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Abstract 

 

Numerical studies, calibrated and validated using experiments, were carried out to 

develop a constitutive law for powder compaction. In order to simulate powder 

compaction at particle level, single particle compression/breakage test is used to 

characterise the mechanical properties, which include elastic modulus, Poisson’s ratio 

and yield strength. Finite Element Analysis (FEA) of single particle compression was 

carried out and validated vs. single particle compression testing and then used to 

establish a suitable hardening law.  

 

The particle size, shape and packing arrangement were obtained using X-ray computed 

tomography. This information was transferred to FEA. Due to the presence of complex 

geometrical structures, Meshlab and Solidworks were chosen to deal with the 

arrangement of particles in the structure.  

 

The multi-particle finite element method (MPFEM) was implemented into the finite 

element software package Abaqus/EXPLCIT v6.14 and used to simulate the powder 

compaction process. The model input parameters include mechanical properties (of 

the single particle) and interactions between particles (e.g. friction). The stress-strain 

curves predicted by MPFEM were validated experimentally using compaction tests 

performed in a die instrumented with radial stress sensors. The method proposed was 

used for constitutive model development for powder compaction as an alternative to 

bulk powder characterisation.  

 

The stress-strain curves MPFEM were analysed using the deformation plasticity 

framework. Contours of constant complementary work in Kirchhoff stress space were 

established and a model consistent with the behaviour of the materials was identified 

in order to capture the materials response under conditions experienced in practical 

die compaction processes.  



 

 

Acknowledgement 

 

Firstly, I would like to express my sincere gratitude to my supervisor Dr Csaba Sinka for 

the continuous support of my Ph.D study and related research, for his patience, 

motivation and immense knowledge. His guidance helped me in all the time of 

research and writing of this thesis. I could not have imagined having a better advisor 

and mentor for my Ph.D study. 

 

Secondly, I would like to thank Professor Jingzhe Pan for his support and great help 

that make me confident to complete this degree. I also appreciated the support of 

Graham Clark, Alan Wale and Ian Bromley who contribute to my lab work. I would like 

thank all the faculties, colleagues and staff for all the supporting of my study and daily 

life. 

 

A special thanks to my family. Words cannot express how grateful I am to my mother-

in-law, father-in-law, my mother and my father for all the sacrifices that you have made 

on my behalf. Your selfless dedication for me was what sustained me thus far. At the 

end I would like express appreciation to my beloved wife Mengna Liu who spent 

sleepless nights with and was always my support in the moments when there was no 

one to answer my queries. 

 

 

 

 

 

 



i 

 

 

Table of Contents 

Chapter1. Introduction .............................................................................................................. 1 

1.1 Industrial applications of powder compaction .......................................................... 1 

1.1.1 Powder metallurgy ............................................................................................ 2 

1.1.2 Ceramics industry .............................................................................................. 2 

1.1.3 Pharmaceutical industry .................................................................................... 3 

1.2 Compaction methods ...................................................................................................... 4 

1.3 Research trends in simulation of powder compaction ............................................. 8 

1.4 Research aim and thesis structure ............................................................................ 9 

Chapter 2. Review of literature and research objectives ........................................................ 11 

2.1 Review of experimental characterisation techniques ............................................. 11 

2.1.1 Bulk powder compaction ........................................................................................ 11 

2.1.2 Particle packing....................................................................................................... 14 

2.2 X-ray Computed Tomography ................................................................................. 16 

2.3 Modelling approaches ................................................................................................... 20 

2.3.1 Discrete approach................................................................................................... 20 

2.3.2 Continuum approach .............................................................................................. 29 

2.3.3 Overview of FEA ..................................................................................................... 39 

2.3.4 Multi-particle finite element method (MPFEM) .................................................... 40 

2.4 Research objectives ....................................................................................................... 48 

Chapter 3. Experimental characterisation of mechanical properties of single particles and 

modelling single particle deformation .................................................................................... 50 

3.1 Material ......................................................................................................................... 50 

3.2 Characterisation of single particle mechanical properties ............................................ 52 

3.2.1 Elastic test ............................................................................................................... 53 

3.2.2 Breakage test .......................................................................................................... 57 

3.3 FEA of single particle compression ................................................................................ 61 



ii 

 

3.4 Conclusions .................................................................................................................... 64 

Chapter 4 Compaction behaviour of powders ........................................................................ 65 

4.1 Experimental methods for multi-particle compaction .................................................. 65 

4.1.1 Closed die system ................................................................................................... 65 

4.1.2 Instrumented die compaction ................................................................................ 66 

4.2 Results and data extraction ........................................................................................... 68 

4.2.1 Elastic compliance of compaction systems ............................................................ 68 

4.2.2 Closed die compaction results ................................................................................ 71 

4.2.3 Instrumented die compaction results .................................................................... 72 

4.3 Conclusions .................................................................................................................... 75 

Chapter 5. Characterisation of particle packing using X-ray CT .............................................. 76 

5.1 X-ray CT imaging method ........................................................................................ 76 

5.2 Results and analysis ................................................................................................. 79 

5.3 Conclusions .................................................................................................................... 83 

Chapter 6. Multi-Particle Finite Element Modelling of compaction ....................................... 84 

6.1 Model construction ....................................................................................................... 84 

6.1.1 Material properties ................................................................................................ 84 

6.1.2 Time step ................................................................................................................ 87 

6.1.3 Finite element mesh ............................................................................................... 88 

6.1.4 Boundary conditions............................................................................................... 89 

6.2 Result and discussion .................................................................................................... 90 

6.3 Conclusions .................................................................................................................... 92 

Chapter 7. Constitutive law development............................................................................... 94 

7.1 Methodology to develop constitutive law using MPFEM ............................................. 94 

7.2 Results and discussion ................................................................................................... 95 

7.2.1 Contours of constant density ................................................................................. 95 

7.2.2 Deformation plasticity framework ......................................................................... 97 

7.3 Conclusions .................................................................................................................. 103 

Chapter 8. Conclusions and future work ............................................................................... 105 

8.1 Overall conclusions ...................................................................................................... 105 



iii 

 

8.2 Future work ................................................................................................................. 106 

References ............................................................................................................................. 108 

Appendix ................................................................................................................................ 129 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



iv 

 

List of Tables 

Table 3-1 Methodology for determining single particle properties ............................ 50 

Table 3-2 Calculation and simulation input parameters for 1/8 3D ball ...................... 62 

Table 6-1 Consistent units ............................................................................................ 85 

Table 6-2 MPFEM particle properties and model boundary conditions ...................... 86 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



v 

 

List of Figures 

Figure 1-1 Processing steps in powder compaction technology (Schneider, 2003) ...... 1 

Figure 1-2 Ceramic products (King’s Ceramics and Chemicals Co., Ltd) ........................ 3 

Figure 1-3 Pharmaceutical tablets (Allied Chemicals & PharmaCeuticals Pvt. Ltd.) ...... 4 

Figure 1-4  Roller compacter (Freund-Vector Corporation, 2012) ............................... 5 

Figure 1-5 Isostatic press ( EPSInc, USA, 1996) .............................................................. 6 

Figure 1-6 Single station compactor (CapPlus Technologies, Inc., 2013) ....................... 7 

Figure 1-7 “Rotary press production cycle a) top view, b) unfolded view; 1 — die table, 

2 — fillcam, 3—feed wheel with paddles, 4—die fill area, 5—metering wheel with 

paddles, 6—pre-compression roller, 7—main compression roller, 8—ejection cam, 9—

upper punch,10 — die, 11 — lower punch.” (Sinka et al., 2009) .................................. 8 

Figure 2-1 A general schematic of mechanisms of powder compression (Stasiak et al., 

2010) ............................................................................................................................ 12 

Figure 2-2 Three categories of close die system: (a) Single-action compaction system, 

(b) Double-action compaction system, (c) Floating die system (Wu, 2005a) .............. 13 

Figure 2-3 Ordered packing in two dimensions with coordination numbers of four and 

six (Heyliger , 2013). ..................................................................................................... 15 

Figure 2-4 Contrast the structure of ordered array and Random array (McDonoghet al., 

1998) ............................................................................................................................ 16 

Figure 2-5 The schematic diagram of a X-ray CT device (Sinka et al., 2004) ............... 17 

Figure 2-6 (a) 3D reconstruction in X-ray CT; (b) 3D objects from image segmentation 

on (a) and (c) a magnified part of packed particles (Fu et al., 2006). .......................... 20 

Figure 2-7 4000 packing spheres showed with the associated Voronoi cells (Jerier et al, 

2011) ............................................................................................................................ 24 

Figure 2-8 (a) MDEM (Meshed Distinct Element Method) modelling of hydrostatic 

compaction. (b) Finite element meshes (Harthong et al, 2009) .................................. 25 

Figure 2-9 (a-b-c) 32 meshed spheres and compacted with MPFEM for isostatic (b) and 

uniaxial loading (c). (a’-b’-c’) 32 spheres compacted with the DEM for isostatic (b’) and 

uniaxial loading (c’) using YADE Software (Jerier et al. 2011). ..................................... 26 



vi 

 

Figure 2-10 (a) Isostatic compaction using the “high density” contact law, MPFEM and 

Storakers’ s law using the spheres made of lead in a random packing without friction. 

(b) Isostatic compaction of powder copper between experimental result done by 

James (1997), St ........................................................................................................... 27 

Figure 2-11 Stress-relative density curves from DEM and MPFEM for uniaxial 

compaction of 32 lead spheres in random packing without friction (a) X-axis, (b) the Y-

axis and (c) the Z-axis (Jerier et al. 2011). .................................................................... 28 

Figure 2-12 Drucker-Prager cap model and experimental procedures for determining 

the shear failure line using (1) uniaxial tension, (2) simple shear, (3) diametrical 

compression, (4) uniaxial compression; and the compaction surface using (5) triaxial 

testing: 5A consolidated triaxial test, 5B simulated closed-die compaction, 5C radial 

loading in stress space, 5D isostatic test; (6) instrumented die compaction” (Shang, 

2012). ........................................................................................................................... 32 

Figure 2-13 (a) a unit cell of powder compact consisting of a random packing 

arrangement of realistic irregular particles subjected to macroscopic stresses Σ_ijand 

strains E_ij. (b) The element of material shown in (a) controlled by an axisymmetric 

stress and strain history (Cocks and Sinka, 2006) ........................................................ 39 

Figure 2-14 Normalized interparticle force (c) as a function of interparticle strain for a 

simplified quarter cylinder under normal loading, simple cubic loading and hexagonal 

loading for (a) designed structured mesh used in the MPFEM (Procopio and 

Zavaliangos, 2005) and (b) fine finite element mesh overlaid with the similarity 

solution of Storakers et al. (1997) ................................................................................ 42 

Figure 4-1 (a) Closed die section view, (b) Instrumented die section view (Shang, 2012)

...................................................................................................................................... 66 

Figure 4-2 Illustration of instrumented die system (Shang et al., 2011)...................... 67 

Figure 4-3 Compliance curve of closed die compaction .............................................. 69 

Figure 4-4 Compliance curve of instrumented die system .......................................... 70 

Figure 4-5 Full curve of Force-displacement behaviour of close die compaction ....... 71 

Figure 4-6 Comparison of closed die and instrumented die compaction ................... 72 



vii 

 

Figure 4-7 Top and side views of Specimen after 150 MPa instrumented die compaction 

under microscope ........................................................................................................ 73 

Figure 4-8 Data from instrumented die compaction ................................................... 74 

Figure 4-9 The average, top sensor and bottom sensor stress-density curves from 

instrumented die compaction ...................................................................................... 75 

Figure 5-1 X-ray CT system ........................................................................................... 76 

Figure 5-2 An example of radiography of particle packing arrangement in scanning 

system .......................................................................................................................... 79 

Figure 5-3 The 3D reconstruction of real packing arrangement in X-ray CT system ... 81 

Figure 5-4 The particle packing edited in Meshlab (a) and Solidworks (b) ................. 82 

Figure 6-1 The numerical hardening law using in FEM ................................................ 87 

Figure 6-2 Fine mesh defined in Abaqus...................................................................... 89 

Figure 6-3 MPFEM of uniaxial compaction .................................................................. 91 

Figure 6-4 Uniaxial compaction of MPFEM and Instrumented die compaction result 

achieved in Chapter 4 .................................................................................................. 92 

Figure 7-1 Types of numerical compression tests: CD- closed die compaction, SR- radial 

loading in strain space labelled as the radial to axial strain ratio, Iso- Isostatic 

compaction .................................................................................................................. 95 

Figure 7-2 Isodensity contours, labels indicate current density (kg/m3) ..................... 97 

Figure 7-3 Contours of constant complementary work done (MJm-3) per unit initial 

volume in Kirchhoff stress space ............................................................................... 100 

Figure 7-4 Model parameters as functions 𝐴𝛺𝑒，𝐵𝛺𝑒 and 𝐶𝛺𝑒 of complementary 

work done per unit initial volume ............................................................................. 102 

 

 

 

 

 

 



viii 

 

 

List of Symbols 

 

a   contact area 

A   the cross-sectional area of the die 

𝐴𝐻  Hamaker constant 

D   diameter of particle 

𝐷0   the initial relative density 

𝐷𝑖𝑗𝑘𝑙    stress-strain matrix 

E   Young’s modulus 

�̅�   macroscopic effective strain 

𝐸𝑎   macroscopic axial strain 

𝐸𝑒   equivalent strain 

𝐸𝑖𝑗   Hencky logarithmic strain 

𝐸𝑝   photon energy 

𝐸𝑟   macroscopic radial strain 

f0   the void volume fraction 

Fc   cap surface  

Fci   contact force of particle i 

𝐹𝑑   break force of diametrical compression 

Fij
p

   the plastic contact force between particle i and j 

Fb   bottom punch force 

Fn   normal force 

Fs   shear failure surface 

Ft   tangential force 

FT    top punch force 

𝐹𝑢   the break force of uniaxial compression  

Fv   Van der waals force 



ix 

 

h   the distance between two surfaces of particles 

H   hydrostatic strain 

𝐼   transmitted X-ray intensity 

𝐼0   the incident X-ray intensity 

Ii   moment of inertia 

K   elastic modulus 

ks   tangential stiffness coeffiicient 

mi   mass of Particle i 

M   a constant controlling the shape of the surface 

nij   the unit vector of the centre of particle i pointed to the centre of particle j 

N   compression force 

𝑝   external pressure 

P   hydrostatic pressure 

p0   the maximum pressure of the contact surface 

𝑃𝑐    pressure on contact surface 

𝑃𝑛   normal contact force between particles 

Py   the hydrostatic yield stress 

q   Mises equivalent stess 

ri, rj   radii of two particles 

R   particle radius 

S   surface area of a particle 

𝑆𝑐   surface area where particels move apart 

Sij   stiffness 

t   thickness 

𝑇𝑘𝑒   the Kirchoff effective stress 

𝑇𝑘ℎ   the Kirchoff hydrostatic stress 

Ti   torque arising from the tangential contact force 

𝑇𝑖𝑗   Kirchoff stress 



x 

 

u   the relative approach between the centres of two particles 

𝑢𝑐   compatible deformation field 

vi   the Voronoi cell surrounding particle i 

Vi   linear velocity 

𝑉𝑠   solid volume 

Z   coordination number 

𝑍𝑎   the material atomic number 

β   internal friction angle 

δ   the total normal displacement 

𝜀𝑖𝑗    true strain component 

𝜀𝑖𝑗
𝑐    compatible strain field 

𝜀𝑣   the Von Mises uniaxial constant strain 

𝛴   macroscopic effective deviatoric stress 

𝛴𝑎   macroscopic axial stress 

𝛴𝑖𝑗   the macroscopic average true stresses 

𝛴𝑚   macroscopic mean stress 

𝛴𝑟   macroscopic radial stress 

𝜆𝑖   principal stretches 

𝜇𝑐   linear X-ray attenuation coefficient of the material  

ν   Poisson’s ratio  

ξs   the tangential displacement 

ρij (𝑖, 𝑗 = 1,2,3… )   solid fraction 

ρin   the initial relative density 

ρr   current relative density 

𝜎𝑐   the uniaxial strength 

𝜎𝑑   the tensile strength from diametrical compression 

σij (i, j=1,2,3)   the component of stress 

σrb   radial stress at bottom sensor 



xi 

 

σrt   radial stress at top sensor 

σT   top punch stress 

𝜎𝑣   the Von Mises uniaxial constant stress 

𝜎𝑦   material yield strength 

τ   shear stress 

Ψ   implicit potential 

𝜔    work done per unit volume 

�̅�   complementary work done per unit volume 

𝜔𝑒   work done per unit volume along the extremal path 

�̅�𝑒   complementary work done per unit volume along the extremal path 

ωi   angular velocity 

𝛺𝑒   macroscopic work done per unit initial volume along an extremal path 

�̅�𝑒    macroscopic complementary work done per unit initial volume along an 

extremal path 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ii 

 

 



1 

 

Chapter1. Introduction 

1.1 Industrial applications of powder compaction  

Powder materials are used widely in many areas of the process industries, for example, 

pharmaceuticals, powder metallurgy, ceramics, plastics, cosmetics, mineral processing, 

food processing industries and so on. It is not difficult to find that the products 

prepared by powder materials appear in various areas of life. Powder technology has 

played a positive role in the progress and development of human civilization. More 

and more investigators focus on this technology in different ways. Figure 1-1 shows 

the preparation processing of powder products, which includes filling, handling, 

compaction, sintering, and other operations. During the processing steps, factors that 

affect product performance include particle properties (including friction and cohesion 

between particles) and compression parameters. The performance of the product 

cannot be improved without the optimal design of the material and process. 

 

 

Figure 1-1 Processing steps in powder compaction technology (Schneider, 2003) 
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One of the most important stages is compaction where loose particles are transformed 

into a compact product with a high density. The compaction technology was used in 

powder metallurgy at first and then it was extended to other fields.  

 

1.1.1 Powder metallurgy 

Powder metallurgy has been an attractive technology for traditional and advanced 

materials. Through the compression operation, powder is formed into compacts with 

required shapes. Then, the green body is transformed into a final product by sintering. 

When a mechanical component needs to be mass produced, powder compaction is a 

very effective way to save time and money. In addition, materials with different 

properties can be tailored through powder mixing; in this case, the desired mechanical 

behaviour of homogeneous materials can be achieved. 

 

1.1.2 Ceramics industry 

Ceramic components are widely used in many sectors, which include the aerospace, 

electronics, biomedical and optical fields. Figure 1-2 shows typical ceramic products 

used in industry. The processing of dry ceramics consists of four main steps: milling, 

mixing, forming and sintering. Firstly, the initial ceramic material is broken up to small 

size particles. The material is then mixed according to the required recipe and 

compacted to a desired shape. Lastly, the final product is achieved by sintering 

processing. Compared with powder metallurgy, there are special requirements for 

ceramic products, such as filter ability, purity, electric isolation etc.  
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Figure 1-2 Ceramic products (King’s Ceramics and Chemicals Co., Ltd) 

 

1.1.3 Pharmaceutical industry 

In the pharmaceutical industry, powder technology is also a key processing route. 

Compared with metal and ceramic powders, the difference is that the final product, 

typically a tablet, is made without sintering processing. Figure 1-3 shows specimens of 

pharmaceutical tablets after compaction. The tablets can be compressed into complex 

shapes. In addition to mechanical strength tablets must satisfy special requirements 

regarding chemical stability and bioavailability. 

 

Tablets are composite powder systems that contain active ingredients and excipients.  

The processing steps include: mixing, die filling and compression. Firstly, different 

active ingredients and excipients are mixed. Then the mixture is transferred into a die 

and compressed into tablets. However, the tablet compression remains a complicated 

engineering problem. Defects such as cracking, chipping, and delaminating may lead 
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to insufficient mechanical integrity (Sinka et al., 2009, Wu et al., 2003, Procopio and 

Zavaliangos, 2005, Marin et al, 2003, Jerier et al, 2011 etc.)  

 

 

 

Figure 1-3 Pharmaceutical tablets (Allied Chemicals & PharmaCeuticals Pvt. Ltd.) 

 

 

 

1.2 Compaction methods  

Compaction can be divided into quasi-static and dynamic methods. The dynamic 

method normally uses a loading hammer or vibration to compress for large scale. 

There are a several methods of quasi-static compaction, such as roller compaction, 

isostatic compaction, single station compaction and multi-station compaction which 

are described below. Only the quasi-static compaction approach (Wu, 2005a) is 

considered in this thesis.  

Roller compaction is a dry granulation method which is considered effective to provide 

pre-densification and improve the flowability of the primary powders. During roll 

compaction, the feed powders pass through the gap between two counter-rotating 

rolls under gravity or feeding force. The powders are held in the reducing gap by the 
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friction forces on the roll surface. In the area close to the minimum roll gap, the 

powders are compressed into a higher density ribbon. The applications of roller 

compaction consist of production of ceramic or metal powder sheet or strip for filter 

applications or for clad/bimetal production (Freund-Vector Corporation, 2012). A 

typical roller compactor used in pharmaceutical and chemical production is shown in 

Figure 1-4.  

 

 

Figure 1-4  Roller compacter (Freund-Vector Corporation, 2012) 

 

 

In isostatic a uniform pressure is applied simultaneously to all the external surfaces of 

the powder body. The alternative name of isostatic compaction is hydrostatic 

compaction, which is limited to liquid use as the pressure medium for rubber bag 

pressing. Figure 1-5 shows a model of the isostatic compaction machine. Isostatic 

compaction has been successfully used in powder metallurgy and ceramics. 

 



6 

 

 

Figure 1-5 Isostatic press ( EPSInc, USA, 1996) 

 

 

Single station compaction is a type of powder compacting process that uses a die and 

applies compression to both upper and lower punches. The lower punch is generally 

used for holding powders and has a function of ejecting the tablet after compaction. 

And the upper punch mainly furnishes the required pressure. A single station press is 
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shown in Figure 1-6. The powder is compressed into tablets of uniform size and weight. 

It can be employed in development and low-volume production and is similar to 

presses use for other powder system. Single station compression is used to 

manufacture tablets of a wide variety of materials, including pharmaceuticals, powder 

metallurgy, cleaning products and cosmetics.  

 

 

Figure 1-6 Single station compactor (CapPlus Technologies, Inc., 2013) 

 

 

Multi-station compaction has multiple die and punch sets for compacting 

pharmaceutical material into tablets. Typical tablets are produced using high speed 

rotary presses which yield a high volume of production. The die table is shown 

diagrammatically in Figure 1-7. A high speed rotary tablet press can produce over 

500,000 tablets per hour (LFA Machines Oxford Ltd., 2016). On a rotary tablet press, 

the die and punch are located on a turret. As the turret rotates the punches and dies 

pass sequentially through the different stages of compaction, and the consolidation 

stage occurs when the punches and dies make contact with the compression rollers. 

The tablet manufacturing cycle is consisting of die fill, weight adjustment, powder pre-

compaction and main compaction and tablet ejection. 
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Figure 1-7 “Rotary press production cycle a) top view, b) unfolded view; 1 — die 

table, 2 — fillcam, 3—feed wheel with paddles, 4—die fill area, 5—metering wheel 

with paddles, 6—pre-compression roller, 7—main compression roller, 8—ejection 

cam, 9—upper punch,10 — die, 11 — lower punch.” (Sinka et al., 2009) 

 

 

 

1.3 Research trends in simulation of powder compaction  

Common requirements for powder products include strength, density uniformity, 

dimensional tolerance and weight uniformity as described above. There are expensive 

experiments and unsuitable procedures that are used currently in industry. To 

understand material behaviour and to improve product performance, the numerical 

approach is considered as an effective solution for predicting material characteristics. 
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The numerical methods over the past 10-30 years have been based on Finite Element 

Analysis (FEA) and Discrete Element Method (DEM). FEA can incorporate a wide range 

of constitutive models that describe the mechanical transformation from loose 

powder state to fully dense material. To model practical powder compaction processes, 

it is necessary to consider realistic particle shapes, packing arrangements and 

appropriate constitutive laws. The multi-particle FE model is considered in this thesis 

to develop constitutive laws for the modelling of actual powder compaction process. 

 

1.4 Research aim and thesis structure 

The overall aim of this research is to develop a methodology to obtain numerical 

constitutive laws for powder compaction as an alternative to experimental 

characterisation of bulk compaction behaviour. 

 

Chapter 2 presents a literature review of the constitutive laws for powder compaction. 

The multi-particle finite element method (MPFEM) for modelling die compaction is 

described. A review of the literature of experimental characterisation techniques of 

powder compaction is provided. The use of X-ray CT techniques for characterising 

particle shape and packing arrangement is introduced.  

 

Chapter 3 is concerned with the compression behaviour of single particles. 

Experiments are carried out to obtain mechanical properties for use as input data in 

FEA of single particle compression.  

 

Chapter 4 presents an experimental study of the compaction behaviour of bulk 

powders using the instrumented die system. The experimental procedure and data 

analysis procedure is described and the constitutive model parameters are determined.  

 

Chapter 5 describes the use of X-ray computed tomography (CT) to characterise the 
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3D packing arrangement of particles. This information is used as input into MPFEM.  

 

A model using MPFEM is created in Chapter 6 and implemented in the finite element 

software Abaqus. MPFEM is used to generate stress-strain curves under radial loading 

conditions in strain space. The input data are the particle properties (Chapter 3) and 

packing arrangement (Chapter 5) and the model prediction is validated against bulk 

compaction experiments (Chapter 4) for closed die compaction. 

 

Chapter 7 Presents an analysis of the stress strain curves obtained numerically using 

the framework of defamation plasticity and the parameters of the constitutive model 

are determined. 

 

Finally, the overall conclusions and future work from this research are summarised in 

Chapter 8 and 9, respectively. 
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Chapter 2. Review of literature and research objectives 

In materials engineering, the relationship between material deformation and loading 

(or a stress-strain relationship) is termed constitutive law. Hooke’s law is the simplest 

constitutive law which describes linear elastic materials (Whelan and Hodgeson, 1978). 

Plastic behaviour is described using a yield condition. 

 

2.1 Review of experimental characterisation techniques 

 

2.1.1 Bulk powder compaction 

 

The compaction behaviour of powders is an important characteristic since it affects 

the final product properties. The powder compaction process depends on a number 

of different factors including particle properties such as particle shape, size 

distribution, elastic and plastic properties and friction. However, the relationship 

between single particle properties and bulk compression behaviour has not yet been 

fully understood. Extensive studies have been carried out into the compaction 

properties of metal powders (Gan & Gu, 2008; Sivasankaran et al., 2010), ceramics 

(Nagarajan et al., 1997; Vogler et al, 2007) and pharmaceutical materials (Michrafy, et 

al., 2002; Zhang et al., 2006; Yap et al., 2008; Frenning et al. 2009; Klevan et al. 2009; 

Klevan et al., 2010). The deformation mechanisms of powders undergoing 

compression is illustrated in Figure 2-1 (Stasiak et al., 2010). 
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Figure 2-1 A general schematic of mechanisms of powder compression (Stasiak et al., 

2010) 

 

Powder compaction can be carried out using isostatic and uniaxial compaction 

(Govindarajan and Aravas, 1994). In this thesis, only die compaction techniques are 

involved. A large number of die compaction experiments have been carried out by 

researchers (Briscoe and Rough, 1998, Turenne et al., 1999; Wikman et al., 2000; 

Guyoncourt et al., 2001 and Cunningham et al., 2004). Because of friction between 

powder and die, the die compaction is generally classified into three types as shown 

in Fig 2-2 (Wu, 2005a). 
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Figure 2-2 Three categories of close die system: (a) Single-action compaction system, 

(b) Double-action compaction system, (c) Floating die system (Wu, 2005a) 

 

Single-action compaction (Figure 2-2 a) involves a moving upper punch, a fixed lower 

punch and a fixed die plate. The upper punch applies axial pressure within the powder 

mass. For the double-action compaction (Figure 2-2 b), both top and bottom punches 

compress powder at the same time, and the die plate is fixed. The floating die system 

is similar as single-action compaction, but the die table is supported by the springs as 

is shown in Figure 2-2 c.  

 

Friction plays a key role in die compaction. There are a few factors can affect the 

coefficient of friction between die wall and powder such as the nature of the powder 

material, sliding velocity and contact pressure. To minimise friction, lubricants are 

added to lubricate the punch and die. Commonly used lubricants include Magensium 

Stearate, Zinc Stearate, Calcium Stearate, ethylene bis-stearamide etc ( Wornyoh et al., 

2007). 

 

The compaction process of powders involves a complex densification mechanism, such 
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as rearrangement, contact between particles resulting in elastic and plastic 

deformation, fragmentation of particles and formation of interparticulate bonds. A 

constitutive law which describes this mechanical behaviour should capture all these 

mechanisms from loose powder to compact material. This requires an understanding 

of the mechanisms taking place at particle level.  

 

 

2.1.2 Particle packing 

 

Particle packing is important in powder compaction. German (1989) states that the 

bimodal and trimodal mixtures can increase the packing density, however, in order to 

find out an optimal configuration the composition and particle size ratio must be 

carefully determined.  

 

Studies in particle packing arrangement date back to the 1960s (Ridgway and Tarbuck, 

1967; Sloane, 1984; Cumberland and Crawford, 1987; Smith, 1953). In 1694, Newton 

and Gregory were concerned with packing of spheres and studied the maximum 

coordination numbers for equal sized spheres. They thought that the maximum 

coordination number for spheres is 13 because of the solid angle subtended by a 

contacting sphere is less than 1/13 of the total. Rumpf and Gupte (1975) demonstrated 

that a maximum coordination is 12 for ordered packing.  

 

2.1.3.1 Ordered packing 

In two dimensions, particles can be packed into ordered and random structures. The 

packing arrangement does not totally describe the basic structure because of the 

particle shape. Significant overlap of the disks is required to attain total coverage with 
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an estimated excess in disk area of 21% over the covered area necessary to produce a 

complete covering (Rogers, 1964 and Kingman, 1965). As a sequence, a disk (2D) or a 

sphere (3D) is considered as a low packing efficiency object. 

 

There are two ordered packing arrangement of disks as shown in Figure 2-3 (Heyliger , 

2013). According to the number of the contact points for each disk, which is the 

coordination number and the fractional density, they observed that the packing 

density increases with the coordination number. Here, only four-fold and six-fold 

geometry, which show that one particle has four and six contacts, are considered with 

calculated packing density of 0.7854 and 0.9069. However, a statistical model of 

packing arrangement shows a density of 0.42 for a coordination of two (Nikolenko and 

Kovalchenko, 1985). The structure of the six-fold (contacts) geometry gives the 

theoretical maximum packing density for disks (Rogers, 1958) and is the same as that 

which builds up the densest ordered packing in 3D.

  

Figure 2-3 Ordered packing in two dimensions with coordination numbers of four 

and six (Heyliger , 2013). 
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2.1.3.2 Random packing 

The difference between an ordered and random packing is shown in Figure 2-4 

(McDonoghet al., 1998). The ordered structure shows a uniform arrangement and an 

average of contact points. Compared with random structure, it shows different 

coordination number, packing density and void size. The random packing is dependent 

on the assembling procedure of the packing arrangement. Under the random 

conditions, an assumed unidirectional force, such as gravity or a central attraction 

force is normally used in contact of the disks. This can be defined and simulated in 

computer, for example, by defining an assembly routine for the particles entering into 

a container under gravity and depositing into a given packing. 

 

Figure 2-4 Contrast the structure of ordered array and Random array (McDonoghet 

al., 1998) 

. 

 

2.2 X-ray Computed Tomography 

X-ray CT is a non-destructive inspection technique that gives cross-sectional images in 
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planes through components (Kak, 1979). The X-ray CT apparatus mainly consist of an 

X-ray source and a detector as shown in Figure 2-5. The specimen is placed on a 

precision stage in the path of the X-ray beam. A detector array is involved to measure 

the intensities of the X-ray beam launched through the specimen. The specimen is 

rotated in the beam during scanning. In early or large devices, the X-ray source and 

detector rotates at the same time in order to obtain the 2D projections (Lin and Miller, 

2001). However, the lab-scale devices are currently based on the rotation of the 

sample instead of simultaneous rotation of the source and detector.  

 

 

Figure 2-5 The schematic diagram of a X-ray CT device (Sinka et al., 2004) 

 

From the measured transmitted intensities, a mathematical algorithm is used to 

reconstruct the CT images (Mersereau, 1974). The achieved CT images are true cross-

section images. If a small size X-ray source is used, the spatial resolution can increase, 

for example, to 10 µm for mm sized specimen. The CT image values, which are grey 



18 

 

levels, gives information on the material X-ray attenuation coefficient at every point in 

the image. Of considerable interest is the correction for a number of effects, especially 

beam hardening, which will allow the grey levels to be alternated to value of the local 

material density (Phillips and Lannutti, 1997; Burch 2001a, b). Thus, generally speaking, 

it is necessary to measure and correct for the non-linear effects of beam hardening, 

because the X-ray source generates radiation having a broad spectrum of photon 

energies. The dependence of the transmitted X-ray intensity (𝐼) on the linear X-ray 

attenuation coefficient of the material (𝜇𝑐) can be expressed by 

 

                               𝐼 = 𝐼0𝑒
−𝜇𝑐𝑡                        (2-1) 

 

Where 𝐼0 is the incident X-ray intensity, t is the thickness of the material. As the beam 

passes through the material, the lower energy is absorbed first since the linear X-ray 

attenuation coefficient is energy dependent (Lin and Miller, 2001): 

 

                          𝜇𝑐 = 𝜌 (𝑎 +
𝑏𝑍𝑎

3.8

𝐸𝑝
3.2 )                      (2-2) 

 

Where 𝜌  is the material density, 𝑍𝑎  is the material atomic number, 𝐸𝑝  is the 

photon energy and a, b are the material constant. 

 

Applications of X-ray computed tomography (CT) are widely used in variety of scientific 

and industrial fields, for instance: mechanical properties (Busignies et al., 2006; Mueth 

et al., 2000); colloidal deposition during filtration (Li, Lin, Miller, & Johnson, 2006); 

analysis of granule structures (Ansari & Stepanek, 2006b); mixing and segregation (Jia 

et al.2007; Yang & Fu, 2004) porous media (Betson, Barker, Barnes, Atkinson, & Jupe, 

2004; Nakashima & Watanabe, 2002; Spanne et al., 1994; Wong, 1999) pore structure 

analysis of filter cakes (Lin&Miller, 2001); visualisation of catalyst thickness around 

bubbles during fluidisation (Kai et al., 2005); analysis of the mixing of solids in a double 

cone blender using marker particles (Chester et al., 1999) and determination of 



19 

 

moisture content during drying of sludge (Leonard et al., 2003). X-ray CT is also being 

used for other industrial applications, such as the analysis of voidage in minerals and 

applications in hydrology (Lin, Miller, & Cortes, 1992; Miller, Lin, & Cortes, 1990; 

Wildenschild et al., 2002).  

 

The X-ray CT and computer simulations were first combined in the 1990s to analyse 

the detail of the material structure (Olson & Rothman, 1997; Spanne et al., 1994). 

More recently the conjunction of the X-ray technics and computer simulations has 

become widespread in many different fields such as the analysis of fluid flow through 

a porous network, permeability of microstructures, hydraulic properties, dissolution 

of tablets, and particle compression (Lin & Miller, 2004; Sukop et al., 2008; Lu, Landis, 

& Keane, 2006; Selomulya et al., 2006; Spanne et al., 1994; Karpyn & Piri, 2007; Vogel, 

Tolke, Schulz, Krafczyk, & Roth, 2005; Jia & Williams, 2006, 2007; Golchert, Moreno, 

Ghadiri, & Litster, 2004; Golchert, Moreno, Ghadiri, Litster, &Williams, 2004). X-ray CT 

and computer simulations are combined by characterising structural distribution 

through the use of X-ray CT and comparing to the predictions of computer simulations.  

 

For particle packing, the 3D structure of dense random packings representative of 

particles have been achieved by X-ray system using image processing routines (Fu et 

al., 2006). It captured the particle size and shape distributions for mono-spherical 

particles. In Fu et al. (2006) study, a DEM model for the powder packing was built 

based on individual particle information obtained from X-ray CT (shown in figure 2-6). 

This methodology shown a novel method of linking the internal structure of particle 

agglomerates. 
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Figure 2-6 (a) 3D reconstruction in X-ray CT; (b) 3D objects from image segmentation 

on (a) and (c) a magnified part of packed particles (Fu et al., 2006). 

 

 

 

In this research, the real particle shape and packing arrangement will be characterised 

using X-ray CT and the structural information is transferred into finite element analysis.  

 

 

2.3 Modelling approaches 

2.3.1 Discrete approach 

DEM was created by Cundall and Strack in 1979 and immediately received the 

attention of scholars, who develop it constantly. This numerical simulation method is 

designed to solve the problem of non-continuum mechanics. The granular medium of 

non-continuum consists of discrete particles which locate independently from each 

other and interact at contact points. Local translation, rotation and deformation in the 

particles are allowed and also, the contact surface can be deformed, separated and 

slipped. Hence, the nonlinear deformation characteristics can be simulated factually 

under constitutive relationships. With the development of the numerical algorithms 
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and computing capability, it becomes possible to simulate large amounts of particles 

numerically; thus DEM became widely used to solve engineering problems, especially 

in powder mechanics. 

 

In DEM the solution space is discretized into an array of discrete elements. Adjacent 

elements can interact. The relative displacement is the basic variable. Through the 

relationship of relative displacement and force, the normal and tangential force is 

obtained between two elements; then, the total force and moment are calculated by 

summation of the forces resulting from interactions with other elements and the 

external forces on the element from other physical fields. According to Newton’s 

second law of motion, the acceleration of the element is calculated; the velocity and 

displacement of the element are obtained by integration. Thus the physical quantities 

of any element at any moment (e.g. acceleration, velocity, angular velocity, 

displacement, etc.) are obtained. 

 

 

Motion equation  

 

DEM is generally used to model the dynamic processing of multi-particles. According 

to Newton’s equations of motion, the translational and rotational motions of 

individual particles are given by: 

Translational 

                       mi
dVi

dt
= Fci + Fv +mig                      (2-3) 

Rotational 

                              Ii
dωi

dt
= Ti                           (2-4) 

Where mi, Ii, Vi, and ωi  are mass, moment of inertia, linear velocity and angular 

velocity of the particle i. mig is the gravity. Fci is the contact force which includes 

the normal force Fn and tangential force Ft, and Fv is the Van der waals force. Ti 



22 

 

is the torque arising from the tangential contact force.  

 

Tangential force model 

 

Generally, the particle is not perfectly spherical; there are complex textures on the 

particle surface. The presence of these textures and the deformation of the particle 

during collision give rise to tangential forces. The tangential force model was 

implemented by many researchers (Kruggel-Emden et al., 2007, Tsuji et al., 1992 and 

Cundall and Strack, 1979). The Cundall and Strack model assumed that there is a virtual 

spring on the contact point between particles when two particles contact with each 

other. The formulation of tangential force Ft is given by: 

                 Ft = −min(|ksξsnij|, |μFn|) × sgn(ξs)Sij             (2-5) 

Where ks  is tangential stiffness coefficient, nij  is the unit vector of the centre of 

particle i pointed to the centre of particle j, ξs is the tangential displacement and Sij 

is stiffness. 

 

Van der Waals force model 

Besides the contact force and gravity, Van der Waals force between particles needs to 

be considered particularly for small particle sizes. The solution of Van der Waals force 

Fv is shown as: 

                          Fv =
𝐴𝐻

6h2

rirj

ri+rj
nij                          (2-6) 

in which is 𝐴𝐻 Hamaker constant, h is the distance between two surfaces of particles 

and ri, rj are radii of two particles. 

 

Elastic contact law 

Usually, the particle deformation is described by elastic-plastic contact laws. The 

elastic part of the contact force is given by Hertz contact law (Johnson, 1985). The 
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normal elastic Force Fij
e between two spheres i and j as a function of their overlap hij 

                      Fij
e =

4

3
(
1−νi

2

Ei
+
1−νj

2

Ej
) ∙ √Rij

∗ h
ij

3
2                    (2-7) 

where Rij
∗  equal to (RiRj)/(Ri+Rj), Ei and Ej are the Young’s modulus of their 

constitutive materials. νi and νj are Poisson’s ratio. 

 

Elasto-plastic contact law 

Particle contact deformation can be irreversible; in this case plastic deformation must 

be taken into account. Storaker’s plastic force-law is commonly used for this purpose 

(Storaker et al., 1997). In the limiting case of a rate-independent material, it is based 

on a hardening and rigid-plastic Von Mises material. 

                           𝜎𝑣 = σ0𝜀𝑣
1

m                            (2-8) 

where  𝜎𝑣 and 𝜀𝑣  are the Von Mises stress and strain. σ0  and 𝑚  are material 

constants. Storaker’s force-law provided a normal plastic force between the particles i 

and j as a function of σ0 and m. where c(m) = √1.43e
−0.97

m  is related to the area of 

the contact zone. This plastic force-law is derived from the finite analysis and Hill’s 

theory of the rigid sphere – deformable plane indentation problem. 

                 Fij
p
= πσ02

2m−3

2m 3
m−1

m C(m)
2m+1

m Rij
∗
2m−1

2m h
ij

2m+1

2m              (2-9) 

 

The combination of the Storakers’s model with Hertz contact is often used to represent 

DEM of particle compaction (Martin et al, 2003). However, these models are limited 

to the initial stages of compaction. Particle deformation is given at contacts and 

interaction between neighbouring contacts is usually ignored. The models are 

considered valid up to a relative density around 0.85 (Jerier et al., 2011). A high density 

model which overcomes this limitation by considering the contact interferences was 

developed by Jerier (Jerier et al, 2011). 

 

High density model 
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For high density compaction analysis, the influence on each contact force around all 

particles must be taken into consideration. The use of the Voronoi cells enabled the 

analysis of the influence of neighbouring contacts (Artz, 1982). A 3D Voronoi partition 

of the packing is defined and the packing volume is the sum of all Voronoi cells. The 

simulation of packing of 4000 spheres generated by a geometric algorithm (Jeirer et 

al., 2009) is presented in Figure 2-7. The local solid fraction of the weighted Voronoi 

partition associated with particle i: 

                          ρi =
4

3

πRi
3

vi
                              (2-10) 

where vi is the Voronoi cell surrounding the particle i. It can state that ρi=1 means 

that the volume of the cell is completely filled by the material originally contained in 

the particle i. A solid fraction ρij  is proposed to define the contact level between 

particle i and j for the force-law of DEM of high density compaction (Harthong et al., 

2009): 

                          ρij =
1

2
(ρi + ρj)                         (2-11) 

 

 

Figure 2-7 4000 packing spheres showed with the associated Voronoi cells (Jerier et 

al, 2011) 

Figure 2-8 shows the cubic unit cell with a single spherical particle from FEM solutions 

of isostatic compaction. Harthong et al. (2009) determined a contact-law to describe 

the elastoplastic deformation of a particle. The initial solid fraction of the unit cubic is 

ρ0=0.52. The normal force Fij  of the “high density” force-law between the same 
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radius R of particles i and j as a function of the parameters σ0 and m of the particles 

(Harthong et al, 2009) is: 

               Fij(t + ∆t) = Fij(t) + 2σ0RSij (m,
hij

R
, ρij)∆hij(t)         (2-12) 

The stiffness Sij is given by: 

      Sij = α1(m)e
β1(m)

hij

R + α2(m)e
−β2

hij

R + α3(m)
[max(0,ρij−ρ0)]

2

1−ρij
        (2-13) 

where ρ0 is the solid fraction, which is resulting from the identification procedure of 

the law, and α1, α2, α3, β1 and β2 are parameters that are calculated using m: 

                       

{
 
 
 

 
 
 α1(m) = 0.97 −

0.58

m

α2(m) =
15

1+
3

m

− 4

α3(m) = 15 (1 −
1

2m
)

β1(m) = 1.75 (1 +
1

2m
)

β2 = 8 }
 
 
 

 
 
 

                   (2-14) 

 

 

 

Figure 2-8 (a) MDEM (Meshed Distinct Element Method) modelling of hydrostatic 

compaction. (b) Finite element meshes (Harthong et al, 2009) 
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To validate the high-density force-law, the simulations of isostatic and die compaction 

with both DEM and MPFEM has been carried out as illustrated in Figure 2-9 by Jerier 

et al. (2011). The models include the same initial packing of 32 spheres of radius 

(0.15mm) located into a cube of 1mm length.  

 

 

 

Figure 2-9 (a-b-c) 32 meshed spheres and compacted with MPFEM for isostatic (b) 

and uniaxial loading (c). (a’-b’-c’) 32 spheres compacted with the DEM for isostatic 

(b’) and uniaxial loading (c’) using YADE Software (Jerier et al. 2011). 

 

The case of isostatic compaction was set-up by six walls moving at a constant velocity. 

The stress-relative density was measured and obtained from MPFEM, DEM with the 

force-laws presented above and Storakers’ model and shown in Figure 2-10a. The 

spheres are made of lead (σ0 = 20.5MPa and m= 4.17). A good agreement was 

obtained between experimental and the MPFEM and DEM results with a high-density 

model up to a relative density equal to 0.95. However, Storakers model deviated for 

relative density greater than 0.85. In Figure 2-9b, the experimental data (James, 1977) 

was compared with an isostatic compaction model for copper (σ0 = 500MPa and m= 
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3.33). 

 

 

 

Figure 2-10 (a) Isostatic compaction using the “high density” contact law, MPFEM 

and Storakers’ s law using the spheres made of lead in a random packing without 

friction. (b) Isostatic compaction of powder copper between experimental result 

done by James (1997), St 

 

In the case of uniaxial compaction, the frictionless 32 spheres were compacted along 

one direction by a moving horizontal wall, whereas other walls were kept fixed (Figure 

2-8b). The results are shown in Figure 2-11. It can be observed that the MPFEM and 

the “high-density” model have a good agreement when the relative density is lower 

than 0.9. As indicated above, a limit at a relative density of 0.85 was identified for 

Storakers’ model for die compaction. 
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Figure 2-11 Stress-relative density curves from DEM and MPFEM for uniaxial 

compaction of 32 lead spheres in random packing without friction (a) X-axis, (b) the 

Y-axis and (c) the Z-axis (Jerier et al. 2011). 

 

The “high density” contact law introduced a new parameter which represents the local 

solid fraction. This allows incorporating of the effects of plastic incompressibility into 

DEM simulations. The results represented above are interesting and show that the 

high-density model can lead to accuracy under conditions considered (spherical 

particle, no cohesion and frictionless contacts). 

 

To summarise the discrete element method, the movement and deformation of the 

particles are described in terms of the interactions between individual particles. DEM 

was used successfully in large scale computation of powder flow and compaction. For 

powder compaction, particles are assumed as circles in 2D and spheres in 3D and can 

overlap or detach. However, usually DEM simulations ignore rotational stiffness. 
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Experimental and numerical research confirmed that particle rolling has a 

considerable effect on the macroscopic response of particles (Oda et al., 1982 and Oda 

and Iwashita, 2000). During compaction, there are strong changes in particle geometry 

such as resistance in rotation. As a result, DEM does not consider information 

regarding the stresses and strains inside the particles.   

 

 

2.3.2 Continuum approach 

During compaction the powder changes from a loose state into a dense compact. In 

the continuum approach, the powder is considered as a mechanical continuum given 

that the size of particle (typically tens of μm)  is significantly smaller than the 

compressed specimen (typically tens of mm). Plastic behaviour is described using a 

yield condition. The yield surface can be determined by different tests which include 

simple shear, simple compression, triaxial compression (Koerner, 1971 and Doremus 

et al., 1995), closed die compaction (Watson and Wert, 1993), and hydrostatic 

compression (Kim et al., 1990).  

 

The stress measures are defined as follows. The hydrostatic pressure p and Mises 

equivalent stress q are given by: 

                    p =
1

3
(σ11 + σ22 + σ33)                        (2-15) 

    

q = √
1

2
[(σ11 − σ22)2 + (σ11 − σ33)2 + (σ22 − σ33)2] + 3σ122 + 3σ132 + 3σ232 

(2-16) 

Where σij (i,j=1,2,3) are the component of stress.  
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2.3.2.1 Gurson model 

The Gurson model is one of the most widely known micromechanical models to 

represent void nucleation in fully dens materials (Gurson, 1977). This model has been 

modified to include higher porosity of the material (Tvergaard, 1981) and used to 

simulate plasticity in porous materials. The yield function has the following form: 

              F′ = (
q

Py
)
2

+ 2f0 cosh (
√3

2

p

Py
) − (1 + f0

2) = 0             (2-17) 

Where Py is the hydrostatic yield stress and f0 is the void volume fraction. However, 

the disadvantage of this model is the assumption of the same strength in tension and 

compression (Shang, 2012). Other constitutive models were adapted from soil 

mechanics, and which included the Cam-Clay (Schofield and Worth, 1968) and the 

Drucker-Prager (Drucker and Prager, 1952). More recently micromechanical models 

(Fleck, 1995) were developed for powder compaction. 

 

2.3.2.2 Cam-Clay model 

The Cam-clay model dates back to the 1960s (Schofield and worth, 1968) and has been 

developed to solve the boundary value problems in soil media (Gens and Potts, 1988 , 

Yu, 1998, Sun and Kim, 2013 and Abdelhafeez and Essa, 2016). The modified model 

shows as a quadratic expression of the deviatoric and mean stress which is written in 

the form 

                  F′ =
p

Py
(
p

Py
− 1) + (

q

MPy
)
2

= 0                    (2-18) 

Where Py is the hydrostatic yield stress and M is a constant controlling the shape of 

the surface. 
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2.3.2.3 The Drucker-Prager Cap (DPC) model 

The DPC plasticity model has been developed in the field of rock mechanics (Drucker 

and Prager, 1952). Recently, since it can describe shear failure, densification and 

hardening, the DPC model has been used to analyse powder compaction (Sinka et al., 

2003, 2004a; Wu et al., 2005, 2008 , Han et al., 2008, Diarra et al., 2012, Mitra et al., 

2016 and Zhou et al., 2017). The yield surface of the DPC model is shown in Figure 2-

12. The yield surface includes shear failure surface Fs and cap surfaceFc. The shear 

failure surface is defined by two parameters (Abaqus, 2006): cohesion d and internal 

friction angle β 

                        Fs = q − p tan β − d = 0                   (2-19) 

tan𝛽 and d can be determined from uniaxial and diametrical compression testing as 

illustrated in Figure 2-12: 

                    𝑑 =
𝜎𝑐𝜎𝑑(√13−2)

𝜎𝑐−2𝜎𝑑
 𝑎𝑛𝑑 tan 𝛽 =

3(𝜎𝑐−𝑑)

𝜎𝑐
            (2-20) 

where 𝜎𝑐  is the uniaxial strength, which is calculated from the break force 𝐹𝑢  of 

uniaxial compression test and contact area of specimen. 𝜎𝑑 is the tensile strength , 

which is calculated from the break force 𝐹𝑑 of the diametrical compression test and 

specimen size (thickness t and diameter D): 

                        𝜎𝑐 =
4𝐹𝑢

𝜋𝐷2
 𝑎𝑛𝑑 𝜎𝑑 =

2𝐹𝑑

𝜋𝐷𝑡
                    (2-21) 

The cap surface is defined as (Abaqus, 2006): 

             Fc = √(p − pa)
2 +

R2q2

(1+α−
α

cosβ
)
2 − R(d + pa tan β) = 0      (2-22) 

For a uniaxial cylindrical die compaction, the von-Mises effective stress q and the 

hydrostatic stress p are expressed as: 

                         p =
1

3
(σz + 2σr)                         (2-23) 

                          q = |σz − σr|                           (2-24) 

Where σz and σr are the axial and radial stresses, R defines the shape of the “cap”, 

pa  is a related parameter with the hydrostatic yield stress pb  which is shown in 
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Figure 2-12. 

                          pa =
pb−Rd

(1+Rtanβ)
                          (2-25) 

α  is a parameter to describe the transition surface and is typically in the range 

0.01~0.05 in order to have a smooth transition instead of a sharp corner between the 

shear failure line and cap surface (Hibbitt et al., 1998). The hydrostatic yield stress is 

related with a function of volumetric plastic strain εν
p

: 

                          pb = f(εν
p
)                             (2-26) 

The volumetric strain is given by: 

                          εν
p
= ln (

ρr

ρin
)                           (2-27) 

Where ρr  is the current relative density, ρin  is the initial relative density of the 

particles. The relative density is defined as the ratio of the volume of particles in a unit 

to the total volume of the unit.  

 

 

Figure 2-12 Drucker-Prager cap model and experimental procedures for determining 

the shear failure line using (1) uniaxial tension, (2) simple shear, (3) diametrical 

compression, (4) uniaxial compression; and the compaction surface using (5) triaxial 

testing: 5A consolidated triaxial test, 5B simulated closed-die compaction, 5C radial 
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loading in stress space, 5D isostatic test; (6) instrumented die compaction” (Shang, 

2012). 

 

2.3.2.4 Fleck micromechanical model  

Micromechanical models use the interaction between particles using contact laws to 

develop forms for macroscopic yield surfaces. Typically, the powder is considered as 

being formed of monosized spherical particles presenting elasto-plastic behaviour. A 

quadratic yield function for an early stage of compaction was developed by Fleck 

(1995): 

               F′ = (
√5p

3Py
)
2

+ (
5q

18Py
+
2

3
)
2

− 1 = 0                    (2-28) 

This model is only considered to be valid at low relative density where particles 

interact at isolated contacts. 

 

2.3.2.5 Deformation plasticity model  

 

The deformation plasticity framework is based on the extremum theorems of Ponter 

and Martin (1972). This formalism evaluates the response of a random array of 

spherical particles under similar assumptions as Fleck and co-workers (Fleck, 1995; 

Fleck et al., 1997; Storakers et al., 1999). For the plastic response of polycrystalline 

materials theoretical models predict that the yield surface of complex evolving shapes 

has a vertex at the loading point (Asaro, 1983), and this has been confirmed by 

experiments (Phillips and Lu, 1984). However, simple macroscopic models, which 

include a smooth yield surfaces, can also provide an accurate description of the 

material response. The complexity is due to the form of laws which used to describe 

the translation and expansion of the surface in stress space (Mroz, 1967; Chaboche, 
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1993). 

 

It is usually accepted that the incremental theories whereby the strain increment is 

defined when the stress reaches yield are more physically reasonable than the 

deformation theories. Here, the total strain is related to the current stress without 

considering history effects. Moreover, a deformation theory only gives an accurate 

description of the response for a single loading history if the true yield surface is 

smooth (Ponter and Martin, 1972). However, the deformation theory can provide a 

good description of the material response for a wide range of monotonically raising 

stress histories if the true yield surface includes vertices (Budiansky, 1959). 

Furthermore, when the true yield surface contains vertices, the deformation theory 

offers a more accurate description of the post-buckling response of structures than 

the conventional incremental theory (Hutchinson, 1974), because the direction of the 

strain-increment vector at a vertex is not unique in the incremental models. For 

example, if the stress is raised along a radial loading path in stress space, a peak form 

at the loading point as the stress is increased. If the element is then subject to a small 

added non-radial stress increment to keep the loading point at the vertex, rapid 

change is accompanied in the direction of the strain increment vector. However, the 

total strain is similar to that acquired from a radial loading history from the initial to 

terminal state (Cocks and Sinka, 2006). 

 

The extremum theorems of Ponter and Martin (Ponter and Martin, 1972) are 

significant to the development of the deformation plasticity model. Consider an 

element of material is subjected to a history of loading to a strain 𝜀𝑖𝑗. The work done 

during this loading history is: 

 

                         𝜔(𝜀𝑖𝑗) = ∫ 𝜎𝑖𝑗𝑑𝜀𝑖𝑗
𝜀𝑖𝑗
0

                     (2-29) 

 

In strain space, there exists a path for which the work done is a minimum, i.e. 
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                           𝜔𝑒(𝜀𝑖𝑗) ≤ 𝜔(𝜀𝑖𝑗)                      (2-30) 

 

𝜔(𝜀𝑖𝑗) is the work done along this extremal path. If the final stress 𝜎𝑖𝑗 is reached 

along any other path in strain space, then 

 

                              𝜎𝑖𝑗 =
𝜕𝜔𝑒

𝜕𝜀𝑖𝑗
                         (2-31) 

 

Similarly, the complementary work done along any path in stress space to a terminal 

state 𝜎𝑖𝑗 is:  

 

                           �̅� = ∫ 𝜀𝑖𝑗
𝜎𝑖𝑗
0

𝑑𝜎𝑖𝑗                      (2-32) 

 

In stress space, a path exists so that �̅� is a maximum, i.e. 

 

                          𝜔𝑒̅̅̅̅ (𝜎𝑖𝑗) ≥ �̅�(𝜎𝑖𝑗)                      (2-33) 

 

The resulting strain, 𝜀𝑖𝑗, is given by 

 

                            𝜀𝑖𝑗 =
𝜕�̅�𝑒

𝜕𝜎𝑖𝑗
                           (2-34) 

 

It can be noted that there is an equivalent extremal path for �̅� in stress space for any 

extremal path for ω in strain space and 

 

                       𝜔𝑒(𝜀𝑖𝑗) + �̅�𝑒(𝜎𝑖𝑗) = 𝜎𝑖𝑗𝜀𝑖𝑗                  (2-35) 

 

A stable hyperelastic material that is less stiff than the inelastic material used to define 
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it is effectively defined by the extremal paths in Equations (2-31) and (2-34), which 

thus gives a consistent set of relationships for the definition of a deformation theory. 

The use of these relationships requires a consistent definition of stress and strain. The 

conventional incremental plasticity models describe the material behaviour using the 

true (Cauchy) stress and increments of true strain which is the symmetric part of the 

deformation increment tensor. The minimum work path of a given deformation history 

can be resolved into a pure rotation followed by straining so that the relative 

magnitude of the true train increments kept constant. This deformation can be 

described in terms of the principal components of the true strain, 𝜀I, 𝜀II, 𝜀III, or the 

principal equivalently stretches, 𝜆𝑖 = 𝑒𝑥𝑝𝜀𝑖, 𝑖 = I 𝑡𝑜 III. Therefore the potential 𝜔𝑒 

can be presented as a function of either the true strain or principal stretches. 

 

 

The above theoretical results will be used to develop a model for the deformation 

response of powder compacts. General relationship for the macroscopic response will 

be derived, and then this structure will be applied to the micromechanical model of 

Fleck et al. (Fleck, 1995; Fleck et al., 1997; Storalers et al., 1999) to gain a specific form 

of constitutive model (Cocks and Sinka, 2006). 

 

2.3.2.5.1 Structure of constitutive laws 

 

Figure 2-13 shows a macroscopic element of material which includes a random array 

of contacting particles that form an equilibrium structure. The initial volume is taken 

as a reference state. The applied loading to the particles can be expressed in terms of 

the macroscopic average true stresses, 𝛴𝑖𝑗 , and Hencky logarithmic strains 𝐸𝑖𝑗 . To 

simplify, it can be assumed that the initial volume is unity and at a given instant 𝑉 =

𝐽, the ratio of volumes in the deformed and reference configurations. For the material 

which deforms according to the deformation model of equation (2-34) 
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𝐽𝛴𝑖𝑗𝑑𝐸𝑖𝑗 = 𝑇𝑖𝑗𝑑𝐸𝑖𝑗 = ∫ 𝜎𝑖𝑗𝑑𝜀𝑖𝑗
𝑉𝑠

 

                             = ∫ 𝑑𝜔𝑒(𝜀𝑖𝑗)𝑑𝑉𝑉𝑠
= 𝑑𝛺𝑒              (2-36) 

 

where 𝑇𝑖𝑗 = 𝐽𝛴𝑖𝑗 is the Kirchoff stress, 𝑉𝑠 is the solid volume and 𝛺𝑒 is given by 

 

                       𝛺𝑒 = 𝛺𝑒(𝐸𝑖𝑗) = ∫ 𝜔𝑒(𝜀𝑖𝑗
𝑒 )𝑑𝑉

𝑉
               (2-37) 

 

And is a function of the macroscopic strain 𝐸𝑖𝑗. Equation (2-36) indicates that  

 

                             𝑇𝑖𝑗 =
𝜕𝛺𝑒

𝜕𝐸𝑖𝑗
                           (2-38) 

 

A dual potential �̅�𝑒 can also be defined so that 

 

                              𝐸𝑖𝑗 =
𝜕�̅�𝑒

𝜕𝑇𝑖𝑗
                          (2-39) 

 

The two potentials are related to each other similar to Equation (2-35) 

 

                     𝛺𝑒(𝐸𝑖𝑗) + �̅�𝑒(𝑇𝑖𝑗) = 𝑇𝑖𝑗𝐸𝑖𝑗                    (2-40) 

 

Also, the corresponding results to those of Equation (2-30) and (2-31) work for the 

macroscopic porous body are illustrated by Ponter and Martin (1972), which is shown 

as 

 

                 𝛺𝑒(𝐸𝑖𝑗) ≤ 𝛺(𝐸𝑖𝑗) and �̅�𝑒(𝑇𝑖𝑗) ≥ �̅�(𝑇𝑖𝑗)             (2-41) 

 

Where 𝛺(𝐸𝑖𝑗) and �̅�(𝑇𝑖𝑗) are the work and complimentary work done per unit 



38 

 

initial volume along the loading path to the strain 𝐸𝑖𝑗and stress 𝑇𝑖𝑗. 

 

These results show a general structure of a deformation plasticity model for a powder 

compact that can be used to offer a theoretical structure for the explanation of the 

results and direct an experimental analysis programme. The equation (2-41) proposes 

that the loading path should be determined in which the complementary work per 

unit initial volume is maximised. The analysis results for loading paths should be 

plotted as surfaces of constant complementary work in Kirchhoff stress space. It 

should be checked that the total strain vector is normal to these surfaces as describe 

by equation (2-39), and the sensitivity of the complementary work to choice of loading 

path should be evaluated. For the situation where the macroscopic yield surfaces 

involve vertices, it would be expected that �̅�(𝑇𝑖𝑗)  is insensitive to the choice of 

loading path. 

 

In this section, the structure of constitutive model is related to a wide range of inelastic 

materials. The bounding character of the deformation plasticity model requires the 

underlying incremental response to be stable where dissipation by frictional sliding 

between particles is considered. Based on above framework, a micromechanical 

model of powder compaction is developed by Cocks and Sinka (2006). The model 

offers description of the surfaces of constant complementary work that can be used 

to analyse MPFEM results in the following Chapters. 
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Figure 2-13 (a) a unit cell of powder compact consisting of a random packing 

arrangement of realistic irregular particles subjected to macroscopic stresses Σ_ijand 

strains E_ij. (b) The element of material shown in (a) controlled by an axisymmetric 

stress and strain history (Cocks and Sinka, 2006) 

 

 

2.3.3 Overview of FEA 

FEA is a numerical solution for solving the elasticity and plasticity problems. In the 

early 1950s (Turner et al., 1956), it was firstly used in the field of continuous physical 

research, including aircraft static and dynamic structural analysis to obtain the 

structural deformation, stress, natural frequency and mode shape. The validity of this 

approach means the application of FEA extends from linear to nonlinear problems. The 

analysis of the object extends from elastic material to the plastic, viscoelastic, 

viscoplastic and composite materials, and from a continuous body to a non-continuous 

body.  
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In FEA a large structure is divided into finite areas called elements and nodes. The 

assumption is that the deformation of the structure is simple in each element. The 

deformation and stress of each element and that of the entire structure are 

determined. It has been theoretically proved that, when the number of elements are 

large enough, the finite element solution converges to the exact solution of the 

problem (Strang and George, 1973; Hasting et al., 1985; Reddy, 2006). But the 

calculation quantity increases accordingly. To this end, it is necessary to find the 

balance between computational requirements and calculation accuracy. 

 

In powder engineering, FEA can be used to optimise the formulation of powder and 

improve a product performance criterion by the selection of process parameters. This 

method is used for all classes of powders.  

 

2.3.4 Multi-particle finite element method (MPFEM) 

 

MPFEM for powder compaction involves considering each particle individually. As a 

result of combining discrete behaviour of particle assemblies, MPFEM has the ability 

to account for large contact deformation and up to a high relative density which cannot 

be achieved in DEM. A “unit cell” is used to define a representative arrangement of 

particles. In the unit cell, each particle is meshed individually. The assembly is 

compacted by rigid wall boundaries. This approach has been implemented by different 

researchers (Akisanya et al., 1994, Ransing et al., 2000, Wu et al., 2000 and Huang et 

al., 2017). However, these simulations are limited to an ordered particle packing or 

monosized spherical particles. Procopio and Zavaliangos (2005) improved this by 

creating a model which simulated a large amount of random packing particles, without 

simplified assumptions regarding contact mechanics. Although the MPFEM gives an 

excellent platform to determine and examine issues with respect to particle shape, 

size and material properties, they studied monosized, elastic-perfectly plastic, circular 
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particles with goal of establishing the accuracy of this method and to investigate the 

effect of basic factors. They aimed to understand the development of the yield surface 

during monotonic loading to a given density. 

 

To set-up MPFEM, the optimal selection of the finite element mesh was investigated 

(Procopio and Zavaliangos 2005). If the outer surface of the particle is adequately 

discretized, FEA can describe the interparticle interactions with little geometric 

compromise. As shown in Figure 2-14a, there are 72 structured nodes on the particle 

surface with 169 total nodes and 132 total elements per particle. The smallest length 

scale is the external surface elements which are accurately defined as 3.75% of the 

particle diameter. The accuracy of this designed mesh has been verified with 

comparing against a 2700 element mesh which is illustrated in Figure 2-14b. This 2700 

element mesh is elastic-perfectly plastic particles with a ratio of Young’s modulus to 

yield stress of E/𝜎𝑦=100 and a Poisson ratio of 𝑣 = 0.3 in various configurations 

(Figure 2-14c) under central motion of their centres. The result shown in Figure 2-14c 

determined that the proposed mesh has excellent accuracy and is very economical 

with regard to the degrees of freedom. This structured particle mesh saves simulation 

time. 
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Figure 2-14 Normalized interparticle force (c) as a function of interparticle strain for a 

simplified quarter cylinder under normal loading, simple cubic loading and hexagonal 

loading for (a) designed structured mesh used in the MPFEM (Procopio and 

Zavaliangos, 2005) and (b) fine finite element mesh overlaid with the similarity 

solution of Storakers et al. (1997) 

 

For the initial particle configuration, a low density random packing of particles was 

created in a rectangular box. The particle collection was densified by applying position 

dependent initial velocities to the particle which are zero at the centre of the rectangle 
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and increase linearly with radial distance. To ensure the particle motion, a full finite 

element simulation was carried out with the additional constraint of moving rigid 

boundaries that envelop the motion of the particles. During particle compaction, the 

simulation time is accelerated by using mass scaling which increases inertia and the 

maximum stable time increments. The boundary condition of this model uses moving 

rigid surfaces to apply displacement. Simulations were performed by varying 

symmetrically the prescribed motion of the radial (r) and axial (a) rigid boundaries 

velocities to maintain a specified ratio E/H, where H and E are the hydrostatic strain 

and equivalent strain in the 2D plane, respectively defined as  

 

                  𝐻 = (𝐸𝑎 + 𝐸𝑟) 𝑎𝑛𝑑 𝐸𝑒 =
1

2
(𝐸𝑎 − 𝐸𝑟)              (2-54) 

 

The macroscopic stress is calculated from the reaction forces of the moving rigid 

boundaries and is described using the following measures of the stress: 

 

                  𝛴𝑚 =
1

2
(𝛴𝑎 + 𝛴𝑟) 𝑎𝑛𝑑 𝛴 = (𝛴𝑎 − 𝛴𝑟)              (2-55) 

 

where 𝛴𝑚 is the hydrostatic component and 𝛴 is the deviatoric stress response. 

 

For material properties, Procopio and Zavaliangos (2005) assumed that the particles 

are linear elastic-perfectly plastic with 𝐸/𝜎𝑦 of 100 and Poisson’s ratio of 0.3, where 

𝐸 is the Young’s modulus and 𝜎𝑦 is the uniaxial yield stress. They pointed out that 

the selection of 𝐸/𝜎𝑦 is important for both accuracy and computational efficiency of 

this model. Mesarovic and Fleck (2000) showed that the effect of elasticity occurs at 

𝐸/𝜎𝑦 < 500, but it remains small up to 𝐸/𝜎𝑦 of 100.  

 

The interaction between wall and particles is considered frictionless. The Coulomb 

interaction with an upper limit of the shear stress, 𝜏𝑚𝑎𝑥 = 𝜏𝑦 = 𝜎𝑦/√3 and friction 
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coefficient between particles 𝜇 = 0, 0.1, 0.192 𝑎𝑛𝑑 0.3 were studied. The specific 

value of 𝜇 = 0.192 is based on the ratio of the upper limit yield stress shown above 

and the maximum contact pressure which is given by the Prandtl solution for the 

indentation of a semi-infinite medium by a flat die (Hill, 1950), 𝑝 = 2.97𝜎𝑦. 

 

Figure 2-15 shows a comparison of the MPFEM for isostatic compaction with 𝜇 =

0.192 with: 

 

1. There is a plasticity solution to the problem of a cylinder controlled by external 

pressure where the bore radius is chosen to express the porosity (Torre, 1948), 

                           𝑝 =
−𝜎𝑦

√3
ln(1 − 𝐷)                      (2-56) 

 

2. The Helle solution (Helle et al., 1985) for the limiting external pressure which 

will cause yielding of a particle based on simplified equations of coordination 

number and geometry, 

 

                           𝑝 = 3𝐷2
(𝐷−𝐷0)

(1−𝐷0)
𝜎𝑦                      (2-57) 

 

3. 2D Gurson model, modified as 

 

                       𝑝 =
−𝜎𝑦

√3
cosh−1 [

1+(1−𝐷)2

2𝑞2(1−𝐷)
]                   (2-58) 

      where 𝑞2 = 1.5 based in comparison to numerical results to account for  

      localization effects (Tvergaard, 1990) 

 

4. The unit cell FEM of periodic hexagonal packing arrangement of discs (PHAD) 

for two material property combinations: 𝐸/𝜎𝑦 = 100,1000 
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Figure 2-15 Comparison of predicted mean stress against relative density for isostatic 

pressing (E/H=0) for 2D Torre model, the Helle solution, the modified Gurson model, 

two periodic hexagonal FEM simulation for E/σ_y=100,1000 and MPFEM simulation 

(Procopio and Zavaliangos, 2005) 

 

The results show that the Torre and the modified Gurson model overestimate the 

prediction of the periodic arrangement for all relative densities. They are often claimed 

to be suitable for the last stage of compaction. This large difference can be due to 

geometric effects. In their case, it is a cylinder with a hole that is compressed by 

external pressure. Yielding occurs everywhere along the periphery of the inner hole. 

However, for the particle level compaction, the yielding on the particle contact is given 

on a smaller area. For the finite element solution of the PHAD, the effect of elasticity 

does not indicate a main role in the stress response for 𝐸/𝜎𝑦 = 100 𝑎𝑛𝑑 1000 . 

Compared with the PHAD, MPFEM shows a lower stress response owing to the 

accomplished densification by particle rearrangement and non-affine motion apart 

from the plastic yielding at the particle contacts. In Figure 2-15, only MPFEM includes 
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particle rearrangement and non-affine motion. 

 

Procopio and Zavaliangos (2005) also compared the hydrostatic compaction solution 

between the MPFEM and the Fleck and Redanz (2001) 2D DEM model which is shown 

in Figure 2-16 (a)-(c) for low relative densities. The DEM solution relaxed the 

assumption of affine particle motion and predicted a reduced stress response due to 

the ability for the particles to rearrange. But its resolution still shows a higher 

densification stresses than the MPFEM. Storakers et al. (1997) explained one reason 

for this difference. The solution in their DEM work has a narrow range of application 

as shown in Figure 2-14 (c). In addition, the lateral motion of contacting particles on 

the centre-to-centre line does not change the level of interparticle force despite the 

potential change in contacting area between particles. In a real situation, the relative 

movement of the contacting particle may cause the contact area to shift from the 

previous deformed material toward neighbouring material, where there are 

undeformed areas on the surface of the particles, which in turn significantly reduces 

the interpaticle forces. However, such phenomena is captured naturally by the MPFEM, 

which is capable of following interparticle contacts with no compromises in the 

geometry assumption. 
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Figure 2-16 Comparison of the hydrostatic compaction solution between MPFEM 

(Procopio and Zavaliangos, 2005) and 2D DEM solution (Redanz and Fleck, 2001) 

Although, the DEM can successfully handle large numbers of particles, the application 

of DEM has limits regarding the deformation behaviour at particle contact level. The 

MPFEM can provide necessary degrees of freedom that allow a local natural contact 

deformation rather than a uniform deformation in DEM. As a result, the MPFEM can 

address rearrangement, non-affine motion, particle rotation and large deformation to 
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high relative densities. The MPFEM offers unprecedented insight in the compaction 

behaviour of particles. Therefore, further examination of important effects such as 

particle shape and material behaviour, which are practically impossible to examine by 

DEM or other micromechanical models, needs to be explored.  

 

 

2.4 Research objectives  

The overall objective of this research is to develop a complete methodology for 

determining the constitutive law for the compaction behaviour of a powder material 

using particle properties and packing arrangements without the need to carry out 

compaction experiments on bulk powders. This is achieved through the following 

specific objectives: 

 

1. Characterisation of the mechanical properties of particles in order to describe 

elastic and plastic behaviour 

 

2. Characterisation of particle size, shapes and packing arrangements and set-up of 

a representative cell for FEA 

 

3. Numerical calculation (using MPFEM) of stress-strain curves for the unit cell 

subject to a variety of loading paths in strain space 

 

4. Validation of the multi-particle model against data generated closed die 

compaction experiments 

 

5. Development of constitutive laws for compaction using the deformation and 

incremental plasticity framework  
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The framework of research structure is shown in Figure 2-17. There are two steps 

involved in setting up MPFEM. First, characterisation of single particle properties as 

input parameters for MPFEM. These properties (e.g. Young’s modulus, Poisson’s ratio 

and yield stress) are calculated based on Hertz law using the break force and 

displacement which are obtained from single particle breakage test. To validate these 

input parameters, a single particle compression model is created. Second, the actual 

particle size, shape and packing arrangement are captured from X-ray CT system. 

Through an image analysis process, the multi-particle geometry is defined and 

transferred into finite element software. Coupled with the particle characteristics, the 

constitutive model will be simulated using MPFEM. The model needs to be validated 

by involving the experimental data from instrumented die compaction. Then the 

deformation plasticity framework will be applied to develop the constitutive law. 

 

 

Figure 2-17 The framework of research structure 
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Chapter 3. Experimental characterisation of mechanical 

properties of single particles and modelling single particle 

deformation 

The development of numerical constitutive laws using the multi-particle finite element 

method requires the mechanical properties of single particles as inputs. In this chapter, 

the experimental methodology used to measure physical and mechanical properties 

(density, elastic modulus and yield stress) are presented. For practical purpose, it is 

important to determine in a clear and efficient manner. Table 3-1 summarises the 

procedures for determining compaction the mechanical properties of the particles. 

 

Table 3-1 Methodology for determining single particle properties 

 

 

3.1 Material 

In this research a relatively large compressible granule is used as the specimen to carry 

out the elastic and breakage test. The size of the granule (approximately 0.8 mm 

diameter) was selected in order to facilitate high quality X-ray CT images. 
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Granules made of microcrystalline cellulose were prepared using the 

extrusion/spheronization process. Microcrystalline cellulose is a fine powder which is 

widely used as excipient in pharmaceutical and other industries. It is purified, partially 

depolymerized cellulose prepared using mineral acid to hydrolyze cellulose pulp and 

obtain a natural cellulose in free flowing powder form which is insoluble in water and 

forms a stable dispersion. Because of the existence of hydrogen bonds between the 

microcrystalline cellulose molecules, the powder is highly compressible. It has material 

characteristics for wet granulation processes and extrusion/spheronisation.  

 

Spheronization is widely employed in food and pharmaceuticals (Shyamala and 

Lakshmi, 2010). The basic machine includes a rotating disk at the base of a fixed 

cylindrical bowl. The disc is termed “friction plate” and has a groove pattern on the 

processing surface to engage with the material. Extrudates are loaded into the 

spheronizer and the process can be divided into a number of stages. Firstly, the 

cylindrical extrudate segments are broken into segments with a length ranging from 1 

to 1.2 times the diameter (Caleva Process Solution Ltd., 2016). Then the segments 

collide with the bowl wall and the friction plate. The ongoing action of segments 

colliding with the vessel creates a rope-like movement of particles. The continuous 

collision and friction of particles gradually reshape the cylindrical segments into 

spheres. When these particles have obtained the required particle shape and size, the 

discharge valve of the chamber is opened and the particles are discharged by the 

centrifugal force (Caleva Process Solution Ltd., 2016). 

 

 

The starting material for spheronisation is Microcrystalline Cellulose Avicel PH101 

manufactured by FMC Biopolymer. The density of the fully dense material is measured 

is 1480 kg/m3 by calculating average mass and volume.  
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Figure 3-1 SEM micrograph of microcrystalline cellulose particle used in this study 

 

   

 

3.2 Characterisation of single particle mechanical properties  

 

The mechanical strength of a compact is strongly dependent on the mechanical 

properties of the individual particles and the interactions between particles. Therefore, 

it is important to characterise the deformation and compression behaviour of single 

particles. Young’s modulus and yield stress are the two main material properties that 

affect the compaction behaviour of powders.  
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3.2.1 Elastic test 

 

This elastic compression of single particle is conducted using a machine for 

micromechanical fatigue test (MMT-11N Shimadzu Co., Japan). As shown in Figure 3-

2, the system includes voltage regulator, UPS power supply, controller, signal amplifier, 

stretching mechanism and computer.  

 

 

a) Tensile agencies 
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b) Schematic diagram   

Figure 3-2 MMT-11 micro-fatigue testing of single particles 

 

 

The main features of this fatigue machine involves small energy consumption, low 

noise, simple operation. It uses the advanced two-degree-of-freedom PID adaptive 

control mode that has automatic adjustment of control parameters. The system 

setting, control and data collection can be done using corresponding test software in 

PC. The controller contains a 20-bit high-precision A/D converter to achieve real-time 

accurate measurement. 

   

MMT-11N has a high frequency response of the electromagnetic vibrator as a loading 

mechanism. Through the closed-loop control, it can be controlled and measured under 

small force and displacement with high speed and precision. The loading range is ± 

10N, the frequency is from 1 to 60 Hz and the displacement range is ± 2mm.  

  

This compression test is carried out at room temperature using load control. As the 

sine wave expression is simple, it is selected as waveform to apply cycle load, and the 
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loading frequency is 1, 5, 10Hz which means there are 1, 5, 10 cycles tested per second. 

The maximum loading force starts to record from 7N to 9N, and there are 90 cycles 

output in every 0.5N increment. 

 

In elastic compression test, the cyclic loading is applied until the set value is reached. 

These tests under different frequency (1, 5, 10Hz) are finished with a big agreement. 

The results are shown in figure 3-3. 

 

 

Figure 3-3 Elastic compression test 

 

In order to determine the properties of single particles the solution of the problem of 

a single elastic sphere of Hertz is used, which represents a relationship between 

normal force and displacement of the centres of two spheres undergoing deformation 

at the contacts. The assumptions used in the Hertz model are: (1) the contact bodies 

are homogeneous, isotropic and the material is linear elastic; (2) the applied load is 
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static; (3) the diameters of the particles are much larger than the dimension of contact 

surface; (4) the contact surface is smooth without friction effects; (5) the deformation 

of the bodies is small.  

 

According to Hertz theory, when a particle is loaded by a normal force N, the particle 

will undergo a local contact surface deformation. The pressure 𝑃𝑐  on the contact 

surface is: 

                        𝑃𝑐 = p0{1 − (r
2 a2⁄ )}1 2⁄                      (3-1) 

Where r is the radial distance from the centre of the contact surface, a is the surface 

of contact and p0 is the maximum pressure of the contact surface. The surface of 

contact a is given by: 

                           a = (
3NR

4K
)
1
3⁄

                          (3-2) 

Where R is the radius of the particle and K is the bulk modulus and a constant 

represented the elastic properties of the particle. It can be calculated from Young’s 

modulus E and Poisson’s ratio ν : 

                          
1

K
=

1−ν2

E
                              (3-3) 

The total normal displacement δ is given by: 

 

                        δ = (
9N2

16RK2
)
1
3⁄

                          (3-4) 

 

Based on the result of elastic test, Young’s modulus is fitted using equation (3-4). In 

this experiment, the unloading curve shows the elastic behaviour of the single particle. 

As shown in figure 3-4, the unloading curves represent a better trends match. 
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Figure 3-4 Fitting curves in 1, 5, 10Hz 

 

 

 

 

 

 

3.2.2 Breakage test 

 

The granule breakage test is carried out using an “Instron 2716-016” 

compression/tension machine manufactured by Instron UK that is suitable for small 

specimen testing. The machine has a rated capacity of 1kN; for granule breakage a 

500N load cell was used. The system is illustrated in Figure 3-5. 
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The particle is compressed using two cylindrical punches which have 12 mm diameter. 

The bottom punch is fixed. The movement of the top punch is controlled using 

displacement as feed-back. A relatively low rate of 1 mm/min is applied to capture the 

deformation and breakage of a relatively small particle (0.8mm). 

 

The elastic compliance of the two punches and the compression system was 

determined and correction procedures for the elastic compliance of the system 

(detailed in Chapter 4) were applied to the measured force-displacement curves. 

 

 

 

Figure 3-5 Instron system for single particle breakage 
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In a typical breakage test, the force increases with displacement until a peak value is 

reached, where brittle failure is observed and a crack is developed through the centre 

of the particle. For the purpose of data analysis, the break force is defined as the 

maximum force value which is followed by the 20% drop. With further compression, 

the force increases as the fragments are broken up. The results are shown in Figure 3-

6. 

 

In summary, the granule having diameters of 0.8 mm were compressed between rigid 

platens and the average break force was found at to 12 N and the applied displacement 

is 0.09mm.  
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Figure 3-6 Force-displacement curves single particle compression test 

 

 

 

The value of the maximum pressure p0  is obtained by equating the sum of the 

pressure over the contact area to the compression force N. Then, the maximum 

pressure can be given by 

 

                         p0 =
3𝑁

2𝜋𝑎2
                            (3-5) 

 

The maximum pressure is 1.5 times the average pressure on the surface of contact. In  

this case, the failure of single particle is produced by maximum tensile stress. This 
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stress occurs at the circular boundary of the surface of contact (Johnson, 1985). It acts 

in radial direction which can gives 

 

                       𝜎𝑦 =
p0(1−2𝑣)

3
                          (3-6) 

Where 𝜎𝑦 is the yield stress which will be used as an input parameter in FEA of single 

particle and MPFEM. 

 

The mechanical properties determined from single particle compression are presented 

in Table 3-2 

 

Table 3-2  

Radius, (mm) 0.45±0.003 

Young’s modulus, (GPa) 1.5 

Poisson’s ratio 0.35 

Yield stress, (MPa) 45 

 

 

 

 

3.3 FEA of single particle compression 

FEM of single particle compression is carried out and validated against the 

experiments. The commercial finite element package  

 

To represent the FEM, Abaqus is widely used in current research and industry. It is a 

set of powerful engineering simulation software to solve problems ranging from the 

simple linear analysis to complex nonlinear problems. It is considered to be the most 

powerful finite element software. Abaqus cannot only do a single part of mechanical 
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and muti-physics analysis, but also can do system-level analysis and research. That is a 

unique analysis feature compared with other analysis software. Especially, it covers 

different contact types that can give hard or soft contact, Hertz contact (small sliding 

contact), and limited sliding contact and so on. And the friction and damping on 

contact surfaces can be considered and defined as well. It is able to design an accurate 

simulation of the actual engineering structures. One of the main solver modules, 

Abaqus/EXPLICIT v6.12 (2012), is implemented in this research. 

 

To build a single particle model in Abaqus, a 1/8 3D meshed spherical geometry is 

created for the 0.8 mm diameter particle. The material is considered isotropic. The 

normal force is applied by a rigid flat body in this model. Two simulations are 

performed, 1) using an elastic model and 2) using an elastic –plastic model. The force-

displacement cure is used for comparison with experiments. 

 

 

 

 

Table 3-3 Calculation and simulation input parameters for 1/8 3D ball 

 Experimental Validation model 

2/3D 3D 

Element type 3D stress C3D8R 

Sample shape 1/8 sphere 

Displacement in FEM, (mm) 0.09 

 

Figure 3-7 illustrates the stress distribution in a single particle using the elastic 

perfectly plastic model with material parameters in Table 3-2 and Table 3-3. This 

distribution is standard and in agreement to the analytical solution.  
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Some elements reached the yield stress when the displacement reached 0.015 mm. 

As a result in Figure 3-8, the elastic-plastic model curve matched the experimental 

result very well. Therefore, the finite element model using input parameters in Table 

3-2 is consistent with the experimentally measure compression behaviour of a single 

particle.  

 

 

 

Figure 3-7 Stress distribution in single particle during compression 
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Figure 3-8 Force-Displacement curves from experimental data and FEM 

 

3.4 Conclusions 

The normal contact of a spherical particle was simulated by the finite element method. 

The finite element model was calibrated from single particle compression test data. 

This Chapter established the mechanical properties (E, v and 𝜎𝑦 ) of the particles, 

which will be used as inputs into MPFEM.  
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Chapter 4 Compaction behaviour of powders 

Die compaction tests have been adopted by many researchers (Briscoe and Rough, 

1998, Wikman et al., 2000, Cunningham et al., 2004). This chapter presents 

experiments carried out on standard dies (referred to as “closed die”) and in a die 

instrumented with radia stress sensors (referred to as “instrumented die”). The results 

are used for calibration and validation of MPFEM.  

 

4.1 Experimental methods for multi-particle compaction 

4.1.1 Closed die system 

One of the most representative tests for studying powder compressibility is the closed 

die compaction. Closed die compaction experiments generate axial stress – density 

density curves. The axial stress is calculated from the applied load and the density from 

mass and volume measurements. The advantages of the closed die system are that 

they reproduce industrial conditions with some accuracy and they are mechanically 

simple to set-up and operate. However, the system usually has only one force output, 

thus the effect of friction between powder and die wall cannot be isolated. For the 

purpose of applying unifoirm stress to the specimen friction should be minimized.  

 

In this research, closed die compacion will be carried out for comparison. The diameter 

of the die is 11mm, and the inside height is 18.7 mm. The applied loading for the 

specimen will be around 150 MPa with 1mm/min compression rate. The lubricated 

punch will be used to reduce the friction effect. 

 

 

In order to generate constitutive data, it is necessary to measure not only the axial 
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stress but also the radial stress in the specimen. For this purpose a die instrumented 

with radial stress sensors is necessary. The coeficient of friction between powder and 

wall can be calculated. The instrumented die system can also be used to measure 

unloading following compaction; unloading data can be used to deternie the elastic 

properties as a function of density.  

 

4.1.2 Instrumented die compaction 

 

Instrumented die system is widely used (Ernst et al., 1991 and Guyoncourt et al., 2001). 

In die compaciton the radial strain is zero due to the elastic deformation of the die 

being neglected. Figure 4-1 (b) shows the die instrumented with radial stress sensor 

which was used in this research. The diameter of the instrumented die is 10.5mm and 

the diameter of the sensors is round with 1mm. The position of these two pressure 

sensors are fixed on 10 and 12mm from the top of the die. The material of the die, the 

tolerance and the surface finish of the instrumented die are consistent with dies used 

on high speed pharmaceutical tablet presses. 

 

 

Figure 4-1 (a) Closed die section view, (b) Instrumented die section view (Shang, 

2012) 
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The axial load is applied using a universal tension/compression machine “MTS 810 

material testing” manufactured by MTS System Corporation shown in Figure 4-2. The 

maximum axial load that can be applied by the system is 100 kN (corresponding to 

around 900 MPa for the diameter of the instrumented die) the radial stress was limited 

to 200MPa by the construction of the sensors.  

 

The die is assembled into the MTS system as shown in Figure 4-2. The lower punch is 

stationary and the load is applied using the upper punch. The forces applied by both 

top and bottom punches are measured and the corresponding axial stress is calculated. 

Because of the effect of friction, the force applied by upper punch is always larger than 

the force transmitted to the lower punch. 

 

 

Figure 4-2 Illustration of instrumented die system (Shang et al., 2011) 

 

 

Before the compression, the die and punches is pre-lubricated using magnesium 

stearate in order to reduce the friction effect. The zero position of the top punch is set 

to the top of the die during a calibration routine. During this compression process, the 
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displacement of the top punch is measured using a linear variable differential 

transformer mounted to the cross-head of the MTS testing machine. The axial strain is 

calculated using the logarithmic definition of strain. The compression force at the top 

and bottom punches are recorded. The outputs of the MTS system are: displacement 

d of top punch, top punch force FT , bottom punch force Fb , radial stress at top 

sensor σrt and bottom sensor σrb. The axial stress at top and bottom are calculated 

by: 

                    σt =
Ft

A
 and σb =

Fb

A
                          (4-1) 

Where A = πD2/4 is the cross-sectional area of the die. 

 

 

The initial die internal height for powder fill is 13.5 mm. The powder is carefully filled 

into the die by hand in order to achieve a uniform packing. A scraper is used to level 

the top surface of the powder to same level as the die. For tablet ejection, the lower 

punch is removed and the tablet is ejected using the top punch. The loading and 

unloading rates are set at 10 mm/min and 1mm/min. 

 

4.2 Results and data extraction 

4.2.1 Elastic compliance of compaction systems  

 

The elastic deformation of the testing frame under the applied load is included in the 

displacement output of the system. Correction for system compliance is therefore 

necessary.  

 

The compression machine is typically made of steel. Also, the strain is workout by a 

displacement measurement. So, in a closed die and instrumented die system, it is very 
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important to recognise that the specimen cannot be exported directly. The total 

displacement includes not only the deformation of the specimen but also the elastic 

compliance of various elements of the testing frame (e.g. punch and load cell). The 

punch deformation is still significant even if testing frames are so-called “stiff”. To 

determine the stiffness (or its inverse, the compliance) of the testing frame, the top 

and bottom punches are compressed together (without a powder sample). The 

displacement-force relation for the system loading is shown in Figure 4-3 and Figure 

4-4 for the closed die system and the instrumented die system, respectively. The force-

displacement curves are non-linear at the beginning of compression and become 

linear at higher loads.  

 

 

Figure 4-3 Compliance curve of closed die compaction 
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Figure 4-4 Compliance curve of instrumented die system 

 

Figure 4-5 compares the corrected and uncorrected displacements for a typical 

closed die compaction experiment.  
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Figure 4-5 Full curve of Force-displacement behaviour of close die compaction 

 

The axial stresses applied by the top and bottom punch being different, the specimen 

is subject to non-homogeneous stress Thus the strain is also non-homogeneous. In 

order to extract constitutive data, this effect was eliminated using the procedure 

developed by Shang (Shang et al., 2011). 

4.2.2 Closed die compaction results 

Closed die compaction has been carried out for axial stress levels under 150MPa. The 

result of a typical closed die compaction test after elastic compliance is shown in Figure 

4-6. Because there is only one axial force sensor in closed die system, one loading and 

unloading curve was obtained. Compared with the stress-density curve from 

instrumented die compaction (also shown in Figure 4-6), the result of closed die 

compaction agreed closely with the axial bottom stress-density curve of instrumented 

die compaction. The discrepancy is due to the effect of friction between powder and 
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die which is not identical in the two systems. 

 

 

Figure 4-6 Comparison of closed die and instrumented die compaction 

 

4.2.3 Instrumented die compaction results 

A close up image of the compressed particulate structure is presented in Figure 4-7. A 

Typical stress density curves are presented in Figure 4-8. Five repeated experiments 

show good agreement. Therefore, only one result shown in Figure 4-8. As expected, 

the top axial stress is always larger than the bottom stress. However, the radial stresses 

measured by the top and bottom radial stress sensors are inconsistent due to 

experimental errors related to particle size (0.8 mm diameter particles are comparable 
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to 1 mm diameter radial stress sensors).  

 

 

Figure 4-7 Top and side views of Specimen after 150 MPa instrumented die 
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compaction under microscope 

 

 

 

Figure 4-8 Data from instrumented die compaction 

 

The average stress defined by using the Janssen-Walker method shown as 

                           𝜎𝑎𝑣𝑒𝑟𝑎𝑔𝑒 =
𝜎𝑇−𝜎𝐵

ln
𝜎𝑇
𝜎𝐵

                      (4-2) 

The average stress-density response of the sample can therefore be described as 

demonstrated in Figure 4-9 Compared with top and bottom stresses, the average 

stress well represented using Janssen-Walker method. This average curve will be used 

in further MPFEM validation. 
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Figure 4-9 The average, top sensor and bottom sensor stress-density curves from 

instrumented die compaction 

4.3 Conclusions 

Closed die and instrumented die compaction experiments were performed. The main 

outputs show the use of the closed die and the instrumented die system. The friction 

of wall and particles still affect the final result. Compared with close die compaction, 

the instrumented die system can give loading range by different sensors which is more 

reliable in analysing the particle characterisation. The radial and axial stress evolutions 

with density obtained from the instrumented die compaction test which are used to 

validate MPFEM described in Chapter 6.  
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Chapter 5. Characterisation of particle packing using X-ray CT 

X-ray CT is carried out using a X-TEK 225kv system which is shown in Figure 5-1. X-ray 

CT is non-destructive technique which can be used to visualise particle shape and 

packing arrangement for real powder. This technique is based on collecting 

radiography images on a sample that is rotated 360 degrees in small increments. 3D 

reconstruction is carried out to generate detailed structural information.  

 

 

Figure 5-1 X-ray CT system 

 

5.1 X-ray CT imaging method 

A plastic die having a diameter of 4 mm is manufactured and assembled onto an 

aluminium base. The material is chosen in order to be transparent to X-rays. The die is 

filled with the particles and placed upon the rotation stage in X-ray system. As the 
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specimen is made of microcrystalline cellulose (a relatively low density material), the 

powder of X-ray source was set at 75keV and a current of 125 µA. To reduce the beam 

hardening effects, 0.5mm aluminium plate was placed over the X-ray source to filter 

the low energy X-rays. 

 

X-ray CT builds complete reconstructions of a three dimensional object assembled by 

a series of cross-sectional images. The following settings were used: 

 

1. Sample setup. The specimen is rotated to ensure that it stays in the field of 

view through 360 degrees. The numbers of projection images and a number of 

frames are specified. The numbers of projection images are the total number 

of CT images that are taken. Because the structure of particle packing is 

complex, 2000 projection images were generated in this study. A typical frame 

presents a level of noise. For improving image quality 16 or 32 frames were 

averaged (the signal to noise ratio is proportional to the square root of the 

number of frames; whereas the time to acquire is proportional to the number 

of frames; e.g. doubling the number of frames doubles the acquisition time, 

however, increases the signal to noise ratio by 40% only). As long as the noise 

is low in an average of the number of frames that has been chosen, then the 

number of projections should be increased as this gives extra angular 

information as well as a higher signal to noise ratio. In this study 4 frames were 

used; 

 

2. Shading correction. At this point, the specimen position and structure (shown 

in Figure 5-2) at which the CT scan will be done is established. Also the imaging 

and X-ray conditions are stored. The aim is to clear the background of scanning 

area by collecting white and black reference images which are generated 

without the specimen in view. After shading correction, the specimen is 

automatically moved back to its initial position; 
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3. Centre of Rotation. When the shading correction images have been collected, 

the centre of rotation is acquired and generate a red line in the image. The red 

line needs to move to a height at which the specimen structure does not 

change rapidly with height and there is good contrast in the image. It is better 

fairly close to the image centre line, otherwise determining the centre of 

rotation can take a long time. Because in order to reconstruct the central slice, 

only a single line needs to be read out of every projection image whereas to 

reconstruct a slice offset vertically. Since this projects as a band, a band of lines 

needs to be read from each projection image which takes a lot longer; 

 

4. Reconstruction setup and acquisition. Reconstruction setup involves selecting 

the final scanning area by delimiting the total size of the image on the top and 

side views of the specimen. Acquisition involves storing the data, which are 

then transferred to a workstation for generating 3D reconstruction. 
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Figure 5-2 An example of radiography of particle packing arrangement in scanning 

system 

 

 

5.2 Results and analysis 

 

The 3D reconstruction of the particulate assembly is presented in Figure 5-3 and it well 

indicated the detail of particle shape and packing arrangement. The 3D reconstruction 

is generated by a pixel-based approach in which the 3D image is reconstructed using a 

filtered projection algorithm (Orlov, Morgan &Cheng, 2006). The quality of the final 3D 

geometry is affected by errors and limitations of the reconstruction algorithms, which 

limit the degree of detail of the image. The use of squared pixels is inaccurate for 

representing particle contacts because a contact is not identified as a boundary 
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between two separate particles. Particles appear to merge together at the contacts 

because of the insufficient microscopic accuracy of the X-ray CT. To solve this contact 

problem, Meshlab (which is an open source, portable, and extensible software for 

processing and editing of unstructured 3D triangular meshes) was used to help the 

processing of the typical unstructured geometry arising in 3D scanning, providing a set 

of tools for editing, cleaning and converting meshes. From the X-ray CT system, the 3D 

geometry is created by approximated using a triangle mesh, which is exported to 

Meshlab as a stereolithography (STL) file.  Meshlab simplifies the geometry and can 

reduce the total number of faces significantly (in a particular case from 1612276 to 

20000) and the total vertices is also simplified (from 804638 to 9479 in the example 

referred to above). In order to avoid a distorted particle packing, the numbers of faces 

are redefined as no less than 20000 (shown in Figure 5-4). The simplified model does 

not only make it easier to edit contact area, but also reduces the calculating time in 

further simulation. 
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Figure 5-3 The 3D reconstruction of real packing arrangement in X-ray CT system 
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Figure 5-4 The particle packing edited in Meshlab (a) and Solidworks (b) 

 

 

 

After simplifying the surfaces of the particles, the merged areas between particles are 
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redefined as distinct particle in contact using Meshlab. Then, particles are individually 

located but with the loophole. To fill these loopholes, Solidworks is implemented to 

close every single particle using 3D editing surface feature. In Solidworks, triangle faces 

can create by nodes along the loophole. Some cavities have been found using X-ray CT. 

showing the actual structure of the particle. However, the presence of cavities also 

create difficulties regarding meshing, which increases the computational effort in the 

FE model. The reason to create only triangle faces rather than rectangular faces is the 

initial geometry generation mode of 3D reconstruction in X-ray CT system. It may affect 

the mesh definition in further multi-particle FE model as well.    

5.3 Conclusions 

 

X-ray computed tomography has been successfully applied to generate 3D packing 

straucures of the particles as input data into MPFEM. X-ray CT can be used to visulalise 

irregular particles and packing arrangements. It has allowed image capture rather than 

simplifications of the real irregular particle shapes into spheres or cluster of particles. 

Due to the limitation of X-ray CT system, two pieces of software are involved in the 

editing of the particles contact area. A processing method was developed to produce 

3D geometry in a format that can be readily imported into FEA packages. This method 

is to offer a possibility of presenting studies of particle packing, especially to 

investigate the relationship between particle morphology and packing arrangement. 

It has the advantage that can be helpful to understand the practical particle 

compaction process.  
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Chapter 6. Multi-Particle Finite Element Modelling of 

compaction  

MPFEM of compaction involves setting up a discrete assembly of particles that form a 

representative a unit cell, which was chosen as a cuboid. Numerical tests are set-up by 

applying a defined macroscopic strain conditions. The commercial finite element 

software Abaqus/EXPLICIT v.6.12. The set-up of the model involves importing the 

three-dimensional geometry from X-ray CT, creating rigid bodies to represent the 

compression tool surfaces, defining the material properties and section properties of 

the unit cell; defining the analysis procedure and output requests; applying boundary 

conditions; meshing; and finally running and analysing the results.  

6.1 Model construction  

Since the unit cell is created from X-ray CT system and edited in Meshlab and 

Solidworks, only six rigid bodies need to be created in part section, and the unit cell is 

imported as a part. The size of rigid bodies is larger than the unit cell which is measured 

as 3.12mm in height, 2.76mm in length and 2.64mm in width. 

 

6.1.1 Material properties 

 

The properties of particles are presented in Table 6-2. Since Abaqus does not use a 

built-in system of units, thus all input data were specified in consistent units as 

presented in Table 6-1: 
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Table 6-1 Consistent units 

Quantity SI SI (mm) 

Length m mm 

Force N N 

Mass kg tone(103kg) 

Time s s 

Stress Pa(N/m2) MPa(N/mm2) 

Energy J mJ(10-3J) 

Density kg/m3 Tone/mm3 

 

The interaction between wall and particles is defined as frictionless in order to 

contribute a uniform stress state. No inter-particle cohesion need was considered; this 

choice was motivated by an argument put forward by Procopio and Zavaliangos (2005). 

For under monotonic loading, cohesion does not play a significant role (Procopio and 

Zavaliangos, 2005). The contact between particles is represented by friction as shown 

in Table 6-2. 
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Table 6-2 MPFEM particle properties and model boundary conditions 

Particle shape Irregular( close to spheres) 

Particle density 1480 kg/m3 

Particle radius (average) 0.8mm 

Element type 3D stress 

Number of elements 109857 

Number of nodes 25177 

Young’s modulus (E) 1.3GPa 

Poisson’s ratio (ν) 0.35 

Yield strength (σyield) 40MPa 

Friction coefficient (μ) 0.2 

 

Particles subject to compression undergo a range of deformation and densification 

mechanisms, which are not captured by a linear elastic-perfectly plastic constitutive 

model. The hardening behaviour of a material (increase of yield strength with plastic 

deformation) can be measured using different techniques (e.g. nanoindentation), 

however, due to the structural length scales involved (the compact is made of 0.8 mm 

particles, which are made of 50 micrometer granules, which are in turn made of 

micrometre size particles), existing experimental methods were considered 

impractical. A numerical study has been carried out by considering (assumed) 

hardening law of this MPFEM as illustrated in Figure 6-1. This hardening law of 

particles created from lines as a start to find out slope, then a suitable curved 

hardening law was chosen so that a match between MPFEM and instrumented die 

experiments could be obtained. The hardening law played an important role to 

support the model after yield stress achieved.  
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Figure 6-1 The numerical hardening law using in FEM 

 

6.1.2 Time step 

 

For computational efficiency in quasi-static analyses that contain a few very small 

elements, mass scaling can be used to control the stable time increment. Powder 

compaction simulations involved complex contact conditions. Because the explicit 

central difference method is used to integrate the equations in time, the discrete mass 

matrix used in the equilibrium equations plays a key role in both computational 

efficiency and accuracy for complex nonlinear problems. Mass scaling can often 

improve the computational efficiency while keeping the necessary degree of accuracy 

required for a particular problem level if used appropriately (Abaqus, 2006). 

 

Because the quasi-static simulation incorporates strain rate-independent material 
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behaviour, the natural time scale is generally not important. In order to get a 

computationally economical solution, methods of reducing the time period of the 

analysis or increasing the mass of the model artificially are often used. If the strain rate 

dependencies are included in the model because the natural time scale is considered, 

mass scaling is the first choice for reducing the solution time. Mass scaling is usually 

used on the entire model. However, when different parts of a model have different 

stiffness and mass properties like these discrete particles in FEM, it is useful to scale 

only selected parts of the model or scale each of the parts independently. It is not 

generally possible to increase the mass arbitrarily without degrading accuracy. A 

limited amount of mass scaling will result in a corresponding increase in the time 

increment and a corresponding reduction in computational time. However, it must be 

ensured that changes in the mass and consequent increases in the inertial forces do 

not affect the solution significantly. In this study, semi-automatic mass scaling is 

selected to perform fixed mass scaling at the beginning of the simulation step. In 

addition, scale to a target time increment of n is involved to enter a desired element 

stable time increment in the field provided. If this is below the minimum target, it is 

only element scaled; its stable time increments are less than the given time increments, 

so that the stable time increments are equal to the defined time increments. 

 

6.1.3 Finite element mesh 

The model geometry is transferred from the software packages described in Chapter 

5. The original mesh (shown in Figure 5-4 b) was refined within Abaqus as represented 

in Figure 6-2. Given that finer mesh is necessary only at contact regions, global 

adaptive mesh refinement was therefore used, which employs an error estimation 

strategy to determine the point in the modelling domain where the local is largest. 

Then the system solves this error estimation using the information to create an entirely 

new mesh. Smaller elements are used in the area where the local error is significant, 

and the local error throughout the model is considered. Different mesh size are tried 
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without any change, and bigger mesh is selected in order to reduce the amount of CPU 

calculation. 

 

 

Figure 6-2 Fine mesh defined in Abaqus 

 

6.1.4 Boundary conditions 

The numerical tests are prescribed using boundary conditions and use of rigid body 
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movement. The rigid surface applies displacement boundary conditions through their 

interactions with neighbouring particles. The disadvantage of this technique is that of 

the wall effect, which means the presence of a layer of particles next to the wall that 

may not be representative of the overall collection of particles. Nevertheless, it is 

sufficient to generate macroscopic stress-strain behaviour. There are six rigid bodies in 

the model, five fixed and one moving boundary, representing the faces of the cuboid. 

and simulating close die compaction. 

 

 

6.2 Result and discussion 

 

The establishment of the MPFEM is successful for powder compaction. Figure 6-3 

shown the initial packing arrangement and compressed particles in MPFEM. It can be 

observed that the particle labelled (a) is initially contact with another particle, labelled 

(c). During compaction, particle (a) makes contact with particle (d) and particle (b). 

Particle (b) not only translates to a centre position but also rotated during compaction. 

This particle rearrangement occurred at an early stage of the compaction process.  
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Figure 6-3 MPFEM of uniaxial compaction 

 

 

In the simulation process convergence issues were experienced and mesh distortion 

problems were triggered. For the model convergence, friction played a key role in 

improving convergence. Distortion was solved by massing scaling and global adaptive 

mesh. Meanwhile, the mass scaling can obviously decrease the simulating time by 

neglecting the tiny element effects. To calibrate the multi-particle model, the average 

of the axial stress from instrumented die compaction (section 4.2) was used to 

illustrate whether single particle properties are suitable to present in the multi particle 

model. An elastic perfectly plastic model is created in order to explain the necessity of 

hardening law in MPFEM. Compared with experimental data, the model results, which 

are represented in Figure 6-4, shown a good agreement. The results can describe well 

the elastic behaviour of the multi-particle compaction using single particle properties 

and an empirically determined hardening law.  
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Figure 6-4 Uniaxial compaction of MPFEM and Instrumented die compaction result 

achieved in Chapter 4 

  

 

 

 

6.3 Conclusions 

MPFEM is capable of capturing rearrangement, rotation, non-affine motion and large 

deformation to high densities. MPFEM gives the necessary degrees of freedom that 

allow for realistic contact deformation. It also captured the statistical nature of a 

powder bed. 

MPFEM predictions are consistent with experimental results generated using a 
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instrumented die method. The methods developed in this work is relevant to practical 

powder compaction by its use of realistic particle shapes, packing arrangements and 

material properties.  
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Chapter 7. Constitutive law development 

 

The deformation plasticity model is used as a theoretical framework for the evaluation 

of material behaviour for a class of loading histories experienced in practical 

processing (Sinka and Cocks, 2006). Deformation plasticity provides a general 

framework for the analysis of MPFEM data as described below. 

 

7.1 Methodology to develop constitutive law using MPFEM 

 

MPFEM was used to generate a set of numerical experiments where radial loading in 

strain space is applied by prescribing different ratios between the macroscopic strains 

applied. Six types of triaxial compression have been conducted as shown in Figure 7-

1. “SR” indicates the strain ratio which is calculated by lateral strain (equal in tow of 

the directions, for convenience of cross-referencing with the closed die cylindrical 

configuration this will be referred to as “radial” strain ) divided by the strain in the third 

direction (referred to as “axial” strain).  

Apart from the boundary conditions that apply the radial loading in strain space all 

other model parameters presented in Chapter 6 are retained.  
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Figure 7-1 Types of numerical compression tests: CD- closed die compaction, SR- 

radial loading in strain space labelled as the radial to axial strain ratio, Iso- Isostatic 

compaction 

 

7.2 Results and discussion 

7.2.1 Contours of constant density 

There are two types of contours plots which are motivated by different types of 

constitutive models. In previous research, the models of powder compaction have 
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assumed that the state of the material can be described by using the density (Trasorras 

et al., 1998). Density based model are motivated by practical desire to maximise the 

performance of the product by maximising the total density and minimising any 

density variations. The density contours in effective stress and hydrostatic stress space 

are shown in Figure 7-2. The effective and hydrostatic stress of each compression is 

chosen based on same density. Then, these points are linked as a contour. Five level of 

density are picked to show the group of contours. However, the contour lines do not 

form a set of consistent convex contours that may be related to yield surfaces. It can 

be concluded that the isodensity plots were not sufficiently coherent to offer a suitable 

basis for developing constitutive models for the particle properties and packing 

arrangements considered, which is sensitive to deformation during the early stages of 

compaction. Even considering the uncertainties introduced by the sensitivity of the 

response at early stage of compaction, it can be concluded that density is not the most 

appropriate variable to characterise the compaction response from dense random 

packing of particles to full density.  
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Figure 7-2 Isodensity contours, labels indicate current density (kg/m3) 

7.2.2 Deformation plasticity framework 

 

In this section the numerical experiments are analysed using the deformation plasticity 

framework. The model proposed by Cocks and Sinka (2007) is introduced first.  

 

Deformation plasticity using total true strain and Kirchhoff stress. Three types of test 

in Kirchhoff effective stress-hydrostatic stress space has been achieved: simulated 

close die compaction, different strain ratio of triaxial compaction and isostatic 

compaction. The actual values of the hydrostatic stress and effective stress at same 

value of the complementary work done are shown in the Appendix. Contours of 

complementary work done are constructed in Kirchhoff stress space. In order to find 

a coherent set of convex contours, SR-1/6 is involved which means that during axial 
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compression, the MPFEM system allows the radial loading paths to expand. The 

complementary work is a maximum for the SR-1/6 paths, and the closed die has lower 

values. Then bigger set of strain ratios is chosen to output Kirchoff stress until the 

strain ratio achieves 1. It means that the region of the contour of complementary work 

done is obtained from uniaxial loading paths with little radial expansion to the isostatic 

loading paths. 

 

The contours of constant complementary work done per unit initial volume areas 

shown in Figure 7-3. The contours are created by picking same value of complementary 

work done in Kirchoff effective and hydrostatic stress under different compression. The 

points in Figure 7-3 show the analytical solution of empirical model developed below. 

Compared with the current density contours presented in Figure 7-2, a coherent group 

of convex contours can be obtained. It can be concluded that the deformation 

plasticity model is appropriate for a limit level of loading histories that are similar to 

those experienced under practical die compression operations (e.g. monotonically 

increasing loading), and the contours of constant complementary work done along 

different loading paths in strain space can be considered as good surfaces expression 

for the purpose of analysis. 

 

An empirical model based on the data presented in Figure 7-3 was developed as 

follows. In the range from isostatic to closed die conditions, all principal strains are 

compressive. An implicit potential ψ can be defined as a quadratic function of the 

Kirchhoff stresses. This can lead the form of the expressions that are selected to 

describe the parameters of the ellipse equation as functions of the complementary 

work done per unit initial volume (�̅�𝑒). Our aim is to determine a simple model that 

can describe the behaviour of the material and fit, if possible a single expression can 

for the whole range of data-points achieved from MPFEM. A practical model, which is 

given by this method, is fully described and calibrated below. The implicit potential ψ 

can be defined as (Cocks and Sinka, 2007): 
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                 𝜓(�̅�𝑒) = (
𝑇𝑘𝑒

𝐵(�̅�𝑒)
)
2

+ (
𝑇𝑘ℎ−𝐶(�̅�𝑒)

𝐴(�̅�𝑒)
)
2

− 1 = 0             (7-1) 

 

Where 𝑇𝑘𝑒  and 𝑇𝑘ℎ  are the Kirchoff effective and hydrostatic stresses,  𝐴(�̅�𝑒)，

𝐵(�̅�𝑒) and 𝐶(�̅�𝑒) are functions of complementary work done per unit initial volume. 

Based on known Kirchhoff effective stress and hydrostatic stress values from MPFEM,  

𝐴(�̅�𝑒)，𝐵(�̅�𝑒) and 𝐶(�̅�𝑒) can be calculated by fitting equation (7-1). 
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Figure 7-3 Contours of constant complementary work done (MJm-3) per unit initial 

volume in Kirchhoff stress space 

（contours - same complementary work done under Kirchhoff stress in MPFEM, lines 

- Kirchhoff stress in MPFEM and points - Kirchhoff stress fitted by equation 7-1） 
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Figure 7-4 Model parameters as functions 𝐴(�̅�𝑒)，𝐵(�̅�𝑒) and 𝐶(�̅�𝑒) of 

complementary work done per unit initial volume 

 

As shown above, the more detailed equations of functions 𝐴(�̅�𝑒)，𝐵(�̅�𝑒) and 𝐶(�̅�𝑒) 

are chosen to ensure consistency with the micromechanical framework (Cocks and 

Sinka, 2007). The simple expressions that satisfy these requirements are 

 

                         𝐵(�̅�𝑒) =
𝑏1�̅�𝑒

1
2+𝑏2�̅�𝑒

1+𝑏3�̅�𝑒
                        (7-2) 

 

                        𝐴(�̅�𝑒) =
𝑎1�̅�𝑒

1
2+𝑎2�̅�𝑒

1+𝑎3�̅�𝑒
                        (7-3) 

 

                        𝐶(�̅�𝑒) = 𝑐1�̅�𝑒

1

2 + 𝑐2�̅�𝑒                       (7-4) 

 

The method of fitting the model parameters is expressed as follows. The form of 
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Equation (7-2) is such that as �̅�𝑒 → ∞ , 𝐵(�̅�𝑒)  asymptotes to a constant value 

(𝑏2/𝑏3) which is determined by the yield strength of the material. As a reference, the 

previous research shows the hardness of the Microcrystalline cellulose using Nano-

indentation (Gocedarica et al., 2011 and Krishnamachari, 2012). The yield strength of 

fully dense Microcrystalline cellulose is approximately 180 MPa, thus we have 

𝑏2/𝑏3 = 90.9. To obtain a good fit with the MPFEM data by Equation (7-1), we assume: 

𝑏1 = 6.7, 𝑏2 = 0.1  and 𝑏3 = 0.0011 . And to achieve the value of 𝑐1  and 𝑐2 , 

equation (7-4) is fitted to the MPFEM data and we obtain 𝑐1 = 1.097  and 𝑐2 =

0.1747. 

 

Finally, the initial stress ratio is given by the micromechanical model for simulated 

closed condition is 1/3, so a relation between 𝐴(�̅�𝑒)，𝐵(�̅�𝑒) and 𝐶(�̅�𝑒) can be 

obtained (Cocks and Sinka, 2006) 

 

                     3𝑎1
2𝑅 − 2𝑏1

2 − 𝑐1𝑅√4𝑏1
2 + 9𝑎1

2 = 0              (7-5) 

 

Where R = 1.2 is the effective to hydrostatic stress ratio in Kirchhoff stress space which 

relates to a radial to axial stress ratio of 1/3 in Cauchy stress space according to the 

micromechanical model. From equation (7-5), 𝑎1  is calculated as 4.5. Then fitting 

equation (7-3) to the MPFEM data gives 𝑎2 = 6.5 and 𝑎3 = 0.001. 

 

7.3 Conclusions 

Contours of constant density were generated, however, a consistent set of convex 

surfaces could not be obtained to the purpose of incremental plasticity model 

development using density as state variable. Contours of constant complementary 

work done in Kirchhoff stress space, however, were obtained and were described using 

a potential function with a good agreement. The model parameters were presented 
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as the function of the complementary work done per unit initial volume. The model 

data and fitted parameters are shown in Figure 7-4. This model provides a good 

description of MPFEM results. Therefore, in the case of powder compaction loaded 

along different loading paths, the data can be organised by contours of constant 

complementary work done per unit initial volume of material using a suitable 

deformation plasticity model that can be developed. 
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Chapter 8. Conclusions and future work 

8.1 Overall conclusions 

For the purpose of simulating powder compaction, an accurate constitutive law needs 

to be determined to describe the material response. A complete framework was 

developed to obtain numerical constitutive laws based on a single particle properties 

and a realistic packing arrangement. For the particle characterisation, the single 

particle breakage test was carried out to obtain material properties for the particles 

(e.g. Young’s Modulus, Poisson’ ratio and yield stress). A single particle compression 

model was validated against experimental data. Through these series of experimental 

measurements, numerical calculation and simulation, the parameters of single particle 

compression were used as input into the multi-particle model. 

 

To achieve the practical particle shape and packing arrangement, X-ray CT techniques 

were used, and methods for importing and meshing the particulate assembly were 

developed.  

 

A practical method was used to validate the multi-particle model using an 

instrumented die with radial stress sensors. The stress-strain curve during compaction 

was measured and the data were corrected for system compliance and frictional 

effects which introduce non-homogeneous stress state.  

 

To develop a constitutive law for powder compaction MPFEM was used. The finite 

element analysis based model with discrete characteristics captured both the 

structural features of the realistic particles and the contact conditions between 

particles such as rotation, rearrangement and friction. Thus, the development of a 

MPFEM based on practical consideration made the analysis of particle compaction in 

a finite element environment more diversified, in a way which combined the 
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advantages of DEM and FEM.  

 

The deformation plasticity framework provided an appropriate structure to describe 

the material response during compaction. The stress states were determined along 

different loading paths in strain space. Contours of current density were not 

sufficiently consistent to offer a basis for constructing a constitutive model. However, 

in Kirchhoff stress space a coherent set of convex contours of constant complementary 

work done per unit initial volume were obtained. This model can be used for the class 

of loading histories relevant to practical die compression situations (e.g. monotonically 

increasing loading). The parameters of the complementary work functions were fully 

calibrated from numerical experiments.  

 

8.2 Future work 

 

In powder compaction, the material changes from loose powder into a dense compact. 

It is a complex process, especially for numerical modelling that builds up something 

very close to the practical conditions (e.g. particle shape, packing arrangement and 

particle strength). This thesis has well established a complete methodology, which 

combined X-ray CT technology with finite element simulation and studied the 

relationship between realistic particle properties and MPFEM. In order to optimise 

MPFEM to develop numerical constitutive laws the following two main areas require 

future work: 

 

1. Hardening law 

 

The hardening law plays a key role in improving the description of the plastic 

behaviour of the material. The single particle compression model is not sensitive 

to the details of the hardening law. A simplified MPFEM could be created for 
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finding the hardening law. 

 

 

  

 

2. Model convergence  

 

The packing arrangement, particle contacts, and mesh directly affect mesh 

distortion and numerical convergence in MPFEM. This could be addressed by 

either improving the design of the initial mesh (e.g. the process of transferring data 

from X-ray CT to FEM) or by more suitable automatic remeshing techniques. 

 

Last, but not least, the methodology developed in this work used a relatively large 

particle (0.8mm diameter). Real powders used in pharmaceuticals, food, detergents 

and other powder processing industries have significantly smaller particle size and 

considerably more complex shape. Consideration of such particles requires improved 

X-ray CT characterisation of packing arrangement, experimental characterisation of 

mechanical properties and interactions between particles, improved MPFEM 

technology and significantly higher computational power.  
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