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ABSTRACT

I t  i s  w e ll known th at in  p rim itiv e  recu rsiv e  ar ith m etic  w ith  

a s in g le  su ccessor th e number of parameters in  a d e f in it io n  by 

recu rsio n  may be s u c c e s s iv e ly  reduced. In t h is  th e s is  I  examine 

the p o s s ib i l i t y  of e f fe c t in g  a s im ila r  red u ction  in  the number 

o f  parameters in  a d e f in it io n  by recu rsio n  in  a m u lti-su ccesso r  

a r ith m e tic .

The red u ctio n  process in vo lves the d iscovery  in  m u lti-su ccessor  

arith m etic  o f analogues of p a ir in g  fu n c tio n s  and of fu n ctio n s  which 

s e le c t  the elem ents o f an ordered p a ir . One of the d i f f i c u l t i e s  

in  f in d in g  such fu n ction s i s  the co n stru ction  w ith in  m u lti-su ccessor  

arith m etic  of su ita b le  product and square fo o t  fu n ctio n s and 

e s ta b lish in g  the p rop erties  of th ese  fu n c tio n s , and the p airing  

fu n c t io n s , w ith in  a fo rm a lisa tio n  o f m u lti-su ccesso r  a r ith m etic .

The red u ction  process in vo lves of course an examination of what 

fu n c t io n s , i f  any, need to be adjoined to the i n i t i a l  fu n ctio n s to  

secure th e g e n e r a lity  of the red u ction .
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CHAPTER I

INTRODUCTION

The su b ject of m u ltip le successor arithm etic  was f i r s t  introduced  

in  a paper by Vladeta Vuckovic in  Mathematica Scandinavica in  1959 [5]«

In s in g le  su ccessor  arithm etic every numeral has only one immediate 

su ccesso r . However in  the paper mentioned above Vu6kovic considered  

the p o s s ib i l i t y  th a t every numeral has *n' immediate su ccesso rs.

The successor of x  in  s in g le  successor arithm etic  i s  w r itten  Sx, and 

fo r  th e  su ccessors in  m ultip le successor arithm etic we s h a ll  w r ite  

where u w i l l  range from 1 to n . In VuSkovic*s paper the su ff ix e s  

ranged from 0  to  n -1 , though in  t h i s  th e s is  we have found i t  more 

convenient fo r  the s u f f ix e s  to  range from 1 to n# Rather than make 

an an a ly sis  of s in g le  successor ar ith m etic , we s h a l l  suppose th at the 

reader has a working knowledge of th is  th eory . For referen ces see  

[ l ] ,  [2 ] and [ 5 ] .

Both s in g le  and m ultip le successor arith m etics  are based on the 

theory of Recursive Functions, th a t i s  fu n ctio n s defined  by a schema, 

which d e fin es  the fu n ctio n  at a s ta r tin g  value and then a t th e su ccessor  

o f X in  terms of the value of th at fu n ction  a t X. In the arithm etics  

th a t are considered in  th is  th e s is  th e s ta r t in g  value w i l l  be 0# By 

su b stitu tio n  th e fu n ction  i s  then defined su c ce ss iv e ly  for a l l  va lu es  o f  X#

From hereon in  th is  th e s is  lower case le t t e r s  w i l l  be used fo r  var iab les  

and fu n ctio n  symbols in  s in g le  successor ar ith m etic , and higher case le t t e r s  

fo r  v a r ia b les  and fu n ctio n  symbols in  m u ltip le  su ccessor arithm etic*

I t  i s  worth noting  th at we are in  f a c t  con sid erin g  an in f in i t e  though 

countable s e t  o f a r ith m etics , th a t i s  fo r  a l l  va lu es of n ^ 1 .  The 

theory th a t we s h a l l  consider i s  the commutative theory*



The numerals o f  s in g le  su c c e sso r  a r ith m etic  are a s  fo l lo w s :

0 , SO, 880, 8880, 88880, 8 8 8 8 8 0 ,.................. and c le a r ly  th e se  form a com plete

ord erin g . The c o n d it io n  th a t y  i s  given by th e  co n d itio n  y  -  x  = 0,

This i s  a t o t a l  ordering s in c e  fo r  a l l  x and y  e i th e r  x  -  y  = 0 or  

y -  X = 0 , and i f  both  are  equal to  zero  then x = y .  Now in  m u ltip le  

su ccesso r  a r ith m e tic  th e  numerals are as fo llo w s :

0,  8^0 ,  SgOge.eSnO, 8]_8^0, 8]̂  8g 0,  ••••SnSpO, 8^8]_8i0, • • • .SpSnSnO, • • > • • •

These numerals have a p a r t ia l  ordeiûng which can be i l lu s t r a t e d  in  *2' 

su ccessor  a r ith m e tic  w ith  th e a id  o f  a l a t t i c e  diagram .

8 j_ 82 S2 0 8 2 8 2S2 O

8182S2O yf 82S2S1O S^SiSgO S2S182O S2 82 0

S3 O

In commutative su c c e sso r  a r ith m etic  the diagram becomes:

Sĵ Ŝ O L S2 S2O /  S2S2S2O

81810

/  SiO



The theory of s in g le  successor arithm etic i s  b u ilt  up from three  

i n i t i a l  fu n c tio n s , namely the Id e n tity , Zero and Successor fu n c tio n s  given  

by

ÿ ( x i ,X g ,  w ritten x^

Z(x) w ritten  0 

S(x) w ritten  Sx

However in  m u ltip le  successor arithm etic  we obviously  req u ire the Id en tity  

and Zero fu n ctio n s th o u ^ , in  order to  obtain 'n* successors fo r  X we 

require *n* successor fu n ction s amongst the i n i t i a l  fu n ction s*  The 

i n i t i a l  s e t  o f  fu n c tio n s  i s  therefore as fo llo w s;

lf(X j.,X 2 , . . .,X,^) w ritten  Xi 

Z(X) w ritten  0

S^(x) w ritten  S^X fo r  u = 1 , . . . , n  .

In order to d efin e  fu rth er  fu n ctio n s in  s in g le  successor arith m etic  

use i s  made of a d e fin in g  schema c a lle d  'D e fin it io n  by P rim itive  Recursion' ;

i s  sa id  to  be defin ed  by p rim itive  recu rsion  from 

g (y ) fh (x ,y ,z )  i f

i*(0 ,y )  = g (y )  

f ( 8x ,y )  = h ( x ,y ,f ( x ,y ) )

where g ( . . )  and h ( . . . . )  are i n i t i a l  fu nctions or p rev iou sly  defined  

fu n c tio n s . P rim itive  recu rsive  fu n ction s can a ls o  be defin ed  by 

su b stitu tio n  from fu n ction s which have been p rev iou sly  d efin ed  by prim itive  

recursion*

The above schema obviously d e fin es  f ( x , y )  fo r  a l l  va lu es o f the 

variab le  x * That i s ,  the fu n ction  i s  defin ed  a t  a sta r tin g  v a lu e , 

namely 0* Then from the second equation subsequent values o f  the

fu n ction  can be found by su b stitu tin g  x  = 0 , SO, 880, 8880, 88880 ,.........

in  turn* In other words in  m ultiple su ccessor ar ith m etic  w ith  *n*



su ccessors, th e b asic  defin in g  schema fo r  a p r im itive  recu rsive  fu n ction  

would need to  d efin e the fu n ction  a t a s ta r tin g  v a lu e , namely 0 , and 

then have n fu rth er  equations to  evaluate the fu n c tio n  fo r  each d iffe re n t  

successor of X. Hence th is  schema w i l l  c o n s is t  of *n+1* equations 

as fo llo w s

A fu n ction  F(X,Y) i s  defined by p rim itive  recu rsion  in  m ultip le  

successor arithm etic  by

f ( o, y ) = a (y )

F(S^X,Y) = B^(X,Y,F(X,Y)) u= 1 , . . .  ,n

where the functions A ( . . )  and B ( .......... ) are i n i t i a l  fu n ction s or have

been previously  d e fin ed , A p rim itive  recu rsive  fu n ction  can be d efin ed  

by su b stitu tio n  as in  s in g le  successor a r ith m etic .

In th is  th e s is  the su ccessors o f our arithm etic are commutative. 

C learly  th is  condition  i s  not im p lic it  in  the equations f o r  the d e f in it io n  

o f prim itive recu rsion . I t  i s  th erefore necessary to  impose a r e s tr ic t io n  

on th e fu n ctions u = 1 , . . . , n  in  order th at the com m utativily of

the successors i s  m aintained. We req u ire th a t F(S^S^X,y ) = ÿ(S^S^X,Y) 

for  a l l  u , v .  Since

F(S^S^X.y ) = B^(S^X,Y,F(S^X,Y))

= Bu(SyX,Y,By(X,Y,F(X,Y)))

and F(S^S^X,Y) = B^(S^X,Y,F(8^X,Y))

= B^(S^X,Y,B^(X,Y,F(X,Y)))

the con d ition  i s  th erefore  th a t

B^(S^X,Y,By(X,Y,Z)) = B^(S^jX,Y,BjX,Y,Z)) fo r  a l l  u ,v .

For an i l lu s t r a t io n  of t h i s  consider in  *2* successor arith m etic  

the fu n ctio n  defin ed  by



F(0,T) = Y 

F(Si X,Y) = F(X,Y)

F(S»X ,Y ) = SaF(X .Y )

F(X,Y) i s  a prim itive  recu rsive  fu n ction  in  commutative m ultip le  

successor arithm etic; s in ce

B i(S 3 X ,Y , i b ( X ,Y ,Z ) )  = B i(5 a X ,Y ,S a Z )

= S 3 Z

and. B a (S x X ,Y ,B i(X ,Y ,Z ) )  = B a (S iX ,Y ,Z )

= S3 Z

= B i (S a X ,Y ,B a (X ,Y ,Z ) )

the commutativity con d ition  i s  s a t i s f ie d .

Now consider the fu n ction  defined by

F(0,Y) = Y 

F(S i X,Y) = Si F(X,Y)

F (S a X ,Y ) = 0

F(X,y ) i s  not a p rim itive  recu rsive  fu n ctio n  in  commutative recu rsiv e  

su ccessor arith m etic  since

B i(S a X ,Y ,B a (X ,Y ,Z ) )  = B i (S a X ,Y ,0 )

= SxO

B , ( S i X , Y ,B i ( X , Y , Z ) )  = B a (S iX ,Y ,S iZ )

=  0 

/  SxO

the commutativity cond ition  i s  not s a t i s f ie d .

The uniqueness ru le  of in ference fo r  a p rim itive  recu rsiv e  fu n ctio n  

in  s in g le  successor arithm etic  i s  g iven  by



f ( 0 ) = g (0 )  

f(S x ) = h ( x , f ( x ) )  

g(Sx) = h ( x , g ( x ) )

f ( x )  = g(x)

That i s  i f  two fu n ctio n s have the same defin in g  equations in  the  

d e f in it io n  by prim itive recu rsio n , then th ese  two fu nctions are id e n t ic a l ,  

maintaining the uniqueness of d e f in it io n  by pr im itive  recu rsio n . C learly  

in  'n* successor arithm etic  we require the uniqueness ru le  of in feren ce  

to  be a s  fo llo w s;

f ( o) = &(o)

F(S^X) = bJ X ,F ( x) )  u = 1 , . . . , n

S(S^X) = BJX,C(X)) u = 1 , . . . , n

F(X) = &(X)

Parameters have been omitted from th e above statem ents though th ese  

are im p lic it  in  the r u le s .

Let Mn be the s e t  o f numerals in  'n* su ccessor  a r ith m etic , then

Ml = 0 , SO, 880, 8880, 8 8 880 ,...........

Hence for  any p rim itive  recu rsive  fu n ctio n  th e  domain of the arguments 

cover a l l  numerals th a t can be generated by repeated  a p p lica tio n  o f the 

successor fu n ction s to  the zero fu n c tio n . That i s  le t t in g  D(x) rep resen t 

the domain o f X, fo r  a fu n c tio n  P (x) we have

D(f (x) )  = Mn in  'n* su ccessor  a r ith m etic ,

and le t t in g  R(x) represent the range o f X, fo r  a fu n ctio n  F (x) we

have

R(f (x ) )  C Mn in  *n* successor a r ith m etic .

For an example of th is  consider the id e n t ity  fu n ctio n  l ( x ) ,  in  

t h is  in sta n ce .



D(i (X)) = Mn 

H(I(X)) = M„

and for the fu n ctio n  2.X (supposing a fu n c tio n  such th a t F(x ) = X + X 

e x is t s  in  our arith m etic)

D(2.X) = Mn

R(2 :X) C M% ( ' C  meaning ' i s  a proper subset o f )

and in  s in g le  successor arithm etic  we would have

R ( 2 S )  = 0, SSO, SSSSO, SSSSSSO, SSSSSSSSO,..................

A lso consider the fu n ctio n s S^X u = 1 , . . . , n  • For th is  we have

D(S^X) = Mn

R(S X) C Mn s in ce  th ere i s  no X such th a t S X = 0 .u u

E quality in  Mn i s  defined by means of an axiom due to  Professor  

R. L. Goodstein, which i s  designed to  avoid irreg u la r  models, g iven  by

W c ................ V  = %'%'%'................

w ith a ^  b ^  c ^  ................. ^  q and a '^  b*^ c * ^ ................^  q*

i f  and only i f

a = a*, b = b*, c = o ' .................... q = q* .

However i t  has been shown by M. T. P a rtis  in  [4] th at th is  axiom can

be rep laced  by th e con d ition  8 iO /  S3 O.

We s h a ll  introduce several b a s ic  p rim itive  recu rsiv e  fu n ction s in  

*n* successor ar ith m etic , and consider the p rop erties  o f th ese  fu n c t io n s ,

F ir s t  we s h a ll  d e fin e  the fu n ction  Y cr^X, v= 0 , . . . , n - 1  (th e  case

V = n w i l l  be considered as th e case v=  O), as d efin ed  in  V uékovic's

o r ig in a l paper.

The d e fin in g  schema i s

Yo-^O = Y

Ycr^S^X = S^^^CYo"̂  X) u= 1 , , . . , n  .
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The su ffix  u+ v i s  maintained w ith in  th e  range [1 ,n ] by tak ing the 

excess over *n*. The commutativity con d ition  fo r  th is  fu nction  i s  

given by

^ ( 8^X,Y,B,(X,T,Z)) = B^(S^X,Y,3^^^Z)

= ®u+T®w+T̂

= B^(S^X,Y,BjX,Y,Z)) .

In order to  prove the p rop erties o f t h is  fu n ctio n  we require th e  

uniqueness ru le

p (o ) = &(o)

p (8yX) = By(X,F(X)) u = 1 , . . . , n

G(8^X) = B^(X,G(X)) u = 1 , . . . , n

F(X) = G(X)

A complete form al development of th e  arith m etic  w i l l  be l e f t  to

a la te r  chapter; here we sh a ll  ju st prove sim ply cer ta in  properties o f

severa l lin e a r  fu n ctio n s  in  the arith m etic .

F ir s t  we consider Vuckovi(^*s fu n ction  Y o'^X v = 0 , . . . , n - 1 .

LEMMA (S^Y) o-̂ X = S^(Y cr̂ X) u = 1 , . . . , n

Procf Denoting the right-hand s id e  o f th e  equation by R(x) and

the le ft-h a n d  s id e  by L(x ) we have th a t

L(0 ) *(S^y) o-̂ O

= 8^Y Defn

R(0 ) = 8^(Y o-̂ O)

= S^Y Defn



L(S^X) = ( S J )  <r^S„X

= 8 ,,+yL (X )

a ( S / )  = 8^(Y cr^S^X)

= V w .v ( ^  <"v^) 

= Sw+ySjY <r,x)

= 8,+ ,R (x ) .

Defn

Defn

Condition of commutativity 
on successors

Hence by the Uniqueness ru le

l (x ) = r ( x )

End of proof*

In general X o" (̂Y c^Z) /  (X o*̂ Y) .

A simple counter-example serves to  i l lu s t r a t e  th is ;  consider

Y = S iO , Z = S3O

Then X <r̂ (Y o-^z) = X <r^(SiO o-^SjO)

= X c ,S ,+ ,8 iO

= 8 ,+ ,+ /X  a ^ S ,0 )

= S S X  3+V+V l+v

Defn

Defn

Defn

Defn

Defn

(X O-̂ Y) <TZ = (X o-^SiO) o-^SjO

= %+,((X<T^8 iO) <r̂ 0 ) 

= 8 ,+^(X % 8 iO)

= 8 ,+v:\+ ,(%  <"v°)

= S.+ ,B i+,X

pefn

Defn

Defn

Defn
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and 8 X i s  equal to  S„ S, X only when v = 0 .a+v+v 1 +v  ̂ 3+v i+v

Also we f in d  th at in  general

In order to  prove th is  consider the p a rticu la r  instan ce where Y = 0:

X o* 0 /  0 O' X.V V

I f  X = S3 O then

X or̂ O = 8 3 O 0*̂ 0

= S a(O tr^O ) Previous Lemma

= S2 O Defn

and 0 cr̂ X = 0 0-^830

=  8 0 3+v

Defn

Defn

and 8  0 i s  only equal to  83 0  when v = 03+v U. «

Now we consider i f  t h is  fu n ction  i s  d is tr ib u t iv e  over i t s e l f ,  th a t i s  i f

X o-^(Ya^z) = (X 0-^y) (T (̂X <r̂ Z) (x /  0 )

This con d ition  i s  never true; put Y = 8 1 O, Z = 83O

X cr^(Y cr^Z) = X cr^(8i0 0 -̂ 8 3 0 )

= 8 , 8  ̂ Xi+v a+u+v

Defn

Defn

(X <r,Y) o-^(x cr^z) (X cr^SxO) Q^(X o-^SaO)

Defn

Defn
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and X /  X cr̂ X fo r  any value of u (x /  O).

Therefore we have proved th a t Vuckovic^ s fu n ction  Y cr̂ X i s  n e ith er  

a s s o c ia t iv e , nor commutative, except p o ss ib ly  in  th e  case v = 0 ; th is  

p a r ticu la r  case  i s  that of ad d itio n , th a t i s  the fu n ctio n  Y+X d efined  

by the usual schema

Y + 0 = Y 

Y + 8yX = 8^ (y + x ) u = 1 , . . . , n

PROPOSITION Y or̂ X = Y + X

Proof L(0) = Ycr^O

= Y 

R(o) = Y + 0 

= Y

L(S^X) = ï  (TqS^X

S u (ï a^X) 

S^L(X)

E(S^X) = Y + SyX

Defn

Defn

Defn

Normal a r ith m etica l r u le s  
o f ad d ition

u — 1 , #**,n

= S^(Y + X) Defn

= S^E(X)

Hence by the uniqueness ru le  o f in ference

L(x) = R(x ) a s  required .

I t  w i l l  be shown th a t add ition  i s  commutative and a s so c ia t iv e  by 

a s e r ie s  o f Lemmas.
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LEMMA. 0 + X = X

Proof L(o) = 0  + 0 

=  0 

R(0) = 0 

L(S^X) = 0 + S^X

Defn

= S^(0 + X) Defn

= S„L(X)u

E(S^X) = S^X

= S^R(X)

Hence by the uniqueness ru le  of in ference  

L(x ) = R(x ) a s required .

LEMMA S^Y + X = S^(Y + X)

Proof L(o) =

e ( o) =

V

S^(Y + 0 )

Defn

Defn

L(S^X)

8 , ( 8J  + X) Defn

= s„l(x )

E ( S / ) S„(Y + S^X)

Defn

= S^S^(Y + X) Commutativity of successor

= S^E(X)



Hence by th e  uniqueness ru le  o f in ference

L(x ) = R(x ) a s  required

13

PROPOSITION Y + X = X + Y Commutativity

Proof L(o) = Y + 0 

A Y 

R(o) = 0 + Y 

= Y

L(S^X) = Y + S^X

= S (Y + X)u

= s„ l(x )U

R(8^X) = 8^X + Y 

= 8^(Y + X) 

= S^E(X)

H en ce b y  th e  u n iq u e n e s s  r u l e  o f  in f e r e n c e  

L(x) = R(x) a s  r e q u ir e d

Defn

Previous Lemma

Defn

Previous Lemma

PROPOSITION ( X + y ) + Z = X +  ( Y + Z )  A sso c ia t iv ity

Proof l( o) = (O + Y) + Z

= Y + Z

r(0)  = 0  + (Y + Z)

Previous Lemma

= Y + Z

L(S^X) = (S X + y) + zu

= 8^(X + Y) + Z 

= 8j ( X  + Y) + Z) 

= S^L(X)

Previous Lemma

Previous Lemma 

Previ ous Lemma
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R(S^X) = S^X + (Y + Z)

=S (X + (Y + Z)) Previous Lemma

= S^R(X)

Hence by the uniqueness r u le  o f in ference

l(x ) = e (x ) .

Having considered a d d itio n  fu n ction s in  our ar ith m etic , we s h a ll  

now proceed to  consider d ifferen ce  fu nctions#

The b a sic  fu n ctio n s  fo r  the ad d ition  fu n ctio n s  are the successor  

fu n c tio n s . For the d iffe re n c e  fu n ction s th e  b a sic  fu n ction *  are the  

predecessor fu n ction s P^X v = 1 , . . . , n ,  d efin ed  by the schema

P^O = 0

i V v ^ '  u ; ^ v

the commutativity cond ition  i s

B^(S^X,Y,B^(X,Y,Z)) = JS^X u=v

S„B„(X,Y,Z) u Au w

= [S X u=vw
} 8  X u /v  & w=v
[ *
jS S Z u /v  & w/vu w ^

= (S^X u=v & w=v

S^X u=v & w/v

S^X u /v  & w=v

jS^S^Z u /v  & w/v Commutativity of successors

■= I S^X w=v

|s^X w/v & u=v

iS^S^Z w/v & u /v
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= V W=V

Is B (X,Y,Z) w Aw u

We are now able to  introduce the d ifferen ce  fu n ctio n  Y - X ,  defined  

by th e schema,

Y -  0 = Y 

Y -  S^X = P^(Y -  X) u = 1 , . . . , n

in  order to  prove the com m utativity cond ition  f o r  th is  fu n ctio n  we f i r s t  need 

to  prove th e  fo llo w in g  Lemma;

LEMMA

Proof

W  = W

L(0 )  = P̂ P^O

= P 0 u

=  0

E(0) = P/ ^ 0

= 0

L(S^X)

= | V  

!PuW

= V

|S„L(X)

v=w

v/w

v=w

v/w & u=w 

y/w & u/w

v=w

v/w & u=w 

v/w & u/w

Defn

Defti

Defn

Defn

Defn

Defn

Defn

Defn
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R(S x ) = P P S X
w V u w

Pu*

;py*

Î W u *

= [P u *

j P y *

ÎS^R(X)

Now le t t in g

B^(X,Y,Z) = [P^X

[Py*

|s „ z

then 4(S„X) = B„(X,Y,L(X))W w

u=w

u/w

u=w

u/w & v=w 

u/w & v/Av

v=w

v/w & u=w 

y/w & u/w

v=w

V;̂ w & u=W

v/w & \j/w

w=v

w=u

w/v & w/u

E(8,X ) = B^(X,Y,R(X)) .

Hence by the uniqueness ru le  of in feren ce

L(x ) = R(x ) as required

Defn

Defn

Defn

Defn

The commutativity con d ition  for Y -  X fo llow s by 

B,(S X,Y,B CX,Y,Z)) = P B (X,Y,Z)u  V U V

= PuPy2

=PyPu2

= P B (X,Y,Z)V u

Previous lemma

= B^(S^X,Y,B^(X,Y,Z)) as required
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Corresponding to  the Vu6k o v ic ‘ s fu n ction s o"̂  fo r  ad d ition  fu n c tio n s , 

fo r  d iffe re n c e  fu n ctio n s , we d efin e functions r by the eehema
V

Y r  0 = YV

X r^S^X  = t X)  t = 0 . . . . , n - 1 ,

again tak ing the excess over n fo r  u + v .  The case of v = n i s  

considered a s  v = 0 .

For th e  com m utativity con d ition  we have

^ ( S ^ X ,Y ,B ^ ( X ,Y ,Z ) )  = P^^^B(X,Y,Z)

= P P zu+v w+v

= P P Z Previous Lemmaw+v u+v

= B^(S^X,Y,B^(X,Y,Z)) as required

As fo r  Vu6kovi<('s fu n ction s cr^, the p a rticu la r  case v=0 being 

a d d itio n , so for r , w ith  v=0 we have the normal d ifferen ce  f in e t io n  

Y -  X.

PROPOSITION Y ToX= Y -  X

Proof L(o) = Y TqO

= Y Defn

R(o) = Y -  0

= Y Defn

L(S^X) = Y ToS^X

■ Pu+0^  ̂ Defn

= P^iCx)
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R(S^X) = Y -  S^X

= P (Y A x )  Defn

= P„R(X)

Hence by th e  uniqueness ru le  o f in ference

L(X) = R(x )

The common p rop erties of the ad d ition  fu n ctio n  and the d ifferen ce  

fu n ctio n  in  s in g le  successor arithm etic  are

y  d X = Sy -  Sx 

(y  + x ) -  X = y

X + (y  -  x ) = y  + (x  -  y)

For th e  f i r s t  two of th ese we sh a ll prove in  m ultiple successor  

a r ith m etic , th a t i s

Y -  X = S^Y -  S^X v= 1 , . . .  ,n

(Y + X ) 1 X = Y

The th ird  equation X + -  X) = Y + (X -  Y ), known a s  the Key

Equation, w i l l  not be proved in  th is  t h e s is .  The proof in  p rim itive

recu rsive  m ultip le successor arithm etic i s  due to  P rofessor R.L.Goodstein,

and can be found in  [ 9 ] .

PROPOSITION Y -  X = S^Y -  S^X

Proof L(o) = Y -  0

= Y Defn

R(0 ) = S^Y X s^o

= P,(S.yY X o) Defn

= P A *  Defn

= Y Defn
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L(S x )  = Y -  S X ' u ' u

= p^(y -  X)

= P„L(X)

E(S^X) = S^Y A SA 'X

V  -  W

P u ( V  -  8,X )

P„E(X)

Defn

Commutativity o f successors

Defn

Hence by the uniqueness r u le  of in feren ce

( l(x ) = R(x ) as required

PROPOSITION (Y + X) -  X = Y

Procf l( o) = (Y + O) -  0

= Y + 0

= Y

R(0) = Y

L(S^X) (Y + S^X) -  S^X 

S^(Y + X) -  S^X

Defn

Defn

Defn

= (Y + X) X X 

= L(X)

E(S^X) = Y

= H(X)

Hence by th e uniqueness ru le  of in ference

L(x ) = R(x ) a s  required .

Defn

Previous P roposition
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Let us now consider the fo llow in g  th ree equations^ r e la t in g  cr

and

1 .

2 . ( Ï  a^X) r^X = T

3. X 0-^(Y TyX)= Y <r^(x r^Y )

I t  would su re ly  be remarkable i f  a l l  th ree  equations were tru e , 

e sp e c ia lly  3-> lA ich would be a g en era lisa tio n  o f the Key Equation, 

but un fortun ately  th is  equation i s  not tr u e . Equation 1 . needs a s l i ^ t  

adjustm ent, and equation 2 . i s  tr u e . Equation 1 . we adjust to

PROPOSITION

Proof L(0) = Y T^O

= Y Defn

E(0) =

= ^ u + y ( W  r^O)

= P 8 Y u+v u+v

= Y

Defn

Defn

Defn

L (S ^ ) = Y

Defn
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Hence by th e uniqueness ru le  o f in ference

L(x ) = r(x) as required

PROPOSITION

Proof

(Y (T^X) T /  = Y

L(0) = (Y (T̂ O) r^O

= Yo-^0

= Y

Commutativity of successors

Defn

Defn

Defn

R(o) = Y

L(S„X) = (Y cr^S^X) t^B^X 

= (Yo-^X) r^X

Defn

Previous P roposition

= L(X)

R(S^X) = Y

= a(x)

Hence by the uniqueness ru le  of in ference

l(x ) = r(x )

Further, th e  equation Z -  (Y + X) = (Z -  Y) -  X i s  provable in  

both s in g le  and m u ltip le  successor arith m etic; using the cr̂  and 

fu n ctio n s we are a b le  to  make the fo llow ing  g en era lisa tio n  of th is  equation:



z  r^ (Y  a x )  = (Z T J )
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PROPOSITION z T^(Y cr^X) = (Z T J )  T^^^x

Proof l ( o) = z  T^(Y  o-^O)

Z V

R(0) = (Z T j )

= Z r J  

L(S^X) = Z r ^ ( Y  (T^S^X)

= Z ^uSw+y(^ V )  

= Pw+,+u(%

R(S„X) = (Z T J )  r^^^S ^X

= P,+u+v((Z W )

Hence by th e uniqueness ru le  o f in ference

l ( x ) = r ( x )

Defn

Defn

Defn

Defn

Defn

PROPOSITION Yo-^(Xr^Y) /  Xo-^(Yt^X)

Proof A sim ple counter-example w i l l  serve t o  i l lu s t r a t e  th is  resu lt*

Put Y = S%0, X = S3O, , v= 1

L (x) = Sx 0 CTx^C^® ^ i^ iO )

=  S i O  O x P s C S s O  T i O )

= SxOcTiPaSsO 

= S%0 o*xO 

= S%0

Defn

Defn

Defn

Defn



23

R(x) — S2 O o\(SxO TX8g0 )

= S3 O CTxPaCSxO TxO)

= S3O OxPsSxO 

= 8 2 O CTxSxO 

= S3 (S3O CTx 0)

= S3S3O 

/  L(X)

The m u ltip lica tio n  fu n ctio n s in  t h is  arithm etic w i l l  be l e f t  u n t i l  

a la te r  chapter,

A fu nction  p a r ticu la r  to  m ultip le successor a r ith m etic , which we 

have not y e t considered , i s  the component fu n c tio n . This i s  a most 

valuable fu n ctio n  which a llow s us to  apply and u t i l i s e  many o f the r e s u lt s  

and p r in c ip le s  o f  s in g le  successor arithm etic* The component fh n ction  

Ĉ X i s  defined  by the schema

C,0 = 0

C^s^x = [c^x V v

‘ V /  U=V

the commutativity cond ition  i s

B^(S^X,Y,B^(X,Y,Z)) = iB^(X,Y,Z) u /v

[S^B^(X,Y,Z) u=v

= [z u /v  & Wÿ̂ v

S^Z u/w & w=v

[S^Z u=v & w/v

[S^S^Z u=v & w=v
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= [z  w /v & u /v

S^Z w /v & u=v

S^Z w=v & u /v

S^S^Z w=v & u=v Commutativity of
su ccesso rs

= [ b„ ( x , y , z ) V iU

[ s  B (X,Y,Z) w=Tw u

C learly  Ĉ X only allow s use of th e  successors in  X, and

thus reduces X to  one type o f su ccessor . The reason th e word component 

i s  used fo r  th is  fu n ction  i s  due to  M .T.Partis in  [4 ] , where i t  i s  proved 

th a t var iab les in  m ultiple successor arithm etic  can be regarded as 'n 'tu p les  

w ith  only one su ccesso r . The fu n ction  Ĉ X reduces X to  only th e  ’v 'th  

component, th a t i s  i f

X = (X i.X a ,.................. X„)

c^x = ( 0 , 0 , • • • ̂ 0 ,X^,0 , • • o)

Further p r o p e r tie s  o f th e component fu n c t io n  w i l l  be con sid ered  in  

th e  form al developm ent of th e  a r ith m e tic  in  chapter I I I .

g ^ ^ M 8_ A T g g g

The problems that have been attem pted in  t h is  t h e s is  are:

1 • Reduction o f th e  number o f param eters in  d e f in i t io n  by p r im it iv e

recu rsion .

An 'm+1’ary fu n c tio n  P(X,Yx ,Y3 , . . .  .Ym) i s  s a id  to  be d e fin ed  by 

p r im it iv e  r e c u r s io n  from A and B i f

F(0,Yx >Y2 > • • • .Ym) = -A.(Yx jYg , .  • .  ,Y(n)

Yx j»Y2 > • • • yYm) = B^(X,Yx ,Y2 , . .  .,Ynj,P(X,Yx ,Y2 # .»./Ym) )

U—1  ̂ • 7̂1
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where A(Yx ,Yg, • • «/Yni) and. B^(X,Yx Ŷg , « » *̂ Y 2 ) \i—1 ,*«« ,n  are i n i t i a l

fu n ction s or p rev iou sly  d efin ed  fu nctions,and  fu rth er , in  order to  preserve  

commutativity of the successors

B ^ ( S ^ X ,Y i .Y a , . . ,Y j j ^ ,B ^ ( X ,Y i ,Y a . . . .Y _ ^ ,Z ) )  = B ^ ( S ^ X , Y i , Y g , Y _ ^ , B ^ ( X , Y ^ , Y „ Y ^ ,  Z ) )

fo r  a l l  u ,v .

The problem i s  to  reduce t h i s  d e f in it io n  to  the defin in g  schemata».

( i )  Define f (X,Y) by th e schema, ca lled  Ri

p ( o, y ) = a (y)

F(S^X,Y) = B^(X,Y,F(X,Y)) u = 1 , . . . ,n

t* ere  B^(8^X,Y,B^(X,Y,Z)) = B^(S^X,Y,B^(X,Y,Z)) f a r  a l l  u ,v .

( i i )  Define P(X,Y) by th e  schema, c a lle d  Rj*

p ( o, y ) = a (y )

P(S^X,Y) = B jX ,P (X ,Y )) u = 1 , . . . ,n

where B^(8^X,B^(X,Z) = B^(8^X,B^(X,Z)) fo r  a l l  u ,v .

( i l l )  Define P(X,Y) by the schema, c a lle d  R^**

P(0,Y ) = a (y )

P (8^X,y) = b J y ,P (X ,Y )) u = 1 , . . . ,n

where B^(Y,By(Y,Z)) = B^(Y,B^(Y,Z)) fo r  a l l  u ,v .

( iv )  Define P(X,Y) by th e  schema c a lle d  R^***

P(0,Y) = a (y)

P (8^X,Y) = By(P(X,Y)) u = 1 , . . . ,n

where B^(B^(Z)) = B^(B^(Z)) fo r  a l l  u ,v .
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We consider fu rth er  what fu n c tio n s , i f  any, are required  to  be added 

to  th e  i n i t i a l  s e t  of fu n ction s in  order to  produce the se t  o f a l l  p r im itiv e  

recu rsive  fu n c tio n s , from each o f th ese  d e f in it io n s .

In s in g le  successor a r ith m etic , the reduction  of parameters in  the 

d e f in it io n  of p rim itive  recursion  i s  to  be found in  [ 1 ] and [ 3 ]»

2 .  A complete a n a ly s is  of X.

In s in g le  successor arithm etic  a numeral x can be compared r e la t iv e ly  

simply to  any other numeral w ith  the a id  o f the d ifferen ce  fu n ctio n  y  -  x .

Using both y  -  x  and x -  y  a complete comparison i s  made between

X  and y .  In m u ltip le successor a r ith m etic , however, X i s  not so 

e a s i ly  analysed . The questions which we seek  to answer are the fo llo w in g , 

in  order to  obtain  a complete a n a lysis  o f X.

( i )  How many successor symbols in  X?

( i i )  How many d if fe r e n t  successor symbols?

( i i i )  What th ese  d if fe r e n t  successor symbols are.

( iv )  How many of each su ccessor ^m bol ?

With th ese  fou r  questions answered the an a ly sis  of X i s  obviously  

complete and a comparison between X and Y can be e f fe c te d .
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CHAPTER I I  -

REDUCTION OF PARAMETERS IN THE DEFINITION BY PRIMITIVE RECURSION

In th is  chapter we w i l l  consider the problem of th e  reduction o f  

parameters in  the d e f in it io n  o f p rim itive  recu rsion  in  Commutative 

M ultiple Successor A rithm etics,

The f i r s t  ta sk  w i l l  be to consider the red u ction , given th a t we 

have already in  our arithm etic a s e t  o f fu n ctio n s w ith  sp e c ia l p ro p er tie s . 

D ifferen t fu n ctio n s w i l l  then be considered fo r  th is  s e t .  In chapter  

I I I  the arithm etic w i l l  be form alised  and a proof of th ese  p rop erties  

w i l l  be g iven .

In s in g le  successor arithm etic the reduction  i s  so lved  w ith  th e  aid  

of three fu n ction s L (x), k (x) and j ( u ,v ) ,  such th a t

L(j (u , v ) )  = u 

K(j (u , v )) = V

We s h a l l  suppose f i r s t  o f a l l  th a t in  commutative m u ltip le  successor  

arithm etic we have th ree fu n ctions L(x ) ,  K(x ) & j(U ,V ) w ith the above 

p ro p ertie s . With these fu n ction s we are ab le  to  reduce the number of 

parameters in  the d e f in it io n  cf p rim itive  recu rsion .

Consider th erefore the d e f in it io n  of p r im itive  recu rsion  w ith *m* 

parameters (m f i n i t e ) ;  th is  schema we w i l l  c a l l  Rm:-

A fu n ction  F(X,Yi ,Yg, . .  .,Ym) i s  sa id  to  be defined  by p rim itive  

recu rsion  from A and B i f

F ( 0 ,Yx ,Y2 j . • • >Ym) = -A-(Yi ,Yg i • • • ,Yin)

P(S'^X,Yi.,Y2 j • • • yY[jj) = B^(X,Yx , Yg > • • • >Yin,F(X,Yx pYg , • . • ,Yrn ) ) u = 1 , . . « , n

where B^(S^X,Yx jYg > • • • >Yrn>B (̂X,Yx jY2 , . . . ,Y in ) )  = B^(S^X,Yx,T^j•• .,Ym>B^(X,15; ,% Ytn)
a l l  u ,v

and A (. . . . )  and B^(. . . . )  u = 1 , . . . , n  are p rev iou sly  defined  fu n c tio n s .
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Now l e t  W = j(Y i ,Ya ) 

and l e t  e(X,W,Y8 ,Y « ,. . . ,Ym) = P(X,L(W ),k(w),Ys,Y4 , .  ..,Ym)

= F(X,Yi >Ya , • • • ,Yin ) •

Bien &(X,W,Ys,Y4 >.*->Yni) i s  defined by

&(0,W ,Ys,Y4,...,Ym ) = A(l(w),K (w) ,Y s, . . .  ,Ym)

= A'(W,Y8 ,Y4 , . . . ,Y „ )

G(S^X,W,Y8 ,Y4 , ...,Y m ) = B^(X, L(W) ,K(W) ,Ya, . . .  ,Y„,G(X,W,Y8 ,  . .  • ,Y«) )

u~ 1 , #«#,n

= Y@, # * « ,YmjG-(X,W,Ya, • • • >Ym) )

u  z  i , • • • ,xi

and the com m utativity cond ition  reduces to

BjS^X,L(w),K(W),Y8 , . . . ,Y m , B^(X,L(W),K(w),Y3 , . . .  ,Ym) ) =

B^(8^X, L(W) ,K(w) ,Ys , . . .  ,Ym, B^(X, L(W) ,K(w) .Ya , . . .  ,Y„,Z) )

a l l  u ,v

and th erefore

B^(8^X,W,Ya,. . .  ,Y„,B^(X,W,Y3, . .  • ,Ym,Z))= B^(S^X,W,Y3,. . .  ,Ym,B^(X,W,Ya,. . .  ,Y „,Z )]

a l l  u ,v .

Hence the d e f in it io n  by prim itive  recu rsion  i s  now reduced t o  a schema 

Rm-i contain ing m-1  parameters, that i s ,  P(X,Yx,Ys, . . . ,Ym -i) i s  

defined  by

B(0 ,Y x,Y aj• • • jYm-i) = A(Yx ^Yg, . . . ,Ym-x)

P(S^X,Y XfYgs • • • )Xm-x )=  B^(X,Yx> •••> Ym-x jB(X,Yx > • • • >Ym-x) )  u = 1 , . . . ,n

where

B y^ (S ^ X ,Y x > • • • jYro-x ^ B ^ (X ,Y x   ̂ • >Ym-x > ^ )  )  -  B ^ (S ^ X ,Y x  > • • • >Ym-x j B ^ (X ,Y x >* • • ,Y m -i

a l l  u ,v .
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repeated use of th is  method we can reduce the d e f in it io n  to  

a d e f in it io n  w ith only one parameter , th a t i s ,  F(X,Y) i s  d efin ed  

from A and B by;

f ( o, y ) = a (y )

F (8^X,Y) = B^(X,Y,F(X,Y)) u = 1 , . . . , n

where B^j(S^X,Y,B^(X,Y,Z)) = B^(S^X,Y,B^(X,Y,Z)) a l l  u ,v  .

The procf ju s t  g iven  reduces Rm to  R̂  in  m-1 s te p s .

A s im ila r  technique can be used to  complete the proof in  a s in g le  step  

We proceed as fo llo w s;

Let W = j(Y i,j(Y 2 , j (Y s ,. . . ,j (Y m -i ,Ym))) . . . )

Let K*(W) = K(k(w) ) ,  and K'“(W) = "k(K(. . .  . k!(W) ) . . . . )

We therefore have that 

L(W) = Yx

L(k(W)) = Ya 

L(k“(W)) = Ya

L(k ">-»(w) )  = Ym-x

(Vr) = Ym

and l e t  &(X,W) = F(X,L(W),l( K ( W ) . .,L(K”-* ( w)),K ”‘ ‘ (W))

We th erefore  d efin e  &(X,W) by

g( o, w) = a ( l(w) , l(k(w) ) , . . . , l(k'”‘ »(w) ) , k”- i (w))

= A' (w ) , say .
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&(s^x,w) = b ^ j(x ,l(w ) ,l(k (w )) ,. . . , l (k " -® (w )) ,k ”-^ (w ),

P(X, L(W) , L(K(w) ) , . . .  L(K™’  ̂( w)) xK"'-̂  ( w) ) )

u — 1 , • • • ,n

= B^(X,W,G(X,W)), say u = 1 , . . , n

and the com m utativity co n d itio n  reduces to

B^(S^X, L(W), L(k(w) L(k”-® (w) ) , B^(X, L(w) ,L(K(w)

B^(8^X,L(W), L(K(W) L(K"-= (W) ) .K”"̂  (w ), B^(X,L(W) , L(K(w) ) , . . .

LCk”"® (w) ) ,k"‘ '  (w) ) )

E^(8^X,W,b;(X,W,Z)) = B^(8^X,W,B^(X,W,Z)) a l l u . v .

Thus Rrn i s  reduced to R̂  ,

We now require;

( i )  to reduce R̂  to  R^* vbere f (X^Y) i s  defined by the schema

f ( o, y ) = a (y )

F (8^X,Y) = b J x ,F (X ,Y )) u = 1 , . . . , n

where % (8^X,B^(X,Z)) = B^(8^ X ,b J x ,Z )) a l l  u ,v

( i i )  to  reduce Ex to  Ex** where P(X,Y) i s  defin ed  by the schema

f ( o, y ) = a (y )

F (8^X,Y) = b J y ,F (X ,Y )) u = 1 , . . . , n  

where bJY ,B^(Y ,Z)) = B^(Y,B^(Y,Z)) a l l  u ,v .

( i i i )  to  reduce Ex to  Ex*** where F(X,Y) i s  defin ed  by th e  schema

f ( o,y ) = a (y )

F (8^X,Y) = By(F(X,Y)) u = 1 , . . . , n  

where B^(B^(z)) = B ^ (l^ (z)) a l l  u ,v .
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Reduction of R̂  to R^*:

Let G(X,Y) = J(Y ,F(X ,Y )).

Then &(X,Y) i s  defin ed  by the schema

g( o, y ) = j (y ,a (y ) )

= a’Cy ) ,  say

G(S^X,Y) = J(Y,F(S^X,Y))

= j (y , b„ (x , y , f ( x , y ) ) )U

= j ( l( g(x , y) ) , b„ (x , l( g(x , y ) ) , k( g(x , y ) ) ) )u

= B^(X,G(X,Y)), say u = 1 , . . . , n

and fo r  the conunutativity con d ition  we l e t

Z' = J(Y,Z) .

Now B ;(S^X ,b;(X ,Z ')) = B /(8^ X ,j(L (Z '),B y(X ,L (Z '),K (Z '))))

= b; ( s x̂ , j (y , b^(x , y , z ) ) )

= J( L(j(Y,By(X,Y,Z) ) ) , BjS^X , L( J(Y, B^(X,Y,Z) ) ) ,

k( j (y , bJ x ,y , z ) ) ) ) )

= j(Y,Bu(8yX,Y,By(X,Y,Z)))

J(Y,B„(S„X,Y,B,(X,Y.Z)))

= j(L (j(Y ,B u (X ,Y ,Z ))),B y(8yX ,L(j(Y ,B^(X ,Y ,Z))),

k( j (y , bJ x , y , z ) ) ) ) )

= b ;(8^ jX ,j(y ,b ^ (x ,y ,z )))

= b^(8^x , j ( l ( z ' ) , b̂ (x , l ( z ' ) , k( z ' ) ) ) )

= b; ( 8^X,B^(X,Z’ ))  a l l u . v .

which i s  the required commutativity co n d itio n . 

Thus F(X,Y) = K(g(X,y ) ) .
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R eduction of R̂  to  R^**:

Let G(X,Y) = J(X,F(X,Y)) .

Then &(X,Y) i s  d efin ed  by the schema

&(0,Y) = j ( o,a (y ))

= A' ( y ) ,  say 

C(S^X,Y) = J( S^X,F(S^X,Y)) u = 1 , . . . , n

= j ( s^x , b^(x , y , f ( x , y ) ) )

= J(S^L(g(X,Y) ) , B j  L(G(X,Y) ) ,Y,K( G(X,Y) ) ) )

= B'(Y,G(X,Y)), say u = 1 , . . . , n

and fo r  th e  com m utativity  co n d it io n  we l e t

Z' = J(X,Z) .

Thus

B^(Y,B^(Y,Z')) = B ^(j(S^L (Z liB ^(L (Z ').Y ,K (Z '))))

= B^(Y,J(S^X,B^(X,Y,Z)))

= J(S^L(J(S^X,B^(X,Y,Z))),BJL(J(S^X,B^(X,Y,Z))),

Y ,K (j(8yX ,B y(X ,Y ,Z)))))

= j ( 8^8^X,B^(8^X,Y,By(X,Y,Z)))

= j ( 8^8 X,B ( 8^X,Y,B^(X,Y,Z))) (com m utativity cond ition
fo r  Ri and com m utativity  
o f  su c c e s so r s )

= J (8^L(J(8^X,B^(X,Y,Z))),B^(L(J(8^X,B^(X,Y,Z))),

Y ,K (j(8^ X ,B jX ,Y ,Z )))))

= b; ( y , j ( s^̂x , b^ (x , y , z ) ) )

= B^(J(8^L(Z’ ) ,B^L(Z' ) ,Y,K(Z’ ) ))  )

= B i(Y ,E /(Y ,Z ')) a l l  u ,v  ,

which i s  th e  req u ired  com m utativity  c o n d it io n .
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Thus F(X,Y) = K(g(X,Y)) .

Reduction of R̂  to  R^***:

the reduction o f Ri to  R$** can be achieved in  three ways, th a t i s

(1 ) Ri to  Ri* then R *̂ to  Ri*»*

( 2 ) Ri to  Rx** then Rx** to  Rx***

( 3 ) d ir e c t  to  Rx*** .

Both the reductions Rx* to  Rx*** and Rx** to Rx *** are sim ilar

to  the reductions Rx to Rx** and Rx to  Rx* resp ectiv e ly *

We s h a ll  consider the red uctions Rx* to  Rx*** and Rx to Rx***.

Reduction Rx* to  Rx***:

Rx* i s  the schema

F(0,Y) = A(y)

F(S^X,Y) = B^^(X,F(X,Y)) u = 1 , . . . , n

where B^(S^X,B^(X,Z)) = B^(S^X,B^(X,Z)) a l l  u ,v .

F ir s t  l e t  &Cx,Y)= J(X,F(X,Y).

Then &(X,Y) i s  defined by the schema

g( o,y ) = j ( o, a (y ))

= A' ( y ) ,  say  

G(S^X,Y) = J(S^X,F(8^X,Y))

= j(S^ X ,B jX ,F (X ,Y ))) u= 1 , . . . , n

= j ( s^l( g( x , y ) ) , b ĵ( l( g(x , y ) ) , k( g(x , y ) ) ) )

= B^(G(X,Y)), say, u = 1 , . . . , n .
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and fo r  th e commutativity con d ition  we l e t

Z' = J(X,Z) .

Then

b; ( b; ( z ' ) )  = b; ( j ( s^ l( z ’ ) , b^ (l( z ’ ) , k ( z ' ) ) ) )

= B^(J(S^X,B^(X,Z)))

= j(S^L(j(S^X ,B^(X ,Z))).B ,j(L(j(S^X ,B^(X ,Z))),K (j(S^X ,B^(X ,Z))))) 

= J(S^S^X,BJS^X,B^(X,Z)))

= j(S  S X,B (S X,B (X,Z)))  (com m utativity condition  o f E^*
and commutativity of su ccessors)

= j ( s^ K j ( s^x , b^(x , z ) ) ) , b^ (l( j ( s^x , bJ x , z) ) ) , k( j ( s^x , bJ x , z ) ) ) ) )

= B ^(j(8^ X ,B jX ,Z )))

= B '^ (J(S ^ L (Z ').B ^ (l( Z ') ,K ( Z ') ) ) )

= B'y(E/ (Z' ) )  a l l u . v ,

which is  the required commutativity con d itio n .

Thus F(X,Y) = K(G(X,Y)) .

Reduction of R̂  to  R^***:

Ri i s  the schema

F(0,Y ) = A(y )

F(S^X,Y) = B^(X,Y,F(X,Y)) u = 1 , . . . , n

where bJS^X,Y,B^(X,Y,Z)) = B^(S^jX,Y,B^(X,Y,Z)) a l l  u ,v .

F ir s t  l e t  G(X,Y) = J(X ,J(Y ,F(X ,Y )) ) .

Then g( x ,Y) i s  d efin ed  by the schema

G(0,Y) = j ( o , j (y , f ( o, y ) ) )

= j ( o, j (y ,a (y ) ) )

= A ' ( y) ,  say
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G(S^X,Y) = J(S^X,J(P(S^^X,Y))) u = 1 , . . . , n

= j ( s^x , j (y , bJ x , y , f (x , y ) ) ) )

= j ( s^l( g(x ,y ) ) ,  j ( l(k( g(x ,y ) ) ) , b^ (l( g(x , y ) ) ,  l(k( g(x , y ) ) ) ,

K(K(G(X,Y))))))

= B^(g(X ,Y )), say u = 1 , . . . , n

and fo r  th e  coramutatiivity con d ition  we l e t

Z’ = j (x , j (y , z ) ) .

Then

b^ (b; ( z ' ) )  = b^ (j ( s^i .(z ' ) . j ( l(k ( z ' ) ) , b^ ( l( z ' ) , l(k ( z ’ ) ) , k( k ( z ' ) ) ) ) ) )

= B /(j(8yX ,j(Y ,B y(X ,Y ,Z ))))

Put = J(S^X,J(Y,B^(X,Y,Z))) fo r  s u f f ix  v or u

L(W )̂ = S^X, L(k(W^)) = Y, kCk(W^)) = B^(X,Y,Z)

= J( S^L(W  ̂) ,  J( L(K( ) ) ,  B^( L( ) ,  L(K(W  ̂) ) ,K(K( ) ) ) ) )

= J(S^S^X, j (y ( b^ (s x̂ , y , b^(x , y , z ) ) ) )

= J(S^S^X,J(Y,B (S^X,Y,B (X,Y,Z)) ) )  (oomrautativity con d ition
of E-i and commutativity  
o f su ccessors)

= j ( s^l(ŵ ) , j ( l(k (wJ ) , b^ (l(ŵ ) ) , l(k(ŵ ) ) ,k(k(w^ ))) ) )

= b; ( j ( s ĵX ,j (y , bJ x , y , z ) ) ) )

= B;(J(S^L(Z■ ),J( L(K(Z’ ) ) , B^(L(Z’ ) , L(k(Z ' ) )  ,K(K(Z ' ) ) ) ) ) )

= B^(B^(Z')) a l l u . v

which i s  the required  commutativity co n d itio n .

Thus F(X,Y) = K(k( g(X ,Y ))) .
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In the previous se c t io n s  the problem of red uction  o f parameters 

in  the d e f in it io n  o f  p r im itive  recu rsion  with 'm' parameters has 

been su c c e s s fu lly  achieved w ith  the aid of the s e t  o f fu n ction s L(X),

K(X) & j ( u ,V ) .  Now we must consider what fu nction s have th e  required

p rop erties

l( j (u , v ) )  = Ü

K (j(U ,V )) = V .

In order to  d iscover  th ese fu n ctio n s , we f i r s t  examine th e  fu nctions  

used in  th e reduction  in  s in g le  su ccessor  a r ith m etic . To do th is  we 

need to d efin e  the fo llo w in g .

Defn. y  + X Addition

y  + 0  = y  

y  + Sx = S(y + x)

Defn. Px Predecessor

PO = 0

PSx = X

Defn. y  -  X D ifferen ce

y  0 = y  

y  -  Sx = P(y -  x )

Defn. y .x  M u ltip lica tion

y.O = 0 

y .S x=  y .x +  y

Defn. X  X  = x® R otational d e f in it io n  ( e x p l ic i t )

Defn. Rx Square root

RO = 0

ESx = Ex + (so  A ((SEx)® 1  Sx)))
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C learly , from the d e f in it io n . Ex i s  the in teger  part o f the 

square root of x ,  or the square root of the g rea test p er fe c t square 

in  X.

Now with the a id  o f th ese  fu n ction s we can defin e L(x) ,  K(x ) & 

j ( u ,v )  as fo llo w s;

j ( u ,v )  = (u + v)® + u 

L(x ) = X -  (Ex)*

K(x) = Ex -  L(x)

O bviously, in form ally ,

L(j (u , v ))  = ((u  + v)* + u) -  (e ( ( u + v)* + u))*

= ((u  + v)* + u) -  (u + v)®

= u

K(j (u , v ))  = (u + v ) -  u

= V as requ ired .

In m ultiple successor arith m etic  however the corresponding fu n ction s  

are not qu ite so stra ightforw ard .

As can be c le a r ly  seen  the functions l(x ) ,  K(x ) & j ( u ,v )  are based 

on the r e la t io n s

R (u * )  = u 

and R((ü + v)* + u) = u + v .

In other words, we week to  d efin e  a su ita b le  m u ltip lica tio n  fu n ction

w ith a su ita b le  square root fu n c tio n .

Let us consider the fu n ction s we have for  m u ltip lica t io n , th e ir  

p rop erties, and p o ss ib le  square r o o ts .
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Y*0 = 0
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Y*S X = Y*X O' Y u u

The com m utativity con d ition  requires the e q u a lity  of

B^(S^X,Y,B^(X,Y,Z)) = (Z o-^Y) a j  

B^(8^X,Y,B^(X,Y,Z)) = (Z t r j )  (T̂ Y .

We sh a ll  prove th ese  equal by the fo llo w in g  lemma,

LEMMA (Y V ) V  = (Y o-^X) (T̂ X

Proof L(0,Y) = (Yo-^O) cr̂ O

= (Y o-^O)

= Y

Defn

Defn

R(0,Y) = (Y o-^O) cr̂ O

= (Y o-^O) Defn

Defn

L(S^X,Y) = (Y cr^ S /) a^S^X

Defn

Defn

R(S^X.Y) = (Y c-^S^X) (T̂ Ŝ X

Defn

Defn

(com m utativity of 
su ccessors)
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l(x , y ) = r (x , y )

By(8yX,Y,By(X,Y,Z)) = B^(8^X,Y,B^(X,Y,Z))

The p ro p erties  of th is  fu n ctio n  include com m utativity, a s s o c ia t iv i t y ,

and d is tr ib u tio n  over cr̂  fu n ction s fo r  a l l  u; the case of u= 0

i s  ad d itio n .

Commutativity i s  proved by the fo llo w in g  lemmas :

LEMMA 0*X = 0

Procf L(o) = 0*0

= 0 Defn

R(0) = 0

L(S X) = 0*8 X u u

= 0*X cr̂ O Defn

= 0*X Defn

= L(X)

E(8^X) = 0

= E(X)

L(x ) = R(x ) by uniqueness

lEMM (Z o- Y) o- X = (Z cr X) <r Yv ' u  U V

Proof l(0,Y ,Z ) = (Z o-̂ y ) <r̂ 0

= (Z cr^Y) Defn

R(0,Y,Z) = (Z (T̂ O) or̂ Y

= Z cr^Y D e fn
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L(S^X,Y,Z) (Z %Y) cr̂ S^X

R(S^X,Y,Z)

8w+u(Z %Y) 

S^^^L(X.Y.Z) 

(Z <r^S„x) cr̂ Y

Defn

V ) )

S*+u(%(X,Y,Z))

l(x , y , z ) = r(x , y , z )

Defn

PrevL oils Lemma

by uniqueness

LEMMA. S Y*X = Y*X o- X u u

Proof L (0 ,y) = S^Y*0

= 0 Defn

R(0,Y) = Y*0 cr̂ O

= Y*0

= 0

Defn

Defn

l( s x̂ ,y )

S„Y*X <r̂ S J Defn

Defn

R(SyX,Y) Y*S X cr S XV U V

= (Y*X cr̂ Y)

= S^^JY*X a^Y) ^uX 

= S*+y(Y'X (T̂ X) o-̂ Y

Defn

Defn

Previous Lemma

= S„^^(E(X,Y)) or̂ Y
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l(X,Y) = R(X,Y) by uniqueness

PROPOSITION Y*X = X*Y Commutativity

Proof L(0,Y) = Y*0

= 0 Defn

R(0,y ) = 0*Y

= 0 Previous Lemma

L(S^X,Y) = Y*S^X

= Y»X a  Y Defn

= L(X,Y) c r j  

E(8^X,Y) = Ŝ X»Y

= X*Y cr̂ Y Defn

= B(X,Y) cr̂ Y 

l(X,y ) = R(X,y) by uniqueness

For th e d is tr ib u tiv e  property we need the fo llo w in g  Lemmas:

LEMMA Z o-„(Y O' X) = (Zo* y) (T Xu' V u v+u

Proof L(0,Y,Z) = Z o- (̂Y o* 0̂)

= Z O' Y Defnu

a(0,Y,Z) =(Za^Y)

= Z o’̂ Y Defn

L(S^X,Y,Z) = Z (T (̂Y cr^S^X)

= Z o-yX) D e fn

= ^w+y+u  ̂ °-yX)
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= c r j )  a^^^X Defn

= 8«+y+u%(%'?,Z)

L(X,Y,Z) = E(X,Y,Z) by uniqueness

PROPOSITION Z*(y o-^X) = Z*Yc7^Z*X D istr ib u tiv e

Proof l( o, y , z ) = Z*(Y a^o)

= Z»Y Defn

R(0,Y,Z) = Z*Y G"̂ Z*0

= Z*Y or̂ O

= Z»Y

Defn

Defn

L(8yX,Y,Z) Z*(Y

°"uX) 

Z*(Y C-̂ X) a^^^Z

Defn

Defn

L(X,Y,Z) o-^+^Z

R(8yX,Y,Z) Z*Y a- Z*S X u V

= Z*Y cr (Z*X cr Z)u

= (Z*Y <r^Z*X) cr̂ ^^Z

Defn 

Previous Lemma

= R(X,Y,Z) CTy+̂ Z

L(X,Y,Z) = E(X,Y,Z) by uniqueness
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PROPOSITION (Z*Y)*X = Z*(Y*X)

Proof L(0,Y,Z) = (Z*Y)*0 

=  0

R(0,Y,Z) = Z*(Y*0)

= z*o

=  0

l ( s ^x , y , z ) = (Z*Y)* 8  Xu

= ( z*y)*x o -„(z*y )u

= l(x , y , z ) o-„(Z*Y)u

E(S^X,Y,Z) = z * ( y * s  x )
U

= Z*(Y*X:o- y )
U

= Z*(Y*X) cr Z*Yu

= r(x , y , z ) o-„(Z*Y)u

l(x , y , z ) = r(x , y , z )

A sso c ia tiv e

Defn

Defn

Defïi

Defn

Defn

Previous P roposition  

by uniqueness

In general however Z*(Y T^X) /  Z*Y T^Z*X .

Consider the counter-example

u=0, X=SaO, Y=SjO, ZzSgSiO

S a S iO * (S iO  ToSaO ) = SaS iO tP gC SiO  Tq O)

= SaSiO*PaSiO

= SaSiO*SiO

= SaSjO^O 01 SaS^O

= 0 01 S3 S]_ 0

—  SgSaO

Defn

Defn

Defn

Defn

Defn
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S a S i O * S i O  T o  8 3 8 1 0 * 8 3 0  =  ( 8 3 8 1 0 * 0  O 1 8 3 8 1 O )  T o  ( 8 2 8 1 0 * 0  O 2 8 3 8 1 O )  Defn

= 8 3 8 3 O Tq 84 8 3O Defn

= P4P 38383O Defn

= 8 3 O Defn

Thus in  general Z*(Y T  X) /  Z*Y r Z*Xu u

2 . We s h a ll  now consider the m u ltip lica tiv e  fu n ction  d efin ed  by

Y*0 = 0

Y^S^X = Y ^  + Y u= 1 , . . . , n

and the commutativity cond ition

B^(S^X,Y,B^(X,Y,Z)) = By(X,Y,Z) + Y

= (Z + Y) + Y 

= By(X,Y,Z) + Y 

= B^(S^X,Y,BjX,Y,Z)) .

C learly the fu n ction  does not d is tin g u ish  between su ccessors, but 

un fortun ately  when n > 1 the fu n ction  i s  not commutative# We s h a ll  

prove th is  by a simple counter-example*

Put Y= 8 1 O, X= 8 2 O

Y ^  = SiO^SaO

= 8 1 0^0 + 8 1 0 Defn

= 0 + 8 1 O Defn

= 8 1 0 Defn
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A  = SsO^SiO

= 83 0 0 + 82 0

= 0 + 838

= 83 8

Defn 

Defn 

Previous Lemma

PROPOSITION

Proof

Z^(Y+X) =

L(0,Y,Z) = z^(y + 0 )

=  Z ^  

R(0,Y,Z) = Z ^  + Z*0

= Z*Y + 0

=  Z ^

= Z^(Y + 8^X) 

= Z^8„(Y + X)

D istr ib u tiv e  over ad d ition

l( s^x , y , z )

U

R(8^X,Y,Z)

= Z^(Y + X) + Z

= l( x , y , z ) + z 

= z ^  + z^s^x 

= z ^  + ( z ^  + z )

= Z*Y + Z*X + Z

= r ( x , y , z ) + z

L(X,Y,Z) = R(X,Y,Z)

Defn

Defn

Defn

Defn

Defn

Defn

A ssocia tive  ru le  fo r  add ition

by uniqueness

PROPOSITION ( Z ^ ) ^  = z ^ ( r ^ )

Proof L(0,Y,Z) = (Z^)^O

A sso c ia tiv e

=  0 Defn
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r( o, y , z ) = z* ( y*o)

X
= 2 0 Defn

L(8yX,Y,Z)

R(8yX,Y,Z)

= 0

=  (Z^)*8^X  

= ( Z ^ ) ^  + (Z ^ )

= L(X,Y,Z) + (Z*Y) 

= Z^(Y^8 X)U

= z ^ ( r ^  + y)

= z^(y^ )  + z ^

= R(X,Y,Z) + (Z*Y)

Defn

Defn

Defn 

P revious Lemma

l(x , y , z ) = R(X,Y,Z) by un iqueness

However, a lth ou gh  th is  fu n c t io n  i s  d is t r ib u t iv e  over a d d it io n ,

i t  i s  not d is t r ib u t iv e  over th e  cr fu n c t io n s .u

That i s  Z^(Y (T^X) /  Z ^  Œ^Z^

Put Z = S3 O, Y = SiO, X = S2 O

SsO^CSiO cr^SgO) = SgÔ Ĉs 0 cr̂ O)

= SoO^S S 02+U 1

= S3 O Ŝ O + S3 0

= S3  0 0 + S3  0 + S3  0

Defn

Defn

Defn

Defn

— S3  S3  0

S3 O^SiO 0 - 8̂ 3 0 % 0  = (S3 0 ""o + S3 O) cr^(S3 0 ""o + S3 O).X,

= S3 0 0*^ 83  0

= S S O  
2 +U 2

Defn

Defn

D e fn

and Sg^^SgO i s  on ly  equal to  S3 S3 O when u = 0 .
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A lso we fin d  th a t in  general

Z^(Y r^X) /  .

Put u = 0 , Z = SiO, Y = S3S1O, X = SxSiO

SiO^ (SySiO r^SiSiO) = 810^1 P i83810 Defn

= 810^830 Defn

= 810 Defn

810*83810 Ty8iO*8i8iO = ( 8i 0*8i 0 +81O) T^(SiO*8iO+ 810 ) Defn

= (810* 0 + 81O+ 81O) t ^ ( 8i 0*0 + 81O+ 81O) Defn 

= 8181O Ty8i8iO Defn

= P iP iS i 810 Defn

= 0 Defn

3* For the la s t  m u ltip lica tio n  function  we consider the fu n ctio n  

defined  by

Y.O = 0

Y.8  X = Y.X + C Y u = 1 , . . . , nu u

and th e commutativity con d ition  i s

BJS^X,Y,B^(X,Y,Z)) = By(X,Y,Z) + C J

= (Z + C Y) + C YU

= (Z + CY) + GY A sso c ia tiv e  ru le  of additionu

= Bu(X,Y,Z) + Ĉ Y 

= B^(S^X,Y,BjX,Y,Z)) .

This fu n ction  i s  commutative, proved by the fo llo w in g  Lemmas.
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LEMMA. O.X = 0

Proof L(o) = 0 .0

= 0 Defn

r (o )  = 0

L(S^X) = O.S^X

= O.X + C ô Defn

= O.X + 0 Defn

= O.X Defn

= l (x )

r(s^ x) = 0

= e ( x )

'• L(X) = R(X) by uniqueness

lEMMA S^Y.X = Y.X + C X

Proof l(0,Y ) = S Y.O

= 0 Defn

R(0,Y) = Y.O + 0^0

= 0 + 0  Defn

= 0 Defn

L (S /,Y )  = SJ.S^X

= S Y.X + G S Y Defnu v u

S^Y.X + SyCyY u=v Defn

jS ^ Y .X  + G^Y u / v  D e fn
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|S^(S^Y.X + Ĉ Y u?v Defn

| l(X ,y ) + Ĉ Y u /v

|S ^ (l(X,y ) + C^Y) u=v

| l(X,Y) + Ĉ Y u/v

R(S^X,Y) = Y.S^X + G^SyX

= Y.X + G Y + G 8 X DefnV u V

[Y.X + G Y + 8  G X u=v Defnf V v u
[Y.X + GyY + Ĝ X u /v  Defn

[8 ((Y.X + G x)  + G y ) u = v  Defn & A sso c ia tiv e( V  u V law o f ad d ition
A ssoc ia tive  
of add ition

I (Y.X + Ĝ X) + Ĝ Y u /v  A sso c ia tiv e  law

| 8^(r(X,Y) + Ĝ Y) u=v

| r(X,Y) + Ĝ Y u /v

L(X,Y) = R(X,y ) by uniqueness.

PR0P08ITE0N Y.X = X.Y Gommutative

Proof L(0,Y) = Y.O

= 0 Defn

R(0,Y) = O.Y

= 0 Previous Lemma

L(Ŝ jX,Y) = Y.S^X

= Y.X + Ĝ Y Defn

= L(X,Y) + G Yu

E(S^X,r> = S^X.Y

= X.Y + Ĝ Y Previous Lemma
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= R(X,Y) + Ĉ Y 

L(X,Y) = R(X,Y) by uniqueness

Consider the d is tr ib u tiv e  property. :of th is  fu n ction  over ad d itio n .

PROPOSITION Z.(Y + X) = Z.Y + Z.X D istr ib u tio n  over a d d itio n

Proof L(0,Y,Z) = Z.(Y + O)

= Z.Y Defn

R(0,Y,Z) = Z.Y + Z.O

= Z.Y + 0 Defn

= Z.Y Defn

L(S^X,Y,Z) = Z.(Y + S^X)

= Z .8^(Y + X) Defn

= Z.(Y + x)  + Ĝ Z Defn

= l(x , y , z ) + g zu

R(8^X,Y,Z) = Z.Y + Z.S^X

Z.Y + Z.X + G Z Defn & A sso c ia tiv e  law
of ad d ition

= r(x , y , z ) + g zu

L(X,Y,z ) = R(X,Y,Z) by uniqueness.

To prove a s s o c ia t iv i ty  we require to  prove the fo llo w in g  Lemmas.

LEMMA G G X = G G Xu V v u

Proof Lfo) = G G 0  ,  ̂ u V

= Ĝ O Defn

= 0 Defn
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E(0) = CyCyO

= C 0 DefnV

= 0 Defn

L(S„X) =

[C C X v/w DefnÎ u V

| c  S C X v=w Defn
[ u  w V

jC^C^X v/w

= | c  C X T=w & u/w Defn1 U V

S C C X u=v=w Defn
w u V

_ i
[C C X v/w or u/w- u V

S C C X u=v=ww u V

[ l(x ) v/ w or u/w

|S„L(X)

= < = y W

w

u=v=w

[C C X u/w  Defn? V u

[c  S C X u=w Defn[ V w u

[ C^C^X V w

O C X  u=w & v/w Defnv u

S C C X u=v=w Defnw V u

[C C X u/jf or v/wf V u

S C C X u=v=ww V u

R(x ) u/ w or v/w

8 R(X) u=v=w

L(x ) = R(x) by uniqueness*
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lËMMA C ^(Y  + X ) = C J  + C^X

Proof l( o, y ) =

e ( o, y ) =

L(S^X,Y)

E(8yX,Y)

C (̂Y + 0)

Defn

V  + °u°

Ĉ Y + 0 Defn

V Defn

C^(Y + S^X)

C^S^(Y + X) Defn

jS^C^(Y + X) u=v Defn

|Cu(Y + X) u /v Defn

|8yL(X,Y) u=v

| l(x , y ) u /v

G J  + W

p j  + W u=v Defn

| v  + V u /v Defn

p / v  + V ) u=v Defn

| v  + V u/v

|8yE(X,Y)

| e (x , y )

u=v

u /v

L(X,Y) = E(X,Y) by uniqueness.

LEMMA (C ^ Y ) .X  = C ^ (Y ,X )
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Proof L(0,Y) = (C^Y).O

= 0 Defn

E(0,Y) = C^(Y.O)

Ĉ O Defn

= 0 Defn

L(S^X,Y) = (C j) .S y X

= (C^Y).X + C^(C^Y) Defn

= L(X,Y) +

E(S^X,Y) = Cy(Y,8yX)

= C^(Y,X + C^Y) Defn

= C (Y.X) + C C Y Defn
U  U V

= R(X,Y) + C C Y Previous Lemmav u

L(X,y ) = R(X,Y) by uniqueness

and th erefore  by the commutativity property we can say (C^Y).X = X.(C^Y)

PROPOSITION Z.(Y.X) = (Z.Y).X A sso c ia tiv e

Proof L(0,Y,Z) = Z.(Y.O)

= Z.O Defn

= 0 Defn

r( o,y , z ) = ( z .y ) . o

= 0 Defn

l( s^x ,y , z ) = z . ( y . s^x )

= Z.(Y.X + Ĉ Y) Defn

= Z.(Y.X) + Z.(C^Y) Previous Lemma
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= l ( x , y , z ) + c  ( z , y )u

e ( s ^ x , y , z ) = ( z . y ) . s ^ x

= (Z .y ).X  + C (Z.Y) DefnU

= E(X,Y,Z) + C (Z,Y)U

l(x ,y , z ) = r(x , y , z )

This fu n ctio n  is  not, however, d is tr ib u t iv e  over cr̂  fu n c tio n s , nor 

the fu n c tio n s , fo r  a l l  u . Though the d is tr ib u tiv e  property i s  true 

in  both cases w ith  u= 0 , the f i r s t  we have proved, the second we s h a l l  

s t a t e ,  and leave the complete proof u h t i l  chapter I I I .

Z.(Y -  X) = Z.Y -  Z.X D is tr ib u tiv e  over d ifferen ce

Having e sta b lish ed  the p rop erties of th ese  th ree m u ltip lica tio n  

fu n c tio n s , we are now able to  consider th e ir  squares, and p o ss ib le  square 

r o o ts .

1. Vuckovic's m u ltip lica tio n  fu nction ,

Y»0 = 0

Y*8yX = Y»X o-̂ Y u = 1 , . . . ,n  (cTn =ob )

In 4  successor arithm etic the squares o f numerals w i l l  be as fo llo w s .

Numeral Square Numeral Square

0 0 8 1 8 % 0 838383830

SiO 82 0 8 j_ 83 0 83 8 3 8 3 8 4O

32 0 84O 3i S3O 8384848^ 0

S3O 82 0 81 8 4O 83 81 8% 84 0

S4O 8 4 O 83830 8 4S4 S4 84 0

838  3O 8 4 8 1 8 %830



55

From the above tab le  i t  can be seen th a t obviously there cannot 

be a u se fu l square root fu n ction  fo r  th is  m u ltip lica tio n  fu n c tio n , as  

both SiO and S3O have the same square.

2 . The fu n ctio n  defined by

Y*0 = 0

Y*S^X = Y*X + Y u = 1 , . . . ,n

successor arithm etic the squares of numerals w i l l  be as fo llo w s

Numeral 8 auare Numeral Square

0 0 8% 8^0 81818^8

810 810 8183 0 8]_ 83 8j_ 83 0

83 0 83O 838  3O 83 8383 8 3O

8 3 O 83O 8 1 8 4O 8 %848184O

8 4 O 8 4O 8 1 8384O 8 j_ 8 3 8 4 8 1 8 3 8 4 8 1 83 8 4O

This fu n ction  does g ive a unique square, and fu rth er  i f  a square 

root fu n ctio n  could be found then a unique answer would be obtained fo r  

square roo ts  of ’p erfect squares’ under t h is  m u ltip lica tio n  r u le . I t  

can be seen th a t th e  square of a numeral i s  th at numeral repeated th e  

same number o f tim es as there are successor symbols in  that numeral. 

Therefore in  order to obtain the square root of a numeral we would f i r s t  

have to analyse the number of successor symbols in  th a t numeral, take the 

square root o f th a t number, then fu rther e ith er  analyse the p a rticu la r  

successor symbols or ’d iv id e ’ the numeral by the square root cf th e number 

of successor sym bols. The questions of the number o f successor symbols in  

a numeral, and the p articu lar  successor symbols which make up th a t numeral 

have been f u l l y  analysed in  chapter IV.
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I t  can be seen from the above th a t a square root fu n ction  o f th is  

m u ltip lica t io n  fu n ctio n  would not be a 'convenient* fu n ction  and therefore  

we s h a l l  leave th is  fu n ction  and consider th e  th ird  m u ltip lica tio n  fu n c tio n .

3 . The fu n ction  d efin ed  by

Y.O = 0

Y.S^X = Y.X + Ĉ Y u = 1 , . . . ,n

Consider the squares of numerals in  4  su ccessor  a r ith m etic .

Numeral 8ouare Numeral 8quare

0 0 8 % 83 0 8% 83 0

SiO 8 1O 83$ 3O 83 8 3O

83 0 82O 8383 0 83 83 83 83 0

830 8 3 O 8 1 8 1 8 4 O 8 1 8 1 8 1 8184O

840 S4O 8 4 8 4 8 4 O 8 4 8 4 8 4 8 4 8 4 8 4 8 ,

This appears to  have a very reasonable square, which i s  the numeral 

s p l i t  in to  components, and each component squared. To obtain th e square 

root th erefore  we would f i r s t  have to take components and then take the 

square root a s  in  s in g le  successor a r ith m etic . Thus we would have 

fu n ction s Et^(x) defined b y :-

Rt^(o) = 0

R \ ( s / )  = jE t^ (C ^ X ) + C ^ (S ^ O l( (S ^ E t^ (C ^ X )? -S ^ C ^ X ))  U=T

jEt^Cc^X) u A

That i s  Rt^(x) i s  th e  square root of the ' S '  successor symbols 

in  X, the complete square root of X would then be g iven  by Rt(x) 

defin ed  by

Rt(X) = Rti(X) + Rta(x) + . . .  + Etn(x) .
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However we can avoid the Rt^(x) fu n ction s by the d e f in it io n  

R t(0) = 0

Rt(S^X) = Rt(x) + (S^O 2 ((8^R t(x))^  -  S^X)) u = 1 , . . . ,n

The components are taken by the property th a t  

C^(8^0 -  A) = (S^O 4 A) .

For th is  fu n ction  to  be the one required th e  fo llo w in g  prop erties  

need to  be s a t is f ie d ;

Rt(X.X) = X

Rt(X.X + X) = X

Rt((Y + X)3 + X) = Y + X ( (Y + X)® = (Y + X) . (Y + X) )

Further i f  Y > X th a t i s  X d y = 0 , then Rt(Y) > R t(x ) , 

th at i s  R t(x) -  Rt(Y) = 0 .

A ll  th ese  properties w i l l  be proved form ally  in  chapter I I I .

Further, we need to  prove the properties

l ( j ( u ,v ) )  = Ü 

k ( j ( u ,v ) )  = V .
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CHAPTER I I I

FORMAL DEVELOPMENT OF COMMUTATIVE MULTIPLE SUCCESSOR ARITHMETIC

In th is  chapter -we w i l l  develop the arithm etic form ally  and prove 

the properties o f some of the fu n ction s already introduced in  previous 

chapters. The n ota tion  used w il l  be to number a l l  axioms, lu le s  o f  

in feren ce , d e f in it io n s ,  lemmas, p ro p o sitio n s, and theorems. The step s  

in  a proof w i l l  then by i l lu s t r a t e d  by a number corresponding to  the 

statem ent used on the right-hand s id e  o f the page. For the

su b stitu tio n  ru le  o f in feren ce and eq u a lity  r u le s  numbering w i l l  not

be used .

The fu n c tio n a l n o ta tion  L ( . . . )  and R ( . . . )  w i l l  be used to denote 

the l e f t -  and right-hand s id e s  of equations. Where a l e t t e r  i s  quoted 

in  the p arenth esis o f L ( . . . )  or R( . . .  ) and does not appear on the 

corresponding s id e  of the equation, then the zero fu nction  Z ( . . . )  of 

th at l e t t e r  i s  supposed to  have been taken.

e .g .  R ( x )  = 0 should be taken as R ( x )  = Z (x ) ,  which w i l l  not

a f f e c t  the proof*

A proof w i l l  conclude w ith  the statement L ( . . . )  = R ( . . . ) .

Statements 1 to  6 g iv e  the axiom atic statem ent o f  the a r ith m etic .

1. I n i t i a l  fu n ction s

Z(x) w ritten  0

S^(X) w ritten  S^X u=1, . . ,n

I^(Xi,X2 *-.. .,Xk) w ritten  X̂

2 . Commutative con d ition

S^S^X -  S^S^X u,V -  1 , . . .  ,n
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D e fin it io n  o f functions by e x p l ic i t  and pr im itive  recu rsive  

d e f in it io n s ,  the la t t e r  given b y ;-

I f  A(Yj_ jYq > • • • yY|ji) and B^(X,Yj. ,Ya , • • • ,Ynj>2) u=1,««»,n , are

designated  fu n ctio n s ( i n i t i a l  fu n ction s or p rev iou sly  defin ed ) then  

F(X,Yi,Y2 , . . . ,Y m ) i s  designated  i f

F(0,Y i )Y2 > • • • jYiti) = A(Yi, Yg ; * « * ;Ym)

F(S^X,Yi ,Y2 > • • • >Yjn) = B^(x,Yi ,Yg , • • • ,Yiu>F(X,Yi ,Yg , • • » ,Yjn))  u=1,«*»,n

and

B (̂8^X,Y% ,Yg f • • • >Ym>B^(X,Yi ,Yg > • * • yYjn̂ Z) ) =

B^(S^X,Yi ,Yg j • • • jY|n,B^(X,Yj, ,Yg , • . • ,Yjn,Z) ) a l l  u ,v ,

in  order to  preserve the commutativity of the su ccesso rs .

3 . Rule of in feren ce  (eq u a lity  ru le )

A = B This statem ent reads: ’I f  A i s  equal to  B and A i s

A = C equal to  C then B i s  equal to  C’ .

B = C

4 .  Rule of in ference (su b stitu tio n )

f (y ) = g(y ) 

f (a ) = g(a )

5 . Rule of in feren ce (su b stitu tio n )  

A = B

f (a ) = p ( b)

6 . Rule of in feren ce (uniqueness r u le )

P(0) = g( o)

P(S X) = H,(X,P(X))u u

G(8^X) = H^(X,G(X))

F(X) = &(X)



7 . D e fin it io n  o f Y + X

Y + 0 = Y

Y + S^X = S^(Y + x ) u = 1 , . . . ,n

éO

8 . P rop osition  A = A

Proof Y + 0 = Y

Y + 0 = Y

Y = Y 

A = A

7 .

7 .

3.

4 .

9 . Rule o f in ference

A = B

B = A

Proof A = B

A = A

B = A

10. Rule of in feren ce

A = B 

B = C

A = C

Premises

8 ,

3 .

Proof A = B 

B = A 

B = C 

A = C

Premises

9 .

Premises

3 .
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1 1 . Rule of in feren ce

B = A 

C = A

B = C

Proof B = A

A = B 

C = A 

A = C 

B = C

12. Rule of in ference

A = B 

A = C 

B = D

Premises

9 .

Premises

9 .

3 .

C = D

Proof A = B 

A = C 

B = C 

B = D 

C = D

Premises

Premises

3 .

Premises

3 .

13» P roposition

0 + X = X

Proof L(o) = 0 + 0  

=  0

r ( o) = 0

L(S^X) = 0 + S^X 

= 8^(0 + X) 

= S^L(X)

7 .

7 .
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R(S^X) = S^X

= S^R(X)

L(X) = R(X) 6 .

1 4 . P roposition

SyY + X = S^(Y + X)

Proof L(0,Y) = S^Y + 0

V  7-

e (0 ,y ) = S^(Y + 0)

V  7 .

L(S^X,Y) = S J  + S^X

=  S / S J  + X) 7 .

= S^L(X,Y)

R(S^X,Y) = S^(Y + S^x)

=  S^S^(Y + X) 7 .

= S^S^(Y + X) 2 .

= S^R(X.Y)

l(x , y ) = r(x , y ) 6 .

15 " P roposition

X + Y = Y + X

Proof L(0,Y) = 0 + Y

= Y 1 3 .

R(0,Y) = Y + 0

=  Y 7 .

l( s^x , y ) = s^x + y

= s^(x + y) 1 4 .

= S^L(X,y )
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E(S^X,Y) = Y + S^X

= S^(Y + X) 7 .

= s^e (x , y )

l(x , y ) = r(x , y ) 6 .

16 . P roposition

(a + b ) + C s*A + (B + C)

Proof L(0,B , C) = (O + b ) + C

= B + C 1 3 .

R(0,B,C) = 0 + (B + C)

= B + C 1 3 »

L(8^A,B,C) = (S^A + B) + C

= S^(A + B) + C 1 4 .

= s^ ((a  + b) + c) 1 4 .

= S^L(A,B,C)

R(S^A,B,C) = S^A + (B + C)

= s j A  + (b  + c ) )  1 4 .

= S^R(A,B,C)

L(A,B,C) = r(a , b , c) 6 .

17" D e fin it io n  o f P^X

18. D e fin it io n  o f Y -  X

Y -  0 = Y

Y -  S^X = P jY  -  X)
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19. P rop osition

0 -  X = 0

Proof L(o) = 0 - 0

= 0 18. 

r( o) = 0

L(S^X) = 0 1 8yX

= P jO  -  X) 18.

= P„L(X)

R(8„X) = 0
U

= P „ E (X )  1 7 .

L(X) = R(X) 6 .

20 . P roposition

(c  — b) — a  = C — ( b + a )

Proof L(0,B,G) = (G -  b ) -  0

= C -  B 18.

R(0,B,C) = C 4 ( b + 0)

= C -  B 7 .

L(S^A,B,C) = (C -  B ) 4 s^A

= P^((C -  B) X A) 18.

= P^L(A,B,C)

R(8^A,B,C) = C 1 (B + 8^A)

= c -  S^(B + a ) 7 .

= P ^ ( C - ( B  + A)) 18.

= p^r (a , b , c)

L(A,B,C) = R(A,B,C) 6 .



65

21• P rop osition

S^B -  S^A = B -  A

Proof L(0, b) = S^B -  Ŝ O

= P jS^B  -  0) 18.

= B 17.

R (0 ,b ) = B -  0

= B 18.

L ( S / ,B )  = S^B 1 S^S^A

= SuB -  2 .

= P,(S^B A s^A) 18.

= PyB(A,B)

R(S^A,B) = B -  S^A

= P^(B -  a ) 18.

= p^R(a , b )

l(a , b ) = r(a , b) 6 .

22 . A -  A » 0

Proof L(o) = 0 - 0

= 0 18.

r( o) = 0

L(S^A) = S^A A S^A

= A -  A 21 .

= l(a )

r( s a ) = 0u

= r(a )

l(a ) = r(a ) 6 .
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2 3 . ( b + a ) -  A = B

Proof L(0, b ) = (B + O) -  0

= B + 0 18.

= B 7 ,

a(o,B) = B

L(S^A,B) = (B + S^A) A s^A

= 8^(B + A) A s^A 7 .

= (B + a ) A A 21.

= l(a , b)

R(S^A,B) = B

= e (a , b)

L(A,B) = H(A,B) 6 .

24. (B + a ) — ( c  + a ) = B — C

Ew»of L(0,B,C) = (B + 0) 4 (C + 0)

= B -  C 7 .

R (0 ,B ,c) = B -  C

L(S^A,B,C) = (B + S^A) -  (C + S^A)

= S^(B + A) -  S jC  + A) 7 .

= ( b + A) -  (C + A) 21.

= l(a , b , c)

R(S^A,B,C) = B A c

= r(a , b , c)

l(a , b, c) = r(a , b , c) 6 .

2 5 . B — (B + a ) = 0

Proof L(0, b) = B -  ( b + O)

= B -  B 7 .

= 0 22 .
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r(o, b ) = 0

L(S^A,B) = B -  (B + S^A)

= B “ S (B + a ) 7*u

= P (B -  (B + A )) 18.u

= p l(a , b)u

R(Ŝ jA,B) = 0

= V  ^7.

= ,p^r(a , b)

l(a , b) = r(a , b) 6 .

26 . Rule o f  in feren ce

f ( o) = g( o)

F(S^X) = &(S^X) u = 1 ,2 , . . . , r

F(S^X) = H^(X,F(x) )  u = r + 1 ,. . . ,n

G(S^X) = H^(X,G(x )) u = r + 1 ,. . . ,n

f (x ) = &(X)

Proof Define M^(X,y) by

M^(X,y ) = |F(8^X) u = 1 ,2 , . . . , r

1 h ^ ( X , Y )  u = r + 1 ,. . . ,n

Now F(S^X) = &(S^X) u = 1 ,2 , . . . , r

Hence M^(X,Y) = [&(S^X) u = 1 ,2 , . . . , r

[H^(X,Y) u = r + 1 ,, . . ,n

We now have F(o) = G-(o)

F(S^X) = M^(X,y) u = 1 , . . . ,n

G(S^X) = M^(X,Y) u = 1 , . . . ,n

Hence f (x) = G(x )
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27* D e fin it io n  Ĉ X

°U° = °

= p^C^X u=v

i Ĉ X u /v

28. c^cyi = !0 u /v

i Ĉ A u=v

Proof L(o) = CyCyO

= C ô 27.

= 0 27.

e ( o) = 0

I/S„A) =

= ^u V v ^  B7.

jc C A v/w 27.
u  V

27.

[C^C^A v=w & u/w 27.

C C A  v/w
u  V

[ S L(a ) u = v = wli. u/w or v /w

R(S^A) = |0  u /v

IC^S^A u=v

[O u /v

= [S C A u=v=w 27.*■ w u
Ĉ A u=v & u/w 27*

p w “
10 u /v  i
[ i u/w or v/w
[ Ĉ A u=v Î
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= [s R(a) u = v = w

u/w or v /w

L(a ) = R(a ) 6 .

29 . = Ĉ Ĉ A

Proof Ĉ Ĉ A = |0  u /v  27*

[ Ĉ A u=v 27 •

= |0  u /v

[C^A u=v

= C C A 27.
V u

30. G^(B + A) = Ĉ B + Ĉ A

Proof 1,(0,B) = C^(b + 0)

= Ĉ B 7 .

r( o, b) = Ĉ B + Ĉ O

= Ĉ B + 0 27.

= C^B 7 .

L (S ^ ,B ) = C^(B + S^A)

= C^8^(B + A) 7 .

= [SyC^(B + A) u=v 27 .

G (̂B + A) u /v  27.

= [8^L(A,b ) u=v

L(A,b) u / v

R ( 8 / , b ) = Ĝ B + G^8yi

= lCuB+SvC^A u=v 27.

|c^B + Ĝ A u /v  27.
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= |Sy(C^B + C^A) u = v  7 .

1 Ô B + Ĉ A u /v

= |S ^ R ( A , b )  u = v

[ r ( A ,B )  u / v

L(A,B) = R(A,B) 6 .

u=v

Ĉ A u /v

Proof L(o) =- C P 0
'  u  V

= Ĉ O 17.

= 0 27.

R(o) = [P„C 0 u=v
V u

[ 0^0 u /v

= ! 0 u=v 27 . 17

10 u /v  27.

=  0

= puV v-''- 17.

[C^A v=w 17.

= v/w & u=w 27.

(c^P^A v/w & u/w 27.

v=w

= |S^L(a ) v/ w & u=w

B(a ) v/ w & u/w

Ĉ A v=w
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= [P S C A u=v & u=w 2 7 .i’’ V w u

P C A u=v & u/w 2 7 .f V u
| s  C A u /v  & u=w 2 7 .? w u ^

[C^A u /v  & u/w 2 7 .

= [c A u=v & u=w 1 7 .u

P C A u=v & u/i
V u

|i)
;c A

3 2 . C^(B A A) = Ĉ B -  Ĉ A

Proof L(0,b) = C^(B a 0 )

R(0,B) = C B -  C 0 ' u u

w

[ s  C, A u /v  & u=wf w u ^
[C^A u /v  & u/w

= [C^A u=v & v=w & u=w

[p C A u=v & v/w & u/w
1
[s C A u /v  & v=w & u/w

[c^A u /v  & v/w & u/w

|c^A u /v  & v/w & u=w

= |S  C A v/w & u=wf w u
ïp C A v/w & u/w & u=v
f V u

[c^A v/w & u/w & u /v

î C A v=w*■ u

= [ s  R(a) v / w  & u=w (u /v )

v/w & u/w

v=wu

l( a )  = r (a )  2 6 .

= Ĉ B 18.

= Ĉ B -  0 2 7 .

= Ĉ B 18.
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33 .

Proof*

l( s^a , b) = C„(B -  S / )

C„P^(B -  A) 18,

j P /„ ( B  -  A) u=v 31

i c j B  A A) u /v 31

= | p^l(a , b) u=v

iL(A,B) u /v

R(8yA,B)= CuB -  W

[C B A s c A u=v 27j u v u

iCuB A Ĉ A u /v 27

= |P,(C„B A c^A) u=v 18

i V  A c^A u /v

|PyR(A,B) u=v

Îr(a , b) u /v

l(a , b ) = r(a , b) 6 •

CgA + .  . .

L(0) = Cj 0 + Cg 0 4* •

0 + 0 + .......... + 0 27

= 0 7 . 

r( o) = 0

B(S^A) = CiS^A + CgS^A + ............+ CnS^A

= Cj_A + CgA + • • • • • ' h .  S^C^A + • • • • • + C^A 27# 

= S^(C]_A + Cg A + • • • • •  + O^A) 7 .

= S^L(A)

R(S^A) = 8^A

= 8^R(A)

L(A) = r(a ) 6 .
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34-. S B -  C A = S (b a C a ) u / v

Proof 1 ( 0 , B) = S^B a CyO

= S B A 0 27.

= V 18.

a(0 ,B ) = Sy(B A c^o)

= 8y(B A 0) 27.

= S,B 18.

L(S^A,b) = S^B -  Ĉ Ŝ A

= | 8yB -  S^C^A u=w 27.

[S^B -  Ĉ A u/w 27.

= |P^(S^B -  C^A) u=w 18.

[S^B -  Ĉ A u/w

= [P^B(A,B) u=w 

1 L(A,b) u/ w

R(8/ , B )  = 8^(B 2  G^s^A)

= | 8^(B -  S^C^A) u=w 27.

: 8^ ( B :  C^A) u/w 27.

=  | 8 ^ P ^ ( B  A C ^ a )  u = w  18 .

S S ^ ( B  -  C ^ A ) u/ w

= |P^S^(B -  CyA) u=w (u /v  and / .  v/w) 17.

Ss ^ ( b  a  c^ A )  u/ w

= | p^r(a , b ) u=w

|r(A ,b ) u / w

l ( a ,b )  = r (a ,b )  6 .
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3 5 - P^B + Ĉ à

Proof

w

P , ( B  + C ^ A ) u /v

P ^ B  + C^O

P ^ B +  0 2 7 .

P ^ B 7 .

B , ( B  + C^O)

P , ( B  +  0 ) 2 7 .

P ^ B 7 .

P ^ B  +  W

p y B  +  W u = w 2 7 .

IP y ®  + V u / w 2 7 .

p w ( ^ ®  + u = w 7 .

iPyB +  C^A u / w

[ S ^ L ( A .B )

[ l(a , b)

u = w

u / w

P ^ ( B  + C ^ S ^ A )

j P ^ ( B  +  8 ,C ^ A )  

| P y ( B  + O ^A )

u = w 2 7 .

u / w 2 7 .

j P A ( B  +  C ^A ) 

( P , ( B  +  C ^ A )

u = w 7 .

u/w

j 8/ ^ ( B  + C^A) u = w  ( u / v  a n d v/w)

(Py(B + CyA) u / w

|S ^ R ( A ,B ) u = w

1r (a ,b ) u / w

r(a , b) 6 .
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56. (B + C^A) A c^A = ( b A c^A) + Ĉ A u/v

Proof L(0, b ) = ( b + Ĉ O)A c^O

= ( b  + o )  — 0 27»

= B 2 5 »

R (0 ,B )  = ( b  a  CyO) +  c ^ o

= (b  — 0 )  + 0  2 7 •

= B 7* 18'

L(S^A.B) = ( b + C^S^A) A 0 ^ 8 /

W

| ( B  + W )  -  W v=w

| ( B  + C^S^A) A c^A v/w

j ( B  +  V  A s^C^A v=w

(B + S^C^A) A C / v/w

1(B + C^A) A c^A v/w

jP „((B  + C^A) A c^A) v=w

8, ( B  + C^A) A c^A v/w

1(B + C^A) A c^A v/w

jP „((B  + C^A) A C^A) 

jS „((B  + C^A) A C / )

v=w

v/w

1(B + C^A) -  Ĉ A v/w

|p ^ l(a ,b )  v =w

[S^L(A,b) v / w 

|l(A ,B ) v / w

& u=w 

& u/w

(B 2 C^S^A) + W

2 7 .

2 7 .

v=w (u /v  and u/w) 27. 

ii=w 27  •

i/w  27  •

18.

7 .

:W 3 4 .
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= |(B  A S^C^A) + C Ŝ^A v=w 27 .

|(B  A c^A) + C^S^A v/w 27.

= [(B -  S^C^A) + Ĉ A v=w (u /v  and u/w) 27* 

| ( b  -  C^A) + S^C^A v/w & u=w 2 7 .

[(B  -  C^A) + Ĉ A v/w & u/w 27.

= {P^(B -  C^A) + Ĉ A v=w 18.

S^((B A ĉ a ) + C^A) v/w & u=w 7 .

[(B  -  C^A) + Ĉ A v/w & u/w

= }P^((B -  C^A) + C^A) v=w(u/v and T.u/w) 3 5 . 

[ s ( ( B - C A )  +  CA)  v / w &  u=w
il w V u

(B -  C^A) + Ĉ A v/w & u/w 

= iP^I^(A,B) v=w

I S ^R(A,b) v / w & u=w

[r(A ,b) v / w &  u/w

L(A,b) = R(A,b) 6 .

5 7 .  C^B -  C^A =  C^B u / v

Proof L(0, b) = Ĉ B -  CyO

= CyB -  0 2 7 .

=  C^B 1 8 .

R (0,b ) = C Bu

L(S A,b) = C B -  C 8 AW U V w

=  p u ®  -  ® w V  2 7 .
IC y B  A c^ A  v / w  2 7 .

=  p „ ( C „ B  A c ^ A )  v = w  1 8 .

IC y B  A c^ A  v / w
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= |P^L(A,eJ v =w

IL(A,b) v/ w

R(S^A,B) = Ĉ B

= [C^B + 0 v=w 7 .

C B v/iu

3 8 . P^P^A = P^P^A

Proof L(o) = P^P^O

fi(0 ) = p^p^o

1 ( 3 / )  = P / , 8/

w

= [C B + P 0 v=w 1 7 .f u w

1 Ĉ B v/w

= |P^(C^B + 0 ) v=w (u /v  and 7.u/w) 35. 1 5 .

ÎC^B

= |V u ^
[ Ĉ B v/w

= |P^R(A,b ) v=w

J r ( A ,B )  v/ w

l(a , b) = r (a , b) 6 .

= 0 1 7 .

= p^o 1 7 .

= 0 17.
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= (p  A v=w 1 7 .

îÎ P / / /  v /w  1 7 .

= [p  A v=w
f u

iP^A v/w  & u=w 17 .

[s P P A v /w  & u/w  1 7 .w u V

= [p  A v=w
[ "
jP^A u=w

[ s  P P A v /w  & u/wI w u V

= jP^A v=w or u=w

[ S ^ L ( A , b )  v / w  & u/w

b ( s„a ) = p , p / /

= [P^A u=w 17*

= 1P^A u=w

P^A u/w & v=w 1 7 .

[S^P^P^A u/w & v/w 1 7 .

= |p  A u=w or v=wf u
|s  P P A u/w & v/wI w V u

= }p^A u=w or v=w

[S^R(A,B) u/w & v/w

l ( a ,b )  = r (a ,b )  2 6 .

3 9 . Py(B A A) = PyB A A

Procf L(0,B) = P (b  a 0 )

= P /  1 8 .



R(0 ,B) = P^B — 0

= P B 1 8 .u

l ( s , a , b )  =  p / b  a  s , A )

=  P „ P „ ( B  a  a )  1 8 .
U V

=  P / u ( B  A A )  3 8 .

=  p , l ( a , b )

E ( S , A . B )  =  P /  A S , A

=  P , ( P /  A A )  1 8 .

=  p , r ( a , b )

l ( a , b )  =  R ( A ,B )  6 .

W . P , C /  = [ C / /

U

P r o o f  L ( 0 )  =  P  C 0' v u

U V

u

u

= P y W

u = v

IC A  u / v

= V  27.

= 0 17.

R ( o )  =  [ C P  0 u = v

[ C 0 u / v

=  [ g o  u = v  17 .

u / v  27 .

=  | 0  u = v  27 .

[O  u / v

=  0

=  j V w V  2 7 .

î^ v ^ u ^  u / w  27 .

79
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R ( S / )

u = w  & 

u = w  &

v = w

v / w

1 7

1 7

u / w

}V
! S /( A )

u = v = w

u = w  & v / w

1 l ( a ) u / w

puW
ÏW

u = v

u / v

p / u = v = w 1 7

puW u = v  & v / w 1 7

\ w u / v  & u = w 2 7

I c / u / v  & u / w 2 7

puA u = v = w

jW
}Sw C uA

| G /

u = v  & v / w ( u / w ) 2 7

u / v  & u = w

u / v  & u / w

p / u = v = w

pwV u = w  & v / w ( u / v )

j w u / w  & u = v

i c / u / w  & u / v

pû
jSwE(A)

u = v = w

u = w  & v / w

1e (a ) u / w

l(a ) = r(a ) 2é .

4 1 . CuB A A = C /  A c /



81

Proof L(0, b) = CyB -  0

= C^B 18.

r( o, b) = C B -  C 0 u u

= Ĉ B -  0 2 7 .

= Ĉ B 18.

L(S^A,b) = Ĉ B ^ S^A

= Py(C^B -  a ) 18.

= |P^(C^B -  a ) u =v

[PyC^B -  A u /v  39.

= lPy(C^B -  A) u=v

[CyB -  A u/v  4 0 .

= |p ^ l(a ,b )  u = v

[l(A ,b ) u / v

R (S / ,B )  = Ĉ B -  Ĉ Ŝ A

= [C^B -  Ŝ Ĝ A u=v 27 .

'C^B -  Ĉ A u/v  27 .

= |P^(G^B -  Ĝ A) u=v 18.

[C^B -  Ĉ A u/v

= |PyR(A,B) u=v

[r(A ,b) u / v

l ( a ,b )  = r (a ,b )  6 .

42 . 8yO -  A = 8^0 -  Ĉ A

Proof Ĉ Ŝ O = Ŝ Ĝ O 27.

= V  27 .
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8 0 - A = C 8 0 - A  27.u u u

= c 8 0 -  c A 41 .u u u

= 8 0  -  c A u u

4 3 . D e fin it io n  o f Y.X

Y.O = 0

Y .8^X = Y.X + Ĉ Y u = 1 , . . . ,n

4 4 . 0 .x  = 0

Proof L(o) = 0 .0

é 0 43.

r (o )  = 0

L(8^X) = O.SyX

= O.X + Ĉ O 43.

= O.X + 0 27.

= O.X 7 .

= l ( x )

E ( S / )  = 0

= R(X)

l( x ) = r(x ) 6 .

45.  8 Y.X = Y.X + C /

Proof 1(0,Y) = S / .O

= 0 43 .

R (0,y ) = Y.O + Ĉ O

= 0 + 0  27.

= 0
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l ( s , x ,y )  = S j . s , x

= S Y.X + C S Y u v u

= [S^Y.X + S^C^Y u=v 27.

[S Y.X + C Y u /v  27.u

= p ^ ( s / . x )  + C,Y u=v 7 .

[ S / .X  * C,Y u /v

= !s,(L (X ,Y ) + C,Y) u =v

iL(X,Y) + C Y u /v

E(S,X,Y) = Y.S,X + C / ,X

= iY.X + C,Y + s e x  u=v 43 . 27

Iy .X + C,Y + C /  u /v  43 .27 .

= [S,(Y .X  + C Y + C„X) u=v 7 .
? V V u

[Y.X + Ĉ Y + Ĉ X u/v

= |Sy(Y.X + Ĉ X + C^Y) u=v 1 5 .

[Y.X + Ĉ X + Ĉ Y u /v

= |S ^ (r(X,y ) + CyY) u=v

[r(X ,y) + Ĉ Y u /v

l ( x ,y )  = r (x ,y )  6 .

4 6 . X.Y = Y.X

Proof l( 0 ,y ) = O.Y

= 0  44.

R (0,y ) = Y.O

= 0 4 3 .



L (S /,Y )  = S / .Y

= X.Y + C /  4 5 .

= L(X,Y) + C YU

S ( S / ,Y )  = Y . S /

=  Y .X  +  C /  4 3

= R(X,Y) + C /

l ( x ,y )  = e (x ,y )  6 .

4 7 . C^(B.a) = c / . c /

P r o o f  1 ( 0 , B ) =  C ^ ( B .O )

= Ĉ O 4 3 .

=  0  2 7 .

E ( 0 , B )  = C / . C /

= C B .O  2 7 .

=  0  4 3 .

i ( s , a , b )  = c^ ( b . s , a )

= c ( b . a )  +  c  c  b  3 0 , 4 3 .U U V

=  ( c^ ( B . A )  +  C^B u = v  2 8 .

)C  ( b . a )  +  0  u / v  28 .u

= | l ( A , b )  +  C^B u = v

[ l ( A , b )  u /v  7 .

R ( S / ,B )  = C^B.C^S^A

=  [C ^ B .S ^ C ^ A  u = v  2 7 .

[ c ^ B .C ^ A  u / v  2 7 .

=  Î^ ^ B .C ^ A  +  C^C^B u = v  4 3 *

j c ^ B .C ^ A  u / v

8 4
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= [c B.C A + C B u=v 2 8 .j u u u

ÎC^B.C^A u /v

= [r(A ,b) + C^B u=v

|r (A ,b ) u/ v

l ( a ,b )  = r (a ,b )  6 .

4 8 . C^B.A = C^B.G^A

Proof L(0, b) = CyB.O

= 0 43 .

R(0,B) = G B.G 0 ' ' u u

= G^B.O 27.

= 0 43 .

L(S^A,B) = G^B.S^A

= C B. A+ G G B 43 .u v u

= [c B.A + C B u=v 28.I u u
[C^B.A + 0 u /v  28.

= [ l(A,B) + g B u=v

| l(A
u

,B) u/ v

E(S,A,B) = C / . C / , A

= l^ u ^ ’ ^V^U'  ̂ U=V 27.

[ C / . C /  u /v  27.

= | C / . C /  + C ,C /  u=v 43.

i C / . C /  u /v

= [c  B.C A + C B u=v 2 8 .I U U u

[Gu B.G^A u/ v
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= [ r(A,b ) + c b u=v
U U

, b ) u /v

l(a , b ) = r(a , b ) 6 .

49 . C^A.B = A.C^B

Proof C^A.B = C^A.C^B 48.

= C B.C A 4-6.u u

= C^B.A 48 .

= A.C^B 46*

50. C.(B + a ) = C.B + C.A

Proof L(0,B,C) = C. (B + O)

= C.B 7 .

R(0,B,C) = C.B + C.O

= C.B + 0 4 5 .

= C.B 7 .

L(S^A,B,C) = C.(B + S^A)

= C.S^(B + a ) 7 .

= C .(b + a)  + Ĉ C 4 3 *

= l(a , b , c )  + c cu

R(S A,B,C) = C.B + C.S A u u

— C.B + C .A + Ĉ C 43 .

= r (a , b , c) + c^c 

l(a , b , c) = r (a , b , c) 6 .



51 . (C.B) .A = C.(B.A)

Proof L(0,B,C) = (C.B).O

= 0 43 .

r(o, b , c) = c . ( b . o)

= C.O 43 .

= 0 43 .

l( s^a , b, c) = ( c . b) . s^a

= (C.B).A + C^(C.B) 43 .

L(A,B,C) + C (C.B)u

h( s/ , b , c) = c . ( b . s/ )

= c . ( b .a + c„b ) 43.u

= C.(B.A) + C.C B 50.u

C .(B .a ) + C (C.B) 4 7 .4 8 .4 9 .u

= R(A,B,c) + C (C.B)u

l ( a ,b ,c )  = r ( a ,b ,c )  6 .

52. B.P^A = B.A -  Ĉ B

Proof L(0, b) = B.P^O

= B.O 17.

= 0 43 .

R (0,b ) = B.O -  Ĉ B

= 0 -  Ĉ B 4 3 .

= 0 19.

8 7
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1 ( 8 / ,  B) = B . P / /

= [b .a  U=V 17*

[B.S^P^A u/ v 17.

= [ B.A u=v

Ib .P^A + Ĉ B u /v  43 .

= [ b .a u=v

[ l(A ,b) + Ĉ B u /v

R(S^A,b) = B.S^A -  Ĉ B

= ( b .a + CyB) -  Ĉ B 4 3 .

= [ ( b .a + c b ) -  c b u=vJ u u
[ (b .a  -  C^b) + C^B u /v  3 6 .

= [ B.A u=v 2 3 .

[r(A ,b) + Ĉ B u/ v

l(a , b) = r(a , b ) 26.

53. C.(B -  a ) = C.B -  C.A

Proof L(0,B,C) = C.(B -  0 )

= C.B 18.

R(0,B,C) = C.B -  C.O

= C.B -  0 43

= C.B 18

l( s^a ,.b , c;=  c . ( b -  s^a )

= C.Py(B -  A) 18.

= C.(B -  A) -  Ĉ C 52.

= l(a , b , c) -  Ĉ C
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R(S^A,B,C) C.B -  C.S^A

= C.B -  (C.A + C C)u

= (C.B -  C.A) -  C Cu

R(A,B,C) -  Ĉ C

l(a , b, c) = r(a , b , c)

43.

20

6 .

54. D e fin it io n  of | a , b1

|a , b| = (A -  B) + (B -  A)

55. Rule o f in feren ce

A + B = 0

Proof

A = 0 

B = 0

A + B = 0

A = (A + B) -  B

= 0 -  B

=  0

B = (A + B) -  A

=  0

Premises

23.

Premises

19.

23. 15.

Premises

5 6 . Rule o f in ference

A = B

A -  B = 0 

B -  A = 0
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Proof A = B 

A A B = B -  B 

=  0

B -  A = B -  B 

=  0

Premises

5.

2 2 .
Prem ises. 5. 

2 2 .

57. Rule of in feren ce

Proof

p ( s / )  = f ( x )

F(X) = F (0 )

1 ( 0 ) = F(0)

R(0 ) = F(0)

i ( s / ) = F ( S / )

= F(X)

= i(x )

R(SyX) = F(0)

= E(X)

l(x ) = a(x)

Premises

6 .

58. Rule of in feren ce

f ( o, y ) =

P(X,0) = 

F ( C / / , C / / )  = ^X,C^Y) fo r  one value of u .

= 0 fo r  th a t value of u .

Proof

Consider f i r s t

f ( c / , c ^ ( y  a s / ) )

Proof L(X,0) = F ( C / / , C / )
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= P ( C / / , 0 )

=  0

27.

Premises

R(X,0) = p ( C / ,C / 0  A S / ) )

= F ( C / , C / )  

= F ( C / ,0 )

= 0

19.

27.

Premises

l( x , s, y) F ( C / / . C / , Y )

[ F ( C / / , C / )  u /v

27.

27.

[F(C^X,CJ)

1l ( x ,y )

u=v

u/v

Premises

R(X,S,Y) = F (C /,C ^ (S ,Y  A S / }

= | F ( C / , C / S /  A s / ) )  u=v

1f ( c „ x ,u ' W - W ) 32.

= | f ( c / , c ^ ( y  a 0 ))  u=v

1f(CuX,CuY A C u S /) u /v

2 1 .

27.

= |F ( C / , C / )  u=v

[f(C /,C ^ (Y  a S / ) )  u/ v

J F ( C / ,C /)

)E(X,Y)

u=v

u /v

32.

L(X,y ) = R(X,Y) fo r  (a) 26.

Now consider

(b) F ( C / , C / )  = F(Cy(X A S /) ,C ^ (Y  A 8/ ) )



92

Proof l( o, y ) = f ( c/ , c/ )

= F ( C / ,0 )

=  0

27.

Prem ises

R(0,Y) = F(C^(X A S /) ,C ^ ( 0  A S / ) )

= F(C^(X A S / ) , C / )  

= F(C^(X A S / ) , 0 )

= 0

19.

27 .

Prem ises

L(S,X,Y)

j F ( C / / , C / )

[ F ( C / , C / )

u=v

u /v

27.

27 .

|F (C / , C ^ ( Y  A s / ) )  u=v

[ l(x , y ) u/ d

(a )

E(S,X,y ) = F (C /S ,X  A S /) ,C ^ (Y  A S / ) )

= p ( G ^ ( S /  A S /) ,C ^ (Y  A s / ) )  u=v

|F (C /,X  A C / / ,C ^ ( Y  A s / ) )  u/v  32.

= |f ( C /X  a o ) , 6/ Y  a  S / ) )  u =v 21.

Î F (C / A C / / ,C ^ ( Y  A S / ) )  u/v 27.

= |f (C /,C ^ (Y  a s / ) )  u =v  18.

{F(C^(X A S/),C^(Y A 8/ ) )  u /v  32.

= |F (C /,C ^ (Y  A 8^0) U=V

iR(X,Y) u/v

L(X,Y) = R(X,Y) fo r  (b) 26.

Now l e t &(n ) = f ( c/ x  a n ) , c/ y a n ) )
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Hence &(S,N) = F ( C /  A S /) ,C ^ (Y  A s,N))

= F ( C /,(X  A n) ,C / , ( Y  A n ))  18.

= p(C ^((X  A n) A S / ) , C / ( Y  a n) a  g / )  u=v 17.18. 

iF ( c /X  A k) ,C /Y  A n ))  4 0 .

= |F (C /X  A n ) ,C /Y  a n ))  u = v  (b)

iF ( c /X  A n) ,C /Y  A N)) u /v

= o( n)

G(n ) = G(0) 57,

f ( c / x a n ) , c J y A n ) ) =  f ( c / x  a  0 ) ,c^ (y  a  0 ) )

= F ( C / , C / )  18.

In the p a r ticu la r  instan ce where N = X we have:- 

F(C uX ,C /) = F (C /X  A X ),C /Y  A c ) )

= F (C /,C J Y  A x ) )  2 2 .

= F (0 ,C /Y  a x ))  27.

= 0 Premises

59. Cy(S^O :  A) = [8^0 1 A u=v

[ 0 u /v

Proof C (̂S^O -  A) = Ĉ Ŝ O -  Ĉ A

= js^o -  Ĉ A u=v 2 7 .

[O -  A u /v  27.

= [S, 0 -  A u=v 42 •u

u /v  19.
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60 . A .8^0 = Ĉ A

Proof A. 8^0 = A.O + Ĉ A 43*

= 0 + Ĉ A 43»

= Ĉ A 1 3 *

61. 8 0 - 8 A = [ 8  0 -  A u/v
U V f u

[ 0 u=v

Proof 8^0 -  8 /  = 8^0 -  0 ^ 8 /

= [ s  0 A c A u/v  2 7 .I u u

[8 0 -  s c  A u=v 2 7 .I u u u

= 18^0 -  A u /v  4 2 .

[ 0 -  Ĉ A u=v 2 1 .

= [SyO -  A u /v

[ 0 u=v 1 9 .

6 2 * A. ( 8^0 — a) = 0

Proof L(0) = 0.(8^0 -  O)

= 0 44 .

r (o ) = 0 

L(S,A) = S / . ( S /  A s / )

= [8^A.0 u=v 6 1 .

{8yA.(8^0 -  A u /v  61.

= [O u=v 4 3 .

I A. ( 8^0 -  A) + Cy(8yO A a ) u / v  43 .

= 10 u=v

ÎL(A) + 0 u /v  59.
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= 10 u=v

[ l ( a )  u A  7 .

R(S a ) = 0V

= [0 u=v

|o  u A

= 10 u=v

[ r (a ) u A

L(A) = R (a )  26

6 3 * Rule of in feren ce

f ( o )  = 0

f ( x ) = 0

Proof

Consider f i r s t

(a ) (S^O -  F(X)).(S^O -  F(S^X)) = Ŝ O -  F(X)

Proof

(S^O i  F(X) ) $ ^ 0  Î. F(S^X) ) = (S^O i  F(X) ) . 3^0 -  (S^O i  F(x) ) .F(S^X) 5 3 -

= (S^O iF(X )).S^O iO Premises

= (S^O iF(x)).S^O 18 .

= -  F(%)) 60.

= Ŝ O -  F(X) fo r  (a) 5 9 .

Now d efin e  G-(x) by

G-(O) = SOu

G(S^X) = G-(X).(S^0 -  F (X ))
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Let H (x )  = G(SyX)

h ( o ) = g( s ^o)

= G ( 0 ) . ( S ^ 0  -  F ( 0 ) ) Defn.

= & ( 0 ) . ( S ^ 0  -  0 ) Premises

= S O.S 0 18 .u u

= C S 0 6 0 .U U

= V 2 7 .

= &(o) Defn.

H(S„X) = G(S^S^X)

= C(S^X).(S^O  i  F (S ^X )) Defn.

= G (x ) . (8 y O  -  F ( X ) ) . ( S ^ 0  -i F (S ^ X )) Defn.

= G (X ).(8yO  i  F (X ) ) (a)

= G(8*X) Defn.

H (x) = G(X)

&(S^X) = G(X)

G(X) = G (0) 57 .

= S 0 Defn.u

8^0 = S^O.(S^O -  F (X )) Defn.

= -  F (X )) 6 0 .

= S^O -  F (X ) 59 .

X).S^O = F ( x ) . ( 8yO ■: f ( x ) ) 5 .

c f ( x )  = 0 6 2 .
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As no s p e c if ic a t io n  has been made on u we can th erefore say 

F(x ) = 0  by 53.

64 . D e fin it io n  ( e x p l ic i t )

( X ) s  =  XS =  X X

6 5 . D e fin it io n  of R t ( x )

Rt(0) = 0

R t(S  X) = R t ( x )  + (8 ^ 0  A ( ( s ^ R t(X ) )®  A s ^ X ) )  U = 1 ,. . . ,n

66. (S^O -  ( (S ^ (A  + (S^O -  B )))“ ■: S ^S ^C )) = (S^O A ((S^A )®  A s ^ c ) )  u / v

Proof

(S^O A ( (S ^ (A +  (S^o A b F  -  = (8 ^ 0  A C j ( S ^ ( A +  (8 ^ 0  A B »)» A s^ 8 ^ c D 4 2 .

= (8 ^ 0  A ( C j 8 ^ ( A +  (8 ^ 0  A B)) => A C^S^S^C)) 32 .

= (S ^0A = ((ĉ 8 J A +  ( 8^0 Ab))) = A 8 ^ C ^ 8 ^ 0 ) 4 7 . 27 .

= (8 ^ 0  A ( (8 ^ (C ^ A +  Cy(8yO A fi)))* A S ^C ^C )) 30 . 27 .

= (8^0A((3JC^A+0]?AC^S^C]) 5 9 . 2 7 .

7 .

= ( 8 ^ 0 A ( ( c^ S ^ A )» A c^ S ^ C )) 27 .

= (8 * 0  -  (C *(8„A )=  A c ^ 8 ^ C )) 4 7 .

= (8*0 A C ^ ((8 ^ A )«  A s^ O ) 32 .

= (8 * 0  -  ( (8 „ A )*  A s ^ c ) ) 4 2 .

6 7 . The commutativity condition  fo r  R(x) 

I f  u^v then
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B^(S^,B^(X ,Z)) = Z + (S^O A ((SyZ ): A g^X)) +

(8^0 A (( s^ (z  + ( 8yO A ((S^Z)2 A S^X)) ))»  A s^8 x̂)j) D efn.

= z + ( 8^0 A ((Sy(Z + ( 8^0 A ( ( 8yZ): A 8^ X ))))’= A g^S^X]) + 6 6 .

(8*0 -  ((S*Z)“ A s^X)) 66.

= Z + (8^0 A ((S^Z)= A s^X)) +

(8 ,0  A ( ( 8 ,(Z +  (8^0 A ((S^Z)® A s^ x )) ) )“ A s , 8^X)) 15.

= B ,(8^X,B^(Y.Z)) fo r  V v  Defn.

I f  u=v then

B j 8,X .B ,(X ,Z )) = B ,(8^X,B^(X,Z) u=v

Hence

B j 8,X .B ,(X ,Z )) = B ,(8^X,B^(X,Z)) a l l  u ,v .

6 8 . ( 8^0  A a ) . ( 8^0  A (S^O A A )) = 0

Proof l ( 0 )  = (8^0 A 0 ) .(S  0 A ( 8  0 Aq))

= 8^0 . ( 8^0 A 8^0 ) 18.

= 8^0 .0  22 .

= 0 43 ,

R(o) = 0

L(S,A) = (8^0 A S,A ).(8^0 A (g^O A s,A ))

— A ),(S  0 — (O — a ) )  u =v  61•u

î(S^O -  A ) . (8^0 -  (8^0 1 A )) u /v  61.

= i 0 . ( 8  0 -  o )  u=v 1 9 .u

ÎL(A) u/ V

! 0 u=v 44 .

[ L(a) u / v
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r ( s a) = 0V

=  [ 0  u = v

}0 u /V

= |0  U=T

{R(A) u^t

L(A) = R(a ) 26 .

69 . (S^O A (S^A A B)).(S^O A (B A A)) = 0

Proof L(A,0) = (S^O A (g^A A 0 )) .(S ^ 0  A (o A a ) )

= (S^O A g^A).(8uO A 0) 18 .19 .

= O.S 0 61.U

= 0 44»

L(0,B) = (S^O A (8^0 A b)).(S^O  A (g  A o))

= (3^0 A (8^0 A b)).(S^O a b) 18.

=  0 68 *

= (S * 0  -  ( W / - W ) ) '  ( V ' ( G * 8 * B l C ^ 8 ^ A ) )

= (8*0 -  (S*S^C^A A g^C^B)). (SO A (S^C^b A S^C^A)) 27.

= (S^O A (S^C^^AAĉ b)) .(S ^ O A (c^BA ĉ A)) 2 2 .

= L(C^A,C^B)

L(C^A,C^B) = 0 58.

(8 ^ 0 A (8 ^ A A B ]j) .(8 ^ 0 A  ( b A a J  = (S^O A cJ s ^a A b )).(S^O A  c ^ B  A a J  4 2 .

= (8^0 A (c^S^A A C^b) ) . ( 8^0 A (c^B A ĉ a )) 32.

= (S^O A (S^C^A A C^B)).(8^0 A (c^B A C^A)) - 27.

= L(C^A,C^B)

= 0 From above.
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70 . Rule of in ference

A.B = A.C

a . | b , c | = 0

Proof A .1b , c | = A .((B  -  C) + (C -  B)) 54.

= A.(B -  c)  + A .(c  -  b) 50.

= (A.B -  A.C) + (A.C -  A.B) 55.

= 0 + 0  Premises* 56,

= 0 7 .

I t  i s  now necessary  to quote the Key Equation. This i s  proved 

form ally using p rim itive  recursion  under th e  same s e t  of axioms in  [4 ] .  

Thus

71. Key Equation

A + (B + A) = B + (A -  B)

72. (S^O -  X).F(C^(X + Y)) = (S^O -  x).F ( C j )

Proof L(0,Y) = (S^O -  0) . f (C^(0 + Y))

= S O.F(C Y) 18 .13 .u '  u

= C^P(C^Y) 6 0 .

E(0,Y) = (S^O A O ).F (G J)

= 8^ 0 .P (C J) 18.

= C^F(C^Y) 6 0 .

L(S,X,Y) = (S^O A S,X).F(C^(S,X + Y ))

= [ O .F ( C ^ j ( S , X  + Y) u = v  61.

[(  SyO A X).F(C^8,(X + Y )) u /v  61.
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= [0 u=v 44.

r( s, x , y )

(8^0 A %).p(Cy(x + Y)) u/v

= [0 u=v

1l(X ,Y ) u / y

= (S^O A 8 ,X ).P (C J )

= [O.P(C^Y) u=v

|(8yO A x).F(CyY) uA

= [0 u=v

[R(X,Y) u/ y

l(x , y ) = r (x , y )

61.
61.

44*

26.

In fa c t  th e  equation

(8^0 A x ).F(C^X + Y) = (8^0 A x) .F (y )

i s  proved by the above schema, though the equation proved i s  s u f f ic ie n t  

fo r  subsequent p ro o fs .

73* Rule of in ference

1a , b | = 0

A = B

Proof | a , b| = 0

(A -  B) + (B -  A )= 0

A -  B = 0 
B A A = 0

A = A + 0
(2>

= A + (B -  a ) 

= B + (A -  B) 

= B + 0 

= B

Prem ises.

54.

Key Equation

55'
55-
7 .

From above 

From a b o v e ^

7 .



7 4 . Rule o f in fe r e n c e

f ( o, y ) = g( o, y ) 

f (x , o) = & (x,o)
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F(G*S*K,C*8uY) = F(C^X,CJ) 

G(C„S^X,C^S^Y) = g ( c ^ x ,c j )

fo r  one value of u

fo r  the same value o f u .

F(C ^X ,C J) = &(C^X,CJ) fo r  that value of u.

Proof

Let H(X,y ) = | f (X,Y),G(X,y )|

Then H(0,Y) = | F (0 ,y ),G-(0,Y)1

=  0

h(x , o) = 1f (x , o),g(x , o)|

Premises 56. 7#

= 0 Premises 56. 7 .

H(C^S,X,C^S,ï) I F(C^S,X, C^S,Y), G( O^S,X, C^S,Y)| 

| f ( C ^ X ,C j),G (C yX ,C j)|

|F(CyX,CyY),G(CyX,C^Y)|

H(C*X,C*Y)

H(C*X,C*Y)

P(C*X,G*Y)

= 0

0(C*X,C^Y)

u=v Premises 

u /v  27.

58.

73.

75. I  s^x . s^y I =  I x , y |

Proof I 8*X,8J| = (S„X A S^Y) + ( S J  A s^X) 

= (X -  Y) + (Y -  x )

= : | x , y |

54 .

2 1 .

54 .
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76 .  I c * x , c j |  = c ^ | x , y |

Proof I C^X.Cjl = (C^X A c j )  + ( C J  A c^x) 54.

= C jX  A y ) + C^(y a X) 32.

= C j(X  A y) + (Y A x ) )  30.

= cJ x , y| 54.

77. | x , y | = | y , x|

Proof | x , y | = (X -  y ) + (Y a x ) 54.

= (y  A x )  + ( x  A y) 15.

= |Y,x| 54.

78 . | o,y | = | y , o | = Y

Proof |0 ,Y | = | y ,0 | 77.

= (Y A 0) + (0 A y ) 54.

= Y + 0 18 .19 .

= Y 7 .

7 9 .  (S^O A 1x , y | ) . ( 8 ^ 0  A ( X  A y ) )  =  (S^O A | x , y |  )

Proof L (0,y) = (8^0 A I 0 ,y 1 ).(8 ^ 0  A (O A y ) )

= (8yO A Y ) . ( 8 y O  A o )  8 1 . 1 9 .

= (SyO A Y ) .S ^ O  1 8 .

= C ^ ( 8 ^ 0  A y )  60 .

= ( 8 ^ 0  A y )  5 9 .
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r( o, y) = ( s o  A 1o,y | )
U

= (s^o -  y ) 7 8 .

L(x,o) = (s^o -  l x ,o | ) . ( s ^ o  -  (X -  0))

= (s^o — x) . ( s^ o  — x) 78*18*

= S^0.(s^0 -  X) :  x .(s^o -  x) 53.46.

= C (8  0 -  x) -  0 60 . 6 2 .u' u

= C (̂S^O A x )  18.

= ( s ^ o  -  x )  59 .

R(X,0) = ( s o  A | x , o |  )u

= (s ^ o  -  x )  78»

^ (W ’W'> = ( \ °  -  | C A X , W I ) . ( S „ 0  A (c^S^X  A 0^8J )  )

= (8*0 -  I W ’S*0*Y| ).(8 ^ 0  A (s^C^X A 8^0j ) )  27 .

= (SyO A I C^X.C^yI ) .(8 ^ 0  A ( c ^ x  A C j ) )  7 5 .2 1 .

= L(C^X,C^Y)

It(C*S*X,C„S^Y) = (8^0 A I C^8^X,C^8J| )

= (8*0 -  I S^C^X.S^C^Yl ) 27.

= (S^o A Iĉ x . ĉ yI) 75.

= R(C^X,CJ)

L(C^X,C^Y) = &(C^X,C^Y) 74.

Hence

( 8*0 -  Ic^X.C^yI ) . (  8^0 A (c ^ x  A C j ) )  = (S^O A | C^X,C^y| )

(8^0 A Ĉ l X,Y| ).(8^ 0  A c^(x A y ) )  = (S^O A c J x ,Y | ) 76 .32

(8^0 A I x , y | ).(S^0 A (x A y ) )  = (g^o A ) x , y| ) aa required . 4 2 .
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8 0 . (8^0 A Ix . y I ) .(3 ^ 0  a p(C^X)).F(C^Y) = 0

Proof (8^0 A x ) . f ( c J x  + ï ) )  = (S^O -  X).F(G^Y) 72.

Put X -  Y fo r  X, and we have

(8^0 A (X A y ) ) ,F (g J (X  a y ) + Y)) = (8^0 A (x A y ) ) . f ( G J ) .

M ultiply both s id e s  of the equation by (8 0 A | X,y[ ) and th erefore

(8^0 A |x ,y |  ) .F (g J (X  a y ) + Y)) = (8^0 A | x ,y | ).F(G^Y) 7 0 .7 9 .

S im ilar ly  one can prove the equation

(8 ^ 0  A |y ,x | ) .P (c J (Y  a  x) + X)) = (8 ^ 0  A | Y.xj ) .F(G^X)

Hence from th e  above two equations, the Key Equation and 77*, we have

( 8^0  A I x .y I ) .f (g ^ y )  = ( 8^0  A Ix.yI ),p(G^x) .

M ultiply both s id e s  o f the equation by (S^O -  f(C^X)); the right-hand  

s id e  then becomes zero by 6 2 . and th erefore we have

(S^'O - ix ,Y |) .(S ^ O  -  F(C^X)).F(C^Y) = 0 as req u ired .

81 . (3^0 -  (S^O -  A )) + (3^0 -  A) = Ŝ O

Proof L(o) = (S^O -  (S^O -  O)) + (S^O -  O)

= (S^O -  3^0) + 8^0 18.

= 0 + 8^0 2 2 .

= Ŝ O 1 3 .

R(0) = 8^0

L(8^A) = (8^0 -  (8^0 -  8 / ) )  + (8^0 -  8^A)
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= î ( s  0 -  0) + 0 u=v 61.j u
1(8^0 A (3^0 A A »  + (8^0 A a ) 61.

= [s  0 + 0 u=v 18,f u
1 l(a ) uA

= iSyO u=v 7*

[ L(a ) u / v

R(S^A) = S^O 

= |8*0 u=v

Ŝ O u^v

= } V

U(A)

u=v

uA

L(a ) = R(a ) 26.

82 . (8yO A (s^A A b)) + (8^0 A |a ,b | ) = (8^0 A ( a  A b ))

Proof L(A,0) = (8^0 A (S^A -  O)) + (8^0 A |a ,o |  )

= ( s  0 A s  a )  + (8 e  A a )  1 8 .7 8 .
U U U

= 0 + (s 0 -  a )  61.' u '

= 8^0 A A 1 3 .

R(A,0) = (8^0 A ( A  A 0 ))

= 8 0 A A 18.

L(0,B) = (8^0 A (s^o A b ) + (SyO A | o, b1 )

= (8^0 A (3^0 A b ))  + (8^0 A b ) 61.

= 8^0 8 1 .
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R(0,B) = ( s o  -  (0 -  B))u

= (3^0 A 0) 1 9 .

= S O 18.

L(C^S^A,CuS^B) = (S^O A (S^C^S^A A + (S^O A | C^S^A.C^S^bI )

= (8*0 -  (S*S*C*A A S*C^B» + (8*0 A | S^C*A,S^C*b | ) 27.

= (S^O A (S^C^A A C*B)) + (8*0 A | C^A,C*b | ) 21 .75.

= L(C^A,C*B)

u u u u

Hence

u ' u u

u u ' u

u

(8*0 A ( w -  0*8*8))

(8*0 A (8*0*4 -  8*0*8)) 27.

(8*0 A (C*AA 0*8)) 21.

E(C*A, 0*8)

E(C*A, 0*8) 74.

C*B)) + (8*0 A 1 o*a . c* b | ) = (8*0 A (0*A A 0*8))

• 0*B)) + (8*0 A 0*1 a , b| ) = (8*0 A 0*(A A b)) 2 7 . 7 6 . 3 2 .

L A b) ) + (8*0 A 0*1 A ,b1 ) = (8*0 A 0*(A A b)) 3 2 .

i*A A B )) + (8* 0 A | a , b| ) = (8*0 - (A A b ) ) 42 .

83* Rule o f  in ference

(8*0 A (s^A A b)).C  = 0 

(8^0 A | a , b1 ).C = 0

(S*0 — (a — B)).C = 0

Proof (8*0 A ( A  A b)).C  = ((8*0 A (s*A A b )) + (8*0 A |a ,b | )) .C  82.

= ( 8*0  A (s*A A b)).C  + (8*0 A |a ,b |  ).C 50 .46 .

= 0 + 0  Premises

= 0 7 .



84 . A + (3*0 A a ) = 3*0 + P*A

10 8

Proof L(0) = 0 + (3*0 A 0)

= 8*0 13.18.

R(0) = 8*0 + P*0

= 8 0  + 0

= 8 0  u

17.

7 .

L(S^A) = S^A + (S^O -  S / )

= ) 8^A + 0

ls ,A  + (8*0 A A)

u=v

u /v

6 1 .
6 1 .

S^A u=v

i:s^( A + (S^O A A)) u /v

7 .

14.

= }V
IS,L(A)

u=v

u /v

R(S,A) 8*0 + P*S,A

8*0 + A 

iS*0 + 8,P*A

u=v

u /v

17.

17.

[8*(0 + A) 

!8 ,(S *0  + P*A)

u=v

u/v

14.

7 .

j v

iS,E(A)

u=v

u /v

L(a ) = R(A)

85 . Rule of in ference

C^B.A = 0 

(S^O A a ).C = 0

C^B.C = 0
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Proof 0 = ( s  0 A a ).C Premisesu

= ( 3*0 A c*A).C 4 2 .

= (S 0 A c A).C.B 4 4 .7 3 .u u

= SyO.C.B -  C^A.C.B 53 .4 6 .

= C^(C.b) a c .C^A.B 60 ,4 6 .5 1 .

= C.C^B A c.C^B.A 4 7 .4 8 .4 9 .

= C^B.C A c.O 46 .Prem ises.

= CyB.C — 0 27 .

= C B.C. 18.u

86 . Rule of inference  

(A A b ).C = 0

(A -  S^b).C = 0

Proof (A A 8 B).C = (A A ( b + S^O)).C 7 .

= ( ( a — B) — 8^0)«C 20.

= (a  — b ) . c — s^o.c 53 .46 .

= 0 -  S O.C Premisesu

= 0 19.

8 7 .  (3*0 A A y S * 0  A A) = 3*0 A A

Proof (3*0 A a ) . (3*0 A a ) = (8*0 A A ) . 8*0 A ( s* 0  A A).A 5 3 .4 6 .

= c* (s*o  A a )  A 0 6 2 . 6 3 .

= C*(S*0 A A) 18.

= 8*0 A A 5 9 .
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8 8 . Rt(C^X) = C^Rt(x)

Proof L(o) = Rt(C^O)

= R t(o) 27»

= 0 6 5 .

R(0) = C^Rt(o)

= c^o 65.

= 0 2 7 .

L(S,X) = Rt(C*S,X)

= |Rt(S*C*X) u=T 2 7 .

[Rt(C*X) u /v  2 7 .

= |Rt(C*X) + (3*0 A ((8*Rt(C*Xy A 3*C*X)) U=T 6 5 .

■ | l(X) u /v

= |L(X) + (3*0 A C *((S*R t(C *xF  -C *S*X )) u=v 42 .

IL(X> u /v

= |L(X) + (3*0 A (c* (3*R t(C *X F  AC*C*S*X])u=v 32.

[ L(X) u/v

= |L (X ) + (3*0 A (c* (3 * R t(C * X p  ic*3*x )) u=v 2 8 .

[ L(x) u/ v

= |L (x )  + (3*0 A C*((S*Rt(G*X))= -S * X )) u=v 32.

[ L(x) u/ v

a |l (X )  + (3*0 A ( ( s * l ( x ) ) »  A s*X )) u=v 42 .

[ L(X) u/ v
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E(S,X) C*Et(S,X)

C *(Et(x) + (8 ,0  A ( (S ,E t (x ) )*  A g ,X ))

C*Et

= | e (x

|E(X

= [E(X 

|E(X

= |R(X 

}E(X

= !e (x

|E(X 

= |E(X

| e ( x

= |E(X 

|E(X

X) + C*(S,0 A ( (S ,E t (X ))“ A s ,X ))

6 5 .

3 0 .

+ (8*0 A C*((S*Et(x))« A s*X )) u = v  5 9 . 4 2 .

+  0 5 9 .

+ ( 8*0 A (c* (S * E t(x ))=  A C*S*X)) u=v 32.

u/v

u /v

+ (8 .0  -  C^((C^8^Rt(x))^ -  S^X)) u=v 52 .4 7 .6 4 .

u /v

+ (8yO -  ((S^C^Rt(x))^ -  S^X)) u=v 27 .4 2 .

u /\

+ (8^0 -  ((S^R(X))^ :  S^X)) u=v

u/v

l(x ) = r(x) 6 .

89 . G^Rt(S^X) = C^Rt(x) u/v

Proof G Rt(S X) = Rt(C S X) 
U V ' u v

= Rt(c^x)

« C^Rt(x)

u/v

88.

2 7 .

88.

90. (8^0 -  |a ,b | ) = (S^O -  ( A  A B)) -  (B :  A)

Proof (3^0 -  | a , b | ) = (8 0 -  ( (  A -  B) + (B -  A )))

= (8^0 -  (a -  b) ) -  (B -  a )

5 4 .

20.



91. Rule of Inference

A.C.D = 0

( b - a ) . c = 0

B.G.D = 0

112

Proof 0 = (B — a ) *G 

= (B -  A).G.D 

= B.G.D, — A.G.D 

= B.G.D — 0 

= B.G.D.

Premises

70.44.

5 3 .4 6 .

Premises

18.

92. Rule of in feren ce

C*A = 0

A = 0

U—1 y . . . ,n

Proof A — G%A + Gg A +. • • . • + Gn A

= 0 + 0 + . . . . . + 0

=  0

33.

Premises

7 .

93 . Rule of in feren ce  

A.B = 0 

A. (8*0 A B) = 0

A = 0

a l l  u OR i f  one value u then G A = 0u

Proof 0 = A.(S^O -  B)

= A.S^O -  A.B

= G A A 0 u

= Ĝ A fo r  that value of u .

A = 0 i f  fo r  a l l  u .

Premises

53.

Premises

18.

92.
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9 4 . c* ( b a a U s*a  a b ) = 0

Proof L(A ,0) = C*(0 A A)/S*A A o )

= C O .S A 1 9 .1 8 .u u

a O.S^A 2 7 .

= 0 44.

L (0 ,B ) = C^(B a 0 ) . ( 8 y 0  A b )

= C^B.(8^0 A b ) 18.

= Ĉ O 6 2 .

= 0 27.

L(C*S*A,C*S*B) = C*(C*S*B A C *S*A ).(S*C *S*A  A c*S*B)

= C*(S*C*B A S*C *A ).(S*S*C *A  A s *C*B) 2 7 .

= C*(C*B A C*A ).(S*C *A  A c*B) 2 1 .

= L(C*A,C*B)

L(C*A,C*B) = 0 5 8 .

C*(B A a ) .(S * A  a  b ) = C*C*(B A a ) .(S * A  A b ) 2 8 .

= C*(C*B A C *A ).(C *S*A  a c*B ) 4 7 .3 2 .

= C*(C*B A C *A ).(8*C *A  A c*B) 2 7 .

= L(C*A,C*B)

=  0

We now have s u f f ic ie n t  r e su lts  to  prove the two conditions 

S*X A (S*Rt(x))=“ = 0

( R t (X ) ) * A x  = 0
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which w i l l  lead  to  the r e s u lt  

Rt(X^) = X .

From here on R t(x) w il l  be referred  to  a s  RX.

95. S^X A (S^EX)^ = 0

Proof In th is  proof we s h a ll  dispense w ith  the n ota tion  fo r  sm all 

steps and only use the n otation  fo r  major form ulae. A la b e llin g  method 

w ith the number in  parenthesis w i l l  be used fo r  statem ents fo r  use la te r  

in  th e  proof*

D e fin it io n  of RX 

RO = 0

ES*X = EX + (8*0 A ((S*BX)* A g^x)) u = 1 , . . . ,n

(S*0 A (S*8*X A ( S*EX)»)).ES*X = (8*0 A (s*8*X A (s*EX )*)) .EX +

(8*0 A (S*S*X A (S*EX )»)).(S*0 A ((S*EX)='AS*Xj)

the la s t  term being equal to zero from 69. w ith A = S X , B = (S EX)®.

(8*0 A (g*8*X A (S*EX)^)).ES*X = (S*0 A (8*8*X A (S*EX)®)).BX.

By 70 . we have

(8*0 A (8*8*x A (S * E X )» )) .|eS*X,EX| = 0 u = 1 , . . . ,n  (1)

Now by 72. we have

(8*0 A 1eX ,E S*X |).(S*0 a (8*8*X A (8*R C *X )«)).(8*S*X A (S*HS*C*X)») = 0

and obviously

(8*0 A I EX,E8*X| ).(8 * 0  A (8*8*X A (8*EX)»)) .(8*8*X A (8*E8*X)») = 0 (2)
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M ultip lying ( l )  by (S^S^X -  (S^RS^X)^) and using 93« we fin d

(8*0 A (S*8*X A (S*EX)»)).(S*S*X A (8*ES*X)») = 0 (3 )

M ultiply the d efin in g  equation fo r  RS X by (8 0 -  1(8 EX)®,8 x | ) and using

7 1 . we fin d

( 8*0 A I (s*EX)®,8*x| ).R8*X = (8*0 A | (8*R X )',8*X |).E X  + (8*0 A | (8*RX)»,8*X| )

Hence

(8*0 A |(S*E X )S8*X |).R S*X  = (8*0 A | (8*EX)» ,8*X| ) .8*RX

and so

( 8* 0  A 1(s*RX)“ ,8*X|).|R8*X,8*RX| = 0 (4 )

by 7 2 .

( 8* 0  A |e8*X,8*RX| ).(8 * 0  A | (S*RX)»,8*X |).| (R8*X)%8*x| = 0 ( 5 )

and so , m u ltip ly in g  (4 ) by |(E8*X)®,8 x| , adding ( 5 ) ,  taking th e  ccmmon 

fa c to r  out, then using 93« we have

(3*0 A |(8*R X)3,8*X |).|(R 8*X )3,8*X | = 0 (6 )

I t  fo llo w s  th e r e fo r e  by 55 . th a t

(8*0 A |(S*RX)“,S*X |).(8*X  A (E8*X)») = 0 .

Hence

(8*0 A I (8*RX):,8*X|).(8*8*X A 8*(R8*X)=) = 0

(8*0  A I (8*R X )\8*X | ).(8*8*X  A 8*(R8*X)») A (s*0  A |(8*EX)=,8;xl).(C*R8*X +

C*R8*X) = 0

(8*0 -  I (8 * R X )\8 * X |).(8 * 8 * X  A (S*(E8*X)* + C*R8*X + C*RS*X)) = 0

(8*0 A I(8*RX)»,8*X|).(8*8*X A (S*R8*X)*) = 0 (? )
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Prom ( 3 ) and ( 7 ) we have by 82.

(8yO A (s^X A (S^EX)^)).(S^S^X A (S^RS^X)^) = 0 (8 )

Now

(S*0 A (s * x  A (s*B X )«)).(S*S,X  A (S*ES,X)») u /v

= (8*0 -  (S*X A (S*EX)»)).C*(S*S,X A (S*ES,X)»)

= (3*0 A (s*X A (S*EX)»)).(C*S*S,X A C*(S*ES,X)«)

= (8*0 A (8*X A (S*EX) = )).(C*8*X A C*(8*EX)= )

= (8*0 A (8*X A (S*BX)»)).C*(S*X A (8*EX)=)

= 0

We can th erefore  say

(8*0 A (s*X A (S*EX )»)).(S*8,X  A (S*E8,X)®) = 0 for a l l  u ,v ,  

and 8*0 A (8 RO)* = 0.

Hence by ru le  of in ference 6 3 .

S^X A (s^RX)^ = 0 as required.

96. (RX)^ A X = 0

Proof From (4 ) in  95* we have

( 3*0  - I (8*RX)=,8*X| ),|E8*X,S*RX| = 0  ( l )

and from the d efin in g  equation fo r  R8^X 

((8*RX)» a 8*X).R8*X = ((8*RX)® A s*X).RX  

((8*RX)= A S*X).1r8*X,HX| = 0 

by 72.

(8*0 A |EX,R8*X||).(8*0 A ( ( ex)® A x)).((R S*X )= A x ) = 0
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by v ir tu e  o f  the f a c t  th a t

F(C^X) = C^F(x) fo r  F(x) = (RX)^ A %

Hence by 93*

((S*EX)» A S*X).(S*0 A ((BX)® A x )).((ES*X)® A x ) = 0

and th e r e fo r e  by 8 6 .

((S*EX)® A S*X).(S*0 A ((EX)® A x )).((ES*X)® A 8*X) = 0 ( 2 )

From ( 1 ) and ( 2 ) ,  by 9 1 ., s p l i t t in g  ( I ) ,  using  90 . and 5 5 . , in  91. su b stitu te  

A = ((S*EX)® A s*X)

B  = 3*0  A (s*X A (S*EX)®)

C =(e s ,x )® a s X
U u

D = 3*0 A ( ( ex)® a x )

(S*0 A (s*X A (S*EX)®)).(S*0 A ((ex)® A x)).((RS*X)® A g*X) = 0 

by 9 5 .

(S*0 A ((EX)® A X)).((HS*X)® A s*X) = 0 (3 )

Now

(3*0 A ((EX)® A X )).(((H S,X )®  A 8,X) = (8*0 A ((EX)® A X)).C*CRS,X)®As,X)

u /v

= (8*0 A ( ( eX)®A X)).(C*(ES,X)® A c*S,X) 

= (8*0 A ((EX)® A X)).(C„(EX)® A c„X)U u

= (8*0 A ((EX)® A x )).((EX)® a x )

= 0
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We can th erefore  say ,

(S^O -  ((EX)2 -  X)).((RS^X)^ -  8yX = 0 fo r  a l l  u ,v ,

and (RO)  ̂ - 0 = 0 .

Hence by r u le  of in ference 6 3 .

(RX)2 -  X = 0

97» Rule of in ference

A -  B = 0 

B -  A = 0

A = B

Proof A + (B -  a ) = B + (a -  B) Key equation

A + 0 = B + 0 Premises

A = B 7*

98. Rule o f in feren ce  

Â  -  E f = 0

A -  B = 0

Proof Consider f i r s t  the r e s u lt

(a ) (8*0 A (X A y ) .x ) .(X  -  Y) = 0

Now obviously

(8*0 A (X  A y ).X ).(X  a y ).X  = 0 44.

and fu r th e r .
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(s ^ o -  (x - y ) . x ) . ( x - y ) . ( s^o ^ x ) (S^O^ (X -Y ) .X ) .( (S ^ O ix ) .X -  (S^O^X).Y) 53.

= (s^o^  ( X - y ) . x ) . ( o- ( s^o ^ x ) . y ) 

= (s ^ o -  (x - y ) . x ) . o

=  0

62.

19.

43.

Hence by r u le  of in ference 93»

(S^O -  (X -  y).X ).(X  -  Y) = 0 fo r  (a)

Put X = A + B 

Y = B + B

(S^O 1 ((A + B) -  (B + B )).(A  + B )).((A  + B) -  (B + B)) = 0

(s^o -  (a — b) . ( a + b) ) . ( a -  b ) = 0

(S^O 1 (a+b) . ( a -  b) ) . ( a -  b) = 0

( s o  -  ((AS + B.A) -  (A.B + B^)).(A  -  B) = 0u

(8*0 A (a® a B®)).(A a b) = 0

24.

46.

53.

46 .2 4 .

Hence

(s^o — o) . ( a — b) = 0 

8 0 .(A  -  b) = 0u

ĉ (a -  B) = 0

A — B = 0

fo r  u=1, . . . , n  

as required

Premises

18.

60.

92.

99. Rule of in feren ce

Ŝ Â  -  B* = 0

C*(S*A A B) = 0

Proof Cy(B -  A).(S^A -  b ) = 0 from 94.



120

Hence,

C^(B + a ) . ( b -  a ).(S^A -  B) = 0 5 .4 4 .

C (̂B  ̂ -  A^).(S^A -  B) = 0 fo r  a l l  u . 5 3 .4 6 .2 4 .

Now

(S^O -  (B  ̂ -  A^)).(S^O -  (S^A  ̂ -  B?)) = 0 fo r  a l l  u , 69.

and th erefore

(8^0 -  (S^A  ̂ :  B®)).CjS^A -  B) = 0 4 9 . 9 3 .

(S^O -  0).(S^A -  B) = 0 4 9 .5 9 .Premises

S^O.(S^A -  B) = 0 18.

C^(S^A -  B) = 0 fo r  u = 1 , . . . ,n  60.

100. RA* = A

From 9 5 . 9 6 . ,  we have

S^X -  (S^EX)^ = 0

( ex)® -  X = 0

Put X = A®

S A® -  (S EA®)® = 0  u ' u '

(EA®)® :  A® = 0

C^(S^A -  S^EA®) = 0 99.

EA® -  A = 0 98.

A -  EA® = 0 21 .92 .

Hence EA® = A 97.
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Having proved the basic  property of the square root fu n c tio n , we 

now have to  prove the p rop erties

X > Y o  EX > BY

R(X® + X + X) = E(X®)

and R((X + Y)® + X) = X + Y

1 0 1 .  R t(x) -  Rt(X + y) = 0 (equ ivalent to X > Y => EX > RY)

Proof L ( X , 0 )  = Rt(x) -  .Rt(X + O)

= R t(x) -  Rt(X) 7 .

= 0 2 2 .

R ( X ,0 )  = 0 

L(X,S^Y) = R t ( x )  -  Rt(X + S^Y)

= R t(x) -  R t ( s J X  + Y)) 7 .

= Rt(x) -  (Rt(X + y ) + (S^O -  (8^R(X+ Y ?  -  S^X +Y )))) 65.

= (R t(x) -  Rt(X+Y)) :  (S^O -((S^Rt(X+y))® -  S^(X+Y))) 2 0 .

s  L(X,y) -  (S^O -((S^Rt(X+Y))® -  S j X + Y )) )

R(X,S Y) = 0u

= 0 :  (SyO -  ((S^Rt(X+Y))® -  S j x + Y ) ) )  19.

= R(X,Y) -  (8^0 -((8^R t(X +Y ))®  -  S ^ (X + Y )))

L(X,Y) = R(X,Y) 6 .

102. Rt(A® + A + A) = A

Proof 8 X -  (8 R t(x ) )®  = 0u u
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Put X = C (A® + A + A)u

S^Cu(A® + A + A) -  (S^Rt(C^(A® + A + 4)))®  

(S^C^A)® A (s^C^Et(A® + A + A))®

-  S^V t(A ®  + A + A)

C^A A C^Rt(A® + A + A)

(Rt(X))® A X 

S (Rt(X))® A s Xu u

S^(Rt(C^(A® + A + A)))® A S^C (̂A® + A + A) 

Su(CuRt(A® + A + A))® A (S^C^A)®

+  A  +  A )  A s ^ C ^ A )

C^Rt(A® + A + A) -  CyA

( 1 )

( 2 )

30 .4 7 .

98.

21.

i i .

3 0 .4 7 .

99. 

21 .3 2 .

Therefore from 97 we have

C^Rt(A® + A + a ) V

Hence we can say Rt(A® + A + a ) = a 92.

1 0 3 . Rule of inference

A — B = 0 

B -  C = 0

A -  C = 0

Proof B + (A -  b) = A + (B -  A)

B = A + (B - A )

B — (B -  a ) = (a + (B — a )) — (B — a ) 

= A

C + (B -  c)  = B + ( c  -  B)

C = B + (C -  b)

Key equation  

Prem ises, 7 . 

5 .

2 3 .

Key equation  

Prem ises, 7 .
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Hence by su b stitu tio n

A -  C = (B -  (B -  a )) -  (B + (C -  B)) from above

= B -  ((B -  A) + B + (C -  B)) 20.

= 0 -  ((B  -  a ) + (C -  b) )  23.

= 0 as required . 19#

104. R±C''u+ V)® + U) = U + V

Proof Rt((U + V)® + U) -  Rt(fU + v)® + U + V + U + V) = 0 101.

Rt((U + V)® + U + V + U + V) -  (U + V) = 0 102.

Rt((U + V)® + U) -  (U + V) = 0  (1) 103.

Rt((U + V)®) -  Rt((U+V)® + U) = 0  101.

(U + V) -  Rt((U + V)® + U) ■ = 0 ( 2 ) 100.

The r e s u lt s  (I )  and ( 2 ) togeth er using 97. g ive  

Rt((U + V)® + U) = U + V

1 0 5 . l ( j ( u ,v ) )  = U

Proof

l( j (u , v ) = ((U + V)® + U) -  (Rt((U + V)® + U))®

= ((U + V)® + u) -  (u + v)® 1 0 4 .

= u 2 3 .

1 0 6 . k ( j (u ,v ) )  = V

Proof

k( j (u , v ))  = Rt((U + V)® + U) -  l( j (u ,v ))

= (u  + v )  -  u  105 .

= V 2 3 .
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We have th erefore proved th a t a s e t  of fu n ction s w ith the required  

p rop erties  to  achieve the reduction in  parameters in  the d e f in it io n  o f  

p rim itive  recu rsion  e x is t s  in  commutative m ultip le successor arithm etic,
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CHAPTER IV

INITIAL FUNCTIONS REQUIRED FOR THE REDUCED DEFINITIONS 
BY PRIMITIVE RECURSIONS

In th is  chapter we w i l l  consider the fou r defin ing schema which 

were derived in  Chapter I I , and examine th ese to  see  i f  we need to adjoin  

fu rth er  fu n ctio n s  to  the i n i t i a l  s e t  of a l l  p r im itive  recu rsiv e  fu n c tio n s .

The fu n ctio n s used to  reduce the parameters in  the d e f in it io n s  of 

p rim itive  recu rsiv e  fu nctions were K(x) ,  L(x) , & j(U ,V ), defin ed  a s  

fo llo w s:

J(U,V) = (U + V)® + U

l(x ) = X -  ( rx)®

K(x) = RX -  L(x )

In order th erefore  to  d efin e  a l l  prim itive  recu rsiv e  fu n ction s in  

the reduced d efin in g  schemas, we may need to  ad jo in  fu rth er  fu n ction s  

to  th e  s e t  of i n i t i a l  fu n ction s in  order th at th e fu nctions K(x) , L(x )

& j(U ,V ) can be d efin ed .

Now K(x ) ,  L(x) & j(U,V) are e x p l ic i t ly  comprised o f th e  fu n ctio n s

Y + X, Y -  X, X.X, EX.

I f  we are able to defin e these fu nctions in  each a£ th e  schemas 

R i,R i*,R i** and R^***, then there would be no need to  ad jo in  further  

fu n ctio n s to the i n i t i a l  fu n c tio n s . However we s h a ll  f in d  th a t in  the  

case of Ri*** we require to  adjoin  a fu n ction  to the i n i t i a l  fu n c tio n s , 

Q (x), which w i l l  be defined la t e r ,

Ri This i s  the d efin in g  schema given  by

P(0,Y) = A(ï )

P(S^X,Y) = B^(X,Y,F(X,Y)) u = 1 , . . . ,n
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Y + X i s  d e f in e d  by

P(0,Y) = Y

F(S^X,y ) = S^F(X,Y)

For Y -  X we f i r s t  d efin e  P X byu

F(0) = 0

f (S^X) = |X u=v

[ S /( X )  u A

Then Y -  X i s  defined  by 

F(0,Y) = Y

F(S^X,Y) = P^F(X.Y)

Ĉ X i a  defined by

f ( o) = 0

f (S^X) = |S^F(X) u=v

| f (x) uA

and th erefore  X.X is  d efin ed  by 

F(0) = 0 

F(S^X) = S^F(X) + Ĉ X + Ĉ X

RX i s  defined by

F(0) = 0

F(8^X) = F(X) + (S^O A ((S^F(X))» A 8^X))

Thus th e i n i t i a l  fu n ction s and the d efin in g  schema Rj alone are

s u f f ic ie n t  to defin e a l l  prim itive  recu rsiv e  functions#
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Ex* This i s  the d e fin in g  schema given  by

f ( o, y ) = a (y )

F(S^X,Y) = bJ x ,F(X,Y)) u = 1 , . . . ,n

Definirig the fu n ction s Y + X, Y -  X, X.X and RX a s  above 

in  Ri in  f a c t  d e fin es  a l l  these fu n ction s under the reduced schema 

R i*. Hence we can say th a t 'The i n i t i a l  fu n ction s and th e  d efin in g  

schema R^* alone are s u f f ic ie n t  to  d efin e  a l l  p rim itive  recu rsive  

fu n c t io n s '•

Ri** This i s  the d efin in g  schema given by

f ( o, y ) = a (y )

F(S^X,Y) = B^(Y,F(X,Y)) u = 1 , . . . ,n

Y + X i s  d efin ed  by

F(0,Y) = Y

F(8^X,Y) = S^F(X,Y)

Now fo r  Y -  X we have to d e fin e  P^X, and to achieve t h i s  we 

proceed as fo llo w s .

Ĉ X i s  defined by

F(0) = 0

F(S^X) = |S^F(X) u=v

[f (x ) u /v

X.Y i s  defin ed  by

f ( o, y ) = 0

F(S^X,y) = F(X,Y) + Ĉ Y 

and X.X = F(X ,X).
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s o  A X i s  d e f in e d  by

F(0) = 8^0

F(S X) = Î0 u=T
V

|f (x ) uA

D efine D^X by

f ( o) = 0

F(S^X) = [8^0 -  F(x ) u=k

| f (x) uA

This tak es the value i f  *8^/ appears an odd number of tim es

in  X.

We can th erefo re  define T̂ X by

f ( o) = 0

F (8 ^ X )  = [S jj.F (x ).(S j^ .O  A F ( X ) )  + F(X) .8j^F(x) .(Sj^O A (Sj^OAf(x)))

[ u=k
1f (X) u /k

This fu n ction  i s  such th at when X contains only one o f  'S^' 

successors then T̂ X contains an odd number of '8^' su ccessors, otherwise 

T̂ X contains an even number of 'Sĵ * successors* Hence the fu n ctio n

defined  by

takes the value 0 i f  X contains only one su ccessors, and

8^0 oth erw ise.

D efine RM (̂X, 2) by 

EMj (̂X,2) =

and RM^(X,3) by

f ( o) = 0
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F(Sf^X) = |(8^0 -  F(X)) + Sj^Sj^O.(S^O -  (Ŝ Ô -  % ( F ( x ) ) ) )  u=k

1f ( x) u /k

This fu n ctio n  i s  the remainder o f th e number of *8^' su ccessors  

in  X when th a t number i s  d ivided by 3» e .g .

^ ( W > 5 )  = W

BMj^ (S i S i ^ S j^Sj .Sj^Sj| . 0 , 3 )  =  S^O

Consider now the fu n ctio n  N̂ X defined by 

F(0) = 0

F (S ^ X )  = j(F(X) + Sj^O).(Sj^O A EMj^(f(x),3)) +

|(F(X ) + Sj^Sj^O).(Sj^O A (6^0 A EMĵ (f (x ) , 3 ) ) )  u=k

1f (X) u /k

In other words

f ( o) = 0

F ( S ^ X )  =  | F ( X )  + 8^0 i f  E M j ^ ( F ( X ) , 3 )  = 0 , | 

1f ( X )  + Sĵ 8ĵ 0 i f  B % ( F ( X ) , 3 )  /  o j
u=k

:f (x) vvâc

C learly  ly c  = D^(C^X); th a t i s  we are only  considering the 'S. '

su ccessors in  X to  d efin e  N, X, i f  we consider th a t 1 = 8 ,0 ,k k

2 = Sj 8̂j 0̂, . . . . ,  e t c .  and consider X as C-ŷ  which would then be 

a number; then in  normal a r ith m etica l terms

Nĵ X = |3 .X /2  i f  X i s  even

[ ( 3 . x  -  l ) / 2  i f  X is odd

as th ere are no successor symbols other than '8^/ in  N̂ X̂.
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This r e s u lt  we s h a ll  prove by induction  on X; suppose the above 

i s  true fo r  X, then

\ ( X  + 1) = i3 . ( x  + l ) /2  

[ ( 3 . ( x  + 1) -  l )/2

= I (3 .x  + 3 ) /2  

I (3 .x  + 2)/2

= I (3 .x  -  l ) / 2  + 2

I3 . X /2  + 1

= p .X /2  + 1

I (3.x - 0 / 2 + 2

i f  X + 1 is  even  

of X + 1 is  odd

i f  X is  odd 

i f  X i s  even

i f  X is  odd 

i f  X is  even

i f  X i s  even 

i f  X is  odd

This i s  eq u iva len t to

N j ^ ( X  +  O  =  | \ X  +  1 i f  X i s  even  

i f  X i s  odd

by h y p oth esis.

Now i f  X i s  even N̂ X = 3*X/2 and th erefore  d iv is ib le  by 3,

i f  X i s  odd then N̂ X̂ = (3.X  -  1 ) /2  aiod th erefore not d iv is ib le  by 3«

Hence

I^(X + 1) = [Nĵ X + 1 i f  RM(N^X,3) = 0

[Nĵ X + 2 otherwise

The hypothesis i s  true fo r  X = 0; hence N̂ X i s  th e  fu n ctio n  sta ted ,

D efine now M, (X,Y) by

P(0,Y) = Y

F(S^X,Y) = ! n̂ ( F(X,iJ).(S^O a EMĵ (f (X ,Y ),2 ))  u=k 

|F(X,Y) u /k
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In order to prove the p rop erties  of th is  fu n ctio n  we need f i r s t  to  

d efin e  the fu n ctio n  by

f ( o,y ) = Sĵ O

F(8^X,Y) = [Y.F(XjY) u=k

1f (X,y ) u /k

In the notation  defin ed  (Y^). i s  the fu n c tio n  Y  ̂ in  normal 

a r ith m etica l n ota tion  fo r  the '8^' component of both X and Y, e .g .

( S , S ^ \ o W k \  =

which w ith th e previous n ota tion  8ĵ 0 = 1 ,  = 2 , e t c .  . . .  ignoring

a l l  other su ccesso rs , then

(8iS^8j^0^2^k^k^)k = 2® (normal exponent)

= 4

= ®k W k °

We analyse th e  fu n ction  M^(X,Y) as fo llo w s

Let Ĉ Y be non-zero, and l e t  2^ be the h igh est power of 2 that 

d iv id es  i t  ex actly ; then Mĵ (X,Y) i s  such that

i f  t  < X then M^(X,Y) = 0

i f  t  ^  X then Mĵ (X,y) i s  non-zero, and 2^ ^ i s  the h i p e s t

power o f 2 th a t d iv id es  i t  ex a c tly .

Proof proof is  by induction  on X. The case X = 0 g iv es

Mĵ (X,y ) = M^(0,Y)

3 Y

w 2 . A  ( A /  O)

= 2'*̂“°.A  ( a s t ^ X )

The r e s u lt  i s  th erefore true fo r  X = 0 . Let us assume th e  r esu lt  for

0 ^  X ^  m, and consider th e case m+ 1*
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Suppose t  < m. Then hy the hypothesis M^(m,Y) = 0, and from 

the d e f in it io n  we have

Mj (̂m+1,Y) = Nj^(Mjj.(m,Y)).(S]^0 A EM̂ (Mĵ (m, y ) , 2 ) )  aa 1 = Sĵ O

= l^(Mj^(m,Y)).Sj^O

= \ ( o ) . V  

=

=  0

I t  i s  worth noting here th a t as we are only  using  th e 'k 'th  components 

then A.Sj^O = A, and Cĵ A = A, as we s h a ll  only consider the answer in  

terms of '8^/ su ccesso rs.

Now suppose t  = m. Then by the hypothesis M (̂m,Y) i s  non-zero, 

and 2^ ^ = 2^ i s  the h igh est power of 2 that d iv id es i t  ex a c tly , th a t  

i s  Mj (̂m,Y) i s  odd. Hence

Mj^(m+1),Y) = Njj.(M^(m,Y)).(Sj^O A EMj (̂Uj (̂m,Y),2 ) )

As Mj (̂m,Y) i s  odd then EM, (U, (m ,Y),2) = S, 0 and so

Mj^(m+1),Y) = Nj^(Mj^(ni,Y)).(Sj^O A 8%0)

= 0 as required as t  < m + 1 .

F in a lly , suppose t  > m. Then by the hypothesis M^(m,Y) i s  non-rzero 

md 2^ i s  the h igh est power of 2 th a t d iv id e s  i t  e x a c t ly . Hence 

Æĵ (m,Y) i s  even. Therefore

,Y ) = Nj^(Mj^(m,Y)).(Sj^O A m,^(M^(m,Y),2))

= I^(Mj^(m,Y)).(Sj^O A 0)

= Nj^(M^(m,Y)).Sj^O

= \(M ^(m ,Y ))

= 3.11 (m ,Y)/2 as Mj (̂m,Y) i s  even.
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We th erefore have

Mĵ (m+1 ,,y) = 3 . \ ( m ,Y ) /2

Hence i f  2^ ^ i s  the h ig h est power of 2 th a t d iv id es  Mj (̂m,Y) e x a c t ly ,

then  ̂ i s  the h i p e s t  power of 2 th at d iv id es  Mĵ (m+1 ,Y) e x a c tly ,

that i s  2^ (^+1 ) the h ig h est power of 2 that d iv id e s  M̂ (m+1 ,Y) e x a c t ly .  

Hence the resu lt#

From t h is  r e s u lt  we can say that the fu n ction

X Yi s  non-zero in  '8^' components, i f  and only i f  2 d iv id es  2 ex a ctly

( in  the previous n o ta tio n ), th at i s  i f  and only i f  X ^  Y, in  '8^' components,

Hence

Sĵ O A M^(X,(Sj^S^o’̂ )j )̂ = jo i f  Cjj,(X A Y) = 0

[ 8^0 otherwise

Define now the fu n ctio n  I^(X,Y) by

F(0,Y) = Y 

F(S^X,Y) = |(P(X ,Y ) +

ls^P(X,Y) u4c

which i s  such th at

F(8 ĵ X,Y) = [O i f  F(X,y ) >  Y ( in  ’8ĵ ' components)

|8 ĵ F(X,y ) otherwise

The fu n ctio n  L^(X,X) i s  th erefore  defined by

f ( o) = 0

F(8^X) = [0 i f  F(x ) ^  X ! ( in  '8^ components)

18 F (x) otherwise j 
j u  '  ^

[S^F(X) u A
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Pĵ X i s  d e f in ed  by

f ( o) = 0

F(S^X)
■ f

|S^F(X)

u=k

u/k

which i s  th e  same as

f ( o) = 0

f ( s^x ) = | o if* f (x) ^  X I

|Sj^F(x) otherwise ] 

iS„F(X)

(in  Sk components)
u=k

u A

Hence by uniqueness P̂ X̂ = L^(X,X), and L^(X,X) I s  defin ed  in  Ri** 

by su b stitu tin g  X fo r  Y in  th e  fu n ction  I^(x , y ) which i s  defined  

under the schema R^**. For the proof of t h i s  in  s in g le  successor  

arithm etic see [8 ] .

However we can obtain the r e su lt  in  the fo llow in g  manner.

DX or RIvl(X,2) i s  defined by

f ( o) = 0

F(8^X) = Ŝ O A F(X)

TX i s  defin ed  by

f ( o) = 0

F(S^X) = S^F(x ).(S ^ O ^ f (x))+ F (X ).8^F(X ).(S^0: (8^01 F(X)))

RM(X,3) i s  defined by 

f ( o) = 0

F(8^X) = ( S ^ 0 ^ F ( X ) ) + 8 ^ 8 ^ 0 . ( 8 ^ 0 i D ( T ( F ( x ) ) ) ) )

These fu nction s are such that

DX = DjX + DgX + . « . . .  + D^X

RM(X,2)  = R M i ( X , 2 )  + RMg(X,2)  + ..............   RM^(X,2)

TX = T iX  + TgX + .............+ T Xn

HM(X,3) = B M i(X ,3) + BMa(X,3)  ..............+ RM^(X, 3)
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NX i s  d e f in e d  by

f ( o) = 0

F(S^X) = s^f (x ) . ( s^o a em(p (x ) ,3 ) )  +

S^S^F(x).(S^O A (S^O A E M (f(x ),3 )))

and HX = NjX + %X + ............+ N̂ X̂

M(X,Y) i s  defin ed  by

F(P,Y) = Y

F(S^X,Y) = N(f(X,Y)).(S^O a EM (f(X,Y),2)) 

and M(X,Y) = CiMi(X,Y) + CaMs(X,Y) + .............. + C ^JiX ,Y )

i s  defin ed  as b efo re .

L(X,Y) i s  d e fin ed  by

F (0 ,y ) = Y

F(S^X,Y) = S^F(X,Y).(S^O A M(Y,(S^S^0^^^’^^)^,)) 

and L(X,Y) = Ci Li (X,Y) + C a le U .ï)  + .............. + C„L„(X,Y)

D efin e Ĉ X by

f ( o) = 0

f (S^X) = [f (x ) u=k

| s  f ( x ) uAu

C^X i s  th erefo re  a l l  the components o f X except th e  'k 't h  component; 

hence

Ĉ X + Ĉ X = X 

From t h i s  P̂ X̂ = Cĵ L(X,X) + Cĵ X .



I t  i s  in te r e st in g  to  note th a t in  m u ltip le successor ar ith m etic , 

i f  i t  were necessary to  adjo in  the fu nctions P^X u = 1 , . . . ,n  to  th e i n i t i a l  

fu n c tio n s , i t  would have been s u ff ic ie n t  to adjoin  the fu n ctio n  PX d efin ed  

by

f ( o) = 0

F(S^X) = X

as c le a r ly  P^X = Cĵ PX + C^X, and PX = L(X,X).

We now proceed to  d efin e  Q̂ X, which i s  th e  fu n ction  

Qĵ X = S^O d ( X 2  (EX)®)

RX standing fo r  R t(x) as defined in  Cl^pter I I I ,  Lemma 6 5 #

Define Y d x by

F(0,Y) = Y

F(S^X,y) = P^F(X,Y)

Consider now th e fu n ction  T(X,Y) by 

F(0,Y) = 0

F(S^X,Y) = S^F(X,Y) + (3^0 A ( ( f (X,Y)® A y ) + (Y A P(X ,Y )® ))).

This fu n ction  i s  such th a t T(S^X,Y) i s  obtained from t(X,y ) by adding

Ŝ O u n less ( t(X,y ))® = Y, in  which case we add S^S^O. This can

happen only i f  X*® = Y# I t  i s  c lea r  th erefore  th a t

T(X,Y) = fX i f  X® ^  Y

[x + QY i f  X? > Y

vdiere QX = QjX + QgX + ............+ Q̂ X •

Hence

Q̂ X = r (s^ x ,x ) A s^x
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From Q̂ X we obtain EX as fo llow s;

EM(X,3) was defined by

f ( o) = 0

P(S^X) = (3^0 A F(x) )  + S^8^0.(8^0 A (g^O A I ^ ( p (x ) ) ) ) )

where DX and TX are defined as previous*

We now d efin e  UX by

f ( o) = 0 

F(3^X) = S^F(X) + EM^(F(X),3)

C learly

UX = X + Div(X,2) 

where D iv(X ,2) i s  the fu n ction  defined by

f ( o) = 0

F(S^X) = F(X) + RM^^X,2)

We th erefore obtain Div(X,2) in  Ei** by the e x p l ic i t  d e f in it io n  

D iv(X,2) = UX -  X.

Consider the fu nction

V̂ X = X + Sĵ Sĵ O.EX .

This can be defined by the schema

f ( o) = 0

F(3^X) = [Sj^F(X) + Sj Ŝĵ O,Qĵ (SijX) u=k

Is^F(X) u /k

Now the fo llow in g  are equivalen t, Ŝ X i s  square (th a t i s  (RSĵ X)® = S^X),

X i s  of the form N® + Ĉ N̂ + Ĉ N̂. Hence from th e  d e f in it io n  o f  V̂ X 

we can say th a t Vĵ X i s  of the form N® + Ĉ N̂+ Ĉ N̂+ Ĉ N̂+ Cĵ N, and therefore  

V̂ X + square.
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Our d e f in it io n  of V̂ X now becomes

f ( o) = 0

F(S^X) = [Sj^p(x) + Sj^S^O.Qj^(F(x) + Sĵ Sĵ Sĵ Ŝ O) u=k 

[S^P(X) u /k

and is  th erefore  defined by schema Rj.

From th is

RX = Div(ViX -  X ,2) + Div(VgX -  X ,2) + . . .  + Div(V^X  ̂ x ,2 )  

as S^S^O.RX = 8k^0.C%RX

However we can d efin e  VX by 

F(0) = 0

F(S^X) = S^F(X) + S„S^0.Q^(F(X) + S^S^S^S^O)

and

RX = Div(VX d X ,2 ).

For the proof of th is  r e su lt  in  s in g le  successor arith m etic  see [? ]•

However, having defined Y -  X in  R^** we can d efin e the fu n ctio n  

W(X,y ) by

F(0,Y) = 0

F(S^X,Y) = F(X,Y) + (S^O d ((S^F(X,Y))® -  Y) )

and

RX = W(X,X)

We have now defined  the fu n ction s

Y + X, Y -  X, X.X, EX,

in  Ri** without introducing any fu rther fu n ction s to the s e t  o f i n i t i a l  

fu n ctio n s. We can therefore say 'The i n i t i a l  fu n ction s and th e  d e fin in g  

schema Rj.** alone are s u f f ic ie n t  to d efin e a l l  p rim itive  recu rsiv e  

fu n c t io n s '•
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El*** This i s  the d efin in g  schema given  by 

P(0,Y) = A(y )

F(S^X,Y) = By(F(X,Y)) u = 1 , . . . ,n

Y + X i s  defin ed  by

F(0,Y) = Y

f ( s^x ,y ) = s^f (x , y )

In th is  schema we now suppose th a t the fu n ctio n  QX i s  adjoined to  the 

i n i t i a l  s e t  o f functions#

Cĵ X i s  d efin ed  by

f ( o) = 0

F(S^X) = |S ĵ f (x ) u=k

|F(X) u /k

and th erefore  Q̂ X i s  obtained by 

«kX = C],QX 

Next d e fin e  8^0 d x by 

F(0) = 8^0

F(8^X) = [O u=k

[f (x ) u /k

and th erefore  Y.(S, 0 -  X) i s  defined by

F(0,Y) = Y

F(8^X,Y) = [0 u=k

1f (X ,Y) u/k

Before we can proceed i t  i s  necessary to  prove the fo llo w in g  Lemma,
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Lemma (S^O -  X) = (S^O -  (S^O -  -  X )))

Proof L(o) = Ŝ O -  0

= 8 0  I I I . 18.
V

E(0) = (SyO A (S^O A (3^0 -  O)) )

= ( S  0 A (s  0 A s 0 ))  I I I . 18.' V V V

= 8 0 ^ 0  I I I .2 2 .
V

= 8 0  I I I . 18.V

L(S^X) = S ,0  A s^X

= [o u=v I I I . 61.

[8 0 d X u /v  I I I . 61.«■ V ^

= 10 u=v

| l(x ) uA

E(S^X) = (8yO A (SyO A (s^e A S^X)))

= [(SyO d ( s o  -  0 ))  u=v I I I . 61.

1(8^0 -  (8 0 d (s^o -  X ))) u A  I I I . 61.

= [ 8 0 ^ 3 0  u=v I I I . 18.V V

r(x ) uA

= |0  u=v H I . 22.

[r(x ) u A

L(x) = R(x) I I I . 26 .

Now in  the fu n ctio n  Y.(8j^0 -  x ) su b stitu te  8^0 d x  fo r  Y and d efin e  D̂ X by 

P(0) = 0

F(8^X) = [8^0 d p(x) u=k

| f (x) u /k
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Now in  th e  fu n ction  Y.(S^O A x) su b stitu te  Dĵ X for Y and 8^0 -  Q̂ X 

fo r  X; th erefore  as Q̂ X = 8^0 1 (x  -  (RX)®) we have the fu n ctio n

Dj^X.(8j^0 -  (X d (EX)®)) = Dj^X.Qj^X

and c le a r ly  from I I I . 96* which proves that (rx)® -  X = 0 , we have th at 

Q̂ X = (S .0  A |X,(EX)®| )

and th erefore

V  =  ] \ °
io

=

|0

i f  X = (rx)® in  *8^/ successors  

otherwise

i f  X i s  square in  *8ĵ ' successors  

otherwise

Hence

V - V  = } \ °

io

i f  X is  an odd square in  '8^ successors  

otherwise

Define therefore the fu n ction  Ê X̂ by

V  = -  v - v )

which i s  obtained in  R^*** by su b stitu tio n  in  Y.(Sj^O d x)

We can then say that

X = 0 i f  X i s  an odd square in  '8^' successors

[C, X + 8 .8 ,0  otherwise *• k k k

Before we can proceed now we w i l l  have to  d efin e  th e  fu n c tio n  X.X in  R]_***. 

We are able to define V̂ X as before by

f ( o) = 0

F(S^X) = i \F ( X )  + Sĵ Sĵ O.Qĵ (f ( x ) +

and

[s^f (x )

V^X = X + Sj^8j^0.RX

u A
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From th is  c le a r ly  X.X i s  defin ed  by

f ( o ) = 0

F (S^ X ) = S J ^ ( F ( X ) )

Having now defin ed  X.X in  consider the fu n ctio n  H^(X,Y)

defined  by

F ( 0 , T )  = Y .Y  + Cĵ Y + S^O

F(S^X,Y) = iEj^(F(X,Y)) u=k

| f (X,Y) u /k

C learly

%(X,X) = E^(X.X + C,̂ X + 3,^0)

vdiere F&  i s  defin ed  by

F(0,Y) = Y

F(S^X,Y) = !E%.(F(X,Y)) u=k

Sf (X,Y) u /k

i s  th erefore  CpC operations of 'E- ' oh Y.

Let X contain an even number of *8^/ su ccessors, then c le a r ly , fo r  I^(X,X) 

a fte r  yX (normal ar ith m etica l expression) operations of , a s th e  

argument i s  never an odd square in  'Sj '̂ su ccessors, and every operation of 

adds 8^8^0 to  the argument

% ( x , x )  = b |^ (x .x  + C,,X + C,̂ X + 3,^0 )

At th is  time the argument i s  now an odd square in  '8^' successors and th u s ,

%(x,x) =

= V  -  W
D efine Ĉ X by

f ( o) = 0

F(S X) = [f (x ) u=ku

iS^F(x) u /k
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This fu n ctio n  i s  a l l  components o f X except th e 'k 'th  component, 

th a t is  the inverse of the fu n ction  Ĉ X

Cĵ X + Cĵ X = X

From H^(X,X) we obtain Ĉ P̂̂ X by

W  = (Sk° -  (S,j.OAx ]).(S,^OADX).Sĵ H,^(X,X)+DX.H,j.(Sĵ X,Sĵ X)

which i s  obtained by repeated su b stitu tio n  in to  the fu n ction

Y*(SkO -  X) (from th e d e f in it io n  th is  i s  obviously  the
same as (S^O -  X ).y )

and Y + X.

From th is

V  =  w  +  V

and now we can define Y -  X by 

F(0,Y) = Y 

F(S^X,Y) = P^F(X,Y)

TX i s  defined by

f ( o) = 0

f (S^X) = 8^F(X) $^ 0  F(X) ) + F(X) .8^ F (x).(8^0 :- ( 8 ^0 -  F(x) ) ) 

RM(X,3) i s  defin ed  by

f ( o) = 0

F(8^X) = (8^0 d F(X)) + S^S^0.(8^0 d (g^O ^ d( t (f (X )) )) )

UX i s  defined by

f ( o) = 0 

F(8^X) = 8^F(X) + EM̂ (f (x ) ,3 )

and UX = X + D iv(X ,z)
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We th ere fo re  have D iv(X ,2) in  Ri*** by 

Div(X ,2) = UX d X

VX i s  d efin ed  by

p(0) = 0

P(S^X) = S^F(X) + S^S^O.Q^(F(X) + S^S^S^S^O)

VX = X + 8 1 8 1 S382 ......... 8^8^0.RX e x p l ic i t ly ,

and RX = Div(VX -  X,2)

Hence by adjoining the fu n ctio n  QX to  the i n i t i a l  fu n ction s we have 

defin ed  th e  fu n ction s

Y + X, Y d X, X.X, RX,

w ith  th e schema Ri***.

We can th erefore  say th a t ' The i n i t i a l  functions w ith  the fu nction  QX

and the d efin in g  schema R^*** are s u f f ic ie n t  to d efin e  a l l  p rim itive

recu rsiv e  fu n c t io n s '. We have not proved, though, th a t i t  i s  necessary  

to  ad jo in  the fu n ctio n  QX to  the i n i t i a l  fu n c tio n s .

For th e  proof of th e above r e s u lt  in  s in g le  successor arith m etic  

see [? ]•

In th e  normal d e f in it io n  of the i n i t i a l  fu nctions we have th e  'n' 

su ccessor  fu nctions 8^ (x) u = 1 , . . . ,n .  This set of n fu n ction s can

in  fa c t  be reduced to  2 fu n c tio n s , th at i s  8^0  and a fu n ctio n  to  

generate fu rth er  successor fu nctions ; for th is  we could use 0 01 X.

Then

8 3  0 = 0 O'! 8 1 0 e t c .......

In the next s e c t io n  in  t h i s  chapter we analyse the successor symbols

in  X, as mentioned in  Chapter I .



ANALYSIS OF *X*

In s in g le  successor ar ith m etic , the su ccessors in  X are a l l  the  

same and thus require no d is t in c t io n . Further, th e  number of successor  

symbols in  X can be compared w ith  those in  Y simply by use of the 

fu n ction s X -  Y and Y -  X, which in d ica te  out of X and Y which 

has th e most successor symbols and by how many. In f a c t ,  in  s in g le

successor arith m etic  X by i t s e l f  informs us how many successor symbols 

i t  contains#

The problem of how many and which successor symbols X contains 

i s  not so e a s i ly  answered. A question th a t immediately a r is e s  i s  how 

does one count the successor symbols. There are 'n* d if fe r e n t  counting 

systems; th at is  one fo r  each successor, but no common counting system# 

To achieve a homogeneous counting system , we consider the property  

Sg . . . .  Ŝ O .X = X. S Sg . . . .  Ŝ O = X

and further

S S g  Sg . . . . S^S^O.X = X.S^S^Sg Sg . . . . .  S^S^O = X + X

e t c . -

This property seems to  suggest th at we consider

S g • .• . .8 ^ 0  as 1

end 8%8%8g8g# . . . . 8  8 0 as 2n n
e tc .

We s h a l l  therefore use a dummy successor ’S' to  count as fo llo w s:

80 to represent S^Sg 8^0

880 to represent 8% 8g8g Ŝ S^O

e tc .

In order to analyse X in  m ultiple successor arith m etic  we w ish  to  

answer the fo llo w in g  q u estio n s:-
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( i )  How many successor symbols are there in  X?

( i i )  How many d if fe r e n t  successor symbols?

( i i i )  What are these d if fe r e n t sucoessor symbols?

( iv )  How many are there of each d if fe r e n t  successor symbol?'

( i )  How many successor symbols in  X?

The answer to t h is  question would obviously p a r t it io n  th e  s e t  

of a l l  numerals in  m ultip le successor arithm etic  in to  th e s e t s

  where

< = lo i

= [ ŷO • V—̂ f • • •

U® = [S S 0 : u ,v = 1 , . . . ,n ,  & V ^  uin  U V 7 7 7 7  ^  i

e t c .

The number of successor symbols in  X is  determined q u ite  simply 

by the fu n ction  ÿ ( x )  defined  by

# (0 ) = 0

<p(s^x) — , • « • , (x)  u=1 f * « # ^n

or in  th e  counting notation

<p{0) = 0

*(8^X) = S<P (X)

We can th erefore  say

X € i f  and only i f  | r , ÿ ( x ) |  = 0 .
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( i i )  How many d if fe r e n t  successor symbols in  X?

The answer to th is  question obviously g ives the s e t s

D ^,........................   wheren n n' n

o

p
— [ S^S^*• • • «3^0 : U —1 ,**« ,n , & p—1,2 , •  • • • •]

.£ ^____
= [S S  S S S  S 0 : u ,v = 1 , . . . ,n ,  & u /v  &.p ,q = 1 ,2 ,............]n ‘’ u u  u V V V

e tc .

We f i r s t  d efin e the fu n ction  introduced in  Chapter I;

Ŷ O = 0

Y^S^X = Y ^  + Y u = 1 , . . . ,n .

This fu n ction  i s  obviously not commutative, as n o tice  i s  taken of

the successor symbols in  Y but not those in  X, and th is  p articu lar  

property makes th is  fu n ction  extremely u se fu l.

Now d efin e  the fu n ction   ̂(x)  by

^(O) = 0

^(S^X) = Sjj(X)^(S^O -  ÿ ( x ) )  + ÿ(x)* (8yO -  (S^O - i i r (X ) ) )  u = 1 , . . . , n ,

th is  fu n ctio n  is  such that

^(S^X) = 18 ^ (X) i f   ̂(X) does not con ta in  '8^'

|^ (x ) i f  ^ (x ) contains '8^’

The important property of the fu n ction  Y ^  which i s  used in  th is

d e f in it io n  i s

Y = T^8^0 fo r  a l l  u

and so ÿ ( x )  ) g iv es  the number of d if fe r e n t successors in  X. We 

can th erefore  say

X e i f  and only i f  | r,^  (x) )| = 0
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and ^ (x ) e i f  and only i f  X €n n

( i i i )  What are these d ifferen t successor symbols in  X?

For th is  we need to d is tin g u ish  between one su ccessor symbol and 

another, so we define Z ( x )  by

2 ( 0) = 0

Z(S^X) = u + Z ( x )  u=1 , . . . , n .

This d e f in it io n  i s  p ossib le  as n i s  f in i t e #

Z ( x )  is  th e  sum cf the s u ff ix e s  of the successor symbols in  X. 

Hence Ŝ O can be d istin g u ish ed  from SgO by

Z ( S g O )  -  Z ( S i O )  = SO

Z ( S i O )  A Z ( S g O )  = 0

and from S3O by

2 ( 8 3 0 ) - Z ( S i O )  =  88 0

^ (Si 0) — 2(830)  = 0

We can now define (x)  and H^(x) the low est (su ff ix )  and 

h igh est ( s u f f ix )  of successor symbols of X, by 

L^O) = 0

LHS^X) = L^(X).(1 -  (2 (lMx )) - 2 ( 8 ^ 0 ) ) )  +

and

H^(0) = 0

hHS^X) = H^(X).(1 -  (Z(8^0) -2 (H * (X )) ) )  +

S^0.(1 -  (1 -  (Z(S^O) — Z (H ^(X )))))
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That i s  L’-(x ) i s  defin ed  by 

L^(0) = 0

L^(S^X) = |L^(x ) i f  the s u f f ix  cf Ŝ O >  the s u f f ix  of L^(x)

[S^O i f  the s u f f ix  of Ŝ O < the s u f f ix  of L^(x)

and H^(x) i s  defined  by

H^(0) = 0

hH s^X) = [H^(x ) i f  the suffix: o f  8^ 0^  the s u f f ix  of H^(x)

[ 3^0 i f  the s u f f ix  of 8^0 > the s u f f ix  of (x )

Thus Z(L^(x ) )  g iv e s  the s u f f ix  o f the low est successor symbol and 

Z (h’"(x ) )  g iv es  the s u f f ix  o f  the h igh est successor symbol#

Now L^(x), the second low est successor symbol, i s  obviously  given by

L^(X) = LHX -  L 1(X )4(X ))

that i s

X -  L^{X)4{X)

g iv es  X without any of i t s  low est successor sym bols, and th erefore  the 

low est su ccessor symbol of th is  i s  the second low est successor symbol of X. 

Hence L®(x) i s  g iven  by

L®(X) = L®(X -  L^(X).*(X))

0*̂ 0 # # * *

The h ig h est successor symbol is  th erefore g iven  by

H^(X) = [L^X) i f  <p{x) = 1

[L^(^(x) ) ( x ) otherwise

8 im ila r ly  we have

H^(x) = HXx -  n ^ { x ) 4 i x ) )

and
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L^X) = ÎhH x ) i f  < (̂X) = 1

|li^(^(X) )(x) otherwi;.se

Thus

and

Z(Li(x)) ,  Z(L=(x)) , ..........,2(i fGA(x))(x))

Z ( t f ( x ) ) ^ ( î f ( x ) ) , .............

enumerate the su ff ix e s  o f a l l  the d if fe r e n t successor symbols in  X, 

the f i r s t  , s e r ie s  from low est to h igh est and the second s e r ie s  from 

h ig h est to lo w est.

( iv )  How many are there o f each d iffe re n t su ccessor  symbol?

We could answer th is  question by

^ (C^X) = the number o f *8^/ successor symbols in  X

though we count the p articu lar  successor symbols that are in  X by the  

use of the fu n ction  defined by

ÿ ( x  -  (1 -  L \x ) )^ * (x ) )

which g iv es  the number o f the 'k ’th low est su ccessor  symbols in  X.

This i s  obtained by subtracting ^i(x) of a l l  the other su ccessor  symbols 

in  X from X and counting the remainder, as there obviously  cannot be 

more than ÿ (x )  of any successor symbol in  X. S im ila r ly  we could have

(1 -  i f ( x ) f * ( x ) )

which g iv e s  the number of the 'k 'th  h igh est su ccessor  symbols in  X.
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