

S (1−ζ)C A
−
ψS (1−ζ)t v A

t

S (1−ζ)C AZ A
t

≈ 1+
N A

S (1−ζ)C A

�

n̂ A
t +

1

2
(n̂ A

t )
2
�

−
ψv A

C A

�

(1−ζ)ŝt + v̂ A
t − ẑ A

t

�

(A.55)

Therefore:

S (1−ζ)t C A
t D A

t

S (1−ζ)C AZ A
t

≈ 1+
N A

S (1−ζ)C A

�

n̂ A
t +

1

2
(n̂ A

t )
2
�

−
ψv A

C A

�

(1−ζ)ŝt + v̂ A
t − ẑ A

t

�

(A.56)

Taking logs in equation (A.56) and using that for any variable X t , ln(1+ x̂t ) = x̂t − 1
2 x̂ 2

t ,

I obtain, for the L.H.S of (A.56):

ln

�

S (1−ζ)t C A
t D A

t

S (1−ζ)C AZ A
t

�

= ĉ A
t + (1−ζ)ŝt + d̂ A

t − ẑ A
t (A.57)

1This assumption is used for the cost of posting vacancy function in Blanchard and Gali (2010).
They use a different specification than the one used here. Also, Ravenna and Walsh (2011) do not use
this assumption for the main derivation of the welfare criterion. However, they admit its usefulness.
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Also, the R.H.S of (A.56) will be:

N A

S (1−ζ)C A

�

n̂ A
t +

1

2
(n̂ A

t )
2
�

−
ψv A

C A

�

(1−ζ)ŝt + v̂ A
t − ẑ A

t

�

−
1

2

�

N A

S (1−ζ)C A

�2

(n̂ A
t )

2 (A.58)

Therefore, I can write (A.56) as:

ĉ A
t = ẑ A

t − (1−ζ)ŝt − d̂ A
t +

N A

S (1−ζ)C A

�

n̂ A
t +

1

2
(n̂ A

t )
2
�

−
ψv A

C A

�

(1−ζ)ŝt + v̂ A
t − ẑ A

t

�

−
1

2

�

N A

S (1−ζ)C A

�2

(n̂ A
t )

2 (A.59)

Equation (A.59) also implies:

(ĉ A
t )

2 = (ẑ A
t )

2+ (1−ζ)2 ŝ 2
t +

�

N A

S (1−ζ)C A

�2

(n̂ A
t )

2 (A.60)

as the price dispersion term is already a second-order term.

Vacancies

Before substituting for ĉ A
t from equation (A.59) and evaluating the households’ wel-

fare criterion, I can eliminate v̂ A
t which is appeared in (A.59). For this section, I

found very useful the work in Thomas (2008) and Ravenna and Walsh (2011). Notice

that from the labour market tightness, equation (2.56) of the text, I get an expression

for vacancies:

v̂ A
t = û A

t + θ̂
j

A

t (A.61)

Taking a second-order approximation of the unemployment relationship, I get:

û A
t +

1

2
(û A

t )
2 ≈−(1−δ)

N A

u A

�

n̂ A
t−1+

1

2
(n̂ A

t−1)
2
�

+ t .i .p +O 3

which also implies:

(û A
t )

2 =αA
0 (n̂

A
t−1)

2 (A.62)

where αA
0 = (1−δ

A)N
A

u A

Substituting back, I get:

û A
t ≈−α

A
0 n̂ A

t−1−
1

2
αA

0 (1+α
A
0 )(n̂

A
t−1)

2 (A.63)
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Combining (A.63) with the law of motion of employment, equation (2.57) of the text,

I obtain the following relationship for θ̂ j
A

t .

θ̂ A
t =

1

δκ
(n̂ A

t −δ
A
u n̂ A

t−1) (A.64)

where δA
u = ((1−δ)−α

A
3δ) Substituting (A.63) and (A.64) in equation (A.61), I finally

get an expression of vacancies in terms of employment:

v̂ A
t =

1

δκ
(n̂ A

t −δ
A
u n̂ A

t−1)−α
A
0 n̂ A

t−1−
1

2
αA

0 (1+α
A
0 )(n̂

A
t−1)

2 (A.65)

Therefore, I can substitute for vacancies from equation (A.65) to the expression for

consumption above, equation (A.59). Notice that, the termψ1
2α

A
0 (1+α

A
0 )(n̂

A
t−1)

2 is a

higher order term and will be eliminated. For country A, I obtain:
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t = ẑ A
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(A.66)

Following a similar procedure for country B, I obtain:

ĉ B
t = ẑ B
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(n̂ B
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2 (A.67)

Evaluating the households’ welfare criterion

Now, I can substitute for consumption, from equations (A.66), (A.67) to (A.51). Start-

ing from country A for convenience, after collecting terms and some rearrange-
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ments, I obtain:
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t =U ′(C A)C A

�

(1+
ψv A

C A
) +

1

2

�σ−1

σ

�
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Following a similar procedure for country B, I obtain:

ωB
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ẑ B
t

�
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where:

δA
1 =

1

S (1−ζ)
−
ψV A

δκN A
−d (N A)

ϕ
(C A)−σ,δB

1 =
1

S−ζ
−
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−d (N B )
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δ
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ψV j

κ

� 1

δN j
−
(1−κ)

u j

�
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The present discounted value of households’ welfare criterion

Assuming that the welfare criterion of the currency union monetary policy maker is

the discounted weighted average of households’ utility, I need to obtain the weighted

present discounted value of households utility. Focusing on country A, that is:

ζEt
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β iωA
t+i = ζU ′(C A)C A Et
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(A.70)

while a similar condition holds for country B.

The productivity shock term

Notice that the first term of the RHS, ζU ′(C A)C A Et

∞
∑

i=0
β i

�

(1+ ψv A

C A )+ 1
2

�

σ−1
σ

�

ẑ A
t+i

�

ẑ A
t+i ,

includes steady-state values and the productivity shock term only for any period

t + i . Therefore is a t.i.p. and it can be eliminated. The same applies for country B.

First order term of employment

Here, I follow Ravenna and Walsh (2011). Given that the efficiency condition re-

quires δA
1 =βδ

A
2 , the term

ζU ′(C A)N A Et

∞
∑

i=0
β i
�

δA
1 n̂ A

t+i +δ
A
2 n̂ A

t+i−1

�
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can be written as:

−ζU ′(C A)N A Et

∞
∑

i=0

β i
�

βδA
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t+i +δ
A
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2ζU ′(C A)N A

�

β n̂ A
t − n̂ A

t−1+β
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t + ....

�

=

−δA
2ζU ′(C A)N An̂ A

t−1 (A.71)

Therefore this term as of time t −1 is independent of a policy taken at time t and it

can be eliminated.

The price dispersion term

Here, I follow an approach similar to Thomas (2008). This derivation is also given in

Woodford (2003) and it has been applied in several other studies like Blanchard and

Gali (2010), Ravenna and Walsh (2011) etc. Starting from the definition of the price

dispersion term and omitting the country-specific superscripts for simplicity:

Dt = E j

�pt ( j )
Pt

�−γ

= E j

�

e −γ log( pt ( j )
Pt
)
�

= E j

�

e −γp̃t ( j )
�

(A.72)

where p̃t ( j )≡ log(pt ( j )
Pt
)A second-order approximation of (B.49) around a zero steady-

state yields:

Dt ≈ E j

�

e −γp̃( j )−γe −γp̃( j )p̃t ( j ) +
1

2
γ2e −γp̃( j )

�

p̃ 2
t ( j ) +O 3

≈D −γD p̃t ( j ) +
γ2

2
D p̃ 2

t ( j ) +O 3

which implies:

Dt

D
−1≈−γ

�

E j p̃t ( j )−
γ

2
E j p̃ 2

t ( j )
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+O 3

d̂t +
1

2
d̂ 2

t ≈−γ
�

E j p̃t ( j )−
γ

2
E j p̃ 2

t ( j )
�

+O 3 (A.73)
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Now, I use the Dixit-Stiglitz domestic price index of the text, for any country j:

1= E j

�pt ( j )
Pt

�(1−γ)

By taking a second-order approximation of the R.H.S, following a similar procedure

as before, I obtain:

1≈ 1+ (1−γ)E j p̃t ( j ) +
(1−γ)2

2
E j p̃ 2

t ( j ) +O 3

where I have used that D = 1 which implies:

E j p̃t ( j ) =
γ−1

2
E j p̃ 2

t ( j ) +O 3 (A.74)

By combining equations (B.50) and (B.51) and noticing that d̂ 2
t is a higher order term

and it is eliminated, I obtain:

d̂t =
γ

2
E j p̃ 2

t ( j ) +O 3

and as E j p̃t ( j ) is a second order term, the above implies:

d̂t =
γ

2
V a r j log pt ( j ) +O 3 (A.75)

Based on the Proposition 6.3 in Woodford (2003), equation (B.52) implies an evolu-

tion of V a r j log pt ( j ) over time:

V a r j log pt ( j ) =ωV a r j log pt−1( j ) +
ω

1−ω
π j t +O 3 (A.76)

where ω is the degree of nominal price rigidity in the main text and π j t is the do-

mestic price inflation of country j = A, B at time t. Substituting for d̂t from (B.52)

to (B.53), implies:

d̂ j
t =ωd̂ j

t−1+
γ

2

ω

1−ω
π j t +O 3 (A.77)

Iterating forward equation (B.54), then taking discounted values in each term and

noticing that the term d̂ j
t−1 is t.i.p for a policy taken at time t ≥ 0, I obtain the final
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result for the price dispersion term:

∞
∑

i=0

β i d̂ j
t+i =

γ

2

1

δ
j
p

∞
∑

i=0

β iπ2
j t+i (A.78)

where δ j
p =

(1−ωβ )(1−ω)
ω is the elasticity of domestic inflation with respect to the real

marginal cost of intermediate good firms. This is standard in the NK literature that

follows a L-Q approach for a normative analysis of monetary policy.

The terms of trade terms

Collecting all terms which contain the terms of trade, I can define:
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A similar term is used to define the terms of trade terms of country B.
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The term of employment squared

Notice that by using the efficiency condition, this implies: δA
1 = −βδ

A
2 . However,

a term in δA
2 depends on a product of ψ, therefore is of higher order and can be

eliminated. Hence, for what remains I set δA
3 =

N A

σC A S (2(1−ζ)) + ϕU ′(N A )
U ′(C A ) . Then, I can

summarize the (n̂ A
t+i )

2 terms according:

−
ζ

2
δA

3 U ′(C A)N A
∞
∑

i=0

β i (n̂ A
t+i )

2 (A.79)

The final task is to eliminate employment and express the welfare criterion in terms

of unemployment. Notice that from the second-order approximation of the unem-

ployment relationship, I have obtained equation (A.62). Iterating this equation one
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period forward, I obtain:

(n̂ j
t )

2 =
1

(α j
0)

2 (û
j
t+1)

2
(A.80)

Therefore, I can substitute above and obtain the term expressed in terms of unem-

ployment:

−
ζ

2
(αA

0 )
2
δA

3 U ′(C A)N A
∞
∑

i=0

β i (û A
t+1)

2
(A.81)

while the same term is also obtained for country B.

The welfare loss function of the currency union. Final result

Collecting all terms, I obtain for country A:

ζ
∞
∑

i=0

β iωA
t+i =−ζ

γ

2δA
p

U ′(C A)C A
∞
∑

i=0

β iπ2
At+i

−ζ
δA

3

2(αA
0 )

2 U ′(C A)N A
∞
∑

i=0

β i (û A
t+1)

2

−ζ
∞
∑

i=0

β i L s
At+i (A.82)

and for country B:

(1−ζ)
∞
∑

i=0

β iωB
t+i =− (1−ζ)

γ

2δB
p

U ′(C B )C B
∞
∑

i=0

β iπ2
B t+i

− (1−ζ)
δB

3

2(αB
0 )

2 U ′(C B )N B
∞
∑

i=0

β i (û B
t+1)

2

− (1−ζ)
∞
∑

i=0

β i L s
B t+i (A.83)

The welfare loss function in the currency union is the discounted weighted average

of the average households’ welfare criterion, i.e equation (A.44). Applying symmetry

and then substituting the terms which contain the terms of trade,

ζ
∞
∑

i=0
β i L s

At+i , (1−ζ)
∞
∑

i=0
β i L s

B t+i
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with:

ζ
∞
∑

i=0

β i L s
At+i ≡U ′(C )C

 

ζ(1−ζ)
�

1+
ψv A

C

�

Et

∞
∑

i=0

β i ŝt+i

+ζ(1−ζ)2
1

2

�1−σ
σ

�

Et

∞
∑

i=0

β i ŝ 2
t+i

!

and

(1−ζ)
∞
∑

i=0

β i L s
B t+i ≡U ′(C )C

 

−ζ(1−ζ)
�

1+
ψv A

C

�

Et

∞
∑

i=0

β i ŝt+i

+ (1−ζ)ζ2 1

2

�1−σ
σ

�

Et

∞
∑

i=0

β i ŝ 2
t+i

!

I obtain the welfare loss of the currency union:

Ωt+i =−

(

U ′(C )C

�

ζ
γ

2δA
p

∞
∑

i=0

β iπ2
At+i + (1−ζ)

γ

2δB
p

∞
∑

i=0

β iπ2
B t+i

�

+U ′(C )N

�

ζ
δA

3

2(αA
0 )

2

∞
∑

i=0

β i (û A
t+1+i )

2

+ (1−ζ)
δB

3

2(αB
0 )

2

∞
∑

i=0

β i (û B
t+1+i )

2

�

+U ′(C )C

�

ζ(1−ζ)
1+σ

2σ

∞
∑

i=0

β i ŝ 2
t+i

�

)

which is equation (2.69) of the text.

Notice that by using the efficiency conditions derived above and obtained from

the social planner’s problem solution, the policy objectives can be written in terms

of deviations from the efficient steady-state. In this case, the log-deviations are ex-

pressed with a tilde instead of a hat and the constraints in the currency union (IS

and NKPC) are given from their efficient form derived in the previous section of this

Appendix.



Appendix B

Appendix to Chapter 3

B.1 Optimal allocation of nominal spending

The solution to the the intratemporal decision of the representative household fol-

lows from the basic steps from the Appendix, chapter 3, Gali (2008). The problem is

given by:

max
Ct (i )

Ct s .t
1
∫

0

Pt (i )Ct (i )d i ≡ Zt

Form the Langrangian:

L =

 1
∫

0

Ct (i )
γ−1
γ d i

!

γ
γ−1

−λ0

�

1
∫

0

Pt (i )Ct (i )d i −Zt

�

The first-order condition with respect to Ct (i ) yields:

 1
∫

0

Ct (i )
γ−1
γ d i

1
γ−1 Ct (i )

!− 1
γ

=λ0Pt (i ) (B.1)

Notice that, from the derivation of the consumption index:

Ct ≡

 

1
∫

0

Ct (i )
γ−1
γ d i

!

γ
γ−1

⇒Ct

1
γ =

 1
∫

0

Ct (i )
γ−1
γ d i

!

1
γ−1

(B.2)

Combining equations (B.1) and (B.2) we can write:

Ct

1
γCt (i )

− 1
γ =λ0Pt (i ), ∀i ∈ [0, 1)

161
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Hence, this holds for any two goods ∀ i , i ′ ∈ [0, 1). Combing each other and then

rearranging, we obtain:

Ct (i ) =Ct (i
′)

�

Pt (i )
Pt (i ′)

�−γ

(B.3)

Substitute from equation (B.3) to the expression for the consumption expenditures

Zt :

Zt =
1
∫

0

Pt (i )Ct (i ′)

�

Pt (i )
Pt (i ′)

�−γ

d i

⇒ Zt =Ct (i ′)Pt (i ′)γ
ζ
∫

0

Pt (i )1−γd i

From the price index:

Pt

�

≡
1
∫

0

Pt (i )
1−γd i

�
1

1−γ

⇒ P (1−γ)t =
1
∫

0

Pt (i )
1−γd i

Substitute to equation (B.3):

Zt =Ct (i ′)Pt (i ′)γP
1−γ

t , ∀ i ′ ∈ [0, 1]

which implies:

Zt =Ct (i )Pt (i )γP
1−γ

t , ∀ i ∈ [0, 1]

After rearranging:

⇒Ct (i ) =
Zt

Pt

�

Pt (i )
Pt

�−γ

(B.4)

Substitute for Ct (i ) from equation (B.4) to the objective function:

Ct =

 1
∫

0

�

Zt

Pt

�

Pt (i )
Pt

�−γ�
γ−1
γ
!

γ
γ−1

Rearranging and using again the definition for the price index yields:

Ct = Zt (Pt )
−1

Zt =Ct Pt
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which also implies that:

1
∫

0

Pt (i )Ct (i )d i =Ct Pt

Substituting for Zt to equation (B.4) and rearranging, we obtain the demand equa-

tion:

Ct (i ) =

�

Pt (i )
Pt

�−γ

Ct ∀i ∈ [0, 1]

B.2 Optimal consumption/savings decision

The problem is formalised according to:

max
{Ct ,Dt ,Nt }∞t=0

E0

∞
∑

t=0

β t

�

log Ct −
Nt

1+ϕ

1+ϕ

�

subject to

Pt Ct +dt ≤wt Nt + (1+qt−1)dt +Tt

and limT→∞ Et DT ≥ 0. It is solved by using the Langrangian with period multipliers.

First set up the Langrangian:

L = E0

∞
∑

t=0

β t

�

log Ct −
Nt

1+ϕ

1+ϕ
+
∞
∑

t=0

λt

�

wt Nt + (1+qt−1)dt +Tt −Pt Ct −dt

�

�

The first-order conditions are given by:

Ct :β t 1

Ct
−β tλt Pt = 0

Nt :−β t N ϕ
t +β

tλt wt = 0

dt :−β tλt +Etβ
t+1λt+1(1+qt ) = 0

where hereλt is the Langrangian multiplier at time t . Combining the first two yields

the optimal labour supply decision:

Ct Nt
ϕ =Wt
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Taking the first-order condition with respect to consumption one period forward,

using the definition of the households’ stochastic discount factor, βt ,t+s ≡ β s U
′
(ct+s )

U ′ (ct )

and combining with the first-order condition with respect the households’ deposits

yields the Euler equation:

(1+qt )Etβt ,t+1

Pt

Pt+1
= 1

B.3 Final good producer’s intertemporal decision

The intertemporal problem of final good producers is formalised according to:

max
P ∗t (i )

Et

∞
∑

s=0

ωsβt ,t+s

�

P ∗t (i )
Pt+s

Yt (i )−φt+s Yt (i )

�

for s = 0, 1, 2, 3..., subject to

Yt (i ) =Ct (i )

The first-order condition associated with the problem above, using the defini-

tion of the stochastic discount factor, yields:

Et

∞
∑

s=0

(ωβ )s
(

�

Ct

Ct+s

��

(1−γ)
Pt (i )

∗

Pt+s
+γφt+s

�

�P ∗t (i )
Pt+s

�−γ 1

P ∗t (i )
Yt+s

)

= 0

Rearranging we take the optimal price decision of the firms:

P ∗t (i )
Pt
=

γ

(γ−1)

Et

∑∞
s=0(ωβ )

s C −1
t+sφt+s

�

Pt+s
Pt

�γ

Yt+s

Et

∑∞
s=0(ωβ )s C −1

t+s

�

Pt+s
Pt

�γ−1

Yt+s

B.4 Investors’ optimal decision

The investors’ problem is formalised as:

max
{It }∞t=0

E0

∞
∑

s=0

βt ,t+s

�

Q i
t+s It+s −

�

1+ I

�

It+s

It−1+s

��

It+s

�
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subject to the adjustment costs:

I

�

It

It−1

�

≡
χ

2

�

It

It−1
−1

�2

It

The investors choose the quantity of new capital to produce. The first order condi-

tion of the problem is:

It :Q i
t −

�

1+ I
�

It

It−1

��′

It −
�

1+ I
�

It

It−1

��

−Etβt ,t+1It+1

�

1+ I
�

It+1

It

��′

= 0

Q i
t −

It

It−1
I
′
�

It

It−1

�

−
�

1+ I
�

It

It−1

��

+Etβt ,t+1

�

It+1

It

�2

I
′
�

It+1

It

�

= 0

after rearranging:

Q i
t = 1+ I

�

It

It−1

�

+
It

It−1
I ′
�

It

It−1

�

−Etβt ,t+1

�

It+1

It

�2

I
′
�

It+1

It

�

Substituting the adjustment cost function to the expression above yields the com-

petitive price of capital:

Q i
t = 1+

�

χ
It

It−1

�

It

It−1
−1

�

+
χ

2

�

It

It−1
−1

�2�

−χEtβt ,t+1

�

It+1

It

�2
�

It+1

It
−1

�

or:

Q i
t = 1+χ

�

It

It−1
−1

��

It

It−1
+

1

2

�

It

It−1
−1

��

−χEtβt ,t+1

�

It+1

It

�2
�

It+1

It
−1

�

B.5 Market clearing condition in the final good market

From the Dixit-Stiglitz aggregator

Yt ≡





1
∫

0

Yt (i )
γ−1
γ d i





γ
γ−1
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Each monopolistic competitor i will supply Yt (i ). The final good i is either con-

sumer or used by investors:

Yt (i ) =Ct (i ) + It (i )

From the intratemporal decision problems of households and investors, we have

obtained the system of demand equations. Recall:

Ct (i ) =

�

Pt (i )
Pt

�−γ

Ct

It (i ) =
�

Pt (i )
Pt

�−γ

It

That is:

Yt (i ) =

�

Pt (i )
Pt

�−γ

(Ct + It )

Substitute to the Dixit-Stiglitz index:

Yt =





1
∫

0

��

Pt (i )
Pt

�−γ

(Ct + It )

�

γ−1
γ

d i





γ
γ−1

=





(Ct + It )
γ−1
γ

P 1−γ
t

1
∫

0

Pt (i )
1−γd i





γ
γ−1

By using the Dixit-Stiglitz price index I get:

P 1−γ
t =

1
∫

0

Pt (i )
1−γd i

Substituting yields the market clearing condition in the final goods market:

Yt =Ct + It
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B.6 The linear constraints

B.6.1 The real economy

To express the model in a form of deviations from the flexible price equilibrium, I

first derive the flexible price equilibrium. The derivation of the flexible price equilib-

rium in the core NK model without capital is standard and can be found in textbooks

like Gali (2008) or Walsh (2010). Here, the presence of capital in the production func-

tion makes things slightly more complicated. First consider the case where nominal

price rigidity is absent. Assuming ω = 0, all monopolistic competitors choose the

same optimal price at every period, i.e. P ∗t (i ) = Pt , then 1
M = φt , whereM ≡ γ

(γ−1) .

Notice that, if we assume that the government eliminates the monopolistic compe-

tition distortion with an output subsidy, 1+ τ then, M ≡ γ
(γ−1)(1+τ) , where the effi-

cient mark-up isM e f f = 1. This subsidy is also financed by a lump sum tax, so we

avoid further distortionary effects. Under flexible prices, a constant mark-up im-

plies φ̂t = 0. Then, the market clearing condition in the labour market follows the

first-order approximation:

ŷt = ĉt + (1+ϕ)n̂t

Now, I eliminate n̂t in the expression above, by taking first a first-order approxima-

tion of the production function:

n̂t =
1

1−α
ŷt −

α

1−α
k̂t −

1

1−α
ât

Adding government spending in the model and solving the optimal monetary

policy problem would be non-trivial, as Gt appears in the aggregate resource con-

straint and consequently, in the welfare loss function. This adds an extra policy goal:

the stabilisation of the government spending gap, which in practice, is a goal of the

government. I assume that government spending is constant, thus, Gt = G0. The

same assumption is also taken by Gertler and Karadi (2011). In addition, as it is high-

lighted by Cantore and Levine (2015), by assuming that government expenditures

are financed by lump-sum taxes does not affect equilibrium in the real economy.

By taking a first-order approximation of the market-clearing condition in the
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market of final goods, given that ĝ t = 0, yields:

ĉt =
Y

C
ŷt −

I

C
ît − c d w M

C
m̂t

and then substituting back, I can also eliminate consumption from the market clear-

ing condition in the labour market. Notice that by taking a first-order approxima-

tion, the capital adjustment costs are disappeared, because of the assumption I ′(1) =

0. Solving with respect to output, I get the flexible-price equilibrium condition be-

tween the natural level of output, investments and capital:

�

α+ϕ
1−α

+
Y

C

�

ŷ e
t =

I

C
î e

t +
α(1+ϕ)

1−α
k̂ e

t +
1+ϕ
1−α

ât (B.5)

We observe that under flexible prices, in a NK model with capital, equilibrium out-

put, ŷ e
t , does not depend on the productivity shock only, ât , as in the standard

model, but it depends on the existing capital, k̂ e
t , and investment, î e

t , as well. Also,

notice that this flexible price equilibrium, it is the efficient-frictionless one. In this

case, m̂ e
t = 0, as efficiency implies that the spread is zero.

The aggregate demand side of the economy is represented by a first-order differ-

ence equation, a dynamic IS relation. This describes a dynamic, negative relation-

ship between the aggregate output and the real interest rate: First, I take a first-order

approximation of the Euler equation. This yields:

1+qt

1+q
Et

�

1−πt+1− ĉt+1

�

= 1− ĉt

where I have used that Et Pt+1
Pt
≡ Etπt+1. Then, from the Appendix in Walsh (2010),

chapter 2, 1+qt
1+q ≈ qt −q ≡ 1+ q̂t (in absolute deviation) and using from Uhlig (1997)

that, in general, ŷt x̂t ≈ 0, it yields the log-linear version of the Euler equation:

ĉt = Et ĉt+1+Etπt+1− q̂t

By taking a first-order approximation of the Fisher equation:1

r̂t+1 = q̂t −Etπt+1

1Notice that as the nominal and the real interest rate take small values, they are given in absolute
values rather than as log deviation from their steady-state.
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I can substitute the inflation term in the log-linear Euler equation, and thus, I can

link consumption with the real interest rate:

ĉt = Et ĉt+1− r̂t+1

Using also the market-clearing condition in the market of final goods:

ĉt =
Y

C
ŷt −

I

C
ît − c d w M

C
m̂t

I can eliminate consumption and then link output with the real interest rate. This

is, the dynamic IS relation:

ŷt = Et ŷt+1−
I

Y
(ît+1− ît )− c d w M

Y
(m̂t+1− m̂t )− r̂t+1

In order to express the terms of the dynamic IS as log-deviations from the flexible-

price equilibrium, I add and subtract to the dynamic IS, ŷ e
t . Rearranging, this yields

the dynamic IS:

ỹt = Et ỹt+1−
I

Y
(Et ĩt+1− ĩt )− c d w M

Y
(m̃t+1− m̃t )− r̃t+1 (B.6)

where

r̃t+1 ≡ (r̂t+1− r e
t+1) (B.7)

and r e
t+1 is the Wicksellian or natural real rate of interest, given by:

r e
t+1 ≡∆ ŷ e

t+1−
I

Y
∆î e

t+1 (B.8)

A first-order approximation of the Fisher equation yields:

r̂t+1 = qt −Etπt+1 (B.9)

where πt ≡ log Pt
Pt−1

. is the inflation rate. Notice that as the nominal and the real

interest rate take small values, they are given in absolute value rather than log devi-

ation from their steady-state.2

A first-order approximation of the optimal price setting decision of firms, equa-

2That follows the discussion in Walsh (2010), chapter 8.
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tion (3.6) yields the aggregate supply side of the economy. That is described by a

dynamic inflation equation, the New Keynesian Phillips Curve (NKPC):3

πt =δp φ̂t +βEtπt+1 (B.10)

where δp is the elasticity of inflation with respect to the real marginal cost and is

given by δp ≡
(1−ωβ )(1−ω)

ω . The NKPC provides a link between inflation and output,

investment and capital, through the marginal cost of final good producers, φ̂t .

I can use the flexible price equilibrium to link the real marginal cost with a more

convenient measure for output and capital gap. To obtain this, first, I take a first-

order approximation of households’ optimal labour supply decision. That is:

ŵt = ĉt +ϕn̂t

Also, taking a first-order approximation of the optimal units of labour choice by the

intermediate good producers yields:

ŵt = φ̂t + ŷt − n̂t

This implies:

ĉt +ϕn̂t = φ̂t + ŷt − n̂t

From the final goods market clearing condition, I can also eliminate consumption.

This yields:

(1+ϕ)n̂t = φ̂t +
�

1−
Y

C

�

ŷt +
I

C
ît + c d w M

C
m̂t

A first-order approximation of the Cobb-Douglas production function of the inter-

mediate good producers, using also that the production function of the final good

producers is Yt = X t , yields:

n̂t =
1

1−α

�

ŷt −αk̂t − α̂t

�

3The derivation of the NKPC is standard in textbooks, like Walsh (2010).
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Substituting for nt from the log-linear production function to the expression above

and after re-arranging, I get an expression for the real marginal cost:

φ̂t =

�

α+ϕ
1−α

+
Y

C

�

ŷt −
I

C
ît −

α(1+ϕ)
1−α

k̂t − c d w M

C
m̂t −

1+ϕ
1−α

ât

To write the real marginal cost in terms expressed as deviations from the flexible-

price equilibrium, I recall that:

�

α+ϕ
1−α

+
Y

C

�

ŷ e
t =

I

C
î e

t +
α(1+ϕ)

1−α
k̂ e

t +
1+ϕ
1−α

ât

Solving the flexible-price equilibrium for the productivity term and then substitute

back to the expression of the real marginal cost, I get:

φ̂t =

�

α+ϕ
1−α

+
Y

C

�

ỹt −
I

C
ĩt −

α(1+ϕ)
1−α

k̃t − c d w M

C
m̃t (B.11)

That is, the real marginal cost is given by terms expressed as log-deviation from the

flexible-price equilibrium.

Because the level of investment and capital, as well as of all the rest variables

that depend on investment and capital, is different when prices are sticky and when

flexible, they all can be written as log-deviations from the flexible-price equilibrium.

According to this, a first-order approximation of the law of motion of capital yields:

ĩt =
1

δ
(k̃t+1− (1−δ)k̃t ) (B.12)

Notice that, when the investment term is expressed as log-deviation from its flexi-

ble price equilibrium, the capital quality shock disappears. Similarly, a first-order

approximation of the asset price yields:

Q̃t =χ∆ĩt −χβ∆ĩt+1 (B.13)

the gross profits per unit of capital are expressed according to:

z̃t =

�

1+ϕ
1−α

+
Y

C

�

ỹt −
I

C
ĩt −

1+αϕ
1−α

k̃t (B.14)
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The rest flexible-price equilibrium conditions and equilibrium conditions under

sticky prices that are given in terms expressed as log-deviations from the steady-

state, are also part of the linear model. These are summarised as: A first-order

approximation of the law of motion of capital yields:

ît =
1

δ
(k̂t+1− (1−δ)k̂t − ψ̂t+1) (B.15)

This relation holds under flexible prices as well:

î e
t =

1

δ
(k̂ e

t+1− (1−δ)k̂
e
t − ψ̂t+1) (B.16)

The asset price of capital is:

Q̂t =χ∆ît −χβ∆ît+1 (B.17)

and

Q̂ e
t =χ∆î e

t −χβ∆î e
t+1 (B.18)

When prices are flexible, the real marginal cost is equal to a constant mark-up, there-

fore, the gross profits per unit of capital are given by:

ẑ e
t = ŷ e

t − k̂ e
t (B.19)

B.6.2 The financial market

With regard to the financial market, a first-order approximation of the equilibrium

conditions is summarised below. For the case of a perfect interbank market, the

log-linear equilibrium conditions hold without the superscript h = i , n , or the su-

perscript i alone. For the case of an imperfect interbank market, the equilibrium

conditions hold for h = i , n separately, unless otherwise stated. The fraction of as-

sets financed through Discount Window:

χ̃ i
m t = m̃t −Q̃ i

t − s̃ i
t (B.20)
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The definition of the leverage ratio:

θ̃ h
t = Q̃ h

t − s̃ h
t − ˜n w h

t (B.21)

Leverage and the marginal cost of borrowing from households:

θ̃ i
t = Ṽd t +

µi
s

λ−µi
s

µ̃i
s t +

ωmχm

1−ωmχm
χ̃m t (B.22)

where this expression holds in the investing locations for the case of a frictional in-

terbank market and for the case of a frictionless interbank market, but without the

superscript i . Also, in the non-investing locations, for the case of a frictional inter-

bank market it holds:

θ̃ n
t = Ṽd t +

µn
s

λ−µn
s

µ̃n
s t (B.23)

Banks’ balance sheet constraint:

d̃t =
Q i S i

D

�

Q̃ i
t + s̃ i

t

�

+
Q nS n

D

�

Q̃ n
t + s̃ n

t

�

−
N W h

D
˜n w h

t −
N W n

D
˜n w n

t (B.24)

The banks’ net worth:

Et ˜n w i
t+1 =τ

i (σ+ξ)
R i

kQ i S i

N W i

�

r̃ i
k t+1+ q̃ i

t + s̃ i
t

�

−τiσ
R D

N W i

�

r̃t+1+ d̃t

�

−τiσ
Rm M

N W i

�

r̃m t+1+ m̃t

�

(B.25)

where this expression holds in the investing locations for the case of a frictional in-

terbank market and for the case of a frictionless interbank market, but without the

superscript i . Also, in the non-investing locations, for the case of a frictional inter-

bank market it holds:

Et ˜n w n
t+1 =τ

n (σ+ξ)
R n

k Q nS n

N W n

�

r̃ n
k t+1+ q̃ n

t + s̃ n
t

�

−τnσ
R D

N W n

�

r̃t+1+ d̃t

�

(B.26)

The real lending rate:

r̃ h
k t+1 =

ΨZ

R h
k Q h

Et z̃t+1+Ψ
(1−δ)

R h
k

Et Q̃ h
t+1−Q̃ h

t (B.27)
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The excess marginal value of lending:

µ̃h
s t = Et Ω̃

h
t+1+

βΩh R h
k

µh
s

�

r̃ h
k t+1− r̃t+1

�

(B.28)

The marginal value of the bank’s capital:

Et Ω̃
i
t+1 =

σVd

Ωi
Et Ṽ i

d t+1+
σθ iµi

s

Ωi
Et µ̃

i
s t+1+

σθ i

Ωi

�

µi
s −µmχ

i
m

�

Et θ̃
h
t+1

−
σθ iµmχ

i
m

Ωi
Et

�

µ̃m t + χ̃
i
t

�

(B.29)

where this expression holds in the investing locations for the case of a frictional in-

terbank market and for the case of a frictionless interbank market, but without the

superscript i . Also, in the non-investing locations, for the case of a frictional inter-

bank market it holds:

Et Ω̃
n
t+1 =

σVd

Ωn
Et Ṽ n

d t+1+
σθ nµn

s

Ωn
Et µ̃

n
s t+1+

σθ n

Ωn
µn

s Et θ̃
n
t+1 (B.30)

Marginal cost of borrowing and marginal value of the bank’s capital:

Ṽ h
d t = Et Ω̃

h
t+1 (B.31)

The excess marginal cost of borrowing from the Discount Window:

µ̃m t = Et Ω̃t+1+
βRm

(βRm −1)

�

r̃m t+1− r̃t+1

�

(B.32)

The Discount Window rate:

r̃ i
m t+1 =

ωm Rk

Rm
r̃ i

k t+1+
(1−ωm )R

Rm
r̃t+1 (B.33)

The securities market clearing condition:

s̃t = k̃t+1 (B.34)

when the interbank market is frictionless. If it is frictional, then it is given from:

s̃ i
t =

I

S i
δĩt +τ

i (1−δ)
K

S i
k̃t (B.35)
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and

s̃ n
t = k̃t (B.36)

Finally, when the final good prices are fully flexible, the real rate of lending will be

different, since it depends on the asset price. Thus, this yields:

r̃ e h
k t+1 =

ΨZ

R h
k Q h

Et z̃ e
t+1+Ψ

(1−δ)
R h

k

Et Q̃ e h
t+1−Q̃ e h

t + ψ̂t+1 (B.37)

The linear model closes by assuming that together with fully flexible-prices, the fi-

nancial market is also efficient.4 That is R e h
k t+1 =R e

t+1, which implies:

r̂ e h
k t+1 = r̂ e

t+1 (B.38)

In the case of a frictionless interbank market, under optimal commitment, the con-

straints are given from (3.54) of the main text and (B.5) - (B.22), (B.24) - (B.25), (B.27)

- (B.29), (B.31) - (B.34), (B.37) - (B.38). Under an optimal simple interest rate rule, the

constraint (3.53) of the main text is added. When the case of a frictional interbank

market is considered, under commitment, the constraints are given from (3.54) of

the main text and (B.5) - (B.33), (B.35) - (B.38). Under an optimal simple rule, the

constraint (3.53) of the main text is added. The solution to the problem yields the

dynamic path under an optimal joint monetary policy, for 31 variables in the fric-

tionless interbank market scenario, and for 37 variables in the frictional interbank

market case.

B.6.3 Exogenous variation

A first-order approximation of the productivity and the capital quality shock is given

by:

ât =ρa ât−1+εa t (B.39)

ψ̂t+1 =ρψψ̂t +εψt+1 (B.40)

4Notice that the assumption of an efficient financial market under flexible prices is taken for
simplicity. Otherwise, the central bank would also have to deal with another spread, r̂ e h

k t+1 ≥ r̂ e
t+1,

which is mainly unobservable.
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B.7 The welfare criterion of the central bank

B.7.1 The households’ utility function

In order to derive the quadratic welfare criterion of the central bank I followw the

L-Q approach pioneered by Rotemberg and Woodford (1997) and Woodford (2003).

In addition, I have found very useful the work by Edge (2003). The instantaneous

welfare criterion of households is given by:

Ut = log Ct −
Nt

1+ϕ

1+ϕ

The utility of households is additively separable. I take a second- order approx-

imation of each argument around its steady-state separately. That is:

log Ct ≈ ĉt + t .i .p +O 3

where t.i.p are the terms independent of policy and O 3 are the terms higher than

second-order. Similarly,

Nt
1+ϕ

1+ϕ
≈N 1+ϕ

�Nt −N

N

�

+
ϕ

2
N 1+ϕ

�Nt −N

N

�
2

+ t .i .p +O 3

which implies:

Nt
1+ϕ

1+ϕ
≈N 1+ϕ

�

n̂t +
1

2
(1+ϕ)n̂t

2
�

+ t .i .p +O 3

where I have used that for any generic variable X, X t−X
X ≈ x̂t +

1
2 x̂ 2

t and therefore
�

X t−X
X

�2

≈ x̂ 2
t . Then the households’ utility is approximated by:

Ut = ĉt −N 1+ϕ
�

n̂t +
1

2
(1+ϕ)n̂t

2
�

+ t .i .p +O 3 (B.41)

From the market clearing condition, I can eliminate consumption. This is done

as follows: The market clearing condition can be written according to:

Yt =Ct Dt + (1+ I (·))It + c d w Mt

where Dt is a price dispersion term. Solving for consumption and then taking a
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second-order approximation I obtain:

Ct Dt

C
= 1+

Y

C

�

ŷt +
1

2
ŷ 2

t

�

−
I

C

�

ît +
1

2
î 2

t

�

+ c d w M

C

�

m̂t +
1

2
m̂ 2

t

�

+ t .i .p +O 3 (B.42)

Even if we ignore the fact that in the benchmark calibration c d w = 0, but instead

c d w takes a small value, then c d w M
C m̂t is already of second order and c d w M

C
1
2 m̂ 2

t is

eliminated as of higher order. Taking logs in equation (B.42) and by using that for

any generic variable X t , ln(1+ x̂t ) = x̂t − 1
2 x̂ 2

t , I obtain, for the L.H.S of the equation

(B.42):

l n

�

Ct Dt

C

�

≈ ĉt + d̂t + t .i .p +O 3 (B.43)

where I have used the fact that price dispersion is already a second-order term.

Then, the R.H.S of equation (B.42) is:

Y

C

�

ŷt +
1

2
ŷ 2

t

�

−
I

C

�

ît +
1

2
î 2

t

�

− c d w M

C
m̂t −

1

2

�

Y

C
ŷt −

I

C
ît

�2

+ t .i .p +O 3

as the other terms are eliminated as of higher order. Therefore, the approximation

for equation (B.42) is given by:

ĉt ≈−d̂t+
Y

C

�

ŷt+
1

2
ŷ 2

t

�

−
I

C

�

ît+
1

2
î 2

t

�

−c d w M

C
m̂t−

1

2

�

Y

C
ŷt−

I

C
ît

�2

+t .i .p+O 3 (B.44)

In addition, from a second order approximation on the Cobb Douglas production

function, I can get an expression for the labour. That is:

n̂t =
1

1−α

�

ŷt −αk̂t − α̂t

�

(B.45)

and

n̂ 2
t =

1

(1−α)2

�

ŷt −αk̂t − α̂t

�2

(B.46)

Now I substitute the equations (B.44)(B.45) and (B.46) to the welfare criterion, equa-

tion (B.41), to eliminate consumption and labour. By doing some simplifications I

get:
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Ut =−d̂t +
αY

C
k̂t −

I

C
ît − c d w M

C
m̂t +

Y

2C

�

1−
Y

C
−

1+ϕ
1−α

�
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2C
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�
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(B.47)

where I have used that I =δK and N 1+ϕ

1−α =
Y
C .

B.7.2 The productivity term

I can eliminate α̂t from the flexible-equilibrium condition, repeated for convenience:

�

α+ϕ
1−α

+
Y

C

�

ŷ e
t =

I

C
î e

t +
α(1+ϕ)

1−α
k̂ e

t +
1+ϕ
1−α

ât

and by solving for α̂t and then substituting back to equation (B.47), I get:
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t +−
1+ϕ
(1−α)

α2Y

C
k̂t k̂ e

t

(B.48)

B.7.3 The price dispersion term

The price dispersion term is linked with inflation. From the proposition 6.3 in Wood-

ford (2003) and following a similar procedure with Thomas (2008):

Dt = Ei

�Pt (i )
Pt

�−γ

= Ei

�

e −γ log( Pt (i )
Pt
)
�

= Ei

�

e −γp̃t ( j )
�

(B.49)
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where P̃t (i )≡ log(Pt (i )
Pt
)A second-order approximation of (B.49) around a zero steady-

state yields:

d̂t ≈ Ei

�

e −γP̃(i )−γe −γP̃(i )P̃t (i ) +
1

2
γ2e −γP̃(i )

�

P̃ 2
t (i ) +O 3

≈ d −γd P̃t (i ) +
γ2

2
D P̃ 2

t (i ) +O 3

which implies:

d̂t
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2
Ei p̃ 2

t ( j )
�
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2
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�

+O 3 (B.50)

Now, I use the Dixit-Stiglitz domestic price index of the text, for any country j:

1= Ei

�Pt (i )
Pt

�(1−γ)

By taking a second-order approximation of the R.H.S, following a similar procedure

as before, I obtain:

1≈ 1+ (1−γ)Ei P̃t (i ) +
(1−γ)2

2
Ei P̃ 2

t (i ) +O 3

where I have used that D = 1 which implies:

Ei P̃t (i ) =
γ−1

2
Ei P̃ 2

t (i ) +O 3 (B.51)

By combining equations (B.50) and (B.51) and noticing that d̂ 2
t is O 4 so it is elimi-

nated, I obtain:

d̂t =
γ

2
E j P̃ 2

t (i ) +O 3

and as Ei P̃t (i ) is a second order term, the above implies:

d̂t =
γ

2
V a ri log Pt (i ) +O 3 (B.52)
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The final part of the proof is based on the Proposition 6.3 on Woodford (2003). Equa-

tion (B.52) implies an evolution of V a r log Pt (i ) over time:

V a ri log Pt (i ) =ωV a ri log Pt−1(i ) +
ω

1−ω
πt +O 3 (B.53)

whereω is the degree of nominal price rigidity in the text and πt is the price infla-

tion. Substituting for d̂t from (B.52) to (B.53), implies:

d̂t =ωd̂t−1+
γ

2

ω

1−ω
πt +O 3 (B.54)

Integrating forward equation (B.54), taking then the discounted value of each term

and noticing that the term d̂t−1 is t.i.p for a policy taken at time t ≥ 0, I obtain the

final result for the price dispersion term:

∞
∑

i=0

β i d̂t+i =
γ

2

1

δp

∞
∑

i=0

β iπ2
t+i (B.55)

where δp =
(1−ωβ )(1−ω)

ω is the elasticity of domestic inflation with respect to the real

marginal cost of intermediate good firms.

B.7.4 The welfare criterion

Assuming an efficient steady-state and using the law of motion of capital, the first-

order terms are eliminated. Then, by taking the discounted sum of (B.48), using the

result from equation (B.55) and using the notation for deviation from the flexible

price equilibrium, i.e. x̃t = x̂t − x̂ e
t , after some rearrangements I get:

∞
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where L t is the loss function given by

L t =−
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where G e
t is given by

G e
t =

Y

C

�

K

C
k̃t+1
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∆e
y i ,t −∆

e
y i ,t+1

�
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and∆e
y i ,t ≡ ŷ e

t − î e
t .

B.8 The ZLB constraint in the L-Q framework

The following is based on Woodford (2003), chapter 6 and the proof of proposition

6.9, page 700.

The problem of the central bank is to minimise

min E0

∞
∑

t=0

β t

�

L t

�

subject to the linear constraints given by the equilibrium conditions and resource

constraints of the model. The ZLB effect is approximated by adding the non-linear

constraints:

E0

∞
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β t qt ≥ 0

E0

∞
∑

t=0

β t q 2
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1

1+κ2
q
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� ∞
∑
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β t qt

�2

This can be written in an equivalent way:

E0

∞
∑

t=0

β t qt ≥m1

E0

∞
∑

t=0

β t q 2
t ≤m2

Now, notice that the first constraint, E0

∑∞
t=0β

t qt ≥ 0 never binds, as this violates

the second one, for a non-zero policy. Therefore, m1 > 0. Now, using the Kuhn-

Tucker theorem, the policy, E0

∑∞
t=0β

t qt that minimises the loss function subject to
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the additional ZLB constraints, also minimises the following expression:

E0
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β t

�

L t

�

−µ1E0
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β t qt +µ2E0
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or equivalently the policy m1 minimises:
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Notice that, when the second constraint
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β t q 2
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β t qt

�2

binds, then it holds with equality. Equivalently, that is:

m2 =
1

1+κ2
q

m1
2

Substitute for m2 from the latter expression to the expression above, and then choose

the policy m1 to minimise the welfare losses (subject to the additional constraints),

the first-order condition yields:

µ1 = 2
1

1+κ2
q

µ2m1

Substitute µ1 from this expression to the expression in which we used the Kuhn-

Tucker Theorem, and then re-arrange, yields (ignoring the discounted average terms):

L Z L B
t = L t +µ2

�

qt −
�

µ1

2µ2

��2

Letting ωq ≡ µ2 and the new target of the nominal interest rate, associated with

a non-zero inflation steady-state, to be q ∗ ≡ µ1
2µ2

yields the loss function with ZLB

constraints of the text:

L Z L B
t = L t +ωq (qt −q ∗)2



B.10: Further Impulse Responses and Graphs 183

B.9 Benchmark Calibration

Description Parameter Value Reference

Preferences
discount factor β 0.99 Quarterly time interval
labour supply elasticity ϕ 2 Literature varies from 0−2

Financial market - frictionless interbank
fraction of divertable assets λ 0.383 Gertler and Kiyotaki (2010)
survival rate of bankers σ 0.972 "
new bankers entry ξ 0.003 "

Financial market - frictional interbank
λ 0.129 "
ξ 0.002 "

fraction of locations with new investment τi 0.01 - 0.25 "

Goods market
nominal price rigidity ω 0.75 standard NK, quarterly data
steady-state marginal cost φ 0.83 Inverse mark-up
depreciation of capital δ 0.025 standard RBC
capital share α 0.33 standard RBC
parameter on capital adjustment cost χ 1 degree of convexity equal to 2

Primary instrument of monetary policy
interest rate smoothing parameter ρq 0.2 - 0.8 Gertler and Kiyotaki (2010)
benchmark inflation response κπ 1.5 Taylor (1993)
benchmark output response κ ỹ 0.125 Schmitt-Grohe and Uribe (2007)

DW lending
feedback parameter κ% 0−1000 experiments
proxy for ability of CB to monitor ωm 0.01 - 1 experiments
efficiency cost per unit of lending c d w 0 Gertler and Karadi (2011)

Zero Lower Bound
probability to reach ZLB pZ L B 0.025 Levine, McAdam, and Pearlman (2008)
Lagrangian multiplier on the ZLB constraint ωq 0-600 experiments

Capital quality shock
std. deviation σψ 0.05 Gertler and Kiyotaki (2010)
quarterly autoregressive coefficient ρψ 0.75

Productivity shock
std. deviation σa -
quarterly autoregressive coefficient ρa 0.95 Smets and Wouters (2003)

Table B.1: Baseline Calibration

B.10 Further Impulse Responses and Graphs

B.10.1 The ZLB constraint in the frictional interbank market

Figure B.1 illustrates the effect of a lower bound constraint on the nominal interest

rate in a scenario where the interbank market is frictional. The same logic as in

figure 4.1 of the text applies. Comparing the cases of a frictionless and a frictional
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interbank market, the distortionary effect of the shock is more pronounced in the

latter case.

Figure B.1: The effect of the ZLB constraint under optimal commitment. The case of a fric-
tional interbank market, (ωq = 66).

B.10.2 The short-term interest rates

Figure B.2: Short-term interest rates, % quarterly, Q3 2008 - Q2 2015, OECD Data.

B.10.3 The discount window in the U.S.
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Figure B.3: The discount window in the U.S.



Appendix C

Dynare Codes

C.1 The code for the solution of the model in chapter 2.

var
u_a %unemployment in country A
u_b %unemployment in country B

pi_ad %domestic inflation country A
pi_bd %domestic inflation country B

s_ba %terms of trade

cpi_a %cpi inflation in country A
cpi_b %cpi inflation in country B

r_a %real interest rate in country A
r_b %real interest rate in country B

%q_ab %nominal interest rate

pi_wd %union wide inflation
u_w %union wide unemployment

z_a %productivity in country A
z_b; %productivity in country B

varexo

186
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e_a %stochastic technology shock in country A
e_b; %stochastic technology shcok in country B

%parameters

parameters
%Preferences parameters
zeta %country size, openness
beta %discount factor
sigma %coefficient of relative risk aversion
gamma %elasticity of substitution among differentiated final goods
varphi %Frisch elasticity of labour
UCC %marginal utility of consumption times consumption.
UCN %marginal utility of consumption times labour.

%Final good firms parameters
omega_a %nominal price rigidity (probability at period t), country A
omega_b %nominal price rigidity (probability at period t), country B
delta_ap %elasticity of inflation with respect to the real marginal cost
delta_bp % ’’

%Labour market parameters (intermediate good firms)
q_theta %probability of firms to fill a vacancy
delta %exogenous separation rate
kappa %elasticity of matching function with respect to vacancies
xi_a %bargaining power of firms, country A
xi_b %bargaining power of firms, country B
mu_a %degree of real wage rigidity, country A
mu_b %degree of real wage rigidity, country B

%Labour market parameters (after linearization)
alpha_0 %parameter3 for optimal weight in unemployment
alpha_a1 alpha_b1
alpha_a2 alpha_b2
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alpha_a3 alpha_b3
gamma_a0 gamma_b0
gamma_a1 gamma_b1
gamma_a2 gamma_b2
delta_a1 %efficient steady state parameter1
delta_2 %parameter1 for optimal weight in unemployment
delta_3 %parameter2 for optimal weight in unemployment
delta_u

%Steady-state levels. Because I linearise by hand
% I treat these as parameters

Z %steady state of productivity (level)
S %steady state of terms of trade (level)
phi %steady state of real marginal cost (level)
u %steady state of unemployment (level)
C_a %steady state value of consumption (level), country A
C_b %steady state value of consumption (level), country B
W %steady state of real wage
N %steady state value of employment (level)
Y %steady state value of output (level)
v %steady state value of vacancies (level)
theta %steady state of labour market tightness (level)
psi %cost of posting vacancies per vacancy
d_a %disutility of labour constant coefficient, country A
d_b %disutility of labour constant coefficient, country B

%Parameters of the constraints
%parameters in dynamic IS in country A
phi_a1 phi_a2 phi_a3 phi_a4

%parameters in dynamic IS in country B
phi_b1 phi_b2 phi_b3 phi_b4
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%parameters in NKPC in country A
rho_a0 rho_a1 rho_a2 rho_a3 rho_a4

%parameters in NKPC in country B
rho_b0 rho_b1 rho_b2 rho_b3 rho_b4

%Autocorrelation parameters of AR(1) productivity
rho_a rho_b

%weights on the objective function
omega_pia omega_pib omega_ua omega_ub omega_sss;

% parameters values
beta=0.99;
sigma=1;
varphi=0;
kappa=0.5;
xi_a=0.5;
omega_a=0.75;
q_theta=0.97;
delta=0.1;
Z=1;
S=1;
phi=0.83;
u=0.1;

%%%%%%%%% Labour Market Heterogeneity Index %%%%%%%%%%
%%%%%%%%% Benchmark Scenario 0 %%%%%%%%%%%%%%%%%%%%%%%

mu_a=0.8;
mu_b = 1 - mu_a;
zeta=0.5;
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
/*
%%%%%%% Alternative Scenario 1 %%%%%%%%%%%%%%%%%%%%%%%
mu_a=0.7;
mu_b = 1.5 - 2*mu_a;
zeta=2/3;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
*/

/*
%%%%%%% Alternative Scenario 2 %%%%%%%%%%%%%%%%%%%%%%%
mu_a=0.9;
mu_b = (1.5 - mu_a)/2;
zeta=1/3;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
*/

rho_a=0.95;
rho_b=0.95;
gamma=6;
delta_p=0.0858;

%parameter values different for country B
xi_b=0.5;
omega_b=0.75;

% steady state values (levels)
N=(1-u)/(1-delta);
Y=Z*N;
v=(delta*N)/q_theta;
theta=v/u;
psi=(0.01*Y)/v;
C_a=Y*S^(zeta-1) - psi*v;
W=phi +(1-delta)*beta*(psi/q_theta) - psi/q_theta;
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d_a=(W-(1-xi_a)*
*(phi + (1-delta)*beta*psi*theta))/( xi_a*(N^varphi)*C_a^(1/sigma));

% steady state values (levels) different for country B
C_b=Y*S^(zeta) - psi*v;
d_b=(W-(1-xi_b)*
*(phi + (1-delta)*beta*psi*theta))/( xi_b*(N^varphi)*C_b^(1/sigma));

%parameters after linearization, useful for the dynamic IS, country A
alpha_0=(1-delta)*(N/u);
alpha_a2=(psi*v)/(alpha_0*delta*kappa*C_a);
alpha_a1=Y/((S^(1-zeta))*C_a);
alpha_a3=alpha_a1/alpha_0;
delta_a1=1/(S^(1-zeta)) - (psi*v)/delta*kappa*N -
d_a*(N^varphi)*(C_a^(1/sigma));

delta_2=(1-delta)*((psi*v)/kappa)*(1/(delta*N) - ((1-kappa)/u));
delta_3=(N/(sigma*C_a))*S^(2*(1-zeta));
delta_u=((1-delta)-alpha_0*delta);
gamma_a0=(1-mu_a)*(1-xi_a);
gamma_a1=(1-gamma_a0)*phi;
gamma_a2=(d_a)*(N^varphi)*C_a^(1/sigma);
delta_ap=((1-omega_a*beta)*(1-omega_a)/(omega_a));

%parameters after linearization, useful for the dynamic IS, country B
alpha_b1=Y/((S^(-zeta))*C_b);
alpha_b2=(psi*v)/(alpha_0*delta*kappa*C_b);
alpha_b3=alpha_b1/alpha_0;
delta_b1=1/(S^(-zeta)) -
(psi*v)/delta*kappa*N - d_b*(N^varphi)*(C_b^(1/sigma));
gamma_b0=(1-mu_b)*(1-xi_b);
gamma_b1=(1-gamma_b0)*phi;
gamma_b2=(d_b)*(N^varphi)*C_b^(1/sigma);
delta_bp=((1-omega_b*beta)*(1-omega_b)/(omega_b));
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% rho’s parameters for NKPC, country A
rho_a0=(delta_u/(alpha_0*delta*kappa*gamma_a1))*
*((1-kappa)*psi*theta^(1-kappa)-
(((1-mu_a)*xi_a*psi*v*gamma_a2)/(sigma*C_a)))
- ((1-mu_a)*xi_a*psi*v*gamma_a2)/(sigma*C_a);

rho_a1=(1/(alpha_0*delta*kappa*gamma_a1))*
*(delta_u*(1-delta)*beta*theta*psi*(gamma_a0-
(1-kappa))-(1-kappa)*psi*theta^(1-kappa)-
(1-mu_a)*xi_a*gamma_a2*((((alpha_a1)*
*delta*kappa)/sigma)+varphi*delta*kappa
- ((psi*v)/(sigma*C_a))));

rho_a2=(((1-delta)*beta*theta*psi)/(alpha_0*delta*kappa*gamma_a1))*
*(gamma_a0-(1-kappa)*theta^(-kappa));

rho_a3=1 - ((1-mu_a)*xi_a*
*((gamma_a2*alpha_a1)/(sigma*gamma_a1)));

rho_a4=((((1-delta)*beta*theta)*psi)/gamma_a1)*
*(theta^(-kappa)-gamma_a0);

% rho’s parameters for NKPC country B
rho_b0=(delta_u/(alpha_0*delta*kappa*gamma_b1))*
*((1-kappa)*psi*theta^(1-kappa)-(((1-mu_b)
*xi_b*psi*v*gamma_b2)/(sigma*C_b)))
- ((1-mu_b)*xi_b*psi*v*gamma_b2)/(sigma*C_b);

rho_b1=(1/(alpha_0*delta*kappa*gamma_b1))*
(delta_u*(1-delta)*beta*theta*psi*(gamma_b0-(1-kappa))-
(1-kappa)*psi*theta^(1-kappa)-
(1-mu_b)*xi_b*gamma_b2*
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*((((alpha_b1)*delta*kappa)/sigma)+
varphi*delta*kappa - ((psi*v)/(sigma*C_b))));

rho_b2=(((1-delta)*beta*theta*psi)/(alpha_0*
*delta*kappa*gamma_b1))*(gamma_b0-(1-kappa)*theta^(-kappa));
rho_b3=(((1-mu_b)*xi_b**
((gamma_b2*alpha_b1)/(sigma*gamma_b1)))
+ ((zeta-1)/zeta));
rho_b4=((((1-delta)*beta*theta)*psi)/gamma_b1)*(theta^(-kappa)-gamma_b0);

%eta parameters, useful for IS
eta_a1=((psi*v)/C_a)*
(((1-delta)/(alpha_0*delta*kappa))*(1-((delta*N)/u))+1);

eta_a2=(1/alpha_0*C_a)*
(psi*v/(delta*kappa) - Y/(S^(1-zeta)));

eta_b1=((psi*v)/C_b)*(((1-delta)/(alpha_0*delta*kappa))*
(1-((delta*N)/u))+1);

eta_b2=(1/alpha_0*C_b)*
(psi*v/(delta*kappa) - Y/(S^(-zeta)));

% phi’s parameters, IS, country A
phi_a1=eta_a1/(eta_a1 + eta_a2);
phi_a2=eta_a2/(eta_a1 + eta_a2);
phi_a3=sigma/(eta_a1 + eta_a2);
phi_a4=alpha_a1/(eta_a1 + eta_a2);

% phi’s parameters, IS, country B
phi_b1=eta_b1/(eta_b1 + eta_b2);
phi_b2=eta_b2/(eta_b1 + eta_b2);
phi_b3=sigma/(eta_b1 + eta_b2);
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phi_b4=alpha_b1/(eta_b1 + eta_b2);

UCC = C_a*(C_a)^(-1/sigma);
UCN = N*(C_a)^(-1/sigma);

% weights on the policy objectives
omega_pia=UCC*(zeta*gamma/(2*delta_ap));
omega_piab=UCC*((1-zeta)*gamma/(2*delta_bp));
omega_ua=UCN*((zeta*delta_3)/(2*(alpha_0)^2));
omega_ub=UCN*(((1-zeta)*delta_3)/(2*(alpha_0)^2));
omega_sss=UCC*zeta*(1-zeta)*((1+sigma)/(2*sigma));

model (linear);
%dynamic IS expressed in terms of unemployment
u_a = phi_a1*u_a(-1) + phi_a2*u_a(+1) - phi_a3*r_a -
phi_a4*(1-zeta)*s_ba(+1) + phi_a4*(1-zeta)*s_ba - phi_a4*(1-rho_a)*z_a;

u_b = phi_b1*u_b(-1) + phi_b2*u_b(+1) - phi_b3*r_b +
phi_b4*zeta*s_ba(+1) - phi_b4*zeta*s_ba - phi_b4*(1-rho_b)*z_b;

%NKPC expressed in terms of unemployment
pi_ad = beta*pi_ad(+1) + delta_ap*rho_a0*u_a(-1) + delta_ap*rho_a1*u_a
- delta_ap*rho_a2*u_a(+1) + delta_ap*rho_a3*(1-zeta)*s_ba
+ delta_ap*rho_a4*r_a - delta_ap*rho_a3*z_a;

pi_bd = beta*pi_bd(+1) + delta_bp*rho_b0*u_b(-1) + delta_bp*rho_b1*u_b
- delta_bp*rho_b2*u_b(+1) + delta_bp*zeta*rho_b3*s_ba
+ delta_bp*rho_b4*r_b + delta_bp*rho_b3*z_b;

%Link terms of trade with domestic inflation
s_ba = s_ba(-1) + pi_bd - pi_ad;
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%union wide inflation
pi_wd = zeta*pi_ad + (1-zeta)*pi_bd;

%union wide unemployment
u_w = zeta*u_a + (1-zeta)*u_b;

/* %For Optimal Policy these are commented out.
%Fisher equations for country A and B
r_a = q_ab - cpi_a(+1);
r_b = q_ab - cpi_b(+1);
*/

%link of cpi with domestic inflation and terms of trade
cpi_a = pi_ad + (1-zeta)*(s_ba - s_ba(-1));
cpi_b = pi_bd + (zeta-1)*(s_ba - s_ba(-1));

%AR(1) technology in countries A and B
z_a = rho_a*z_a(-1) + e_a;
z_b = rho_b*z_b(-1) + e_b;
end;

shocks;
var e_a;
stderr 0.00624;

var e_b;
stderr 0;

var e_a, e_b= 0*0.00624*0.00624;
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end;

planner_objective(UCC*((zeta*gamma/(2*delta_ap))*(pi_ad)^2 +
((1-zeta)*gamma/(2*delta_bp))*(pi_bd)^2 +
UCN*(((zeta*delta_3)/(2*(alpha_0)^2))*(u_a)^2 +
(((1-zeta)*delta_3)/(2*(alpha_0)^2))*(u_b)^2)) +
zeta*(1-zeta)*((1+sigma)/(2*sigma))*(s_ba)^2);

%%%%%%%%%% Optimal Commitment %%%%%%%%%%
ramsey_policy(planner_discount=0.99)pi_ad pi_bd u_a u_b s_ba r_a r_b z_a;

/*
%%%%%%%%%% Optimal Discretion %%%%%%%%%%
discretionary_policy(planner_discount=0.99, instruments=(r_a r_b))
pi_ad pi_bd u_a u_b s_ba r_a r_b z_a;
*/

stoch_simul (irf=0);

%%%% Calculate the welfare loss from the planner_objective%%%%%%%%%
oo_.planner_objective_value

%%%%%Calculate standard deviations%%%%%%%%%

stdr_ua =((oo_.var(1,1))^(1/2))

stdr_ub =((oo_.var(2,2))^(1/2))
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stdr_piad =((oo_.var(3,3))^(1/2))

stdr_pibd =((oo_.var(4,4))^(1/2))

stdr_sba =((oo_.var(5,5))^(1/2))

write_latex_dynamic_model;

C.2 The code for the solution of the model in chapter 3.

% The current .mod file solves the Optimal Monetary Policy problem
%of the paper: ’’ Welfare Gains from Discount Window Lending’’
%for the case of a frictionless interbank market
%with no efficiency costs.
%Due to lack of space the code for the case of a
%frictional interbank market as well as the
%case of DW lending with efficiency costs
%are available upon request

% (c) Nikolas Kontogiannis, Department of Economics,
%University of Leicester

%%% Some Notation:

% For any generic variable X_t:
% X_t denotes the level of variable X at time t.
% X_flex denotes the level of variable X at time t,
% when prices are fully flexible
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% X_ss denotes the steady state.
% X_hat = logX_t - logX_ss,
% X_flex = logX_flex - logX_ss,
% X_tilde = X_hat - X_flex, is the log-deviation from the flex price
% equilibrium
%%%%%%%%%

% Declaration of Variables %

var

R_hat % real interest rate
QNOM_hat % nominal interest rate
Pi % inflation, given in absolute deviaton from ss
Phi_hat % real marginal cost
A_hat % productivity
Psi_hat % quality of capital
Spread_hat % the spread or
Y_hat
RK_hat

Y_tilde % output
I_tilde % investment (new capital)
K_tilde % capital stock
R_tilde % real interest deviation from the Wicksellian
Z_tilde % gross profit per unit of capital use
Q_tilde % capital (asset) price
D_tilde % households’ deposits
S_tilde % total securities issued
NW_tilde % banks’ net worth (capital)
RK_tilde % real interest of banks’ lending
Theta_tilde % leverage ratio, private intermediation
VD_tilde % banks’ marginal value from lending
Mu_tilde % banks’ excess value of lending
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Omega_tilde % stochastic marginal value of net worth
MuM_tilde
Spread_tilde % the spread o
KAUXLAG_tilde % auxiliary v

chiM_tilde % unconventional policy (discount window instrument)
M_tilde % discount window (aggregate)
Rm_tilde % real interest- discount window

Y_flex % flexible price equilibrium level of output.
I_flex % natural level of investment
K_flex % natural level of capital
R_flex % Wicksellian real interest rate
Z_flex % gross profits per unit of capital use
Q_flex % capital (asset) price
RK_flex % real interest of banks’ lending

%QNOM_hatZLB

YAUXLEAD_flex
IAUXLEAD_flex;

% Declaration of the Shocks
varexo

E_A % productivity shock
E_Psi; % capital quality shock

% Declaration of the Parameters

parameters
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% Steady-State of levels, expressed as parameters %

C_ss % consumption
R_ss % real interest rate
N_ss % labour or measure of participation to work
QNOM_ss % nominal interest rate
Phi_ss % real marginal cost
Y_ss % output of final goods
A_ss % productivity
K_ss % capital stock
I_ss % investment (new capital)
Psi_ss % quality of capital
Z_ss % gross profits per unit of capital use
Q_ss % capital (asset) price
D_ss % households’ deposits
S_ss % total securities issued
NW_ss % banks’ net worth (capital)
RK_ss % real interest of banks’ lending
Theta_ss % leverage ratio, private intermediation
VD_ss % banks’ marginal value from lending
Mu_ss % banks’ excess value of lending
Omega_ss % stochastic marginal value of net worth
Spread_ss % the spread
NWK_ss % the steady state of the ratio NW/K
DK_ss % the steady state of the ratio D/K
YK_ss % the steady state of the ratio Y/K
CK_ss % the steady state of the ratio C/K
%Pi_star %inflation steady state when the ZLB binds
chiM_ss
MK_ss
Rm_ss
MuM_ss
M_ss
Z_null
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% Structural Parameters %%

beta % static discount factor
alpha % capital share
varphi % Frisch inverse elasticity of labour
delta % depreciation of capital
gamma % elasticity of substitution among the differ
delta_p % elasticity of inflation wrt the real marginal cost
M % markup
chi % parameter in convex adjustment cost function
omega % degree of nominal price rigidity,
rho_a % degree of autocorrelation, productivity
rho_psi %d egree of autocorrelation, capital quality
sigma %survival rate of bankers
xi % transfer to entering bankers, perfect interbank
lambda % fraction of divertable assets
omegaG % advantage of CB on monitoring the banks’ asset
delta_q % weight to interest rate in the loss function

kappa_y % elasticity of nominal interest rate w.r.t. output
kappa_pi % elasticity of nominal interest rate w.r.t. inflation
rho_q

rho_chiM % outside equity smoothing
kappa_varrhochiM %unconv policy parameter

delta_1
delta_2
delta_3
delta_4
delta_5
delta_6
delta_7
delta_8;
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%Calibration

beta=0.99; % static discount factor
alpha=0.33; %capital share
varphi=2; %Frisch inverse elasticity of labour
delta=0.025; %depreciation of capital
gamma=6; %elasticity of substitution (to match the markup)
M=gamma/(gamma-1); %markup
omega=0.75; %degree of nominal price rigidity, to match quarterly data
delta_p=((1-omega*beta)*(1-omega)/(omega)); %elasticity of inflation wrt
%the real marginal cost

chi=1; % parameter in convex adj

R_ss=1/beta; % the SS from euler equation. Useful to find the R_ss

sigma=0.97; %survival rate of bankers
xi=0.003; %transfer to entering bankers, perfect interbank l
lambda=0.383; %fraction of diver
%kappa_zlb = 0; %from Woodford ch.6
chiM_ss = 0.000000001;

%chiM_ss = 0.15;
omegaG = 0.0000000001; % small advantage of CB on
%omegaG = 1;
kappa_varrhochiM =0;
delta_q = 47; %
Z_null = 1.96; % p for ZLB is 2.5%
%Z_null = 1.04; % p for ZLB is 15%
%Z_null = 0.09; % p(ZLB) = 0.4641%

QNOM_ss=R_ss-1; % Fisher equation
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Psi_ss=1; % steady-state of quality of capital shock
A_ss=1; % steady-state of productivity shock
Q_ss=1; % price of new-capital good (tobin’s q) steady-state,
Phi_ss=1/M; % price flexibility value of real marginal

Spread_ss = 0.0025;
RK_ss = Spread_ss + R_ss;
Z_ss = RK_ss - (1-delta);
Rm_ss = omegaG*RK_ss + (1-omegaG)*R_ss;
MK_ss = chiM_ss*Q_ss;
DK_ss = (1- (sigma+xi)*RK_ss)*(Q_ss/(1 - (sigma*R_ss))) -
(((1- sigma*Rm_ss))/(1 - (sigma*R_ss)))*MK_ss;

NWK_ss = (sigma+xi)*RK_ss*Q_ss - sigma*R_ss*DK_ss -
sigma*Rm_ss*MK_ss;

Theta_ss = (NWK_ss)^(-1);

Omega_ss = (1 - sigma)/(1 - sigma -
(sigma*Theta_ss*beta*(1-omegaG*chiM_ss)*Spread_ss));

Mu_ss=beta*Omega_ss*Spread_ss;
MuM_ss=omegaG*Mu_ss;
VD_ss=Omega_ss;

YK_ss=(1/(alpha*Phi_ss))*Z_ss;
CK_ss=YK_ss - delta;
N_ss=(Phi_ss*(1-alpha)*YK_ss*(CK_ss)^(-1))^(1/(1+varphi));
K_ss=(N_ss)*(YK_ss)^((-1/(1-alpha)));
I_ss=delta*K_ss;
C_ss=CK_ss*K_ss;
Y_ss=YK_ss*K_ss;
S_ss=K_ss;
NW_ss=NWK_ss*K_ss;
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D_ss=DK_ss*K_ss;
M_ss=MK_ss*K_ss;

kappa_pi=1.5;
kappa_y=0.5/4;
rho_q=0.2; %low interest smoothing

rho_chiM = 0; % discount window feedback parameter smoothing

% autocorrelation of the shocks
rho_a=0.95;
rho_psi=0.75;

delta_1 = (gamma/2)/delta_p;
delta_2 = (1/2)*(Y_ss/C_ss)*(((alpha+varphi)/(1-alpha)));
delta_3 = (1/2)*(I_ss*Y_ss)/(C_ss^2);
delta_4 = ((alpha^2)*(1+varphi)*Y_ss)/(2*(1-alpha)*C_ss);
delta_5 = (alpha*Y_ss/C_ss)*((1+varphi)/(1-alpha));
delta_6 = 2*delta_3;
delta_7 = (K_ss*Y_ss)/(C_ss^2);
delta_8 = (alpha*Y_ss)/C_ss;

%STEADY STATE

initval;
% choose all variables as zeros
end;

model (linear);

%% New Keynesian model with capital
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Y_tilde = Y_tilde(+1) - (I_ss/Y_ss)*(I_tilde(+1) - I_tilde) - R_tilde;
% Dynamic IS

R_tilde = R_hat - R_flex;
% Definition of the R_tilde

R_hat = QNOM_hat - Pi(+1);
% Fisher equation.

R_flex = Y_flex(+1) - Y_flex - (I_ss/Y_ss)*(I_flex(+1) - I_flex);
% Definition of the Wicksellian (natural) interest rate

(((alpha+varphi)/(1-alpha)) + (Y_ss/C_ss))*Y_flex =
(I_ss/C_ss)*I_flex + ((alpha*(1+varphi))/(1-alpha))*K_flex(-1)
+ ((1+varphi)/(1-alpha))*A_hat;
% Flexible price equilibrium

Pi = beta*Pi(+1) + delta_p*Phi_hat;
% New Keynesian Phillips Curve

Phi_hat = (((alpha+varphi)/(1-alpha)) + (Y_ss/C_ss))*Y_tilde -
(I_ss/C_ss)*I_tilde -
((alpha*(1+varphi))/(1-alpha))*K_tilde(-1);
% Marginal cost (linked with variables expressed in tildes).

K_tilde = delta*I_tilde + (1 - delta)*K_tilde(-1);
% Law of motion of capital.
%Notice that the capital quality shock disappears
%when we express the variables in tildes.

Z_tilde = Phi_hat + Y_tilde - K_tilde(-1);
% Gross profits per capital use

Q_tilde = chi*(I_tilde - I_tilde(-1))
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- chi*beta*(I_tilde(+1) - I_tilde);
% Asset price.

Y_hat = Y_tilde + Y_flex;

%Taylor rule should be removed when
%calculate ramsey/discretion policy%%

%QNOM_hat = rho_q*QNOM_hat(-1) +
%(1-rho_q)*(kappa_pi*Pi + kappa_y*Y_tilde);

A_hat = rho_a*A_hat(-1) - E_A; % AR(1) productivity.

Psi_hat = rho_psi*Psi_hat(-1) - E_Psi; % AR(1) capital quality.

KAUXLAG_tilde = K_tilde(-1);
YAUXLEAD_flex = Y_flex(+1);
IAUXLEAD_flex = I_flex(+1); " "

% Financial Intermediation %
%%% The capital quality shock disappears
%from the RK when we use tildes %%%

S_tilde = K_tilde;

chiM_tilde = M_tilde - Q_tilde - S_tilde;

S_tilde = Theta_tilde + NW_tilde - Q_tilde;

Theta_tilde = VD_tilde + (Mu_ss/(lambda - Mu_ss))*Mu_tilde +
((omegaG*chiM_ss)/(1-omegaG*chiM_ss))*chiM_tilde;

D_tilde = (Q_ss*S_ss/D_ss)*Q_tilde +
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(Q_ss*S_ss/D_ss)*S_tilde - (NW_ss/D_ss)*NW_tilde - (M_ss/D_ss)*M_tilde;

NW_tilde = ((sigma+xi)*(RK_ss*Q_ss*S_ss)/NW_ss)*(RK_tilde + Q_tilde(-1) +
S_tilde(-1)) - sigma*(R_ss*D_ss/NW_ss)*(R_tilde +
D_tilde(-1)) - sigma*(Rm_ss*M_ss/NW_ss)*(Rm_tilde + M_tilde(-1));

RK_tilde = - Q_tilde(-1) + (Psi_ss*Z_ss/RK_ss*Q_ss)*Z_tilde +
((1-delta)*Psi_ss/RK_ss)*Q_tilde; % The shock disappears when we use tildes.

Rm_tilde = (omegaG*RK_ss/Rm_ss)*RK_tilde +
(((1-omegaG)*R_ss)/Rm_ss)*R_tilde;

Mu_tilde = ((beta*Omega_ss*RK_ss)/Mu_ss)*(RK_tilde(+1) -
R_tilde(+1)) + Omega_tilde(+1);

MuM_tilde = ((beta*Rm_ss)/((beta*Rm_ss) - 1))*(Rm_tilde(+1) -
R_tilde(+1)) + Omega_tilde(+1);

Omega_tilde = ((sigma*VD_ss)/Omega_ss)*VD_tilde +
((sigma*Theta_ss*Mu_ss)/Omega_ss)*Mu_tilde -
(sigma*MuM_ss*chiM_ss*Theta_ss/Omega_ss)*(MuM_tilde + chiM_tilde) +
(sigma*Theta_ss/Omega_ss)*(Mu_ss - MuM_ss*chiM_ss)*Theta_tilde;

VD_tilde = Omega_tilde (+1);

Spread_tilde = RK_tilde(+1) - R_tilde(+1);

Spread_hat = RK_hat(+1) - R_hat(+1);

RK_hat = RK_tilde + RK_flex;

%% Discount Window %
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chiM_tilde = rho_chiM*chiM_tilde(-1) +
(1-rho_chiM)*kappa_varrhochiM*Spread_tilde;

%% FLEXI PART (Notice that R_flex is given above)

Q_flex = chi*(I_flex - I_flex(-1)) - chi*beta*(I_flex(+1) - I_flex);
% Asset price (flexi).

Z_flex = Y_flex - K_flex(-1);
% Gross profits per capital use (flexi)

K_flex = Psi_hat(+1) + delta*I_flex + (1 - delta)*K_flex(-1);
% Law of motion of capital ( flexi )

RK_flex = Psi_hat - Q_flex(-1) + (Psi_ss*Z_ss/RK_ss*Q_ss)*Z_flex +
((1-delta)*Psi_ss/RK_ss)*Q_flex;

RK_flex(+1) = R_flex(+1);

end;

% SHOCKS %

shocks;

var E_Psi;
stderr 0.05;

/*
var E_A;
stderr 0.00624;
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var E_Psi, E_A = 0.3*0.05*0.00624;

*/

end;

%% SOLUTION %%

% Optimal Commitment

planner_objective (delta_q*(QNOM_hat)^2 +
delta_1*(Pi^2) + delta_2*(Y_tilde^2) + delta_3*(I_tilde^2) +
delta_4*(KAUXLAG_tilde^2) - delta_5*Y_tilde*KAUXLAG_tilde -
delta_6*Y_tilde*I_tilde - delta_7*K_tilde*Y_flex +
delta_7*K_tilde*I_flex +
delta_7*K_tilde*YAUXLEAD_flex - delta_7*K_tilde*IAUXLEAD_flex -
delta_8*KAUXLAG_tilde*Y_flex + delta_8*KAUXLAG_tilde*I_flex);

ramsey_policy(planner_discount=0.99)

oo_.planner_objective_value

/*

% Optimal simple rule %

check;
optim_weights;
QNOM_hat delta_q;
Pi delta_1;
Y_tilde delta_2;
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I_tilde delta_3;
KAUXLAG_tilde delta_4;
Y_tilde, KAUXLAG_tilde -delta_5;
Y_tilde, I_tilde -delta_6;
K_tilde, Y_flex -delta_7;
K_tilde ,I_flex delta_7;
K_tilde, YAUXLEAD_flex delta_7;
K_tilde, IAUXLEAD_flex -delta_7;
KAUXLAG_tilde, Y_flex -delta_8;
KAUXLAG_tilde, I_flex delta_8;

end;

%oo_.osr.objective_function
%oo_.var

*/

Pi_star= max(Z_null*((oo_.var(10,10))^(1/2)) - ((1/beta) - 1),0)

asymptotic_loss= delta_1*oo_.var(1,1) +
delta_2*oo_.var(2,2) + delta_3*oo_.var(3,3) +
delta_4*oo_.var(4,4) - delta_5*oo_.var(2,4) -
delta_6*oo_.var(2,3) - delta_7*oo_.var(9,5) +
delta_7*oo_.var(9,6) + delta_7*oo_.var(9,7) -
delta_7*oo_.var(9,8) - delta_8*oo_.var(4,5) +
delta_8*oo_.var(4,6)

asymptotic_lossTotal = asymptotic_loss + delta_1*Pi_star^2

stdr_interest =((oo_.var(10,10))^(1/2))
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stdr_spread =((oo_.var(11,11))^(1/2))

stdr_inflation =((oo_.var(1,1))^(1/2))

stdr_output =((oo_.var(2,2))^(1/2))

stdr_invest =((oo_.var(3,3))^(1/2))

stdr_capital =((oo_.var(4,4))^(1/2))

covar_yk = (oo_.var(2,4))^1

covar_yinv = (oo_.var(2,3))^1

covar_kleadyf = (oo_.var(9,5))^1

covar_kleadinvf = (oo_.var(9,6))^1

covar_kleadyflead = (oo_.var(9,7))^1

covar_kleadinvflead = (oo_.var(9,8))^1

covar_kyf = (oo_.var(4,5))^1

covar_kinvf = (oo_.var(4,6))^1

stdr_assets =((oo_.var(12,12))^(1/2))

stdr_networth =((oo_.var(13,13))^(1/2))

stdr_leverage =((oo_.var(14,14))^(1/2))

stdr_costDW =((oo_.var(15,15))^(1/2))
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stdr_margcostnetw =((oo_.var(16,16))^(1/2))
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