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Abstract

In this thesis our goal is to develop the equivariant version of Hochschild coho-
mology. In the equivariant world there is given a group GG which acts on objects.
First naive object which can be considered is a (G-algebra, that is, an associative
algebra A on which G acts via algebra automorphisms. In our work we consider
two more general situations. In the first case we develop a cohomology theory
for oriented algebras and in the second case we develop a cohomology theory for

Green functors.
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Chapter 1

Introduction

Homological algebra is a relatively young branch of mathematics, which was first
used in algebraic topology in the early 20th century. During the period 1940-
1955, homological algebra had become an independent branch of algebra. In 1956,
Cartan and Eilenberg published their book entitled "Homological Algebra" [3],
which was truly a revolution in the subject. Cartan and Eilenberg’s book yet
remains a main book of reference, and the subject became standard course mate-
rial at many universities. They used derived functors, defined via projective and
injective resolutions of modules to define and explore the cohomology theories for
groups, associative algebras and Lie algebras. Nowadays, homological algebra is a

fundamental tool in many areas of mathematics.

One of the main application of homological algebra is the classical cohomology of
associative algebras invented by Hochschild [10] in 1945. It is a particular case of
general machinery developed by Cartan and Eilenberg. Let A be an associative
k-algebra and let M be an A-A-bimodule. The low dimensional groups (n <2)
have well known interpretations of classical algebraic structures such as derivations
and extensions. Moreover, Gerstenhaber [6] observed that the second Hochschild
cohomology group of a finite dimensional algebra H?(A, A) has a close connection
to the deformation theory of A, that is, if H?(A, A) = 0 then all deformations of
A are trivial. By the work of A. Connes in 80’s the Hochschild cohomology plays

an important role in so called noncommutative differential geometry.

Our goal is to developed the equivariant version of Hochschild cohomology. In the
equivariant world there is given a group G which acts on objects. The first naive
object which can be consider is a G-algebra, that is, an associative algebra A on

which G acts via algebra automorphisms.

1



Introduction 2

In our work we consider two more general situations. In the first case we consider

an oriented algebra.

Let G be a group and € : G — {£1} be a group homomorphism. An oriented

algebra is an associative algebra A equipped with a G-module structure
(9,a) = “a,

satisfying the conditions
9(a+b) =%+

Hence oriented algebras are more general than G-algebras as well as algebras with

involutions.
In the second case we consider a Green functor.

The theory of Mackey functors was originally initiated by Green [7] in the early
1970’s and later developed by numerous authors in the last four decades (J. Green
[13], A. Dress [4], P. Webb [21]). The notion of Mackey functors associated to a
finite group G are a standard tool for studying representations of a finite group

and its subgroups.

There are at least three equivalent definitions of Mackey functors for a group G.
The first definition which is due to Green [7] is based on the poset of subgroups of
G. The second definition which is due to Dress [4] uses the category of G-sets. The
third one is given by Thévenaz and Webb in [20]. They define Mackey functors as

modules over the Mackey algebra.

Roughly speaking, a Green functor for a finite group G over the commutative
ring R is a Mackey functor with a compatible ring structure. More specifically,
there are two equivalent definitions of Green functors. The first definition which
is due to Green |7] relies on the poset of subgroups of G. The second definition
is analogous to the Dress definition of Mackey functors which is based on the

category of G-sets, and is detailed in [2].
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Roughly, there are analogies between Mackey functors and abelian groups as fol-

lows:

Mack(G) «— Ab,
Green functors «— ring with unit,
modules over a Green functor A <— modules over a ring R,
®, HOM +— ®, Hom.

In fact, if G is trivial, then Mackey functors and Green functors are nothing than

ordinary abelian groups and rings.

1.1 Thesis outline

In Chapter 2, we give a brief overview of some of the fundamental terminologies of
homological algebra and deformation theory. The material of this chapter is taken
from [19], [15], [22], [3], [9] and [5]. We start section 1 by giving several basic
definitions and basic properties of chain complexes. Then in section 2, we give
the definition of homotopy of chain complexes and some of its basic properties. In
section 3, we outline the construction of the derived functors Ext™ and Tor,, using
projective and injective resolutions. In section 4, we provide a short overview of
the homology and cohomology of groups. Then in section 5, we remind the reader
of the Hochschild homology and cohomology groups of an associative algebras. In
section 6, we look at spectral sequences. The last section of Chapter 2 provides

an overview of the deformation theory.

Chapter 2 only provides familiar background material which will be required later.
It does not contain any original work. The original work can be found in the

remaining chapters of the thesis.

In Chapter 3, we introduce oriented algebras. We start Chapter 3 by stating and
defining some notations for the standard chain complexes associated to groups and
associative algebras. We also introduce a bicomplex which we will use through the
whole Chapter 3. The main references for this part of the chapter 3 is [22]. We
then define oriented algebras and give some examples. In section 2, we describe
the construction relies on the possibility to mix standard chain complexes com-

puting group and associative algebra cohomologies. In section 3, we extend the



Introduction 4

well-known fact that the second Hochschild cohomology classifies the singular ex-
tensions of associative algebras to oriented algebras. In section 4, we prove some
important results about such cohomologies. In the last section of Chapter 3 we
extend the deformation theory of associative algebras due to Gerstenhaber [6] to

oriented algebras.

In Chapter 4, we study the Hochschild cohomology of Green functors. Throughout
this chapter, we restrict attention to the case when G is a cyclic group C), of prime
order p and for the general case see chapter 5. In section 1, we give the definitions of
G-Mackey functors and provide some examples. Then in section 2, we provide the
definitions of G-Green functors and present some examples. In section 3, we give
a detailed description of C,-Mackey functors, C)-tensor product and C,-HOM.
In section 4, we provide a detailed description of C),-Green functors and modules
over C,-Green functors and we end this section by extending the definitions of
Hochschild homology and Hochschild cohomology to C),-Mackey functors. Finally,
we extend the well-known fact that the second Hochschild cohomology classifies
the singular extensions of associative algebras to C,-Green functors in section 5.
We finish this chapter by extending the deformation theory of associative algebras
due to Gerstenhaber [6] to C,-Green functors.

The aim of Chapter 5 is to generalise the results of Chapter 4 to an arbitrary finite
group G.



Chapter 2

Preliminaries

In this chapter, we provide familiar background material that is necessary for
understanding what comes later. The material in this section can be found in
many good books, including [19], [15], [22], [3], [9] and [5].

2.1 Chain Complexes of R-modules

The terminologies of complexes originally began in algebraic topology. Com-
plexes have been utilised in several branches of mathematics giving us different
(co)homology theories. In this section, we present some concepts concerning chain

complexes. The main references for this section are [19], [15] and [22].

Definition 2.1.1. [22] A chain complex (C,d) of R-modules is a family {C,,, dp }nez
of R-modules C,, and R-module maps d, : C, — C,_1 such that d,,_10d, =0
for all n € Z. The maps d,, are called the differential maps or boundary maps.
The n-cycles are the elements of kernel of d,, : C,, — C,,_1, denoted by Z,. The
n-boundaries are the elements of image of d,.1 : Chy1 — C,, denoted by B,.
Note that the condition d,,_1 o d, = 0 indicates that B,, C Z, for alln € Z. The
n-homology module of C is defined by

H,(C)=Z,/B,.

Definition 2.1.2. [22] Dually, a cochain complex (C,d) of R-modules is a family
{C™, d"} ez of R-modules C™ and R-module maps d" : C" — C™ such that
A"l od* = 0 for all n € Z. The maps d* are called the differential maps or

5
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coboundary maps. The n-cocycles are the elements of kernel of d* : C"* — O™,
denoted by Z™. The n-coboundaries are the elements of image of d*~' : C" 1 —
C™, denoted by B". Note that the condition d"*' o d® = 0 means that B C Z"
for all n € Z. The n'"-cohomology module of C is defined by

H"(C) = 2"/ B".

Definition 2.1.3. |22] Let (C,d) and (D,d') be two chain complezes. Then a chain
map f: (C,d) — (D,d") is a family of R-modules homomorphisms { f,, : C,, —
Dy }nez such that fr,—y od, = d', o f, for all n € Z. That is, the last condition

means that the following diagram commutes.

dnt1
CnJr 1 Cn

lfTL‘Fl lfn lfnl

Dn+1 & Dn

n+1

Similarly, let (C,d) and (D,d') be two cochain complexes. Then a cochain map f :
(C,d) — (D, d’) is a family of R-modules homomorphisms {f" : C"™ — D"}z
such that f*tod® = d™ o f* for alln € Z. That is, the last condition means that

the following diagram commutes.

Cn—l dn—! o dan Cn—i—l

jfn—l lf’n LfTH_l

Dn—l Dn Dn+1
d/nfl am

Definition 2.1.4. [22] A sequence

NG RN LS= Ny S B NG NI

of R-modules and R-module maps is said to be exact at C,, if Ker(f,) = Im(fns1).

The sequence is said to be exact if it is exact at all C,,.
Similarly, a sequence

n—1 n
____>Crn—1f___>cvnf_>cn+l_>‘__

of R-modules and R-module maps is said to be exact at C™ if Ker(f™) = Im(f"1).

The sequence is said to be exact if it is exact at all C™.
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Definition 2.1.5. [22| A short exact sequence is a sequence
04LBL 050

where fis a monomorphism, g is an epimorphism and Ker(g) = Im(f).

Definition 2.1.6. [22| A short exact sequence
0sALBLC—0

is called split if there exists a map h : C' — B such that gh = id¢.

Example 2.1.7. Let
0ALBLBC—0

be a short exact sequence of R-modules. The sequence is split if B = A® C up to

1somorphism.

The following theorem is one of the fundamental results on chain complexes and

the proof can be found in [22].

Theorem 2.1.8. Let
05 AL BS S0

be a short exact sequence of chain complexes. Then there exist natural maps O :

H,(C) — H,_1(A), called connecting homomorphisms, such that
5 Ho(C) % Ho(A) L Hy(B) % HL(C) S Hya(A) D

is an exact sequence.
Similarly, if
0sALBS =0

is a short exact sequence of cochain complexes, then there are natural maps O :

H™"(C) — H" '(A) such that

S ey S A L B B) L HYO) S HA) L

18 an exact sequence.

Definition 2.1.9. [22] A bicomplex (or double complex) is a family {C,,} of

modules together with a horizontal differential d" : C,, — C,_1, and a vertical
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differential d* : C,; — Cp 41 such that d" o d" = d' o d’ = dd" + d"d” = 0 for
all p,q € Z. It is useful to draw the bicomplex as a lattice:

dv dv dv
dh dh dh
Co2 Cha Caa
d?} dv dv
dh dh dh
Cor Cis Co
dU dv dv
dh

dh dh
Coo Cho Cao

where each column and each row is a chain complex and each square anticommutes.

Similarly, a bicomplex (or double complex) is a family {CP?} of modules together
with a horizontal differential d" : CP1 — CP*14 and a vertical differential d® :
OP4 —s OPa+L syuch that d" o d" = d¥ o d¥ = d’d" + d"d” = 0 for all p,q € Z. It

15 useful to draw the bicomplex as a lattice:

dv dv dv
dh dh dh
Co2 Cha Cao
dv dv dv
dh dh dh
Cor Chy Co
dv dv dv
dh

dh dh
Coo Cho Cao

where each column and each row is a cochain complex and each square anticom-

mutes.

Definition 2.1.10. [22]| The total compleves Tot(C) = Totll(C) and Tot®(C) of

a chain complex C are defined by

Totll(C), = H Cpy and  Tot®(C), = @ Chy-

ptq=n ptg=n

The differential maps are given by d = d" +d”. We note that if C is bounded then
Totll(C) = Tot®(C), especially if Cis a first quadrant bicomplex. We denoted the
homology modules of the bicomplex (C) by H,(Tot(C)).
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Similarly, the total complezes Tot(C) = Totll(C) and Tot®(C) of a cochain com-
plex C are defined by

TotllC)" = [ ¢»*  and  Toa®(C)"=
p+g=n ptq=n

The differential maps are given by d = d" +d°. We note that if C is bounded then
Totll(C) = Tot®(C), especially if Cis a first quadrant bicomplex. We denoted the
cohomology modules of the bicomplex (C) by H™(Tot(C)).

2.2 Chain Homotopies

In this section, we state the definition of the homotopy of chain complexes and

present some of its properties. The main reference for this section is [22].

Definition 2.2.1. [22] A chain map f : C — D is said to be null-homotopic if

there are maps t, : C,, — Dy 11

such that
f=dpt+tde

The maps {t,} are called a chain contraction of f.

Definition 2.2.2. [22] Two chain maps f and g : C — D are chain homotopic,
written f ~ g, if f — g is null homotopic, that is, there are maps t, : C, — Dy
such that

f—g=dpt+tde.

Chain homotopy is an equivalence relation.

Definition 2.2.3. [22| A map f : C — D is a chain homotopy equivalence if
there exists a map h: D — C such that hf ~ 1¢, fh >~ 1p.

Lemma 2.2.4. If f and g are chain homotopic, then they induce the same maps
H,(C)— H,(D).
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2.3 Derived Functors

Let R be a ring. A standard method of computing derived functors between
categories of R-modules is by applying the functor to a resolution and then take
the (co)-homology of the obtaining complex. In this section, we study derived
functors. We define projective and injective modules, left derived functors, right
derived functors, Ext and Tor functors. The following materials can be found in
[22], [15], [19] and [3].

2.3.1 Projective and injective modules

In this subsection, we will state the definitions of the Projective and injective

modules and present some properties.

Definition 2.3.1. [19] An R-module P is projective if for any epimorphism g :
N — M and any map f : P — M, there exists a map h : P — N such that

f=goh.

The proof of the following result is in [19].

Proposition 2.3.2. Let P be an R-module. The following are equivalent:

1. P is projective.

2. If
0-ALBS0S0

1s exact, then
0 — Homp(P, A) L5 Homp(P, B) L5 Homp(P,C) — 0

18 also exact.

3. Every short exact sequence 0 — A LB%P=o splits.

The proof of the following result is in [19].
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Lemma 2.3.3. A direct sum of R-modules @,.; P; is projective if and only if each

P; 1s projective.
There is a dual definition, obtained by reversing all the arrows and swapping
surjective and injective.

Definition 2.3.4. [19] An R-module I is injective if for any monomorphism f :
N — M and any map g : N — I, there exists a map h : M — I such that

g=nhof.

The proof of the following result is in [19].
Proposition 2.3.5. Let I be an R-module. The following conditions are equiva-
lent:

1. 1 is injective.

2. If
05 AL BS S0

1s exact, then
0 — Homp(C,I) L Homp(B,I) 25 Homp(A,I) — 0

1s also exact.

3. Fvery short exact sequence 0 — [ ENY: NV RN splits.

The proof of the following result is in [19].

Lemma 2.3.6. A direct product of R-modules [[,.;I; is injective if and only if
each I; is injective.

The proof of the following result is in [19].

Proposition 2.3.7. Every R-module M can be embedded in an injective R-module.
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2.3.2 Projective and injective resolutions
In this subsection, we will define projective and injective resolutions and present
some properties.

Definition 2.3.8. [19] Let M be a R-module. A projective resolution P = {P;} of

M is an exact sequence of R-modules
da dy 0
o= P =P — F— M —=0.

such that all P; are projective for all j > 0.

The proof of the following lemma is in [22].

Lemma 2.3.9. Fvery R-module M has a projective resolution.

The proof of the following important theorem is in [22].

Theorem 2.3.10. Let P be a projective resolution of a module M and Q be a
projective resolution of a module N. Then there is a chain map f : P — @

making the completed diagram commute.

da d1

P, P, Pyt~ M 0

bbb

Q2d2Q1deoﬁN 0

Definition 2.3.11. [19] Let M be a R-module. An injective resolution I = {I;}

of M is an exact sequence of R-modules
0-M3L, 551,

such that all I; are injective for all j > 0.

The proof of the following lemma is exactly dual to that of lemma 2.3.9.

Lemma 2.3.12. Every R-module N has an injective resolution.

The proof of the following important theorem is exactly dual to that of theorem
2.3.10.
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Theorem 2.3.13. Let I be an injective resolution of a module N and H be an
injective resolution of a module M. Then there is a cochain map f : H — T

making the completed diagram commudte.

0 M2 g0 %o i 4 2 &
e e
0 1 2
0 N—I"—— ' —— I —

2.3.3 Left derived functors

In this subsection, we construct the Left derived functors and present its properties.
The construction proceeds as follows.

Let A, B be commutative rings, and A-mod, B-mod denote the category of A-
modules and B-modules, respectively. Let F': A-mod — B-mod be a right exact

covariant additive functor. Let M be an A-module and
P—M-—0

be a projective resolution for M. Then, by applying F' to P we obtain a sequence
of B-modules
o= F(Py) — F(P)) = F(Py) — 0.

Definition 2.3.14. [3] The n'* left derived functor of F, denoted by L,F, is
defined by

forn > 0.

Note that L, F' is independent of the choice of projective resolution of M and we
always obtain LoF (M) = F(M) since F(P) — F(P) — F(M) — 0 is exact.
Moreover, if M is projective then L, F'(M) = 0 for n > 0.

The proof of the following theorem is in [22].

Theorem 2.3.15. The functors L, F are additive.

Theorem 2.3.16. Let
0—-A—-B—-C—=0

be a short exact sequence of modules. Then there are connecting morphisms

Lot F(C) —> L,F(A)
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such that
o= LoF(C) - L F(A) —» L1 F(B) —» LW F(C) - F(A) — F(B) — F(C) — 0.

1s a long exact sequence.

For the proof of the above theorem, see [19].

2.3.4 Right derived functors

In this subsection, we construct the Right derived functors and present its prop-
erties.

The construction proceeds as follows.

Let A, B be commutative rings, and A-mod, B-mod denote the category of A-
modules and B-modules, respectively. Let F': A-mod — B-mod be a left exact

covariant additive functor. Let M be an A-module and
00— M —1

be an injective resolution for M. Then, by applying F' to I we obtain a sequence
of B-modules
0— F(I°) = F(I')— F(I*) —---.

Definition 2.3.17. [3] The n* right derived functor of F, denoted by R"F, is
defined by
R"F(M) = H"(F(I))

forn > 0.

Note that R"F is independent of the choice of injective resolution of M and we
always obtain R°F(M) = F(M) since 0 — F(M) — F(I°) — F(I') is exact.
Moreover, if M is injective then R"F(M) = 0 for n > 0.

The proof of the following theorem is in [19].

Theorem 2.3.18. The functors R"F' are additive.

The proof of the following theorem is similar to that of theorem 2.3.16.
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Theorem 2.3.19. Let
0—-A—B—-C—=0

be a short exact sequence of R-modules. Then there are connecting morphisms
R"F(C) — R F(A)

such that

0— F(A) = F(B) = F(C) = R'F(A) - R'F(B) —» R'F(C) = R*F(A) — --- .

1s a long exact sequence.

Remark 2.3.20. If F is a contravariant right or left exact functor, then we can
construct left or right derived functors in a similar way. The only difference is
that the left derived functors are computed by using an injective resolution, whilst

the right derived functors are computed by using a projective resolution.

2.3.5 Ext and Tor

In this subsection, we present the most common examples of derived functors

which are the functors Ext™ and Tor,,. We deal with Tor,, first.

Definition 2.3.21. [3] Let R be a ring and let N be a left R-module. The functor

F(=)=—®g N is a covariant additive right exact functor. For n > 0 we define

Torf(—,N) = L,(— ®r N).

We state a few basic properties of these functors:

1. One has Torf{(—,N) & (— ®@r N).
2. For any projective module M we have Tor*(M, N) = 0 for n # 0.

3. If0 > M — M — M" — 0is an exact sequence of R-modules, then there
is a long exact sequence.
v = Tory(M',N) = Tory(M,N) — Tory(M",N) —
— Tori(M',N) = Tor, (M,N) = Tor,(M",N) =
— (M @r N) = (M@ N) — (M" @z N) — 0.
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Definition 2.3.22. [3| Let R be a ring and let M be a right R-module. The functor
F(—) = M ®g — is a contravariant additive right exact functor. For n > 0 we
define

Tor® (M, —) = L,(M ®g —).

Similarly, we state a few basic properties of these functors:

1. One has Torf(M,—) = (M ®r —).
2. For any projective module N we have Tor®(M, N) = 0 for n # 0.

3. If0 - N = N — N — 0is an exact sequence of R-modules, then there is
a long exact sequence.
oo = Torg(M,N") = Tory(M, N) — Tory(M,N") —
— Tori(M,N') — Tori(M,N) — Tor; (M, N") —
- (M@rN') = (M®rN)— (M®pN")—0.

Next, we deal with Ezt".

Definition 2.3.23. [3] Let R be a ring and let M be a left R-module. The functor
F(=) = Homg(M, —) is a covariant additive left exact functor. For n > 0 we
define

Exth(M,—) = R"(Homg(M, —)).

We state a few basic properties of these functors:

1. One has Ezt% (M, —) = Hompg(M, —).
2. For any injective module N we have Ext, (M, N) = 0 for n # 0.

3. 1f0 > N — N = N’ — 01is an exact sequence of R-modules, then there is
a long exact sequence.
0— Homp(M,N") — Homgz(M,N) — Homp(M,N") —
— Ext'(M,N') = Ext'(M,N) — Ext"(M,N") =
— Ext?>(M,N') = Ext*(M,N) = Ext>(M,N") = - --

Definition 2.3.24. [3] Let R be a ring and let N be a left R-module. The functor
F(=)= Hompg(M, —) is a contravariant additive left exact functor. Forn > 0 we
define

Ezty(—,N) = R"(Hompg(—, N)).
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We state a few basic properties of these functors:

1. One has Ext%(—, N) = Hompg(—, N).
2. For any injective module M we have Ext},(M,N) = 0 for n # 0.

3. If0 - M — M — M" — 0 is an exact sequence of R-modules, then there
is a long exact sequence.
0— Homp(M",N) — Homp(M,N) — Homp(M', N) —
— Ext'(M",N) — Ext'(M,N) = Ext'(M',N) —
— Ext*(M",N) = Ext?>(M,N) = Ext>(M',N) = --- .

We record a few observations relating ® and Hom of complexes, starting with
relations between ® and Hom on the category of R-modules. For R-modules L,

M, and N, we have an adjunction
Hom(L ® M,N) = Hom(L, Hom(M,N)).
We also have a natural homomorphism
Hom(L,M)® N — Hom(L,M ® N),

and this is an isomorphism if either L or N is a finitely generated projective

R-module. Again, we have a natural map
Hom(L,M)® Hom(L', M') — Hom(L ® L', M @ M"),

which is an isomorphism if L and L’ are finitely generated and projective or if L

is finitely generated and projective and M = R.

2.4 Group Homology and Cohomology

Homology and cohomology are concepts that are utilised in many areas of algebra
and topology. Historically, the terminologies of homology and cohomology were
first used in a topological sense. Algebraically, we can define the homology and
cohomology via derived functors, for examples the Tor and Ext functors. In this
section, we present several basic definitions and basic properties of group homology

and cohomology. The following material can be found in [22] and [9].



Preliminaries 18

2.4.1 Definitions via Ext and Tor groups
We start by giving the basic algebraic objects of group (co)homology which are
group rings and modules over group rings.

Definition 2.4.1. |9] Let G be a group. The group ring ZG is the free Z-module
with elements of G' as basis and with multiplication determined by the multiplication

in the group G. Thus, elements of ZG are formal sums

Z 5g97

geG

where 6, € Z, and where 6, = 0 for all but finitely many g € G, and the formula

of multiplication of two general elements is given by

O "0,9)> " k) = >~ (8401)gh.

geq heG 9,heq

Definition 2.4.2. |9] Let A be Z-module. Then, A may be regarded as a ZG-
module with trivial action, i.e. ga = a for all g € G and for all a € A.

Definition 2.4.3. 22| Let A be ZG-module. The invariants A% of A are the

elements of the Z-submodule,
A={a€c Al ga=a foral geG, and a€ A}.
The coinvariants Ag of A are elements of the quotient Z-module,

Ac=A/(ga—a| geGacA).

The proof of the following important result is in [22].

Lemma 2.4.4. Let A be a ZG-module. Then, there are isomorphisms
AG ~7 KRza A

and
A% = Homyq(Z, A).

Definition 2.4.5. [22| Let G be a group and let A be ZG-module. The n-th
homology group of G with coefficients in A is the value at A of the n-th left derived
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functors:

Hn(G§ A) = Ln(_G)(A)§

by the lemma above,
H,(G; A) = Tor’%(z, A).

Similarly, The n-th cohomology group of G with coefficients in A is the value at A
of the n-th right derived functors:

H"(G; A) = R"(—=9)(A);

by the lemma abowve,
H"(G; A) = Exty(Z, A).
In particular, Hy(G; A) = Ag and H°(G; A) = A%,

Definition 2.4.6. [22] The augmentation ideal of ZG is the kernel T of the ring
homomorphism o : ZG — Z such that

a(z dg9) = Z dg.

geG geG

Definition 2.4.7. Let G be a finite group. We define the norm element N of the
group ring Z.G by the sum
N = Zg.

geG
2.4.2 Cyclic groups

In this subsection, we compute explicitly the (co)homology of cyclic groups.

2.4.2.1 Calculation

Let G = (), be the cyclic group of order m with generator p. The norm in ZC,,
is the element N =1+p+p>+---+p™ 1 So0=p"—1=(p—1)N in ZC,,.

We can form the free resolution of the trivial C),-module Z

zlro Lo, Xre, L no, A
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Indeed, since Z - N = (ZC,,)°" and 7 = {a € ZC,, : Na = 0}, there are the

following exact sequences

0<—Z-N<£Z0m<—7<—0
and

07L& ZCy, + Z- N 0.

We obtain the periodic free resolution of Z by splicing these sequences together.

0

/

0 0
\\ // \\
Z-N
//

// \\

0 7" 70 <Y 70, 70, < 70, <~

NSNS
N EAN
0 0 0 0

For any C,,-module A we then apply — ®z¢,, A and Homgzc,, (—, A) and taking

homology and cohomology, we find the following result:

Theorem 2.4.8. If A is a C,,-module for the cyclic group C,,, then

Al(p—1A ifn=20
H,(Cp;A) =< A" /NA if nis odd
\ {a€ A: Na=0}/(p—1)A if nis even

.

Afm if n=0
H"(Cn;A) =4 {a€ A: Na=0}/(p—1)A  if nis odd
| ACm /N A if mis even

Example 2.4.9. If A = 7Z, then we find that

Z if n=0
H,(Con;Z) =S Z/m if m is odd

0 if mis even

Y/ if n=20
H"(Ch;Z) =< 0 if nis odd

Z/m if mis even
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2.4.3 The Bar Resolution

In this subsection, we will describe a particular resolution called the bar resolution.
Consider Z as ZG-module with trivial action of G. We shall now describe the

following exact sequences of ZG-modules.

and
0 udl ud2 U %k %k
0 Z < By« B} < By + --- (%)

where the first exact sequence is called normalised bar resolution and the second
exact sequence is called unnormalised bar resolution. Here By and B are ZG
and the map 6 is given by

7G — 7

g — 1.

For n > 0, B" is the free ZG-module generated by symbols [¢; ® -+ ® g¢,,| with
gi € G, while B, is the free ZG-module generated by symbols [g1] - - |g,] with

g € G—{1}.
Definition 2.4.10. (22| Define the differential d : BY — BY_, (forn > 0) by
dllg1 @ @ ga]) = 91lg2® - @ a]
+% ()0 ® - ®gigin ® - @ gnl
+ ()" @ ® go].

Similarly, we define the differential d : B,, — B, _1 (forn >0) by

dn([g1| -+ gn]) = g1lg2l - - - |gn]

n—1
(=1)" 1] -~ |gigisa] -~ - |gn]
i=1

+(=1)"[g1] -+ |gn-1].

+

Example 2.4.11.
dlg) =g | =[]

dlg1|g2] = g1]g2] — [9192] + [91]
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d[g1]92|93] = 91(9293] — [9192|95] + [91]9293] — [91]g2]

2.4.3.1 Homology

Let A be a right ZG-module. Then, H,(G; A) is the homology of the following
chain complex by applying A ®zg — to the sequence (*)

0= A®z0Bo ™ A@ye By ™ A®yq By — - - -

In particular, we have that Hy(G;Z) is the quotient of the free abelian group on
the symbols [¢], g € G, with relations that [1] = 0 and [f] + [g] = [fg] for all
f,g € G. Thus, H,(G;2Z) = G/|G, G].

2.4.3.2 Cohomology

Let A be a left ZG-module. Then, H"(G; A) is the cohomology of the following
chain complexes by applying Homgzg(—, A) to the sequences (*) and (**)

0 — Homze(Bo, A) % Homza(By, A) 5 Homye (B, A) — - -+

0 — Homga(BY, A) Li Homg(BY, A) < Homzg(By, A) = -+ .

An n-cochain is a set map f : G" = G x --- x G — A, denoted by C"(G; A),
and we see that the elements of Homgzg(BY, A) are just C"(G; A). A cochain f is
normalised if f(gi,--+) = 0 whenever some g; = 1, where these elements are in
Homgg(B,,, A). The differential df is given by

(dnf>(g07 e 7gn) = gUf(Qh o 79”)

+ Z<_1)Z f(gla 5 GiGi41, gn)

i=1

+(=1)"f(g0,"* , gn-1)-

The n-cochains where d"f = 0 are called n-cocycles, denoted by Z"(G;A) =
Kerd", and the n-cochains d" f are called n-coboundaries, denoted by B"(G; A) =
Imd"='. Thus, H"(G; A) = Z"(G; A)/B"(G; A).

Example 2.4.12. We have that

HY(G,A) = Z'(G,A)/B*(G, A)
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where
ZHG,A) ={f:G— A | f(ab) = af(b)+f(a), for all a,b€ G} = Der(G,A),
is the derivations of G in A, and

BYG,A)={f:G— AacA| flg) =ga—a} = PDer(G,A),

is the Principal derivations of G in A.

Example 2.4.13. We have that
H(G, A) = Z%(G, A)/BX(G, A)
where
ZX(G,A) ={f:GxG— A | af(a,c) — f(ab,c) + f(a,bc) — f(a,b) = 0}
and

B*G,A)={f:GxG— A | f(a,b) = ag(b) — g(ab) + g(a), g: G — A}.

2.4.4 H? and Extensions

In this subsection, we show that H? classifies equivalence classes of group exten-

sions.

Definition 2.4.14. [22] A group extension E of G by A is a short exact sequence
E:0-A—=BLG—1

such that A is an abelian group.

Definition 2.4.15. [22] An estension E:0 — A — B 5 G — 1 is called split if

there is a section o : G — B such that vo a = idg.

Definition 2.4.16. [22]| Two extensions Ey and Ey are equivalent if there exists

a group homomorphism ¢ : By — By such that
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18 commutative.

Given such a section a : G — B such that «(1) is the identity elements of B and
va(g) = g for all g € G. Both a(gh) and a(g)a(h) are elements of B mapping to
gh € G, thus their difference lies in A. we thus define

g, h] = a(g)a(h)(a(gh))~".

Definition 2.4.17. [22| The set function [ | : G x G — A defined above is called
the factor set depending on B and c.

Definition 2.4.18. [22] A normalised 2-cocycle is a function | | : G x G — A

satisfying the following conditions:

1. [g,1]=[1,¢9] =0 forall g € G.

2. xly, 2| =[xy, 2] + [x,yz] — [x,y] =0 for all x,y,z € G.

The proof of the following lemma is in [22].

Lemma 2.4.19. Let A be a G-module. A set function | | : GXxG — A is a factor

set if and only if it is a normalised 2-cocycle, that is, an element of Z*(G, A).

The proof of the following lemma is in [19].

Lemma 2.4.20. Let E; be an extension of G by A with based section ay : G —
By, and let | | be the factor set depending on ay. If Ey is an equivalent extension,
then there exists a based section ag : G —> Bs of Eo such that the factor set

determined by oo is | .

The proof of the following lemma is in [19].

Lemma 2.4.21. Given an extension 0 - A — B 5 G — 0, two different factor
sets [ ]y and [ ]a, corresponding to choices oy and ay of based sections respectively,

differ by a 2-coboundary.

The above lemmas show that there is a well-defined map 1 from the set of the
equivalence classes of extensions, denoted by E(G, A) to H*(G; A).
The proof of the following lemma is in [22].
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Lemma 2.4.22. Two extensions of G by A with section maps «; : G — B; yield

the same factor set are equivalent.

The proof of the following lemma is in [9].

Lemma 2.4.23. The map ¢ from the set of the equivalence classes of extensions
E(G,A) to H*(G; A) is surjective.

The proof of the following lemma is in [9].

Lemma 2.4.24. The map 1 from the set of the equivalence classes of extensions
E(G, A) to H*(G; A) is injective.

The main result in this subsection is the following theorem.

Theorem 2.4.25. There is a one-to-one correspondence between the classes of
extensions E(G, A) and the cohomology group H?*(G, M).

Proof. We have already known that the map 1 is well-defined, and lemmas 2.4.5
and 2.4.6 say that v is bijective. This proves the theorem. O]

2.5 Hochschild Homology and Cohomology

In 1945, Hochschild introduced the Hochschild cohomology groups of an associa-
tive algebra [10]. Hochschild cohomology of associative algebras is important in
many branches of mathematics, for example ring theory, commutative algebra,
representation theory, group theory, and topology. The low dimensional groups
(n < 2) have well known interpretations of classical algebraic structures such as
derivations and extensions. The main reference for this section is [22].

Let k be a commutative ring, A be an associative k-algebra. An A-A-bimodule
over A is a k-module M which is both a left module and right module in such

away that (am)a’ = a(ma’) for a,a’ € A and m € M.
2.5.1 Hochschild homology and cohomology of associative
algebras

In this subsection, we give directly the definitions of Hochschild homology and

cohomology of associative algebras.
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Definition 2.5.1. [22] The Hochschild homology H, (A, M) of A with coefficients

in M s the homology of the following chain complex C,,(A, M):

0+MEMOALE MOAR AL ...

where the boundary map
8p: M@ A" — M @ A% !
15 given by

(m®a; ® -+ ®a,) = (May ®ay @ -+ @ ay)
+ Z (—1)i(m®a1®---®aiai+1®

0<i<n

) (m @ - @),
Hence, H,(A, M) = H,(C,(A, M)) where C,,(A, M) = M @ A®".

Example 2.5.2. (The 0-Hochschild homology).
The boundary map
50 T M®A— M

is the k-submodule [M,A] of M generated by the elements ma — am, where a € A

and m € M. Thus, Hy(A, M) = M/[M, A].

Definition 2.5.3. [22| The Hochschild cohomology H™(A, M) of A with coeffi-
cients in M is the cohomology of the following cochain complex C™(A, M):

80 s ®2 52
0— M — Hom(A, M) — Hom(A®*, M) — ---

where the coboundary map
6" . Hom(A®", M) — Hom(A®" ™ M)
15 given by

5n(f)(a1» e 7an+1) = alf(a2, ce 7an+1)

+ Z (_1)if(a17"' NOTTISPEEEIN Y

0<i<n+1

+ (_1)n+1f(a'1a e 7an)an+l'
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Hence, H"(A,M) = H"(C"(A, M)) where C"(A, M) = Hom(A®", M).

Example 2.5.4. (The 0-Hochschild cohomology).
We have that

HO(A, M) = ker(6°)
={m e M,5°(m)(a) = am —ma =0, Ya € A.}
In particular, H°(A) = Z(A) the center of A.

Example 2.5.5. (The first Hochschild cohomology).
We have that
HY(A, M) = ker(6")/im(5%)

where

ker(0') = {f € Hom(A, M) | §'(f)(a,b) = af(b) — f(ab) + f(a)b =0, Va,b € A}
= Der(A, M)

are the derivations of A in M, and

m(8°) = {f € Hom(A, M) : f=6"m), me M}
={fm € Hom(A, M), me M : f(a) =am —ma}
= PDer(A, M)
are the principal derivations of A in M. Then H'(A, M) = Der(A, M)/PDer(A, M).

Example 2.5.6. (The second Hochschild cohomology).
We have that
H*(A, M) = ker(6%)/im(5")

where

ker(0*) ={f: A®@ A — M | §*(f) =0}
={f: AR A— M | af(b,c)— f(ab,c) + f(a,bc) — f(a,b)c =0}

and

im(0) ={f: A A — M | f=256(g), gc Hom(A, M)}
={f:A® A— M | f(a,b) =ag(b) — g(ab) + g(a)b, g € Hom(A, M)}.
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2.5.2 H? and Extensions

In this subsection, we show that H? classifies equivalence classes of Hochschild

extensions.

Definition 2.5.7. [22| Let A be a k-algebra, M be an A-A-bimodule. A Hochschild

extension E of A by M is a short exact sequence
E:05M%BL A0

where v is an epimorphism of algebras and ¢ is a monomorphism of k-modules
such that

¢(y(b) - m) =b- ¢(m),
¢(m - 7(b)) = ¢(m) - b,
Ybe B, me M.

Definition 2.5.8. [22] A Hochschild extension E : 0 — M S BLA0is
called split if there is a section a: A — B such that v o a = id4.

Definition 2.5.9. [22| Two extension Ey and Ey are equivalent if there exists a

morphism of algebras ¢ : By — By such that

E1:0 M B1 A 0

e

EQIO M BQ A 0

15 commutative.

Definition 2.5.10. [22]| The function f: A® A — M s called a factor set of

the Hochschild extension corresponding to the splitting c.

Definition 2.5.11. [22] A 2-cocycle is a function f: A® A — M satisfying:

ff(y, Z) - f(xy,z) +f($ayz) - f(l'7y)z =0

for all x,y,z € A.

We denote the set of equivalence classes of the Hochschild extensions of A by M
by E(A, M).
The proof of the following important result is in [22].
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Theorem 2.5.12. There is a one-to-one correspondence between the classes of
Hochschild extensions E(A,M) and the Hochschild cohomology H*(A, M).

2.6 Spectral Sequences

Jean Leray introduced spectral sequences in order to compute the (co)homology
of a chain complex [12]. Spectral sequences give a fundamental computational
tool in algebra, topology and homological algebra. In this section, we give a brief

overview of spectral sequences. This material can be found in [22] and [19].
Definition 2.6.1. [19] A homology spectral sequence in the category R-mod of
R-modules consists of the following data:

1. A family {E} } of R-modules for all integers p, ¢ and r > 1.

2. R-maps
d;q : E;q . E;fr,qﬂ'*l
that are differentials in the sense that d"d" = 0.

3. Isomorphisms between E;qH and the homology of Ey, at the spot E,,:

E;;—I = Ker(d;q)/lm<d;+r,q—r+l>

There is a category of homology spectral sequences. A morphism f : E — E’
is a family of R-maps f,, : B} — EII,’; in R-modules with d"f" = f"d", that is,
f" commutes with the differentials and each f;(;r !'is the map induced by g O1L

homology.
Definition 2.6.2. [19] Dually, a cohomology spectral sequence in the category R-
mod of R-modules consists of the following data:

1. A family {E*?} of R-modules for all integers p, ¢ and r > 1.

2. R-maps
Pq . P9 p+r,q—r+1
vt g1 — BF

that are differentials in the sense that d.d, = 0.
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3. Isomorphisms between EV{, and the homology of EX* at the spot EP9:

B, = Ker(d?)/Im(d2 ")

There is a category of homology spectral sequences. A morphism f : E — E’
is a family of R-maps f?? : EPY — E'P? in R-modules with d, f, = f,d,, that is,
fr commutes with the differentials and each f7{, is the map induced by f?¢ on

homology.

A homology spectral sequence is said to be bounded if for each n there are only
finitely many nonzero terms of total degree n in E?,. If so, then for each p and ¢
there is an ry sucg that E, = E;;rl for all » > ry. We write E for this stable

value of E;q.

We say that a bounded spectral sequence converges to H, if we are given family

of objects H,, each having a finite filtration
O:Fang ng—lﬂn ngHnng—l-lHng gFtHn:Hny

and we are given isomorphisms Eye = F,H,,,/F, 1H,.,. The traditional symbolic

way of describing such a bounded convergence is like this:
B, = Hpyq

Similarly, a cohomology spectral sequence is called bounded if there are only finitely
many nonzero terms of total degree in E’*. In a bounded cohomology spectral
sequence, we write EZ? for the stable value of the terms EP¢ and say the bounded

spectral sequence converges to H* if there is a finite filtration
0=F'H"C..-FPFP'H" C FPH" ... C F*H" = H"
so that EPY = FP[PHe /Pl rta,

The proof of the following useful result is in [22].

Lemma 2.6.3.

1. If B}, = Hpyq and E}, =0 for ¢ > 0, then H, = E2, for all p > 0.

2. If additionally Ego =0 forp >0, then H, =0 for p> 0.



Preliminaries 31

2.7 Deformation Theory

Algebraic deformation theory was introduced for associative algebras by Gersten-
haber in [6]. In this section, we describe the connection between deformation
theory and cohomology theory. All definitions and theorems in this section can be
found in [5].

Let K be a field. A one-parameter algebraic deformation of a finite dimensional K-
algebra A, may be considered informally as a family of algebras A, parameterized
by K such that Ag = A and the multiplicative structure of A; varies algebraically
with ¢.

Definition 2.7.1. [5] Let A[[t]] be the K|[t]]-module of formal power series with
coefficients in the K-module A, that is, A[[t]] = A @k [[t]] as a module.

Now we will state the formal definition of a deformation.

Definition 2.7.2. [5| A one-parameter formal deformation of a K-algebra A is a
formal power series F =Y > fot™ with coefficients in Homy(A ® A, A) and for
all a,b € A, fo(a,b) = ab. The deformation A[[t]] with the multiplication defined
by F may be written as Al[t]|r or Ap. If F is finite, or at least finite for each pair
(a,b) € A® A, the multiplication may be defined on Alt] over K[t].

Definition 2.7.3. |5] Let A be an associative K-algebra. Then the deformation

Ap is called associative if
F(F(a,b),c) = F(a, F(b,c)) (2.1)

for all a,b,c in A.

If we expand both sides of the equation (2.1) and collect the coefficients of t" we

have

Zf;fmab Zfz  fai(b, ) (22)

Definition 2.7.4. [5] Let f,, be the first non zero coefficient after fo in the expan-
sion F'=>" f,t"™. Then f, is called the infinitesimal of F.

Theorem 2.7.5. If F is an associative deformation of A then the infinitesimal
fn of F is a Hochschild 2-cocycle.
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Proof. Let F be an associative deformation of A and f,, be the infinitesimal of F'.

We may rewrite (2.1) as

fO(fn(av b)? C) + fn(fﬂ(a’ b)? C) - f0<a7 fn(b> C)) + fn<a7 fo(b, C))

Since fy is the multiplication in A we will obtain

falab, ) + fu(a,b)c = af,(b,c) + fn(a,be),

or

afn(b,c) — fulab,c) + fu(a,bc) — fu(a,b)c = 0. (2.3)
The left hand side of (2.3) is the Hochschild coboundary of f,, and therefore d? f,, =
0. That is, f,, € Kerd®. Thus, f, is a Hochschild 2-cocycle. O

For arbitrary m, equation (2.1) above may be written as

Phn(05,6) = 3 i 0).0) = il fuihe). (24

The right hand side of (2.4) is the obstruction to finding f,, that extends the
deformation.
The following theorem is the most important result in deformation theory and the

proof can be found in [5].

Theorem 2.7.6. The obstruction is a Hochschild 3-cocycle.

The proof of the following result is in [5].

Corollary 2.7.7. If H>(A, A) = 0 then every 2-cocycle of A may be extended to

an associative deformation of A.

2.7.1 Equivalent and trivial deformations

Given associative deformations Ar and Ag of A, we want to know when there is

an isomorphism Ar — Ag which keeps A fixed.

Definition 2.7.8. [5] A formal isomorphism V : Ap — Ag is a k[[t]]-linear map
Alltllr — A[[tl]¢ that may be expressed in the form

U(a) = vo(a) + 1 (a)t + a(a)t® + g(a)t® + - --



Preliminaries 33

where Po(a) = a for a € A. Observe that it is enough to consider a € A, since W
is defined over K[[t]]. We consider that each b, is a k-linear map A — A. If ¥

18 multiplication preserving, we say it 1s an algebraic isomorphism, that is,
G(¥(a), V(b)) = ¥(F(a,b))

for all a and b in A.

Definition 2.7.9. [5] We say that two deformations Ap and A are equivalent if

there exists a formal isomorphism V : Ap — Ag, and we write Ap = Ag.

Proposition 2.7.10. Two infinitesimal deformations f, and g, of F and G re-
spectively, are equivalent if they are in the same cohomlogy class. That s, they

represent the same element of H?(A, A).
The proof of the following theorem can be found in [5].

Theorem 2.7.11. If H*(A, A) = 0, then all deformations of A are isomorphic.

Definition 2.7.12. [5] A deformation Ap is called a trivial deformation if Ap =
A. That is, F = fy.

Definition 2.7.13. [5] An algebra A is called rigid if it has only trivial deforma-

tions.

Corollary 2.7.14. If H*(A, A) = 0, then A is rigid.



Chapter 3
Cohomology of Oriented Algebras

In this chapter, we develop a cohomology theory of oriented algebras. The con-
struction is based on the possibility to mix standard chain complexes computing
group and associative algebra cohomologies. We will prove several important re-

sults about such cohomologies.

We recall some notations for the standard chain complexes associated to groups
and associative algebras. We also recall the bicomplex which we will use through

the whole chapter.

In what follows k& denotes a ground commutative ring with unit. All modules and
algebras are considered over k. Furthermore, we write ® and Hom instead of ®;

and Homyg. For a group G and G-module C' we let C*(G, C') denote the standard

complex computing the group cohomology. We let
C"(G,C) = Maps(G™, C)
and the coboundary map
d: Maps(G™,C) — Maps(G™*,C)
is given by
(Oa)(xq, -+, Tpy1) = Tra(Tay -+, Tpyt)
+ Xn:(—l)ia(xl, Ce XL, Tp)
i=1
+ (=DM a(zy, - 2p).

34
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So by the definition
H"(G,C)=H"(C*(G,()).

We will say that a cochain complex
co=c" St L erh

is a G-complex if each module C™ is endowed with a structure of G-module and
each boundary is a G-homomorphism. If this is the case, we let C*(G,C*®) be the

total complex of the following bicomplex

CU(G, C’O)L)CG(G’ CO)L)CQ(G, 00)8_).__
The cohomology of C*(G,C*) is denoted by H*(G, C*) and is called the hyperco-

homology of G with coefficients in C'*. The spectral sequences associated to this

bicomplexes have the form
1M = HY(G, CP) = H*(G,C")
and
BN = HP(G,HY(C*)) = H*(G,C"*).

Let A be an associative k-algebra. Recall that the Hochschild cohomology of A
with coefficients in a A-bimodule M is the cohomology of the following cochain
complex:

50 51 %2 52
0 — M — Hom(A, M) — Hom(A®*, M) — ---

where the coboundary map

6" . Hom(A®", M) — Hom(A®" ™ M)
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is given by

6(f)(a/17 T 7&n+1) = alf(a2> T 7an+1)
+ Z (=1 f(ar, -, @itigy, - anga)

0<i<n+1

+ (_1)n+1f(a17 s aan)anJrl-

Hence, H"(A, M) = H"(C™(A, M)), where C"(A, M) = Hom(A®", M).

Let us also recall that for an algebra A the category of A-bimodules is isomorphic
to the category of left A°-modules, where A° is the enveloping algebra. As a
module one has A° = A ® A, while the multiplication is defined by

(a®b)(c®d) =ac® db.

Moreover, one has an isomorphism H*(A, M) = Ext*.(A, M), provided A is pro-

jective as a k-module.

3.1 Oriented Algebras

In this section, we define oriented algebras and provide some examples.

Definition 3.1.1. An orientation is a pair (G, <), where G is a group and € is a
group homomorphism
e:G— {£1}

If such orientation is fized, then we called that G is an oriented group.

Example 3.1.2.
1. Any group G can be equipped with a trivial orientation: (g) = 1 for all
geqG.
2. For more interesting examples, we could take

(a) G ={£1} and ¢ =id.
(b) G =S, and e(o) = sgn(o).

Definition 3.1.3. Let G be an oriented group and A be an associative algebra.

An oriented action of (G,e) on A is given by a map

GxA— A,
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(g,a) — Ya,

such that under this action A is a G-module and
Ya+b) =9+

#a = 9("a)

(ab) = 9a9b if e(g) = +1,
99a if e(g) = —1.

9(1) = 1.

An oriented algebra over (G, e) is an associative algebra equipped with an oriented
action of (G,¢e) on A.

Example 3.1.4.
1. Observe that if G is equipped with a trivial orientation, then G acts on A via

algebra automorphisms, hence in this case an oriented algebra is nothing but

a G-algebra in the classical sense.

2. Another interesting example is obtained when G = {£1} and € =id. In this
case A is nothing but an involutive algebra. Recall that an involutive algebra

is an associative algebra A together with a k-linear map
A— A,

a— a,

such that

S
_l’_
S
|
Ql
_l’_
SH

S
Sy
I

ol
Sl

Il
I

a.

Definition 3.1.5. Let A and B be oriented algebras over an oriented group (G, €).
A homomorphism of G-modules f : A — B is called a homomorphism of oriented

algebras provided f is a homomorphism of algebras.

The oriented algebras and oriented algebra homomorphisms over an oriented group
(G, ¢) form a category denoted by (G, €)-Alg. There is an obvious forgetful functor
U : (G,e)-Alg — G-Mod to the category of G-modules.
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Let M be a G-module. Consider the tensor algebra
T*"(M)=koMOM?--- o M" -
Define an action of G on T*(M) by

Imy @ -+ ®9Im,, if e(g) = +1,

9(m1®...®mn): .
Im, ® -+ ®9Imq, if e(g) = —1.

One checks that this action on the tensor algebra defines an oriented algebra

structure.

Lemma 3.1.6. The assignment
M — T*(M)

defines a functor G-Mod — (G, €)-Alg, which is left adjoint to the forgetful func-
tor U : (G,¢)-Alg — G-Mod.

Proof. Let A be an oriented algebra and let f : M — A be a G-module homomor-
phism. By properties of the tensor algebra the map f has a unique extension as
an algebra homomorphism 7%(M) +— M, which by abuse of the notations still is
denoted by f. So

fmi @ ®@my,) = f(mi)--- f(m).

Now it is clear that the extended map is compatible on G-actions and the result
follows. u

3.2 Oriented Bimodules and Cohomology

Definition 3.2.1. Let A be an oriented algebra over an oriented group (G, e€).
An oriented bimodule over A is an usual bimodule X together with a G-module

structure on X such that

Yaz) = a9z, if e(g) = +1,
w0, if <g) = -1

o)  { 20 1 20 = 4L
| at, if e(g) =—1.
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hy = 9(hy).
It should be clear what homomorphisms of oriented bimodules are.

Let A be an oriented algebra over an oriented group (G, €) and let X be an oriented

bimodule. For any n > 0 one defines an action of G on Hom(A®", X) by

If(9 ar, 9 tan) if e(g) = +1,
(gf) (ala e @n) = (n—1)(n—2) - - )

(_1) 2 gf(g an7"‘7g al) if E(g) = -1
In particular, for n = 1 the action is independent on the parity of (g).

Lemma 3.2.2. With this action the Hochschild complex

0= X5 Hom(A, X) 5 Hom(A%2, X) 2 ...

1s a G-complex.

Proof. We have to check that the equality 6"(9f) = 96™(f), holds for all f €
Hom(A®", X)) and g € G. There are two cases to consider €(g) = +1 or e(g) = —1.
Firstly, we deal with the first case when €(g) = +1. We have

(S(Qf)(al? T van-i-l) = a1<<gf)(a2> T ’an-i-l))

+ S DN @i an)
0<i<n+1

+ (_1)n+1<<gf)(a17 e 7an))an+1

= a1 7f(" ag, 7 tant)

+ Z (_1)i gf(g_lah T 7g_laz‘g_1az'+1, T ,g_lan+1)
0<i<n4+1

+ (_1)n+1 gf(gilala T 7g71an)an+l
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We also have

O @, ) = (SO a9 a)
= (7t S e )

+ Z (_1)1 g(f<gila17"' 7971&1'97

0<i<n+1

1 —1
Qjp1, ’g an+1)>

g _ _ _
+ (_1)n+1 (f(g 10J17 e ,g 1an) g 1an+1>

=m gf(gila% T agilan-i-l)

z -1 1
+ E ) UL a9 e !
0<z<n+1

+ (_1>n+1 gf(g_lala e 79_1an>an+1-

Next, we deal with second case when e(g) = —1. We have

o0 f)(ar, -+ ant1) = al((gf)(%' © nt1))

+

+1

D™ H ) @, an))ans

(n— 1)(n 2)

0<i<

+(=
(=1

S
mn Y
+1

+
0<i<
+(~1) T e (e

(

We also have

g 1
Ait1, 00, an+1)

)

Z gf A1y 5 Qg1 -t 7an+1)

a7 f (O tapsa, -+, 7 tag)

-1 -1 -1
ai1? a0 al)

—1
my """ 7g al)an+1

O, i) = (5 (SN - )

n(n=1) 9 —
= (_1)”"2 (g lan—i—l ana e 79 lal))

n(n—1)
+(=1) > Z (“ tanta, -

0<i<n+1
n(n—1) n g —
+ (-1 (- (f(g
= (_1)”(" 5 gf(g 1an7 agilal)an—‘rl

n(n—1)

FEDE Y I T g g

0<j<n+1

-1 —1
’g a2)g al)

n(n—1) — —
+ (_1) g Tt ai gf(g 1an+17 T ’g 1&2)

Thus, we see that  commutes with the group action.

g1 g1
) Ap—it+2 Ap—it1, "
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Thus one can form the following bicomplex C% (A, X).

/1

/1 6/l a

Maps(G?, X) g Maps(G?, Hom(A, X)) i,>./\/laps(G2, Hom(A®2, X)) -2~ ...

/1

8// 8// 8
Maps(G, X) —2+ Maps(G, Hom(A, X)) —2—~ Maps(G, Hom(A®2, X)) —2— ...
6” a// 8/I
X 2 Hom(A, X) 2 Hom(A®2 X)—2

where the coboundary maps given as following:

e The coboundary of every horizontal maps @ is given by:

(ala)(gh 5y, 0n, A1, 0 7an+1) = ala(.gla 5y Gn, A2, 7an+1)
+ Z gl? 5 0n, A1, A1,
0<i<n+1
+ (_1)n+1a(gla oy Gn, A1yt 7an)an+1-

e The coboundary of the first vertical maps is given by:
@ g1, s gnr1) = 01f (g2, s Gnt1)
+Z fg1, 5 gigiv1s - gnt1)

+ (_1)n+1f<g17 T ;gn>

e The coboundary of the second vertical maps when e(g) = £1 is given by:

/7

@ B) g1, s gnr1,0) = " B(ga. -+ gus1, 7 ')

+Z gla 5 9941, 7gn+17a>

+ (_1)7‘64—1/8(917 5 Gns (l).

) a’n+1)
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e The coboundary of the third vertical maps when €(g) = +1 is given by:

/1

(a ’7)(91, o Ont1, @, b) = 91,7(927 e 7gn+1ag;1aag;1b)
+ Z(_l)z’}/(gl? 5 9iGi4+15 0 OntlH @, b)
=1

+ (_1)n+17<gl7 5,00, 0@, b)

e The coboundary of the third vertical maps when £(g) = —1 is given by:

11

Oty Gns1s0,5) = 3 (gas , Gsr, 710,97 1)
+ Z(—l)iV(gh o, Gii41, " > Gnt1, @, D)
i=1

+ (_1)n+17(917 5, 0n, @, b)

The homologies of the total complex are denoted by HZ(A, X) where n > 0. We
will also need the following double complex GE(A, X) that is obtained by deleting

the first column and reindexing.

8” 8”
/

Maps(G2, Hom(A, X)) —2 Maps(G?, Hom(A®2, X))~ ...

/! 1/

0 0

/

./\/laps(G, Hom(A, X)) LM@ps(G’ H0m<A®2’ X)) L) R

/! /!

0 0
Hom(A, X) & Hom(A%®? X) &

The homologies of the total complex of C%(A, X) are denoted by H%(A, X) where

n > 0. These groups fit in the following exact sequence:

0— HY(A, X) — H°(G, X) — H%(A, X) >

(Hé(A, X)— H'(G,X) — HL(A, X) >

(Hg(A,X)—>H2(G,X)_>ﬁ[g;(A7X)_>...
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3.3 Classification of Singular Extension of Oriented

Algebras

It is a well-known fact that the second Hochschild cohomology classifies the sin-
gular extensions of associative algebras [22|. Here we obtain a similar result for

oriented algebras.

Definition 3.3.1. Let A be an oriented algebra over an oriented group (G,e€).
Moreover, let X be an oriented bimodule over A. A singular extension of A by X

15 a k-split short exact sequence of G-modules
05> X5BB A0

where B is also an oriented algebra over an oriented group (G,e). Furthermore,
p s a homomorphism of oriented algebras and i is homomorphism of G-modules
such that

Z(Il)l(l’g) = O,

i()b = i(zp(b)),

forall z,z1,29 € X, b € B.

Theorem 3.3.2. Let A be an oriented algebra over an oriented group (G,e).
Moreover, let X be an oriented bimodule over A. Then, there is a one-to-one

correspondence between equivalence classes of extensions of A by X and ]:I(l;(A, X).

Before giving the proof, one can observe that H5(A, X) = Z5(A, X)/BL(A, X),
where Z}(A, X) is the collection of pairs (, 3), where a € Maps(G, Hom(A, X))
and 8 € Hom(A®?, X) satisfying the following conditions:

a(gh,a) =9%a(h,? *a) + a(g,a),

Blar,az) =989 'ay,9 tag), if e(g) = +1,
Blar,az) —IB(9 tag,? tay), if e(g) = —1,

alﬁ(ag, ag) — B(alag, (13) + ﬁ(al, CLQCLg) — B(al, ag)a,g = O

ara(g, as)—al(g, ajas)+a(g, ar)as = {
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Observe that the last equality simply says that  is a Hochschild 2-cocycle. More-
over, (a, B) € BL(A, X) if and only if there exists ¥ € Hom(A, X) such that

Blar, az) = ary(az) — y(araz) + y(a1)as

and

a(g,a) =99 ta) — ().

Proof. Let us start with a singular extension as above. To simplify the notation
we will assume that X is a submodule of B and i(z) = x. Choose a linear map

s : A —> B such that ps = id4. One defines

a € Maps(G, Hom(A, X))

and
B € Hom(A®? X)
by
alg,a) = s(a) —9s(? ta) (3.1)
and
B(ay,as) = s(ay)s(as) — s(ajas). (3.2)

We claim that («, 8) € Zé(A, X). By the classical argument ( is a Hochschild
2-cocycle [22]. Next, we have

1

Ia(h! " a)+a(g,a) =9(s(* a) = "s(" 9 ) + s(a) — Is( a)

—95(7"a) = s a) + s(a) — 9s(* ' a)

—-1,-1

(3.3)
= s(a) —9"s(" 9 a)

= a(gh, a)

To obtain the reminder equations, we have to consider two cases. If ¢(g) = +1 we
have form (3.1)

s(aras) = 9s( a1 9 ag) + alg, aras)

= 9(s(* ar)s(? az) — B af an))) + alg, araz)

= gs(gilal) 95(971@) - gﬁ(gilal,gil as) + a(g, a1az)
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and from (3.2) we also have

s(arag) = s(ay)s(az) — Blay, as)
= (%s(* @) + a(g,a1))(’s(""az) + (g, a2)) - Blar, a)

= gs(gilal)gs(gilaz) + ala(% 612) + &(ga 611)@2 - ﬁ(al, Cl2)

Comparing these expressions we see that
ara(g; az) — alg, araz) + a(g, ar)as = Blar, az) — *B(¢ a1, ¥ az).  (34)
By replacing 9 'a; = b; and 9 'ay = by in (3.4) we have
Ibra(g,ba) — alg, 7b1%ba) + (g, 7b1)?by = B(b1,%ba) — B(b1, by) (3.5)
Similarly, if e(g) = —1 and from (3.1) we have

s(araz) = 9s(Y 'ay? 'ay) + alg, ajay)

=9(s(? taz)s(? 'ar) — B taz,? tar)) + alg, aras)

= 98(971%)98(971@2) - 95(971%,9 101) + (g, aras)

and from (3.2) we also have

s(araz) = s(ay)s(as) — Blay, as)
= (?s(* ‘1) + alg, @) (*s(" 'az) + alg, az)) — Blay, as)

=95(% a1)?s(? 'az) + a1a(g, az) + alg, ar)as — B(ar, as)
Comparing these expressions we see that
a1a(g, as) — a(g, a1az) + alg, ar)az = Blar, az) — I8 'az,? 'ar) (3.6)
By replacing 9 'a; = by and 9 'ay = by in (3.6) we have
Ibaar(g, 7b1) — (g, ?b271) + (g, ?b2)b1 = B(%bs, 7b1) — 7B(b1, b) (3.7)

Hence, we show that in fact (o, 3) € Z5(A, X).

Conversely, starting with (a, ) € ZL(A, X) one can define B = X @ A where the

multiplication is given by

(21, a1)(x2,a2) = (z102 + ayxy + B(ay, az), ajas)
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and

g(x,a) = (gm - a(Lq’ga)’ga)

We claim that B satisfies all properties of oriented algebra and defines an extension.

Firstly, we have

9(0’1) (go_a(g’gl)’gw

= (_a(gu 1)’ 1)
=(0,1)

Since « is normalised. Next, for 1,25, € X and a1, as € A, we have

I((z1,a1) + (22, 02)) = (1 + 22, a1 + a2)

= (g.’L'l + giEQ — a(g,9a1 + gag),gal + gCLQ)
and

Ny, a1) + (22, a2) = (P21 — a(g,%ar),%a1) + (Yz2 — a(g,%a2),%as)

= (921 + %29 — a(g,%1) — a(g,%as),%a; + %as)
Therefore, from definition of « it follows that
I((x1,a1) + (x2,a2)) =9 (x1,a1) + (22, az).
Then, if £(g) = +1 we have

I((x1,a1) (22, a2)) = Y (@102 + a122 + B(ay, az), aras)

= (Yz19%as + Ya1%x9 + B (a1, az) — a(g,%a1%as),%a1%as)
and

g($1,a1)g(1’2>a2) = (9-731 - 04(9,9611),9@1)(9352 - a(gag@2)7ga2)
= (Yz19%ay — a(g,%a1)?as + Ya,% 2,

—Jara(g,%a2) + B(Ya1,%as), %a1%as)

Therefore, from (3.5) it follows that

I((z1, a1) (w2, a2)) = (21, a1)% (22, az).
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Similarly, if e(g) = —1 we have

I((x1,a1) (22, a2)) = Y (@102 + a122 + B(ay, az), aras)

= (Yax?z1 4+ Y2991 + 95(ay, az) — a(g, Yas’ar),%as’ay)
and

9(1,2’ a?)g('xla al) = (g'xZ - a(gagaQ)agCL?)(g‘rl - a(gaga’l)7gal)
= (Yz9%a1 — a(g,%a2)?a1 + Yas? 4

—Yasa(g,%ay1) + B(Yas,%ar),%as’ay)
Therefore, from (3.7) it follows that
(21, a1) (22, a2)) = (w2, a2)? (1, a1).
Finally, for z € X and a € A, we have
Mz a) = ("x — algh,™ a)," a)
and
9"z, a)) =9"r — a(h,"a),"a) = ("x —a(h,"a) — a(g,"" a),"a).
Comparing these expression we have that
I (x,a) =9("(x,a)) if and only if a(gh,?"a) =%a(h,"a) + a(g,"a).

But this follows from (3.3) by replacing a by 9"b. Thus one obtains an inverse map

from the cohomology to extensions. O]

3.4 Enveloping algebra, cohomology and Ext

Let A be an oriented algebra over an oriented group (G,e€). We let (A, G)-Bim
be the category of all oriented bimodules. As we will see soon this is an abelian
category with enough projective and injective objects. This follows from Lemma
3.4.1 below, which says that the category of oriented bimodules (A, G)-Bim is
isomorphic to the category of left modules over an algebra (A, G)®-Mod, where

(A, G)° is the following associative algebra, called the enveloping algebra of an
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oriented algebra A. As a module it is A ® k[G] ® A, while the multiplication is
given by

adc® gh®9db, ife(g) =+1,

(a®gRb)(c®h®d) = _
add® gh®9ch, ife(g) =—1.

Where a,b,c,d € A and g,h € G.

Lemma 3.4.1. The above formula defines an associative algebra structure on
(A, G)¢. Moreover, one has an isomorphism of categories (A, G)-Bim ~ (A, G)¢-
Mod.

Proof. To show that (A, G)¢ is an associative algebra we have to check only the

associativity property:
(a®g@b)(crhRd)(ukk®v)=(a®gR0)((ch®d)(u®k®uv)).

Indeed, there are four cases to considered. First case if £(g) = +1 and e(h) = +1

we have

((a®g®b)(ch@d))(uRkew) = (a c@gh@%db)(uRk®v) = a Ic MuR ghk® v 9db.
and

(a®g@b)((c2h@d)(uk®v)) = (a®g®b)(c "u@hke "vd) = a ¢ Mu ghk® v 9db.
Second case if €(g) = +1 and e(h) = —1 we have

((a®g®b)(ch@d))(uRkew) = (a c@gh@%db)(uRk®v) = a Ic MR ghk 9"u 9db.
and

(a®g®b)((ch@d)(uk®v)) = (a®g@b)(c "v@hk@"ud) = a Ic Mo ghk 9"u 9db.
Third case if £(g) = —1 and €(h) = —1 we have

((a®g®b)(c2h®d))(uRk®v) = (a?dRgh®‘ch) (uRk@v) = a Id "uRghks 9" Icb.
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and

(a®g@b)(cah®@d)(u®k®v))=(a®g®b)(c"vehk® "ud)
= a 9("ud) ® ghk @ 9(c"v)b
=a9d " ® ghk @ 9"v 9eb.

Last case if ¢(g) = —1 and ¢(h) = +1 we have
((a®g®b)(c®h®@d))(uRk®v) = (a?dRgh®‘ch) (uRk@v) = a Id v ghk® "u Icb.

and

(a®g@b)(cah®@d)(u®k®v))=(a®g®b)(c"u®hk® "vd)
= a 9("vd) ® ghk ® 9(c"u)b
=a9d " @ ghk ® 9"u 9cb.

Thus, we show that (A, G)¢ is an associative algebra. To show the last assertion,

it suffices to observe that if X is an oriented bimodule, then the formula
(a®g®b)x :=alPx)b

defines a left (A, G)°-module structure on X and vice versa. ]

Let A be an oriented algebra over an oriented group (G, €). Then the map A® —
(A, G)¢, given by a ® b+— a ® 1 ® b is an algebra homomorphism. Since

(a®12D)1Rg1)=a®g®b

it follows that (A, G)¢ as a left A°-module is free with the basis {l® g® 1|g € G}.

As a consequence of this fact we will prove the following result.

Lemma 3.4.2. Let X be a an injective oriented bimodule, then X is also injective

as an usual bimodule.

Proof. Let Y be an usual bimodule. Then X is a left (A, G)®-module and Y is a

left A°-module. Hence we will have isomorphism

Homacye((A, G)° @ae Y, X) = Homae (Y, X)
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Since (A, G)° is free A°-module, the left hand side is an exact functor on Y, hence
the right hand side is also an exact functor on Y. Thus X is injective as a A°-

module. O

It is clear that A itself is an oriented bimodule, thus also a left (A, G)®-module.
Explicitly, one has

(a®g®b)c=a’ch, a,bjce A geQq.

This particular bimodule plays an important role, thanks to the following Theo-

rem.

Theorem 3.4.3. Let A be an oriented algebra over an oriented group (G,€). As-
sume A is projective as a k-module. Then for any oriented bimodule X one has a

natural isomorphism

HE(A, X) = El’t)(kA,G)e(A7 X)

Proof. By the well-known axiomatic characterization of the Ext-groups [22], we

need to verify the following three properties:
i) There is an isomorphism HY (A, X) = Homa,q)- (A, X).

ii) For any short exact sequence of oriented bimodules
0—=-X; - X—=>Xy—0
there is a long cohomological sequence

0— HA(A, X)) = HY(A, X) = HE(A, X)) — H5(A, X)) — - -

iii) If X is an injective oriented bimodule, then H{(A, X) = 0, for n > 0.

To see i), one can observe that
HYAX)={r€X | %2=x and avr =za a € A, g € G}.
Next, one defines the map

X : Homa gy (A, X) = HAX(A, X)
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by x(f) = f(1) = x, where f : A — X is an oriented bimodule homomorphism.
We claim that f(1) =z € H2(A, X). One can observe that

f(b) =21 (b)

af(b) = f(ab)
f(b)a = f(ba).

Vb € A. By taking b =1 and f(1) = x, we have
fE) =97(1) = [f(l)=9% = z=9%

and

af(1) = f(a)

f(Da = f(a) } = af(l)=f(l)a = az=uza.

Hence, x is a well-defined homomorphism.

Conversely, one defines

0: HM(A, X) — Homa gy (A, X)

We have

0(x)(%a) = 9(0(x)(a))
= Yaxr =9(ax)
=Yax =9

= Yaqz =9ax
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since 9x = x.

Similarly,
0(z)(ab) = a(0(z)(b))
= abr = a(bx)
= abr = abx.
Finally,

0(x)(ab) = (6(x)(a))b
= abr = (ax)b
= a(bx) = a(xb)

since bx = xb. Hence, the map @ is the inverse of y.

To see ii), one can observe that projectivity over k implies that one has an exacts

sequence of bicomplexes
0— CLIA, X,) = CL(A X) = CL(A, X)) — 0

and the result follows.

To see iii), one can observe that one of the spectral sequence associated to the
double complex Cf (A, X) has the form

EY = H?(G,HY(A, X)) = HEM(A, X)

In the case, when X is an injective object in the category of oriented bimodules
the group HY(A, X) vanishes provided ¢ > 0, thanks to Lemma 3.4.2. Hence
H: (A, X) = H(G,H°(A, X)). Next, we can assume that X = Hom((4,G)%, I),

where [ is an injective k-module. In this case
H°(A, X) = Hom(k[G] ® A, I) = Hom(k[G], Hom(A, 1))

where the first isomorphism assigns to an element o € H°(A, X) the element
B € Hom(k|G)® A, I) given by 8(g,a) = a(1,g,a). Thus H(A, X) is an coinduced
G-module. Hence H"(G, H°(A, X)) = 0 if n > 0 and the result follows. O
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One easily checks that the map
p:ARA—A a®b— ab,

is an epimorphism of (A4, G)°-modules, where A® A is considered as a left (A, G)°-
module by

adcgb, if e(g) = +1,
(a®g®b)(cxd) = (9)
addgeb, if e(g) =—1.

We let I(A, G) be the kernel of p.

Proposition 3.4.4. Let A be an oriented algebra over an oriented group (G, e).
Assume A is projective as a k-module. Then for any oriented bimodule X one has

a natural isomorphism
HE(A, X) = Ext{y o (1(A,G), X).
Proof. As in the proof of Theorem 3.4.3 we have to check that the functors
f[g(A, —) satisfy three properties:
1) They coincide with Homa,ey(1(A, G), —).
2) They form an exact and connected sequence.
3) In positive dimensions they vanish on injective objects.

One can observe that the property 2) is obvious, the property 3) follows from the

exact sequence
0— HY(A,X) = H'(G,M) - HY(A, X) — HL(A, X) — H(G, X) — - -

and the fact that the groups H5(A, X) and H*(G, X) both vanishes for ¢ > 0 and
injective X, thanks to Theorem 3.4.3 and Lemma 3.4.2.

To show the property 1) one can observe that both functor in the question are
left exact. Hence it suffices to consider only injective X. In that case our exact

sequence has the form

0— HY(A, X) - H(G, X) — H(A, X) — 0.
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On the other hand we have a short exact sequence of bimodules
0—-I1(AG) >ARA—-A—0,
which gives
0 — Homa,q)(A, X) = Homgye(A® A, X) = Homaeg)(I(A G), X) = 0.

The first term is isomorphic to the group H(A, X) by Theorem 3.4.3, while the
second term is isomorphic to Homg(k, X) = H°(G,X). Thus the third term is
isomorphic to H%(A, X). Hence the result. O

3.5 Deformation of Oriented Algebras

The aim of this section is to extend the deformation theory of associative algebras

due to Gerstenhaber [6] to oriented algebras.

Definition 3.5.1. Let A be an oriented algebra over an oriented group (G,e€). A

one parameter formal deformation of A is a pair (U, ®), where

U=> ¢’ and =) ot
i=0 =0
are formal power series with ¢, € Hom(A®A, A) and ¢, € Maps(G, Hom(A, A)).
One requires that for all n > 0 the following identities hold
(1) QzDO(a7b) =ab and ¢0(ga CL) = gaa
(i) D jmn Yi(¥i(a,0), 0) = 32y i Yila, 1h;(b, €)),
(iii) ¢n(gh7 CL) = ZiJrj:n (b% (g, ¢j<h7 CL)),

Zi+j+k:n ¢Z<¢J<gv a)? gbk(Q) b)) if 6(9) = +17

(iv) ZiJrj:n ¢i(g,wj(a,b)) = .
Ditishen Vi(0i(g,0), dr(g,a)) if e(g) = —1.

Here g, h € G and a,b,c € A. The last three identities can be expressed as

U(a,¥(b,c)) =V (¥(a,b),c),
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®(gh,a) = @(g, ®(h, a)),

U(®(g,a), (g,0)) if e(g) =+1,

U (®(g,0),2(g,a)) if e(g) = -1,
which shows that A[[t]] becomes an oriented k[[t]]-algebra. If for fixed m > 1 there
are given ¢, € Hom(A® A, A) and ¢,, € Maps(G, Hom(A, A)) forn=10,---,m

satisfying above identities for n = 0,--- ,m, then we say that there is given an

®(g, ¥(a,b)) =

m-deformation. For m = 1, we have
a1 (b, ¢) + ¥1(a, be) = Py (ab, ¢) + 1(a, b)c,

¢1(gh, a) = 9¢1(h,a) + ¢1(g,"a),

ga¢1(g> b) + ¢1(ga a) b + w1<ga7 gb) if E(g) = +17
gb¢1(gaa)+¢1(gvb)ga+wl(gbv ga’) if E(g) = _1a

In this case we say there is given an infinitesimal deformation.

91 (a,b) + ¢1(g, ab) =

Definition 3.5.2. Two deformations (V,®) and (V',®’) are equivalent if there

exists a formal power series ) = ZZOZO wpt™, with properties

(i) w, € Hom(A, A), n >0,
(ii) wo(a) =a, a € A,
(i) D254 jmn wi(¥5(a, ) = 2054 ke Yilwi(a), wi(b)),
(V) D iy jmn wi(@5(9,0)) = 22ip = 99, wj(a)-
Here n > 0, a € A and b € B. The last two equations can be express also
as Q(¥'(a,b)) = ¥(Qa), (b)) and Q(P'(g,a)) = ®(g,2(a)). In other words,

defines an isomorphism of oriented k|[t]]-algebras (¥, ®) — (U’,®’). In a same

way one can define under what condition two m-deformations are equivalent.

Lemma 3.5.3. i) Let (U, ®) be a one parameter formal deformation of an oriented
algebra A. Assume n > 0 is a natural number such that V; = ¢; =0 for 0 < i < n.
Then the pair (¥n, &) is a 1-cocycle in C’é(A, A), where

n(g,a) = dnly, g_la)

In particular (1, &) is a 1-cocycle in CE(A, A).
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ii) There is a one-to-one correspondence between the equivalence classes of in-

finitesimal deformations of an oriented algebra A and f[é(A, A).

Proof. The part ii) easily follows from i). To prove i), we observe that these

equations gives
Un(a,b)c + Yn(ab, c) = aypn(b, ¢) + Pn(a, be)

¢n(gh> a) = g¢n(hv a) + ¢n(gv ha)'

Tn(a,b) + ¢dn(g, ab) = Yadn(g,b) + dn(g, @) 9+ Pn(9a, %) if e(g) = +1,
%bn(9.0) + u(9.5) 70+ (%, a) if e(g) = 1.
Next, we have
&nlgh, a) = du(gh," 19 "a)
=96, (h," 97 a) + ¢ (g, "1 1)
=96, (h.? a) + pulg,? 'a)
= %,(h," 'a) + (g, a).

Finally, we have

9a,,(9,9b) + &n(g,9a) 9b + ¥, (9a, 9b) — &,(g,%a%) if €(g) = +1,

Ihn(a,b) =
’ & (9,9a) + a9, 7b) “a + Yn (90, Ya) — &u(g,“b%a)  if €(g) = —1.

Hence, the pair (1, &,) is a 1-cocycle in C5(A, A).



Chapter 4

Hochschild Cohomology of Green

Functors for Cyclic Groups of Prime
Order

The aim of this chapter is to develop the Hochschild cohomology theory of G-
Green functors. We start this chapter by providing definitions and examples of
G-Mackey functors and G-Green functors. Throughout this chapter, R denotes a

commutative ring and GG denotes a finite groups.

4.1 G-Mackey Functors

There are several equivalent definitions of G-Mackey functors for a finite group
G. In this section, we will state two definitions of G-Mackey functors. The first

definition is due to Green [7].

Definition 4.1.1. A G-Mackey functor M consists of a collection of abelian
groups M(H) together with transfer maps trit : M(K) — M(H) and restriction
maps restt : M(H) — M(K) for all subgroups K < H < G, and conjugation
maps cu.p: M(H) — M(*H) for x € G, such that the following axioms hold:

1. IfT < K < H, then trittrX = trll and reslrestl = rest.

2. If x,y € G and H < G, then cy=pCe = Cyo H-

57
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3. If v € G and for all subgroups K < H, then c,ytril = triflc, x and

x .
cx,Kresg = resmgcxﬂ. Furthermore, ¢, g = Id if v € H.

4. (Mackey axiom) for all subgroups T, K < H

Tesgtrg = Z tr?mch%TmK?“eséme.
z€[T\H/K]
Definition 4.1.2. A morphism [ from a Mackey functor M to a Mackey functor
N consists of a collection of morphism of group homomorphisms fry : M(H) —
N(H), for H< G, such that if K < H and x € G, the squares

I M(H)—" = N(H)  M(H)—— N(H)

lres% Cz,Hl lcz,H

N(K)  M(*H) N(“H)

fx T g

are commutative.

The second definition is given by Dress [4]. Let G be the category of finite G-sets.

Definition 4.1.3. A G-Mackey functor M for the finite group G is a pair of
functors (M., M*) from G to Ab the category of abelian groups, such that the
following properties hold:

1. M(X)=M*"(X)=M(X) for any G-set X.
2. M, is covariant and M™* is contravariant.

3. If X and Y are finite G-sets, and if ix and iy are the respective inclusion
maps from X and Y to their disjoint union X UY, then the maps M*(ix) ®

M*(iy) and M.(ix) @ M,(iy) are mutual inverse R-module isomorphisms:

) (M (ix )& M (iy ) ) (M (ix)®M*(iv))

M(X)® M(Y

M(XUY

»y M(X) ® M(Y)

4. 1f
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15 a pullback diagram of finite G-sets, then we have the following commutative

diagram in Ab.

M(X) M(Y)
M*(Q)T TM*(U)
M(8) —— M(T)

For a map f: X — Y of finite G-sets, we call M.(f) = f« a transfer map and
M*(f) = f* a restriction map. We write Mack(G) for the category of G-Mackey

functors.

Webb shows that these definitions are equivalent in [21].

4.1.1 Examples

In this subsection, we give two common examples of G-Mackey functors.

Example 4.1.4. The simplest example of a G-Mackey functor is the fixed point
G-Mackey functor. Let M be a group with an action of G. We will denote the
fized point G-Mackey functor of M by M, and we define M by:

M(H)=M" ={m & M|h-m=m for allh € H}

= The subgroup of H-fixed points in M.

For all subgroups K of H, the restriction map restt : M* — MX is simply
inclusion of fized points, and we define the transfer map trfl « M% — MH by the

formula:

trii(m) = Zg -m.

geG
Example 4.1.5. The most significant example of a G-Mackey functor is the Burn-
side G-Mackey functor, B. For all subgroups H of G, we define B(H) to be the
Grothendieck group on the set of isomorphism classes of the category of finite

H-sets, denoted by I/j\f, and therefore,
B(H) = {[H]; He H},

such that the addition is given by disjoint union, [U] + [V] = [U L1 V]. Moreover,
for all subgroups K of H, the transfer map trit . B(K) — B(H) is given by
trit([V]) = [H xx V] and the restriction map resit : B(H) — B(K) is given by
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rest([U)) = [YxU] where 1y is the restriction functor from H to K. The action

of G is trivial.

4.2 G-Green Functors

In this section, we provide two equivalent definitions of G-Green functors. The

first is a constructive definition similar to definition 4.1.1 of a G-Mackey functor.

Definition 4.2.1. A G-Mackey functor A is a G-Green functor if the following

axioms hold:

1. A(H) is a ring for each subgroup H of G.
2. If K < H are subgroups of G, and x € G, then all restriction maps resit :
A(H) — A(K) and all conjugation maps c, g : A(H) — A(*H) are ring

homomorphisms.

3. A satisfies Frobenius relations: If K < H are subgroups of G then
trif(a) - b = trit(a - rest (b))

b-trii(a) = trit(rest(b) - a)

for alla € A(K) and b e A(H).

Furthermore, a G-Green functor A is commutative if every A(H) is a commutative

7ing.

A morphism f from the Green functor A to the Green functor B is a morphism
of Mackey functors such that, for any subgroup H of G, the morphism fy is a

morphism of rings.

The second is the category theoretic definition analogue of the Dress definitions

of Mackey functors [2]. The two definitions are equivalent |[2].

Definition 4.2.2. Let R be a commutative ring. A G-Green functor A over R
for the finite group G is a G-Mackey functor endowed for any G-sets X and Y

with bilinear maps

A(X) x A(Y) — A(X x Y)

denoted by (a,b) — a X b, such that the following properties hold:
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1. (Bifunctoriality) If f : X — X1 and g : Y — Y7 are morphisms of
G-sets, then the following diagrams

AX) x AY) — 2= A(X xY)
A*(f)xA*(g)l lA*(fXg)
A(X7) x A(YY) A(X; x 1)

X

AX) x AY) —2——= AX xY)
A*(f)xA*<g>] TA*(M)
A(Xy) x A(V1) A(X1 x Y1)

X

are commutative.
2. (Associativity) If X, Y and Z are G-sets, then the following diagram

CA(X) X(x)
—_—

AX) x A(YY) x A(Z) AX) x A(YY x Z)

(X)XeA(Z)l lx

AX xY) x A(Z) AX XY x Z)

is commutative, up to identifications (X XY )X Z ~ X XY xZ ~ X x(Y x Z)

3. (Unitarity) If x denotes the G-set with one element, then there exists an
element 7 € A(x), such that for any G-set X and for any v € A(X)

Au(lx)(x x 1) =2 = Au(kx) (T X 2),

where lx 1s the bijective projection from X X x to X and kx s the bijective
projection from * x X to X. We will write Green(G) for the category of

G-Green functors.

4.2.1 Examples

In this subsection, we give two common examples of G-Green functors.

Example 4.2.3. A fized point G-Green functor is a fized point G-Mackey functor
M if we can extend the group M to have a ring structure that is equipped with the
action of G. In particular, we need that g - (ab) = (ga) - (gb) and g1 = 1 for all
g€ G anda,be M.
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Example 4.2.4. The Burnside G-Mackey functor inherits the structure of a G-
Green functor. For all subgroups H of G, we will define B(H) to be the Grothendieck
group on the set of isomorphism classes of the category of finite H-sets, where ad-
dition is given by disjoint union, [U] + [V] = [U L1 V] and multiplication is given
by the Cartesian product, [U|[V] = [U x V. The multiplicative unit is the isomor-
phism class of the single point set [H/HJ. The direct product of H-sets converts
B(H) into a ring, such that all restriction maps are ring homomorphisms. Trans-

fer and restriction form a G-Green functor structure on B.

Remark 4.2.5. From now on we restrict our attention to the case when G = C,

and for general case see chapter 5.

4.3 (C,-Mackey Functors
In this section, we will provide a detailed description of C,-Mackey functors, C)-
tensor product and C,-HOM.

Definition 4.3.1. A C,-Mackey functor M consists of abelian groups A = M (e)
and B = M(C,), together with an action ¢ of C, on A by group maps, group
homomorphism P A — B, and group homomorphism ress? 1 B —s A such

that the following relations hold.

2. treo”cgye(a) = trec”(a).
3. cgﬂereseq”(b) = resc” (b).
4. resc”(tre?(a)) = a+ cge(a) + 2 (a) + - + M a).
We will describe a Cy-Mackey functor by the following diagram:

B

C
tre TeSe
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4.3.1 C()-Tensor products of C,-Mackey Functors

In this subsection, given Cj,-Mackey functors M and N, we will build a Mackey
functor diagram for M @ N.

Definition 4.3.2. Let M and N be C,-Mackey functors describe by the following

diagrams:
N(
tre < >rese tre <

C C

then we define M @ N by the following digram:

(Cp

)>

e) ® M(Cp) @ N(Gy)/

@ N(
trfp < Tesecp

M(e) ® N(e)

c=c®c
1. The ~ is given by the following relations:
a@tre?(y) ~ resg?(a) @y

and

tro(z) @b ~ x @ resS? (b)
foralla € M(C,), b€ N(C,), v € M(e) and y € N(e).
2. The action is given by c(z ® y) = cx ® cy. Moreover, ¢ = id.

3. We denote the elements in the quotient by the classes [a ® b] and [r ® y],
where a @b e M(C,) @ N(C,p) and x @ y € M(e) ® N(e).

4. The restriction map resS? is a homomorphism. That s,

resS?([a @ b)) = resS?(a) @ resS? (b).
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5. We define the restriction map by following formula:

resS?([x @y]) =2 @y + cge(®) @ cge(y) + -+ & @) @ N y).

6. We define the transfer map by trgp(x ®Ry) = [r®y].

4.3.2 C,-HOM (A, B)

Let Mack(G) be the category of C,-Mackey functors. Recall that a morphism
[ € Hompacr(a)(A, B) in Mack(G) consists of a pair (fc,, f.) of homomorphisms
of abelian group such that (fc,, fo) commute with the transfer, restriction and

conjugation maps. We can visualize f with the following commutative diagram:

fep

A(Cy) B(Gy)

C C. C.
tre TeSe tre P reseg’

Ale) 7

Now, we are ready to define C,-HOM(A, B).

Definition 4.3.3. We define C,-HOM(A, B) with the following digram:

Hom/\/lack(G) (Aa B

Sl

), B(e

such that the following holds:

1. Hompacr(e)(A, B) = { (fe,, fe) homomorphisms of abelian group from A to
B }.

2. Hom(A(e), B(e)) = { collection of homomorphisms of abelian group from
Ale) to B(e) }.
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3. We define the action of C,, on Hom(A(e), B(e)) by a general construction
given as follows. Let V. and W be G-modules. Then, the action of G on
Hom(V, W) is given by

Yo V—W

("¢)(v) = zp(z"v)

Where o € Hom(V,W), v € G andv € V.

4. We define the restriction map R by R(fc,, fc) = fe-

5. We define the transfer map T : Hom(A(e), B(e)) — Homamacr(c)(4A, B) as
follows. let ¢ : A(e) — B(e) be a homomorphism of abelian groups. Then,
we need to define T'(v) to be a morphism of Mackey functors from A to B.

That is, from the commutative diagram:

A(Cy) “ B(Cy)

tra resA trp resp

Ale)

we define T (V) by

ala) = trgyres,(a)

and

Bx) = (@) + (o) + -+ & (er) = Y do(dx)

i+j=p

where a € A(C,) and x € Ale).

4.4 (C)-Green Functors

In this section, we will provide a detailed description of C,-Green functors and

modules over C,-Green functors.

Definition 4.4.1. A C,-Mackey functor A is a C,-Green functor if the following

axioms hold:
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1. A(C,) and A(e) are rings.

2. The restriction maps ress” : A(C,) — A(e) and the conjugation maps

c: Ale) — A(e) are ring homomorphisms.

3. A satisfies Frobenius relations: If e < C, are subgroups of C, then

tro(a) - b= tr (a - res* (b))

e

b- trecp(a) = trecp (reseop (D) - a)

for all a € A(e) and b € A(C,).

We display the C,-Green functor with the following diagram.

A(Cy)
trecp rese?
Ale)
W)

Definition 4.4.2. A C,-Mackey functor M is a module over the C,-Green functor
A if the following axioms hold:

1. The modules M (e) and M(C,) have the structure of an A(e)-module and an
A(C})-module, respectively.

2. If e < C, are subgroups of C,, a € A(C,), m € M(C,), x € A(e) and
u € M(e), then

Cp

resS?(a-m) = resSr(a) - resSr(m)

and

c(x-u) =c(zx) - c(u).
3. Frobenius relations: If x € A(e) and m € M(C,), then

trecp(a:) -m = trec”(x . Tesecp(m))

and
if a € A(C,) and w € M(e), then

a- trecp (u) = t'r’ecp (resecp(a) “u).
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Remark 4.4.3. A Mackey functor has a close connection to induction theorems in

representation theory, see [4] and |7].

4.4.1 Hochschild Homology of C,-Mackey Functors

In this subsection, we will extend the definition of Hochschild homology to C)-

Mackey functors.

Definition 4.4.4. Let A be a C,-Green functor and M be a bimodule over the
Cp-Green functor A. Then, the Hochschild homology of a C,-Mackey functor
which is again a Cp-Mackey functor is the homology of the following diagram of

chain complexes:

/

dy M(e)©A(e) d’ M(OOAWE)DA() dy
M(C,p) M(C ®A M(C ®A ) RA(Cy) }/ ~
trecp rese tre < > rese tre < > rese
M (e) M(e) ® A(e ) ® Ale) @ A(e

where the boundary maps are given as follows:

1. The boundary d, of the lower complex is given by:

dn(m®x1®---®xn):(m®r1®r2®---®rn)
+ ) () (mOn®- - @rmip @ ©ry,)

0<i<n

+(=D)"(r,meri @ @r,_1).

2. The boundaries d, of the upper complex are given by:

(a) dg(m®a®u®w):ma—am+t7°ec”(ux—xu).
) di(mRaRbGu®@rRy)=ma®@b—meab+bn®a
+ [ur @ y] — [u @ zy] + [yu @ .

(c) dymR@aRbRcPURLIRYR 2) =maRbRc—mab® ¢
+mR®a@bc—cm@a®Db
+ur®y®:z]—[u®ry® 72|
+u®r®yz]—[zu®r®y.
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For allm e M(C,), a, b and c € A(C,), u € M(e) and x, y and z € A(e). Hence,

Hye, (Cng, (A, M),

H,(A,M)=H,(C,(A,M)) = { H, (C, (A, M)

where C,(A, M) = M ® A®".

4.4.2 Hochschild Cohomology of C,-Mackey Functors

The definition of Hochschild cohomology can be extended to C,-Mackey functors

as discussed in this subsection.

Definition 4.4.5. Let A be a C,-Green functor and M be a bimodule over the
Cp-Green functor A. Then, the Hochschild cohomology of a C,-Mackey functor
which is again a Cp-Mackey functor is the cohomology of the following diagram of

cochain complexes:

HomMack(A,M HomMack(A X A M)

Hom(A(e) ® A(e), M(e)) ———

b2

where the coboundary maps are given as follows:

1. The coboundary b, of the lower complex is given by:

bn(f&)(mlv'“ 7xn+1> :xlfe(x%"' anrl)
_l_ Z fe PR axixi-‘rl)”' ;xn—&-l)
0<i<n+1

+ (_1)n+1f6(x17 ce ’xn)anrl_

2. The boundaries b;b of the upper complex are given by:

(
(
%) { bi(fo,)(a,b) = afe,(b) = fo,(ab) + fo,(a)b.
bll(fe)(xa y) = xfe(y) - fe(xy) + fe(x)y-
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) { by(fe,)(a,b,¢) = afc,(b,c) — fe,(ab,c) + fo,(a,be) — fe,(a, b)e.
b;(fe)(fﬂ,y,Z) = xfe(yaz) - fe(zyv Z) + fe(x,yz) - fe(x,y)z.

For allm € M(C,), a, b and c € A(C,), u € M(e) and z, y and z € A(e). Hence,

He, (G2, (A, M),

H"(A,M)=H"(C"(A,M)) = { HM(CM(A, M))

where C™"(A, M) = C,-HOM(A®™, M).

4.5 Classification of Singular Extension of C,-Green

Functors

It is a well-known fact that the second Hochschild cohomology group classifies the
singular extensions of associative algebras|22]. Here we obtain a similar result for

C,-Green functors.

Definition 4.5.1. Let A be a C,-Green functor and M be an A-bimodule. A

singular extension E of A by M is an exact sequence of Mackey functors
E:0-M5BL A0,

where B is a Cp-Green functor, j is a homomorphism of C,-Green functors and i

is a homomorphism of C,-Mackey functors such that the following two sequences:
0= M(C,) 2 B(C,) 22 A(C,) — 0

and
0 — M(e) 2 Ble) 2% A(e) - 0
are singular extensions of the ring A(C,) by M(C,) and the ring A(e) by M(e).

Definition 4.5.2. A singular extension E : 0 — M S BL A= 0is caled

M -split if there is an abelian group homomorphisms:
sc, = s(Cp) : A(Cp) — B(Cy)

and
se = s(e) : A(e) — Ble)
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such that

1. jc, o sc, = tda(c,) and je o s, = ida(e).

2. sc, and s, must be compatible with transfer, restriction and conjugation maps

in the following sense:

(a) resposc, = s.oresy.
(b) trpos. = sc, otra.
(c) cg oS, =S8.0cy.

Definition 4.5.3. Let A be a C,-Green functor and M be an A-bimodule. A
C,-Green 2-cocycle Zép(A, M) of A with values in M is a pair (fc,, fe), where

fo, t A(Cy) x A(Cy) — M(Cy)

and
fe: Ale) x A(e) — M(e)

are bilinear maps, satisfying the following conditions:

1. zfc,(y,2) + fe,(x,y2) = fo,(zy, 2) + fe, (. y)z.
2. af.(b,c) + fe(a,bc) = fo(ab,c) + fe(a,b)c.

3. cu(fe(a, b)) = fe(ca(a), ca(b)).

4. resu(fe, (x,y)) = fe(resa(z), resa(y)).

5. fo,(trala), ) = try(fe(a, resa(x))).

6. fo,(x,tra(a)) = tryu(fe(resa(z), a)).

Proposition 4.5.4. If (fc,, f.) is Cp-Green 2-cocycle, then one can construct a

Cp-Green functor By, . as follows:
1. By, (Cp) = M(Cy) & A(Cy) as an associative ring with multiplication
(u, 2)(v,y) = (uy +2v + fe,(2,y), 7y).
2. By, (e) = M(e) ® A(e) as an associative ring with multiplication

(m,a)(n,b) = (mb+ an + f.(a,b),ab).
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3. cg(m,a) = (cpr(m), cala)).
4. trg(m,a) = (tra(m),tra(a)).

5. resp(u,x) = (respyr(u), resa(x)).
We can describe the C,-Green functor By, .t with the following diagram.

chp Cp)

€)

Proof. We need to verify that By, s satisfies all axioms of a Cp-Green func-

Bfe

tor. Observe that By, (C,) and By, (e) are associative rings since fc, and f. are
2-cocycles. Next, we need to check that the conjugation map cg is a ring homo-

morphism. That is, for (m,a) and (n,b) be elements in By, (e) we have

cg((m,a) - (n,b)) = cg(mb+ an + f.(a,b),ab)
= (emr(m) - ca(b) + cala) - err(n) + eu(fe(a, b)), cala) - ca(d)).

We also have

cg(m, a) - cp(n,b) = (eu(m), ca(a)) - (en(n), ca(b))

= (em(m) - ca(b) + cala) - ep(n) + fe(cala),ca(b)), cala) - ca(b)).

Hence, from condition 3 in definition 4.5.3 it follows that cp is a ring homomor-
phism. Similarly, we need to check that the restriction map resg is ring homo-

morphism. That is, for (u,z) and (v,y) be elements in By, (C,) we have

resg((u,x) - (v,y)) =resp(uy + xv + fo, (2, y), xy)
=(resy(u) -resa(y) +resa(z) - resy(v)

+resy(fo,(z,y)),resa(x) - resa(y)).

We also have

resg(u,x) - resg(v,y) =(resy(u), resa(z)) - (resy(v),resa(y))
=(resy(u) - resa(y) +resa(z) - resy(v)

+fe(resa(x),resa(y)), resa(z) - resa(y)).
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Therefore, from condition 4 in definition 4.5.3 it follows that resg is a ring homo-
morphism. Finally, we need to check that By, ;. satisfies the Frobenius relations.
That is, for (m,a) be an element in By, (e) and (u,z) be an element in By, (C))

we have

trg(m,a) - (u,z) = (tryr(m), tra(a)) - (u, x)

= (trp(m) -z +tra(a) -u+ fo,(tra(a),z), tra(a) - ).
We also have

trg((m,a) - resg(u, x)) = trg((m,a) - (respy(u), resa(x)))
=trg(m-resa(x) +a-resy(u)
+ fela,resa(x)),a - resa(x))
= (trap(m - resa(x)) +tra(a-resy(u))

+trar(fe(a,resa(x))),tra(a - resa(x))).

Hence, from the definition of C,-Green functors, definition of modules over C)-

Green functors and condition 5 in definition 4.5.3 it follows that:
trg(m,a) - (u,z) = trg((m,a) - resg(u, x)).

Likewise, from the definition of C},-Green functors, definition of modules over C)-

Green functors and condition 6 in definition 4.5.3 it follows that:
(u,z) - trg(m,a) = trg(resp(u, x) - (m, a)).

]

Definition 4.5.5. Let A be a C,-Green functor and M be an A-bimodule. We
define Ext(A, M) to be the set of equivalence classes of M-split extensions of A
by M.

Definition 4.5.6. Let A be a C,-Green functor and M be an A-bimodule. We
define

Vo € A(Cy), resy(he,(x)) = he(resa(w))
Ce, (A, M) = { (he,,, he) Va € Ale), cu(he(a)) = he(cala)) ¢
Va € A(e), trar(he(a)) = he,(tra(a))

where he, : A(Cp,) — M(C,) and h : A(e) — M(e). Moreover, there exists a
map 0 : C¢, (A, M) — 22 (A, M) such that O(hc,, he) = (0he, (2,y), 0he(a, b)),
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where 0hc, (x,y) = xhe, (y) — he, (xy) + he, (x)y and dhe(a,b) = ahe(b) — he(ab) +
he(a)b.

Definition 4.5.7. Let A be C,-Green functor and M be an A-bimodule. We define
the second Hochschild cohomology by

Hép(A, M) = coker 0.

Theorem 4.5.8. Let A be a C,-Green functor, M be an A-bimodule and Ext(A, M)
be the set of equivalence classes of M -split extensions of A by M. There is a one-to-
one correspondence between the elements of Ext(A, M) and those of HZ (A, M).

Proof. To prove the theorem, we are going to follow these steps.

Step 1. Show that there is a well-defined map from Ext(A, M) to HZ, (A, M).
Step 2. Show that there is a well-defined map from H¢, (A, M) to Ext(A, M).
Step 3. Show that these two maps are inverse to each other.

Step 1. Consider a singular extension
E:0-M5BL A0

and let
sc,  A(Cp) — B(Cy)

and
Se : A(e) — B(e)

be an abelian group homomorphisms such that
Jc, © ¢, = idac,)

and

je O Se = idA(e)-

Then, for every z,y € A(C,) and a,b € A(e), there exists a uniquely determined
element fc (v,y) € M(C,) and f.(a,b) € M(e) such that

sc,(7)sc, (y) = s, (vy) +ic, fo, (7, y). (4.1)

and
Se(a)se(b) = se(ab) +icfe(a,b). (4.2)
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For z,y,z € A(C,),

sc, (1) (8¢, (Y)sc, (2) = sc,(v)(s¢,(y2) +ic, fo,(y, 2))
= 5¢,(7)sc,(y2) + sc,(v)ic, fe,(y, 2) (4.3)
= sc, (zyz) +ic, fo,(,y2) + sc,(¥)ic, fo, (Y, 2)-

and
(sc,()sc,(y))sc, (2) = (sc,(xy) +ic, fo,(z,y))sc, ()

= sc,(zy)sc, (2) +ic, fo, (. y)sc, (2) (4.4)
= sc,(ryz) +ic, fe,(vy, 2) +ic, fo,(x,y)sc, (2).

Thus, multiplication in B(C,) is associative which follows from (4.3) and (4.4)
that:

xpr(ya 2) - pr(xyvz) + pr(‘TayZ) - pr(xay)Z =0

showing that fc, is a 2-cocycle. Similarly, for a,b,c € A(e),

Se(@)(se(b)se(c)) = se(a)(se(be) +iefe(b; c))
se(a)se(be) + se(a)icfe(b, ) (4.5)

Se(abe) + icfe(a, be) + se(a)icfe(b, ).

and

(Se(@)se(b))se(c) = (se(ab) + icfe(a,b))se(c)
= sulab)s () + i fula, D)5, () (16)
= sc(abc) 4 ic fe(ab, ¢) 4 ic fe(a, b)se(c).

Thus, multiplication in B(e) is associative which follows from (4.5) and (4.6) that:

afe(ba C) - fe(aba C) + fe(aa bC) - fe(&> b)C =0

showing that f. is a 2-cocycle. Next, we know that the conjugation map cp :
B(e) — B(e) is a ring homomorphism and by applying cp to equation (4.2) we

have

Cp (Se((I)Se(b))
= cp(se(a))cp(se(b))
= Se(cala))se(ca(b))

CB(Se(ab) + iefe(av b))
CB(Se(ab)) + CB(iefe<a7 b))
Se(ca(ab))) + ie(cpr(fe(a,b)))
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= Se(catefea(b)) + gl fe(cala), ca(b)) = seleatayca(d)) + je(ca(fe(a,b)))
= fe( A(a)mA(b)): cm(fe(a, b)).

Similarly, we know that the restriction map resg : B(C,) — B(e) is a ring

homomorphism and by applying resg to equation (4.1) we have

resp(sc,()sc,(y)) = resp(sc,(vy) +ic, fc,(,y))
= resp(sc, (x))resp(sc, (y)) = resp(sc, (vy)) + resp(ic, fc,(x,y))

= se(resa(x))sc(resa(y)) = se(resa(zy)) +ic(resy(fe,(x,y)))

= se(resale)resa(y)) + i fe(resalw), resa(y)))
= se(resalayresa(y)) + iresu(fo,(x,)))

= fe(resa(x), resa(y)) = resu(fo, (2, y)).

Furthermore, from (4.1) we have

sc,(Y)sc, () = s¢, (yx) +ic, fo,(y, x)
= ic, [, (Y, ) = sc,(y)sc, (x) — sc, (yz).

Now, by substituting y = tr4(a) in the above equation we have

ic,fc,(traa), z) = sc,(tra(a))sc,(x) — sc,(tra(a) - )

Frobenius relation

——
=g, fc,(trala), ) = trp(sc(a))sc,(x) — sc,(tra(a-resa(x)))

Frobenius relation
"

= ic, fc,(tra(a), ) = trp(sc(a) - resp(sc, (x))i—trg(se(a -resa(z)))

= ic, fo,(tra(a), ) = trp(sc(a) - se(resa(x))) — trp(sc(a-resa(z)))
from (4.2)
= ic, fo,(tra(a), ) = trp Ese(a cresa(x)) +icfe(a,resa(z))) —trp(se(a-resa(x)))
= iy oy (07 4(0), ) = tri(slaresTTEN) + trp(ic (a,resa(2))) — trp(sularresil@T])
= ley fo,(tra(a), ©) = ieg(tra(fe(a, resa(x))))
(tra(a), z)

= trar(fe(a, resa(x))).

Similarly, from (4.1) we have

= ic, fc,(x,y) = sc,(7)sc, (y) — sc, (vy).
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Now, by substituting y = tr4(a) in the above equation we have

icy fo,(x,tra(a)) = sc,(x)sc, (tra(a)) — sc, (z - tra(a))

Frobenius relation
7\

= ic, fo, (@, tra(a)) = sc, (2)tra(s.(a)) — sc, (tra(resa(z) - a))

Frobenius relation
7\

= ic, fo,(x,tra(a)) = ZTB(T’&SB(SCP (x) - se(a))y—trg(se(resA(x) -a))

= ic, fo,(x,tra(a)) = trp(sc(resa(z) - sc(a))) — trp(sc(resa(z) - a))
from (4.2)

=trp (sc(resa(x) - a)) +icfe(resa(z),a) —trp(sc(resa(z) - a))

= trp(selresa(T) - a)) + trp(icf(resa(x), a)) — trp(sclresx(T) - a))

Hence, fc, and f. € Z%p(A, M) satisfy all conditions in definition 4.5.3. Let

/

Sc, A(C,) — B(C,)

and
s, : A(e) — Bl(e)

e

be two abelian homomorphisms and let
gc, : A(Cp) x A(Cy) — M(Cy)
and
ge : Ae) x A(e) — M(e)

be the 2-cocycles corresponding to choices of slcp and s,. Then,

je, ©sc,(¥) = x = jg, ° Slcp(x)

and

!

Je © Se(a) = a = j. 0 s.(a)

for every 2 € A(C,) and a € A(e), and so there exists C, (A, M) 2, 22 (A, M)
such that
S,Cp () =ic,he, () + sc, (@) (4.7)



Hochschild Cohomology of Green Functors for Cyclic Groups of Prime Order 77

and
Se(a) = iche(a) + sc(a), (4.8)

where he, : A(C,) — M(Cy), he : A(e) — M(e), v € A(C)) and a € A(e).
Now, for z,y € A(C,) and by substituting (4.7) in (4.1) we have

ic, fo,(x,y) + o (xy) — ic,he, (zy) = (s, () — ic,he, (1) (se, () — ic,he, (4))
= ic, fo,(T,y) + S/c,,(xy) —ig,he, (vy) = Slcp (l’)slcp (y) — S/C'p (z)ic,he, (y)

=0

- iophop(fﬂ)slcp (y) +ic,he,(7)ic,ha, (y)
= ic, fo,(x,y) + se A7) — ic,he, (vy) ZWJF ic,9c,(7,Y)
- Slcp(x)icphcp(y) —ic,ho, (l’)slcp (y)

= 0he, (7,y) = go,(7,y) — fe, (v, y) = vhe, (y) — he, (vy) + he, (7)y

so that fo, and g¢, differ by a 2-coboundary. Likewise, for a,b € A(e) and by
substituting (4.8) in (4.2) we have

i fe(a,b) + s.(ab) —iche(ab) = (s.(a) = iche(a))(s(b) — iche(b))

= iofo(a,b) + s, (ab) — iche(ab) = s, (a)s,(b) — s, (a)iche ()

— ioho(a)s,(8) + ho(@)iche(D)
= i fu(a,b) + shab) — ihe(ab) = sab) + icg.(a,b)

— 5.(a)iche(b) — iche(a)s,(b)
= 0he(a,b) = ge(a,b) — fe(a,b) = ahe(b) — he(ab) + he(a)b

so that f, and g, differ by a 2-coboundary. Therefore, we show that there exists a
well-defined map from Ext(A, M) to HZ, (A, M).

Step 2. Let [fc,| and [f.] € HZ, (A, M), where fo, and f. € Z2 (A, M). Then,
we define the Cy-Green functor By, s as in Proposition 4.5.4. Therefore, the

extension associated to fc, and f, is the extension
Ego g 0= M5 By, g 5 A=,

where j is a homomorphism of C),-Green functors and ¢ is a homomorphism of
Cp-Mackey functors. Now, we need to show that [Ey, ] and [Ey,| are independent
of the choices of fc, and f.. In other words, if [fc,] = [9¢,] & fe, = gc, + Ohe,
and [fe] = [ge] & fe = ge + Ohe.
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Two extensions Ey, and Ey. are equivalent if and only if there exists a commu-

tative diagram

Joyp

0——=M(Cy) - chp (Cp) —=A(Cp) —=0
| e |
00— M(Cp) - Bgcp (Cp> e A(Cp) —0

(]
Cp Jeyp

with ac, a homomorphism of rings. The commutativity of this diagram implies
that

ac,(u,z) = (u+ he, (), x)

for he, € C’ép(A,M ). The fact that ac, is a ring homomorphism gives the following

equation,
ag, ((u, z)(v,y)) = ag, (uy +2v + fe,(2,y), vy) (4.9)
= uy + v + fo,(z,y) + he, (,y), 2y)
and
ac, (u, x)ac, (v,y) = (u+ he,(x), 2)(v + he, (y),y) (4.10)

= uy + he, (2)y + v + zhe, (y) + g¢, (2,y), 2y)

Hence, from (4.9) and (4.10) we obtain

fe,(x,y) = gc,(x,y) = zhe,(y) — he, (2, y) + he, (v)y = dhe, (2, y)

that is, fo, —gc, is a 2-coboundary. Conversely, if fc, —gc, is a 2-coboundary, then
Ly

and F,, are equivalent. Likewise, two extensions F; and FE, are equivalent
Cp gcp ) fe Ge

if and only if there exists a commutative diagram

0— M(e) —<= By, (e) = A(e) —=0

|

0 — M(e) —= By, (e) —= A(e) —=0

le Je

with a, a homomorphism of rings. The commutativity of this diagram implies
that
a.(m,a) = (m+ he(a),a)
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for h, € C'(l;p(A,M ). The fact that «. is a ring homomorphism gives the following

equation,
a.((m,a)(n, b)) = a.(mb+an + f.(a,b), ab) (4.11)
=mb + an + fe(a7 b) + he(aa b)> ab)
and
ae(m,a)ae(n,b) = (m+ he(a),a)(n + he(b),b) (4.12)

=mb+ he(a)b+ an + ahe(b) + ge(a,b), ab)
Hence, from (4.11) and (4.12) we obtain
fe(a,b) — ge(a,b) = ah(b) — he(a,b) + he(a)b = 6he(a,b)

That is, f. — g is a 2-coboundary. Conversely, if f. — g. is a 2-coboundary, then
E;, and E,, are equivalent. Moreover, we need to check that the following diagram

commutes:

A(C)) ——

B f cp
resns / resp resa
Jcp

— =B
resp \\TESA

\\T@SM \\
By, (e
try // %
It suffices to check that resp o ac, (u, ) = o, oresg(u,r). We have

gcp

6) Bge

N
7’6 e

resp o ag,(u,x) = resg(u + he,(x),x) = (resy(u) + resy(he, (), resa(z))
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and
aeoresg(u,z) = ae(resy(u),resa(x)) = (resy(u) + he(resa(z)), resa(x)).

Thus, from definition 4.5.6 it follows that: resgoac, (u, x) = a.oresp(u, z). There-

fore, we show that there exists a well-defined map from H ép (A, M) to Ext(A, M).

Step 3. Let fc, and f. be 2-cocycles. Then, we define the multiplications on
By, (Cp) and By, (e) as follows:

(’U,,;U)(U,y) = (Uy +zv + qu(I,y),Iy)

and
(m,a)(n,b) = (mb+ an + f.(a,b),ab)

where u,v € M(C,), z,y € A(C,), m,n € M(e) and a,b € A(e). The 2-cocycle
property of fc, and f. show that the multiplications on By (Cp) and By, (e) are

associative. Thus, By, (Cp) and By, (e) are associative rings. We define the maps
ic, : M(Cp) — By, (Cp)

i. : M(e) — By.(e)
Jcy chp (Cp) — A(Cy)
je : By.(e) — Ale)

as follows:
ic,(u) = (u,0)

ie(m) = (m, 0)
jo,(u,x) = x
Je(m,a) =a
where i¢c, and i, are homomorphisms of C),-Mackey functors and jc, and j. are

homomorphisms of C,-Green functors and the sequence

i J
Efcp7f620—>M—>B<:)A—>0

S
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is exact. For x € A(C,) and a € A(e), choose s¢,(z) = (0,2) and s.(a) = (0, a).
Then, for z,y € A(C,) ,

sc,(7)sc, (y) = (0,2)(0,y) = (fo,(z,y), zy)
= (pr(x7 y)? O) + (07 .T}y)
= ic,(fc,(2,9)) + sc,(zy).

Similarly, for a,b € A(e),

se(a)se(b) = (0,a)(0,0) = (fe(a, b), ab)

= ( b),a
= (fe(aa b)) 0) + (07 ab)
= ic(fe(a, b)) + se(ab).

The choices s¢, and s, thus give the 2-cocycles fc, and f..

Conversely, suppose that
E:0-M5BL% A0

is an extension and let fo, and f, be the 2-cocycles obtained from this extension.

We must show that the extension
Efque 0= M i) chp’fe i> A—0

associated to fc, and f, is equivalent to the given one. Indeed, £ and Eje 1.
are equivalent if there exists a homomorphism 0y, r. : By, s — B making the

following diagram commute:

S

0 M d B : A 0
J
Otcy, te
0 M ——— By, j,——A 0

Now, the commutativity of this diagram implies that

chp (U, Z‘) = icp (U) + S, (37)

and

05.(m, a) = ic(m) + sc(a)
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where v € M(C,), v € A(C,), m € M(e) and a € A(e). Therefore, it remains to
check that 0y, and 6y, are ring homomorphisms. Let (u, ) and (v, y) be elements
n B(Cp)v

chp ((uv {E) ) (U7 y)) = gfcp (uy +xv+ fC'p (ﬁ, y)> J:y)
=ic, (uy) +ic,(ve) +ic, (fe,(x,y)) + sc, (xy)
= ic, (W)sc, (y) + s¢, (2)ic, (v) + s, (¥)sc, (v)

and

O, (u,x) - Of (v,y)) = (ic,(u) + sc,(x))(ic,(v) + s¢,(y))

=0
= ic,(u)ic,(v) +ic,(w)sc, (y) + sc, (v)ic, (v) + s, (7)sc, (y)-

Hence, 0y, is a ring homomorphism. Likewise, let (m,a) and (n,b) be elements
in B(e),

s, ((m,a) - (n,b)) =0, (mb+ an + f.(a,b),ab)
= ic(mb) +ic(an) + ic(fe(a, b)) + sc(ab)
= 1(m)Se(b) + se(a)ic(n) + se(a)s.(b)

and

efe (m> a) ) efe (n> b)) - (iE(m) + SE(Q))(ie(n) + Se(b))

=0
ie(m)ic(n) +ic(m)se(b) + se(a)ic(n) + sc(a)s.(b).

Thus, 60y, is a ring homomorphism. This proves the theorem. O

4.6 Deformation of C),-Green Functors

The aim of this section is to extend the deformation theory of associative algebras

due to Gerstenhaber [6] to obtain a similar result for C,-Green functors.

Definition 4.6.1. Let A be a C,-Green functor. A one parameter formal defor-
mation of A is a collection (V¢,, Ve, ®c, R, T), where

o0
\IICP - Z ¢icpti
=0
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[e. 9]

T = Z trf” (a;)t"
=0

are formal power series with ¢, € Hom(A(C,p)®A(Cy), A(Cy)), ¢n, € Hom(A(e)®
Ae), A(e)), ¢ : A(e) — A(e), ress” : A(C,) — Ale) and trs” = A(e) —s A(C,).
One requires that for all n = 0 the following identities hold

(i) wocp (@', V) =dl and 1y, (a,b) = abd,

(1) i, 4o, 2ne, Vie, Wie, (€ 1)) = it i e Wi (@i, (¥, €),
() g, i (5. (0,0),0) = X5 i (0,105 (b, ),

(iv) e(tn. (a,0)) = . (c(a), c(b),

(v) resc” (g, (@, 1)) = by, (resc” (a), resc” (1)),

(Vi) Wn, (17 (a), V) = trE" (n, (a, resc? (1)),

(Vii) g, (U, tre” (a)) = tre” (i, (resc” (), a)).

Here a,b,c € A(e) and o', V', ¢ € A(C,). The last six identities can be expressed
as
Ve, (a/, Ve, (V) = Ve, (Ve (a', V), ),

Ve(a, We(b,c)) = We(We(a,b), c),
De(We(a,b)) = Ve(Pe(a), e(D)),
R(¥c,(d',V)) = Ue(R(a), R(V)),
Ve, (T(a),b) = T(Ve(a, R(V))),
Ve, (V, T(a)) = T(Ve(R(V), a)),

which shows that A¢, .[[t]] becomes a k[[t]]-Green functor. If for fixed m > 1 there
are given Yo, € Hom(A(Cy) ® A(Cy), A(Cy)), tn, € Hom(A(e) ® Ale), A(c),
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c: Ale) — Ale), resc? A(C,) — Ale) and tre? A(e) — A(C,) for n =
0,---,m satisfying above identities for n = 0,--- ,m, then we say that there is
given an m-deformation. For m = 1, one also says that there is an infinitesimal

deformation.

Definition 4.6.2. Two deformations (Y¢,, V., ®., R,T) and (\I!’Cp, vooL R T
are equivalent if there exist a formal power series Qc, =Y > W, 1" and Q. =

Yoo o wn ", with properties

(1) wne, € Hom(A(Cy), A(Cy)) and w,, € Hom(A(e), A(e)), n > 0,
(ii) woe, (a') = a’ and wy,(a) = a, a’ € A(Cp) and a € A(e),
() Y, e e i (o, (@) = T s i e, iy (i (@), (1))

(V) D2 jemne wie (05.(a,0)) = 305 4=, Vi (W) (@), @, (D).

Here n > 0, o' € A(C,), a € A(e), V' € B(C,) and b € B(e). The last two
equations can be expressed also as Qc, (V¢ (a,0) = Ve, (0, ('), 20, (V) and
Qe(¥.(a,b)) = Ve (Qe(a),Qe(b)). In other words, ¢, and €. define an isomor-
phism of k[[t]]-Green functors (¥, Ve, @, R, T) — (V¢ , Ue, @, R, T"). In a
same way one can define under what condition two m-deformations are equiva-

lent.

Corollary 4.6.3. i) Let (V¢,, V., ®., R, T) be a one parameter formal deformation
of a Cp-Green functor A. Assume n > 0 is a natural number such that ¢; = 0
for 0 <i <mn. Then the pair (Yn, ,¥n.) is a 2-cocycle in C"(A, A). In particular
(Y1¢,:¥1.) 15 a 2-cocycle in C"(A, A).

it) There is a one-to-one correspondence between the equivalence classes of in-
finitesimal deformations of C,-Green functors A and H(%p (A A).

Proof. The part ii) easily follows from i). To prove i), we observe that these

equations gives
Une, (@, b)c + Yye (ab, ) = athng (b, ¢) + P (a,be),

7%5 (CL, b>c + wne (ab> C) = &wne (bv C) + wne (aa bc)a

c(¢n, (a,0)) = Un.(c(a), c(b)),
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rese” (Yng, (') = tn, (resc? (d'), resg? (1)),
Ung, (tre (), V) = trg? (Y, (a, resc (1)),
Ung, (V17 () = trg? (n, (resc? (V), a)).

Hence, the pair (¢n, ,¥n,.) is a 2-cocycle in C"(A, A). O



Chapter 5

Hochschild Cohomology of GG-Green

Functors

The aim of this chapter is to generalise the results of chapter 4 to an arbitrary
finite group G. Throughout this chapter, R denotes a commutative ring and G

denotes a finite group.

5.1 (G-Tensor products of G-Mackey Functors

We will construct a Mackey functor diagram M ® N for G-Mackey functors M

and N in this section.

Definition 5.1.1. Let M and N be G-Mackey functors in the sense of Green’s
definition. Then, we define M ® N as follows. For all subgroups H of G:

(M@ N)(H) = @ M(K) @ N(K)/ ~

K<H

1. The ~ is given by the following relations:
a®@tri(y) ~resf(a) @y

tri¥(2) @b~z @ res¥ (b)
for L<K<H,aeMK),be NK), v € M(L) andy € N(L).

2. We denote the element in (M @ N)(H) by the class [a ® b], where a @ b €
M(K)® N(K).
86
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3. The action is given by
cx([a®b]) = [cr,m(a) ® ce (D))

where z € G.

4. We define the restriction map restt : (M @ N)(H) — (M ® N)(K) by
restl(la @ b]) = restl(a) @ restt(b) fora @b € M(K)® N(K) and for all
subgroups L and K in H

rest([m ®@n)) = Z z - (jm®n])

z€[L\H/K]
forallm®n e M(K)® N(K).
5. We define the transfer map as follows:
trit([a® b)) = [a @ b]

foralla®be M(K)® N(K).

5.2 G-HOM (A, B)

Let Mack(G) be the category of G-Mackey functors. Recall that a morphism
f € Hompaer(c)(4A, B) in Mack(G) consists of a family of group homomorphisms
fu : A(H) — B(H) for all subgroups H of G, such that if K < H and z € G,

the squares

AH)—" - pH)  AH)—I"— B(H) A(H) —" B(H)
tr;gT Ttrg ’resgj Lresz cz,Hl lcz,H
A(K) B(K)  A(K) B(K)  A(FH) B(*H)

fx fx £328
are commutative.

Definition 5.2.1. Let A and B be G-Mackey functors in the sense of Green’s
definition. Then, we define G-HOM(A, B) as follows. For all subgroups H of G:

HOM(A, B)(H) = Homptack(m) (ResS A, Res$ B).
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1. Hence any element f in HOM(A, B)(H) corresponds to a collection of mor-
phisms fx : A(K) — B(K), for K < H.

2. The action of G on HOM(A, B)(H) is given by

("fx(m) = zfx(z"'m)
for K <H,zeG and m e A(K).

3. We define the restriction map R : HOM(A, B)(H) — HOM(A, B)(K)
by RE(fx) = fr, for L< K < H.

4. We define the transfer map T# : HOM(A, B)(K) — HOM(A, B)(H) to
be a morphisms in HOM(A, B)(H). That is, let fr, : A(L) — B(L) be a
collection of morphisms in HOM(A, B)(K). Then from the commutativity
of HOM(A, B)(H) we define TE(fL) by

ak(a) = trgfrresa(a)

and for all subgroups L and K in H

Br(m)=" Y afilz"'m)

2€[I\H/K]
for a and m € A(K).

Remark 5.2.2. For example, we have

HOM(A, B)(e) = Hom(A(e), B(e))
= {group homomorphism from A(e) to B(e)}.

The proof of the following result is in [2].

Proposition 5.2.3. Let M, N and P be Mackey functors for the group G. Then

there exists an 1somorphism
HOM(M @ N, P) ~ HOM(N, HOM(M, P))

natural in M, N and P.
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5.3 Hochschild (Co)Homology of G-Mackey Func-

tors

The definition of Hochschild (co)homology can be extended to G-Mackey functors

as discussed in this section.

Definition 5.3.1. Let A be a G-Green functor and M be a bimodule over the
G-Green functor A. Then, for every subgroup H of G, the Hochschild homology
of a G-Mackey functor which is again a G-Mackey functor is the homology of the

following chain complex:

da

M(H) <~ P M(K) @ A(K)/ ~ @ M(K) ® A(K) @ A(K)/ ~42 -

K<H K<H

before given the boundary map, we denote by
ig: M(K)® A(K)® — M(K) ® A(K)®/ ~
the canonical map where ¢ > 0. The boundary map is given by

dgm10ig(MRPa1 @ Qa,) =(MRa; Ras @ -+ R ay)
+ Z(_1)i(m®a1®"'®aiai+l®“'®aq)

0<i<q

+(=Dagm®a; ® -+ @ ag-1).

Hence,

H, (A, M) = H,(C,(A,M)),
where Cp(A, M) = (M ® A®™)(H).

Example 5.3.2.

1. dyoi;(m®a) =ma— am.
2. diois(m®a®b)=ma®b—m®ab+bn ® a.
3. dyoizs(m®Ra®Rb®c)=maRbRc—mRabRXc+mRaRbc—cma®Db.

Definition 5.3.3. Let A be a G-Green functor and M be a bimodule over the G-
Green functor A. Then, for every subgroup H of G, the Hochschild cohomology
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of a G-Mackey functor which is again a G-Mackey functor is the cohomology of

the following of cochain complex:

M(H) Lo, Hom paen(my(Res% A, Res%M) = Hompack(m) (Res$G AR A, Reng) =

where the coboundary map is given by

bu(fr)(ar, s ang1) = a1 fr(ag, -+, any1)
+ Z fK A1y QgQyy, st 7an+l)
0<i<n+1
+ (_ )n+1fK(a17 e 7an)an+1‘

Hence,
H"(A,M)=H"(C"(A,M)),

where C"(A, M) = G-HOM(A®", M)(H) and for K < H.

Example 5.3.4.

1. bo(m)(a) = am — ma.
2. bi(fx)(a,b) = afk(b) — fx(ab) + fx(a)b.

3. ba(fr)(a,b,¢c) =afx(b,c) — fx(ab,c) + fr(a,bc) — fr(a,b)c.

5.4 Classification of Singular Extension of G-Green

Functors

It is a well-known fact that the second Hochschild cohomology classifies the sin-
gular extensions of associative algebras [22|. Here we obtain a similar result for

G-Green functors.

Definition 5.4.1. Let A be a G-Green functor and M be an A-bimodule. A sin-

gular extension E of A by M 1is an exact sequence of Mackey functors
E:0-M5BL A0,

where B is a G-Green functor, j is a homomorphism of G-Green functors and 1

s a homomorphism of G-Mackey functors such that for all subgroups H of G the
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following sequences:

0 — M(H) 2 B(H) 2% A(H) — 0

are singular extensions of the ring A(H) by M(H).

Definition 5.4.2. A singular extension E : 0 — M S BL A0 is called
M -split if for all subgroups H of G there exist a group homomorphism:

sg=s(H): A(H) — B(H)

such that

1. ]H oSy = ’LdA(H)

2. sy must be compatible with transfer, restriction and conjugation maps in the

following sense:
® o = O
respm O Spg = Sk O Tes n,
[ ] O = o
tng SK = SH trAg,
® Cpy OSK = SK O CAg,
for K < H.

Definition 5.4.3. Let A be a G-Green functor and M be an A-bimodule. Then,
for all subgroups H of G, a H-Green 2-cocycle Z%(A, M) of A with values in M

s a collection of bilinear maps
fa:A(H) x A(H) — M(H)

such that for K < H, the following conditions hold:

vfu(y, z) + fu(v,yz) = fu(ry, 2) + fu(r,y)z.

CMK(fK(a7 b)) - fK(CAK (a)7 CAK(b))'

resap (fnw9)) = fc(res (), res g (v).
o Jultrag(),2) = trags(fic(ares p (2))).

o fulx,tran(a)) = tryp(fi(resan(z), a)).
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Proposition 5.4.4. Let fy be a H-Green 2-cocycle, then one can construct a

G-Green functor By, as follows. For all subgroups H of G:

By, (H) = M(H) ® A(H) as an associative ring with multiplication

(u, z)(w,y) = (uwy + 2w + fu(z,y),zy).

o ¢ (u, ) = (cpy (1), cap ().

trgu(u, x) = (trym(u), tran(2)).

e resgi(u,r) = (resym(u),res u(x)).
for K < H.

Proof. We need to verify that By, satisfies all axioms of a G-Green functor. Ob-
serve that By, (H) is an associative ring since fy is a 2-cocycle. Next, we need to
check that the conjugation map cp, is a ring homomorphism. That is, for (m,a)

and (n,b) be elements in By, (K) we have

ey ((mya) - (n,b)) = cp, (mb+ an + fx(a,b),ab)
= (CMK (m) " CAk (b) + Cag (a> " CMg (n)

+ e (fie(a,0)), cag(@) - car (D).

We also have

¢y (M, @) - ¢y (n,0) = (Carge (M), Cage (@) - (errc (1), Care ()
= (enyc(m) - car(b) + cag(a) - ey (n)

+ fK(CAK (a>’ CAK( )) CAk (CL) CAk <b>>

Hence, from condition 2 in definition 5.4.3 it follows that cp, is a ring homo-
morphism. Similarly, we need to check that the restriction map res B is ring

homomorphism. That is, for (u,x) and (v,y) be elements in By, (H) we have

respr((u,x) - (v,y)) =respn(uy + v + fu(z,y), 2y)
=(respp(u) - resan(y) +resqn(x) - resym(v)

Fresy (fu(2,)),res (@) - res ().
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We also have

respu(u, x) - respn(v,y) =(resyu(u), res u(x)) - (resym(v),res n(y))
=(resyu(u) - resqn(y) +resqu(z) - resym(v)
+ frc(res ap (), 7es 4 (), res an (@) - 765 ap (9)).

Therefore, from condition 3 in definition 5.4.3 it follows that respn is a ring

homomorphism.

Finally, we need to check that By, satisfies the Frobenius relations. That is, for

(m, a) be an element in By, (K) and (u,x) be an element in By, (H) we have
trpg(m,a) - (u,x) = (tragp(m), trag(a)) - (u, z)
= (trygn(m) - @ +trau(a) - u+ fu(tran(a), ), tru(a) - o).
We also have

trpu((m, a) -respy(u, ) = trpp((m, a) - (resypr(u), res ()
= trgn(m-resyn(z) +a-resym(u)
+ fr(a,resu(x)), a - res u(z))
= (trygu(m - res u(x)) + trpn(a-resyn(u))

trygs (fic(a res i (2))) tra (a - res g (2)).

Hence, from the definition of G-Green functors, definition of modules over G-Green

functors and condition 4 in definition 5.4.3 it follows that:
b (m.a) - (1, 7) = tr ((m, a) - resgn (u, 7).

Likewise, from the definition of G-Green functors, definition of modules over G-

Green functors and condition 5 in definition 5.4.3 it follows that:
(U, fL‘) ’ t’I"B[Ig (mv CL) = trB}I? (TGSB}I? (U, l‘) ’ (ma CL))

O

Definition 5.4.5. Let A be a G-Green functor and M be an A-bimodule. We
define Ext(A, M) to be the set of equivalence classes of M-split extensions of A
by M.
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Definition 5.4.6. Let A be a G-Green functor and M be an A-bimodule. For all
subgroups H of G we define

Vo € A(H), resyu(hu(z)) = hi(resqn(z))
Cu(A, M) = q hy Va € A(K), cuy(hi(a)) = hi(ca(a)) o
Va € A(K), trym(hi(a)) = hu(tran(a))

where hy : A(H) — M(H) and K < H. Moreover, there exists a map
0:CH(A M) — Z%(A, M)
such that O(hg) = (hy(x,y)), where

Ohu(z,y) = zhy(y) — hu(zy) + hu()y.

Definition 5.4.7. Let A be G-Green functor and M be an A-bimodule. Then, for
all subgroups H of G, we define the second cohomology by

H% (A, M) = coker 0.

Theorem 5.4.8. Let A be a G-Green functor, M be an A-bimodule and Ext(A, M)
be the set of equivalence classes of M-split extensions A by M. There is a one-to-

one correspondence between the elements of Ext(A, M) and those of H% (A, M).

Proof. To prove the theorem, we are going to follow these steps.

Step 1. Show that there is a well-defined map from Ext(A, M) to H%(A, M).
Step 2. Show that there is a well-defined map from H% (A, M) to Ext(A, M).
Step 3. Show that these two maps are inverse to each other.

Step 1. Consider a singular extension
E:0-ML5BL A0

and let
sy:A(H) — B(H)

be an abelian group homomorphism such that

Ju o sy = id zm).
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Then, for every z,y € A(H), there exists a uniquely determined element fy(x,y) €

M (H) such that
su(2)su(y) = su(zy) +infu(z,y). (5.1)

For z,y,z € A(H),

su(2)(su(y)su(2)) = su(x)(su(y2) +infu(y, 2))
= su(®)su(yz) + su(@)in fu(y, 2) (5.2)
= su(ryz) +infu(r,y2) + su()infu(y, 2).

and

(su(x)su(y))su(z) = (su(ry) +infu(z,y))su(z)
= sp(xy)sp(z) + infu(z,y)su(z) (5.3)
= sp(2yz) + infu(@y, 2) + ig fu(r,y)su(2).

Thus, multiplication in B(H) is associative which follows from (5.2) and (5.3)
that:

rfu(y,2) — fu(zvy,2) + fu(z,yz) — fu(z,y)z =0
showing that fy is a H-Green 2-cocycle. Next, we know that the conjugation map

¢gy : B(K) — B(K) is a ring homomorphism and by applying c¢p,. to equation
(5.1) we have

By (5K (ab) + ik fr(a,b))

= cp, (sk(ab)) + cp, (i fx(a,b))
k(cax(ab))) +ix(cmg (fr(a,b)))

= sk(c ax(0)) + ik (emy (fr(a,b)))

I
o

= si(cafaen (0)) + ik fic(ca

= fK(CAK

~— ~— N~— SN~— ~—
~— ~— ~— S~— ~—r
I
V)

(
(
= Sk (cay(a))sk(ca, (b
(
(

(
(

a),ca, (b
)

Similarly, we know that the restriction map resgn : B(H) — B(K) is a ring

homomorphism and by applying resgn to equation (5.1) we have

respr(sp(x)sn(y)) = respu(su(xy) + infu(z,y))
= respu(su(z))respr(su(y)) = respn(su(zy)) + respn(in fu(r,y))
= sk (resan(x))s(resan(y)) = sk (resan(azy)) + ik (resys (fu(z,y)))
= sk(resan ai(y)) + 3£ (fr(resam(x), res yu (y)))
= sk (resam ai(y))) + ik (resyn (fu(x,y)))
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= fuc(res (@), res a(y)) = resyu (fu(e,y).

Furthermore, from (5.1) we have

sa(y)su(v) = su(yz) +ing fu(y,v)

= infu(y,x) = su(y)sn(x) — su(yz).

Now, by substituting y = tr4u(a) in the above equation we have

i fr(tr g (@), 2) = si(tr g (@))si () = sn(trag(a) - 2)

Frobenius relation
7\

= ip fr(tran(a), 2) = trpu (s (a))su(@) — su(tran(a-resyn(x)))

Frobenius relation
7\

= ip fr(tran(a), 2) = trgn(sic(a) - respn(su () —trpn(sx(a - resu(x)))

= g (tr an (

Q

x)
);x) = trpu(sk(a) - s (resan(w))) — trpp(sk(a-res,u(r)))
from (5.1)

A\

= i fu(tran(a), x) = trpn (si(a-resyn(z)) +ix fx(a, resAg(z))s—tng(sK(a rres u(z)))
= infu(tran(a), z) = trpn(sila—reszi(r))) + trpn(in fix (@, res u(x)))
= s fu(tran(a), x) = s (tryg (fic(a, res an(2))))

= Ju(tran(a), z) = tryp (fx(a,res 0 (2))).

Similarly, from (5.1) we have

= igfu(2,y) = su(x)su(y) — su(ry).

Now, by substituting y = tr Ag(a) in the above equation we have

it (2, tr 4 (0)) = s (2) s (b4 (a)) — s (a - tr 41 (a)

Frobenius relation
7\

= igfu(x,tram(a)) = sp(@)trgn(sx(a) — sg (tram(res () - a))

Frobenius relation
7\

(a))) —trpn (sk(res an (2) - @)

sk (a))
= iy fu(@,tran(a)) = trpu(sk(resyn(z) - sk(a))) — trpu(sk(resu(z) - a))
5

from (5.1)
o\

= ip fu(z,tran(a)) = trgn ,(sK(resAg(x) ra)) + ik fre(resau(z), ai—tng(sK(resAg(:c) -a))

= i fn (0, (@) = trpp (siclres o= @) + trsp (ixc S (res g (2), @)

= iy fu(z,trpn(a)) = trpn(respn(sp(z) -
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—trgn(s m(Z] - a))

= 0 fu (2, tr g (@) = s (rag (fie (res 4y (), a)))

= [u(z,tran(a)) = tryu(fi(res u(z), a)).
Hence, fy € Z% (A, M) satisfy all conditions in definition 5.4.3. Let
syt A(H) — B(H)
be an abelian homomorphism and let
gir : A(H) x A(H) — M(H)
be the 2-cocycle corresponding to choices of slH. Then,
juosu(r) =2 =jgo SlH(x)

for every z € A(H), and so there exists C (A, M) -2 Z2(A, M) such that

’

sy(x) =ighg(z) + su(z) (5.4)

where hy : A(H) — M(H) and © € A(H). Now, for z,y € A(H) and by
substituting (5.4) in (5.1) we have

in fr(@,y) + sy (xy) — inhu(zy) = (sy(x) = inhu(2))(sy(y) — inhu(y))

= ig fu(z,y) + sy(y) — inhy(zy) = sy (@)sy(y) — sy (@)inhu(y)

—ighu(x)sy(y) + Zr.HhH(x)iHhH(yS
= in fu (2, y) +s56T) — inhu(vy) = se7y) +ingn(z,y)

— Sy (@)ighu(y) — igh(z)sy (y)

= dhg(x,y) = gu(z,y) — fu(z,y) = 2hg(y) — ha(zy) + hu(z)y

so that fy and gg differ by a 2-coboundary. Therefore, we show that there exists
a well-defined map from Ext(A, M) to H (A, M).

Step 2. Let [fy] € H4(A, M), where fg € Z%(A, M). Then, we define the
H-Green functor By, as in Proposition 5.4.4. Therefore, the extension associated

to fy is the extension

Ep, 10— M2 By 2 A= 0,
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where j is a homomorphism of H-Green functors and 7 is a homomorphism of H-
Mackey functors. Now, we need to show that [Ey,] is independent of the choices
of fg. In other words, if [fy| = [gu| < fu = gu + dhn.

Two extensions Ey, and E,, are equivalent if and only if there exists a commu-

tative diagram

0— M(H) = By, (H) 2> A(H) —0
N S - N

H Ju

with ay a homomorphism of rings. The commutativity of this diagram implies
that

ag(u,z) = (u+ hg(z), )

for hy € CH(A,M). The fact that g is a ring homomorphism gives the following

equation,
an((u,2)(v,)) = aluy +av + fule,y), vy) (5.5)
=uy+xv+ fulx,y) + hy(z,y), zy)
and
ap(u, x)ag(v,y) = (u+ hg(z),z)(v + ha(y), y) (5.6)

=uy + hy(x)y + zv + 2hg(y) + gu(z,y), 2y)

Hence, from (5.5) and (5.6) we obtain

fu(z,y) —gu(z,y) = zhu(y) — hu(z,y) + hug(x)y = Shu(z,y)

that is, fg — gy is a 2-coboundary. Conversely, if fy — gy is a 2-coboundary,
then F;, and E,, are equivalent. Moreover, we need to check that the following

diagram commutes:
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0 M(H) i By, (H) — A(H)——=0

ag
Tes res res
M B Al
J N
Ju
A(H) 0

0 ——— M(H) ——"—— B, (H)

tT]W}I-(I tTBIH( trA%
resM T’BSBg T’GSA
0 M(K) i By, (K) ——2% 1 A(K)——=0
tTA{I}(I tTB}L(I tTAg
o
0—— M(K) , By, (K) y A(K) 0
'K Ik

It suffices to check that resgn o apy(u,z) = ax oresgn(u, ). We have

respn o ap(u, ) = respu(u+ hy(x),x) = (resym(u) + resyu (hu (), res u(x))
and

agorespn(u, ¥) = ax(resym(u),res u(x)) = (resym(u)+hi(resqm(x)), res u(z)).

Thus, from definition 5.4.6 it follows that: respu o ag(u,r) = ag o respu (u, ).
Therefore, we show that there exists a well-defined map from H% (A, M) to Ext(A, M).

Step 3. Let fy be 2-cocycle. Then, we define the multiplications on By, (H) as

follows:

(U, [L’)(’U, y) = (Uy +zv + fH(x> y)v xy)
where u,v € M(H) and z,y € A(H). The 2-cocycle property of fy show that the
multiplication on By, (H) is associative. Thus, By, (H) is an associative ring. We

define the maps
ig: M(H) — By, (H)

Ju : By, (H) — A(H)

as follows:
ig(u) = (u,0)
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Jjg(u,x) =z

where iz is homomorphisms of H-Mackey functors and jg is homomorphisms of

H-Green functors and the sequence
i j
F¢y:0=-M—=>B=A=0
is exact. For z € A(H), choose sy(x) = (0,x). Then, for z,y € A(H) ,

su(x)su(y) = (0,2)(0,y) = (fu(z,y), zy)
=in(fu(2,y)) + su(ry).

The choice s¢, thus give the 2-cocycle fg.

Conversely, suppose that
E:0-M5BL A0

is an extension and let fy be the 2-cocycle obtained from this extension. We must

show that the extension
Ef 10— M5 By, 5 A0

associated to fp is equivalent to the given one. Indeed, £/ and Ey,, are equivalent

if there exists a homomorphism 6y, : By, — B making the following diagram

commute:
0 M—' sB=———=4 0
J
H efH
0 M ; B fu r A 0

Now, the commutativity of this diagram implies that

Oy (u, ) = im(u) + su(x)
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where w € M(H) and = € A(H). Therefore, it remains to check that 6y, is ring
homomorphism. Let (u,x) and (v,y) be elements in B(H),

9fH((u7 $> : (U7y)) = efH(uy + zv + fH(l',y),$y>
= ig(wy) +in(vr) +ic,(fu(z,y)) + su(zy)
=ig(u)sy(y) + su(x)ig(v) + sg(x)sy(y)

and

Oy (u, 2) - 05 (0,y)) = (in(w) + 51 (2)) (in (V) + 51(y))

=0
= in(u)in(v) +in(w)su(y) + su(@)in(v) + su(r)su(y).

Hence, 0y, is a ring homomorphism. This proves the theorem. O]

5.5 Deformation of G-Green Functors

The aim of this section is to extend the deformation theory of associative algebras

due to Gerstenhaber [6] to obtain a similar result for G-Green functors.

Definition 5.5.1. Let A be a G-Green functors. For all subgroups H of G, a one

parameter formal deformation of A is a collection (U, @, RE TH), where

=0
R =S restla
i=0
TH = Ztr%(az)t’,
i=0

are formal power series with 1, € Hom(A(H) ® A(H),A(H)), cx : A(K) —
A(K), restt - A(H) — A(K) and tril - A(K) — A(H), for K < H.

One requires that for all n > 0 the following identities hold

(i) z/}OH (a/> b/) = a/b/7
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(D) Dy tsmng Cin (i (@ 0),¢) = 30 iy Vi (@0, (V' ),
(iif) ¢ (Png(a,0)) = thny (cx(a), cx (b)),

(iv) resi(Pny (', V) =t (resi(a'), resii (b)),

(V) Wongy (trii(a), ) = trig (vn (0, resi (1)),

(Vi) Wy (U, trig () = trig (n (resg (), @),
Here a,b € A(K) and o',V/, ¢ € A(H). The last five identities can be expressed as
\I/H(\I/H(CL,, b,), C/) = \IIH(a', \I/H(bl, C/)),

O (Vi(a,b)) = Vi(Px(a), Px (b)),
Rig(Tp(d', V) = Uk(Ry(d), Rg (V)
Up (T (a),0) = Ti! (Y (a, R (V).
UV, TH () = Ti (Tx (RE(Y), ),

which shows that A[[t]] becomes a k[[t]]-Green functors. If for fixed m > 1 there are
given 1, € Hom(A(H) @ A(H), A(H)), cx : A(K) — A(K), restl : A(H) —
A(K) and trfl : A(K) — A(H) for n = 0,--- ,m satisfying above identities for
n =20,---,m, then we say that there is given an m-deformation. For m = 1, one

also says that there is an infinitesimal deformation.

Definition 5.5.2. Two deformations (¥, @, R THY and (V' g, &', R/ T/

are equivalent if there exists a formal power series

[e's)
§ : n

QH = wnHt s
n=0

with properties

(1) wn, € Hom(A(H),A(H)), n >0,
(i) wo,(a') =4d', a' € A(H),
() S iy @i W (@ 6)) = S0 o iy (W), (@), Wiy ().

Heren > 0, a’ € A(H) and i/ € B(H). The last equation can be expressed also as

Qu(Vy(d', V) = Ug(Qu(d), Qu ).
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In other words, Qy defines an isomorphism of k[[¢]]-Green functors
(g, @, RIELTH) — (W, @', R, T'5).

In a same way one can define under what condition two m-deformations are equiv-

alent.

Corollary 5.5.3. i) Let (U, @, RE, TH) be a one parameter formal deformation

of a G-Green functors A. Assume n > 0 is a natural number such that
Vi, =0, for 0 <i<n.

Then ,,, is a 2-cocycle in C"(A, A). In particular i, is a 2-cocycle in C™(A, A).

it) There is a one-to-one correspondence between the equivalence classes of in-
finitesimal deformations of a G-Green functors A and H% (A, A).

Proof. The part ii) easily follows from i). To prove i), we observe that these

equations gives
Uny (@7 b)c + Vny (ab> C) = any <b7 C) + Yny (a7 bc)>

Ck (Ynge (a,0)) = Py (cx(a), cx (b)),
resi (Yny (@', 1) = Yy (resii(a'), resg (V).
Uny (i (a), V) = trig (Y (a, resi (V)
Ynu (VY trig () = trid (Y (res (V) a)).

Hence, 1, is a 2-cocycle in C™(A, A). O
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