
Applications of variational theory in
oertain optimum shape 

in hydrodynamios

Submitted for the degree of Doctor of Philosophy of the

University of Leicester 

by
Abdelrahman Hussein Essawy

Department of Mathematics.

University of Leicester. October 1977



UMI Number: U 435809

All rights reserved

INFO RM ATIO N TO ALL U SER S  
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

DiSËârtâtion Publishing

UMI U 435809
Published by ProQuest LLC 2015. Copyright in the Dissertation held by the Author.

Microform Edition ©  ProQuest LLC.
All rights reserved. This work is protected against 

unauthorized copying under Title 17, United States Code.

P r o Q u e s t

ProQuest LLC 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346





To

my l i t t l e  son Mohamed and my p a r e n t s



ABSTRACT

PART I

In  a  r e c e n t  p a p e r  Wu, T.Y. § Whi tney ,  A .K . ,  t h e  a u t h o r s  s t u d i e d  

optimum shape  p rob lem s  i n  h yd rodynam ics .  These p rob lem s  a r e  s t a t e d  

i n  t h e  form o f  a s i n g u l a r  i n t e g r a l  e q u a t i o n  depend ing  on t h e  unknown shape  

and an unkno\m s i n g u l a r i t y  d i s t r i b u t i o n ;  t h e  shape  i s  t h e n  t o  be  d e t e r 

mined so t h a t  some g iv e n  p e r fo rm a n c e  c r i t e r i o n  has  t o  be  f ^ a x im i z e d j^  ̂ '^minimi zed^
In t h e  optimum p rob lem  t o  be  s t u d i e d  i n  t h i s  p a r t  we c o n t i n u e  t o  assume 

t h a t  t h e  s t a t e  e q u a t i o n  i s  a  l i n e a r  i n t e g r a l  e q u a t i o n  b u t  we g e n e r a l i z e  t h e  

Wu § Whitney  t h e o r y  i n  two d i f f e r e n t  ways.

T h i s  method i s  a p p l i e d  t o  f u n c t i o n a l  o f  q u a d r a t i c  form and a 

n e c e s s a r y  c o n d i t i o n  f o r  t h e  extremum t o  be  a minimum i s  d e r i v e d .

PART I I

The p u r p o s e  o f  t h i s  p a r t  i s  t o  e v a l u a t e  t h e  optimum shape  o f  a two-

d im e n s io n a l  h y d r o f o i l  o f  g iv e n  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e

which p r o d u c e s  • The p rob lem  i s  d i s c u s s e d  i n  t h r e e  c a s e s^ 'minimum d r a g '  ^
I 1 \when t h e r e  i s  a  ( p a r t i a l ]  c a v i t y  f low p a s t  the h y d r o f o i l . 
ze ro

The l i q u i d  f low i s  assumed t o  be  t w o - d im e n s io n a l  s t e a d y ,  i r r o t a t i o n a l

and i n c o m p r e s s i b l e  and a l i n e a r i z e d  t h e o r y  i s  assumed.

T w o-d im ens iona l  v o r t e x  and  s o u r c e  d i s t r i b u t i o n s  a r e  u s e d  t o  s i m u l a t e  
f u l l

t h e  two d im e n s io n a l  ( p a r t i a l )  c a v i t y  f low p a s t  a t h i n  h y d r o f o i l .  T h i s  method
zero

l e a d s  t o  a sy s tem  o f  i n t e g r a l  e q u a t i o n s  and  t h e s e  a r e  s o l v e d  e x a c t l y  u s i n g  

t h e  C a r l e m a n - M u s k h e l i s h v i l i  t e c h n i q u e .  T h i s  method  i s  s i m i l a r  t o  t h a t  

u s e d  by D a v ie s ,  T.V.

We u s e  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  t o  o b t a i n  t h e  optimum shape

/maximizes . r l i f t  
^minimize-

c o n s t r a i n t s  on c u r v a t u r e  and g iv e n  l e n g t h .

o f  t h e  h y d r o f o i l  i n  o r d e r  t o  f^aximize^  t h e  ( , ^  ^) c o e f f i c i e n t  s u b j e c t  t o
^minimize- ^drag^



Tlie m a th e m a t i c a l  p rob lem  i s  t h a t  o f  e x t r e m i z i n g  a f u n c t i o n a l

dep en d in g  on % ourœ  s t r e n g t h ^  ^ ( t h e  h y d r o f o i l  s l o p e ) ;  t h e s e

t h r e e  f u n c t i o n s  a r e  r e l a t e d  by s i n g u l a r  i n t e g r a l  e q u a t i o n s .

The a n a l y t i c a l  s o l u t i o n  f o r  t h e  unknown shape  z and t h e  unknown 

s i n g u l a r i t y  d i s t r i b u t i o n  y has  b r a n c h - t y p e  s i n g u l a r i t i e s  a t  t h e  two 

ends  o f  t h e  h y d r o f o i l .  A n a l y t i c a l  s o l u t i o n  by  s i n g u l a r  i n t e g r a l  

e q u a t i o n s  i s  d i s c u s s e d  and t h e  ap p ro x im a te  s o l u t i o n  by t h e  R a y l e i g h -  

R i t z  method i s  d e r i v e d .

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be  a minimum i s  d e r i v e d  

from c o n s i d e r a t i o n  o f  t h e  s econd  v a r i a t i o n .

PART I I I

The p u r p o s e  o f  t h i s  work i s  t o  e v a l u a t e  t h e  optimum shape  o f  a tw o-  

d im e n s io n a l  h y d r o f o i l  o f  g iv e n  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e  

which  p ro d u c e s  minimum d r a g .  . A t h i n  h y d r o f o i l  o f  a r b i t r a r y  shape  i s  i n  

s t e a d y ,  r e c t i l i n e a r ,  h o r i z o n t a l  m o t ion  a t  a d e p t h  h b e n e a t h  t h e  f r e e  

s u r f a c e  o f  a l i q u i d .

The u s u a l  a s s u m p t io n s  i n  p rob lem s  o f  t h i s  k i n d  a r e  t a k e n  as  a b a s i s ,  

namely ,  t h e  l i q u i d  i s  n o n - v i s c o u s  and moving t w o - d i m e n s i o n a l l y ,  s t e a d i l y  

and w i t h o u t  v o r t i c i t y ,  t h e  o n l y  f o r c e  a c t i n g  on i t  i s  g r a v i t y .

With t h e s e  a s s u m p t io n s  t o g e t h e r  w i th  a l i n e a r i z a t i o n  a s s u m p t io n  we 

d e t e r m i n e  t h e  f o r c e s ,  due t o  t h e  h y d r o f o i l  b e n e a t h  a f r e e  s u r f a c e  o f  t h e  

l i q u i d .

We u s e  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  s i m i l a r  t o  t h o s e  u s e d  i n  

P a r t  I I  t o  o b t a i n  t h e  optimum shape  so t h a t  t h e  d r a g  i s  m in im ized .

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be a minimum i s  d e r i v e d  

from c o n s i d e r a t i o n  o f  t h e  s econd  v a r i a t i o n .

In  t h i s  p a r t  some g e n e r a l  e x p r e s s i o n s  a r e  e s t a b l i s h e d  c o n c e r n in g  t h e

f o r c e s  a c t i n g  on a submerged v o r t e x  and  s o u r c e  e l em en t  b e n e a t h  a f r e e
»

s u r f a c e  u s i n g  B l a s i u s  the o re m .



CONTENTS Page

ABSTRACT 

PART I

CHAPTER I :

l a  I n t r o d u c t i o n .  1

Ib V a r i a t i o n a l  p rob lem s  d e v e l o p i n g  t h e  t h e o r y  due t o

Wu § Whi tney .  3

I c  Q u a d r a t i c  f u n c t i o n ;  t h e  Fredholm i n t e g r a l  e q u a t i o n . 20

29

30

PART I I

The optimum shape  o f  c a v i t a t i n g  and n o n - c a v i t a t i n g  

h y d r o f o i l .

I n t r o d u c t i o n .  ^7

CHAPTER I I  : The optimum shape  o f  h y d r o f o i l  w i th  no c a v i t a t i o n .

I l a  E x p r e s s i o n  o f  t h e  p rob lem  i n  i n t e g r a l  e q u a t io n s  form,

l i b  D e te r m i n a t i o n  t h e  g e n e r a l  fo rm u la  f o r  t h e  l i f t  and d r a g  . 31

l i e  The optimum shape  u s i n g  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s

so t h a t  t h e  d r a g  i s  a minimum. 32

l i d  A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be  a minimum. 37

l i e  A n a l y t i c a l  s o l u t i o n  by R a y l e i g h - R i t z  method* 40

I l f  The optimum shape  o f  a  h y d r o f o i l  u s i n g  v a r i a t i o n a l

c a l c u l u s  t e c h n i q u e s  so t h a t  t h e  l i f t  i s  a maximum* 45

I l g  The s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be  a minimum.

I l h  A n a l y t i c a l  s o l u t i o n  by R a y l e i g h - R i t z  method .  32

CHAPTER I I I .  : The optimum shape  o f  a  h y d r o f o i l  i n  s t e a d y  tw o-  

d im e n s io n a l  f u l l  c a v i t y  f low .

I l i a  I n t r o d u c t i o n .



I I I b  The optimum shape  u s i n g  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s

so t h a t  t h e  l i f t  i s  a  maximum.

I I I c  A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be a minimum.

I l l d  A n a l y t i c a l  s o l u t i o n  by R a y l e i g h - R i t z  method i n  c a s e  o f
sm al l  v a l u e s  o f  c / l  .

Page

6(h

70.,

CHAPTER IV : The optimum shape  o f  a h y d r o f o i l  i n  s t e a d y  two-  

d im e n s io n a l  p a r t i a l  c a v i t y  f low.

I Va E x p r e s s i o n  o f  t h e  p rob lem  i n  i n t e g r a l  e q u a t i o n s  form,

IVb S o l u t i o n  o f  t h e  sy s tem  i n t e g r a l  e q u a t i o n s .

IVc D e te r m i n a t i o n  t h e  g e n e r a l  fo rm u la  f o r  t h e  l i f t  and  d r a g .

IVd The optimum shape  o f  a h y d r o f o i l  i n  p a r t i a l  c a v i t y  f low u s i n g

v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  so t h a t  th e  l i f t  i s  a maximum. 36-

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be a minimum. 104:IVe

IVf

76.

77:

8:1

92

Tlie optimum shape  o f  a h y d r o f o i l  i n  p a r t i a l  c a v i t y  f low 

u s i n g  E u l e r  method [ a l t e r n a t i v e  m e th o d ) .

PART I I I

107

CHAPTER V : 

Va 

Vb 

Vc

CHAPTER VI :

The optimum shape  o f  n o n - c a v i t a t i n g  h y d r o f o i l  b e n e a t h  

a f r e e  s u r f a c e .

I n t r o d u c t i o n .

Uniform s t r e a m  p a s t  submerged v o r t e x .

Uniform s t r e a m  p a s t  submerged s o u r c e  e l e m e n t .

The h y d r o f o i l  b e n e a t h  a f r e e  s u r f a c e .

1:12

m 4

121

123

V ia  The optimum sh ap e  o f  a h y d r o f o i l  o f  minimum d rag  b e n e a t h

a f r e e  s u r f a c e  ' ■ - ■ ' " 127

VIb A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be a

minimum. 138



Page

CHAPTER VII  : C o n c lu s io n .  142

P r i n c i p a l  n o t a t i o n s .  146

Appendix I .  .148

Appendix I I .  151

Appendix I I I .  153

Appendix TV. 15,^

Appendix V . 166

Appendix VI. X76

Appendix V I I .  .177

Appendix V I I I .  178

Appendix IX. 183

N umerica l  S o l u t i o n s

Appendix X. The Numerica l  S o l u t i o n  o f  t h e

Non-Cavi ty  Problem (Minimum Drag) 185

Appendix XI. - The Numerica l  S o l u t i o n  o f  t h e

Non-Cav i ty  Problem (Maximum L i f t )  191

Appendix XII* .The Numer ica l  S o l u t i o n  o f  th e

F u l l - C a v i t y  Problem (Maximum L i f t )  192

Appendix X I I I .  The Numer ical  S o l u t i o n  o f  the  P a r t i a l -

C a v i ty  Problem (Maximum L i f t )  194

Appendix XIV. The Numerica l  S o l u t i o n  o f  t h e  Non-Cavity  

Problem Benea th  a Free  S u r f a c e  

(Minimum Drag) 196

Acknowledgements 202

R e fe r e n c e s  203



PART I

VARIATIONAL PROBLEMS DEVELOPING THE 

THEORY DUE TO W  AND WHITNEY



l . a .  INTRODUCTION

In  a r e c e n t  p a p e r  Wu, T.Y. and Whi tney ,  A.K. (70) t h e  a u t h o r s  

s t u d i e d  optimum shape  p rob lem  i n  hyd rodynam ics .

These  p rob lem s  a r e  s t a t e d  i n  t h e  form o f  a s i n g u l a r  i n t e g r a l

e q u a t i o n  depend ing  on t h e  unknown shape  and on an unknown s i n g u l a r i t y

d i s t r i b u t i o n ,  t h e  shape  i s  t h e n  t o  b e  d e t e r m in e d  so t h a t  some g iv e n

n  . _  . .  _  . (maximized^performance criterion has to be (minimized' *

Wu assumes  t h a t  t h e  p rob lem  i s  s t a t e d  as  f o l l o w s :

F in d  t h e  f u n c t i o n  u (x )  (assumed H o ld e r  c o n t in u o u s )  d e f i n e d  i n  

- l < x < l  when

+  1 •

v(x)  = i u ( t ) d t  ( - K x < l )  , [ l . a . l ]
t - x  

- 1

( I t  may be  n o t e d  t h a t  [ l . a . l ]  i s  an i n t e g r a l  e q u a t i o n  w i t h  a Cauchy

s i n g u l a r i t y ) , so t h a t  t h e  f u n c t i o n a l

+ 1

J  = I  f ^ [ u ( x ) , v ( x ) , x ] d x  , [ l . a . 2]

-1

i s  m in im ized  s u b j e c t  t o  t h e  i s o p e r i m e t r i c  c o n s t r a i n t s

+1

I  f ^ [ u ( x ) , v ( x ) , x ] d x  = C^ s = l , 2 , . . . , r ,  [ l . a . 3]

“ 1 = c o n s t .
b e i n g  s a t i s f i e d .

In  a d d i t i o n  p a r t i c u l a r  H o ld e r  c o n d i t i o n s  a r e  s a t i s f i e d  by uCx) 

n e a r  t h e  end  p o i n t s  x=±l .

U s ing  a v a r i a t i o n a l  method ,  Wu shows t h a t  t h e  n e c e s s a r y  c o n d i t i o n  

f o r  m i n i m i z a t i o n  a r e

/ 1  r a f [ u ( t ) , v ( t ) , t ] -i ,
M j i C a s L z Ç x l i i i L  = 1  I  .... ■ n  a 41

au TT J  t - x  '
- 1

9 ^ f  [u(x)  , v (x )  ,x ]  3 ^ f [ u ( x )  , v (x )  ,x ]   ̂ .  r ,

3^2 + ^  > u . L i . a . b j

Number i n  b r a c k e t s  r e f e r  t o  t h e  r e f e r e n c e s  a t  t h e  end  o f  t h i s  t h e s i s .



The f i r s t  c o n d i t i o n  [ l . a . 4] i s  a  s i n g u l a r  i n t e g r a l  e q u a t i o n ,

where

r  ,

f  [u(x)  , v (x )  ,x]  = f ^ [ u ( x ) , v ( x )  ,x ]  - I  X g [ f g ( u ( x ) , v ( x ) , x )  -  y C g ]  , [ l . a . 6 ]
s=i

and Xi,X2 , . . . X ^  a r e  r  Lagrange m u l t i p l i e r s  and t h i s  ' \  i

r e p r e s e n t s  a d e p a r t u r e  from t h e  c l a s s i c a l  E u l e r  v a r i a t i o n a l  p rob lem .

For  t h e  e x t r e m a l  s o l u t i o n  [ l . a . 4] i s  t o  be s o lv e d  t o g e t h e r  w i th  

[ l . a . l ] ,  as a p a i r  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  f o r  u(.x) and  v (x )  .

The e x t re m a l  s o l u t i o n s ,  u ( x ;  Xi,X2 , . . .  , X ^  and v(x ;X i,X 2 , . .  . , X^) 

when d e t e rm in e d  i n  t h i s  manner w i l l  i n v o l v e  r  m u l t i p l i e r s  c o n s t a n t s  

Xi,X2 , . . . ,  X^, which can be d e t e rm in e d ,  by s u b s t i t u t i n g  t h e  e x t r e m a l  

s o l u t i o n s  u ( x ; X i , X2 , . . . ,X^) and v ( x ; X i , X 2 , . . .X^) i n  t h e  i s o p e r i 

m e t r i c  c o n s t r a i n t s  [ l . a . 3 ] .

In  t h e  optimum problem t o  be s t u d i e d  i n  t h i s  s e c t i o n  we c o n t in u e  

t o  assume t h a t  t h e  s t a t e  e q u a t i o n  i s  a l i n e a r  i n t e g r a l  e q u a t i o n  b u t  we 

g e n e r a l i z e  [ l . a . l ]  i n  two d i f f e r e n t  ways.

I t  w i l l  be shown t h a t  t h e  a n a l y s i s  o f  t h e  f i r s t  v a r i a t i o n  o f  th e  

f u n c t i o n a l  y i e l d s  a s e t  o f  d u a l ,  n o n l i n e a r ,  i n t e g r a l  e q u a t i o n s .

A n e c e s s a r y  c o n d i t i o n  f o r  t h e  extremum t o  be a minimum i s  d e r i v e d  

from c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n .

Th is  method i s  t h e n  a p p l i e d  t o  a f u n c t i o n  f [ u ( x ) , v ( x ) , x ]  o f  

q u a d r a t i c  form.



l . b .  VARIATIONAL PROBLEMS DEVELOPING THE THEORY DUE TO WU AND WHITNEY 

STATEMENT OF THE PROBLEM.

The p rob lem  c o n s i d e r e d  h e r e  may be  s t a t e d  as f o l l o w s :

To f i n d  t h e  r e a l ,  e x t r e m a l  f u n c t i o n  u (x )  o f  a r e a l  v a r i a b l e  x , 

r e q u i r e d  t o  be H o ld e r  co n t in u o u s  * i n  t h e  r e g i o n  a<x<b , s a t i s f y i n g  

one o f  t h e  f o l l o w i n g  t h r e e  s i n g u l a r  i n t e g r a l  e q u a t i o n s :

Case I

D

(x) = A I = D^[u(.t)] (a) ,

Case I I

v (x )  = E(x) + ^ u (x )  + — 6
. 7T

u ( t ) d t  _ 
t - x

Case I I I

D ^ [ u ( t ) ]  (b) , )> (a<x<b) ; [ l . b . l ]

D

v (x )  = I  ^  + a ( t , x ) j >  u ( t ) d t  = D ^ [ u ( t ) ]  (c)  ,

where t h e  i n t e g r a l  w i th  symbol C s i g n i f i e s  i t s  Cauchy p r i n c i p a l  v a l u e ,  

and i n  [ l . b . l . c ]  t h e  f u n c t i o n  a ( t , x )  i s  a c o n t in u o u s  f u n c t i o n  o f  x , t ,  

t h i s  w i l l  be  d i s c u s s e d  l a t e r i  V and A .are c o n s t a n t s •

We wish  t o  d e t e rm in e  u (x )  and v(x )  so as  t o  min im ize  t h e  

f u n c t i o n a l

(

= 1 f ^ [ u ( x )  , v (x )  , x ]d x [ l . b . 2 ]

where f ^ [ u C x ) , v C x ) ,x ]  i s  a g iven  f u n c t i o n  o f  u ( x ) , v ( x )  and x ; 

s u b j e c t  t o  t h e  r  i s o p e r i m e t r i c  c o n s t r a i n t s .

A f u n c t i o n  u (x )  i s  s a i d  to  s a t i s f y  t h e  H o ld e r^ f  (y) - c o n d i t i o n  on 
p a t h  L(a<x<b) i f ,  f o r  any two p o i n t s  x%, X2 o f  L, | u ( x 2 ) - u ( x i ) |  
a 1x i “X2 |p , where A and y a r e  p o s i t i v e  c o n s t a n t s .

A i s  c a l l e d  t h e  H o ld e r  c o n s t a n t  and y t h e  H o ld e r  i n d e x .



J  [ u ( x ) , v ( x ) , x ]  = f  [ u ( x ) , v ( x ) , x ] d x  = C ( s = l , 2 , . . . , r )  j
[l.b.3 ]

where i s  c o n s t a n t  and [uC x) ,vC x) ,x ]  i s  a  g iv e n  f u n c t i o n  o f

u ( x ) , v ( x )  and x .

The unknown f u n c t i o n s  u (x )  and v(.x) a r e  a l s o  t o  s a t i s f y  t h e  

c o n d i t i o n s  n e a r  t h e  end p o i n t s  ( a , b )  ,

ak+i,3k
uCx) = u * ( x ) / ( x - C ^ )  , Oso^<l ( k = l , 2 ) , [ l . b . 4]

where

Ci=a , C2=b and i = / ^  , [ l . b , 5]

and a r e  r e a l  c o n s t a n t s  and u*(x)  s a t i s f i e s  t h e  ^ ^ - c o n d i t i o n

n e a r  and a t  .

I f  u (x )  i s  r e q u i r e d  t o  v a n i s h  a t  ( a , b )  , t h e  end c o n d i t i o n

u ( a )  = 0 a n d / o r  u (b )  = 0 ; [ l . b , 6 ]

i s  a s p e c i a l  c a s e  o f  [ l . b . 4] when [ l . b . 6 ]is s a t i s f i e d  and u* (x )  

s a t i s f i e s  t h e  - c o n d i t i o n .

The f u n c t i o n  f ^ [ u ( x ) , v ( x ) , x ]  and t h e  c o n s t r a i n t  f u n c t i o n s  

f g [ u ( x ) , v ( x ) , x ]  ( s = l , 2 , . . . , r )  a r e  assumed t o  be  a t  l e a s t  t w i c e  c o n t i n 

u o u s l y  d i f f e r e n t i a b l e  w i th  r e s p e c t  t o  t h e i r  unknown f u n c t i o n s  uC.x) and 

v(x)  and c o n t in u o u s  i n  x .

The n o t a t i o n  D ^ [ u ( t ) ]  f o r  t h e  f i n i t e  s i n g u l a r  i n t e g r a l  t r a n s f o r 

m a t ion  o f  u (x )  , as  d e f i n e d  i n  [ l . b . l ]  , w i l l  be  u sed  th r o u g h o u t  and 

w i l l  be c a l l e d  g e n e r a l i z e d  H i l b e r t  t r a n s f o r m a t i o n .

I t  may be remarked  h e r e  t h a t  t h e  s o l u t i o n  o f  a maximum prob lem  can 

be deduced  from t h i s  minimum one by chang ing  t h e  s i g n  o f  t h e  f u n c t i o n  in  

[ l . b . 3 ] .

In t h e  s p i r i t  o f  t h e  c l a s s i c a l  c a l c u l u s  o f  v a r i a t i o n s ,  we minimize  

t h e  new f u n c t i o n a l



I [ u ]  = I  f [ u ( x ) , v C x ) , x ; X i , X 2 , . . . ,X^]dx , [ l . b . 7]

a

w i th
r  C

£[u (x )  ,vCx) , x ; X i , X 2 , . . .  , X ^ ] = f ^ [ u ( x ) , v ( x ) , x ] -  % X^[fgCu(x) , v ( x )  ,x>-{g-^)]

'  [ l . b . 8 ]

where u ( x ) , v ( x )  a r e  r e l a t e d  by [ l . b . l ]  , and Xi,X2 , . . . , X ^  a r e  

•Lagrange m u l t i p l i e r s .

We d e f i n e  an a d m i s s i b l e  f u n c t i o n  t h a t  f u n c t i o n  u (x )  which  

s a t i s f i e s  t h e  H o ld e r  c o n d i t i o n  , t h e  i s o p e r i m e t r i c  c o n s t r a i n t s

[ l . b . 3] , t h e  p r e s c r i b e d  end c o n d i t i o n s  [ l . b . 4 ] ;  m in im iz in g  t h e  f u n c t i o n  

I [uCx)]  .

THE NECESSARY CONDITION OF OPTIMALITY

Let u (x )  den o te  t h e  r e q u i r e d  o p t i m a l  f u n c t i o n .

A f u n c t i o n  ÇCx) w i l l  be c a l l e d  an a d m i s s i b l e  v a r i a t i o n  i f ,  f o r  

any s u f f i c i e n t l y  sm a l l  p o s i t i v e  c o n s t a n t  e ,

u i ( x )  = u (x )  + eSCx) , [ l . b . 9]

i s  an a d m i s s i b l e  f u n c t i o n .

The v a r i a t i o n  n(x)  i n  v (x )  which c o r r e s p o n d s  t o  t h e  a d m i s s i b l e  

v a r i a t i o n  C(x) , such  t h a t

v i ( x )  = v (x )  + en(x)   ̂ [ l . b . 10 ]

i s  found from [ l . b . l ]  t o  be  :

n (x )  = D ^ [ c ( t ) ]  , " [ l . b . 1 1 ]

where D^[Ç(t) ]  i s  d e f i n e d  by



In Case I

n(x) = A = D e t e c t ) ]

In Case I I

In Case I I I

n (x )  = c

(a)

(b) > (a< x < b ) . [ l . b . 1 2 ]

(c)

I f  C(x) i s  an  a d m i s s i b l e  v a r i a t i o n ,  th e n  I [ u ( x )  + e ^ ( x ) ]  i s  a 

f u n c t i o n  o f  e which h a s  an ex t reme v a l u e  when e=0 .

The v a r i a t i o n  AI o f  t h e  f u n c t i o n  I due to  t h e  v a r i a t i o n s

C(x) and n(x)  i s  d e f i n e d  by 

b

AI = f [ u ( x )  , v (x )  , x ]d x  [ l . b .  13]f  [u(x)+eÇ(x) ,vCx)+ETi(x) , x ] d x  - 

a a

For s u f f i c i e n t l y  small e , expansion o f  the above in teg r a l  by

T a y l o r ' s  s e r i e s  y i e l d s

2 3
AI = C:ÔI + G^I + Ô̂ I + [ l . b . 14]

where t h e  f i r s t  v a r i a t i o n  <51 and t h e  second v a r i a t i o n  6^1 a re  

b

51 = ’ [ f ^ ( u ( x ] , v ( x ) , x ) . C ( x ) + f ^ ( u ( x ) , v ( x ) , x ) . n ( x ) ] d x  , [ l . b . 15]

a
b

= I [fy^Cu(x) ,v(x) ,x] .Ç^(x)+2f ^(u(x) ,v(x) ,x ) ^ x )  .n(x) +

+ f ^ , ( u ( x )  , v ( x ) , x ) n ^ ( x ) ] d x  ,

i n  which th e  s u b - i n d i c e s  deno te  p a r t i a l  d i f f e r e n t i a t i o n s ,  and n(x) 

i s  g iven  by [ l . b . 1 2 ] .

[ l . b . 16]



The v a r i a t i o n s  51,  5^1,  . . .  depend on Ç(x) and u (x )  s i n c e  

n (x )  and v(x)  can be r e p l a c e d  i n  [ l . b . 15] and [ l . b . 16] u s i n g  [ l . b . l ]  

and  [ l . b . 12 ] .

F o r  I [ u ( x ) , ^ ( x ) ]  t o  be  minimum, we must have f o r  a l l  a d m i s s i b l e  

v a r i a t i o n s  ^ ( x ) .

and

5 1 [ u ( x ) , C ( x ) ]  = 0

5 ^ I [ u ( x ) , Ç ( x ) ]  ^ 0

[ l . b , 17]

[ l . b . 18]

E q u a t io n s  [ l . b . 17] and [ l . b . 18] a s s u r e  t h a t  I t a k e s  a minimum. 

As Ç ( t )  and n(x)  a r e  r e l a t e d  by [ l . b . 12 ] ,  s u b s t i t u t i n g  

[ l . b . 12] i n  [ l . b . 17] we o b t a i n

In Case I

51 = <|f^CuCx) , v (x )  , x ) ^ ( x ) + f ^ ( u ( x ) , v ( x )  , x ) .

dx = 0 (a)

In Case I I

S I  =  j  ^ f ^ ( u ( x )  , v (x )  ,x )  Ç(x) + f ^ ( u ( x )  , v ( x )  , x ) .

[ v 5 ( x ) . l |  i ^ ] } > d x  = 0

In Case I I I

51

(b)

= I  < | f ^ ( u C x ) , v ( x ) , x ) C ( x ) + f ^ [ u C x ) , v ( x ) , x ] .  

a  b

Q  + a ( t , x ) l ç ( t ) d t  y  dx = 0 , (c)

>  [ l . b . 19]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  i n  t h e  

doub le  i n t e g r a l  i n  [ l . b . 19] [ s e e ,  e . g . .  Hardy,  G,H. (35 ) ]  and a f t e r  

i n t e r c h a n g i n g  t h e  v a r i a b l e  t , x  we o b t a i n



In Case I

61 = < | £ ^ [ u ( x ) , v ( x ) , x ] - A t - x

" € (x )d x  = 0

r
In  Case I I

61 = < | f ^ [ u ( x )  , v C x ) , x ] + v f y [ u ( x )  , v ( x ) , x ] -

I ^  f  [ u ( t ) , v ( t ) , t ] d t ' j
  tZ3T  S (=)4x  = 0

In  Case I I I  

b

f y [ u ( t )  , v ( t )  , t ] .61 = I  < | f ^ [ u ( x ) , v ( x )  ,x ]  -

a  a

• j ^ : ^  - a ( x , t ) j  d t ^  C(x)dx  = 0

(a)

(b)

(c)

>  [ l . b . 2 0 ]

S in c e  Ç(x) i s  a r b i t r a r y ,  t h e  f a c t o r  i n  b r a c k e t s  o f  t h e  i n t e g r a n d  

i n  [ l . b . 2 0 ] must  v a n i s h  i d e n t i c a l l y  f o r  a l l  x i n  ( a , b ) ,  and  t h u s  we 

d e r i v e  t h e  f o l l o w i n g  s i n g u l a r  i n t e g r a l  e q u a t i o n s .

In  Case I

f ^ [ u ( x )  , v (x )

I

,x]=A I
f v [ u ( t )  , v ( t )  , t ] d t

t - x

= D ^ [ f y C u ( t ) , v ( t ) , t ) ]

In Case I I

f ^ [ u ( x ) , v ( x ) , x ] = - v f y [ u C x ) , v ( x ) , x ]  +

f ^ [ u ( t ) , v ( t ) , t ] d t

t - x

In Case I I I

f„[u(x)  ,v(x) ,x] = c f  [u ( t )  , v ( t )  , t ]u V t - x: - a ( x , t )

(a)

(b)

dt (c)

> [ l . b . 2 1 ]



This  i n t e g r a l  e q u a t i o n  i s  ana logous  t o  t h e  E u l e r  d i f f e r e n t i a l  

e q u a t i o n  i n  t h e  c l a s s i c a l  t h e o r y  o f  c a l c u l u s  v a r i a t i o n s .

E q u a t io n s  [ l . b . 21] i s  g e n e r a l l y  n o n l i n e a r  i n  u (x )  and v(x )  

u n l e s s  f [ u ( x ) , v ( x ) , x ]  i s  a po ly n o m ia l  o f  second  d eg ree  i n  u (x )  

and v ( x ) .

The e x t r e m a l  s o l u t i o n  i s  d e t e rm in e d  by s o l v i n g  t h e  p a i r  o f  

coup led  s i n g u l a r  i n t e g r a l  e q u a t i o n s ,  [ l . b . l ]  and [ l . b . 21] s u b j e c t  t o  

c o n d i t i o n s  [ l . b . 3] and [ l . b . 4 ] .

We now suppose  t h a t  [ l . b . l ]  and [ l . b . 21] can be  s o l v e d  f o r  an 

ex t re m a l  f u n c t i o n  u ( x ; G 2 ,Q2 , . . . ,C^) which i n v o l v e  t h e  c o n s t a n t  o f  

c o n s t r a i n t s  , C2 , . . . . . , 0 ^ as p a r a m e t e r s .

We now e n q u i r e  u n d e r  what c o n d i t i o n  does t h i s  e x t r e m a l  s o l u t i o n  

s a t i s f y  t h e  i n e q u a l i t y  [ l . b . 18 ] ,  so t h a t  i t  a c t u a l l y  p r o v i d e s  a 

minimum ?

In  o r d e r  t o  answer  t h i s  q u e s t i o n ,  we examine t h e  second  v a r i a t i o n

6%I.

C o n s id e r  t h e  case i n  which f ^ ^ [ u ( x ) , v ( x ) , x] , f ^ ^ [ u ( x ) , v C x ) , x ]  , 

f y y [ u ( x ) , v ( x ) , x ]  and ^ (x )  a re  t h e  H o ld e r  c o n t in u o u s  on Ca,b) .

The second te rm  on the  r i g h t - h a n d  s i d e  o f  e q u a t io n  [ l . b . 16] i s  as 

fo l l o w s :

b

I 2 = 2

a

S u b s t i t u t i n g  from [ l . b . 12] i n  [ l . b . 22] we o b t a i n

f ^ ^ [ u ( x ) , v ( x ) , x ] ^ ( x ) n C x ) d x  [ l . b . 2 2 ]

In Case I

b b

I 2 = 2 I  f ^ ^ [ u ( x ) , v ( x ) , x ] Ç ( x ) d x . A  I   ̂ =

t
= 2A

a a
b b

c f  [u(x) ,v(x) ,x]Ç(t)Ç(x)  dtdx . [ l . b . 23]uv
a a
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I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a l  [ l . b . 23] 

[ s e e ,  e . g . ,  Hardy,  G .H . (3 5 ) ]  and  i n t e r c h a n g e  t h e  v a r i a b l e  t , x  and 

when we do so we o b t a i n

I 2 = -  2A Ç(x)dx c
f ^ ^ [ u ( t )  , v C t ) , t ]  

t - x C ( t ) d t  =

a
b b

= - 2A I  f y y [ u ( t ) , v ( t ) , t ]  Y ^ ( t ) C ( x ) d t d x  . [ l . b . 24]

a a

We t a k e  t h e  mean o f  two p r e c e d i n g  e q u a t i o n s  [ l . b . 23] and [ l . b . 24] 

we o b t a i n

I 2 = A

b b

I f
a a

f  [u(x)  , v (x )  , x ] - f  [ u ( t )  , v ( t )  , t ]uv uv
t - x CCt)CCx)dtdx

[ l . b . 25]

In Case I I

By s i m i l a r  o p e r a t i o n s  i n  Case I ,  s u b s t i t u t i n g  from [ l . b . 1 2 .b]  i n

[ l . b . 2 2 ] we can w r i t e  

b

I 2 = 2 I f y y [ u ( x ) , v ( x ) , x ] C C x ) d x V Ç(x) +
D

I f
TT J  t -

( t ) d t '  
X

= 2v

D D O

f ^ ^ [ u ( x )  ,v (x}  , x ]Ç ^ ( x ) d x  + ^  I  f^y [uC x) ,vC x] ,x ]C C x)dx  |  . [1 . b . 2 6 ]

a a a

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a l  [ l . b . 26] and

a f t e r  i n t e r c h a n g i n g  t h e  v a r i a b l e  x , t  we o b t a i n  

b b b

I 2 = 2 v' f ^ ^ [ u ( x ) , v ( x )  ,x ]C ^ ( x ) d x  - ^  I  Ç(x )dx  | t - x

[ l . b . 27]

We t a k e  t h e  mean o f  two p r e c e d i n g  e q u a t i o n s  [ l . b , 26] and [ l . b , 27]

and we o b t a i n  

b

1 2 = 2V f  [u(x]  , v ( x ) , x ] c ^ ( x ) d x  + -UV TT

, v ( x )  , x ] - f ^ ^ [ u ( . t )  , v ( t )  , t ) ~ ]  
_  J

a a
C ( t ) 4 ( x ) d t d x  [ l . b . 28]
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In Case I I I

By s i m i l a r  o p e r a t i o n s  i n  Case I and Case I I ,  s u b s t i t u t i n g  from

[ l . b . 1 2 . c]  i n  [ l . b . 22 ] we o b t a i n  

b

I 2 = 2 f ^ ^ [ u C x ) , v ( x ) , x ] Ç ( x ) d x  I  ^  + a ( t ,  

a a

x) Ç ( t ) d t [ l . b . 29]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a l  [ l . b . 29] and

a f t e r  i n t e r c h a n g i n g  t h e  v a r i a b l e s  x , t  and when we do so we o b t a i n  

b b

I 2 = -2  I  C(x)dx  I  f ^ ^ [ u ( t ) , v ( t ) , t ] | ^ : ^  - c i ( x , t ) j ç ( t ) d t  - [ l . b . 30]

a a

We t a k e  t h e  mean o f  two p r e c e d i n g  e q u a t i o n s  [ l . b . 29] and [ l . b . 30]

we o b t a i n  

b b

I 2 =

a a

f _ Cu(x), v(x) ,x)-f__(uCt) ,vCt) ,t)uv uv
t - x

•  ÇCt)çCx)dtdx  +

b b

f u v t ^ ^ ^  , v (x )  , x ] a C t , x ) C ( t ) Ç ( x ) d t d x

a a

The t h i r d  te rm  on th e  r i g h t - h a n d  s i d e  o f  e q u a t i o n  [ l . b . 16] i s  as  

f o l l o w s :

[ l . b . 31]

= 1  f ^ y [ u ( x ) , v ( x ) , x ] . n ^ C x ) d x [ l . b . 32]

S u b s t i t u t i n g  from [ l . b . 12] i n  [ l . b . 32] we o b t a i n
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In Case I
b b

I 3 = I  f y y [ u ( x ) . v ( x ) . x ] D x [ E ( t ) ] d x . A  I  '  [ l . b . 33]

a a

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  th e  o r d e r  o f  i n t e g r a l  [ l . b . 33]

and a f t e r  i n t e r c h a n g i n g  th e  v a r i a b l e s  x , t  and when we do so we o b t a i n

b b

Ç(x)dx <;I 3 = - A
f y y [ u ( t ) , V C t ) , t ]

t - x
a
b

C(x)dx
f  „,[uCt) ,vCt) , t}dt

j ----

.D^[CCs)] d t  

b
C (s )ds

s - t [ l . b . 34]

Using th e  P o i n c a r e - B e r t r a n d  fo rmula  [ s e e ,  e . g . ,  M u s k h e l i s h v i l i ,  N . I . (45)]  

b b b b
(f) ( t , s ) d t  

( t - x ) ( s - t )
[ l . b . 35]

a a

hence

^ r  „ r  r ^ f » _ i u ( t ) , v ( t ) , t ] d t -
I 9 = - A/ ) C ( x ) d x  -TT^f^^(u(x) , v (x )  ,x)^(x)+jC(s)ds j: ------- ( t - x )  ( s - t j ------

a a

. [ l . b . 36]

Using p a r t i a l  f r a c t i o n s  and [ l . b . 2 1 . a] we can w r i t e  

b

lo  = A'̂ TT f  „ f u ( x ) , v ( x ) , x ] ç 2 (x )dx  +w

b b

II
a a

D x [ f v v ^ ^ ^ ^ ^ , v ( s ) , s ) ] - D ^ [ f y y ( u ( s ) , v ( s ) , s ]

t - x C ( x ) S ( t ) d t d x  

[ l . b . 37]

In Case I I

=1 f ^ y [ u ( x ) , v ( x )  , x ]C r [ S C s ) ] d x vcCx) + 1 f
TT J t -

( t ) d t
X

= V f y y [u (x )  , v (x )  ,x ]D ^ f Ç ( s ) ]  . S (x )dx  +

f^^ [u (x) ,v(x) ,x] .D^[CCs)]  dx d t [ l . b . 38]
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I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  th e  o r d e r  o f  i n t e g r a l  [ l . b . 38]

and a f t e r  i n t e r c h a n g i n g  th e  v a r i a b l e s  x , t  and when we do so we o b t a i n  

b

I 3  = V I  f y y [ u ( x ) , v ( x ) , x ] D ^ [ C ( s ) ] . C ( x ) d x  -

a
b

K (x) dx
f ^ ^ ( u ( t ) , v C t )  , t ) D ^ [ 5 C s ) ]d t  

t - x
a
b

= V f y y [ u ( x ) , v C x ) , x ] C ( x ) d x ^ . C ( x )  + - C ( t ) d t
t - x

=

V 
+  -

TT

r f  [ u C t ) , v ( t ) , t ] d t
Ç ( x ) d x i  -------— --------------

J t - x
a a
b

% S (t) +
i f  S ( s ) d s
TT j S - t

a

f ^ ^ [ u ( x ) , v ( x ) , x ] ç 2 (x)dx  +.

a
b

Ç(x)dx
f  , [u (x )  , v (x )  , x ] - f  [ u ( t )  , v ( t ) , t ]‘vv'-'"'-"^'  ~vv

f ------------
a
b .  r . . .  . . .    b

CCt)d t  -

a  a

[ l . b . 39]

By u s i n g  t h e  P o i n c a r e - B e r t r a n d  fo rm u lae ,  [ l . b . 35] i n  th e  f i n a l  i n t e g r a l

o f  [ l . b , 39 ] we o b t a i n  
b

1 3 = V 2 I  f ^ ^ [ u ( x ) , v ( x ) , x ] C ^ ( x ) d x  +

f_^ ru(x )  , v (x )  , x ] - f „ ,  [ u ( t )  , v ( t )  , t ]
+ -■ j C(x)dx

a a
b

vv v v
t - x S ( t ) d t  -

- p f C(x)dx -  T T ^ f ^ ( u ( x )  , V ( X )  , X ) C ( X ]  + CCs]ds
, v ( t ) , t ] d t q

J ( t - x ) ( s - t )
a

[ l . b . 40]

Using  p a r t i a l  f r a c t i o n s  and [ l . b . 2 1 . b] we can w r i t e
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I 3 = ( 1+V^) j f  , ,[uCx) , v (x )  ,x ]C ^ ( x ) d x  -
W

-  ^  j  ^ C x ) d x |
, v ( t ) , t ] - £  ^^^[u(x) , v (x )  ,x ]W

t - x C ( t ) d t  -

a
b, D [£ Cu Cs),v Cs) ,  s ) ] - D [ f  (u C s),V;( s ), s 3]

Ç(x3d x i  ---------------------- - 5 C t 3 d t  [ l . b . 41]

a

In  Case I I I

S u b s t i t u t i n g  from [ l . b , 1 2 . c] i n  [ l . b . 32] we o b t a i n

1 3 '= f y y [ u ( x ] , v ( x ) , x ] D ^ [ S ( s ) ] d x  6 t - x + a ( t , x ) K Ct) d t

= j  f y v [ u C x ) , v ( x ) , x ] D ^ [ C C s ) ] d x  I

1
+ f „ , , [ u ( x ) , v ( x ) , x ] D ^ [ C ( s ) ] d xvv Ot ( t , x) c Ct) d t [ l . b . 42]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a l  [ l . b . 42] and 

a f t e r  i n t e r c h a n g i n g  t h e  v a r i a b l e s  x , t  we w i l l  have

I 3 ■-1Ç(x)dx c
' f y v [ u ( t ) , v ( t ) , t ] D ^ [ S C s ) ] d t

t - x
a
b

+ I C(x)dx

a
b

f ^ [ u ( t )  , v ( t )  , t ] a C x , t ) D ^ [ C ( s )  ] d t [ l . b . 43]

Using  [ l . b . 12] we o b t a i n

I 3  =  -  j  s ( x ) d x  I

b a b

Ç ( x ) d x |

%  ^b

^ f „ „ [ u C t ) , v C t ) , t ] d t  bvv
t - x

C( s ) d s
s - t

^ f y y [ u C t ) , v ( t ) , t ] d t

t - x a C s , t ) c C s ) d s  + 

b

+ f Ç(x)dx I  f y y [ u C t ) , v ( t ) , t ] a ( x , t ) d t  |  +
a

+ 1 Ç(x)dx j* f^ ^ C u ( t )  , v ( t )  , t ) a ( x , t ) d t  |  a ( s , t ) S ( s ) d s [ l . b . 44]
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We now use  the  P o i n c a r e - B e r t r a n d  fo rmula  [ l . b . 35] i n  t h e  f i r s t  i n t e g r a l  

o f  [ l . b . 4 4 ] ,  i n  a d d i t i o n  we in t e r c h a n g e  t h e  o r d e r  o f  t h e  second ,  t h i r d  and 

f o u r t h  i n t e g r a l s  i n  [ l . b . 44] and we o b t a i n

I q = TT̂ f ^ [ u ( x )  ,v (x )  , x ]d x  - S (x)dx 5 ( s ) d s c
f . ^ . ^ [ u ( t ) , v ( t )  , t ] d t  

( t - x )  ( s - t )

C(x)dx C (s )d s c
f ^ [ u ( t )  , v ( t )  , t ] a ( s , t ) d t  

t - x

C(x)dx
^ f^ f  [ u ( t ) , v ( t ) , t ] a ( x , t ) d t  
C ( s ) d s i  ----------   +s - t

a
b

a
b

a
b

C(x)dx C ( s ) d s | f y y [ u ( t ) , v ( t ) , t ] a ( x , t ) a ( s , t ) d t  . [ l . b . 45]

Using p a r t i a l  f r a c t i o n s  i n  th e  second  te rm and i n t e r c h a n g i n g  t h e  v a r i a b l e s

s , x  i n  f o u r t h  te rm  we o b t a i n

b b

I 3 = TT̂ ? f ^ [ u ( x )  ,v (x )  , x ]d x  - C (s )ds

f . ^ [ u ( t )  , v ( t )  , t ]

t - s

Ç(x3dx^ s - x
a a a

b b b

f y y [ u ( t ) , v ( t ) , t ]

~t -x

d t  - 2 S ( x ) d x j s ( s ) d s ^  

a a a

f  „ , [ u ( t ) , v ( t ) , t ] a ( s , t ) d tw
t - x

C(x)dX C ( s ) d s | f y y [ u ( t ) , v ( t ) , t ] a  ( x , t ) a  ( s , t ) d t  , [ l . b . 46]

and t h i s  may be w r i t t e n  in  th e  form

b b b

Iq = TT̂

-  2

where

Ç ^ ( x ) f ^ [ u ( x )  ,v (x )  , x ]d x  - I  ç ( t ) ç ( ;x 3 d td x  -

b b
a a 

b b

^ ( x , s ) S ( x ) C ( s ) d s d x  + y ( x , s ) C ( x ) C ( s ) d s d x  ,

a a a a

4(x)  =

^ ( x , s )  =

y ( x , s )  =

^ f ^ [ u ( s )  , v ( s )  , s ] d s

s - x

f ^ [ u ( t )  , v ( t )  , t ] w f s , t ) d t  

t - x >

a
b

f ^ [ u ( t )  , v ( t )  , t ] a ( x , t ) a ( s , t ) d t  . ,

[ l . b . 47]

[ l . b . 48]
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Using t h e  above r e s u l t s ,  [ l . b . l 6 ] can be w r i t t e n  in  th e  f o l l o w i n g  form:

b b

6^1 = j g ( x ) Ç ^ ( x ) d x  - —

a
b

h ( t )  -h (x )  
t - x C ( t )C (x )d t d x  ,

5' - I  =

where

g(x)Ç^(x)  dx - -

i n  case  I and case  I I  ; [ l , b . 4 9 ]

a a

Ç ( t ) Ç ( x ) d t d x  , 

i n  case  I I I  ,

B ( t , x )  = 2i | j (x, t)  - Y ( x , t )  - 2 f ^ ^ [ u ( x )  ,v (x )  ,x ]  • a ( t , x )  , 

f  [u(x)  ,v (x )  ,x]  + A^ir^f [ u ( x ) , v ( x ) , x ]  , i n  case  I ;

[ l . b . 5 0 ]

[ l . b . 5 1 ]

uu w

g(x) =
f ^ ^ [ u ( x )  ,v (x )  ,x ]  + 2v f ^ ^ [ u ( x )  ,v (x )  ,x]  + ( l + v ^ , f ^ ^ [ u ( x )  ,vCx) ,x]  ,

i n  case  I I  ;

+ n2 fyy [uC x) ,vC x) ,x ]  , i n  case  I I I  ;

[ l . b . 5 2 ]

h ( t )  E <1

{A f ^ ^ [ u ( t )  , v ( t )  , t ] - A D ^ [ f ^ ( u C s )  ,v(.s) , s ) ] } / 7r , i n  case  I ;

,vCt)  , t ]  - D ^ [ f ^ ( u ( s )  , v ( s )  , s ) ] + 2v f ^ ^ [ u ( t )  , v ( t )  , t ]  ,

i n  case  I I  ;

{ f ^ ^ [ u ( t )  , v ( t )  , t ]  - <j)(t) }/ir , i n  case  I I I  .

[ l . b . 5 3 ]

In [ l . b . 4 9 ]  and [ l . b . 5 0 ]  g ( x ) , h ( x ) , f ^ ^ [ u ( x ) , v ( x ] , x ] , f ^ ^ [ u ( x ] , v ( x ) , x ]  

and f y y [ u ( x ) , v ( x ) , x ]  a re  assumed t o  b e  H older  con t in u o u s  i n  ( a , b ) ;  t h i s  

im p l i e s  f o r  th e  f u n c t i o n s  g ( x ) , h ( x ]  t h a t  f o r  any two p o i n t s  x%,X2 i n  

the  open i n t e r v a l  ( a ,b )  ,

| g ( x 2 ) - g ( x i ) 1 $ A i | x 2 - x i |  , (oSPi< l ,A i>o)  ;

[ l . b . 5 4 ]

| h ( x 2 ) - h ( x i ) I  3 A2 IX2 -X1 I , (osW2 <l ,A 2 >o) ' ,

Following  Wu § Whitney we now c o n s i d e r  t h e  s p e c i a l  cho ice  o f  Ç(x) ,

x -x
C(x) = 3.UC0) , 8 =

where U(0) i s  Holder  con t in u o u s

o<U(9)-^l C |0 |< 1 ,  | x - x ^ |< e )  ,

UC0)=o  ( | 0 | > 1 , |x -Xq |>e) ,

[ l . b . 5 5 ]

[ l . b . 5 6 ]



17

and Xq i s  any f i x e d  p o i n t  i n  t h e  open i n t e r v a l  ( a ,b )  and e i s  

a r b i t r a r i l y  smal l  so t h a t

a<x ±£<b . o [ l . b . 5 7 ]

In [ l . b . 5 5 ]  B , t h e  upper  bound o f  Ç(x) , i s  e i t h e r  p o s i t i v e  o r  n e g a t i v e ,  

and i s  chosen so smal l  t h a t  6^1 , 5^1,  e t c .  can be n e g l e c t e d  in  

comparison w i th  6^1 .

With t h i s  c h o ice  o f  , [ l . b . 4 9 ]  and [ l . b . 6 0 ]  can be w r i t t e n .

by add ing  and s u b t r a c t i n g  a t e rm ,  in  t h e  form

bb
6^1 = g(x^)C (x)dx + [g (x ) -g C x ^) ]C ^ (x )d x  - - h ( t )  -h (x)

t - x

X +e o
a a

= gCx^)B' U’̂ (0)d0  + R

= gCx^jgZ e 
where

U^(0)d0 + R ,

X +6 O
- 1 X +E  

O

R =

X -eo •

and

[gCx)-g(x^) ]C(x)

+ 1

■ M 3 ^ ) c ( t ) d t } c ( x ) d x  .

i n  case  I and case I I [ l . b . 5 8 ]

6^1 = g ( x ^ ) e  ju^CQjde + R ,
where

R =

- 1X +£ X +£
O O

[ g ( x ) - g ( x ^ ) ] ^ ( x ) ' h ( t )  -h (x ) +7TB(t,x)
X -£ X -£o o

t - x

in  ca s e  I I I

5 [x )dx  .

[ l . b . 5 9 ]

With t h i s  ch o ic e  o f  t h e  v a l u e  o f  ^Cx),  assuming t h a t  t h e  u p p e r  bound 

o f  B ( t , x )  i s  A3 and u s i n g  t h e  i n e q u a l i t i e s  [ l . b . 5 4 ] ,  we can w r i t e  t h e

+ 1 +1upper  bound o f  R as f o l l o w s :

| e l  U^(0 ) d 6 + A2S^e | * - e |  U(8 )U (* )d 8d*
- 1  -1

(   ̂ case I I  , [ I . b . 6 0 ]



18

and

+ 1

| e |  ^U^(0)d0+A23^e^'^^^ |(j)-0| ^ U(8)UC*)d0d*

- 1  - 1

+ 1 +1
y2 ~l

- 1
+ 1 +1

2^2 U(8)UC*)ded4 

- 1  - 1

i n  case  I I I [ l . b . 6 1 ]

We th e n  o b t a i n

l im
E-»0 R = o [ l . b . 6 2 ]

hence  from [ l . b . 5 8 ]  and [ l . b . 5 9 ]  a n e c e s s a r y  c o n d i t i o n  f o r  m in im iz ing ,  

[ l . b . l 8 ] ,  r e d u c e s  t o

gCXg) > o , [ l . b . 6 3 ]

f o r  ev e ry  x ^ e  ( a , b )  , t h i s  im p l i e s  from [ l . b . 5 2 ]  t h a t

A^7r^ f^ ^ [u (x )  ,v (x )  ,x ]  > o ,

i n  case I ;

gCx) = <

f ^ ^ [ u ( x )  ,v (x ]  ,x ]  + 2v f ^ ^ [ u ( x )  ,v (x )  ,x ]  +

f  C l + v ^ ) f ^ [ u ( x ]  ,v (x )  ,x ]  > 0 ,

i n  case  I I  ;

+ n2 f y y [ u ( x ) , v ( x ) , x ]  > o ,

i n  case  I I I  ,

[ I . b . 6 4 ]
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This  c o n d i t i o n  i s  ana logous  t o  t h e  Legendre c o n d i t i o n  i n  t h e  c l a s s i c a l  

t h e o r y  o f  t h e  v a r i a t i o n a l  c a l c u l u s .

E q u a t io n  [ l . b . 6 4 ]  i s  a n e c e s s a r y  c o n d i t i o n  t o  be s a t i s f i e d  by a 

m i n im iz in g  f u n c t i o n .  I t  may a l s o  be n o t e d ,  by ana logy  w i th  o t h e r  

c l a s s i c a l  v a r i a t i o n a l  p ro b lem s  [ s e e ,  e . g . , C ou ran t ,  R. and H i l b e r t ,  D.

( 9 ) ,  C h a p te r  IV],  t h a t  t h e  s t r i c t  i n e q u a l i t y  [ l . b . 6 4  ] i s  n o t  a 

s u f f i c i e n t  c o n d i t i o n  f o r  a minimum.

To f i n d  a s u f f i c i e n t  c o n d i t i o n  we expand I[u(x;)+e^CJx)] by T a y l o r ’s 

theorem w i th  a r e m a in d e r  a f t e r  two t e r m s .

Thus,

I [u(x)  +cC(x)]  = I [u(x)  ] r e ô l  [uCx) , Ç (x) ] -I [u(x)+E#S ( x ) , Ç (xj  ]

(0 < (j) < 1) » [ l . b . 6 5 ]

I f  uCx) i s  an e x t r e m a l  f u n c t i o n ,  i . e . ,

6 I [ u ( x ) ( x ) ] = 0 , [ l . b . 6 6 ]

th e n
2

I [ u ( x ] + e C ( x ) ] - I [ u ( x ) ]  = y j -  6^ I [ u ( x) + e4>̂ Cx) , ^ ( x) ]  (0 < <t> < 1) [ l . b . 6 7 ]

Now suppose  t h a t  i n e q u a l i t y  [ l . b . 1 8 ]  h o ld s  n o t  j u s t  f o r  t h e  e x t r e m a l  u ( x ) ,  

b u t  f o r  a l l  a d m i s s i b l e  f u n c t i o n s .

Then we may s e t

E = 1 [ l . b . 6 8 ]

i n  t h e  above e q u a t i o n ,  [ l . b . 6 7 ]  t o  g iv e  t h e  c o n d i t i o n

I [ u ( x ) + C ( x ) ] - I [ u ( x ) ]  = j  ô^I[u(x)+(J)Ç(x] , C ( x ) ]  > 0  (0 < * < 1) [ l . b . 6 9 ]

which i s  s u f f i c i e n t  t o  show t h a t  t h e  e x t r e m a l  u (x )  a c t u a l l y  m in im ize  I .

Based on t h e  f o r e g o i n g  argument  [ s e e ,  e .g , ,W u ,T .Y  and IVhitney,  A.K. 

( 7 0 ) ] ,  a s u f f i c i e n t  c o n d i t i o n  f o r  a minimum i s  t h a t  t h e  q u a d r a t i c  form,  

i n  €(x]  and nCx] i n  t h e  i n t e g r a l  r e p r e s e n t a t i o n  [ l , b . l 6 ]  o f  6^1 be
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p o s i t i v e  d e f i n i t e  f o r  a l l  a d m i s s i b l e  u (x )  and Ç(x) [and hence  a l l  

a d m i s s i b l e  v and n by [ l . b . l ]  and [ l . b . l 2 ] ] ,  t h a t  i s

f ^ ^ [ u ( x ) , v ( x ) , x ]  > 0  (a<x<b) , [ l . b . 7 S ]

and

^ u u [ ^ ^ x ) , v C x ) , x ] . f y y [ u ( x ) , v ( x ) , x ] > ( f ^ ^ [ u ( x ) , v ( x ) , x ] ) 2  C a < x < b } , [ l .b .7 1 ]

f o r  a l l  a d m i s s i b l e  u (x )  and v (x )  .

T h i s  s im p le  b u t  rough s u f f i c i e n t  c r i t e r i o n  i s  a  more r e s t r i c t i v e  

i n e q u a l i t y  t h a n  [ l . b . 6 4 ] .

I . e .  INTEGRANDS f ^ [ u ( x ) , v ( x ) , x ] , s = 0 , 1 , . . . , r  ARE SECOND DEGREE IN 

u , AND V ; THE FREDHOLM INTEGRAL EQUATION.

We now s o lv e  t h e  p rob lem o f  t h e  p r e v i o u s  s e c t i o n  namely

b

v (x ]  = E (x )+vu(x ]  I  = D ^ [ u ( t ] ]  , a<x<b ; [ l . c . l ]

a

when I [ u ( x ) , v ( x ] , x ]  i n  [ l . b . 7 ]  i s  a  f u n c t i o n  o f  second  d e g r e e ,  o r  

when [ l . b . 8 ]  i s  o f  second  d e g re e  i n  u (x )  and v(.x] .

In  t h i s  case  t h e  i n t e g r a l  [ l . b . 2 1 . b ]  i s  l i n e a r  i n  u (x )  and v(x )  .

I t  i s  i n s t r u c t i v e  t o  i n v e s t i g a t e  t h i s  c a s e  f i r s t ,  s i n c e  t h e  sys tem 

o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  [ l . c . l ]  and [ l . b . 2 1 . b ]  can t h e n  be 

red u ce d  t o  a s i n g l e  Fredholm i n t e g r a l  e q u a t i o n  o f  t h e  second  k i n d ,  o r ,  

i n  c e r t a i n  s p e c i a l  c a s e s ,  t h e  method o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  can 

be employed t o  o b t a i n  an a n a l y t i c a l  s o l u t i o n  i n  a c l o s e d  form.

. F o l lo w in g  Wu, T.Y. and Whi tney,  A.K. ( 7 0 ) ,  l e t  t h e  f u n c t i o n s  

f ^ [ u ( x ) , v ( x ) , x ]  and f ^ [ u ( x ) , v ( x ) , x ]  i n  [ l . b . 8 ]  be g iv e n  by

and

fçj[u(x) , v (x )  ,x ]  = A^u ^ ( x ) + 2 B ^ u ( x ) v ( x ) + C ^ v 2 ( x ) + 2 P ^ u (x ) + 2 Q ^ v ( x ) , [ I . e . 2 ]

f g [u ( x ) , v (x ) , x ]  = A^u2(x)+2BgU(x)v(x)+CgV2(x)+2P^u(x)+2QgV(x)

( s = 1 , 2 , . . . , r ) ; [ I . e . 3]
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t h e  c o e f f i c i e n t s  A , B , C a r e  known f u n c t i o n s  o f  x ,o o o r

assumed t o  be H o ld e r  c o n t in u o u s  [w i th  in d e x  y ,0 < y < l ]  on ( a , b )  .

Then t h e  f u n c t i o n  f [ u ( x ) , v (x )  ,x ]  i n  [ l . b . 8 ]  becomes ^

f [ u ( x ) , v ( x ) , x ]  = Au ^Cx ) + 2 B u Cx ) v ( x ) + C v ^ ( x ) + 2 P u (x ) + 2 Q v ( x ) , [ I . e . 4 ]

where

r
A(x) = A (x) - y X A (x) , e t c .  [ I . e . 5]

The i n t e g r a l  e q u a t i o n  [ l . b . 2 1 . b ]  now r e a d s

[ A ( x ) + v B ( x ) ] u ( x )  + [ B  C x ) + v C ( x ) ] v ( x )  + [ P ( x ) + v q ( x ) ]  =  

b
= B( t ) u ( t ^ q t ) v ( t > Q (.t l  (a<x<b) . [ I . e . 6]

a

The n e c e s s a r y  c o n d i t i o n  [ l . b . 6 4 . b ]  f o r  m in im iz in g ,  o b t a i n e d  from 

c o n s i d e r a t i o n  o f  t h e  second v a r i a t i o n ,  becomes

A(x) + 2vB(x) + Cl+v2)CCx) > 0 [ I . e . 7]

which can be checked  o n ly  when X% ,X2 , . . . , X ^  i n  [ I . e . 5] a r e  d e t e r m in e d .

The c oup led  i n t e g r a l  e q u a t i o n s  [ l . b . 6 ]  and [ l . c . 6 ]  can be  r e d u c e d ,  u nde r

c e r t a i n  a s s u m p t i o n s ,  t o  a Fredholm i n t e g r a l  e q u a t i o n  o f  t h e  second  k i n d ,

w i th  a r e g u l a r  symmetr ic  k e r n e l .

The r e q u i r e d  a s s u m p t io n s  a r e  t h a t  t h e  c o e f f i c i e n t s  A , B , . . . , Q  as

w e l l  as  s o l u t i o n  u C x ) , v ( x ) ,  a r e  H o ld e r  c o n t in u o u s  on ( a , b ) .

In f a c t ,  e l i m i n a t i n g  v between [ l . c . 6 ]  and [ l . c . l ]  y i e l d s

b

[ A ( x ) + v B Ç x } ] u ( x > [ B ( x ) + v C ( x )  ] j ^ E ( x ) + v u C x )  + ^  I  j  +  [ P ( x ) + v Q C x ) ]  =

a

i f  B£t j u ( t ) d t  ^ 1 f C M d t  [ E M + v u M + l f  H C Z l d z ] . . ! /  [1 .C .8 ]
TT J t - x  TT J t - x  L ^ J y - t  J  TT J t -X  ■'

a ' a  a  a

We i n t e r c h a n g e  th e  o r d e r  .o f  . i n t e g r a t i o n  i n  t h e  s econd  te rm on

t h e  r i g h t - h a n d  s i d e  o f  [ I . e . 8] and th e n  we o b t a i n
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D

[A(x)-»-2vB(x)+v^C(x) ] u ( t )  ■‘■“ I  u ( t ) d t  + [B(x)+vC(x)]E(x) h

D D

[P (x)+vQ (x)]  - i  j  d t  = - CCx)u(x) + u ( y ) d y  |

b
c e t )  d t  

( t - x ) ( y - t )  
a

(a<x<b) ,  [ 1 . C . 9 ]

w here ,  u s e  has  been  made o f  t h e  P o i n c a r e - B e r t r a n d  fo rmula  [ l . b . 3 5 ]  [ s e e , e . g . ,

M u s k h e l i s h v i l i , N . I .  (4 5 ) ] .

Tlius,  [ I . e . 9] r e d u c e s  t o

b

a ( x ) u ( x )  + K ( t , x ) u ( t ) d t  = \|;(x) , a<x<b , [ I . e . 10]

where

ct(x) = A(x)+2vB(x) + ( l+ v^)C (x )  , [ I . e . 11]

K ( t , x )  = ~ i i f - - [ I . e . 12]

w i th

u

B ( t , x )  = [ B ( x ) + v C ( x ) ] - [ B ( t ) + v C ( t ) ]  + I  C(y)dy , [ I . e . 13]

a
b

if;(x) = -  E(x) [B(x) +vC(x)] -  [P(x) +vQ(x) ] + j  ^ ' [ I . e . 14]

a

T h is  i s  a Fredholm i n t e g r a l  e q u a t i o n  o f  t h e  second k i n d ,  w i t h  a r e g u l a r  

sym m etr ic  k e r n e l ,  f o r  which a w e l l  d e v e lo p ed  t h e o r y  i s  a v a i l a b l e ;  and  

C(x) and u (x )  a r e  H o ld e r  c o n t in u o u s  on ( a , b ) .

The f u n c t i o n  B ( t , x )  v a n i s h  a t  t=x

3 ( t , t )  = 0 , [ I . e . 15]

and a ( x ) ,  3 ( t , x )  and  ip(x) w i l l ,  i n  g e n e r a l  c o n t a i n  unknown Lagrange

m u l t i p l i e r s .

I d e a l l y ,  t h e  i n t e g r a l  e q u a t i o n  can be s o l v e d  f i r s t  f o r  a r b i t r a r y  v a l u e s  

o f  Xi, X2 , . . . , X ^  which can th e n  be d e t e rm in e d  by t h e  r  c o n s t r a i n t s
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[ i . b . 3 ] .  F i n a l l y ,  c o n d i t i o n  [ I . e . 7] s h o u ld  be checked .

ANALYTICAL SOLUTION BY THE METHOD OF SINGULAR INTEGRAL EQUATIONS

In t h e  g e n e r a l  ca s e  when t h e  c o e f f i c i e n t s  A,B, and C a r e  a r b i t r a r y  

f u n c t i o n  o f  x , t h e  s o l u t i o n  o f  t h e  sys tem o f  s i n g u l a r  i n t e g r a l  

e q u a t i o n s  [ l . c . l ] ,  [ l . c . 6 ]  canno t  be found i n  c l o s e d  form ( f o r  a  g e n e r a l  

d i s c u s s i o n ,  see  M u s k h e l i s h v i l i  , p a r t  IV, (.45) f o r  f u r t h e r  d i s c u s s i o n  

o f  s p e c i a l  c a s e s ,  s ee  P e t e r s ,  A .S . (50) and Gakhov, F.D. ( 2 3 ) ) .

However, when t h e  c o e f f i c i e n t s *  A,B,C s a t i s f y  c e r t a i n  c o n d i t i o n s ,  

t h e  sys tem o f  e q u a t i o n s  [ l . c . l ]  and [ l . c . 6 ]  can be r e d u c e d  i n  s u c c e s s i o n  

t o  a s i n g l e  i n t e g r a l  e q u a t i o n  o f  t h e  Carleman t y p e ,  which can .be s o lved  in  

t u r n  by known methods ,  y i e l d i n g  t h e  f i n a l  s o l u t i o n  i n  c l o s e d  form.

These a n a l y t i c a l  s o l u t i o n s  a r e  o f  g r e a t  i n t e r e s t ,  s i n c e  i n  t h e i r  

c o n s t r u c t i o n  t h e r e  a r e  d e f i n i t e  d e g re e s  o f  freedom f o r  c h o o s in g  th e  

s t r e n g t h  o f  t h e  s i n g u l a r i t y  o f  t h e  s o l u t i o n  u (x )  a t  t h e  end p o i n t s  

x=a and x=b .

With t h e s e  p o s s i b i l i t i e s ,  t h e  s i n g u l a r  b e h a v i o u r  o f  u (x )  and v(x)  

n e a r  x=a and x=b can be e x p l i c i t l y  a n a l y s e d .

Tlie f o l l o w i n g  a r e  s e v e r a l  c a s e s  o f  f a i r l y  g e n e r a l  i n t e r e s t .

Case I A,B,C c o n s t a n t s

M u l t i p l y i n g  [ l . c . l ]  by n and a dd ing  i t  t o  [ l . c . 6 ] ,  we o b t a i n

b b
Q ( t ) d t[A+vB-nv]u(x) + [B+vC+n] v (x )  = ~  |  d t  + ^  < t - x  

a

-  [P(x)+vQ(x)]+nE(x) (a<x<b) . [ I . e . 16]

We now choose n so t h a t

A+vB-n V B+vC+n
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and l e t  n ^ ( s = l , 2 )  be t h e  two s o l u t i o n s  o f  t h e  q u a d r a t i c

hence

n i  =■• - (B+vC) + /2BvC+v^C^+AC 

tl2 = - (B+vC) - v^2BvC+v^C^+AC

We d e f i n e  k ^ ( s = l , 2 )  as  f o l l o w s

k  =  ±  1  /v^C^+2vCB+AC
S L  L

(a)

( b ) .

( s = l , 2 )

hence

ki=  -  k2 = /7^C^+2vCB+AC

Using [ I . e . 17] we can w r i t e  [ I . e . 16] i n  t h e  form

(B+n ) u ( t ) + C v ( t )1 f ID+n JUL1
k { (B+n )u(x)+CvCx) } = -  f  ----------—■

S  S TT J t -
d t . i l  f i W d t .

TT J t - x

a

- [P(x)+vQ(x)]+n^E(x)  ( s = l , 2 )

S u b s t i t u t i n g  [ l . c * 1 8 ]  and [ I . e . 20] i n  [ I . e . 21] we o b t a i n

b
( t ) d t  _ , . , . \/ v ^ C ^ + 2 v C B + A C  (j>i ( x )  = ^  I  + 0 ^  ( x ) (a)

where

u

/ v ^ C ^ + 2v C B + A C  ({>2(x)  = -  ^  I  ^  0 2 ( x )  ( b )  ^
a

b

e i ( x ) = | < ;  -  C [ P ( x ] . v Q ( x ) ] - C E ( x )  ( B . v C ) t
a

+ C E ( x )  / 2B v C + v ^ C ^ + A C  ( a )

b

0 2 ( x )  = -  f  I  + C [ P C x )  + v Q ( x )  ] + C E ( x )  ( B + v C ) r
a

+ CE ( x )  i^2B v C + v ^ C ^ + A C  ( b ) ’ J

[ I . e . 18]

[ I . e . 19]

[ I . e . 2 0 ]

[ I . e . 2 1 ]

[ I . e . 2 2 ]

[ I . e . 23]

and
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# l ( x )  = [ -v C + /2BvC+v‘̂ C^+AC]u(x) +Cv(x) (a )

*2(%) = [-vC-/2BvC+v^C^+AC]u(x)+Cv(x) (b)
[ I . e . 24]

Now, e q u a t i o n s  i n  [ I . e . 22] a r e  a  s i n g u l a r  i n t e g r a l  e q u a t i o n  o f  t h e  

Carleman t y p e ,  t h e  g e n e r a l  s o l u t i o n s  o f  which can be  found .

With #gCx) ( s = l , 2 )  so d e t e rm in e d ,  u (x )  and v(x)  can be s o l v e d .

Case I I  A = 0 , B = c o n s t ,  and C = c o n s t .

Th is  i s  s p e c i a l  l i m i t  o f  Case I , and t h e  g e n e r a l  s o l u t i o n  can be  

d e r i v e d  by p u t t i n g  A=0 i n  Case I .

Case I I I  A = c o n s t .  , B = c o n s t .  and C = 0

T h is  i s  a n o t h e r  s p e c i a l  l i m i t  o f  Case I .

The c o r r e s p o n d in g  s o l u t i o n  can  be d e r i v e d  from [ I . e . 16] i n  t h e  form

b

[ I . e . 25]
L.—JV I

a

Case IV A,B,C f u n c t i o n s  o f  x .

D

We s o l v e  e q u a t i o n  [ l . c . 6 ]  b y a s p e c i a l  c h o i c e  o f  B(x)

BjCx) = [ A (x ] .C (x ] ]  

B2 (x) = - [A(x).C(x]]

(a )

(b)
[ 1 . C.26]

S u b s t i t u t i n g  [ l ^ c . 26] i n  [ l . c . 6 ]  we o b t a i n

[ A : ( x ) + v C ^ ( x ) ] * i ( x ) = l  j  .  6 ( x )  Ca)

a
b 1

[A^(x )-v C^(x ]]<|i2(x ) = - (b) .

[ I . e . 27]

where

and

e (x ) Q ( t ) d t
t - x -  [P (x )+ v Q (x ) ]

<t»i(x) = A^(x)u(x)+C^ ( x )v (x )  (a)

.  J(f>zM = A (x ) u ( x ) - C  (x )v (x ) (b)

[ I . e . 28]

[ I . e . 29]
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Now, [ I . e . 27] i s  a  s i n g u l a r  i n t e g r a l  e q u a t i o n  o f  t h e  Carleman

t y p e ,  t h e  g e n e r a l  s o l u t i o n  o f  which can be found.

With ( s= l  , 2 )  so d e t e rm in e d ,  u (x )  can be s o l v e d  i n

s u c c e s s i o n  by s u b s t i t u t i n g  [ l . c . l ]  i n  [ I . e . 2 9 ] ,  g iv i n g

1 'b

[A (x)+vC ( x ) ] u ( x )  + C Cx) f U ( t ) d t  ^

IT j  t - ;
= (j)i - E (x )C " (x )  (a)

a [ I . e . 30]

[ A ^ (x ) -v C ^ (x ) ]u (x )  -
TT

u ( t ) d t
t - x = *2 + E(x)c (x) (b) ,

which i s  a g a i n  a s i n g u l a r  i n t e g r a l  e q u a t i o n  o f  t h e  Carleman t y p e ,  and t h e  

g e n e r a l  s o l u t i o n  i s  known.

Case V A = 0 , B and C f u n c t i o n s  o f  x .

T h i s  i s  s p e c i a l  l i m i t  o f  Case IV, and t h e  g e n e r a l  s o l u t i o n  we can

d e r i v e  i s  by p u t t i n g  A = 0 i n  Case IV .

Case VI A f u n c t i o n  o f  x ,. B = c o n s t ,  and C = 0

T h i s  i s  a n o t h e r  s p e c i a l  l i m i t  o f  Case IV.

The c o r r e s p o n d in g  s o l u t i o n  can be deduced from [ I . e . 10] i n  t h e  form

b
[ I . e . 31]

L - A  I

a

D

"(X) = A C x A v l i  {-BE( x )-[P(x ).v Q(x )] . f



PART I I

THE OPTIMUM SHAPE OF CAVITATING 

AND NON - CAVITATING HYDROFOIL
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INTRODUCTION

There  i s  an e x t e n s i v e  1i t e r a t i v e  co n n e c te d  w i t h  c a v i t y  t y p e  f low

[s e e ,  e . g . ,  D a v i e s , T . V . ( 1 3 ) , ( 1 4 ) ,  G e u r s t , J . A . ( 2 4 ) , ( 2 5 ) , ( 2 6 ) ,  G i l b e r g , G .

( 2 7 ) , ( 2 8 ) ,  (29 ) ,  P a r k i n , B . R . ( 4 6 ) , ( 4 7 ) , ( 4 8 ) , ( 4 9 ) ,  T u l i n , M . P . ( 6 2 ) , ( 6 3 ) ,

Wu,T.Y.( 7 6 ) , ( 7 8 ) ]  b u t  two p a p e r s  which a r e  most  r e l e v a n t  t o  t h e  p r e s e n t

P a r t  I I  a r e  t h o s e  t o  D a v i e s , T . V . (13) and Wu,T.Y. & Whi tney ,  A . K . ( 7 0 ) .

The p u rp o s e  o f  t h i s  work i s  t o  e v a l u a t e  t h e  optimum shape  o f  a  two-

d im e n s io n a l  h y d r o f o i l  o f  g iv e n  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e

which p ro d u c e s  .^ 'minimum drag^ -  . ,r f u l l  \
The p rob lem i s  d i s c u s s e d  in  t h r e e  c a s e s  when t h e r e  i s  a ( p a r t i a l ;

'‘Z e r o  /
c a v i t y  f low p a s t  a  t h i n  h y d r o f o i l .

The l i q u i d  f low i s  assumed t o  be tw o -d im e n s io n a l  s t e a d y ,  i r r o t a -

t i o n a l ,  i n c o m p r e s s i b l e  and a l i n e a r i z e d  t h e o r y  i s  assumed.

A tw o -d im e n s io n a l  v o r t e x  and s o u rc e  d i s t r i b u t i o n s  a r e  u s e d  t o  s imu-
( f u l l

c a v i t y  f low p a s t  h y d r o f o i l .l a t e  t h e  tw o -d im e n s io n a l  [ p a r t i a l
^zero

Th is  method l e a d s  t o  a sys tem o f  i n t e g r a l  e q u a t i o n s  and  t h e s e  a r e

s o lv e d  e x a c t l y  u s i n g  t h e  C a r l e m a n - M u s k h e l i s h v i l i  t e c h n i q u e .

T h i s  method i s  s i m i l a r  t o  t h a t  u sed  by D a v i e s , T . V . ( 1 3 ) ,  ( 1 4 ) .

A s i n g u l a r  i n t e g r a l  e q u a t i o n  f o r m u l a t i o n  o f  t h e  boundary  v a l u e  p rob lem

i s  o b t a i n e d  and can be s o l v e d  t o  y i e l d  e x p r e s s i o n s f o r  t h e  l i f t  and d rag  as

f u n c t i o n s  o f  vo r tex^  and s o u rc e  s t r e n g t h , a n d  h y d r o f o i l  s l o p e .

We use  a v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e  t o  o b t a i n  t h e  optimum shape  o f

th e  h y d r o f o i l  i n  o r d e r  t o  t h e  c o e f f i c i e n t  s u b j e c t  t o'‘minimize' '  '‘drag-'

c o n s t r a i n t s  on c u r v a t u r e  and g iv e n  l e n g t h .  The m a th e m a t i c a l  p ro b lem  i s

t h a t  o f  e x t r e m i z i n g  a f u n c t i o n a l  depending  on ^  v o r t e x  s t r e n g t h ^  and z
^ ^ ^ '-y s o u r c e  s t r e n g t h '

( th e  h y d r o f o i l  s l o p e )  when t h e s e  two f u n c t i o n s  a r e  r e l a t e d  by a s i n g u l a r  

i n t e g r a l  e q u a t i o n .  I t  w i l l  be shown t h a t  t h e  f i r s t  v a r i a t i o n  o f  t h e  

f u n c t i o n a l  y i e l d  a s e t  o f  d u a l ,  n o n - l i n e a r ,  s i n g u l a r  i n t e g r a l  e q u a t i o n s .
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The a n a l y t i c a l  s o l u t i o n  f o r  t h e  unknown shape z and t h e  unknown 

s i n g u l a r i t y  d i s t r i b u t i o n  Q )  has  b r a n c h - t y p e  s i n g u l a r i t i e s  a t  t h e  two ends

and zCx;Xi ,X 2) when d e t e r m in e d

o f  t h e  h y d r o f o i l .
p ' ( x ; X i , X 2 ) |

The e x t r e m a l  s o l u t i o n s , ( . . . .'  \y (x;Xi,X2)^

w i l l  i n v o l v e  two Lagrange  m u l t i p l i e r s  c o n s t a n t s  Xi,X% which can be  d e t e r -
p r (x ;X i ,X 2 ) ]

mined by s u b s t i t u t i n g  t h e  e x t r e m a l  s o l u t i o n  ^ ̂ ! and z ( x ; X i , X 2)

i n  t h e  c o n s t r a i n t s .

A n a l y t i c a l  s o l u t i o n  by s i n g u l a r  i n t e g r a l  e q u a t i o n s  i s  d i s c u s s e d ,  and  

R a y l e i g h - R i t z  methods a r e  d i s c u s s e d .

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be a minimum i s  d e r i v e d  

from c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n .
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I I .  THE OPTIMUM SHAPE OF HYDROFOIL WITH NO CAVITATION

INTRODUCTION

The p u rp o s e  o f  t h i s  problem i s  t o  e v a l u a t e  t h e  optimum shape  o f  a 

tw o -d im e n s io n a l  h y d r o f o i l  o f  g iv e n  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e  

which p ro d u c e s  minimum d rag .

The h y d r o f o i l  as  i n  t h e  accompanying d iagra m ( F i g . 1) i s  p l a c e d  i n  a 

un i fo rm  flow o f  an i n c o m p r e s s i b l e  n o n -v is co i l s  l i q u i d  f i l l i n g  an i n f i n i t e  

s p a c e .  The l i q u i d  f low i s  t a k e n  t o  be tw o -d im e n s io n a l  i r r o t a t i o n a l ,  

s t e a d y ,  and a l i n e a r i z e d  t h e o r y  i s  assumed.

A tw o -d im e n s io n a l  v o r t e x  d i s t r i b u t i o n  o v e r  t h e  h y d r o f o i l  i s  u s e d  t o  

s i m u l a t e  t h e  tw o -d im e n s io n a l  ze ro  c a v i t y  f low p a s t  t h e  h y d r o f o i l .

Th is  method l e a d s  t o  a sys tem o f  i n t e g r a l  e q u a t i o n s  and t h e s e  a r e  

s o lv e d  e x a c t l y  u s i n g  t h e  C a r l e m a n - M u s k h e l i s h v i l i  t e c h n i q u e .

Th is  method i s  s i m i l a r  t o  t h a t  u sed  by D av ie s ,T .V .  ( 1 3 ) , ( 1 4 ) .

We u s e  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  t o  o b t a i n  t h e  optimum shape  

o f  t h e  h y d r o f o i l  i n  o r d e r  t o  min imize t h e  d r a g  c o e f f i c i e n t  s u b j e c t  t o  

c o n s t r a i n t s  on c u r v a t u r e  and g iv e n  l e n g t h .  The m a th e m a t i c a l  p rob lem

i s  t h a t  o f  e x t r e m i z i n g  a f u n c t i o n a l  depending  on y ( t h e  v o r t e x  s t r e n g t h )

and z ( t h e  h y d r o f o i l  s l o p e )  when t h e s e  two f u n c t i o n s  a r e  r e l a t e d  by a 

s i n g u l a r  i n t e g r a l  e q u a t i o n .

The a n a l y t i c a l  s o l u t i o n  f o r  t h e  unknown shape z and t h e  unknown 

s i n g u l a r i t y  d i s t r i b u t i o n  y has  b r a n c h - t y p e  s i n g u l a r i t i e s  a t  t h e  two 

ends o f  t h e  h y d r o f o i l .

The e x t r e m a l  s o l u t i o n s  y ( x ; X j , X 2 ) and z(x;Xi,X%) when d e t e r m in e d  

w i l l  i n v o l v e  two Lagrange  m u l t i p l i e r s  c o n s t a n t s  Xp,X2 which can be 

d e t e r m in e d ,  by s u b s t i t u t i n g  t h e  e x t r e m a l  s o l u t i o n s  y ( x ; X j , X 2) and

z ( x ; X i , X 2 ) i n  t h e  c o n s t r a i n t s .

A n a l y t i c a l  s o l u t i o n  b y . a  s i n g u l a r  i n t e g r a l  e q u a t io n  and R a y l e i g h -  

R i t z .m e th o d  a r e  d i s c u s s e d .
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I l a  EXPRESSION OF THE PROBLEM IN INTEGRAL EQUATIONS FORM

U -beep*

y

0 x=a

F I G . 1 .

OA in  t h e  F ig u re  r e p r e s e n t s  a h y d r o f o i l  o f  a r b i t r a r y  s h ap e .

The prob lem w i l l  be  s o l v e d  on t h e  b a s i s  o f  l i n e a r i z e d  t h e o r y  and 

f o r  t h i s  pu rp o s e  we d i s t r i b u t e :  v o r t i c e s  o f  s t r e n g t h  yCx) p e r  u n i t  

l e n g t h  i n  o < x< a ( y > 0  c lo c k w ise ]  a l o n g  t h e  x - a x i s  t o  r e p l a c e  t h e  above 

p h y s i c a l  c o n f i g u r a t i o n ,  and y ( x )  b e i n g  an unknovm d i s t r i b u t i o n .

The v e l o c i t y  p o t e n t i a l  due t o  t h e  d i s t r i b u t i o n  o f  v o r t i c e s  i n  

0<x<a i s  g iv e n  by

a
_1

4 ( x , y )  = - j i f y ( s ] t a n  (o<x<a) , [ 2 . a . l ]

and t h e  c o r r e s p o n d in g  v e l o c i t y  i n  y - d i r e c t i o n  w i l l  be

a

V = - l i  = J _
a y  2 tt _

y ( s )  ( x - s ) d s  
(x -s ]2+y2 [ 2 . a . 2]

As y->0± we h a v e ,  f o r  a l l  x

l im  1
y->-0± ^ 2IT

Y ( s ) d s
x-s (o<x<a) [ 2 . a . 3]

The boundary  c o n d i t i o n  on t h e  h y d r o f o i l  i s
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z(x)  = , ( z ( x ) = y " ( x ) )  , (0<x<a) , [ 2 . a . 4]

where u , v  a r e  t h e  components o f  l i q u i d  v e l o c i t y  a lo n g  x , y  axes  

r e s p e c t i v e l y ,  U i s  u n i fo rm  s t r e a m  a t  i n f i n i t y ,  p a r a l l e l  t o  x - a x i s  and 

y^(x)  i s  th e  g r a d i e n t  o f  t h e  h y d r o f o i l  a t  p o s i t i o n  x .

The e q u a t i o n  [ 2 . a . 4]  i s  a p p ro x im a te d  i n  t h e  u s u a l  way t o

y  = Uz(x) (o<x<a) , [ 2 . a . 5]

hence a
_1_
2ir

~ s '̂~̂ ^ ' ~ (o<x<a) . [ 2 . a . 6]

o

The l i n e a r i z e d  form o f  B e r n o u l l i ’ s e q u a t i o n  w i l l  be

P=P^+pU(f)^ [ 2 . a .  7]

where P i s  t h e  p r e s s u r e ,  P^ t h e  p r e s s u r e  a t  i n f i n i t y  and p i s  

c o n s t a n t  d e n s i t y  o f  t h e  l i q u i d .

From [ 2 . a . l ]  we can w r i t e

l i  = J -
3x 2it

o

, [ 2 . a . 8 ](x-s)^+y"

t h e  l i m i t i n g  v a l u e  o f  as  y-K)± i s

(o<x<a) [ 2 . a . 9]

l i b  DETERMINATING THE GENERAL FORMULA FOR THE LIFT AND DRAG

Let  t h e  x -  and  y -  components o f  t h e  hydrodynamic  f o r c e s  a c t i n g  

on t h e  h y d r o f o i l  be d eno ted  by d rag  D and l i f t  L , t h e n  t h e  complex 

f o r c e s  a c t i n g  on a h y d r o f o i l  c a l c u l a t e d  w i t h i n  t h e  l i n e a r i z e d  t h e o r y  a r e  

g iv e n  by

a

D+iL = I  { P |y = o _ -P |y .o ^ } id Z  . [ 2 . b . I ]

0

Using  t h e  r e s u l t s  i n  [ 2 . a , 7] and [ 2 . a .  9 ] a s  y-K)+ t h r o u g h  p o s i t i v e
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v a l u e  we o b t a i n

P|  =P +pU (j)•y=0 + 00 y-K)+ X

= P ^ +  J  p U y ( x )  ,  ( Q < x < a )  [ 2 . b . 2 ]

Using t h e  r e s u l t s  i n  [ 2 . a , 7] and [ 2 . a . . 9 ]  a s  y-X)- t h r o u g h  n e g a t i v e  

v a l u e  we have

P| =P +pU (j)
' y = o -  «> y - H ) -  X

= P ^ -  J  p Uy ( x )  ,  ( o < x < a )  [ 2 . b . 3 ]

I t  f o l l o w s  t h a t  we can w r i t e  from [ 2 . b . l ] ,  [ 2 . b . 2 ]  and [ 2 . b . 3 ]  t h e

hydrodynamic  f o r c e s  a c t i n g  on t h e  h y d r o f o i l
a

°  a
= - pU I  Y(x)dx  (o<x<a)  ̂ [ 2 . b . 4 ]

o

and a

D = - I {P| -P |j 'y=o- 'y= 0 +
} d y

=  p u |  Y ( x ) y ^ ( x ) d x  ( o < x < a )  [ 2 . b . 5 ]

o

l i e  THE OPTIMUM SHAPE USING VARIATIONAL CALCULUS TECHNIQUES SO THAT 

THE DRAG IS A MINIMUM

We pose  t h e  p rob lem  o f  m in im iz ing  t h e  d r a g  c o e f f i c i e n t

* n
D =   , [2.  c.  1]

pU^

s u b j e c t  t o  a c o n s t r a i n t  on c u r v a t u r e  o f  t h e  form

a

K = I  z ' ^ ( x ' ) d x  , [ 2 . C . 2 ]

0

where K i s  p r e s c r i b e d ,  t o g e t h e r  w i th  a c o n s t r a i n t  on t h e  l e n g t h  o f  th e  

h y d r o f o i l  o f  t h e  form
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a

& =  j  / 1 + z ^ (x)dx  , [ 2 . C . 3 ]

0

where % i s  p r e s c r i b e d  and z (x )= y ' ' ( x ]  i s  t h e  g r a d i e n t  o f  t h e  h y d r o f o i l  

a t  p o s i t i o n  x .

The e x p r e s s i o n  f o r  t h e  d rag  D i s  g iv e n  by

a

D = pU y C x ) . z ( x ) d x  . . [ 2 . C . 4 ]

STATEMENT OF THE PROBLEM

The g e n e r a l  optimum prob lem c o n s i d e r e d  h e r e  may be s t a t e d  as  f o l l o w s :  

To f i n d  t h e  r e a l ,  e x t r e m a l  f u n c t i o n  y M  o f  a r e a l  v a r i a b l e ,  

r e q u i r e d  t o  be Holder  c o n t in u o u s  [ s e e ,  e . g . ,  T r i c o m i , F . G . (61] i n  t h e  r e g i o n  

0<x<a t o g e t h e r  w i th

a

2tt ^ = Uz(x) (o<x<a) , [ 2 . C . 5 ]

o

so t h a t  y ( x )  and z(x)  minim ize  t h e  now f u n c t i o n a l

a
*

I [ y ( x ) , z ( x ) , z " ( x ] , x ] = D  +XiA+X2k = F [ y ( x ) , z ( x ) , z " ( x ] , x ; X i , X 2 ]dx  , [ 2 . C . 6 ]

o

w i th  t h e  f u n c t i o n  F [ y ( x ) , z ( x ] , z ' ( x ] , x ]  g iv e n  by

F [ y ( x )  , z ( x ]  , z " ( x )  , x ; X i , X 2 ] = ^  z ( x ) y ( x )  + X i / Ï T z 2 - ^ + X 2 z " 2 ( x )  ,  [ 2 . C . 7 ]

where Y( x ) , z ( x ) a r e  r e l a t e d  by [ 2 . c . 5 ]  and Xi,X2 a r e  u n d e te rm in e d  Lagrange  

m u l t i p l i e r s .  We d e f i n e  an a d m i s s i b l e  f u n c t i o n  as  any f u n c t i o n  y ( x )  

which s a t i s f i e s  t h e  H o lde r  c o n d i t i o n  M  (y<l )  , t h e  c o n s t r a i n t s  [ 2 . C . 2 ]  

and [ 2 . C . 3 ] ,  and we d e f i n e  t h e  o p t i m a l  f u n c t i o n  as  an a d m i s s i b l e  f u n c t i o n  

which minimize  t h e  f u n c t i o n  I [ Y , z , z ^ , x ]  .

THE NECESSARY CONDITION OF OPTIMALITY

Let  y ( x ) , z ( x )  d e n o te  t h e  r e q u i r e d  o p t i m a l  v o r t e x  d i s t r i b u t i o n  

f u n c t i o n  and o p t im a l  h y d r o f o i l  s l o p e  f u n c t i o n  r e s p e c t i v e l y .
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A f u n c t i o n  Ç(x) w i l l  be c a l l e d  a d m i s s i b l e  v a r i a t i o n  i f ,  f o r  a l l

s u f f i c i e n t l y  sm a l l  p o s i t i v e  c o n s t a n t  c

Y i (x)=YCx)+eÇ(x) ,  ̂ [ 2 . C . 8 ]

i s  an a d m i s s i b l e  f u n c t i o n .

The v a r i a t i o n  i n  z (x)  which  c o r r e s p o n d s  t o  an a d m i s s i b l e  v a r i a t i o n  

n ( x ) ,  such  t h a t

z i  (x)=zCx)+en(x)  , [ 2 . C . 9 ]

i s  found from [ 2 . c . 5 ]

’ n (x) = - ^2ttU
C (s )d s   ̂ (o<x<a] • [ 2 . C . 1 0 ]

s - x
o ■

I f  Ç ( x )  i s  an a d m i s s i b l e  v a r i a t i o n ,  t h e n  I [ y+£Ç] i s  a  f u n c t i o n  o f  

e which has  an ex t reme v a l u e  when e=0 .

The v a r i a t i o n  o f  t h e  f u n c t i o n  I due t o  t h e  v a r i a t i o n  C(x) and 

n (x )  i s

a a

AI = j  F[Y+e^, z+en, z '+ c r i ^ ,x ]d x  - I  F [ y ,  z , z ' ' , x ] d x  • [ 2 . C . 1 1 ]

o o
For s u f f i c i e n t l y  sm a l l  e ,  ex p a n s io n  o f  t h e  above i n t e g r a n d  i n  T a y l o r ' s

s e r i e s  y i e l d s
2

AI = g6I + j y  6^1 + . . .  , [ 2 . C . 1 2 ]

where t h e  f i r s t  v a r i a t i o n  61 i s  d e f i n e d  by 

a

<51 [Y,S] =
0

i n  which t h e  s u b - i n d i c e s  den o te  p a r t i a l  d i f f e r e n t i a t i o n s ,  n i s  g iv e n  by 

[ 2 . C . 1 0 ]  . The v a r i a t i o n s  6 1 ,5^1 ,  . . .  depend on C(x] as  w e l l  as  

y (x ) .

We i n t e g r a t e  by p a r t s  t h e  e q u a t i o n  [ 2 . C . 1 3 ]  and i t  becomes 

a

61 =
J
0

^F (Y,z,z",x)+nF C y , z , z ' , x ) + t i ' F  ( y , z , z ^  , x]]dx , [ 2 . 0 . 1 3 ]Y z z

[C[x)Fy[Y,z,z",x)+n(x] ( F ^ ( y , z , z " , x )  - F^^(Y,z,z",x))]dx +

+ [n (x )F  . C y , z , z " , x ) ]  . [ 2 . C . 1 4 ]
o
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61 =

S u b s t i t u t i n g  from [ 2 . C . 1 0 ]  i n  [ 2 . C . 1 4 ]  we o b t a i n  

a a

< / ç ( x ) F ^ ( Y , z , z " , x )  + ( F ^ C y , z , z " , x )  F ^ . ( y , z , z " , x ] ) . | ^ -  ^  |

+ [ n ( x ] . F  . ( y , z , z " , x ) ]  . [ 2 . C . 1 S ]
o

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  t h e  r e p e a t e d  i n t e g r a l  [ 2 . c , 1 5 ]  

[ s e e ,  e . g . .  H a rd y ,G .H . ( 3 5 ) } and th e n  we o b ta in

61  = 5Cx >/f^(y ,z ,z ',x )
F ^ ( y , z , z ' , s ) - A f ^ / y , z , z' s )

S - X
ds ?  dx +

+ [ n ( x ) . F  , ( Y , z , z " , x ) ]  . [ 2 . C . 1 6 ]
^ o

For I [ y ,Ç] t o  be a minimum, we must have f o r  a l l  a d m i s s i b l e  f u n c t i o n  

C(x) ,

6 I[Y,C] = 0 . [ 2 . C . 1 7 ]

Now t h e  s t a t i o n a r y  c o n d i t i o n  [ 2 . C . 1 7 ]  must h o ld  f o r  a l l  a d m i s s i b l e

€(x) ; t h e r e  a r e  a number o f  d i f f e r e n t  c a s e s  t o  be c o n s i d e r e d  d e pend ing  on

t h e  end c o n d i t i o n s  a r e  as f o l l o w s :

n (0 )=0

n(0)=0

n (0 )^ o

n (0 )^ o

n (a )= 0

n ( a ) ^ 0

n (a )= 0

n ( a ) ^ 0

[ 2 . C . 1 8 ]

In a l l  c a s e s  i t  i s  n e c e s s a r y  t h a t

a

F ^ [ y , z , z , x ]  = -  2TTU

F z [ Y , z , z " , s ] - ^ ^ ^ F 2  . [ y , z , z " , s ]

s - x ds

(o<x<a) , [ 2 . C . 1 9 ]

and i f  n (x )  does  n o t  v a n i s h  a t  an end p o i n t  t h e n  i t  i s  n e c e s s a r y  t h a t  

9F s hou ld  v a n i s h  a t  t h a t  p o i n t ;  s i n c e

H ' =  2X2z ' ( x ) (o<x<a) , [ 2 . C . 2 0 ]
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i t  t h e n  f o l l o w s  t h a t  we must have

n ( 0 ) z " ( 0 )  = 0 n ( a ) z ^ ( a )  = 0 [ 2 . C . 2 1 ]

The boundary  c o n d i t i o n s  f o r  z (x)  a r e  c a l l e d  n a t u r a l  b ounda ry  

c o n d i t i o n s  [ s e e ,  e . g . ,  A r t h u r s , A . M . ( 3 ) ] .

We can w r i t e  from [ 2 . c . 7 ]  t h e  f i r s t  p a r t i a l  d e r i v a t i v e s  o f  t h e  f u n c t i o n  

F(y , z , z " , x ;Xi ,X2)

Fy [y , z , z " , x ] = u  zCx)

F - [ y , z , z ' , x] = i  y Cx)
 ̂ / l + z ^ ( x )  U

[ 2 . C . 2 2 ]

[ 2 . C . 2 3 ]

and i s  d e f i n e d  by [ 2 . C . 2 0 ]  .

S u b s t i t u t i n g  from [ 2 . c . 2 0 ] , [ 2 . c . 22] and [ 2 . c . 23] i n  [ 2 . c . 19] we 

o b t a i n

i  Y ( s ) - 2 X 2 z ' t s )
1 f L / l + z ^ ( s )  ^

ds

[ 2 . C . 2 4 ]
s - x

Th is  e q u a t i o n  which i s  a  n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  an 

ex t re m a l  I [ y ] , combines w i th  t h e  i n t e g r a l  e q u a t i o n ,  [ 2 . c . 5 ]  t o  g iv e  a 

p a i r  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s ,  which a r e  t o  be  s o l v e d  f o r  Y,z 

s u b j e c t  t o  a p p r o p r i a t e  c o n d i t i o n s  and t h e  c o n s t r a i n t s ,  [ 2 . c . 2] and [ 2 . c . 3 ] .

The te rm  z (x )  on t h e  l e f t - h a n d  s i d e  o f  [ 2 . c , 2 4 ]  c a n c e l s  w i t h  t h e  

second  te rm  on t h e  r i g h t - h a n d  s i d e  o f  [ 2 . C . 2 4 ] ,  from [ 2 . c . 5 ]  and [ 2 . c . 24]  

we o b t a i n

- -  2X 2 Z " ( s ) ' jd s  
V l  + z^ (s)_____________ -I

s - x

The g e n e r a l  s o l u t i o n  o f  [ 2 . C . 2 5 ]  i s

=  0 (o<x<a) . [ 2 . C . 2 5 ]

2X2Z"1;x) -  = = &
/ l + z ^ ( x )  / x ( a - x )

where C i s  an a r b i t r a r y  c o n s t a n t .

I t  can e a s i l y  be shown t h a t  X2 cannot  be z e ro .

(o<x<a) [ 2 . c . 26]
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Equa t ion  [ 2 . c .2 6 ]  i s  a n o n l i n e a r . d i f f e r e n t i a l  e a u a t i o n  -( ôr z(x)  .

We c o n s i d e r  t h e  s o l u t i o n  o f  [ 2 . C . 2 6 ]  f o r  t h e  s l o p e  z (x)  o n l y  i n  

t h e  case  o f  sm a l l  s l o p e ,  and we app rox im a te  t o  [ 2 . c . 2 6 ]  as  f o l l o w s :

2X2z " W - X i z ( x) = ■ (0<x<a) ; [ 2 . C . 2 7 ]
/ x ( a - x )

t h i s  i s  c o n s i s t e n t  w i th  t h e  l i n e a r i z e d  a s sum pt ion  on which we b a s e  t h e  

whole t h e o r y .

l i d  A SUFFICIENT CONDITION FOR THE EXTREMUM TO BE A MINIMUM

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum o f  I t o  be a  minimum i s

d e r i v e d  from c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n  o f  I .

S ince

6 1 [ y , z , z " , x ]  = 0 , [ 2 . d . l ]

t h e  c o n d i t i o n  f o r  I t o  be a minimum r e q u i r e s

6^1 [y , z ,  z ^ ,x ]  0 , [ 2 . d . 2 ]

f o r  a l l  a d m is s i b l e  v a r i a t i o n s  ^(x)  and n(x)  c o n s i s t e n t  w i th  [2 . 0 . 10 ] .

The s o l u t i o n  o f  [ 2 . C . 1 0 ]  s a t i s f y i n g  th e  K u t ta  c o n d i t i o n  C(a)=o i s

- fÆ  I/Â
o

Since z has  been p r e s c r i b e d  a t  x=o and x=a in  [ 2 . c . 5 ]  i t  f o l l o w s  t h a t  

the  v a r i a t i o n  q w i l l  s a t i s f y  th e  c o n d i t i o n s

n(0)  = 0 , n ( a )  = 0 , [ 2 . d . 4 ]

Til en ,  u s i n g  T a y l o r ' s  theo rem  w i th  r e m a in d e r ,  we w r i t e  t h e  in c re m e n t  o f  t h e  

f u n c t i o n a l  I [ y , z , z ^ , x ]  as

F^CYj Zj Z ' x) -I [ Y + e C , z + G n , z " + c n " , x ] - I [ Y , z , z " , x ]  = e |  ^ C ( x ) F ^ ( y , z ,  z " , x ) + n ( x )

-  A P z ' ( Y , z , z ' , x ) dx + {ç2(x)F^^+ti2(x)F^^+n'2 Cx)F^.>2C(x;in(x)F^^+

+  2 Ç ( x ) n " ( x ) F ^ ^ ^ + 2 r ) i ( x ) n " ( x ) F ^ ^ i d x  + 0 ( e 3 )  C o < x < a )  . [ 2 . d . 5 ]
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Denot ing t h e  c o e f f i c i e n t  e by 61 and t h a t  by 6^1 , and a t

a s t a t i o n a r y  v a l u e  o f  I , we have from [ 2 . d . l ] ,  [ 2 . d . 3 ]  amd [ 2 . d . 5 ]

61= F ^(Y , z , z' , x)^Cx) + [F^(y , z ,Z' ,x) -  ^  F ^ ( Y ,z ,Z ' , x ) ] n ( x )  ;> dx = 0 (a)^

F yC ï .z .Z ' .x )  * [F ^ fY .z .z ' . x )  F ^ (Y ,z ,z ; .x ) ]n (x ) j> d x . (b )_

[ 2 . d . 6 ]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  i n  f i r s t  

t e rm  i n  [ 2 . d . 6 ( b ) ]  [ s e e ,  e . g . .  H a rd y ,G .H . (35)]  and when we do so we o b t a i n

""K' , [Fyy.z.z-.x) -^F^(Y,z,Z-.x)]j>n(x)dx=d .
0 0

[ 2 . d . 7 ]

S ince  n(x)  i s  a r b i t r a r y ,  t h e  f a c t o r  i n  t h e  b r a c k e t  i n  [ 2 . d . 7 ]  must  v a n i s h

i d e n t i c a l l y  f o r  o<x<a , g i v i n g  t h e  f o l l o w i n g  s i n g u l a r  i n t e g r a l  e q u a t i o n

a

F J y . z ,Z-,x] - A F ^ [ y , z . z - . x ]  = —  . f Y l l z J z i i i l l Ë l  ( o < x < a ) , [ 2 . d . 8 ]  
s s - x

The second  v a r i a t i o n  d e f i n e d  from [ 2 . d . 5 ]  i n  t h e  form 

a

52 i  =  j  ( 4 ^ F ^ y n " F ^ ^ + n ' : F ^ ^ + 2 ^ n i ^ ,+ 2 S ^ ^ ^ + 2 n T ^ ^ ^  dx . [ 2 , d . 9 ]

where ,  by [ 2 . C . 7 ]  we can w r i t e

F ^^ (Y , z ,Z' ,x)

Fz z (y , z , z",x)

=  0

[ 1 + z ^ ( x ) ] ^  

Fz^Z'fY,z,zr,x] = 2 X2

F ^ z tT ,z ,Z ' ,x ]

F^£[y , z ,Z' ,x] = 0

F z2 ' fY ,z ,2 r ,x ]  = 0

[ 2 . d . l 0 ]
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S u b s t i t u t i n g  from [ 2 . d . l 0 ]  i n  [ 2 . d . 9 ]  we o b t a i n  

a

6^1 =

0

^ —T q^(x)+2X2n^^(x) + g  CCx)n(x^fdx [ 2 . d . l l ]

Now we c a l c u l a t e  t h e  t h i r d  i n t e g r a l  i n  [ 2 , d . l l ]  which i s  d e f i n e d  by

a

I l  =

Using [ 2 . d . 3 ]  we o b t a i n

a a

^ (x ) n ( x )  dx [ 2 . d . l 2 ]

I l  =
2U

o

a a
=  ^  f f  Æ E / C I

ÏÏ JJ V/ X V a-:
n ( s} r i (x )d sd x

s - x [ 2 . d . l 3 ]

o o

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  on t h e  

r i g h t - h a n d  s i d e  o f  [ 2 . d . l 3 ]  and a l s o  i n t e r c h a n g e  t h e  v a r i a b l e s  x and s 

and when we do so we o b t a i n

a  a
T 2U1 1 =  -  — ̂ IT

' [  / i : ± / H  dsdx
j V/ s V a - x  s - x [ 2 . d . l 4 ]

o o

We t a k e  t h e  mean o f  t h e  two p r e c e d i n g  e q u a t i o n s  [ 2 . d . l 4 ]  and [ 2 . d . l 3 ]

and th e n  we o b t a i n   ___  ___
â - x  /  s _ / a - s  /~~x 

X /  a - s  /  s /  a- :a  a

I ,

n ( s ) n ( x ) d s d x

o o 
a a

s - x

Ua f
= - j

n(s)TiCx) dsdx

00
/ x ( a - x )  / s ( a - s )

=  f  f  h M  d x ^
[ 2 . d . l 5 ]

S u b s t i t u t i n g  from [ 2 . d . l 5 ]  i n  [ 2 . d . l l ]  we o b t a i n

6^1 =
oHl+z (x)]

^ ^  r i2 (x)+2X2i i '2+2-
a  2

n ( s ) d s  j 

/ s ( a - s ) ' '
dx [ 2 , d . 16]
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As an i l l u s t r a t i o n  we c o n s i d e r  a  s p e c i a l  c h o ic e  o f  nCx) s a t i s f y i n g  

n(o) = n ( a )  = 0  , namely  ;

n (x)  = a s i n  — % Co<x<a) [ 2 . d . l 7 ]

th e n  we can w r i t e  [ 2 . d . l 6 ]  i n  t h e  form

h i .
[ l + z ^ ( x ) l % / x C a -x ) ) > o [ 2 . d . l 8 ]

In t h e  case  o f  sm a l l  s lo p e  z (x)  , we app rox im ate  [ 2 . d . l 8 ]  as  f o l l o w s :

.2

6^1 = i  a^a<fxi + lu llZ . + _ i_  
2 I , 2  "

r a  . n . , s i n  — X dx a

o / x ( a - x )
> o [ 2 . d . l 9 ]

Thus i n  t h e  case  [ 2 . d . l 7 ]  th e  s u f f i c i e n t  c o n d i t i o n  f o r  s a t i s f y i n g  [ 2 . d . 2 ]  

i s  as  f o l l o w s :

.2

> o [ 2 .d . 2 0 ]
a s i n  ( ^ x  )dx

/  xCa-x) ^

H e  ANALYTICAL SOLTUION BY THE RAYLEIGH-RITZ METHOD

We use  th e  R a y l e ig h - R i t z  method [ s e e ,  e . g . .  Temple,  G. and B ic k le y ,  

W.G. (58) and M ilne ,  W.E. ( 4 4 ) ] ,  t o  s o lv e  e q u a t i o n  [ 2 . C . 2 7 ] ,  namely

w i th

z ^ x )  -  n z(x) = a (x)  , (o < x < a ) ,

a (x)  =

[2 . 6 . 1 ]

n =

/x ( a - x )

Xi
[2 . 6 . 2 ]

E =
2 X2 '  " 2 X2

where E i s  an a r b i t r a r y  c o n s t a n t  and Xj , X2 a r e  Lagrange m u l t i p l i e r s ,  

and z(x)  i s  s u b j e c t  t o  t h e  boundary  c o n d i t i o n s
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z(o) = 0 z(a)  = 3 . [ 2 . e . 3 ]

Equa t ion  [ 2 . e . l ]  i s  t h e  n e c e s s a r y  c o n d i t i o n  f o r  the  i n t e g r a l

J  = { i  zT^x) + i n  z^Cx) + a ( x ) z ( x ) } d x  , [ 2 . e . 4 ]

t o  be minimized.

The R a y l e ig h - R i t z  method can be a p p l i e d  to  t h i s  problem in  the  

fo l l o w i n g  way:

We s e l e c t  a b a s i c  s e t  o f  l i n e a r l y  in de penden t  po lynom ia l  f u n c t i o n s  and we

assume an e x p r e s s i o n  f o r  z(x)  o f  t h e  form

z(x) = + a i x ( a - x )  + a^ x^ fa -x )  (o ^ x  ^  a) , [ 2 . e . 5 ]

which s a t i s f i e s  t h e  end c o n d i t i o n s  [ 2 . e . 3 ] ,  a^ and a2 b e i n g  a r b i t r a r y  

c o n s t a n t s .

The v a l u e s  o f  z(x)  and zT(x) a r e  o b t a i n e d  from e q u a t io n  [ 2 . e . 5 ]  

and a r e  s u b s t i t u t e d  i n  [ 2 . e . 4 ]  , t h e  r e s u l t  i s  a q u a d r a t i c  form in  a j  

and a2 :

J  = 26 X + a i ( a - 2 x )  + a2(2ax-3x^) x^ + a i x ( a - x ) + a 2x? (a-x)

/x ( a -x )
x ^ + a i x (a - x ) + a 2X^(a-x) dx [ 2 . e . 6 ]

hence

" f ô â  [20+3na^] a 2 [ 1 0 W ]  a ^ E U W ]  + gg- a ^ a ^ E l o W ]  -

-  i  6 a [ 2 0 - 3 n a ^ ] a i 6 a 2 [ 5 - n a 2 ] a 2 + E [ | - 6 i r  + 2i-2X+ , [ 2 . e . 7 ]

The n e c e s s a r y  c o n d i t i o n s  f o r  min imiz ing  J  , w i th  r e s p e c t  to  a^ and a2 , 

a re
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jê [  ̂ f o  ar[10+na^] + f ô  a2[10+na^] - ^  Ba[20-3na^] E = o , [2 .e .8 ]

and

[ 14+ n a 2 ] - J L  g a 2 [ 5 _ n a 2 ] + Z a i  g  = o  .  [ 2 . e . 9 ]

The q u a n t i t i e s  n and E can now be e x p re s s e d  in  te rms o f  a% and a2 

b u t  f o r  conven ience  we in t r o d u c e

K = aqa^

n = a£a^
[ 2 . e . l O

and then  we have

[n+7.B]a^ '

and

n = - r'- 4 ^ o b  % , [2 .6 .1 1

E = - — { ~  .Ç.(10+na^)  + A  n (10+na^) 3 (20-3na^) } . [ 2 . e . l 2Tra ÔU ou ou

From [2 .d . 2 0 ]  i t  f o l low s  t h a t  a s u f f i c i e n t  c o n d i t i o n  f o r  th e  d rag  to  be

a minimum i s
a . TT , ^2

2  .  ̂ f s i n  — X dxl
(n + -7^) /  E + —  [ — -  J > o . [ 2 . e . l 3

^ ^ VJ / x ( a - x )  J
S u b s t i t u t i n g  from [ 2 . e . 5 ]  in  the  c o n s t r a i n t s  [ 2 . c , 2 ]  and [ 2 .C .3 ]  we o b ta in

a

£

0

= I  [1 + Y z2(x) ]dx

0

= a + ^ ^ 3 ^ a  + i  a i a ^ a ^ a 2 2 + ~  3 a^a i  + 3 a ' + a 2 a ^ a i a 2 , [ 2 . e . l 4

and a

K = I  zT^(x) dx

= y  3 ^ / a + J  a ^ a ^ + ^  a ^ a ^ -  y  Ba^a - ^  8a2a^ + y  a i a 2 a^ . [2- .e . l5

E q u a t i o n s [ 2 . e . 14] and [ 2 . e . 15] can be w r i t t e n  as fo l l o w s  i n  te rms o f  

C and n :

Si = Ai^^+2Hi?n+Bin^+2Pi?+2Qin+Ci = o 

Sz = A2 C^+2H2 Cn+B2n^+2P2 ^+2Q2n+C2 = o

where

[ 2 . e . 16
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h  -  ê ô

Ht =

A2 =

120

1

Ü2 = -r

" 2ÏÔ

' ’1 = 40

= 60

&-a

®2 " Î 5

P2 = - J

Qz = - r

[ 2 .6 .1 7 ]

[2 .6 .1 8 ]

Cl = - * 1-0 6" . C2 = -  Ka + %

W6 s h a l l  c o n s i d e r  th e  s p e c i a l  case  

I  = 4 .02  f t  ,

a = 4 f t  ,

K = 0 .0148 f t  

3 = t a n l 2 °  = 0.21256 ,

Regard ing  Sj = o and 8 2 = 0  as two c o n ic s  t h e  c o n d i t i o n  upon X

f o r  th e  q u a d r a t i c

Si + XS2 = o [2 .6 .1 9 ]

t o  r e p r e s e n t  a p a i r  o f  s t r a i g h t  l i n e s  i s

233661x3-27702 .7x2+1712.08X+34.6626 = o [2»e .20]

[ s e e ,  e . g . ,  THE REV.E.H.ASKWllH, D.D.,  1953 " A n a l y t i c a l  Geometry o f  the  

Conic S e c t i o n s " ,  T h i rd  E d . ,  Adam § C ha r le s  Black] which can be s o lv e d  to  

g ive t h e  fo l l o w i n g  r o o t s

XH - 0.015718 , 0 .06713910 .070215i . [2 . 6 . 21]

Using th e  r e a l  v a l u e  o f  X we can w r i t e  e q u a t i o n  [ 2 . e . l 9 ]  i n  th e  form

1 . 1427C^+LM27Cn+0.2666n2+i,2855C+0.8199n-0.0498 = o [2 . 6 . 22]

By f a c t o r i z i n g  e q u a t io n  [ 2 . e . 2 2 ] , we o b t a i n
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C + 0.3708n+1.1625 = o , [ 2 . e .2 3 ]

Ç + 0 .6 2 9 1 7 n -0 . 03752 = o [2 .e .2 4 ]

The s t r a i g h t  l i n e  [ 2 . e . 2 3 j  when combined w i th  p roduces

C = - 1 .5 5 7 6 + 1 .17002i , n = 1 .065 5 8 1 3 .15518i , [ 2 . e .2 5 ]

in  o t h e r  words t h e r e  i s  no r e a l  i n t e r s e c t i o n  o f  t h i s  s t r a i g h t  l i n e  w i th

th e  c o n i c ,  w h i le  th e  p o i n t s  o f  i n t e r s e c t i o n  between th e  s t r a i g h t  l i n e  

[ 2 . e .2 4 ]  and Sj a re  r e a l  and a r e  as f o l l o w s :

( i )  C = - 0 .06258 , n = 0.159102 , ]
> [ 2 . e .2 6 ]

( i i )  C = 0.308311 , n = - 0.43039 . j

Using [ 2 . e . l 8 ]  we can w r i t e  [ 2 . e . l 3 ]  as f o l l o w s :

(n+0 .61685) /  E + 2 .  79 9 > o . [ 2 . e .2 7 ]

Using [ 2 . e .2 6 ]  and [ 2 . e . l 8 ]  we can w r i t e  th e  v a l u e s  o f  n and E ,

[ 2 . e . l l ]  and [ 2 . e . l 2 ]  i n  the- forms

( i )  n = - 0 .25358  , E = 0.07042 , \
> [ 2 . e .2 8 ]

( i i )  n = 1.06837 , E = - 0.12408  . J

The v a l u e s  in  [ 2 . e . 2 8 ( i i ) ]  do n o t  s a t i s f y  t h e  s u f f i c i e n c y  c o n d i t i o n ,

[ 2 . e .2 7 ]  b u t  t h e  v a l u e s  in  [ 2 . e . 2 8 ( i ) ]  s a t i s f y  [ 2 . e . 2 7 ] ,  namely

n = - 0 .25358 , E = 0.07042 , [ 2 . e .2 9 ]

and th u s  t h e  a p p r o p r i a t e  v a l u e s  o f  C and n , a r e

K = 0.308311 , n = 0 .43039 ; [ 2 . e .3 0 ]

u s in g  [ 2 . e . 3 0 ]  and [ 2 . e . l 0 ]  we o b t a i n

a i  = 0.01927 , az = - 0.006725 . [ 2 . e .3 1 ]

Now we can w r i t e  t h e  s o l u t i o n  z(x) , [ 2 . e . 5 ]  o f  the  d i f f e r e n t i a l  e q u a t io n

[ 2 . e . l ] ,  u s i n g  [ 2 . e .3 1 ]  and [ 2 . e . l 8 ]  as  fo l l o w s :
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z(x) = 0 . 0 7 7 0 8 X - 0 . 032885x2+0 .006725x^ = y" (x)  (oi$x.;<4) . [ 2 . e . 3 2 ]

We i n t e g r a t e  [ 2 . e . 3 2 ]  w i th  r e s p e c t  t o  x and we o b t a i n

y(x)  = 0 .03854x2-0.010962x3+0.001681 , (o.<x .<4) , [ 2 . e ,3 3 ]

t h e r e  b e i n g  no a r b i t r a r y  c o n s t a n t  s i n c e

y(o) = o . [ 2 . e .3 4 ]

The graphs  o f  y ( x ) ,  y^(x) and y \ x )  a r e  shown i n  F igs .  2 , 3 , 4 .

I l f  THE OPTIMUM SHAPE OF A HYDROFOIL USING VARIATIONAL CALCULUS TECHNIQUES,

SO THAT THE LIFT IS A MAXIMUM

We pose th e  prob lem o f  maximizing th e  l i f t  c o e f f i c i e n t

pu'
a

1 ' Y(x)dx , [ 2 . f . l ]U 
0

s u b j e c t  t o  a c o n s t r a i n t  on the  c u r v a t u r e  o f  t h e  form

a

K = z ' \ x ) d x  , [ 2 . f . 2 ]

0

where K i s  p r e s c r i b e d ,  t o g e t h e r  w i th  a c o n s t r a i n t  on th e  l e n g t h  o f  the  

h y d r o f o i l  o f  t h e  form

a = / l + z 2 ( x ) d x  , [ 2 . f . 3 ]

where I  i s  p r e s c r i b e d  and z(x)  = y 'Cx) i s  th e  g r a d i e n t  o f  t h e  

h y d r o f o i l  a t  p o s i t i o n  x .

STATEMENT OF THE PROBLEM

The g e n e r a l  optimum problem c o n s id e r e d  h e r e  may be s t a t e d  as f o l l o w s :  

To f i n d  th e  r e a l ,  e x t re m a l  f u n c t i o n  y(x)  o f  a r e a l  v a r i a b l e ,  r e q u i r e d  to  

be H older  c o n t inuous  [ s e e ,  e . g . ,  T r i com i ,  F.G. (61)]  in  th e  r e g i o n  

(o < X < a )  t o g e t h e r  w i th
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z(x) = - ^2ttU

so t h a t  y(x) and z(x)  minimize t h e  f u n c t i o n a l
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YCsIds ( o < x < a )  , , [ 2 . f . 4 ]
s - x

0

I [ y ( x ) , z ( x ) , z t x ) , x ]  = - L +Xi£+X2 K

L

F [ y ( x ) , z ( x ) , z t x ) , x ; X i , X 2 ]dx , [ 2 .£ . 5 ]

where

F [ y ( x )  , z (x )  , z t x )  ,x ;X i ,X2 ]=X i / l+z^(x )+X 2 z"^x) + ^  y ( x )  , [ 2 .£ . 6 ]

and y ( x ) , z ( x )  a re  r e l a t e d  b y  [ 2 . £ . 4 ]  and Xi,X2 a r e  Lagrange m u l t i p l i e r s .

We d e f i n e  an a d m is s i b l e  f u n c t i o n  as any f u n c t i o n  y Cx )  which s a t i s f i e s  

t h e  H older  c o n d i t i o n  ^ ( y < l )  and th e  c o n s t r a i n t s  [2. £ .2 ]  and [ 2 . £ . 3 ] ,  

and we assume t h a t  th e  o p t im a l  f u n c t i o n  i s  an a d m is s i b l e  f u n c t i o n  which 

minimizes  the  f u n c t i o n  I [ y , z , z' , x ] .

The s o l u t i o n  o f  [ 2 . £ . 4 ]  s a t i s f y i n g  th e  K u t ta  c o n d i t i o n

Y ( a )  = o [ 2 .£ . 7 ]

i s  w e l l  known and i s  g iven  by
a

O

THE NECESSARY CONDITION OF OPTIMALITY

Let  y ( x ) , z ( x )  deno te  th e  r e q u i r e d  o p t im a l  v o r t e x  d i s t r i b u t i o n  f u n c t i o n  

and o p t im a l  h y d r o f o i l  s l o p e  r e s p e c t i v e l y ,  we w r i t e

Y i ( x )  = y ( x )  + E C ( x )
[ 2 .£ .9 ]

Z i ( x )  = z ( x )  + e r i ( x )

We can use  [ 2 .£ . 8 ]  t o  o b t a i n  the  f o l l o w i n g  r e l a t i o n  between CCx) and n(x)

0

I f  Ç Cx) , i s  an a d m is s i b l e  v a r i a t i o n ,  the n  I [ y ( x ) +eC (x) , z ( x ) + £ n C x ) , z t x ) + 

e n ^ x ) ,x ]  in  [ 2 . f , 5 ]  i s  a f u n c t i o n  o f  c which has  an ext reme v a lu e  when e=o
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For s u f f i c i e n t l y  smal l  e , expans ion  o f  [ 2 . f . 5 ]  in  a T a y lo r  s e r i e s  y i e l d s

AI = e 6I + 6^1 + . . [ 2 . f . l l ]

We have

AI = F [y+eÇ, z+en , 2+en", x] dx - F[y ,z ,Z%x]dx , [ 2 . f . l 2 ]

where

61 = { Ç(x)F^(Y ,z ,z r ,x )+n(x )F^(y ,z ,z" ,x ) -hn i ;x )F^Y ,z ,Z ' ,x )  dx , [ 2 . f . l 3 ]

in  which th e  s u b - i n d i c e s  deno te  p a r t i a l  d e r i v a t i v e s ;  i t  may be n o t e d  t h a t  

C and n a r e  r e l a t e d  by [ 2 . f . l 0 ] .  The v a r i a t i o n s  61,  6 ^ 1 , , . .  depend

on Ç(x) as w e l l  as y ( x )  .

We i n t e g r a t e  by p a r t s  th e  t h i r d  te rm in  [ 2 . f . l 3 ]  and we o b t a i n

aa f ,
6I=[nCx) .F^y,z, 2T,x)] +1 U(x)F (Y,z,Z',x)+riCx) [F^(y, z, z T , x ) z ,  Z'jX) ] }dx.

O '*
[ 2 . f . l 4 ]

S u b s t i t u t i n g  from [ 2 . f . l 0 ]  i n t o  [ 2 . f . l 4 ]  we o b ta in

aa rf
6I=[n(x) . F ^ Y , z ,Z',x )] +Ji[F^(Y,z,Z',x)-^^Y,z,2',x)]n(x) +

dx [ 2 . f . l S ]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  th e  o r d e r  o f  th e  double i n t e g r a l  on the

r i g h t - h a n d  s i d e  o f  [ 2 . f . l 5 ]  [ s e e ,  e . g . .  Hardy,  G.H. (35 ) ]  and i n t e r c h a n g e

the  v a r i a b l e s  x , t  and when we do so we o b t a i n
a

SL f f  ,
6I=[n(x) . F ^ y ,z ,2',x )] + |[F^(y ,z ,z',x) - ^ ^ Y , z ,Z',x )] -

2U
Tf V a -x . [2 .£ .16]

We have  from [ 2 . f . 6 ]  

F^[Y,Z,Z' ,x] = g

f J y , z , z-,x] =
/l+z^(x) 

F^Y,z,2^*,x] = 2X2 Z%x)

[ 2 . f . l 7 ]
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S u b s t i t u t i n g  from [ 2 . f . l 7 ]  in  [ 2 . f . l 6 ]  we o b t a i n

a aa
61= [2 X2̂ 1 (x) z"(x) ] + 

o ' ' {7 ^ # '  - 1 / i ^  } / ¥  - fe ) }  ^

For  I [ z ]  t o  be a minimum, we must  have f o r  a l l  a d m is s i b l e  f u n c t i o n ,  n(x)

6 I [ z , n ]  = o , [ 2 , f . l 9 ]

and t h i s  im p l i e s  t h a t  t h e  c o e f f i c i e n t  o f  n (x )  i n  [ 2 . f . l 8 ]  s h o u ld  v a n i s h  

t h a t  i s

X 1 /  a - s  ds

O

= 2 / g I  . [ 2 . f . 2 0 ]

w h i le  a t  th e  end p o i n t s  i t  i s  n e c e s s a r y  t h a t

n ( o ) . z ( o )  = o , n ( a ) . z ( a )  = o [ 2 . f . 2 1 ]

be s a t i s f i e d .  In a l l  th e  examples c o n s i d e r e d  s u b s e q u e n t l y  z(x)  i s

p o s t u l a t e d  a t  x=o and x=a and t h i s  im p l i e s  t h a t

n(o)  = n ( a )  = o . [ 2 . f . 2 2 ]

Equa t ion  [ 2 , f . 2 0 ]  i s  a n o n l i n e a r  d i f f e r e n t i a l  e q u a t io n  f o r  z(x)  .

We c o n s i d e r  the  s o l u t i o n  o f  [ 2 . f . 2 0 ]  f o r  the  s lo p e  z(x) o n ly  in  t h e

case  o f  sm al l  s l o p e ,  and we approx im ate  t o  [ 2 . f . 2 0 ]  as f o l l o w s :

z"(x)  -  n z(x) = E , (n = , E = & Xg ^ o ) ,  (o <x < a ) .

[ 2 . £ . 2 3 ]

I t  i s  assumed a t  t h i s  s t a g e  t h a t  ^  < 0 and we show l a t e r  t h a t  X̂  < o ,

X2 > o a r e  s u f f i c i e n t  c o n d i t i o n s  f o r  a t r u e  maximiza t ion  o f  L . We

w r i t e  t h e  d i f f e r e n t i a l  e q u a t io n  in  th e  form

z^ tx )  + m^z(x) = E , (m^ = - n = - , (o < x < a) [ 2 . f» 2 4 ]y a~X ZÂ2

To d e r i v e  the  s o l u t i o n  o f  th e  nonhomogeneous e q u a t i o n ,  [ 2 . f . 2 4 ]  we a p p ly  

t h e  u s u a l  method o f  v a r i a t i o n  o f  p a r a m e t e r s ,  th en  we can w r i t e  z(x)  in  

the  form:



z(x) = 5
a - 5 s i n  m(x-Ç)dÇ + A s i n  mx + B cos mx ,

where A and B a re  a r b i t r a r y  c o n s t a n t s .  

Using th e  boundary  c o n d i t i o n s

z(o) = 0  , z (a )  =

we o b t a i n

A = - m s i n  ma J s i n  m (a-Ç)dÇ + 3 cosec  ma ,

B = o .
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Co < X < a)

[ 2 . f . 2 5 ]

[2 .£ . 2 6 ]

[ 2 . f . 2 7 ]

S u b s t i t u t i n g  from [ 2 . f . 2 7 ]  i n t o  [ 2 . f .25] we o b t a i n

z (x )= y"(x )  = -
a-C s i n  m Cx-C)dC - E s i n  mx 

m s i n  ma ^ s i n m  (a-Ç)dCa-C s i n  ma

(o < x< a) [2 . f  .28  ]

We i n t e g r a t e  [ 2 . f , 2 8 ]  w i th  r e s p e c t  t o  x , and use  th e  boundary  c o n d i t i o n  

y (o)=o  t o  o b t a in

+ 1 1Æ ?
G O  0

( o <x < a) [ 2 . f , 2 9 ]

E qua t ion  [ 2 . f . 29 ]  can be w r i t t e n  as fo l lo w s  when th e  o r d e r  o f  i n t e g r a t i o n  

o f  the  double  i n t e g r a l  i s  i n v e r t e d :

y(x) = - dC 

0 C

&  f /2 E  . .
o 0

(o < x< a) [ 2 . f . 3 0 ]

When we s u b s t i t u t e  f o r  z(x) and z'(x) , u s in g  [ 2 . f . 2 8 ]  i n t o  t h e  c o n s t r a i n t s  

[ 2 . f . 2 ]  and [ 2 . f . 3 ]  we o b t a i n  two e q u a t i o n s ,  in  t h e  two unknowns E,m, which 

have t o  be e v a l u a t e d  n u m e r i c a l l y .

We do n o t  complete the  s o l u t i o n  o f  t h i s  problem u s in g  t h i s  method s i n c e  

t h e r e  a r e  two a l t e r n a t i v e  methods o f  r e s o l v i n g  th e  prob lem n u m e r i c a l l y  which 

a r e  d i s c u s s e d  in  d e t a i l  in  s e c t i o n  I l h  and Appendix IX.
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I l g  THE SUFFICIENT CONDITION FOR THE EXTREMUM TO BE A MINIMUM

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum o f  I to  be a minimum i s  

d e r iv e d  from c o n s i d e r a t i o n '  o f  t h e  second v a r i a t i o n  o f  I 

S ince

<51 [y (x) , z ( x )  ,^Cx) ,x ]  = 0 [ Z . g . l ]

t h e  c o n d i t i o n  f o r  I t o  be a minimum r e q u i r e s  t h a t

6^1 [y(x) , z ( x )  , z t x )  ,x ]  > 0 (p<x<a) j  [ 2 . go2]

f o r  a l l  a d m i s s i b l e  v a r i a t i o n s  Ç(x) and nCx) c o n s i s t e n t  w i th

a
)ds
X 

0

(o<x<a) , [2.  go 3]

where n(x) s a t i s f i e s  t h e  boundary  c o n d i t i o n s

nCO) = 0  , nC&) “ 0 ' [2 .g»4]

Using T a y l o r ' s  theorem we can w r i t e  th e  inc rem en t  o f  t h e  f u n c t i o n a l  

lCY,z,zZx) in  t h e  form

I [Y+eÇ,z+en,^+ETf,x]-I  [y , z , zT,x] 

a

= £ |{CCx)F^Cy , z ,Z",x)+ tiCx) [F^CYfZ.Z^x) -  ^  F ^ Y ,z ,z r ,x ) ] .} d x  + 

o a

Y  e ^ j u ^ C x ) F ^ ^ C Y , z , z r , x ) + n ^ C x ) F ^ 2 C Y , z , z r , x ) + n " ^ x ) F ^ ^ Y , z , z r , x )  + 

o

2C Cx) n Cx)F^^Cy, z ,  Z^x) +2^ Cx)ntx)F^^,CY,z,z",x)  + 2 n C x )n tx )F ^ /C y ,z , 2̂ ,x) }dx + 0 Ce )̂

Co<x<a) ' [2 .g .5]
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Denoting t h e  c o e f f i c i e n t  e by 61 and t h a t  o f  by 6^ I , a t  a

s t a t i o n a r y  v a l u e  o f  I , we have from [ 2 . g . l ] ,  [ 2 . g . 3 ]  and [ 2 . g . 5 ]

F^Cy . z . z' x) F ^ y . z .Z-.x] j / i p : .
(y,z,Z%x) ds

s - x

and a

«"I = {{sZF^^+n2F,,+n'2F2^f2SnFY,+2Snty,+2nfF,,jdx .

where by [ 2 , f , 6 ]  we have

F y ^ [ y , z , z 1 x ]  = 0

F,^[Y,z,Z%x] = ■X

F ^ ^ Y ,z , z " ,x ]  = 2X2 

f ^ ^ [ Y , z , z ; x ]  = 0 

E ^ ^ y , z , ï T , x ]  = 0

Fzz^Y,z,Z",x] = 0

S u b s t i t u t i n g  from [ 2 , g . 8 ]  i n  [ 2 . g , 7 ]  we o b t a i n

'  [ 2 .g . 6 ]

[ 2 .g . 7 ]

[2 .g . 8 ]

= dx . [2og.9]

In th e  case  o f  sm al l  s lo p e  z ( x ) ,  we approxim ate  [ 2 .g , 9 ]  as  f o l l o w s

6^1 = {X2 .n^(x)  + 2X2 .n ' '^x)  } dx . [ 2 . g . l 0 ]

We now c o n s i d e r  th e  s p e c i a l  cho ice  o f  n(x )  s a t i s f y i n g  n(o) = ri(a)=o , 

namely:

n(x )  = a s i n  ^  x , Co < x < a) , [ 2 . g . 11]

then  we o b t a i n  from [ 2 . g . l 0 ] :

6^1 = y  a^a[Xj + X2 ] . [ 2 . g . l 2 ]

A s u f f i c i e n t  c o n d i t i o n  f o r  s a t i s f y i n g  [ 2 .g . 2 ]  i s

2tt̂^ 1 + X2 > 0 . [2og.l3]
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I l h .  ANALYTICAL SOLUTION BY THE RAYLEIGH-RITZ METHOD

We use  th e  R a y l e ig h - R i t z  method [ s e e ,  e . g .  Temple,  G. and Bickley,_W.G.

(58) and M ilne ,  W.E. ( 4 4 ) ] ,  t o  s o lv e  e q u a t io n  [ 2 . £ . 2 5 ] ,  namely:

zT(.x)-n z M  = e / X  , = = , [ 2 . h . l ]

where ^.re Lagrange m u l t i p l i e r s ,  and z(x)  i s  s u b j e c t  t o  t h e  boundary

c o n d i t i o n s  [ 2 . £ . 2 6 ] .  E qua t ion  [ 2 . h . l ]  i s  th e  n e c e s s a r y  c o n d i t i o n  f o r

th e  i n t e g r a l  

a
J  = | y  Z'^x) + Y n z^(x) + E • z ( x ) ^  dx , [ 2 . h . 2 ]

0

t o  be min imized .

The R a y l e i g h - R i t z  method can be a p p l i e d  to  t h i s  problem in  t h e  f o l l o w i n g

way :

We s e l e c t  a b a s i c  s e t  o f  l i n e a r l y  inde penden t  po lynom ia l  f u n c t i o n s  and we

assume an e x p r e s s i o n  f o r  z(x)  o f  th e  form

z(aO = - ^  x^ + a i x ( a - x )  + a^x^Ca-x) (oc^ x ^ a) , [ 2 . h . 3 ]

which s a t i s f i e s  t h e  end c o n d i t i o n s  [ 2 . f . 3 6 ] ,  a j  and a 2 b e i n g  a r b i t r a r y  

c o n s t a n t s .

The v a l u e s  o f  z(x)  and z"Cx) a r e  o b t a i n e d  from e q u a t i o n  [ 2 . h . 3 j  

and a r e  s u b s t i t u t e d  i n  [ 2 . h . 2 ] ;  t h e  r e s u l t  i s  a q u a d r a t i c  form in  

a% and a2 , namely

" 1 1  * ^  * l l  * & 31^23'* - J  Baja - ^  gaga + n g^ + i  na^a  ̂ +

+ 2l Ô " ® 2a ^  *iÔ " * l B a 3 + 1  n a s B a * *  + i  a j a z n a ®  +  E  +

[ d . h . 4 )
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The n e c e s s a r y  co n d i t io n s  f o r  m in im iz ing  J  , w i th  r e s p e c t  t o  a^ and a% 

a r e

= -^3^  [10+na^] + [10+na^] - ^  B a [2 0 -3 n ^ ]  + E = o , [ 2 .h , 5 ]

and

M :  "  4 s -  [10-^"3 2 ] + ^  [14+naf]  -  ^  B ^ [S -n a ^ ]  + ^  E = o . [ 2 . h . 6 ]

Using [ 2 . h . 5 ]  and [ 2 . h . 6 ]  t h e  q u a n t i t i e s  n and E can now be e x p r e s s e d  

in  te rms o f  a i  and a% , b u t  f o r  convenience  we in t r o d u c e

Ç = a ia^  

n = SL2SL̂
[ 2 .h . 7 ]

and we the n  have

n = W/V , [ 2 . h . 8 ]

w i th

[2 .K .9]

and

•E = -  (10+naf) + ^  (lO+naZ) - ^ 6  (2 0 -3 n a ^ ) ]  . [ 2 . h . l 0 ]

From [2 .g , 1 4 ]  i t  fo l lo w s  t h a t  th e  s u f f i c i e n t  c o n d i t i o n  f o r  th e  l i f t  t o  be 

a maximum can be e x p r e s s e d  in  th e  form:

/  E > 0  , ( E = ^ , n  = . [ 2 , h . l l ]

S u b s t i t u t i n g  from [ 2 . h , 3 ]  i n  t h e  c o n s t r a i n t s ,  [ 2 . f . 2 ]  and [ 2 . f . 3 ]  we o b t a i n  
.a

I  = [1 + J  z ^ ( x ) ] d x

0

10  ̂ “ ■ 60 ■ 210 “ ‘‘2 ■ 20 " 30 " 6^

and

= a + a  ̂ 1 a j a  + a ^ a ^  a ^ a i  +  ^  6 a ^ a z  + A  a j a z a ^  [ 2 . H. 12 ]

K = Z*^x) dx

0 ^

^ Y a A  y B a i a  - ^ B a ^ a ^  + 1  a i a ^ a ^  . [ 2 » h . l 3 ]
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E qua t ion  [2 . h . 12] and [ 2 . h , 13] can be w r i t t e n  as  f o l low s

51 = AiC2+2HiSn+Bin2+2PiC+2Qin+Ci

52 = A2^^+2H2^n+B2n^+2P2?+2Q2n+C2

where

* =60

Hi =:

Bi =

120

1
210

' ’1 =40

=60

C l  =  -  c

A2 = 3

H2 = g

=15

P2 = - f

Qz = - g

C2 = - Ka

[ 2 . h . l 4 ]

[ 2 . h . l 5 ]

We s h a l l  c o n s i d e r  t h e  s p e c i a l  case

I  = 4.02  f t  

a = 4 f t  ,

K = 0 .0148 f t  ,

B = - t a n  12= - 0.21256

[2 .h o l 6 ]

Regard ing  Si = o and S2 = o as two c o n ic s  t h e  c o n d i t i o n  upon X f o r  

th e  q u a d r a t i c

Si + X S2 = o [ 2 . h . l 7 ]

to  r e p r e s e n t  a  p a i r  o f  s t r a i g h t  l i n e s  i s

233661x3-27702.7X^+1712.08X+34.663=0 , f 2 . h . l 8 ]

[ s ee ,  e . g . ,  THE REV. E.H. ASKWITH, D.D.,  1953, " A n a l y t i c a l  Geometry o f  th e  

con ic  s e c t i o n s " ,  t h i r d  ed.  Adam § C h a r le s  B la c k . ]  which can be s o lv e d  to  

g ive  the  f o l l o w i n g  r o o t s
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X E - 0 .01572 ,  0 .067139±0 .0702151 . [ 2 .h . 19]

Using t h e  r e a l  v a l u e  o f  X we can w r i t e  e q u a t io n  [ 2 . e . l 7 ]  in  th e  form

1 .1427^2+1 .1427Cn+0.2666nZ-1.2855G-0.8199n-0 .04983=0 . [2 .h .2 0 ]

By f a c t o r i z i n g  e q u a t io n  [ 2 . h . 2 0 ] ,  we o b ta in

Ç + 0 .3 7 0 8 n - 1.1625 = o , [ 2 .h .2 1 ]

C + 0.6292n+0.0375 = o . [2 .h .2 2 ]

The s t r a i g h t  l i n e  [ 2 .h ,2 1 ]  when combined w i th  5% = o p roduces

Ç = 1.5576+1.170021,  n = - l . 06656+3.155171. ,  [ 2 .h .2 3 ]

in  o t h e r  words t h e r e  i s  no r e a l  i n t e r s e c t i o n  o f  t h i s  s t r a i g h t  l i n e  w i th  

t h e  c o n ic ;  t h e  p o i n t s  o f  i n t e r s e c t i o n  between  th e  s t r a i g h t  l i n e  [2 .h . 2 2 ]

and Sj a r e  r e a l  and a re  as f o l l o w s :

Ci) Ç = - 0.30834 , n = 0.43045 , ]
> [2 .h .2 4 ]

Cii)C = 0.062619 , n = - 0 .1 5 9 1 5  . J

Using [ 2 . h . l 6 ]  and [2 .h . 2 4 ]  we can w r i t e  th e  v a lu e s  o f  n and E ,

[ 2 . h . 8 ]  and [ 2 . h . l 0 ]  in  th e  forms

Ci) n = - 2.2599 , E = - 0 .17072 , \
> [2 .h .2 5 ]

Cii) n = - 1.7925 , E = - 0 .12293 . j

We f i n d  t h a t  b o th  v a l u e s  o f  n and E in  [ 2 .h . 2 5 ]  s a t i s f y  th e  s u f f i c i e n t

c o n d i t i o n  [ 2 . h . l l ] ,  b u t  th e  v a l u e s

n = - 2.2599 , E = - 0.17072  , [ 2 .h . 2 6 ]

a c t u a l l y  p r o v id e  th e  maximum v a l u e  o f  l i f t , namely

L = 121260 Ibff . [2 .h .2 7 ]

Thus th e  a p p r o p r i a t e  v a l u e s  o f  Ç and r\ , a re
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Ç = - 0.30834 , n = 0.43045 ; [ 2 . h . 28]

u s in g  [ 2 .h . 28] and [ 2 . h . 7] we o b t a i n

a i  = -  0 . 0 1 9 2 7  , a2 = 0 . 0 0 6 7 2 6  . [ 2 . h . 29]

Now we can w r i t e  th e  s o l u t i o n  z ( x ) , [ 2 . h . 3 ]  o f  t h e  d i f f e r e n t i a l  eq u a r io n  

[ 2 . h . l ]  , u s i n g  [ 2 . h . 9 ]  and [ 2 . h . l 6 ]  as  f o l lo w s :

z(x)  = - 0 . 0 7 7 0 8 X + 0 . 0594 6 x ^ -0 .0 0 6 7 2 6 x 3 ,  (o .< x.< 4) [ 2 . h . 3 0 ]

We i n t e g r a t e  [ 2 .h . 3 0 ]  w i th  r e s p e c t  t o  x and we o b t a i n

yCx) = - 0.03854x2+0.01982x3-0.001682x4, (o .< x.< 4 ) [2 .h .3 1 ]

t h e r e  b e i n g  no a r b i t r a r y  c o n s t a n t  s i n c e

yCo) = o . [2 .h .3 2 ]

The graphs  o f  y [ x ) ,  y tx )  and y^ lx )  a re  shown i n  F i g s . 5 ,6  and 7 

r e s p e c t i v e l y .
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I l i a  THE OPTIMUM SHAPE OF A HYDROFOIL IN STEADY TWO DIMENSIONAL FULL 

CAVITY FLOW

y

u

-paw Q

B

Cavity

\

•iSSE!».
x=c

A /

x= I

FIG 8.

INTRODUCTION

X

In a r e c e n t  p a p e r  D a v i e s , T . V . (13) t h e  a u t h o r  s t u d i e d  t h e  p rob lem  

o f  t h e  l i q u i d  f low p a s t  a s h a rp  edged h y d r o f o i l  w i th  a f i n i t e  c a v i t y  

u s i n g  t h e  l i n e a r i z a t i o n  h y p o t h e s i s .

We assume t h a t  t h e  problem i s  s t a t e d  a s  f o l l o w s :

Davies  assumes t h a t ,  i n  a f low o f  an i n c o m p r e s s i b l e  l i q u i d  p a s t  a 

h y d r o f o i l ,  a c o n s t a n t  p r e s s u r e  c a v i t y  d ev e lo p s  b eh in d  t h e  h y d r o f o i l ,  i t  

i s  a l s o  assumed t h a t  t h e  c a v i t y  i s  o f  f i n i t e  l e n g t h  as shown i n  t h e  

d iagram ( F i g , 8 ) .

The method o f  l i n e a r i z a t i o n  i s  u sed  t o  s o l v e  t h e  f low p rob lem .

The h y d r o f o i l  i s  r e p r e s e n t e d  by a s o u r d e - v o r t e x  d i s t r i b u t i o n  and 

t h e  prob lem i s  r e s o l v e d  by d i s t r i b u t i n g

(a)  Sources  o f  s t r e n g t h  mi(C) p e r  u n i t  l e n g t h  i n  ^<^<c ,

(b) Sources  o f  s t r e n g t h  m2 (C) p e r  u n i t  l e n g t h  i n  c<%<& ,

(c)  V o r t i c e s  o f  s t r e n g t h  y(,K) p e r  u n i t  l e n g t h  i n  o<%<c (y>0,  c lo c k w is e )

a long  t h e  x - a x i s  t o  r e p l a c e  t h e  above p h y s i c a l  c o n f i g u r a t i o n s .
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This  p rob lem r e d u c e s  t o  t h r e e  coup led  e q u a t i o n s  as f o l l o w s :  

c

~ 2nUy^(x)+wmi(x) (o<x<c)

c &

- tty(x) + +

0 c
c I

+  f ^

Ç-X C-X
C

(o<x<c)

(c<x<&)

[ 3 . a . l ]

P ^ -P q
where U i s  t h e  un i fo rm  s t r e a m  a t  i n f i n i t y ,  of=  -— c a v i t a t i o n

gpUZ ^
number and y^ (x )  b e i n g  t h e  g r a d i e n t  o f  t h e  h y d r o f o i l  a t  p o s i t i o n  x . 

These e q u a t i o n s  a r e  s o l v e d  f o r  m% t o  y i e l d

(o<x<c) , [ 3 . a . 2]

where

Ml ( O  =
/c-C

G(x)= - ttUo 2U

A-x /x '
■ /T ~  y'(S)dS
/  c -c  ■ C-x

I [ 3 . a . 3]

Davies  has  made t h e  s u b s t i t u t i o n s

Ç=£ s in ^  0 

x=H s in^9 o

c=£ s i n ^  a

(o<0Q<cx< [ 3 . a . 4]

t o  t r a n s f o r m  t h e  i n t e g r a l  [ 3 . a . 2] i n t o  a s t a n d a r d  Cauchy f o rm u la ,  namely  

a

s in(e-9  J " (o<e^<a) , [ 3 . a . 5]

w i th

irUosinO 4Ucos0

« ( V  =  -

sin^ip costp dip

v(0)  = 2 p ( 0 )  sinO COS0

AT . / s in -^ a - s in ^ 0  

where z (x )  = / ( x )  .

/ s i n ^ a - s i n ^ i p  . ( s in ^ ^ - s in ^ O  )

[v(0)=mi(£sin^0)]

> [ 3 . a , 6]
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This  e q u a t i o n  i s  s o lv e d  t o  g ive  

CÆ  / s i n ^ a - s i n ^ Gy(0)  =
2s in0cos0  A i n 0 s i n ( a - 0 )

1 / s i n  (g+F) 
2ï ï^sin0 /  s in0

'^ / s inO  s i n ( a - 0  )d0 f
oTé^sin ( e / e )  °-̂ -̂’'U«ine^-4Ucose^^ s in 2 ^ c o s ^ z (^ ]d ^ i   ̂

(si]^| ;-sii-fe^/siha-siTfÿ^

[ 3 . a . 7]
where ç can be c a l c u l a t e d ,  u s i n g  t h e  c l o s u r e  c o n d i t i o n  [ see  r e f . (13) p . 204^ 

D av ies ,  T .V . ,  " S te a d y  tw o-d im ens iona l  c a v i t y  f low p a s t  an a e r o f o i l  u s i n g  

l i n e a r i z e d  t h e o r y " ] ,  t o  be

C = ' s X l o l  / s i n C a - 0 ^ )  . 
cos 0 /  s i n  0 0 ' [ 3 . a . 8]

This  can be w r i t t e n  as fo l lo w s

0

[ s e e .  Appendix V I] ,

S u b s t i t u t i n g  from [ 3 . a . 9] i n  [ 3 , a . 7] we o b t a i n

[ 3 . a . 9]

y (0)  = - Ua
2 s i n  0 cos 0 / ^ s ïn~l  '

u
TTSin 0 cos

+ 4U COS 0
s i n  Tj; cos4) z(rp^di(f

'o / s in ^ a - s in ^ i / ; .  (s in^ i/ ; -s in^0
(o<0<a< j ) [ 3 . a , 10]

Using  l i n e a r i z e d  t h e o r y ,  Davies, has  d e r i v e d  t h e  hydrodynamic  f o r c e s  

which a c t  on t h e  h y d r o f o i l  i n  t h e  form

L = - 4pU^& 

and

D = 4pUZ&

s i n r 0 c o s 0 z ( 0 ) d 0  

/ s i n ^ a - s i n ^ 0
_ 2pU& y ( 0 ) s in^ 0cos0d0  

/ sTn '^a-s in^0
, [z(0)=y%&sin^0)]  a

a , a
^iiT^O^os^0z^ (0} d0̂  ^ 2pU£ f W (0) z (0 )s i i f  0cos0d0

/ s i n ^ a - s i n ^  0 o / s i n ^ a - s i n ^ 0

[ 3 . a J l ]

[ 3 .a J2 ]

where p i s  th e  c o n s t a n t  d e n s i t y  o f  th e  l i q u i d ,
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The purpose  o f  t h i s  work i s  t o  e v a l u a t e  t h e  optimum shape o f  a  two- 

d im ens iona l  h y d r o f o i l  o f  g iven  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e  which 

p roduces  maximum l i f t .  We use  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  t o  o b t a i n  

t h e  optimum shape  o f  h y d r o f o i l .  The m a th em a t ic a l  problem i s  t h a t  o f

e x t r e m iz in g  a f u n c t i o n a l  depending  on y ( t h e  s o u rc e s  s t r e n g t h )  and z 

( t h e  h y d r o f o i l  s l o p e )  when t h e s e  two f u n c t i o n s  a r e  r e l a t e d  by a s i n g u l a r  

i n t e g r a l  e q u a t io n .

The e x t re m a l  s o l u t i o n  y ( 8 ;X i,X2) &nd z ( 0 ;X i,X2) when de te rm ined  

w i l l  i n v o l v e  two Lagrange m u l t i p l i e r s  c o n s t a n t s  Xi,X2 , which can be 

de te rm ine d ,  by s u b s t i t u t i n g  t h e  ex t re m a l  s o l u t i o n s  y ( 0 ;X i,X 2 ) and 

z ( 0 ;X j,X 2 ) in  t h e  two c o n s t r a i n t s .

The a n a l y t i c a l  s o l u t i o n  f o r  th e  unknown shape  z and  t h e  unknown 

s i n g u l a r i t y  y has  b r a n c h - t y p e  s i n g u l a r i t i e s  a t  t h e  two ends o f  t h e  

h y d r o f o i l .

A n a l y t i c a l  s o l u t i o n s  by a s i n g u l a r  i n t e g r a l  e q u a t i o n  method and 

R a y l e i g h - R i t z  method a r e  d i s c u s s e d .

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be a minimum i s  d e r i v e d  

from c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n .

I I I b  THE OPTIMUM SHAPE USING VARIATIONAL CALCULUS TECHNIQUES, SO THAT THE
LIFT IS A MAXIMUM.

We pose  t h e  problem o f  max imizing  th e  l i f t  c o e f f i c i e n t

L * =  ^

= - 42

PU^
a a
s i i f  0c o s 0 z ( 6) d 8 21

/ s i n ^ a - s i n ^0 ^

y ( 9 ) sin^QcosBdS [3 b 1 ]

/ s i n ^ a - s i n ^ 9

s u b j e c t  t o  a c o n s t r a i n t  on c u r v a t u r e  o f  t h e  form

a

z ^ ^ ( 0) s e c 0 co s ec  0 d0 , [ 3 . b . 2 ]

where K i s  p r e s c r i b e d , t o g e t h e r  w i th  a  c o n s t r a i n t  on t h e  l e n g t h  S o f  t h e  

h y d r o f o i l  o f  t h e  form
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u

s  = 22 | / l + z ^ ( 9 ) . s in0  cos0 d0 , [3 .b«3]

where S i s  p r e s c r i b e d  and z (0 )= y ^ (2 s in ^ 0 )  i s  th e  g r a d i e n t  o f  th e  

h y d r o f o i l  a t  th e  p o s i t i o n  0 .

STATEMENT OF THE PROBLEM

The g e n e r a l  optimum prob lem c o n s id e r e d  h e r e  may be s t a t e d  as  f o l l o w s :  

To f i n d  t h e  r e a l ,  e x t r e m a l  f u n c t i o n  y(0) o f  a r e a l  v a r i a b l e  0 ,

r e q u i r e d  t o  be H o lde r  co n t in u o u s  in  t h e  r e g i o n  o<0<a , which i s  r e l a t e d  

t o  t h e  s lo p e  z(^)  by t h e  e q u a t io n  [ 3 . a . 10 ] ,  namely

= -  2 s i n L s e / ^ v i r ^  - Æ 5 S Ï ]  -

a
 U   / s inC a+ 0 ) /  s i n^ ^
TTsin0c o s 0 v s i n 0  ̂ /  s i n ( a - ^ )

0

0
a

+ 4UC0S8 f -  \  , [ 3 . b . 4 ]
/s in^a-s in^Tj , .  (s in^ i |^ -s in^0 Q)^

so t h a t  y ( 0) and z ( 0) min imize t h e ' f u n c t i o n a l

I [ y  (0) , z ( 0 ) , z ' ' ( 0 ) , 0 ] =  - L + X%S + A2 K

a

E | F [ n ( 9) , z ( 9) , z ' ( 9 ) , 9 ;X i,X2 ] d 0 , [ 3 . b . S ]

0

w ith  t h e  f u n c t i o n  F [ y ( 0 ) , z ( 0 ) , z ^ C 0 ) > 9 * ^ 2 ] g iven  by

F[y(0)  , z ( 0 )  , z " ( 0 )  ,0 ;X i ,X2 ]= X i / l+ z ^  (9) .22s in0cos0  z"^(0) s ec0cosec0  +

4. 4 i  + l i  ti( e ) s ln ^ 6 c o s 9  (o<9<a) _ [ 3 . b . 6 ]
/ s i n ^ a - s i n ^6 / s i n ^ a - s i n ^0

and Xi,X2 a r e  Lagrange m u l t i p l i e r s .
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The N ecessa ry  C o n d i t ion  o f  O p t im a l i t y :

Let  y ( 0 ) , z ( 0 )  deno te  th e  r e q u i r e d  o p t im a l  source  d i s t r i b u t i o n  

f u n c t i o n  and  o p t im a l  h y d r o f o i l  s l o p e  r e s p e c t i v e l y ;  we w r i t e

y i ( 8 )  = y ( 0 )  + E%(0)  

z i ( 0 )  = z ( 0 )  + e n ( 9 )
[3 .b . 7 ]

We s h a l l  assume t h a t  t h e  l e n g th  o f  t h e  c a v i t y  does  n o t  v a r y  i n  t h e  v a r i a t i o n  

p r o c e s s ,  t h i s  im p l i e s  t h a t  a i n  [ 3 . a . 4] i s  a c o n s t a n t  and we r e c o g n i z e  

t h a t  t h i s  i s  a l i m i t a t i o n  o f  t h e  p r e s e n t  t h e o r y .

We can use [ 3 , b . 4 ]  t o  o b t a i n  t h e  fo l l o w i n g  r e l a t i o n  between Ç(0) 

and n(0)

a

0

where

TTA'i -  2U / s i n ( a + 0 )  f / s i n 0 n s i n ( a - 0 o ) d 0 p  
7 r^s in0 /  s in0  s in (0Q -0)

s i n ^ ^  cosip nC^Od^

/s in ^ a - s in ^ i j ; .  ( s in^ ip -s in^0 )V u

[ 3 . b . 9 ]

Using t h e  P o i n c a r e - B e r t r a n d  fo rm ula  we can w r i t e  [ 3 . b . 9 ]  as  f o l l o w s :

J ( 9 )  = - Un(9) -  /S in (g^9) sin^Tj; dl|^
ï ï -^s inecose /  s in0 cosTj^/sin^a-sin^ip

• 1 ( ^ , 0 ) ,  [ 3 . b . l 0 ]

where

ICt|;,0) = v^tan0o( tanq-tan0o) sec^0^ d0^ 
( t a n 0 ^ - t a n 0 )  ( tan0^- tam| ;)  (tanO^+tanij;) 6,ip e ( o , a )

jr  / sinÇg+iiô ______1
  /  sinib ‘ r tan6  +2/c0scr  ‘ CtanB+tamj,)

[ 3 . b . l l ]

[ see  Appendix IX ] , 

hence

 ____________  s W  sinif, ro<0<a<-)
s in0  s in0  1/  sin(a-i |^) * sin(i|;+6) ' * 2^ '

[3 .b . l2 ]
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S u b s t i t u t i n g  from [ 3 . b . l 2 ]  i n t o  [ 3 . b . 8 ]  we o b t a i n

a
sinif) sirnpn (i| )̂ dij;

s inS s i n 8 | /  s i n ( a - ^ )  ' n s in (^+6)
0

a
U

I f  Ç(0) i s  an a d m is s i b l e  v a r i a t i o n ,  then  I [y+eÇ ,z+ er i , z^+ er i ' ,0 ]  in  

[ 3 . b . 5 ]  i s  a f u n c t i o n  o f  e which has  an ex t reme v a lu e  when e = o .

For s u f f i c i e n t l y  sm a l l  e , expans ion  o f  [ 3 . b . 7 ]  in  a T a y lo r  s e r i e s  y i e l d s

AI = eÇI + 2"T Ç I + .............. [ 3 , b . l 4 ]

We have

a

AI = J F [ y + e Ç , z + E T i , z ' ' + e r i ^ , e ] d 0  -  

o

F ( y , z , z " , 0 ) d 0 , [ 3 . b . l 5 ]

where

CI = {Ç(0)F ( y , z , z " , 0 ) + n ( 9 ) F  C y , z , z " , 8 ) + n " ( 0 ) F  ( y , z , z " , 0 ) } d 0 ,  [3 .b ,1 6 ]
y z z

in  which t h e  s u b - i n d i c e s  deno te  p a r t i a l  d e r i v a t i v e s ;  i t  may be n o t e d  t h a t  

Ç and n a r e  r e l a t e d  by [ 3 . b . l 3 ] ,  The v a r i a t i o n s  6 1 ,5^1 ,

depend on n(0) as w e l l  as z(0)  .

We i n t e g r a t e  by p a r t s  t h e  t h i r d  te rm i n  [ 3 . b . l 6 ]  and we o b t a i n

a
61= [ n ( e ) . F ^ ^ ( y , z , z " , 0 ) ] +

0

{C(8)F C y , z , z / , 0 ) + n ( 8 ) [ F ^ ( y , z , z " , 0 )  -y 6

^  F ^ ^ (y , z , z " , 0 ) ] }d0 . [ 3 . b . l 7 ]

S u b s t i t u t i n g  from [ 3 . b . l 3 ]  i n t o  [ 3 . b . l 7 ]  we can w r i t e

4 # ■0 )

U / s i n (  
/  s i

(a+0)
s i n 0 c o s 0 /  s in 0  y

+ [ F ^ ( y , z , Z ' , 0 )  - J q F / W

F, ( y , z , Z ' , 0 ) / ^ 5 H r  n W d » - U F  ( u . z . Z - . 6 ) n ( 9 )

0

, z , z ' , 0 ) ] n ( 0 ) y d0 . [ 3 . b . l 8 ]
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I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  th e  o r d e r  o f  t h e  two double  i n t e g r a l s  

i n  [ 3 . b . l 8 ]  and in t e r c h a n g e  t h e  v a r i a b l e s  d^ip and when we do so we 

o b t a i n

... % # # #  -

s i n ^  s in ^ c o s ^

+ [ P ^ ( U y Z ,z ' , e j  - ^  F ^ . ( y , z , z " , 0 )  - U F ^ ( y , z , z " , 0 ) ] f n ( 8 ) d 0 [ 3 . b . l 9 ]

We have  from [ 3 . b . 6 ]

F f p . z . z ' . e )
/ s i n ^ q - s i n ^ (

F ( w , z , z ' , 0 )  = B M S l i i a î Ç o s e  ^ s inZ e cose  _
/ l + Z ^ ( 0 ) / s i n ^ a - s i n ^ 0

> (o<0<a<j) [3 .b . 2 0 ]

For I [ z ]  t o  be a minimum, we must  have f o r  a l l  a d m is s i b l e  f u n c t i o n ,  n (x)

6 I [ z , n ]  = o [ 3 .b . 2 1 ]

and t h i s  im p l i e s  t h a t  th e  c o e f f i c i e n t  o f  n(x)  in  [ 3 , b . l 9 ]  s h o u ld  v a n i s h ,  

t h a t  i s

F ^ ( y , z , z " , 0 )  - ^  F ^ ^ ( y , z , z ' , 0 )  = U F ^ ( y , z , z " , 0 )  -

U r  s in 0  ■ /sinCa+T|;) F % ( y ,z , z " , ^  
i t /  s inCa-0 )  /  simp simpsin(Tp+0)

Ip) dip

U /  s in 0  /s in(g+ip) F^,(y,z,z",ip)dip 
t t /  s i n ( g - 0 )  J/ simp ’ simpcosip 

0

impcosip (o<0<g<y) [ 3 . b . 2 2 ]

and i f  n(0)  does n o t  v a n i s h  a t  an end p o i n t  th e n  i t  i s  n e c e s s a r y  t h a t  

n ( 0 ) z ^ ( 0 )  sh o u ld  v a n i s h  a t  t h a t  p o i n t  so  t h a t

n ( o ) . z ' ' ( o )  = o , n ( g ) . z " ( g )  = o . [ 3 . b . 2 3 ]
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S u b s t i t u t i n g  from [ 3 .b . 2 0 ]  i n t o  [ 3 .b . 2 2 ]  we o b t a i n

— .22s in9cos8  - [ z ' ( 0) s e c 0c o s e c 0 l + — = _
/ Ï T P W  / s i n ^ a - s i n ^ e

-  - / 5 H E  ta n e
TT /  s i n ( a - 0j

simpdip

22 /  s i n 0 
TT /  s i n ( a - 0) J

0
a

/sin ipsin(a- ip )  . ( t a n 0+tanip)

(o < 0 < a 4 )  . [3 .b .2 4 ]
/ s in ips in(a -ip)

Now we e v a l u a t e  th e  i n t e g r a l s  12 and 13 which a r e  d e f i n e d  by 

a

19 = -  -  ■   (o < 0 < a < f) , ■>
/ s in ips in(a-Tp) . ( tanip+tan0)

[3 .b .2 5 ]

I 3 .  - ■■ Co<a4 )
V  sinipsin(a-ip)

The i n t e g r a l  I 2 i s  e v a l u a t e d  in  Appendix I and i s  g iven  by 

I 2  = 1TCOS0 j^- c o s 0 / Ç 0 ^  + c o s ( i a - e ) (o<0<a<y) , [3 .b .2 6 ]

th e  second  i n t e g r a l  1 3 becomes

13 = TT s i n  Y a (o<a<y) . [3 .b .2 7 ]

S u b s t i t u t i n g  from [3 .b . 2 7 ]  and [ 3 .b . 2 6 ]  i n t o  [ 3 .b . 2 4 ]  we can w r i t e

X2 [ z ^ ( 0) s e c 0c o s e c 0 ] - 2Xj2^ = _
/ l + z ^ ( 0)

- ^ ^ ^ y ^ Y a - 8) s i n ( y a  - 0 )cos0  , (o<0<a<y) . [3 .b .2 8 ]

This  e q u a t io n  i s  a n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  f o r  z(0)  . We 

c o n s i d e r  th e  s o l u t i o n  o f  [ 3 .b . 2 8 ]  o n ly  i n  t h e  case  when t h e  s lo p e  z ( 0) 

i s  sm a l l  and we approx im ate  t o  [3 .b . 2 8 ]  as f o l l o w s :

X2 ^  [ z ^ ( 0) s e c 0c o s e c 0 ] - 2 Xj 2^ z (0) s i n 0c o s 0 = - s i n C y c t - 0) c o s0

(o<0<g<-^) • [3.b.29]



This  may be w r i t t e n  as f o l l o w s :

dz
22s in9cos6  d9 22s in0cos0  d6 2X2

where

fC0) = - 2 X2 V  s i n ( a - 0 ) * s in0

Using t h e  t r a n s f o r m a t i o n

06

z(6) = f ( 0 )  , (o<0<a<y),  [3 .b .3 0 ]

(o<0<a<j) . [3 .b .3 1 ]

X = 2 s in^0  

c = 2 s i n ^ a
[3 .b .3 2 ]

we o b t a i n

where

F(x) = -

z 'Xx) - m^z(x) = F(x) , (m^ =

/ Â  
/  2 -:

v ^ -  Æ
-y¥ / ¥ - A  • / ¥

(o<x<c<2). [ 3 , b .33]

I t  i s  assumed a t  t h i s  s t a g e  t h a t  > o and we show l a t e r  t h a t  X̂  > 0  ,À2

X2 > o a r e  s u f f i c i e n t  c o n d i t i o n  f o r  a t r u e  maximiza t ion  o f  th e  l i f t  L .

To d e r i v e  th e  s o l u t i o n  o f  t h e  nonhomogeneous e q u a t i o n  i n  [ 3 .b . 3 3 ]  we 

app ly  th e  u s u a l  method o f  v a r i a t i o n  o f  p a r a m e t e r s ,  then  we o b t a i n

F(C) s in h  m(^-x) dÇ + C^sinh mx+C2Cosh mx , [ 3 .b .3 4 ]

where and C2 a r e  a r b i t r a r y  c o n s t a n t s .

We s h a l l  assume th e  boundary  c o n d i t i o n s  a re  g iven by

z(o) = o , z(c) = [3.b.35]
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Using [3 .b . 3 5 ]  we o b t a i n

c

Cl = m s in h  me F(Ç) s in h  m(C-c) dC + —s in h  me '

C?= o .

[3 .b .3 6 ]

S u b s t i t u t i n g  from [ 3 .b . 3 6 ]  i n t o  [3 .b . 3 4 ]  we o b t a i n

z(x) = y"Cx) = -  - F (S ) s i n h  m(C-c)dC + 

(o<x<c<2) .

s in h  mx 
s in h  me

[3 .b .3 7 ]

We i n t e g r a t e  [3 .b . 3 7 ]  w i th  r e s p e c t  t o  x , and we use t h e  boundary  c o n d i t i o n

y(o) = o

t o  o b t a i n

yCx) = - J

X a

d a  

0 0

F(C )s inh  m(S-c)dC + 

)

(o<x<c<2) .

[ 3 .b . 3 8 ]

(cosh m x-1) 
m s in h  me

[3 .b .39}

E qua t ion  [3 .b . 3 9 ]  can be w r i t t e n  as- f o l l o w s :

y (x l  = - FCO[cosh m(ç-x>.l3dÇ

O'

F r n s i n h m Ê - O d î .  B

(o<x<c<2) . [3 .b .4 0 ]

The s o l u t i o n  [ 3 .b . 3 7 ]  sh o u ld  s a t i s f y  th e  c o n s t r a i n t s ,  [ 3 . b . 2 ]  and [ 3 . b . 3 ] ,  

namely:

2 = A  + z^ (x )dx  - [ 1  + y  Z ^ ( x ) ] d x  ,

and [3.b.41]

K = z^ ^(x )dx  .
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When we s u b s t i t u t e  f o r  z(x)  and z^(x) , u s i n g  [3 .b .3 7 ]  i n t o  th e  

c o n s t r a i n t s  [ 3 . b . 2 ]  and [ 3 . b . 3 ]  we o b t a i n  two e q u a t i o n s ,  in  th e  two 

unknowns E , m , which have t o  be e v a l u a t e d  n u m e r i c a l l y .  We do n o t

complete  th e  s o l u t i o n  o f  t h i s  problem u s i n g  t h i s  method s i n c e  t h e r e  a r e  

two a l t e r n a t i v e  methods o f  r e s o l v i n g  th e  p rob lem n u m e r i c a l l y  which a re  

d i s c u s s e d  in  d e t a i l  i n  S e c t io n  I l l d  and Appendix IIX.

I I I c .  A SUFFICIENT CONDITION FOR THE EXTREMUM TO BE A MINIMUM.

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum o f  I t o  be a minimum i s  

d e r i v e d  from c o n s i d e r a t i o n  o f  t h e  second v a r i a t i o n  o f  I .

S ince

ô l [ y ( 0 ) , z  ( 0 ) , z " ( 0 ) , 0 ]  = o , [ 3 . C . 1 ]

th e  c o n d i t i o n  f o r  I t o  be a minimum r e q u i r e s  t h a t

0^1 [y(.9) , z (0 )  , z . ' (0 )  ,0] 3 o [ 3 . C. 2 ]

f o r  a l l  a d m is s i b l e  v a r i a t i o n s  ^(0)  and n(0) c o n s i s t e n t  w i th

.<»> ■ - »  " « )  •  7 / ^ ’  î è ë  I / 3 &  S i s r * -  ■

-  .  s i n  9 cos 8 j  . (o<9<a<j) .  [ î . c . î ]

0

where n(8) s a t i s f i e s  t h e  boundary  c o n d i t i o n s

n(o) = o , n (a )  = o . [ 3 . C. 4 ]

Using T a y l o r ’ s theorem we can w r i t e  the  inc rem en t  o f  t h e  f u n c t i o n a l  

l [ y , z , z ^ , 0 ]  in  t h e  form

a

I [y+e^,z+£n,z"+en",0]-l  [y ,z ,z",0]  = c {Ç(0)F ( y , z , z 4 0 ) + n ( 0 )  [F ( y , z , z ; 0 )  -
| i  Z

a

d0 F ^ U , z , z ' , e ) ] } d e 4 E ^  j((^F^^+T,^F^^+n '^F ,^ ,+2(nF^+%n'F^^;92nn 'F^^d840Ce3)

° [ 3 . C . 5 ]
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Denoting  th e  c o e f f i c i e n t  e by 61 and t h a t  o f  by 6^1 , a t  a

s t a t i o n a r y  v a lu e  o f  I , [ 3 . C . 1 ] ,  we have from [ 3 . C . 1 ] ,  [ 3 . C . 3 ]  and 

[ 3 . C . 5 ] :

- de" F ^ [y , z , z r , e ]  = UF^(y ,z ,zr ,e )  -

_ U /  s i n  ( 
7t/  s i n ( g - 0 )

s i n  0 /sin(g-np)  F,,(y,z,z^,ip)dip 
/  s i n  ip s i n  Ip sin(ip+0)

U /  s i n  0 /s in(g-np) F^ ( y , z ,  z ,̂ip) dip ro<fi<rvÆ
7 r / s i n ( g - 0 )  /  s i n  ip s in tpcos ip  ̂ 2̂ [ 3 . C . 6 ]

and

6^1 = [ 3 . C . 7 ]

where,  by [ 3 . b . 6 ]

F ^ ^ [y ,z ,z r ,0 ]  = 0

F_.[M.Z,Z%8] =
[ l  + z^C0) ]

zz

F^>"^[y,z,z^, 0] s ec  0 cosec

Fyz[P»z,z",0]  = o

F ^ y , z , z ' , 0 ]  = o

F^^[w,z,z^,0]  = o

[ 3 . C. 8 ]

S u b s t i t u t i n g  from [ 3 . C . 8 ]  i n t o  [ 3 . C . 7 ]  we o b ta in  

g

6^1 =

0

g

 ̂ • n ^ ( 0 )  + - ^  s ec  0 cosec  0 n ( 0 ) V  d0 . [ 3 . C. 9 ]
I r i+z2r8 ii%2  ̂ ;[ l  + z A 0 ) ]

In the  case  o f  sm al l  s lo p e  z(0'l , we approx im ate  [ 3 . C . 9 ]  as f o l l o w s :

g

6^1 = I  <^2Xi2sin 0 cos 0 ri^(0) + sec  0 cosec  0 n (0) d0 . [ 3 . C. 10]
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Using th e  t r a n s f o r m a t i o n

X = 2 s in^9  

c = 2 s i n ^ a

we o b t a i n

6^1 =

c

{Xl<p^Cx) + 2X2<P^^(x)} dx , [ 3 . C. 12]

where

(p(x) = n(0) ,

(p'(x) = n ' 'C 0 ) /2 2 s in  0 cos 0 .
[ 3 . C . 13 ]

Now we c o n s i d e r  t h e  s p e c i a l  cho ice  o f  (f>(x) s a t i s f y i n g  the  c o n d i t i o n s  

[ 3 . C . 4 ] :

(p(x) = a s i n  ^  x (o<x<c) , [ 3 . C. 14]

then  we o b t a i n  from [ 3 . C . 1 0 ] :

6^1 = J  a^c[Xi  + ^  X2 ] . [ 3 . C. 15]

A s u f f i c i e n t  c o n d i t i o n  f o r  s a t i s f y i n g  [ 3 . C . 2 ]  i s

2tt̂Xi + —2~ X2 > o . [ 3 . C. 16]

I l l d .  ANALYTICAL SOLUTION BY RAYLEIGH-RITZ METHOD IN THE CASE OF SMALL 

VALUES OF c / 2  .

We use th e  R a y l e i g h - R i t z  method [ s e e ,  e . g . .  Temple,  G. and B ic k le y ,  

W.G. (58) and M ilne ,  W.E. (44 )J t o  s o lv e  e q u a t io n  [ 3 . b . 3 0 ] ,  namely

^ [ z ^ ( 0 ) s e c  0 cosec  0 ] - m z ( 0 ) s i n 0  cos 0 = y(0) , (,o<0<a<y) , [ 3 . d . l ]

w i th

c o s e  ,

[3.d .2]

ra = 4%2n , n = ^  , E = i  ,
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where Xi,X2 a r e  Lagrange m u l t i p l i e r s  ? z(0)  i s  s u b j e c t  t o  t h e  boundary

c o n d i t i o n s  [ 3 . b . 3 7 ] .

The e q u a t i o n  [ 3 . d . l ]  i s  th e  n e c e s s a r y  c o n d i t i o n  f o r  th e  i n t e g r a l  

a

J  = sec  0 cosec  0 z ' ^ 0 ) + j m  s i n  0 cos 0 z ^ ( 0 ) + y ( 0 )  z(0) } d0 , [ 3 .d . 3 ]

0

to  a t t a i n  a minimum.

We may obse rve  a t  t h i s  p o i n t  t h a t  i f  a i s  s u f f i c i e n t l y  s m a l l ,  t h a t  

i s  € / l  i s  s u f f i c i e n t l y  s m a l l ,  t h e  i n t e g r a l  i s  a p p ro x im a te ly :  

a

= f { ^  2^2(0) + 1  m 0 z^(0) + y ( 0 ) z ( 0 ) }  d0 , [ 3 .d . 4 ]

0

where

y ( 0) = -  C j a - 9 )  , [ 3 .d . 5 ]

where m and E a r e  d e f i n e d  by [ 3 . d . 2 ] .

The R a y l e i g h - R i t z  method can be a p p l i e d  to  t h i s  problem i n  t h e  

fo l l o w i n g  way:

We s e l e c t  a b a s i c  s e t  o f  l i n e a r l y  inde penden t  po lynom ia l  f u n c t i o n s  and 

we assume an e x p r e s s i o n  f o r  z(0) o f  t h e  form

z(0) = -'2- 0^ + a i 0 ^ ( a - 0 )  + a20^ (u-8)  , [ 3 .d . 6 ]

which s a t i s f i e s  the  end c o n d i t i o n s  [ 3 . b . 3 7 ] ,  a% and a 2 b e i n g  a r b i t r a r y  

c o n s t a n t s .

The v a l u e s  o f  z and z '  a r e  o b t a i n e d  from e q u a t io n  [ 3 . d . 6 ]  and we 

s u b s t i t u t e d  i n  [ 3 . d . 4 ] ,  t h e  r e s u l t  i s  a q u a d r a t i c  a% and a 2 ; we have

J  = < ^  ^  0+aj C2u0 - 3 0 ^ ) + a 2 ( 3 a 0 ^ - 4 0 ^ )  + ^m0 ^ 0 ^ + a i 0 ^ ( a - 0 ) + a 2 0 ^ ( a - 0 )

0

- 2 £ ^ E y ^ [ j a - 0 j  ^  0 2 + a i 6 ^ ( a - 0 ) + a 2 e A a - e )  y  d0 [ 3 .d . 7 ]

hence
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t 8 1 2 . 7  2 6 3 5 I  n i  2  1 2 pg a i  a  + ^  a i a z a  + y y  mg 0 ,8a i  a° m +

+ 7^  a£^ ot  ̂ a^ 3 A  + ^  a 2 3 a^m + aj  a2a^ m +42 56 252

+ 2&%E 15
128

2 TT 5 7 6
ÏÏ a^+ T9T7T aio= + JÔ24 ^ "  *2128 [3 .d . 8 ]

The n e c e s s a r y  co n d i t io n s - fo r  m in im iz ing  J  , w i th  r e s p e c t  t o  a  ̂ and 82 , 

a re

9J , 1  ̂ 1 i|s 4 r 3 1 i+N 5 I o 5
*̂ 4 * Ï 68  * <-20* 2 ^  ma^ + - % % -  = o ,42 64

and ;>

( &  * 252 + ^  ma-Iaga^ .  °  • J56

[3 .d . 9 ]

The q u a n t i t i e s  n and E can now be e x p r e s s e d  in  terms^ o f  a% and a2 

b u t  f o r  conven ience  we i n t r o d u c e

Ç = a g 
1

n = azo

and we th e n  have

n = W/4&2g4v

where

« = - 20 60

V = ^T68 - " 5e)® '

w i th

[ 3 . d . l 0 ]

[ 3 . d . l l ]

[ 3 . d . l 2 ]

Ri  =
TT£^g^

64 , Rz =
7TT£^g^

512 [ 3 . d . l 3 j

and

E = - J _
Rl

[3 .d . l4]
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From [ 3 . C . 1 6 ]  th e  s u f f i c i e n t  c o n d i t i o n  f o r  the  l i f t  t o  be a maximum i s

X/  E > _L
2X2

[ 3 . d . l 5 ]

S u b s t i t u t i n g  from [ 3 . d . 6 ]  i n  th e  c o n s t r a i n t s ,  [ 3 . b . 2 ]  and [ 3 . b . 3 ]  we 

o b ta in

S = 2% [1 + J  Z^(0)]  0 d0

=  2 1 336 720 U2 3 ^  ^2 3 a^ +56

2 ^  a i a 2 a ^ ]  , [ 3 . d . l 6 ]

and a

1 2
^   ̂ 8 “ + Ï2Ô  a ^ 2 0  *ia2G'

E qua t ions  [ 3 . d . l 6 ]  and [ 3 . d . l 7 ]  can be w r i t t e n  as f o l l o w s :

[ 3 . d . l 7 ]

51 = Ai^Z + 2H1 Cn + Bin^ + 2PiC+ 2Qin + Cl = o

52 = A2 ^^ + 2H2CTI + B2n^ + 2P2C + 2Q20 + C2 = o
[ 3 . d . l 8 ]

where

336

Bi =1 720

1
504

p,

Qi =

84 ' 

1
112

A9 = TT

B9  = 120

P9 = o

Q2 = o

S-C.  ̂ 1 q2Cl = - ( ^ )  + 3 J  3 \  Cz = -  Kc + 3A

[ 3 . d . l 9 ]

We s h a l l  c o n s i d e r  th e  s p e c i a l  case
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S = 4.02  f t  , ]

c = 4 f t  , I  = 100 f t  ÿ

K = 0.0148 f t  , }> [3 .d .2 0 ]

a = 0 . 2 ,

3 = - t a n  12° = - 0.21256 .

Regard ing  Si=o and 82=0 as two co n ic s  th e  c o n d i t i o n  upon X f o r  th e

q u a d r a t i c

S i + X $2=0 [3 .d .2 1 ]

t o  r e p r e s e n t  a p a i r  o f  s t r a i g h t  l i n e s  i s

233661 .8x3-14129.5x2+433.9X+3.068 = o , [3 .d .2 2 ]

[ s e e ,  e . g . ,  THE REV. E.H. ASKWITH, D.D.,  1953 " A n a l y t i c a l  Geometry o f  th e  

c o n ic  s e c t i o n s "  T h i rd  E d . ,  Adam ^ C h a r le s  Black]

which can be so lv e d  t o  g ive  the  f o l l o w i n g  r o o t s

X E - 0 .00585 ,  0.03316 ± 0.0338451 . [3 .d .2 3 ]

Using t h e  r e a l  v a l u e  o f  X we can w r i t e  e q u a t io n  [3 .d , 2 3 ]  in  t h e  form

0 .2 2 4 5 1 ^ 2 + 0 .30909Çn+0.10477n^-0.50609Ç-0.37057n+0.1347 = o . [3 .d .2 4 ]

By f a c t o r i z i n g  e q u a t io n  [ 3 . d . 2 4 ] ,  we o b t a i n

K + 0 . 6 0 3 5 5 n - l . 94587 = o , [3 .d .2 5 ]

Ç + 0 . 7 7 3 2 1 n - 0 . 30834 = o . [3 .d .2 6 ]

The s t r a i g h t  l i n e  [3 .d . 2 5 ]  when combined w i th  Si=o p roduces

Ç = 1.9068 + 3 .54181 , n = 0 .0647  ± 5 .86841  , [ 3 .d .2 7 ]

in  o t h e r  words ,  t h e r e  i s  no r e a l  i n t e r s e c t i o n  o f  t h i s  s t r a i g h t  l i n e  wi th  

t h e  c o n i c ,  w h i le  th e  p o i n t s  o f  i n t e r s e c t i o n  between th e  s t r a i g h t  l i n e

[ 3 .d .2 6 ]  and Sj a r e  r e a l  and a r e  as f o l lo w s :
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( i )  ^ = - 0.4013 , n = 0 .9178 , ]
> [3 .d .2 8 ]

( i i )  K = 0 .4137 , n = - 0 .1362 . I

Using [ 3 .d . 2 8 ]  and [ 3 . d . l 9 ]  we can w r i t e  th e  v a l u e s  o f  n and E ,

[ 3 . d . l l ]  and [ 3 . d . l 4 ]  i n  the  forms

( i )  n ^ - 0.45027  , E = - 0.18725 , 1
> [3 .d .2 9 ]

( i i )  n = 1.9293 , E = 0.38786 . j

The v a l u e s  in  [3 .d .2 9  . ( i ) ]  do n o t  s a t i s f y  th e  s u f f i c i e n c y  c o n d i t i o n ,  

[ 3 . d . l 5 ]  b u t  t h e  v a l u e s  in  [3 .d .2 9  . ( i i ) ]  s a t i s f y  [ 3 . d . l 5 ] ,  namely

n = 1.9293 , E = 0.38786 , [ 3 .d .3 0 ]

and th u s  th e  a p p r o p r i a t e  v a l u e s  o f  Ç and n , a r e

C = 0.4137 , n = - 0 .1362 , [3 .d .3 1 ]

u s in g  [ 3 .d . 3 1 ]  and [ 3 . d . l 0 ]  we o b ta in

3-1 = 51.7066 , a 2 = - 85.1262 . [3 .d .3 2 ]

Now we can w r i t e  t h e  s o l u t i o n  z ( 0 ) ,  [ 3 .d . 6 ]  o f  t h e  d i f f e r e n t i a l  e q u a t io n  

[ 3 . d , l ] ,  u s i n g  [ 3 .d .3 2 ]  and [ 3 . d . l 9 ]  as f o l l o w s :

z(0)  = 1 5 . 65502 - 6 8 . 73203+85 .126204  (038  $ 0 . 2 )  , [ 3 .d .3 3 ]

u s in g  th e  t r a n s f o r m a t i o n

9 = / I  , COIOO) , [3 .d .3 4 ]

we o b t a i n

z(x) = 0 .15655X -0 .06873x^+0 .0085x2  , (o$x$4) . [3 .d .3 5 ]

We i n t e g r a t e  [ 3 .d . 3 5 ]  w i th  r e s p e c t  t o  x and we o b t a i n

y(x)  = 0.078275x2-0.027496x^^+0.00283x3  (o$x$4) [3 .d .3 6 ]

t h e r e  b e i n g  no a r b i t r a r y  c o n s t a n t  s in c e

y(o) = o . [3.d.37]
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The graphs  o f  y ( x ) , y ' ( x )  and y " (x )  a re  shown in  F ig u re s  [ 9 , 1 0 , 1 1 ] .

The maximum l i f t  c o r r e s p o n d in g  t o  t h i s  s o l u t i o n  i s  116058 IbS.

[see  Appendix V I I I ]

IV THE OPTIMUM SHAPE OF A HYDROFOIL IN STEADY TWO-DIMENSIONAL PARTIAL

CAVITY FLOW

INTRODUCTION

A h y d r o f o i l  i s  p l a c e d  i n  t h e  un i fo rm  flow o f  an i n c o m p r e s s i b l e  

n o n - v i s c o u s  l i q u i d  f i l l i n g  an i n f i n i t e  s p a c e .

The l i q u i d  f low i s  assumed t o  be s t e a d y  and i r r o t a t i o n a l .

I t  i s  assumed t h e  l e n g t h  o f  t h e  c a v i t y  on t h e  u p p e r  s u r f a c e ,  as  

shown i n  F i g . [12] i s  l e s s  t h a n  t h e  l e n g t h  o f  t h e  h y d r o f o i l ,  and t h i s  

w i l l  be r e f e r r e d  to  as a p a r t i a l  c a v i t y .

The method o f  l i n e a r i z a t i o n  i s  u sed  t o  s o lv e  t h e  f low p rob lem .

A tw o -d im e n s io n a l  s o u rc e  and v o r t e x  d i s t r i b u t i o n  on t h e  x - a x i s  i s  

u s e d  t o  s i m u l a t e  t h e  f low p a s t  t h e  h y d r o f o i l  and i n  s a t i s f y i n g  t h e

boundary  c o n d i t i o n s  we a r e  l e d  t o  a system o f  coup led  i n t e g r a l  e q u a t i o n s ;

t h e s e  a r e  s o l v e d  e x a c t l y  u s i n g  t h e  C a r l e m a n - M u s k h e l i s h v i l i  t e c h n i q u e .

T h i s  method i s  s i m i l a r  t o  t h a t  used  by Davies ( 1 3 ) , ( 1 4 ) .

The p u rp o s e  o f  t h i s  work i s  t o  e v a l u a t e  t h e  optimum shape  o f  a two-

d im e n s io n a l  h y d r o f o i l  o f  g iv e n  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e  

which p ro d u c e s  maximum l i f t .  We use  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  

t o  o b t a i n  t h e  optimum shape o f  t h e  h y d r o f o i l .  The m a th e m a t ic a l  

p rob lem i s  t h a t  o f  e x t r e m i z i n g  a f u n c t i o n a l  depending  on v ( t h e  v o r t e x  

s t r e n g t h )  and z ( t h e  h y d r o f o i l  s l o p e )  when t h e  two f u n c t i o n s  a r e  

r e l a t e d  by a s i n g u l a r  i n t e g r a l  e q u a t i o n .
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The e x t r e m a l  s o l u t i o n  , X2 ) z ( ^ ; X i , X 2 ) when d e t e rm in e d

w i l l  i n v o l v e  two Lagrange  m u l t i p l i e r s  c o n s t a n t s  , X2 which can be 

d e t e r m in e d ,  by s u b s t i t u t i n g  t h e  e x t r e m a l  s o l u t i o n  vC0 ;X i ,X2) and 

z ( 0 ;X i ,X 2 ) i n  t h e  two c o n s t r a i n t s .

The a n a l y t i c a l  s o l u t i o n  f o r  t h e  unknown shape  z and t h e  unknown 

s i n g u l a r i t y  v has  b r a n c h  s i n g u l a r i t i e s  a t  t h e  two ends o f  t h e  

h y d r o f o i l .

A n a l y t i c a l  s o l u t i o n  by a s i n g u l a r  i n t e g r a l  e q u a t io n  method i s  

d i s c u s s e d .  A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum to  be a 

minimum i s  d e r i v e d  from c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n .

IVa EXPRESSION OF THE PROBLEM IN INTEGRAL EOUATIONS FORM

C o v i  t y

hydrofoil

X = C

F I G .  1 2 .
ABD i n  t h e  f i g u r e  r e p r e s e n t  t h e  lower  s u r f a c e  o f  h y d r o f o i l  and i t  i s  

assumed t h a t  a vapour  f i l l e d  c a v i t y  AEB e x te n d  a lo n g  a p a r t  AB o f  

t h e  s u c t i o n  s i d e  o f  t h e  h y d r o f o i l  as  shown in  t h e  d iagram.  (This  i s  

c a l l e d  p a r t i a l l y  c a v i t a t e d  f l o w . )

We c o n s i d e r  t h e  f low o f  an i r r o t a t i o n a l  and i n c o m p r e s s i b l e  non-  

v i s c o u s  l i q u i d ,  f i l l i n g  an i n f i n i t e  s p a c e .

The v e l o c i t y  o f  t h e  l i q u i d  a t  i n f i n i t y  [ i . e .  a t  a  g r e a t  d i s t a n c e  from 

t h e  h y d r o f o i l )  i s  t a k e n  t o  be U and t h e  p r e s s u r e  t h e r e  i s  P and th e
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p r e s s u r e  i n s i d e  t h e  c a v i t y  i s  un i fo rm  and equa l  t o  which i s

assumed t o  be l e s s  th a n  P

We assume t h e  l i q u i d  f low t o  be  s t e a d y .

The problem w i l l  be  s o lv e d  on t h e  b a s i s  o f  l i n e a r i z e d  t h e o r y  and 

f o r  t h i s  p u rp o s e  we i n t r o d u c e  t h e  f o l l o w i n g  s o u rc e  and v o r t e x  d i s t r i 

b u t i o n  on t h e  x - a x i s .

(a)  Source  o f  s t r e n g t h  m(Ç) p e r  u n i t  l e n g t h  i n  o<%<& >

(b) V o r t i c e s  o f  s t r e n g t h  p e r  u n i t  l e n g t h  i n  o<^<Z ,

(c)  V o r t i c e s  o f  s t r e n g t h  Ŷ C?) p e r  u n i t  l e n g t h  i n  Z<^<c , Cy>0 c l o c k w i s e ) , 

t o  r e p l a c e  t h e  above p h y s i c a l  c o n f i g u r a t i o n ,  y^ (C ),Y 2 CC) and m(^) 

b e i n g  unknown d i s t r i b u t i o n s .

Each o f  t h e s e  s i n g u l a r  d i s t r i b u t i o n s  w i l l  p roduce  a c o n t r i b u t i o n  t o  t h e

complete v e l o c i t y  p o t e n t i a l .

We c o n s i d e r  f i r s t  t h e  s o u rc e  d i s t r i b u t i o n  on t h e  h y d r o f o i l ,  th e

v e l o c i t y  p o t e n t i a l  due to  t h e  s o u rc e s  w i l l  be

Z
4>1= - ^ j m ( 5 ) . l o g r . d 5  [ r = ( [ x - S ] 2 + y Z ) ] ,  [ 4 . a . l ]

o

where r  d e n o te s  t h e  d i s t a n c e  from a p o i n t  ( x ,y )  , i n  t h e  l i q u i d  to  

(Ç,o) and t h e  v e l o c i t y  component i n  t h e  y - d i r e c t i o n  due t o  t h e s e  s o u rc e s  

w i l l  be

- [ 4 . a . 2](x-^)2+y2

We r e q u i r e  t o  f i n d  t h e  l i m i t i n g  v a l u e  o f  v j  a s  y->0- th ro u g h  

n e g a t i v e  v a l u e s  ( s i n c e  we s h a l l  be  conce rned  w i th  t h e  u n d e r  s u r f a c e  o f  

t h e  h y d r o f o i l )  and by th e  u s u a l  l i m i t i n g  argument we f i n d

v% = - im(x) (o<x<&) , [ 4 . a . 3]

and

vi = 0 (&<x<c) . [4 .a . 4]
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We now c o n s i d e r  t h e  v o r t e x  d i s t r i b u t i o n ;  t h e  v e l o c i t y  p o t e n t i a l  due

to  t h e  v o r t i c e s  i n  o<x<£ w i l l  be

Z.

YiCC) . t a n " ^  ( - ^ d C
x-C'

[ 4 . a . 5]

The c o r r e s p o n d i n g  component i n  th e  y - d i r e c t i o n  w i l l  be

Z
:x-s)d%

[4. a . 6]

As y-)-0± we have  f o r  a l l  x

Z
l im

y-K)± V2 - h \
Y l(g )d g

x-C [ 4 . a . 7]

'*’3 = • 2¥

ï z Ü H x z i l S -
( x - ç ) “̂ +

As y-H)± we have  f o r  a l l  x
,c

l im
y-^o± x-C

[ 4 . a . 8]

For  t h e  v o r t e x  d i s t r i b u t i o n  i n  &<x<c th e  v e l o c i t y  p o t e n t i a l  w i l l  be

c

YzCC) t a n " ^ ( ^ ) d C

Z
The c o r r e s p o n d i n g  v e l o c i t y  component i n  y - d i r e c t i o n  w i l l  be

c
= _ M s  = _1_

9y 2/r ,
&

[ 4 . a . 9]

[ 4 . a . 10]

The complete p o t e n t i a l  ^ ( x , y )  w i l l  t h e n  be g iven  by

[ 4 . a . 11]

I t  f o l l o w s  now from [ 4 . a . 3 ] ,  [ 4 . a .  7] and [ 4 . a.  1.0] t h a t  t h e  comple te

normal v e l o c i t y  i n  t h e  range  o<x<& w i l l  be
Z c

Y2(C)dÇ
x - ï

(o<x<il) . [ 4 . a . 12]

I t  f o l l o w s  t h e r e f o r e  t h a t  t h e  boundary  c o n d i t i o n s  on th e  h y d r o f o i l  w i l l

be s a t i s f i e d  i f  m , yi  and y 2 s a t i s f y

I  n m 4 £  + ^  I  amCx) = U/(x) (0<x<%) ,
2

o Z

[4 .a . 13]
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where / ( x )  i s  t h e  s lo p e  o f  th e  h y d r o f o i l  a t  p o s i t i o n  x .

For t h e  r an g e  &<x<c t h e  normal v e l o c i t y  w i l l  be

I t  f o l l o w s  t h e r e f o r e  t h a t  t h e  boundary  c o n d i t i o n  w i l l  be s a t i s f i e d

i f  and y 2 s a t i s f y

Z c

2 tt
^ ^ x " ^  I  ^ 2 = u y (x )  (&<x<c) , [ 4 . a . 15]

o Z
We c o n s i d e r  now t h e  c o n d i t i o n  o f  co n s ta n c y  o f  p r e s s u r e  o f  t h e  s u r f a c e

o f  t h e  c a v i t y .  The g e n e r a l  fo rm ula  f o r  t h e  p r e s s u r e  P i s

P=P_+pUc{) , [ 4 . a . 16]

and t h e  v a l u e  o f  t h e  p r e s s u r e  on t h e  s u r f a c e  o f  t h e  c a v i t y  i s

P=P +pU# y=o

and th u s  on t h e  c a v i t y  s u r f a c e  we must  have

4.x |y=o
P c- f .

pu

hence  from [ 4 . a . 18] we have  on t h e  c a v i t y  s u r f a c e

where

i s  t h e  c a v i t a t i o n  number.

d> I = - 5 U0x |y=o

P -P
CO c

(o<x<&), [ 4 . a . 17]

A4:
2

z

[ 4 . a . 18]

[ 4 . a . 19]

[ 4 . a . 20]

Tlie l i m i t i n g  v a l u e  o f  as  y->-0± , can be d e r i v e d  from [ 4 . a . l ]

hence

A4i. = _ _L
3x 2ir

l im | -3 jr i=  .  1 _
y-H)±  ̂ 3x

(x -^ )m (Q d g
( x - Y P  + y^

2'it
m(g)de

x-S

[ 4 . a . 21]

[ 4 . a . 22]

f o r  a l  1 xe (o , Ü.) .
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Likewise  from [ 4 . a . 5] we have

a
.8JÈ2. = ± ‘

3X 2ir

The l i m i t i n g  v a lu e  o f  as  y->-0± i s

l im = J  ± 5 Y i ( x )  (o<x<Jl) , . .
’’-K)± ' 9x \  0 Ol<x<c) . L • • Jy-H)±

Likewise  from [ 4 . a . 8] we o b t a i n

c
= J _ '

ax 2tt . u . a . 2 5 ]

The l i m i t i n g  v a l u e  o f  as  y-K)± i s

B r in g in g  t o g e t h e r  t h e  v a r i o u s  r e s u l t s  f o r  ^  , [ 4 . a . 2 2 ] ,  [ 4 . a . 24] 

and [ 4 . a . 26] and th u s  we o b t a i n
i

l im rM i  =
y->o± '‘3x

r . J_
2m

1
 ̂ ■ 2 ?

± I YiCx) (o<x<&) ,m(C)dS
x-C

^ [ 4 . a . 27]

^ ' x ^ - ~  ̂ YzCx) (&<x<c) .

I t  w i l l  t h e n  fo l l o w  from [ 4 . a . 19] and [ 4 . a . 27] t h e  f o l l o w i n g  must  be 

s a t i s f i e d  as y^0+ th ro u g h  p o s i t i v e  va lues

I

- + 5Yi (x) = iUo Co<x<&] . [ 4 . a . 28]

o

The t h r e e  i n t e g r a l  e q u a t i o n s  o f  t h e  p rob lem  a r e  t h u s  [ 4 . a . 1 3 ] ,  [ 4 . a . 15] 

and [ 4 . a . 28] .

IVb SOLUTION OF THE SYSTEM INTEGRAL EQUATIONS

The p rob lem  i s  th u s  r e d u c e d  t o  f i n d i n g  th e  s o l u t i o n  o f  t h e  s i n g u l a r

i n t e g r a l  e q u a t i o n s  

^  c

J +1 = 2 t i U  / ( x )  (o<x<d) , [ 4 . b . l ]
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■'o

YlCOdC ^ Y2(OdC
x-C j x-C 

&

- ^Yl (X)

l

= 2mU / ( x )

= - mUa

(2<x<c) , [ 4 . b . 2 ]

(o<x<ü) , [ 4 . b . 3 ]

f o r  m , Yi and Y2*

We c o n s i d e r  f i r s t  [ 4 . b . 3], t h e  i n v e r s i o n  o f  t h i s  e q u a t i o n  i s  immediate 

and we o b t a i n

m(x) =
-  1

m ^/x(£ -x )

[nYiCx]-mUa]dC ^  C
C-x /x ( i l -x )

X, X,
= - 1 [ /T cTci .Y i  c s )ds  ^ Uo I /ÜTT).

m/x(i l-x)  ^ ^ m/x(&-x)  ̂ ^

dC +  Ç

/ x ( i l - x )

[ 4 . b . 4 ]

where C i s  an a r b i t r a r y  c o n s t a n t .

The second  i n t e g r a l  i n  [ 4 . b . 4 ]  can be e v a l u a t e d  t o  g iv e  

i

I l  = J 

o

m(x) =

S u b s t i t u t i n g  from [ 4 . b . 5 ]  i n  [ 4 . b . 4 ]  we o b t a i n

/x ( i l -x )

-  1

m/x(i l-x)

Y i ( C ) /C Ü 7 Ô d C  C+^Uo(&-2x]
C-x

[ 4 , b . 5 ]

[ 4 . b . 6 ]

The a r b i t r a r y  c o n s t a n t  C can be c a l c u l a t e d ,  u s i n g  t h e  c l o s u r e

c o n d i t i o n ,  namely

m(C)dC = 0 [ 4 . b . 7 ]

C o n s eq u en t ly ,  from [ 4 . b . 6 ]  we w i l l  have 

a n  I
1 dx Yi(S)/C(&-C)dC _ [C + 5 U a ( £ - 2 x ) ] d x
IT A (  &-x) •’ C-x J

n
/ x ( ^ - x )

[ 4 . b . 8 ]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  on th e  

l e f t - h a n d  s i d e  o f  [ 4 . b . 8 ]  [ s e e ,  e . g . ,  H a rd y ,G. H . (35)]  and when we do so 

we o b t a i n
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Y l ( Ç ) » ' Î Ü ^ ) d Ç dx

g /x( ,2.-x) . Cï-x)  ^
.  f  [ C + l  
-  1

i U o( t -2x^dx

VxU-x)
[ 4 . b . 9 ]

In e v a l u a t i n g  t h e  i n n e r  i n t e g r a l  we use  t h e  f a c t  t h a t  x l i e s  

between 0 and I  , we have

l2  =
dx

/ x ( A - x ) . (Ç-x)
= 0

hence

[C +i Ua(.jl-2x)]dx ^ Q 

/x (J l-x)

=  2 [ C + § Ua£cos29]d9 = 0 >

[ 4 . b . l 0 ]

[ 4 . b . l l ]

and c o n s e q u e n t l y  we can w r i t e

C = 0 [ 4 . b . l 2 ]

S u b s t i t u t i n g  from [ 4 . b . l 2 ]  i n  [ 4 . b . 7 ]  we o b t a i n

m(x) = -  1

m/ x(Jl-x)  ̂ ^ 2/xC^-x)
(o<x<&) [ 4 . b . l 3 ]

Now we s o lv e  e q u a t i o n  [ 4 . b . 2 ]  f o r  Y2 and i t  i s  c o n v e n i e n t  t o  e x p re s s

t h i s  r e s u l t  i n  t h e  form 

c

” 27TUy'(x) -
Y i COd^

C-x
(&<x<c) [ 4 . b . l 4 ]

The g e n e r a l  s o l u t i o n  o f  [ 4 . b . l 4 ]  i s  

c

Y2 (x) =
-  1

m ^ /(c -x )  (x-il) \  ^ *

/ ( c -C ) (S -& ) 2mU/CC)-

A/ «

_  B  , r4 .b . l51
n-c  / m 2 / ( c -x ) (x -& )I  0

B b e i n g  t h e  a r b i t r a r y  c o n s t a n t .

Now we c o n s i d e r  t h e  boundary  c o n d i t i o n ,  a t  th e  t r a i l i n g  edge o f  t h e  

h y d r o f o i l  where i t  i s  p o s t u l a t e d  t h e  l i q u i d  l e a v e s  t h e  h y d r o f o i l  smoothly  

a lo n g  t h e  t a n g e n t  a t  t h e  t r a i l i n g  edge t h i s  b e in g  t h e  K u t ta  c o n d i t i o n .

One o f  t h e  consequences  o f  t h i s  a s sum pt ion  i s  t h a t  t h e  v o r t i c i t y  must



v a n i s h  a t  x=c and t h u s  we have

.8,4

hence

Y2(c)=0

B = I  —  ̂ <;2mU/(C) - Yl (ri)dn 
n-C

[ 4 . b . l 6 ]

[ 4 . b . l 7 ]

S u b s t i t u t i n g  from [ 4 . b . l 7 ]  i n  [ 4 . b . l 5 ]  we o b t a i n

■K 2 i T u y ' ( c )  -  <•
'  Yl ( n ) d n l  d c  

n-C J C-x ' (&<x<c)

= _ ^  /£zK  I Æ Ï  y ï i l i i  + 1 Æ K  Æ Ï  A l
i t /  X-Z j /  C-Ç C-X TT^/ x - l  Jy c-C * C-X, 

& &

Y] (n)dn 
n-5

[ 4 . b . l 8 ]

We change t h e  o r d e r  o f  i n t e g r a t i o n  i n  t h e  second te rm  on t h e  r i g h t -

hand s i d e  o f  [ 4 . b . l 8 ]  and when we do so we o b t a i n

= _ ? “ /E l IÆzI  . 1 Æ ï f i i l iO d j i  f Æ
TT /  X- l  jy C-Ç ^ - x  7T ^ /  X- i  j n-X j / c -

:-±
■K C-X n-C dC . [ 4 . b . l 9 ]

I  . o I

In e v a l u a t i n g  t h e  i n n e r  i n t e g r a l s  we use  t h e  f a c t  t h a t  x l i e s  between

I  and c w h i l e  n l i e s  be tween o and I  , we have 

c

- f / 5 -I 3 = I / Ï - F  • ^   ̂ (&<X<C) ,
z
c

z .
(o<n<&) .

S u b s t i t u t i n g  from [ 4 . b . 2 0 ]  i n  [ 4 . b . l 9 ]  we o b t a i n  

c ______________   Z
Y, fx-) = /Æ li f /E L   ̂ i_ i L N A
' 2  1  ̂ IT /  X-^ J /  C-Ç C-X k /  x - l  J / c - T l  • n-X 

Z o

We r e q u i r e  now t o  c a l c u l a t e  t h e  i n t e g r a l

(

■1 Y2C5)dÇ
^  ' Ç-X

I
Co<x<Z)

[ 4 .b . 2 0 ]

[ 4 . b . 2 1 ]

[4.b.22]
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Using [ 4 .b . 2 1 ]  we o b t a i n

I s  =

c    c      X,

d ç  j  2 U  / c - C  / n - 2  / ( n ) d n  ^ 1 / c - C  [ / / - n  y i  ( n ) d n
Ç - X  \  i t /  Ç-JI /  c - n  * n - C  i r /  ]y c - n .  n - C

-  _ ^  f / Ë Z Ï  dC / n - £  /Cn)dn ^ / c -C  dC 
~ “ TT J /  C-x J /  c -n  n-C '”■ J /  C-x j / c -

-n Y l (n )dn  
c -n  n-C

[ 4 .b . 2 3 ]

Using t h e  P o i n c a r e - B e r t r a n d  fo rm ula

I I  = . *2*; (x)4.2(x) + I  *2(n%n 4)1 (C)d% 
( C - x ) ( n - C ) '

[ 4 .b . 2 4 ]

Ç'I C2 C2 C}

[ s e e ,  e . g . ,  M u s k h e l i s h v i l i , N . I . (45)]  and b e a r i n g  i n  mind t h a t  Y i(x)  i s

d e f i n e d  i n  0<x<& we o b t a i n

T 2U I c  ----- / ^ / C n ) d n dC + —I Y l(n )dn

2U
TT

/ n - X  / ( n ) d n  /c j -£  
/  c -n  n - X  /  E-&

 ̂ (S-x)  (n -5 )  TTj /  c -n
Jl o

c ___
A - n  Yl (n)dn 

/  c - n  n - X

Æ
-C dC

C-& (S-X)(n-C)
+ 2TrUy"tx)

s - X  n - C
dC + -

TT

(o<x<&) • [ 4 .b . 2 5 ]

In e v a l u a t i n g  th e  i n n e r  i n t e g r a l s  we use t h e  f a c t  t h a t  x l i e s  between 

o and £ w h i le  n l i e s  between ^ and c , we can w r i t e

J t =
-C dc

= TT
x - x
£-x -  1 (o<x<£) ,

(£<n<c) .

[ 4 . b . 2 6 ]

S u b s t i t u t i n g  from [ 4 . b . 2 6 ]  i n  [ 4 . b . 2 5 ]  we o b t a i n

I s  = Y 2(s)dc  ^ _ 2u Æ E  f / 5 H  y%h)dn ^
C-x /  £ -x  /  c -n  n - X

£

Y l(n )dn  
n - X

^ ( £ - n ) ( c - x ) _ ,  
/  ( c - n ) ( £ - x )

+ 2 ttUV'(x ) .

[ 4 . b . 2 7 ]

I f  we s u b s t i t u t e  t h e  e x p r e s s i o n  f o r  m(x) from [ 4 . b . l 3 ]  i n  [ 4 . b . l ]

we can w r i t e  

£
Yl(S]dS ' l  + , / C ( i t - c ) Y2(C)dC

C-x x(Jl-x) j C-x
[4.b.28]
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where

f l ( x )  = 2mUy%x) + mUo

2 /x ( £ - x )
(£-2x) .

S u b s t i t u t i n g  from [ 4 . b . 2 7 ] i n  [ 4 . b . 2 8 ]  we o b t a i n  

£ £

j “ g a [ - / î
t ( & - c ) Yl(S)dC " / ( & - C ) ( c -x )  1
x (£ -x ) K-x L / ( c - ^ ) ( £ - x )  j

[4.b.29]

Y](C)dC
5-x x (£ -x )

(&-C)(c-x)  
( c - C ) ( £ - x ) = g(x)

where

(o<x<£<c) , [ 4 .b , 3 0 ]

hence

g(x) -
2 / x ( £ - x )

( ^ - S ) Y i ( C ) d C
C-x / 1 * / f

- X
= g ( x ) / « . - X [ 4 . b . 3 2 ]

For conven ience  we can w r i t e

(« . - c )Yi (c )  = r(c)

g (x ) ( J . - x )  = G(x) }
[ 4 . b . 3 3 ]

and c o n s e q u e n t ly  e q u a t i o n  [ 4 . b . 3 2 ]  can be e x p r e s s e d  i n  t h e  form

171
r(c)dc

c -x
'~2L = G( X) (0<x<£) . [ 4 .b . 3 4 ]

In  o r d e r  to  f i n d  t h e  s o l u t i o n  o f  e q u a t i o n  [ 4 .b . 3 4 ]  we p ro c e e d  as 

f o l l o w s :

We make t h e  t r a n s f o r m a t i o n

C = c sin^O

X = c s i n ^ e

£ = c s i n / a

[4.b,35]

t h e n  we o b t a i n



lXcsin^0) . 2 s inOcos0d0 
[ s in^0  - s in ^ 0  ]

sin0  ̂ cos0n
s in 0  cosi 

0

= G(csin^0^)

hence
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[4.b.36]

2_r ( c s i n g 9)_._s in 9 d 9 _ [ s in20+ s in20  ] = s in 0  GCcsin^e ) 
cos20 - cos20 0 -' 0 0

I f  we i n t r o d u c e  t h e  new f u n c t i o n  

f ( 0 ^ )  = s in 0 ^ G (c s in ^ 0 ^ )  

4>(0) = 2F ( c s ih ^ 0 )  s in 0

th e n  we can w r i t e  [ 4 . b . 3 7 ]  i n  t h e  form

[4 .b . 3 7 ]

4 ) (6 ) c o s C 0 -0 Jd 0  ^ - ,  .
s i n (0-0 3 0

[ 4 .b . 3 8 ]

We t r a n s f o r m  t h e  i n t e g r a l  e q u a t i o n  [ 4 . b . 3 8 ]  i n t o  s t a n d a r d  Cauchy

form [see  Appendix I I ]  t o  g ive  

b
d t

where

F ( t _ )  =

I  = F ( t j

f ( t a n  ^ t  ) A t  
0 0

tZ+l

-1

1+t '

b

tZ + l

( t  =tan0 ) o o '

( t= tanO)

f 4>(tan ^
" J t2+l

t )  d t  _ (|)(0) d0 (b=tana)

[ 4 .b . 3 9 ]

[ 4 ,b . 4 0 ]

Now we s o lv e  e q u a t i o n  [ 4 . b . 3 9 ]  and  i t  i s  c o n v e n ie n t  t o  e x p r e s s  t h i s  

r e s u l t  i n  t h e  form ' .

* ( t )  =
-  1 F ( t o V t o ( b - t ^ ) d t o D

TT̂ / t ( b - t ) - ^ t  - t  o V t  ( b - t )

-  1

TT^/tan 0 ( t a n a - t a n e )

'^F( tan0  ) / t a n 0  ( t a n a - t a n 0  ) . s e c / 0  d0  o_______ o___________ o________ o

tan0  - t a n 0  ) o

D

/ t a n O ( t a n a - t a n 0 )
(o<0<a<2) [4.b .41]
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S u b s t i t u t i n g  from [ 4 . b . 4 0 ]  i n  [ 4 .b . 4 1 ]  we o b t a i n

-  1 “ [ f (8 ^ ) -A ta n e J . ^ 5 in e _ ^ s in (a -0 ^ )d 0 „  O Æ Si^sece
*18J =  j   + ............   ,

m ^ / s i n e s i n ( a - 9 )  s i n ( 0 ^ - 9 )  / s i n 0 s i n C a - 9 )

. [ 4 .b . 4 2 ]where 3.

f (9 ) = ^ m U a/c ( s in ^a -2 s in ^ 0  ) +4/cUsin0 cos0 o o 0 0
/ s in ^ ( f ) - s in ^ a . z ( ^ ) s in^d^

?

> [ 4 . b . 4 3 ]

s i n / ^ - s i n 0 Q

[z(4>)=y"(csin^4))]  ,

4>(0) = 2 / c  / s i n ^ a - s i n ^ 0 . v ( 0 ) s i n 0  , [ v ( 0 ) = y i  ( c s i n ^ 0 ) ] ,

hence

o / c o s a . s e c 0c o s e c 0v(8) =
2 / c  / s i n ^ a - s i n ^ 0 / s i n 0 s i n ( a - 8 )

a
cosec0 imUa (s i n 2 g - 2 s i n / 8 n )  / s l n 0 n s i n ( a - 0 n ) d 9  ̂ ^

s in (0Q -0 )2TT^/s in^a-sin^0 / s i n 0 s i n ( a - 0 )

i  «____________ :_______
™ ) Æ ; v ï ï A , . < « . i n « ) î g j i i p ï | g p g ^  -

0
a

- ^  I  „ / S^ne0 s i p g - 6 , l d e ^ |  ( o < e < a < ^ 4 )  . [ 4 . b . 4 4 ]

+

a

0

In e v a l u a t i n g  t h e  i n n e r  i n t e g r a l s  we use t h e  f a c t  t h a t  9 and 0̂  

l i e  between o and a , w h i l e  4» l i e s  be tween a and y  , so t h a t

a _______________
T = f t a n 0 n / s T n 0 o S i n ( q - 0 ^ ) d 0 ^

® J s i n ( 0^ - 0 )
0

= -  '""co'so^^ + IT c o s (0 - 20) , (o<e<a<y) ,
a_____________________________

^ f sin0nCOS0 / s i n 0  s i n ( q - 8 n ) d 0 n
 ̂ j s i n ( 0^ -è )  [ s i n ^ 4) - s i n 20^] 

o

2—̂ [ tan#  ( / t a n # - t a n o + / t a n # + t a n a )  +tan0 ( / t a n # - t a n o -  s0 ( t a n ^ # - ta n ^ 0  )'■2cos0

“ / t a n # + t a n a )  ] +TTCo s  (0 -ga )  , (o<0<a<4><^)

These i n t e g r a l s  a r e  e v a l u a t e d  in  Appendix I I I .  

S u b s t i t u t i n g  from [ 4 .b . 4 5 ]  i n  [ 4 . b . 4 4 ]  we o b t a i n

[4.b.45]
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v(0)  = D /cosasec0cosec0

2 / c  v'sin^a-sin'^O . / s i n 0 s i n ( a - 0 )

cosec  0

2 T T ^ / s i n ^ a - s i n ^ 6 / s i n 0 s i n ( a - 6 )

a
- 2 s in ^ 0 r t ) / s in 0 ^ s in (q -0 ^ )d 0 ^  +

s in (Q ^ -0 )

JL
.2

1-4U / s i n ^ # - s i n ^ q .  z (#) [ / tan(j) - tanq+/tan( | )+tanq]

+ ta n0  [ /tar)( j)-tanq-/tan#+tanq])+' iTCOS C0-iot) J +  =  (^cos8^~ " n ^ o s C B - g q ) ] \  ,
J / c  ^

(o<0<a<#<|-) [ 4 . b . 4 6 ]

where D i s  an a r b i t r a r y  c o n s t a n t .

Tlie c o n s t a n t  A i s  e v a l u a t e d  i n  Appendix  IV , and can be w r i t t e n  

i n  t h e  form

q

A = 2 / c  I / s i n ^ q - s i n ^ 0 . s in 0  v (8 )d0 [ v ( 0 ) = Y i ( c s i n ^ 6 ) ]

= ttD [ 4 . b . 4 7 ]

S u b s t i t u t i n g  from [ 4 .b . 4 7 ]  i n  [ 4 . b . 4 6 ]  we o b t a i n

v(0)  =
D co s (0 -5 q )

2 / c s i n 0 / s i n ^ q - s i n ^ 0  s i n B s i n ( q - 0 )

cosec0

2 m / s i n ^ q - s i n ^ 0 / s i n 0 s i n ( q - 0 )
TT 
2

+ 4U / s i n ^ # - s i n ^ q . s i n # z ( # ) d#

5Ua (sin^q-2sin^9(.^)  /s in9p ,s in (q -0n ' )  dB^ 
s i n ( 0 o - 0 )

+ t a n B [ / t a n # - t a n q - / t a n # + t a n q ] ) +  c o s ( 0 - g q ) ] , [ \ ( 0 ) ^ 1  (cs i i ?e) ,zC#)= /(cs i i?#  )]

(o<0<q<#<2) . [ 4 . b . 4 8 ]

Now we c a l c u l a t e  t h e  a r b i t r a r y  c o n s t a n t  D , u s i n g  [ 4 . b . l 3 ]  and 

[ 4 . b . 3 5 ]  we can w r i t e



m(.x) = — — --------< / g i Tl J g (£-2x)  -
tt/ x ( £ - x )  ^
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I
' Y l C O A ( ^ - Q . d 4  

C-x

{§'iïUa'(sin^a-2sin^9 ) -  I )  , [4 .b.49]
= m s i n e / s i n ^ a - s T n ^  '  = o

0

where t h e  i n t e g r a l  I i s  e v a l u a t e d  i n  Appendix V and can be w r i t t e n  

in  t h e  form

- 2 \J _ ,, , v(9)  s i n ^ a c o s 8 / s i n ^ g - s i n ^ 9 d 6  
s in 2 a - s i n ^ 0 ,0 

0

  --------</------------------------------   +2 m U a /co sa / ta n 0  ( s i n ^ a - 2 s i n ^ 0  ) -
/ c o s a / t a n 0  v / E  cos0 / t a n a + ta n 0  ° °

l U j ain'^a s i n g a - e ^ ) ^ ^ ------------- V    [ s i n . ( c o s e  - c o s ( c - e  ) )  .
4cos0 / t a n a - t a n 0  16cos0 c o s 20t / t a n a - t a n 0  ° °0 0 0 - - - 2   o

+ 8s in^0  c o s 2UC/cosa+cos(2^-0 ) ) ]  + 2mUz(0 ) / c o s a / t a n 0  s in0  cos^0 4 i n ^ a - s i i f 0 +
0 ^  O O 0 0 0  0

•  ^  « . . . ..........

a
t,an0

0 I ' " '  " o '  V t a n a . t a n V ,

^  [ / t a n # - 1 a n a - / t a n # + t a n a ]  - ' '
ne X

/ s i n ^ # - s i n ^ a . z ( # ) s i n # d # y  . [4 .b .5 0 ]

/ t a n a + ta n 0
0

2Ucos( ga+0^)

c o s 0 n / t a n a + t a a 0 ^o  ̂ a

■'Subs ti tu t ing from [ 4 .b ,5 0 ]  i n t o  [4 .b . 4 9 ]  we o b t a i n

nnCcs in te, )  = -  2 ,tUz ( 8 „ ) cos29o --------------- - -  i ^ Dt p s C j y ? ^ ) .
/ c o s a / t a n 0 Q /s i n ^ a - s i n ^ 0 Q ^ 2 / c c o s 0 ^ / t a n a + t a n 0 ^

-  l U o s i n t a s i n ( | a - 8 a l  + - - - - - - - [ s i n < x ( c o s e  - c o * - 9  ) )  +
4cos0 / t a n a - t a n 0  16cos0 c o s s u / t a n a - t a n B  

0 0 0 0

+ 8s i n ^0 c o s 2u ( / c o s a + c o s ( 2^-8  ) ) ]  +
m ^

.2

a 0

—̂ ^ n „ . [ / t a n # - t a n a - / t a n # + t a n a ]  j] -
a+tan0 m ̂ o T

— — ----  . I / s i n ^ # - s i n ^ a .  z(#)  s in#d# V . r . , r i i
ana+tan0-   ̂ ' L • • J

/ t a n o
2 U c o s ( 2

c o s 0 - / t a n a + t a n 0 -o a



91

The f u n c t i o n  m(cs in^0  ) f o r  smal l  v a l u e  o f  0 i s  o f  th e  form
0 0

m(csin^0 ) = ^  + 0(1) + Â2 0  ̂ +
0 0 0 2 

0 0

= + - A -  * 0(1) + A z © '  + A3 ©  , [ 4 .b .5 2 ]

( f  ( f
where

A 1 /  ttD 1 mUa . .A = -  rp— < ----- cosgo - -"Y" s i n ^ 2a ( l + 2cosa)  +
•i n ( 9 1/  f

+ u

A i  =  -

s i n '  a  ̂ 2 »/E 
2L

/ s i n 2* - s i n 2ocs in*zC*)d* -  2cos ia j^  ,

t

1 J  mDsinga 7rU as in^a (2cosa+l)
s i n ^ a  ( "  2 Æ  Î 6 ~ E 3 I î r

JL 
.2

"  0 / s i n ^ 4 - s i n 2 a z ( * ) s i n * d *  < [ ^  . y l E g H i j  + 2 s i n i a j >  ,

. mUa , )------- 1 . . mUasiniaA2 = - ----  ( / co sa+ cosga)  , A3 = -  —
2 s i n  a 2s i n  a

[4 .b .5 3 ]

The b e h a v i o u r  o f  m(x) f o r  smal l  x has  been d i s c u s s e d  in  e a r l i e r  pape r s  

i n  c a v i t y  t h e o r y  and th e  a c c e p te d  b e h a v i o u r  i s  m (x) ax  ̂ [ s e e ,  e . g . ,

D avies ,  T.V. ( 1 3 ) , ( 1 4 ) ]  hence we choose A^ t o  be ze ro  in  o r d e r  t o  ach ieve  

th e  p r o p e r  b e h a v i o u r .

Thus we o b t a i n
X-
2  ̂ -

D = — <\5mUasin3g a ( l + 2cosa) - U / s i n ^ # - s i n ^ a s i n # z ( # ) d# ^mcosga \  tan#
a

. [4 .b.54]

S u b s t i t u t i n g  from [4 .b . 5 4 ]  in  [ 4 .b .4 8 ]  we o b t a i n
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V ( 0 )  = - cosec  0

2 tt / s i n ^ a - s in ' ^ 0  / s i n O s i n  (a -0)
. < c o s ( 0- 50) B, -

-2U / s i n / # - s i n ^ a . s i n # z  (#)d# li B.,ffj. f /ta n # -ta n a  /tan#+tana
U. tan*

/tan#+tancT|  ̂ g ÏÏ 
/  tan# I 3jj

f
. 5 U a  J (l i t i « : 2 s i " ' 8 o ) / s i r 8 n S i n ( . - 6 n ) d 8 ,  +  4 u | / s i n ^ * - s i n 4 , . s i n * z ( * ) d * .

^ o s 0 ( S n ^ # - 1an^0) ( t a n # [ / t a n # - t a n o + / t a n # + t a n a ]  + tan0  [ / t a n # - t a n a  -

/ t a n # + t a n a ] J  + cos(0

w i th

c m U as in^ ia ( l+ 2cosa )D. — ------------ . ■ —r4cos  2 a

B = 1.
cos 2 a

B = — 2

[ 4 . b . 5 5 ]

[ 4 . b . 5 6 ]

IVc DETERMINATION THE GENERAL FORMULA FOR THE LIFT AND DRAG

Let  t h e  x -  and y -  components o f  t h e  hydrodynamic  f o r c e s  a c t i n g  

on t h e  h y d r o f o i l  be deno ted  by d rag  D and l i f t  L , and t h e s e  f o r c e s  

a re  c a l c u l a t e d  as f o l l o w s :  '

E g y r e . ! ! .

hydrofoil P / y = o -



The v a l u e  o f  t h e  p r e s s u r e  on t h e  s u r f a c e  o f  t h e  c a v i t y  i s
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P=P +pU# (o<x<c)00 X y=o

and t h u s  on t h e  c a v i t y  s u r f a c e  we must  have

P -P 
= ...£ ■ ” 

y=o pU (o<x<c)

[ 4 . C . 1 ]

[ 4 . C . 2 ]

hence from [ 4 . C . 2 ]  we have on t h e  c a v i t y  s u r f a c e

y=o = - ilia
P -P

a = T W

where

= l im ^
y=o± y->-o± i&x^

2 tt

2m ■ - f f ,  i v . M

[ 4 . C . 3]

(o<x<£) ,

(£<x<c) . [ 4 . C . 4 ]

D enot ing  P on y=o+ and y=o- r e s p e c t i v e l y  by P and P

As y t e n d s  t o  ze ro  t h ro u g h  p o s i t i v e  v a l u e s  we can w r i t e  from 

[ 4 . C . 1 ]  and [ 4 . C . 4 ]

y=o-

P = <|y=o+

I

(o<x<£) ,

(£<x<c) ' [ 4 . C . 5 ]

0

As y-K)- t h ro u g h  n e g a t i v e  v a l u e s  ( s i n c e  we s h a l l  be c o n ce rn ed  w i th  th e  

u n d e r - s u r f a c e  o f  t h e  h y d r o f o i l )  we can w r i t e  from [ 4 . C . 1 ]  and [ 4 . C . 4 ]

PI = < |y=o-

p _ PU_ f m(C)dC _ i p U Y i  ( x )  
00 2m J x-C

0

(o<x<£) ,

(£<x<c)  . [ 4 . C . 6 ]

Hence from [4 .c .5]  and [ 4 . C . 6 ]  we have



y=o- - P y=0+" '  PUY^Cx)
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(£<x<c) , [4.C.7]

On y=o- we e l i m i n a t e  P be tween [4.C.1] and [4.c.3] we o b t a i n

- P = pU# 
y=o- c X y=o- + JpU^a (o<x<£) [ 4 . C . 8 ]

S u b s t i t u t i n g  from [ 4 . C . 4 ]  i n  [ 4 . c . 8 ]  we o b t a i n

£

-P = pU y=o- c 2 tt
+ ipU^a (o<x<£) . [4.C.9]

The complex f o r c e s  a c t i n g  on t h e  h y d r o f o i l  c a l c u l a t e d  w i th  t h e

l i n e a r i z e d  t h e o r y  i s  g iv e n  by

£ c

D + i L = f [ P |  - P ] i d z + f [ P |  -P |  ] i d z  .J )y=o- c '  J '■ |y=o- |y=o+
0 £

We can w r i t e  from [ 4 . c . 10] t h e  e x p r e s s i o n  f o r  t h e  l i f t  L i n  t h e  form

[ 4 . C . 1 0 ]

L = [P
£

y=o- -P y=o+ ]dx .

S u b s t i t u t i n g  from [4.C.9] and [4.C.7] i n  [4.C.11] we o b t a i n  

£ £ £ c

L = pU I  - ^  I  - 5Yi (xTdx + 2PU^a dx - pU

0 0 

We have  from [ 4 . b . 3 ]

[4.C.11]

[ 4 . C . 1 2 ]

J t Y j ( x )  - irUa [4.C.13]

S u b s t i t u t i n g  [4.c,13] i n  [4.C.12] we can w r i t e

L = pU'^a£ - pU j Y i ( x ) d x - p U  J Y2(x)dx  .

0 £

From [ 4 . b . 2 l ]  we have  r e l a t i o n  between Yj and Y2 d e f i n e d  by

  c ____  ___  £
V rvi  -  —  / c - x  /C-& y t O d c  j _  yc^x  f /F E T  yi  (n)dn

x-£  /  C-G C-x TT /  x -£  / c - n *  n-x

[ 4 . C . 14]

[4 .C .1S]

Using  t h e  above e x p r e s s i o n  f o r  Y2 i n  [4.C.14] we o b t a i n

L = p U 2 o i - p u [ Y i ( x ) d x ^ ^ f / ^ d x f / l 4  . p u f / E x  d x f / ^ . .J  ̂ TT j /  X - £  Jv C-C C-x TT j /  X - l  j v  C - n  n-x
0 £ £ £ 0

[4.C.16]
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I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  t h e  two double  

i n t e g r a l s  in  [ 4 . C . 1 6 ]  and th e n  we o b t a i n

L=pUa£-pujyi (x )dx  + i l l
c-C /(C)dC

c - x  dx _ pU_ 
x -£  C-x TT

/ ^ Y l C F ) d r , | / | 5:-x dx
x-£ T l - X

Now we e v a l u a t e  t h e  i n n e r  i n t e g r a l s  i n  [ 4 . c , 1 7 ]  

c
/ c - x  

/  x-£ *
dx

C-x =  TT (£<C<c)

I = 
2

[ 4 . C . 1 7 ]

[ 4 . C . 1 8 ]

S u b s t i t u t i n g  from [ 4 . C . 1 8 ]  i n  [ 4 . C . 1 7 ]  we o b t a i n  

c £

L=pU^a£+2pU^

£ 0 

By s i m i l a r  o p e r a t i o n s  we can w r i t e  e x p r e s s i o n  f o r  d rag  D

c ___  X, ___

/ f r f  -/(« d s -p u j/l^  Yi(ti)dn

D — pu2p[y(&)-y(0}]+pU k  (x)y*(x)dx--^ l e f y 'K W î

L.

/ c - x  / ( x ) d x  
/  x -£  ‘ C-x

[ 4 . C . 1 9 ]

V,

' / I f f  • 4 ^  [0<n<t<x<e. l<S<c] [ 4 . C . 2 0 ]

Using t h e  t r a n s f o r m a t i o n

C=csin^0

x=csin^0 (

£ = c s i n / a

[ 4 . C . 2 1 ]

we can w r i t e  [ 4 . C . 1 9 ]  and [ 4 . C . 2 0 ]  i n  t h e  forms

L = p U ^ a £ + 4 p U ^ j / s in / # - s i n ^ a . z ( # ) sin#d#-2pU / s i n ^ a - s i n ^ 0 v ( 0 ) s i n 0 d 0 ,

[ v ( 0 ) = Y j  ( c s i n ^ e )  , z ( # ) = y ( c s i n ^ # )  ]z[4 .c .22]

and
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D= -p U ^a[y (£ ) -y (0 ) ]+ 2 p U V( 6 ) z ( 9 ) s in6cos0d0  -

IT C TT

-  ^ W s i n ^ K o s W

a a

+ ^ ^ f / s i n ' ^ a - s i n ^ 0  . V( 9 ) s i n 9 d 0 [ -- -  '   , [ 4 . C . 2 3 ]
^  ̂  ̂ / s i n ^ # - s i n ^ a . C s in ^ 0 - s in ^ # )a

IVd THE OPTIMUM SHAPE OF A HYDROFOIL IN PARTIAL CAVITY FLOW USING 

VARIATIONAL CALCULUS TECHNIQUESr SO THAT THE LIFT IS A MAXIMUM 

We pose  t h e  p rob lem o f  maxim iz ing  t h e  l i f t  c o e f f i c i e n t

L* = L _

-  o l  - ~ j y s i n ^ a - s i n ^ d  .vC0) . s in 0 d 6 + 4 c j  / s i n ^ ( | ) - s i n / a . s i n # z ( # ) d # ,  [ 4 . d . l ]

0 a

s u b j e c t  t o  a c o n s t r a i n t  on c u r v a t u r e  o f  t h e  form

J
1

*== 2c z''^,0) . sec0cosec0d0  , [ 4 . d . 2 ]

where K i s  p r e s c r i b e d ,  t o g e t h e r  w i th  a c o n s t r a i n t  on t h e  l e n g t h  o f  th e  

h y d r o f o i l  o f  t h e  form

S = 2c i/TFz^XoT* s i n e  cos 0d0 , [ 4 . d . 3 ]

where S i s  p r e s c r i b e d  and z ( 0 ) = /C c s in ^ 0 )  i s  th e  g r a d i e n t  o f  t h e

h y d r o f o i l  a t  p o s i t i o n  0 .

We a l s o  assume i n  t h e  above optimum p rob lem  t h a t  a i s  k e p t  c o n s t a n t .

STATEMENT OF THE PROBLEM

The g e n e r a l  optimum problem c o n s i d e r e d  h e r e  may be s t a t e d  as  f o l l o w s :  

To f i n d  t h e  r e a l ,  e x t r e m a l  f u n c t i o n  v (0 )  o f  a r e a l  v a r i a b l e ,  

r e q u i r e d  t o  be H o lde r  c o n t in u o u s  [ s e e ,  e . g . ,  T r i c o m i , F . G . (61)]  i n  t h e  

r e g i o n  O<0<a t o g e t h e r  w i th
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v(e) = - cosecG

2irv4 in^a-s in^6  / s i n 0 s i n ( a - 0 )

. <1 cos (0-ia) .

-2U / s i n ^ # - s i n ^ a  

+ gUo

•  '. l l
C sin^ a -2s in^8n )  / s i n 9 ^  s i n  (a -0^ ) d0^

s in (0Q -0)
0 -0 +

+ 4 u j / s i n " # - s i n ^ a . s i n # z ( # ) d # [  'Zco s ^ t %  - ^ n ^oT  I / t a n #  - t a n a + /  t a n # + ta n a ]  +

t a n 0 [ / t a n # - t a n a - / t a n # + t a n a ] )  + c o s ( 6 - § a )  j> [ 4 . d .4 ]

w i th

B =

TTUasin^ia(l+2cosa) 

4 cos I a

2 cos 5 a
[ 4 . d . 5 ]

B = -  2 
3

so t h a t  v (0 )  and z(0)  minimize  t h e  new f u n c t i o n a l .

. I [ v ( 0 )  , z ( 0 )  , z ' ( 0 ) , e ]  = - L +X1&+X2S =

F [ v ( 0 ) , z ( 0 ) , z ' ( 0 ) , 9 ; X i , X 2 ] d 0  , [ 4 . d .6 ]

w i t h  t h e  f u n c t i o n  F [ v ( 0) , z ( 0),Z%0 ) , 0 ;X i ,X 2 ] g iven  by

(X

F [ v ( e ) , z ( 0) , 2r ( 0) , 0 ;X i ,X 2 ] =<

2^  2/ ^ 0 ) s e c 0c o s e c 0+X2 / l  + z^ (0) . 2cs in0cos0+

■H ^  / s in " ^ a - s in ^ 0  . s in 9 v  (0) , (o<0<a)

^  7/ ^ 0) s e c 0c o s e c 0+X2 / l  + z ^ (0) . 2 c s i n 0 c o s 0 -  

 ̂ -  4 c / s i n ^ a - s i n ^ 0 . s i n 9 z (‘0) , (a<0<y) [ 4 . d . 7 ]

where v ( 9 ) , z(O)are r e l a t e d  by [ 4 . d .4 ]  and X%,X2 a r e  Lagrange m u l t i p l i e r s .
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We d e f i n e  an a d m i s s i b l e  f u n c t i o n  as any f u n c t i o n  v ( 0 ) which  s a t i s f i e s  

t h e  H o lde r  c o n d i t i o n  / l [ ( u < l )  , t h e  c o n s t r a i n t s  [ 4 . d . 2 ]  and [ 4 . d . 3 ] ,  and we 

assume t h a t  t h e  o p t im a l  f u n c t i o n  i s  an  a d m i s s i b l e  f u n c t i o n  which m in im izes  

t h e  f u n c t i o n  I [ v , z , Z ' , 0] .

THE NECESSARY CONDITION OF OPTIMALITY

Let vC.0) , z ( 0) den o te  t h e  r e q u i r e d  o p t i m a l  v o r t e x  d i s t r i b u t i o n  

f u n c t i o n  and o p t im a l  h y d r o f o i l  s l o p e  r e s p e c t i v e l y ;  we w r i t e

ViCe)=vC0)+GC(0)

Z i (8 )  = zC0)+EnC8)

We can use [ 4 . d .4 ]  t o  o b t a i n  t h e  fo l l o w i n g  r e l a t i o n  between C(8 ) 

and r i(0)

C(8) =
- 2Ucosec0

m / s i n ^ a - s i n ^0 / s i n 0s i n ( a - 8 j
/ s i n ^ # - s i n ^ a . z (#) . s in # d #   ̂ ^2 /

[ 4 . d . 8 ]

t a n # - t a n a
ta n#

^ / t a n # + ta n a  
/  t a n # i .B s  1 . cos Ha-la) +

/ t a n # + t a n a ] + t a n 0 [ / t a n # - t a n a - / t a n # + t a n a ] )  + c o s ( 0 -§a)

(o<0 <a<#<y) , [ 4 . d . 9 ]

where and B^ d e f i n e d  by [ 4 . d . S ]  .

I f  Ç(0) i s  an a d m i s s i b l e  v a r i a t i o n ,  t h e n  I [v (# )+& C(d) ,zC^}+

e n ( 8) ,2^(0)+0 / ( 8) , 0 ]  i n  [ 4 . d . 6 ] i s  a  f u n c t i o n  o f  e which has  an ex t reme

v a l u e  when e=o .

For s u f f i c i e n t l y  sm a l l  e , e x p a n s io n  o f  [ 4 . d . 6 ] in  a T a y lo r  s e r i e s

y i e l d s
2

AI=eôI + | j -  6^1 + ...........................  . [ 4 .d . l0 ]
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We have

AI = F [v+eC, z+en, zT+enC 9] d6 - F [ V, z , 0 ] de

where

61 = j{ C (0 )F ^ C v ,z ,Z ' ,0 )+ r i ( e )F ^ (v , z , z " ,0 )+ n t0 )F ^ C v ,z ,Z ' , e )} d 0  , 

0

[ 4 . d . l 2 ]

in  which t h e  s u b - i n d i c e s  d e n o te  p a r t i a l  d e r i v a t i v e s ; i t  may be n o t e d  t h a t  

C(0} and n(0)  a r e  r e l a t e d  by [ 4 . d . 9 ] .

The v a r i a t i o n s  6 1 , 6 ^ 1 , . . .  depend on n (0 )  as  w e l l  as  z (0 )  .

We i n t e g r a t e  t h e  t h i r d  te rm i n  [ 4 . d . l 2 ]  by p a r t s  and we o b t a i n

f
6I=[ri (0)  .F^Tv,z,zT,0)]  + { C (0 )F ^(v ,z ,z r ,0 )+ r i (0 )  [F^ (v ,  z,  zT, 0) - ^ F ^  (v,  z ,  zT, 0) ] }d0 -

0 
0̂

[ 4 . d . l 3 ]

S u b s t i t u t i n g  from [ 4 . d . 9 ]  i n  [ 4 . d . l 3 ]  we can w r i t e
TT

% .2
2 f ( (

6 I= [n (0 )  .F i v , z , z r , 0 ) ]  + << 
^ U

2 /  f - 2Ucosec0F ( v , z , z ' , 0 ) d 0  ç

0 •  ̂W / s i n '^ a - s i n ^ e  / s i n 0 s i n  ( a -0 )o a

j / s i n ^ # - s i n ^ a . n ( # ) s i n # d #

B2 f / t a n # - t a n a  / t a n # + t a n a ) 1^ .  C O S  (0-ga)  +

L J
7 p o | g / t a n ^   ( t a n # [ / t a n # - t a n a + / t a n # + t a n a l  + tan6  [ / t a n # - t a n a - / t a n # + t a n a ] )  +2 c o s 0 ( t a n ^ # - t a n ^ 0 )  t j u t

+ co s (0 -g a ) n(0)  [ F ^ ( v , z , / , 0 )  - ^  F ^ ( v , z , / , 0 ) ]  »  d0 [ 4 . d . l 4 ]

I t  i s  p e r m i s s i b l e  to  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a l  on t h e  r i g h t -  

hand s i d e  o f  [ 4 . d . l 4 ]  [ s e e ,  e . g . ,  H a r d y ,G. H . (3 9 ) ]  and when we do so we 

o b t a i n
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- E. ;2 

5 i = [ n . F ^ v , z , z - , e ) ]
O a

/ s i n ^ # “ Sir/c(, s in#ri (#) d#
(•̂  cosec8F^(v,z,Z%8)dG

1 R f / t a n # - t a n a  ^ / t a n # + t a n o ,   ̂
/  2 /  t an*  / ~ T a n *  ' "

/ s i n ^ a - s i n ^ G  / s i n 0 s i n  (a -0)  

COS (0-ga)  +

2co A  ( r 0 A  y" t  " (Lan# [ / tanc f i - tam +vEan^ +t .ana j + t a n 6  [ / t a n # - t a n a - / t a n # + t a n a ] }

+ c o s ( 0 - i a ) + h ( 0 )  [F ^ (v ,z ,2 r , e )  F ^ v , z ,2 r ,8 ) ]d 0 [ 4 . d . l 5 ]

We have from [ 4 , d , 7 ]

[v,z,Z%8]
l 'Y C/s in -a-s in '^G)  s i n  0

0

F ^ [ v , z , / , 0 ]

^ 24. (,P.̂ — . 2 c s i n 0 c o s 0
A + z ^  (0)

(o<0<a) , 

(a<8<^) ’

(o<0<a) ^

= < > [ 4 , d . l 6 ]

.-^2 ^ 8 )— , 2 c s i n 0 c o s 0 - 4 c / s i n ^ 0 - s i n ^ a , s i n 0  (a<0<% ,
Æ T ^ C ë l  2

F ^ v , z , / , 0 ]  = yl-  z t 0 ) . s ec0cosec0 Co<0<j) .

S u b s t i t u t i n g  from [ 4 , d . l 6 ]  i n  [ 4 . d . 15] we o b t a i n

6 I= [n (0 ) .y I*  / ( 0 ) s e c 0 c o s e c 0 ]  1 / s i n ^ # - s i n ^ a . s i n # n ( # ) d #
i z  o  ^

a

d0

/ s i n 0 s i n ( a - 0 )

Æ B, [ 4. ^ ig  " ^^3  (9_ioO +
\  ■ 2 ( /  t a n #  /  t a n #  j 3

-= ( t an#  [ / t a n # - t a n a + / t a n # + t a n a ]  +tan0  l V t a n # - t a n a - / t a n # + t a n a ] )  +2 c o s 0 ( t a n ^ # - t a n ^ 0 j   ̂  ̂ r  j l t

+ c o s ( 0 - i a ) n ( 0 ) A2.A / ) — , 2 c s in 0 co s 0  - ^  / ( 0 ) s e c 0 c o s e c 0 )
L / i  + z^ (0)

d0 +

JL 
2

t j r i ( 0 )

a

A l LI/J— , 2 c s i n 0 c o s 0 - 4 c / s i n ^ 0 - s i n ^ a . s i n 0  — z/G) seoGcosecoîl dO -
- / Ï 7 P Ï 8 T  J

[4 .d . l7 ]
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I =

Now we e v a l u a t e  t h e  i n t e g r a l s  

a
f de
 ̂COS0 /sin9sin (a-9).(tan^#-tan^9)

I -  =

13=

tan0  d0

c o s 0 / s i n 0 s i n  (a -0 ) .C tan^#- tan^0)

c o s ( 0 - i a ) d 0

/ s i n 0 s i n ( a - 0 )

de

c o s 0 / s i n 0 s i n C a - 0 )

(o<8<a<#<^),

(o<e<a<#<—) , 
2

(o<9<a<y) ,

(o<0<a<y) .

[ 4 . d . l 8 ]

The i n t e g r a l s  i n  [ 4 . d . l 8 ]  a r e  e v a l u a t e d  in  Appendix IV and t h e  

v a l u e s  o f  t h e s e  i n t e g r a l s  a r e

I =

2 / c o s a t a n # / t a n # Vtan#+tana /tan #-tan a-

2 2 / c o s a / t a n #

1

Vtan#+tana A a n # -ta n a  -

Sa

[ 4 . d . l 9 ]

S u b s t i t u t i n g  from [ 4 . d . l 9 ]  i n  [ 4 . d . l 7 ]  and i n t e r c h a n g i n g  t h e  

v a r i a b l e s  # ,  0 and when we do so we o b t a i n

TT a
61 = ^ [ n  (0) . z" (0) s ec0cosec0  ] + [n (0}\ . s in 0 c o s 0  -^  o  •’ V i + z A e ) ^  - : ^ [ / ( 0 ) s e c 0 c o s e c 0 ] V d 0 -c a 0 )

fn(0)<f— — . s in 0 co s 0  - - ^ [ z 'C e ) s e c 0 c o s e c 0 ] -ZcVsin^G-s in^a^L (
•' [ / l  + z^-(e)  ̂ L

t a n G - t a n a
tanG

/tanG+tana ' i  
/  tanG J

sinG > d0 [4 .d .20l
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For I [z] t o  be a minimum, we must have  f o r  a l l  a d m is s i b l e  f u n c t i o n ,  

n ( 0 )

6 I [ z , n ]  = 0 , [ 4 . d . 2 i ]

and t h i s  im p l i e s  t h a t  t h e  c o e f f i c i e n t  o f  n(0)  in  [4 .d .2 0 ]  shou ld  

v a n i s h

X\  ^  [ z T 0 ) s e c 0 c o s e c 0 ]  -  2 c ^  A 2 , s i n 0 c o s 0  = o  ,  ( o < 0 < a < ^ ) .
/ ï +z^Tg)

X i  —  [ Z % 0 ) s e c 0 c o s e c 0 ]  -  2 c ^  -.^ 2  i l l ) . , s i n G c o s G  =
ATTEST?)

2 c 2 / s i n ^ 0 - s i n ^ a . s in9
cos 2 a

/ t a n G - ta n a  / t an G + ta n a  
/  tanG tanG ( a < 0 < y )  ,

> [4 .d .2 2 ]

w h i le  a t  th e  end p o i n t s  i t  i s  n e c e s s a r y  t h a t

n ( o ) z t o )  = 0  » T i @  = o [ 4 .d . 2 3 ]

be s a t i s f i e d .

We c o n s i d e r  t h e  s o l u t i o n  o f  [ 4 .d . 2 2 ]  f o r  t h e  s lo p e  z(0)  o n ly  in  the

case o f  sm a l l  s l o p e ,  and we approx im ate  t o  [ 4 .d . 2 2 ]  as f o l l o w s :

2c s i n 0 c o s 0 d 0 2 c s i n 0 c o s 0 2X z ( 0 ) E
i o < e < a < - )  ; 

£(6) , Ca<e<|) ,
[ 4 .d . 2 4 ]

where

f  ( 8 )  =
/ t a n ^ G - t a n / a c o s a  

2Xi cosTa
/ t a n G - t a n a  Æ 

/  tanG * /
' t a n G - ta n a  / tanG + t a n a

tanG [ 4 .d . 2 5 ]

Using th e  t r a n s f o r m a t i o n

X = c  s i n / 0  ,

£  = c  s i n ^ a
[ 4 . d . 26]

we o b t a i n

z ' Xx )  - m2 z(x) =
, (o<x<£)

F(x) , (£<x<c)
[4.d.27]
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where

F(x) =

/2 X

/ 3ÔT
/  C -X

2X

//IT  n r  j n r
/  c - x  /  c -£  ' yy c -x  / .c-J

c -x
X

c - x

(Jl<x<c)

r> , [ 4 .d .2 8 ]

I t  i s  assumed a t  t h i s  s t a g e  t h a t  > o and we show l a t e r  t h a tÀ2

Xi > o , X2 > 0 a r e  s u f f i c i e n t  c o n d i t i o n s  f o r  a  t r u e  maximiza t ion  o f  L .

To d e r i v e  the  s o l u t i o n  o f  t h e  nonhomogeneous e q u a t io n  i n  [ 4 . d . 2 7 ] ,  

we app ly  th e  u s u a l  method o f  v a r i a t i o n  o f  p a r a m e t e r s ,  then  we o b ta in

Aj s in h  mx + cosh mx Co<x<£) ;

z ( x )  E < [4 .d .2 9 ]

F(Ç)sinhm(Ç-x)dÇ + A^sinhmx + B2 C0 shmx , (£<x<c) ,

where A%, A2 , B% and B2 a r e  a r b i t r a r y  c o n s t a n t s  •

We s h a l l  assume th e  boundary  c o n d i t i o n s  a re  g iven  by

z(o) = o z(c)  = 3 [3 .d .3 0 ]

S ince  z(x)  and z%x) a r e  co n t in u o u s  a t  x= £ and z(x)  s a t i s f i e s  the  

boundary  c o n d i t i o n s  [ 4 . d . S 0 ] ,  we o b t a i n

^  i / C O s i n h m g  - c ) d C

1 
m J

F(C)s inhm(5-x]dS  ,

(o<x<£) ;

^ [ 4 .d .3 1 ]

(£<x<c) .

We i n t e g r a t e  [ 4 .d . 3 1 ]  w i th  r e s p e c t  t o  x , and use  th e  boundary  c o n d i t i o n

y(o) = o [4.d.32]
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BÇcosh m x - l )  ^ (cosh  m x - l )  
m s in h  me m̂  s in h  me

 ̂ _  1 B ( c o s h m x - l )  ( c o s h m x -
1 -  m s ln lTm—  * n ? ^ i n h  me

F(Ç)sinhm(Ç-c)dÇ , (o<x<£) ;

F (^)s inhm(C-c)dÇ -

F(Ç) [coshm(Ç-x)- l]dÇ ,

> [4 .d .3 3 ]

(£<x<c) . .

The s o l u t i o n  [4 .d . 3 2 ]  shou ld  s a t i s f y  th e  c o n s t r a i n t s ,  [ 4 .d .2 J  and [ 4 . d . 3 ]  

and we th u s  o b t a i n  two e q u a t io n s  i n  two unknowns ^2 ,m , which have t o  be 

e v a l u a t e d  n u m e r i c a l l y .

We do n o t  complete th e  s o l u t i o n  o f  t h i s  problem u s in g  t h i s  method 

s i n c e  t h e r e  i s  an a l t e r n a t i v e  method o f  r e s o l v i n g  th e  problem n u m e r i c a l l y  

which i s  d i s c u s s e d  i n  d e t a i l  i n  Appendix X I I I .

IVe A SUFFICIENT CONDITION FOR THE EXTREMUM TO BE A MINIMUM

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum o f  I t o  be a minimum i s  

d e r i v e d  from c o n s i d e r a t i o n  o f  t h e  second v a r i a t i o n  o f  I

Since

6I [v (0 ) ,z (0 )  ,z%0] ,0]  = o ,

th e  c o n d i t i o n  f o r  I t o  be a minimum r e q u i r e s  

0^1 [v(0),z(0)  , z t 0 )  ,0]  >0  ,

[ 4 . e . l ]

[ 4 . e .2 ]

f o r  a l l  a d m is s i b l e  v a r i a t i o n  Ç(0) and n(8) c o n s i s t e n t  w i th  

- 2U cosec0Ç(0) =
n V s i n ^ a - s i n ^ 0 . / s i n 0 s i n  

- la)

   ■ /sin^cjj-sin^oi.n((f))sincj)d(K gcos(0-
i n ( a - 0 ) J  ^

B2
/tan(f )- tana ^ /tancj>+tana

-  2
/  tancj) tan(j)

[ -  2co's0 ( t a ^ ÿ - tan^e^ [ v^tan<j)-tana+/tan(j)+tana] +tan0 [ / tanc i)- tana-

- /tan<j)+tana]) + c o s (0 -g a )  ] (o<0<a<(f)<7?-) , [ 4 . e . 3 ]
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where

Bo = sec 5 a [ 4 . e .4 ]

Since  z has  been p r e s c r i b e d  a t  x=o and x=c in  [4.C.30] i t  fo l l o w s  

t h a t  t h e  v a r i a t i o n  n w i l l  s a t i s f y  th e  c o n d i t i o n s

n(o) = o , II Xn C j )  = 0 [ 4 . e . 5 ]

Then,  u s i n g  T a y l o r ’s theorem,  we can w r i t e  the  inc rem en t  o f  th e  f u n c t i o n a l  

I [v , z , Z*, 0 ] as

I [v+EC,z+En,z+Gh\8]-I  [ v , z ,  z',0] = E {ç(0)F^ f v , z , Z ’,0 )+n(8)  [p: (v ,z ,z%0)  -

1- ^  Z',0) ] }d0 + 2 E

IT
.2
{ c 2 ( 0) f  + h ^ ( 6 ) f  +n'2ce)F + 2 ç ( e ) n ( e ) F  +W  Z Z Vz

+ 2 ç ( 9 ) n t e ) F ^ ^ + 2 n c e ) r f T e ) F ^ ^ }  d e  + o C e ^ )  C o < e < j ) [4.e.6]

Denot ing th e  c o e f f i c i e n t  e  by 61 and t h a t  o f  e ^  by 6^1 , a t  a 

s t a t i o n a r y  va lu e  o f  I , we have from [ 4 . e . 3 ] ,  [ 4 . e .S ]  and [ 4 . e . l ]

6^1 =

where

{ç2c8}F^^+r,2(e)F^^4n'2(e)F^^+2sce)F(e)Fy^+2ç(0)ni[e)F^^+2nCe)nte)F^^d0 . 

'  [ 4 . e . 7 ]

Fyy[v,z,zT,0] = 0

F , J . . z . z - , 0 ]  = ,
[ l+z2(8) ] )%  

F ^ ^ [ v , z , z ' , 0 ]  = ^  s ec0cosec0 .

Fyj ,[v,z,r ' ,0]  = o r [ 4 . e . 8 ]

F^^Jy,z,z' ,0]  = o

F ^ ^ [ \ ; , z , z r ,0 ]  = o
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S u b s t i t u t i n g  from [ 4 . e . 8 ]  i n  [ 4 . e . 7 ]  we o b t a i n

= '

2-

ri^(9) + Aü L ÏA L  s e c e c o se c e V  d9 . [ 4 . e . 9 ]
 ̂ [ l + z ^ ( 0 ) ] ^  ^ ^

0

In t h e  case o f  sm al l  s lo p e  z(x)  , we approx im ate  [ 4 . e . 9 ]  as fo l low s

5^1 = '^2X2Csin6cos0ri^ (9) + Alh.__ ( 9 ) , s e c 0 c o s e c 0 ^ d 0  . [ 4 . e . l 0 ]

0

Using th e  t r a n s f o r m a t i o n

X = c sin^G , [ 4 . e . l l ]

we o b t a i n

c

6^1 = I  {X24>^(x) + 2Xi(})''^x) }dx , [ 4 . e . l 2 ]

o

where

0 (x)  = n ( 0 )  , I
V [ 4 . e . l 3 ]

<l)̂ (x) = n%8)/2cs in0cos0  . j

We c o n s i d e r  a s p e c i a l  cho ice  o f  (x) s a t i s f y i n g  the  boundary c o n d i t i o n s

(j)(o) = o , (j>(c) = o , [ 4 . e . l 4 ]

namely

(f)(x) = a s i n  ~  x , [ 4 . e . l 5 ]

and i n  t h i s  case

6^1 = \a?- <̂ X2 + ^ 1 ^  • [ 4 . e . l 6 ]

Thus in  the  case [ 2 . e . l 5 ]  the  s u f f i c i e n t  c o n d i t i o n  f o r  s a t i s f y i n g  [ 4 . e . 2 ]  

i s  as  fo l lo w s :

X2 + ^  Xi > o . [4 .e . l7 ]



IVf THE OPTIMUM SHAPE. OF A HYDROFOIL IN PARTIAL CAVITY FLOW USING 

CLASSICAL EULER METHOD [ALTERNATIVE METHOD]

s u b j e c t  t o  a c o n s t r a i n t  on c u r v a t u r e  o f  t h e  form
ir

K = - ^  z : '^9 )sec0cosec6d9  ,
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We p ose  t h e  p rob lem o f  maximis ing  t h e  l i f t

^ . .
L=pU^a£-2pUc / s i n ^ a - s i n A o  . vC0)sin0d0+4pU^c / s in^({)-s in ‘̂ a. z ( $ ) s i n # d # ,  [ 4 . f . l ]

o a

[ 4 . f . 2 ]

where K i s  p r e s c r i b e d ,  t o g e t h e r  w i th  a c o n s t r a i n t  on t h e  h y d r o f o i l  o f  t h e  

form IT

S = 2c / l  + z^ ( 0 ) . s i n 0 c o s 0 d 0 [ 4 . f . 3 ]

where S i s  p r e s c r i b e d ,  t o g e t h e r  w i th  a c o n s t r a i n t  on t h e  l e n g t h  o f  t h e  

h y d r o f o i l  a t  p o s i t i o n  0 .

The f u n c t i o n s  v and z a r e  r e l a t e d  by

V(9) = — cosec0

2m/sin^a-sin^0/sin8sin(a-0)
. < | c o s ( 0 - 2 a )

f-  2U v^sin^cj)-sin^a.siii(j)Z (<j))dé P /; tantj)-tana V t a n6+tana  
J 2 [ /  t a n *  /  t a n *  j

. 1,,_ f ( s i n ^ a - 2 s i n ^ 0 o )  V ^ n 0 „ s i n ( a - 9 o ) d 0 ^
+ ,Ua j —   A ï T T ë ) -------------:-----^ +

t 4uJ/sin^*-sin^a.sin*d* 2 c o s 0 ( t an ̂ * - (tan* [/tan*-tana+/tan*+tana] 4-

+ t a n 0 [ / t a n * - t a n a - / t a n * + t a n a ] ) + cos(G-ga)
J-U

[ 4 . f . 4 ]
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with

B, =

B =

'rTUa5in^ga(l + 2cosa)  
4 cos g a

cos 2 a

B3 = - 2

S u b s t i t u t i n g  from [ 4 . f , 4 ]  i n  [ 4 . f . l ]  we o b t a i n
JL
,2

L=pU^a£+4pU^-c / s i n ^ * - s i n ^ a .  z (*) s in*d*  + ~ZZZZZZ: i
^ / s i n O s i n  (a-61 ^/ s i n 0 s i n ( a - 6 )

cos (0 -ga^ B,-2UI / s i n H - s i n ^ a . s i n 4 . . z ( 4 . ) d J [ B i  + / t an»-^ tana ]  |] ]
'■ ) II 4 /  tan<j> /  t a n*  J 3 j j  j

. )M _ j ( s i n 2 a - 2 s i n 2 8 n ) / s i n 8 n S i n ( a : e ^ ) d 8 n  +
s i n ( 0 o - 6 )

4 U i / s i n ^ * - s i n ^ a . s in*d* 2 F A e ( t I n 4 % E ^ )  [ / t a n * - t a n a  + / t a n * + t a n a ]  +

^tanO[/tan*-tana- /tan*+tana])+ cos(0-ga)  I
J  J

[4.  f .6]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a l  on th e  

r i g h t - h a n d  s i d e  o f  [ 4 . f . 6 ]  [ s e e ,  e . g . .  Hardy,G.H. (35)]  and when we do 

so we o b t a i n

L=pU^o&+4pU^c

a

/ s i n ^ ( j ) - s in ^ a . z (.*) s in*d*   ̂ B. +
 ̂ 1 V s i n 0 s i n ( a - 0 )

0

+ gUa ( s i n ^ a - 2 s i n ^ 4 ) / s i n * s i n ( a - * ) d * d0

/ s i n 0 s i n ( a - 0 )  sin(i | ;-6)

- -  I / s i n ^ * - s i n ^ a . s i n * z (

a

^ y ' t a n j + t a m

(*)d* d0— —  4  f
/ s i n O s i n ( a - 0 )   ̂ ^

Tan*- tanc t  ^ 
tan*

ta n * + B. . c o s (0 -g a )  + (tan<|>[/tan*-tancc +
2 c o s 0 ( t a n ^ * - t a n ^ 0 )

i J i4 / t a n * + t a n a ]  + tan0  [ / t a n * - t a n a - / t a n * + t a n a ]  ) + cos (0 -ga) j

(o<0<a<*<2-) , [ 4 . f .7 ]



Now we e v a l u a t e  t h e  i n t e g r a l s  

a

I ,  = f do

 ̂ J / s i n 0 s i n ( a - 0 ) s i n  (*-0) 
0
a

d0
■ [

2 4 c o s 0 / s i n 0 s i n ( a - 0 )

I  =

cos (0-§q)d0 

/ s i n 0 s i n ( a - 0 )

tan0d0

4 ' c o s 0 / s i n 0 s i n ( a - 0 )  C tan^*- tan^0)
0

de

c o s 0 / s i n 0 s i n ( a - 0 ) ( t a n ^ * - t a n ^ 9 )
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The i n t e g r a l s  i n  [ 4 . f . 8 ]  a r e  e v a l u a t e d  in  Appendix IV and t h e  v a l u e s  

o f  t h e s e  i n t e g r a l s  a r e

I .  =

I =

I. =

I .  =

cosa

2 / c o s a / t a n *  -/ tan<j>-tana / t a n * + t a n a  

1 1

2 / c o s a / t a n *  ' - / t a n * - t a n a  / t a n d + t a n a  -

S u b s t i t u t i n g  from [ 4 . f . 9 ]  i n  [ 4 . f . 7 ]  we o b t a i n
TT 
2

=pU2aa + B j p U c ^ ^ J . ^ Z ^ - s i n 4 a z ( * l s i n * d *  . ( / H M - t a n a
tan*

where i s  d e f i n e d  by  [ 4 , f , 5 ] .

tan*

[ 4 . f . l 0 ]
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We now use the  c l a s s i c a l  E u l e r  method to  o b t a i n  t h e  optimum shape o f  

c a v i t a t i n g  h y d r o f o i l  so t h a t  th e  l i f t  i s  a  maximum s u b j e c t  t o  the  

c o n s t r a i n t s  [ 4 . f . 2 ]  and [ 4 . f . 3 ] .  Th is  method can be a p p l i e d  t o  t h i s

prob lem i n  th e  f o l l o w in g  way. We c o n s id e r  th e  m in im iz a t io n  o f  t h e

f u n c t i o n  I d e f i n e d  as f o l l o w s :

I = <

G(z,Z%8)d8

{ F (z ,9 )+ G (z ,z ' , e )}d6

(o<9<a)

(a<0<y)

[ 4 . f . l l ]

where

F[z,0) =
cosga

( * ) s i n  * f  A-a n * - t a n a  / t a n * + t a n a | \
( /  t an*  /  tand) i > !t a n *

C(z , i ' , e )  z'^e;isececosec9+2X2c/l+z^(9)sin6cosO

[ s e e ,  e . g . ,  FOX, C. ( 2 1 ) ] .

Using E u l e r  e q u a t io n

[ 4 . f . l 2 ]

[XG(z,Z%9j [ - ^  (XG(z, Z',©)) ] = 09z

[F(z ,G )+xG (z ,Z^0) ]  - ^  (^F^(z,0)+XGCz,Z',0)) ] = 0 , (,a<0<j) , j

(o< 0< a) ,

we o b t a i n

[ 4 . f . l 3 ]

X-, [z:'(03sec0cosec0]-2X2 Ĉ  AlO)sin0cos0 _ Q
48

(o<0<a)

X, [z-C0)sec9cosec9]-2X2c2 1 -  2c^ / sTh^0-s in^c^ " / s i n ^ G - s i n ^ o  . ' t a n G - t a n a
tanO

*r / FanG+tanal 
/  tanG J (a<0<2-) . [ 4 . f .M ]
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The e q u a t i o n s  i n  [ 4 . £ . 1 4 ]  a r e  n o n l i n e a r  d i f f e r e n t i a l  eq u a t io n s  f o r  z(0)  . 

We c o n s i d e r  t h e  s o l u t i o n  o f  [ 4 . f . l 4 ]  f o r  t h e  s l o p e  z (0)  o n ly  i n  t h e  

case  o f  sm al l  s l o p e ,  and we app rox im a te  t o  [ 4 . f . l 4 ]  as  fo l l o w s  :

2 X2 z ( 0 ) c ^  _1
sinOcosG d0

s in 0 c o s 0  d0

1 ^
s in 0 c o s 0  d0

1 ^
s in 0 c o s 0  d0 - z ( 0 ) c — ^^^-Vta n ^ 0 - t a n k a 'Xi Xi cosgct

Ïân0+tanô1
tan0

(o<0< a) ,

/ t a n 0 - t a n a  
tan0

(a<0<j)

[ 4 . £ . 1 5 ]

These  r e s u l t s  a r e  e x a c t l y  t h e  same as t h e  r e s u l t s  o b t a i n e d  from 

employing a v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e  i n v o l v i n g  a s i n g u l a r  i n t e g r a l  

e q u a t i o n  which was i n t r o d u c e d  e a r l i e r  i n  P a r t  I .  The s u f f i c i e n t  

c o n d i t i o n  f o r  extremum to  be a minimum i s  d e r i v e d  from c o n s i d e r a t i o n  o f  t h e  

second  v a r i a t i o n  and i t  i s  c a l l e d  Legendre t e s t .

Fzz^Z'2%0] > 0 ,

p2;-'Az,z,0] > 0 ,

F ^ J z , Z - ,0 ] . F ^ . ^ [ z , z r , 0 ]  > F^^[z.Z- ,8]

[ 4 . f .16]

Hence

Xi > 0 , 1

X2  ̂ 0 . j
[ 4 . f . l 7 ]

That i s  t h e  same r e s u l t  as  o b t a i n e d  i n  [ 4 . e . l 2 ]
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INTRODUCTION

There i s  an e x t e n s i v e  1i t e r a t i v e  co n n e c te d  w i t h  wave r e s i s t a n c e  

due t o  a submerged o b s t a c l e  [ s e e ,  e . g . ,  H ave lock ,  T . H . ( 3 1 ) , ( 3 2 ) , ( 3 3 ) , ( 3 4 ) ,  

Kochin,  N . E . ( 3 7 ) ,  K o tc h i n ,N .E . ( 3 8 ) ,  Wehausen, J . V .  and L a i t o n ,  E . V . ( 6 5 ) ,  

K r e i s e l ,  G.(40) and R ia bouch insky ,  D.(B4) ]  b u t  t h e  two p a p e r s  which a r e
t

most r e l e v a n t  t o  p r e s e n t  P a r t  I I I  a r e  t h o s e  t o  Kochin,  N .E . ,  K i b e l ,  I .A.  

and Roze,  N .V .(38)  and Wu, T.Y.- and WTiitney, A . K . ( 7 0 ) ] .

A h y d r o f o i l  o f  a r b i t r a r y  shape  i s  i n  s t e a d y ,  r e c t i l i n e a r ,  h o r i z o n t a l

mot ion  a t  a dep th  h b e n e a th  t h e  f r e e  s u r f a c e  o f  a l i q u i d .

The u s u a l  a s s u m p t io n s  i n  p rob lem s  o f  t h i s  k i n d  a r e  t a k e n  a s  a b a s i s ,  

namely ,  t h e  l i q u i d  i s  n o n - v i s c o u s  and moving t w o - d i m e n s i o n a l l y , s t e a d i l y  

and w i t h o u t  v o r t i c i t y ,  t h e  o n ly  f o r c e  a c t i n g  on i t  i s  g r a v i t y .

With t h e s e  a s sum pt ions  t o g e t h e r  w i th  a l i n e a r i z a t i o n  a s s u m p t io n  we 

d e t e rm in e  t h e  f o r c e s ,  due t o  t h e  h y d r o f o i l  b e n e a t h  a f r e e  s u r f a c e  o f  t h e  

l i q u i d .

The hydrodynamic  f o r c e s  due t o  a v o r t e x  o f  s t r e n g t h  y and s o u rc e  o f  

s t r e n g t h  m b e n e a t h  a f r e e  s u r f a c e . a r e  d e r i v e d  u s i n g  B la s iu s '  theorem 

i n  C h a p te r  V.

A s i n g u l a r  i n t e g r a l  e q u a t i o n  f o r m u l a t i o n  o f  t h e  boundary  v a l u e  problem 

i s  o b t a i n e d  and can be s o l v e d  t o  y i e l d  e x p r e s s i o n s  f o r  t h e  l i f t  and  d rag  as

f u n c t i o n s  o f  t h e  unknown s i n g u l a r i t y  d i s t r i b u t i o n :  y b e i n g  t h e  v o r t e x

s t r e n g t h  t o g e t h e r  w i th  t h e  unknown shape, ,  z ( h y d r o f o i l  s l o p e ) ,  t h e s e  

e x p r e s s i o n s  a r e  g iven  f o r  a h y d r o f o i l  o f  a r b i t r a r y  shape .

The p u rp o s e  o f  t h i s  work i s  to  e v a l u a t e  t h e  optimum shape  o f  a  two- 

d im e n s io n a l  h y d r o f o i l  o f  g iv e n  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e  which 

p ro d u ces  minimum d rag .

We use  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  to  o b t a i n  t h e  optimum shape 

o f  t h e  h y d r o f o i l .

The m a th e m a t ic a l  p rob lem i s  t h a t  o f  e x t r e m i z i n g  a f u n c t i o n  depending
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on Y ( v o r t e x  s t r e n g t h )  and z ( t h e  h y d r o f o i l  s l o p e )  when t h e  two 

f u n c t i o n s  a r e  r e l a t e d  by a s i n g u l a r  i n t e g r a l  e q u a t i o n .  The a n a l y t i c a l  

s o l u t i o n  f o r  t h e  unknown shape z and t h e  unknown s i n g u l a r i t y  has 

b r a n c h - t y p e  s i n g u l a r i t i e s  a t  t h e  two ends o f  t h e  h y d r o f o i l .

The e x t re m a l  s o l u t i o n  y ( x ; X i , X 2 ) and z ( x ;X j , X 2 ) when d e t e rm in e d  

w i l l  i n v o l v e  two Lagrange  m u l t i p l i e r s  c o n s t a n t s  Xj, X2 , which  can be 

d e t e rm in e d ,  by s u b s t i t u t i n g  t h e  e x t r e m a l  s o l u t i o n  y ( x ; X i , X 2) and 

z(x;X%,X2 ) i n  two c o n s t r a i n t s .

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum t o  be a minimum i s  d e r i v e d  

from c o n s i d e r a t i o n  o f  t h e  second v a r i a t i o n .
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Va UNIFORM STREAM PAST SUBMERGED VORTEX

The v o r t e x  i s  b e n e a th  t h e  f r e e  s u r f a c e  o f  a  l i q u i d  a t  a d ep th  h 

and i t  i s  c o n v e n ie n t  t o  make use  o f  complex v a r i a b l e  t e c h n i q u e s .

We assume t h e  l i q u i d  i s  n o n - v i s c o u s  and moving tw o - d i m e n s i o n a l l y

s t e a d i l y  and w i t h o u t  v o r t i c i t y ,  t h e  o n ly  f o r c e  a c t i n g  on i t  i s  g r a v i t y .

With t h e s e  assum pt ions  t o g e t h e r  w i th  a l i n e a r i z a t i o n  a s s u m p t io n  we s o l v e  

t h i s  p rob lem .  We w i l l  den o te  by Ox t h e  h o r i z o n t a l  c o o r d i n a t e  a x i s  

l y i n g  on t h e  f r e e  s u r f a c e  o f  a l i q u i d  i n  s t a t e  o f  r e s t ,  and by Oy

t h e  v e r t i c a l  a x i s  d i r e c t e d  upward.

u

F I G .  1 4 .

In  a d d i t i o n ,  we i n t r o d u c e  t h e  complex v a r i a b l e

Z = x+iy

and t h e  complex v e l o c i t y  p o t e n t i a l

[ S . a . l ]

w = *+i* [ 5 . a . 2]

F i r s t  o f  a l l ,  we s o l v e  t h e  p rob lem  o f  a v o r t e x  o f  i n t e n s i t y  y 

l o c a t e d  a t  a dep th  h below t h e  f r e e  s u r f a c e  o f  t h e  l i q u i d  which  i s  

f lo w in g  u n i f o r m l y  w i th  speed  U i n  t h e  x - p o s i t i v e  d i r e c t i o n .

D enot ing  t h e  complex v e l o c i t y  p o t e n t i a l  o f  t h i s  s t e a d y  m ot ion  by

W = $+iV [ 5 .a . 3]
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we w i l l  have

W=w-Uz

0=*-Ux

V=*-Uy

[5 .a . 4]

In t h i s  s t e a d y  m o t ion ,  t h e  f r e e  boundary  o f  t h e  l i q u i d  i s  a s t r e a m l in e  

and a s u r f a c e  o f  c o n s t a n t  p r e s s u r e .

By B e r n o u l l i ’s fo rm u la ,  we have f o r  t h e  p r e s s u r e  P

P=C-5P (u^+v2)_pgy , [ 5 . a . 5]

where u , v  a r e  t h e  components o f  l i q u i d  v e l o c i t y  a l o n g  x , y  axes  

r e s p e c t i v e l y .

S u b s t i t u t i n g  h e r e  t h e  e q u a t i o n s

u = -

V = -

9$
9x

2$
3y

3*
9x

9*
9y . I

[ 5 . a . 6]

we o b t a i n  r e a d i l y

P  =  C -  5 P U ^  + p U  -  5 P 9x^ -  p g y

S in ce  t h e  second  d eg ree  te rms  a r e  i g n o r e d ,  we o b t a i n

P=C-ipU^+pU - |^  -  pgy

[ 5 . a . 7]

[ 5 . a . 8]

I t  can be shown t h a t  t h e  boundary  c o n d i t i o n  on t h e  f r e e  s u r f a c e  can 

be w r i t t e n  i n  t h e  form

mag
^  d^w dw

dz
= 0 , [v = ^  , y = 0] ,

[ s e e ,  e . g . ,  K o ch in ,N .E . ,  K i b e l ’ , I . A .  and R o z e , N .V . ( 3 8 ) ] .  

The c o n d i t i o n s  a t  i n f i n i t y  a r e  as  f o l l o w s :

[ S . a . 9]

dz

^  ^  0 dz

Z  CO

Z  CO

[ 5 . a . 10]
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In  t h e  s p e c i a l  c a se  o f  t h e  mot ion  now u n d e r  c o n s i d e r a t i o n ,  t h e  

f u n c t i o n  ^  must  be ho lom orph ic  i n  t h e  e n t i r e  h a l f - p l a n e  y< o , e x ce p t  

a t  t h e  p o i n t  where t h e  v o r t e x  i s  l o c a t e d .

Le t  t h i s  be t h e  p o i n t  z = -  i h  (w i th  c o o r d i n a t e s  x=o , y = - h ) .

Near t h i s  p o i n t ,  t h e  f u n c t i o n  w(z) must  have t h e  form

w(z) = - 2^  l o g ( z + i h )  + g ( z )  , [ 5 . a . 11]

where g (z )  i s  a ho lom orph ic  f u n c t i o n  i n  t h e  n e ighbourhood  o f  t h e  p o i n t  

z = ih .

For  t h e  f u n c t i o n  ^  , we have o b t a i n e d  t h e  r e p r e s e n t a t i o n

Now we form t h e  f u n c t i o n

° ^ ^  • [ 5 . a . 13]

I t  i s  ho lom orph ic  i n  t h e  e n t i r e  h a l f - p l a n e  y<o , e x c e p t  a t  z = - ih ,  

n e a r  which we have

( z + i h p  ^ tT  (zTih)  » [ 5 . a . 14]

where f ^ ( z )  i s  h o lom orph ic  i n  t h e  n e ighbourhood  o f  t h e  p o i n t  z= ih  .

As a consequence o f  t h e  c o n d i t i o n  [ 5 . a . 9 ] ,  t h e  f u n c t i o n  f ( z )  assumes a 

r e a l  v a l u e  on t h e  r e a l  a x i s ;  f ( z )  i s  d e f i n e d  above i n  [ 5 . a . 14] i n  th e  

h a l f - p l a n e  y<o , b u t  i t  can be c o n t in u e d  a n a l y t i c a l l y  i n t o  t h e  u p p e r  h a l f 

p l a n e  y>o by S chw arz’s p r i n c i p l e  o f  symmetry. . I n  f a c t ,  t h e  v a l u e s  

o f  f u n c t i o n  f ( z )  a t  two p o i n t s  symmetr ic  w i th  r e s p e c t  t o  t h e  x - a x i s  

must be complex c o n j u g a t e ,  so t h a t  one must  t a k e

f ( z )  = f  (z)  , [ 5 . a . 15]

We t h e n  o b t a i n  a f u n c t i o n  which i s  d e f i n e d  and i s  a n a l y t i c  i n  t h e  

e n t i r e  p l a n e  o f  t h e  complex v a r i a b l e  z .
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This  f u n c t i o n  has  a t  t h e  p o i n t  z=-ih  t h e  s i n g u l a r i t y  d e t e rm in e d  

by [ 5 . a . 14] ;  i n  a d d i t i o n ,  i t  w i l l  have  a s i n g u l a r i t y  a t  p o i n t  z= ih  , s i n c e  

i t  f o l l o w s  from [ 5 . a . 14] and [ 5 . a . 15] t h a t  we w i l l  have i n  t h e  ne ighbourhood  

o f  t h i s  p o i n t  t h e  r e p r e s e n t a t i o n

■ 2̂ ir ( z - i h ) 2  '  2iri ( z - i h )  * '  [ S . a . 16]

which shows t h a t  t h e  p o i n t  z=ih  i s  a s e c o n d - o r d e r  p o l e  f o r  t h e  f u n c t i o n  

f ( z ) .  The f u n c t i o n  f ( z )  has  no o t h e r  s i n g u l a r  p o i n t s  i n  t h e  f i n i t e

p a r t  o f  t h e  z - p l a n e  . Assuming i t  t o  be h o lom orph ic  i n  t h e  ne ighbourhood  

o f  t h e  p o i n t  a t  i n f i n i t y  and to  v a n i s h  f o r  z= «>, we i n t r o d u c e  a new 

f u n c t i o n  F(z)  d e f i n e d  by

F(z)  = f ( z )  ~ 2 ^  CzHh) ■ ^  (z - ih ) '^  ^ i T  ( z - i h )  ' [ ^ . a . 1 7 ]

T h i s  f u n c t i o n  F (z )  has  t h e  p r o p e r t i e s

( i )  F (z )  has  no s i n g u l a r i t i e s  i n  z p l a n e  ,

( i i )  As z ->- «> , F(,z) t e n d s  t o  be c o n s t a n t  s i n c e  f ( z )  i s  bounded

a t  i n f i n i t y ,  h e n c e ,  u s i n g  L i o u v i l l e ’s theorem [ s e e ,  e . g . ,  C o p s o n , E . T . (8 ) ]  i t  

fo l l o w s  t h a t  F(z)  i s  c o n s t a n t  and hence

J L  1 YV 1 JL  L_ „+ JCL 1 = r  rc a 1R1
^  J " 2tt ' ( z+ ih )2  ■ 2iri ( z + i h ) ‘  2w ( z - i h ) 2  2iri ( z - i h )  ’  ̂ '

where C i s  c o n s t a n t .

Hence we a r r i v e  a t  t h e  r e s u l t

■ è  -  ( F l h )  •  ( Z & h ) : '  ( P I S ) }  * '  '

The g e n e r a l  s o l u t i o n  o f  t h e  homogeneous e q u a t i o n

i  4 ^  - V ^  = 0 [ 5 . a . 20]
dz^ dz

I S

w(z) = A + Be '  [5 .a . 21



118

To d e r i v e  t h e  s o l u t i o n  o f  t h e  nonhomogeneous e q u a t i o n  [ 5 . a . 19] we 

a p p ly  t h e  u s u a l  method o f  v a r i a t i o n  o f  p a r a m e t e r s ,  assuming A and B 

t o  be f u n c t i o n s  o f  z ; t h u s  we a r r i v e  a t  t h e  e q u a t i o n s

dA ^ dB - i v z  ^

dB - i v z  Y 
^ dz ^ "277

1 _ v i  1 v i
( z + ih ) ^  (z+ ih )  ( z - i h ) 2  ( z - i h )

[ 5 . a . 22]

Assuming t h e  f u n c t i o n s  A and B t e n d  t o  zero  as  t h e  p o i n t  z moves 

to  i n f i n i t y  i n  t h e  d i r e c t i o n  o f  t h e  p o s i t i v e  r e a l  a x i s ,  i . e .  f o r  z-h» we 

o b t a i n  e a s i l y

A -  Y J  1 . 1 \  Y , „ z+ ih
277V ^ z + i h  z - i h /  27ii ^ z - i h

1 1 v i  v i
( t+ ih )^  ( t - i h ) ^  ( t + i h ) ^  ( t - i h ) d t  .

[ 5 . a . 23]

However, i n t e g r a t i o n  by p a r t s  y i e l d s  
z

e ' v t d t
( t + i h ) ^

I V Z

z-*-ih

e^ ^^ d t  e 
" 2 =  -

I V Z

( t - i h ) Z - i h

+ I V

+ I V

( t + i h )

( t - i h )

[ 5 . a . 24]

S u b s t i t u t i n g  from [ 5 . a . 23] and [ 5 . a . 24] i n  [ 5 . a . 21] we o b t a i n

z
Y / ,  f z + i h >w (z)  = - 277i z - i h

- i v z f  e^ ^ ^ d t
J ( t - i h )

[ 5 . a . 25]

The p a t h  o f  i n t e g r a t i o n  i n  [ S . a . 25] i s  as  shown i n  F ig .  15.

œ

Fig.15.
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The fo rm ula  [ 5 . a . 25] i s  t a k e n  as  b a s i c  i n  t h e  c a l c u l a t i o n  o f  t h e  

hydrodynamic  f o r c e s  a c t i n g  on s u r r o u n d in g  c o n t o u r  abou t  t h e  v o r t e x .

We compute now t h e  f o r c e  a c t i n g  on t h e  v o r t e x  u s i n g  t h e  B la s i u s  

theorem and i n t e g r a t i n g  a lo n g  a c o n to u r  c e n c l o s i n g  t h e  v o r t e x ,  t h e  

l i f t  and d rag  can be e x p r e s s e d  in  t h e  form

L+iD = - ipo  dz , [ 5 . a . 26]dz-
c

where p i s  c o n s t a n t  l i q u i d  d e n s i t y .

Using [ 5 . a . 4] and [ 5 , a . 25] we can w r i t e

dz 2iri (z + ih )  

where

a ( z )  , . [ 5 . a . 27]

t - i h  ' [ 5 . a . 28]

i s  a ho lom orph ic  f u n c t i o n  i n  t h e  lower h a l f - p l a n e .

T h e r e f o re  th e  r e s i d u e  o f  t h e  f u n c t i o n

a t  t h e  p o i n t  z = - ih  , t h e  l o c a t i o n  o f  t h e  v o r t e x ,  i s  equa l  to  [ - y . a ( - i h ) ] / 7 r i  

and we h av e ,  by t h e  r e s i d u e  theorem,

I  dz = - 2 y . a ( - i h )  • [ 5 . a . 30]

Thus

L + iD = py .a ( - ih )

o 2 f i v tPY PY V -vh
t - i h [ 5 . a . 31]

I n t r o d u c i n g  i n t o  t h e  l a s t  i n t e g r a l  f o r  t  t h e  new v a r i a b l e  s 

d e f i n e d  by

s = iv ( t - i h )  , [ 5 . a . 32]

we can r e d u c e  i t  t o  t h e  form
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- i h ,  2vh
f e d t  -vhJ ®
OO I C O

S

, [ 5 . a . 33]

where i t  must be emphasized t h a t  i n  t h e  t  p l a n e  t h e  p a t h  o f  i n t e g r a t i o n

must l i e  c o m p le t e ly  i n  t h e  lower h a l f - p l a n e ;  i n  t h e  s p l a n e ,  however,  i t

must be i n  t h e  upper  h a l f - p l a n e .

Using t h e  Cauchy theorem we can w r i t e  

z z

^ . =  | ^ = E . ( z )  , [5. a .  34]
100 -00

where E„(z) i s  t h e  e x p o n e n t i a l  i n t e g r a l  [ s e e ,  e . g . ,  Abramowitz,M .and S t e g u n , ! .  

( 1 ) , 5 , p p . 227-253] .

I f  z i s  r e a l  p o s i t i v e  and t h e  p a t h  o f  i n t e g r a l  l i e s  i n  th e  upper  

h a l f  p l a n e ,  t h e  i n t e g r a l  can be t a k e n  a lo n g  t h e  r e a l  a x i s ,  when t h e  p o i n t  

s=o must  be by p assed  a lo n g  an i n f i n i t e s i m a l  s e m i c i r c l e .

S in c e  t h e  r e s i d u e  o f  t h e  i n t e g r a l  a t  t h i s  p o i n t  i s  e q u a l  t o  u n i t y ,  

t h e  v a l u e  o f  t h e  i n t e g r a l  a long  t h e  i n f i n i t e s i m a l  s e m i c i r c l e  i s  equa l  t o  

- ? i .  T h e r e f o r e  t h e  im ag ina ry  p a r t  o f  E^(x) i s  eq u a l  t o  -. fr .

Next ,  we i n t r o d u c e  t h e  n o t a t i o n

E. (x) = R&E.(x) ; [ 5 . a . 35]
h

we t h e n  o b t a i n  t h e  e q u a t i o n

E^(x) = E^ (x) - iri , [ 5 . a . 36]

on t h e  a s s um pt ion  t h a t  t h e  p a t h  o f  i n t e g r a t i o n  i s  l o c a t e d  i n  t h e  upper  

h a l f  p l a n e .

Thus we f i n d  t h e  e q u a t i o n

L+iD = - 4^  - . e E^ (2vh) + ipy^ve  ; [ 5 . a .  37]

S e p a r a t i n g  r e a l  and im ag in a ry  p a r t s  and s u b s t i t u t i n g  f o r  v i t s

v a l u e  g/U^ , we o b t a i n
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D = Pg^ g-2gh/U'

L = .  puy + .  P g r l  . e-Zgh/U^E. (ISk] .
U2 '

[5 .a . 38]

Vb UNIFORM STREAM PAST SUBMERGED SOURCE ELEMENT

A s o u r c e  e lement  o f  i n t e n s i t y  m l o c a t e d  a t  a dep th  h below t h e  

f r e e  s u r f a c e  o f  t h e  l i q u i d  which moving u n i f o r m l y  w i th  speed  U i n  t h e  x 

p o s i t i v e  d i r e c t i o n .

The u s u a l  a s s u m p t io n s  i n  t h i s  problem i s  t a k e n  as  a b a s i s ,  namely ,  

t h e  l i q u i d  i s  n o n - v i s c o u s  and moving two d i m e n s i o n a l l y  s t e a d i l y  and 

w i t h o u t  v o r t i c i t y ,  t h e  o n ly  f o r c e  a c t i n g  on i t  i s  g r a v i t y .

With t h e s e  a s s u m p t io n s  t o g e t h e r  w i th  a l i n e a r i z a t i o n  as sum pt ion  we 

can w r i t e  t h e  complex p o t e n t i a l  o f  a submerged so u rc e  e lem en t  u s i n g  t h e  

s i m i l a r  o p e r a t i o n s  as  used  i n  Va , i n  t h e  form

w(z) = - ^ < | l o g ( z ^ + h ^ ) - 2 e t - i h = ' [ S . b . l ]

Now we compute t h e  f o r c e s  a c t i n g  on t h e  s o u rc e  a s  f o l l o w s :

I f  we d eno te  t h e  p r o j e c t i o n s  o f  t h e s e  f o r c e s  on t h e  x and y axes 

by d rag  D and l i f t  L , r e s p e c t i v e l y ,  we w i l l  have  by B l a s i u s '  theorem

where

L + i D = -  èpj  { ^ f  d;

W(z) = w(z) - Uz

[ 5 . b . 2 ]

[ 5 . b . 3 ]

t h e  i n t e g r a l  i s  t a k e n  a lo n g  any c l o s e d  c o n t o u r  c s u r r o u n d i n g  t h e  so u rc e  

e l e m e n t .

Using [ S . b . l ]  and [ 5 . b . 3 ]  we can w r i t e

dz
m 1
277 (z+ih) + a(.z) [5.b.4]
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where

a (z) = - U + m imv - i v z
2ir (z - ih)  . TT t - i h [5 .b .5]

i s  a ho lom orph ic  f u n c t i o n  i n  t h e  lower  h a l f  p l a n e .

T h e r e f o r e  t h e  r e s i d u e  o f  t h e  f u n c t i o n

rdw /  _ m “ 1 m a ( z )  2 r \
^dz-* 4tt^ (z+ihf- TT (z+ ih )  ^

a t  t h e  p o i n t  z = - ih  , t h e  l o c a t i o n  o f  t h e  s o u r c e  e l em en t ,  i s  eq u a l  t o  

—  a ( - i h )  and we o b t a i n ,  by  t h e  r e s i d u e  theorem.

[ 5 . b . 6 ]

I  dz = - 2 m i a ( - ih ) [ 5 . b . 7 ]

Thus

L+iD = p m i a ( - ih ) - i h

47rh TT

i v t

t - i h
2vh

S e p a r a t i n g  r e a l  and im a g in a ry  p a r t s  and s u b s t i t u t i n g  f o r  v i t s  v a l u e  

^  , we o b t a i n

D = -  pmU + ^ m ^  e ,
[ S . b . 9 ]

w i th

(x) = R&E^(x) , E . ( x )  = e^ds 1 [ S .b . lO ]

where E . ( x )  i s  the  e x p o n e n t i a l  i n t e g r a l  [ s e e ,  e . g . ,  Abramowitz,M. and  S tegun ,

I . , ( 1 ) , 5 , p p . 227-253] .
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Vc THE HYDROFOIL BENEATH A FREE SURFACE

A h y d r o f o i l  o f  a r b i t r a r y  shape i s  i n  s t e a d y ,  r e c t i l i n e a r  mot ion  a t  

a dep th  h b e n e a th  t h e  f r e e  s u r f a c e  o f  a u n i fo rm  l i q u i d  f low w i t h  speed  

U i n  t h e  x - p o s i t i v e  d i r e c t i o n .

We assume t h e  l i q u i d  i s  n o n - v i s c o u s  and moving t w o - d i m e n s i o n a l l y  and 

w i th o u t  v o r t i c i t y ,  t h e  o n ly  f o r c e  a c t i n g  on i t  i s  g r a v i t y .

The problem w i l l  be s o lv e d  on t h e  b a s i s  o f  l i n e a r i z e d  t h e o r y  and f o r  

t h i s  p u rp o s e  we i n t r o d u c e  t h e  f o l l o w i n g  v o r t e x  d i s t r i b u t i o n  on t h e  x - a x i s  

V o r t i c e s  o f  s t r e n g t h  Y CO p e r  u n i t  l e n g t h  i n  o<Ç<a,y=-h ,

(y>o,  c l o c k w i s e ) .

F I G . 16.

The complex p o t e n t i a l  due t o  a s i n g l e  v o r t e x  l o c a t e d  a t  (C , -h )  as  

f o l l o w s  :

^ i v t
+ 2 e " ^ ^ ^  - — = §2 > c=C-ih ]  . [ S . c . l ]

( z - c  t - c  ^

The complex p o t e n t i a l  due t o  t h e  com ple te  d i s t r i b u t i o n  o f  v o r t i c e s  as

d e s c r i b e d  above w i l l  be _

w(z) = -
 ̂ Z - C t - C

dC [ 5 . c . 2]

Using  t h e  i d e n t i t y
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t - c z+ s-c
[ t = z + s , c=Ç+ih] ,

we o b t a i n
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[ 5 . C. 3]

w(z) = -
z - c  •' Z +  S - C  ^

dK
0 0 

Denot ing  t h e  p o t e n t i a l  o f  t h i s  s t e a d y  mot ion  by

[ 5 . C . 4 ]

W=$+i¥ [ 5 . c . 5]

we w i l l  have

Hence

W=w-Uz , #=^-Ux , Y=^-Uy . [ 5 . C . 6 ]

* ( x ,y )  = -Ux-

V(x,y) = -Uy-

2TT ' « )  a -  a -  «

2 tt
y (S) < l o g  p -  2

[ 5 . C . 7 ]

[ C y - l 'O c o s v s + ( x - S + s ) s i n v s ] d s \  rr .  oi
----------[Cx-Ç+3 ) a ( y - h ) 2 ]--------------------------------------=

w i th

r  = / ( x - 0 ^ + ( y + h ) ^  

t '  =  / ( x - c ) ^ + ( y - h ) ^
[ 5 . C . 9 ]

Using [ 5 . C . 4 ]  and [ 5 . C . 6 ]  we can w r i t e

a
dW
dz = - U + y CO

2-ïïi \C-z-c)
1

+ 2 e^^^ds

(z - c )  /  (z+s-c]

However, i n t e g r a t i o n  by p a r t s  y i e l d s
0 0  .  CO

I V S  , c

(z+s
^  = - I e ^ ^ ^ . d ( —t —) = J -  + iv  
- c r  •' z+ s - c  z -c Z + s - c

[ 5 . C . 1 0 ]

[ 5 . C . 1 1 ]

S u b s t i t u t i n g  from [ S . c . l l ]  i n  [ S . c . l O ]  we o b t a i n

a

y (0  + 2vif - " - a (z- Z - C

I V S  ,e ds

Z +  S - C

dC

This  may be w r i t t e n  i n  t h e  form

dW
dz = -  u + i v

[ 5 . C . 1 2 ]

[ 5 . C . 1 3 ]
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w ith

V = -

[ 5 . C . 14]

where

■*’x ==2F

V =  -  2?J ^ ^ ^ a ( x - s y + ( y + h y  * (x -Ç )^ + C y -h y ^ ^ ,

[ 5 . C . 1 5 ]  

[ Çx-g+s)s i n v s - ( y - h ) c o s v s ] d s \
[ ( x - ^ + s /  + ( y - h /  ] /

°  [ 5 . C . 1 6 ]

Here i n  [ 5 . C . 1 4 ] ,  u , v  a r e  t h e  components o f  l i q u i d  v e l o c i t y  a lo n g

x , y  axes  r e s p e c t i v e l y .

Let  t h e  x-  and y -  components o f  t h e  hydrodynamic f o r c e s  a c t i n g  on

t h e  h y d r o f o i l  be d en o ted  by d rag  D and l i f t  L , t h e n  t h e  complex f o r c e s

a c t i n g  on a h y d r o f o i l  c a l c u l a t e d  w i t h i n  t h e  l i n e a r i z e d  t h e o r y  a r e  g iven  by

a

D+iL = {P| - P } idzjy=0 -  |y=o+ [ 5 . C . 1 7 ]

B y B e rn o u l l i  fo rm u la ,  we have  f o r  t h e  p r e s s u r e  P t h e  fo rm u la

P = C -  i p ( u ^ + v ^ )  -  pgy [ 5 . C . 1 8 ]

S u b s t i t u t i n g  from [ 5 . C . 1 4 ]  i n  [ 5 . C . 1 8 ]  we o b t a i n

P = C -  ipU^+pU | ~  ■ 2P - Pgy

S in ce  t h e  second  d eg ree  te rms  a r e  ig n o r e d  we o b t a i n

[ 5 . C . 1 9 ]

P = C -  spU^+pU ^  -  pgy9 <|) [ 5 . C . 2 0 ]

Using [ 5 . C . 2 0 ]  we can w r i t e  [ 5 , c . l 7 ]  i n  t h e  form

D+iL = p u |  ^ y=-h+o } id z  , [ 5 . C . 2 1 ]

where
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1 2h [ ( x - C + s ) c o s v s - 2 h s i n v s ] d s \
[ (x-C+s)^+4h^] / dC - 

[ 5 . C . 22 ]

Hence

D+iL = - pU j Y ( - x ) . i d z  

0

Now we can w r i t e  e x p r e s s i o n s  f o r  t h e  l i f t  L and d rag  D i n  t h e

[ 5 . C . 2 3 ]

forms

L = - pU YCx)dx

0
a

D = pU Y ( x ) . z ( x ) d x  Cz(x)=y'(x))

[ 5 . C . 24 ]

The boundary  c o n d i t i o n  on t h e  h y d r o f o i l  i s

z(x)  = U+u Co<x<a) [ 5 . C . 2 5 ]

This  e q u a t i o n  i s  app ro x im a te d  i n  t h e  u s u a l  way to

z(x]  = ÿ  V

i  l i  
u ay y=-h

Using [ 5 . C . 16 ]  we can w r i t e  [ 5 . C . 26 ]  i n  t h e  form

a

[ 5 . C . 26 ]

[ 5 . C. 27 ]

w i th

[ (x -C + s ) s in v s + 2 h c o s v s ]d s  
[ (x-C+s) ^ + 4 h ^

[ 5 . C . 28 ]
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Via THE OPTIMUM SHAPE OF A HYDROFOIL OF MINIMUM DRAG BENEATH A FREE SURFACE

We pose t h e  problem o f  m in im iz in g  t h e  d r a g  c o e f f i c i e n t

[ 6 . a . l ]

s u b j e c t  t o  a c o n s t r a i n t  on c u r v a t u r e  o f  t h e  form
a

K = j  (x)dx [ 6 . a . 2]

where K i s  p r e s c r i b e d ,  t o g e t h e r  w i th  a c o n s t r a i n t  on t h e  l e n g t h  o f  t h e  

h y d r o f o i l  o f  t h e  form

a

Z = j / l  + z^ (x) . dx [ 6 . a . 3]

where Z i s  p r e s c r i b e d  and z(x)  i s  t h e  g r a d i e n t  o f  t h e  h y d r o f o i l  a t

p o s i t i o n  X  .

The e x p r e s s i o n  f o r  t h e  d rag  D i s  g iven  by

a

D = p U y Cx) . z ( x ) . dx [ 6 . a . 4]

STATEMENT OF THE PROBLEM

The g e n e r a l  optimum problem c o n s i d e r e d  h e r e  may be s t a t e d  as  f o l l o w s :  

To f i n d  t h e  r e a l ,  e x t r e m a l  f u n c t i o n  y (x) o f  a r e a l  v a r i a b l e ,  

r e q u i r e d  t o  be H o lde r  c o n t in u o u s  [ s e e ,  e . g . ,  T r i c o m i , F . G . (61 ) ]  i n  t h e  

r e g i o n  o<x<a t o g e t h e r

z ( x )  = ^  Iy ( s )
1

x - s + k ( x - s ) ds [ 6 . a . 5]

w i th

x - s [ ( x - s + t ) s i n v t + 2 h c o s v t ] d t  
[ ( x - s + t ) ^ + 4 h ^ ]

[ 6 . a .6]

so t h a t  y (x) and z (x)  m in im ize  t h e  f u n c t i o n a l
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I [ y ( x )  , z ( x )  ,Z'(x) ,x ]  = D + + X2K
a
f

= j F[y (x ) , z (x ) ,z^ (x )  ,x ;Xi ,X2 ]dx , [6.a . 7]
0

w i t h  t h e  f u n c t i o n  F [ y  ( x ) , z ( x ) , zfCx), x] g iven  by

F[y (x ),z (x ),Z'(x ),x ;Xi ,X2] = ^  z (x )y (x ) + Xj/l+z^Tx) + X2^^x) , [6.a.8]

where y(x) , z(x) a r e  r e l a t e d  by [ 6 . a . 5 ]  and,  Xi,X2 a r e  Lagrange 

m u l t i p l i e r s .

We d e f i n e  an a d m i s s i b l e  f u n c t i o n  as  any f u n c t i o n  y ( x )  which 

s a t i s f i e s  t h e  H older  c o n d i t i o n  (y<l)  , t h e  c o n s t r a i n t s  [ 6 . a . 2] and 

[ 6 . a . 3 ] ,  and we d e f i n e  t h e  o p t i m a l  f u n c t i o n  as  an a d m i s s i b l e  f u n c t i o n  

which minim ize  t h e  f u n c t i o n  I [ y , z , Z ' , x ]  .

c

THE NECESSARY CONDITION OF OPTIMALITY

Let  y ( x ) , z ( x )  d e n o te  t h e  r e q u i r e d  o p t i m a l  v o r t e x  d i s t r i b u t i o n  

f u n c t i o n  and o p t im a l  h y d r o f o i l  s l o p e  f u n c t i o n  r e s p e c t i v e l y .

A f u n c t i o n  C(x) w i l l  be c a l l e d  a d m i s s i b l e  v a r i a t i o n  i f ,  f o r  a l l  

s u f f i c i e n t l y  sm al l  p o s i t i v e  c o n s t a n t  e

= y (x ) + eCCx) , [6.a.9]

i s  an a d m i s s i b l e  f u n c t i o n .

The v a r i a t i o n  i n  z (x)  which c o r r e s p o n d s  t o  an a d m i s s i b l e  v a r i a t i o n  

n(x)  , such  t h a t

Z j (x )  = z (x)  + £Ti(x) , [ 6 . a . 10]

i s  found from [ 6 . a . 5]

n(x) = ^2ttU

a
1

x - s + k ( x - s ) ds (o<x<a) . [ 6 . a . 11

0

I f  Ç(x) i s  an a d m i s s i b l e  v a r i a t i o n ,  t h e n  I [ y+£^] i s  a f u n c t i o n  

o f  e which has  an ex t re me v a l u e  when e = o . .
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The v a r i a t i o n  o f  t h e  f u n c t i o n  I due t o  t h e  v a r i a t i o n  ^ (x )  and 

n (x )  i s

AI= F[Y+cC,z+En,Z%ch%x]dx - F [ Y , z , z " , x ] d x [ 6 . a . 12]

For s u f f i c i e n t l y  sm al l  c , e x p a n s io n  o f  t h e  above i n t e g r a n d  i n  

T a y l o r ' s  s e r i e s  y i e l d s

AI=eôI + y t   ̂ + . • .  ,

where t h e  f i r s t  v a r i a t i o n  61 i s  d e f i n e d  by 

a

61= [SF (Y,z,Z%x)+n.F CY,z,Z%x)+hF ^Y,z ,Z %x)]dx  ,
J Y z z
0

i n  which t h e  s u b - i n d i c e s  den o te  p a r t i a l  d i f f e r e n t i a t i o n s ,  n i s  g iv e n  

by [ 6 . a . 11] .

The v a r i a t i o n s  61,  6 ^ 1 , . . .  depend on Ç(x) as  w e l l  as  y Cx) .

We i n t e g r a t e  by p a r t s  t h e  e q u a t i o n  [ 6 . a . 14] and i t  becomes

[ 6 . a . 13]

[ 6 . a . 14]

61= [ S ( x ) F  ( Y , z , Z % x ) + n ( x )  ( f ^ ( y , z , ^ , x )  -  ^  F ^ Y , z . Z ' , x ) ) ] d x + [ n ( x ] . F ^ Y , z , Z ' , x ) ]

[ 6 . a . 15]

S u b s t i t u t i n g  from [ 6 . a . 11] i n  [ 6 . a . I S ]  we o b t a i n

6 I = [ n ( x )  .F / y , z , z ',x )] +

_d  

d x  " zT
F (Y ,z ,z r ,x ] )

^ ( x ) F  ( y , z , Z ' , x )  + (F C y . z . Z ' . x ]  -  
I ' Z.

o a
1

2 ttU
U s )

X - ;
+ k ( x - s ) ds > dx [ 6 . a . 1 6 ]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  t h e  doub le  i n t e g r a l  i n  

[ 6 . a . 16] [ s e e ,  e . g . .  H a rd y ,G .H . (35 ) ]  and i n t e r c h a n g e  between t h e  v a r i a b l e s  

X , s and when we do we o b t a i n

a r r
6 I = [ n ( x )  . F U y , z , z' , x )] + j<^F^(y , z , z' , x) + 27tU F ^ ( y , z , Z ' , s )  -

-  A  P / y , z , Z - , s 3 + k ( s - x ?  d s ) >  S ( x ) d x [ 6 . a . 17]

For I[y ,%] t o  be a minimum, we must  have  f o r  a l l  a d m i s s i b l e  

f u n c t i o n  U x )  ,
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SI[y,S] = 0 [ 6 . a . 18]

Now t h e  s t a t i o n a r y  c o n d i t i o n  [ 6 . a . 18] must h o l d  f o r  a l l  a d m i s s i b l e  

ç(x) ; t h e r e  a r e  a number o f  d i f f e r e n t  c a se s  t o  be c o n s i d e r e d  on t h e  end 

c o n d i t i o n s  as  f o l l o w s :

hCO) = 0 

n(O) = 0 

nCO) i 0 

Tl(0) 0

nCa] = 0 

n U )  7̂ 0 

n(.a) = 0 

n (a )  7̂ 0

[ 6 . a . 19]

In a l l  c a s e s  i t  i s  n e c e s s a r y  t h a t  

a

F^Cv.z.Z-,x:i = - j 'p^CY.z.Z' .s)  F^Cy . z . z' . s I  ^  + k ( s - x ) ds (o<x<a] ,

[6 . 8 . 2 0 ]

and i f  n (x]  does n o t  v a n i s h  a t  an end p o i n t  t h e n  i t  i s  n e c e s s a r y  t h a t

s h o u ld  v a n i s h  a t  t h a t  p o i n t ;  s i n c e  = 2 X2 ^ M  i t  t h e n  f o l l o w s  t h a t  ^

we must  have

n ( 0 ) . z ' ( 0 )  = 0 , Ti (a) .z ' (a)  = 0 [6 . a . 21]

The boundary  c o n d i t i o n s  f o r  z (x )  a r e  c a l l e d  n a t u r a l  boundary  

c o n d i t i o n s  [ s e e ,  e . g . ,  A r t h u r s  ( 3 ) ] .

We can w r i t e  from [ 6 . a . 8] t h e  f i r s t  p a r t i a l  d e r i v a t i v e s  o f  t h e  f u n c t i o n  

F(Y,z,zr,x;X^,X2)

F ^ [ y , z , ^ , x ]  =  -  z ( x ]

F - [ y , z , / , x] = ^ y (x)
 ̂ / l  + z^ (x)  ^

F ^ [ y , z , 2 T , x ]  =  2 X 2 Z " ( x )

S u b s t i t u t i n g  from [ 6 . a . 22] i n  [ 6 . a . 20] we o b t a i n  

a

z(x) = - 2tt
Î y ( s )   2 X 2 2 " ( s )1u / l  + z^ (s) JLs-x + k(s-x)

[ 6 , a . 22]

ds (o<x<a) . [ 6 .a . 23]
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This  e q u a t i o n  which i s  a n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  

an e x t r e m a l  I [ y ]  , combines w i th  t h e  i n t e g r a l  e q u a t i o n ,  [ 6 . a . 5 ] ,  t o  g iv e  

a p a i r  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  which  a r e  t o  be s o l v e d  f o r  y , z  

s u b j e c t  t o  a p p r o p r i a t e  c o n d i t i o n s  and t h e  c o n s t r a i n t s ,  [ 6 . a . 2] and [ 6 . a . 3 ] .

S u b s t i t u t i n g  from [ 6 . a . 5] i n  [ 6 . a . 23] we o b t a i n

a a

^ j y ( s )  [ k ( s - x ) + k C x - s ) ] d s  +

0

-  2X2Z^'(s }
- / l  + z^ (s) s - x + k ( s - x ) ds = 0* [6 .a .2 4 ]

We c o n s i d e r  t h e  s o l u t i o n  o f  [ 6 . a . 24] f o r  t h e  s l o p e  z(x% o n ly  i n

t h e  case  o f  sm al l  s l o p e ,  and we a p p ro x im a te  t o  [ 6 . a . 24] as f o l l o w s :  

a  a

y ( s )  [ k ( s - x ) + k ( x - s )  ]d s  + [Xi z Cs ) -2X 2 z""Cs ) ] s - x7 + k ( s - x ) ds = 0 • [ 6 . a . 25]

Now we u s e  t h e  method o f  i t e r a t i o n  t o  s o l v e  e q u a t i o n  [ 6 . a . 25] as  

f o l l o w s  :

We i n t r o d u c e  f u n c t i o n  sequences  o f  t h e  form

z , z , z ,  ............. ,
0 1 2

Yq » Y 1 ^ Y 2 > * * * * * *  j

and t h e  s t a g e s  i n  t h e  i t e r a t i o n  p r o c e d u r e  would be as f o l l o w s :

[ 6 . a . 26]

(a)  F i r s t  we s o lv e

ds
[2X2Z^(s ) - X iz^Cs ) ]  -  0

" " 2ttU Y_(s) ds
0 s - x

(o<x<a) , [ 6 . a . 27]

f o r  .

(b) S econd ly ,  we s o lv e  
a a

( s ) -X i  zi  ( s ) ] ^ ^  = g

0 0 

a a

y^s)  [ k C s -x )+ k (x - s ) ]d s  - [ 2 X2Z^(s) -Xi z ^ U ) ] k ( s - x ) d x .

y ^ (s )k (x - s )d s  , (o<x<a) ,

[ 6 . a . 28]
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We s o lv e  th e  f i r s t  e q u a t i o n  i n  [ 6 . a . 27] by w r i t i n g  i t  i n  th e  form

Co] Co)2 X2 Z^tx) -  Xj; z^Cx) =
/xCa-x)

[Co<x<a),z^Cx)=y"Cx)] , [ 6 . a . 29]

where i s  an a r b i t r a r y  c o n s t a n t .

We can w r i t e  e q u a t io n  [ 6 . a . 29] as f o l l o w s :

C

” 0 =
XiCo)

2XCo) , Co<x<a) [ 6 . a . 30]

and th e  boundary  c o n d i t i o n s  t o  be s a t i s f i e d  a r e

z^Co) = y^Co) = o , z^Ca) = y^Ca) = 6 , y^Co) = o . [ 6 . a . 31]

This problem i s  i d e n t i c a l  w i th  t h a t  s o lv ed  in  Chap te r  I I  where i t  has  been  

v e r i f i e d  t h a t  x[°^ < o and x | °^  > o , so t h a t  m^ i s  r e a l .  Here we 

p rocee d  t o  s o lv e  [ 6 . a . 30] u s in g  Duhamel*s method f o r  th e  d e t e r m i n a t i o n  o f  

t h e  p a r t i c u l a r  i n t e g r a l  [ s e e ,  e . g . ,  R i t g e r ,  P.O. and Rose,  N . J .  ( 5 6 ) ] .

We i n t e g r a t e  [ 6 . a . 30] w i th  r e s p e c t  t o  x t o  o b t a i n

V o  " * V o ' : ' ' : '  " _  Co)
2X2

[ 6 . a . 32]

where i s  an a r b i t r a r y  c o n s t a n t

We can w r i t e  th e  g e n e r a l  s o l u t i o n  o f  [ 6 . a . 32] i n  the  form

X

y (x) = A cosm x + B sinm x + f f  . s i n   ̂ [—1— 1 + Go o o o J |_2^(o)  ̂ ga o_ —  sinm Cx-T)dx , 
o

where A^ and a r e  a r b i t r a r y  c o n s t a n t s  and we o b t a i n

■ ”■> • ' « “ - V  •
" ^ 0  0 ^ o

[ 6 . a , 33 ]

(o<x<a) , [ 6 .a . 34]

where
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F =

D = %
-Z"
m

o

[6 . a .  35]

Using th e  f i r s t  and second  boundary  c o n d i t i o n s  in  [ 6 . a . 31] we o b ta in

X

XoCx) = -  F^( l-cosm^x)
2 Ao m

'cosm^(x-T) dx

o 0 / x ( a - x )

TTc:
(o<x<a) . [ 6 . a . 36]

D i f f e r e n t i a t i n g  [ 6 . a . 36] w i th  r e s p e c t  t o  x we o b t a i n
X

2 X2 m

s inm ^(x-x)dx

o 0

 ------ , [z Cx)=y"(x),  (o<x<a)] .
/ x ( a - x )  °

[ 6 . a . 37]

The f u n c t i o n  z^(x] in  [ 6 . a . 37] shou ld  s a t i s f y  th e  c o n s t r a i n t s ,

[ 6 . a . 2] and [ 6 . a . 3 ] ,  and the  boundary  c o n d i t i o n  z^ (a)  = 3  a t  x = a ; 

i n  t h i s  way we o b t a i n  t h r e e  e q u a t io n s  in  t h r e e  unknowns m , F and —
°  '  2X^°)

We r e q u i r e  now t o  s o lv e  th e  second e q u a t i o n  in  [ 6 . a , 27] f o r  Y q  and the  

s o l u t i o n  o f  [ 6 . a . 27] s a t i s f y i n g  the  K u t t a  c o n d i t i o n

Y^Ca) = o [ 6 . a . 38]

i s  g iven  by

/ ^ l / H . ! ° ^
V X j V a - s  s -

z ^ ( s ) d s

X
[ 6 . a . 39]

S u b s t i t u t i n g  from [ 6 . a . 37] i n t o  [ 6 . a . 39] we o b ta in
a  X

X jv  a - s
0

- F m sinm x + 0 0  o 2x1°^m

sinm^(x-x )  dx

o 0 / x ( a - x )

ds
s - x . [ 6 . a . 40]

Using the  above r e s u l t s ,  we now c o n s i d e r  t h e  e q u a t io n s  [ 6 . a . 28] f o r  Yi 

and zi  , which i s  th e  second  s t a g e  o f  t h e  i t e r a t i o n .
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F i r s t  we w r i t e  th e  i n v e r s i o n  o f  t h e  f i r s t  e q u a t io n  in  [ 6 . a , 28] as f o l l o w s :

a

, [ 6 . a . 41]2X2 ^ z f (x )  - x [ ^ ^ z i ( x )  =  ̂ ^
/xCa-x) iT̂  /xCa-x]

/ s ( a - s ) ( f ) ( s )d s
s - x

where

4»(s) = jj  y ^ ( t )  [kCT-s)+k(s -x)  ]dx +

and Cj i s  an a r b i t r a r y  c o n s t a n t .

[x[°^ z^C r) - 2X2 ° ^ z j ( x ) ] k ( x - s ) d x , [ 6 . a . 42]

S u b s t i t u t i n g  from [ 6 . a . 29] and [ 6 . a . 40] i n t o  [ 6 . a . 42] we o b t a i n

* ( S )  = - [ k ( T - s ) + k ( s - T ) ]  dT i a - t -F ra sinm t  + 0 0  o

m

• sinm^Ct- 5] dç. - dt  f

 ̂ /  Ca-^]
-------- ft -T  *̂ 0 > [ (o < s < a ) ,  E_ = — ^  ] . [ 6 . a . 43]

A ( a - x ]  2 X2

E qua t ion  [ 6 . a . 41] can be w r i t t e n  as fo l l o w s  :

( 1)
zi"(x) + m^ZiCx) = FCx] , [mi  ----------------, (o<x<a)], [6 , a . 44]

2X^^

where

FCx]  =
/xCa-x]  ̂ IT

/sCa-s)(j>Cs]ds- V
s - x

[ 6 . a .45  ]

I t  i s  assumed a t  t h i s  s t a g e  < o and we show l a t e r  t h a t
X2

x[^^ < o , X2 ^̂  > o a r e  s u f f i c i e n t  c o n d i t i o n s  f o r  a t r u e  m in im iz a t io n

o f  th e  d rag  D .

The boundary c o n d i t i o n s  t o  be s a t i s f i e d  by z 1Cx] a r e

z% Co] = y i C o ]  = o  , z i C a )  = y { C a ]  = 3 , Z i Co ]  = 0 ,

Y l C o ]  = 0  ,  y i C a ]  = y ^ , [3 , y^ p r e s c r i b e d ]

[ 6 . a . 46]

The s o l u t i o n  o f  t h e  non-homogeneous d i f f e r e n t i a l  e q u a t i o n  in  [6 . a . 44] i s  

as fo l l o w s  :
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Zi(x) = - ^
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F(C)sinm% CC-x]dC + Aisinuiix + B%cosniix (o<x<a) , [ 6 . a . 47]mi
0

where Ai and Bi a r e  a r b i t r a r y  c o n s t a n t s .

From [ 6 . a , 47] , [ 6 . a . 4 5 ]  and [ 6 . a . 43] we have s i x  unknowns mi,  E i ,  Di,  

Cq , Ai and Bi and the  s e v e n th  unknown a r i s e s  from th e  i n t e g r a t i o n  o f  

z i (x ]  = y i ( x ) ,  a c c o r d i n g l y  we can s a t i s f y  f i v e  boundary  c o n d i t i o n s ,

[ 6 . a , 46] and two c o n s t r a i n t s ,  [ 6 . a . 42] and [ 6 . a . 3 ] .  The above c h o ice  

o f  th e  f i v e  boundary  c o n d i t i o n s  i s  a  s p e c i a l  case which i s  s t u d i e d  in  

d e t a i l  be low,  b u t  o t h e r  ch o ic e s  a r e  p o s s i b l e .

Using th e  boundary  c o n d i t i o n s ,  [ 6 . a . 46] we can w r i t e  [ 6 . a . 47] in  the  form

X a

F(Ç) sinmi (C-a)dÇ +111] ^  c*. I

O 0

Z l(x )  = yi '(x)  = - i  j F ( « s i n m i ( S - x ) d C  +

+ 3 , [Co<x<a], z i l x ]  = y iCx]]  . [ 6 . a . 48]

We i n t e g r a t e  [ 6 . a . 48] w i th  r e s p e c t  t o  x and use the  boundary  c o n d i t i o n

y(o) = o , [ 6 . a . 46] t o  o b t a i n

X a

yi (x)   2 , F(Ç) . [1-cosm, CC-x) ]dÇ + -̂------
mi J m sinm a

1 0

F(Ç)s i n m i (a-Ç) dÇ -

- B [ 6 . a .4 9 ]

The f u n c t i o n  Zi[x]  in  [ 6 . a . 48] sh o u ld  s a t i s f y  th e  c o n s t r a i n t s ,  [ 6 . a . 2] 

and [ 6 . a . 3] and the  boundary  c o n d i t i o n s  z i ( o )  = o and y i ( a ]  = y^;  

in  t h i s  way we o b t a i n  f o u r  e q u a t i o n s  i n  fo u r  unknowns mi,  E i , Di and . 

No n u m e r i c a l  work has  been done on the  above problem f o r  g e n e r a l  v a l u e s  

o f  th e  dep th  p a r a m e te r  h , b u t  more d e t a i l e d  c o n s i d e r a t i o n  i s  now g iven  

to  the  case  when h i s  l a r g e  in  which num e r ica l  r e s u l t s  a re  p r o v id e d .

The i n t e g r a n d  in  [ 6 . a . 6] can be w r i t t e n  in  the  form

M O  = _ S = x - s  ; [ 6 . a . 5 0 ]
(t^+4h^)+2Çt+Ç^
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when h i s  l a r g e  and | x - s |  << h , can be expanded u s in g  T a y l o r ' s

s e r i e s  t o  y i e l d

=
C ^ + t] s in v t+ 2 h co s v t

( t^+4h^)
i s i '  o f—i i —i V

t2+4h2 ^ t 2 + 4 h 2 j f

t - s i n v t + 2 h c o s v t  _ s i n v t  « T C )
( t^+4h2)

Consequen t ly  we approx im ate  [ 6 . a . 6] by th e  f o l l o w i n g  e q u a t io n

s i n v t d tk ( x - s )  =  ^  -  2 v [ t s i n v t + 2 h c o s v t ] d t   ̂ .
 F T 4tP̂  ^  - 2v ( x - s ) ^ t2 +4h2

[6 . a . 51]

= a ( x - s )  - 2v . C I i + 2h l 2 ) ,

w i th

I l  =

Iv =

t s i n v t d t  ÏÏ -2hv = %- et^+4h^ 2

c o s v t d t  _ _n_ -zhv 
t^+4h2 4h ^

[ 6 . a . 52]

[6.  a .5  3]

[see  e , g , ,  Copson,  E . T . ( 8 ) ]  , 

and

“ = 4K2- - 2v ' s i n v t d t  
t^+4h^

0

S u b s t i t u t i n g  from [ 6 . a . 53] i n t o  [ 6 . a . 52] we o b t a i n

[ 6 . a . 54]

k ( x - s )  = a . ( x - s )  - 2-iïve -2vh [ 6 , a . 5 5 ]

Using [ 6 . a . 5 5 ]  and [ 6 . a . 39] we can w r i t e  e q u a t i o n  [ 6 . a . 41] as f o l l o w s :  

a a

[ 2 x | ^ : ' z M s > x p : ' z i ( s ) ]  ^  - Y  ̂ [ a ( s - x ) - 2 ¥ v e  -
A ( a - s )

4 t t v  - 2 v h  
-rr~ . e Y ^ ( s ) d s

= - C [ y a . ^ a - 2 x ) - 2 A v e  ^^] - 8'irve'*^'^^ ' z ( s ) d s  (o<x<a) . [ 6 . a . 56]o  ̂ y o

E qua t ion  [ 6 . a . 56] can be s o lv ed  by s t a n d a r d  methods t o  g iv e
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C ^
z"i"(x)-Xi zi  (x)  -----    + ----- -

A ( a - x )  ÏÏ A ( a - x ) s - x

where

*0 = - “ '^0

= - îa.CpOi-2 ¥ V . C ^ . e  ^''*'+8ve

y s ( a - s )  ■ [A^s+B^  _ (o<x<a) ,

[ 6 . a . 57]

[6 . a . 58]

Æ x  '

and Cl i s  an a r b i t r a r y  c o n s t a n t .

Hence

2 2 
ZiCx) + miZiCx) = F(x) , [mi = - —W .  , (o<x<a) ] , [ 6 . a . 59]

2X^ ^

where

(x) = -----   / e i +D][c Gi(a^-8ax+8x^)-ï ïv(a-2x).e^^^] +
A ( a - x )  '  V  »

+ 4 v ( a - 2 x ) e ' ^ ' ' ’' . f / ^  " " V )  ’ ] •
2X2 2X2

° [ 6 . a . 60]

Equa t ion  [ 6 . a . 59] has  been s o lv e d  s u b j e c t  t o  the  boundary  c o n d i t i o n s  

[ 6 . a . 46] t o  o b t a i n

X a

ziCx) = y i ( x )  = - - ^  [F(Ç)sinmi(Ç-x)dC + F (Ç) sinmi (Ç-a) dç +iii]̂  J in 2 ̂ -Li cL

+ 3 ^ (o<x<a) , [6 . a . 61]
s in m ia

[ s e e ,  [ 6 . a . 4 4 ] ] .

The f u n c t i o n  Zi(x)  in  [ 6 . a . 61] sh o u ld  s a t i s f y  t h e  c o n s t r a i n t s ,

[ 6 . a . 2] and [ 6 . a . 3] and th e  boundary  c o n d i t i o n s  z i (o )  = o and y i ( a )  = y^;  

in  t h i s  way we o b t a i n  fo u r  e q u a t io n s  in  f o u r  unknowns mi,  E i , and C^ ,

which have to  be e v a l u a t e d  n u m e r i c a l l y .  This  problem i s  r e s o l v e d

n u m e r i c a l l y  in  Appendix XIV.
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VIb A SUFFICIENT CONDITION FOR THE EXTREMUM TO BE A MINIMUM

A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extremum o f  I t o  be a minimum i s  

d e r i v e d  from c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n  o f  I .

S ince

6 I [ y , z , ^ , x] = 0 [ 6 , b . l ]

t h e  c o n d i t i o n  f o r  I t o  be a minimum r e q u i r e s

6 ^ I [ y , z ,2T,x ] > 0 , [ 6 . b . 2 ]

w i th  Y > z r e l a t e d  by

»a
CT)kCT-s)dT] ^

= ACxc) ds ,
X j y a - s  

o

f o r  a l l  a d m i s s i b l e  v a r i a t i o n s  ^(x)  and n (x )  c o n s i s t e n t  w i th

[ 6 . b . 3]

C(x) =
2U / a v c

a - s
nCs)ds

s - x
[ 6 . b . 4 ]

S ince  z has  been  p r e s c r i b e d  a t  x=o and x=a in  [ 4 . c . 3 a ]  i t  f o l l o w s  

t h a t  th e  v a r i a t i o n  n w i l l  s a t i s f y  th e  c o n d i t i o n s .

n(0)  = 0 n (a )  -  0 [ 6 .b . S ]
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Then,  u s i n g  T a y l o r ' s  theorem w i th  r e m a i n d e r ,  we w r i t e  t h e  in c re m e n t  

o f  t h e  f u n c t i o n a l  I [y , z ,  zT,x] as

I [Y+e^,z+en,Z"+eTi^x]-I [ y , z , 2 T , x ]  =  

a

= e j { Ç ( x ) F ^ ( Y , z , Z ' , x ) + n ( x )  [ F ^ C y ,z ,2 ^ , x )  - ^  F ^ ( y , z , z T . x ) ] }dx +

+fCx]F^7Tr2F^^2C(x)n(x)F +2g(x)nCx)F^+2n(x)Tf(x)F^^dx+0(e3)

(o<x<a) [ 6 . b . 6 ]

D eno t ing  t l ie  c o e f f i c i e n t  e by 61 and t h a t  by 5^1 , and a t

s t a t i o n a r y  v a l u e  o f  I , we have  from [ 6 . b . l ] ,  [ 6 , b . 4 ]  and [ 6 . b . 6 ]

a a

6 1 = { F ^ ( y , z , Z ' , x ) . Ç C x )  + [ F ^ ( y , z , z' , x )  F ^ ( y , z , z' , x ) ]  [ - ^ C(s) k ( x - s ) ) d s ] ) d x

{ F ^ ( Y , z , z r , x )  + - ^  [ F ^ ( y , z , 2T , s )  F ^ y , z , Z ' , s } ]  [ j ~  + k ( s - x ) ] d s > C ( x ) d x  .

0 0

[ 6 . b . 7 ]

S ince  n (x )  i s  a r b i t r a r y ,  t h e  f a c t o r  i n  th e  b r a c k e t  i n  [ 6 . b . 7 ]  must  v a n i s h

i d e n t i a l l y  f o r  o<x<a , g i v i n g  t h e  f o l l o w i n g  s i n g u l a r  i n t e g r a l  e q u a t i o n

a

[F^(Y ,z ,2 r ,s )  F ^ Y j Zj Z'j S)]  + k ( s - x ) ] d s ,  (o<x<a) •

' [ 6 . b . 8 ]

Fy(Y,z ,2r ,x)  -  2^y

The second  v a r i a t i o n  d e f i n e d  from [ 6 , b , 6 ]  i n  t h e  form

6^1= [ 6 . b . 9 ]

where ,  by [ 6 . a . 8] we can w r i t e

f.^^[y , z , z; x] = 0

JL-

A x ]  = 2X2

F ^ J y . z .Z-.x ] = 1  

F^^gEY.z.Ax] = 0

^ z z - [ y , z , A x ] = 0

[6 ,b . l0 ]
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S u b s t i t u t i n g  from [ 6 , b . l 0 ]  i n  [ 6 , b . 9 ]  we o b t a i n  

a

6^1=^

0

Now we c a l c u l a t e  t h e  t h i r d  i n t e g r a l  i n  [ 6 . b . 11] which i s  d e f i n e d  by

a

a

<( -------^ ------3/ . r i ^ (x )+ 2X2Tt'^x) + ^  CCx)n(x) y  dx
 ̂ [ l  + z ^ ( x ) ]  ^

[ 6 , b . 11]

i r C (x )n (x )d x [ 6 . b . l 2 ]

Using  [ 6 . b . 4 ]  we o b t a i n

I i  =2U

a a
2U
IT

a - x  /  s n ( s )nCx)dsdx
X V a - s s - x

[ 6 . b . l 3 ]

o o

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  on t h e  

r i g h t - h a n d  s i d e  o f  [ 6 . b . 13] and a l s o  i n t e r c h a n g e  t h e  v a r i a b l e s  x and s

and when we do so we o b t a i n

a a
Ij  = .  2 U f f y ^ / z :  i ( s ) n ( x )  j ,  

 ̂ ÏÏ j j /  s /  a -x  s - x
[ 6 , b . 14]

0 0

We t a k e  t h e  mean o f  t h e  two p r e c e d i n g  e q u a t i o n s  [ 6 . b . 14] and [ 6 . b . l 3 ]  

and t h e n  we o b t a i n  ___  ___

^ ^ n ( s ) r i ( x )  ds dxa a

I l  =
U s y a -x

0 0 s - x

a a
ü i

IT

0 0

Ua [
v U

n C s )n (x )d s  dx 

/ x ( a - x ) . / s  ( a - s )

n (x )d x

x ( a - x )
[ 6 . b . l 5 ]

S u b s t i t u t i n g  from [ 6 , b . l 5 ]  i n  [ 6 , b . l l ]  we o b t a i n

dx [ 6 .b . l6 ]
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In the  case  o f  smal l  s lo p e  z(x) , we approx im ate  [ 6 . b . l 6 ]  as f o l l o w s :

5^1 = X%n^(x) + 2X2n"^x) +

a 2
n ( s )  ds'f f _ M s 2 d s l  \  dx . 

 ̂ / s ( a - s )  ^
[ 6 . b . l 7 ]

We c o n s i d e r  a s p e c i a l  cho ice  o f  n (x) which s a t i s f i e s  t h e  boundary  

c o n d i t i o n s  [ 6 , b . 5 ] ,  namely:

n(x ) = a s i n  — x

hence

0^1 = 2 uA^Xj + X2 + — '  ̂ a  ÏÏ

a . TT J s i n  — s ds a

/ s ( a - s )   ̂
V̂  .

[ 6 . b . l 8 ]

[ 6 . b . l 9 ]

Thus i n  th e  case  [ 6 . b . 2 ]  the  s u f f i c i e n t  c o n d i t i o n  f o r  s a t i s f y i n g  [ 6 .b . 2 ]  

i s  as f o l l o w s :
a . TT

s i n  — s ds a

/ s ( a - s )
> o . [6 .b .2 0 ]
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CONCLUSION

We have  s t u d i e d  t h e  p roblems o f  J^^ximum l i f t  L\ a h y d r o f o i l  o f
^ -minimum d rag

g iv e n  l e n g t h  i n  c a v i t a t i n g  and n o n c a v i t a t i n g  f low and s u b j e c t  t o  an 

i n t e g r a l  c o n s t r a i n t  upon t h e  c u r v a t u r e .

PART I .

In  t h e  new c l a s s  o f  v a r i a t i o n a l  p ro b le m s ,  i n  which t h e  unknown f u n c t i o n s

a r e  r e l a t e d  by a s i n g u l a r  i n t e g r a l  e q u a t i o n  (depend ing  on t h e  unknown shape

and on an unknown s i n g u l a r i t y  d i s t r i b u t i o n )  t h e  shape i s  t h e n  t o  be

d e t e rm in e d  so t h a t  some g iv e n  p e r fo rm a n ce  has  t o  be p '^x im iz ed j   ̂ t h i s° ^ minimi zed''
p a r t  we g e n e r a l i z e  t h e  Wu ^ Whitney t h e o r y  (70) i n  two d i f f e r e n t  ways i n  

t h e  s t a t e  e q u a t i o n .

We assume t h a t  t h e  p rob lem  i s  s t a t e d  as f o l l o w s :

F in d  t h e  f u n c t i o n  u (x )  (assumed H olde r  c o n t in u o u s )  d e f i n e d  i n  

a<x<b when

Case I

v (x )= E (x )+ v u (x )  + ( t ) d t

Case I I

Ca)

v (x )  = + a ( t , x ) } u ( t ) d t  (b)

> (a<x<b) [ 7 . a . l ]

so t h a t  t h e  f u n c t i o n a l
rb

J  = f ^ [ u ( x ) , v ( x ) , x ] d x

i s  m in imized  s u b j e c t  t o  t h e  c o n s t r a i n t s  
fb

J  = s
f g [ u ( x ) , v ( x ) , x ] d x  = C^ , s = l , 2 , . . . , r ,

= c o n s t .

[ 7 . a . 2]

[ 7 . a . 3]

b e i n g  s a t i s f i e d .

Using  a v a r i a t i o n a l  method,  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  m i n im i z a t i o n  

have  been  d e r i v e d  as f o l lo w s  :



143

Case I

f ^ [ u ( x )  , v (x )  ,x ]  = -v £ y [u (x )  ,v (x )  ,x ]  + -  (1
f  J u ( t )  , v ( t )  , t ] d t

t - x (a)  ,

and

£uu^u(x) , v ( x )  ,x ]+ 2 v £ ^ ^ [u (x )  , v (x )  ,x ]  + ( l+ v ^ ) £ ^ ^ [ u ( x )  , v (x )  ,x]  > 0  Cb) ,

Case I I > [ 7 . a . 4]

f y [ u ( x ) , v ( x ) , x ] = c £ ^ [ u ( t ) , v C t ) , t ]  - a U , t ) ] d t  (a)  ,

and ^

£ ^ ^ [ u U )  ,vCx) ,x ]+ ï ï^£^^[u (x )  ,v(;x) ,x ]  > 0 (b) ^

The f i r s t  c o n d i t i o n  [ 7 . a . 4 a ]  i s  a s i n g u l a r  i n t e g r a l ,  where
r

f [ u ( x ) , v ( x ) , x ] = f  [ u ( x ) , v ( x ) , x ]  - I  [ f _ ( u ( x ] , v ( x ) - C  ] ,
s=l

and Xi,X2 >***A y a r e  un d e t e rm in e d  Lagrange  m u l t i p l i e r s .

[ 7 . a . 5]

For  t h e  e x t r e m a l  s o l u t i o n  t h e  e q u a t i o n  [ 7 . a . 4 a ]  i s  to  be s o l v e d  t o g e t h e r  

w i t h  e q u a t i o n  [ 7 . a . l ] ,  a s  a  p a i r  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  f o r  

u (x )  and v ( x ) .

The e x t r e m a l  s o l u t i o n s ,  u (x ;X 2 ,X2 , . . . ,X^,  and v ( x ; X i , X 2 , . . . ,X^) when 

d e t e rm in e d  i n  t h i s  manner w i l l  i n v o l v e  r  Lagrange m u l t i p l i e r s  Xi,X2 , . . . , X ^  , 

which  can be d e t e r m in e d ,  by s u b s t i t u t i n g  t h e  e x t r e m a l  s o l u t i o n s  

u ( x ; X i , X 2 , . . . , x p  and v (x ;X ^ ,X 2 , . . . , X^) i n  t h e  c o n s t r a i n t s  [ 7 . a . 3 ] .

A n e c e s s a r y  c o n d i t i o n  f o r  t h e  extremum t o  be  a minimum i s  d e r i v e d  from 

c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n .

I t  may be  remarked  h e r e  t h a t  t h e  s o l u t i o n  o f  a  maximum can be  deduced 

from t h i s  minimum one by chang ing  t h e  s ig n  o f  t h e  f u n c t i o n  i n  [ 7 . a , 3 ] .

E q u a t io n  [ 7 . a . 4 a ]  i s  g e n e r a l l y  n o n l i n e a r  i n  u (x )  and v [x )  u n l e s s  

f  [ n ( x ) , v (x )  ,x ]  i s  a po lynom ia l  o f  second  deg ree  i n  u (x )  and v (x )  .

The v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  i s  a p p l i e d  t o  a f u n c t i o n  

f [ n ( x ) , v ( x ) , x ]  o f  q u a d r a t i c  form in  Case I ,  [ 7 . a . 4 ] .

In t h i s  case  t h e  i n t e g r a l  [ 7 . a . 4 a ]  i s  l i n e a r  i n . u ( x )  and v ( x ) .

X t  i s  i n s t i n c t i v e  t o  i n v e s t i g a t e  t h i s  c a s e  f i r s t ,  s i n c e  t h e  system
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o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  [ 7 , a . l a ]  and [ 7 . a , 4 a ]  can t h e n  be re d u c e d  to  

a s i n g l e  Fredholm i n t e g r a l  e q u a t i o n  o f  t h e  second  k i n d ,  o r ,  i n  c e r t a i n  

s p e c i a l  c a s e s ,  t h e  method o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  can be employed 

t o  o b t a i n  an a n a l y t i c a l  s o l u t i o n  i n  a c l o s e d  form*

PART I I

In  t h i s  p a r t  we e v a l u a t e  t h e  optimum shape  o f  a tw o -d im e n s io n a l  h y d r o f o i l  

o f  g iv e n  l e n g t h  and p r e s c r i b e d  mean c u r v a t u r e  which p ro d u c e s  d r a ^

bbe p rob lem  i s  d i s c u s s e d  i n  t h r e e  c a s e s  when t h e r e  i s  a
f u l l

( p a r t i a l ]  c a v i t y  f low p a s t  a t h i n  h y d r o f o i l ,  
ze ro

The l i q u i d  f low p a s t  a t h i n  h y d r o f o i l  o f  unknown shape i s  assumed t o  be

tw o -d im e n s io n a l  i r r o t a t i o n a l ,  s t e a d y ,  i n c o m p r e s s i b l e  and t h e  l i q u i d  ex ten d s

t o  i n f i n i t y .  A l i n e a r i z e d  t h e o r y  i s  assumed and tw o -d im e n s io n a l  v o r t e x
f u l l

and s o u rc e  d i s t r i b u t i o n s  a r e  u sed  to  s i m u l a t e  t h e  tw o -d im e n s io n a l  ( p a r t i a l ]
z e r o

f low p a s t  t h e  h y d r o f o i l .  Th i s  method l e a d s  t o  a sys tem  o f  i n t e g r a l  

e q u a t i o n s  and t h e s e  a r e  s o l v e d  e x a c t l y  u s i n g  t h e  C a r l e m a n - M u s k h e l i s h v i l i

t e c h n i q u e .  Th i s  i s  s i m i l a r  t o  t h a t  u s e d  by D av ie s ,  T.V. ( 1 3 ) j ( 1 4 ) .

The sys tem  o f  t h e  i n t e g r a l  e q u a t i o n s  can be  r ed u ce d  t o  a 

s i n g l e  s i n g u l a r  i n t e g r a l  e q u a t i o n  i n v o l v i n g  th e  s o u r c e  s t r e n g t h  and h y d r o f o i l  

s l o p e  i n  Chapt ,  I I I  and v e r t e x  s t r e n g t h  and h y d r o f o i l  s l o p e  i n  Chap t ,  I I  § IV.

In  t h e s e  p rob lem s  we u se  v a r i a t i o n a l  c a l c u l u s  t e c h n i q u e s  t o  o b t a i n  t h e

optimum shape o f  t h e  h y d r o f o i l  i n  o r d e r  t o  t b e  c o e f f i c i e n t

s u b j e c t  t o  c o n s t r a i n t s  on c u r v a t u r e  and g iv e n  l e n g t h .

Tlie.mathematical p rob lem i s  t h a t  o f  e x t r e m i z i n g  a f u n c t i o n a l  depending

o n  Y ( v o r t e x  s t r e n g t h ) ,  y  ( s o u r c e  s t r e n g t h )  a n d  z  ( t h e  h y d r o f o i l  s l o p e )

when t h e s e  t h r e e  f u n c t i o n s  a r e  r e l a t e d  by s i n g u l a r  i n t e g r a l  e q u a t i o n s .  The

a n a l y t i c a l  s o l u t i o n  f o r  t h e  unknown shape  z and t h e  unknoim s i n g u l a r i t y

y ( x )  a n d  y  ( x )  h a s  a  b r a n c h  t y p e  s i n g u l a r i t y  a t  t h e  t w o  e n d s  o f  t h e  h y d r o f o i l .

A n a l y t i c a l  s o l u t i o n s  by a s i n g u l a r  i n t e g r a l  e q u a t i o n  method and t h e

R a y l e i g h - R i t z  method a r e  d i s c u s s e d .

A s u f f i c i e n t  cond i t ion  f o r  t h e  extremum to  be  a minimum i s  d e r i v e d
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from c o n s i d e r a t i o n  o f  t h e  second  v a r i a t i o n  and l e a d s  t o

> 0 , X2 > 0 ♦ [ 7 . a . 6]

The optimum shape  u s i n g  t h e  c l a s s i c a l  E u l e r  method i s  d i s c u s s e d  i n  

C h ap te r  IV. We assume t h a t  t h e  l e n g t h  o f  t h e  c a v i t y  i s  k e p t  c o n s t a n t  

i n  t h e  o p t i m i z a t i o n  p r o c e s s  and we r e c o g n i z e  t h a t  t h i s  i s  a  l i m i t a t i o n  i n  

t h e  t h e o r y  i n  P a r t  I .

PART I I I

The u s u a l  a s s u m p t io n s  i n  problems o f  t h e  o b s t a c l e  b e n e a t h  a f r e e  

s u r f a c e  a r e  t a k e n  as  a b a s i s :  namely ,  t h e  l i q u i d  i s  n o n - v i s cous and 

moving t w o - d i m e n s i o n a l l y ,  s t e a d i l y  and w i t h o u t  v o r t i c i t y ,  t h e  o n l y  f o r c e  

a c t i n g  on i t  i s  g r a v i t y .  With t h e s e  assum pt ions  t o g e t h e r  w i t h  a

l i n e a r i z a t i o n  assum pt ion  we d e t e rm in e  t h e  f o r c e s ,  due to  t h e  h y d r o f o i l  

b e n e a t h  a f r e e  s u r f a c e  o f  t h e  l i q u i d .  We use  v a r i a t i o n a l  c a l c u l u s  

t e c h n i q u e s  s i m i l a r  t o  t h o s e  used  i n  P a r t  I I  t o  o b t a i n  t h e  optimum shape  

so t h a t  t h e  d rag  i s  minimum.

A n a l y t i c a l  s o l u t i o n s  by a s i n g u l a r  i n t e g r a l  e q u a t i o n  method,

Duhamel ' s  method and some app rox im a te  methods a r e  d i s c u s s e d  f o r  t h e  

l i n e a r i z e d  t h e o r y .  In t h i s  p a r t  some g e n e r a l  e x p r e s s i o n s  a r e  e s t a b l i s h e d  

f o r  t h e  f o r c e s  a c t i n g  on a submerged v o r t e x  and s o u rc e  e lement  b e n e a t h  a 

f r e e  s u r f a c e  u s i n g  B l a s i u s ’ theorem .
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VII PRINCIPAL NOTATIONS

The f o l l o w i n g  l i s t  i s  i n t e n d e d  t o  show t h e  most f r e q u e n t  c o n v e n t io n a l  

meaning w i th  which c e r t a i n  symbols a r e  u sed  i n  t h i s  t h e s i s .

The l i s t  i s  n o t  e x h a u s t i v e  n o r  does i t  p r e c l u d e  some symbols b e in g  

u sed  i n  o t h e r  s e n s e s  (which a r e  a lways  d e f i n e d ) .

m(x) S t r e n g t h  s o u rc e s  a lo n g  t h e  x - a x i s

y ( x )  S t r e n g t h  v o r t i c e s  a l o n g  t h e  x - a x i s

W Complex p o t e n t i a l  = <p+ijp

<f> V e l o c i t y  p o t e n t i a l

\|; Stream f u n c t i o n

L L i f t

D Drag

L L i f t  c o e f f i c i e n t  5 L/pU^

D Drag c o e f f i c i e n t  = D/pU^

r  D i s t a n c e

x , y  C a r t e s i a n  c o o r d i n a t e s  i n  p h y s i c a l  p l a n e  w i th  f r e e  s t r eam

i n  p o s i t i o n  x d i r e c t i o n  and l e a d i n g  edge a t  (0 , 0 ) 

z Complex v a r i a b l e  = z E x+iy

C o o r d in a t e s  i n  ç p l a n e ,  a d m i s s i b l e  v a r i a t i o n s  

U Uniform s t r eam  a t  i n f i n i t y ,  p a r a l l e l  t o  x - a x i s

u,V Components o f  f l u i d  v e l o c i t y  a lo n g  x , y  axes  r e s p e c t i v e l y ,

a d m i s s i b l e  v a r i a t i o n s ,  

z = y"(x) h y d r o f o i l  s l o p e  a t  p o s i t i o n  x

P P r e s s u r e

P^ S t a t i c  p r e s s u r e  o f  s t r e a m  a t  i n f i n i t y

P^(<P^) . C a v i ty  p r e s s u r e
P -P

0 -  — Q. c a v i t a t i o n  number.
2pU^

A , B , C , D , a , 6 , e t c  C o n s ta n t s
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, %2 Lagrange m u l t i p l i e r s

0,<|),a Angles  i n  g e n e r a l

3 S lope  a t  t h e  end p o i n t

£ Small  p o s i t i v e  c o n s t a n t

p C o n s tan t  f l u i d  d e n s i t y

V = g/U^,  p a r a m e te r s ,  V( 9 ) =Yi(csin^O) i s  v o r t e x  s t r e n g t h

TT R a t io  o f  c i r c u m f e r e n c e  o f  a c i r c l e  t o  i t s  number

g G r a v i t a t i o n a l  f o r c e  p e r  u n i t  mass

i  S tands  f o r  t h e  im a g in a ry  number e A l

h Depth

y S t r e n g t h  s o u rc e s

H y d r o f o i l  l e n g t h  e  / i + / ^  (,x)dx 

K C u rv a tu re  c o n s t r a i n t ,  k e r n e l

A P a ra m e te r

q R e s u l t a n t  v e l o c i t y

m,n C o n s t a n t s  ^
> s

(x) E x p o n e n t i a l  i n t e g r a l  (e^Cx) = -
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VII APPENDIX I

As s een  from [ 3 . b . 4 2 ]  t h e  i n t e g r a l  Iz has  been  c a l c u l a t e d  

a s  f o l l o w s :

s W d i p  ^
I^sri -----------    (o<9<a-^)

A in ^ s i n (c i - i /7) . (tam|;-+tan9)

a
1

/ c o s u / t a n 4; ( .tana-tani |; )  . (tani{;+tan9)

,  2t a n a
I 2 =

t ^ d t

/ c o s a  • / l - t ^  C t ^ t a n a + t a n 9 ) ( 1 + t ^ t a n ^ a )
0

/ c o s a

where  1

=1 —  J Æ ?

s in ^ x ta n a + ta n G
0

[ 7 . 1 . 1 ]

We make t h e  t r a n s f o r m a t i o n

ta n ip= t^ tana  , [ 7 . 1 . 2 ]

t h e n  we o b t a i n
1

2cos  6  ̂ _ t a n 9J ) + J 2 } , [ 7 . 1 . 3 ]

---------------:  ,  [ 7 . 1 . 4 ]
. ( t"^ tana+tan9)

1

( t ^ t a n Q t a n a + l ) d t  [7  1 5 ]

/ l - t ^ . ( 1+ t ^ t a n ^ a )

F i r s t ,  we c a l c u l a t e  i n t e g r a l  [ 7 . 1 . 4 ]  u s i n g  th e  t r a n s f o r m a t i o n

t = s i n x  , [ 7 . 1 . 6 ]

we o b t a i n  jr
.2

j , =  ‘î"

______ s e c ^ x d x _______  ry 2 7]
( tan a + ta n G ) tan ^x + tan O

I f  we t a k e

y=tanx , [7 .1 .8]
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J i  = t a n a + t a n 0
dy 2 t an9  

Yl = tana+tai iG

2 / t a n 9 ( t a n a + t a n G ) (o<9<a<y) [ 7 . 1 . 9 ]

Now we c a l c u l a t e  t h e  second  i n t e g r a l  [ 7 . 1 . 5 ] ,  u s i n g  [ 7 . 1 . 6 ]  we o b t a i n  

3  2~
[ s i n ^ x t a n 9 t a n a + l ] d x  

( 1+ s i n ^ x t a n ^ a )

[ t a n ^ x ta n G t a n a + s e c ^ x ] s e c ^ x d x  , ^
--------------- r r 5-------------- [0<G<a<y) .

[ s e c  x + t a n ^ x ta n ^ a ]  ^
[ 7 . 1 . 1 0 ]

Using  [ 7 . 1 . 8 ]  we o b t a i n

[ ( t a n G t a n a + l ) y ^ + l ] d y  
[ s ec^ ay ^ + 2y ^ + l ]

2 f { ( t a n 9 t a n a + l ) y ^ + l ] d y= COS"^a -*--r--------- r----r-2----
J y^+2cos a y  +COS a  
0

I f  we t a k e

y = / c o s a . T

[ 7 . 1 . 1 1 ]

[ 7 . 1 . 1 2 ]

t h e n  we o b t a i n

J  - / c o s a  f ^ ( t a n G t a n a + l ) c o s a r ^ + 1 ] d t  
i  T^+2cosax^+ l

[ 7 . 1 . 1 3 ]

S e t t i n g

hence

sin2Ct=a

J 2= / c o s a [ ( t a n Q ta n a + 1) c o s a t ^ + l ] d x  
(x ̂ - 2aX+1 ) (x^+2ax+1]

[ 7 . 1 . 1 4 ]

/c o sa [ J 3- J 4 ] , [ 7 . 1 . 1 5 ]

where

J q=
[ ( ^  t a n G t a n a c o s a - a ) x + l ] d x  

x ^ - 2ax+l
[7 .1 .16]
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J u  “
c [ ( - ^  t . a n e t a n a c o s a - a )  T-1] dx

x^+2ax+l
[7.1.17]

Now we c a l c u l a t e  t h e  f i r s t  i n t e g r a l ,  [ 7 . 1 . 1 6 ] ,  by w r i t i n g  i t  i n  t h e

form

I f  we t a k e

t h e n  we o b t a i n

[ . ( ^  t a n 0 t a n a c o s a - a ] x + l ] d x  

( x - a ) ^ + C l - a ^ )

x -a= / l - a^ tan ( j )

Jq  =
/l~a-

-j{ [ ^  t a n 0 s i n a - a ]  [a+/l-a^tan({>] + l}d(|)

4»!

/ l - a ^

The second  i n t e g r a l ,  [ 7 . 1 . 1 7 ] ,  can be c a l c u l a t e d  by t a k i n g

[ 7 . 1 . 1 8 ]

[ 7 . 1 . 1 9 ]

—  { [ ^  t a n O s i n a - a ]  [a(f)-/r-a^iln(cos(j)) ]+(j)} . [ 7 . 1 . 2 0 ]

x + a = / l - a ^ t a n 4 ; [ 7 . 1 . 2 1 ]

t h e n  we can w r i t e

}p2
J^= — { [ : ^  t a n 6 s i n a - a ]  [-a] |j-/ rA^S,n(cosi|>) ]-4^} * [ 7 . 1 . 2 2 ]

/ l - a ^  ^ ipl

Using  [ 7 . 1 . 2 0 ]  and [ 7 . 1 . 2 2 ]  we can w r i t e  t h e  v a l u e  o f  i n t e g r a l

[ 7 . 1 . 1 5 ]  i n  t h e  form

J2= ^  I "  t a n e s i n « - a )  ^

-1 x - a  ^ -1 x+a+ a t a n  -----  + a t a n ------
/ l

+ t a n  ^  t  t a n  ^
/ l - a 2  / l - a ^

_ ï ï / c o s a c o s (gg-B)
2cos0 [ 7 .1 . 2 3 ]

S u b s t i t u t i n g  from [ 7 . 1 , 9 ]  and [ 7 . 1 . 2 3 ]  i n  [ 7 . 1 . 3 ]  we can w r i t e  t h e  

v a l u e  o f  i n t e g r a l  [ 7 . 1 . 1  ] i n  t h e  form

I2 = 7TC0SI - cose  /  X + c o s ( g g - 0 )s i n ( a f 0) (o<9<g<Ÿ) , [ 7 . 1 . 2 4
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As s een  from [ 4 . b . 3 8 ]  t h e  i n t e g r a l  e q u a t i o n  

a
4) ( 8 )  c o s  ( .8 - 9  ) de _ rrp 
 sin(W-Tt r i   " ^

(o<0^<a) , [ 7 . 2 . 1 ]

can be t r a n s f o r m e d  i n t o  s t a n d a r d  Cauchy fo rm u la  as f o l l o w s  

I f  we use  t h e  t r a n s f o r m a t i o n

t= t a n 0

t ^ = t a n e ^

b = ta n a  

th e n  we can w r i t e

[ 7 . 2 . 2 ]

c o s (0-0^)  

s i n ( 0 - 8 ^ )

l+ t a n 0 t a n 0   (
t a n 0  - tanO (
1+t t

t  -  t
[ 7 . 2 . 3 ]

hence

cos (6 -6^)

s i n ( 0 - 9 ^ ) t-t [ 7 . 2 . 4 ]

And c o n s e q u e n t l y  we can w r i t e  [ 7 . 2 . 1 ]  i n  t h i s  form 

b
4) ( t a n  ^ t ) d t  

t "  + l •  ' . J
= f ( t a n  , [ 7 . 2 . 5 ]

t a k i n g

[ 7 . 2 . 6 ]

we o b t a i n

w i th

fI  t-t
d t  _ f ( t a n  ^ tn )  At

t^+1
0

1+t '

A=| iC ta n X .)  dt .
+ 1

0

[ 7 . 2 . 7 ]

[7 .2 .8 ]
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I t  may be v e r i f i e d  t h a t  t h e  i n t e g r a l  e q u a t i o n  [ 7 , 2 .  7] can be 

w r i t t e n  i n  t h e  form

0

[ 7 . 2 . 9 ]

where
-1

F f t  •) = t „ )  _ [ 7 . 2 . 1 0 ]



VII APPENDIX I I I

As seen from [4.b .45]  the in tegra ls

[ t a n 9 Q /s in 9 ^s i_ n (a -e o )d 9 a .  ( o < 9 < a 4 )

0

a

s i n ( e ^ - e )

y _ f s i n 6 o c o s 0 o / s i n 8 o s i n ( q - 8 ^ ) d 8 o  (o<8<g<4)<y) ,
 ̂ I s i n ( 0  -9)  [ s in^4) - s in^0  ]•' 0 0 

0

a r e  c a l c u l a t e d  as f o l l o w s :

The i n t e g r a l  e q u a t i o n  [ 7 . 3 . 1 ]  can  be w r i t t e n  i n  t h e  form

/ c o s a  f t a n 9 o / t a n 9 o ( t a n a - t a n 9 o ) d B p  
8“ cos9 j t a n 9 o - t a n 0

We make t h e  t r a n s f o r m a t i o n
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[ 7 . 3 . 1 ]

[ 7 . 3 . 2 ]

[ 7 . 3 . 3  ]

we o b t a i n

where

t a n e  = t ^ t a n a  
0

I r=
2 /c osa tan^ ■1 t * ^ / l - t ^ d t

® C O S0 I ( t ^ t a n a - t a n e ) ( l + t ^ t a n ^ a )

2 / c o s a t a n g  
cos 9

/ l - f ^ d t

[ s i n ^ 0 J l + J 2 ]

t ^ t a n g - t a n 9

T - f  / l  [ c o s ^ 8 t a n g t ^ + s i n 8 c o s 9 ]  
2 J 1 + t^ ta n ^ g

d t

[ 7 . 3 . 4 ]

[ 7 . 3 . 5 ]

[ 7 . 3 . 6 ]

[ 7 . 3 . 7 ]

Now we c a l c u l a t e  t h e  f i r s t  i n t e g r a l ,  [ 7 . 3 . 6 ] ,  by t a k i n g

t=s inx

we o b t a i n

[7 .3 .8 ]
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TT
%

dxj i  = — -— f ----------------
t a n a - t a n e  j .  f

o ^
ta.n0

tana - tanO "

t a n a - t a n 0
dy tan0

Cy^-y^) (y^+ l)  [y ta nx^y^  t a n a - t a n O ^ . [ 7 . 3 . 9 ]

T h i s  can be w r i t t e n  i n  t h e  form

where

—

y ^ - y i  .

dy
y2 + l

[ 7 .3 . 1 0 ]

[ 7 .3 . 1 1 ]

S u b s t i t u t i n g  from [ 7 . 3 . 1 1 ]  i n  [ 7 . 3 . 1 0 ]  we o b t a i n

J l  = - Y c o t a [ 7 .3 . 1 2 ]

Now we e v a l u a t e  i n t e g r a l  [ 7 . 3 . 7 ] ,  u s i n g  [ 7 . 3 . 8 ]  we o b t a i n
TT

[ c o s ^ 0 t a n a + s i n 0 c o s 8 ] t a n ^ x + s i n 0 c o s 0  
s  e c^a t  an ̂  x+ 21 an  ̂  x+1 dx [ 7 . 3 . 1 3 ]

Hence

J 2
■ I

[ c o s ^ 0 t a n a + s i n 0 c o s 8 ] y ^ + s i n 8 c o s 8  
[sec2-ay^+2y2+i]  [y2+l] dy [y=tanx]

where

and

= [ - c o s - 8 J g + J g ] c o t a

T f dy TT
■7s=J 7 2 TT = 2 

0

[ [cos^0 5ec^gy^+ ( c o s ^ 0 + s in 0 c o s 0 ta n a )  ]dy 
sec^gy^+2y^+l

[ 7 . 3 . 1 4 ]

[ 7 . 3 . 1 5 ]

= cos 2 ^ 1  [ c o s ^ 8 s e c ^ a y ^ + c o s ^ 0 + s in 0 c o s 0 t a n a ] d y
y^+2cos^ay^+cos^a

[ 7 . 3 . 1 6 ]

For conven ience  o f  c o m p u ta t i o n ,  [ 7 . 3 . 1 6 ]  i f  we change v a r i a b l e s  by 

t a k i n g

y = /cosa .T [7.3 .17]
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t h e n  we o b t a i n

Hence

T /-----  f r c o s ^ 9 s e c a T ^ + c o s ^ 0 + s in 0 c o s 0 ta n a ]d x
=  T 4+ 2cos -T ^ ; ï ----- ^

0
00

/-----  f [ co s ^ 0 s e c a T ^ + c o s ^ 0 + s in 0 c o s 0 ta n a ]d x  r - i t
= ’^ “ J -------------CT' 2-2a~TT i T (X2T 2 r f -r f ] --------  [ a = s in 5 a ]  -

0 [ 7 . 3 . 1 8 ]

J 6 = / c o s a K (0 ,g )x+ X (0 ,g )  _ K ( 0 ,g ) x - X ( 0 ,g ]  
x ^ -2a x+ l  x2+2ax+l dx

where

and

t a k i n g

we o b t a i n

= / c o s a  [ J ? - J g ]

K ( 0 , g ] = - —:— I— [ c o s ^ 0 s e c g - c o s ^ 0 - s i n 0 c o s 0 t a n a ]  , 4 s in 2 g

X (0 ,g )  = 5 [ c o s ^ 0 + s in 0 c o s 0 ta n g ]

T -  I [ k ( 0 , a ) x  + XC0,g)]dx 
 ̂  ̂ ( x - a ) 2 + ( l - a 2 )

0

3 A — [K (0 ,g ]x -X (0 ,g ^ d x  
( x + a )2+( l - a 2 )

T-a=/l-a2tanc{)

Jy=
A - a ^

^2

{ / l - a 2 K ( 0 , g ) t a n # + [ a K ( 0 , a ] + X ( 0 , a ) ] ) d #

<{>2
: —- — { - / l - a ^ K ( 0 , g )  &n(cos^] + [ a K ( 0 , g ) + X C 8 , a ]  ] <j>} 
/ ï - â ?  (&1

Tak ing

x + a = / l - a ^ t a n ^  

we can w r i t e  [ 7 . 3 . 2 2 ]  i n  t h e  form

[ 7 . 3 . 1 9 ]

> [ 7 . 3 . 2 0 ]

[ 7 . 3 . 2 1 ]

[ 7 . 3 . 2 2 ]

[ 7 . 3 . 2 3 ]

[ 7 . 3 . 2 4 ]

[ 7 . 3 . 2 5 ]

Je= — { - / l - a ^ K( 0  ,g )  Jln(coS(j)) - [X (0 ,q )+aK(0  ,g )  ]if;}  ̂ [ 7 . 3 . 2 6 ]
/ l - a ^  ipi

Using [7.3 .24]  and [7 .3 .26]  we can w r i te  [7 .3 .19]  in  the form
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J s = ^  l i m / . / r : F . K ( e . a ) t o * ^ 5 H E H H D  + [ a K C 6 , a ) . X C e , a ) ]
 ̂ / (T + a )^ + C l -a ^ )

-f- t a n - i T+a it/ cosa

4 / ï - a '
[ c o s ^ 0 s e c a + c o s ^ 9 + s in 0 c o s 0 ta n a ]  C a= s in ja ]  • [ 7 . 3 . 2 7 ]

Using [ 7 . 3 . 2 7 ]  and  [ 7 . 3 . 1 5 ]  we can w r i t e  t h e  v a l u e  o f  t h e  i n t e g r a l  

[ 7 . 3 . 1 4 ]  i n  t h e  form

J2 = -  T  c o s 2 0 c o ta  , I 2 i B 0 c o s ( 6 - i a ) / 3 ^
2 2 s i n a

S u b s t i t u t i n g  from [ 7 . 3 . 2 8 ]  and [ 7 . 3 . 1 2 ]  i n  [ 7 . 3 . 5 ]  we o b t a i n

l 8 = -  + TTCOS(0-ia) (o<0<a<,y)

Now we c a l c u l a t e  i n t e g r a l  [ 7 . 3 . 2 ] ,  by w r i t i n g  i t  i n  t h e  form 

a
/ c o s a  [ t a n 0 o / t a n 0 Q ( ta n a - t a n 0 o T d 0 Q

2Vcosatana
COS0 [ J g - J j o ]

where

Jg = ta n ' ( t ^ t a n a - t a n 0 )  ( t a n / ^ - t ^ t a n ^ a )  (P<0<a<(})<2 l

[ 7 . 3 . 2 8 ]

[ 7 . 3 . 2 9 ]

cos0cos^(j) J ( t a n 0 o - t a n 0 )  [ t a n / ^ - t a n ^ 0 g ^  * 0 ^<a<(J><2 )
0

Using  [ 7 . 3 , 4 ]  we o b t a i n  
1

_ _ 2 /c o sa t a n ^ a  t ^ V l - t ^ d t
 ̂ ~ cos0cos^4  ( t ^ t a n a - t a n 0 ) ( t a n ^ ( j ) - t ^ t a n ^ }  Q + t ^ t a n ^ a )

0

[ 7 . 3 . 3 0 ]

[ 7 , 5 . 3 1 ]

[ 7 . 3 . 3 2 ]

,  _ [  / l - t ^ d t
( . t ^ t a n a - t a n 0 )  ( 1 + t ^ t a n ^ a ) (o<0<a<2O . [ 7 .3 . 3 3 ]

F i r s t  we c a l c u l a t e  i n t e g r a l  [ 7 . 3 . 3 2 ] ,  u s i n g  p a r t i a l  f r a c t i o n s  we 

o b t a i n

ta n ^ ^

where

t a n ^ ^ - t a n ^ 0  »

1
7 I / l - t ^ d t  T TT
J i i = |  = J i  = - y

1

J l2 =

t^- tana- tanO

/ l - t ^  [ t ^ t a n a + t a n 0 ] d t  
t a n ^ ^ - t ^ t a n ^ a

[ 7 . 3 . 3 4 ]

[ 7 . 3 . 3 5 ]

= 2tan(f) [ ( t a n # + t a n 0 ) J i 3 - ( t a n ^ - t a n 0 ) J i ^ ]  , [7 .3 .3 6 ]
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w i th

Jl3=
/ l - t ^ d t

tan( j ) - t^ tana (o<a<^<2^

and

2 ta n a
/ t a n  (|)-tana  ̂

/  t a n #

J l 4 =
/ 1 - t ^ d t

t a n # + t 2 t a n a

[7 .5 .37]

2tana
/ t a n # +  

/  t a n #
t a n a - 1 [ 7 . 3 . 3 8 ]

Hence

Jl2= - 4 t a n # t a n a {/ t a n #  [ y t a n # - t a n a + / t a n # + t a n a ]  + [ / t a n # - t a n a  -

-  / t a n # + t a n a ]  - 2 tan#}  , (o<0<a<#<^) [ 7 .3 . 3 9 ]

S u b s t i t u t i n g  from [ 7 . 3 . 3 9 ]  and [ 7 . 3 . 3 5 ]  i n  [ 7 . 3 . 3 4 ]  we o b t a i n

Jg = - t ân'̂ 0']  ̂ [ / t a n # - t a n a + / t a n # + t a n a ]  + [ / t a n # - t a n a  -
ta n0

/ t a n # + t a n a ] }

/ t a n #  

(o<0<a<#<y) [ 7 . 3 . 4 0 ]

For conv en ien ce  o f  c o m p u ta t io n ,  [ 7 . 3 . 3 3 ] ,  we can w r i t e  i t  i n  t h e

form

JlO=cos  0 J i q - J15-^16 [ 7 . 3 . 4 1 ]

where

J l 5 =
/ l - t ^ d t  _ ,  _ TT 

t ^ t a n a - t a n 0   ̂ 2 [ 7 . 3 . 4 2 ]

and

1 6
( c o s ^ 0 t a n a t ^ + s i n 0 c o s 0 )  d t

1 + t ^ t a n ^ a

= -  y  c o s ^ 0 c o t a  + - c o s ( 0 - i a )  cos0 .2 2 s i n a [ 7 . 3 . 4 3 ]

S u b s t i t u t i n g  from [ 7 . 3 . 4 2 ]  and [ 7 . 3 . 4 3 ]  i n  [ 7 . 3 . 4 1 ]  we o b t a i n

T _ ï ï /cosa  C O S 0  1 .
' ^10 ----------------------------c o s ( e - j a ) [7 .3 .44]
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Using [ 7 . 3 . 4 0 ]  and [ 7 . 3 . 4 4 ]  we can w r i t e  t h e  v a l u e  o f  i n t e g r a l  

[ 7 .3 . 3 1 ]  i n  t h e  form

Iq = _ - — {t an# ( / t a n # - t a n a  + / t a n # + t a n a ) + t a n 0  ( / t a n # - t a n a  - 
 ̂ 2 c o s 0 ( t a n ^ # - t a n ^ 0 )

— / t a n #  + t a n a ) } + 7 r c o s ( 0 - 2 a ) ,  (d<0<a<#<^) .

[ 7 . 3 . 4 5 ]
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VII  APPENDIX IV

As s e e n  from [ 4 . b . 4 7 ]  t h e  c o n s t a n t  A can be c a l c u l a t e d  a s  

f o l l o w s

A=2/c / s i n ^ a - s i n ^ G  . s i n O . V (.0) . d9 [ 7 . 4 . 1 ]

where

v(0 )  =
D /c o s a s e c 0 c o s e c 0

2 / c / s i n ^ a - s i n ^ 0 . / s in G s in (o i -0 )

2it^sin0 /T in '^a-s in^G . / s i n 0 s i n ( a - 0 )  
Ji
r" I

-t*4U / s i n ^ # - s i n ^ a .  z ( # ) .  s in#d#

5TTUa

a
( s i n ^ q - 2 s i n ^ 0 o ) / s i n 9 o s i n ( a - 0 o ) d 0  ̂ ^ 

s i n ( 0  -0)
0

. P ~ ^  ( t a n #  [ / t a n # - t a n a + / t a n # + t a n a ]  + 
_ 2 c o s 0 ( t a n ^ # - t a n - 0 ]  ^

+ tanG [ / t a n # - t a n a - / t a n # + t a n a ]  ) +77cos (G-sot)
- / c

(o<0<a<#<2") , [ 7 . 4 . 2 ]

where D i s  an a r b i t r a r y  c o n s t a n t .

S u b s t i t u t i n g  from [ 7 . 4 . 2 ]  i n  [ 7 . 4 . 1 ]  we o b t a i n

A= - d0

/ s i n G s i n ( a - 0 )
iUa ( s i n ^ a - 2 s i n ^ 0 o ) / s i n 0 o S i n ( a - 0 o ) d 0 Q  ^ 

s i n ( 0 o - 0 )

+ 4U / s i n ^ # - s i n ^ a . z ( # ] .  sin#d#|^ 2c o s ^ ( t a n ^ # - ^ n ^ 0] ( t a n # [ / t a n # - t a n o + / t a n # + t a n a ]

+ tanG [ / t a n # - t a n a - / t a n # + t a n a ]  ] + COS (0-§a) |  +— ^cosG^ ~ c o s ( 0 - 2 a ) l

+ O /cosa
d0

c o s G / s i n G s i n ( a - 0 )
(o<0<a<#<2^ [ 7 . 4 . 3 ]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a l  [ 7 . 4 . 3 ]  [ s e e ,  

e . g . .  Hardy,G.H. (35) ]  and when we do so we o b t a i n
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A = U/ca
2tt

C sin ^ a -2 s in ^0  ) / s i n 0  s i n ( a - 0 ) d 0  
0 0 0 0

d0
s i n ( 0 - 0 ^ ) / s i n 0 s i n ( a - 0 )

j / s i n ^ # - s i n ^ a  z (#) s in#d#  ^ -

-  ^  / cos  a / t  an# d0

COS0( t a n ^ # - t a n ^ 0 )  / s i n 0 s i n ( a - 0 )

+ tan6  [ / t a n # - t æ i a - / t a n # + t a n a ] )  +

( t a n # [ / t a n # - t a n a + / t a n # + t a n a ]  +

- c o s ( 0 - s a ) ] d 0co s (0 -g q )d 0  V _  ^ I ‘•cos 

/ s  i n 0 s i n ( a -0 7 / s i n 0 s i n ( a - 0 )

+ D / c o s a d0

C O S 0 / s i n 0 s i n ( a - 0 )
(o<0<a<#<2) [ 7 . 4 . 4 ]

In  e v a l u a t i n g  t h e  i n n e r  i n t e g r a l s  we u s e  t h e  f a c t  t h a t  0 and 0̂

l i e s  be tween  o and a , w h i l e  # l i e s  be tween  a and ^  , so t h a t  

a
d0

10
s i n  (0-0^3 / s i n 0 s i n ( a - 0 )  

,1

/ c o s a . COS0

sec^0d0

0  o
( ta n 0 Q - ta n 0 )  / t a n 0 ( t a n a - t a n G )

[ 7 . 4 . 5 ]

We t a k e  t h e  t r a n s f o r m a t i o n

t a n 0 = t ^ t a n a [ 7 . 4 . 6 ]

t h e n  we o b t a i n

I 1 0  =  -

/ c o s a . COS0

d t

o  0

We make f u r t h e r  t r a n s f o r m a t i o n

t = s i n x

we o b t a i n  %

I

/ l - t ^ ( t a n G ^ - t ’ t a n a )

10
sec^xdx

C O S0  / c o s a ’[ t a n a - t a n G  ] o ' -  0-^0 t a n ^ x  - tanG,
ta n a - tan G .

[ 7 . 4 . 7 ]

[ 7 . 4 . 8 ]

/cosacosG^ ( t a n a - t a n G  j-'

dy tanG,
o t a n a - t a n G 0-*

= 0 [7 .4 .9]
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Now we c a l c u l a t e  t h e  second  i n n e r  i n t e g r a l  I n  which i s  d e f i n e d

by

11
c o s ( 9 - i a ) d 9  

/ s i n 0 s i n ( a - 0 )
(o<0<a<y)

= cosga  J i + s i n g a J 2

where a

=

J  2 “

d0

/ c o s a  / t a n 0  ( t a n a - t a n G )

tanGdG

/ c o s a   ̂ / t a n G ( t a n a - t a n G )

Using  [ 7 . 4 . 6 ]  we can w r i t e  [ 7 . 4 . 1 1 ]

,1

f d t

/ c o s a   ̂ / l - t ^ . ( 1 + t ^ t a n ^ a )

Using  [ 7 . 4 . 8 ]  we o b t a i n

=
/ c o s a

2cos^a

TT

(1 + ta n ^ x ) s e c ^ x d x  

s e c ^ a t a n ^ x + 2 t a n ^ x + l
oo

 ( l+ y ^ )d y

/ c o s a  •' y^ + 2cos^ay^+cos^a  0

t a k i n g

we o b t a i n

y = / c o s a . T 

( l+ c o s a x ^ )d x

^ (x^+1)^-  4 x ^ s i n ^  Y

= 2

(y=tanx)

Kx+X Kx-X
( x - a ) ^ + ( l - a ^ )  ( x + a ) ( 1 - a ^ )

where

K = cosa -1
4 s in g a  

X = I
Hence

[ 7 .4 . 1 0 ]

[ 7 . 4 . 1 1 ]

[ 7 . 4 . 1 2 ]

[ 7 . 4 . 1 3 ]

[ 7 . 4 . 1 4 ]

[ 7 . 4 . 1 5 ]

d x ; ( a = s i n 2 u )  , [ 7 . 4 . 1 6 ]

[ 7 . 4 . 1 7 ]

J l  = ? cos ja [7 .4 .18]
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Using  [ 7 . 4 , 6 ]  we can w r i t e  i n t e g r a l  [ 7 . 4 . 1 2 ]  i n  t h e  form
1

_ 2 t a n a  f t ^ d t
J2  =

/ c o s a  . ( l + t ^ t a n ^ a )

Using  [ 7 . 4 . 8 ]  we o b t a i n

J2 =
2 t a n a t a n ^ x . s e c ^ x d x

Vcosa s e c ^ a t a n ^ x + 2 t a n ^ x + l

2 t a n a c o s ^ a y dy
/ c o s a  y^+2cos^ay^+cos^a

[ 7 .4 . 1 9 ]

[ 7 .4 . 2 0 ]

Using  [ 7 . 4 . 1 5 ]  we can w r i t e  

J 2 = 2 s i n a

where

Hence

:^dr

(x ^ + l )^ 4 T ^ s in ^

= 2 s i n a K x +  X K x - X _ _ _ _
( x - a ) ^ + ( l - a ^ )  ( x + a ) ^  + C l - a ^ ) d x

X = 0

Jo = TT s i n i a

( a = s in g a )  , [ 7 . 4 . 2 1 ]

[ 7 . 4 . 2 2 ]

[ 7 . 4 . 2 3 ]

S u b s t i t u t i n g  from [ 7 . 4 . 1 8 ]  and [ 7 . 4 . 2 3 ]  i n  [ 7 . 4 , 1 0 ]  we o b t a i n

111 -  ^

Now we e v a l u a t e  t h e  t h i r d  i n n e r  i n t e g r a l  i n  [ 7 . 4 . 4 . ]  which i s  

d e f i n e d  by

I 12 =
de

c o s 0 / s i n e s i n  ( a -0 )  . ( t a n ^ # - t a n ^ 0 )  

a
sec^0d0

/ c o s a  ' '^/tane ( t a n a - t a n 0 )  . ( t a n ^ # - t a n ^ 0 )

[ 7 . 4 . 2 4 ]

(o<0<a<#<y) [7.4.25]
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Using [7 .4 .6]  we ob ta in

I l 2 =

w i th

d t

t a n ^ a / c o s a  

1

f t2  = î s s i ]
; o tana^

=

J k =

/ c o s a t a n # t a n a  

.1
d t

[d s+ Je ]

d t

[ 7 . 4 . 2 6 ]

[ 7 . 4 . 2 7 ]

Using  [ 7 . 4 . 8 ]  we can w r i t e  t h e  f i r s t  i n t e g r a l  i n  [ 7 , 4 . 2 7 ]  i n  t h e  form
X
,2

Jq  =
dx

t ^ - s i n ^ x

f sec^xdx
I (t^-1)tan^x+t^ [ 7 . 4 . 2 8 ]

Hence

J s  =
y2+y |

ir tana

2 / t a n # / t a n # - t a n a
[ 7 . 4 . 2 9 ]

Using  [ 7 . 4 . 8 ]  we can w r i t e  t h e  s e c o n d  i n t e g r a l  i n  [ 7 . 4 . 2 7 ]  i n  t h e

form

J s  =
dxo

t^+sin X o

1 sec^xdx  r 2 _ tan#-\
o “ tana-*— ; -------------------------

0 o

[7.4.30]

Hence
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Hence

Jq =
t ^  + 1

o 0

dy
y^+y^

2 t  A 2  + 1 o o

TTtana

2 / t a n # / t a n # + t a n a  

S u b s t i t u t i n g  from [ 7 . 4 . 3 1 ]  and [ 7 . 4 . 2 9 ]  i n  [ 7 . 4 . 2 6 ]  we o b t a i n

[ 7 .4 . 3 1 ]

12
2 / t a n # / c o s a - / t a n # - t a n a  / t a n # + t a n a  -

I
tan#

[ 7 . 4 . 3 2 ]

Now we c a l c u l a t e  t h e  f o u r t h  i n n e r  i n t e g r a l  i n  [ 7 . 4 . 4 ]  which i s  

d e f i n e d  by

1 3  =
tan0d9

c o s 0 / s i n 0 s i n ( a - 0 ) . ( t a n ^ # - t a n ^ 0 )
Co<0<a<#<j)

t a n0sec ^0d0

/ c o s a  / t a n 0  ( t a n a - t a n 0 ) . ( t a n ^ # - t a n ^ 0 )

Using  [ 7 . 4 . 6 ]  we o b t a i n

2
1 3  -

_ j" t ^ d t  

t a n a / c o s a  ' / l - t ^ . C t^ - t^
f t 2  = t a n f ,  

o t a n a '

where

J l  =

/cosa- tana  

,1
dt

[ J y - J g ]

/ l - t ^ ( t ^ - t ^ )

—  J  c  —
TTtana

and

J R —

2 / t a n # / t a n # - t a n a

d t

jr (o<a<#<y)

/ l - t ^

= Jg =
TTtana

2 / t a n # / t a n # + t a n a
(o<a<#<"2)

[ 7 . 4 . 3 3 ]

[ 7 . 4 . 3 4 ]

[ 7 . 4 . 3 5 ]

[7 .4 .36]
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S u b s t i t u t i n g  from [ 7 , 4 . 3 5 ]  and [ 7 . 4 . 3 6 ]  i n  [ 7 . 4 . 3 4 ]  we can w r i t e  

t h e  v a l u e  o f  i n t e g r a l  [ 7 . 4 . 3 3 ]  i n  t h e  form

13 =
2 / c o s a / t a n # - / t a n # - t a n a  / t a n # +t a n a  -

[ 7 . 4 . 3 7 ]

Now we c a l c u l a t e  t h e  l a s t  i n n e r  i n t e g r a l  i n  [ 7 . 4 . 4 ]  which i s  d e f i n e d

by

14 =1
d0

C O S 0 / s i n 0 s i n ( a - 0 )

/ c o s a

sec^0d0

/ t a n 0 ( t a n a - t a n 0 )
[ 7 . 4 . 3 8 ]

Using  [ 7 . 4 . 6 ]  we o b t a i n

14 =
/ c o s a

d t

/ l - t %

/ c o s a
[ 7 . 4 . 3 9 ]

Using  t h e  above r e s u l t  we can w r i t e  [ 7 . 4 . 4 ]  i n  t h e  form

A •= ttD [ 7 . 4 . 4 0 ]
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VII APPENDIX V

As s een  from [ 4 . b . 5 0 ]  t h e  i n t e g r a l  I can be c a l c u l a t e d  as  f o l l o w s ;

V (0) s i n ^ 0 c o s 6 / s i n ^ a - s i n ^ 6  . d0
s i n ^ 0 - s i n ^ (

[ 7 . 5 . 1 ]

where

vC8) =
D c o s ( 0 - i a )

2 / c s i n 0 / s i n - a - s i n ^ 0 . / s i n 0 s i n C a - 0 )

2 i : s i n 0 / s i n ^ a - s i n ^ 0 / s i n 0 s i n  ( a -0 )
iUa ( s i n ^ q - 2 s i n ^ 0 o ) / s i n 0 Q s i n ( a - 0 o ) d 0 p  ^

s i n  (.0^-0)

+ 4Uj / s i n ^ # - s i n ^ a : s i n # . z (#) 

a ■

2c ô S i ^ a n ^ 9 ) ( t a n ^  [ y t a n ^ - t a n a ^ A a n ^ ^ t a n a ]  +

+ t a n  0[ / t a n #  - t a n a - / t  an#+ tana ]  ) + cos (0 -ga ) d# , (o<0<a<#<Y) . [ 7 . 5 . 2 ]

S u b s t i t u t i n g  from [ 7 . 5 . 2 ]  i n  [ 7 . 5 . 1 ]  we o b t a i n

D
I = —  

/ c  '

. c o s (0 -g a ) s in 0 c o s 0 d 0

/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0 ^ )

a
Do
2%

s in0cos0d0

U /cosa

/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0  ÿ 0 o 0

s in 0d0

( s i n ^ a - 2 s i n ^ # )  / s i n d s i n  ( a -# )d #  
s i n ( # - 0 )

/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0  )0 0 a

/ s i n ^ # - s i n ^ a . s i n # / t a n #  .z (# )d#  
t a n ^ # - t a n ^ 0

t a n # ( / t a n # - t a n a + / t a n # + t a n a ) + t a n 0 ( / t a n # - t a n a - / t a n # + t a n a )

a dL
s in 0 c o s 0  c o s ( 0 - § a ) d 0  ’4U

^ * / s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0  ) o 0 a

/ s i n ^ # - s i n ^ a . s i n # z  ( # ) d#,  (o<0^<a<#<y)

(7 .5 .3 ]

This  may be w r i t t e n  i n  t h e  form
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i  = A  
/ E

Ua

cos (0-2Cx) s in 9cos6d0

/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0 ^ )

_2TTCOŜ 0
ta n0

O'' / t a n 0  ( t a n a - t a n 0 ) . ( t a i i0+ tan0 j

r sec^d  d0 A 
' t a n 0 - t a n 0  '' ( s i n ^ a  -

- 2 s i n ^ # )  c o s^# / tan#T tan# - ta jT # )

2U ta n0

TT
.T

^  ̂ / t a n 0 ( t a n a - t a n 0 ) . ( t a n 0 + ta n 0  )

_______  r_Sjec^_0d6^ / s i n ^ # - s i n ^ g . s i n # c o s ^ # / t a r i e z  (#)
+ tan0 T ^ ta n 0 - t a n 0  ) j  ( t a n # + ta n 0 )

^ t S ~#'~tan6^ [[ t a n #  ( / t a n # - t a n a +  / t a n # + t a n a )  +tan0  ( / t a n # - t a n a - / t a n # + t a n a )  ]] -

|-°^sin0cos0 c o s ( 0 - J a ) d 0

/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0  )0 0  a

/ s i n / # - s i n ^ a . z ( # ) s in # d # [ 7 . 5 . 4 ]

Using  th e  P o i n c a r e - B e r t r a n d  fo rm ula

Li " L2

we o b t a i n

f 2 (#) s e c  #di|> 

2

fI  ( 0 ) sec^0d0
Ctan6-tan0^)Ctan#-tan0)

[ 7 . 5 . 5 ]

I . = D I* cos (0-2a)  s in0cos0d0

 ̂ / s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0  )

+ g ' i ïUa(s in^a-2s in^0  ) - —0 2ncos ' ( s i n ^ a  -
0*'

- 2 s i n ^ # ) / t a n # ( t a n a - t a n # ) d #  j t a n 0 se c ^ 0 d 0

*'^/tan0 ( t a n a - t a n 0 )  ( t a n 0 - t a n 0 ^ )  ( t a n 0 + ta n 0 ^ )  ( , t an# - tan0 )

+  2iTUz(0 ) s i n 0  cos^0 / s i n “̂ a - s i n ^ 0  + 
0 0 0  0

2U

TT
.T a

/ s in "^ # -s in '^a .  / t a n #  . s i n # z  ( # ) d# s in0d0

a
/ s i n 0 s i n ( a - 0 )  . ( s i n ^ 0 - s i n ^ 0 ^ )  (_ tan^#- tan^0^)

[ [

t a n # ( / t a n # - t a n a + / t a n # + t a n a ) + t a n 0 ( / t a n # - t a n a - / t a n # + t a n a ) ] ]  -

TT
/ s i n ^ # - s i n ^ a . z ( # ) s in # d # s in 0 c o s 0 c o s ( 0 - 5 a ) d 0

/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0- s i T r 0^ )
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= —  I i e  + i7 rUa(s in^a-2s i j i^0^)  -  ( s i n ^ a - 2 s i n ^ # )  / t a n #  ( t a n a - t a n # ) . I % y. d# +
/ c O'"

+ 2 ttU z ( 0 ) s i n 0  c o s ^ 0  / s i n ^ a - s i n ‘̂ 0  + 
0 0 0 0

2U
/ s i n ^ # - s i n ^ a .  / t a n # s i n # z ( # ) [ t a n # ( / t a n # - t a n a + / t a n # + t a n a ) g +

r r
+ ( / t a n # - t a n a - / t a n # + t a n a ) I i 9 ] d # - - ^  | / s i n ^ # - s i n ^ a z ( # ) s i n # d # . I j g  , [ 7 , 5 . 6 ]

where

lb =

17 =

c o s ( 0 - g a ) s in 0 c o s 0 d 0

/ s i n 0 s i n ( c t - 0 ) , ( s i n ^ 0 - s i n ^ 0 ^ )
(o<0^<a<j)  , [ 7 .5 . 7 ]

t a n e s e c ^ e d e , ----------------------------------------------------------------- ,  [ 9  . ^ a ( o , a } ]  ,

/ t a n 0 ( t a n a - t a n 0 ) . ( t a n 0 - t a n 0  ) ( tan0+ tan0  ) ( t a n # - t a n 0 )
’ °  [ 7 . 5 . 8 ]

18 =

I l 9  =

.................................  S i n 8 d 9 ----------------------------    ,  ( o < 6  <a«t.<y) [ 7 . 5 . 9 ]

/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0  ) ( t a n ^ # - t a n ^ 0 )  °

- - .....  S ine tan9d9-------------------------  , ( o < 9  <a<*<5 [ 7 .5 .1 0 ]
/ s i n 0 s i n ( a - 0 ) . ( s i n ^ 0 - s i n ^ 0  ) ( t a n ^ # - t a n ^ 0 )  °

F i r s t  we c a l c u l a t e  i n t e g r a l  [ 7 . 5 . 7 ] ,  by w r i t i n g  i t  i n  t h e  form

16 =
COSgU

/c o sac o s^ 0
0 0

t a n 0 [ l + t a n § a t a n 0 ] d 0 _______

/ t a n 0 ( t a n a - t a n 0 ) . ( t a n ^ 0 - t a n ^ 0  )

c o s g a

/ c o sac o s0
[J]^+tangaJ2 ] > [7 .5 .1 1 ]

where

J l  =
tan0d0

/ t a n 0 ( t a n a - t æ i 0 ) . ( t a n ^ 0 - t a n ^ 0 ^ )
[ 7 .5 .1 2 ]

Jz  =
tan^0d0

/ t a n 0 ( t a n a - t a n 0 ) . ( t a n ^ 0 - t a n ^ 0 ^ )
[7.5.13]
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tanG = t ^ t a n a [7.5.14]

we o b t a i n

J l  = t a n a
t ^  d t

= A )  [ J g - J^  t a n ^ a ]
t a n  a

[ 7 .5 .1 5 ]

whe r e

t ^ d t

0  o

T T t a n a

and

J 4 =

4/ t a n 8 / t a n a + t a n 0  
0 o

t ^ d t _______

A - t ^ . ( l + t ^ t a n ^ a )

[7 .5 .16 ' ]

T T / c o s a c o s a

4cos§a (o<a<y) [ 7 .5 . 1 7 ]

S u b s t i t u t i n g  from [7.5 .16.]  and [ 7 . 5 . 1 7 ]  i n  [ 7 . 5 . 1 5 ]  we o b t a i n

J l  =  TTCOS'
1 / c o s a s i n a

2 / t an 0  / t a n a + t a n 0  2coS2U 
o  0

[7 .5 .1 8 1

Now we c a l c u l a t e  t h e  second  i n t e g r a l  [ 7 . 5 . 1 3 ] ,  u s i n g  [ 7 . 5 . 1 4 ]  we 

o b t a i n

J 2 = 2 t '+dt

A - t ^ . ( t ^ - t ^ )  ( l + t ^ t a n ^ a )

= 2cos^0 [ 7 . 5 , 1 9 ]

w i t h

j q  = d t

TTtan^a

4 t a n 0  / t a n 0  / t a n a + t a n 0  
0 0  0

[7.5.20 ]
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and
.1

^6 =
d t

/ l - t ^ .  ( 1 + t ^ t a n ^ a )

-  y / c o s a c o s g a [ 7 .5 . 2 1 ]

S u b s t i t u t i n g  from [ 7 . 5 . 2 0 ]  and [ 7 . 5 . 2 1 ]  i n  [ 7 . 5 . 1 9 ]  we o b t a i n

J 2 = TTCOS' - tan9 .

-2/tan9^ ( t a n a + ta n 9 )
+ / c o s a c o s g a [ 7 . 5 . 2 2 ]

Using [ 7 . 5 . 2  2] and [ 7 . 5 . 1 8 ]  we can w r i t e  t h e  v a l u e  o f  i n t e g r a l  [ 7 . 5 . IL] 

i n  t h e  form

I j g  = TTcos(ia+0o) ■

2 / s in 0  s i n ( a + 0 )
[ 7 . 5 . 2 3 ]

0 O'

Now we c a l c u l a t e  i n t e g r a l  [ 7 . 5 . 8 ] ,  u s i n g  [ 7 . 5 . 1 4 ]  we o b t a i n  

,1

17 = t a n ^ a
t ^ d t

/ l - t ^ . ( t ^ - t ^ ) C t ^ + t ^ ) C t ^ - T ^ )

2̂ ^ t a n 0p ^ 2 ^ t a n #  
Q t a n a  * t a n a

w i th

- 2
= t 'a m ( t k n ^ » - t a n ^ e  ) J 7 - i  ( tan^ .^ tane^)  J g - i  C ta n 4 - ta n 9 ^ ) J 9 }

J
J 7 = d t

/ l - t ^ . ( t ^ - T ^ )

= 0
.1

J  Q — d t

/ l - t ^ ( t ^ + t ^ )

(0< T< 1)

(o< to< l)

[ 7 . 5 . 2 4 ]

[ 7 . 5 . 2 5 ]

2 / t a n 0  / t a n a + t a n 0  
0 0

. 1
Jg = d t

= 0

(o<e^<a<2J [ 7 . 5 . 2 6 ]

[7.5 .27]

U sing  t h e  above r e s u l t s  we can w r i t e  t h e  v a l u e  o f  i n t e g r a l  [ 7 . 5 . 2 4 ]  

i n  t h e  form
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17 =
2 f t a n # - t a n 0  ) / t a n 0  / t a n a + t a n 0   ̂ o 0 o

(o<0^<a<y) , [7 .5 .28]

Now we c a l c u l a t e  i n t e g r a l  [ 7 . 5 . 9 }  , u s i n g  [7 .5 .1 4 ’] we o b t a i n

a
1

l i e  =
ta n 0 se c ^ 0 d 0

/c o s a c o s ^ 0   ̂ / t a n O [ t a n a - t a n 0 ) ( t a n ^ 0 - t a n ^ 0  ) ( t a n ^ # - t a n ^ 0 )

/ c o s a c o s ^ 0  tan^a** 0

9 ^ t a n 0 ^   ̂ ^2 = t a n #
o t a n a t a n a [7.5.29, ]

Hence

18  =

/ c o s a c o s ^ 0  t a n a ( t a n ^ # - t a n ^ 0  ) 0 0
' [ J l O + J l l l

w i th

.1

10  =
t ^ d t

) o

A - t ^  ( t ^ - t ^ )
0 0 0

T T t a n a

d t

and

1 1  =

4 / t a n 0  / t a n a + t a n 0  
0 0

t ^ d t

K j

.1 ,1
d t d t

TTtana

4 / t a n # / t a n # - t a n a  / t a n  #+tana _

(o < t< l )

( t > 1 )

[ 7 . 5 . 3 0 ]

[ 7 . 5 . 3 1 ]

[ 7 . 5 . 3 2 ]

S u b s t i t u t i n g  from [ 7 . 5 . 3 2 ]  and [ 7 . 5 . 3 1 ]  i n  [ 7 . 5 . 3 0 ]  we can w r i t e  t h e  

v a l u e  o f  i n t e g r a l  1% g

1 1 p=
2 / c o s a c o s ‘̂ 0 ( t a n ^ # - t a n ^ 0  ) o 0

. x _ f _ i
r- / tan0 / t a n a + t a n 0  / t a n #  V t a n # - t a n a  A  an # +ta n a  o 0

(o<0^<a<#<y) . [7 .5 .33]
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Now we c a l c u l a t e  i n t e g r a l  [ 7 . 5 . I p ] ,  by w r i t i n g  i t  i n  t h e  form 

a

I l 9 =   - - - - - - - - -  f  -
ta n ^0 s ec^ 0 d 0

/c osac os^ 0^" 'y ta n0  ( t a n a - t a n 0 ) . ( t a n ^ 0 - t a n ^ 0 ^ )  ( tan^(j)- tan^0)
[ 7 , 5 . 3 4 ]

Using [ 7 . 5 . 1 4 ]  we o b t a i n  

,1
19 “

t*+dt

/ c o s a c o s ^ 0  tan^a- ' 
0 0

r 2 = t a n #  ^2  = t a n 0 ^ ] 
'   ̂ t a n a  * o t a n a  ^

,------------- : -----------------: -----------------: ---------------- —  [ - t a n Z e ^ J i z + t a n Z f J i s ]  ,
vcosacos '^0 t a n  a ( t a n  # - t a n  0 )

[ 7 . 5 . 3 5 ]

w i th
.1

J 12 =
d t

A -V ^  ( t ^ - t ^ )3 O

TTtan^a

4 ta n 0  / t a n b  [ t a n a + ta n 0  ) 0 0  0

and

13 =
d t

Co<t <1) o

(o<0^<a<y)

(0<t<l<T)

[7 .5 .36  ]

TTtan^a

4 t a n # / t a n #
(o < a < # < j) [ 7 . 5 . 3 7 ]

- / t a n # - t a n a  / t a n # + t a n a -  

Using  [ 7 . 5 . 3 7 ]  and [ 7 . 5 . 3 6 ]  we can w r i t e  t h e  v a l u e  o f  i n t e g r a l  

[ 7 . 5 . 3 5 ]  i n  t h e  form

TTsec^O,
19 =

J   tan0Q

2 / c o s a ( t a n ^ # - t a n ^ 9 ^ )  / t a n 0 ^ ( t a n a + t a n 0 ^ )
/ t a n #

- / t a n # - t a n a

(o<0^<a<#<y) ,
A a n # + t a n a -

S u b s t i t u t i n g  t h e  above r e s u l t s  i n  [ 7 . 5 , 6 ]  we o b t a i n

[7 .5 .38]
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I = ttD cosCia+e^)
/ c o s a / t a n 9  v / c c o s G  / t a n a + ta n 0

0 0 0

§ T T U a / c o s a / t a n 0 ^ ( s i n ^ a - 2 s i n ^ 0 j ^  -
U a/cosa

4cos^0 / t a n a + ta n 0  
0 o

I 20 +

+ 2irUz(0 ) / c o s a / t a n 0  s in 0  cos^0 / s i n ^ a - s i n ^ 0  + 0 0 0 0  o

+   U
cos^0

/sin^#-sin^q/tan#sin(()Z (#) d# 
(tan^#-tan^0 ) t a n # [ / t a n # - t a n a +

/ t a n # + t a n a ] - ( / t a n # - t a n a  - / t a n # + t a n a )  —--
/ t a n a + t a n 0

Ucos(ga+0n)
C OS 0 / t a n a + t a n 0

0 0  a

/ s i n ^ # - s i n ^ a . z ( # ) s i n # d # ^

/ t a n a + ta n 0
0

[ 7 . 5 . 3 9 ]

where

,  _ f ( s i n ^ a - 2 s i n ^ # ) / t a n # ( t a n a - t a n E )  d#
~j t a n # - tan 0 Q

= s i n  a J 1 - 2J 2 [7.5 .40 ]

w i th

J l  = / t a n # ( t a n a - t a n # ) d #  _ -rrcosOpSin(ga-0p,)

/ c o s at a n # - t a n 0
[7 .5 .41 ]

a n d

s in ^  # / t a n # ( t a n a - t a n # ) d #
t a n # - t a n 0

= 2 { s in^0  COS 0 J o - c o s 0 t a n a Jn + c o s 0  t a n a J g }  , 
0 0 ^  0  ^ 0  ^

where

J o  = / l - t ^ d t
t ^ - t ^

= 0

,  _ I / l - t ^ d t  [ s in -^0„ tana t^ -cos0Q  ( l + s i n ^ 0 o )  ] 
 ̂ ' ' I ’+t^ tan^’E

 ̂ / l - t ^ d t [ s i n 0 n t a n a t ^ - c o s 0 ^ ] 
( 1 + t ^ t a n ^ a ) ^

4-2

[ 7 . 5 . 4 2 ]

[7.5.43]

The l a s t  two i n t e g r a l s  i n  [ 7 . 5 . 4 3 ]  can be w r i t t e n  i n  t h e  forms
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= s i n ^ e ^ t a n a j g  - ( l + s i n ^ 9 ^ ) c o s 6^ J ^  ^

J 5 = s in O ^ t a n a J g  - cosG^Jg ,  j

w i t h
.1

Js  =

J v  =

J  ft —

Jq =

t ^ / l  - t ^ d t  _  TT 
1 + t ^ t a n ^ a  2 t a n ^ a

r c o s g a
-  1

/co s a

/ l - t ^ d t  _TT/ c o s a
1 + t ^ t a n ^ a  4cosga

t ^ / l - t ^ d t  
( 1+ t ^ t a n ‘̂ a) ^

_  T T C O S a s i n g a  

8 / c o s a t a n a

/ l - t ^ d t
( l + t ^ t a n ^ a ) ^

[7 .5 .44]

[ 7 . 5 . 4 5 ]

S u b s t i t u t i n g  from [ 7 . 5 . 4 5 ]  i n  [ 7 . 5 . 4 4 ]  we o b t a i n

Ji+ -
- T T

 ______  [ 2 s i n ^ 0 ^ c o s  ( i a )  . ( / c o s a + c o s  ( i a - 6 ) ) + s i n a c o s 0  ] ,
4 CO s i  a /coicTt a n a

TTCOSa —  [ c o s ( a - 0 )+3cos0  ] . 
1 _ o 0

> [ 7 . 5 . 4 6 ]

1 6 /c o s a c o s g a

Using  [ 7 . 5 . 4 6 ]  we can w r i t e  t h e  v a l u e  o f  i n t e g r a l  [ 7 . 5 . 4 2 ]  i n  t h e

form

J 2 =
TTCOS0^—  {s i n a  [cos0 - c o s  (a -0  )] + 8sir?0 cos§a ( / c o s a + c o s  (ga-0 )}*[7 .5 .47]

8c o s g a / c o s a

Now we can w r i t e  t h e  v a l u e  o f  i n t e g r a l  [ 7 . 5 . 4 0 ] ,  u s i n g  [ 7 . 5 . 4 7 ]  and 

[ 7 . 5 . 4 1 ]  we o b t a i n

I 20 =  î ç o s e ^  { s i n a [ c o s e ^ - c o s ( a - e ^ ) ]  +
/c o s a  4 c o s g a / c o s a

+ 8s i n ^ 0^ c o s j a  ( / c o s a + c o s  (ga -0^ )  ) } . [7.5 .48;]

S u b s t i t u t i n g  from [7 .5 .48 ]  i n  [ 7 . 5 . 3 9 ]  we can w r i t e  t h e  v a l u e  o f  

i n t e g r a l  I i n  th e  form
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I = — —  ' — + 2 ' i rU a/cosa / tan0^Cs in^a-2s in^6  ) -
i / f  a n  A I  7  i / E r  n ?  A i / t  a n n + t a n f )  ^/ c o s a / t a n 0   ̂ 2 /ccos0  / t a n a + ta n 0  

0 0 0

TTUasin^asinCga-0^) ttUq ‘ ■ ■ ■ [ s i n a ( c o s 0  -cosCa-0  ) )  + 
4cos0 / t a n a - t a n 0 16cos0 c o s i a / t a n a - t a n 0  °

+ 8s in^0  cos a ( / c o s a + c o s (g a -G  ) ) ]  + 2wUz(0 ) / c o s a / t a n G  sinG cos^G / s i n ^ a - s i i f 0 + 
0 0 0 0 0 0 0

U f / s i n ^ # - s i n ^ g . / t a n # s i n # z ( # ) d#
coŝ G J [tan2#-tan^0 ) . . , [ / t a n # - t a n a +

'' / t ana+ tanG
0

+ / t a n # +ta n a ]  -  ■ , [ / t a n # - t a n a + / t a n # +ta n a ]
/ t ana+ tanO

2UcôsCgq+0^)

COS 0 . / t a n a +tanG0 0 a

/ s i n ^ # - s i n ^ a .  z(#)  s in#d# j> [7 .5 . 4 9 ]
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VII APPENDIX VI A formula fo r  C in terms of  the lyd ro fo i l  s lope.

As seen  from [ 3 . a . 8 ] t h e  c o n s t a n t  C can be c a l c u l a t e d  as f o l l o w s :

C =
TT

0 
0

w i th

a
g {0 ) = 7rUgsin9o “ 4Ucos9^ f z ( # ) s i n ^ #  cos# d#

°  / r  0  / s i n ^ a - s i n ^ # . ( s i n ^ # - s i n ^ 0 ^ )  *

S u b s t i t u t i n g  from [ 7 . 6 . 2 ]  i n t o  [ 7 . 6 . 1 ]  we o b t a i n

C = -
.  a

U‘a tane de -s i n 8 0 O
0

4ÜCOS0

AT

ttAT A 
0

a  a
2^sin(a- 0 o) zC #)s in^#  cos#  d# j-  ̂ ^

/ s i n ^ c t - s i n ^ # .  ( s i n ^ # - s i n ^0 )

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  th e  o r d e r  o f  th e  double  i n t e g r a l  in  

[ 7 . 6 . 3 ]  and then  we o b t a i n

c = -  -g-2. I l  -  4Ucos0^ 
tt/ T  tt̂ vX

/SinCa , [ 7 . 6 . 4 ]
s inS o

where

a
i n ( q - 0^) 

s i n 0
0

I l  = I /  X t an0. d0

= TT [cosga-Zcosa]  , [ 7 . 6 . 5 ]

and
ot

I ,  =  / È É L Ü L f a . )  ^ _ _  .  ̂
j y  s in 0  ( s i n ^ # - s i n ^ 0  )
0

 ! ______ / i n ( a + 8 ]
2s i n 6cose J  s i n 6 > l / . o . o j

hence

a

c  = -  1 ?  [ c o s i a - Æ 5 5 c i ]  -  X  I X Z p p _ z C e ) d 6  .  [ 7 . 6 . 7 ]
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APPENDIX VII A formula fo r  the l i f t  L .

As seen  from [ 2 . b , 4 ]  th e  v a l u e s  o f  t h e  l i f t  L can be c a l c u l a t e d  

as f o l l o w s :

L = y ( x ) d x [ 7 .7 . 1 ]

w i th

y ( x )  =
2U / a ^
IT /  X a - s . z ( s ) d s

s - x Co<x<a) [ 7 .7 . 2 ]

S u b s t i t u t i n g  from [ 7 . 7 . 2 ]  i n t o  [ 7 . 7 . 1 ]  we o b t a i n

L = fE i. dx f / X  .
J /  a - s  s - xTT I y X 

0

[ 7 .7 . 3 ]

I t  i s  p e r m i s s i b l e  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  on th e  r i g h t -  

hand s i d e  o f  [ 7 . 7 . 3 ]  [ s e e ,  e . g . .  Hardy,  G.H. (35) ]  and when we do so we 

o b t a i n

, « “I / *  ■<•>« | / ¥
a - x  dx

X x-s
0 0

We e v a l u a t e  the  i n n e r  i n t e g r a l  I which i s  d e f i n e d  by

a

I = ^a-x dx
X x - s

= -  TT .

[ 7 .7 . 4 ]

[ 7 .7 . 5 ]

S u b s t i t u t i n g  from [ 7 . 7 . 5 ]  in  [ 7 . 7 . 6 ]  we o b t a i n

a-s z(s ) ds [7.7.6] '
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APPENDIX VIII A formula fo r  the l i f t  L .

As s een  from [ 3 . a . 9] t h e  v a l u e  o f  th e  l i f t  L can be c a l c u l a t e d  

as f o l l o w s :

L = -  4pU^£ s i n ^ 9 c o s 8 z ( 6 ) d9 

/ s i n ^ a - s i n ^ G

— 2pU£ li(9) s in^0cos0d8  

7 s i n ^ a - s i n ^ 0
[zC0)=y^C^sin^0),p(0)=m%(£sin^0) ] , [ 7 . 8 . 1 ]

where

[ c o s i a - , ^ a ]  -

u
Trsin0cos0 / m e '  I / 3 F ,  '« j " .

Ua / s i n ( a + 0 )
27TSin0/ s in 0

t a n G ^ / s i n a  s i n ( a - 8 n ) d 0 n  ^ 
s in (0Q -0 )

0
a

2U / s i n ( a + 0 )
n^sinGv s in 0

/s in0^s inCa-0f^ )  s in ^ #  cos# zÇ#)d#
s i n (0^-0  ) 0 / s i n ^ a - s i n ^ # .  C s in ^ # - s i î f  0^

Co<0<a<y) [ 7 . 8 . 2 ]

This e q u a t i o n  can be w r i t t e n  as f o l l o w s

y ( 0 )  = -
Ua

2 s i n 0 c o s 0 /  s in0y X I X )  [cos 50- / c o s a ]  -

U /E in(a+0)
TTsin0cos0/ sin0

[ 7 . 8 . 3 ]

where

a
. . f t a n 0 ^ / s i n 0 o S i n ( a - 0 o ) d 0 o

 ̂ J s in (0Q -0)

T r / c o s g  

c o s  0

[see. Appendix I I I ]

+ 7rcos(9-5a) (o<0<a<j) [7 .8 .4]
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and

a _______________
T rfi'i _ 2U / s i n ( g + 9 )  f / s i n 8 o S i n ( a - 6 n ) d 8 n  
^ TT^sin /  s inS  J sinCGg-G)

s in# z(#)sin#d#
s i n ( a - # )  s in (# + 0 )

■ • • 7 / w  à » ■ z ( * ) s i n ^ d t  C o < 6 « ,4 )
/  s inCa-#J  ^•#) sinC#+0)  ̂ "" 'I ' ,
0

where ,  in  th e  l a s t  s t e p ,  u se  has  been  made o f  t h e  POINCARE-BERTRAND 

fo rm ula  [ 7 . 5 . 5 ] .

[ 7 .8 . 5 ]

S u b s t i t u t i n g  from [ 7 . 8 . 5 ]  and [ 7 . 8 . 4 ]  i n t o  [ 7 . 8 . 3 ]  we o b t a i n

y(8)  = -
Ua /sïnÇg+G) 

2 s i n 0 c o s 0 /  s in 0 [cos g g - / c o s a ]  -

U / s i n ( q + 9 )  
TTsin0cos0/ s in 0

Ua / s i n (  
/  s i

( g + 0 )
2 s i n 0 /  s in 0

/ c o s a
C O S0 - cos (0-  2Ct)

- Uz ce) +
s in ( a + 0 )  1

s in 0  s in 0  1 /  s i n ( a - # )  s in (#+0)
s i n *  zC*)s in*d* Co<e«x4) [ 7 .8 . 6 ]

Using th e  above r e s u l t  we can w r i t e  e q u a t i o n  [ 7 . 8 . 1 ]  as  fo l lo w s

u

L = - 2pU^&f  ̂ + pU^a£ [ c o s g a - / c o s a ]  . I;i • +
*' / s i n ^ a - s i n ^ 0

+ p U ^ a £ [ / c o s a l j - I z ]  +
2pU2& s in 0

s i n

2pU^S,
a

£ jv  s i n
0

[ 7 . 8 . 7 ]

where

I l  =

I 2 =

I 3 =

s in 0

0
a

0
a

s i n ( a - 0 )

s in 0
s inCa-0 )

s i n

d0

C OS0 C O S ( 0 - g a ) d 0

Co<a<ÿ

d0
sinCa -0 ) ( t an0+ tan# )

s in0d0

/ s i n 0 s i n C a - 0 ) . ( t an0+ tan# )

[ 7 . 8 . 8 ]

[ 7 . 8 . 9 ]

[7.8.10]
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The l a s t  i n t e g r a l  has  been  c a l c u l a t e d  as  shown in  Appendix I , t o  g ive  

th e  f o l l o w i n g  r e s u l t

I 3 = wcos4 i-  cos(ioi-T|;)]

Now we c a l c u l a t e  th e  f i r s t  i n t e g r a l  I , [ 7 . 8 . 8 ]  as f o l l o w s :  

I l  = _ i _  f d6
/coscT t a n a - t a n 0

Using t h e  t r a n s f o r m a t i o n

[7 .8 ,1 1 ]

[ 7 .8 .1 2 ]

t a n 9 = t ^ t a n a [ 7 .8 .1 3 ]

we o b t a i n

2 t a n a t ^ d t

/ c o s a  -^^/l-t^ ( 1+ t^ t a n ^ a )  

TTsin 2 a [7 .8 .1 4 ]

The second  i n t e g r a l ,  [ 7 . 8 . 9 ]  can be w r i t t e n  as f o l l o w s :  

a

I 2 = cos 2 g 

/ c o s g \A tanS
t a n g - t a n 9 [ l + t a n 2a t a n 0 ] c o s ‘̂ 0s e c ^ 0d9

Using t h e  t r a n s f o r m a t i o n  [7 .8 . 1 3 ]  we can w r i t e  

2 c o s 5a t a n g

/c o sg
[ J l + t a n a t a n 2 a J 2 ]

w i th

=
t ^ d t

/ l - f ^ C l + t ^ t a n ^ g )

TTCOS g  r .  1 9  • 3  n
—  -------- -------  ^ 4 c o s 2 g c o s r  g + s i n g s i n  ^  <̂ ]

16/cosgcos^  20t

and 1

J 2 =
t ^ d t

A - t ^  ( 1+ t^ tan ^ g )

i r / c o s g c o s^ g s in  -j g

8 s in  g

[ 7 .8 . 1 5 ]

[7 .8^16]

[7 .8 . 1 7 ]
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S u b s t i tu t in g  from [7.8.17] in to  [7,8.16] we obta in

12 = n s in g a c o s S g g  . [ 7 .8 . 1 8 ]

Using [ 7 . 8 . 1 1 ] ,  [ 7 .8 .1 4 ]  and [ 7 . 8 . 1 8 ]  we can w r i t e  [ 7 . 8 . 8 ]  i n  t h e  form

L = pU^aÜTTsin^ sacosga + 2pU^&

u ________

/ i T nCa^ ey 2 C 0 ) s i n ( i a -0 ) c o s 0 d 0  , [ 7 .8 . 1 9 ]

0

where t h e  c o n s t a n t  a i s  d e f i n e d  by 

a
Uacos^g ^

° 2 / t c o s 3 a

1
+  --- 3--------- 1----

TT'^COSgg

g  g  _____________________

C O S ^ 0 d 0  f g ( 0 n )  / s i n 0 Q S i n ( g - 0  J d 0 ^  o n n l

^ fi79sTn-t.-9)i cose^sLce^-er '

w ith

g

^ wUosinOn 4UCOS0O ^= _ -
Æ  Æ

z(Tp] s in ^ ^ c o s ^ d ^ [7 .8 .2 1 ]
/ s i n ^ g - s i n ^ ^ . [ s i n ^ ^ - s i n ^ e  )O 0

[ s e e ,  e , g  , T .V,Davies  " S te a d y  tw o -d im en s io n a l  c a v i t y  f low p a s t  an 

a e r o f o i l  u s i n g  l i n e a r i z e d  th e o r y "  1970,  Q u a r t . J o u m .M e c h .  and A pp l ie d  M ath . ,  

V o l .X X II I ,  P t . l ]

The l e f t - h a n d  s i d e  o f  [ 7 .8 .2 0 ]  has  been  c a l c u l a t e d  in  Appendix VI t o  g iv e

g  ___________

C = -  —  [ c o s J a - Æ ô s a ]  -  —  f / T I p ï Z  z (9 )d6  . [ 7 . 8 . 2 2 ]
Æ  J /  s i n ( a - 9 ]

0

N o w  we e v a l u a t e  the  r i g h t - h a n d  s i d e  o f  e q u a t i o n  [ 7 .8 . 2 0 ]  by i n t e r c h a n g i n g

th e  o r d e r  o f  i t s  two double  i n t e g r a l

g
^ Ua cos^g  1C  ------------ — 3

2 Æ c o s ; ’ - *; g g
0

where

■ g ( 9 J . / s i n 9 o S l n ( a - 9 „ ) d e o  , . . ,
c o s e  '■ 0 -' ’ L '  '

0

1(6^] = -----------  = - TTSinCig+0 ) (o<0 <g<% [7.8.24]
s in (0 -0^ ) /F in0s in (g -0 ]

hence
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_ Uacos^a 1C = --------------  +
2 vTcos ia1 IT cos 2 a

gCep^sinCgg+e^) / s i n e n S i n ( a - 9 o ) d 9 n  
C O S 0

S u b s t i t u t i n g  from [ 7 . 8 . 2 1 ]  i n t o  [ 7 . 8 . 2 5 ]  we o b t a i n

g
P _ Uacos^g Ua 13 ^ 4U_____ f z (ip) s in ^ ^co s^ d ^

2 Æ cos  gg TrvTcosgg ir^Æcosgg  ̂ / s in ^ g - s in ^ i^

[7.8.25]

[ 7 .8 .2 6 ]

I 3 = tan0  s in (gg+0  ) / s i n 0 ^ s i n ( g - 0  )d0 0 0 0 0 0

= Y [2+cosg+ cos^g-4 /cosgcosgg]  ,

and

s i n Q g+0fi ) /s in 0 ^ s in Ç g -9 ^ )d 0 ^  
[s in^e^-s in^ij ])

0
TT
I

■ / s i n ^ )  -  2cos ia  
y s i n ^

S u b s t i t u t i n g  from [ 7 . 8 . 2 8 ]  and [ 7 . 8 . 2 7 ]  i n t o  [ 7 , 8 . 2 6 ]  we o b t a i n

[7 .8 . 2 7 ]

[ 7 .8 .2 8 ]

C = Ua

4/Tcos5.g
[4 / cosgcos  gg+cos^a-cosg-2]  +

2U

TT/TcOSgg
0

Now we can w r i t e  from [ 7 .8 . 2 9 ]  and [ 7 . 8 . 2 2 ]  th e  v a l u e  o f  th e  c a v i t a t i o n  

number

[ 7 .8 . 2 9 ]

a = - 2 / z  J  2U

'Inn/rcosag J
/  sTnC'g-il;! ^  s i n ^ s i n  Ch-ip)  dij,

2U

7t/F '

s in0
s i n ( g - 0 ) z (0)d0

U
TTCosgcos^gg J /  s i n ( g - 0 )

s in 0 z [ 0 ) c o s 0 c o s ( g g - 0 ] d 0 [7 .8 . 3 0 ]

S u b s t i t u t i n g  from [7 .8 . 3 0 ]  i n t o  [ 7 .8 . 1 9 ]  we o b t a i n

g

L = - 2pU^&tangtan^:g s i n T 5 ^ ë )Z (G )c o s 8 c o s ( ] a -8 )d 8  + 

0 g

+ 2pUZ& sin0
s i n ( g - 0 ) z [ 0 ) s i n ( i  g -0 )cos0d0

= 2pU%A / ^sTnCg-T )  z ( G ) c o s 0 [ - t a n g t a n ^ § g c o s ( i g - 0 ) + s i n ( i g - 0 ) ] d 0  . [ 7 .8 . 3 1 ]
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VII APPENDIX IX

As seen  from [ 3 . b . l l J  t h e  i n t e g r a l  

a
I =  f > ' t a n 8 n C t a n a - t a n 9 o ) s e c ^ 9 o d 9 o  g  J, e  f o  a 1  F7 9  1 1J C t a n 9  - t a n 9 )  ( t a n 9 ^ - t a n i | i )  C t a n 9 ^ + t a n i J ; )  o ’ ’ I • • J

0

i s  c a l c u l a t e d  as f o l l o w s :

We make th e  t r a n s f o r m a t i o n

ta n e ^  = t ^ t a n a  , [ 7 . 9 . 2 ]

and o b t a i n
1

I = 2t a n  a ____________t V l - t ^  dt _______________  F7 9  31
( t ^ t a n a - t a n 0 )  ( f ^ t a n a - t a n ÿ ]  ( t^ tana+tani | ; )  ' L • • J

0

Using p a r t i a l  f r a c t i o n s  we o b t a i n

I  = ( t^ ^ ^ ta n ^ V ) ■ Ctan0+tani|;)J2 - ( ta n 0 -tan i|;)J3 } ,  [ 7 . 9 . 4 ]

where
1

 ̂ F - Æ £ t 'a^ 9 [7 -9 -5 ]=

0

1

/ l - t ^  d t TT

•72 " I t^ tanoL- tant  ^2  ̂ [7-®-5]
0

1

Jq = / l - t ^  d t  (o <ip <a < j )  [ 7 . 9 . 7 ]
t ^ t a n a + t a n ^

0

F i r s t  we c a l c u l a t e  t h e  f i r s t  i n t e g r a l  [ 7 . 9 . 5 ]  by t a k i n g

t  = s i n  X , [ 7 . 9 . 8 ]

then  we o b t a i n

dxJ l  = ( t a n a - t a n 0 )  tan '^x- tan0  
0

TT

2tana [7.9 .9]
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By s i m i l a r  o p e r a t i o n s  we can w r i t e  th e  v a l u e  o f  i n t e g r a l  J 2 , [ 7 . 9 . 6 ]  

as  fo l l o w s

J2 = -  2^  • [ 7 . 9 . 1 0 ]

Now we c a l c u l a t e  the  t h i r d  i n t e g r a l  [ 7 . 9 . 7 ] ,  u s i n g  [ 7 . 9 . 8 ]  and o b t a i n  

dx
I -

Jq = (tana+tam|>) t a n ^ x + tan ^

■ t o - * - .  4 )  I ' . ' . " ]

0
ÏÏ

2 t a n a

S u b s t i t u t i n g  from [ 7 . 9 . 9 ] ,  [ 7 .9 . 1 0 ]  and [ 7 .9 . 1 1 ]  i n t o  [ 7 . 9 . 4 ]  we o b t a i n

I = - 6 , *  e C o . c )  [ 7 . 9 . 1 2 ]
2i /côsâ ‘ Ctane+tanij;)
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APPENDIX X The Numerica l  S o l u t i o n  o f  the Non-Cav ity  Problem 

(Minimum D rag ) ,  o f  C h ap te r  I I .

We c o n s i d e r  h e r e  t h e  problem

zTtx) - n z ( x )  E

/ l + z ^ ( x )  / x ( a - x )
[z (o )= o ,  z ( a ) = t a n l 2 ° , ( o < x < a = 4 ) ]  [ 7 .1 0 .1 ]

s u b j e c t  t o  th e  c o n s t r a i n t s  

a

I  -  4 .0 2  = I  / l + z ^ ( x )  dx ,

[7 .1 0 . 2 ]

K = 0 .0148 = z '^ x )  dx

We t r a n s f o r m  [ 7 . 1 0 . 1 ]  i n t o  t h e  s im u l ta n e o u s  f i r s t  o r d e r  d i f f e r e n t i a l  

e q u a t i o n s

[Wi(x)=z(x) ,W2 (x) = z" (x)  ] ,

dW2 ( x ) _ nWi (x) 

/l+W^(x)

[ 7 .1 0 . 3 ]

where

4" (x) =
/ xTa-x)

We c o n s i d e r  f i r s t  t h e  end p o i n t s  x=o and x=a a t  which t h e  r i g h t - h a n d  

s i d e  o f  [ 7 .1 0 . 1 ]  p o s s e s s e s  s i n g u l a r i t i e s .  F i r s t  we guess  i n i t i a l  v a l u e s  

f o r  n and E :

[7 .1 0 . 4 ]

n = - 0 .25  o

E = 0 . 0 8  o

z ' X x )  -n z (x) = A ' - ! ' "
1 rxi® 3 5 35 %

[ 7 .1 0 . 5 ]

We now e s t i m a t e  z(O.Ol)  and z (3 .9 9 )  u s i n g  T a y l o r ' s  theore m.  We w r i t e  

e q u a t i o n  [ 7 .1 0 . 1 ]  i n  t h e  form

( i )  f o r  X s u f f i c i e n t l y  s m a l l :

[7.10.6]
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( i i )  f o r  (a -x )  s u f f i c i e n t l y  s m a l l :

EzT^x) - n z(x)  =
/ a ( a - x )

7 -  ( ¥ )

- 5
[7 .1 0 . 7 ]

The s o l u t i o n s  o f  [ 7 . 1 0 . 6 ]  and [ 7 . 1 0 . 7 ]  n e a r  x=o and x=a r e s p e c t i v e l y ,  

s a t i s f y i n g  th e  end c o n d i t i o n s  s t a t e d  i n  [ 7 . 1 0 . 1 ] ,  a re  as f o l l o w s :

( i)  for X s u f f i c i e n t l y  small:

• 4 . 2 rX'»  ̂ rl6a^ 3 \  rx'i “ . r8a^ 5 rx
3 ' â-' 15 ' â-' 4 0 5  70-' 4 ' '  ^945 252^ â-'z(x]  = Ea{± a  + A  ©  n .  n .  , [ 7 .1 0 . 8 ]

( i i )  f o r  (a -x )  s u f f i c i e n t l y  s m a l l :

z W  = t a n l 2 . E a { i ( ^ r .  2  .  . . . )  .

[ 7 .1 0 .9 ]

Using [ 7 . 1 0 . 1 ] ,  [ 7 . 1 0 . 5 ]  and [ 7 . 1 0 . 8 ] ,  we can w r i t e  t h e  f i r s t  e s t i m a t e  

o f  z(O.Ol)  as  f o l l o w s :

z(O.Ol)  = 0.000053347 . [ 7 .1 0 .1 0

Using [ 7 . 1 0 . 1 ] ,  [ 7 .1 0 . 5 ]  and [ 7 . 1 0 . 9 ] ,  we can w r i t e  t h e  f i r s t  e s t i m a t e  

o f  z (3 .9 9 )  as f o l l o w s :

z (3 .9 9 )  = 0.212503215 . [7 .1 0 .1 1

Then,  e q u a t i o n  [ 7 . 1 0 . 4 ]  can be s o l v e d  n u m e r i c a l l y  s u b j e c t  t o  t h e  boundary  

c o n d i t i o n s  [7 .1 0 .1 0 ]  and [7 .1 0 .1 1 ]  u s i n g  th e  NAG l i b r a r y  r o u t i n e  DgzADF 

[ s e e ,  e . g . ,  HASELGROVE, C.B. ( 8 2 ) ] ,  which s o l v e s  a t w o - p o i n t  boundary  v a l u e

problem f o r  a sys tem o f  two o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s :

dW.
= f.(x,Wi,W2 ) , i = l , 2  (0.01<x<3.99) . [7 .10 . ] :
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In t h i s  method two boundary  v a l u e s  o f  t h e  v a r i a b l e  Wj must  be s p e c i f i e d ,  

and e s t i m a t e s  o f  th e  r em a in in g  two boundary  v a l u e s  o f  IV2 s h o u ld  be 

s u p p l i e d ,  and th e  s u b r o u t i n e  c o r r e c t s  them by  a form o f  Newton i t e r a t i o n .  

S t a r t i n g  from th e  known and e s t i m a t e d  v a l u e s  o f  a t  x=0.01 , th e

s u b r o u t i n e  i n t e g r a t e s  th e  e q u a t i o n s  fo rw ard  to  a match ing  p o i n t  R(= 2) 

(using M erson 's  method,  D02ABF), s i m i l a r l y  s t a r t i n g  from x=3.99 i n t e g r a t e s  

backward t o  R . The d i f f e r e n c e  between  t h e  fo rw ard  and backward  v a l u e s  

o f  a t  R s h o u ld  be  zero  f o r  t h e  t r u e  s o l u t i o n .  (These d i f f e r e n c e s

a re  c a l l e d  ma tch ing  f u n c t i o n s  below.) The s u b r o u t i n e  used  a g e n e r a l i z e d  

Newton method t o  r ed u ce  t h e  ma tch ing  f u n c t i o n s  t o  z e r o ,  by  c a l c u l a t i n g  

c o r r e c t i o n s  t o  t h e  e s t i m a t e d  boundary  v a l u e s .  This  p r o c e s s  i s  r e p e a t e d  

i t e r a t i v e l y  u n t i l  an e x a c t  m a tch ing  i s  o b t a i n e d  o r  u n t i l  t h e  number o f  

i t e r a t i o n s  exceeds  12.

Using th e  v a l u e s  o f  z and z '  worked o u t  by t h i s  r o u t i n e ,

f i  (n ,E ) and f^Cn ,E ) a r e  now e s t i m a t e d  as f o l l o w s : ̂ o o o o

f l C n o ’V  = / l + z ^ ( x ) d x

o
a [7 .1 0 .1 3 ]

zT 4 x )  dx

The v a l u e s  o f  f i ( n ^ , E ^ )  and f 2 (n^ ,E^)  w i l l  n o rm a l ly  d i f f e r  from th e

t r u e  v a l u e s  o f  2 and K , t h e r e f o r e  i t  i s  n e c e s s a r y  t o  keep  improving 

the  n and E v a l u e s  u n t i l  th e  t r u e  v a l u e s  o f  f \ ( n ^ , E ^ )  = I  and 

f 2 (n^,E^) = K a r e  r e a c h e d .  This  can be a c h i e v e d  by c o n s i d e r i n g  th e  

f o l l o w i n g  f u n c t i o n  o f  n and E :

FCn.E] = ( % - f i ( n , E ) f  + (K-fgCn.E))^ . [7 .1 0 .1 4 ]

I t  can be seen  t h a t  F(n ,E)  i s  a n o n l i n e a r  f u n c t i o n  o f  n and E , 

however F(n ,E) can be app rox im ated  by a q u a d r a t i c  f u n c t i o n  o f  th e  form

F(V) = J  (V -V^^^) ' ^ .B^^\(V-V^^^)  + (V-V^^^)^.g^^^ + F(V^^^),  [ 7 .1 0 .1 5 ]

where
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V H

and

( r )  _

[7.10.16]

(r )‘

( r ) [7 .1 0 .1 7 ]

i s  t h e  r t h  s t a g e  i n  i t e r a t i o n  p r o c e s s .

[ s e e ,  e . g .  GILL, P .E .  and MURRAY, W., (81 )2 .

In [ 7 .1 0 . 1 5 ]  g^^^ and a r e  m a t r i c e s  i n v o l v i n g  th e  f i r s t  and

( r)second d e r i v a t i v e s  o f  F(n ,E)  a t  V , namely:

(r)  _

3 F ( n ,E )  
9 n

a p ( n , E )  
9 E

n=n

E=E

[7 .1 0 .1 8 ]

and

( r )_

S^F(n,E)
9tv̂

9^ F(n ,E) 
9E9n

n=n

n=n ,E=E r  r

3^F(n,E)
9n9E

aZF(n ,E)
9E^

a=n^,E=E^

E=E

[7 .1 0 .1 9 ]

For t h e  s t a t e d  f u n c t i o n  F (n ,E ) , t h e  a n a l y t i c  p a r t i a l  d e r i v a t i v e s  a r e

n o t  a v a i l a b l e  and t h e r e f o r e  th e  p a r t i a l  d e r i v a t i v e s  have t o  be computed

by f i n i t e - d i f f e r e n c e  a p p r o x im a t i o n s .

Two p o s s i b l e  cho ice  o f  f i n i t e - d i f f e r e n c e  fo rm ula  f o r  t h e  approx im ate  

- ( r )d e r i v a t i v e s  g^ a r e

= F ( v ( r ) + h . ( r ) e . )  - FCV^’̂ b  ,1 c » i  1 1 *

and

2h (r )  ( r )  ^ F ( V ^ ^ ) + h . ( ^ ) e . )  - F (V ^ ^ ^ -h .^ ^ ^ e . )  , ^
1 1  1 1  1 1 - 7

[7 .1 0 .2 0 ]

( r )where ê  ̂ d e n o te s  t h e  i t h  column o f  the  i d e n t i t y  m a t r i x ,  h^ remains

c o n s t a n t  t h r o u g h o u t  th e  i t e r a t i o n s  and th e  s i z e  o f  each h. ( r ) depends

upon th e  s c a l i n g  o f  t h e  v a r i a b l e s .



Now, suppose t h a t  t h e  f u n c t i o n  F(V) o f  e q u a t i o n  [7 .1 0 .1 5 ]  t a k e s  

i t s  minimum v a l u e s  a t
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then

hence

Taking

th e n

V

( A  _ vCr+1) _ y ( r )

B ( r ) p ( r )  = - g ( r )

r r )The m a t r i x  B i s  e x p r e s s e d  in  t h e  f o l l o w i n g  form

LCr)pCr)LCr)T p(r)  ^ _ ( r )

[7 .1 0 .2 1 ]

[7 .1 0 .2 2 ]

[7 .1 0 .2 3 ]

[7 .1 0 .2 4 ]

[ 7 .1 0 .2 5 ]

[7 .1 0 .2 6 ]

where i s  a  u n i t - l o w e r  t r i a n g u l a r  m a t r i x ,  and a d i a g o n a l

C r lm a t r i x .  The v e c t o r  P can be found by s o l v i n g  s u c c e s s i v e l y

and
- 1

[7 .1 0 .2 7 ]

u s i n g  a fo rw ard  and backward s u b s t i t u t i o n .  This  i s  a summary o f  t h e  NAG 

l i b r a r y  r o u t i n e  Eqi+CEF f o r  m in im i s in g  t h e  f u n c t i o n  F(n ,E)  , [ 7 .1 0 . 1 3 ]  

o f  t h e  two in d e p e n d e n t  v a r i a b l e s  n and E , u s in g  t h e  quas i-Newton  

method due t o  GILL, MURRAY and PITFIELD.

In t h i s  way t h e  f o l l o w i n g  optimum computed v a l u e s  o f  n and E 

a r e  o b t a i n e d :

n = - 0 .256414 ,

E = + 0.07101039 ,
[7.10.28]
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t h e n ,  on s u b s t i t u t i n g  i n t o  [ 7 .1 0 . 8 ]  and [ 7 .1 0 . 9 ]  we o b t a i n  

z(O.Ol)  = 0.0000473521
[7.10.29]

2(3 .9 9 ]  = 0.212509209 

E q u a t io n  [ 7 .1 0 .2 9 ]  r e p r e s e n t s  t h e  improved v a l u e s  o f  z (0 .0 1 ]  and 

z (3 .9 9 )  and knowing t h e s e  improved v a l u e s ,  t h e  whole method i s  r e p e a t e d  

t o  o b t a i n  a f u r t h e r  improvement u n t i l  t h e  optimum v a l u e s  o f  z(O.Ol)  and 

z (3 .9 9 ]  a r e  r e a c h e d .

The g raphs  o f  y ( x ) , y^ (x)  (= z (x ) )  and / ^ x )  a r e  shown in  

F i g s . 17,  18 and 19 r e s p e c t i v e l y .

There i s  r e a s o n a b l e  agreement be tween th e  v a l u e s  o f  n and E 

o b t a i n e d  u s in g  th e  n u m e r i c a l  method and the  R a y l e i g h - R i t z  method.
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APPENDIX XI The Numer ical  S o l u t i o n  o f  th e  Non-Cavity  Problem 

(Maximum L i f t ) ,  o f  C hap te r  I I .

We c o n s i d e r  h e r e  th e  problem

z'T^x) - n = E y / ^ ^  , [n = , E = ■—  , z (o)=o , z ( a > - t a n l 2 ° ,  (o<x<a=4) ]
/ l + z ^ ( x )

s u b j e c t  t o  t h e  c o n s t r a i n t s  

a

i  = 4 .02  = I  / l + z ^ ( x ) d x

[7 .1 1 .1 ]

K = 0 .0148  = z^^x) dx

[ 7 .1 1 .2 ]

We t r a n s f o r m  [ 7 .1 1 . 1 ]  i n t o  t h e  s im u l ta n e o u s  f i r s t  o r d e r  d i f f e r e n t i a l  

e q u a t i o n s

= W2 (x) [Wi(x) = z(x)  , W2 (x) = z ^ ( x ) ] ,

dW2 Cx) ^ n Wi(x) ^ .

/ l+W i^(x)

where

[7 .1 1 .3 ]

Y(x)= E a -x [ 7 .1 1 . 4 ]

E q u a t io n  [ 7 . 1 1 . 3 ]  has  t h e  same s t r u c t u r e  as [ 7 . 1 0 . 3 ] ,  t h e r e f o r e  we s o lv e  

e q u a t i o n  [ 7 . 1 1 . 3 ]  by th e  same method s t a t e d  i n  Appendix X. The g raphs  

o f  t h i s  n u m e r i c a l  method f o r  y ( x ) , y ' ( x )  (= z (x ) )  and y^^x) a r e  shown 

i n  F i g s .  20,  21 and 22 r e s p e c t i v e l y .  There i s  r e a s o n a b l e  agreement 

be tween th e  v a l u e s  o f  n and E o b t a i n e d  u s i n g  t h e  n u m e r i c a l  s o l u t i o n  

and th e  R a y l e i g h - R i t z  method,  namely:

n = - 1.7852 

E = - 0.13796
[7.11.5]
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APPENDIX XII The Numerical  S o l u t i o n  o f  th e  F u l1 - C a v i ty  Problem 

(Maximum L i f t ) ,  o f  C hap te r  I I I .

We c o n s i d e r  h e r e  the  problem

y^l+z^ (x) 2 / 2 i - c  * f  ■ - / ¥ / ¥

[n = , E = ~  , z(o)  =0 , z (c)  = - t a n  12 ,o< x<c =4 <£) ] [7 .1 2 .1 ]
Z A2 A 2

s u b j e c t  t o  t h e  c o n s t r a i n t s

c

S = 4 . 0 2  =

K = 0 .0148 =

A  + z^ (x) dx

Z'^x) dx

[7 .1 2 .2 ]

We t r a n s f o r m  [ 7 .1 2 . 1 ]  i n t o  t h e  s im u l ta n e o u s  f i r s t  o r d e r  d i f f e r e n t i a l  

e q u a t i o n s

^ W2 (x) , [Wi(x) = z ( x ) ,  W2 ( x ) = z " ( x ) ]  , ^

dW2 (x) ^ n Wi(x) ^ y^x) 

/ l+W i^(x)

(0 < X < c <&) , [ 7 .1 2 . 3 ]

where

&  ÆŸ • / - M - - • [^1- / Ç  Æ  - Æ  ] • t 7 - i 2 . 4 ]
2 / 2  . /  /  C _ /  X L -J

/ &- C / & - X

This  p rob lem has  been  s o lv e d  u s i n g  t h e  same method as in  Appendix X f o r  

t h e  two d i f f e r e n t  v a l u e s  il=7 and £=100 . The v a l u e s  o f  n and E 

o b t a i n e d  f o r  t h e  two d i f f e r e n t  v a l u e s  o f  £ a r e :

n = 1 .3  

n = 1 .93

E = 0 . 3  where £ = 7 ,

E = 0 .3 8 8  where £ = 100 .

For £=7 and £=100 , y ( x ) , y^ (x)  (= z (x ) )  and y^(x)  a r e  p l o t t e d  in  

F i g s .  23,  24, 25,  26, 27 and 28 r e s p e c t i v e l y .
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In C hap te r  I I I  th e  p roblem w i th  £=100 has  been  s o lv e d  u s i n g  th e  

R a y l e i g h - R i t z  method.  There i s  r e a s o n a b l e  agreement between  th e  v a l u e s  

o f  n and E o b t a i n e d  u s i n g  t h e  n u m e r i c a l  method and th e  R a y l e i g h - R i t z  

method.
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APPENDIX XIII The Numerical Solu tion  of the P a r t ia l -C a v i ty

( M a x i m u m  L i f t ) ,  o f  C h a p t e r  I V .

We c o n s i d e r  h e r e  t h e  p r o b l e m  

0

z ^ ( x )  -  n  z ( x )  = <

( o <  X < I  = 4 )

2 / 1  +
/ c - £

I c - x
X

c - x

C - £c - x
+

c - x

(& = 4 <  x < c  = 7 )  ,

[ n  = , E = ,  z ( o ) = o  ,  z ( c )  = -  t a n  1 2  ] [ 7 . 1 3 . 1 ]

s u b j e c t  t o  t h e  c o n s t r a i n t s  
c

S  = 7 . 0 2  = / l + z ^  ( x )  d x  ,

c
K = 0 . 0 1 4 8  = I  Z " 2 ( x ) d x

[ 7 . 1 3 . 2 ]

We t r a n s f o r m  [ 7 . 1 3 . 1 ]  i n t o  t h e  s i m u l t a n e o u s  f i r s t  o r d e r  d i f f e r e n t i a l  

e q u a t i o n s

= » 2 C x )  ,  [ W i ( x ) = z C x ) ,  W2 ( x ) = z ' ( x ) ]

dW2 ( x )  ^  n  W i ( x ]  ,  ,

'  / Ï W W

[ 7 . 1 3 . 3 ]

w h e r e

ï ( x )  E ^

■ A ' -/  C - X

(o < X <&) ,

AV c - x
I

c - ic - x

c - xc - x

(& < X < c) . ? [7.13.4]
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E q u a t i o n  [ 7 . 1 3 . 3 ]  h a s  t h e  s a m e  s t r u c t u r e  a s  [ 7 . 1 0 . 3 ] ,  t h e r e f o r e  w e  s o l v e  

e q u a t i o n  [ 7 . 1 3 . 3 ]  b y  t h e  s a m e  m e t h o d  s t a t e d  i n  A p p e n d i x  X .

T h e  v a l u e s  o f  n  a n d  E a r e

n  = 1 . 5
[ 7 . 1 3 . 5 ]

E = 0 . 0 9

T h e  g r a p h s  o f  t h i s  n u m e r i c a l  m e t h o d  f o r  y ( x ) ,  y ^ ( x )  C -  z ( x ) )  a n d  y ^ ( x )  

a r e  s h o w n  i n  F i g s .  2 9 ,  3 0  a n d  3 1  r e s p e c t i v e l y .
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APPENDIX XIV The Numerical Solu tion  of the Non-Cavity Problem

B e n e a t h  a  F r e e  S u r f a c e  ( M i n i m u m  D r a g )  o f  C h a p t e r  VJ-

We c o n s i d e r  h e r e  t h e  p r o b l e m

z f ' ( x ) - n , — = —   C E i + D i  ( C ^  [ ^ a .  C ^ - 8a x + 8x ^ ) - ï ï v ( a - 2x ) e ^ ^ ^ ]  +
/ r r i ^ )  °  ^

+ 4 v A ^ . ( a - 2 x ) ,

Ô ^ > C l )  c  1
[ z i ( o ) = o , Z i ( a ) = t a n l 2 , z i ( o ) = o , n i = - i Y - Y  , E  D = ^ - 7 -  ,  Co < x  < a  ) ]  ,

2x } l J  2 X ^ 1/  2X&1J

w i t h

A = a - 5 oz  ( s ) d s

= 0 . 8 1 2 4 4

1 ^  f s i n v t d t
^ 4 Î F "  t ^  + 4 h ^

= 0 . 0 0 0 7 0 7 1

V = ^  = 0 . 0 0 9 2 9 7 5  f t " ^  ,

a  = 4  f t ,  h  = 1 6  f t .

[ 7 . 1 4 . 1 ]

[ 7 . 1 4 . 2 ]

I n  [ 7 . 1 4 . 2 ]  z ^ ( s )  i s  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n

z, ( x )  -  n _  - - - - - - - - - - - - - -  = — -  ■ ' ,
/ l + z ^ ^ ( x )  / x ( a - x )

[ " o  = 7 | - o y  > ^ 0 - 7 7 ^ ’ Z ( f o ) = o ,  z ^ a ) = t a n l 2 :  ( o < x < a ) ] [7 .14.3]

w h i c h  h a s  b e e n . s o l v e d  i n  A p p e n d i x  X .
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Equation [7 .14.1] can be w r i t te n  as follows:

z i ( x )  - n - Zi Cx) _ ___ 1
/ l + z i ^ ( x )  / x ( a - x )  °

{ B  + B 1X + B 2 X " } ,

[ziCo)=o,  Zi (a)=tanl2° z i (o ) = o ,  (o < x  < a ) ] , [ 7 . 1 4 . 4 ]

w i t h

B ^  = E i + D i  [ ( ^  a ^ a - T T v a e " ^ ^ ^ )  C ^ + 4 v a e  ,

B i  = D i  [ ( - ï ï a a + 2 T T v e  ^ ^ ^ ] C ^ - 8 v A ^ e  ^ ^ ^ ]  ,

B2 =  w a C _ D i

[ 7 . 1 4 . 5 ]

E q u a t i o n  [ 7 . 1 4 . 4 ]  w i l l  b e  s o l v e s  s u b j e c t  t o  t h e  s t a t e d  b o u n d a r y  c o n d i t i o n s

t o g e t h e r  w i t h  t h e  f o l l o w i n g  c o n s t r a i n t s :  
a

Z = 4 . 0 2  =
0 a  

f
K = 0 . 0 1 4 8  =

a  0

y o  =  0 . 3  =

/ l + z f  ( x )  d x  

z j ^ x )  d x  

z ^ ( x )  d x

[ 7 . 1 4 . 6 ]

We t r a n s f o r m  [ 7 . 1 4 . 4 ]  i n t o  t h e  s i m u l t a n e o u s  f i r s t  o r d e r  d i f f e r e n t i a l  

e q u a t i o n s

= W2(x) , [WiCx)=zi(x) ,W2(x) = Zi(x)] , I
dW2 ( x )  ^  " 1*1 ( X )  +

/ I T W P T x )

[7 .14.7]

w h e r e

Y(x] =  - - - - - - - - - -  [ B q + B i X + B 2 X ^ ]
/ x ( a - x )

[7.14.8]
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We c o n s i d e r  f i r s t  t h e  e n d  p o i n t s  x = o  a n d  x = a  a t  w h i c h  t h e  r i g h t - h a n d  

s i d e  o f  [ 7 . 1 4 . 4 ]  p o s s e s s e s  s i n g u l a r i t i e s .  F i r s t  w e  g u e s s  i n i t i a l  

v a l u e s  f o r  n i , E i , D i  a n d  C :

n ( ° )  = -  0 . 2 5

(o )

D i
( o )

0 . 0 7

0 .001

=  . 0 . 0 1
o

[ 7 . 1 4 . 9 ]

We n o w  e s t i m a t e  z ^ O . O l )  ,  z j * ( 0 . 0 1 )  a n d  z ^ ( 3 . 9 9 )  u s i n g  T a y l o r ' s  t h e o r e m .  

We w r i t e  e q u a t i o n  [ 7 . 1 4 . 4 ]  i n  t h e  f o r m

( i )  f o r  X s u f f i c i e n t l y  s m a l l :

Z i  ( x ) - n j Z i  ( x )  = ■ — - [ 1  -  — ] ( B  + B i a ( —] + B 2 a ^ ( - ^ )  }
/ a * x

%
-  7  + [ ^ B ^ + B j a ]  ( - | )  + [ | B ^ + : ^ i a + B 2 a ^ ]  ( f )  +8 0 2

%

w h e r e

B = 0 . 0 7 0 0 9  o  '

B i  = -  0 . 0 0 0 0 4 4 7
- 1 0

B2 = 0 . 1 5 7 0 7  X 1 0

[ 7 . 1 4 . 1 0 ]

[ 7 . 1 4 . 1 1 ]

( i i )  f o r  ( a - x )  s u f f i c i e n t l y  s m a l l

1Z i ( x )  -  n i Z i ( x )  =
/ a ( a - x )

- I
1 .

2

a - X .  r l  . a - x /  1 . .= I  +  • ^ f ' Y i a * Y 2a 2 ] ( S ^ )  +

%
r l  2  ^  5  ^ 3 .“*Xx -1+ [ y  Y z a  Y i a + Y q ] + . . . . . }  , [7.14.12]
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Y = B +Bia+B2a 0 o   ̂ ^
= 0 . 0 6 9 9 1  

Y i =  -  B i a - 2 a ^ B 2  

= 0 . 0 0 0 1 7 8 7

Y 2 = B2 a ^

= 0 . 2 5  X 1 0 '
_ 9

[ 7 . 1 4 . 1 3 ]

T h e  s o l u t i o n s  [ 7 . 1 4 . 1 0 ]  a n d  [ 7 . 1 4 . 1 2 ]  n e a r  x = o  a n d  x = a  r e s p e c t i v e l y ,  

s a t i s f y i n g  t h e  e n d  c o n d i t i o n s  s t a t e d  i n  [ 7 . 1 4 . 4 ] ,  a r e  a s  f o l l o w s

( i )  f o r  X s u f f i c i e n t l y  s m a l l :

%  %  %
z^Cx) = a { y  B ^ ( | )  + ~  C j  B ^ + B i a )  C j )  â  4  ®o"^ F  a + B 2 a ^ )  C f )  +

%
C % B Q + B i a ) n + Y B 2 a 2 + : ^ B i a 2 ] ( ^ )  + . . .  } ,  [ 7 . 1 4 . 1 4 ]

( i i )  f o r  ( a - x )  S u f f i c i e n t l y  s m a l l :

^  %  %  
Zi(x) = t a n l2 - a { i  + A " A 4 ̂ o " 4  Yo4 '^ ia n 2a^) +

%
+ 6 l É  4  Y o + Y i a ) n  + y  Y 2 a ^ +  | y i  a ^ ]  + } . [ 7 . 1 4 . 1 5 ]

U s i n g  [ 7 . 1 4 . 9 ]  a n d  [ 7 . 1 4 . 1 4 ] ,  w e  c a n  w r i t e  t h e  f i r s t  e s t i m a t e  o f  z ^ ( O . O l )

a n d  z J ’ ( O . O l )  a s  f o l l o w s :

ÿ O . O l )  = 0 . 0 0 0 0 4 6 7 2  ,

z / ( 0 . 0 1 )  = 0 . 0 0 6 9 9 1
[ 7 . 1 4 . 1 6 ]

U s i n g  [ 7 . 1 4 . 9 ]  a n d  [ 7 . 1 4 . 1 5 ] ,  w e  c a n  w r i t e  t h e  f i r s t  e s t i m a t e  o f  z ( 3 . 9 9 ]  

a s  f o l l o w s :

z ( 3 . 9 9 )  = 0 . 2 1 2 5 1 [7.14.17]

E q u a t i o n  [ 7 . 1 4 . 7 ]  c a n  t h e n  b e  s o l v e d  n u m e r i c a l l y  s u b j e c t  t o  t h e  b o u n d a r y  

c o n d i t i o n s  [ 7 . 1 4 . 1 6 ]  a n d  [ 7 . 1 4 . 1 7 ] ,  u s i n g  t h e  NAG l i b r a r y  r o u t i n e  D02ADF
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[ s e e ,  e . g . ,  H A S E L G R O V E ,  C . B .  ( 8 2 ) ] ,  w h i c h  s o l v e s  t h e  t w o - p o i n t  b o u n d a r y  

v a l u e  p r o b l e m  f o r  a  s y s t e m  o f  t w o  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .

U s i n g  t h e  v a l u e s  o f  z j  a n d  z \  w o r k e d  o u t  b y  t h i s  r o u t i n e ,

£ l ( n [ ° ^  , E ^ ° )  , D i ° ^  a n d  f s C n ^ ® ^  , E ^ ° )  , d [ ° ^  , C ^ ° b

a r e  n o w  e s t i m a t e d  a s  f o l l o w s :

=  I  4 + z f ô Ô d x  

f 2 ( n ^ ° ) , E ^ ° ) , D ^ ° ) , c ( ° ) )  =  °  j z ^ 2( x ) d x  

f 3 ( n ^ ° ) , E ^ ° ) , D ^ ° ] , c ( ° ) )  = f 2ÿx)dx

[ 7 . 1 4 . 1 8 ]

T h e  v a l u e s  o f  f i  ( n J ° ^ E j ° ^  ) ,  £ 2 C n J ° ^  , e { ° ^  , d ( ° ^  a n d

f s t n j  , E j  , D i  w i l l  n o r m a l l y  d i f f e r  f r o m  t h e  d e s i r e d  t r u e  v a l u e s

o f  £ ,  K a n d  y ^  i n  [ 7 . 1 4 . 6 ] .  T h e r e f o r e  i t  i s  n e c e s s a r y  t o  k e e p  

i m p r o v i n g  n i , E i , D i  a n d  u n t i l  t h e  e x a c t  v a l u e s  a r e  r e a c h e d .

T h i s  c a n  b e  a c h i e v e d  b y  c o n s i d e r i n g  t h e  f o l l o w i n g  f u n c i t o n  o f  n i ^ E ^ J D j  a n d

C o  :

2 2 F(ni,Ei,Di,C^) = [t-fi(ni,Ei,Di,C^)] + [K-fiCni.Ej,Dj,C^)] +
+ [yo-f3(ni,El,Di,Cg)ï . [7 .14 .19]

U s i n g  t h e  NAG l i b r a r y  r o u t i n e  E g ^ C E F  t o  m i n i m i z e  F ( n i , E ^ , 0 ^ , C ^ ) , 

[ s e e ,  e . g .  G I L L ,  P . E .  a n d  MURRAY,  W . , ( 8 1 ) ]  w e  o b t a i n

E l

D i

-  0 . 1 3 4  

0 . 0 3 1 4 5  

0 . 1 3 9 7

-  0 . 0 3 8 5 6

[ 7 . 1 4 . 2 0 ]

then on s u b s t i tu t in g  in to  [7.14.14] and [7.14.15] we ob ta in

z ^ ( O . O l )  = 0 . 0 0 0 0 2 9 6 4  

^ ( 0 . 0 1 )  = 0 . 0 0 4 4 4 5  

^ ( 3 . 9 9 )  = 0 . 2 1 2 5 4 3 9

[7.14.21]
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E q u a t i o n  [ 7 . 1 4 . 2 0 ]  r e p r e s e n t s  t h e  i m p r o v e d  v a l u e s  o f  z ^ ( 0 . 0 1 ) ,  2̂ (0 . 0 1 )  

a n d  z ^ 3 . 9 9 )  a n d  k n o w i n g  t h e s e  i m p r o v e d  v a l u e s ,  t h e  w h o l e  m e t h o d  i s  

r e p e a t e d  t o  g e t  a  f u r t h e r  i m p r o v e m e n t  u n t i l  o p t i m u m  v a l u e s  o f  z^(0 . 01 ) ,  

z J O . O l )  a n d  z ^ 3 . 9 9 )  a r e  r e a c h e d .  T h e  g r a p h s  o f  t h i s  n u m e r i c a l  s o l u t i o n  

f o r  y ^ ( x ) ,  Xj^Cx) (  = z ^ ( x ) )  a n d  y ^ ^ ( x )  a r e  s h o w n  i n  F i g s .  3 2 , 3 3  a n d  3 4  

r e s p e c t i v e l y .
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R e p o r t  N o .  E - 1 9 - 9 ;  P a s a d e n a ,  C a l i f .

3 .  A R T H U R S , A . M .  1 9 7 5 .  " C a l c u l u s  o f  v a r i a t i o n s " ,  R o u t l e d g e  §  K e g a n  

P a u l  L t d . ,  L o n d o n .

4 .  B I O T ,  M . A .  1 9 4 2 .  " S o m e  s i m p l i f i e d  m e t h o d s . i n  a i r f o i l  t h e o r y " ,

J .  A e r o n a u t i c a l  S c i e n c e s ,  V o l . 9 ,  N o . 5 ,  p p . l 8 5 - 1 9 o .

5 .  C H E N G ,  H . K .  S R O T T ,  N .  1 9 5 4 .  " G e n e r a l i z a t i o n s  o f  t h e  i n v e r s i o n  

f o r m u l a  o f  t h i n  a i r f o i l  t h e o r y ,  J . R a t . M e c h . A n n a l . 3 ,  p . 3 5 7 .

6 . C O H E N ,  H .  § G I L B E R T ,  R .  1 9 5 7 .  " T w o - d i m e n s i o n a l ,  s t e a d y ,  c a v i t y  f l o w  

a b o u t  s l e n d e r  b o d i e s  i n  c h a n n e l s  o f  f i n i t e  b r e a d t h ,  A SM S A p p l i e d  

M e c h a n i c s  D i v i s i o n ,  R P I  M a t h .  R e p .  N o . 3 , R e n s s e l e a r  P o l y t e c h n i c  

I n s t i t u t e ,  J .  o f  A p p l i e d  M e c h a n i c s ,  p p . 1 7 0 - 1 7 6 .

7 .  C O H E N ,  H .  § S U T H E R L A N D ,  C . D .  1 9 5 7 .  " W a l l  e f f e c t s  o n  c a v i t a t i n g " ,  

R e n s s e l e a r  P o l y t e c h n i c  I n s t i t u t e ,  R e p o r t  N o .  R P I 7 .

8 . C O P S O N ,  E . T .  1 9 6 2 .  " A n  i n t r o d u c t i o n  t o  t h e  t h e o r y  o f  f u n c t i o n s  o f  a  

c o m p l e x  v a r i a b l e ,  O x f o r d  a t  t h e  C l a r e n d o n  P r e s s .

9 .  C O U R A N T ,  R .  & H I L B E R T ,  D .  1 9 5 3 .  " M e t h o d s  o f  m a t h e m a t i c a l  p h y s i c s " ,  

V o l . l ,  N e w  Y o r k ;  I n t e r s c i e n c e  p u b l i s h e r s .
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1 0 .  CUMBE RBA T CH ,  E . 1 9 5 8 .  " T w o - d i m e n s i o n a l  p l a n i n g  a t  h i g h  F r o u d e  n u m b e r " ,  

J . F l u i d  M e c h . ,  V o l . 4 ,  p p . 4 6 6 - 4 7 8 .

1 1 .  C U M B E R B A T H ,  E .  ^  WTJ, T . Y .  1 9 6 1 .  " C a v i t y  f l o w  p a s t  a  s l e n d e r  p o i n t e d

h y d r o f o i l " ,  C a l i f .  I n s t ,  o f  T e c h . ,  P a s a d e n a ,  C a l i f .  J . F l u i d  M e c h a n i c s ,  
V o l . 1 1 ,  P a r t  2 ,  p p . 1 8 7 - 2 0 8 .

1 2 .  DAGAN,  G .  1 9 7 1 .  " F r e e - s u r f a c e  g r a v i t y  f l o w  p a s t  a  s u b m e r g e d  c y l i n d e r " ,

J . F l u i d  M e c h . ,  V o l . 4 9 ,  P a r t  1 ,  p p . 1 7 9 - 1 9 2 .

1 3 .  D A V I E S ,  T . V .  1 9 7 0 .  " S t e a d y  t w o - d i m e n s i o n a l  c a v i t y  f l o w  p a s t  a n  

a e r o f o i l  u s i n g  l i n e a r i z e d  t h e o r y " .  Q u a r t . J o u m . M e c h . a n d  A p p l i e d  

M a t h . ,  V o l . X X I I I ,  P a r t  1 , p p . 4 9 - 7 6 .

1 4 .  D A V I E S ,  T . V .  1 9 7 1 .  " S t e a d y  t w o - d i m e n s i o n a l  c a v i t y  f l o w  p a s t  a n  

i n f i n i t e  n u m b e r  o f  a e r o f o i l s  u s i n g  l i n e a r i z e d  t h e o r y " ,  Q u a r t .  J o u r n .  

M e c h .  a n d  A p p l i e d  M a t h . ,  V o l . X X I V ,  P a r t  4 ,  p p . 4 4 5 - 4 5 9 .

1 5 .  D A V I E S ,  H . T .  1 9 6 2 .  " I n t r o d u c t i o n  t o  n o n l i n e a r  d i f f e r e n t i a l  a n d  

i n t e g r a l  e q u a t i o n s " ,  D o v e r  P u b l i c a t i o n s ,  I n c . ,  N e w  Y o r k .

1 6 .  E F R O S ,  D . A .  1 9 4 6 .  " H y d r o d y n a m i c a l  t h e o r y  o f  t w o - d i m e n s i o n a l  f l o w  

w i t h  c a v i t a t i o n " .  C o m p t e s  R e n d u s  ( D o k l a d y )  d e  1 ’ A c a d e m i c  d e s  

S c i e n c e  d e  l ’ U R S S  V o l u m e  L I ,  N o . 4 .

1 7 .  E L L I O T T ,  B . J .  1 9 5 1 .  " O n  s o m e  s i n g u l a r  i n t e g r a l  e q u a t i o n s  o f  t h e  

C a u c h y  t y p e " .  A n n a l s  o f  M a t h e m a t i c s ,  V o l . 5 4 ,  N o . 2 ,  p p . 3 4 9 - 3 7 0 .

1 8 .  F A B U L A ,  A . G .  1 9 6 2 ,  " T h i n - a i r f o i l  t h e o r y  a p p l i e d  t o  h y d r o f o i l s  w i t h

s i n g l e  f i n i t e  c a v i t y  a n d  a r b i t r a r y  f r e e - s t r e a m l i n e  d e t a c h m e n t " ,

J .  F l u i d  M e c h .  1 2 ,  p . 2 2 7 .

1 9 .  F A B U L A ,  A . G .  J u n e  1 9 6 1 .  " T h i n - a i r f o i l  t h e o r y  a p p l i e d  t o  h y d r o f o i l s  

w i t h  a  s i n g l e  f i n i t e  c a v i t y  a n d  a r b i t r a r y  f r e e  s t r e a m l i n e  

d e t a c h m e n t " ,  U . S .  N a v a l  O r d n a n c e  T e s t  S t a t i o n ,  P a s a d e n a ,  C a l i f .
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2 0 .  F O R S Y T H ,  A . R .  1 9 2 7 .  " C a l c u l u s  o f  v a r i a t i o n " ,  C a m b r i d g e  U n i v e r s i t y  

P r e s s .

2 1 .  F O X ,  C .  1 9 5 4 .  " A n  i n t r o d u c t i o n  t o  t h e  c a l c u l u s  o f  v a r i a t i o n s " ,

O x f o r d  U n i v e r s i t y  P r e s s .

2 2 .  F U C H S ,  B . A .  ^  S H A B A T ,  B . V .  1 9 6 4 .  " F u n c t i o n  o f  a  c o m p l e x  v a r i a b l e  

a n d  t h e i r  a p p l i c a t i o n s " ,  V o l . l ,  P e r g a m o n  P r e s s .

2 3 .  G A K H O V ,  F . D .  1 9 6 6 .  " B o u n d a r y  v a l u e  p r o b l e m s " ,  P e r g a m o n  P r e s s ,  O x f o r d .

2 4 .  G E U R S T ,  J . A .  1 9 6 0 .  " L i n e a r i z e d  t h e o r y  f o r  p a r t i a l l y  c a v i t a t e d  

h y d r o f o i l s " .  I n t .  S h i p b u i l d i n g  P r o g r e s s ,  V o l . 6 , N o . 6 0 ,  p p . 3 6 9 - 3 8 4 .

2 5 .  G E U R S T ,  J . A .  1 9 6 0 .  " L i n e a r i z e d  t h e o r y  f o r  f u l l y  c a v i t a t e d  h y d r o f o i l s " .  

I n t .  S h i p b u i l d i n g  P r o g r e s s  -  V o l . 7 ,  N o . 6 5 .

2 6 .  G E U R S T ,  J . A .  ^  T I M M A N ,  R .  1 9 5 6 .  " L i n e a r i z e d  t h e o r y  o f  t w o - d i m e n s i o n a l  

c a v i t a t i o n a l  f l o w  a r o u n d  a  w i n g  s e c t i o n " ,  I X  I n t .  C o n g r .  A p p l . M e c h . ,  

B r u s s e l s .

2 7 .  G I L B A R G ,  D .  1 9 6 0 .  " J e t s  a n d  c a v i t i e s " ,  H a n d b u c h  d e r  P h y s i k ,  V o l . I X ,  

p p . 3 1 1 - 3 4 5 ,  B e r l i n :  S p r i n g e r - V e r l a g .

2 8 .  G I L B A R G ,  D .  & S E R R I N ,  J .  1 9 5 0 .  " F r e e  b o u n d a r i e s  a n d  j e t s  i n  t h e  t h e o r y  

o f  c a v i t a t i o n " ,  J . M a t h .  P h y s .  2 9 ,  p p . 1 - 1 2 .

2 9 .  G I L B A R G ,  D .  1 9 5 7 .  " F r e e  s t r e a m l i n e  t h e o r y  a n d  s t e a d y  s t a t e  c a v i t a t i o n " .  

S y m p o s i u m  o n  N a v a l  H y d r o d y n a m i c s ,  W a s h i n g t o n ,  D . C .

3 0 .  G R A D S H L E Y N ,  I . S .  S R Y Z H I K ,  I . M .  1 9 6 5 .  " T a b l e  o f  i n t e g r a l ,  s e r i e s ,  a n d  

p r o d u c t s " .  A c a d e m i c  P r e s s ,  N e w  Y o r k  a n d  L o n d o n .

3 1 .  H A V E L O C K ,  T . H .  1 9 2 8 .  " W a v e  r e s i s t a n c e " ,  i b i d .  V o l . 1 1 8 ,  P r o c . R o y . S o c . , 

L o n d o n ,  p p . 2 4 - 3 3 .
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3 2 .  H A V E L O C K ,  T . H .  1 9 3 2 .  " T l i e  t h e o r y  o f  w a v e  r e s i s t a n c e " ,  P r o c . R o y . S o c . ,  

L o n d o n ,  A 1 3 8 ,  p p . 3 3 9 - 3 4 8 .

3 3 .  H A V E L O C K ,  T . H .  1 9 2 6 ,  " T h e  m e t h o d  o f  i m a g e s  i n  s o m e  p r o b l e m s  o f  

s u r f a c e  w a v e s " ,  P r o c . R o y . S o c . ,  L o n d o n ,  A 1 1 5 ,  p p . 2 6 8 - 2 8 0 .

3 4 .  H A V E L O C K ,  T . H .  1 9 1 7 ,  " S o m e  c a s e s  o f  w a v e  r e s i s t a n c e  o f  a  m o v i n g  

s u r f a c e  p r e s s u r e " ,  P r o c . R o y . S o c . ,  L o n d o n ,  S e r . A 9 3 ,  p p . 5 2 0 - 5 3 2 .

3 5 .  H A R D Y ,  G . H . ,  e d i t e d  b y  a  c o m m i t t e e  a p p o i n t e d  b y  t h e  L o n d o n  M a t h e m a t i c a l  

S o c i e t y ;  [ i n  7  v o l s . ]  O x f o r d ,  L o n d o n :  C l a r e n d o n  P . ,  V o l . 1 : 1 9 6 6 ,

V o l . 2 : 1 9 6 7  , V o l . 3 : 1 9 6 9  ,  V o l . 4 : 1 9 6 9  , V o l . 5 : 1 9 7 2  , a n d  V o l . 6 : 1 9 7 4 .

3 6 .  K A P L A N ,  P .  1 9 6 7 .  " A  h y d r o d y n a m i c  t h e o r y  f o r  c a v i t a t i n g  d e l t a  w i n g  

h y d r o f o i l s .  N a v a l  r e s e a r c h .

3 7 .  K O C H I N ,  N . E . ,  K I B E L ,  I . A .  S R O Z E , N . V .  1 9 6 4 .  " T h e o r e t i c a l  h y d r o d y n a m i c s " .  

I n t e r s c i e n c e  p u b l i s h e r s .

3 8 .  K O T C H I N , N . E .  1 9 5 1 .  " O n  t h e  w a v e - m a k i n g  r e s i s t a n c e  a n d  l i f t  o f  b o d i e s  

s u b m e r g e d  i n  w a t e r " ,  t h e  S o c i e t y  o f  N a v a l  A r c h i t e c t s  a n d  M a r i n e  

E n g i n e e r s ,  T r i n i t y  P l a c e ,  N e w  Y o r k  6 ,  N . Y .

3 9 .  K R E I S E L ,  G .  1 9 4 6 ,  " C a v i t a t i o n  w i t h  f i n i t e  c a v i t a t i o n  n u m b e r s " ,

A d m i r a l t y  R e s e a r c h  L a b . ,  R e p o r t  N o .  R l / H / 3 6 .

4 0 .  K R E I S E L ,  G . 1 9 4 9 ,  " S u r f a c e  W a v e s " ,  Q u a r t . A p p l . M a t h .  7 ,  p p . 2 1 - 4 4 .

4 1 .  L AMB ,  H .  1 9 3 2 .  " H y d r o d y n a m i c s " ( 6 t h  e d n . ) , C a m b r i d g e  U n i v e r s i t y  P r e s s .

4 2 .  L A N G ,  T . G .  1 9 5 9 .  " B a s e  v e n t e d  h y d r o f o i l s " ,  U . S .  N a v a l  O r d n a n c e  T e s t  

S t a t i o n ,  R e p o r t  N o . 6 6 0 6 ,  C h i n a  L a k e ,  C a l i f o r n i a ,  N o t e . T P 2 3 4 6 .

4 3 .  M I K H L I N ,  S . G .  1 9 2 7 .  " I n t e g r a l  e q u a t i o n s  a n d  t h e i r  a p p l i c a t i o n s  t o  

c e r t a i n  p r o b l e m s  i n  m e c h a n i c s " .  M a t h e m a t i c a l  P h y s i c s  a n d  T e c h n o l o g y ,  

P e r g a m o n  P r e s s ,  L o n d o n .
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4 4 .  M I L N E ,  W . E .  1 9 6 9 .  " N u m e r i c a l  s o l u t i o n  o f  d i f f e r e n t i a l  e q u a t i o n s " ,

D o v e r  P u b l i c a t i o n s ,  I n c . ,  N e w  Y o r k .

4 5 .  M U S K H E L I S H V I L I , N . I .  1 9 5 8 .  " S i n g u l a r  i n t e g r a l  e q u a t i o n s " ,  

W a l t e r s - N o o r d h o f f  P u b l i s h i n g  G r o n i n g e n ,  t h e  N e t h e r l a n d - E n g l i s h  e d i t i o n

4 6 .  P A R K I N ,  B . R .  1 9 5 6 .  " A  n o t e  o n  t h e  c a v i t y  f l o w  p a s t  a  h y d r o f o i l  i n  a  

l i q u i d  w i t h  g r a v i t y " ,  C a l i f .  I n s t ,  o f  T e c h . ,  H y d r o d y n a m i c  L a b o r a t o y ,  

R e p o r t  N o . 4 7 - 9 .

4 7 .  P A R K I N ,  B . R .  1 9 5 6 .  " E x p e r i m e n t s  o n  c i r c u l a r  a r c  a n d  f l a t  p l a t e  

h y d r o f o i l s  i n  n o n - c a v i t a t i n g  a n d  f u l l  c a v i t y  f l o w  ,  R e p o r t  N o . 4 7 - 7 ,  

H y d r o d y n a m i c  L a b . ,  C a l i f .  I n s t ,  o f  T e c h . ,  P a s a d e n a ,  C a l i f .

4 8 .  P A R K I N ,  B . R .  1 9 5 9 .  " L i n e a r i z e d  t h e o r y  o f  c a v i t y  f l o w  i n  t w o  

d i m e n s i o n s ^  t h e  RAND C o r p o r a t i o n ,  S a n t a  M o n i c a ,  C a l i f .  R e p . N o . P - 1 7 4 5 .

4 9 .  P A R K I N ,  B . R .  1 9 6 1 .  " M u n k  i n t e g r a l s  f o r  f u l l y  c a v i t a t e d  h y d r o f o i l s " .  

P h y s i c s  D e p a r t m e n t ,  t h e  RAND C o r p o r a t i o n ,  S a n t a  M o n i c a ,  C a l i f ,  

R e p . N o . P - 2 3 5 0 - 1 .

5 0 .  P E T E R S ,  A . S .  1 9 7 1 .  " P a i r s  o f  C a u c h y  s i n g u l a r  i n t e g r a l  e q u a t i o n s o n

t h e  k e r n e l  [ b ( z ) + a ( ç )  ] / ( z - ç ) " .  C o u r a n t  I n s t ,  o f  M a t h .  S c i e n c e s  I  MM 3 8 9 .

5 1 .  P E R R Y ,  B .  1 9 5 2 .  " E v a l u a t i o n  o f  t h e  i n t e g r a l s  o c c u r r i n g  i n  t h e  

c a v i t y  t h e o r y  o f  P l e s s e t  § S h a f f e r " ,  R e p o r t  N o . 2 1 - 1 1 ,  C a l i f . I n s t ,  

o f  T e c h . ,  H y d r o d y n a m i c s  L a b o r a t o r y .

5 2 .  P L E S S E T ,  M . S .  ^  S H A F F E R ,  P . A . , J r .  1 9 4 8 .  " C a v i t y  d r a g  i n  t w o  a n d  t h r e e -  

d i m e n s i o n s " ,  U . S . N a v a l  O r d n a n c e  T e s t  S t a t i o n ,  P a s a d e n a ,  C a l i f .

J .  o f  A p p l .  P h y s .  V o l . 1 9 ,  p p . 9 3 4 - 9 3 9 .

5 3 .  P O G O R Z E I S K I ,  W.  1 9 6 6 .  " I n t e g r a l  e q u a t i o n s  a n d  t h e i r  a p p l i c a t i o n s " ,  

V o l . l ,  P e r g a m o n  P r e s s ,  PWN P o l i s h ,  S c i e n t i f i c  p u b l i s h e r s .
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5 4 .  R I A B O U C H I N S K Y ,  D ,  1 9 2 0 .  " O n  s t e a d y  f l u i d  m o t i o n s  w i t h  f r e e  s u r f a c e "  

P r o c .  L o n d o n  M a t h .  S o c , ,  V o l . 1 9 ( 2 ) , p p . 2 0 6 - 2 1 5 .

5 5 .  R I S P I N ,  P .  1 9 6 7 .  " A  s i n g u l a r  p e r t u r b a t i o n  m e t h o d  f o r  n o n l i n e a r  w a t e r  

w a v e s  p a s t  a n  o b s t a c l e ,  C a l i f .  I n s t ,  o f  T e c h . ,  P a s a d e n a ,  C a l i f .

P h . D .  t h e s i s .

5 6 .  R I T G E R ,  P . D .  ^  R O S E ,  N . J .  1 9 6 8 .  " D i f f e r e n t i a l  e q u a t i o n  w i t h  

a p p l i c a t i o n s " ,  M c G r a w - H i l l ,  I n c .

5 7 .  S T E W A R T ,  H . J .  1 9 4 2 .  " A  s i m p l i f i e d  t w o - d i m e n s i o n a l  t h e o r y  o f  t h i n  

a i r f o i l s " ,  J . A e r o n a u t i c a l  S c i e n c e s ,  V o l . 9 ,  N o . 1 2 ,  p p . 4 5 2 - 4 5 6 .

5 8 .  T E M P L E ,  G .  ^  B I C K L E Y ,  W . G .  1 9 5 6 .  " R a y l e i g h ’ s  p r i n c i p l e  a n d  i t s  

a p p l i c a t i o n  t o  e n g i n e e r i n g " ,  D o v e r  P u b l i c a t i o n s ,  I n c .

5 9 .  T H O M S O N ,  L . M .  1 9 5 8 .  " T h e o r e t i c a l  A e r o d y n a m i c ,  L o n d o n ,  M a c m i l l a n ,

C o . L t d .  ( 3 r d  e d n . ) .

6 0 .  T R I C O M I ,  E . G .  1 9 5 7 ,  " I n t e g r a l  e q u a t i o n s " .  I n t e r s c i e n c e  P u b l i s h e r s ,  

I n c . , N e w  Y o r k .

6 1 .  T R I C O M I ,  F . G .  1 9 5 1 .  " O n  t h e  f i n i t e  H i l b e r t  t r a n s f o r m a t i o n " .  Q u a r t .

J .  M a t h .  O x f o r d ,  2 ,  p p . 1 9 9 - 2 1 1 .

6 2 .  T U L I N ,  M . P .  1 9 5 3 ,  " S t e a d y  t w o - d i m e n s i o n a l  c a v i t y  f l o w s  a b o u t  s l e n d e r  

b o d i e s " ,  D a v i d  T a y l o r  M o d e l  B a s i n ,  R e p o r t  N o . 8 3 4 ,  W a s h i n g t o n .

6 3 .  T U L I N ,  M . P ,  1 9 5 5 .  " S u p e r c a v i t a t i n g  f l o w  p a s t  f o i l s  a n d  s t r u t s " ,  

p a p e r  N o . 1 6 ,  S y m p o s i u m  o n  C a v i t a t i o n  i n  H y d r o d y n a m i c s ,  N a t i o n a l  

P h y s i c a l  L a b o r a t o r y ,  T e d d i n g t o n ,  E n g l a n d :  H e r  M a j e s t y ' s  S t a t i o n a r y  

O f f i c e .

6 4 .  V E K U A ,  N . P .  1 9 6 7 .  " S y s t e m s  o f  s i n g u l a r  e q u a t i o n s " , P . N o o d h o f f ,  

G r o n i n g e n ,  H o l l a n d .
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6 5 .  W E H A U S E N ,  J . V .  ^  L A I T O N E ,  E . V .  1 9 6 0 .  " S u r f a c e  W a v e " ,  H a n d b u c h - D e r -  

P h y s i c k ,  V o l . I X ,  B e r l i n :  S p r i n g e r - V e r l a g .

6 6 . W E I N S T O C K ,  R .  1 9 7 4 .  " C a l c u l u s  o f  v a r i a t i o n s  w i t h  a p p l i c a t i o n s  t o

p h y s i c s  a n d  e n g i n e e r i n g " ,  D o v e r  P u b l i c a t i o n s ,  I n c . ,  N e w  Y o r k .

6 7 .  I V H I T N E Y ,  A . K .  1 9 6 9 .  " M i n i m u m  d r a g  p r o f i l e s  i n  i n f i n i t e  c a v i t y  f l o w s " ,

P h . D .  t h e s i s ,  C a l i f . I n s t . o f  T e c h . ,  P a s a d e n i a ,  C a l i f .

6 8 .  W H I T N E Y ,  A . K .  1 9 7 2 .  " T h e o r y  o f  o p t i m u m  s h a p e s  i n  f r e e - s u r f a c e  f l o w " .

P a r t  2 ,  " M i n i m u m  d r a g  p r o f i l e s  i n  i n f i n i t e  c a v i t y  f l o w " ,  J . F l u i d  M e c h .  

V o l . 5 5 ,  P a r t  3 ,  p p . 4 5 7 - 4 7 2 .

6 9 .  W O R S N O P ,  P . L .  1 9 6 2 ,  " F l u i d  d y n a m i c s " ,  L o n d o n :  M e t h u e n  §  C o . L t d .

7 0 .  ■ WU,  T . Y .  §  ^V H I T N E Y ,  A . K .  1 9 7 3 .  " V a r i a t i o n a l  c a l c u l u s  i n v o l v i n g

s i n g u l a r  i n t e g r a l  e q u a t i o n " ,  Z M I M ,  7 3 7 - 7 4 9 .

7 1 .  WU,  T . Y .  W H I T N E Y ,  A . K .  1 9 7 1 .  "  T h e o r y  o f  o p t i m u m  s h a p e s  i n  f r e e

s u r f a c e  f l o w s " , C a l i f . I n s t . o f  T e c h .  R e p o r t  N o . E 1 3 2  F I .

7 2 .  IVU, T . Y .  ^  W H I T N E Y ,  A . K .  1 9 7 2 .  " T h e o r y  o f  o p t i m u m  s h a p e s  i n  f r e e

s u r f a c e  f l o w " .  P a r t  1 ,  " O p t i m u m  p r o f i l e  o f  s p r a y l e s s  p l a n i n g  s u r f a c e " ,  

J . F l u i d  M e c h .  V o l . 5 5 ,  P a r t  3 ,  p p . 4 3 9 - 4 5 5 .

7 3 .  WU,  T . Y .  1 9 5 6 .  " A  f r e e  s t r e a m l i n e  t h e o r y  f o r  t w o - d i m e n s i o n a l  f u l l y

c a v i t a t e d  h y d r o f o i l s " ,  J . M a t h . a n d  P h y s i c s ,  3 5 ,  p p . 2 3 6 - 6 5 .

7 4 .  WU,  T . Y .  1 9 6 7 .  " A  s i n g u l a r  p e r t u r b a t i o n  t h e o r y  f o r  n o n l i n e a r  f r e e

s u r f a c e  f l o w  p r o b l e m s " .  I n t e r n a t i o n a l  S h i p b u i l d i n g  P r o g r e s s ,  1 4 ,  p . 8 8 .

7 5 .  WU,  T . Y .  1 9 6 2 ,  " A  w a k e  m o d e l  f r e e - s t r e a m l i n e  f l o w  t h e o r y " .  F l u i d .

M e c h .  1 3 ,  p p . 1 6 1 - 1 8 1 ,  P a r t  1 ,  C a l i f . I n s t ,  o f  T e c h .  P a s a d e n a ,  C a l i f .

7 6 .  WU,  T . Y .  1 9 5 7 .  " A  s i m p l e  m e t h o d  f o r  c a l c u l a t i n g  t h e  d r a g  i n  t h e  l i n e a r

t h e o r y  o f  c a v i t y  f l o w s " ,  E n g . D i v i s o n ,  C a l i f . I n s t ,  o f  T e c h .  P a s a d e n a ,  

C a l i f .  R e p o r t  N o .  8 5 - 5 .
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7 7 .  IVU, T . Y .  §  WANG,  D . P .  1 9 6 4 .  " A  w a k e  m o d e l  f o r  f r e e - s t r e a m l i n e  f l o w  

t h e o r y " .  F l u i d  M e c h .  1 8 ,  p p . 6 5 - 9 3 ,  P a r t  I I .

7 8 .  WU, T . Y .  1 9 5 6 .  " A  n o t e  o f  t h e  l i n e a r  a n d  n o n l i n e a r  t h e o r i e s  f o r  

f u l l y  c a v i t a t e d  h y d r o f o i l s " .  H y d r o d y n a m i c s  L a b o r a t o r y ,  C a l i f . I n s t ,  o f  

T e c h .  R e p o r t  N o . 2 1 - 2 2 ,  P a s a d e n a ,  C a l i f o r n i a .

N u m e r i c a l  a n a l y s i s  r e f e r e n c e s .

7 9 .  D I X O N ,  L . C . W . , 1 9 7 2 ,  " N o n l i n e a r  o p t i m i z a t i o n " .  B e l l  a n d  B a i n  L i m i t e d ,  

G l a s g o w .

8 0 .  W A LSH , G . R . ,  1 9 7 5 .  " M e t h o d s  o f  o p t i m i z a t i o n " ,  J o h n  W i l e y  §  S o n s ,  L o n d o n .

8 1 .  G I L L ,  P . E .  a n d  MURRAY,  W . ,  1 9 7 2 .  " Q u a s i - N e w t o n  m e t h o d s  f o r  u n c o n s t r a i n e d  

o p t i m i z a t i o n " ,  I n s t .  M a t h .  A p p l i e s .  9 ,  p p . 9 1 . 1 0 8 .

8 2 .  H A S E L G R O V E ,  C . B .  1 9 6 1 .  " T h e  s o l u t i o n  o f  n o n l i n e a r  e q u a t i o n s  a n d  o f  

d i f f e r e n t i a l  e q u a t i o n s  w i t h  t w o - p o i n t  b o u n d a r y  c o n d i t i o n s " .  C o m p u t e r  

J .  V o l . 4 ,  p p . 2 5 5 - 2 5 9 .
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CAiOID;jrURE FOR HIGHER DSGBES

NOTES F05 GUID/JICS OF ZLUmnOS •

These notes appear on the examiners*' report fora and are here 
reproduced for the benefit of internal examiners *

1* Examiners are requested to submit (as an agreed report, if possible):

(a) a reasoned assessment of the candidate*s performance, and
(b) a recommendation of conferment or non-conferment of the degree, 

or re-examination of the candidate.

If an agreed report cannot be submitted, each examiner should 
• report- separately. ' -The-candidate's work will then be referred
to the adjudication of a second external examiner.

(;ls a gloss' on this 'section, examiners are requested to include • 
in their report a brief description of the main problems under 
study, so that their reasoned assessment of the candidate*s 
performance might be understood by all members of the Faculty 
Board or relevant Board of Studies.)

2; iihare the candidate offers both written papers and a dissertation the 
examiners should report on each part- of the examination separately, 
though basing their recommendation on the candidate’s performance as 
a whole, including the oral examination. The examiners may at their 
discretion fail or refer without an oral examination a candidate 

7 whose written performance thoy-consider inadequate.^_ _ _

3* The written papers, dissertation or thesis should comply with the
requirements (including those relating to length, presentation, 
relevance, and style) laid down in the notes issued for the guidance 
of candidates. Examiners should state that these requirements have 
been met, or indicate any departure from them. Examiners should 
note that no change should be made in the title of a dissertation or 
thesis once it has been submitted for examination.

Where the examiners recommend the award of a Ph.D. degree, they must 
•certify that the thesis contains work worthy of publication.

3. A candidate for the Master’s degree, including the degree of M.Phil. 
in the Faculty of the Social Sciences only, may be recommended for a 
mark of distinction, but only for a performance of outstanding merit.

6. Examiners may recommend the conferment of a degree subject to minor 
amendments to a dissertation or thesis, provided two copies, amended 
as required, are. lodged with the University not later than one month 
after the date of examination.

7. If referred for re-examination, a candidate proceeding to a liaster’s 
degree by written papers only will be required to resit the whole 
examination, but it is open to examiners to recommend that a candidate 
proceeding to the degree by a combination of dissertation or thesis 
and written papers should be referred either in both parts of the 
examination or in one part only. The oral examination on a 
re-submitted dissertation or thesis for a Master's or a Doctor's degree 
nay be omitted at the examiner’s discretion.



8. Examiners may, if they wish, specify a minimum period (in no case less 
than three months) and a maximum period (in no case mo-re than one year 
of full-time or two years of part-time study), which should elapse 
before any re-examination.

9* Examiners 'for the degree.of Doctor of Philosophy in the Faculties of 
Arts and of Law may recommend that a candidate shall pass either for ' 
the degree of Doctor of Philosophy or for the degree;of Master of 
.Philosophy, or shall faJJL, or shall be referred either for re-submission 
for the degree of Doctor of.Philosopl^ or for re-submission for the 
degree of Master of Philosophy.

Examiners for the degree of Doctor.of Philosophy in the Faculties of 
Science, the Social Sciences.and-Medicine, may recommend:that a 
candidate shall pass, shall fail, or shall be referred for re-submission 
for- either the degree of. Doctor of Philosophy or the degree of 
Master of Philosophy, .

Examinersfor the degree of Doctor of Philosophy in the School of 
Education may recommend that ai candidate sliall pass either for the 
degree of Doctor of Philosophy or for the degree of Master of 
Education, .or shall fail, or shall be referred either for re-submission 
; for the.degree .ofyDoctor of Philosophy or for.re-submission for the 
degree.of lifter of Education.
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