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C hapter 1

I n tr o d u c tio n

The p urpose o f  t h i s  t h e s i s  i s  to d e s c r ib e ,  and th en  v a l id a t e  a 

m o d e ll in g  tec h n iq u e  f o r  s im u la t in g  th e  tim e averaged  momentum, 

m ass and h e a t  t r a n s f e r  r a t e s  in  a v a r ie t y  o f  s p e c i f i e d  boundary f lo w s .

This tec h n iq u e  w i l l  be c o n s tr u c te d  so  th a t  i t ' s  a r i t n m e t ic  c a l c u l a t io n s  

can  be a u ic k ly  and a c c u r a te ly  perform ed w ith  a d i g i t a l  e l e c t r o n i c

com p u ter . In th e  c o n te x t  o f  t h i s  t h e s i s  boundary f lo w s  a r e  reg a rd ed  

as b e in g  e i t h e r  boundary la y e r  o r  r a d ia l  w a ll  j e t s  th a t  f lo w

in  an i r r e v e r s i b l e  manner o v e r  a s u r fa c e .  The s p e c i f i e d  f lo w s  nave  

s t r u c t u r e s  tn a t  a r e  s im i la r  to th o s e  found in  in d u s tr y  so t h a t  t h i s  

p r o j e c t  has some p r a c t ic a l  s i g n i f i c a n c e .  In P a r t ic u la r  i t  i s  noned  

to  c o n s tr u c t  a m o d e llin g  tech n iau e  ca p a b le  o f  l im u la tin ,- , com plex ila m e  

and plasm a r a d ia l  w a ll j e t  f lo w s;  which w i l l  p rov id e  a c t ie o r e t ic a l  

fo u n d a t io n  f o r  fu tu r e  s t u d ie s  o f  th e  tu r b u le n t  t r a n s f e r  c r o c e s s e s s  

in v o lv e d  in  th e  w e ld in g  and c u t t i n g  o f  m a t e r ia l s .

E le c tr o n ic  com puters have had a profound e i f e c t  on th e  ways 

and means in  w hich s c i e n t i f i c  prob lem s a r e  b o th  exam ined and s o lv e d .

In  th e  s c ie n c e s  o f  b o th  aero  and therm o-dynam ics t h e i r  e f f e c t  has  

b een  p a r t i c u l a r ly  n o t ic e a b le  in  th e  a rea  c o n c e r n in g  f lo w  m o d e ll in g  

o f  momentum, and more l a t t e r l y  m ass and h e a t ,  t r a n s f e r  r a t e s  i n  

boundary f lo w s .  T h is  ra p id  advance h as b een  c a u se d  by th e  f a c t  

t h a t  th e  q u ick  r e p e t i t i v e  a r it h m e t ic  power o f  e l e c t r o n i c  co m p u ters , 

ca n  be u sed  to  f u l l  a d v a n ta g e  when s o lv i n g  th e  secon d  o r d e r  p a r t ia l

d i f f e r e n t i a l  c o n s e r v a t io n  e q u a t io n s  f o r  boundary f lo w s .

D e s c r ip t io n s  o f  th e  c a t e g o r ie s  in t o  w hich th e  v a r io u s  m o d e ll in g

te c h n iq u e s  can be d iv id e d  a re  p r e se n te d  in  s e c t i o n  o n e .

-4  “



Two v a r i e t i e s  o f  boundary f lo w s are  m odelled  in  t h i s  t h e s i s ,

The f i r s t  are boundary la y e r  flo w s; th e se  have been s im u la te d  so

th a t  tn e  perform ance o f  c e r ta in  m o d e llin g  te c h n iq u e s  s p e c i f i c a l l y

c o n s tr u c te d  fo r  t h e s e  flo w  s i t u a t io n s  can be a s " '^d and compared.

The seco n d , and more im portant are r a d ia l  w a ll j e t s ;  th e  

s im u la te a  f lo w s  a re  ch osen  to  both v a l id a t e  a recoi/miended

m o d e llin g  tec h n iq u e  in  v a r io u s  i n d u s t r i a l ly  s i g n i f i c a n t  

s i t u a t io n s  and to e s t im a te  i t ' s  a b i l i t y  to s im u la te

com plex flazne and plasm a flo w s  « In s e c t io n  2 the s e le c t e d

r a d ia l  w a ll  j e t  f lo w s  are  d e t a i l e d ,  a f t e r  d e s c r ib in g  th e  ty p e  o f

in d u s t r ia l  a p p l ic a t io n s  th ey  are meant to  r e p r e s e n t .

In s e c t io n  5 th e  la y o u t  o f  the work d e s c r ib e d  in  t h i s  t h e s i s

i s  p r e s e n te d .

1 .1  M o d e llin g  T echniques

The a v a i la b le  m o d e llin g  tec h n iq u es  have been  s p l i t  in to  

two c a t e g o r ie s .  Those in  th e  f i r s t  c a te g o r y  p r e d ic t  s u f f i c i e n t  f lo w  

p r o p e r t ie s  to  d e s c r ib e  momentum tr a n s f e r  by s o lv in g  r e la t io n s h ip s  

d e r iv e d  from th e  tim e averaged  e q u a tio n s  r e p r e s e n t in g  c o n s e r v a t io n  

o f  momentum. T echn iques from t h i s  c a te g o r y  are  used  in  t h i s  s tu d y  

f o r  r e a so n s  th a t  w i l l  be d e t a i le d  l a t e r .  Ihe te c h n iq u e s  in  th e  

secon d  c a te g o r y  s o lv e  th e  R eynolds s t r e s s  tr a n sp o r t  e q u a t io n s  th a t  

d e s c r ib e  momentum t r a n s f e r .  In the rem ainder o f  t h is ,  s e c t i o n

th e s e  c a t e g o r ie s  , in c lu d in g  th e  tu r b u len ce  in fo r m a tio n  th ey  

r e q u ir e ,  a r e  d e s c r ib e d ;  and then  th e  r e a so n  f o r  c h o o s in g  th e  

f i r s t  C ategory  o f  te c h n iq u e s  g iv e n .

M o d e llin g  te c h n iq u e s  o f  th e  f i r s t  c a te g o r y  p r e d ic t  s u f f i c i e n t  

tim e a veraged  p r o p e r t ie s  to  b ro a d ly  d e f in e  th e  c h a r a c t e r i s t i c s  

o f  th e  s im u la te d  f lo w s .  In many ways t h i s  i s  an e x c e l l e n t  approach,



b eca u se  e n g in e e r s  a r e  in v a r ia b ly  concern ed  w ith  tim e avera&ed 

d a ta . However, th e  a v e r a g in g  and m a n ip u la tio n  o f  th e  

c o n s e r v a t io n  e q u a t io n s  in  th e  d e r iv a t io n  o f  th e se  t e c h n iq u e s ,  

d o e s  not remove a l l  th e  dom inant c o r r e la t io n s  o f  the f lu c t u a t in g  

com ponents o f  th e  v e l o c i t y .  T h er e fo re , b e fo r e  a s o lu t io n  can  

be o b ta in e d  in io r m a tio n  r e l a t i n g  th e se  c o r r e la t io n s  to the tim e  

a veraged  flow  p r o p e r t ie s  h as to  be p ro v id ed . There are a v a r ie t y  

o f  stan d ard  s e m i-e m p ir ic a l and p n en om en olog ica l h y p o th e s is  th a t

have been d e v e lo p e d  to  p ro v id e  t h i s  in fo r m a tio n , f o r  e x a m p le , 

when th e  unknown f lu c t u a t in g  v e lo c i t y  c o r r e la t io n s  are  e q u iv a le n t  

to  th e  R eynolds s t r e s s , t u r b u le n c e  m odels based  upon th e  m ix in g  

le n g th  h y p o th e s is  by P randtl  ̂ can be u se d .

T hese tu r b u le n c e  m odels are  d is c u s s e d  more f u l l y  in  c h a p te r s  2 and 3 

The R eyn o ld s s t r e s s  tr a n sp o r t  e q u a tio n s  s o lv e d  in  th e  seco n d  

c a te g o r y  o f  m o d e ll in g  te c h n iq u e s  r e p r e s e n t  c o n s e r v a t io n  o f  th e  

R eynolds s t r e s s e l n  th e  boundary f lo w , ih e  e q u a t io n s  

c o n ta in s  unknowns c o n c e r n in g  th e  p r e ssu r e  f lu c t u a t io n s  p*, le n g th  

s c a l e s  o f  tu r b u len t e d d ie s ,a n d  p ro d u cts  o f  th e  f lu c t u a t in g

v e l o c i t i e s  i n  th r e e  s p a t i a l  d im an sion s -  nam ely u ’ , v* and w’ .

B e fo r e  a  s o lu t i o n  can  be o b ta in e d  th e se  unknowns e i t h e r  have to  be  

n e g le c t e d  o r  s u p p lie d  i n  a g e n e r a liz e d  form from e x p e r im e n ta t io n ,  

M o d e llin g  te c h n iq u e s  b ased  upon t h i s  approach have been  s u c c e s s f u l l y  

c o n s tr u c te d  -  Bradshaw^has c o n s tr u c te d  one o f  t h e  b e t t e r  known m od els . 

However, such  te c h n iq u e s  a t  p r e se n t  cannot e a s i l y  s im u la te  f lo w s  

in  which momentum, m ass and h e a t t r a n s f e r  p r o c e ss e s  s im u lta n e o u s ly  

o c c » r , b ecau se  th e  la r g e  amount o f  tu r b u le n c e  in fo r m a tio n  

th ey  r e q u ir e  h a s  n o t  b een  c o l l e c t e d .



M o d e llin g  te c h n iq u e s  from th e f i r s t  o f  th e  d e sc r ib e d  c a t e g o r ie s  

are recommended as the m ost s u i t a b l e  w ith  which to  s t a r t  t h i s  s tu d y .

The two r e a so n s  fo r  t h i s  c h o ic e  a r e  both  in f lu e n c e d  by the  

f a c t  th a t  th e  recommended tec h n iq u e  must be ca p a b le  o f  s im u la t in g  

tim e averaged  momentum, mass and h e a t  t r a n s f e r  r a te s  in  boundary  

f lo w s  commonly found in  in d u s tr y . The f i r s t  rea so n  stem s from  

th e  f a c t  th a t  te c h n iq u e s  from th e  f i r s t  c a te g o r y  have b e e n ‘ w id e ly  i

and s u c c e s s f u l l y  used to  s im u la te  a l l  th r e e  s p e c i f i e d  tu r b u le n t  

t r a n s f e r  p r o c e s s e s ,  w h ereas th o se  from th e secon d  c a te g o r y  have n o t .  

Secondly, c o n c is e  tu r b u le n c e  in fo r m a tio n  f o r  te c h n iq u e s  o f  th e  second  

c a te g o r y  when s im u la t in g  a l l  th r e e  t r a n s f e r  p r o c e s s e s  i s  n o t. a t  o r e se n t  

a v a i la b le .  In f a c t  B eer and C h ig ier^  and h a in es^  have r e p o r te d  that- 

in  c e r t a in  com plex f la m es and plasiua f lo w s  t h i s  in fo r m a tio n  cannot  

b'̂  ̂ a c c u r a te ly  m easured .

1 .2  S e le c te d  Flows

Ihe purpose o f  th e  s p e c i f i e d  r a d ia l  w a ll j e t  s im u la t io n s  are in  p art  

to  a s s e s s  th e  p erform ance, and h en ce  v a l i d a t e ,  th o se  p o r t io n s  o f  a 

recommanded m o d e ll in g  tec h n iq u e  th a t  w i l l  be u sed  fo r  s im u la t in g  momentum,

mass and h e a t t r a n s f e r  r a t e s .  Where p o s s ib le  th e  s e le c t e d  f lo w s  a ls o  

correspond ed  to  s i t u a t io n s  commonly found in  in d u s tr y . The recommended 

tec h n iq u e  u se s  an approxim ate m ath em atica l p roced u re f o r  s o lv in g  

th e  c o n s e r v a t io n  e q u a tio n s  f o r  a r a d ia l  w a ll  j e t ,  a f t e r  s u i t a b le  

s e m i-e m p ir ic a l tu r b u le n c e  in fo r m a tio n  has been  s u p p lie d . To a s s e s s  th e  

v a l i d i t y  o f  s p e c i f i e d  p o r t io n s  o f  tn e  te c h n iq u e  p r e d ic te d  

r e s u l t s  from th e tec h n iq u e  w i l l  be compared w ith  ex p er im en ta l d a ta .

Of c o u r se , th e  ex p er im en ts  w i l l  be s u b je c t  to  d is c r e p a n c ie s  which  

w i l l  be a llo w e d  f o r  in  a l l  com p arison s.



As backgro^j iid i n f o r m a t i o n  v a r i o u s  i n d u s t r i a l l y  s i g n i f i c a n t

a p p l i c a t i o n s  f o r  r a d i a l  w a l l  j e t s  a r e  d e t a i l e d  i n  s u b - s e c t i o n  a .

Ihen i n  s u b - s e c t i o n  b t h e  s e l e c t e d  f low s  a r e  d e s c r i b e d -  The p o r t i o n s

o f  t h e  recommended m o d e l l i n g  t e c h n i q u e  t h e s e  f l o w s  w i l l  v a l i d a t e ,

w i l l  a l s o  be  s p e c i f i e d .

. 2a  I n d u s t r i a l  A p p l i c a t i o n s

S i n c e  t h e  i n d u s t r i a l  r e v o l u t i o n  i m p i n g i n g  f l o w s ,

o f  which  r a d i a l -  w a l l  —j e t s  - a r e  an i n t e g r a l  

p a r t ,  have  b e e n  used  t o  u u u i , h e a t ,  j o i n  and  c u t

m a t e r i a l s .  Fo r  example,  g l a s s  s h e e t  i s  o f t e n  c o o l e d  by  i m p i n g i n g

j e t s  d u r i n g  i t ' s  p r o d u c t i o n  p r o c e s s  . Also  i n  most  i n d u s t r i a l  

s i t u a t i o n s  m a t e r i a l s  a r e  c u t ,  h e a t e d  and we lded  w i th  

i m p i n g i n g  c o m b u s t i b l e  f l o w s .  I n c r e a s i n g  m e c h a n i z a t i o n  o f  t h e  

p r o d u c t i o n  p r o c e d u r e s  i n v o l v i n g  t h e s e  a p p l i c a t i o n s  h a s  c a u s e d  

n o t  o n l y  a  r a i s i n g  o f  i n d u s t r i a l  s t a n d a r d s ,  o u t  a l s o  t h e  need  f o r  

more e f f i c i e n t  means o f  b o t h  p r o d u c i n g  and c o n t r o l l i n g  t h e s e  f l o w s .

To mee t  t h e s e  r e q u i r e m e n t s  a  s e r i e s  o f  s p o n s o r e d

s t u d i e s  c o n c e r n e d  w i t h  e x a m i n in g  th e  t u r b u l e n t  t r a n s f e r  p r o c e s s e s  

w i t h i n  t h e s e  f l o w s  have  b e e n  u n d e r t a k e n .  An e x c e l l e n t  example  

o f  one s u c h  s t u d y  i s  t h a t  by K e s t i n  e t  a l  ^ . I n  a  s e r i e s  o f  p a p e r s  

on i m p i n g i n g  f l o w s  K e s t i n  e t a l  ha ve  d e t a i l e d  and d i s c u s s e d  t h e  

c o r r e l a t i o n s  b e tw e e n  t h e  v a r i a t i o n  o f  l o c a l  h e a t  t r a n s f e r  c o e f f i c i e n t  a t  

t h e  s u r f a c e  a n d , f i r s t l y  n o z z l e  d i a m e t e r  and c o n f i g u r a t i o n ,

s e c o n d l y  d i s t a n c e  b e tw een  n o z z l e  s u r f a c e ,  and t h i r d l y  t u r b u l e n c e  

w i t h i n  t h e  f l o w .



Vnother m ajor in d u s t r ia l  a p p l ic a t io n  in  ^inich r a d ia l  w a ll j e t s  are  

in v o lv e d  i s  in  ih e  p r o p u ls io n  o f  v e r t i c a l  ta k e  o f f  and la n d in g  

( h e r e a f t e r  a b b r e v ia te d  to  T .0 , L) a i r c r a f t .  A lthough th e  radiaJ. w a ll j e t  

h as n o th in g  to  do w ith  th e  a c t  o f  p r o p u ls io n  i t s  e f f e c t  on th e  a i r c r a f t  

h as to be c o n s id e r e d . For an exam ple, t h e o r e t i c a l  s t u d ie s  h a v e , 

and are b e in g  c a r r ie d  o u t , on the e f f e c t  o f  th e  r a d ia l  w a ll j e t  

from th e p r o p u ls io n  u n it  o f  a V.T.O.L a i r c r a f t  upon th e  c r a f t s  

s t a b i l i t y  and c o n tr o l  when h o v e r in g  near th e  ground.

1 . 2b yUOacii j lo w s

The fo u r  s e le c t e d  r a d ia l  w a ll j e t s  a l l  moved w ith  s im i la r  

mean v e l o c i t i e s ,  and were submerged in  th e  atm osp h ere . 'Ihe f i r s t  

f lo w  c o n ta in e d  a i r ,  and the second  N itrogen  and Oxygen ( a t  

c o n c e n tr a t io n  l e v e l s  d i f f e r e n t  to  th e  a tm osp h ere); b oth  f lo w s  were 

a t  th e  same tem p eratu re  as the subm erging a i r .  The th ir d  

f lo w  c o n ta in e d  Argon, N itrogen  and Oxygen a t  a tem p eratu re  g r e a te r  

than  th e  subm erging f lu i d  ; and th e  fo u r th  in v o lv e d  

c h e m ic a lly  r e a c t in g  M ethane, Carbon Monoxide and Oxygen.

These d e t a i l s  a re  summarized in  t a b le  1 .1 .

As shown in  t a b le  1 .1  th e  f i r s t  th r e e  f lo w s  in v o lv e  tu r b u le n t  

momentum, momentum and m ass, and momentum, m ass and h ea t t r a n s f e r  

r e s p e c t iv e l y .  T h erefore  th e  s im u la t io n s  o f  th e s e  f lo w s  w ith  a p a r t ic u la r  

m o d e ll in g  te c h n iq u e  w i l l  v a l id a t e  th e  momentum, mass and h e a t  t r a n s f e r  

p o r t io n s  o f  th e  te c h n iq u e . S im u la tio n  o f  th e  fo u r th  f lo w  a s s e s s e s  

th e  e f f e c t  o f  ch em ica l r e a c t io n  upon th e  m o d e ll in g  te c h n iq u e .
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^.5  Layout

y o d e l l in g  te c h n iq u e s  proposed  by S p a ld in g -  P atankar' and 
0

Denny-Land i s '  a re  used to  s ta r+  t h i s  s tu d y . They vere

s e le c t e d  from th o se  te c h n iq u e s  in  the f i r s t  c a te g o r y , th a t  i s  

th o se  w hich s o lv e  th e  tim e averaged  momentum c o n s e r v a t io n  e q u a t io n s .

This s e l e c t i o n  p rocedure i s  d e t a i l e d  in  c h a p ter  two.

In ch a p te r  th r e e  the perform ance o f  th e  s e le c t e d  m o d e ll in g  

te c h n iq u e s  a r e  a s s e s s e d  when th ey  are  used  to  s im u la te  s p e c i f i e d  

boundary la y e r  and w a ll j e t  f lo w s .  ( . These* m o d e llin g  te c h n iq u e s  

w e r e ,to  a la r g e  e x t e n t ; s p e c i f i c a l l y  c o n s tr u c te d  to  s im u la te  th e se  

type o f  f l o w s ) .  Prom th e  r e s u l t s  o f  t h is  in v e s t ig a t io n  th e  framework 

fo r  a new m o d e ll in g  te c h n iq u e , m aking u se o f  an. i n t e r a c t i v e  scheme 

to m in im ize  n u m erica l e r r o r s ,w a s  p o s tu la te d . The m ath em atica l 

d e r iv a t io n  o f  t h i s  tec h n iq u e  from th e  c o n s e r v a t io n  eq u a tio n s f o r  

momentum , m ass and h e a t t r a n s f e r  i s  p r e sen te d  in  ch a p te r  fo u r ,

Ihe perform ance o f  th e  recommended te c h n iq u e , when s im u la t in g  the  

f lo w s  s p e c i f i e d  in  ch a p te r  t h r e e , i s  d e c la r e d  in  ch a p te r  f i v e .  :Uso  

p r e sen te d  a re  com p arisons betw een  th e  r e s u l t s  from  S p a ld in g - . P a ta n k a r , 

D enny-L andis and th e  recommenaea lu u aeiiir ig  wtcuuiiqus -  th e s e  

show ih e  new te c h n iq u e  to  be th e  more a c c u r a te .

The rem ainder o f  th e  t h e s i s  i s  concerned w ith  the s im u la t io n ,  

and a p p r e c ia t io n , o f  the tu r b u le n t  t r a n s f e r  p r o c e ss e s  in  a v a r ie t y

o f  r a d i a l  w a ll  j e t  s i t u a t i o n s .  Ihe d ea rth  o f  s u i ta b le ,  tim e averaged  

e x p e r im en ta l d a ta  d e t a i l i n g  th e  f lo w  p a t te r n s  w ith in  such  .. j e t s  

n e c e s s i t a t e d  • s t u d ie s - o f  th r e e  f lo w ..s i t u a t io n s , ,  i  to  i v  in

- 8 -



■^.able 1 . 1 ,  o e i n r  u n d e r t a k e n .  Diese e x p e r i m e n t s  a r e  d e t a i l e d  

i n  t h e  a n o e n d i c i e s ,  and b e s i d e s  p r o v i d i n g  d a t a  f o r  t h e  s i m u l a t i o n s  

a l s o  r a v e  a c o m n r e n e n s i v e  view o f  t h e  t im e  a v e r a g e d  p r o p e r t i e s  

o v e r  t h e  c o m p l e t e  i m p i n g i n g  f lo w .  !"'he r a d i a l  w a l l  . je t  s i m u l a t i o n s  

f o r  . e x p e r i m e n t ?  i  t o  i v  i n  t a b l e  1.1 a r e  ^^iven i n  c h a p t e r s  

6 - 9  r e s p e c t i v e l y .  The r e s u l t s  f rom t h e s e  s i m u l a t i o n s  a r e  summed 

UP i n  c h a p t e r  10, and r e c o m m e n d a t io n s  f o r  f u t u r e  work g i v e n .

The s i g n i f i c a n t  a d v a n c e s  t h a t  have  o c c u r r e d  s i n c e  t h e  work 

d e t a i l e d  i n  c h a p t e r s  one to  t e n  was c o m p le te d  a r e  d i s c u s s e d  i n  

c h a p t e r  e l e v e n .

- 9 "



:h ap ter  2

Review o f  M o d e llin g  T echniques  

T his rev iew  h as two p u rp o ses . F i r s t l y ,  to  i l l u s t r a t e  th e  ty p e s  

o f  m o d e ll in g  te c h n iq u e s  a v a i la b le  fo r  s im u la t in g  boundary 

f lo w s  in  w hich tu r b u le n t  momentum t r a n s fe r  p red o m in a tes , 

fe c o n d ly , to  p r o v id e  s u f f i c i e n t  in fo r m a tio n  fo r  a r a t io n a l  

e x p la n a t io n  o f  why th e  te c h n iq u e s  proposed by S p a ld in g -  P atankar  ̂

and D enny-L andis w ere used  to  s t a r t  t h i s  s tu d y . A ll th e  m o d e llin g  

te c h n iq u e s  d is c u s s e d  in  t h i s  ch a p te r  are based upon the s o lu t io n  

o f  th e  e q u a t io n  f o r  m ainstream  momentum c o n s e r v a t io n  2 .1  ,

^  ^  ( t )  -  U
OX olV dx (2 .1

Ih is  e q u a t io n  m odels momentum c o n s e r v a t io n  in  the boundary flow  

shown in  f ig u r e  2 .1 ;  U r e p r e s e n ts  th e  m ainstream  v e l o c i t y ,  (|/ the  

stream  f u n c t io n ,  'Z th e  l o c a l  sh e a r  s t r e s s ,  j? d e n s i ty  and p p r e s s u r e .  

The fo u r  ways o f  r e d u c in g  and th en  s o lv in g  e q u a tio n  2 .1  a re  d e sc r ib e d  

in  s e c t i o n s  one to  fo u r  -  in c lu d e d  w ith  th e s e  d e s c r ip t io n s  are

d e t a i l s  o f  sam ple m o d e llin g  te c h n iq u e s . Ih e  fo u r  ways o f  

s o lv in g  e q u a tio n  2 .1  a re  c a l l e d  p a ra m etr ic , e x p l i c i t ,  c r o s s 

stream  and m arch ing in t e g r a l  m ethods o f  s o lu t io n ,  and th e se

a r e  d e s c r i b e d  i n  s e c t i o n s  1 - 4  r e s p e c t i v e l y .  T h i s  method  o f  

c a t e g o r i z i n g  m o d e l l i n g  t e c h n i q u e s  c l o s e l y  a d h e r e s  to  t h a t  p o s t u l a t e d  

by S p a l d i n g -  p a t a n k a r  i n  r e f e r e n c e  7 . f^he r e a s o n s  • f o r

s e l e c t i n g  t h e  t e c h n i q u e s  p o s t u l a t e d  by 1r a i d i n g -  P a t a n k a r  and 

D enny-Land is  a r e  d e t a i l e d  i n  s e c t i o r :  I .

_  10
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2.1 P a r a m e t r i c  i n t e f ? r a l

’.'Modelling' t e c h n i q u e s  t h a t  u s e  t h i s  method p r e d i c t  momentum 

t h i c k n e s s  6 ^ ,  d i s p l a c e m e n t  t h i c k n e s s  and t o t a l  s k i n  f r i c t i o n  

i n  t u r b u l e n t  b o u n d a r y  l a y e r  f l o w s .  These p r o p e r t i e s  c o a r s e l y  d e f i n e  th e  

b e h a v i o u r  o f  t h e  f low .

The p a r a m e t r i c  i n t e g r a l  method i s  b a s e d  upon t h e  s o l u t i o n  o f  t h e  

momentum i n t e g r a l  e q u a t i o n  2-2.for t h e  momentum t h i c k n e s s .

+ (%12 + -  ) &  ' f  °  ( 2 .2
dx r v  g2

In t h i s  e q u a tio n  th e  shape f a c t o r  fî   ̂ i s  d e f in e d  by:

■-T
12 = ’ ( 2 .3

^2

and I'o r e p r e s e n t in g  th e  sh ea r  s t r e s s  a t  th e  s u r fa c e .

The momentum in t e g r a l  eq u a tio n  i s  d e r iv e d  from th e  e q u a tio n  r e p r e s e n t in g  

momentum c o n s e r v a t io n  2 .1  by th e  fo l lo w in g  p ro ced u re . E q u ation  2 .1  i s  

in te g r a t e d  . a c r o s s  an in c o m p r e ss ib le  boundary la y e r  o f  th e  ty p e  

shown in  f ig u r e  2 . 1 , a f t e r  s u b s t i t u t in g  fo r  th e  c r o s s -s tr e a m  v e l o c i t y  

/  and r a te  o f  change o f  p r e ssu r e  The c r o ss -s tr e a m  v e l o c i t y

i s  d e r iv e d  from th e  c o n t in u it y  eq u a tio n :

;  = S

The r a t e  o f  c ha nge  o f  p r e s s u r e  ^  i s  d e r i v e d  from t h e  v a r i a t i o n  

i n  v e l o c i t y  a t  t h e  f r e e - e d g e , b y  a p p l y i n g  B e r n o u l l i ' s  r e l a t i o n s h i p :

1  ( 2 .5
dx dx

'1 2"



-ne momentum in t e g r a l  eq u a tio n  2 .2  i s  s o lv e d  f o r  6^ u s in g  one o f  

:ne many s o lu t io n  te c n n in u e s  fo r  f i r s t  o rd er  d i f f e r e n t i a l  e c u a t io n s .  

% :ter s u o s t i t u t i n g  se m i-e m o ir ic a l in fo rm a tio n  d e t a i l i n g  v a r ia t io n  

l,Q and w ith  v a r io u s  param eters in  th e  f lo w . The rem ain in g

p r s a ic t e d  p r o p e r t ie s  g  and a re  determ in ed  from eq u a tio n  2 . 5 

and 6 r e s p e c t iv e ly .

J>'Ro
( 2 . 0

9 10M o d e llin g  te c h n iq u e s  proposed by G ruschw itz  ̂ , Garner and 

von D oen h off and Tetervin^^ a l l  u se  t h i s  m ethod, and p rov id e  

a c c u r a te  g r o s s  p r e d ic t io n s  f o r  th e  b eh av iou r  o f-b ou n d ary  

l a y e r s .  The m ajor d i f f e r e n c e  betw een th e s e  tec h n iq u es  i s  

the fo r m u la tio n  o f  th e  se m i-e m p ir ic a l in fo r m a tio n  th ey  

u s e . T h is in fo r m a tio n , to g e th e r  w ith  r e fe r e n c e s  th a t  d e t a i l  

i t ' s  o r ig in , i s  p r e sen te d  in  t a b le  2 .1 .

2 .2  E x p l i c i t  I n te g r a l

T echn iques u s in g  t h i s  m ath em atica l method p r e d ic t  th e  momentum 

and d isp la c e m en t t h ic k n e s s ,  and t o t a l  s k in  f r i c t i o n  in  in c o m p r e ss ib le  

boundary la y e r  f lo w s .  The method i s  based  upon th e  s o lu t io n  o f  the  

momentum in t e g r a l  2 .2 ,a n d  o r  o th e r  a d d it io n a l  in t e g r a l  e q u a t io n s ,  

f o r  t  he momentum t h ic k n e s s  6 ^ .  The rem ain in g  p r e d ic te d  p r o p e r t ie s  , 

th e  t o t a l  s k in  f r i c t i o n  and boundary h e ig h t  , a re

n orm ally  determ in ed  from e q u a tio n  2 .6  and a r e la t io n s h ip  d e t a i l i n g  

th e  v a r ia t io n  o f  a shape f a c t o r .  Two ty p e s  o f  a d d it io n a l  

eq u ation ; are  n o rm a lly  u se d . They are o b ta in e d  by m u lt ip ly in g  

e i t h e r ' t h e .  e q u a tio n  o f  m otion  2 .1  o r  c o n t in u it y  2 .4  w ith  s u i t a b le  

w e ig h in g  f u n c t io n s ,  and in t e g r a t in g  th e  r e s u l t i n g  r e la t io n s h ip  

betw een  th e  f r e e - e d g e  and im p erv iou s s u r fa c e  o f  th e  boundary f lo w .

- 1 5 -
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Popular exam ples o f  m o d e llin g  te c h n iq u e s  th a t  u se  t h i s  method are  

th o se  proposed  by Truckenbrodt and Kean ^

'fn jc h e n b r o d t's  te c h n iq u e  u s e s  th e  m ean.-energy r e la t io n s h ip  

3-. 7 as an a d d it io n a l  e q u a tio n . Ihe en ergy  e q u a tio n  i s  o b ta in e d  by

m u ltip ly in g - the momentum in t e g r a l  e q u a tio n  by n r io r  to  in te g r a t io n ,

i .  ( u L s  )
dx ^

=  2 ( V l O  ( 2 .7

In t h i s  e q u a tio n  6^ r e p r e s e n ts  the en ergy  t h ic k n e s s ,  d.̂  i s  the  

p r o p o r tio n  o f  th e  f r i c t i o n  work in  th e  boundary la y e r  tran sform ed  

in to  h e a t and t.̂  th e  en ergy  o f  tu r b u le n t  m otion . In g e n e r a l t.̂  can  

be n e g le c te d  w ith  r e s p e c t  to  d^ , fru ck en b rod t s o lv e d  t h i s  e q u a tio n  

fo r  th e  momentum th ic k n e s s  8^ ; a f t e r  s u p p ly in g  se m i-e m p ir ic a l  

in fo r m a tio n  o f  the form o f:

= 0 .5 6  X 10 ^

and = f ( ^  )

The momentum in t e g r a l  and en ergy  e q u a tio n s  have been  combined to  

fo rm u la te  a shape f a c t o r  r e la t io n s h ip  u sed  tô  e s t im a te  th e  

o n s e t  o f  boundary la y e r  s e p a r a t io n .

-  T5 -



m c u e l l l n j  :ecnniaue  uses us a d d i t i o n a l  equa t ion  the

c o n t i n u i t y  r e q u i r e m e n t :

, (2 .3

w i t h  ttT^^ r e p r e s e n t i n g  e n t r a i n m e n t  a t  t h e  f r e e - e d g e  o f  t h e  f l o w ,  ihe

momentum i n t e g r a l  and t h i s  e q u a t i o n  have  been  s o l v e d  f o r  t h e  momentum

t h i c k n e s s ,  a f t e r  s u p p l y i n g  s e m i - e m p i r i c a l  t u r b u l e n c e  i n f o r m a t i o n

r e l a t i n g  t h e  e n t r a i n m e n t  r a t e  to  p r o p e r t i e s  o f  t h e  mean f low  f i e l d .

2.5 Cross-Stream

M o d e l l i n g  t e c h n i q u e s  m aking  u s e  o f  t h i s  m a t h e m a t i c a l  method p r e d i c t  

t h e  m a i n s t r e a m  v e l o c i t y  ü  a t  d i s c r e t e  p o i n t s  w i t h i n  i n c o m p r e s s i b l e  

bo.undary l a y e r  f l o w s .  The c r o s s - s t r e a m  method s o l v e s  t h e  t i a v i e r - S t o k e s  

e q u a t i o n  2 , 9 ,  a l t e r  s u b s t i t u t i n g  a  p h e n o m e n o l o g ic a l  t h e o r y  o f

t u r b u l e n c e  f o r  t h e  R e y n o ld s  s t r e s s  -  j ? u ’v

+ ' ^‘6 f = - l d o + A  ^  ^  ( u ' v ' )  (2,9
6x "by f  dx p  by'' by

% is  m ath em atica l m ethod,w hich  was in tr o d u ce d  by H artree and 

 ̂AV o rm ersley ' , r e d u c e s  eq u a tio n  2 , 9  to a f i r s t  o rd er

d i f f e r e n t i a l  e q u a t io n  in  th e  v e lo c i t y  U. p w hich can be in te g r a te d  

a c r o ss  th e  boundary la y e r  to  p r e d ic t  th e  v e l o c i t y  f i e l d .  The s te p s  

used  in  t h i s  method are  a s  f o l lo w s .  F i r s t l y ,  one o f  th e  e s ta b l i s h e d

p h en o m en o lo g ica l tu r b u le n c e  t h e o r ie s  a fg  used  to  rep resen t- R eynolds  

s t r e s s  in  e a u a t io n  2 , 9 . ^ 3 x a m p les-o f such  t h e o r ie s  a r e  th o s e

proposed  by Van D riest-^  and Cebeci'>9 , w hich are  b ased  upon P randtls-1  

m ix in g  le n g th  th e o r y ,j  S e c o n d ly ,a  s e r i e s  o f  f i n i t e  d i f f e r e n c e  a ssu m p tion s  

■ v a l id  w ith in  a c r o s s - s tr e a m  s t r i p  through th e  f lo w , shown in  f ig u r e

2 ,5 f  are  s u b s t i t u t e d  f o r  th e  p a r t ia l  d i f f e r e n t i a l s  in  e q u a tio n  2 ,9

to  g iv e  a  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a tio n  in  I t  i s  t h i s

e q u a t io n  w hich  i s  in te g r a t e d  a c r o s s  th e  boundary f lo w  to  p r e d ic t

th e  v e l o c i t y .
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Examples o f  m o d e llin g  te c h n iq u e s  th a t  u se  t h i s  m athem atica l

method to  p r e d ic t  th e  v e l o c i t y  f i e l d  i n  b o u n d a ry  l a y e r s  a r e  th o se

20 21p r o p o s e d  by S m i t h , J a f f e  and Lind ' and Mellor* \

2 . 4  . { a rc h ing  I n t e g r a t i o n

y o d e l l i n g  t e c h n i q u e s  making u se  o f  t h i s  c l a s s  o f  m a t h e m a t i c a l  

method p r e d i c t  t h e  v e l o c i t y  f i e l d  w i t h i n  a  b o u n d a ry  f lo w  from t h e  N avier  

S to k es e q u a tio n  2 .9* The a e y n o l d s  s t r e s s  i s  e s t i m a t e d  from

-p u b lish e d ,i tu r b u len ce  m od els , which' a r e  h o t d is c u s s e d  

in  t h i s  s e c t io n »  , b e c a u s e  t h e y  do n o t  form an e s s e n t i a l  p a r t  

o f  t h e  m a t h e m a t i c a l  method .  In  f a c t  most  modern m o d e l l i n g  t e c h n i q u e s  

i n  t h i s  c l a s s  can  a c c e p t  a wide v a r ie t y  o f  d i f f e r e n t  tu r b u len ce  m od els.

She purpose o f  t h e  m a t h e m a t i c a l  method i s  to  s o l v e  e q u a t i o n  2 .9  

f o r  t h e  m a i n s t r e a m  v e l o c i t y  U o v e r  a  p a r t i c u l a r  a r e a  o f  f lo w  -  o f t e n  

c a l l e d  t h e  s o l u t i o n  domain and sho'wn i n  f i g u r e  2 .2 .  T h is

domain i s  su b -d iv id e d  in to  a s e r i e s  o f  f lo w  e le m en ts  by the  

fo l lo w in g  p roced u re . F i r s t l y ,  th e  domain i s  covered  w ith  a mesh 

netw ork. S eco n d ly , e le m en ts  o f  a s p e c i f i e d  shape and s i z e  are  

p o s i t io n e d  in  th e  domain w ith  r e fe r e n c e  to  t h i s  netw ork. As an 

exam ple o f  t h i s  procedure th e  s o lu t io n  domain in  f ig u r e  2 .2  i s  

covered  w ith  a c a r t e s ia n  xy  mesh netw ork, and r e c ta n g u la r  f lo w  . 

e le m en ts  are  p o s i t io n e d  so  th a t  t h e ir  ed ges c o in c id e  w ith  th e  

l i n e s  o f  th e  mesh.

The m ath em atica l method com p rises two p a r ts ;  f i r s t l y ,  

a l im it e d  s o lu t io n  to  e q u a tio n  2 .9  i s  d e r iv e d  w ith in  a

-IS —



L y p ica l r i o ’.v e l e - i a n i .  This  s o lu t io n  ta k es  the fo rm  o f  an. a lg e b r a ic  

r e la t io n s h ip  th a t  r e la t e s  the v e l o c i t i e s  a t  the c o m e r  o f  the  

elem en t ; and i s  o b t a i n e d  by s u e s t i t u t i n g  assumed 

r a te s  o f  changes o f  v e lo c i t y  o v er  the e lem en t fo r  the p a r t ia l  

d i f f e r e n t i a l s  in  e q u a tio n  2 . 9» S eco n d ly , o v e r a l l  p r e d ic t io n s  w ith in  the  

s o lu t io n  domain are o b ta in e d  by a p p ly in g  th e  l im it e d  s o lu t io n  to  

each  f lo w  e le m en t, and s o lv in g  th e  r e s u l t a n t  s e t  o f  s im u lta n eo u s  

e q u a t io n s  f o r  h e  v e l o c i t y .

Ibcam ples o f  m o d e llin g  te c h n iq u e s  th a t  make u se  o f

22t h i s  m ath em atica l method are th o se  proposed by k lu g g e -L o tz  ,

. . . .  7 8
Spalding'- Patankar and Denny-Land i s  . fh e  m ajor d i f f e r e n c e s  

betw een  th e s e  te c h n iq u e s  o ccu r  in  th e  ways in  which:

a) t h e  c o - o r d i n a t e  s y s te m ,  t h e  mesh n e tw o rk  and f i n i t e  

d i f f e r e n c e  assu m p tion s a r e  s p e c i f i e d ,  

and b} in fo r m a tio n  c o n cern in g  the t u r b u l e n t  b eh av iou r  o f  t h e  

f l u i d  i s  p r e s e n t e d ,

The c o -o r d in a te  sy s te m s , mesh netw orks and assumed v e l o c i t y  p r o f i l e s

used in  th e  specim en  m o d e ll in g  te c h n iq u e s  a re  d e t a i l e d  in  t a b le  2 .2 .

The mesh networks used  by S p a ld in g -, Patankar and D enny-L andis are

n u m e r ic a lly  th e  most e f f i c i e n t ,  b eca u se  th e  networks grow w ith  th e  f lo w .

T urbulence in fo r m a tio n  has been p r e sen te d  in  th e  form o f  p h e n o m e n o lo g ic a lly

d e r iv e d  tu r b u le n c e  m odels th a t  r e la t e  R eynolds s t r e s s  to s u i t a b le

f lo w  p r o p e r t ie s .  Exam ples o f  m odels th a t  have b een  used  in  th e

named m o d e ll in g  t e c h n iq u e s  a re  th o se  proposed by Prandtl"^^ , van 
2 79

D r ie s t  and C ebeci . These m odels w i l l  be d is c u s s e d  more f u l l y  

in  ch a p te r  th r e e .

- 1 5 -
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Table 2 .2

CO-ORDINATE SYSTEI/I & FINITE DIFFERENCE ASS^TTTICNS

M odellin g  Technique  

proposed by:

C o-ord in a te

system s

V e lo c ity  c o n d it i

Stream w ise. ■ 
d ir e c t io n

Dns around elem ent

C ross-stream
d ir e c t io n

2 2
F lugge-L otz

C a r te sia n  
' a s  s p e c i f ie d

in  fifprre 3 . a

t
U = ay +b^

+
■J = ax + b^

5‘ 5

7
Epalding-- Patankar  

and 8
Denny-Landis

X a g a in s t  non- 
d im en sio n a l form  
o f  th e  stream  
fu n c t io n  
( s e e  f ig u r e  3b)

+

U = c o n sta n t

+ The c o e f f i c i e n t s  b ^ ,  i  = 1 , 3  a re  c o n s t a n t  o v e r  each e lem en t

- 2 . r -



2 ,5  Recommendat ions

The m o d e llin g  tec h n iq u es  proposed by S p a ld in g —Rattankar 

and Denny-Landis have been  s e le c t e d  as th e  m ost s u i t a b le  w ith  

which to  s t a r t  t h i s  s tu d y . The s e l e c t i o n  p r o cess  proceeds 

fo l lo w in g  l i n e s .  F i r s t l y ,  the most s u i t a b le  ca te g o r y  o f  m athem atical 

method w ith  which to  s o lv e  th e  eq u a tio n  o f  m otion  was ch osen  -  

t h i s  d is c u s s io n  i s  p resen ted  in  s u b - s e c t io n  a . S eco n d ly , from 

th o se  m o d e llin g  te c h n iq u e s  th a t  u se  th e  s e le c t e d  ' 

m athem atica l method th e  most s u i t a b le  te c h n iq u e s  w ith  which to  

s t a r t  t h i s  study'v«?re. ch osen . I h i s  d is c u s s io n  i s  d e t a i le d  in  sub

s e c t io n  b .

2 , 5a Recommended C ategory

M o d ellin g  tec h n iq u es  making u se  o f  m arching in te g r a t io n  

m athem atical method were chosen  a s  th e  most s u i t a b le  w ith  which to  

s t a r t  t h i s  s tu d y . The r e a so n s  fo r  t h i s  c h o ic e  were a s  much to do 

w ith  th e  u n s u i t a b i l i t y  o f  the o th e r  m athem atica l m ethods, a s  w ith  

th e  ad van tages a s s o c ia t e d  w ith  the chosen  o n e . In the d is c u s s io n  

th a t  f o l lo w s ,  th e  r e a so n s  and ca u se s  fo r  r e j e c t i n g  th e  p a ra m etr ic , 

e x p l i c i t  and c r o ss -s tr e a m  in te g r a l  m athem atica l m ethods a re  e x p la in e d ;  

and then ad van tages o f  th e  chosen  ca teg o ry  expounded.

Both th e  p aram etr ic  arid e x p l i c i t  in t e g r a l  m athem atica l methods 

a re  u n s u ita b le  f o r  th e  same two r e a so n s . F i r s t l y ,  the m o d e llin g  

tec h n iq u es  based  upon th e se  m ethods p r e d ic t  i n s u f f i c i e n t  r e s u l t s  

to be o f  any s e r io u s  u se  when exam ining f lo w s  in v o lv in g  momentum, 

mass and h eat t r a n s f e r .  For exam ple, when s im u la t in g  momentum 

and h e a t t r a n s f e r  r a te s  in  boundary f lo w s , o n ly  th e  momentum, energy  

and boundary th ic k n e s s  o f  th e  flow q and t o t a l  s k in  f r i c t i o n ,a r e

--a?-



p r e d ic te d . S eco n d ly , in  com plex f lo w s  o f  the type d e sc r ib e d  prevfou ^ y

the tu rb u len ce  in fo rm a tio n  r eq u ired  i s  n ot r e a d ily  a v a i la b le .

M o d e l l i n g  t e c h n i q u e s  m a k in g  u s e  o f  t h e  c r o s s - s t r e a m  i n t e g r a t i o n

m eth o d  h a v e  been  d s e d  ’ t o . s i m u l a t e  n o t  o n l y  momentum, but 

a l s o  m a ss  a n d  h e a t  t r a n s f e r  r a t e s ,  'Ihe m a jo r  p r o b le m  a s s o c i a t e d  

w i t h  t h e s e  t e c h n i q u e s  i s  th a t  t h e  n u m e r ic a l  i n t e g r a t i o n ,  req u ired  

fo-r a s o lu t io n  becomes cumbersome and i n e f f i c i e n t ,  b ecau se  o f  the  

l in k in g  to g e th e r  o f  a l l  the c o n se r v a tio n  eq u a tio n s  through th e  

p h y sic .;!  p r o p e r t ie s  o f  th e  f lo w  — v-e e f f e c t i v e  v i s c o s i t y ,

Schmidt and B randtl numbers.

M od ellin g  tec h n iq u es  u s in g  the m arching in t e g r a t io n  m athem atical 

method avoid  m ost o f  the problem s encountered  by o th e r  m athem atical 

m ethods. These m odels can , and h ave, been  used tp p r e d ic t  

v e lo c i t y ,  tem perature and s p e c ie s  c o n c e n tr a t io n  f i e l d s  w ith in  a 

boundary la y e r  f lo w . And th e  tu r b u le n t  in fo rm a tio n  req u ired  can  

norm ally be d e r iv e d  from p henom enologica l t h e o r ie s ,  p u b lish ed  and 

te s t e d  b y_o th er  a u th o rs .

2. Chosen Technique

The m o d e l l i n g  t e c h n i q u e  p r o p o s e d  b y  S p a l d i n g - R a l a n k s i r  an d  

D e n n y -L a n d is  w e r e  c h o s e n  a s  t h e  m o s t  s u i t a b l e  w i t h  w h ic h  t o  s t a r t  

t h i s  s t u d y  f o r  t h e  f o l l o w i n g  r e a s o n s .  F i r s t l y ,  t h e  t e c h n i q u e s  

h a v e  b e e n  w i d e l y  u s e d  i n  i n d u s t r y  t o  s i m u l a t e  t u r b u l e n t  m om entum , 

an d  m o re  r e c e n t l y  m a ss  a n d  h e a t ,  t r a n s f e r  r a t e s  -  a n d  t h u s  t h e  

woric p r e s e n t e d  h a s  so m e p r a c t i c a l  s i g n i f i c a n c e .  S e c o n d l y ,  b o t h  

t e c h n i q u e s  u s e d  e f f i c i e n t  f o r m s  o f  m esh  n e t w o r k s  t h a t  g r e w  w i t h



t h e  f l o w  b e i n g  s i m u l a t e d .  T h i r d l y ,  a n d  o n  a  m o r e  p r a c t i c a l  l e v e l ,  

t h e  d o c u m e n t a t i o n  c o n c e r n i n g  t h e s e  t e c h n i q u e s  w a s  w e l l  l a i d  o u t ,  

a n d  t h i s  p r o v i d e d  a  g o o d  f o u n d a t i o n  f o r  t h e  p r e s e n t e d  w o d c .



Chapter 5

Momentum T ran sfer  H ates

The m o d e l l i n g  t e c h n i q u e s  p r o p o s e d  b y  S p a ld in g - P a t a n k a r  

8
and Denny-Landis' are used to  s im u la te  momentum tr a n s f e r  r a te s  in  

a two d im en sio n a l boundary la y e r  and p lane w a ll j e t  f lo w . Specimen  

r e s u l t s  from th e se  com p u tation a l s im u la tio n s  are examined to  

d eterm ine th e  l im it a t io n s  o f  b oth  m o d e llin g  te c h n iq u e s .

B oth tec h n iq u es  s o lv e  th e  e q u a tio n  o f  m otion  3.1 by u s in g  

the m arching in te g r a t io n  m athem atica l method.

E  °  B

The S p a ld in g  -  Patankar tech n iq u e  s u b -d iv id e s  the boundary la y e r  in to

the w a l l ,  m ainstream  and fr e e -e d g e  regim es shown in  f ig u r e  3*1,  and 

s o lv e s  d i f f e r e n t  forms o f  the eq u a tio n  o f  m otion in  each reg im e.

The c o -o r d in a te  system . used c o n s is t s  o f  ^ ^ 1 in  the
V -  ^

M 1

c r o ss -s tr e a m ,a n d  x  in  the. stream w ise d ir e c t io n ;  w ith  ^ r e p r e s e n t in g

th e stream  fu n c t io n , and th e  s u b s c r ip ts  N and 1 d e s ig n a t in g  th e  f r e e -

edge and s u r fa c e  r e s p e c t iv e ly .  ( The d e r iv a t io n  o f  the

S p a ld in g -P a -ta n k a r  tech n iq u e  i s  p resen ted  in

appendix 1 ) .  The Denny-Landis tech n iq u e  s o lv e s  th e  eq u a tio n

o f  m otion o v er  th e  com p lete boundary la y e r ,  and u se s  a m athem atica l

m eth o d  s i m i l a r  to  t h a t  p r o p o s e d  b y  S p a l d i n g - P a t a n k a r .

(The d e r iv a t io n  o f  th e  Denny-Landis tech n iq u e  i s  d e t a i le d  in

a p p e n d ix  2 )  T h e ^ c o - o r d i n a t e  s y s t e m  u s e d  c o m p r i s e s

Y -  FN
" y  _  ^  i n  t h e  c r o s s - s t r e a m ,  and  x  i n  t h e

N ^1

stream w ise d ir e c t io n .  FN i s  an in te g e r  which can have the v a lu e s  

1 or  2.
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The methods used  to  d e f in e  the p h y s ic a l p r o p e r t ie s  req u ired  

by both te c h n iq u e s , th e  d e n s i ty  and e f f e c t i v e  v i s c o s i t y ,  are d er ived  from 

the works o f  o th er  au th o rs and are d e sc r ib e d  in  s e c t io n  .1 .  The 

erro rs g en era ted  in  the com p u ta tion a l s im u la t io n s , rep r ese n te d  by 

the d is c r e p a n c ie s  betw een the p r e d ic te d  v e l o c i t y  f i e l d s  and 

experim en ta l or t h e o r e t ic a l  r e s u l t s  o b ta in ed  e lse w h er e , are examined 

and d isc u sse d  in  s e c t io n  In s e c t io n  3*5 the l im it a t io n s  o f

both m o d e llin g  tec h n iq u es  are  a s s e s s e d  from the p resen ted  r e s u l t s .

In s e c t io n  3 , 4  th e  c o n s tr u c t io n  o f  a new type o f  techn ique recommended.

5 . 1 . p h y s ic a l r r o p a r t ie s

To s im u la te  momentum tr a n s f e r  r a te s  w ith  th e  s p e c i f ie d  

m o d ellin g  tech n iq u es in fo r m a tio n  d e t a i l in g  the d e n s ity  and e f f e c t i v e  

v i s c o s i t y  has to be s u p p lie d .

The d e n s ity  i s  d eterm in ed  from th e eq u a tio n  fo r  a p e r fe c t  gas:

This eq u a tio n  a c c u r a te ly  p r e d ic t s  the d e n s ity  o f  m ost common g a ses  

when th ey  are ndùot n i ^  p r e ssu re  ( l e s s  than th r ee  atm ospheres) and 

tem perature ( l e s s  than 2 ,0 0 0 °K ). I f  th e se  c o n d it io n s  are not met 

t h e  d e n s i t y  c a n  b e  c a l c u l a t e d  fr o m  s e m i - e m p i r i c a l  r e l a t i o n s h i p s , as
2 3

f o r  e x a m p le  d i s c u s s e d  b y  H i r s h f e l d e r ,  C u r t i s  an d  B i r d  ;



In t h i s  t h e s i s  th e  e f f e c t i v e  v i s c o s i t y  has been used

to  r e p r e se n t  both  the m o l e c u l a r & n d  tu rb u len t (o r  eddy) 

v i s c o s i t i e s  by th e  comm unicative; law:

/ e f f  -  r i  *

This nom enclature has been u sed , b ecau se  i t  e n a b les  the s p e c i f ie d

m o d e llin g  tech n iq u e  to  d ea l w ith  both  lam inar and tu r b u len t f lo w s .

The m o lecu lar  v i s c o s i t y  o f  a i r  has been g iv en  the v a lu e

1 , 84  X 10”  ̂ kg/m s, 'Two c a te g o r ie s  o f  m athem atical m odels o f  tu rb u len ce

are com p atib le  w ith  th e  p resen ted  m o d e llin g  te c h n iq u e s . In th e  f i r s t ,

th e  energy eq u a tio n  5*3 i s  so lv e d  fo r  the tu r b u len t k 'In etic  energy

c o e f f i c i e n t  k; a f t e r  a s s ig n in g  v a lu e s  to  the c o n s ta n ts  C and O' ,
D k

and p r e s c r ib in g  the form taken by the len g th  s c a le  d i s t r ib u t io n .
2 4

T urbulence .i<odel3 in  t h i s  ca te g o r y  have te e n  iev e lo p e d  by .-randtl ,

2 5 7 6 . , 2 7
K olm ogrofi , l lu s h k o  ^nd l e e  -  kovasn%_y

a
. 8k

U ’<
The tu rb u len ce  m odels of* the secon d  categrory are based upon r r a n d tls  

m ixing  le n g th  h y p o th esis^  , rep resen ted , by eq u a tio n  3 . 4 , but in c lu d e  

s u i t a b le  m o d if ic a t io n s  to  a llo w  f o r  th e  in f lu e n c e  o f  the su r fa c e  

o ver  which th e  flow  i s  p a s s in g , ( in  eq u ation  5 . 4  th e  m ix ing  

le n g th  1^ r e p r e s e n ts  th e  c r o ss -s tr e a m  d is ta n c e  th a t  must be covered  

by an a gg lom era tion  o f  f lu i d  p a r t i c l e s ,  b e fo re  t h e ir  momentum i s  

changed by th e  new en viron m en ta l c o n d it io n s  in  which th ey  f in d  

th e m se lv e s ,)  M odels o f  t h i s  s o r t  have been d evelop ed  by Van D r ie s t   ̂

Cebeci and L auder-Spald ing'

( 3 . 4m



In the p resen t in v e s t ig a t io n ,  and fo r  the r e a so n s  g iv e n  b elow , 

the model by Lauder and S p a ld in g  i s  u sed . T h is  em ploys Cebeci^s 

m odel, r e p r esen ted  by eq u a tio n s  5*-5 and 6 to  g iv e  a f i r s t  e s t im a te

fo r  the tu r b u len t v i s c o s i In the p resen ted  e q u a t io n s , the

c o n sta n ts  and A^ âre a ss ig n e d  the v a lu e s  0 . 4  and 26 . 0  r e s p e c t iv e ly ,  

w h ils t  the p r o p e r t ie s  y_̂  and p  ̂ are d e f in e d  in  th e  nom enclature.

1 -  exp l i l
dy

•s ( 1 -  ex p (1 1 .9 m ^ ) )  4- exp(11.Sm^

(5.5

15.6

Lauder and S p a ld in g  proposed th a t in  th e  r e g io n s  o f  the flow  where

C e b e c i's  model i s  u n r e a l i s t i c ,  th a t i s  where i s  approach ing  or equal to

zero^a 'b r id g in g  te c h n iq u e ' should  oe used to  p rov id e  a second e s tim a te

fo r  the tu r b u len t v i s c o s i t y .  T his b r id g in g  tech n iq u e  i s  m ost

e a s i l y  e x p la in e d  by r e fe r r in g  i t  to  a s p e c i f i c  exam ple, sa y  a

w a ll j e t  w ith  a c r o ss -s tr e a m  v e lo c i t y  p r o f i l e  o f  the type shown

in  f ig u r e  3 .2a .. A sch em atic  r e p r e s e n ta t io n  o f  th e  f i r s t  e s t im a te

o f  the tu r b u len t v i s c o s i t y  f o r  the f l o w ' i s  d e t a i le d  by the

f u l l  l in e  in  f ig u r e  3»2b. Lauder and Spaldingy n o te  th a t

t h i s  e s tim a te  fo r  the tu rb u len t v i s c o s i t y  i s  u n r e a l i s t i c  in  the r e g io n

y , /  y ^  y^. (The c r o ss -s tr e a m  o r d in a te s  y^ and y^ d en ote  th e  v a lu e s

o f  y where i s  a maxima). They p o s tu la te  th a t  betw een th e  peaks
dy

a t  y^ and y^ th e  tu r b u len t v i s c o s i t y  v a r ie s  l in e a r ly  w ith  y
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a s  sh o w n  b y  t h e  d o t t e d  l i n e  i n  f i g u r e  3*2,b -  t h i s  r e l a t i o n s h i p  

L a u d e r  an d  S p a l d i n g  c a l l  a  ' l i n e a r  b r i d g e ' . The m a t h e m a t i c a l  

r e p r e s e n t a t i o n  o f  t h i s  m o d e l  i s :

^ t  = y
A ,c  -  A , A

-

I s . 7
Jr.

M athem atical m odels o f  tu rb u len ce  based  u p o n * rra n d tl' s  m ixing  

lons:th h y p o th e s is  are  p r e fe r r e d  to  th o se  d e r iv e d  from th e tu r b u le n t

energy e q u a tio n , b ecau se  th ey  r e p r e s e n t  tu rb u len ce  more sim p ly  and 

can c o n se q u e n tly  be e a s i l y  and a d e q u a te ly  adapted to  s im u la te  the

more com plex f l o ’.vs to  be s tu d ie d '  l a t e r .  The model proposed by

Lauder -  S p a ld in g  h a s been s e l e c t e d ,  because i t  i s  the m ost advanced

and g e n e r a l o f  th o se  a v a i la b l e .

5 . 2 . Comparison o f  R e s u lts

The two s i t u a t io n s  ch osen  fo r  s im u la t io n  are:  

a ) a boundary la y e r ,  

and b) a  p lan s w a ll  j e t ;

both o f  which f lo w  o v er  f l a t  inrnervious s u r fa c e s .

In th e se  s i t u a t i o n s ,  and th o se  to  be d e sc r ib e d  in  c n a p ters  fou r  

to s i x  , th e  g r a d i n g  o f  t h e  m e sh  netw orks c o v e r i n g  the f lo w s  are v a r i e d  

o v e r  a  r a n g e  o f  s i z e s  t y p i c a l l y  e m p lo y e d  i n  t h e  m o d e l l i n g  t e c h n i q u e  o f  

o th er  a u th o r s , so  th a t  com parison can be made. The two d im en sio n a l m esh  

netw orks used  by b oth  m o d e ll in g  tech n iq u es



a re  based, upon c o -o r d in a te  system  o f  th e  n on -d im en sion a l form s

o f  the stream  fu n c tio n  a g a in s t  d is ta n c e  a lo n g  th e  im pervious

su r fa c e  x , The mesh network have been d e fin ed  by s p e c i f y in g

stream w ise l i n e s  a lo n g  which the stream  fu n c tio n  i s  c o n sta n t

-  th e se  are henceforw ard c a l le d  mesh stream  l i n e s  -  and c r o ss -s tr e a m

l in e s  a lo n g  which x i s  unchanged. The d is ta n c e  betw een  c o n s e c u tiv e

mesh stream  l i n e s - i s  dependent upon th e  c r o ss -s tr e a m  c a r te s ia n

o r d in a te  y  and m ainstream  v e lo c i t y  U . These p r o p e r t ie s  are  r e la t e d  

by the e x p r e ss io n :
= j)U by .

. The mesh sp a c in g  in  th e  c o r ss -s tr e a m  d ir e c t io n  has  

b een  d e f in e d  by s p e c i f y in g  th e  y g rad in g  and m ainstream  v e lo c i t y  

p r o f i l e  a lo n g  th e  s t a r t in g  c r o ss -s tr e a m  s e c t io n  o f  th e  s im u la t io n .  

Ihe fo llo w in g  r e la t io n s h ip  has been used  to s p e c i f y  th e  in t e r v a l s

a t  which y i s  d e f in e d  a lo n g  the s t a r t in g  c r o ss -s tr e a m  s e c t io n :

b . j  '  ( 3 . B

where j =- 3 , N and y  , y  and Fr are p r e sc r ib e d  c o n s ta n t .
I f ' • » k

The d i s t r ib u t io n  o f  th e  m ainstream  v e lo c i t y  a lo n g  th e  s t a r t in g  

c r o ss -s tr e a m  s e c t io n  i s  dependant upon ,the flo w  s i t u a t io n  b e in g  

sim u la ted -an d  i s  c o n se q u e n tly  d e sc r ib e d  l a t e r .  A long th e  im perv ious  

su r fa ce  th e  mesh spacing^._^^x. i s  determ ined from:

, A x .  = 0 .05
i -1 1

fN  -  I»!
• *•
ift

( 3 . 9

In t h is  e q u a tio n  r e p r e s e n ts  entrainm ent- r a te  a t  the fr e e -e d g e
Fui

o f  the c r o ss -s tr e a m  s t r i p  where x  ̂ .j 4 ^ x ^ x s h o w n  in  f ig u r e  3 . 5 » 

and i s  determ in ed  from th e e x p r e ss io n :

- 3 2 "



EREE-STREAM ’vÊ LOCITY
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3 . 2 a .  Boundary L ayers

Formulae are  used to d e s c r ib e  th e  tim e averaged  v e lo c i t y  

f i e l d  in  a tu r b u le n t  boundary la y e r  a d ja c en t to  a f l a t  im perv ious  

s u r fa c e . They are  used  in  p r e fe r e n c e  to  ex p er im en ta l r e s u l t s ,  

because th ey  have a s im i la r  ord er  o f  accu racy  and are more 

r e p r e s e n ta t iv e  -  b e in g  b ased  upon th e  r e s u l t s  o f  many e x p e r i

m ental s t u d ie s .

The ch osen  s e t  o f  e q u a t io n s , which are v a l id  over the  

req u ired  range o f  R eynolds numbers^ are;

a) a n o n -d im en sio n a l c r o ss -s tr e a m  v e lo c i t y  p r o f i l e

b)

r e la t io n s h ip  d e r iv e d  by C lau ser  

 ̂ ~ = -  2 . 4 4  &
I

(3 .11

where i s  the s k in  f r i c t i o n  v e lo c i ty - w h ic h  i s  e q u iv a le n t

to 2T 0

3 0
a  w a ll  r e s i s t a n c e  r e la t io n s h ip  by S choenherr'

.  (4 .1 3  In  (Re^ 13.12

where Re = 

c )  a  growth r a te  r e la t io n s h ip  by N ikuradse

5

3 1

Ü
0.01738  I ( 5 . 1 5

-



Equations 3*12 and . 13  are  used to d e s c r ib e  th e  v e l o c i t y  f i e l d
2

w ith in  th e  o u te r  r e g io n  o f  the boundary la y e r ,  from van D r i e s t s “

work t h i s  r e g io n  o cc u r s  when 60 j / y  / S t   ̂ .
V Co

An in d ic a t io n  o f  th e  f lo w s  b eh av iou r  c lo s e  to  th e  im p erv iou s s u r fa c e  

has been  s u p p lie d  by th e  f r a c t i o n  c o e f f i c i e n t  determ in ed  w ith  

eq u a tio n  3 . 12 .

'xhe boundary la y e r  chosen  f o r  th e  exam in ation  i s  one where the  

fr e e -s tr e a m  v e l o c i t y  Uo© e q u a ls  3 0 . 3ms"^ (o r  100f t  sT^j ,  and th e
^  c 2 _ "j

k in em a tic  v i s c o s i t y  5> i s  1 .6  x 10 m s  . Ihe f lo w  has been  s im u la ted  

in  the r e g io n  2 . 4 ^ x ^ 5 » 3 n i  -  a s  shown in  f ig u r e  3 *4 »

P lo t s  o f  the c r o ss -s tr e a m  v e l o c i t y  p r o f i l e s ,  from e q u a t io n ,3 .1 t j  

a t  X a 2 . 5 » 4 . 0  and 5 *3® a re  shown by, d o tte d

l in e s  in  f ig u r e s  3*5 to  ,7* The v a r ia t io n  o f  the t o t a l  s k in

f r i c t i o n  (c^)  w ith  o b ta in ed  from eq u a tio n  3 . 1 2 , i s  shown

by the d o tte d  l i n e  in  f ig u r e  3 . 8 .  The th ic k n e s s  o f  the boundary

la y e r  i s  shown by the d o tte d  l in e  in  f ig u r e  3 *9 » and i s  d e r iv ed

from eq u a tio n  3 *1 3 .

The ch osen  boundary la y e r  f lo w , has been  s im u la te d  tw ice

w ith  the m o d e llin g  te c h n iq u e s  proposed by S p a ld in g '— P a ta n k a r ^  

and fo u r  t im es  w ith  th a t  by D enny-L andis. In  each  s im u la t io n  th e

r e a l  mesh sp a c in g s a lo n g  th e s t a r t in g  cro ss-strea m  s e c t io n  and

im pervious su r fa c e , ab and ac r e s p e c t iv e ly  in  f ig u r e  3 * 4 ,were

derived  from eq u ation s 3*6 and 3*9 • Ihe v a lu e s  p rescr ib ed  to

the c o n sta n ts   ̂ and Fr in  eq u ation  3*8 d e ta ile d  in  ta b le  3 .1*

In the s im u la tio n s  w ith  Denny-Landis ' s  techn ique th e power to

which th e  nonp-dimensional mesh strea m lin e s  were r a ise d  FN was

s e t  a t  2 and 1 .

In each s im u la tio n  th e  v e lo c i t y  p r o f i l e  a t  th e  s t a r t in g

cross-strea m  s e c t io n  was d erived  from eq u ation s 3*11 and . 13 ;

and th e  v e l o c i t i e s  a t  th e  fr e e -e d g e  and im pervious su r fa ce  s e t  to

ITao and zero r e s p e c t iv e ly .

-
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?able 5.1

Symbol M o d ellin g  tech n iq u e  
proposed byw

Dependent v a r ia b le s  

used  in  e q u a tio n  3*3

V
1 , 2 Fr

□
0
•
▲
o
A

Spalding? -  P atan k ar  
Spaldinfir -  , P atankar  
D en n y-lan d is w ith  FN=2 
Denny-Landis w ith  2N»2 
Dennv-Landis w ith  FN»1 
Denny-Landis w ith  FN=1

6 7 2 0 0

Wi
5 ] / i o 5

1 . 1 0
1 . 0 5
1 . 12
1 .1 9  
1 . 12
1 . 19

"39 ^  ~



.0

29
. C

R2IATICNSH IP

.0

.C

. ü

4 . 0

.0

0.0
0 . 0 1 0 . 1 1 .0

/SLOCITY PK071LS AT x = 2Jÿm.
%

FIGÜR5  3 .5



II -  uoO
II.T 14 . 0

12 . 0

10.0

3 .0

6 . 0

4 . 0

2 .0

0 . 0
0.01 0.1 11.0

ySLüCITY PROFILS AT x » 4 .0 m i ,

FIGURE 5 .6

- 5 3 -



u -  u

14.0

2 9

R5LATI0Iv31iIP

0.0

6.0

4.0

2 .0

0 .0

0.01 0.1

VgLOCITY PROFILJi; AT x  .  S .

FIGURE 3 .7

~4( 0 -



-210

5 0
SCHOENHERR^
 ̂RELATIONSHIP

5
6 0 2010

Re X 10‘
X

WALL RESISTANCE RELATIONSHIPS

R IG U R £,i3

“V /-



(m)
i o - i r

> NIKURADSSS 
RELATIONSHIP

10- 2
J L i L- . - 1 __L

20

X 10'

CaOWTH RATE RELATIONSHIPS

p i g u a B ; 3 . 9



Specimen r e s u l t s  f rom t h e  c o m p u t a t i o n a l  s i m u l a t i o n s  a r e  

p r e s e n t e d  i n  f i g u r e s  3»5 to  w i t h  t a b l e  S.1 d e t a i l i n g  t h e  syiribols 

u s e d .  The maximum p e r c e n t a g e  d i f f e r e n c e s  be tw een  t h e  spec im en  com

p u t a t i o n a l  . p r e d i c t i o n s  and t h e  r e s u l t s  f rom e q u a t i o n  to  15

a r e  d e t a i l e d  i n  t a b l e s  j . 2 to  3*4 • V' ■ In  t h e s e  t a b l e s ,  and

t h o s e  to be d e t a i l e d  i n  t h e  r e m a i n i n g  c h a p t e r s ,  p o s i t i v e  p e r c e n t a g e  

d i f f e r e n c e s  a r e  o b t a i n e d  when t h e  c o m p u t a t i o n a l  p r e d i c t i o n s  a r e  

g r e a t e r  t h a n  th e  e x p e r i m e n t a l  o r  a c c e p t e d  r e s u l t s .

The r e s u l t s  from th e  m o d e llin g  tech n iq u e  proposed by S p a ld in g -  

P atan k ar  are more a c c u r a te  than  th o se  from D enny-L andis.

As shown by the p resen ted  com parisons o f  r e s u l t s  in  f ig u r e s  5»5 to .0 ,  

and more p a r t ic u la r ly  th e  d a ta  in  ta b le s  ^ . 2  t o . 4 d e t a i l in g  the  

p ercen tage  d is c r e p a n c ie s  in  th e s e  r e s u l t s  a t  th e  th r ee  specim en  

c r o ss -s tr e a m  s e c t io n s .

The d iscrepancies in  th e  p r e d ic t io n s  from th e  S p a ld in g -P a ta n k a r  

tech n iq u e  are dependent upon th e  mesh g ra d in g su sed . T his d ep c/n d en cy  

i s  p a r t ic u la r ly  n o t ic e a b le  in  th e  p r e d ic t io n s  o f  growth r a te  and 

t o t a l  sk in  f r i c t i o n  in  f ig u r e s  3 *^ and . 9 . r e s p e c t iv e ly  -  th e  

p ercen tage  d/^Screpancies o f  th e s e  r e s u l t s  a t  th r e e  specim en  

s e c t io n s  are d e t a i le d  in  t a b le  3 . 2 .

The e r ro r  in  the r e s u l t s  from th e  m o d e llin g  tech n iq u e  o f  Denny- 

Landis are dependent, upon b o th  the ■ - sp a c in g  o f  th e  r e a l  o r d in a te

y a t  the s t a r t in g  c r o ss -s tr e a m  s e c t io n ,a n d  th e  v a lu e  taken  by FN -  the  

power to  which th e  n o n -d im en sion a l s tr e a m lin e s  a r e  r a is e d .  For th e  

same sp a c in g  o f  the r e a l  o r d in a te  y , th a t  i s  fo r  the same v a lu e s  

y  '  _ and Fr, th e  r e s u l t s  are  more a ccu r a te  when FN = 2 than 1 , As 

shown by th e  p resen ted  com parison o f  r e s u l t s  in  f ig u r e s  3 » 5 to  . 9 ; 

and the p ercen tage  d is c r e p a n c ie s  a t  x = 2 . 6 , 4 . 0  and 3 . 3m d e t a i le d  

in  ta b le s  3*2 4 .

—̂ - 3 —



:a b le  5.2

P ercentage D if fe r e n c e s  wi th th e  M o d ellin g  

rech n icue Proposed by Spald in /;

I.Iaximun p ercen ta g e  d i f f e r e n c e s  between  

the r e s u l t s  from the m o d e llin g  techn iqu e

and e q u a tio n s  5.11 to . '13 f o r  the p r o p e r tie s :Symbol

'to

- 2 . 0

- 2 . 0

At x=4.0m

- 4 . 8

- 5 . 4



Table 5.5

P ercen tage  D if fe r e n c e s  from the M od ellin g  Technique

Proposed by D enny-Landis w ith  FN « 2

( a ) A t  x=2 .5 m

(b}At x=4.0m

( c )A t  x=5.5m

Symbol

#

A

Piaximura p ercen ta g e  d i f f e r e n c e s  between th e  

r e s u l t s  from th e  m o d e llin g  tech n iq u e and 

e q u a tio n s  3 »H to  .13 fo r  the p r o p e r t ie s :

II -  UoO

9 .6

3 .3

■4 . 9

4 .3

6 .9

5 .3

'"f

- 7.3

- 5 . 1

6 . 2

3 . 6

4 . 2

3.8

>1

7 . 3

9 . 5

3 .5



Table 5.4

p e r c e n t a g e  D i f f e r e n c e s  f rom t h e  m o d e l l i n g  t e c h n i q u e  

P ro p o s ed  by Denny--Landis w i t h  FN ■ 1

llaximum p e r c e n t a g e  d i f f e r e n c e s  be tw een

t h e  r e s u l t s  f rom t h e  m o d e l l i n g  t e c h n i q u e s

Symbol and e q u a t i o n 5.11 t o  . 15 f o r t h e  p r o p e r t i e s :

U -  Too Cf Sl

( a ) A t  x=2 .5;m

o 9 .8 - 10 . 2
7 .9

A 5 .3 - 7 . 6

(b )A t  x=4.0m

O - 7 . 6 7 . 3
11.1

A 6 . 8 5 . 5

( c ) A t  x=5.5ra

o 10.5 - 5 . 9

A - 8 . 4 - 5 . 1
7 .5



3 .2b  Plane Wall J e t

Schwarz and C osart have e x p e r im e n ta lly  s tu d ie d  th e  r a te  

o f  change o f  momentum tr a n s fe r  in  a s e r i e s  o f  p lan e  w a ll j e t s ,  

fo r  v a r io u s  n o z z le  d ep th s d^ and v o lu m etr ic  f lo w r a te s  through the  

n o z z le  . The la y o u t  used i s  d e t a i le d  s c h e m a t ic a l ly  in  f ig u r e  

5 . 10a, and in  f ig u r e  . 3 , 10b a  t y p ic a l  v e lo c i t y  p r o f i l e  from the  

d evelop ed  w a ll j e t  i s  d e t a i l e d .  The exp er im en ta l r e s u l t s  have 

been p resen ted  in  the form o f  r e la t io n s h ip s  th a t  d e t a i l :

a ) the \ e r i a t i o n o f v e l o c i t y  o v er  th e  w a ll  j e t ,

b)  the growth o f  th e  w a ll j e t

and c )  the n on -d im en sion a l v e lo c i t y  p r o f i l e s , ,——  a g a in s t
max

the c r o ss -s tr e a m  h e ig h t  ^  ^at x = O .4 6 , 1 .0  and 1.33m.
5

In p art c ,  8 ,  r e p r e se n ts  the h e ig h t  y  a t  which th e  m ainstream
 ̂ Ü

v e lo c i t y  e q u a ls  -  as shown in  f ig u r e  3 * 10b.

The p lane w a ll j e t  s im u la ted  has been s e le c t e d  from Schwarz 

and C osart exp erim en ta l stu d y; and had a n o z z le  0.025m w ide t n ro u g h  ’.vnica 

a ir  passed  a t  a vo lu m etr ic  f lo w ra te  o f  O.63 m" 9 io r  every  metre 

width o f  n o z z l e .  Schwarz and C osarts r e s u l t s  fo r  t h i s  w a ll j e t  -  namely 

t h e  maximum v e lo c i t y  and .growth r a t e  r e l a t i o n s h i p s ,  and th e  non-  

d im en sion a l c r o ss -s tr e a m  v e lo c i t y  p r o f i l e s  a t  x = 0 . 4 6 ,  1 . 0  and 

1 . 83m -  are shown bv the d o tte d  l in e s  in  fim rres 5 - 11  to  5 «15*
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The chosen wall  j e t  hats been simula ted  • with 

the presented modelling techniques ,  fo r  0.0  ^  x ^  1.83m. In these

s imula t ions  the r e a l  mesh spacings a long the s t a r t i n g  c ross 

stream s e c t io n  and impervious su r face ,  ab and ac r e s p e c t iv e ly  in  

f ig u r e  3 . lOa, were derived from equations5»8 and 9. The values  taken 

bv the cons tan ts  y, _ and ? r  of equat ion  5.8 b e i n g  d e t a i l e d  i n  t a b l e

5 . 1 . In each s im ula t ion  the fol lowing boundarv cond i t ions  were 

u s e d :

a) along the impervious su r face  and f ree-edge the mainstream

v e lo c i ty  was s e t  a t  zero and 0.05*1' r e s p e c t i v e ly ,ma:{ '
and b) a t  the s t a r t i n g  cross stream s ec t io n  the

v e lo c i ty  p r o f i l e  was assumed cons tan t  and equal 

to the average v e lo c i ty .

'The maximum v e lo c i ty  and growth r a t e  r e l a t i o n s h i p s  p red ic ted  

bv the modelling techniques  are compared with ochwarz and Cosarts 

r e s u l t s  in  f ig u r e s  5*11 and .12 r e s p e c t iv e ly  -  the symbols used are 

d e t a i l e d  in tab le  5-d. The percentage d i sc repanc ies  between the

presented p red ic ted  end experimental r e s u l t s  a re  d e t a i l e d  in  t ab le s  

to 7.

The r e s u l t s  fro m  t h e  D e n n y - L a n d is  m o d e l l i n g  t e c n n i q u e ,  w itfx  

FN s e t  t o  2 an d  1 ,  sh ow  e x t r e m e ^  p o o r  c o r r e s p o n d e n c e  w i t h  

t h e  e x p e r im e n t a l  d a t a .  As sh ow n  b y  t h e  s p e c im e n  c o m p a r is o n s  o f  

t h e  maximum v e l o c i t y  an d  g r o w th  r a t e  i n  f i g u r e s  5.11 a n d  12 

r e s p e c t i v e l y .  M ore c o n c i s e l y - t h e  p e r c e n t a g e  v a r i a t i o n s  i n  t h e s e  

p r o p e r t i e s  a t  t h e  t h r e e  s p e c im e n  s e c t i o n s  a r e  g i v e n  i n  t a b l e s

3.5 an d  6 ;  a n d  sh o w  d i s c r e p a n c i e s  o f  t h e  o r d e r  t w e n t y  p e r c e n t .  I n  

f a c t  t h e  p r e s e n t e d  c o r r e s p o n d e n c e  b e t w e e n  t h e  p r e d i c t e d  a n d  

e x p e r im e n t a l  d o t q  Î5 s o  p o o r  t h a t  n o  f u r t h e r  c o n s i d e r a t i o n  i s  

g d v e n  t o  t h e  r e s u l t s  fr o m  t h i s  t e c h n i q u e .

—5 1 ^  —



Table 5.5

Percen tage D if f e re n c e s  w ith  the  M odelling

Technique o f  Denny-Landia w ith  b’N=2

Symbols ^Percentage d i f f é r é nee3 between the

(
i

p re d i c t e d  and exoer imenta l  p ro p e r t i e s :

 ̂ Max

(a)At x=0.46m

* 25.1 52.1

▲ 26.5 55 .7

(b)At x=1.0m

# 24 .6 59.1

▲ 2 7 .2 4 1 .6

(cjAt x=1.85m

# 1 4 .8 5 2 .0

▲ 15.1 52.1



Table 3.6

Percen tage  D if f e re n c e s  w ith  th e  M odelling

Techniques o f  D enny-Landis ' w ith  FN=1

Symbols Percentage_ d i f f e ren ces  between the 

p re d ic t ed  and exper imental  p ro p e r t i e s :

"T.lax

(.a)At x=0.46m

o 19.1 19.5

A 22.4 22.1

lb)At x=1.Cm
o 20:9 55.1

A 25.1 56.5

(^c)At x=1.8bm

O 12.1 25.2

1
A 14.5 26.4



Table 5 .7

P ercen tage  D if f e re n c e s  w ith  the

S p a ld in g -P a > ta n k a r '  M odell ing  Technique

Symbols Percentage d i f f e r en c es  between the

p re d ic ted  and exper imental  p r o p e r t i e s :

U.ijax

(a)At x=0 . 46m

' a 7.2 9.0
1

0 5.0 5 . 4

(b)At x=1.0m

1
□ 5.2 9 . 5

o p.? 8.8

(c)At x=1.83m

a p . 7
9.3

0 0.2
...



Table 3 .8

P e r c e n t a g e  D i f f e r e n c e s  w i t h  t h e  

M o d e l l i n g  T e c h n iq u e  P ro p o s ed  

bv S p a l d i n g - y a trfMkar

Percentage d i f f e r e n c e s  between the

'»

Symbol

:

p red ic ted  and experimented 
u

o f  u fo r ;“nfsoac

va’’ ues

11

1
Z  -  0 . 5 1 . 0 1 . 5

i
i (a)At  x=0.4cn 
1

1

1 i □ - 1 . 5 -C « 7 6.7

i 0 - 4 . 7 1 - 7 . 7 1 0 . 1

( b ) \ t  x=1.Cx

j a 0 . 5 2.1 c  ̂2
1

; 0 1 . 1 .1.3

1 (c)At  x=1,36r.
i

,
i
! 1 D - 0 .  1 4.2 7.3

0 - i . e 7 . 5 1 3 . :



The r e s u l t s  from th e  S p a ld in g --  P atankar m o d e ll in g  tec h n iq u e  

show f a r  b e t t e r  agreem ent w ith  th e  e x p e r im en ta l d a ta . As shown 

by th e  p r e sen te d  com parisons o f  th e  maximum v e l o c i t y  and growth  

r a te  in  f ig u r e s  5.11 and ,1 2  r e s p e c t iv e l y .  T able 5 .7  g iv e s  p r e c is e  

m easurem ents o f  th e  d is c r e p a n c ie s  in  t h e s e  r e s u l t s .

P r e d ic t io n s  o f  th e  c r o ss -s tr e a m  v e l o c i t v  p r o f i l e s  a t  x = O .4 6 ,

1 . 0  and 1 . 86m are  d e t a i le d  in  f ig u r e s  5 *1 5 » . 14  and . I 5 r e s p e c t iv e ly  

-  th e  sym bols used  are d e f in e d  in  t a b le  5«1- The p e rcen ta g e  

d is c r e p a n c ie s  between the p r e d ic te d  and e x p e r im en ta l r e s u l t s  in  

th e s e  f ig u r e s  fo r  % -  0 . 5 , 1 . 0  and 1 . 5 âre g iv e n  in  ta b le  5 . 8 .

The maximum e r r o r s  in  th e se  r e s u l t s  a r e  a c c e p ta b le ,  b e in g  o f  th e  

o r d e r  o f  ten  percen t and t h e i r  m agnitude i s  dependent upon the  

mesh g rad in g  used  in  the s im u la t io n s  -  a s  shown by th e  com parisons  

f ig u r e s  5.15 -  .15 &nd ta b le  5 *8 .

5 .5  D is c u s s io n

The m o d e llin g  tech n iq u e  proposed  by S p a ld in g  — Patankar has  

b een  w id e ly  used in  in d u s tr y  to  s im u la te ’ momentum t r a n s f e r  r a t e s  

in  a v a r ie t y  o f  boundary f lo w s . In th e  p r e se n te d  s im u la t io n s  o f  

a boundary la y e r  and p la n e  w a ll j e t , the d is c r e p a n c ie s  

betw een th e  p r e d ic te d  and ex p er im en ta l r e s u l t s  were o f  the  

same ord er o f  m agnitude a s  th o se  o b ta in ed  by o th e r  u s e r s .

These d is c r e p a n c ie s  p red o m in a te ly  o r ig in a t e  from two s o u r c e s .

The f i r s t  sou rce  o f  e r r o r  i s  from th e  f i n i t e  d i f f e r e n c e  r e p r e s e n t a t io n s  

o f  th e  p a r t ia l  d i f f e r e n t i a l s .  The second so u r c e  i s  from th e  

e s t im a te s  ' fo r  th e  p h y s ic a l  and tu r b u len ce  p r o p e r t ie s .

The f i n i t e  d i f f e r e n c e  ap p rox im ation s used  in  th e  m o d e llin g  

tech n iq u e  proposed by b p a ld in g --  Patankar a r e  d e f in e d  in  append ix



on e . In  boundary flo w s p a ss in g  over f l a t  s u r f a c e s ,  w ith  no e x te r n a l  

p r e ssu r e  g r a d ie n ts ,  th e  c r o ss -s tr e a m  m ainstream  v e l o c i t y  g r a d ie n ts  

a re  fa r  g r e a te r  than th o se  in  the stream w ise  d ir e c t io n .

C on sequ en tly  in  our d is c u s s io n  o f  th e  f i n i t e  d i f f e r e n c e  approxim ations  

stream w ise  e f f e c t s  w i l l  be n e g le c te d . The f i n i t e  d i f f e r e n c e  e s t im a te s  

o f  th e  p a r t ia l  d i f f e r e n t i a l  in  th e  c r o ss -s tr e a m  d ir e c t io n  approxim ate  

to :

5td/.
/ i

+ H.O.T^

and

-  + H.U.Tg

These r e p r e s e n ta t io n s  have been d er iv e d  from an a n a ly s is  o f  T aylors

s e r i e s .  H.O.T stan d s fo r  the h ig h e r  ord er  term s o f  th e  T aylor

s e r i e s  which are not p r e c is e ly  d e t a i le d  in  th e  above r e p r e s e n ta t io n s .

The m agnitude o f  the error  in  th e  f i n i t e  d i f f e r e n c e

2
r e p r e s e n t a t io n s  are o f  th e  ord er Aw . T hese e r r o r s  a re  

s o l e l y  dependent upon th e  sp a c in g  betw een s e q u e n t ia l  mesh stream 

l i n e s ,  A u y , and t h is  m ust, in  p a r t , accou n t f o r  th e  noted  

c o r r e la t io n  betw een th e  d iscr e p a n c y  in  th e  p r e d ic t io n s  from the

m o d e ll in g  tech n iq u e  and th e  typ e o f  mesh g r a d in g  u sed  in  th e
46

s im u la t io n . I t  i s  in t e r e s t in g  to  n o te  th a t  b oth  b p a ld in g  -P a tan k ar  , 

and l a t e r  Nash have produced p r e d ic t io n s  th a t  show t h i s  

c o r r e la t io n .

C o n sid er in g  the d is c r e p a n c ie s  in  th e  m o d e ll in g  tech n iq u e  caused  by 

e r r o r s  in  th e  va lu es  a ss ig n e d  to  th e 'tu r b u le n t 'a n d  p h y s ic a l  p r o p e r t ie s .  

The tu r b u le n t  p r o p e r t ie s  c o n tr ib u te d  most tow ards th e  d isc r e p a n c y ,

b eca u se  t h e s e  have the g r e a te s t  e r r o r . Launder and
2 8

b p a ld in g  , among many o th e r s ,m e n tio n  t h i s  p o in t  in  t h e ir  book



on tu r b u len ce  m odels. The tu r b u le n t  v i s c o s i t y ,  th e  o n ly  tu r b u len t

p r o p e r ty  used  in  the p resen ted  s im u la t io n s ,  was c a lc u la t e d  w ith

49a model proposed by Cebeci . The u n c e r ta in ty  in  th e  p r e d ic te d

v i s c o s i t y  was o f  the order o f  f i v e  p e r c e n t . The v a lu e s  g iv en

to  th e  p h y s ic a l  p r o p e r t ie s , th e  d e n s i ty  and k in e m a tic  v i s c o s i t y ,

were read from the thermodynamics d a ta  p u b lish e d  by R ogers and 

45
i'.layhew -  they  have a p robab le e r ro r  o f  th e  ord er  o f  one p e r c e n t.

The Denny Landis tech n iq u e  h as n o t  b een  w id e ly  used  f o r  

u r e d ic t in g  tu r b u le n t  f lo w s . C on seq u en tly  th e  r e s u l t s  o b ta in ed  

c o n ta in  fa r  more o r ig in a l  in fo r m a tio n  than th o s e  p r e v io u s ly  d is c u ss e d  

Two s e t s  o f  s im u la tio n s  have b een  p r e se n te d  w ith  t îq is  m o d e llin g  

te c h n iq u e  . In  th e  f i r s t  s e t ,  th e  c r O ss-s tr e a m  c o -o r d in a t e s  o f  th e

mesh netw orks were s e t  to and in  tVue second

I» - 1 * 1 — 11 »w ith  FN equal to  2 . ( T h ro u ^ o u t t h i s  s e c t io n  th e

(U) - tlJ
' N 1,

d i f f e r e n t  c r o ss -s tr e a m  c o -o r d in a te  u sed  w i l l  be d e s ig n a te d  by th e  v a lu e

taken  by FN -  1 or 2 ) .  - In  th e  boundary la y e r  : .s im u la t lo h s  th e

d is c r e p a n c ie s  in  the p r e d ic t io n s  were s m a lle r  w ith  FN ■ 2 than  »1 •

E)wever, in  th e  plane w a ll j e t  s im u la t io n s  th e  r e v e r s e  was th e  c a s e .

V e r i f i c a t io n  o f  th e se  f in d in g s  are  p ro v id ed  by th e  specim en  p e r c e n ta g e

d is c r e p a n c ie s  o f  im portant f lo w  p a ra m eters , from b oth  th e  above flow

s i t u a t i o n s ,r e -p r e s e n té d .' in  t a b le  5«9* These r e s u l t s  are  e x tr a c te d  from

th o se  p resen ted  in  t a b le  3 .2*  to  . Ü fo r  FN eq u al to  two and on e. ^The

same boundary c o n d itio n s  were used  in  s im u la t io n s  o f  each flo w  s i t u a t io n )



^•ble 3 . 9

Comuarisons

FN p r e d ic t io n s  w ith  D enny-L andis  
te c h n iq u e

( i )  Boundary la y e r Maximura p e r c e n ta g e  d i f f e r e n c e s  betw een

th e  r e s u l t s  from  th e  m o d e ll in g  
tec h n iq u e  and e q u a t io n s  3 » 11 to  . 13  ,

fo r  th e  p r o p e r t ie s  ,

u - Cf S i

( a )  a t  % = 2 .5 “

2 8 .6 - 7 . 8 7 . 8

1 9 . 8 - 1 0 .2 7 . 9

(b )  a t  X » 4 .0 “

2 - 4 . 9 6 .2 9 . 5

r - 7 . 6 7 . 5 1 1 .1

( c )  a t  X = 5 .5 “

2 6 . 9 4 .2 6 . 5

1 10 . 3 - 5 . 9 7 . 5

(1 1 )  W all j e t
P ercen ta g e  d i f f e r e n c e s  b e tw een  th e  
p r e d ic te d  and e x p e r im en ta l p r o p e r t ie s

%iax ^1

( a )  X = 0 . 4 6

2 23 . 1 52.1

1 1 9 . 1 22 .1

(b ) X = 1 .Ora

2 2 4 . 6 59.1

1 ! 2 0 . 9 55.1

( 0 ) X = 1 . 83m

2 1 4 . 8 3 2 . 0

1 12.1 2 5 . 2

- ( 52 -



T h e sam e t e c h n i q u e s  w e r e  u s e d  f o r  s i m u l a t i n g  t h e  t u r b u l e n t  a n d  p h y s i c a l  

p r o p e r t i e s  i n  t h e  p r e s e n t e d  s i m u l a t i o n s ,  a n d  t h e r e f o r e  i t  i s  a s s u m e d  t h a t  

e r r o r s  i n  t h e s e  p r o p e r t i e s  d o  n o t  c a u s e  t h e  a b o v e  m e n t io n e d  c o r r e l a t i o n  

b e t w e e n  a c c u r a c y  a n d  f l o w  s i t u a t i o n .  To u n d e r s t a n d  t h e  r e a s o n  f o r  t h i s  

c o r r e l a t i o n  i t  i s  n e c e s s a r y  t o  u n d e r s t a n d  t h e  e f f e c t  o f  s e t t i n g  FN e q u a l  

t o  tw o  a n d  o n e  u p o n  t h e  m esh  n e t w o r k  i n  e a c h  f l o w  s i t u a t i o n .

C o n s i d e r i n g  t h e  b o u n d a r y  l a y e r  f l o w  s i t u a t i o n , t h e  r e a l  . - > ^

c r o s s - s t r e a m  v e l o c i t y ’ p r o f i l e  t y p i c a l l y  h a s  t h e  fo r m ;

 ̂ y ( 3 . 1 4

or  when o  » I ^  ( 3 . 1 5

U cX. w

D i f f e r e n t i a t i n g  t h i s  n ew  v e l o c i t y  p r o f i l e  g i v e s :

( 3 . 1 6

P
FN (l+p)^

(J,
{^iTüD 'i j ( 3 . 1 7

w h e r e  C i s  a  c o n s t a n t .  A s c h e m a t i c  i l l u s t r a t i o n  o f  t h e  v a r i a t i o n

o f  ’ ^  w i t h  Ô  w h e n  3  — 7  a n d  FN *= 2  a n d  1 ,  i s  p r e s e n t e d  i n  
dù)  ̂ »

f i g u r e  3 . 15 .  T h i s  p l o t  s h o w s  t h a t  t h e  e f f e c t  o f  s e t t i n g  FN t o  

2 i n s t e a d  o f  1 i s  t o  r e d u c e  t h e  r a t e  o f  c h a n g e  o f  v e l o c i t y  d U .

T h is  i n  t u r n  m e a n s ,  t h a t  t h e  d i f f e r e n c e  b e t w e e n  t h e  r e a l ,  U - ^ y ^  ,

and a s s u m e d  l i n e a r  v a r i a t i o n  o f  v e l o c i t y  o v e r  e a c h  f l o w s  e l e m e n t  

i s  s m a l l e r  w h e n  FN  = 2  t h a n  1 .  W h ic h , s i n c e  t h e  e r r o r  i n  t h e  

p r e d i c t i o n s  i s  i n  p a r t  p r o p o r t i o n a l  t o  t h i s  d i f f e r e n c e  i n  v e l o c i t y ,  

l e a d s  t o  t h e  c o n c l u s i o n  t h a t  t h e  o v e r a l l  d i s c r e p a n c i e s  i n  t h e  

p r e d i c t i o n s  s h o u l d  b e  s m a l l e r  f o r  FN * 2 t h a n  1 .
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In th e  p lan e  w a ll j e t  s i t u a t io n  th e  D enny-L andis tech n iq u e w ith  

FN=1, gave more a c o r r a te  p r e d ic t io n s  than th e  same tech n iq u e  w ith  FN=2.

In th e  rem ainder o f  in i s  paragraph we s h a l l  c o n s id e r  why t h i s  r e s u l t  has  

o c c u r r e d . The c r o s s - s tr e a n  v e lo c i t y  p r o f i l e  in  a w a ll  j e t  t y p ic a l ly  has

th e  form s p e c i f ie d  in  f ig u r e  T h is v e l o c i t y  p r o f i l e  has been

d iv id e d  in to  th r ee  r e g io n s -d e s ig n a te d  A to  C. R egion  A, which i s  

a d ja c e n t  to  the su r fa c e  over  which th e  f lo w  i s  p a s s in g , c o n ta in s  th a t  

p o r t io n  o f  th e  v e lo c i t y  p r o f i l e  th a t  i s  s im i la r  to  th a t  o b ta in ed  in  a 

boundary la y e r  flow  c lo s e  to  a  w a l l . The r e g io n  where the v e lo c i t y  

g r a d ie n t  approaches a change in  s ig n  i s  d e s ig n a te d  B .“ In  t h i s  r e g io n  th e  

c r o ss -s tr e a m  r a te  o f  change i n  v e l o c i t y  i s  e x tr e m ely  sm a ll; in  f a c t  

i t s  a b s o lu te  v a lu e  i s  a p p rox im ate ly  th e  same a s  th a t  ob ta in ed  c lo s e  

to  th e  edge o f  -a  boundary la y e r  f lo w . As b o th  m o d e llin g  tech n iq u es  

a c c u r a te ly  p r e d ic te d  boundary la y e r  f l o w s , i t  seem s u n l ik e ly  th a t  erro rs  

in  th e se  r e g io n s  cou ld  cause th e  n oted  change in  th e  o v e r a ll  accu racy  

o f  th e  m o d e llin g  tec h n iq u e . The rem ainder o f  th e  v e lo c i t y  p r o f i l e  i s  

covered  by r e g io n  C. To understand  why in  t h i s  r e g io n  the Denny-Landis

tech n iq u e  w ith  FN=2, i s  l e s s  a c c u r a te  than th e  same tech n iq u e  u s in g  FN=1 , 

th e  e f f e c t  o f  th e  form o f  tie  n o n -d im en sio n a l mesh stream  fu n c tio n  on the  

v e l o c i t y  p r o f i l e  has to be a s s e s s e d .  The c r o s s -s tr e a m  p r o f i l e  in  r e g io n  

C can be ap p rox im ate ly  r e p r e se n te d  by:

U -  U [1
max - i )

where Ü i s  the maximum m ainstream  v e l o c i t y  and 5 th e  flo w  w idth  max

a t  th e  s e c t io n  under c o n s id e r a t io n . T h is s im p le  form o f  v e lo c i t y  

p r o f i l e  has b een  assum ed, because in  t h i s  a n a l y s i s  we are a ttem p tin g  

to  a p p rox im ate ly  a s s e s s  th e  e f f e c t  o f  v a r io u s  mesh stream  fu n c tio n s  

on th e  v e l o c i t y  p r o f i l e .  A more p r e c is e  d e f i n i t i o n  o f  the v e lo c i t y
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p r o f i l e  le a d s  to  fa r  j^ore ccn p lex  r e s u l t s  from  * h ich  the broad 

tren d s  we are  s e e k in g  to  examine cannot be d e r i v e d . The n on -d im en sion a l 

mesh stream  fu n c tio n  used ifi both  m o d e llin g  te c h n iq u e s  can be r e p r ese n te d  

by:

w
Ui

The exponent FN can be s e t  to  e i t h e r  one or  tw o . The mesh stream

f u n c t io n , u and y are connected  by th e  r e la t io n s h ip :

03

_1
FN - -^^aax

-  21 y - y
25

ü in c e  u> -  1 when y * 5 then:

max

and r e la t io n s h ip  betw een y and 63^^ becom es:

0)

1_
FN 2 1 -

The v a r ia t io n  o f  th e  v e l o c i t y  w ith  th e  mesh stream  fu n c tio n *  w ith  FN 

equal to  one and two, and w ith  d i s c r e t e  v a lu e s  o f  y  i s  p resen ted  in  ta b le  

j . 1 1 .  These r e s u l t s  are  p lo t t e d  in  f ig u r e  3 .1 7 *  In  t h i s  p lo t  i t  

can be se e n  th a t  near the edge o f  the f lo w , where c*3 eq u a ls  o n e .



Table 3 .11

V alues o f  V e lo c it y  and N on-uim enaional Stream f u n c t io n

f o r  D if fe r e n t  y .

N on-uim ensional Stream fu n c t io n

y U S p ald in g-P an tankar  
tech n iq u e  (PN=1)

jjenny-Landis 
tech n iq u e  (FM-2)

(5 0 1 1

M
4

umax
4

0 .9 4 0 . 9 7

â
2

U
max
2

0 . 7 5 0 .8 7

6
2

^^max
4

0 . 4 4 0 .6 6

(f
10

9Umax
10

0 . 1 9 0 . 4 4
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th e  r a t e  o f  change o f  v e l o c i t y  in  th e  c r o ss -s tr e a m  d ir e c t io n  i s  fa r  

g r e a te r  when FN eq u a ls  two th an  o n e . The l in e a r  cr o ss -s tr e a m  f i n i t e  

d if f e r e n c e  assum ptions u sed  in  each flo w  elem en t in  reg io n  C w i l l  be 

more a ccu ra te  when th e  stream  fu n c t io n  i s  s e t  w ith  FM a t  one than when 

i t  i s  g iv e n  the v a lu e  o f  tw o. T h is  i s  b eca u se  th e  l in e a r  f i n i t e  d i f f e r e n c e  

assum ption  i s  a t  i t s  m ost a c c u r a te  r e p r e s e n ta t io n  when the r a te  o f  change o f

v e lo c i t y  i s  c o n sta n t, and a t  i t s  l e a s t  a c c u r a te  when t h is  r a te  o f  change  

i s  la r g e .  I t  i s  t h i s  e f f e c t  w hich c a u ses  th e  m o d e llin g  tech n iq u e  

proposed by D e n n y -L a n d is ,w ith . FN»1, to  be more accu ra te  than th e  same 

tech n iq u e  , w ith  FN=2 when s im u la t in g  p la n e  w a ll j e t s .  ( In  a l l  

th e se  s im u la tio n s  th e  same s t a r t i n g  mesh n etw ork s, boundary c o n d it io n s  

and m odels fo r  the tu r b u le n t  and p h y s ic a l  p r o p e r t ie s  were u s e d ) .

- / o -



The te c h n iq u e so f  S p a ld in g  - Fa tankar ana D em y-L an d is , w ith  

FN s e t  to  1, d i f f e r  in  o n ly  one p o in t . T h is i s  th a t  s p a ld in g -  

Patankar s o lv e  s im p l i f i e d  forms o f  th e  c o n s e r v a t io n  e q u a tio n  2 .1  

in  the w a ll and fr e e -e d g e  reg im es , whereas D enny-Landis do n o t .

The f a c t  th a t the p r e sen te d  r e s u l t s  from th e  o p a l d in g - P a  tankar  

tech n iq u e  are more a c c u r a te  than th ose  from D enny-L andis"s  

a llo w s  two c o n c lu s io n s  to  be drawn. F i r s t l y ,  in  the w a ll and f r e e -  

edge regim es th e  num erical e rro r  a s s o c ia te d  .w ith  th e  s o lu t io n  o f  th e  

f u l l  D avier S tok es e q u a tio n  i s  g r e a te r  than th e  e rro r  a s s o c ia t e d  

w ith  S p a ld in g --P a ta n x a r  ’3 s im p l if ie d  m o d e llin g  o f  th e se  r e g im es ,  

o e c o n d ly , when th e  a r e a s  occu p ied  by th e  w a ll and fr e e -e d g e  reg im es  

are s p e c i f ie d  w ith  care  o n ly  sm a ll e r ro r s  a re  in tro d u ced  in t o  the  

p r e d ic t io n  by S p a ld in g  -  P a ta n k a r 's  m o d e llin g  o f  th e se  re g im es .



The m o d e llin g  tech n iq u e proposed by D enny-L andis provided  

ad equate p r e d ic t io n s  o f  th e  sam ple boundary l a y e r ,  but not the  

w a ll j e t  f lo w . The Denny-Landis i s  the m ost s u i t a b le  from which  

to  d ev e lo p  a new te c h n iq u e , becau se  i t  a tte m p ts  to  s o lv e  the  

N avier S to k e s  eq u a tio n  over  th e  com plete f lo w  s i t u a t io n  b e in g  

s im u la te d . T h is new tech n iq u e w i l l  s o lv e  th e  e q u a tio n s  o f  m otion  

w ith  th e  m arching in te g r a t io n  method o f  s o lu t io n  employed by 

D enny-L andis. However, th e  n on -d im en sion a l stream  fu n c t io n  

w i l l  be r e p la c e d  by a more g e n era l fu n c t io n  so  t  h a t  a w ider  

v a r ie t y  o f  f lo w  s i t u a t io n s  can be a d e q u a te ly  s im u la te d .

The m athem atica l d e r iv a t io n  o f  th e  new m o d e ll in g  tech n iq u e  

i s  d e sc r ib e d  in  ch ap ter  fo u r , to g e th e r  w ith  a p roced u re f o r  e s t im a t in g  

th e  new n on -d im en sion a l stream  fu n c t io n . In  th e  rem ain in g  ch ap ters  

o f  t h i s  t h e s i s  th e  a b i l i t y  o f  t h i s  m o d e llin g  tec h n iq u e  to  s im u la te  

momentum, mass and h ea t tr a n s fe r  in  a v a r ie t y  o f  r a d ia l  w a ll j e t  

f lo w s  i s  a s s e s s e d .



Chapter Four

M od ellin g  Technique

In t h i s  ch ap ter  a new m o d e llin g  tec h n iq u e  fo r  s im u la t in g  the

tu r b u le n t  t r a n s fe r  p r o c e sse s  in  boundary f lo w s  i s  d e s c r ib e d . T his

tech n iq u e  has evo lved  from th e  D enny-Landis and S p a ld in g  -  fa ta r k a r

tech n iq u e  which were examined in  c h a p ter  t h r e e .

The new m o d e llin g  tech n iq u e p r e d ic t s  th e  m ainstream  v e lo c i t y  11, t o t a l

en th a lp y  h and s p e c ie s  c o n c e n tr a t io n  from e q u a tio n s  th a t  r e p r e s e n t  th e

c o n se r v a tio n  o f  momentum, h e a t and mass t r a n s f e r  w ith in  a boundary

f lo w -e q u a t io n s  4-1 to  4*5 r e s p e c t iv e ly .

-  = -  ( t )  -  ^  (4 .1
àx  dx

^  -  ( J D  + -  ( 4 .3Bx à Y

In  eq u a tio n  4*5 ’ m̂  r e p r e s e n ts  th e  c o n c e n tr a t io n  o f  the s p e c ie s  k .

The m arcning in te g r a t io n  method d e sc r ib e d  in  c h a p ter  two, and used  

by Denny-Landis^ i s  employed co s o lv e  th e se  e q u a tio n s  fo r  th e  p r e sc r ib e d  

p r o p e r t ie s .  The n ove l fe a tu r e  in  th e  tech n iq u e  i s  th a t an in t e r a c t iv e  

scheme i s  u sed  to  a d ju s t  th e  mesh netw ork used  in  th e  s im u la t io n ,  

so th a t  the num erical erro rs  a s s o c ia te d  w ith  th e  s o lu t io n  are a s  sm a ll 

as p r a c t ic a b le .

'fine c o -o r d in a te  system  and mesh netw ork u sed  to  cover  th e  

p o r t io n  o f  the flow  where p r e d ic t io n s  a re  s o u i^ t  a re  d esc r ib e d  in  

s e r t io n  1. The m athem atical method em ployed to  s o lv e  thé s p e c i f i e d  

c o n se r v a tio n  e q u a tio n s  i s  d e sc r ib e d  in  s e c t i o n  2; and the i n t e r a c t i v e  

sc h e m e -is  s p e c i f ie d  in  s e c t io n  3*

4 .1 .  C o-ord in ate  System

The m athem atica l method makes u se  o f  th e  f o l lo w in g  c o -o r d in a te

sy stem ;

a) in  the stream w ise d i r e c t io n , t h e  d is ta n c e  a lon g  the  

im pervious s u r fa c e  x -  a s shown in  f ig u r e  4 .1 ,  

and b) in  the c r o ss -s tr e a m  d ir e c t io n ,  a fu n c t io n  o f  the non-

- r s -



d in e n s ic n a l stream  fu n c t io n  = f
IC -  If)

Y,--
(4 .4

-  where ^ r e p r e s e n ts  the stream  fu n c t io n , and the s u b - s c r ip t s  

1 and N r e fe r  to  th e  im perv ious su r fa c e  and fr e e -e d g e  

o f  the flo w .

The mesh network used to  co v er  the p o r t io n  o f  t h e ■sim u la ted  

f low i s  d e t a i le d  sc h e m a t ic a lly  in  f ig u r e  4*2. In th e  stream -

w ise  d ir e c t io n  the network com p rises a servies o f  l i n e s  each
V -  Vi

representin^r unique v a lu e s  o f  f -  th e se  are henceforw ard
*I*N ■ Vi

c a lle d  m esh-stream  l i n e s .  In th e  c r o ss -s tr e a m  d ir e c t io n  th e  .flow  i s  

d iv id ed  in to  s t r ip s  o f  w idth j^_-|Ax^.'The mesh stream  l in e s  are determ ined

from two p ie c e s  o f  in fo r m a tio n . The f i r s t  con cern s th e  p o s i t io n

and m agnitude o fth e  v e l o c i t i e s  s p e c i f ie d  a t  the s t a r t in g  c r o ss -s tr e a m

s e c t io n  o f  the network y ac in  f ig u r e  4*2 . The second con cern s

the fu n c t io n a l  r e la t io n s h ip  ' f ' used in  eq u a tio n  4 . 4 ; t h i s  r e la t io n s h ip

i s  used to in t e r a c t iv e ly  a d ju s t  th e  mesh netw ork, and i s  d is c u ss e d

in  s e c t io n  4 . 5 . The w idth  o f  any s t r i p ,  say  betw een th e  c r o ss -s tr e a m

l i n e s  X . and x . , i s  determ ined  from;1— I 1 '

4 . 5

where F i s  a co n sta n t th a t  S p a ld in g  -  ‘Paw.bankar recommend be a ss ig n e d

. "
the va lu e  0 .0 5 .  The symbol m r e p r e s e n ts  entrainm ent r a te  a t  the  

fr e e  edge between the c r o ss  stream  l i n e s  a t  x  ̂ and x /  and 

i s  determ ined u s in g  th e  e x p r e ss io n  d er ived  

i n .

namelv:

the m o d e llin g  tech n iq u e  by S p a ld in g  -  Tiatankar -
n

FE^i oljjn A
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¥  J i
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4 .2  M athem atical Method

'Phe purpose o f  t h is  method i s  to  m an ip u late  and tran sform  the  

fo llo w in g  eq u ation :

^  .  6_  (G) -  H ,  (4^7

so t h a t  i t  can be s o l v e d  fo r  t h e  g e n e r a l  p rop erty  . T h i s  eq u ation

r e p r e s e n t s  t h e  g e n e r a l i z e d  form o f  t h e  c o n s e r v a t i o n  e q u a tio n s  4.1 

to  . 5 p r e v i o u s l y  d e t a i l e d  -  w i t h  t a o l e  4 .1 s p e c i f y in g  th e  m eanings o f  

^  , G and H. The m a t h e m a t i c a l  method makes use  o f  t h e  c o - o r d i n a t e  

sys tem  and mesh ne twork  d e s c r i b e d  i n  s e c t i o n  1.

The d e s c r i p t i o n  o f  t h e  m a t h e m a t i c a l  method i s  p resen ted  i n  

two i n t e r - r e l a t e d  p a r ts . f i r s t l y ,detoiis a r e c j f  an a p p r o x i m a t e  

l i m i t e d  s o l u t i o n  o f  the  g e n e r a l i z e d  c o n s e r v a t i o n  e q u a t i o n  w i t h i n  

a trapezium  shaped f lo w  elem en t , The p o s i t io n in g  o f

the trapezium  e lem en ts w ith in  th e  mesh network i s  d e t a i le d  in  sub

s e c t io n  a; and the approxim ate s o lu t io n  p re sen te d  in  s u b - s e c t io n  b . 

S econ d ly , th e  manner in  which t h i s  l im ite d  s o lu t io n  i s  used to  p rov id e  

p r e d ic t io n s  o f  th e  gen era l p ro p er ty  o ver  a com p lete boundary f lo w

i s  d e t a i le d  in  s u b -s e c t io n  c .



Table 4.1

Transform atio n s

G eneral I'roperty
G 3

U u -  :L  É2
y  U dx

h -  (J^ -  G ) -

“k

4 .2 a  Flow Elem ents

A t y p ic a l  flow  elem ent i s  shown p o s it io n e d  in  th e  mesh network 

in  f ig u r e  4 .3 .  The two p a r a l le l  b ou n d aries o f  th e  elem ent 

are c o in c id e n t  w ith  the c r o ss -s tr e a m  mesh l i n e s ;  th e  rem ain ing  

bou n d aries are s t r a ig h t  l i n e s  which b i s e c t  th e  n on -d im en sion a l 

stream  tu b es in  which th ey  are c o n ta in e d . (T h is  d e s c r ip t io n  o f  the

stream w ise bou n d aries becomes c le a r e r  when r e f e r r in g  to f ig u r e  4 .3 ) .

In a c tu a l s im u la tio n s  i t  has been assumed th a t  th e  elem ent w i l l  be

s u f f i c i e n t l y  sm all fo r  d is c r e p a n c ie s  betw een th e  r e a l  stream  fu n c tio n s

T. X and V-  ̂ in  f ig u r e  4 . 3 ,  and t h e ir  s t r a ig h t  l i n e  approxim ations to  
j - J  !+§■'>

be n e g l ig ib le .
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4 .2 b  Approxim ate S o lu t io n

The approxim ate s o lu t io n  o f  the g e n e r a liz e d  c o n s e r v a t io n  

e q u a tio n  w ith in  a t y p ic a l  trapezium  shaped e le m en t, sa y  abed in  

f ig u r e  4*5^ tak es th e  form o f .

^  i.O  '  ^  i , j - 1  ® ï . j  ^  i . j + 1  + CV_j 1 4 .G

The c o e f f i c i e n t s  AV BV . and CV . are  dependent upon th e  flow
1 » 0 1 » 1 1 » J

p r o p e r t ie s  a t  th e  i n l e t  c r o ss -s tr e a m  boundary o f  th e  e lem en t,

th a t  i s  a t  x__^ in  f ig u r e  th e  f o l lo w in g  way:

''J

AÇJ = _

+ S.A4 + )4 -J  y / * 9

_ G . ^  -  T ^ y  A(f>

k’-l
b- i  

C -- I

AA  ̂ o^

t 1. r 11 ' 
nj

Y<-2

33 = ̂ 0, (-̂ 4 

^4 -  ( i : \
fe-i

/ t:-I

k- I

•« —



The a l g e b r a i c  e q u a t i o n  4 .8  ha s  been  d e r i v e d  from the  

g e n e r a l  c o n s e r v a t i o n  e q u a t i o n  by  u s i n g  th e  f o l l o w i n g  p r o c e d u r e  

F i r s t l y ,  t h e  v a r i a t i o n  o f  the  g e n e r a l  p r o p e r t y  $  i s  s p e c i f i e d  

alonsr the  b o u n d a r i e s  o f  the  f low . e l e m e n t .  T h i s  ha s  be e n  

a c h i e v e d  bv d e t a i l i n g  th e  v a r i a t i o n  o f  $  a l o n g  t h e  l i n e s  o f  t h e  

mesh ne tw ork  t h a t  encompass t h e  e l e m en t  , (Or a s  an a l t e r n a t i v e  

e x p l a n a t i o n ^ f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s  a r e  made f o r  the
J  J  -'K T ?

d i i  l e r e n t i a l s  —= , —  and — ^  ) ,  That i s  a l o n g  t h e  mesh
dx

d T

s t r e a m  l i n e s  u .   ̂ d.  . ,  u .  d .  and u .  , d .  and  th e  c r o s s - s t r e a mj+1 j+1 j j j - 1  J-1

l i n e s  Uj ^ , u ^ , u^ ^ j + 1 ’ ^ j -1  d^ d_^^ shown i n  f i g u r e  4 , 4a ,

Along the  s p e c i f i e d  p o r t i o n  o f  the mesh s t r e a m  l i n e s  the  g e n e r a l

c r o n e r t y  has  been  assumed c o n s t a n t ,  and eq u a l  to  i t s  v a l u e  a t  the 

downstream c r o s s - s e c t i o n  - a l o n g  Uj_^ and uj^^  in  f i g u r e  4 . 4a ,

Schemat ic  r e p r e s e n t a t i o n s  o f  t h e s e  p r o f i l e s  a r e  p r e s e n t e d  

i n  f i g u r e  4 . 4b .A lo n g  th e  d e t a i l e d  c r o s s - s t r e a m  l i n e s  the  g e n e r a l  

p r o p e r t y  ha s  been  assumed to  vary  l i n e a r l y  w i t h  t h e  c r o s s - s t r e a m  

c o - o r d i n a t e  . Schemat ic  r e p r e s e n t a t i o n s  o f  t h e s e  p r o f i l e s  a t  the  

u p s t r e a m  and downstream c r o s s - s t r e a m  s e c t i o n s  o f  t h e  e lem en t  a r e  

p r e s e n t e d  i n  f i g u r e  4:4c and d r e s p e c t i v e l y .  S e c o n d ly ,  i t  h a s  be e n  

p o s t u l a t e d  t h a t  when th e  e lem en t  i s  s m a l l :

( 4 . 9  

( 4 .1 0
8x dx

and c.) 8 Hn â  t o  3 #  1  ( 4 . 1 1

a) A i = A i  ,
à y dV

h) A i i l
àx dx

c) a _ ' 9 a $ = ^ h - 3

a v a y

w h e r e  Q r e p r e s e n t s  v a r i o u s  c o m b in a t io n s  o f  t h e  e f f e c t i v e  v i s c o s i t y  

a n d  S c h m id t  o r .  P r a n d t l  n u m b e r s . ' ETĉ âa-tVorv 4„8 w a s  o b t a i n e d  b y
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s u b s t i t u t i n g  the  e q u a l i t i e s  i n  4 .9  to .11 and assumed r a t e s  o f  

change o f - $  in to  the  gen era l  c o n s e r v a t io n  eq u ation  4 .7 ,  and 

in t e g r a t in g  the r e s u l t  oVer the  s p e c i f i e d  f low  e lem ent.

4 . 2 b  O v e r a l l  S o l u t i o n

The p r o c e d u r e  used  to  s o l v e  t h e  g en era l  co n se rv a t io n  e q u a t i o n

4 . 7  f o r  the  p r o p e r t y  ^  over  a p a r t i c u l a r  f low  s i t u a t i o n  in v o lv e s  

the f o l lo w in g  s t e p s  . F i r s t l y ,  t h e  e x t e n t  o f  the f low s i t u a t i o n  

h a s  to be m a t h e m a t i c a l l y  s p e c i f i e d .  S e c o n d ly ,  t h e  t e c h n i q u e  f o r  

ex ten d in g  t h e  l i m i t e d  s o l u t i o n  to  e q u a t i o n  4,7 o v e r  the com ple te  

f low must  be d e c l a r e d .  These s t e p s  are  d e t a i l e d  below.

fhe e x t e n t  o f  the  s i m u l a t e d  b o u n d a ry  f low i s  d ef in ed  by 

s p e c i f y i n g :

a)  t h e  v a r i a t i o n  o f  $  a l o n g  t h e  s u r fa c e ,  f ree

edge and s t a r t i n g  c r o s s - s t r e a m  s e c t i o n  -  - h a t  i s  a l o n g  

ab ,  cd and ac r e s p e c t i v e l y  o f  die f low  i l l u s t r a t e d  i n  

f ig u r e  4 .2

and b)  t h e  h e ig h t  o f  t h e  f l o w ^ ^ ^ a t  t h e  s t a r t i n g  c r o ss -s tr e a m  

s e c t i o n .

The t e c h n i q u e  f o l l o w e d  f o r  an o v e r a l l  s o l u t i o n  proceeds a s  f o l l o w s ,  

Equation 4 . whi ch r e p r e s e n t s  a  l i m i t e d  s o lu t i o n  o f  t h e  g e n e r a l  

c o n s e r v a t i o n  e q u a t i o n ,  i s  a p p l i e d  to  each elem ent o f  f i r s t  the  c r o s s 

s t r e a m  s t r i p  i n  f ig u r e  4 . 2 ,  l e a d in g  to  a s e t  o f  eq u ation s  

o f  the  form o f :

Ç  1 : ^ 2 . j  + + 2 5 , j =0. (4.12

Iliese  eq u a t io n s  can be s o lv e d  f o r  "here j= 2 ,  >t-1; a f t e r

s n b a t l t u t i n g  foe  A"2 j .  B g  j  a n d  C J ^ j- w h io h  a r e  d e t e r m in e d



from th e  in fn im a t io n  s p e c i f y i n g  th e  f lo w  s i t u a t i o n .  Equation 4 .^  

i s  th e n  a p p lied  to  a l l  the f lo w  e le m en ts  i n  t h e  n ex t  c r o s s - s tr e a m  

s t r i p ,  number 2 in  f ig u r e  4 . 2 ,  r e s u l t i n g  i n  t h e  f o l l o w i n g  s e t  o f  

e q u a t io n s :

[ - $ 3 . 0  + ""3.0  + 3 3 . j  $ 3 .0 + 1  .  0
j=2 14.1

These e q u a t io n s  are  so lv e d  f o r  ^  , where j  -  2 , N -  1 ,  i n  the
V , J

same way as p r e v io u s  c r o ss - s tr e a m  s t r i p s .  T h is  procedure i s  

c o n t in u ed  c r o s s - s tr e a m  s t r i p  by s t r i p ,  u n t i l  t h e  boundary f lo w  has  

been  co v e re d ,  and an o v e r a l l  s o l u t i o n  a c h ie v e d ,

4 . 5  I n t e r a c t iv e  Scheme

The e r r o r s  between the p a r t ia l  d i f f e r e n t i a l s ,  i n  th e  g en era l

c o n s e r v a t io n  eq u ation  4 .7»  and t h e i r  f i n i t e  d i f f e r e n c e  r e p r e s e n t a t io n s

have been e s t im a te d  in  appendix s e v en .  The r e s u l t s  o b ta in ed  are

summarized i n  t a b le  4 . I .  In  t h i s  t a b le  th e  symbols i/^(qj r e p r e s e n t

^ ^^^at a p a r t i c u l a r  nodal p o in t  o f  the  mesh network -  w ith  ' q ' 
bq

d e s ig n a t in g  x  or y .  The terms , R^, and have been  d e f in e d  

i n  appendix s e v en .  The c o e f f i c i e n t s  a and b i n  the t a b le  a c t  on 

the  c o n v e c t iv e  terms o f  the  momentum e q u a t io n  and a re  s p e c i f i e d  

i n  terms o f  known param eters in  t a b le  4 . 2 ,  The c o e f f i c i e n t  c ,  

which a c t s  i n  the  v i s c o u s  d i f f u s i o n  term o f  e q u a t io n  4 .7  i s  a l s o  

d e f in e d  in  t a b l e - 4 .2 .

-
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làble 4 . 2

d e f i n i t i o n  o f  C o e f f i c i e n t s

C o e f f i c i e n t s Meaning

^1*1

i=2

- 2

( % - % )  ^ ( i - 1 ) a , 4 u i - 2

i=2

/ e f f

( 4 1  > ^ - l ) a . 4 < a i

i=2

- 2



The e r r o r  terms a s s o c ia t e d  w ith  the f i n i t e  d i f f e r e n c e

r e p r e s e n t a t io n s  o f  the  v a r io u s  p a r t ia l  d i f f e r e n t i a l s  are

p resen ted  in  the  second column o f  t a b le  4 . I .  Xn th e  d e r iv a t io n

o f  the e r r o r  terms i t  has been assumed th a t  the f i n i t e  a i f f e r e n t i a l s  were

a p p l ie d  to  t h e .  f l u i d  elem ent abed in  f ig u r e  4 - 4 ,  The top and bottom  

h a lv e s  o f  the^ f l u i d  e lem ent were o f  equal a r e a .  In th e  d e r iv a t io n  o f  the  

error terms i t  was assumed t h a t  the v e l o c i t y  p r o f i l e  between s e q u e n t ia l  nodal  

p o in ts  conformed to  T ay lors  s e r i e s .  The symbol H.O.'T i n  the  error

r e p r e s e n t s  th e  terms o f  T ay lors  s e r i e s  th a t  a r e  n o t  p r e c i s e l y  

d e f in e d  i n  t a b le  4 . 1 .

The l e a d in g  oraer  d i s c r e t i z a t i o n  error  a c t i n g  on each o f  the  f i n i t e  

d i f f e r e n c e  approxim ations  i s  s p e c i f i e d  in  the t h ir d  column o f

ta b le  4 . 1 . The l e a d in g  order  er ro r  term fo r  U ' ( c g » has been  

d erived  w ith  the assum ption  th a t  the va lu e  o f  th e  c o e f f i c i e n t  

•c' in  the  top and bottom h a lv e s  o f  the f l u i d  e le m e n t ,  abed in  

f ig u r e  4 . 4 f are  equal and r e p r ese n te d  by c .  The l e a d i n g  order  er ro r  

terms a re  o f  the  form one would exp ect  from the f i n i t e  d i f f e r e n c e  p r o f i l e s  

assumed o v e r  the f l u i d  e lem en t,  ih e  v e l o c i t y  p r o f i l e  in  the  c r o ss - s tr e a m

d i r e c t io n  was assumed l i n e a r  over  each h a l f  o f  th e  f lo w  e lem en t,  and i n  the  

s tream -w ise  d i r e c t i o n  a c o n s ta n t  v a lu e  was assumed. (Specimen o f

th e se  p r o f i l e s  are  p r e sen te d  i n  f ig u r e  4 -4  ) .  Thus the  v a r io u s

forms o f  Ü (û>) are  r e p r e s e n te d  in  th e  i n t e r a c t i v e  scheme by what i s

e q u iv a le n t  to  a c e n tr a l  order f i n i t e  d i f f e r e n c e - w h ic h  has a l e a d in g

d i s c r e t i z a t i o n  error  o f  t h e  order o f  the square o f  th e  d i s t a n c e

between s u c c e s s i v e  s tream w ise  mesh l i n e s .

I t  i s  p e r t in e n t  to  h i g h l i g h t  th ree  p o i n t s  about the  

error term s ,  f i r s t l y ,  t h e i r  complex n a tu re , e s p e c i a l l y  through th e  

terms , Rg* P-i, Pg» ^md P^^means th a t  th e y  cannot be 

m anipulated so  th a t  th e  form o f  non-d im ensional s tream  f u n c t i o n , f o r  minimum 

error from th e  m o d e l l in g  te c h n iq u e ,c a n  be d e r iv e d .  S eco n d ly ,  f o r  

reasons d e t a i l e d  b e low , th e  e r r o r s  from the f i n i t e  d i f f e r e n c e

-  —



approxim ations are  c o n s id e r a b ly  g r e a te r  than th o s e  caused by round

o f f  error  from the computer. This p o in t  i s  o f  c o n s id e r a b le  im portance ,

because  i f  t h i s  c o n d i t io n  i s  not met the e r r o r  a n a l y s i s  d e sc r ib e d  above

s e r v e s  no u s e f u l  purpose . (Round o f f  e r r o r s  r e s u l t  from the approxim ate

nature  in  which computers perform a r i t h m e t ic  m a n ip u la t io n s . ) On the

l .C .L  computer used in  t h i s  study  the  round o f f  e r ro r  r e s u l t i n g  from

one a r i th m e t ic  m a n ip u la t io n ,  w ith  both numbers h e ld  i n  s i n g l e  p r e c i s i o n

form ,caused  an error  on and beyond the  e le v e n t h  d i g i t  o f  the answer.

Thus the maximum round o f f  error  i n  the e r r o r  term s d e t a i l e d  in

t a b le  4.1 w i l l  probably occu r  on and beyond th e  e ig t h  d i g i t .

(T his  r e s u l t  was o b ta in ed  by a p p ly in g  s im p le  q u eu e in g  theory  to  the

error  term in v o lv i n g  th e  g r e a t e s t  - number o f  a r i t h m e t ic  m a n ip u la t io n s j ,

yample c a l c u l a t io n s  f o r  a  boundary l a y e r  f lo w  have been used to

e s t im a te  the magnitude o f  the  le a d in g  order  d i s c r e t i z a t i o n  error  f o r  the

d i l f e r e n t i a l s  in  t a b le  4 . 1 .  In  the sample c a l c u l a t i o n  i t  was assumed

th a t  the  mainstream v e l o c i t y  eq u a l le d  ..JO. 5ms“ "* w ith  2 . Jj^x ^m , 

and th a t  the c r o ss - s tr e a m  v e l o c i t y  p r o f i l e  was o f  the form LTacŷ ^
(T his  f low  s i t u a t i o n  has  been  o f t e n  s im u la te d  i n  t h i s  t h e s i s ) .  The non-

d im ensional stream fu n c t io n  o f  S p a ld in g  -P a ta n k a r  was assumed with c r o s s -  

and s tr e a m w is e -d is ta n c e s  between the  r e s p e c t i v e ’mesh l i n e  o f  10 ^6. (The

term S r e p r e s e n t s  the  t h ic k n e s s  o f  the  boundary f lo w  a t  the s e c t i o n  under

c o n s id e r a t io n ) .  C a lc u la t io n s  -showed t h a t . t h e  l e a d in g  order

e r ro r  t e r m s i in  t a b le  4 .1  cause  errors 'w h ib h  a f f e c t  t h e i r  d i f f e r e n t i a l s

on the  fo u r th  to  se v en th  d i g i t s .  l*rom t h e s e  c a l c u l a t i o n s  i t  has been

deduced th a t  round o f f  e r r o r s  a u r e -n e g l ig ib le  when compared'with th o s e

from the  ̂ .leading..order- e r r o r  terms — when the  d i s t a n c e s  between mesh l i n e s

i s  kept a t  approx im ate ly  10 <̂S. T h ir d ly ,n u m e r ic a l  d i f f u s i o n  w i l l  o c c u r
71i n  t h i s  te c h n iq u e .  Roache , has d e f in e d  num erica l d i f f u s i o n  as



th e  summation o f  the e r r o r  terms th a t  c o n ta in  th e  p a r t i a l  d i f f e r e n t i a l  

u"(q) -  where q r e p r e s e n t s  x or w . ^ im er ica l  d i f f u s i o n  i s  im portant  

f o r  two r e a s o n s ,  f i r s t l y ,  because  i t  can be extrem ely  l a r g e  in  boundary  

f lo w s ,  s e c o n d ly ,  e r r o r s  from t h i s  source  are  d i f f i c u l t  to  s e p a r a te  from

th e  p r e d ic te d  r e s u l t s , b ecau se  r e a l  and num erical d i f f u s i o n  a r e  

c o m p u ta t io n a l ly  u n d is t in g u is h a b le .  However, b e f o r e  embarking on 

an exam ination  o f  t h e s e  e f f e c t s  the l e a d in g  ord er  e r ro r  term s w i l l  

be e s t im a te d .

The l e a d in g  order e r r o r  terms o f  the v a r io u s  p a r t i a l  d i f f e r e n t i a l s

i n  the  momentum eq u at ion  have been s p e c i f i e d  in  th e  t h ir d  column o f  t a b le

4 . 1 . The f i r s t  two t e r m s ,a U ' (cï) and IJ' have' l e a d i n g  order

e r r o r s  o f  t h e  order a  and c r e s p e c t i v e l y ,  fh e  t h ir d

term ,, has an er ro r  o f  th e  order  i l x .  ) m e n  the  terms

r e p r e s e n te d  by p are  in  t h e i r  b a s ic  form ( i  s e t  to  2 i n  the  d e f i n i t i o n s  o f

P g iv e n  in  t a b le  two append ix  seven ;  t h i s  term i s  ap p ro x im a te ly

equal to  At). The f o r t h  term , btOU'(o3), has an e r r o r  o f  the  ord er

iR.+R?); when the  term s r e p r ese n te d  by R a re  d e f in e d  i n  t h e i r  
2 ' ^

most b a s i c  form  ̂ i  = 1 i n  th e  d e f i n i t i o n  f o r  H i n  t a b le  2 appendix

s e v en )  t h i s  e r ro r  term i s  approx im ate ly  e q u iv a le n t  to  Ah . %t

should  be n o ted  th a t  th e  approxim ate e r r o r ,  Atû, from th e  t h ir d  and

fo u rth  p a r t i a l  d i f f e r e n t i a l s  i n  t a b le  4 .1 i s  th e  w orst  th a t  co u ld  be

ob ta in ed  w ith  t h i s  m o d e l l in g  tec?m ique. J u d ic io u s  ad justm ent o f

the  polynom ia l-  .. a  ̂  ̂ and hence  the  c o e f f i c i e n t s
1-1 _

f*1 » ^2 * R-| » *2 ^3* would reduce t h i s  e r r o r  c o n s id e r a b ly .

- 3 0 -



The terms r e p r e s e n t in g  num erical d i f f u s i o n  a r e  the  error  terms 

c o n t a in in g  . By r e i e r r i n g t o  t a b le  4.1 i t  can h e  deduced th a t  

num erical d i f f u s i o n  in  t h i s  m o d e l l in g  tec h n iq u e  i s  r e p r e se n te d  

by:

A x Aw ;

i n  t h i s  r e l a t i o n s h i p  

b
H

a i  Ack

i*1

K-
i=1

oc>

i - 2

i - 2
and P,

In  th e  above r e l a t i o n s h i p  the two error  terms have  l e a d in g  e r ro r s  o f  

the  ord er  o f  w ith  the non-d im ensiona l stream  f u n c t io n  used in - t ip a ld in g -  

Pantankars m o d e l l in g  te c h n iq u e .  However, a s  d e t a i l e d  above j u d ic io u s  

adjustm ent o f  t h i s  stream f u n c t io n  w i l l  c o n s id e r a b ly  reduce  

t h i s  e r r o r .  I'rom the  p r o c e ed in g  d i s c u s s i o n  i t  can be se en  th a t  the  

magnitude o f  t h e  num erical d i f f u s i o n  i s  dependent upon the mesh s p a c in g s ,  

th e  form o f  th e  n on-d im ensiona l stream f u n c t io n  ( t h a t  i s  the v a lu e s  a l l o c a t e d  

and â )̂ and the  magnitude o f  ' b ' .  Prom t a b l e  4.2_ ’b ' i s



dependent upon the entrainm ent r a t e s  and ,a^ and a ^ , and the

c r o ss - s tr e a m  mesh sp a c in g ,  'ihe most im portant p o in t  th a t  can be  

deduced from t h i s  a n a l y s i s  i s  th a t  the  v a lu e  o f  the  num erical  

d i f f u s i o n  can be minimized t h r o u ^  th e  u s e r  d e f in e d  c o n s ta n ts  

a^ and f o r  ' i '  eq u a ls  one to  any o th e r  p o s i t i v e  i n t e g e r .

Thus th e  magnitude o f  th e  error  from t h i s  so u r c e  cannot be p r e c i s e l y  

d e f in e d .  As a supplementary p o in t  i t  i s  w orthw h ile  n o t in g  t h a t  the  

second term in  the  e x p r e s s io n  f o r  num erical d i f f u s i o n  i s  n e g l i g i b l e  

when compared to  the  f i r s t  term. This i s  b ecau se  Ü*'(tb) i s  c o n s id e r a b ly

g r e a te r  than U'*(xj, a t  th e  same p o in t  i n  a boundary f low  w ith  no

22e x te r n a l  p r e s su r e  g r a d ie n t s ,  a s  d e t a i l e d  -by y c h l i c h t i n g  

nradshaw eta l^^^  and hinze"*^^*

4 . 3c Mesh I /an ip u la t ion

Ihe s e l e c t e d  procedure f o r  o b t a in in g  a sm all  s p e c i f i e d  

d isc r e p a n c y  between the  r e a l  and assumed c r o ss - s tr e a m  v e l o c i t y  

p r o f i l e s  over  each element, i s  to m an ip u la te  th e  grad in g

o f  t h e  non-d im ensional mesh stream l i n e s .  T h is  r e -g r a d in g  i s  

accom plished  by r e d e f in in g  the  f u n c t io n a l  r e l a t i o n s h i p  ' f ' in



the  d e s c r i p t io n  o f  each mesh stream  l i n e ,  e q u a t io n  4 . 4 ,  a t  v a r io u s  

p o in ts  in  th e  s im u la t io n .

Ito c o n c i s e l y  m anipulate  the  g r a d in g  o f  th e  non-d im ensional mesh 

stream l i n e s  so th a t  th e  d e c la r e d  c r o s s - s tr e a m  v e l o c i t y  d i s c r e p a n c ie s  

are as  s m a l l .a s  p o s s i b l e ,  r e q u ir e s  knowledge o f  th e  r e a l  

c r o ss -s tr e a m  v e l o c i t y  p r o f i l e ,  which i n  a l l  but the  most t r i v i a l  

o r  t e s t  c a s e s ,  i s  not a v a i l a b l e .  Two a l t e r n a t i v e  and approximate  

forms o f  m an ip u la t ion  e x i s t .  Ihe  f ir s th a n d  chosen  t e c h n iq u e , i s  based upon 

a phenom enological approach. In t h i s  the  grad in g  o f  the mesh 

stream l i n e s  are  m od if ied  a t  t h e ' s t a r t i n g  s e c t i o n ,  so th a t  the; assumed

c r o ss -s tr e a m  r a te  o f  change o f  v e l o c i t y  f a l l s  below a s p e c i f i e d  

l i m i t  L -  c a l l e d  the  v e l o c i t y  g r a d ie n t  l i m i t .  Ihe mathematicad  

c o n s tr u c t io n  o f  such a scheme i s  d i s c u s s e d  in  the n ex t  paragraph. The va lu e  

ass ig n ed  the  l i m i t  L, which i s  d e r iv e d  from observed  r e s u l t s  presen ted  

in  chapter  5, i s  d e f in e d  and d i s c u s s e d  in  s u b - s e c t io n  d. Ihe second  

m anipulatory techn iqu e  would be based upon a m ath em atica lly  automated 

v a r ia t io n  o f  the mesh stream  l i n e s  a t  each c r o ss - s tr e a m  s e c t i o n ,  so

th a t  d iscrepancies' ,  between ■'.oLcLiluted and a p r e v io u s ly  dec lared  

c r o ss -s tr e a m  v e l o c i t y  p r o f i l e ,  r e p r ese n te d  w ith  a cub ic  s p l in e  , would be 

a minimum. This approach was r e j e c t e d ,  because  i t ’s  a p p l i c a t io n  would 

absorb a la r g e  amount o f  corcpitational t im e.

The m athem atical c o n s tr u c t io n  o f  the  f i r s t  m an ip u la t ion  techn iqu e  

i s  d e t a i l e d  b e lo w .A  d e s c r ip t io n  o f  the ways in  which t h i s  tech n iq u e  

i s  monitored on an e l e c t r i c  computer i s  a l s o  p r e s e n te d ,  because  

the  te c h n iq u e s  c o n s tr u c t io n  i s  dependent upon th e  man machine 

i n t e r f a c e s  a v a i la b l e  on the. .co rp b tcr-  in  t h i s  c a se  an I'C L . 4130.

Ihe v e l o c i t y  p r o f i l e  used by the  m o d e l l in g  tech n iq u e  a t  the  

s t a r t i n g  c r o ss - s tr e a m  s e c t i o n  was o u tp u t te d  on to  a  c a l l i g r a p h ic  

s c r e e n ,  connected  to  th e  computer, i n  c o -o r d in a t e s  o f  i f  u n c t io n  o f  the



v e l o c i t y  V  a g a i n s t  t h e  m e sh  s t r e a m - f u n c t i o n  IjT s e t  to  ^  " Y 1

I h e  v e l o c i t y  p r o f i l e  w a s  p l o t t e d  i n  t h e  f o l l o w i n g  m a n n e r . F i r s t l y ,  

t h e  c o - o r d i n a t e s  a x i s  U a n d  Y *  w e r e  d raw n  i n  s p e c i f i e d  u n i t s ,

( n . b . U Can b e  i n  m e t r e s / s e c  o r  n o n - d i m e n s i o n a l ) .  S e c o n d l y ,  t h e  

p o s i t i o n  o f  t h e  en d  p o i n t  o f  e a c h  v e l o c i t y  v e c t o r  U was m ark ed  

f o r  e a c h  o f  t h e  m e s h  s t r e a m  l i n e s .  F i n a l l y ,  s t r a i g h t  l i n e s  a r e  d raw n  

b e t w e e n  s u c c e i i i v e  p o i n t s  o n  t h e  s c r e e n .  An e x a m p le ’ o f  a  t y p i c a l  p l o t  f o r  

a  b o u n d a r y  l a y e r  f l o w  i s  p r e s e n t e d  i n  f i g u r e  4 » 5 .

T he g r a d i n g  b e t w e e n  t h e  m esh  s t r e a m  l i n e s  o n  t h e  c a l l i g r a p h i c  

s c r e e n  w as v a r i e d  u n t i l  a s  cietowled on t h e  s c r e e n ,  f e l l  b e lo w

dV
a  s p e c i f i e d  l i m i t  L . R e - p o s i t i o n i n g  o f  t h e  m esh  s t r e a m - l i n e s  w as  

a c h i e v e d  w i t h  a  l i g h t  p e n ;  w h ic h  w a s f i r s t  u s e d  t o  i n d i c a t e  w h ic h  m esh- 

s t r e a m  l i n e  w a s t o  b e  m oved  a n d  t h e n  i d e n t i f y  i t ’ s  n ew  p o s i t i o n .

A fter  s u c c e s s f u l l y  p o s i t i o n i n g  the  non-d im ensional mesh 

s t r e a m - l in e s ,  the r e l a t i o n s h i p  between 1 /  and the  o r i g i n a l  

stream  fu n c t io n  ^  had to  be d e f in e d ,-b e fo re  the m o d e l l in g  tec h n iq u e  c o 

uld. be used to s o lv e  the c o n s e r v a t io n  e q u a t io n  4 .1  to . 3 .  In t h i s  

t h e s i s  t h i s  r e l a t i o n s h i p  has been  d e f in e d  m a th em a tica lly  w ith  a 

cu b ic  s p l i n e .  Thé.- s p l i n e  forms a smooth curve th a t  p a s s e s  through a l l  

the p o in t s  d e f in i n g  the l y  a g a in s t  Y r e l a t i o n s h i p .  Ihe m athem atica l  

fo rm u la t io n  o f  th e  s p l in e  u sed  I s  a s  f o l lo w s :

a) between successive  p o i n t s ,  say  f i  i

Y i 4 l  1 Y i+ i  1 f i g u r e  4 . 6 ,  the  R e la t io n s h ip  i s  assumed 

to  be r e p r e s e n te d  by a cub ic  e q u a t io n ,

b )  t h e  s l o p e  a n d  c u r v a t u r e  m u st  b e  t h e  sa m e f o r  t h e  

p a i r  o f  c u b i c s  j o i n i n g  e a c h  p o i n t  ►
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c )  a t  the extrem e p o in t s  o f  th e  curve i t  has been  

assumed th a t  i s  zero  -  t h i s  i s  c a l l e d  a
d r

r e la x e d  end c o n d i t io n  by South and K e l l y * '  - ,

A lgebra ic  m an ip u la t ion  o f  t h e s e  assum p tions  r e s u l t s  in  a s e t  o f  

s im u ltan eou s  eq u at ion s  o f  the  form;

W  [ s ]  -  [ c ]

'There A i s  a t r id ia g o n a l  array  containing" in fo r m a tio n  on the d i s ta n c e  

in  the d i r e c t i o n  between s u c c e s s i v e  p o i n t s ,  s  r e p r e s e n t s  the  

second d e r iv a t iv e  o f  the s p l i n e ,  and G i s  an array  h o ld in g  in form ation  

on the d i s ta n c e  in  the ^  d i r e c t i o n  between s u c c e s s i v e  p o in t s .

The equation  was so lved  f o r  s  , and hence th e  c o e f f i c i e n t s  o f  the s p l i n e ,  

by u s in g a r e la x a t io n  method due to  S e r t h w e l l , T h is  method makes Use o f  the

G au ss-S e id e l  scheme f o r  s o l v i n g  s im u lta n eo u s  e q u a t io n s ,  a f t e r  s e l e c t i n g  a
3 8

s u i t a b l e  a p i v o t a l  eq u at ion  f o r  maximum accu ra cy .  A l len  g i v e s  

an e x c e l l e n t  rev iew  o f  the  method.

4.5" V e lo c i t y  g r a d ien t  l i m i t

The i n t e n t  o f  the work d e t a i l e d  in  t h i s  s u b - s e c t io n  i s  to  

e s t im a te  r e a l i s t i c  v a lu e s  f o r  th e  v e l o c i t y  g r a d ie n t  l i m i t  L.

This l i m i t  was s p e c i f i e d  i n  s u b - s e c t i o n  4*5^» and d e f in e s  the  va lu e

o f  above which e r r o r s  r e s u l t i n g  from th e  d isc r e p a n c y  betweendly

the  r e a l  and assumed c r o s s - s tr e a m  v e l o c i t y  p r o f i l e s  become n o t i c e a b l e .

As a lread y  d i s c u s s e d  i n  s e c t i o n s  4*3^  and c ,  t h e r e ' ' i s  no' 

t h e o r e t i c a l  way o f  e s t i m a t i n g  L. In s te a d  a phenom enologica l approach,  

based upon th e  r e s u l t s  and d i s c u s s i o n s  i n  c h a p te r  t h r e e ,  has been



used Lu e s t im a te  two probable v a lu e s  f o r  th e  l i m i t  ..

In chapter  3 i t  was shown t h a t ,  if f o r  a t y p ic a l  boundary la y e r

flow ;

Ü r P ,

then

and

dA  SL

SL

U r  B__
Q. ( 4 .1 4

[ t , f ’

I t  i s  p o s tu la te d  th a t  a r e a so n a b le  e s t im a t e  f o r  th e  v e l o c i t y  g r a d ien t

I  w i l l  be the v a lu e  o f  a t  the mesh p o in t  c l o s e s t  to the impervious

s^urface, in  the s u c c e s s f u l  s im u la t io n s  o f  a boundary la y e r  f low  w ith  the

D enny-L andis's  m o d e ll in g  te c h n iq u e ,  u s in g  = 1, in  chapter  5. Ass^ming

y , the f i r s t  p o in t  above th e  s u r fa c e  a t  the s t a r t i n g  c r o ss -s tr e a m  
1 » 2

section ,ifcccî^  s p e c i f i e d  p o in t  and l e t t i n g  ^  ^  1 /7 ;  then from e q u a t io n  4 . I 4

can be e s t im a te d .  The v a lu e s  o f  y  ̂ and the  c a lc u la t e d  e s t im a te s
' . 2

f o r  . S Z  .  and are  p r e sen te d  in  t a b le  4 . 2 .  Ihe.,2 LdflJi.p
v a lu e s  g iven  the  v e l o c i t y  g r a d ie n t  l i m i t  L are  10-  ̂ and 10 , which

are approxim ately  equal to the two c a l c u l a t e d  o f  

in  ta b le  4 . 2 .

O i l



Table 4 .2

V e lo c ity  Gradient C a lc u la t io n s

^1 , 2

S l , 1

n.
1 ,2

r a u l

^ J l . 2

10-3 5 . 73  X 10"4 2 . 8 1 3  X 10^

10"^ 1.931 X 10"^ 2 . 8 1 5  X 10^

~9ô^



C hapter 5

Momentum T ransfer  Rates

The o b j e c t iv e  o f  t h i s  chapter  i s  to  a s s e s s  whether the  

m o d e ll in g  techn ique in c o r p o r a t in g  a v a r ia b le  mesh network and making 

ijse o f  an i n t e r a c t i v e  scheme, can a c c u r a t e ly  p r e d ic t  the momentum 

t r a n s f e r  r a t e s  in  two 2 -d im en sion a l  in c o m p r e ss ib le  a i r  boundary la y e r s

and a plane w a ll  j e t .  To s im u la te  momentum t r a n s f e r  p r o c e ss e s  

the m o d e ll in g  techn ique r e q u ir e s  a d d i t io n a l  in fo r m a tio n  con cern in g  

the v a lu e s  taken by the d e n s i t y  and e f f e c t i v e  v i s c o s i t y .  These 

p r o p e r t ie s  are determined w ith  the g e n e r a l  gas law and tu rb u len ce  

model o f  L a u d er- ip a ld in g  r e s p e c t i v e l y  -  p r e v io u s ly  d e sc r ib e d  in  

chapter  3» As the manner in  which t h i s  in form ation  i s  p resen ted  

to the m o d e ll in g  techn ique i s  as p r e v io u s ly  s p e c i f i e d ,  no fu r th e r  

d i s c u s s io n  o f  th e se  p r o p e r t ie s  w i l l  be g iv e n .

E st im ates  o f  the  e r r o r s  generated  in  the  com putational  

s im u la t io n s  o f  the s p e c i f i e d  f lo w s  are o b ta in ed  by comparing the  

p r e d ic te d  r e s u l t s  w ith  t h e o r e t i c a l  or exper im en ta l d ata  o b ta in ed  e l s e 

where. The r e s u l t s  from t h i s  study are  p resen ted  in  s e c t i o n  In

s e c t i o n  p . 2 the o v e r a l l  performance o f  the m o d e l l in g  techn iqu e  i s  

d is c u s s e d  and a s se s s e d ,a n d  in  s e c t i o n  5»5 the c o n c lu s io n s  and 

recommendations p resen ted .

5 .1  Comparison o f  r e s u l t s

The f low s  chosen fo r  exam ination  are a:

a) boundary la v e r  f lo w in g  over  a f l a t  im pervious s u r fa c e ,

b) boundary la y e r  w ith  t a n g e n t ia l  a i r  i n j e c t i o n  a t  the f l a t  

impervious s u r fa c e

and c)  p la n e  w a l l  j e t .

The comparison o f  r e s u l t s  are  p resen ted  i n  s u b - s e c t io n  a to  c 

r e s p e c t i v e l y .

-J O -



Two nesh  network grad in gs  are used f o r  the  com putational  

s im u la t io n s  o f  the chosen f lo w s .  As d e sc r ib e d  in  chapter  A the  

network c o n s i s t s  o f  l i n e s  r e p r e s e n t in g  c o n sta n t  v a lu e s  o f  x , the  

d is ta n c e  a lo n g  the im pervious s u r fa c e ,  a n d ljT , a non-d im ensional form 

o f  the stream fu n c t io n  Ijl . The g r a d in g  o f  the  r e a l  

o r d in a te  y and s p e c i f i e d  v e l o c i t y  p r o f i l e  a lo n g  the  s t a r t i n g  c r o ss 

stream s e c t i o n  o f  the f lo w ,  enable  the stream  fu n c t io n  ^  -  and hence , 

the b a s i s  o f  non-d im ensional mesh stream  f u n c t io n - t o  be e s t a b l i s h e d .

The grading, fo r  the s p a t i a l  o r d in a te  y  i s  e s t im a te d  from equation  

3 . 8  with:
a) 1 and F r  = 1.121

’ b) y  ̂  ̂ » 0 ,y^ 2 * 1/ 10  ̂ and Pr = I .196

i s  the width o f  the f lo w  a t  the  s t a r t i n g  c r o ss - s tr e a m  s e c t i o n  

The v e l o c i t y  p r o f i l e s  a t  t h i s  s e c t i o n  are  s p e c i f i e d  in  the  

d e s c r ip t io n  and comparisons f o r  each o f  the .chosen f lo w  s i t u a t i o n s .

The s i z e  o f  th e  s t e p s  a lo n g  the  x a x i s  were e s t im a te d  w ith

eq u ation  4 .5  -  t h i s  techn iqu e  has been d i s c u s s e d  in  chapter  fo u r .

The pui'pose o f  the i n t e r a c t i v e  scheme i s  to enhance the accuracy

o f  the numerical approxim ations f o r  the c r o ss - s tr e a m  p a r t ia l  d i f f e r e n t i a l  

àH used i n  the m o d e ll in g  tec h n iq u e .  This enhancement i s  ach ieved
dy
by m anip u la t ing  the grad ing  o f  the non -d im en sion a l  mesh stream l i n e s ,

. a t  the s t a r t i n g  c r o s s - s e c t i o n  o f - t h e  s im u la t io n ,  ‘ so th a t  th e  

num erical approxim ation f o r  âïï are  l e s s  than a p r e -d e f in e d  va lu e  -
3?

c a l l e d  the v e l o c i t y  g r a d ie n t  l i m i t  L. Two d i f f e r e n t  v a lu e s  are  used  

f o r  L in  the  p resen ted  s im u la t io n s :

i )  L = 10^ 

i i j  L = 105

~/oo-



5 . l a  Boundary Layer

The formulae d e t a i l e d  in  chapter  3» and designated by 3 .11 to 3 .1 3 ,  

are aga in  used to d e sc r ib e  the time averaged v e l o c i t y  f i e l d  w i t h in  

the tu rb u len t  boundary la y e r  f lo w  shown i n  f ig u r e  5 . 1 .

The f low  chosen  fo r  exam ination  i s  one where the f r e e - s tr e a m

- 1  / - I nv e l o c i t y  Û o 3 0 .5  ms (ICO f t  3 ) and the k inem atic  v i s c o s i t y

-5  2 -1i s  1 . 0  X 10 m s  . P lo t s  o f  the c r o ss - s tr e a m  v e l o c i t y  p r o f i l e s

have been ob ta in ed  from e q u a t io n  3 «11 ; specim en r e s u l t s  a t  x = 2 . 5 ,

4 . 0  and 5 ' 3m are shown bv the d o t te d  l i n e s  in  f ig u r e  5*2 to 5*4

r e s p e c t i v e l y .  The v a r ia t i o n  o f  the t o t a l  s k in  f r i c t i o n  w ith

Reynolds number Re^ ( b a s e d  upon t h e  d i s t a n c e  a l o n g  th e  im pe rv ious

su r face )  i s  o b ta in ed  from e q u a t io n  3 *1 2 ; and i s  shown by the d o t te d  l i n e

i n  f i g u r e  5.5* The dependence  o f  the  bounda ry  l a y e r  t h i c k n e s s  6 .̂

upon the Reynolds number Re^ has  been d e r iv e d  from eq u ation  3 .13;

and i s  d es ign a ted  by the d o t te d  l i n e  in  f im ir e  5 *o.

Four d i f f e r e n t  com putational s im u la t io n s  o f  the boundary

la y e r ,  fo r  2.4 ^ 5 . 3m, are p r e se n te d .  The-''- correspond to the two

forms o f  mesh a and b and two v e l o c i t y  g r a d ie n t  l i m i t s  i  and i i

d e s c r i b e d  i n  t h e  i n t r o d u c t i o n  o f  t h i s  s e c t i o n .  I n  each  s i m u l a t i o n

the f o l lo w in g  boundary c o n d i t io n s  have been s p e c i f i e d :

a) a lo n g  the s t a r t i n g  c r o ss - s tr e a m  s e c t i o n ,  ab in  f ig u r e  5 . I ,

the v e l o c i t y  was d e sc r ib e d  by eq u a t io n s  3*11 and . 1 3 .

and b) a t  the  f r e e  edge and im pervious su r fa c e  the v e l o c i t y  was

s e t  to  30 . 5  and 0 . 0  ms”  ̂ r e s p e c t i v e l y .

Specimen r e s u l t s  from th e se -c o m p u ta t io n s  are shown in  f ig u r e s

5.2  to  5 . 6 . Table 5 . I  d e t a i l s  the symbols used throughout t h i s

s e c t i o n  fo r  the p r e s e n ta t io n  o f  r e s u l t s .  Table 5 .2  d e t a i l s  the  

maximum d i s c r e p a n c ie s  between the r e s u l t s  from the com putational

s im u la t io n s  and those  from e q u a t io n s  3»11 bo .15 a t  the th ree  specimen

c r o s s - s t r e a m  s e c t i o n .

- . /Of .
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Table 5.1

Symbols Used In the  Com putational S im u la t io n s

Symbol
^ 1 .2

Fr

A

o
S i . iA o ^ 1 .1 2 1

10^

lo 5

▲

»
1 .1 9 6

lo 5

lo5

s,.,
T h ick n ess  o f  

c r o s s - s t r e a m

boundary f lo w  a t  

s e c t i o n .

the s t a r t i n g



T able ,̂2

P ercen tage  D i f f e r e n c e s

Symbol

Maximum p ercen tage  d i f f e r e n c e s  
between the r e s u l t s  from the  
m od ell in g  techn iqu e  and e q u a t io n  
3*11 -  .13» fo r  the properties#'

Cf S i

(a) a t  X = 2.5m

A 1 .9 3 . 7 5.Ü

o 3*9 - 3 . 4  . 1 .9

A - 4 . 5 3 .1 - 3 . 4

# - 2 . 5 3 .5 - 6 . 5

(b) a t  X = 4.0m

A

O

3 .3

5 .3

- 2 . 0

- 6 . 4
5 .6

A

•

- 2 . 4

- 2 . 4

1 .6

3 .9
- 1 . 4

( c ) a t  X = 5 . 3m

A

o

- 5 . 0

-5 * 0

- 2 . 7

- 3 . 4
7 .3

A

#

5 .5

5 .5

4 .4

7 .1
—1 .2

-  r a s -



In  t h e  r e g i o n  where 2 . 5 ^ 4 . Ora t h e  d i s c r e p a n c i e s  i n  t h e  

p r e d i c t i o n s  from th e  m o d e l l i n g  t e c h n i q u e  a r e  dep e n d en t  upon th e  

mesh g r a d i n g s  and v e l o c i t y  g r a d i e n t  l i m i t  used  i n  t h e  s i m u l a t i o n s .

A measure o f  t h i s  c o r r e l a t i o n  i s  provided by the comparisons 

involv ing  the:

a) c ross -s t ream  v e lo c i ty  p r o f i l e s  a t  x = 2.5  and 4.0m, 

and b) t o t a l  skin  f r i c t i o n  and boundary l a y e r  th ickness  

r e l a t i o n s h ip s  fo r 2.5 ^ x  ;^4.0m 

presented in f igures  5 .2 ,  5 .5 ,  5 .5  and 5 .6  re sp ec t iv e ly ,  ' ' More

p a r t i c u l a r l y  . • t h e  maximum p e r c e n t a g e  d i s c r e p a n c i e s  a t  x = 2 .5 #  

i n  t a b l e  5*2 ' c l e a r l y  show t h e  s p e c i f i e d  dependence

The d i s c r e p a n c i e s  i n  t h e  c o m p u t a t i o n a l  r e s u l t s  ov e r  the 

r e m a in d e r  o f  une f low,  where 4 . 0  ^ 5 . 3 # ,  a r e  a g a i n  d e p e n d e n t

upon [he moon p r a d i n g s  and v e l o c i t y  g r a d i e n t  l i m i t s .  C lose  t o  

t he  s u r f a c e  t h i s  c o r r e l a t i o n  i s  marked -  a s

shown by th e  p r e s e n t e d  c om pa r i sons  c o n c e r n i n g  t h e  t o t a l  s k i n  

f r i c t i o n  f o r  9 x l u ^ ^ h e x  ^10 ' ( 4 . 0 ^ x ( 5 . 3 # j  i n  f i g u r e  5 . 6 .  How-svtr 

e v e r  t h e  r em a in d e r  o f  the  f low t h e  d i s c r e p a n c y  i s  a lm o s t  t o t a l l y  

dep e n d en t  upon the  v e l o c i t y  g r a d i e n t  l i m i t  u s e d .  As shown i n  the  

p r e s e n t e d  com par i sons  o f :

a) the c ross -s t ream  v e lo c i ty  p r o f i l e s  a t  x = 4 .0  and

5 .3#

and b) t h e  growth r a t e  r e l a t i o n s h i p  a t ,  and be tw een ,  x = 4 , 0  

and 5 . 3#

i n - f i g u r e s  5* 3 and t a b l e  5«2 b and c.

- / % 3 -



5 .1 b  Bo^undajy Layer  w i t h  T a n g e n t i a l  A i r  I n j e c t i o n  Along t h e

I m nerv ious  S u r f a c e  
3 9 '

Seban and Tack have  measured  momentum and h e a t  t r a n s f e r  

r a t e s  i n  a  s e r i e s  o f  bounda ry  l a y e r  f l o w s .  These f low s  were produced  

by i n j e c t i n g  a i r  a t  t h e  im p e r v io u s  s u r f a c e  o f  an e s t a b l i s h e d  boundary  

l a y e r  -  a s  sho ’wn by t h e  s c h e m a t i c  r e p r e s e n t a t i o n  o f  the  f low i n  f i g u r e

5,7  . The i n j e c t e d  a i r  was i n t r o d u c e d  p a r a l l e l  to  t h e  s u r f a c e  th ro u g h  

a  n o z z l e  o f  s p e c i f i e d  w i d t h  . Tne f lo w  p r oduce d  c o n s i s t e d

o f  :

a)  t h e  mixing r e g i o n  -  where t h e  i n j e c t e d  a i r  and 

e s t a b l i s h e d  bounda ry  l a y e r  mixed

and b) a new bounda ry  l a y e r ,

khen s t u d y i n g  momentum t r a n s f e r  r a t e s  Seban and 3ack  

c h a r a c t e r i z e d  the  f low i n  t h e  bounda ry  l a y e r  by p l o t t i n g :

a) s e v e r a l  c r o s s - s t r e a m  v e l o c i t y  p r o f i l e s ,  o f  the  f o r #  

n o n - d im e n s i o n a l  v e l o c i t y  a g a i n s t  momentum t h i c k n e s s ^  

and b) the  v a r i a t i o n  o f  t h e  t o t a l  s k i n  f r i c t i o n  w i th  d i ~ t ? n c e

a lo n g  th e  im p e r v io u s  s u r f a c e .

The f low s i t u a t i o n  chosen  f o r  s i m u l a t i o n '  i s  one where the  

f r e e - s t r e a m  v e l o c i t y  o f  t h e  e s t a b l i s h e d  b o unda ry  l a y e r  i s  f t o s

The dep th  o f  t h e  i n j e c t i o n  n o z z l e  i s  U.00655# ,  and t h e  v o l u m e t r i c  nou»r<c.ie 

o f  a i r  p a s s i n g  th ro u g h  i t  i s  0 .1 2 8  m^/a p e r  m e t r e  w id th  o f  t h e  n o z z l e .

The r e s u l t s  f rom t h i s  f low  s i t u a t i o n  c o m p r i s e ,  t h r e e  c r o s s - s t r e a m  v e l o c i t y  

p r o f i l e s  -  a t  x / 6 ^  = 1 8 . 2 ,  5 0 .6  and 6 2 .4  -  and t h e  t o t a l  s k i n  f r i c t i o n

r e l a t i o n s h i p  , and a r e  shown by d o t t e d  l i n e s  i n  f i g u r e  5 .8  and 5.17 

r e s p e c t i v e l y .

- x / y -
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-b u r  d i f f e r e n t  c o m p u t a t i o n a l  s i m u l a t i o n s  o f  t h e  mixing- r e g i o n  

and bounda ry  l a y e r  a r e  p r e s e n t e d .  They correspond to  t h e  two forms 

o f  mesh ' a '  and ' b ' ,  and two d i f f e r e n t  v e l o c i t y  g r a d i e n t  l i m i t s  ' i '  

and ' i i '  d e s c r i b e d  i n  t h e  i n t r o d u c t i o n  o f  t h i s  s e c t i o n .  The f o l l o w i n g  

bo ’undary c o n d i t i o n s  have  been  used  i n  each  s i m u l a t i o n s :

a )  a lo n g  th a t  p o r t io n  o f  th e  s t a r t i n g  c r o ss - s tr e a m  s e c t i o n  

occu p ied  by the in j e c t e d  a i r ,  ae in  f i g u r e  5 . 7 , the  

v e l o c i t y  was assumed c o n s ta n t  and equal to  i t ' s  

average v a lu e ,

b) a lo n g  t h e  r e m a in d e r  o f  t h i s  s e c t i o n ,

ec  in  f ig u r e  5 .7 ,  t h e  v e l o c i t y  u r o f i l e  o f  t h e  '

e s t a b l i s h e d  bounda ry  l a y e r  was d e r i v e d  from C l a u s e r s  

r e la t io n s h ip  3 . 11 .

and c) a t  t h e  i m p e r v io u s  s-orface and f r e e  edge, ab and be 

r e s p e c t i v e l y , t h e  v e l o c i t y  was s e t  to  z e ro  and t h e  

f r e e - s t r e a m  v a l u e  

Specimen r e s u l t s  from th e  c o m p u t a t i o n a l  s i m u l a t i o n  a re  

p r e s e n t e d  i n  f i g u r e s  5 . 8  t o  . 1 1 .  The symbols  used  i n  t h e s e  

f i g u r e s  a r e  d e t a i l e d  i n  t a b l e  5 . 1 .

The maximum d is c r e p a n c ie s  betw een  the  specimen  r e s u l t s  

from t h e  c o m p u t a t i o n a l  s i m u l a t i o n s  and Seban-B acks  e x p e r i m e n t a l  

s tu d y ,  for  x /ë^ . = l b . 2, 30 .6  and 6 2 .4 ,  a r e  d e t a i l e d  i n  t a b l e  5 .3*

In  t h a t  p o r t i o n  o f  t h e  s i m u l a t i o n  where 18 .2  ^y /$^y  ^ 3 0 . 6  

t h e  d i s c r e p a n c i e s  i n  t h e  p r e d i c t i o n s  a r e  dep e n d en t  

upon the  t h e  mesh g r a d i n g  and v e l o c i t y  g r a d i e n t  l i m i t .

An in d i c a t i o n  o f  t h i s  c o r r e l a t i o n  i s  prov ided  by the  com parisons  

o f  th e :

a) c r o s s - s tr e a m  v e l o c i t y  p r o f i l e s  a t  = l S .2  and 3 0 . 6 ,

and b) t o t a l  s k in  f r i c t i o n  r e l a t i o n s h i p



Table 5 .3

P ercentage  D i f f e r e n c e s

■
... . - .

Symbol
Maximum p ercen ta  
between the pred 
mental v a lu e s  o f

Ü

ge d i s c r e p a n c ie s  
i c t e d  and e x p e r i -

Cf

(a) a t  x/(S = 1 8 .2

A —10 « 4 1 2 . 3

J —1 0 .4 9 . 7

À - 7 . 2 1 0 .1

¥ - 4 . 2 6 .9

(b) a t  x / 5  = 3 0 .6
N

A - 1 1 . 3 9 .0

0 - 1 1 . 3 9 .0

*
- 7 . 9 3 . 2

» - 7 . 9 3 . 2

( c )  a t  x /d^ «= 6 2 .4

A - 1 0 . 8 7 .1

0 —1 0 .8 7 .1

A - 3 . 2 2 .9

1
» - 5 . 2 2 .9

- r r < 3 -



in  f igu i'es  5 . 8 ,  .9  and .11  r e s p e c t i v e l y .  Further ev id en ce  o f  the  

c o r r e la t io n  i s  provided by the d a ta  con cern in g  the p ercen tage

d iscrep an cy  a t  x / 6 ,̂ = 1 8 . 2  a n d  J>0,S d e t a i l e d  i n  t a b l e  5« 5a  an d  b .

Over the  remainder o f  the  boundary la y e r ,  where 5G.6 ^ x / ^ ^ ^ 6 2 . 4 , 

the d is c r e p a n c ie s  i n  the  p r e d i c t i o n s  are l a r g e l y  dependent  

upon the v e l o c i t y  g r a d ien t  l i m i t .  As shown by the comparisons  

concern ing the:

a) c r o s s - s tr e a m  v e l o c i t y  p r o f i l e s  a t  x/6^^ = 30. o and 6 2 .4  

and b) t o t a l  s k in  f r i c t i o n  between x / 6 „  = 3 0 .6  and 6 2 . ii\i

d e t a i l e d  in  f i g u r e s  5*9, .10  and .11  and ta b le  5*3*

The p resen ted  com p u tation a l  r e s -o l t s  show th a t  the m od ell in g  

tech n iq u es  can a c c u r a t e ly  s im u la te  momentum t r a n s f e r  r a t e s  w ith in  

the s p e c i f i e d  boundary f lo w . However, both the mean grading and 

v e l o c i t y  g r a d ie n t  l i m i t  used in  the s im u la t io n s  a f f e c t  the accuracy  

o f  the p r e d ic t io n s .

5 . 1 c  P la n e  Y a l l  J e t

^ e  e x p e r i m e n t a l  s t u d y  o f  p l a n e  w a l l  j e t s  b y  S ch w a r z  an d  

C o s a r t  d e t a i l e d  i n  c h a p t e r  3 i s  a g a i n  s i m u l a t e d .  A s c h e m a t i c  

r e p r e s e n t a t i o n  o f  t h e  f l o w  h a s  b e e n  d e t a i l e d  i n  f i g u r e  3. 9.

H ie  e x p e r i m e n t a l  r e s u l t s  a r e  r e - p r e s e n t e d ,  w i t h  c h a i n  d o t t e d  

l i n e s ,  i n  f i g u r e s  5*12 t o  ,19  a n d  c o m p r is e :

aj t h e  v a r i a t i o n  o f  m axim um  v e l o c i t y  an d  j e t  t h i c k n e s s  

w i t h  d i s t a n c e  a l o n g  t h e  im p e r v i o u s  s u r f a c e  x  

a n d  b )  t h r e e  c r o s s - s t r e a m  v e l o c i t y  p r o f i l e s  a t  x  «  O .46 ,

1.0  a n d  1 . 83m.
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Tîie s p e c i f i e d  w a l l  j e t  has been s lo m la te d  fo u r  t im es  between  

I  ■ 0 .0  and 1,83m. The fo u r  s im u la t io n s  correspond to  the  two 

forms o f  mesh ’a '  and *b* and two v e l o c i t y  g r a d ie n t  l i m i t s  * i '  

and ‘ i i ’ p r e v io u s ly  d e s c r ib e d .  In each s im u la t io n  the  f o l l o w i n g  

boundary c o n d i t io n s  were u sed :

a) a lo n g  th e  s t a r t i n g  c r o ss - s tr e a m  s e c t i o n ,  ab i n  f ig u r e  

3 . 9 » the  v e l o c i t y  p r o f i l e  was s e t  cat the  

average v e l o c i t y

auid b) a lo n g  the  im perv ious s u r fa c e  and f r e e - e d g e ,  ac and

cd r e s p e c t i v e l y  in  f ig u r e  3*9» th e  v e l o c i t y  was s e t  to

0 .0  and TJ /IO  (U i s  the  maximum v e l o c i t y  a t  a max  ̂ max

p a r t i c u l a r  c r o ss - s tr e a m  s e c t i o n )

S e le c t e d  r e s u l t s  from each com putational s im u la t io n  are  

p resen ted  in  f i g u r e s  3 .1 2  to  .19 -  the symbols used are d e t a i l e d  

in  ta b le  3 . 1 .  The maximum d is c r e p a n c ie s  between the  

p r e d ic te d  and exper im en ta l r e s u l t s  a t  x = O.4 6 , 1 .0  and 1.83m 

are  d e t a i l e d  i n  t a b le  3 . 4 .

At every  c r o s s - s tr e a m  s e c t i o n  w i th in  the w a l l  j e t  the  

d iscr e p a n c y  between the p r e d ic t e d  and exper im en ta l r e s u l t s  in c re a se d  

as the im pervious s u r fa c e  was approached. As shown by the specim en  

comparisons i n  f ig u r e s  3 .1 4  to  . 19; and more c o n c i s e l y  by thfmaximum 

p ercen tage  d i s c r e p a n c ie s  »n * tab (e  5^4 ‘?or y/5^<^ 10”  ̂ and 

y /6 ^  -  Ip a t  X » 0 . 4 6 , 1 .0  and 1.83m. Ihe term r e p r e s e n t s  the  

c r o ss - s tr e a m  h e ig h t  a t  which the mainstream v e l o c i t y  equals  h a l f  

i t ' s  maximum v /o lu e  a t  tKofc. s e c t j o n  ,

-  -



Table 5 .4

Percentage D i f f e r e n c e s

Symbol

(c)  a t  X =

Maximum percentage  
d i f f e r e n c e  between  
the p r e d ic te d  and 
exper im en ta l v a lu e s  
o f  Ü fon

Maximum percen tage  
d i f f e r e n c e  between  
the p r e d ic te d  and 
exp er im en ta l  v a lu e s  
o f  !

V’ Umax

0 , 46m

6
'

13.4 - 2 . 3 - 5 . 7 - 5 . 1

0 14.4 4.1 - 3 . 9 - 2.2

A - 4 . 4 - 1 . 3 - 7 . 8 - 7 . 3

# - 9 . 4 - 0 . 5 - 9 . 4 - 11.0

1 . 0 m

A 12.4 —0 . 5
- 3 . 9 - 5 . 3

O 12.4 - 0 . 5

k 1.1 4 . 3
- 5 . 9 - 7 . 3

9 1.1 4 . 3

1.83m

a 7. 6 2.1
- 2 . 7 - 4 . 8

0 7. 6 2.1

▲ - 5 . 6 - 4 . 7
- 4 . 3 - 9.4

- 5 . 8 - 4 . 7



In two r e g io n s  o f  the s im u la t io n  th e  d i s c r e p a n c ie s  in  the  

p r e d ic t io n s  are  dependent upon the  mesh g ra d in g  and v e l o c i t y  g r a d ien t  

l i m i t .  The two r e g io n s  occupy the f o l l o w i n g  - p a r t s :  o f  the  w a ll  

j e t :

a) 0 . 4 6 < x < 1 . 0m f o r  a l l  y

and b) 1 0 < x < 1 . 3 5  f o r y < 10” 2m

A measure o f  t h i s  c o r r e l a t i o n  i s  provided  by the  comparisons concern ing

the:

a) v e l o c i t y  p r o f i l e s  a t  x = O.46  and 1.0m in  f i g u r e s  5*14  

to  .17

and b) v a r ia t io n  o f  the maximum v e l o c i t y  and w a ll  th ic k n e s s

in  f ig u r e  5»12 and . 15  r e s p e c t i v e l y .

S p e c i f i c  measurements o f  the  d is c r e p a n c y  in  th e  p r e sen te d  r e s u l t s ,  and

thus o f  die d e sc r ib e d  c o r r e l a t i o n  , i s  g iv e n  by th e  d ata  d e t a i l e d

in  ta b le  3 .d ,

Over the remainder o f  the w a ll  j e t ,  where 1 .0  < (x / ,1 .8 3 m  for  

y / l O  ^m, the d i s c r e p a n c ie s  a r t  . dependent upon the va lue  o f

th e  v e l o c i t y  g r a d ie n t  l i m i t .  As shown by the v e l o c i t y  p r o f i l e s  a t  

X = 1 .0  and 1 . 83m in  f ig u r e s  ^ . l 6  t o  .1 9 ,  end the maximum v e l o c i t y ,  

and w a ll  j e t  th ic k n e s s  r e l a t i o n s h i p s ;  shown in  f i g u r e s  5 . 1 2  and #13 

r e s p e c t i v e l y .  Again the maximum p ercen tage  d i s c r e p a n c ie s  pres<ented 

in  t a b le  5«4 prov ide e v id en ce  o f  t h i s  dependency.



4 o '
Narasimha, Marayan and P arth asara th y  nave p o s tu la te d

r e la t io n s h ip s  that  c h a r a c t e r iz e  the  f low  w ith in  a wide v a r ie t y  

o f  w all  j e t  s i t u a t i o n s .  These r e l a t i o n s h i p s  are o f  the form:

1
xlvl

J

and

9  2

xM

9 2

¥ J

(5 .1

( 5 . 2

( 5 . 3

( 5 . 4

With r e p r e s e n t in g  the j e t  momentum f lu x ,  which i s  d is c u ss e d

l a t e r ,  8^ r e p r e s e n t in g  the  h e ig h t  a t  which the v e l o c i t y  i s  h a l f

the maximum ■ c c any c r o s s - s tr e a m  s e c t i o n  -  as shown in

f ig u r e  3 .9  and 9. the k in em a tic  v i s c o s i t y  a t  each s t a t i o n  x .

Narasimha, Narayan and P a r th a sa ra th y s  recommandations for th e se

r e la t io n s h ip s  are shown by the  ch a in  d o tted  l i n e s  in  f ig u r e  5 * 2 0

t o  . 2 3 .  These recom m enda t ions  were o b t a i n e d  f r ' m  a r ev ie w  of

v a s t  a mounts o f  p u b lish ed  ex p e r im en ta l  d a ta ,  in c lu d in g  Schwarz &
3  2  ^

d o sa r ts  stu d y , 'concerning momentum t r a n s f e r  r a te s  in w all  j e t s .

The e x te n t  o f  the s c a t t e r  id th e  review ed d ata  about the recommended 

l i n e s  i s  shown in  the p r e s e n te d  f i g u r e s  by c r e s s - h a tc h in g .

The r e l a t i o n s h i p s  p r e s e n te d  by Narasimha e t  a l ,  5*1 to . 4 , were 

der ived  from a d im en sion a l  a n a l y s i s  o f  the w all  j e t  a f t e r  ap p ly in g  

the h y p o th e s is  o f  s e l e c t i v e  f low  memory. T h is  h y p o th e s is  i s  not

new, and has o f t e n  been  t a c i t l y  o r  e x p l i c i t l y  used f o r  wake and j e t
2 2 4 t  ■

s t u d ie s  -  a s  d e t a i l e d  by S c h l i c h t i n g  and Townsena' . The

h y p o th e s is  p o s t u la t e s  th a t  s u f f i c i e n t l y  fa r  downstream in  a f low  

the d e t a i l s  o f  the i n i t i a l  c o n d i t io n s  are not r e le v a n t ;  but r a th er  

c e r t a in  com binations o f  p aram eters ,  which are  dynam ica lly  e q u iv a le n t .
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are p e r t in e n t .  Narashima. e t  a l  proposed th a t  th e se  parameters could

be expressed  as the  j e t  momentum f l u x  M_ = U ^  -  where U i s -
J N N N

e q u iv a le n t  to  the average v e l o c i t y  o f  the  a i r  a t  the n o z z le .

The r e s u l t s  from the com p utational s im u la t io n s  o f  Schwarz 

and G osarts experim ent, are transform ed in to  the form p rescr ib ed  

by Narasimha e t  a l ,  and p l o t t e d  in  f ig u r e s  5«2LO t o - . 2 J  .TV<. 

d is c r e p a n c ie s  between the p r e d ic te d  r e s u l t s  and the recommended 

r e la t io n s h ip s  f a l l  w ith in  the quoted s c a t t e r  o f  the exper im en ta l  

d a t a .

The p resen ted  comparisons have shown th a t  the m odell ing  

technique can a c c u r a te ly  s im u la te  momentum t r a n s f e r  r a t e s  in  any 

w all  j e t  that  conforms to  the  r e l a t i o n s h i p s  o f  Narasimha e t  a l .

With the descrepancy between p r e d ic te d  and ex p er im en ta l  r e s u l t s  s l i g h t l y  

dependent upon the mesh grad ing  and v e l o c i t y  g r a d ie n t  l i m i t  used .



t .2  D is c u s s io n

The major purpose o i  t h i s  d i s c u s s io n  i s  to  a s s e s s  to  what 

e x te n t  th e  f i n i t e  d i f f e r e n c e  approxim ations i n  th e  new m o d e l l in g  

t ec h n iq u e  a r e  su p e r io r  to  th o se  used in  th e  t e c h n iq u e s  proposed by  

b p a l d i n g -  Patankar and D enny-L ancis . The l a t t e r  te c h n iq u e s  were 

d e f in e d ,  u sed  and d i s c u s s e d  i n  ch ap ter  t h r e e  . To a c h ie v e  t h i s  

a ssessm en t  r e p r e s e n t a t i v e  r e s u l t s  from the  t h r e e  m o d e l l in g  t e c h n iq u e s ,  

f o r  t ie  same f low  s i t u a t i o n s ,  are  compared. In  th e  s im u la t io n s  o f  

each f lo w  s i t u a t i o n  o n ly  th e  e f f e c t s  o f  th e  d i f f e r e n t  f i n i t e  

d i f f e r e n c e  assum ptions a r e  compared. This has  been  a c h ie v e d  by 

k e e p in g  th e  o th e r  v a r i a b l e s  -  the  tu r b u len ce  m od e ls ,  p h y s ic a l  

p r o p e r t i e s ,  s t a r t i n g  g r a d in g  o f  t h e  c a r t e s ia n  mesh network and 

s t a r t i n g  v e l o c i t y  p r o f i l e s  -  c o n sta n t  in  each f lo w  s i t u a t i o n .

The f lo w  s i t u a t i o n s  chosen  f o r  comparison a r e  th e  boundary  

l a y e r  d e t a i l e d  . in  f i g u r e  5*1» and the  p la n e  w a l l  j e t  shown 

i n  f i g u r e  5*9. These s i t u a t i o n s  have been s im u la te d  w ith  th e  new 

m o d e l l in g  te c h n iq u e ,  a s  w e l l  a s  th o se  proposed by ^pa ld ing-P antankar  

and Denny-Landis. Data c o n c e rn in g  the d is c r e p a n c y  between p r e d ic te d  

and exper im en ta l r e s u l t s  has been e x tr a c te d  from th e  specim en datâ'  

p r e sen te d  in  ch ap ters  th r e e  and f i v e .  The d a t a  r e l a t i n g  t o  th e  boundary  

l a y e r  f lo w  i s  d e t a i l e d  i n  t a b le  5*5» &nd th e  r e s u l t s  from the  

p la n e  w a l l  j e t  shown i n  t a b le  5 -7 •  The so u r c e  o f  th e  p r e sen te d  

d a ta  i s  a l s o  d e c la r e d  i n  t h e s e  t  a b l es.. B e fo r e  comparing

t h e s e  r e s u l t s  the  v a r ia b le s  h e ld  con stan t  d u r in g  th e  s im u la t io n  

a re  d e t a i l e d .  The r e s u l t s  from th e  new and D o n n y -la n d is  t ec h n iq u es  

come from s im u la t io n s  th a t  used the  same s t a r t i n g  mesh g r a d in g .

- / 3 5 -
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The g ra d in g  a lo n g  the  s t a r t i n g  'y* o r d in a te  was d e r iv e d  from

e q u a t io n  ) . 8 ,  w ith  y * 5 /10^ and ?r » 1 .121 (5 r e p r e s e n t s
1 , 2  1, 1  1 , 1

th e  w idth o f  t h e  boundary f low  a t  t ie  s t a r t i n g  c r o s s - s tr e a m  s e c t i o n ) .

The g r a d in g  used w ith  th e  Spald ing  -  Pa':ankar te c h n iq u e  i s  s l i g h t l y  

d i f f e r e n t  from that d e c la r e d  above, b ecau se  the  g*ading had to  be m od if ied

to  conform to  the  w a l l  regime assum ptions d i s c u s s e d  i n  ch a p ter  t h r e e .  In

t h i s  c a s e  t h e  g r a d in g  a lo n g  the s t a r t i n g  'y* o r d in a te  was d e r iv e d  from

eq u a t io n  5 .8  w ith  y = 5 , / 2 0 0  and Pr -  1 . 1 2 .  in  each f lo w  s i t u a t i o n
I ,  ̂ 1,1

the  same v e l o c i t y  p r o f i l e s  were used as the s t a r t i n g  boundary c o n d i t io n s .

The boundary c o n d i t io n s  f o r  the boundary l a y e r  and w a l l  j e t  s i t u a t i o n s  

are  d e c la r e d  i n  s e c t i o n s  ^ . 1 a  and c r e s p e c t i v e l y .  'Ihe same tu r b u len ce  

model and p h y s i c a l  p r o p e r t i e s  were used in  a l l  th e  a i a u l a t i o n s , th ey

are  d e f in e d  i n  both s e c t i o n s  5*1 stnd 5«1*

In t a b le  5»5 and 5*6 two s e t s  o f  r e s u l t s  a r e  p resen ted  

from both  the  D en n y-ian d is  and new m o d e l l in g  t e c h n iq u e .  The r e s u l t s  

from the D e n n y - ia n d is  techn iqu e  a r e  d i s t i n g u i s h e d  by th e  v a lu e  o f  

th e  v a r ia b le  PN, which can be e i t h e r  one or two. PN i s  the  power to  

which th e  n on -d im en s io n a l-s trea m  f u n c t io n  was r a i s e d  i n  the  'sim ulation: -  the  

use  o f  th e  v a r ia b le  FN; i s  d is c u ss e d  in  ch ap ter  t h r e e .  The two 

s e t s  o f  r e s u l t s  from the  new m o d e ll in g  tec h n iq u e  a re  d i s t i n g u i s h e d  

by the v a lu e  o f  the v e l o c i t y  g r a d ien t  l i m i t  L. As w i l l  be remembered 

from c h a p ter  f o u r , th e  g r a d in g  o f  the  mesh stream  l i n e s  are  m od if ied  

a t  the s t a r t i n g  s e c t i o n ,  so  that  the assumed c r o s s - s t r e a m  r a t e  o f  

change o f  v e l o c i t y  f e l l '  below the  v e l o c i t y  g r a d ie n t  l i m i t .



The p r e d ic t io n s  from the new m o d e l l in g  t e c h n iq u e ,  in c lu d in g  the  

sam ples in  t a b le s  5*5 sind . 6 ,  are  more a c c u r a te  than th o se  from 

th e  t e c h n iq u e s  proposed by b p a l d i n g - P a t a n k a r . & Denny-Land i s  . prom t h i s  

i t  can be deduced th a t  the f i n i t e  d i f f e r e n c e  ap prox im ations  o f  the  new 

m o d e ll in g  tech n iq u e  are  the most a c c u r a te  o f  th o s e  co n s id ered  for  

10^ ^  L ^  10^. ( I t  w i l l  be remembered th a t  t h e  o th e r  v a r ia b le s  

o f  th e  m o d e l l in g  tech n iq u e  have, a s  f a r  as  i s  p r a c t i c a l ,  been

kept  c o n s ta n t  in  th e  s im u la t io n  o f  each f lo w  s i t u a t i o n ; .

in  t h e s e  s p e c i f i c  f low  s i t u a t i o n s  e s t i m a t e s  can be made o f  the  

c o n t r ib u t io n  o f  num erical d i f f u s i o n  to  th e  o v e r a l l  e r r o r  from th e  f i n i t e  

d i f f e r e n c e  approx im ation s ,  as s t a t e d  i n  c h a p te r  fo u r  the  num erical  

d i f f u s i o n  i s  r e p r e se n te d  by:

+ Rj) + u"

where the R® and P^ are  dependent upon th e  form o f  non-d im ensiona l stream  

f u n c t i o n . .  - In both specimen f lo w ’’ s i t u a t i o n s  U” U" ( x j ,

and thus in  t h i s  exam ination  i t  has been assumed t h a t  num erical  

d i f f u s i o n  i s  r e p r e se n te d  by:

a" to}(R i + R J  4 e  ^
 ̂ 2

In  both  f low  s i t u a t i o n s  the  num erical d i f f u s i o n  w i l l  be l a r g e s t  i n  the  

r e g io n  where IP'(coj I s  g r e a t e s t  ; t h a t  i s  i n  th e  a r e a  c l o s e  to th e  w a l l .  In t h i s  

area  th e  stream  fu n c t io n  was m o d if ied  so t h a t  th e  r a t e  o f  change o f  the  

c r o s s - s tr e a m  v e l o c i t y  p r o f i l e  d id  not exceed  a  s p e c i f i e d  l i m i t - t h e  v e l o c i t y  

'g r a d ie n t  l i m i t ,  a s  w i l l  be remembered i n  th e  d e r i v a t i o n  o f  t h i s  l i m i t  the  

form o f  the  c r o ss - s tr e a m  transform  s e t  i n  t h e s e  r e g io n s  i s  a t  l e a s t

- / 3 3 -



e q u iv a le n t  to  the  transform  used in  th e  u e n n y - ia n a is  t e c n r iq u e .

Under th e se  c ircu m stan ces  the num erical d i f f u s i o n  c o n s e r v a t iv e ly  

becomes e q u iv a le n t  to :

U"(w)
2

Prom t a b le  4 .I  in  chapter  fou r  th e  rem ain in g  f i n i t e  d i f f e r e n c e  error

terras amount to :

c + a à J . U'" (w)
12 6

The terra ' ' w i l l  be n e g l e c t e d ,  because  ‘a* i s  zero
6

( ' a ’ i s  p r o p o r t io n a l  to  the  entrainm ent through th e  boundary s u r fa c e  

a t  y  eq u a ls  zero  -  which in  th e se  examples i s  z e r o ; ,  irom t h i s  work 

i t  can be deduced th a t  the r a t i o  o f  num erical d i f f u s i o n  e r r o r s  to  th e

rem ain ing  f i n i t e  d i f f e r e n c e  er ro r  i s  ap p rox im ate ly  e q u iv a le n t  to :

6b Ü" (ua; Au)

c

The f i r s t  po in t, to  n o te  about the  r a t i o  i s  th a t  th e  s p a c in g  betw een s e q u e n t ia l  

mesh stream l i n e s ,  f o r  1 ,  su p p r e s s e s  the e f f e c t  o f  n u m e r ic a l 'd i f f u s i o n .

Another im portant p o in t  to take n o te  o f  i s  t h a t  i n  t h i s  m o d e l l in g  

tech n iq u e  the above r a t i o  i s  dependent upon the  v a r io u s  p r o p e r t i e s  

o f  t h e  f low  t h r o u ^  the  terms 'b ’ and 'c * .  This means th a t  a s im p le  

v a lu e  cannot be a s s ig n e d  to the  r a t i o  num erical d i f f u s i o n  to  t o t a l  

f i n i t e  d i f f e r e n c e  e r r o r .



The b e s t  p r e d i c t i o n s ,  w ith  th e  new m o d e l l in g  te c h n iq u e ,o c c u r  

w ith  the  v e l o c i t y  g r a d ie n t  l i m i t  s e t  a t  10^ -  a s  d e t a i l e d  in  t a b le

5 . 5  and 5 . 6 . The d is c r e p a n c y  between the p r e d ic te d  and e x p er im en ta l  

r e s u l t s  in  t h e s e  s i t u a t i o n s  i s  caused by errors  i n  the  f i n i t e  d i f f e r e n c e  

r e p r e s e n t a t io n s  o f  the  p a r t i a l  d i f f e r e n t i a l s  in  the  g e n e r a l  c o n t i n u i t y  

equation  4*7 , d i s c r e p a n c ie s  i n  the  tu rb u len ce  p r o p e r t i e s ,  and u n c e r t a in t y  

i n  the exp er im en ta l  d a ta  used f o r  the  com parisons, f o r  th e  purpose o f  t h i s  

d is c u s s io n  th e  l a s t  sou rce  o f  er ro r  i s  assumed n e g l i g i b l e . No tec h n iq u e  

e x i s t s  f o r  t h e o r e t i c a l l y  e s t im a t in g  what p r o p o r t io n  o f  th e  d is c r e p a n c y  

in  the p r e d ic te d  r e s u l t s  i s  caused  by th e  rem ain in g  two s o u r c e s  o f  e r r o r .  

The author i s  o f  th e  o p in io n  t h a t  the  model fo r  tu r b u le n t  v i s c o s i t y ,  

c o n t r ib u t e s  most towards th e  t o t a l  error  i n  the  p r e d i c t i o n .



5. 5 C on clusions and Recommendations

The r e s u l t s  p resen ted  in  t h i s  c h a p te r  show th a t  the  m o d e l l in g  

techn ique w ith  an i n t e r a c t i v e  scheme can a c c u r a t e ly  s im u la te  the  time  

averaged v e l o c i t y  f i e l d s  in  th ree  s p e c i f i e d  f lo w  s i t u a t i o n s .  However, 

t h i s  does n ot  mean th a t  the techn iqu e  can a c c u r a t e ly  s im u la te  a l l  

boundary f lo w s  in  which momentum t r a n s f e r  p r o c e s s e s  predom inate,  

because  the  s i t u a t io n s  examined are not a r e p r e s e n t a t i v e  sample.

I t  i s  c o n se q u e n t ly  recommended th a t  b e fo r e  t h i s  techn iqu e  i s  used  

to s im u la te  any o th e r  type  o f  boundary f lo w  some r e a p p r a is a l  o f  i t ’ s  

s u i t a b i l i t y  be under taken. In ch a p ter  6 one such r e a p p r a is a l  

i s  conducted to  show th a t  the  tech n iq u e  can s im u la te  r a d ia l  w a l l  

j e t  f lo w s .

The s u c c e s s f u l  s im u la t io n  o f  a boundary l a y e r  f low  w ith  t a n g e n t ia l  

a i r  i n j e c t i o n  a lo n g  the  s u r fa c e ,  a s  i l l u s t r a t e d  in  f ig u r e  5 .7 ,  

demonstrated the new tech n iq u es  a b i l i t y  to  p r e d i c t  r e s u l t s  w i t h in  a f low  

in  which the  c r o ss -s tr e a m  v e l o c i t y  p r o f i l e  were not s e l f - s i m i l a r .

In the  p resen ted  s im u la t io n s  the  non -d im en sion a l  stream fu n c t io n  

o f  the  mesh network was o n ly  m od if ied  a t  th e  s t a r t i n g  s e c t i o n  o f  

the s i t u a t i o n ,  ac in  f ig u r e  5*7. I t  i s  l i k e l y  th a t  more a c c u r a te  

p r e d ic t io n s  could be ob ta in ed  by r e - d e f i n i n g  th e  mesh stream l i n e s ’ 

a t  ap p rop r ia te  c r o ss -s tr e a m  s e c t i o n s  in  the  f lo w .
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The purpose o f  t h i s  ch ap ter  i s  to i l l u s t r a t e  th a t  the m o d e ll in g  

techn ique d e sc r ib e d  and t e s t e d  in  ch ap ter  4 and 5 can be m odif ied  to  

s im u la te  momentum t r a n s f e r  r a t e s  i n  an a i r  r a d ia l  w all  j e t .  In th e se  

s im u la t io n s  e s t im a t e s  f o r  the d e n s i t y  and e f f e c t i v e  v i s c o s i t y  are o b ta in ed  

from the g e n e r a l  gas law and tu rb u len ce  model o f  Lauder and S p a ld in g  

r e s p e c t i v e l y .  The tu rb u len ce  model has been p r e v io u s ly  d e sc r ib e d  in  

chapter  th r e e .

in  s e c t i o n  1 are  d e t a i l e d  the  assum ptions in v o lv e d  in  m od ify in g  

the eq u at ion s  r e p r e s e n t in g  c o n s e r v a t io n  in  a r a d ia l  w a l l  j e t  f low  

s u f f i c i e n t l y  f o r  them to correspond to the c o n s e r v a t io n  eq u ation  5.1  

so lv e d  by the  m o d e l l in g  te c h n iq u e .  The new mesh network used i s  

d e sc r ib e d  in  s e c t i o n  2 . The a ccu racy  o f  the m o d e ll in g  tech n iq u e ,  

when s im u la t in g  a  r a d i a l  w a l l  j e t ,  i s  a s s e s s e d  by comparing the  

com putational r e s u l t s  w ith  exp er im en ta l  d a ta  ob ta in ed  e ls e w h e r e .

The r e s u l t s  from a stu dy  o f  t h i s  type  are p resen ted  in  s e c t i o n  5»

Ihe performance o f  the m o d e l l in g  tech n iq u e  i s  d ic u s se d  in  s e c t i o n  4» 

and recommendations g iv e n  in  s e c t i o n  5.

6 .1  C onservation  o f  Momentum

Sq’T ations6 .1  and .2  r e p r e s e n t . t h e  c o n se r v a t io n  o f  momentum in  th e  

r a d ia l  and v e r t i c a l  d i r e c t i o n  o f  a tu r b u len t  r a d ia l  w a ll  j e t .  in  th e se  

e q u at ion s  r  and z are the r a d i a l  and v e r t i c a l  axés  o f  the c y l i n d r i c a l  

c o -o r d in a te  system  d e t a i l e d  i n  f ig u r e  6 .1 ,  The time averaged and 

f lu c t u a t in g  v e l o c i t y  components in  the r a d i a l ,  v e r t i c a l  and' 

c ir c u m fe r e n t ia l  d i r e c t i o n s  are  r e p r ese n te d  by U, u ’ , y ,v*  and If ,w* 

r e s p e c t iv e l y ;  p i s  the p r e s s u r e ,  j )  s p e c i f i c  d e n s i t y  and "O the

k in em a tic  v i s ç o s i t y .
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U‘  ̂ -  v ' ^ l  + u»w» 
&z 3 s  è r  r  ^ &z

(6.1

(6. 2

u6v; + V/&.Y + 3 u ’w’ + u'w' + & w'2  
Sr 5z 3r r

= -  + 3 ) / A :  +
U r ^  à z V

The c o n t in u i t y  eq u at ion  o f  the  mean m otion i s  r e p r e s e n te d  by;

_A (Ur) + à  (Vr) = 0  [ 6 . ?
d r  oz

Various exper im en ta l s t u d ie s  o f  momentum t r a n s f e r  r a t e s  w i th in  

a i r  r a d ia l  w a ll  j e t s ,  o f  the  ty p es  shown in  f ig u r e  6 .1 ,  have shown 

th a t  the f low  p r o p e r t ie s  change s lo w ly  in  the  r a d ia l

but r a p id ly  in  the v e r t i c a l  d i r e c t i o n .  The more im portant o f
^  43

th e se  s t u d ie s  are th o se  by Bakke" , Bradshaw and Lowe and
3 6

Porch, Tsuei and (]ermak . Applying t h i s  r e s u l t  to the  

c o n s e r v a t io n  equations 6 .1  and ,2  r e s u l t s  i n  the  f o l l o w i n g  

approxim ations;

( M  + 7 ^  + ^  i u ^ ' )  ^ a  a^U ( 6 .4
or  oz oz — p

oz

and - 1 AZ (6.5
^z p  dz

Equation 6 .5  a f fe c t s  the s tru c tu re  o f  th e  r a d ia l w a ll j e t  th r o u ^

w'; i t  has been assumed th a t t h i s  e f f e c t  can be a llow ed  f o r  by

-



u s i n g  s u i t a b l e  m o d i f i e d  s e m i - e m p i r i c a l  r e l a t i o n s h i p  f o r  

e n t r a in m e n t  a t  t h e  f r e e - e d g e  e q u a t i o n  6 . 6 ,

( 6 . 6

(Both Glauerx an d  P o r c h ' e t  a l  have produced a c c u r a te  m o d e l l i n g  

t e c h n i q u e s  t h a t , i n  a  s i m i l a r  m an n er , n e g l e c t  t h e  e f f e c t  o f  

e q u a t i o n  6 . 5 . )  R e - a r r a n g i n g  e q u a t i o n  6 . 4  r e s u l t s  in:

( 6 . 7d z  I f e f f  3 z

w h ic h  c a n  b e  s u b s t i t u t e d  f o r  t h e  g e n e r a l  c o n s e r v a t i o n  e q u a t i o n  

4 . 7  o f  t h e  m o d e l l i n g  t e c h n iq u e .

6 .2  :,Iesh Network

'The mesh network used to cover  the r a d i a l  w a ll  j e t  i s  d e t a i l e d  

in  f ig u r e  6.1 . The c o -o r d in a t e  system  i s  one where z r e p r e s e n t s  v e r t i c a l  

d is ta n c e  from the im perv ious s u r f a c e ,  and r th e  d i s ta n c e  from the  

s ta g n a t io n  p o in t ,  'i’he mesh c o n s i s t s  o f  c r o ss - s tr e a m  s t r i p s  o f  width  

A r ,  and l i n e s  a lon g  which the  n on-d im ensiona l stream fu n c t io n  I j T ^  equal  

to f  1 c ons t ant .  The s u b s c r ip t s  1 and N d en ote  the
LT - f U

s u r fa c e  and fr e e -e d g e  o f  the  r a d ia l  w a ll  j e t  i l l u s t r a t e d  in  f ig u r e  c . i  .

l i e  grad ing  o f  the mesh networks used in  each o f  the f lo w  s i t u a t i o n s  

s im ula ted  in  the remainder o f  this t h e s i s  one d e f in e d  by two r e l a t i o h s h i p s .  

The f i r s t  i s  the  grad ing  o f  r e a l  h e ig h t  z a t  which the  s t a r t i n g  c r o t s -  

stream  v e l o c i t y  p r o f i l e  i s  s p e c i f i e d ;  the  r e l a t i o n s h i p  used ta k e s  the

form :

" i ,<  °  h ,  ( 6 .8



where i = 3» Ihand z .  _ , z  and Fr are c o n s ta n t  which take the1,1 1 ,2

V alues:

a) z . » 0 . 0 ,  z  = . /10^ and Fr = 1 . T21
1,1 1>  ̂ ' » •

b )  Zi,.^ = 0 . 0 ,  z^ 2 = 1 and Fr = 1 .1 96

5  ̂ i s  th e  width o f  th e  f lo w  a t  t h i s  s e c t i o n .  Secon d ly , the  

f u n c t io n a l  r e l a t i o n s h i p  between th e  n on-d im ensiona l mesh stream  

function ljf  and the stream  f u n c t io n  has to  be d e s c r ib e d .  The 

i n t e r a c t i v e  techn iqu e  used to  e v a lu a te  t h i s  r e l a t i o n s h i p  has  

been d e t a i l e d  in  c h a p te r  fou r;  and makes u se  o f  a v e l o c i t y  g r a d ie n t

L^which has been s e t  to  e i t h e r ;

i )  L = 10^

or  i i )  L = 10,5

6 .5  Radial W a ll J e t
  3 6

Porch, T suei and Germalc* have s tu d ie d  the momentum t r a n s f e r

r a t e s  in  a i r  r a d ia l  w a l l  j e t s  submerged in  s t i l l  a i r .  The 

exp er im en ta l  arrangement used i s  shown s c h e m a t ic a l ly  i n  f ig u r e  

6 ,2 ;  the  c e n te r  l i n e  o f  the n o z z le  aa i s  v e r t i c a l ,  and the

im pervious s u r fa c e  h o r i z o n t a l .  The f low  in  the  r a d ia l  w a ll  j e t

has been c h a r a c te r iz e d  by p l o t t i n g :

a) seve ra l  c ro s s -s tream  v e lo c i ty  p r o f i l e s

b) the v a r i a t i o n  o f  the maximum v e lo c i ty  with d is ta n c e  

a lo n g  the  impervious su r fa ce ,

and c )  the growth r a t e  r e l a t i o n s h i p .

The c ross-s tream  v e lo c i ty  p r o f i l e s ofpears e l f  s im i la r  when p resen ted

in  the  form o f  a g a in s t  ^  .
max ^ 5
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rhe f lo w  s i t u a t i o n  ch o sen  f o r  e x a m in a t io n  i s  one where th e  n o z z le  

d ia m e te r  ( d J  i s  0 .0503m , th e  a v e ra g e  e x i t  j e t  v e l o c i t y  Uj^v,N 

8 5 . 04ms  ̂ and th e  e x i t  from t h e  j e t  i s  a t  a  h e i g h t  b = 0 . 67m above 

th e  im p e r io u s  s u r f a c e .  P o rch  e t  a l  p l o t s  f o r  th e  c r o s s 

s tr e a m  v e l o c i t y  p r o f i l e s  a t  r / b  = 0 . 7 5 , 2 .0  and 2 . 7 5 , and th e  maximum 

v e l o c i t y  -and growth r a te  r e l a t i o n s h i p s a r e  shown by cha in  

d o t t e d  l i n e s  i n  f i g u r e s  6 . 3  to  ,6 r e s p e c t i v e l y .

Pour d i f f e r e n t  c o m p u ta t io n a l  s i m u l a t i o n s  o f  the  s p e c i f i e d  r a d i a l  

w a l l  j e t  a r e  p r e s e n t e d  f o r  0 . 7 5 <^2. 75» They c o r r e s p o n d  to  th e  

two form s o f  mesh g r a d in g s  ' a '  and ’b ' ,  and th e  v e l o c i t y  g r a d i e n t  

l i m i t s  ' i ' and ' i i '  d e s c r i b e d  i n  s e c t i o n  6 . 2 .  In each s im u la t io n  the  

f o l l o w i n g  b o u n d a ry  c o n d i t i o n s  were s p e c i f i e d :

a j  a lo n g  th e  s t a r t i n g  c r o s s - s t r e a m  s e c t i o n ,  ac i n  f i g u r e

1 , th e  v e l o c i t y  was d e te rm in e d  from f c b e t h e c r e t i c a l ly
4^'4

d e r i v e d  r e l a t i o n s h i p  by G la u e r f .

and b) a t  th e  im p e rv io u s  s u r f a c e  and f r e e  edge , ab and cd  i n

f i g u r e  6 . 2  , th e  v e l o c i t y  h a s  been  s e t  to  z e ro  and

U /  10 r e s p e c t i v e l y ,  max •

Specimen r e s u l t s  from  th e  c o m p u ta t io n s  a r e  d e t a i l e d  i n  f i g u r e s  6 .3  

to  6 . 6 . The symbols used  a r e  d e t a i l e d  i n  t a b l e  6 .1 .  The maximum

d i s c r e o a n c i e s  be tw een  th e  p r e s e n t e d  p r e d i c t e d  and e x p e r im e n ta l  r e s u l t s  f o r  

r / b  = 0 . 7 5 , 2 . 0  and 2 .5  a r e  s p e c i f i e d  i n  t a b l e  6 . 2  j w i th  the

d i s c r e p a n c i e s  co n cern in g  th e  c r o ss - s tr e a m  v e l o c i t y  p r o f i l e s  

p r e sen te d  a t  z - » Ô ( t h e  im pervious su r fad e  ) and ^  - » 1 . 0 .
*5
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Table 6^2

Percentage  D i f f e r e n c e s

Percentage d i s c r e p a n c ie s  between l lred icted

and exper im enta l v a lu e s  o f :

Symbols

I1
TT
""max

a ; a t  r /b = 0 .7 5
I 3 '  °

^  = 1 .0  
%

Ù 2 . 8 6 . 0 5.1 10.0

O 0 . 9  . 2 .9 2 . 5

A - 2 . 9 - 1 . 0 - 1 0 .0 - 4 . 4

e - 4 . 6 - 3 . 9 - 9 . 2 - 1 4 . 1

3) a t  r /b = 2 .0
A

0 - 2 . 9 3.1 3 .5 5 .7

A

#
:;at r /b = 2 .5

A

- 2 .1  ■ - 2 . 6 - 7 . 7 - 6 . 2

0
A
#

3 . 5

- 4 . 2

3 . 2

- 3 . 0

2.1  

- 4 . 2

3 . 9

4 . 8



The p r e s e n te d  r e s i i l t s  show th e  m o d e l l i n g  t e c h n i q u e s  a b i l i t y  

to  p r e d i c t  t h e  v e l o c i t y  f i e l d  w i t h i n  t h e  r a d i a l  w a l l  j e t  

w i th  e r r o r s  the  orcter t e n  p e r c e n t .

The d i s c r e p a n c y  i n  th e  p r e d i c t i o n s  a r e  d e p e n d e n t  upon th e  

mesh g r a d i n g s .u s e d  i n  th e  s i m u l a t i o n s .  As p r e v i o u s l y  r e p o r t e d  th e  

mesh g r a d i n g  i s  d ependen t  upon th e  v e l o c i t y  g r a d i e n t  l i m i t  L , and 

z g r a d i n g  a t  th e  s t a r t i n g  c r o s s - s t r e a m  s e c t i o n .  And c o n s e q u e n t ly  

an a s se s s m e n t  o f  th e  c o r r e l a t i o n  b e tw een  th e  d i s c r e p a n c y  and mesh 

ne tw ork  g r a d in g  can  be o b t a i n e d ,b y  com par ing  p r e d i c t e d  r e s u l t s ,  

from th e  two form s o f  s t a r t i n g  c r o s s - s t r e a m  g r a d i n g ' a ' a n d  b^and 

v e l o c i t y  g r a d i e n t  l i m i t ' i ' a n d ' i i '  i n  s e c t i o n  6 . 1 ,  w i th  th e  

p r e s e n t e d  e x p e r im e n ta l  r e s u l t s .  'The p e r c e n ta g e  d i s c r e p a n c i e s  

shown i n  t a b l e  6 .2  p ro v id e  a  .-issessment o f  e f f e c t s

o f  t h i s  c o r r e l a t i o n .  I t  i s  i n t e r e s t i n g  to  n o te  t h a t  f o r  

2 . 0 ^ Ç / ^ 2 . 5 di th e  d i s c r e p a n c i e s  i n  t h e  p r e d i c t i o n s  a r e  a lm o s t  

t o t a l l y  d ep e n d en t  upon th e  v a lu e  t a k e n  by th e  v e l o c i t y  g r a d i e n t  

l i m i t .  As shown by th e  spec im en  co m p a r iso n s  o f  t h e  v e l o c i t y  p r o f i l e s  

a t  r / b  = 2 and 2 .5  , and th e  maximum v e l o c i t y  and j e t  w id th  

r e l a t i o n s h i p s  shown i n  f i g u r e s  6 .5  and .7  r e s p e c t i v e l y .

-



6 ,4  D iscu ssio n s

The m o d e llin g  te c h n iq u e  a c c u ra te ly  p re d ic te d  th e  tim e

averaged v e l o c i t y  f i e l d  w i t h in  the  r a d ia l  w a l l  j e t  i l l u s t r a t e d

in  f ig u r e  6 .1 ,  showing th a t  u se  o f  the m o d if ied  c o n se r v a t io n

eq u ation  6 .7  i s  v a l id  in  t h i s  p a r t i c u l a r  f lo w  s i t u a t i o n .  As

p r e v io u s ly  rep orted  the d iscrepancbG in  the p r e d ic t io n s  were

s l i g h t l y  dependent upon the g ra d in g  o f  the mesh network used in

th e  s im u la t io n s .  The r e a so n a b le  degree  o f  accuracy  obta in ed  was

n o t  unexpected f o r  two r e a so n s .  F i r s t l y ,  s e v e r a l  tech n iq u es

based upon the s i m p l i f i e d  c o n s e r v a t io n  e q u a t io n  6 ,7  have a c c u r a te ly

p r e d ic te d  the g r o ss  f low  p r o p e r t i e s  o f  r a d i a l  w a ll  j e t s .  Tfo

examples o f  such tech n iq u es  are  th o se  proposed by Glauert ^nd
3 6

Porch, Tsuei and Germak Tkàae use m athem atical methods based

upon the param etric  in t e g r a l  ' method d e sc r ib e d  in  chapter

two; and p r e d ic t  the v a r i a t i o n  o f  maximum v e l o c i t y  h e ig h t

to the  maximum v e l o c i t y  6 ^ ,and the h e ig h t  o f  the h a l f  maximum 

v e l o c i t y  5^. Secondly, a s e m i-e m p ir ic a l  r e l a t i o n s h i p  has been used  

w ith  the recommended m o d e l l in g  tech n iq u e  to e s t im a te  the entrainm ent  

r a te  a t  the f r e e  ed g e -a s  d e t a i l e d  in  s e c t i o n  6 .1 .  This r e l a t i o n s h i p ,  

d e s ig n a te d  eq u at ion  6 . 6 , was d e r iv e d  and v e r i f i e d  by Porch e t  a l  

in  t h e i r  study  o f  r a d ia l  w a l l  j e t s .  Such a r e l a t i o n s h i p  

supplements much o f  the in fo r m a tio n  r e l a t i n g  to th e  circum ferential  

spread o f  the  w a l l  j e t ,  th a t  was l o s t  in  the d e r iv a t io n  o f  the  

s im p l i f i e d  c o n s e r v a t io n  e q u a t io n  6 , 7 .



6 ,5  Recommendations

At t h i s  j u n c t u r e  i n  o u r  i n v e s t i g a t i o n s  two v a s t l y  

d i f f e r e n t  c o u r s e s  o f  a c t i o n  were a v a i l a b l e .  Ihe f i r s t  

i n v o lv e d  a c c e p ta n c e  o f  t h e  p r e s c r i b e d  m o d e l l in g  t e c h n iq u e ;

a l t h o u ^  v a l i d a t i o n  o f  t h e  c a l c u l a t i o n  p ro c e d u re  f o r  

s i m u l a t i n g  h e a t  and mass t r a n s f e r  i n  s p e c i f i c  f lo w  s i t u a t i o n s  

rem a in ed  to  b e  c o n s id e r e d .  T h is  a p p ro a c h  was a d o p te d  f o r  r e a s o n s  

t h a t  w i l l  be  d e t a i l e d  l a t e r *  The second  c o u rs e  in v o lv e d  t h e  c o n s t r u c t i o n  

o f  a  new te c h n iq u e '  f o r  s i m u l a t i n g  momentum t r a n s f e r ^  w hich would 

be  b a se d  upon a  more c o m p reh en s iv e  s e t  o f  e q u a t i o n s ,  sa y  6 .1  and 

. 2 , and u s e  m easured  s e r a i - e m p i r i c a l  t u r b u l e n c e  i n f o r m a t io n  to  

o b t a i n  a  s o l u t i o n .  There  a r e  t h r e e  r e a s o n s  f o r  recom mending th e  

f i r s t  c o u rs e  o f  a c t i o n .  F i r s t l y ,  t h e  " d e s c r ib e d  m o d e l l in g  t e c h n iq u e  

seems c a p a b le  o f  a c c u r a t e l y  s i m u l a t i n g  t u r b u l e n t  momentum t r a n s f e r  

i n  r a d i a l  w a l l  j e t s .  S e c o n d ly ,  th e  t u r b u l e n c e  in f o r m a t io n  r e q u i r e d  

by t h i s  m o d e l l in g  t e c h n i q u e ,  u h i c h  re la te< ; to  t h e  e f f e c t i v e  i

Schm idt and P r a n d t l  num bers , can  be d e r i v e d  from r e a d i l y  a v a i l a b l e  pheno- 

m e n o lo g ic a l  t h e o r i e s ;  w hich  may be  a d a p te d  f o r  u se  i n  more complex 

f lo w s .  T h i r d l y ,  th e  a l t e r n a t i v e  c o u rs e  o f  a c t i o n  i s  q t  p resen t  unreo Iistic 

p r o p o s i t i o n ,  b e c a u s e  of t k  v a s t  amount o f  t u r b u l e n t  i n f o r m a t io n  

t h a t  m ust be ac cu m u la te d  b e f o r e  a  s o l u t i o n  can  be o b t a i n e d .



c h a p te r  7

Mass T ransfer  Rates

The in t e n t  o f  t h i s  chapter  i s  to  show th a t  the m od e ll in g

techn iqu e  u s in g  an i n t e r a c t i v e  scheme can a c c u r a te ly  s im u la te

the tu r b u le n t  mass t r a n s f e r  r a t e s  in  an in c o m p r e ss ib le  r a d ia l  w a l l  j e t .  

A8; t h i s  f low  was moving th e  momentum t r a n s f e r  r a t e s  were a l s o  s im u la te d .  

The accuracy  o f  the m od ell in g  techn ique i s  a s s e s s e d  by

comparing the com putational r e s u l t s  with those  ob ta in ed  from an

experim en ta l s tu d y  o f  a N itrogen  Oxygen r a d ia l  w a ll  j e t .  F u l l

d e t a i l s  and r e s u l t s  from t h i s  s tu d y  are d escr ib ed  in  appendix 4; and

a b r i e f  rev iew  i s  p resen ted  in  s e c t i o n  "!. The methods used

to  d e f in e  the p h y s ic a l  p r o p e r t ie s  required  in  the com putational

s im u la t io n s  -  the d e n s i t y ,  and e f f e c t i v e  v i s c o s i t y  and Schmidt number 

o f  the working f l u i d  -  are d er iv ed  from the works o f  o th er  a u th o r s ,  

and are d esc r ib e d  in  s e c t i o n  2 .  Specimen com putational r e s u l t s  

are  compared w ith  the  measured data  in  s e c t i o n  J>, F i n a l ly ,  i n  

s e c t i o n  4 the c o n c lu s io n s  o f  t h i s  study are g iv e n .

7 . 1 .  Review o f  Experim ental Study

The s tu d ie d  r a d ia l  w a l l  j e t  Was part o f  a f lo w  produced by the

normal impingement o f  a N itrogen  j e t ,  exposed to  the atm osphere,

onto a f l a t  im pervious s u r f a c e .  A schem atic  r e p r e s e n t a t io n  o f  the  

f l o w  l a  p r e s e n t e d  i n  f i g u r e  7 . 1 .  T he n o z z l e  i s  0 .0 1 m  a b o v e  t h e

im p e r v i o u s  s u r f a c e  a n d  h a s  a n  i n t e r n a l  d i a m e t e r  o f  0 .0 2 m .  B y

a d j u s t m e n t  o f  t h e  f l o w  r a t e  t h e  R e y n o ld s  n u m b er o f  t h e  j e t  w a s

m a in t a in e d  a t  9  x  10^  throughout th e  s tu d y .
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The measured c r o s s - s t r e a m  v a r ia t i o n s  o f  the time averaged  

r a d ia l  v e l o c i t y ,  and Oxygen and M trogen  c o n c e n tr a t io n s ,  at r a d i i  o f  0 .0 5  

0 .0 7 5   ̂ 0 . 1 ,  0 .1 2 5 ,  0 . 1 5 ,  0 ,1 7 5  and 0.2m are p resen ted  in  f ig u r e s

7 .2  to  .7  r e s p e c t i v e l y .  Table 7 .1  d e t a i l s  the  symbols used in  these  

f i g u r e s .  (  The r a d ia l  v e l o c i t y  was meas'ured w ith  the a id  o f  hot  

w ire anemone t e  ry ' and the  s p e c i e s  c o n c e n tr a t io n s  ■ by. mass-

spectro^copy. )

Table 7 .1

Symbol

à

7

O

Time Averaged P r o p e r t ie s  

U ( r a d i a l  v e l o c i t y )

( g r a v im e tr ic  c o n c e n tr a t io n  o f  Oxygen)
2

(g r a v im e tr ic  c o n c e n tr a t io n  o f  N itrogen)
‘ 2

Table 7 .2

Symbols for:

u
“o

2

f ? 9

$ Ï f

7 Q

f f f

h . i the width o

^ , 2 Fr

1 .1 9

S i ^ i / i o 5

le r a d i a l  w a l l  j e t  a t  r = 0.0^7m

1.12

10'

10 '

10'

10'

-  /6-y. -
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7 . 2 .  P h y s ic a l  P r o p e r t ie s

In the  com putational s im u la t io n s  o f  the s p e c i f i e d  r a d ia l  

w a ll  j e t  the  f o l lo w in g  p r o p e r t i e s  have been su p p lied :

a) the d e n s i t y  o f  the m ixture,

b) e f f e c t i v e  v i s c o s i t y  o f  the m ixture ,

and c) the e f f e c t i v e  Schmidt number o f  the c o n s t i t u e n t  g a s e s .

The d e n s i t y  o f  the m ixture has been e s t im a te d  from the  

equation  o f  a p e r fe c t  gas:

(7 .1

; where the s u b - s c r i p t s  and 0^ r e f e r  to  N itrogen  and Oxygen 

r e s p e c t i v e l y .

The e f f e c t i v e  v i s c o s i t y  has aga in  been determ ined using  

the communicative law:

T 'e f f  “ / t  ’■ ( 7 .2

-  p r e v io u s ly  d e t a i l e d  in  chapter  3« With the tu rb u len t  v i s c o s i t y

determined from the model p o s tu la te d  by Lauder and Spald ing  -  a l s o  

d escr ib ed  in  chapter  3 ‘ The m olecu lar  v i s c o s i t y  y.^ i s  determ ined

a  '  + (P i "Jog ; ( 7 - 3

w ith  the m o le c u l a r ^ v i s c o s i t i e s  o f  N itrogen  and Oxygen
45

read from t a b le s  p u b lish ed  by Rogers and Kayhew “ .

Near the im pervious su r fa c e  the e f f e c t i v e  Schmidt number Sc
e f f

has been est im ated  from the  r e la t io n s h ip :

so  = SCj,. 3c^ (;i^ ( 7 .4
e f f  = 30^ + 30^

where Sc^ and Sc^ r e p r e se n t  the  m o le c u la r  and tu r b u le n t  Schmidt 

numbers. This r e la t io n s h ip  i s  based upon a h y p o th e s is  put forward by 

among o t h e r s ,  S p a ld in g -B .a ta n k a r ,  th a t  the  tu r b u le n t  and m o lecu lar
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c o n t r ib u t io n s  to "Sie e f f e c t i v e ,  or  t o t a l ,  Scnmidt number o f  the 

f lu i d  are a d d i t iv e ;  and each has a p r e scr ib e d  c o n s ta n t  v a lu e .  Over 

the remainder o f  the f lo w ,  where jH x»_u;) ,the  Schmidt number o f  th e  

f l u i d  has been assumed equal to  i t ' s  tu r b u len t  component S c ^ .

itie  tu r b u len t  Schmidt numbers f o r  t litrogen  and Oxygen 

have been assumed c o n s ta n t  throughout the r a d ia l  w a ll  j e t .  This

assum ption was used by S p a ld in g -P 'a fa n k a r  in  r e fe r e n c e s  ^6 and ^
"  47

7' ; and conforms to  the t e n t a t i v e  exper im en ta l f in d in g s  o f  Robertson  
/48

and Old in  t h e i r  s t u d ie s  o f  wake f lo w s .  The v a lu e s  p r e sc r ib e d

th e se  numbers are, from R o b e r tso n ,(S c ^ )^  = 0 .7  and (SC^)^ = 0 .7 1 .

The m olecu lar  Schmidt numbers jwere looked  up from t a b le s  p resen ted
4S

by Roger and Mayhew

7 , 3 . Comparisons With E xperim enta l R e su lts

Four d i f f e r e n t  com p u ta tion a l  s im u la t io n s  o f  the r a d ia l  w all  

j e t  f low  uetuiled  in s e c t i o n  7*1 are  p r e s e n te d .  The s p e c i f i e d  flow  

has been s im u la ted  in  the  r e g io n  where 0 .0 4 ?  ^ r ( 7 0 .2m. Two grad ings  

f o r  z a t  the s t a r t i n g  c r o s s - s t r e a m  s e c t io n ,a n d  two v a lu e s  o f  the  v e l o c i t y  

gr a d ien t  l i m i t ,  have been used to provide  the fou r  s im u la t io n s .

At the s t a r t i n g  c r o ss - s tr e a m  s e c t i o n  o f  th e ^ a d ia l  w a ll  j e t  , ac in  

f ig u r e  7 . 9 , the grad ing  o f  the s p a c ia l  o r d in a te  z was e s t a b l i s h e d  

w ith  eq u ation  6 .8  ,* w ith  the  c o n s ta n t s  z,  ̂ t a k in g  the

f o l lo w in g  v a lu e s :



a)  ̂ -  0 . 0 ,  z  ̂ 2 = and Ft -  1.121

( 7 . 5

b) z  ̂  ̂ = 0 . 0 ,  z ^^2 = & i^ i/1o5  and Pr -  1. 196

where 5  ̂  ̂ i s  the width o f  the f low  a t  t h i s  s e c t i o n .  As b e fo r e  

the v e l o c i t y  g r a d ien t  l i m i t  L was s e t  a t  v a lu e s  o f  10^ and 10 ^ - o s  

prescribed in  chapter  fo u r .

In each s im u la t io n  the f o l lo w in g  boundary c o n d i t io n s  were used to 

s p e c i f y  the e x te n t  o f  the  r a d ia l  w a l l  j e t .  Ihe exper im en ta l r e s u l t s  

p resen ted  in  f ig u r e  7 .1 0  were used to cie^'atL, the p r o p e r t ie s  a lo n g  the  

s t a r t i n g  c r o ss -s tr e a m  a t  r=0.047m. At the  f r e e - e d g e  the r a d ia l  v e l o c i t y

was s e t  to 0 .01  U , where U i s  the maximum v e l o c i t y  a t  th a t  max max

p a r t ic u la r  c r o ss - s tr e a m  s e c t io n ;  and the g r a v im e tr ic  c o n c e n tr a t io n s  

o f  N itrogen  and Oxygen s e t  to  0 .7 3  and 0 .2 3  r e s p e c t i v e l y .  Along  

the im pervious s u r fa c e  the la d ia l  v e l o c i t y  was s e t  to  

z e ro ,  and the N itrogen  and Oxygen c o n c e n tr a t io n  p r e scr ib e d  v a lu e s  

shown i n  f ig u r e  7 .1 1 .  The two l i n e s  shown in  t h i s  f ig u r e  d e t a i l  the  

measured v a r ia t io n  o f  N itrogen  and Oxygen a t  the im pervious s u r fa c e ;  

the symbols used are  d e t a i l e d  in  t a b le  7 . 1 .
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Specimen r e s u l t s  from th e  com putational s im u la t io n s  a t  

r a d i i  o f  0 . 0 5 , 0 . 1 ,  0 . 1 5  and 0.2m are  p resen ted  i n  f i g u r e s  7 .1 2  

to  .15  r e s p e c t i v e l y .  The symbols used in  t h e s e  f i g u r e s  are

d e t a i l e d  i n  t a b le  7 . 2 .  The p ercen tage  d i f f e r e n c e s  between

the D red ic ted  and ex p er im en ta l  r e s u l t s  a t  z = 0 , 6^ and 6^

are d e t a i l e d  i n  t a b le  7 . 3 .  ( t h i s  t a b le  r e p r e s e n t s

the  r e a l  h e ig h t  z a t  which the  v e l o c i t y  i s  a maximum; and 6^

i s  the h e ig h t  a t  which th e  v e l o c i t y  i s  Umax w ith
2

% >  h  - )
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csosâ sTSLSAM mm vkrm tm  a t  r  -  0 . 2Oa

mo . 025

FICJR3 7 .1 'J



II

N

O LA
O

LA
d

LA LA
d

o o o A A A A- A- A A
(\J o O rH1 O rH1 rH1 1 A1

pHra
-u>G
g•HG
&
'J
X5
G
G

-G
0)

+JCJ-H"G0)G

O-G-u
GG
G
3

j->
G

G
GGG
GV-t

G

(M
:T)

A-
d

o u-\

d
co
d

LA
r H

I

o
rH

I

'—I O

I—I
-J-

d
A-
d

rA
d

rA
d

o
d

o
d

O O A o A A- 1—1 O A A O A A UA A O oII (—1 O rH O rH O-J 1—1 1—i A rH 1—1 rH rH 1-1 1—1N 1 1 1 1 1 1 1 1

m
G3 A A A A A- A o O A o O A O C O oII O O O O O O A -H r—\ rH r-t O 1-1 rH OJ (AiM 1 1 1 1 1 1 1 1

Cù A A A A VO O <30 A O A CO A A A AII O O O O f\J N'N rH Ĉ} O O O O O O O
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In the  r e g i o n  o f  t h e  r a d i a l  w a l l  j e t  where U . O S ^ j r ^ O . i ) #  

t h e  d i s c r e p a n c i e s  in  t h e  p r e d i c t e d  n r o p e r t i e s  a r e  d e p e n d en t  upon 

the  mesh g r a d i n g  o f  z , a t  t h e  , s t a r t i n g  c r o s s - s t r e a m  s e c t i o n ,  

and v e l o c i t y  g r a d i e n t  l i m i t  u sed .  1 measure  o f  t h i s  c o r r e l a t i o n  

i s  p rov id ed  by t h e  co m p a r i s o n s  o f  v e l o c i t y  and g r a v i m e t r i c  

c o n c e n t r a t i o n s  o f  P i t r o g e n  and Oxygen a t  r  = 0 . 0 5 .  0 .1  and 0.15m 

shown i n  f i g u r e s  7 . 12 , .  13 and . 14 . ' f u r t h e r  e v id e n c e  i s  p r o v id e d

by the p e r c e n t a g e  d i s c r e o a n c i e s  p r e s e n t e d  in  t a b l e  7 . 3  •

Over the r e m a i n d e r  o f  t h e  f low,  where 0 .1 5  0.20m, t h e  d,\&c.v'?pancy

IS only rotiCGal 'i^ ■ d e p e n d e n t  upon t h e  v e l o c i t y  g r a d i e n t  l i m i t .

AS shown by tne  c o m p a r i s o n s  o f  t h e  c r o s s - s t r e a m  v e l o c i t y ,  and 

g r a v i m e t r i c  N i t ro g e n  and oxygen p r o f i l e s  a t  x = 0 .1 5  and 0.2m in  

f i g u r e s  7 .13  3.nd . 1 4 .  Again t h e  p e r c e n t a g e  d i s c r e p a n c i e s  i n  

t a b l e  4*3 v e r i f y  t h e s e  f i n d i n g s .

7.4  Conclusions

The recommended m o d e l l i n g  t e c h n i q u e  s u c c e s s f u l l y  s i m u l a t e d  the  

m easu red  t ime a v e ra g e d  v e l o c i t y  and c o n c e n t r a t i o n  f i e l d s  o f  the r a d i a l  w a l l

j e t  s t u d y  d e t a i l e d  i n  a p p e n d ix  46ur  . I h e  d i s c r e p a n c y  b e tw een  t h e  

p r e d i c t e d  and e x p e r i m e n t a l  r e s u l t s  wos- l e s s  t h a n p e r c e n t ,  which 

was c o n s i d e r e d  s u f f i c i e n t l y  a c c u r a t e  f o r  most  e n g i n e e r i n g  p u r p o s e s .

T h i s  r e s u l t  v e r i f i e s  t h a t  t h e  p o r t i o n ^ o f  t h e  m o d e l l i n g  t e c h n i q u e  u s e d  

f o r  s i m u l a t i n g  t u r b u l e n t  momentum and mass t r a n s f e r  were s a t i s f a c t o r y  

i n  t h i s  p a r t i c u l a r  f low  s i t u a t i o n .



C hapter f ig h t '

Heat Transfer R ates

The purpose o f  th e  work d e t a i l e d  i s  to  i l l u s t r a t e  th a t  the  

m o d e ll in g  techn iqu e  p resen ted  in  ch ap ter  fo u r  can a c c u r a te ly  

s im u la te  h ea t  t r a n s f e r  r a t e s  in  a s p e c i f i e d  tu r b u le n t  r a d ia l  w all  

j e t .  As t h i s  f low  i s  a l s o  moving a t  h igh  speed , and c o n ta in s  more than 

one s p e c ie s  o f  g a s ,  momentum and mass t r a n s f e r  r a t e s  have a l s o  been 

s im u la te d .

The accuracy  o f  the m o d e l l in g  tec h n iq u e  i s  a s s e s s e d  by comparing 

the  com putational r e s u l t s  from the m o d e l l in g  tec h n io u e  w ith  those  

from an experim ent. A rev iew  o f  t h i s  experim ent i s  

presen ted -  in  s e c t i o n  1; -the f u l l  d e t a i l s  and r e s u l t s  , 

obta ined  are g iv e  in appendix 5 . The methods used to d e f in e  one 

p n y s ica l .  P rop er t ie s  o f  the s im u la ted  f low  a r e  s p e c i f i e d  i n ' s e c t i c r .  2. 

^he accuracy  o f  nresen ted  c o m p u ta t io n a l- p r e d ic t io n s  are d is c d sc e d  in  

s e c t i o n  3, and in  s e c t id n  4 the  performance a f  •the m o d e ll in g  tecnnique  

i s  assessed  .

3.1 Experiment

The s tu d ie d  im pinging f lo w  was produced by the normal impact o f  an 

Argon j e t  on to a f l a t  im perv ious s u r fa c e ;  th e  f r e e  edge o f  the  

f lo w  was exposed to  the  atmosphere -  a s  shown in  f ig u r e  9 .1 .A  An 

a p p r e c ia t io n  o f  the momentum, mass and h e a t  t r a n s f e r  r a t e s  w ith in  

t h i s  f lo w  were ob ta in ed  by mapping th e  time averaged v e l o c i t y ,  

s p e c i e s  c o n cen tra t io n -a n d  tem perature f i e l d s .



FIGURE 3.1



PLASIvlA TORCH

FIGURE 8 .2



The., argon j e t  was produced w ith  a plasma torch  o f  the type  

sho’wn in  f i g u r e  8 .2 ;  a t  the e x i t  from the to r c h  the plasma had a mean 

tem perature o f  approxim ate ly  7*5 x 10^ K. Throughout the experim ent  

the  f low  r a te  o f  Argon in to  th e  to rc h  was m ainta ined  a t  7 .1  x 10 ^'

The n o zz le  had a d iam eter  o f  0 .005m , and the  d i s ta n c e  between the  

s u r fa c e  and e x i t  from the  plasma to rc h  was s e t  a t  0.04m. The 

j e t  impinged norm ally  on to a  c i r c u l a r  im perv ious  s u r fa c e  o f  0 .5 #  

d ia m eter ,  which had been ground f l a t  to  w i t h in  -  0.0002m.

The c o n c e n tr a t io n  o f  the  g a s e s  w i th in  th e  im pinging f lo w  -  th a t  

i s  o f  Argon, N itrogen  and Oxygen -  were measured w ith  a mass-  

sp ec tro m eter  and s u i t a b l e  probe. The time averaged tem perature  

was measured u s in g  therm ocouple s e n s e r s  made from n ic k e l  chromium and 

Nickel a l ’-ir.inlum w ir e s ,  jc cx s u i t a b l e  measurement d e v ic e .  The 

r a d ia l  U and v e r t i c a l  f  v e l o c i t i e s  o f  the f lo w  were deduced from the  

dynamic p r e ssu re  which was measured w ith  a p i t o t  s t a t i c  tube 

th a t  conformed to  B r i t i s h  Standard 1042 part  2 a . .

The measured v a r i a t i o n  o f  the  t im e averaged  v e l o c i t y ,  s p e c ie s  

c o n c e n tr a t io n  o f  Argon, N itrogen  and Oxygen, and tem perature are  

p resen ted  in  t h i s  s e c t i o n .  These r e s u l t s .w h i c h  are used to  ' 

v a l i d a t e  the recommended m o d e l l in g  te c h n iq u e ,  are ex p la in e d  and 

d is c u s s e d  in  the  exp er im en ta l  s tu d y  d e t a i l e d  in  appendix 5- The 

f ig u r e  numbers, and r a d i  a t  which the  ex p er im en ta l  r e s u l t s  were measured 

are  g iven  in  t a b le  8 ,1  th e  symbols used  throughout are  d e t a i l e d  

in  t a b le  8 . 2 .



T able 8.1

R ad ii  /r,) F igure  No,

0.0  8.3

0 . 0 0 2 5  8 .4

0 . 00 5  8 . 5

0 .0 0 7 5  8 . 6

0.01 8 .7

0 .0 1 5  8 . 3

0.02  8.9

0 . 0 3  8 . 1 0

O.Od 8.11

0 . 0 5  8 . 12

0 . 0 6  8 .15

0 .0 7  8 . 1/

0 .03  8 .15

0 . 0 1  8 .16

0 . 1 0  8 .17

0.11 8 .19

0 . 12  8 .19

0 . 15  8.20



T ab le  8 .2

Symbol [ P r o p e r t i e s

V ( V e r t i c a l  v e l o c i t y )

; ü ( H o r iz o n ta l  v e l o c i t y )

o  i T (T em perature)

V  1 %
(G r a v im e tr ic  c o n c e n tr a t io n )  

o f  Argon

°  j
(G r a v im e tr ic  c o n c e n tr a t io n )  

o f  Oxygen

A  !1
\ "^2

(G r a v im e tr ic  c o n c e n tr a t io n )  
o f  N itro g e n

-



(mm)

3 0

20

10

0
f T 1
0

0 1000
I-------------------------------------- r -
0 50

CRCS:^STP.3AM FIO'T rA T T -5î’.' AT T = O.Ow

100

mj

T (”C)

V (ms”’ )

FIGOHB 8 .3



^ (m m )

r 1
0
r~
0

0 50

1 mj

1000 T (°C)

100 U8V(ms“’)

C'?0S:>-3TR.Î,\;' FLOT PATT3»; r ,  0 . OOJÇn

-/'«as-

IIGÜRS 12



z  
Cm m)

r
0

0

0 50

1 m;

1000 T(®C)

100 (J &V I ms-  ̂ )

CHOS.S-STRSAJ1! TOW PATTERN AT r 0 . 0 0 ^

-x3o- 9»3



^  (mm)

r T 1
0

r
0

0

1 mj

1000 TCO

1 0 0  U & V ( m s “ ’ l

CR033-5TRS4M FLOW PATTHifT AT r  .  Q.0075m

- / 2 / - FTGIÏÏ5- 3 .6



■(mm)

-o
f 1T

0

0

1 m:

0 5 0

1 0 0 0  T ( ° C )

~ Î 0 0  U & V f m s - ' ' )

r a o s 3 - .^ r r - i \ ! ^  ft>ow p A r r r a r . a t  r  •  o . o i o m

FIGURE 8 .7

—



‘(mm)

30[A

r T

0
r
0
r
0 5 0

CRC3S-STRKU,Î FLOW PATTERN AT r  = 0.015m

1 m*.

1 0 0 0  T( ° C)

1 0 0  U & V ( m s - i )

PIGÜH3 8 .3



1)

100 200 3 0 0

TO nrij

l o 20
—t
3 0

U
{ms""')

CHOSS-STSSAM FLOW PATTERN AT r -  0.02m

FiGima 8.9



(mm)

20 -

10 -I

0 100 2 0 0  T ( ° C )

0 1 m-,

G
—T" 
10

CR0G3-STREAM 710^  PATTERN AT r = 0.03%

FIGURE 8.10



z
( m m )

2 0 1

1 0 -

200100 2 0 0  T( ° C)

0 0 5 TO mj

I------------------------------------------1---------------------------------
0 10

CHCS5-STREAJI ÏL07I PArjrTtM AT r  » O.Ojm

20 U(ms“M

PIO raE 8 .11



(mm)

100 150
T ( °C )

0 5

CROSS-STREAM FLOW PATTERN A? r  = O.OS*

FIGURE 8 .1 2



z
fm Tn)

3 0 i

20-^

1 0 -

0 ■ ............... - 1 ■ ■..........  0 |
0 50 100 T (°C)

1
0

r ■ ■

1

---j. -----  —

1
10 m|

0
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8 ,2  R iy a ic a l P r o p e r t ie s

To s im iila te  the s p e c i f ie d  r a d ia l  w a ll j e t  the fo l lo w in g  

p r o p e r tie s  must he s u p p lie d  to  the m o d ellin g  tech n iq u e:

a ) th e  d e n s i t y ,  e f f e c t i v e  v i s c o s i t y  and P ra n d tl number 

o f  th e  m ix tu r e ,

and b ) th e  e f f e c t i v e  Schm idt numbers fo r  th e  c o n s t i t u e n t  gas  

in  th e  m ix tu r e .

In th e  co m p u ta tio n a l s im u la t io n s  th e  d e n s ity  o f  th e  m ix tu re  i s  

determ ined from th e  eq u a tio n  o f  a p e r fe c t  gas:

In t h i s  e q u a tio n  th e  s u b s c r ip t s  Ar, 2nd 0^ r e f e r  to  Argon, 

N itrogen  and Oxygen r e s p e c t iv e l y .

The e f f e c t i v e  v i s c o s i t y  h as been determ ined by th e  a d d i t iv e  

p ro c e ss  d e sc r ib e d  in  c h a p te r  th r e e  -  namely

+ A  1 8 .2

The m o lecu lar  v i s c o s i t y  was determ ined from th e v i s c o s i t i e s ^ o f  

the c o n s t i t u e n t  g a s e s ,  a s  p r e sc r ib e d  by Rogers and Mayhew^^, in  th e  

f o llo w in g  manner:



The tu r b u len t v i s c o s i t y  has been e s tim a te d  w ith  the model.

proposed by Lauder -  S p a ld in g ,a rd  p r e v io u s ly  d e s c r ib e d  in  ch a p ter  5»

In t h is  tu r b u len ce  model the c o n sta n t and A  ̂ are^from  C e b e c i's  

20work j p r e sc r ib e d  th e  v a lu e s  0 .4  and 26 , 0  r e s p e c t iv e l y .

C lose to  the im pervious su r fa c e  the e f f e c t i v e  p r a n d tl number o f  the  

m ixture was a s s e s s e d  w ith  the com m unicative law:

^  1 • T e f f

/ " e f f  " f t  • ( 8 .4

where Pr^ and Pr^ r e p r e se n t  the m o lecu la r  and tu r b u le n t  P randtl 

numbers. T h is r e la t io n s h ip  i s  based upon a h y p o t h e s is ,  put forward  

by among o th e r s  S p a ld in g  Patankar, th a t  th e  tu r b u le n t  and m o lecu lar  

c o n tr ib u t io n s  to  th e  e f f e c t i v e ,  or  t o t a l ,  P ra n d tl number o f  the  

f lu i d  are a d d a tiv e ;  and each has a p r e sc r ib e d  c o n s ta n t  v a lu e . Over 

the rem ainder o f  th e  flow  the e f f e c t i v e  P ra n d tl number o f  the m ixture was 

assumed equal to  i t ’s tu r b u len t component Pr^, The m o lecu lar  P ran d tl 

number fo r  the m ixture was determ ined  by a d a in g  th e  p roducts o f  th e  

ra o lecu lar-w eigh t & P ran d tl number o f  th e  in d iv id u a l  components -  t h i s  method

was used by S p a ld in g  and Patankar^ . The a lg e b r a ic  eq u a tio n  th a t r e s u l t s  
from the a p p l ic a t io n  o f  t h i s  method i s :

PTi .  (8.5

The tu r b u len t P ran d tl number o f  the m ixture Pr^ was e s tim a te d  from

49a m athem atical model proposed by C ebeci , which p o s t u la t e s  th a t:

/  - y / .  '

= r
® • ' ( 8. 6  

where (Pr .̂ ,

\ km

49
From C e b e c i’s  work th e  c o n s ta n ts  have th e  f o l lo w in g  v a lu e s :

A-] = 2 6 .0

= 0 . 40 ,

\  = 0 .44



C lose to  the im pervious s u r fa c e  the e f f e c t i v e  Schmidt number 

f o r  each in d iv id u a l gas in  th e  m ixtu re  has been determ ined from  

the comm&nicative law d e f in e d  in  ch a p ter  7 . That i s  c lo s e  to  the  

su r fa c e ;

s c t  ( f t  ,

e f f  * - ^ ^ ° t  /^ t^ °l (8 .7

and over  th e  rem ainder o f  th e  flo w :

S ° e f f  “ ^ ° t

Again the tu r b u len t Schmidt number was assumed c o n sta n t o v er  th e  

f lo w . The v a lu e s  p r e sc r ib e d  th e  tu r b u le n t  Schmidt numbei^were as  

fo llo w s ;

0 .7

( s c ^)q  ̂ .  0 .7 1

This d a ta  was e x tr a c te d  from th e  work o f  Robertson' ' and S p a ld in g -
»7

_'Patankar“ ” . The m o lecu la r  Schm idt numbers were looked up in  

ta b le s  by Roger and Mayhew .

8 .5  Comparisons

Four d i f f e r e n t  com p u tation a l s im u la t io n s  are p resen ted  fo r  the  

r a d ia l  w a ll j e t  regim e o f  the im pinging  flo w  d e t a i le d  in  

s e c t io n  1, The s im u la t io n s  are fo r   ̂ . 0 .0 4 ^ r ^ 0 .1 $ m  -  a s shown

in  f ig u r e  8 .2 1 . Comparisons betw een p r e d ic te d  and measured p r o p e r t ie s  

are used to a s s e s s  the adequacy and th e  accuracy o f  the  

m o d e llin g  tech n iq u e  in  t h i s  s i t u a t io n .
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The fo iir  s im u la tio n s  d i f f e r  in  th e  fo l lo w in g  r e s p e c t s .  F i r s t l y ,  

two d i f f e r e n t  grad in gs were used f o r  the s p a t ia l  o r d in a te  z a t  the  

s t a r t in g  c r o ss -s tr e a m  s e c t io n .  These g ra d in g s correspond  to  p o in ts  

a and b o f  e q u a tio n  4, S in  ch ap ter  6». S eco n d ly , two

v a lu e s  fo r  th e  v e lo c i t y  g r a d ien t l im i t  were u se d , t h e s e  v a lu e s  were 

10^ and 10^, and  were p r e scr ib e d  in  p o in ts  i  and i i  o f  ch a p ter

In  each s im u la t io n  o f  th e  r a d i a l  w a ll j e t  th e  boundary c o n d it io n s  

f o r  th e  p r e d ic te d  p r o p e r t ie s  /■. u )ere  d e f in e d  a lo n g  th e :

a )  s t a r t in g  c r o ss -s tr e a m  s e c t io n ,  a s  s p e c i f i e d  by ac 

. in  f ig u r e  3.21 ,

b ) f r e e  edge o f  th e  flo w  cd 

and c )  in p e r v io u s  su r fa c e  ab .

A long th e  s t a r t in g  c r o ss -s tr e a m  s e c t io n ,  a t  a r a d iu s  o f  O.Ofm', the

v a r ia t io n  o f  th e  r a d ia l  v e lo c i t y ,  Argon, N itro g en  and Oxygen 

c o n c e n tr a t io n s  and -.■ tem perature were o b ta in ed  from the  

exp er im en ta l r e s u l t s  p resen ted  in  s e c t io n  1 . At th e  f r e e  edge  

th e  ;

a )  r a d ia l  v e lo c i t y  was s e t  a t  one p e r c e n t  o f  the  

maximum v e lo c i t y  a t  t h a t  c r o ss -s tr e a m  s e c t i o n ,

b ) g r a v im e tr ic  c o n c e n tr a t io n s  o f  Argon, N itro g en  and 

Oxygen were s e t  to  0 .0 ,  0 .7 6  and 0 .2 3  r e s p e c t iv e ly

and c )  tem perature was p r e sc r ib e d  th e  v a lu e  303K

A long th e  im perv ious su r fa c e :

a ) th e  r a d ia l  v e lo c i t y  was s e t  to  z e r o ,

b ) th e  g r a v im e tr ic  c o n c e n tr a t io n s  o f  Argon, N itro g e n  and 

Oxygen were assumed e q u iv a le n t  to: t h e ir  measured v a lu e s  

a t' z *  0,002m  -  a s  defined;^ in  f ig u r e  8 .2 2 ,  th e  sym bols 

used are  g iv en  in - t a b le  9 .2

and c ) the tem perature was s e t  a t  3Û5 K- -  fo r  rea so n s  d e t a i le d

in  the exp erim en t.
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. Specimen r e s u l t s  from th e  com p u tation a l s im u la t io n s  a t  r a d i i  

o f  0 . 0 5 , 0 . 0 7 , 0 .1  and 0 . 13m are  p resen ted  in  f ig u r e s  8 . 2)  

to  . 2b r e s p e c t iv e ly .  Table 8 . 3 d e t a i l s  th e  sym bols used  to  

r e p r e se n t  each s im u la t io n . The r e le v a n t  exp er im en ta l r e s u l t s  are  a ls o  

r e -p r e se n te d  in  th e se  f ig u r e s ,  and are d e s ig n a te d  by d o tted

l i n e s .  P ercen tage  d i f f e r e n c e s  betw een th e  p r e d ic te d  and ex p er im en ta l

e s t im a te s  o f  the flo w  p r o p e r t ie s  a t . v e r t i c a l  h e ig h ts z  = 5^

and . - are g iv e n  in  ta b le  8 . 4  6t ; r a d i i  o f  0 . 0 $ , 0 . 0 7 , 0 . 1  and 0 . 13m

Of the p resen ted  com p u tation a l r e s u l t s  th o se  w ith  a mesh

grad in g  s e t  u s in g  S /z  _ « 10^, and Fr = 1 . 19^and a v e lo c i t y
1 ,2

g r a d ien t l im i t  o f  10  ̂ are  th e  m ost a c c u r a te , the d is c r e p a n c ie s

betw een p r e d ic te d  and exp er im en ta l r e s u l t s  o f  l e s s  than  

p e r c e n t. An in d ic a t io n  o f  th e  p ercen ta g e  d is c r e p a n c ie s  from the  

p r e d ic t io n s  can be o b ta in ed  by r e f e r r in g  to the d ata  in  ta b le  9 .4 .

In the r e g io n  where 0 .0 $  < r  ^ 0.07m  th e  d iscrep a n cy  in  the

p r e d ic t io n s  are dependent upon both  th e  s t a r t in g  mesh grad in g  f o r  z , and 

v e lo c i t y  g r a d ien t l im i t  used in  the com p u tation al s im u la t io n . As 

shown by th e  specim en c r o ss -s tr e a m  r a d ia l  v e lo c i t y ,  c o n c e n tr a t io n  

and tem perature p r o f i l e s  a t  r  = 0 .0 $  and 0 . 07m in  f ig u r e s  8 .2 4  and 

.2 $ . More p r e c is e  ev id en ce  o f  t h i s  c o r r e la t io n  i s  provided  by the  

p ercen tage d is c r e p a n c ie s  betw een  p r e d ic te d  and experim en ta l 

p r o p e r t ie s  a t  z- = 8^ and 6^ in  t a b le  3 .4 .

Over th e  rem ainder o f  th e  f lo w , where 0 .0 7  r ^ 0 .1 3 m ,th e  cilSCi"ÇpQnc^

o n ly  dependent upon th e  v e lo c i t y  g r a d ien t l i m i t .

Ihe specim en r e s u l t s  a t  r  = 9 .0 7 »  0 .1 0  and 0 . 1 $m p resen ted  in  

f ig u r e s  8 .2 $ , and .2 7 ;  and th e  a s s o c ia te d  d a ta  in  ta b le  8 . 4  

corrob ora te  t h i s  c o n c lu s io n .
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B,4 C onclusions

The recommended m o d e llin g  tech n iq u e s u c c e s s f u l ly  s im u la ted  

the tim e averaged  v e lo c i t y ,  c o n c e n tr a t io n  and tem perature f i e l d s  

o f  th e  r a d ia l  w a ll j e t  stu d y  d e ta i le d  in  appendix f i v e .  The 

discrepancies between the p r e d ic te d  and exp er im en ta l r e s u l t s  were 

l e s s  than tw e lv e  p e r c e n t, which was c o n sid ered  s u f f i c i e n t l y  

a ccu r a te  f o r  m ost e n g in e e r in g  p u rp oses. This r e s u l t  v e r i f i e s  

th a t th ose  p o r t io n s  o f  the m o d e llin g  tech n iq u e  used -fot 

tu rb u len t momentum, mass and h eat t r a n s f e r  were s a t i s f a c t o r y  in  

t h is  p a r t ic u la r  flow  s i t u a t io n .

- 2 1 9 -



uhciyuer igine

Chemical R eaction

The in te n t  o f  the d esc r ib e d  work i s  to i l l u s t r a t e  th a t the p rescr ib ed

m o d e llin g  tech n iq u e cannot a c c u r a te ly  s im u la te  a s p e c i f ie d  tu r b u len t

r a d ia l  w a ll j e t  flow  in  which chem ical r e a c t io n s  o ccu r . (As t h i s

f lo w  i s  m oving -  the p r e v io u s ly  te s te d  p a r ts  o f  the tech n iq u e  fo r

p r e d ic t in g  momentum, mass and h ea t t r a n s fe r  r a te s  w i l l  a lso  be used

in  th e  s im u la t io n j .

The s p e c i f ie d  r a d ia l  w a ll j e t ,  and the measured tim e averaged

flo w  p a tte r n  w ith in  i t ,  a re  d e ta i le d  and b r i e f l y  d is c u ss e d  in

s e c t io n  1. The f u l l  experim ent used to  o b ta in  th e se  measured

r e s u l t s  i s  d e t a i le d  in  appendix 6 . In  s e c t io n  i2> the p h y s ic a l

p r o p e r t ie s  req u ired  by th e  m o d e llin g  tech n iq u e  are s p e c i f i e d ,  and

th e m ethods used to  e s t im a te  them d e sc r ib e d . The model used to  account

f o r  r a d ia n t energy t r a n s fe r  i s  not d e t a i le d  in  t h i s  s e c t io n ,  becau se

i t  i s  not in v o lv e d  in  th e  s im u la t io n . However, fo r  com p leten ess th e

typ e o f  r a d ia tio n  model th a t  cou ld  be used i s  b r i e f l y  d e s c r ib e d . T y p ic a lly ,

th e  model w i l l  a llo w  r a d ia n t energy to  t r a v e l  in  the stream w ise and

c r o ss -s tr e a m  d ir e c t io n s ,  and could  take account o f  lo c a l  e m iss io n ,

a b so r p tio n  and s c a t t e r in g  from grey b o d ie s . S p a ld in g -'P a ta n k a r  ' 7

. 51 '
and ^ h ite la w  and Khalut ‘ ‘ ' have used t h i s  type o f  t e c h n iq u e , and

c a l le d  i t  th e  ’ four f lu x  m odel. Comparisons betw een p r e d ic te d  and

exp er im en ta l r e s u l t s  are g iv e n  in  s e c t io n  3» arid in  s e c t io n  4 the

c o n c lu s io n s  o f  t h i s  in v e s t ig a t io n  are p r e sen te d .

9 .1  Experim ent

The s p e c i f ie d  f lo w  was produced by th e  normal impingem ent o f  

an a ir  j e t  on to a porous su r fa c e  through which a n a tu ra l gas 

was u a ss in g . An i l l u s t r a t i o n  o f  the exp er im en ta l la y o u t i s  shown in  

fig u re9 » 1 «  % e e f f e c t i v e  d iam eter o f  th e  porous su r fa c e  i s  0 . 25m, 

and i t  had a  r a d iu s  o f  cu rvatu re  o f  1 .75® . The in te r n a l  d iam eter

o f  the n o z z le  i s  0.004m; and the d is ta n c e  betw een th e  porous su r fa c e  

and n o z z le s  e x i t  i s  0.02m . . N atural gas c o n ta in s  M ethane, N itrogen

and Oxygen in  the fo llo w in g -g r a v im e tr ic  c o n c e n tr a t io n  0 .8 1 ,  0 .1 5  and
- 220 -
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The v o lu m e tr ic  f lo w r a te s  o f  A ir  and là t u r a l  üas were 

m ain ta in ed  a t  8.1 x 10  ̂ and 5 . 6 5  x 10 th r o u # io u t  th e

ex p er im en t.

The m easured v a r ia t io n  o f ’ th e  tim e averaged  v e l o c i t y ,  tem perature and 

c o n c e n tr a t lo n s o f  M ethane, O xygen, N itr o g e n , Carbon D io x id e , Carbon

M onoxide and fTater Vapour a t  r a d i i . o f  0 .0  to  0.11m

are p r e se n te d  in  f ig u r e s  9 .2  to  . 1 1 . The. sym b ols used  in  th e se

f ig u r e s  a re  p resen ted  in  ta b le  9 . 1 .

The accu racy  o f  t h i s  data h as been  checked by r e p e a t in g

th e  ex p er im en t, ’ihe d iscr e p a n c y  betw een th e  two s e t s  o f  a a ta  

was g r e a t e s t  a t  a r a d iu s  o f  U.Obm. The measured d ata  a t  t h i s

s e c t io n  i s  shown in  f ig u r e  9 .2 8 ;  th e  sym bols used are

d e t a i l e d  in  ta b le  9 . I ,  w ith  th e  f i l l e d  in  sym bols r e p r e s e n t in g  

one s e t  o f  r e a d in g s  and the open sym bols th e  o th e r  s e t .

The r e s u l t s  from the exp erim en t are r e -p r e s e n te d  in  f ig u r e s  9» 12 

to  .19  to  show th e  v a r ia t io n  o f  th e  measured p r o p e r t ie s  on a r a d ia l  s e c t io n  

through th e  f lo w . The tem peratu re f i e l d  i s  shown in  th e  background  

o f  f ig u r e s  9 . 1 5  to  .19 w ith  a d o tte d  l i n e ,  and p r o v id e s  a framework 

in  which to  d is c u s s  and exam ine th e  r e s u l t s .

-,Z 2 é ^ ~



The im p in g e m e n t  f low  c o n t a i n s  t h e  j e t ,  d e f l e c t i o n  and r a d i a l  w a l l  

j e t  r e g i m e s  shown i n  f i g u r e  9 * 2Q and i n  w h ic h  d i f f e r e n t  f a c e t s  6f  t h e  

t u r b u l e n t  t r a n s f e r  p r o c e s s e s  p r e d o m i n a t e .  I n  t h e  summary o f  e x p e r im e n ta l  

r e s u l t s  t h a t  f o l l o w s  th e  r a d i a l  w a l l  j e t  r e g im e  w i l l  be  c o n c e n t r a t e d  

u p o n ,  b e c a u s e  t h i s  i s  th e  p a r t  o f  t h e  f lo w  t h a t  h a s  b e e n  s im u l a t e d .

The w a l l  j e t  e x te n d s  f rom  r  *= O.OJm t o  0 .11m ; and  c o n t a i n s  

t h a t  p o r t i o n  o f  th e  f low  u n a f f e c t e d  b y  d i r e c t  c o n t a c t  w i t h  t h e  

i m p i n g in g  j e t .  I t  c o m p r ise s  t h e  c o m b u s t io n  and m ix i n g  r e g i o n s  

shown i n  f i g u r e  9* 20. Ih e  c o m b u s t io n  r e g i o n  c o v e re d  t h a t  p o r t i o n  o f  th e

f lo w  w h ere  c h e m ic a l  r e a c t i o n  b e tw e e n  M e th a n e ,  Carbon Monoxide and Oxygen 

o c c u r r e d .  E x p e r im e n ta l  r e s u l t s  i n  t h i s  r e g i o n ,  f o r  O.O65 ^ r  ^ 0 . 15m,

a r e  shown i n  f i g u r e s  9*8 to  . 1 1 .  The m o st  i m p o r t a n t  f e a t u r e  o f  

t h e  p r e s e n t e d  r e s u l t s  i s  t h a t  l a r g e  am o u n ts  o f  e x c e s s  M ethane and 

c a rb o n  M onoxide e x i s t e d  i n  t h i s  r e g i o n  -  s e e  f i g u r e  9 .1 4  and .1 8 ,  

r e s p e c t i v e l y .  I n d i c a t i n g  t h a t  t h e  co m b u s t io n  p r o c e s s  i n v o lv e d  

A :e than tand  c a rb o n  Monoxide r e a c t i n g  w i th  Oxygen t o  g iv e  c a rb o n

-p.??-



Table 9.1

Symbol

tP**

M eaning

m ainstream  v e lo c i t y U

<31 c r o ss -s tr e a m  ” V

e tem peratu re ” T

% g r a v im e tr ic  c o n c e n tr a t io n  o f  Methane

'ô I f  I f " Oxygen

B I f  f t " N itrogen m

9 I f  I f " Carbon D iox id e
'̂2

“ CO3

\0 I f  I f ” Carbon Monoxide ™C0
7 I f  I f " Water Vapour '^H,9
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D io x id e ,  Carbon Monoxide and unburnt r e a c ta n ts . .

The Mixing Region has been s u b -d iv id e d  in to  the  two zones a  and 3  

s p e c i f i e d  in  f ig u r e  9 .2 0 .  Zone A s e p a r a te d  the  combustion r e g io n  from the  

submerging a ir la n d  c o n seq u en t ly  Methane c o n c e n tr a t io n  d ecreased  as the frgg-  

0dc)(* wRjS/ approached -  ag .shown in  - f ig u r e  9 .1 4 .  Zone B occurred  between  

the porous su r fa c e  and low er stream w ise boundary o f  the combustion  

re g io n ;  t h i s  zone was r ic h  i n  Methane, b e c a u se .N a tu r a l  Gas' was pumped 

through the  porous s u r fa c e .  Both zones were h eated  by r a d ia n t  energy

t r a n s f e r  from the combustion r e g io n .

9 •2  P h y s ic a l  P r o p e r t ie s

To s im u la te  momentum, mass and h ea t  t r a n s f e r  r a t e s  w ith  chem ical  

r e a c t io n  the f o l lo w in g  p h y s i c a l  p r o p e r t i e s  must be known;

a) the d e n s i ty ,  . e f f e c t i v e  v i s c o s i t y  and e f f e c t i v e  Prandtl  

number o f  th e  m ix tu re ,  

and b) e f f e c t i v e  ochmidt number and r e a c t io n  r a t e s  o f  the 

c o n s t i t u e n t  g a s e s .

The e x p r e ss io n s  used to d e f in e  th e se  p r o p r t ie s  are summarized in  ta b le  9*2b 

The d e n s i t y  o f  the m ixture i s  determ ined from the e q u a t io n  o f  

a p e r fe c t  gas^ in  t h i s  case:

"“4 -2  "2 ( ; . i

2

The s u b s c r ip t s  CĤ » 0^» CO, 00^ and Ĥ O r e f e r  to  Methane,

N itrogen , Oxygen, Carbon Monoxide, Carbon D iox id e  and Water Vapour 

r e s p e c t i v e l y .
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The e f f e c t iv e  v i s c o s i t y  h as  been  d e te rm in e d  from  th e  com m unicative

law ;

A ’ (9.2

p r e v io u s l y  d e s c r ib e d  in  c h a p te r  t h r e e .  Again th e  tu r b u le n t  v i s c o s i t y

was determ ined  w ith  th e  model p o s t u la t e d  by Lauder and Spalding^, 

which  has been d e s c r ib e d  i n  c h a p te r  t h r e e .  The m o le c u la r  v i s c o s i t y  

o f  t h e  m ixture was determ ined  w ith  th e  acc u m u la t iv e

e q u a t io n :

The m olecu lar  v i s c o s i t i e s  o f  th e  c o n s t i t u e n t s  read o f f  t a b l e s  

g iv e n  in  r e fe r e n c e  L 5

: lo s e  to the im perv ious  s u r fa c e  the  e f f e c t i v e  y r a n d t l  Number o f  

tne  n i x t ’ure r.as been determ ined  from:

( 9 .5

-11 ,^ , r r t

d e s c r ib e d  and used in  c h a p te r  e ig h t .  Over th e  rem ainder o f  the  f lo w  the  

e f f e c t i v e  Prandtl number o f  th e  m ix ture  was s e t  to i t ' s  tu r b u le n t  

component. The m o le c u la r  P randtl  number o f  th e  m ixture^ was' 

determ ined from the v a lu e s  f o r  each c o n s t i t u e n t ,w i t h :

+ (“ -P t - ïî^o

where each Prandtl  number was read from t a b l e s  p r e se n te d  in  r e fe r e n c e  

. The tu r b u le n t  P ra n d t l  number o f  th e  m ix ture  Pr^ 

was e s t im a te d  w ith  th e  m athem atica l model p o s t u la t e d  by



C e b e c i  w h ic h  h a a  been  d e s c r i b e d  and u s e d  i n  c h a p t e r  e i g h t .

C l o s e  t o  t h e  im p e rv io u s  s u r f a c e  t h e  e f f e c t i v e  S c h m id t  number 

f o r  e a c h  i n d i v i d u a l  gas  has  b e e n  d e t e r m i n e d  f ro m  t h e  communica t ive  

l a w  7»4f  p r e v i o u s l y  used and d e s c r i b e d  i n  c h a p t e r  s e v e n ,  .Again t h e  m o l e c u l a r

45S c m n id t  number o f  each  ^ as  were looked  up f rom  t a b l e s  by hogers - i . ayhew 

However ,  t h e  d e a r t h  o f  s u i t a b l e  d a t a  r e l a t i n g  t o  t h e  t u r b u l e n t  Schmid t  

I h m b e r  i n r  c h e m i c a l l y  r e a d  t i n g - f l d w s , r e s u l t e d  i n  a  v a l u e  o f  0 . 7  » 

w h i c h  was l o o s e l y  e x t r a p o l a t e d  from t h e  work o f  R o b e r t s o n  , b e i n g  

u s e d  t h r o u g l i o u t .  Over t h e  r e m a i n d e r  o f  t h e  f l o w  t h e  e f f e c t i v e  

S c h m i d t  num ber  was s e t  to t h e  t u r b u l e n t  c o m p o n e n t .

I n  t h e  s i m u l a t i o n s - t h e  f o l l o w i n g  r e a c t i o n s  h a s  b e e n  a l l o w e d

i n  e a c h  e l e m e n t :

a .  CH^ + b.CO + G.COg + d.O^ = e.CH^ + f .GO + g .02  + h .C 02 ,

the^ c o e f f i c i e n t s  a  to  h r e p r e s e n t  t h e  am oun t  o f  e a c h  c o n s t i t u e n t  

i n v o l v e d .  To a c h i e v e  the  s i m u l a t i o n  o f  t h i s  r e a c t i o n  t h e  r a t e s  o f  ■

c h a n g e  o f  M e th a n e ,  Carbon Monoxide,  and Carbon D i o x i d e  must  be  s u p p l i e d .

I n  t h i s  c a s e  t h e  r a t e  o f  change  o f  e a c h  s p e c i e s  k ,  r e p r e s e n t e d  by 

i s  d e t e r m i n e d  w i th  an  A r r h e n i u s  r e l a t i o n s h i p  o f  t h e  type :

'  -* ‘lc « P  ^

w i t h  and  b e i n g  d e s i g n a t e d  t h e  f r e q u e n c y  f a c t o r  and a c t i v a t i o n  

e n e r g y  c o e f f i c i e n t s  r e s p e c t i v e l y .  I n  t h i s  work t h e s e  c o e f f i c i e n t s  

a r e  r e g a r d e d  a s  c o n s t a n t s  and d e t e r m i n e d  f ro m  p u b l i s h e d  d a t a  by

52K o n d a t^ e v  . Two c o n d i t i o n s  h a v e  b e e n  u s e d  t o  c o n t r o l  t h e

i m p l e m e n t a t i o n  o f  the  r e a c t i o n  e q u a t i o n  w i t h i n  a  f l o w  e l e m e n t .  F i r s t l y ,  

r f  t h e  m i x t u r e  t e m p e r a t u r e ' ^ a s  l e s s  t h a n  7 0 0 ° c ,  o r  t h e  a v a i l a b l e  

o x y g e n  l e s s  t h a n  t h r e e  p e r c e n t  by w e i g h t ,  no c h e m i c a l  r e a c t i o n  was 

a l l o w e d .  Secondfy , i f - i n s u f f i c i e n t  o x y g e n  was a v a i l a b l e  f o r

c o m p l e t e  r e a c t i o n  w i t h i n  a  f low  e l e m e n t  , t h e n  Methane  was a l l o w e d  

t o  r e a c t  g i v i n g  Carbon Monoxide-, and i f  Oxygen was s t i l l  

a v a i l a b l e  t h e  Carbon Monoxide was a l l o w e d  to  r e a c t .

-249-



9*3 Com parisons

îb u r  c o m p u ta t io n a l  s im u la t io n s  o f  th e  r a d ia l  w a l l  j e t  d e s c r ib e d  

i n  s e c t i o n  one were a ttem p ted  w ith  the new m o d e l l in g  te c h n iq u e .

E st im a tes  o f  th e  a c c u r a cy  o f  t h e  p r e d ic t io n s  were o b ta in e d  by 

comparisons w i th  measured d a t a .

The r a d i a l  w a l l  j e t  was s im u la te d  where 0 .0 6 ^  .^ r ^ 0 .1 1 m ;  t h i s  

a r e a - o f  f low  c o n t a in s  th e  com bustion and m ix in g  r e g io n s  

d is c u s s e d  i n  s e c t i o n  o n e ,an d  d e t a i l e d  in  f ig u r e  9 . 2 0 .

Along th e  c r o s s - s tr e a m  s e c t i o n  a t  r  = O.Oô^m th e  mainstream  

v e l o c i t y ,  s p e c i e s  c o n c e n tr a t io n s  and temperature were read from the
t

measured r e s u l t s  i n  f i g u r e  9*8 . Itie porous s u r fa c e  was assumed

iso th erm al a t  a tem perature o f  450^C. At the free  edge a i r ,  a t  87°C,

was assumed w ith  a mainstream v e l o c i t y  s e t  to  one p ercen t

o f  d 
max

Pour s im u la t io n s  o f  th e  r a d ia l  w a ll  j e t  were a t tem p ted ,  in  each  

s im u la t io n  th e  g ra d in g  o f  the  mesh network used to  co v er  t h e  r a d ia l  w a ll  

j e t  was v a r i e d .  The g r a d in g  o f  th e  mesh networks was v a r ie d  in  two ways, 

f i r s t l y , i h e  r e a l  d i s t a n c e  was v a r ie d  between th e  r a d i a l  p o in t s  a t  which 

the s t a r t i n g  c r o s s - s tr e a m  v e l o c i t y  p r o f i l e  was s p e c i f i e d .  -The 

r e la t io n s h ip  used  to  d e f in e  t h i s  grad ing  was o f  th e  form o f :

z

where i  -  3 , N .,an d  z ,  , , z  _ and Pr are c o n s t a n t s .  S . , i s  th e  widthJ ' 1 , 1 1 , ^ :  lyl

o f  the f lo w  a t  t h i s  s e c t i o n .  Two forms o f  t h i s  g r a d in g  were t r i e d ,  

they corresponded  to ;

a)  z ■ » 0 . 0 ,  z .  5 / ^ 0 ^  and Pr -  1 .1211.1 I , C 1,1

by z 0 . 0 ,  z ,  = 5 / l o 5  and J?r -  1 .1 9 6
1.1 1,1

secon d ly  , th e  f u n c t io n a l  r e l a t i o n s h i p  between t h e  non -d im en sion a l  

mesh stream  f u n c t io n  y" and the  stream fu n c t io n  (j/ was v a r ie d . '



'This-,r e la t io n s h ip  was d e f in e a  w itn  the  i n t e r a c t i v e  p art  o f  the  

m o d e ll in g  techn iqu e  -  as  d e f in e a  in  ch ap ter  f o u r ,  w ith  t h i s  part  o f  th e  

model the r e la t io n s h ip  between th e  mesh stream  fu n c t io n  and” i|) ” was 

a d ju s te d  u n t i l  the r a t e  o f  change o f  v e l o c i t y  w ith  the  non-d im ensional mesh 

_ stream  fu n c t io n  was not g r e a te r  than the v e l o c i t y  g r a d ien t  l i m i t .  In the  

s im u la t io n s  two v a lu e s  f o r  the  v e l o c i t y  g r a d ie n t  l i m i t  were t r i e d ;  

t h e s e  were;

i j  L * 10^ 

or i l ;  L = 10^

These v a lu e s  f o r  th e  v e l o c i t y  g r a d ie n t  l i m i t  were p r e s c r ib e d  in  

ch a p ter  fo u r .



T able 9 .3

Boundary

Impervious
s u r fa c e

Boundary C o n d itio n s

m

0 / 8 1

G ra v im e tric  c o n c e n tr a t io n s

m
CO

m
° 2

0.03

r a .
CO,

m

0,15

F ree-edge 0 .2 3 0 .7 6

Table 9 .4  

prop erty  

Property

m
CH.

"2
m.

mCO

3.0

1000°c

0 .5

0 . 1 2

0. 6

C.03

0 . 1

V alues a t  which p r e d ic t e d  d a ta  i s  
p r e sen te d

0 .5

700°C

0 .2 4

0 . 1 1

0 .3

0 .01

0 . 1 0 .0 3



In each s im u la t io n  the  e f f e c t s  o f  r a d i a n t  energy  t r a n s f e r  were 

n e g l e c t e d .  I t  had been e n v isa g e d  t h a t  t h i s  f a c e t  o f  the  energy  

t r a n s f e r  p r o c e ss  cou ld  be a l lo w ed  f o r  by r e - s i m u l a t i n g  the  f lo w ,  

and c a l c u l a t i n g  th e  r a d ia n t  energy w ith  t h e  f o u r  f l u x  model based  

upon th e  p r e v io u s ly  p r e d ic t e d  tem perature  f i e l d .  For r e a so n s  d e f in e d  in  

t h e  n e x t  paragraph t h i s ,  tech n iq u e  o f  r e - s i m u l a t i n g  the  f lo w  was 

n o t  u se d .

Ihe m o d e l l in g  tec h n iq u e  d id  not a c c u r a t e l y  s im u la te  the r a d i a l  

w a l l  j e t .  In f a c t  in  each s im u la t io n  many o f  th e  p r e d i c t i o n s  

o s c i l l a t e d  o v e r  s u c c e s s i v e  f l o w  e le m e n ts .  To g i v e  some i n d i c a t i o n  

o f  t h e s e  r e s u l t s ,  s e l e c t e d  d a ta  from th e  s im u l a t i o n  w ith  the  f o l l o w i n g  

mesh network r e s t r a i n t s ;

^ 1 ,2  " ^  = 1.1É ' and L = 10^

has been  p r e s e n te d .  The s e l e c t e d  d ata  i s  shown in  f i g u r e s  9 .21  to  .26  

and d e t a i l s  the  s p a t i a l  p o s i t i o n  o f  l i n e s  o f  c o n s ta n t  mainstream  

v e l o c i t y ,  tem peratu re , m ethane, bxygen, carbon monoxide and carbon  

d io x id e  c o n c e n t r a t io n s ; t h e  a s s o c i a t e d  m easured d a ta  i n  t h i s  r e g io n  

i s  d e t a i l e d  w ith  d o t te d  l i n e s .  ( ih e  v a l u e s  o f  t h e  c o n s ta n t  property  

l i n e s  are  d e t a i l e d  i n  t a b le  9 . 4 .) ^Vhen th e  p r e d ic t e d  r e s u l t s  

o s c i l l a t e d  o n ly  th e  f i r s t  c e n t im e tr e  o f  th e  t r a c e  i s  shown, f o r  

t h e r e a f t e r  th e  r e s u l t s  are  m e a n in g le s s .

There a re  th ree  p o s s i b l e  causes  f o r  th e  o s c i l l a t i o n  in  the  

p r e d ic t e d  r e s u l t s .  The f i r s t ,  and most l i k e l y  ca u se  r e s u l t s  from a 

d e f i c i e n c y  in  the  model o f  th e  chem ical r e a c t i o n s .  T h is  s u b j e c t  i s  

d i s c u s s e d  more f u l l y  in  t h e  n ex t  paragraph. The second  and t h ir d  

p o s s i b l e  c a u s e s  o f  the  r e p o r te d  o s c i l l a t i o n s  a r e  num erica l e r r o r s  

g e n e r a te d  by th e  m o d e ll in g  tech n iq u e  and d e f i c i e n c i e s  in  the procedures  

used f o r  e s t im a t in g  the tu r b u le n t  and p h y s ic a l  p r o p e r t i e s  o f  the  i lo w .

The l a s t  two e f f e c t s  have been assumed not to  ca u se  the  o s c i l l a t i o n s .
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The r e a s o n  f o r  t h i s  a s su m p t io n  b e i n g  made i s  a s  f o l l o w s ,  i h e  p r o c e d u r e s

l o r  e s t i m a t i n g  th e  t u r b u l e n t  and p h y s ic a l  p r o p e r t i e s  and th e  n u m e r ic a l

e r r o r  o f  t h e  m o d e l l i n g  t e c h n iq u e  have  been  th o r o u g h l y  a s s e s s e d  when

s i m u l a t i n g  r a d i a l  w a i l  j e t s  -  s e e  th e  d i s c u s s i o n  p r e s e n t e d  i n  c h a p t e r s

s i x  to  e i ^ t .  n h i i s t  t h e s e  e f f e c t s  caused  e r r o r s  i n  t h e  p r e d i c t i o n s

th e y  d id  n o t  c a u se  i n s t a b i l i t y  . S ince  t h e  f lo w  s i t u a t i o n  b e in g

examined i n  t h i s  c h a p te r  i s  i n  most r e s p e c t s ,  t h e  e x c e p t i o n  b e in g

combustion, s im i la r  to  th o se  s im u la te d  in  c h a p te r s  s i x  to  e ig h t ;  i t  i s

f e l t  t h a t  d é f i c i e n c e s  i n  the  r e a c t i o n  model ca u se  th e  r e p o r te d  o s c i l l a t i o n s .  

P r e d i c t io n s  o f  th e  g r a v im e t r i c  c o n c e n t r a t io n s  o f  Methane and

th en  Carbon Monoxide a r e  t h e  f i r s t  two to  show s i g n s  o f  o s c i l l a t i n g

-  s e e  f i g u r e s  9 . 2 )  and.2^ . D e t a i l e d  ex a m in a t io n  o f  t h e s e  r e s u l t s

in d i c a t e d  t h a t  u n r e a l i s t i c  e s t i m a t i o n s  o f  t h e  r e a c t i o n  r a t e s

a c c o u n te d  fo r ,  t h e  o s c i l l a t i o n s  i n  t h e  p r e d i c t e d  d a t a .  T here  a r e  two 

m a jo r  r e a s o n s  f o r  th e  u n r e a l i s t i c  e s t i m a t e s  o f  t h e  r e a c t i o n  r a t e s .  The 

f i r s t  i s  t h a t  t h e  tw o - s t e p  g l o b a l  r e a c t i o n  model u s e d  i n  th e  s im u l a t i o n s  

p r e s e n t e d  I n  t h i s  c h a p te r  can  p ro d u ce  u n r e a l i s t i c  r e s u l t s  u n d e r  c e r t a i n  

c o m b u s t io n  c o n d i t i o n s .  T h is  i s  b e c a u s e  th e  o x i d a t i o n  o f  t h e  f u e l  d i r e c t l y  t o  

Carbon Monoxide and i t h e n  Carbon u i o x id e ,  i f  s u f f i c i e n t  o x id a n t  

e x i s t s ,  i s  e x p e r i m e n t a l l y  u n r e a l i s t i c  -  s i n c e  i t  t a k e s  no a c c o u n t  o f  

th e  v a r i o u s  i n t e r m e d i a t e  h y d ro —c a rb o n  r e a c t i o n s  w hich  can  c o n s i d e r a b l y  

a f f e c t  t h e  c o m bus t ion  p r o c e s s e s .  Cohen^^^, h a s  fo u n d  s e v e r a l  h y d r o - c a r b o n  

r e a c t i o n s  w hich c a n n o t  be a d e q u a t e l y  s im u la te d  w i th  g l o b a l  r e a c t i o n  

m o d e ls .  T h is  s u b j e c t  i s  c o v e re d  i n  g r e a t e r  d e t a i l  i n  c h a p t e r  e le v e n .

The second  r e a s o n  f o r  t h e  u n r e a l i s t i c  e s t i m a t e s  o f  t h e  r e a c t i o n  r a t e s  

i s  t h a t  t h e  A r r h e n iu s  r a t e  e q u a t i o n s ,  used  i n  t h e  s p e c i f i e d  t w o - s t e p  

g lo b a l  r e a c t i o n  m odel,  and th e  l a t e s t  h e a t  o f  r e a c t i o n  te rm  i n  th e  

e n e rg y  c o n s e r v a t i o n  e q u a t i o n  t a k e  no a c c o u n t  o f  u n m ix e d n e ss .
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For r e a c t i o n s  to  o c c u r  i n  a  r e a l  f low  th e  f l u c t u a t i o n s  o f  t h e  t u r b u l e n t  

r e a c t i n g  s p e c i e s  m ust be a p p r o x im a te ly  i n  p h ase  -  o r  i n  o t h e r  w ords t h e

s p e c i e s  m ust be  a t  t h e  same p l a c e  a t  th e  same t im e .  I n  t h e  m o d e l l i n g  

t e c h n iq u e  and c h e m ica l  r e a c t i o n  model u s e d  i n  t h i s  s e c t i o n  o n ly  t h e  t im e  

a v e ra g e d  p r o p e r t i e s ,  w hich a r e  i n s e n s i t i v e  to  p h a s e ,  a r e  known o r  p r e d i c t e d .  

Thus t h e s e  p r o c e d u r e s  t a k e  no a c c o u n t  o f  t h e  u nm ixedness  w hich  w i l l  o c c u r  

i n  r e a l  f lo w s  and  i n h i b i t  t h e  com bus t ion  p r o c e s s .  Under t h e s e  c i r c u m s ta n c e s  

i t  i s  p o s s i b l e  t h a t  t h e  r e a c t i o n  m odels  w i l l  p ro d u c e  u n r e a l i s t i c  e s t i m a t e s  

o f  th e  r e a c t i o n  r a t e .



9 .4  C onclusions

The recommended m o d e l l i n g  t e c h n i q u e s  c o u ld  n o t  s u c c e s s f u l l y  

s im u la t e  t h e  t im e  a v e ra g e d  v e l o c i t y ,  c o n c e n t r a t i o n s  and t e m p e r a t u r e  

f i e l d s  w i t h i n  p a r t  o f  a  c h e m ic a l ly  r e a c t i n g  r a d i a l  w a l l  j e t .  I h e  

t e c h n iq u e s  f a i l u r e  was p r i m a r i l y  ca u se d  by d e f i c i e n c i e s  i n  t h e  

p ro c e d u re s  f o r  e s t i m a t i n g  t h e  e f f e c t s  o f  t u r b u l e n t  c h e m ic a l  

r e a c t i o n  b e tw e e n  M e th a n e ,  Carbon M onoxide, Oxygen and  C arbon  D io x id e ,

-



Ch a n t e r  10
j i s c u s s i o n s  and .(ecom iaendations 

ihe v a r i o u s  soecim en  r a d i a l  w a l l  j e t  s i m u l a t i o n s  c a r r i e d  o u t  w i th  th<

m o d e l l i n g  t e c h n i q u e  i n c o r p o r a t i n g  a  v a lu a b l e  mesh n e tw o rk .a n d

makinj-, u se  o i  an i n t e r a c t i v e  scheme, a r e  d e t a i l e d  in  t a b l e  1Ü.1.

I n  t h i s  t a b l e  a r e  p r e s e n t e d  b r i e f  d e t a i l s  o f  t h e  f lo w  s i t u a t i o n s

s i m u l a t e d ,  th e  t u r b u l e n t  t r a n s f e r  o r o c e s s e s s  in v o lv e d  and b r i e f  n o t e s

sh ow ing  where d e t a i l s  o f  t h e  s i m u l a t i o n s  can  be fo u n d .

In  t h e  f i r s t  t h r e e  f lo w  s i t u a t i o n s ,  i  t o  i i i  i n

t a b l e  1 0 .1 ,  t h e  p r e d i c t e d  t im e  a v e ra g e d  r e s u l t s

w ere i n  g e n e r a l  a g re e m e n t  w i th  m easured  d a t a ,  b u t

d é f i c i e n c e s  d i d  e x i s t .  The d i s c r e p a n c i e s  i n  t h e  r e s u l t s  w ere 

a c c e p t a b l e  f o r  m ost e n g i n e e r i n g  a p p l i c a t i o n s ,  b e i n g  o f  che o r d e r  

t e n  p e r c e n t .  Im provem ents  can s t i l l  be made and i n  

s e c t i o n  1. t h e  m ost r e a l i s t i c  and p r o f i t a b l e  c h a n g e s  a r e  d e t a i l e d .

Ihe s p e c i f i e d  m o d e l l i n g  t e c h n iq u e  c o u ld  n o t  a c c u r a t e l y

s i m u l a t e  a  r a d i a l  w a l l  j e t  f lo w  i n v o l v i n g  t u r b u l e n t  

momentum, m ass and h e a t  t r a n s f e r  w i th  c h e m ic a l  r e a c t i o n .  ( I n  t a b l e

10.1 t h i s  f lo w  i s  d e s i g n a t e d  i v . )  The i m p l i c a t i o n s  o f  t h i s  f i n d i n g  

i s  c o n s id e r e d  i n  s e c t i o n  2 ,

The v a r i o u s  e x p e r im e n ta l  s t u d i e s  o f  im p in g in g  f lo w s  p r e s e n t e d  

i n  t h i s  work were p r i m a r i l y  c o n c e rn e d  w i th  p r o v i d i n g  m easu red  d a t a  

f o r  a s s e s s i n g  t h e  p e rfo rm a n c e  o f  t h e  recommended m o d e l l i n g  

t e c h n i q u e .  However, t h e s e  e x p e r im e n ta l  s t u d i e s  a l s o  p r o v id e d  

n o v e l  i n f o r m a t i o n  a b o u t  t h e  t im e  a v e ra g e d  f lo w  p a t t e r n s .  I n  

s e c t i o n  5 t h e  p r e s e n t e d  s t u d i e s  a r e  b r i e f l y  r e v i e w e d ,  and 

rec o m m e n d a tio n s  f o r  f u t u r e  work d e t a i l e d  and d i s c u s s e d .
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In s e c t i o n  4 a d i s c u s s i o n  i s  p resen ted  o f  the  s u b j e c t  o f  

f u t u r e  tren d s  i n  f low  m o d e ll in g  t e c h n iq u e s .

10 .1  Improvements

J i s c r e o a n c i e s  in  the o r e d ic te d  r e s u l t s  from the m o d e ll in g  

t e c h n iq u e s  a re  caused by d é f i c i e n c e s  in  e i t h e r  the  m athem atica l  

method or  tu r b u le n c e  in fo r m a tio n .  In t h i s  s e c t i o n  the p r a c t i c a l  

improvements chat nan be made to th e se  p o r t io n s  o f  the modellin.^  

t e c h n iq u e ,s o  t h a t  more a c c u r a te  s im u la t io n s  o f  the  s im p le r  forms 

o f  r a d i a l  w a l l  j e t  f low s can be ob ta in ed n  are  d i s c u s s e d .

C o n sid e r a b le  e f f o r t  has been made in  t h i s  t h e s i s  to ensure

t h a t  th e  recommended m o d e l l in g  tech n iq u e  s o lv e d  the  tim e averaged

c o n s e r v a t io n  equation s  w ith  the l e a s t  num erica l e r r o r .  This has been

a c h ie v e d  by i n t e r a c t i v e l y  m a n ip u la t in g  the  mesh network c o v e r in g

the  f lo w  so th a t  assum ptions between r e a l  and assumed cross-s tre& m

v e l o c i t y  p r o f i l e s  were w ith in  s p e c i f i e d  l i m i t s .  G reater  accuracy

co u ld  be o b ta in e d  w ith  the  p resen ted  tech n iq u e  by i n c r e a s i n g  th e

c o m p le x i ty  o f  th e  mesh network m a n ip u la t io n s .  A l t e r n a t i v e l y ,  one

o f  the  many f i n i t e  e lem ent methods cou ld  be used to s o l v e  the

c o n s e r v a t io n  e q u a t io n s  in  a more a c c u r a te  manner. kbcamoles o f  such  

t e c h n iq u e s  are  th o se  proposed by Campion-Renson and Crochet^^ ,

and Taylor  and Hood^^ . However, a t  t h i s  s ta g e  such e f f o r t s  are

u n n e c e s s a r y ,b e c a u s e  the tu r b u len ce  in fo r m a tio n  s u p p l ie d  to  the

tec h n iq u e  seems the  major c o n tr ib u to r  to  the d i s c r e p a n c i e s  in

24 22th e  p r e d i c t i o n s  -  as  e s t im a te d  by P randtl  , S c h l i c h t i n g  and

Lauder and Spalding- .
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In the  specim en s im u la t io n s  p resen ted  in  c h a p te r s  s i x  to  e i g h t ,  

d e t a i l e d  in  p o i n t s  i  to i i i  o f  t a b le  1 0 .1 ,  the  d i c r e p a n c i e s  between  

the p r e d ic t e d  and ex p e r im en ta l  d a ta  were s u f f i c i e n t l y  sm a ll  to  

make any m ajor changes in  th e  tu r b u len ce  in fo r m a t io n  u n p r o f i t a b l e .  

O b v io u s ly ,  th e  phenom enolog ica l tu r b u le n c e  t h e o r i e s  used in  th e  

s im u la t io n s  could  be r e p la c e d  w ith  ones th a t  are  based upon b e t t e r  

t h e o r e t i c a l  c o n s i d e r a t i o n s .  For exam ple, in  f lo w s  dom inated by 

t u r b u le n t  momentum t r a n s f e r  the k i n e t i c  energy  e q u a t io n ,  3 » 5 iri 

c h a p te r  3 ,  cou ld  be used in s t e a d  o f  C e b e c i ' s  model to  e s t im a t e  the  

e f f e c t i v e  v i s c o s i t y .  / / A l t e r n a t i v e l y ,  the  tu r b u le n c e  m odels  u sed  

in  t h i s  t h e s i s  cou ld  be tuned to  meet s p e c i f i e d  a c c u r a cy  r e q u ir e m e n ts  

in  th e  narrow range o f  specim en  f lo w  s i t u a t i o n s  .rirwu'cgec! . . _

The second  approach has n o t  been fo l lo w e d ,  nor i s  i t  recommended, 

b ecau se  o f  th e  i n t e l l e c t u a l  s t e r i l i t y  o f  e m p ir i c a l ly  m o d ify in g  

the s p e c i f i e d  tu r b u le n c e  m odels  in  such l im i t e d  f lo w -  s i t u a t i o n s .

This s u b j e c t  i s  d e a l t  w ith  more f u l l y  i n  s e c t i o n  4; a f t e r  fu r th e r  

d i s c u s s i o n s  on th e  f in d in g s  o f  the work p r e se n te d  i n  t h i s  t h e s i s .

1 0 .2  Complex Flows

The m o d e l l in g  tec h n iq u e  cou ld  n ot  a c c u r a t e ly  

s im u la te  a  r a d i a l  w a l l  j e t  c o n t a in in g  two c h e m ic a l ly  r e a c t i n g  

c o n s t i t u e n t s ,  b e c a u se  the  model f o r  the  com bustion p r o c e s s e s  d id  not  

work. T h is  f i n d i n g  has f a r  w ider  i m p l i c a t i o n s  than d i s c u s s e d  i n  

c h a p te r  n i n e ,  b e c a u se  a l l  complex f low  s im u la t io n s  i n v o l v i n g  

tu r b u le n t  momentum, mass and h e a t  t r a n s f e r  -  w ith  two or more 

c h em ica l  o r  i o n i c  r e a c t i o n s  -  are governed by the  same c o n s e r v a t io n  

e q u a t io n s .  T h ere fo re ,  i t  i s  l i k e l y  th a t  the problem en co u n tered

in  c h a p te r  n in e  i n  m o d e l l in g  the  r e a c t i o n s  w i l l  o c c u r  i n  a l l  

f lo w s  o f  a. s im i la r  ty p e .
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Taere a re  th r e e  ways o f  o b t a in in g  s t a b l e  and r e a so n a b ly

a c c u r a te  p r e d i c t i o n s  o f  the  complex f l o w s .  The most o b v iou s
7

p ro ced u re , which has been used by J p a ld in g  -P a ta r k e r ,  i s  to  

p e r s e v e r e  w ith  th e  recommended m o d e l l in g  tec h n iq u e ;  but r e -  

e s t im a t e  the  c o n s t a n t s  in :

s.) A r r h e n iu s ' s  r e l a t i o n s h i p s  f o r  th e  r e a c t i o n  r a t e s  

and b) th e  m odels  f o r  the  p h y s i c a l  p r o p e r t i e s .

In  the  s h o r t  term t h i s  a p p ears  a r e a s o n a b le  s o l u t i o n ,  b e c a u se  

i t  o f f e r s  some hope o f  p r e d i c t i o n s  in  a c t u a l  f lo w s  f o r  a sm a ll  amount o f  

e f f o r t .  Another approach , s u c c e s s f u l l y  used  by many a u t h o r s ,  i s  

n o t  to  model th e  f lo w  under i n v e s t i g a t i o n  but  a s i m p l i f i e d  v e r s i o n  

o f  i t .  Fbr exam p le ,  when s i m u l a t i n g  c h e m ic a l ly  r e a c t i n g  Methane

7 & 46 51
a i r  f lo w s  S p a l d i n g -  patankar and "Vhitelaw -  K h a l i l

have s i m p l i f i e d  th e  r e a c t i o n  to ;

f u e l  + o x id a n t  = r e a c t a n t ;

and m o d if ie d  th e  c o n s e r v a t i o n  e q u a t io n s  f o r  h e a t  and mass t r a n s f e r

a c c o r d i n g l y .  This app<vwich has  r e s u l t e d  i n  s t a b l e  and r e a s o n a b ly  

c o n s i s t a n t  p r e d i c t i o n s »  However, the  d is c r e p a n c y  betw een  th e  

p r e d ic t e d  and e x p e r im e n ta l  r e s u l t s  are  u n c e r ta in ^ b e c a u s e  th e  r e a l  

f lo w  has  n o t  been  s im u la t e d .  The f i n a l  a l t e r n a t i v e  i s  to  c o m p le t e ly  

r e - f o r m u l a t e  th e  m o d e l l in g  t e c h n iq u e ,  so  t h a t  i t  i s  more c l o s e l y  

a l l i e d  to  t h e  t u r b u le n t  m otion  b e in g  s im u la t e d .  A d i s c u s s i o n  on 

t h i s  s u b j e c t  i s  p r e s e n te d  i n  s e c t i o n  4 .

B udgetry  c o n s i d e r a t i o n s  and a ccu ra cy  r e q u ir e m e n ts  cx

o f  th e  d e c la r e d  m ethods o f  o b t a i n i n g  s t a b l e  p r e d i c t i o n s  i n  complex f lo w s  

i s  th e  most s u i t a b l e .  I f  approxim ate  s o l u t i o n s  are  b e in g  so u g h t   ̂

th e  f i r s t  and second  a l t e r n a t i v e s  appear to  be th e  m ost s u i t a b l e .  

However, i f  a c c u r a te  s o l u t i o n s ,  which can be erhanced  when n e c e s s a r y ,  

a re  r e q u ir e d  in  complex f lo w s  th e  f i n a l  a l t e r n a t i v e  a p p ea rs  t h e  

b e s t j  b e c a u se  o i f i t ' s  in h e r e n t  f l e x i b i l i t y .
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1 0 .3  Expe r im e n t a t io n

In each  o f  th e  e x p e r im e n ta l  s t u d i e s  d e t a i l e d  i n  t h i s  work 

the  time a v e r a g ed  f lo w  p a t t e r n s  were m easured. However, t h e s e  

r e s u l t s  do n o t  g i v e  a f u l l  p i c t u r e  o f  th e  t u r b u le n t  t r a n s p o r t  

p r o c e ss e s :  , b e c a u s e  th e  r e le v a n t  f l u c t u a t i n g  f lo w  p r o p e r t i e s  

were n ot  m easured .

The d i s c u s s i o n s  on th e  perform ance o f  th e  recommended m o d e l l i n g  

tec h n iq u e  i n  s e c t i o n s  1 and 2 ; showed t h a t  to  o b t a in  a c c u r a t e  

p r e d i c t i o n s  i n  com plex  f lo w  s i t u a t i o n s  more in fo r m a t io n  about  

the tu r b u le n t  and p h y s ic a l  p r o p e r t ie s  must be o b ta in ed  .

In the  c o n te x t  o f  the  p resen ted  e x p er im en ta l  s t u d i e s  t h i s  

means we r e q u i r e  a f u l l e r  u n d e r s ta n d in g  o f  th e  r e l e v a n t  

c o r r e l a t i o n - o f  th e  f l u c t u a t i n g  p r o p e r t i e s .  T h is  l e a d s  to  th e  

on ly  recom m endation o f  t h i s  s e c t i o n ,  . i s ,  th a t  i n  f u t u r e

e x p e r im en ta l  work f o r  v a l i d a t i n g  m o d e l l in g  t e c h n iq u e s ,b o t h  th e  

tim e averaged  and t r a n s i e n t  t r a n s p o r t  p r o c e s s e s  be m easured.

For i t  i s  o n ly  i n  t h i s  way t h a t  the  m o d e l l in g  te c h n iq u e  b e i n g  

t e s t e d  can be r e a l i s t i c a l l y  updated and c o r r e c t e d .

O b v io u s ly ,  u s i n g  t h i s  approach th e  m o d e l l in g  tec h n iq u e  becom es  

a m a th em a tica l  p r o c e s s  f o r  m a n ip u la t in g  tu r b u le n c e  in f o r m a t io n ;  

w ith  the  f lo w  p r o p e r t i e s  m easured b e in g  dependent upon th e  t y p e s  o f  

c o n s e r v a t io n  e q u a t io n s  u s e d .  T h e s ? e q u a t io n s )a s  w e l l  a s  th e  

p r o p e r t i e s  to  be m easured , are  d i s c u s s e d  i n  s e c t i o n  4 .
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10.4 r l i t u r e  P rends  i n  f low M o d e l l i n g  T e c h n iq u e s

In t h i s  work i t  has been  shown t h a t  when s im u l a t i n g  s im p le  

r a d ia l  w a l l  j e t s  — i n v o l v i n g  t u r b u le n t  momencurn, mass and h e a t  

t r a n s f e r — th e  p r e s c r ib e d  m o d e l l in g  te c h n iq u e  p r e d ic t e d  the  time  

averaged f lo w  p r o p e r t i e s  w i th  s u f f i c i e n t  a ccu racy  f o r  most  

e n g in e e r in g  a p p l i c a t i o n s .  However, i n  th e  one complex f lo w  

s im u l a t i o n — i n v o l v i n g  c h e m ic a l  r e a c t io n s  between Methane, Carbon 

Monoxide and Oxye-en-  a c c u r a te  p r e d i c t i o n s  were n ot  o b t a in e d ,  b ecau se  

o f  d é f i c i e n c e s  in  the c h e m ic a l  r e a c t i o n  m odel. To o b t a in  r e a l i s t i c  

and a c c u r a te  p r e d i c t i o n s  i n  f lo w s  o f  t h i s  s o r t  the  

m o d e l l in g  te c h n iq u e  must be more c l o s e l y  a l l i e d  to  measured  

time averaged and f l u c t u a t i n g  t u r b u le n t  d a ta .

O b viou sly  t h i s  new m o d e l l in g  te c h n iq u e  need not be a l l  

embracing nor l a s t  f o r  p e r p e t u i t y  I n s t e a d ,  a te c h n iq u e  f o r  th e  

n ex t  decade t h a t  can make u se  o f  a l l  e x p e r im e n ta l  work shou ld  be 

so u g h t .  Thé recommended p rocedure  f o r  fo r m u la t in g  such  a t e c h n iq u e  

i s  d e t a i l e d  i n  f i g u r e  1 0 .1 .  T h is  procedure  i s  based  upon the  

s o l u t i o n  o f  th e  e x a c t  t r a n s p o r t  e q u a t io n s  o f  t u r b u le n c e ,  and i s  

h e a v i ly  in f lu e n c e d  by measured r e s u l t s .  Ihe c h o ic e  o f  both  the  

form and number o f  tu r b u le n t  t r a n sp o r t  e q u a t io n s  s o lv e d  i s  o f  c o n s id e r a b le  

im portance. Bradshaw^ , has d i s c u s s e d  t h i s  s u b j e c t  f o r  f lo w s  i n  

which the momentum t r a n s f e r  r a t e s  are predom inant. However,

no g u i d e l i n e s  as  to  which t r a n s p o r t  e q u a t io n s  to  u se  a r e  a v a i l a b l e  

when h e a t  and mass t r a n s f e r  a f f e c t  the  f lo w -th r o u g h  

tu r b u le n t  c o n d u c t io n ,  c o n v e c t io n  and r a d ia n t  t r a n s f e r .

I t  i s  recommended th a t  th e  s t a r t i n g  p o in t  f o r  th e  c o n s t r u c t io n  o f  a new 

m o d e l l in g  tec h n iq u e  be a com prehensive s tu dy  o f  which tr a n s p o r t  e q u a t io n s
'.uyc. 0+

to u s e .  The au th or  fa v o u r s  t h ^ / f e y n o ld s  s t r e s s ,  and c o m p a tib le  e q u a t io n s  

f o r  h e a t  and mass t r a n s f e r  r a te s *  b ecau se  s e v e r a l  t e c h n iq u e s  o f  t h i s  s o r t  

have been form u la ted  and t e s t e d  f o r  t u r b u le n t  f lo w s  ■ i n v o l v i n g  

momentum t r a n s f e r .  For example^Bradshaw^ has s o lv e d  R eynolds s t r e s s  

e q u a t io n  a f t e r  s u b s t i t u t i n g  an a lg e b r a ic  l e n g th  s c a l e ;  and Rarlow has

' s o lv e d  the  same e q u a t io n  a f t e r  u s in g  f u r t h e r  t r a n s p o r t  r e l a t i o n s h i p s

to  account f o r  th e  d i s a p a t i o n  r a t e s .
-1L9 -
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C hap ter 11

S i g n i f i c a n t  Advances

The su b je c t  o f  t h i s  t h e s i s  i s  the s im u la t io n  o f  complex 

tu r b u le n t  f low s -  p a r t i c u l a r l y  f la m e s .  In the  years  s in c e  the  

p resen ted  work was com pleted th e r e  have been s i g n i f i c a n t  advances.

In t h i s  chapter th e se  advances are  d i s c u s s e d .

The s im u la t io n  o f  complex tu r b u le n t  f lo w s  remains one o f  the  

most c h a l le n g in g  a r e a s  o f  r e s e a r c h ,  becau se  o f  the  com p lex ity  o f  t h i s  

type o f  tu rb u len t  m otion . The s im u la t io n  o f  furnace  and

combustion chamber f lam e f lo w s  has  r e ce iv ed  c o n s id e r a b le  

a t t e n t i o n  over  the  l a s t  d eca d e .  This i s  due to the

r e l a t i v e l y  s im ple  b eh av iou r  o f  such f lo w sj  as  much as i n d u s t r i e s  need  

to save  fu e l  through more e f f i c i e n t  d e s ig n .  C erta in  te c h n iq u e s  fo r  

m o d e ll in g  th ese  f lo w s  have ac h iev e d  some measure o f  s u c c e s s .  For 

example, the Im peria l C o l le g e  Group under D .B .S p a ld in g , have r e p o r te d  

p r e d ic t io n s  w ith  a m o d e l l in g  tec h n iq u e  th a t  q u a l i t a t i v e l y  correspond w ith  

measured data -  f o r  f u r th e r  d e t a i l s  s e e  t h e  r e s u l t s  p resen ted  in  r e f e r e n c e s  

59,60  and 6 1 . Such t e c h n iq u e s  are  u s e f u l  d e s ig n  t o o l s  when th ey  a re  used  

w ith in  p r e v io u s ly  t e s t e d  l i m i t s ,  b eca u se  then  the accuracy  o f  th e  

p r e d ic t io n s  can be c o n f i d e n t l y  a s s e s s e d .  However,as  r ep o r ted  by 

B i l g e r  in  r e fe r e n c e  -62,o u t s id e  t h e s e  l i m i t s  the  probable a c c u r a c y o f  

the  p r e d ic t io n  cannot be e s t im a te d  and the  tech n iq u es  should' be  

u se d 'w ith  c a u t io n .  ^The main r e a so n  f o r  t h i s  r e s t r i c t i o n  i s  t h a t  

th e  turbiilence  models embodied in  th e  m o d e l l in g  te c h n iq u e s ,  and



used  f o r  e s t i m a t i n g  th e  t u r b u l e n t  v i s c o s i t y ,  Schm idt and P r a n d t l  

numbers a r e  on ly  a d e q u a te  when used  to  i n t e r p o l â + e  o v * r  t e s t e d  

r a n g e s  e f  c o n d i t i o n s ) .

The a d v an ces  i n  t h e  p r e d i c t i o n  o f  f lam e  f lo w s ,  up t o  t h e  

e a r l y  1970^, h a s  b e e n  d e t a i l e d  by B e a r  and C h ig ie r^ ^  i n  t h e i r  book

t i t l e d  Combustion A erodynam ics  , and Sw ithenbank^^^  i n  a  r e p o r t  

t i t l e d  Com bustion F u n d a m e n ta ls .  Fbom t h e s e  works t h r e e  p o i n t s  

a r e  im p o r ta n t  to  t h i s  d i s c u s s i o n .  The f i r s t  and second  p o i n t s  

p l a c e  th e  r e c e n t  a d v a n c e s  i n  f lam e  p r e d i c t i o n  i n  t h e i r  h i s t o r i c a l

c o n t e x t .  Both  S w ithenbank  and B ee r  make u se  o f  th e  c l a s s i c a l  a e r o d y n a r n ic i s t s  

d e s c r i p t i o n  o f  t u r b u l e n c e  to  e x p la i n  ‘ t u r b u l e n t  m o tion  i n  a  

f la m e .  (-uNamely t h a t  t h e  l a r g e r  e d d ie s  i n  t h e  f lo w  a r e  a n i s o t r o p i c  

and r e a c t  w i th  one a n o t h e r  . to  p roduce  a  c o m p le te  r a n g e  o f  eddy 

s i z e s .  The s m a l l e s t  e d d ie s  d e c r e a s e ' i n  s i z e  by v o r t e x  s t r e t c h i n g ,  

w i th  t h e i r  en e rg y  b e in g  d i s s i p a t e d  a t  th e  m o le c u la r  l e v e l • )  I n  t h i s  

e x p l a n a t i o n  th e  e f f e c t ^ o f  d i f f e r e n t "  m ix tu re s  as, w e l l  a s  d e n s i t y  & te m p e ra tu re  

ch an g es  a r e  n o t  . f u l l y  c o n s id e r e d .  The second  p o i n t ,  c o n c e rn s  

th e  q u a l i t y  o f  t h e  t u r b u l e n c e  m odels  u se d  i n  t h e  e a r l y  m o d e l l i n g  

t e c h n i q u e s .  The t u r b u l e n t  v i s c o s i t y  was n o r m a l ly  p r e d i c t e d  w i th  

P r a n d t l ' s  m ix in g  l e n g t h  h y p o t h e s i s  -  B e^ r  e t a l  recommend t h i s  p r o c e d u r e  i n  

t h e i r  book . The t u r b u l e n t  P r a n d t l  and Schm idt numbers w ere a lm o s t  

a lw ays  t a k e n  a s  c o n s t a n t s ,  w i th  t h e i r  v a lu e s  b e i n g  d e r iv e d  from  th e  l i m i t e d  

amount o f  a v a i l a b l e  e x p e r im e n ta l  e v id e n c e .  S p a l d in g  and p a n t a niffty7 >46
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t h i s  procedure in  t h e i r  f low  m o d e l l in g  tec h n iq u e  o f  1972. The 

t h ir d  p o in t ,  concerns the p o s s i b i l i t y  th a t  the  com bustion p r o c e ss e s  

i n  a f lo w  can generate  tu r b u le n c e .  Such tu r b u le n c e  i s  o f te n  r e fe r r e d  to as  

f lam e g e n e r a te d  tu rb u len ce .  K a r l o v i t z , Dennis to n  and # e l l s ^ ^  were th e  f i r s t  

t o  examine th e  concept o f  flam e gen erated  t u r b u le n c e .  They proposed th a t  

f lam e gen era ted  turbu len ce  accounted  f o r  th e  d i s c r e p a n c i e s  between  

measured and p r e d ic te d  tu r b u le n t  flame s p e e d s .  ( The tu rb u len t  flame  

sp eed  has been d e f in ed  by Beér^^ as  the  v e l o c i t y  o f  s te a d y  propagation  

when r e fe r r e d  to  the unburnt s t a t e ) .  For the  t h e o r e t i c a l  part o f  t h e i r  s tu dy  

K a r lo v i t z  e t a l  made use o f  the  w r in k led  lam inar  flam e model o f  

Damkohler^^but with augm entation which a l lo w ed  f o r  f lam e generated

67tu r b u le n c e .  S h ce lk in  , u s in g  a s im i la r  m od e l,b u t  w ithout the  augm entation  

d e t a i l e d  above and d i f f e r e n t -  measured, d a ta ,fo u n d  no d i s c e r n i b l e  d iscr e p a n c y  

betw een measured and p r e d ic te d  flame speeds»  He th u s  concluded th a t  

f lam e g en era ted  turbulence  was n e g l i g i b l e .  In th e  e a r ly  1970® the  

e x i s t e n c e  o f  flame tu rb u len ce  had been  n e i t h e r  proved or d isp r o v ed .

I t  i s  i n t e r e s t i n g  to note  th a t  t h i s  q u e s t io n  has  y e t  to  be c o n v in c in g ly  

answered -  as  w i l l  be d i s c u s s e d  when exam in ing  tu r b u le n c e  m o d e ll in g .

To s im u la te  a f low  i n v o lv i n g  momentum, h e a t  and mass t r a n s f e r ,  

the  e q u a t io n s  th a t  r e p r e se n t  th e  tu r b u le n t  t r a n s f e r  o f  th e se  p r o p e r t ie s  

have to be s o lv e d .  In t h e i r  most b a s ic  form t h e s e  e q u a t io n s  r e p r e s e n t  

the  in s ta n ta n e o u s  t r a n s f e r  o f  th e se  p r o p e r t i e s .  The momentum and 

energy e q u a t io n s  are norm ally r e fe r r e d  to  th e  m ixtu re  and take -the 

form: r— — \p = -  V.p + F — V « I ^ V . Ü I ^11.1

T?- Î Ï  - V-9r 111-2
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In  the  momentum equation  F and P r e p r e s e n t  the  body f o r c e s  and 

p r e s s u r e .  In the energy e q u a t io n  k and q^ r e p r e s e n t  the  i n t e r n a l

h e a t  g e n e r a t io n ,  m echanical d i s s i p a t i o n ,  therm al c o n d u c t iv i t y  and 

r a d i a t i o n  h e a t  f lu x .  The mass t r a n s f e r  e q u a t io n s  are  a p p l ied  to  

th o s e  r e a c t a n t s ,  products and i n e r t  g a s e s ,w h ic h  the  m o d e ller  e s t im a t e s  

are  im portant. The eq u ation  ta k e s  th e  form;

j>!!i - V. [fD V- c j

where c^ r e p r e s e n t  the c o n c e n tr a t io n  o f  s p e c i e s  ’ i ’ and D the c o e f f i c i e n t  

o f  m o le c u la r  d i f f u s i o n .

These e q u a t io n s  cannot be s o lv e d  f o r  th e  in s ta n ta n e o u s  

p r o p e r t i e s ,  because  the num erica l m a n ip u la t io n s  r e q u ir e d  fo r  a  

s o l u t i o n  are  beyond our c a p a b i l i t i e s .  As an example o f  t h i s  p o in t  

Schuman  ̂ and Gresho,Lee and yani^^ have s e p a r a t e l y  s o u ^ t  to  

compute some s im p le  th r e e -d im e n s io n a l  tu r b u le n c e  phenomena from the  

p r e s c r ib e d  tu r b u len t  momentum e q u a t io n .  They have found the computing

c o s t s  to  be l a r g e  and the r e s u l t s  o b ta in e d  poor, b eca u se  o f  th e  

d i s p a r i t i e s  between the s c a l e  o f  t y p i c a l  e d d ie s  i n  th e  f low  b e in g  

s im u la te d  and th e  s i z e  o f  the  domain t h a t  can be p r a c t i c a l l y  computed.

To overcome t h i s  problem th e se  e q u a t io n s  have b een  reduced  

i n  co m p le x ity  by removing th e  t im e dependent term s. Two o f  the  most 

p op u lar  ways o f  a c h ie v in g  t h i s  end are  by r e p l a c i n g  th e  t r a n s ie n t  

p r o p e r t i e s  U,h and c^ by t h e i r  :

i )  Mean time averaged  and f l u c t u a t i n g  components, 

or i i )  Favre averaged  and t r a n s i e n t  com ponents.



70
In  i t s  o r i g i n a l  form Favre a v e r a g in g  means th a t  th e  instantaX iecus  

v e l o c i t y  i s  w eighed by the  in s ta n ta n e o u s  d e n s i t y  b e fo r e  time a v e r a g in g .  

The momentum e q u a t io n s  fo r  a boundary f low  th a t  r e s u l t s  from th e  two 

forms o f  a v e r a g in g  are p r e sen te d  below;

p i M  4. p V ^  -  -  ^ f j u ' ' v " j
hx 3y 9x ôy ' /

p î ^  + p V ^  -  f p ü ’v '  j
3x ày 3x 4 /

( 11 . 4

The t i l d e s  d e s ig n a te  Favre a v e r a g in g  and overb ars  mean time  

a v e r a g in g .  Each averag in g  procedure has i t ' s  own 

d isa d v a n ta g es  and advantages. Mean tim e a v e r a g in g  i s  easy  

to  apply  and v i s u a l i z e ;  how ever, t h i s  approach does not a l lo w  

d e n s i t y  v a r i a t i o n s  to be c o n s id e r e d .  D e n s i ty  v a r ia t i o n s  have a 

d i r e c t  e f f e c t  on the tu r b u le n t  f lu x e s ;  f o r  exam p le ,th e  Reynolds  

s t r e s s  p u ' V'may be m odified  by the d e n s i t y  h av in g  a la r g e  f l u c t u a t i n g  

component. Favre averag in g  ta k e s  in to  account d e n s i t y  f l u c t u a t i o n s ,  

b ecause  the p r o p e r t ie s  are  w eighed by the  in s ta n ta n e o u s  and not  

averaged d e n s i t y .  Flame g e n e r a te d  tu r b u le n c e ,  i f  i t  e x i s t s ,  can a l s o
62

be in c o rp o ra te d  in t o  t h i s  approach. . B i l g e r  has d i s c u s s e d  

t h i s  i s s u e  and we s h a l l  r e tu r n  to  i t  l a t e r .  One d isa d v a n ta g e ,  which  

t im e w i l l  r e p a ir ,  i s  th a t  m o d e l le r s  have l i t t l e  e x p e r ie n c e  o f  u s in g  

t h i s  approach.

Equations r e p r e s e n t in g  mass and energy t r a n s f e r  in  

a boundary f lo w  can be d e r iv e d  by u s i n g  tim e o r  Favre a v e r a g in g .  They 

take  th e  form o f :

JpU &0 + p -  J + 3 , ( 11.5
5x &y

where the  d o u b le sc o re  over  p r o p e r t i e s  means th a t  th e y  are  e i t h e r  mean or  

Favre averaged . The genera l s t a t i s t i c a l  p r o p e r t y a s s o c i a t e d  f l u x , J ,  and 

Source te r m s ,S ,  are  d e f in e d ' i n  t a b l e  o n e . .  In t h i s ,  ta b le  hu and 'R epresent  

th e  en th a lp y  o f  form ation and r a te  o f  chem ica l r e a c t io n  o f  s p e c i e s  

' i ' .  Ihe g e n e r a l  equation  11 ,5  bas been so lv e d  by com puterized
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m athem atica l a lg o r i th m s .  The a lg o r i th m s  proposed up to  mid 1970 have  

been  d i s c u s s e d  in  chapter  tw o;the  more r e c e n t  advances are summarized 

i n  s e c t i o n  one.

The p r e s c r ib e d  time and Favre averaged  e q u a t io n s  

f o r  th e  g en era l  prop erty  ,0 ,  c o n t a in  c e r t a i n  s t a t i s t i c a l  

term s i n v o lv i n g  c o r r e la t io n s  o f  the  f l u c t u a t i n g  components o f  

the  averaged p r o p e r t i e s .  There i s  no d i r e c t  way o f  knowing the  

m agnitude o f  th e se  term s. There has been  an a ssu m p tion ,b y  many w erkers ,  

t h a t  th e  f l u c t u a t i n g  c o r r e la t io n s  o b ta in e d  by u s in g  .the Favre a v e r a g in g  model 

in  the  same way as  the e q u iv a le n t  t im e averaged  c o r r e l a t i o n s .

Although t h i s  i s  an e x c e l l e n t  s t a r t i n g  a ssum p tion  i t  i s  not n e c e s s a r i l y  

c o r r e c t  in  a l l  the f low  s i t u a t i o n s .  In a r e c e n t  paper B ilger^^  

has p o in te d  out th a t  the d egen era te  time averaged  Reynolds s t r e s s .

p u ' v '  , i a  s t i l l  o n ly  p a r t i a l l y  und erstood;  but a lm ost n o th in g  i s  

known o f  the e q u iv a le n t  Favre s t r e s s ,  b e c a u se  exp er im en ta l  d e v ic e s  

c ap ab le  o f  m easuring i t  have o n ly  r e c e n t l y  become a v a i l a b l e .

For t h i s  reason  we w i l l  l i m i t  our d i s c u s s i o n  to  the f l u c t u a t i n g  time  

averaged  c o r r e l a t i o n s .  They are  a p p r o x im a te d ,o r  m od elled , in  terras

o f  the  p r o p e r t ie s  a v a i la b l e  i n  th e  f lo w  m o d e l l in g  

t e c h n iq u e .  Many au th o rs ,  f o r  example S p a ld in g  and Launder;have' 

c a l l e d  th e se  approximate procedures , tu r b u le n c e  m odels . In t h i s  t h e s i s
19,49

tu r b u le n c e  models by Cebeci have been  used to  approximate the

tu r b u le n t  f l u x e s  a n d ^ K 'v '  , In  r e c e n t  y e a r s  tu rb u len ce  models

ra te d  f o r  use  i n  a v a r ie t y  o f  complex f l o w s ,  p a r t i c u l a r l y  f lam es,  

have b een  proposed. In s e c t i o n  two th e  most s u c c e s s f u l  o f  th e se  

m odels a r e  d e t a i l e d  and d i s c u s s e d .



In the  e q u a t io n  r e p r e s e n t in g  t r a n sp o r t  o f  a p a r t i c u l a r  s p e c i e s  

^ q u a t io n  1 1 . 5  w ith   ̂ s e t  to  c^^ the sou rce  term c o n ta in s  w  ̂ which  

r e p r e s e n t s  th e  r a t e  a t  which s p e c i e s  ' i ' i s  g en era ted  o r  d e s tr o y e d  

by chem ical r e a c t io n .  No d i r e c t  way e x i s t s  o f  e s t im a t in g  t h i s  terra, 

becau se  t im e, one o f  th e  unknown p r o p e r t i e s ,  i s  r e q u ired  in  the  

e s t im a t io n .  T his terra i s  norm ally  m odelled  from known q u a n t i t i e s  

w ith  an Arrhenius type e q u a t io n .  The most s i g n i f i c a n t  advance in  

t h i s  f i e l d  are p resen ted  i n  s e c t i o n  th r e e .

R ad ia t ion  w i t h in  the  f lo w  s i t u a t i o n  b e in g  s im u la te d  i s  a l lo w ed  

f o r  i n  the averaged energy e q u a t io n  by the term q^. This terra can  

be e x t r e m e l y  d i f f i c u l t  to  e s t im a t e ,  b e c a u s e ,  th e  q u a n t i t i e s  

th a t  d e f in e  r a d i a t i o n  -  th e  a b so r p t io n  and t r a n s m is s io n  p r o p e r t i e s  

o f  the  b oun daries  encom passing  the  f lo w  and the  g a se s  and suspended  

p a r t i c l e s  co m p ris in g  the working f l u i d  -  are  d i f f i c u l t  to  p r e s c r ib e .  

The most s u i t a b l e  procedures f o r  e s t im a t in g  the r a d ia t io n  are d e t a i l e d  

and d i s c u s s e d  in  s e c t i o n  fo u r .



11.1 M ode ll ing  Techniques

There a re  a v a s t  number o f  m athem atical c a l c u l a t i o n  procedures

f o r  s o l v i n g  the  averaged d i f f e r e n t i a l  eq u at ion  f o r  th e

g e n e r a l  p r o p e r ty  ' P' .  These c a l c u l a t io n  proced u res

are o f t e n  c a l l e d  m o d e l l in g  -techniques, A rev iew  o f  th e  o ld e r  m o d e l l in g

tec h n iq u e  has been  p resen ted  in  chapter two . As w i l l  be remembered

from t h i s  c h a p te r ,  most o f  the o ld e r  m o d e l l in g  te c h n iq u e s  used

f i n i t e  d i f f e r e n c e  approxim ations to reduce the  d i f f e r e n t i a l

e q u a t io n  d i s c u s s e d  above to  a s e t  o f  s im u lta n eo u s  a lg e b r a ic  e q u a t io n s .

These were then  s o lv e d  by standard m athem atica l a lg o r i th m s  -  f o r  example
38

a form o f  the  Gauss e l im in a t io n  method i g  o f t e n  u s e d .  In r e c e n t  

y e a r s  the b a s i c  c o n c e p ts  behind the use  o f  f i n i t e

d i f f e r e n c e  approx im ations  in '  pub lished  m o d e l l in g  te c h n iq u e s

71 72have been examined; the  works o f  Roache » and more r e c e n t l y  Leonard ♦

b e in g  the  most fundamental and thorough i n v e s t i g a t i o n s .

In s u b - s e c t i o n  a, the  f i n i t e  d i f f e r e n c e  based  m o d e l l in g  t e c h n iq u e s  

t h a t  are  p r e s e n t l y  popular  are  d e t a i l e d  and d i s c u s s e d ,  and then  the  r e c e n t  

works th a t  examine the e r r o r s  a s s o c ia t e d  w ith  v a r io u s  f i n i t e  

d i f f e r e n c e  ap prox im ations  are summarized.

F i n i t e  e lem en t c a lc u la t io n - p r o c e d u r e s  f o r  s im u la t in g  s im p le  

hydrodynamic and aerodynamic f low  problem s,have o f t e n  been advanced o v e r  

the l a s t  d ecad e . The a u th o rs  normally c la im  g r e a t  accuracy  as  t h e i r  c h i e f  

r e a so n  f o r  p r o p o s in g  such te c h n iq u e s .  However, t h i s  c la im  rem ains

u n s u b s ta n t ia te d ,  becau se  p r a c t i c a l  tu r b u le n t  f lo w s  have not been

73th orou gh ly  s im u la te d  w ith  th e se  te c h n iq u e s .  Z ie n k ie w ic z   ̂ has  

argued th a t  f i n i t e  e lem ent methods w i l l  be i n c r e a s i n g l y  used by

- 2  7 3 -



hydro & a e r o d y n a m ic is t s  because  o f  t h e i r  g r e a t e r  f l e x i b i l i t y  when s im u la t in g  

th r e e  d im en sion a l  f low  s i t u a t i o n s .  He c i t e s  as  an example the  s c ie n c e  

o f  s t r u c t u r a l  mechanics^where m od ell in g  te c h n iq u e s  based upon 

f i n i t e  elem ent m ethods,have alm ost t o t a l l y  r e p la c e d  th o se  th a t  made 

u se  o f  f i n i t e  d i f f e r e n c e  approxim ations. A d i s c u s s i o n  o f  t h e  

v a r io u s  f i n i t e  e lem ent methods used f o r  s im u l a t i n g  f l u i d  f lo w s  

i s  p r e se n te d  in  s u b - s e c t io n  b.

1 1 .1 a  F i n i t e  D i f f e r e n c e s

There are  a v a s t  number o f  f low m o d e l l in g  techn iques based upon 

the  u se  o f  f i n i t e  d i f f e r e n c e  approxim ations. In p a r t  i  

th o se  tec h n iq u es  which have proved most popu lar  in  

in d u s tr y  are b r i e f l y  d i s c u s s e d .  As p r e v io u s ly  m entioned no 

d i s c u s s i o n  on f i n i t e  d i f f e r e n c e  based m o d e l l in g  tec h n iq u e  would 

be com plete  w ithout  a rev iew  o f  the r e c e n t  work d e a l in g  w ith  the  errors  

a s s o c i a t e d  w ith  the  . v a r io u s  f i n i t e  d i f f e r e n c e  ap proxim ations  - t h i s  

summary i s  p resen ted  in  p a r t  i i .

i . Popular  M o d e ll in g  Techniques

The m o d e l l in g  tech n iq u es  used in  t h i s  t h e s i s  are  based upon the  

tec h n iq u e  proposed by S p a ld in g  and Patankar i n  r e f e r e n c e s  7 

and 4 6 . These tec h n iq u es  s o lv e  the p a r o b o l ic  form o f  

the  tim e averaged eq u at ion  f o r  momentum c o n s e r v a t io n ;  which in  von 

M ises  c o -o r d in a t e  system  becomes:
( 11,6

M  ^  (Tr) -  1 .  d £
bx DY jpU 4x

In t h e s e  te c h n iq u e s  c e n tr a l  d i f f e r e n c e s  a re  used  to

r e p r e s e n t  th e  c o n v e c t iv e  and d i f f u s i v e  term s.' ' T his m o d e l l in g  techn iqu e



was o r i g i n a l l y  hera ld ed  by some as  a major advance-; however, t h i s  

has not proved to be the c a s e .  The tec h n iq u es  major l i m i t a t i o n  . i s  

t h a t  i t  cannot s im u la te  r e - c i r c u l a t i n g  f low  s i t u a t i o n s ,  which means 

t h a t  i t  cannot be expanded to  d e a l  w ith  g e n e r a l  two d im ensional f lo w s  

con ta in ed  by complex b o u n d a r ie s .

The m o d e l l in g  tec h n iq u e  proposed by Gosraan e ta l^ ^  , and s in c e  

m od if ied  by many a u th o r s ,  h a s  become one o f  the moat popular t e c h n iq u e s

f o r  s im u la t in g  tw o-d im ension al f lo w s .  A ll  th e se  tec h n iq u es  s o lv e  the

e l l i p t i c  form o f  the g e n e r a l  d i f f e r e n t i a l  e q u a t io n , f o r  a two d im en sion a l

f low , fo r  the g en era l  p r o p e r ty  p . The v e r s io n  o f  t h i s  tech n iq u e  known

75as TEACH -  s e e  Gosman, K ahil and vVhitelaw -  has been w id e ly  used  

in  v a r io u s  s c i e n t i f i c  and i n d u s t r i a l  i n v e s t i g a t i o n s .  For example  

’̂ i t e l a w  and Green^^ , Peck and Samuelson^^ and Wormeck and P r a t t  

have, used t h i s  type o f  m o d e l l in g  tech n iq u e  to  p r e d ic t .  the  

tu r b u le n t  f lo w  p a t te r n s  in  fu r n a c es  and com bustors.

In  t h e s e  p r e d ic t io n s  the  f i n i t e  d i f f e r e n c e  approxim ations  

did  not produce s i g n i f i c a n t  e r r o r s  » a lthough i t  has o f t e n  proved  

d i f f i c u l t  to  s e p a r a te  th e  e r r o r s  from the f i n i t e  d i f f e r e n c e  approxim ations  

and th e  v a r io u s  tu r b u len ce  m od els .  In a s tu d y  o f  iso th erm al f low s  in  

fu r n a c e s ,  w ith  a two e q u a t io n  tu r b u len ce  model, Whitelaw and ,

76
Green found d i s c r e p a n c ie s  betw een p r e d ic te d  and measured r e s u l t s  

o f  t ie  order o f  25 p e r c en t  in  zon es  where r e - c i r c u l a t i o n  occurred , 

e lsew h ere  the  error  was 5 p e r c e n t .  They f u r th e r  noted  th a t  to  a c h ie v e  

t h i s  accuracy  the  p o s i t i o n i n g  o f  g r id  nodes r e q u ir e d  a s u c c e s s io n  o f  

c a l c u l a t i o n s  to  i d e n t i f y  v e r y  h i ^  p r e ssu r e  g r a d ie n t s  and to ensure

th a t  they  were reso lved  a d e q u a te ly  w i t h in  the  l i m i t a t i o n  o f  th e  t o t a l  

number o f  g r id  nodes a v a i l a b l e .
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S p a ld in g  and Patankar have proposed a s e r i e s  o f  m o d e ll in g  

t e c h n iq u e s  f o r  s im u la t in g  th ree  d im e n s io n a l  f lo w  s i t u a t i o n s  -  as  d e t a i l e d  i n

r e f e r e n c e s  79 , 80 and 81. These t e c h n iq u e s  o n ly  d e a l  w ith  a l im i t e d  

number o f  the many ' th ree  d im en sion a l  f lo w  s i t u a t i o n s  th a t  occur

i n  e n g in e e r in g  p r a c t i c e .  The t e c h n iq u e s  s im u la te ,  tu r b u le n t  momentum, mass

dnd h e a t  t r a n s f e r ,  in  a manner s i m i l a r  to  t h a t  used by S p a ld in g  and

Patankar in  t h e i r  e a r ly  works -  s e e  r e f e r e n c i e s  7 or 46.

The e r r o r s ,  from th e se  tec h n iq u es  a re  r e a s o n a b le  

i n  c e r t a i n  s p e c i f i e d  . f low  s i t u a t i o n s .  However, u n t i l  th e se  m o d e ll in g  

t e c h n iq u e s  are  t e s t e d  in  a f a r  w ider range o f  f lo w  s i t u a t i o n s  most 

e n g in e e r s  have r e se r v e d  judgement a s  to  t h e i r  adequacy.

i i . Errors

.72Leonard has d is c u s s e d  the  e r r o r s  a s s o c i a t e d  w ith  a l l  th e  f i n i t e  

d i f f e r e n c e  assum ptions d is c u s s e d  a b o v e ,  and a ttem p ted  to  e s t im a te  

th e  e r r o r s  a s s o c i a t e d  with  the  ■'arious terms i n  momentum 

c o n s e r v a t io n  e q u a t io n .  Hè recommends t h i r d  o rd er  d i f f e r e n c e s  

f o r  t  he a d v e c t io n  terms:

2. Ax 6. Ax

-  bix  + HOT,
12 1 0 1 . 7

or

Pi+2- 3P i+3P i _ i - P i _1 4-1 1
2 . A X 6 . Ax J

TV I 3 1J3-" 4 x ^  + HUT.
12 ( 1 1 . 8

and secon d  order c e n tr a l  d i f f e r e n c e s  f o r  the  rem ain in g  d i f f e r e n t i a l :

+ HOTj2 "
Pl+1 -  + Pl_1 1 , 4- ----

i 12
1 1 1 .9

The g e n e r a l  p rop erty   ̂ can r e p r e s e n t  e i t h e r  th e  main or c r o ss - s tr e a m  

v e l o c i t i e s ,  and HUT s ta n d s  f o r  th e  h ig h e r  ord er  terra o f  the d i f f e r e n c e  

e x p a n s io n .



Leonard has c a l l e d  th e se  f i n i t e  d i f f e r e n c e  approxim ations c o n s i s t e n t  

becau se  they r e p r e s e n t  th e  e x a c t  p o lyn om ia ls  o f  t h e  same order -  

in  t h i s  case t h r e e .  These po lynom ia ls  c o n ta in  the  v e l o c i t y  as the  

dependent v a r ia b le  and r e l a t i v e  d isp la c e m en t  as  the independent  

v a r ia b le .  This recommendation i s  based upon the  premise th a t  c o n s i s t e n t  

f i n i t e  d i f f e r e n c e  approxim ations  o f  the  po lynom ia l o f  order  "a” , are  

more accu ra te  than f i n i t e  d i f f e r e n c e s  which a r e  not c o n s i s t e n t  and 

have an order l e s s  than "a".

7M 6 22
Other a u th o r s ,  f o r  example Spald ing  -  Patankar , F lu gge-L otz

74and Gosman e t a l  have proposed and used m o d e l l in g  tec h n iq u es  

which, in  Leonards s e n s e ,  do not use ' c o n s i s t e n t *  f i n i t e  d i f f e r e n c e  

assum ptions. I n s te a d  th e se  au th ors  have used d i f f e r e n c e s  w ith  

l e a d in g  order e r ro r  d i s c r e t i z a t i o n  terms o f  the same o rd er . ( The 

l e a d in g  order d i s c r e t i z a t i o n  term i s  the term w ith  the  lo w e st  order

in  the  f i n i t e  d i f f e r e n c e  expansion  a f t e r  th e  rem oval o f  the  f i n i t e  

d i f f e r e n c e  r e l a t i o n s h i p . }  In th e  t h ir d  and second order d i f f e r e n c e s  

recommended by Leonard , th e  l e a d in g  order

d i s c r e t i z a t i o n  er ro r  term s are  t  ^   ̂a n à

r e s p e c t i v e l y .  These l e a d in g  ord er  term s'h ave  e r r o r s  o f  the  ord er

and A x^ , . ' . ‘ .

-



N e ith er  o f  t h e s e  approaches prov ide  r e a l i s t i c  e s t im a t e s  o f  

th e  e r r o r s  from the  f i n i t e  d i f f e r e n c e  a ssu m p tio n s ,  when th ey  are  

used  i n  m o d e l l in g  te c h n iq u e s  th a t  s im u la te  f lo w s  t y p i c a l l y  d e a l t  

w ith  i n  e n g in e e r in g .  C on sis ten cy  o n ly  means th a t  th e  f i n i t e  d i f f e r e n c e  

assu m p tion s  in  the  f lo w  m o d e ll in g  a lg o r ith m  can e x a c t l y  

r e p r e s e n t  the  same order  polynom ial in  the g e n e r a l  property  0; 

i f  0 does  not correspond to  t h i s , polynom ial c o n s i s t e n c y  p ro v id es  

no in fo r m a t io n .  The a l t e r n a t i v e  approach p rov id es  e x c e l l e n t  in fo r m a tio n

on the p rob ab le  er ro r  from each f i n i t e  d i f f e r e n c e  approx im ation  

a s  the  s e p a r a t io n  o f  the mesh l i n e s  approach z e r o .  However a s  the  

purpose o f  th e  most modern m o d e ll in g  tec h n iq u es  i s  to  have a s  l a r g e  

a s  p o s s i b l e  s e p a r a t io n  o f  mesh l i n e s ,  to  reduce  th e  amount o f  

com p utationa l work r e q u ire d  fo r  a s o l u t i o n ,  t h i s  approach d o es  not  

p ro v id e  in fo r m a t io n  o f  d i r e c t  i n t e r e s t  to  the  p r a c t i s i n g  e n g in e e r s .

The u se  o f  f i r s t  order  one s id e d  f i n i t e  d i f f e r e n c e s  to  

r e p r e s e n t  ^  has a lw ays been ex trem ely  p o p u la r ,  b ecause  the  

m o d e l l in g  te c h n iq u e  u s in g  t h i s  assum ption  seemed f a r  more s t a b l e  than th o s e  

u s i n g  th e  o th e r  ty p e s  o f  f i r s t  order d i f f e r e n c e s  -  norm ally  c e n t r a l

d i f f e r e n c e s .  T h is  phenomena was f i r s t  noted by Courant, I s s a c s o n
82 83 84

and Rees -  a s  d e t a i l e d  by Richlmyer . Courant e t a l  have

used one s id e d  d i f f e r e n c e s  in  a m o d e l l in g  te c h n iq u e  which th e y  used

s im u l a t i n g  v a r io u s  su p e r so n ic  f lo w  s i t u a t i o n s .

In th e  momentum c o n s e r v a t io n  equation^ numbered 1 1 . 5 ,  o n ly  the

a d v e c t io n  or  c o n v e c t io n  term s, and ^contain  f i r s t  ord er  d i f f e r e n t i a l s



w h e n  u s i n g  o n e - s i d e d  d i f f e r e n c e s  t h e  term c a n  b e  r e p r e s e n t e d

b y ;

Tuduj

L i
" i

0 .

Ax
V i + i u "  ( A x )  + HOT ( 11.12

or

r u o u ]

N i
Ü.1 V i -  ( A x )  + HOT

Many au th ors have c a l le d  the o n e -s id e d  d i f f e r e n c e  d e s ig n a te d  by e q u a t i o n *  

1 1 .  12  ah upstream  or upwind d if f e r e n c e  , When u s in g  c e n tr a l  

d i f f e r e n c e s  t h i s  terra i s  rep r ese n te d  by:

= U , | D+1 -  v r -  lu lK /l  + HOT - ( 1 1 . 1 5
dx

— 2- A x —
6

J

71Roache , has p resen ted  a p a r t ia l  e x p la n a tio n  why m o d e llin g

te c h n iq u e s  u s in g  one s id ed  d i f f e r e n c e s  to r e p r e s e n t  th e  a d v e c tio n

term s can be more s ta b le  than th o se  making u se  o f  c e n tr a l  d i f f e r e n c e s ,  
7 2

Leonard , l a t e r  provided  a more com p lete e x p la n a t io n . T h is

e x p la n a tio n  i s  summarized h ere  and com p rises two p a r t s .  F i r s t l y ,

th e  e r r o r  term in  both  o n e -s id e d  d i f f e r e n c e s ,  r e p r e s e n te d  by th e
\v ■"* ''

le a d in g  ord er d i s c r e t i z a t i o n  e r r o r  t/ji*( A x ) ,  i s  c o n s id e r a b ly
I

g r e a te r  than th e  e r ro r  from th e  c e n tr a l d if f e r e n c e -w h ic h  

i s  -e q u iv a le n t  t o '  Ü U' In  f a c t  'the le a d in g  ord er
b

e r r o r  teira o f  th e  o n e -s id e d  d i f f e r e n c e s  can be c o n s id e r e d  as a



+ tJi A x
d i f f u s io n  term w ith  an e f f e c t i v e  d i f f u s io n  c o e f f i c i e n t  o f  -    *

2

S econ d ly , on exam ining the e r r o r  terms in  e q u a tio n s  11, 12 and 1 1 .1 4  

Leonard n oted  th a t  t h i s  f a l s e  d i f f u s io n  term h as''a  s t a b i l i z i n g  

e f f e c t  in  eq u a tio n  1 1 .1 2  when U i s  g r e a te r  than z e r o , and in , eq u ation  

11.14  when ÏÏ i s  l e s s  than z e r o . T h is s t a b i l i z a t i o n  i s  th e  cause o f  th e  

s t a b i l i t y  rep o r ted  by Courant e t a l  .

1 1 '1 b . F in i t e  Element

M od ellin g  tech n iq u es  based  upon f i n i t e  e lem en t schemes can 

be a p p lie d  to  problems m a th em a tica lly  d e f in e d  by e i t h e r  a s e t  o f  

d i f f e r e n t i a l  eq u a tio n s  or  a m athem atical p r in c ip le .  In both c a se s  

th e  m o d e llin g  tech n iq u e  in t e g r a t e s  the p r e sc r ib e d  d i f f e r e n t i a l  

e q u a tio n , or p r in c ip le ,  o v e r  a sp e c ified -'d o m a in .

F in i t e  elem ent m ethods have the a b i l i t y  to  d e a l w ith  

domains th a t  have complex sh a p e s , b ecau se  th e y  can employ ir r e g u la r  

m esh-netw orks and y e t  r e t a in  a ccu racy . F u rth er , th e  g e n e r a li ty  

o f  ftie m athem atica l p roced u res used to  d e f in e  f i n i t e  elem ent  

tec h n iq u es  e n a b les  them to  d e a l w ith  complex boundary c o n d it io n s . T h is  

means th a t in  many c a se s  th e  f i n i t e  elem ent, te c h n iq u e s  can p rovid e  

approxim ate-sp lutionvS  o f  th e  same order o f  a cc u r a cy  as rep u ta b le  f i n i t e  

d if f e r e n c e  techniques b u t u s e  l e s s  com puting- pow er. I t  shou ld  be  

noted  th a t r e g a r d le s s  o f  th e  f i n i t e  elem en t tec h n iq u e  u sed , a c c u r a te  

s o lu t io n s  o f  m ost v is c o u s  f lo w  problem s w i l l  r e q u ir e  v a s t  amounts o f  

computer tim e and d ata  s to r a g e .



The e a r l y  f i n i t e  e le m e n t  m o d e l l i n g  t e c h n iq u e s  s im u l a t e d  th e  i n v i s c i d  

and slow  v i s c o u s  f lo w  o f  f l u i d s -  exam ples o f  such  t e c h n i q u e s  w i l l  be 

p r e s e n t e d  below . More r e c e n t l y  t e c h n iq u e s  t h a t  a r e  c a p a b l e  o f  

s o l v i n g  th e  f u l l  tw o -d im e n s io n a l  t u r b u l e n t  N a v ie r - S to k e s  e q u a t i o n s  

have been  p ro p o s e d .  The s u c c e s s  o b t a in e d  i n  t h i s  f i n a l  a r e a  h a s  

been  d i f f i c u l t  to  g a u g e ,  b e c a u s e  t h e  a p p ro x im a te  n a t u r e  o f  t h e  

t u r b u l e n c e  m odels  u s e d  i n  t h e s e  t e c h n i q u e s  means t h a t  d i s c r e p a n c i e s  

i n  t h e  p r e d i c t i o n s  c a n n o t  be  a s s i g n e d  s o l e l y  to  th e  n u m e r ic a l  e r r o r s  from 

th e  m o d e l l i n g  t e c h n i q u e .  Examples o f  t h e s e  t e c h n i q u e s  w i l l  be g iv e n  l a t e r ,  

Most o f  t h e  e a r l y  f i n i t e  e le m en t  t e c h n iq u e s  d e a l t  w i th  s u b s o n ic  • 

f lo w s ,  b e c a u s e  t h e  g o v e r n in g  momentum e q u a t io n s  a r e  e l l i p t i c .

The h y p e r b o l i c  e q u a t i o n s  o b t a i n e d  w i th  t r a n a o n i c  • and s u p e r s o n i c  

f lo w s  a r e  f a r  more d i f f i c u l t  t o  s o l v e .  The d i f f e r e n t i a l  e q u a t io n ,  

g o v e rn in g  i s o t r o p i c ,  i n v i s c i d , s t e a d y , i r r o t a t i o n a l , c o m p r e s s ib l e  

s u b s o n ic  f lo w  i s :

( g y
+ ±_(pE) = 0 ,

ÿ) * ( 1 1 . 16i

where 0 r e p r e s e n t s  t h e  v e l o c i t y  p o t e n t i a l ,

J* th e  f l u i d  d e n s i t y  

and E ' t h e  i n t e r n a l  e n e r g y / u n i  t . m a ss .

The r e l a t i o n s h i p  b e tw e en  t h e  i n t e r n a l  e n e rg y  and d e n s i t y  i s  g iv e n  

by:

p -  ^  (11 .17

where p i s t h e  p r e s s u r e .
83

For a  tw o -d im e n s io n a l  f lo w  G e ld e r  p roduced  one o f  t h e  e e i r l i e s t  

f i n i t e  e le m en t  f o r m u l a t i o n s  i n  te rm s  o f  t h e  s t r e a m  f u n c t i o n  j ^  #

- 2 9 7



Where from von M ises 86

tJ
1 and 7 * 1  5*4̂
p  'ày dx

( 1 1 . 1 8

Under t h e s e  c i r c u m s ta n c e s  th e  c o n t i n u i t y ,  combined momentum and e n e rg y  

e q u a t io n  o f  s t a t e ,  and a s s o c i a t e d  f u n c t i o n s  become:

' i ,  v y l  = 0

J  J

A 1 + k-1

2c

111.19

111.20

'd s
111.21

These e q u a t i o n s  form th e  b a s i s  o f  a  c o n v e rg e n t  i t e r a t i v e  - schem e, 

w i th  t h e  a s s o c i a t e d  f u n c t i o n ,  11 .21 , b e in g  u sed  to  d e r i v e  e le m en t  

e q u a t io n s  f o r  t h e  d i s c r e t i z e d  s o l u t i o n  domain. De V r i e s  ,B e ra rd  and 

.K a r r ie ^ ^  tend P e r i a u x  have  s e p a r a t e l y  p ro d u ced  s i m i l a r  f i n i t e  

e lem en t t e c h n i q u e s  u s i n g  t h i s  ty p e  o f  p r o c e d u r e .  P e ra u x  u sed  

h i s  ■ m odel to  s i m u l a t e  s e v e r a l  f lo w  s i t u a t i o n s  w hich  had  a  p e r f e c t  

gas- a s  t h e  w o rk in g  f l u i d .  The two most i n t e r e s t i n g  s i t u a t i o n s  

in v o lv e d  th e  f lo w  o f  a  g a s  th ro u g h  a  two d im e n s io n a l  n o z z l e  and 

a round  an  a e r o f o i l  s e c t i o n .  The r e s u l t s  o b t a in e d  w ere compared 

w ith  e x a c t  t h e o r e t i c a l ,  and some e x p e r i m e n t a l , r e s u l t s  and found 

to  be e x t r e m e l y  a c c u r a t e .



More r e c e n t ly  f i n i t e  elem ent te c h n iq u e s  cap ab le  o f  s o lv in g  the  

f u l l  N avier y to k es  eq u a tio n s  have been  p ro p o sed . The e a r l i e s t  

tech n iq u es  so lv e d  th e  N a v ie r -S to k e s  e q u a tio n s  fo r  an in c o m p r e ss ib le  

f lo w  s i t u a t io n  . These tech n iq u es  a re  d e s c r ib e d  b e low , b ecau se  th e ir  

s im p l ic i t y  a llo w s  the v a r io u s  s o lu t io n  te c h n iq u e s  to  be e a s i l y  

d e s c i ib e d .  T h erea fter  the f i n i t e  e lem en t s o lu t io n s  o f . t h e  com p ressib le  

N a v ier -S to k es  eq u a tio n s  in  tu r b u le n t  f lo w  s i t u a t io n s  a re  d is c u s s e d .

In a c a r te s ia n  c o -o r d in a te  system  th e N a v ie r -S to k e s  eq u ation  

ta k e s  th e  form;

-  -  1  AZ + (1 1 .2 2
bx by J) bx jp »

+ v|v - -  1 ap + u v F  . (11 . 2)
9x by ^  by ^

w ith  c o n t in u ity  r e p r ese n te d  by;

+ av = 0

Three d i f f e r e n t  f i n i t e  elem en t fo r m u la tio n s  have been used  

to  s o lv e  t h i s  s e t  o f  e q u a t io n s . These fo r m u la tio n s  take t h e ir  names 

from th e major p r o p e r t ie s  used in  d e f in in g  th e  mesh network -  and 

a re  commonly c a l le d  stream  fu n c t io n , stream  and v o r t i c i t y  fu n c tio n  

and v e l o c i t y  and p r e ssu re  fo r m u la t io n s . At p r e se n t  th e r e  i s  

i n s u f f i c i e n t  d a ta , co n cern in g  th e  a ccu ra cy  o f  t h e r . f i n i t e  elem ent

tech n iq u es  u s in g  th e se  fo r m u la t io n s , to  e n a b le  th e  b e s t  

to  be a s s e s s e d .

' 2 9 9 -



The s tream  f u n c t i o n  f o r m u l a t i o n  was f i r s t  s e r i o u s l y  

c o n s id e r e d  by O lson . The p r i n c i p l e  was o b t a i n e d  by

c o m bin ing  the  c o n t i n u i t y  and N a v ie r - S to k e s  e q u a t io n  a f t e r  a p p l y i n g  

von  M ises s t r e a m  f u n c t i o n .  The r e s u l t a n t  p r i n c i p l e  t a k e s  t h e

form ;

_ AUj T7  ̂A ( 11*25

No c l a s s i c a l  v a r ia t io n a l  p r in c ip le  e x i s t s  f o r  t h is  eq u ation .

89O lson , reco g n ized  th a t  i f  a pseudo v a r ia t io n a l  p r in c ip le  cou ld  

be found , i t  would p r o v id e  a  co n v e n ien t procedure fo r  'd er iv in g  th e  

elem en t e q u a tio n s. Under c e r t a in  c ircu m sta n ces  such a pseudo-  

v a r ia t io n a l  p r in c ip le  can be fou n d . For exam ple, co n sid er  a  t r ia n g le  

e lem en t, o f  the type shown in  f ig u r e  1 1 . 1 ,  w ith  boundary c o n d it io n s  

a lo n g  1-2  such th a t:

^  = C on stant or  ^  = 0 ( 1 1 . 26

and e ith e r ;

= 0 or u ^ b u  + = 0 lAA

(The sym bols £&  r e p r e s e n t  th e  transform ed c o -o r d in a te  system  o f  th e

e le m en t-a s  shown in  f ig u r e  l t . 1 ) .  The stream  fu n c tio n  s a t i s f y i n g  

e q u a tio n s  11-25 to  .27  e x tr e m iz e s  th e  fu n c t io n ;

i ( ? ) ( 1 1 . 2 8
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w hich a c t s  a s  th e  p s e u d o -v a r ia t io n a l p r in c ip l e .  The summation o f  ‘a ’ and

*b' eq u a ls  th e  le n g th  6 f  the. boundary 1 -2  in  f ig u r e  1 1 .1 .The u n d ersco res
y g

d e s ig n a te  th e  terms which a re  to  be taken  a s  in v a r ia n t s .  O lson

h as em ployed t h i s  tech n iq u e w ith  an e ig h te e n  d e g ree  o f  freedom

tr ia n g u la r  elem ent w ith  V , K  ^  ^  ^  - d  ^
àx ^y bx^y dy^

a s  nodal v a r ia b le s .  The system  e q u a tio n s  o b ta in e d  from t h i s

p roced u re were so lv e d  w ith  the Newton-Kapheson i t e r a t i o n  tech n iq u e

f o r  n o n - l in e a r  m atr i.ces. O lson has checked th e

v a l i d i t y  o f  t h is  tech n iq u e by s o lv in g  s e v e r a l  sam ple lam in ar

flo w  s i t u a t io n s  -  th e se  in c lu d ed  f u l l y  d ev e lo p ed  p a r a l l e l ,  c ir c u la t in g

square c a v i t y  and channel en tran ce  f lo w s . O lson sum m arizes h i s

f in d in g s  a s  fo llo w s ;  " the p r e se n t  method y i e l d s  a c c u r a c ie s

com parable to  th e  f i n i t e  d i f f e r e n c e  method w ith  an o rd er  o f

m agnitude few er e q u a tio n s . The com puting p r o c e s s ,  d e r iv e d  from

th e  d e sc r ib e d  f i n i t e  elem en t m ethod, c o n s i s t e n t l y  e x h ib i t s

u l t r a f a s t  convergence fo r  a l l  e lem en t g r id s ,  fu r th erm o re , th e

a c tu a l  f i n i t e  elem ent p r e d ic t io n s  o f  th e  v a r io u s  f lo w  q u a n t i t i e s

a l s o  con verge  r a p id ly  to  c o r r e c t  r e s u l t s  a s  th e  e lem en t g r id s  are

r e fin e d "



In s te a d  o f  working w ith  one fo u r th  o rd er  p a r t ia l  d i f f e r e n t i a l  

e q u a t io n , a s  O lson did; many works have ch osen  to  u se  two cou p lea  secon d

ord er e q u a tio n s  in  the stream  f u n c t io n , Y » a-nd v o r t i c i t y ,  Examples o f

91 92 &9A 95such  workers^ a re  Taylor and Hood , Baker , Cheng and

Skiba e t a l  . The govern in g  e q u a tio n s  f o r  th e  g en e r a l t r a n s ie n t

c a se  are:

= -u i ,

^  & lOi/ -  b U*. bjjy  = j i  (.11 -29
Bt by bx bx by j )

Ih e p r e ssu r e  d is t r ib u t io n  can be c a lc u la t e d  from th e  U3y and 

f i e l d s  w ith :

„ PbU . bV -  bU . bV I
^  ^  by j  ( 11 . 30

Two ty p e s  o f  f i n i t e  elem ent s o lu t io n  o f  e q u a tio n  11 . 29  have been  

p rop osed . T aylor and Hood used the method o f  weighed r e s id u a ls  

to  o b ta in  a s o lu t io n ;  Baker^^  ̂ Qheng^^  and

9b
Skiba e t a l  made use o f  th e  p s e u d o -v a r ia t io n a l  p r in c ip le .

(By p se u d o ^ v a r ia tio n a l . we mean th a t  v a r ia t io n a l  tech n iq u es  

a re  used  bu t no c la s s i c a l  v a r ia t io n a l  p r in c ip l e  i s  a v a i la b le  J.

When w eighed r e s id u a ls  have been u se d , a  s e t  o f  s im u ltan eou s  

e q u a tio n s  which can be so lv e d  fo r  t h e  nodal v a lu e s  o f  Y 

and tC^are o b ta in e d . Ihe pseudo - v a r i a t io n a l  fo rm u la tio n



used  _by Cheng i s  e x t r e m e l y  v e r s a t i l e  and w id e ly  
95

a p p l ic a b le .  Cheng" h as dem onstrated  th e  adequacy o f  t h i s

method by s im u la t in g  s e v e r a l  f lo w  s i t u a t i o n s ,  'ihe m ost i n t e r e s t i n g

s i t u a t io n  i s  th e  f lo w  o f  a f lu i d  t h r o u ^  a two d im en sio n a l

channel c o n ta in in g  a v e n tu r i s e c t io n .  T h e le s u lt s  from lam in ar

f lo w  were s a t i s f a c t o r y  and th e  f i n i t e  e lem en t tech n iq u e  was

s t a b le  and con vergen t a t  h i ^  R eynolds numbers.

91T aylor and Hood and Yamuda, I t o ,  Y orkouch i, uamani and 

97Ohtsubo have used  th e  v e l o c i t y  and p r e ssu r e  fo r m u la tio n .

The approach fo llo w e d  by b oth  s e t s  o f  a u th o rs  r e l i e s  upon th e  

(Ja lerk in  method -  fo r  a d e t a i le d  d e s c r ip iô n  o f  t h i s  method 

s e e  r e fe r e n c e  9 8 . The G elerk in  method red u ces  th e  eq u a tio n  

g o v e r n in g  the f l u i d s  m otion  to :

bU + V bU + 1  bP -  u V U
37 37  ̂ 37 ^

d-n_ = 0 ( 11.31

-  /  N + H ^  + 1  bp -  u  do- = . 0  ( 11 . 3 2
J  L  by p f

d -^  = 0 ( 1 1 . 33

In th e se  e q u a tio n s  N d e s ig n a te s  .th e  i t e r a t i o n  number 

and _n_ r e p r e s e n ts  th e  domain a r e a . In

t h e s e  e q u a tio n s  a s o lu t io n  i s  o b ta in ed  by in t e g r a t in g ,  by p a r t s ,
91

a l l  th e  term s n o t d i r e c t l y  in v o lv in g  U and 7 .  T aylor and Hood , 

have used t h i s  f i n i t e  e lem en t fo rm u la tio n  fo r  s im u la t in g  s e v e r a l  

f lo w  s i t u a t io n s ,  and found th e  r e s u l t s t o  be rea so n a b ly  a c c u r a te .



They c i t e  th e  fo l lo w in g  reason s fo r  u s in g  t h i s  typ e  o f  

fo rm u la tio n :

i )  The method can e a s i ly  be extend ed  to  d e a l w ith  

th r e e  d im en sion a l f lo w  s i t u a t i o n s ,  

i i j  P r e s su r e , v e lo c i t y ,  v e lo c i t y  g r a d ie n t  and s t r e s s  

boundary c o n d it io n s  can be d i r e c t l y  in c o r p o r a te d  

in t o  th e  f i n i t e  elem ent m ethod, 

i i i ;  Free s u r fa c e  problems are  t r a c t a b le .

iV ) E xp erien ce  has shown th a t  te c h n iq u e s  u s in g  t h i s

fo rm u la tio n  run f a s t e r  than th o se  p r e v io u s ly  d e sc r ib e d

The th r e e  a forem en tion ed  f i n i t e  e lem ent m ethods have b een  

e x t e n s iv e ly  m o d ified  to  d ea l w ith  fr e e  s u r f a c e s ,  c o m p r e s s ib i l i t y  

e f f e c t s  and tu r b u le n c e . For> exam ple, th e  p r e ssu r e  v e l o c i t y  

fo r m u la tio n  o f  T aylor and Hood^^ has been m o d if ie d , on s e v e r a l  

s e p a r a te  o c c a s io n s ,  to  accommodate th e se  ch a n g es . Chang and
99

F in la y so n  m o d ified  th e  tech n iq u e to  g iv e  i t  th e  c a p a b i l i t y  o f

d e a l in g  w ith  f r e e  s u r fa c e s  and a ls o  added th e  v i s c o  e l a s t i c  term s.

The l a t e s t  v e r s io n  o f  t h i s  tech n iq u e , and th e  e q u iv a le n t  com puter

c o d in g  , i s  o f t e n  known by the name "Fluid" ; and h as b een  f u l l y

d e t a i l e d  by Chang, P a t te n , Adams and F in la y so n  Chang
100

e t a l  have examined r e s u l t s  from t h i s  tech n iq u e  when i t  has been

used  to  s im u la te  s e v e r a l  flow  s i t u a t io n s .  The r e s u l t s

o b ta in ed  were s u f f i c i e n t l y  a ccu ra te  fo r  m ost e n g in e e r in g  p u rp o ses . 
101

Baker and yolim an have made use o f  th e  G a lerk in  w eighed



r e s id u a l  method to  produce a f i n i t e  e lem en t s o lu t io n  o f  th e  

N a v ie r -S to k e s  eq u a tio n . Bake]^^^ h as used t h i s  tec h n iq u e  to  

s im u la te  s e v e r a l  tu rb u len t boundary la y e r  f lo w s .  The tu r b u len t  

v i s c o s i t y  was ob ta in ed  w ith  the a id  o f  van D r ie s t^  tu rb u len ce

m odel-’w ith th e  exp erim en ta l d er iv ed  c lo s u r e  c o n s ta n ts  ta k in g  

th e  v a lu e s  p r e scr ib e d  by van D r ie s t .  Baker r e p o r ts

th a t  th e  r e s u l t s  o b ta in ed  were s u f f i c i e n t l y  c lo s e  to  p u b lish ed  

e x p er im en ta l d a ta  fo r  most e n g in e e r in g  a p p l i c a t io n s .  F u rth er , 

th e  a b s o lu te  erro r  from the te c h n iq u e ,w ith  th e  f i n e s t  d i s c r e t i z a t i o n ,  

was s i g n i f i c a n t l y  la r g e r  than th e  e r ro r  .ex p ec ted  from th e f i n i t e  

elem ent method a lo n e , itie  a u th o rs  in te r p r e te d  t h i s  a s an

in d ic a t io n  o f  the accu racy  l im i t  o f  p r a c t i c a l l y  u s e fu l  d i s c r e t i z a t io n  

Beyond t h i s  l im i t  o th er  so u rces  tended to  o b l i t e r a t e  th e  r e f in e d  

s o lu t io n  t h e o r e t i c a l ly  a t ta in a b le  from d i s c r e t i z a t i o n  r e fin e m e n t.



11 .2  T urbulence Modela

Turbulence m odels are  used  to  e s t im a te  the term s c o n ta in in g  

f lu c t u a t in g  components o f  th e  d e n s i ty ,  v e l o c i t i e s ,  c o n c e n tr a t io n s  

and en th a lp y  in  the averaged  e q u a tio n  o f  m otion 1 1 , 5 .

The preponderance o f  work in  t h i s  a rea  has been concerned  

w ith  e s t im a t in g  th e  terra y  u 'v ' and more r e c e n t ly  ^ h 'V  .

The f i r s t  tu rb u len ce  h y p o th e s is  was p o s tu la te d  by Boussinesq^^^

and assumed th a t:

'' - A  § 7  ( 1 1 . 5 4

The q u a n tity  i s  c a l le d  th e  tu r b u len t v i s c o s i t y .  This q u a n tity

i s  an a logou s to  the m o le c u la r  v i s c o s i t y ,  ; the form er b e in g

dependent on th e  s i t u a t io n  b e in g  exam ined, w hereas th e  l a t t e r

i s  a p rop erty  o f  the f l u i d .  B o u ss in e sq 's  h y p o th e s is  cannot

be u sed  as part o f  a model fo r  th e  tu r b u len t v i s c o s i t y ,  because

no known o r  c a lc u la b le  q u a n t i t i e s  occu r in  i t .  •

1 12p r a n d tl * , 1925, made th e  n e x t m ajor c o n tr ib u t io n  by em ploying

th e  a lg e b r a ic  r e la t io n s h ip ;

f t  " /^ra I j 0 1 .5 5

T h is eq u a tio n  has become known as th e  m ix in g  le n g th  h y p o th e s is ,  

w ith  1^ d e f in e d  a s  the m ix in g  le n g th . The m ix in g  le n g th  must 

be p r e sc r ib e d  a lg e b r a ic a l ly  w ith  th e  a id  o f  ex p er im en ta l e v id e n c e .  

For n e a r ly  two d im en sion a l boundary la y e r  a i r  f lo w s  a t  room 

tem p era tu re , w ith  i n s i g n i f i c a n t  p ressu re  g r a d ie n ts ,  th e  m ix ing

-



le n g th  p ro v id es  r e s u l t s  th a t  are o n ly  now b e in g  su rp a ssed  by 

more r e ce n t tu r b u len ce  m od els . P ra n d tl* s  1925 tu r b u len ce  

m odel, and o th e r s  making u se  o f  s im ila r  h y p o th e se s , have n ot  

been s u c c e s s f u l  f o r  o th e r  two d im e n sio n a l, and n e a r ly  a l l  th r ee  

dim en sion al f lo w s . For exam ple, in  p lan e w a ll j e t s  v a r io u s  

a u th o rs , p a r t ic u la r ly  P a i and whitelaw^^^ , have shown th a t  

tu rb u len ce  m odels u s in g  th e  m ixing  le n g th  h y p o th e s is  u n r e a l i s t i c a l l y  

p r e d ic t  sm all or  zero  tu r b u le n t  v i s c o s i t y  in  r e g io n s  where ^  

i s  near or eq u a l to  z e r o . T h is la ck  o f  su c c e s s  prompted many 

p r a c t ic a l  e n g in e e r s  to  propose a lg e b r a ic  form ulae f o r  th e  

tu rb u len t v i s c o s i t y .  These in v o lv e  v e l o c i t y , » and le n g th  y^ , 

s c a le s  o f  th e  mean m otion ,an d  a term r e fe r r in g  to th e  p o s i t io n  

in  the sh ear f lo w  f ) . R ep resen tin g  th e se  r e la t io n s h ip s

in  a g en era l manner;

" t '  . (11

One such exam ple i s  th e  f o l lo w in g  a lg e b r a ic  fo rm u la tio n  used  

by .Gosraan e ta l^ ^  ;

-  KD?/) L -1 / )  p2/3 (mn2)1/3 ( 1 1 . , 7

This form ula was s p e c i f i c a l l y  d es ig n ed  to e s t im a te  tu r b u le n t -

v i s c o s i t y  in  • a x i—symmetric fu r n a c e s . The term D

and L r e p r e s e n t  th e  d iam eter  and le n g th  o f  th e  r ig h t
2

c ir c u la r  com bustion  cham ber, mil d e n o tes  the i n l e t  k i n e t i c  energy

-



and K i s  an e m p ir ica l c o e f f i c i e n t  -  which from r e fe r e n c e  28 i s  

equal to  0 . 0 1 2 .  I'urbulence m odels o f  t h i s  typ e  n orm ally  have a 

narrow range o f  a p p l i c a b i l i t y ,  because t h e ir  o r ig in a l  purpose was

77to  s o lv e  s p e c i f i c  e n g in e e r in g  problem s. For exam ple Peck e t a l  , 

when s im u la t in g  b u lk  mixed com bustion o f  methane in  a fu rn ace  w ith  

a m o d e llin g  tech n iq u e  a f t e r  Gosman e ta l^ ^ , compared p r e d ic t io n s  

when u s in g  th e  abovem entioned a lg e b r a ic  tu r b u len ce  eq u a tio n  and Jones 

and Launder's^^^ two e q u a tio n s  tu rb u len ce  m odel. They found th a t  

th e  most a c c u r a te  p r e d ic t io n s  were o b ta in ed  when t h e  a lg e b r a ic  

eq u ation  was u se d , s p a ld in g , one o f  th e  o r ig in a t o r s  o f  t h i s  

tu rb u len ce  e q u a tio n , has p o in te d 'o u t  in  h i s  comments on t h i s  p u b lic a t io n  

th a t  t h i s  eq u a tio n  was not form ulated  or in te n d ed  fo r  g e n e r a l u s e .

In P ran d tl*s^ ^  secon d , tu rb u len ce  model th e  tu r b u le n t  v i s c o s i t y  

i s  d eterm in ed  by th e  s o lu t io n  o f  a d i f f e r e n t i a l  e q u a tio n  in  which  

th e  tu r b u le n t  k in e t i c  energy k i s  th e  in d ep en d en t p r o p e r ty .

T y p ic a lly  t h i s  eq u a tio n  ta k e s  th e  form;

p “  ■ ^Dt by

where and are c o n s ta n ts . The tu r b u le n t  v i s c o s i t y

b e in g  determ in ed  w ith :

7 t  '  • ( 1 1 - 3 9

The le n g th  s c a l e  1 h as to  be d e sc r ib e d  a lg e b r a ic a l ly ,  and . 

va ltie  p r e sc r ib e d  fo r  th e  c o n s ta n ts  which f a c t o r  th e  d i s s i p a t iv e



and p r o d u ctiv e  term s in  th e  k in e t i c  energy eq u a tio n . Measurements 

o f  the m e a n -v e lo c ity  d i s t r ib u t io n  near a w a ll were o r ig in a l ly  

u sed  to  d ec id e  le n g th  s c a le  d i s t r ib u t io n .  For ex a m p le ,-lieg h a rd t,

31
in  th e  appendix o f  P r a n d t l’s  1925 paper, u sed  N ik u rad se's  

d a ta  to  p r e sc r ib e  th e  m ix in g  le n g th  1 .  'Ih is  type o f  model has a 

' fa r  w ider range o f  a p p l i c a b i l i t y  than th o s e  p r e v io u s ly  d e sc r ib e d ,  

b eca u se  ‘ ' i t  i s  founded on a g r e a te r  d eg ree  o f  s c i e n t i f i c  -in form ation .

The e le g a n c e  o f  t h i s  model prompted o th e r  in v e s t ig a t o r s  to  

r e f in e  and enhance P r a n d t l' s  work. Most n o ta b le  are the m odels 

p roposed  by.N ee and Kovasnay^^ and Bradshaw, F e r r is  and A tw elJ^^,

The model by Nee e t a l  in v o lv e s  th e  s o lu t io n  o f  a d i f f e r e n t i a l  eq u ation  

in  which the independent v a r ia b le  i s  th e  tu r b u le n t  k in em atic  

v i s c o s i t y ,  r e p resen ted  by . T h is approach i s  no more d ir e c t

than  th a t proposed by p r a n d t l , b ecau se  th e  le n g th  s c a le  o f  tu r b u len t  

m otion  i s  s t i l l  req u ired  b e fo r e  a s o lu t io n  can be so u g h t. The 

model by Bradshaw e t a l  d oes n ot u se  th e  co n cep t o f  tu rb u len t  

v i s c o s i t y ,  but in s te a d  d e r iv e s  th e  tu r b u le n t  energy eq u a tio n  by 

assum ing th a t  th e  k in em atic  sh e a r  s t r e s s  i s  d i r e c t ly  p r o p o r tio n a l  

to  th e  tu rb u len ce  en ergy . M odels o f  t h i s  ty p e ,w h ich  in v o lv e  

one d i f f e r e n t i a l  eq u a tio n  ,have become known as one o r  s in g le  

e q u a tio n  m odels o f  tu r b u le n c e .



The o n e - e q u a t io n  t u r b u l e n c e  m odels  a r e  n e a r l y  as  l i m i t e d  i n

t h e i r  r a n g e  o f  a p p l i c a t i o n s  a s  th o s e  b a se d  upon th e  m ix ing  l e n g t h

h y p o t h e s i s .  The o r i g i n a l  P r a n d t l  f o r m u l a t i o n  i s  r e g a r d e d  by many

28a s  t h e  b e s t  o f  t h e  one e q u a t i o n  m o d e ls .  L aunder  and b p a ld i n g

have d e t a i l e d  how th e  N ee-K ovasanay  model i s  no more g e n e r a l  and

c e r t a i n l y  n o t  a s  w id e ly  t e s t e d  a s  P r a n d t l ' s .  Ng and

b p a ld i n g  ^ , and û iv a s e g a ra m  and ^ h i t e l a w  h a v e  shown t h a t  t h e r e

i s  l i t t l e  t> choose i n  t h e  way o f  a c c u r a c y ,  b e tw een  p r e d i c t i o n s  o b t a i n e d

w i th  Bradshaw e t a l * s  m odel^^^ and p r a n d t l ' s  o r i g i n a l  m ix in g  l e n g t h

h y p o t h e s i s .

25K olm ogroff  "Wsls t h e  f i r s t  t o  p ro p o se  a  tw o - e q u a t io n  model
24

f o r  t u r b u le n c e  % Like  P r a n d t l ,  whose p a p e r  was p u b l i s h e d  a  few 

y e a r s  l a t e r ,K o lm ogroff  p ro p o se d  t h a t  t h e  c h a r a c t e r  o f  t u r b u l e n c e  

be p r e s e n te d  by two p r o p e r t i e s .  He ch o se  th e  t u r b u l e n t  e n e rg y ,  

k ,  and th e  c h a r a c t e r i s t i c  f r e q u e n c y  o f  th e  e n e rg y  c o n ta i n in g  

e d d i e s ,  f ,  such t h a t ;

_ ^  ( 1 1 . 4 0
■kt f

However, u n l ik e  P r a n d t l ,  K o lm o g ro f f  p ro p o se d  t h a t  b o th  th e s e  

p r o p e r t i e s  be d e te rm in e d  from  d i f f e r e n t i a l  t r a n s p o r t  e q u a t i o n s .

At th e  t im e o f  p u b l i c a t i o n  t h e r e  were no e l e c t r o n i c  c o m p u ta t io n a l  

a i d s  c a p a b le  o f  d e a l i n g  w i t h  t h e  c a l c u l a t i o n  p rocedu res*  in v o lv e d  

i n  s o l v i n g  th e s e  d i f f e r e n t i a l  e q u a t i o n s .  T h is  r e s u l t e d  i n  t h e

model f a d i n g  i n t o  o b s c u r i t y , '  u n t i l  t h e  above _ ----

m en t io n ed  d i s s a t i s f a c t i o n  w i t h  th e  v a r i o u s  m ix in g  l e n g t h  and 

o n e - e q u a t i o n s  t u r b u l e n c e  m o d e l s ,c a u s e d  i t  to  be r e -e x a m in e d .



K olm ogroff*3 two e q u a tio n  model appeared to c ircum ven t many o f

th e  problem s o f  the p r e v io u s ly  m entioned m odels," by p r e s c r ib in g  th e  form o f  the  

le n g th  s c a le  w ith  a s c i e n t i f i c a l l y  d e r iv e d  d i f f e r e n t i a l  e q u a tio n .

However, th e  model was n o t s a t i s f a c t o r y ,  b ecau se  the form o f  freq u en cy  

eq u a tio n  used was not ad eq u ate . R o tta ^ ^  commented upon 

t h i s  f a i l i n g ,  and attem pted  to  circum ven t . i t  by u s in g  th e  

le n g th  s c a le  a* the dependent v a r ia b le , in  th e  second  

tr a n sp o r t  e q u a tio n . However, t h i s  procedure- h as

no t  proved p op u lar , becau se  th e  le n g th  s c a le  does n o t d i f f u s e  a t  a

r a te  p r o p o r tio n a l to ~  . R egarding t h i s  l im it a t io n  b oth  Rotta^^^and
ay

ü p a ïd in g  etal^^^have s e p a r a te ly  used  th e  product o f  ’k '  and *1*

as th e  dependent v a r ia b le  in  th e  second  tr a n sp o r t e q u a tio n .O th e r

a u th o rs  have used  d i f f e r e n t  t'erms fo r  t h e ir  independent v a r ia b le s
112

in  th e  tr a n sp o r t  . e q u a t io n s . For exam ple, Chou , Jones
3/ 2

and Launder used  ^  and 6 , and S p a ld in g
J. L

proposed   ^ and w In  t h i s  c o n te x t
1 ^

^  2, r e p r e s e n ts  the tu r b u len ce  energy d is s a p a t io n  r a te  

and the square o f  th e  freq u en cy  o f  the energy c o n ta in in g  e d d ie s .  

Comparison o f  th e  p r e d ic t io n s  from th e se  m odels have been  a ttem p ted  -  

s e e  f o r  example Spalding-Launder^® and Ng and Spald ing^^^ .

However, th e  u n c e r ta in ty  o f  th e  ex p er im en ta l ev id en ce  and wide  

range o f  s i t u a t io n s  examined makes i t  im p o ss ib le  to  a s s e s s  which  

model i s  th e  b e s t .  What h as emerged from th e se  s t u d ie s  i s  th a t  

th e  two eq u a tio n  m odels a re  f a r  more u n iv e r s a l  than th o se  p r e v io u s ly  

d is c u s s e d , and can  be m o d ified  to g iv e  ex tr e m ely  a c c u r a te  r e s u l t s

in  p a r t ic u la r  f lo w  s i t u a t i o n s .  -

- 3 0 2 -



M u lti-e q u a tio n  tu rb u len ce  m odels have been  proposed  and 

u sed  in  s p e c i f i c  flow  s i t u a t io n s .  These m odels p r e d ic t  the v a r io u s  s t r e s s e s  

o f  th e  f lo w  and not th e  tu r b u len t v i s c o s i t y ,  w h ich  i s  a f t e r

a l l  p r o p o r t io n a l to  . a p a r t ic u la r  s t r e s s .  As t h e i r  name im p lie s  th e se  

m odels in v o lv e  th e  s o lu t io n  o f  more than two d i f f e r e n t i a l  e q u a tio n s  to  

p r e d ic t  th e  v a r io u s  s t r e s s e s .  - For exaiqple, H a n ja lic^ ^ ^  proposed a 

model co m p ris in g  a tra n sp o rt eq u ation  fo r  sh e e r  s t r e s s e s  by 

assu m in gth e  normal s t r e s s e s  p r o p o r tio n a l to  th e  tu r b u le n t  en ergy .
116

Harlow e t a l  used tra n sp o r t e q u a tio n s  f o r  th e  normal

and sh ear  s t r e s s e s  and an eq u a tio n  f o r  th e  le n g th  s c a l e .  At 

p r e se n t  th e s e  m odels have not been f u l l y  d e v e lo p ed  and t e s t e d .

Two e q u a tio n  m odels o f  tu rb u len ce  are  p r e s e n t ly  th e  most popular  

o f  th o se  d is c u s s e d  above. As d e t a i l e d ,  th ey  have proved  

adequate when s im u la t in g  a wide range o f  aerod yn am ic , and some 

com plex f lo w s . However, th e  v a r ie ty  o f  f lo w  s i t u a t i o n s  over  

which th e se  m odels have been r ig o r o u s ly  t e s t e d  i s  n o t s u f f i c i e n t  

to c a t e g o r ic a l ly  s t a t e  th a t  th ey  are  a lw ays th e  b e s t  model to  u s e .

None o f  th e  d e sc r ib e d  tu r b u len ce  m odels a r e  ca p a b le  o f  d e a l in g  

w ith  flam e g en era ted  tu r b u len ce , b ecau se  th e y  a r e  b ased  upon tim e  

averaged  e q u a t io n s . To d ea l w ith  t h i s  phenomena th e  tu r b u le n t  energy  

e q u a tio n  must be r e -d e r iv e d  u s in g  Favre a v e r a g in g ;  and th e  v a r io u s  

c o n s ta n ts  and le n g th  s c a le s  r e q u ir e d  f o r  c lo s u r e  e s tim a te d  

from  new exp er im en ta l e v id e n c e . Flame g e n e r a te d  tu r b u len ce  ,



i f  i t  e x i s t s ,  w i l l  p r im a r ily  a l t e r  th e  s t r u c tu r e  o f  a  flow  througli 

term s in  th e  Favre form o f  th e  tu r b u le n t  k i n e t i c  en ergy  

eq u a tio n

-P" r  -p u " V  3u -  Ô.V-' 3 d
8=  ̂ /  3 r  \  /  ^  ^  p  ^  (11 .41

" 1  - à  ^ V " ( u "  + V "  + W "  ) 
r  6 r

Â t i l d e  o v er  a p rop erty  means th a t  i t  h as b een  s u b je c t  to  a 

Tavre a v e r a g in g . B i lg e r  s u s p e c ts  th a t  tu r b u le n c e  can 

be gen era ted  by f lo w s  in v o lv in g  p r e ssu r e  f lu c t u a t io n s  

-  fo r  example f la m e s . ( The a u th or  a l s o  

i n c l i n e s  to  t h i s  v iew , how ever, u n t i l  f u r th e r  exp er im en ta l 

ev id e n c e  on t h i s  s u b je c t  i s  p u b lish e d  th e  e x is t e n c e  o f  flam e 

g en era ted  tu rb u len ce  cannot be p r o v e d .j  B i l g e r / s  argument fo r  

th e  g e n e r a tio n  o f  flam e tu r b u len ce  by p r e ssu r e  f lu c t u a t io n s  

i s  a s  f o l lo w s .  The p r e s s u r e - v e lo c it y  c o r r e la t io n  from the Favre 

form o f  the tu r b u len t k in e t i c  energy e q u a t io n  ta k e s  th e  form:

-""k p'p -  ph®k""k ( 11 . 42

when buoyancy e f f e c t s  have been  in c lu d e d . In  t h i s  e x p r e ss io n  

p i s  r e la t iv e  to  th e  h y d r o s ta t ic  p r e ssu r e  p^ -  where bp « ’



The d e n s i ty  i s  a  space  and tem poral mean o f  th e  d e n s ity

a t  The sym bols and r e p r e se n t  th e  f lu c t u a t in g

v e lo c i t y  and g r a v ity  components in  th e  d ir e c t io n  k . The th ir d  

terra i s  the o n ly  one c o n ta in in g  pressipre f lu c t u a t io n s .  In uniform  

d e n s ity  f lo w s  t h i s  term  w i l l  be zero  , in  n on-un iform  d e n s ity

flo w s  the th ir d  terra w i l l  c o n tr ib u te  to  the tu r b u le n t  k in e t i c  

energy whenever i t  has a n e t  c o r r e la t io n .  B i lg e r  s u s p e c ts  th a t  

tu rb u len ce  can be g en era ted  through t h i s  term , by th e  in t e r a c t io n  

o f  p ressu re  f lu c t u a t io n s  on a volume in c r e a s e  which has d i r e c t i o n a l i t y  

a s s o c ia te d  w ith  i t  -  such  as in  a flam e.

The v a r io u s  m odels fo r  the tu r b u le n t  P ran d tl number are

fa r  l e s s  s o p h is t ic a t e d  than th ose  fo r  tu r b u le n t v i s c o s i t y .  These

m odels a l l  in tr o d u ce  s im p l if y in g  assu m p tion s and mak:e u se

19 49o f  exp er im en ta l ev id en ce  to  o b ta in  c lo s u r e #  C ebeci ’ p r o v id e s

an e x c e l le n t  rev iew  o f  t h e  m odels a v a i la b le  b e fo r e  th e  m id - s e v e n t ie s .  

11 7
D r e is le r ,h a s  produced a moael based  upon a v a r ia t io n  o f  P r a n d tl* s  

m ixin g  le n g th  h y p o th e s is ,  w ith exp er im en ta l e v id e n c e  a llow ed  

fo r  in  v a r io u s  c o r r e la t io n  c o e f f i c i e n t s .  The model p r o v id es  

adequate r e s u l t s  in  p r e d ic t in g  h e a t tr a n s fe r  in  f lo w s  where 

th e  P ran d tl number i s  sm all -  a s  d e t a i l e d  by üim pson,

W hitten and M offat C ebeci*s^^ model f o r



t h e  t u r b u l e n t  P r a n d t l  num ber, which i s  u sed  e x t e n s i v e l y  i n  t h i s  

t h e s i s ,  i s  b a s e d  upon c o n s i d e r a t i o n s  o f  s t o k e s  f lo w .  The a l g e b r a i c  

e x p r e s s i o n s  f o r  t h e  t u r b u l e n t  p r a n d t l  number b e i n g  o b t a i n e d  

by  m o d e l l i n g  th e  v i s c o u s  s u b - l a y e r  a s  a  y t o k e s  t y p e  f lo w  i n  t h e  

m anner o f  van D r i e s t . , C e b e c i^ ^ ,  h a s  shown t h a t  f o r  e n g i n e e r i n g  

p u r p o s e s ,  t h e s e  e x p r e s s i o n s  a c c u r a t e l y  p r e d i c t  t h e  t u r b u l e n t  

P r a n d t l  number i n  a  v a r i e t y  o f  boundary  f lo w s  w i t h  m easu red  h ig h  

and low p r a n d t l  num bers .

A u th o rs  m ak ing  u s e  o f  s i n g l e  o r  m u l t i - e q u a t i o n  m odels  o f  

t u r b u l e n c e  hav e  tended  to  u s e  s i n g l e  e q u a t i o n  m o d e ls  f o r  th e

5 l o r m : . -

f  b h  + b h l  
L S I  S F j

c o r r e l a t i o n  p  v h '  . of- t h e  f o r m : . -

p  TFÇF ,  _ G*
w here  cr i s  p r e s c r i b e d  by r e f e r e n c e  to  s u i t a b l e  e x p e r i m e n t a l  e v id e n c e .

Wormeck and P r a t t ^ ^ ,  S p a ld in g  e ta l ^ * ^ ^  6nd Cannon e t a l ^ ^ ^  

hav e  p u b l i s h e d  r e s u l t s  w hich show th e  a d eq u acy  o f  t h i s  ty p e  o f  

m o d e l .

The t u r b u l e n t  Schm idt number, r e p r e s e n t e d  by  t h e  c o r r e l a t i o n

p ’u ’c '  , i a  n o r m a l ly  assumed to  conform to  a  s im p le  a l g e b r a i c  

f o r m u la  . T h i s  a p p ro a c h  h a s  been a d o p te d  b e c a u s e  t h e  e x p e r im e n ta l  

t o o l s  n e c e s s a r y  to  u n d e r s t a n d  th ig  c o r r e l a t i o n  a r e  n o t  p r e s e n t l y  

a v a i l a b l e .  The a l g e b r a i c  fo rm u la s  u sed  by v a r i o u s  m o d e l l e r s  

a r e  o b t a i n e d  from  e x p e r im e n ta l  ev id e n c e  c o n c e r n in g  t h e  v a r i a t i o n  

o f  t h e  t u r b u l e n t  Schm idt number i n  s p e c i f i c  f lo w  s i t u a t i o n s .

-JOS-



•3 Combu s t io n  Models

The f i n a l  g o a l o f  th o se  who propose and t e s t  com bustion  

m odels i s  th a t  th ey  can be used by p r a c t ic a l  e n g in e e r s  to a c c u r a te ly  

p r e d ic t  th e  r e a c t io n  r a te s  o f  s p e c if ie d  f u e l s  and o x id a n ts  . By 

p r e d ic t iv e ,  th ey  mean th a t  th e  models can be used  i n  both  an 

i n t e r p o l a t i v e  and e x tr a p o la t iv e  sen se  w ith  r e s p e c t  to  the exp er im en ta l 

e v id e n c e  on which they  are b a sed . R e g a rd less  o f  th e  apparent

’S o p h is t ic a t io n  o f  some Combustion m ouels i t  i s  im p ortan t to  

remember th ey  are  o n ly  approxim ate p r e d ic t io n  te c h n iq u e s . The

re a so n  fo r  t h i s  i s  th a t th e  m odels b e in g  p r e s e n t ly  c o n str u c te d

work on the b a s i s  th a t they  reproduce ob serv ed  phenomena,

w hich are  . n o t a l l  encom passing. Some o f  th e s e  approxim ate

m odels produce adequate r e s u l t s  in  p a r t ic u la r  f lo w  s i t u a t io n s ,

and w i l l  be d is c u ss e d  b e low , but a t  p r e se n t th e r e  i s  no s in g le

a l l  encom p assing  com bustion m odel.

In  fla m es in  which th e  fu e l  and o x id a n t  are  prem ixed b e fo re  

com b u stion ,som etim es c a l l e d  premixed f la m e s , th e  r a t e  a t  which  

r e a c t io n  p roceed s i s  s u b s t a n t ia l ly  c o n t r o l le d  by th e  g r o ss  r e a c t io n  r a te  

a s  s u b s ta n t ia te d  by among.many . Be^r e t a l  In  d e a l in g

w ith  such  f lo w s  th e  fu e l-m a ss  f r a c t io n  i s  n orm ally  regarded as  

r e p r e s e n t a t iv e  o f  the g r o ss  r e a c t io n  r a t e .  The r e s u l t in g ,r e a c t io n  r a te  

in  th e  c o n se r v a t io n  e q u a tio n  fo r  th e  f u e l  was o r i g i n a l l y ‘ determ ined  

w ith  an eq u a tio n  o f  the form s p e c i f ie d  by A r r h e n iu s , Combustion 

m ouels o f  t h i s  typ e are  o f t e n  c a l le d  g lo b a l r e a c t io n  m od els.



A r r h e n iu s '3 in te r p r e ta t io n  o f  a ' s i n g l e  s te p  r e a c t io n  ta k e s  th e  

form;

k = A exp j  (11.45

Where k i s  th e  r e a c t io n  r a t e ,  A a c o n sta n t and E t^e a c t iv a t io n  

en e r ey ^ o ften  d e f in e d  a s  th e  e x c e s s  energy o f  th e  m o lé c u le s  ta k in g  

p art in  th e  r e a c t io n .  More r e c e n t ly  the r e a c t io n  r a te  has been  

p r e scr ib e d  w ith  m odels th a t  a ttem p t to  accou n t f o r  tu rb u len ce  through  

s t a t i s t i c a l  m o d e llin g  o f  c e r t a in  s c a la r s .  (T hese m odels w i l l  he f u l l y  

d is c u ss e d  l a t e r  in  t h i s  t e x t .  )

In flam es where th e  f u e l  and o x id a n t are  n o t mixed 

b e fo re  i g n i t io n  ,the com b ustion  p r o c e ss  can be c o n tr o l le d  by e i t h e r  

th e  r e a c t io n  r a te ,  as ab ove , o r  th e  r a t e  a t  which d i f f u s io n  betw een  

th e  fu e l  and o x id a n t o c c u r s . In  boundary f lo w s  in  which the

tu rb u len ce  l e v e l s  are lo w , and a d v erse  p r e ssu re  grad iefa ts  do not o c c u r ,

i t  has been found th a t  d i f f u s i o n ,  or m ix in g , i s  norm ally  th e

121
l im i t in g  param eter -  a s  d e t a i l e d  by H inze , In  th e se

ty p es  o f  flow  many i n v e s t ig a t o r s  have c o n s id er e d

th e r e a c t io n  r a te  to  be i n f i n i t e l y  f a s t , s i n c e  t h i s  a llo w s  fo r  th e  

assum ption  th a t  th e  tim e tak en  f o r  m ix in g  i s  g r e a te r  than th a t  f o r  

r e a c t io n .  Under th e se  c ir c u m sta n c e s  th e  p a r a m e te r s" c o n tr o ll in g  td e  r e a c t io n  

are th e  same as th o se .th a t d e f in e  th e  m ix in g  p r o c e s s .  One such  p aram eter ,
7 , 4 6  74

used by S p a ld in g  -  Patankar and Gosman e t a l   ̂ i s  the



m ixture f r a c t i o n .The r e la t io n  betw een th e  r e a c t io n  p r o c e ss  and 

the m ixture f r a c t io n  has been  examined' through a v a r ia b le  -  o f t e n  

c a lle d  ' f  -  w hich has been  d e fin e d  by;

^ ' ( 11.44

where . Y r e p r e s e n t s  th e  mass f r a c t io n ,  r th e  s to ic h io m e t r ic

mass r a t io ,  and th e  s u b - s c r ip t s  fu  and ox d e s ig n a te  f u e l  and o x id a n t  

r e s p e c t iv e ly .  The c o n s e r v a t io n  eq u a tio n  fo r  ’f ’ has no so u rce  

terra and fu r th e r  the i d e n t i t y :

V f  -  f
h  = ------------------ 2i  ( 1 1 . 4 5

1"fu " ox

h o ld s .w ith  e q u a l l in g  1 in  th e  f u e l  and zero in  th e  o x id a n t p h ase .

Three m odels have been  u sed  to  d e s c r ib e  the r e a c t io n  p r o c e ss  betw een

fuel- and o x id a n t  -  th ey  are c a l l e d  th e  fr o z e n , e q u ilib r iu m

and p a r t ia l - e q u i l ib r iu m  c o m p o sitio n  m odels.

In the f r o z e n  c o m p o sit io n  model i t  has been assumed th a t  th e

i n f i n i t e l y  f a s t  r e a c t io n  i s  r e s t r i c t e d  to  an i n f i n i t e l y  sm a ll

r e a c t io n  zone s i t u a t e d  on a s u r fa c e  where has i t ' s  s to ic h io r a e t ic

v a lv e , Y . u u ts id e  t h i s  zone the r e a c t io n  i s  assumed quenched, 
f s t

Under th e se  c o n d it io n s :

q  -  U "ox -  °

th e  r e s p e c t iv e  v a lu e s  o f  and .a re  found from e q u a tio n s  

11 .44  ana . 4 5 .
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In th e  eq u ilib r iu m  c o t p o s i t io n  model i n f i n i t e l y  f a s t  r é a c t io n s ,

o c c u r r in g  in  both  the forward and r e v e r s e  d i r e c t io n s ,  are a llow ed

throughout th e  f lo w  f i e l d .  T his r e s u l t s  in  a l o c a l  e q u ilib r iu m

com p osition  which i s  governed by the lo c a l  m ix tu re  f r a c t io n  and

122
e n th a lp y ,h . Von Duyvenvoorden has proposed a model o f  t h i s  type  

fo r  methane com bustion . In  i t  two d im en sio n a l m apping o f  th e  r e le v a n t  

thermodynamics and chem ical p r o p e r t ie s  has been a c n iev e d  w ith  a 

double uhebvshev p olynom ial o f  th e  typ e;

q  = L  y ‘i b  bl 1. 46
i=1

where h* and are norm alized  v a lu e s  o f  h and Y^^ , and

d en o tes  a Cbehyshev polynom ial o f  d egree  k . S o lu t io n  

o f  t h i s  e q u a tio n  a llo w s  th e  e q u ilib r iu m  c o n d it io n s  to  be c a lc u la te d  o v er  

the flow^ i

In  th e  p a r t ia l -  e q u ilib r iu m  c o m p o sitio n  model i t  i s  assumed 

th a t in  th e  f u e l  r ic h  r e g io n  the o x id a n t d oes n o t c o m p le te ly  r e a c t .  The

n o n -r e a c t in g  s p e c ie s  c o n c e n tr a t io n s  and t h e ir  tem peratu re a re  c a lc u la te d  

w ith  th e  a id  o f  the e q u ilib r iu m  co m p o sitio n  model -  w ith  th e

p r e scr ib e d  c o n s tr a in t  on th e  o x id a n t . T h is  model ta k e s  account
122

o f  the r e p o r te d  r e s u l t s  o f  Van Duyvenvoorden ' in  a methane 

d i f f u s i o n ' f la m e . In t h i s  flow  th e  f u e l  was consumed in  th e  

flam e f r o n t ,  but not a l l  the o x id a n t , b ecau se  o f  th e  sh o r t  

r e s id e n c e  tim e o f  each p a r c e l o f  gas in  th e  f la m e . Beyond
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th e  flam e fu r th e r  r e a c t io n  w ith  th e  oxygen was su p p ressed  and. a

fr o z e n  com p osition  w ith  f i n i t e  oxygen  c o n c e n tr a t io n  found.
12j

B alau  has p o in ted  ou t th a t  in  nydrocarbon flam es t h i s  assum ption  

i s  reason ab ly  c o r r e c t .  For a f t e r  th e  f u e l  r ic h  r e g io n ,the oxygen  

can on ly  r e a c t  to  g iv e  r a d ia is  OH, H and 0 which im m ed iately  

recom bine to  quench th e  r e a c t io n .

In th e  above m entioned com bustion  m odels the e f f e c t s  o f  the 

f lu c t u a t in g  s c a la r s  on th e  com bustion  r a te  has been n e g le c te d .

E vidence show ing th a t  th e  e f f e c t  o f  th e s e  s c a la r s  i s  n e g l ig ib le  

has n ot been forth com in g , and c o n se q u e n tly  in  r e c e n t  y ea rs  a ttem p ts  

been made to  in c lu d e  - th e se  tu r b u len ce  e f f e c t s  in to  th e  com bustion m odels

The A irh en iu s r a te  e q u a t i o n , 1 1 .43» which has been used to  

e s t im a te  the r e a c t io n  r a te  in  prem ixed fla m es i s  not r e a l l y  a p p ro p r ia te  

wnen th e  flow  i s  tu r b u le n t , b eca u se  when t h i s  eq u ation  i s  decomposed 

in to  mean and f lu c t u a t in g  s c a la r  p r o p e r t ie s  la r g e  and unknown f lu c t u a t in g  

c o r r e la t io n s  rem ain . D ecom p osition  o f  th e  s c a la r  p r o p e r t ie s  in  th e  

A rrnenius eq u a tio n  r e s u l t s  in  th e  f o l lo w in g  r e la t io n s h ip ;

k . V i W j - y % Y . A  e x p [ ^ ]
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-where th e  f lu c t u a t in g  c o r r e la t io n  term s con ta in ed  w ith in  th e  

square bracket are unknown. E quations can be d er iv ed  fo r  th e  

d oub le c o r r e la t io n s  YjYj Y^T e t c . ,  in  term s o f  h i ^ e r

ord er c o r r e la t io n s ,  but th e n  th e  number o f  v a r ia b le s  in c r e a s e  and
124 125

th e  normal c lo s u r e  problem a r i s e s .  Donaldson and D onaldson & Yarma 

have pub lished  th e  t h e o r e t ic a l  background o f  t h i s  a n a ly s is .

Many com bustion m ouels have been  proposed th a t  attem pt to  tak e

in t o  account th e  f lu c t u a t in g  m otion  o f  tu r b u le n t  f la m e s. For
1 6 / 120 12Texam ple, Libby , Bray and Moss , Lockwood and Naguib

128
and b p a ld in g  , have a l l  produced com bustion  m odels th a t a re  

a p p lic a b le  to  prem ixed f lo w s  in v o lv in g  two r e a c ta n ts  and one 

p rod u ct. These m odels can be su b -d iv id e d  in t o  two c a t e g o r ie s ,  

in  th e  f i r s t  c a te g o r y  th e  in t e r a c t io n  o f  tu r b u le n c e  and th e  

f lu c t u a t io n s  o f  th e  im p ortan t s c a la r s  are  r e p r e se n te d  by b a la n c e  

eq u a tio n s  fo r  the k i n e t i c  en ergy  o f  tu r b u len ce  and fo r  th e  mean 

f lu c t u a t io n s  o f  th e  r e a c t io n  p r o g r e s s , 'ihe r e a c t io n  p r o g r e ss  b e in g  

d e fin e d  as the n orm alized  mass f r a c t io n  o f  th e  p rod u ct. N o rm a liza tio n  

b e in g  used to  make th e  r e a c t io n  p r o g r e ss  equal to  one when com b ustion  

i s  com p le te . F lu c tu a t io n s  in  th e  r a te  o f  r e a c t io n  are in c o rp o ra te d  

through the in tr o d u c t io n  o f  a  p r o b a b i l i t y  d is t r ib u t io n  fu n c t io n  

o f  the p r o g r e ss in g  v a r ia b le .  The m odels proposed  by ü 'B rian  and 

Libby u se  t h is  approach, w ith  th e  p r o b a b i l i t y  d i s t r ib u t io n  f u n c t io n
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d e r iv e d  from a s u i t a b ly  s e t  up b a la n ce  e q u a t io n . However, Bray and 

Moss ch ose  to  s p e c i f y  th e  p r o b a b il i ty  d i s t r i b u t io n  fu n c tio n  in  t h e ir  

com bustion  model e m p ir ic a lly ,, b ecau se  o f  th e

s im p l ic i t y  o f  th e  r e s u l t in g  m odel, in  the secon d  type

o f  model th e  r e a c t io n  r a te  i s  r e la t e d  to  th e  f lo w  p a tte r n  by some

119h y p o th e t ic a l  r e a so n in g  and a s e r i e s  o f  a ssu m p tio n s , o p a ld in g

has proposed  and t e s t e d  a model o f  t h i s  ty p e . B r i e f l y , t h e  model

com p rises an e x p r e ss io n  fo r  th e  tim e averaged  r e a c t io n  r a te  fo r  a

flo w  w ith  two r e a c ta n t  and one product.^ and a l lo w s  fo r  a uniform

or non-un iform  a i r - f u e l  r a t i o .  The e x p r e ss io n  i s  d er iv ed  w ith

th e con cep t th a t th e  f lo w  c o n ta in s  " p arce ls"  o f  coh eren t g a s ,

which a re  su b je c te d  to  a s t r e t c h in g  p r o c e s s , w h ile  r e a c t io n  and

129sm all s c a le  m ix in g  tak e p la c e .  Jones and McGuirk 

have used  t h i s  model w ith , th e  m o d e ll in g  tech n iq u e  

proposed  by Gosman e t  a l^ ^ , to  s im u la te  th e  f lo w  f i e l d  w ith in  

a gas tu r b in e  com bustion chamber. They found th e  model cap ab le  

o f  a c c u r a te ly  p r e d ic t in g  th e  g r o ss  f u e l- o x id a n t  l e v e l s ,  b u t n ot  

s u f f i c i e n t l y  r e f in e d  f o r  a s s e s s in g  th e  p o l lu t a n t ,  p r im a r ily  

Carbon Monoxide l e v e l s .  The u se o f  a f i n i t e - r a t e  rea ctiC n  model

-for  r e p r e s e n t in g  th e  o x id a t io n  o f  Carbon-M onoxide 'to C arbon-D ioxide  

was recommended. • • -,



A model cap ab le  o f  d e a lin g  w ith  f i n i t e  chem ical r e a c t io n  

r a te s  h as been  proposed  and p a r t ia l l y  v a l id a te d  by Varma, Sandri

and D o n a ld s o n ^ . T h is model has th e  a b i l i t y  to  d ea l w ith  any type  

o f  fu e l  and o x id a n t r e a c t io n ,  and th u s r e p r e s e n ts  a c o n s id e r a b le  

advance o v er  th e  - com bustion m odels fo r  prem ixed 'and unmixed 

flam es • A s e r i e s  o f  D e lta  fu n c t io n s  are  used  

to  model th e  p r o b a b i l i t y  d i s t r ib u t io n  f u n c t io n , or p d f, o f  a l l  th e

s c a la r s  in  a tu r b u le n t  r e a c t in g  f lo w . Kewley^^^and Varma eta l^ ^ ^  

have s e p a r a te ly  made some l im it e d  u se  o f  t h i s  m odel. Kewley found  

t h a t ,  fo r  m ost form s o f  p d f, r e a so n a b le  p r e d ic t io n s  o f  the r e a c t io n  

r a te s  can be o b ta in ed  in  sim p le  f lo w s . J o n es , a t  the Agara 

C onference (numbered 275) on Combustion M o d e llin g , su g g e ste d  th a t  

p r e d ic t io n s  w ith  t h i s  type o f  model cou ld  be fa r  more in f lu e n c e d  by 

the c h o ic e  o f  p df than X ew ley 's  r e s u l t s  in d ic a t e d . T h is e f f e c t ,

Jones s u g g e s te d , would be caused  by tie  in f lu e n c e  o f  tem perature on 

th e  p r o b a b i l i t y  d i s t r ib u t io n  f u n c t io n s .
5

The p r e d ic t io n  o f  p o l lu ta n t  l e v e l s  has r e c e iv e d  c o n s id e r a b le  

a t t e n t io n  b eca u se  o f  the n b x ioh s e f f e c t  o f  many p o l lu t a n t s .  For 

exam ple, th e  p r e d ic t io n s  Carbon Monoxide ana N itrou s Oxide l e v e l s  

from Hydrocarbon f u e l s  i s  o f  c o n s id e r a b le  im portance to  the com bustion  

e n g in e e r .



une o f  th e  e a r l i e s t  models fo r  p r e d ic t in g  p o l lu ta n t  l e v e l s ,

132
and r e c e n t ly  used by Dryer and «estb rook  , i s  a m o d if ic a t io n  

o f  th e  g lo b a l  m odel. The f u e ls  and p o l lu t a n t s  are  assumed to  r e a c t  

a t  r a t e s  g iv e n  by the A rrhenius e q u a tio n . T h is  model i s  b e s t  

e x p la in e d  in  an i l l u s t r a t i v e  c a s e , c o n s id e r  th e  p o s t - in d u c t io n  

p h a se , w ith  le a n  o x id a t io n , o f  Methane a t  a tm o sp h er ic  p r e ssu re  

i n  an e n c lo s e d  flo w  r e a c to r . Assume th a t  we a re  concerned  w ith

th e  amount o f  Carbon Monoxide produced. For t h i s  ty p e  o f  o x id a t io n

1 33Dryer and Classman recommend a tw o -s te p  g lo b a l  m odel. In  the

f i r s t  s t e p  th ey  a llo w  th e  fu e l  to  r e a c t  to  th e  p o l lu t a n t ,  Carbon 

M onoxide;

8=4 + 2 “  + 2HgO ( 1 1 .4 8

and in  th e  second  s te p :

 ̂ 2^2  >  ^^2 (1 1 .4 9

The r a t e s  o f  th e s e  two r e a c t io n s  b e in g  d e r iv e d  from th e  fo llo w in e -  

" Ai"i?heni” s" ty p e" eq u a tio n s  :

\  RTdt

d ( c O g )  = 1 o 14-75 e x p  / - i i p o o )  ( C O ) ’ ‘ ° ( H , 0 ) ° - ' ^ ( 0 , ) ° ‘ ^^ ( 1 1 - 5 1

d t
V /

Cohen ,u r y e r  and Classman^ ,have shown th a t  w ith  many hydro-carbon  f u e l s  

u n r e a l i s t i c  r e s u l t s  can b e  ob ta in ed  w ith  g lo b a l:  com bustion  m odels o f  th e  

above ty p e . T h is i s  because the r e d u c tio n  o f  th e  hydrocarbon f u e l  

d i r e c t l y  to  carbon Monoxide and Hydrogan b ased  p ro d u cts  i s  e x p e r im e n ta lly  

u n r e a l i s t i c  ta k in g  no account o f  th e  r e a c t io n s  to  hydro-carbon  

in te r m e d ia r ie s .  The r a te s  a t which th e s e  in te r m e d ia te  r e a c t io n s
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o c c u r  a r e  o f te n  dependent upon the  i n i t i a l  c o n c e n t r a t i o n  o f

f u e l  and ox id a n t, and a f f e c t  th e  amount o f  p o l lu ta n t  produced,

155
Edelman and Harsha , in  a rev iew  o f  lam in ar and tu r b u len t  

gas dynam ics in  com bustion , have d e f in e d  a s l i g h t l y  more complex form  

o f  th e  g lo b a l  com bustion model which ta k e s  accou n t o f  Cohen's etal's^  

o b j e c t io n .  T his i s  c a l le d  th e  "quasi - g lo b a l  r e a c t io n  m odel". In  t h i s  

m o d e l,th e  o x id a t io n  o f  a hydro-carb on  f u e l  to  Carbon-Monoxide and Hydrogen  

i s  r e p r e se n te d  by s e v e r a l  s in g le  s te p  g lo b a l  r e a c t io n s .  The e f f e c t s  o f

fu r th e r  o x id a t io n  can , i f  r e q u ir e d ,b e  c o n s id e r e d  in  d e t a i l - t h a t  i s  a s a

s e r i e s  o f  s e q u e n t ia l  or p a r a l l e l ,u n i  or b i-m o le c u la r  r e a c t io n s ,  ürielman, 

Turan, Harsha and Wong  ̂ ^ave used  t h i s  ty p e  o f  model to  p r e d ic t

th e  p ro p erty  flo w  p a tte r n s  in  a j e t  s t i r r e d  L on gw ell-W eiss r e a c to r  -

a s  d e f in e d  in  r e fe r e n c e  I 3 6 . The r e a c t io n s  a llo w ed  fo r  are;

i )  p y r o ly s is  C^H  ̂ + M  #rC^H  ̂ + M + BN (1 1 .5 2

i i )  p a r t ia l  o x id a t io n  + 0^  ►CO + Hg (1 1 .5 3

+ Og UO + Hg

i i i )  s o o t  form ation  C H — >-C, . + H  ̂ (1 1 .5 4
n m ( s ;  2 '

- ^ h s )  + '"a

& iv )  s o o t  o x id a t io n  C, + 0 - — ►CO + CO (1 1 . 5&
(S) 2 2

-



The symbol BN r e p r e s e n t s  bound n i t ro g e n  and M th e  t h i r d  body.

The s u b s c r ip t s  n ,ra,x and y  d e s ig n a te  th e  typ e o f  hydro-carb on  

f u e l  and shows th a t  th e  carbon b e in g  c o n s id er e d  i s  in  the

form o f  s o o t .  The bound n itr o g e n  can o x id iz e  to  n itr o u s  o x id e  

under c e r t a in  c o n d it io n s ,  and t h is  r e a c t io n  w i l l  be d is c u ss e d  l a t e r .  

Edelman etal^^^ have d e sc r ib e d  th e  r e a c t io n  r a te s  a t which

H^, CO and BN were co n v erted  in to  H^O, CÔ  and ND̂  w ith  A rrhenius

ty p e  r e la t io n s h ip s .  The c o n s ta n ts  in  th e se  r e la t io n s h ip s  b e in g  

d e f in e d  from th e  p u b lish ed  data o f  Edelman e t a l  ^

and L ee, T h ring  and B eer , Edelman e ta l^ ^ ^  have  

rep o rted  some s u c c e s s  w ith  t h is  type o f  model in  a w e ll s t i r r e d
1 52

r e a c to r  . However, o th e r  au th o rs, fo r  exam ple Dryer and W estbrook , 

^ v e  p o in te d  o u t th a t  t h i s  approach has riot been  f u l l y  

tested (.

The p ro d u ctio n  o f  n itr o u s  o x id e ,  NO, has r e c e iv e d  c o n s id e r a b le  

a t t e n t io n  in  r e c e n t  y e a r s ,  p r im a rily  b ecau se  o f  the in c r e a s in g  

s e v e r i t y  o f  p o l lu t io n  law s in  the U nited  S t a t e s .  T h is typ e  o f  r e a c t io n  

i s  norm ally  c o n s id e r e d  as an adjunct to  th e  p a r t ia l  o x id a t io n  

o f  the hydrocarbon f u e l  in  the q u a s i-g lo b a l  m odel. I t  i s  n orm ally

assumed th a t  th e  N i t r o - o i id e  i s  formed by a h ig h  tem perature  

r e a c t io n  betw een  N̂  and 0^ . This typ e o f  r e a c t io n  i s   ̂

som etim es r e fe r r e d  to  a s  "thermal n itr o u s  o x id e  form ation " .



The r a t e  o f  g e n e r a tio n  o f  NO i s  u s u a l ly  based  upon th e  Z eldovitch^^ J  

m echanism , w ith  th e  r e a c ta n t  r a te  g iv e n  by:

v v  • y q )  • \  ( 1 1 .5 7

\  “o M y /

w ith  k = 10^1 "13 and E -  3-75 x lo'^ from
z z

from Van Duyvenvoorden^ • The sym bols and r e p r e s e n t  th e

m o lecu la r  w eigh t o f  n itr o g e n  and oxygen. Faauw, b troo  and 

1 39van Koppen have used a N itrou s Oxide model o f  t h i s  ty p e , ih e y  

c a lc u la t e d  th e  p ro p erty  p a tte r n s  in  n a tu r a l g a s  d i f f u s i o n  f la m e s , 

u s in g  th e  f r o z e n , e q u ilib r iu m  and p a r t ia l  e q u ilib r iu m  co m p o sitio n  

m odels ( d e t a i le d  above) p lu s  the above m en tioned  NO fo rm a tio n  model 

They found th a t  th e  c a lc u la te d  v a lu e s  o f  NO were a lw ays l e s s  

than  m easured v a lu e s .  When the e q u ilib r iu m  m odel was used  

to  s im u la te  t h e .r e a c t a n t s  o f  the com bustion  p r o c e ss  , 

th e  e s t im a t e s  fo r  N itro u s  Oxide were p a r t ic u l a r ly  

poor'. T h is r e s u l t  Paauw e t a l   ̂ a t t r ib u t e  to  th e  f a c t  th a t

e i t h e r  "super e q u ilib r iu m  oxygen" or "prompt n i t r o u s  ox ide"  p layed  

a s u b s t a n t ia l  r o le  in  th e  r e a c t io n s . ( Paauw d e f in e s  "super  

e q u ilib r iu m  oxygen”as oxygen in  a f u e l  r ic h  r e g io n  th a t  does  

n o t r e a c t .  T h is phenomena occu rs when the r e s id e n c e  tim e o f  

th e  o x id a n t  in  th e  flam e f r o n t  i s  so sh o r t  th a t  i t  d o e s  not  

have t im e  to  f u l l y  r e a c t ) .

■’3yS"—



11.4  R a d ia t io n

The b a s is  o f  any model fo r  p r e d ic t in g  r a d ia t iv e  h e a t exchange  

betw een g a se s  i s  th e  r a d ia n t energy t r a n s f e r  eq u a tio n :

î4n

+ k ',^ p)I^ . + k^.^p/ I  (p )  dp

Jo
(1 1 .5 3

T h is  e q u a tio n  r e p r e s e n ts  a b a la n ce  o f  th e  m onochrom atic ra d ia n t  

en ergy  t r a n s f e r  through a sm a ll volume o f  an e m it t in g , ab sorb in g  

and s c a t t e r in g  medium. In  t h i s  eq u ation  th e  second  term r e p r e se n ts  

th e  r e d u c tio n  in  i n t e n s i t y  caused  by e i t h e r  a b so r p tio n  or  

s c a t t e r i n g  w ith in  the e le m en ta l volume. The th ir d  and fo u rth  

term s r e p r e se n t  th e  in c r e a s e  in  in t e n s i t y  due to  e m iss io n  from , 

and s c a t t e r in g  in t o ,  th e  volum e.

O b v io u sly , the d ir e c t  a p p l ic a t io n  o f  th e  r a d ia n t  energy  

e q u a tio n  to  a flo w  s i t u a t io n  i s  im p r a c t ic a l, fo r

th e  f o l lo w in g  r e a s o n s . F i r s t l y ,  an i n f i n i t e  amount 

o f  com puting power would be req u ired  to  s o lv e  eq u a tio n  1 1 .58* 

b eca u se  in  th e  form th a t i t  i s  c a s t  th e  f lo w  s i t u a t io n  b e in g  

s im u la te d  must be d iv id e d  in t o  an i n f i n i t e  number o f  e lem en ta l vo lu m es, 

s e c o n d ly , th e  s p e c i f i c  s p e c tr a l  c o e f f i c i e n t s ,  r e p r e se n te d  by ‘k ' ,  

u sed  in  a s s e s s in g  e m is s io n , a b so r p tio n  and r e f l e c t i o n  cannot be 

p r e c i s e ly  d e f in e d .



A p r a c t ic a l  r a d ia t io n  model must com prise two p a r t s .  In  th e  

f i r s t  p a r t ,t h e  r a d ia t iv e  p r o p e r t ie s  th a t  d e f in e  th e  a b so r p t io n  and 

e m iss io n  c h a r a c t e r i s t i c s  o f  th e  s p e c ie s  p r e s e n t , a t  the p r e v a i l in g
■ '* L

tem p era tu res , are  p r e s c r ib e d . In  the second  p a r t th e  r a d ia n t  

energy exchange betw een th e  v a r io u s  areas o f  th e  flo w  s i t u a t io n  

b e in g  s im u la te d  are  e v a lu a te d . (The d ata  from th e  f i r s t  

p art o f  th e  ^ncdel i s  used  as in p u t in to  th e  secon d  

in  s u b - s e c t io n  ’a '  th e  p roced u res f o r  p r e s c r ib in g

th e r a d ia t iv e  p r o p e r t ie s  a r e  d e sc r ib e d . In  s u b - s e c t io n  b th e  

m odels fo r  e v a lu a t in g  r a d ia t iv e  energy exchange are d e f in e d  and 

d is c u s s e d .

1 1 .4 a  R a d ia t iv e  P r a o e r t ie s

The d e f i n i t i o n  o f  th e  r a d ia t iv e  c h a r a c t e r i s t ic s  o f  a 

p a r t ic u la r  f lo w  s i t u a t io n  i s  a n e c e ssa r y  p re lu d e  to  u s in g  any  

r a d ia t io n  m odel. These c h a r a c t e r i s t ic s  a re  used w ith  c e r t a in  o f  

th e  s c a la r  p r o p e r t ie s  o f  the f lo w  s i t u a t io n  to  d e s c r ib e  th e  

a b s o r p t iv i t y ,  and e m is s iv i t y  o f  both th e  g a se s  com p ris in g  th e  w orking  

f lu i d  and th e  s u r fa c e  o f  th e  c o n ta in e r  th a t  c o n s tr a in s  th e  f lo w .

The dom inant r a d ia t iv e  p r o c e s s e s  ,in  most e n g in e e r in g  a p p l ic a t io n s

are  a b so r p tio n  and e m is s io n . In  f a c t  most w orkers assume th a t

s c a t t e r in g  i s  n e g l i g i b l e .  Under th e se  c ircu m sta n ces  the

a b s o r p t iv i t y ,  <=< , and e m is s iv i t y ,  & , are r e la t e d  by;
S S

ë  g

l%ius the problem  o f  d e f in in g  th e  r a d ia t iv e  c h a r a c t e r i s t ic s

red u ces to  d e f in in g  th e  e m is s iv i ty , .  ^  .
S



G ases can em it and absorb r a d ia tio n  in  two w ays. In  th e  

f i r s t ^ r a d ià t io n  i s  em itted  and absorbed o v er  th e  com p lete  spectrum  

such  g a s e s  a re  c a l le d  g r e y , in  the second, r a d ia t io n  i s  e m itted  

and absorbed o n ly  in  d i s c r e t e  bands o f  th e  spectrum  -  such g a se s  

a r e  o f t e n  r e fe r r e d  to  a s  r e a l' /  For a grey  gas th e  e m is s iv i t y ,  

e i s  d e f in e d  by;

= 1 -  exp(-lcpL ), (̂ 11 .60

where k / r e p r e s e n ts  th e  s p e c i f i c  a b sorp tion  c o e f f i c i e n t ,  p th e  

p a r t ia l  p r e s su r e  o f  th e  gas and L the p a th le n g th  o f  the r a d ia t io n .

The a b so r p t io n  c o e f f i c i e n t , - k , can-be r e p r e se n te d  b y  th e  sum over  

th e  spectrum  o f  the s p e c i f i c  ab sorp tion  c o e f f i c i e n t s ,  a t  th e

wavenumber w  . T his c o e f f ic ie n t ,a b o u t  th e  l i n e  wavenumber iD, 

can be c a lc u la t e d  fo r  a broadened l in e  w ith ;

b
c

as d e t a i l e d  by F e n n e r ^ a n d  Tien^^^

In  co m b u stio n , l i n e  b road en in g  i s  caused by m o le c u la r  c o l l i s i o n  -

a s  r e p o r te d  by B arteldë^ ^ ^  . However, o th e r  e f f e c t s  can cau se
144

t h i s  phenomena -  f o r  exam ple Hot t e l  and S arafim  r e p o r t  th a t  D op ier

e f f e c t s  cau se  l i n e  b road en in g  in  low p r e ssu r e  f lo w s-s u c h  a s

th e  ex h a u st plum es from r o c k e t en g in es . In  th e  p r e sen te d

e q u a tio n  f o r  th e  a b s o r p t iv i t y  S i s  the in te g r a te d  l i n e

in t e n s i t y ,a n d  i s  e q u iv a le n t  to  the area under th e  cu rve f o r  th e

broadened l i n e ,  and b i s  the c o l l i s i o n  h a l f  w id th  o f  the l i n e .* c

-  —



One o f  the s im p le s t  m odels f o r  p r e d ic t in g  e m is s iv i t y  o f  

a r e a l  gas i s  the so . c a l l e d ' ”one c le a r  and two g rey  gas m odel” , 

As i t s  name im p lie s  t h i s  model r e p r e s e n ts

th e  e m is s iv i t y  o f  a r e a l gas by ta k in g  th e  sum o f  th e  w eighted  

e m i s s i v i t i e s  o f  one c le a r  and two grey  g a s e s .  In  t h i s  c o n tex t  

a c le a r  gas i s  one which d oes n ot absorb o r  em it' r a d ia t io n ,  

and a grey  gas i s  one which b oth  ab sorb s and em it-s r a d ia t io n .  

Johnson , d e r iv e s  the e m i s s i v i t i e s  a s  fo llo w s'-

n» t n=1
‘ ( 1 1 . 6 2

The w e i^ iin g  f a c t o r ,  a , r e p r e s e n ts  th e  q u o t ie n t  o f  the  

s p e c t r a l  b la ck  body i n t e n s i t y  in te g r a te d  o v e r  th e  wavenumber 

r e g io n  where k eq u a ls  k^^ and th e  s p e c tr a l  b la ck  body in t e n s i t y  

in te g r a te d  o v er  th e  spectrum . The c o n s ta n ts  b^^ and b^^ 

and th e  spectrum  a b orp tion  c o e f f i c i e n t  a re  d e r iv e d  from  

ex p er im en ta l d a ta  fo r  the p a r t ic u la r  f lo w  s i t u a t io n  b e in g  c o n s id er e d .
146

H advig  , has p u b lish ed  such  d a ta  f o r  the p ro d u cts  o f  simple
145

hydrocarbon and oxygen r e a c t io n s .  Johnson , h a s  used t h i s  'model and 

H a d v ig 's  d a ta  to  e s t im a te  th e  e m i s s iv i t i e s  o f  th è  products' cauaea

by m ethane com bustion , ( I h e  c le a r  gas was d e f in e d  by s e t t in g  k -  0 — 

t h i s  meant ' th a t i t  corresp on d ed  to th e  w eakly and non

a b so r b in g  part o f  th e  spectrum . D ie p a r t ia l  p r e s su r e , p.



was s e t  to  th e  sum o f  th e  p a r t ia l  u re ssu re s  o f  th e  r a d ia t in g  g a se s
145

-  in  t h i s  c a se  carbon d io x id e  and w ater vapourJ. Both Johnson  

145
and B a r te ld s  s t a t e  th a t  t h i s  model has d e f i c i e n c i e s  in  la r g e  

fu r n a c e s , Johnson q u a l i f i e s  h i s  sta tem en t by rem arking th a t  f o r

methane c o m b u stio n ,th e  model becomes in c r e a s in g ly  .in a c c u r a te  when 

the mean p a th le n g th  o f  th e  r a d ia t io n  i s  la r g e r  than 4m -  th e  

p a r t ia l  p r e s su r e s  o f  carbon d io x id e  and w ater vapour were ' 

assumed to  be 0 ,3 b a r , ( Johnson a s se s se d  accuracy  by com paring

h is  p r e d ic te d  r e s u l t s  w ith  H advigJs measured d a t a ,)

A moderri ‘ v e r s io n  o f  t h i s  model has a ch iev ed  s l i g h t l y  more 

a ccu ra te  p r e d ic t io n s .  In  t h i s  model the e m is s iv i t y  o f  th e  r e a l  

gas under c o n s id e r a t io n  i s  r e p resen ted  by th e  sum o f  th e  w eighed
145

e m i s s iv i t i e s  o f  fo u r  grey  g a s e s .  Some a u th o rs , f o r  example B a r t e ld s ,  

c a l l  t h i s  th e  ” fo u r  grey  gas m odel".

D iere  i s  m ounting e v id e n c e  th a t  th e  above m entioned m odels 

cannot a d eq u a te ly  r e p r e s e n t  th e  e m is s iv ity  c h a r a c te r is t ic A  o f . t h e  

g a se s  in v o lv e d  in  a r e a l  com bustion  p r o c e ss . The main r e a so n  f o r  

t h i s  i s  th a t th e s e  m odels o n ly  r e f e r  to  th e  com bustion g a se s  o f  

one f u e l .  Diua a c c u r a te  r e s u l t s  arc  o b ta in ed  where th e  r e a c t io n  

has one predom inant f u e l  -  Johnson145bag v e r i f i e d  t h is

r e s u l t  in  methane and n a tu r a l-g a s  flam es; and B eer and Claus^^? 

in  c e r ta in  o i l  f la m e s . However, when the

r e a c t io n s  become com plex, th a t  i s  v a r io u s  f u e l  so u r c es  o c c u r , th e  

model ieporaes ; in a p p r o p r ia te . To overcome th e se  problem s 

" sp e c tr a l r a d ia t iv e  m odels" have been proposed, T y p ic a lly  th e s e

are form ulated  so th a t  th e  s p e c tr a l  ab so rp tio n  c o e f f i c i e n t  i s



a fu n c tio n  o f  th e  tem p eratu re . He s h a l l  now d e s c r ib e  th e  two 

most p o p u la r  m od els. The f i r s t  i s  based upon th e  p r e v io u s ly  

m entioned " four grey  gas m odel", but r e p la c e s  th e  m onochrom atic

a b so r p tio n  c o e f f i c i e n t s  in  each o f  th e  fo u r  s e le c t e d  reg im es by

an average v a lu e  a t  a f ix e d  tem peratu re. D iua . th e  e m is s iv i t y  can be 

rep r ese n te d  by; ^

^  -  exp(-k;;(.Tp.pX)j (11-63

n=1

where a ( T J  » /  L (T ) d (1 1 .6 4
gn^ /  b,(j^ g  ̂ O

B a r t e ld s ^ a s  used  t h i s  model fo r  p r e d ic t in g  th e  e m i s s i v i t i e s  o f  

the g a se s  in v o lv e d  in  th e  com bustion o f  methane -  among th e  p rod u cts  

are w ater vapour and carbon d io x id e . H is d i v i s i o n  o f  th e  spectrum  

in to  fo u r  r e g io n s  i s  d e t a i le d  in  t a b le  two and i s  so m ew h a t.a r b itra r y . 

The v a r io u s  v a lu e s  taken  by a ^ ,  a t  v a r io u s  tem p era tu res  Tg, 

were e v a lu a te d  w ith  th e  ta b u la te d  b la c k  body r a d ia t iv e  f r a c t io n s  

p u b lish ed  by S ie g e l  and H owell^^9 The p o r t io n  o f  t h i s  d a ta  used  

by B arte ld s^ ^ ^  i s  p r e sen te d  in  t a b le  th r e e . The p r e d ic te d  v a lu e s  

o f  Eg. had an average  d e v ia t io n  from Hadvig.'â^^ d a ta  o f  l e s s  than  

one p e r c e n t , which in d ic a t e s  th a t  B a r t e ld ’s s u b - d iv is io n  o f  

the spectrum  i s  a p p r o p r ia te .



T able  Two

D i v i s i o n  o f  E l e c t r o m a g n e t i c  Spec t rum  i n  W ate r  Vapour  and Carbon D iox ide

n -  1

n

Bands o f  I n c r e a s i n g  s t r e n g t h  (jimj

0 . 0  
2 .7778  
5 .5556  
6 .9444  

50 .0000  -

2.6111
3 .7778
4 .7778  
5 .7222

11.1111
51.1111

3 .9444
4 .3889

14.6667

4 .2222

2.6111
3 .7778
5 .7 2 2 2

1 1 . 1 1 1 1

2 .7778
3 .9 4 4 4  
5 .5 5 5 6
6 .9 4 4 4  

14 .6667  
50 .0000

4.2222
-  4 .7 7 7 8
-  31.1111

4 .3 8 8 9

T a b le  Three

W e ig h in g ,  F a c t o r s  and A b s o r p t i o n  C o e f f i c i e n t s  o f  Pour  Orgy Gas Model 

f o r  t h e  P r o d u c t s  o f  Methane Combustion

T= 1000K 1200K I4OOK I 60OK 1800k. 2000k 1000-2000K

^1 . 540900 .607500 .672000 .733100 .789600 .840200 .106165

^2 .304100 .261200 .219300 .178300 .139300 101300 *̂ 2 1:652800

*3 .124900 .109900 .093870 .078300 .064960 .055120 te, I 21 .212000

&4
;.029980 .021390 .014810 .009851 .006130 .003296 I 46 . 3O8OOO
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An even more g e n e r a l s p e c tr a l  model has beert proposed by B a r te ld s  

It  3 purpose i s  to c a lc u la t e  th e  e m i s s iv i t i e s  o f  both  gas m ix tu res  

and s o o t .  T h is model o n ly  d i f f e r s  from th a t  p r e v io u s ly  d e sc r ib e d  in  

one p o in t . I h i s  i s  t  h a t th e  s p e c tr a l  a b so rp tio n  c o e f f i c i e n t  i s  

taken as the fu n c t io n  o f  th e  c o m p o sit io n , p ressu re  and tem p eratu re .

Dius the e m is s iv i t y  i s  now r e p r e se n te d  by;

m

C g -  y  a ^ (T ^ ). | l  -  jexp -k ^ (c o m p o s it io n ,P ,T ^  .x j
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B a r te ld s , has p r e sen te d  some sam ple r e s u l t s  which in d ic a t e  th a t  

t h i s  model i s  rea so n a b ly  a c c u r a te  in  c e r ta in  c a s e s .

D ie problem s a s s o c ia t e d  w ith  e s t im a t in g  th e  r a d ia t iv e  

p r o p e r tie s  o f  th e  s u r f a c e s  o f  th e  fu rn a ce  shou ld  not be u n d er e stim a te d . 

E lectrom agn etic  th e o ry  can be used  to  a s s e s s  th e se  p r o p e r t ie s  when 

the s u r fa c e s  can b e . .p r e c is e ly  d e f in e d . -This means th a t  th e  s u r fa c e s  are  

o p t ic a l ly  smooth and both p h y s ic a l ly  a n d 'c h em ica lly  ' c le a n .

However, in  p r a c t ic a l  s i t u a t io n s ’-w here th e  s u r fa c e s  are n orm ally  rough  

and c h e m ic a lly  co n ta m in a ted , th e r e  i s  very  l i t t l e  in fo r m a tio n  

a v a ila b le  on th e  r a d ia t iv e  p r o p e r t ie s .  Perry^^^ând B artelds^  

have p u b lish ed  some m easured d a ta  on rough contam inated  s u r f a c e s -

Van K uijk and S p a n jer* s  have d e t a i le d  how su r fa c e  tem p eratu res»  

and th e  m a te r ia l  from w hich th e  furnace i s  c o n s tr u c te d ,  

a f f e c t  a b s o r p t iv i t y .  However, a t  p r e se n t  th ere  i s  s t i l l  i n s u f f i c i e n t  

data a v a i la b le  to  en a b le  m o d e lle r s  to  d e f in e  the r a d ia t iv e  

p r o p e r t ie s  o f  roug^ o r  con tam in ated  su r fa c e s  w ith  c o n f id e n c e .



R a d ia t i o n  Models

A p e r f e c t  r a d ia t io n  model would p r e d ic t  r a d ia t io n  exchange  

w ith in  an e n c lo s u r e  by s p e c tr a l  summing up o f  the m u lt ip le  r e f l e c t i o n s ,  

a b so r p tio n s  and s c a t t e r in g s  o f  an i n f i n i t e  number o f  m onochrom atic  

beam s. I t  i s  n o t p r a c t ic a l  to  form u late  such a model f o r  th e  fo llo w in g  

r e a so n s . F i r s t l y ,  s p e c tr a l  in fo rm a tio n  d e f in in g  th e  s u r fa c e  

r a d ia t iv e  c h a r a c t e r i s t i c s  o f  the e n c lo su r e  c o n ta in in g  th e  f lo w  

b e in g  examined i s  not p r e c is e  enough to  warrant th e  c o n s tr u c t io n  

o f  such an a l l  encom passing m odel. Secondly? th e r e  i s  i n s u f f i c i e n t  

in fo rm a tio n  on th e  e m iss io n , a b so r p tio n  and s c a t t e r i n g  c h a r a c t e r i s t ic s  

o f  r a d ia t io n  from s o o t ,  p u lv e r iz e d  f u e l s  and c e r t a in  g a se s  fo r  

a ccu ra te  p r e d ic t io n s  in  many p r a c t ic a l  e n g in e e r in g  f lo w  s i t u a t io n s .  

T h ird ly , a t  p r e s e n t  com puters are  not s u f f i c i e n t l y  pow erfu l to  a e a l  

w ith  the m ath em atica l a lg o r ith m s req u ired  to  s im u la te  an i n f i n i t e  number 

o f  m onochromatic beam s. With th e se  p h y s ic a l and com p u ta tion a l l im it a t io n s  

in  mind s e v e r a l  a p p r o x im a te -r a d ia t io n  m odels have been  p rop osed . The

m ost popular ones a re  c a l le d  t h e  "M onti-C arlo", Zone and Flux m odels.

Die f i r s t  model makes u se  o f  the M onti-C arlo p r in c ip le  and 

i s  p o t e n t ia l ly  th e  m ost f l e x i b l e  and a ccu r a te .-  However, a s  p o in ted
162ou t by S tew art and Canon, th e  v a s t  amount o f  co m p u ta tion a l tim e r eq u ired  

f o r  a s o lu t io n  make t h i s  approach com m ercially  im p r a c tic a l^

Die secon d  model s u b -d iv id e s  the -flow  s i t u a t io n  in t o  s e v e r a l  

zo n e s . Each zone i s  assumed to  have c o n sta n t  r a d ia t iv e  p r o p e r t ie s .

-



and an e q u iv a le n t  r a d i a t i v e  a r e a  d e f in e d  from t a b l e s  o f  th e

typ e  p u b lish ed  by Tien . Die exchange betw een a p a ir  o f  zones i s

th en  c a lc u la te d  w ith  the a id  o f ' t h e  r a d ia t iv e  en ergy  e q u a tio n .
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H o tte l  and Cohen , Steward and Guruz' and Johnson have d e s c r ib e d ,  

used and a s s e s s e d  th e  perform ance o f  t h i s  type o f  model in  

furnace f lo w  s i t u a t io n s .  The model i s  u n s u ita b le  fo r  embodying 

in to  flow  m o d e llin g  tec h n iq u es  f o r  th e  fo llo w in g  r e a so n s .

The assum ption  o f  c o n sta n t r a d ia t iv e  p r o p e r t ie s  in  each zone  

produces u n r e a l i s t i c  p r e d ic t io n s  u n le s s  a la r g e  number o f  zones  

a re  s p e c i f i e d .  Wien a  la r g e  number o f  zones are  s p e c i f ie d  

th e  com p utational d i f f i c u l t i e s  in v o lv e d  in  d e a l in g  w ith  th e  

co n n e c tio n s  betw een th e  v a r io u s  zon es and the f lu id  dynam ics model 

becomes so immense th a t  t h i s  approach i s  com m ercia lly  im p r a c t ic a l .

Flux m odels r e p la c e  th e  e x a c t  in t e g r a - d i f f e r e n t i a l  eq u a tio n s  

o f  r a d ia t iv e  h ea t t r a n s f e r ,  eq u a tio n  1 1 .3 8 , by approxim ate  

d i f f e r e n t i a l  o n e s . The advantage, o f  t h i s  approach i s  th a t  

th e se  d i f f e r e n t i a l  e q u a tio n s  can be so lv e d  by th e  standard  f i n i t e  

d if f e r e n c e  or f i n i t e  elem en t te c h n iq u e s  t y p ic a l ly  used in  th e  

m athem atical a lg o r ith m s  th a t  s o lv e  th e  momentum, h e a t and 

mass t r a n s f e r  e q u a tio n s .

The f i r s t  f lu x  m odels were d e v ise d  fo r  the s o lu t io n  o f
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a s tr o - p h y s ic a l  problem s -  S c h u ste r  p u b lish ed  th e  f i r s t  paper on 

t h i s  s u b j e c t .  These m odels s im u la te  r a d ia t iv e  t r a n s f e r  in  one 

d ir e c t io n ,  how ever, a s  th e  r a d ia t iv e  f lu x  can go b oth  forw ards and 

backwards th e y  are  known a s  "two f lu x  m odelv".' V arious m odels



o f  t h is  type have been  proposed  and t e s t e d .  The m athem atica l form  

assumed by th e s e  m odels depends upon th e  method o f  a v e r a g in g  used  to  

reduce the r a d ia n t  i n t e g r a - d i f f e r e n t i a l  equation  to  a form th a t  can 

be e a s i ly  s o lv e d .  The m odels th u s o b ta in ed  are norm ally  named a f t e r  . 

th e  in v e n to r s  o f  th e  a v e r a g in g  procedure used in  t h e ir  d e r iv a t io n .

We s h a l l  b r i e f l y  d e s c r ib e  th e  m odels which have been s u c c e s s f u l  in  

e n g in e e r in g  a p p l ic a t io n s .  D ie S c h u ste r  and Schw arzchiId model^ 

assum es th a t  th e  r a d ia t io n  i n t e n s i t y  i s  con stan t w ith in  a h em isp h ere .

A d is c o n t in u ity  in  th e  i n t e n s i t y  th u s occu rs a t th e  p la n e  b etw een  th e se  

h em isp h eres. D i f f e r e n t i a l  eq u ation ^  are d er ived  w ith in  

each hem isphere by i n t e g r a t in g  r a d ia n t  energy e q u a tio n s  o ver  each  

hem isphere w ith  th e  c o n s ta n t  i n t e n s i t y  assum ption a p p lie d , stan d ard  

f i n i t e  d i f f e r e n c e  and e lem en t m ethods can be used to  s o lv e  th e  r e s u l t in g  

approxim ate r a d ia t io n  e q u a t io n . The Milne^^"^, or Bddington^ model 

i s  based upon th e  a ssu m p tion  th a t  th e  r a d ia t io n  i n t e n s i t y  i s  a fu n c t io n  

o f  cos p -  where p i s  a s o l i d  a n g le  a t  the source- o f  the r a d ia t io n .

D ie Hamaker^^^ model i s  d e r iv e d  from th a t used by -  - '' -

'S ch w a rzch ild -, but om its th e  mean o b l iq u it y  fa c to r  fo r  o n e - h a lf .  S iddall^ ^ ' 

ba.3_ compared p r e d ic t io n s  from th e se  m odels fo r  an e m itt in g  

grey  gas betw een  p a r a l l e l  p l a t e s .  He dem onstrated th a t th e  m odels 

proposed by a c h u s te r -a c h w a r z c h ild   ̂^^and aldington^ ^^gave th e  b e s t  

agreem ent w ith  th e  e x a c t  s o lu t io n  o f  t h i s  problem ,

S id d a ll  p o in ts  ou t th a t  more a c c u r a te  p r e d ic t io n s

-ar.s>-



would be o b ta in ed  i f  th e  r a d ia n t f lu x  were a llow ed  

to  t r a v e l  in  more d ir e c t io n s .

W h ilst •: two f lu x  m odels were s a t i s f a c t o r y  f o r  s im u la t in g  

a s t r o  -  p h y s ic a l  problem s, th ey  were found to  be u n s u ita b le  

f o r  - d e a l in g  w ith  J  e n g in e e r in g  s i t u a t io n s  where more than  

one predom inant d ir e c t io n  o f  r a d ia t io n  t r a n s f e r  o c c u r r e d .

T« overcome t h i s  problem "four and s i x  f lu x  models" were fo rm u la ted , 

(The fou r  f lu x  model b e in g  a b le  to  s im u la te  r a d ia t io n  t r a n s f e r  

a lo n g  two p r in c ip a l  a x i s ,  and th e  s i x  f lu x  model a lo n g  th r ee  

a x is  ) .  These m odels are  d e r iv e d  by u s in g  th e  fo l lo w in g  p r o c e d u r e s . 

The f lo w  domain b e in g  examined i s  d iv id e d  in to  s e v e r a l  z o n e s . In  th e  

fo u r  f lu x  model th e se  zones a re  tr ia n g u la r  in  sh ap e, and in  th e  s i x ,  

and g r e a te r , f lu x  m odels cones are  u se d . (The apex o f  t r ia n g le  

o r  cone i s  s i t u a t e d  a t  th e  so u rce  o f  a d i a t i o n ; .  In  each zone the  

i n t e n s i t y  o f  r a d ia t io n  i s  assumed c o n s ta n t . The in te g r a - r a d ia n t  

en ergy  eq u ation  i s  th en  in te g r a te d  o ver  each zone to  produce >• a 

d i f f e r e n t i a l  e q u a tio n  -  which can th en  be so lv e d  by a f i n i t e  

d if f e r e n c e  or  e lem en t m ethod. B artelds^^ ^  has

compared p r e d ic t io n s  from two eind fo u r  f lu x  m odels fo r .

m ethane com bustion  in  an a x i-sy m m etr ic  c y l in d r ic a l  fu rn a ce  . Not o n ly

d id  th ey  f in d  th e  fo u r  f lu x  model to  be th e  more a c c u r a te , but a l s o  th e  

e a s i e s t  to  combine in to  aero  and therm o-dynam ic m o d e ll in g  tech n iq u e  he used,

Gosman and L o c k w o o d ^ h a v e  employed a fou r f lu x  m odel, which was

154d e r iv e d  in  a s im i la r  manner to  th e  method p r e sc r ib e d  by S c h u ste r  

fo r  two f lu x  m od els , to  p r e d ic t  r a d ia t iv e  t r a n s fe r  from a gas flam e



in  a fu r n a c e . (T h is fu rn ace  had a sq u are c r o s s - s e c t io n  and has been  

d e t a i l e d  by Johnson and B eér^ ^ ^ ;. R a d ia t io n  f lu x e s  were a llow ed  fo r  

in  th e  a x ia l  and r a d ia l  d i r e c t io n .  The tu r b u len t v i s c o s i t y  was 

determ ined  w ith  a two eq u a tio n  tu r b u len ce  m odel. D ie

r a d ia t io n  model gave r e a so n a b le  p r e d ic t io n s  o f  tem perature near  

th e  chamber w a l l ,  but fa r  l e s s  s a t i s f a c t o r y ,  p r e d ic t io n s  in  the  

c e n te r  o f  th e  fu rn a ce .

Flux m odels o f  r a d ia n t  en ergy  t r a n s f e r  w i l l  rem ain p o p u la r , 

b ecau se  o f  th e  ea se  w ith  which th e y  combine w ith  th e  m o d e llin g  tec h n iq u es

th a t  p r e d ic t  h e a t , mass and momentum tr a n s f e r  w ith in  a f l u i d .  I t  i s  

p rob ab le  th a t  new f lu x  m oaels w i l l  a l lo w  fo r  more domains to  be 

s p e c i f ie d  where th e  r a d ia n t  en ergy  e q u a tio n  i s  a p p lie d . This w i l l  

produce more a c c 'ira te  p r e d ic t io n s ,  b ecau se  such m u lti f lu x  m odels 

a re  b e t te r  equipped to  s im u la te  r e a l i t y .  J u st a s im portant i s  the  

f a c t  th a t th e s e  m odels w i l l  have th e  c a p a b i l i t y  o f  d e a l in g  w ith  

s tr o n g ly  a n is b tr o p ic  r a d ia t io n  -  a s  o b ta in ed  in  flam es produced  

from p u lv e r iz e d  f u e l s .



Appendix 1

J p a ld in g  — " .cankar  

The purpose o f  th e  m o d e ll in g  tech n iq u e proposed by S p a ld in g  and 

tankar i s  to s o lv e  th e  e q 'ia t io n  r e p r e s e n t in g  momentum c o n s e r v a t io n  

in  a boundary flow  1.1  fo r  th e  m ainstream  v e l o c i t y  7. x e  s o lu t io n  ta k es  

tne form o f  a s e r i e s  o f  a lg e b r a ic  e x p r e s s io n s  th a t  can be i n t e r o r e t e i ,  

ar.i so lv e d  fo r  the v e l o c i t y  U by an e le c t r o n ic  com puter.

■ix

The c o -o r d in a te  sy stem  aqd mesh network c o v e r in g  the a rea  o f  the  

f lo w  sim u la ted  are d e t a i l e d  in  s e c t io n  on e . The m ath em atica l 

method used to m an ip u la te  and tran sform  e q u a tio n  1 so that

i t  can be s o lv e d  f c r  th e  v e l o c i t y  U i s  s p e c i f i e d  in  s e c t io n  two.

' . '  I c - o r i in a t e  fy stem

•"V Cl — X"" 1 iyr - - c r i 11  ̂' Cl : ; c ^ c; 3 '' n —  ̂— c ' /  = - z - - T <

a) in  the s 'rea m w ise  i i r e o t i o n  to a i is ta n c =  a lo n g  - ne 

im p erv iou s s u r fa c e  :< -  y.s she '.-n in  f in n r e  1 , f  

and b'* in  th e  c r o s s - s tr e a m  i i  s e c t io n  tr ? n o r - iim e n s itn a l  s t r e u

i u n c t io n  X i =  ̂i \ crc,

V
Y r e p r e s e n t in g  a stream  f u n c t io n , and t;:e s u b s c r ip t s  

1 and f  r e f e r  to the im p erv iou s s u r fa c e  and f r e e  edge 

o f  the bo’indary f lo w .

The mesh network used  to  co v e r  the flow  i s  d e t a i le d  in  f ig u r e  

1 .1 .  The network com p rises  a s e r i e s  o f  c r o ss -s tr e a m  s t r i p s  

Ax w id e , and s e v e r a l  stream  tu b es  -  bounded a t  t h e ir  ed ges by l i n e s
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alor .è '  which t h e  n o r . - d i r , e n s i c n a l  s t r e a m  f u n c t i o n  u> i s  c o n s t a n t ,

1 . 2 ; ' . a t h e n a t i c a l  ..iethod

i h e  m a t h e m a t i c a l  metnod,  u-ooi. w hich th e  m o d e llin g  te c h n iq u e  i s  b a se d ,

m akes u se  o f  th e  c o -o r d in a te  system  and mesh network d e s c r ib e d  i n  s e c io n  1

rne method has been s p l i t  in t o  two p a r t s .  F i r s t l y ,  an approxim ate and 

l i m i t e d  s o l u t i o n  to  e q u a t i o n f l  has been o b t a i n e d  w i t h i n  a trapezium

ilc' .v e l e m e n t ;  t h i s  part o f  t h e  method i s  d e t a i l e d  i n  s u b - s e c t i o n  a,

s e c o n d ly , t h e  p r o c e d u r e  f o r  e x t e n d i n g  t h i s  l i m i t e d  s o l u t i o n  to  p r o v i d e

p r e d i c t i o n s  f o r  the v e l o c i t y  w ith in  a b o u n d a ry  f lo w  i s  d e t a i l e d  i n

s u b - s e c t i o n  b ,

1 , 2a A r n r o x im a te  S o l u t i o n

T r a c e z i'um shaped f low  e l e m e n t s  src IccaW i n t n e  mesn

n e tw o rk  a s  shown i n  f i g u r e  1 ,2  Each e l e m e n t ,  s a y  a t  ce d e s i g n a t e d

by ' i n  f i g u r e d ; , i s  p o s it io n e d  w i t h i n  t h e  n e tw o rk  so t h a t ;

a )  t h e  p a r a l l e l  s i d e s  ac  and b% c o i n c i d e  w i t h  t h e  b o u n d a r i e s  

o f  t h e  c r o s s - s t r e a m  s t r i p ,

b)  t h e  p a ir s  o f  c o rn ers  a ,b  and c ,e  are equi - d i s t a n t  betw eenand

t h e  n o n -d im en sio n a l mesh stream  l i n e s   ̂ and

-“k , r e s p e c t iv e l y .

I t  h a s  been  assumed t h a t  t h e  f low  p r o p e r t i e s ,  i n c l u d i n g  th e  

v e l o c i t y  I ,  a r e  knovm a t  t h e  upstream, s e c t i o n  ac  o f  t h e  s p e c im en  

e l e m e n t .  The p u r p o s e  o f  t h e  a p p r o x i m a t e  a l g e b r a i c  s o l u t i o n  to  

e q u a t i o n  1 g , w i t h i n  t h e  f l o w  e l e m e n t ,  i s  to r e l a t e  t h e  v e l o c i t i e s  

a t  the  dow ns t ream  s e c t i o n  be to  t h e  p r o p e r t i e s  a t  t h e  u p s t r e a m  

s e c t i o n  a c ,  Spald ing-r'p .^tankar have d tr lv ed  - such  a lg e b r a ic

-
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eq u a tio n s  fo r  specim en flow  e lem en ts p o s it io n e d  w ith in  th e  w a l l ,  

m ainstream  and ir e e -e d g e  regim es o f  th e  boundary flow  shown in  

f ig u r e  1 . ^ .  The a e r iv a t io n  o f  th e se  e q u a tio n s  are d e t a i l e d  

b elow , a f t e r  d e f in in g  th e  areas o ccu p ied  by th e  w a ll and f r e e -e d g e  

reg im es . The wall regim e has been assumed to occupy that area 

o f  th e  flo w  where th e  e f f e c t s  o f  th e  im p e r v io u s  s u r fa c e  dom in ate th e  

t r a n s fe r  p r o c e s s e s  . The fr e e -e d g e  regim e o c c u p ie s  that portion o f  

th e  flow near the free-edge^where the croBS-streaa v e l o c i t y  profile 

i s  the form of;-

U <  (y )^  ( 1 .2

( i )  Wall Regime

The w a ll  regim ç i s  bounded in  th e  s trea m w ise

d ir e c t io n  by th e  im p erv iou s s u r fa c e ,  a t  w hich (D̂  and o)  ̂ -  0 ,

and th e  n o n -d im en sio n a l stream  f u n c t io n  w  ̂ -  w hich  h a s  b een
2 . 5

p o s it io n e d  so  th a t ;

“ 2 . 5  '  (1 -3
2

A s in g le  trap eziu m  shaped f lo w  e lem en t co v e rs  th e  w a l l  regim e  

a t  each c r o s s - s tr e a m  s t r i p  -  a s  i l l u s t r a t e d  in  f ig u r e t 4 a .  S p a ld in g -  

Pantankar u sed  th e  fo llo w in g  r e la t io n s h ip :  ' _

U . = Ü ; ( 1 .4

K /L-1
to  r e p r e s e n t  th e  change in  th e  m ainstream  v e lo c i t y  U a c r o s s  

t h is  regim e , In  t h i s  e q u a tio n  s r e p r e s e n ts  ^

w ith  d e s ig n a t in g  th e  sh ea r  s t r e s s  a t  th e  s u r fa c e .

Tne f o l lo w in g  a ssu m p tion s have been  used  to  d e r iv e  t h i s  r e la t io n s h ip

from e q u a tio n  1.%

a ) C o u ette  flow  o c c u r s  w ith in  th e  w a ll reg im e.,
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b) the v e l o c i t y  p r o f i l e  w i t h in  the wal l  regime,  and a t  any

cro sn -strea m  s e c t i o n  i . . i o  ■'■f :he i f  :
'/s~*

u ^  ( w  ) ( i fT Js  \  -1 , ( 1 . 5

a s  • d e t a i l e d  s c h e m a t i c a l l y  in  f i g u r e  4 .b

and c )  a t  cj ^  = ^ 3 , j  ~ ' 2 , j  = t a n ( ^ j )
dw (J

3, j

-  t h e  a n g l e  % .  i s  d&tatl&d' i n  f i g u r e  j.db.

J~Pfhe unknown p a r a m e t e r s  — i n  e q u a t i o n s l - ^  ana . p were e s t i m a t e d

2
oy tn e  n u m e r i c a l  i n t e g r a t i o n  o f  fan D r i e s t s  l u r o u l e n t  v i s c o s i t y

fo rm u la e :

= pK^y J1 -  exp ^  ( 1 . 6  
dy

a c r o s s  a  b o unda ry  f low ,  to  g i v e :

1
\ 7  /  =   -  0 .1561  + 0 .03725

" " 2 . 5 . j . i  g , ,  , 0. 3  ( 1.7
C • J f J " ' — • P > J* '

0 .05715

'."cere j i  i s  t h e  t u r b u l e n t  v i s c o s i t y , g  r = - r e s e n t s  t h e  d e n s i t y ,  ' '
 ̂ • yK i.5 a  c o n s t a n t  s e t  to 0 . 4 j a n d  5 j 1  ̂ ' 2 .  t . . 1-1 2 .5

( i i  ) i l a i n s t r e a m  Regime

Ihe m a in s t r e a m  reg im e  i s  bounded i n  t h e  s t r e a m w is e  d i r e c t i o n

by t h e  n o n - d i m e n s i o n a l  s t r e a m  l i n e s  u),. . _ and . . T h e  mesh s t r e a m
N - l . b  2. ^

l i n e  c o i n c i d e s  w i t h  the  l o w e r  edge o f  the  f r e e - e d g e  r e g im e ,

and 60̂   ̂ h a s  been  d e f i n e d  i n  s u b - s e c t i o n  ' i ' .
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Ihe tna ins tream r e g i o n  i s  cove red  w i t h  f.raoesiiini shaped  e le m e n t s  

i n  t h e  manner  p r e v i o u s l y  d e s c r i b e d .  An i l l u s t r a t i o n  o f  t h e i r  p o s i t i o n  

wi t h  r e s p e c t  to the mesh ne tw ork  i s  p r e s e n t e d  i n  f impures 1 .2  & l . p .  

S p a l d i n g - P a n t a n k a r  have d e r i v e d  t h e  f o l l o w i n g  a l g e b r a i c ,  e q u a t i o n :

h , j  = 3 i . j  + - i . j ( 1 . S

to d e s c r i b e  the v a r i a t i o n  o f  t h e  m a in s t r e a m  v e l o c i t y  o v e r  any one 

o f  t h e  t r a p e z i u m  e le m e n t s  i n  the  m a in s t r e a m  re g im e .  In  t h i s  e q u a t i o n

the  c o e f f i c i e n t  v,- , 3,- • and C.- a r e  deoenrlent  uoon t h e  f low- > j *- > j  - » J

oanam ete r s  a t  the  p o in ts  ' u .  , u .  and u .  ' i n  f i g u r e  1 . 5 ,
J+1 J J - 1

and take th é  v a lu e s:

3  '
®1

J 2  + 3 "«6 -  ^2.

wi th

1,  J

^6 '  ^5 + ^5

 __________ 5 1 : . f / t , ■

= P̂  + C +

^ 2 = ^ 2 +  ^2

1» J

s, = P.u.



where

dx
j  + 1

^̂2 " 2

1 -1 . j
dx

i h - A i ) ?'2



" - ~ i..i

4 (x , - x ._ i  )

‘̂ i,J_~ l.j-1
4(x^ -  Xj^_p(AcJ)

a
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4

p
“3
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E quation  1 .8  i s  d e r iv e d  from  th e  e q u a tio n  o f  m otion  1.1

by th e  f o l l o w i n g  p r o c e d u r e . F i r s t l y ,  th e  v a r ia t io n  o f  th e  m ainstream

v e lo c i t y  a lo n g  th e  b o u n d a r ie s  o f  a specim en e le m e n t, sa y  aboe in

f ig u r e  1 .2  , a r e  d e s c r ib e d .  (A c lo se u p  v iew  o f  e lem en t ab oe ,

d e s ig n a te d  b y  d e t a i l  A in  f ig u r e  1 .2  -, i s  shown in  f ig u r e  1 .5 .  J

S p a ld in g -P an  ta n k a r  a c h ie v e d  t h i s  by d e f in in g  th e  v a r ia t i o n  in  th e

v e lo c i t y  a lo n g  th e  l i n e s  o f  th e  mesh network th a t  surround th e

specim en e le m e n t .  I h a t  i s  a lo n g  th e  mesh stream  l i n e s  u^^^ ^j+1 *

u. u . and u . d . . , and in  th e  c r o ss -s tr e a m  d i r e c t io n  ^ . ,
J J J - '  J-1 J-1  J

Uj Uj^^ , d j _ ^ d j  a n d  d^ d_^^ -  i n  f i g u r e  1 . 5  .  A l o ^  t h e  s p e c i f i e d

mesh stream  l i n e s  th e  m ainstream  v e l o c i t y  U h as b een  assum ed c o n stà n t

and eq u a l to  i t s  v a lu e  a t  th e  downstream boundary d . . d . d .
0+1 J J - i .

Ihe assum ed v e l o c i t y  p r o f i l e s  are d e t a i le d  s c h e m a t ic a l ly  i n  f ig u r e

1. 5b .A long th e  c r o s s - s tr e a m  l i n e s  u .  ̂u . ,  u . u . ^ , d . ^ d .  and
0-1 0 0 0+1 0-1 0

dj dj^^ th e  v e l o c i t y  i s  assumed to  vary  l i n e a r l y  w ith  th e  c r o ss -s tr e a m  

o r d in a te  (0 . S ch em atic  r e p r e s e n ta t io n  o f  th e s e  v e l o c i t y  p r o f i l e s

a lo n g  th e  u p stream  and downstream s e c t io n s  o f  th e  e le m en t a re  

d e t a i le d  in  f ig u r e s  1 .5 c  and d r e s p e c t iv e ly .:  S e c o n d ly , i t  had b een  

assumed t h a t  when th e  f lo w  elem ent aboe i s  sm a ll:

•) i  -  s

\ = dU
5 1  d7

S p a ld in g -^ a n ta n k a r  d e r iv e d  eq u ation  1 .8  by u s in g  the fo llo w in g  urocedure,

^ t l y ,  s u D s t i  oUtinjj i n t o  equat io n  1.1 both the  above e x p r e s s i o n s  

and The assumed v e lo c i t y  p r o f i l e s .  S eco n d ly , by in t e g r a t in g  th e

r e s u lta n t  e x p r e s s io n  ove r  the flow  e lem ent.

- £ 4 /4 -
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( i i i j  ~ree-Zd>-~e Regime

This regim e l i e s  betw een the n o n -d im en sio n a l stream  l i n e s  o f

th e  mesh network OJ and -  a s  shown in  f ig i ir e  l . b ,  The
N ""v— l.b

f r e e - e d g e  o f  the flo w  c o in c id e s  w ith  the stream  l i n e -'4

A s i n g l e  f lo w  elem ent c o v e rs  th e  fr e e -e d g e  regime a t  each  c r o ss -s tr e a m  

s t r i p ;  an exam ple o f  one such e lem en t in  th e  c r o s s  stream  s t r i p  where 

x^_^^ x ^ x ^  i s  p resen ted  in  fig^ure 1'. 6a . The e q u a tio n :

h , : ^ - i  '  a , ; ;  " ^

'  . 1 0

w ith

has been  used by Ipa ld ing—-”Patankar  to r e p r e s e n t  the change in  v e l o c i t y  

over  the  s p e c i f i e d  f low  element . .h i s  r e l a t i o n s h i p  was d e r iv e d  from

the eq u a t io n  of motion 1.1,a f t e r  assuming th a t  in  the f r ee -e d g e  regime:

a) the c ros s -s t ream  v e lo c i ty  p r o f i l e

i s  o f  the form • .

(y - y p -  ,

b) the mainstream v e lo c i ty  does not vary  i n  the  stream-wise 

d i r e c t i o n

tan  ox

1^2 a

-  th e  a n g le  oC i s  d e s ig n a te d  in  f ig u r e  1 ,6 b .



1 . 2b O v era ll S o lu t io n

The te c h n iq " -  'used to  combine th e  th r e e  l im it e d  c o n s e r v a t io n  

eq u a tio n s.l .d  ,1.9 and 1.10, to  p r e d ic t  th e  m ainstream  v e l o c i t y  

w ith in  a boundary f lo w  i s  a s  f o l l o w s .  F i r s t l y ,  th e  e x te n t  o f  the  

f lo w  i s  m a th e m a tic a lly  s p e c i f i e d .  S e c o n d ly , th e  procedure f o r  m a n ip u la tin g  

and then  s o lv in g  th e  l im it e d  e q u a t io n s  i s  d e s c r ib e d .

The e x te n t  o f  th e  boundaury f lo w  has to  be s p e c i f i e d  by d e t a i l in g ;  

a ) th e  v a r ia t io n  o f  th e  m ainstream  v e l o c i t y  a lo n g  the

im p erv iou s s u r fa c e ,  f r e e -e d g e  and s t a r t i n g  c r o ss -s tr e a m  

s e c t io n  o f  th e  f lo w  -  th a t  i s  a lo n g  ab , cd and ac 

r e s p e c t iv e ly  in  f ig u r e  1 , 1 .  

and b)  th e  h e ig h t  o f  th e  f lo w  5 | j a t  th e  s t a r t in g  c r o ss -s tr e a m  

s e c t io n .

The techn iqu e used  to a ssem b le  th e  l im it e d  e q u a tio n s  fo r  momentum 

c o n s e r v a t io n  i s  a s f o l lo w s .  Trapezium  shaped f lo w  e le m en ts  are  ordered  

in to  each c r o ss -s tr e a m  s t r i p  o f  th e  mesh netw ork in  th e  manner 

s p e c i f i e d  in  s e c t io n  1 ,2 a .  The a lg e b r a ic  r e la t io n s h ip s  r e p r e s e n t i n g  

momentum c o n s e r v a t i o n  f o r  f l o w  e l e m e n t s  i n  t h e  w a l l ,  m a i n s t r e a m  and 

f r e e - e d g e  reg im es -  e q u a t i o n s  4 , 3  and 10 r e s p e c t i v e l y  -  a r e  a p p l i e d  

to  t h e i r  r e s p e c t i v e  e l e m e n t s  w i t h i n  t h e  f i r s t  c r o s s - s t r e a m  s t r i p  

shown i n  f ig^ure 1. Th i s  r e s u l t s  i n  t h e  f o l lo w in g  s e t  o f  e q u a t i o n s :

n, .  — ^
2 . 2

N-2

j= 4



i 'hese e q u a t i o n s  can be  so lve d  f o r   ̂ j  = 2, E -  1 vhen t h e  v a r i a t i o n  

o f  t h e  m a i n s t r e a m  v e l o c i t i e s  a l o n g  th e  s t a r t i n g  c r o s s - s t r e a m  s e c t i o n ,  

f r e e - e d g e  and im p e rv io u s  s u r f a c e  a r e  s u b s t i t u t e d .  The bounda ry  s u b s t i t u t i o n  

p r o c e d u r e , o f  l i m i t e d  c o n s e r v a t i o n  e q u a t i o n s  and b o u n d a ry  c o n d i t i o n s ,  

can be  a p p l i e d  to the  second c r o s s - s t r e a m  s t r i p  shown in  i i^^ure 1.'1 ♦

and the  r e s u l t a n t  s e t  o f  e q u a t i o n s  s o l v e d  f o r  Ilz . j  = 2 to  h - 1 .
2 » J

T h i s  p r o c e d u r e  can  be c o n t i n u e d  c r o s s - s t r i p  s t r i p  by s t r i p  u n t i l

t h e  com ole te  f low  i s  c o v e re d .



Appendix 2

Denny-Landis

The m o d e llin g  tech n iq u e  proposed by Denny-Landis s o lv e s  th e  

eq u a tio n  r e p r e s e n t in g  momentum c o n se r v a tio n  in  a boundary f lo w  2 .1  

f o r  the m ainstream  v e lo c i t y  W

^  ^  ( t )  -  J _  É2 (2 ,1
àx ôlp j)U dx

Ihe c o -o r d in a te  sy stem , and mesh network used  by th e  m o d e llin g  

tech n iq u e  to  co v er  th e  a r e a  o f  the flo w  s im u la ted  are d e t a i l e d  in  

s e c t io n  1 . The m athem atica l method used  to  m anip u late  and tran sform  

th e  eq u ation  o f  m otion  2 .1 , u n t i l  i t  can be so lv e d  fo r  t h e  stream w ise  

v e lo c i t y  TJ, i s  s p e c i f ie d  in  s e c t io n  2 .

2.1 C o - o r d i n a t e  System

The m o d e l l i n g  t e c h n i q u e  u ses a, c o - o r d i n a t e  sys tem  o f ;

a )  i n  t h e  s t r e a m w is e  d i r e c t i o n  t h e  d i s t a n c e  a l o n g  the  

im p e r v io u s  s u r f a c e  x -  a s  shown i n  f i g u r e .  "2 • I^ 

and bj  i n  t h e  c r o s s - s t r e a m  d i r e c t i o n  t h e  n o n - d i m e n s i o n a l  

s t r e a m - f u n c t i o n  e q u a l s  to  | V -  ^  1

1

where Y r e p r e s e n t s  t h e  s t r e a m  f u n c t i o n ,  FH

i s  an in t e g e r  s e t  to  2 or 1; and th e  s u b s c r ip t s  

Î and N 'r e fe r  to  th e  im pervious s u r fa c e  and f r e e -e d g e  

o f  the f lo w  r e s p e c t iv e ly .
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A t y p ic a l  network i s  shown in  f ig u r e  2 .1 .  I t  com p rises a 

s e r i e s  o f  cr o ss -s tr e a m  s t r i p s  o f  w idth  and s e v e r a l  stream  tu b es -

bounded a t  t h e ir  edges by l i n e s  a lo n g  which th e  n on -d im en sion a l mesh 

l i n e  Q- i s  c o n s ta n t.

2 .2  M athem atical Method

The m athem atical method used to  m anip u late  and tra n sfo n n  

eq u a tio n  2 .1 ,  so that i t  can be so lv e d  f o r  th e  m ainstream  v e l o c i t y  ÏÏ, 

f a l l s  w ith in  th e  m arching in t e g r a t io n  c la s s  d e sc r ib e d  in  ch ap ter  2. 

rhe method makes u s a  o f  t h e  c o - o r d i n a t e  sys tem and mesh ne tw ork  

d e s c r i b e d  i n  s e c t io n  1.

The d e r i v a t i o n  o f  t h e  method has been  s p l i t  i n t o  two c a r t s .  

F i r s t l y ,  a tech n iq u e to  o b ta in  an approxim ate and l im ite d  s o lu t io n  o f

eq u a tio n  2.1 f o r  the v e l o c i t y  Ü w ith in  a trapezium  shaped elem ent i s

p r e s e n t e d .  Th is  p a r t  o f  t h e  d e r i v a t i o n  i s  d e t a i l e d  i n  s u b - s e c t i o n  a.

S e c o n d ly ,  t h e  p r o c e d u r e  f o r  e x t e n d i n g  t h e  l i m i t e d  s o l u t i o n  o f  e q u a t i o n

2.1  'o g iv e  p r e d ic t io n s  f o r  t h e  v e lo c i t y  w ith in  any boundary flow  i s  

d e t a i le d  in  s u b -s e c t io n  b .

2 .2 a  Approximate S o lu t io n

Trapezium shaped e lem en ts  a re  p o s it io n e d  w ith in  th e  networic so

th a t:

a) t h e ir  p a r a l le l  s id e s ,  sa y  ac and bd in  f ig u r e  

c o in c id e  w ith  the b ou n d aries o f  the c r o s s - s t r i p  

s t r i p ,

and o) t h e  c o m e r s  a ,  b and c ,  e a r e  e q u i - d i s t a n t  be tw een

t h e  n o n - d i m e n s i o n a l  mesh s t r e a m  l i n e s  and

-A- r e s p e c t i v e l y .
J J-1
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The p u r p o s e  o f  t h e  a p p ro x i m a t e  a l g e b r a i c  s o l u t i o n  to  e q u a t i o n  2.1  

w ith in  a specim en e lem en t, say  abce in  f ig u r e  2 .2  i s  to  r e la t e  th e  

v e l o c i t i e s  a t  th e  dow n-streani s e c t io n ^ b e ' to  hnown o r  assumed

p r o p e r t ie s  a t  th e  upstream  s e c t io n 'a c i .  The a lg e b r a ic  s o lu t io n  ta k es  

the form:

where:

j ifj "''i,j-1 + H ,j+i + î

4 - h +
—

1 » j 3  " s +

h.j = I
”  - h +

3  " f.-:p + 6̂ - si i, j

"(.j '
--

4̂ -

_J2  ̂ 4 + 4 i, j

( 2 . 2

w i t h

+ RA

q + R'

» p'

I _  T) t an
dx

■i ■ ( A  X \ ,
h - 1  i )  É2.dp

dx

- 2  ^  
dxE  ( i - h h )
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- are dependent upon the p r o p e r t ie s  o f  the upstream  s e c t io n .  The

m athem atical method used to  o b ta in  thte approxim ate s o lu t io n  i s  a s

f o l lo w s ,  f i r s t l y ,  the v a r ia t io n  fo r  th e  m ainstream  v e l o c i t i e s



a lo n g  the b oun daries oi* the specim en f lo w  elem en t are  

p r e sc r ib e d . Denny-Landis a ch iev ed  t h is  by d e t a i l in g  th e  v a r ia t io n

o f  the v e lo c i t y  a lo n g  the l i n e s  o f  th e  mesh network encom passing the  

specim en e lem en t. That i s  a lo n g  th e  mesh stream  l i n e s  u^^^ ^ j+ 1 ’

u . u . , and u . . d . . in  the stream w ise d ir e c t io n ,a n d  u . , u . ,
J J J-1 J-1 ’ J - i  J

u , u . , d . .. d . and d . d . . in  th e  c r o ss -s tr e a m  d ir e c t io n  -
J J+1 J-1 J J J+1

as shown in  f ig u r e  2 .5 a . • A long the p o r tio n s  o f  th e  mesh stream

l i n e s  rep r ese n te d  by u . . d . _, u . d . and u . . d . . the
J+1 J+1 J J J-1 J-1

m ainstream  v e lo c i t y  i s  assumed c o n s ta n t , and equal to  i t ' s  v a lu e

a t the downstream boiundary. The assumed v e l o c i t y  p r o f i l e s

are d e t a i le d  s c h e m a tic a lly  in  f ig u r e  2 . 5b .A lon g  the c r o ss -s tr e a m

l in e s  u . . u .,  u . u . . .  d . . d . and d . d . , th e  m ainstream
J-1 J J J + ' ? ' J - 1  J J J+1

v e lo c i t y  i s  assum ed’’ to vary l in e a r ly  w ith  th e  c r o ss -s tr e a m  

o r d in a te  SL . Schem atic r e p r e s e n ta t io n s  o f  t he v e lo c i t y  p r o f i l e s  

a lo n g  th e  upstream  and downstream ' • . s e c t io n s  o f  th e  specim en

elem en t are d e t a i le d  in  f ig u r e s ,  _2.5c and d r e s p e c t iv e ly .  S econ d ly , 

i t  had been p o s tu la te d  th a t  when th e  f lo w  elem ent abc i s  sm a ll:

2 2  fu  d%

(2 .3

and b) ^  AJ
6x dx

Denny-Landis d er iv ed  eq u ation  2 .2 ,  by s u b s t i t u t in g  both  th e  e q u a l i t i e s  

s p e c i f ie d  in  2 .5  and th e  assumed v e lo c i t y  p r o f i l e s  a t  th e  b ou n d aries o f  

the elem en t in to  eq u ation  2 . 1 , and in t e g r a t in g  th e  r e s u l t  o v er  th e  

f low  e lem en t.
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2,2b Overall  po lu t ion

The technique used to extend the  l im i ted  s o lu t io n  o f  th e  

'toovna.ritunn ' . eq u ation  2 .2 ,  to g iv e  an o v e ra l l  s o lu t io n  o f  ■

c o n se r v a tio n  eq u a tio n  o ver  the boundary f lo w , com prises two in te r 

r e la te d  p a r t s .  F i r s t l y ,  th e  e x te n t  o f  the f lo w  s i t u a t io n  to  be 

sim u la ted  has to  be m a th em a tica lly  d e f in e d . S econ d ly , the procedure " 

fo r  e x te n d in g  the l im ite d  s o lu t io n  f o r  momentum c o n se r v a tio n  over  the •
fOniAj Ka. to  b e  clcrîai(ad*

The ex ten t  o f  the boundary flow i s  def ined  by s p e c ify in g :  

a) the v a r i a t io n  o f  th e  mainstream v e lo c i t y  a lo n g  the

impervious su r face ,  f ree-edge  and s t a r t in g  cross-s t ream 

sec t io n  o f  the flow - t h a t  i s  a long a b , cd and ac 

r e s p e c t iv e ly  in f igu re  2 ,1 ,  

and b) the he ight  o f  the flow the s t a r t i n g  c ross-s t ream

sec t io n ,

fne procedure fo r  exten^ Lng the approximate so lu t io n ,  r e p r esen ted  

by eq u ation  2.2^ over  olL th e  s p e c i f ie d  f lo w  i s  a s f o l lo w s .  Equation 2 .2  

i s  a p p lied  to  each flo w  elem en t w ith in  the f i r s t  c r o ss -s tr e a m  s t r i p  o f  

the boundary f lo w  in . f ig u r e  2 .1 .  R e s u lt in g  in  a s e t  o f  eq u a tio n s

o f  the form;
M-1

4 ^  " h . j  + h , j - i  + ^ 2 , j  h . j + i  + 4 , y  = ^

wnich are solved fo r  ^̂ 2 j > j = 2 to 1Î-1. The approximate s o lu t io n  i s  

then applied  to the elements in  the second cross-s t ream s t r i p ;  and 

the r e s u l t i n g  s e t  o f  equations:

(b% . + A' U . . + B ’ . d , . , + C' .)  = 0S 3*j 3'j 3'j-1 3'j 3,j+1 3,j
so lv ed  fo r  ÏÏ, . j j  - 2 to 1Î-1, T his procedure i s  co n tin u ed , c r o s s -  

2 » J

stream  s t r i p  by s t r i p ,  u n t i l  th e  com plete boundary flow  has been  

covered .



Appendix 3

Recommended M odell ing  Technique

Ihe developm ent o f  an a c c u r a te ,w id e ly -a p p lic a b le  and econom ical 

method o f  s o lv in g  th e  c o n se r v a tio n  e q u a tio n s  fo r  a boundary f lo w  has 

b een  th e  c e n tr a l  theme o f  t h i s  t h e s i s .  A computer programme i s  

a n e c e ssa r y  l in k  betw een th e  form al d e s c r ip t io n  o f  the m athem atica l method 

in  chapter hour and th e  p r a c t i c a l ly  u s e fu l  p r e d ic t io n s  in  term s 

o f  numbers. The computer programme th a t was used f o r  making these^- 

p r e d ic t io n s  i s  d e t a i le d  in  t h i s  ap p en d ix .

The programme i s  w r it te n  in  F ortran  IV onp) w os 

run on an E l l i o t  4150 com puter. The program i s  so d es ig n ed  th a t  

th e  p a r t ia l  d i f f e r e n t i a l  eq u a tio n  f o r  v e lo c i t y  U w il l  a lw ays be 

so lv e d ;  in  a d d it io n , any d e s ir e d  number o f  c o n se r v a tio n  eq u a tio n s, 

o f  th e  type, 6 .2  ando.^ ^  can be so lv e d  fo r  o th e r  dependent v a r ia b le s .

The programme h an d les a l l  the dependant v a r ia b le s  and o th e r  a u x i l ia r y  

q u a n t i t ie s  in  a d e s tr u c t iv e  way; i . e  the v a lu e s  i n . t h e  com puters 

s to r e  a t  any tim e r e f e r  to  o n ly  one v a lu e  o f  x , and th e se  are  

d estro y ed  and rep la ced  by the v a lu e s  fo r  th e  n ex t dowrustream  

s t a t io n  as the c a lc u la t io n  p roceed s. T his red u ces th e  n e c e ssa r y  

s to r a g e  sp ace  req u ired  by the computer program.

Ihe su b r o u tin e s  in  th e  presen-fejprogramme can be d iv id e d  

in to  fou r  grou p s. Those o f  th e  f i r s t  group are v a l id  fo r  f lo w  

problem s o f  a l l  ty p e s . In th e  second group o f  su b r o u tin e s  a re  en tered  

s ta te m e n ts  about th e  ty p e  o f  f lo w ; lam in ar , tu r b u le n t , e t c . '

( In s e c t io n  3 , where th e  l i s t i n g  o f  the w hole programme i s

g iv e n , we s h a l l  p r e s e n t , f o r  th e  second group, su b r o u tin e s  f o r  ^

tu r b u len t f lo w  u s in g  th e  p h y s ic a l p r o p e r t ie s  a s d e f in e d  in  

c h a p te r  8., P rep aration  o f  co rresp o n d in g  su b r o u tin es  f o r  lam in ar  

f lo w  or  fo r  tu r b u len t f lo w  w ith  a d i f f e r e n t  h y p o th e s is  can p r e se n t  

few d i f f i c u l t i e s . )  The th ir d  group o f  su b r o u tin es  p ro v id es  in fo r m a tio n

-.5 5 3 ? -



r e la t in g  to  a p a r t ic u la r  flow  = itu a t io n -h e r e  are entered, the i n i t i a l  

boundary c o n d it io n s ,  th e  f lu id  p r o p e r t ie s ,  and o th e r  d a ta  lo r  

th e  problem . Of such su b r o u tin e s  o n ly  exam ples are  g iv e n . In 

s e c t io n  2; how ever, a p r e c is e  d e s c r ip t io n  w i l l  be g iv e n  o f  what 

fu n c t io n s  th ey  must perform , so th a t  th e  u se r  sh ou ld  have no 

d i f f i c u l t y  in  e i t h e r  t a i l o r i n g  th e  sam ple su b r o u tin e s  to  h i s  own 

needs or  w r it in g  new o n e s . In the l a s t  group o f  su b r o u tin e s  th e  

procedures used to  c o n tr o l th e  in t e r a c t iv e  scheme are b r i e f l y  

d is c u s s e d . However, we s h a l l  c o n c e n tr a te  more on d e t a i l in g  the  

id e a s  behind th e  su b r o u tin es  than d e t a i l i n g  th e  F ortran  t e x t  

u sed , becau se  most o f  th e  ion^uocja used was o n ly  s u i t a b le  fo r  th e  

E l l i o t  4130 computer which i s  now o b s o le t e .

3 .1  C onventions and Symbols

B efore g o in g  in to  th e  f in e r  d e t a i l s  o f  th e  var iou s su b r o u tin e s  

a g en era l f a m i l ia r i t y  w ith  the programme can be d eve lop ed  by stu d y in g  

the d i f f e r e n t  co n v en tio n s  and sym bols used th e r e in . 'Ihe 

fo l lo w in g  s u b - s e c t io n s  have been w r it te n  w ith  t h i s  in  mind. Fortran  

sym bols are p r in te d  in  Roman ty p e .

3 .1 a  S u b sc r ip ts  fo r  th e  g r id  l i n e s .

Ihe num bering o f  th e  mesh stream  l i n e s  i s  s l i g h t l y  

d i f f e r e n t  to th a t  used in  ch a n ters  4 to  9j w ith  th e  s u b s c r ip t s  1 

and ]Ti*3 -- used  to  r e p r e se n t  the im perv ious s u r fa c e  and f r e e - e d g e .

3 . 1b Dependent V a r ia b les

Ihe array  ï ï ( l )  i s  used  fo r  v e l o c i t i e s  a t  g r id  p o in t s .  The

dependent v a r ia b le s  o f  th e  o th e r  c o n se r v a t io n  e q u a tio n s

are s to r e d  in  th e  form F ( J , i ) .  Where J d e n o te s  th e  s e r i a l  number 

o f  th e  dependent v a r ia b le  , attd X d e n o te s  th e  s e r i a l  number o f  the

mesh mtream l i n e s ,  J can vary  from 1 to  where IJPH -

the number o f  eq u ation  -  i s  g iv en  by:



NPH » MEQ -  1 , (3 .1

where NBQ i s  the number o f  p a r t ia l  d i f f e r e n t i a l  eq u a tio n s  to  be 

s o lv e d , one o f  which i s  a lw ays fo r  momentum c o n se r v a t io n .

3 . 1c S p e c i f ic a t io n s  o f  th e  ty p e  o f  boundary

KIN and KEX are th e  two numbers s p e c i f y in g  w hich type  

stream w ise boun daries th e  f lo w  h a s . Each o f  th e se  numbers can 

tak e  the v a lu e  1, 2 or  3 , a cc o rd in g  to  w hether th e  boundary i s  a 

s u r fa c e ,  fr e e -e d g e  or  a l i n e  o f  symmetry. KASE i s  a q u a n tity  

d er iv ed  from KIN and KEX; KASE eq u a ls  1 when a t  l e a s t  one o f  th e  

b ou n d aries i s  a s u r fa c e , o th e rw ise  KASE e q u a ls  2 . IIIDI(J) and

li'IDE(j) r e fe r  to  the T boundary c o n d it io n  a t  the stream w ise  

b ou n d aries o f  the f lo w , J s ta n d s  fo r  th e  s e r i a l  number

o f  the $  eq u a tio n  in v o lv e d . IN D l(j)  and I?IDS(j) tak e the v a lu e s  

1 o r  2 a cco rd in g  to  w hether th e  v a lu e  o f  ^ or  the corresp on d in g  

f lu x  i s  s p e c i f i e d .

3 . Id E f fe c t s  o f  Radius

KRAD i s  th e  number w hich s u p p lie s  th e  in fo rm a tio n  reg a rd in g  

th e  in c lu s io n  or  o th e rw ise  o f  the r a d ia  e f f e c t s .  When KRAD eq u a ls  

z e r o , i t  i s  an in s tr u c t io n  to  n e g le c t  the v a r ia t io n  o f  rad iu s a c r o ss  tne 

boundary flow  ; o th e rw ise  th e  r a d iu s  e f f e c t s  are p rop er ly

accounted  f o r .  This d e v ic e  i s  m ain ly  used  fo r  th e  ex a c t  treatm ent  

o f  p lan e flo w s w ith ou t making th e  r a d iu s  i n f i n i t e l y  la r g e . I t  

sh ou ld  be noted  th a t KRAD 0 su p p r e sse s  th e  v a r ia t io n  o f  r a d iu s  

m erely  a c r o ss  th e  f lo w  ; th e  v a r ia t io n  o f  r a d iu s  in  th e  stream  

d ir e c t io n ,  i f  i t  e x i s t s ,  i s  a lw ays tak en  in t o  a cco u n t.
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3 .1 e  L is t  o f  FORTRAN sym bols

Other sym bols do^not need much e x p la n a tio n . Given below  i s  

the l i s t  o f  a l l  im portant FORTRAN sym bols used in  th e  programme 

and wherever p o s s ib le  t h e ir  a lg e b r a ic  e q u iv a le n t s .  Where th e  

sym bols has a c lo s e  c o n n e c tio n  w ith  a p a r t ic u la r  su b r o u tin e ,  

th e  name o f  th a t  su b ro u tin e  i s  a ls o  g iv e n .

r O i ^ T R A S  symbol Meaning Rtdated snhroutine

A iJ. I) A C O E F F
AJ{: (J) “̂UX- * '•J \ WA L L
A i l  (J)
AJFS 4 ^  o r J ^ FBC
AK K
AL I V E F F
ALNÎG / . VEFF ,  E N T R N
AM m; MASS

A ME rh”
AM I m"
A M U g  (reference value) VISCO
AU II) i ]. C O E F F .  SLI P
B iJ. 1) B" J

BU (I) b '  1► C O E F F
C IJ, I) c "  J
CS S O U R C E
USALEA cos a RAD,  READ Y
C L  (i) C C O E F F

D E N p  (reference value) D E N S T Y
D P D X dp dx PRE

DX (Xq - .X i;) MA IN ,  C O E F F
E M U / êff V E FF .  C O E F F

F (J. I) 4)
FR fraction in the defini t ion of y f , L E N G T H
GUI) .  G l i l L  G3<I) 5/1' ^2' 9 i C O E F F
G A M A  U) ! W A L L
I N D equals 1 o r  2 according  to whethe r  4>5 o r  is

specified F B C
I N D E  (J) I N D  for the £  bo un d ary  I
IN D I  (J) I N D  for the / bo un dar y  j
I N T G nu mber  of integrat ions performed M A I N

- 3 6 / -



f- OR T R A  .V symbol Mcaniiui Related subroutine
KASE equals  I or  2 according to whether  o r  not  a wall 

b oun dar y  exists
K E X specifies the type of  the £  boundary
K I N specifies the type of  the I boundary
K R A D when equals zero, suppresses the cross-s tream

radius  effects RE A D Y
N B E G I N
N E Q num be r  of  part ial  diiTerential equat ions  to be solved

A -  I
n p : . V ^ 2
N P3 A +  3
N P H
O M  i l )

num be r  of  0  equa t ions

P L  P2. P3 ^1.  f : .  P i C O E F F

PEI
PR. PR (J) a COEFF
P R E F ( J ) C O E F F
K M U  (1) P D E N S T Y
R ll) r
R1 r t f RA D

T A L E I OUT
T \ l  t 1
1 ll) u
L AI AX maximum  value of  u \ L E N G T H
L M I N min imum value of u
X X FBC,  RA D

XD
XL value of X at w hich computa t ion  is to be

terminated M A I N

XP value of X' previous to .xy-
XU
Y (I) >■ RE AD Y

Y E M >' for a point  near  the £  boundary . L E N G T H
Y IP y  for a point  near  the / boundary
YL y’l V E FF,  L E N G T H
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3 .2  D e sc r ip t io n  o f  th e  suu.coiitines

Figure 3 .1 shows th e  flo w  diagram  o f  the com puter programme.

I t  in d ic a t e s  th e  sequence o f  o p e r a t io n s , th e  in te r -c o n n e x io n s  

o f  v a r io u s  p a r ts  o f  th e  programme and t h e ir  fu n c t io n s  in  b r i e f .

T his w i l l  se rv e  as th e  common map th a t  l in k s  th e  in d iv id u a l  

su b r o u tin es  which are d e sc r ib e d  in  t h i s  s e c t io n .  ( L i s t in g  o f  a l l  

th e  su b ro u tin es  are g iv en  in  s e c t io n  3. The more im portant 

FORTRAN sym bols used below  have been d e f in e d  in  s e c t io n  1 ) .  In 

t h i s  s e c t io n  b r i e f  d e s c r ip t io n s  o f  th e se  su b r o u tin e s  w i l l  be 

p re sen te d .

3 . 2a Su b rou tin es o f  g en era l v a l id i t y  

MAIN
S t r i c t ly  sp ea k in g , th e  main programme cannot be c a l le d  a 

'su b r o u tin e ' a cco rd in g  to  FORTRAN term in o logy; how ever, t h i s  p o in t  

i s  o f  l i t t l e  s ig n i f ic a n c e  fo r  the p r e sen t p u rp o ses . Ihe main 

programme s t a r t s  the com putation  and c o n tr o ls  th e  sequence o f  

o p e r a t io n s . The c h o ice  o f  forward s te p  i s  made h e r e . The l i s t i n g  

g iv e n  in  s e c t io n  3 im p l ie s .t h e  use o f  eq u a tio n  4*5 in  ch ap ter  4 » 

i . e .  o f  a s te p  s i z e  which depends upon th e  en tra inm ent r a t e .  The l is t in ^  

a ls o  c o n ta in s  a s to p p in g  c o n d it io n  which te r m in a te s  th e  in te g r a t io n  

when X exeed s a predeterm ined v a lu e  XL.



( call  c q n s t ) ^

(CALL BLCÏÏN

CONST
supplies values 

of constants

BEGIN
S e t s  U f  In i t i a l . C o N p i r i o N S

( c a l l  ri

See f ig u r e  3 .2

( c a l l  LENTH 

( CALL V I S  

L  C A L L  £ N T .? ,n  \

LENGTH 
calculates y,

C alcu late
> e f f

ENTRN 
calculates bi  ̂ a t  the  

. fr e e -e d g e  o f  the flo w

Choi ce of  o.cp l ength ( v , j - Aq )

( c a l l  ? r e ) Z ^ PRE
supplies the value of dp dx

( (  ALL M \S S )  

( CALL EXEcjj

MASS
supplies m" at su r fa c e
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COEFF

The su b ro u tin e  COEFF can be d e sc r ib e d  as th e  h ea r t o f  th e  

programme. I t s  purpose i s  to  p rov id e  th e  c o e f f i c i e n t s  A",B"and C" 

o f  eq u a tio n  4 .8  fo r  a l l  c o n se r v a t io n  eq u a tio n s  a t  a l l  

in te r m e d ia te  g r id  p o in ts . D uring t h i s  a ssem b lin g  p r o c e ss , v a r io u s  

r e g i s t e r s  are used àe tem porary s to r a g e  sp a ce .

SOLVE

The su b ro u tin e  SOLVE perform s th e  m athem atical o p e r a tio n  o f  

s o lv in g  s im u ltan eou s e q u a tio n s  o f  th e  typ e 4*9 . The c a l l i n g

sta te m e n t i s :

CALL SOLVE (A ,B,C ,F,?IP3) ,

where A,B,C are  th e  a rra y s  fo r  the g iv e n  c o e f f i c i e n t s ,  F i s  th e  

a r r a y  fo r  th e  v a lu e s  o f  ^  , and i s  the s i z e  o f  the array  F 

w hich in c lu d e s  th e  known v a lu e s  a t  the b o u n d a r ies .

REDST

A fter  each stream w ise s te p  we know th e  v a lu e s  o f  U and o th e r  

O' 3  f o r  known v a lu e s  o f  i f  . 'The su b ro u tin e  kVmot/gb EST2 then undertakes 

th e  c a lc u la t io n  o f  the corresp o n d in g  normal d is ta n c e  y , and 

r a d iu s  r ,  fo r  ev ery  g r id  p o in t .  REDST needs th e  v a lu e  o f  d e n s i ty  y  

a t  a l l  g r id  p o in ts  and th e  s p e c i f i c a t io n  o f  r.̂  and o c  ; th e se  

o b ta in e d  from su b r o u tin e s  DENSITY and RAD.

3 . 2b S u b ro u tin es  where th e  p h y s ic a l h y p o th eses  e n te r

VEFF

The su b ro u tin e  VEFF i s  in ten d ed  to  su p p ly  th e  e f f e c t i v e  v i s c o s i t y  

a c c o rd in g  to  th e  h yp th ea ia  u sed . The c a l l i n g  s ta tem en t ia :

CALL VEFF ( 1 ,1  + 1 , MIJ)

w hich  in d ic a t e s  th a t  th e  req u ired  u ^ ^  v a lu e , IMU, i s  to  be



e v a lu a ted  midway between th e  mesh stream  l i n e s  d e s ig n a te d  I and 1+1.

ENTRN

Th^ e v a lu a t io n  o f  th e  entrainm ent r a te s  a t  fr e e -e d g e  i s  

done in  su b rou tin e  ENTRN a cco rd in g  to  s p e c i f ie d  form u lae .

For boundary la y e r  eq u ation  4 .6  was used  to  e s t im a te  en tra in m en t, 

and fo r  r a d ia l  w a ll j e t  eq u a tio n  b .6 ,

3 ,2 c  Ŝ u b rou tin es which s p e c i f y  a p a r t ic u la r  problem

When tile  c o n se r v a tio n  eq u a tio n s are w r it te n  in  the form

4 .3  , the a c tu a l e x p r e ss io n  fo r  th e  sou rce  term d i s  the main fe a tu r e  th a t  

d is t in g u is h e s  one e q u a tio n  from th e o th e r . To su p p ly  th e  sou rce  

term s fo r  a l l  §  eq u a tio n s i s  the purpose o f  the su b ro u tin e  SOURCE.

The c a l l in g  sta tem en t i s :

CALL SOURCE (j ,I ,C S ,D S )  , 

w h ere J i s  th e  s e r i a l  number o f  the 5  eq u a tio n ; I r e f e r s  to  th e  mesh 

s tr e a m lin e  a t  which source term i s  r e q u ire d , and C3 and are the  

ou tp u t o f  t h i s  su b r o u tin e .

In s e c t io n  th r e e , two exam ples o f  t h i s  su b r o u tin e  are p r e sen te d .

One o f  them pu ts the so ’orce term equal to  zero; t h i s  i s  a p p r o p r ia te  

when ^  stan d s fo r  w itn  R̂  z e ro . The o th e r  example g iv e s  th e

so u rce  term when stan d s fo r  h.

COI^T

The v a lu e s  o f  d i f f e r e n t  c o n s ta n ts , in c lu d in g  some f lu id  p r o p e r t ie s  

m ix in g  len g th  c o n sta n ts  e t c , , are ‘ g iv e n  in  th e  u se r  su b ro u tin e  

CONST. There are  va r io u s ways o f  su p p ly in g  th e s e  numbers. I t  i s  

good p r a c t is e  to  g iv e  a l l  th e  n e c e ssa r y  c o n s ta n ts  in  t h i s  su b ro u tin e

a lo n e  and to  u se  th e  corresp on d in g  sym bols in  o th e r  s u b r o u t in e s .

Those c o n sta n ts  which aire fu n c tio n s  o f  o th e r s  a re  a ls o  computed 

h e r e . '  ' ’ .



DENSTY

The purpose o f  the DENSTY su b r o u tin e  i s  to  e v a lu a te  the d e n s ity  

a t  a l l  the g r id  p o in ts  as a fu n c t io n  o f  th e  dependent v a r ia b le s .

A ctual e x p r e ss io n s  w i l l  vary  a c c o rd in g  to  th e  ty p e  o f  th e  problem  

and the nature o f  th e  f l u i d .  The symbol DEN, th e  v a liie  o f  which  

may be g iv en  in  the su b r o u tin e  COÎKT, can be c o n v e n ie n tly  used as a 

r e fe r e n c e  v e lu e  o f  d e n s i ty .  The example g iv e n  in  s e c t io n  3 makes 

th e  d e n s ity  in v e r s e ly  p r o p o r tio n a l to  th e  a b s o lu te  tem perature; 

th e r e  ? (1 ,1^  i s  supposed to stan d  f o r  th e  a b s o lu te  tem perature  

and DEN fo r  th e  d e n s ity  a t  th e  fr e e -e d g e  o f  th e  f lo w .

VISCO

The fu n c tio n  subprogramme VlSCO(l) i s  employed to o b ta in  the 

m olecu lar  v isc o s ity  a t  any g r id  p o in t I .  In tu r b u le n t  flow  s i t u a t io n s ,  

th e  use o f  th is  fu n c tio n  i s  m ain ly  near a w a l l .  For lam inar f lo w s ,  

more e x te n s iv e  use can be made. The example in  s e c t io n  3 g iv e s  the  

lam inar v i s c o s i t y  as a fu n c t io n  o f  the a b s o lu te  tem perature ? (1 ,% ), 

when AMU r e p r e se n ts  the v isc c ^ d y  a t th e  fr e e -e d g e  o f  th e  f lo w .

RAD

The su b ro u tin e  RAD s u p p lie s  the g e o m e tr ic a l in fo rm a tio n  

r eg a rd in g  th e  problem. 'Ihe ta sk  o f  t h i s  su b ro u tin e  i s  to  g iv e  the  

v a lu e s  o f  r,̂  and cos oA f o r  a g iv e n  v a lu e  o f  x . The c a l l in g  

sta tem en t i s :

CALL RAD (X,R1,CSALFa )

For p lan e f lo w s , the u se r  i s  a d v ised  to  s e t  R1 to  a co n sta n t such

a s 1 . I t  i s  not n ece ssa r y  to  make R1 very la r g e  and i t  must not be 

put to  zero in  t h i s  c a s e . The v a lu e  o f  R1 f o r  p lan e  f lo w s  has no 

p h y s ic a l s ig n if ic a n c e ;  i t  i s  a dummy v a lu e .



TXro exam ples o f  t h i s  su b r o u tin e  w i l l  be g iv e n  in  s e c t io n  3» 

The f i r s t  one i s  a p p lic a b le  to  p lan e  f lo w s;  the second  one i s  fo r  

a r a d ia l  w a ll j e t .

PRE 1 and PRE 2

The s p e c i f i c a t io n  o f  th e  p r e ssu re  g r a d ien t i s  through th e  sub

r o u tin e  PRE 1 o r  PRE 2 . The c a l l i n g  s ta tem en t i s ;

CALL PRE X (XU,XD,DPDX) , 

w ith  I e i t h e r  1 o r  2. The v a lu e  o f  p r e ssu re  g r a d ie n t  pPT3)<i3 the  

o u tp u t, w h ile  XU and XD are  th e  two g iv e n  v a lu e s  o f  x betw een which the  

p r e ss ir r e -g r a d ie n t v a lu e  i s  r e q u ire d . In su b ro u tin e  PRE 1, DPDX 

i s  s e t  to z e r o , and in  PRE 2 , DPDX i s  c a lc u la te d  w ith  E e r n o u ll is  

eq u a tio n .

MASS

When a su r fa c e  e x i s t s  a s  u. boundary o f  the flo w  the mass t r a n s fe r  

through i t  should^be s u p p lie d , t h is  i s  done in  the su b ro u tin e  MASS.

'Ihe c a l l in g  staterant i s ;

CALL MASS (XU , XD, AM)

where XU and XD are two g iv e n  v a lu e s  o f  x . The su b ro u tin e  s u p p lie s

tne mass t r a n s fe r  r a te  AM betw een XU and XD. The example in

s e c t io n  3 i s  & sim p le  v e r s io n  o f  t h i s  su b ro u tin e  ’osed fo r  an

im pervious s u r fa c e .

FBC

At a s u r fa c e  the v e l o c i t y  U' ( r e l a t i v e  to  th e  su r fa c e )

i s  alw ays zero; how ever, we need to  know th e  boundary c o n d it io n s  
fo r  o th e r  dependent v a r ia b le s .  These are  su p p lie d  by the su b ro u tin e

~J63i.



FBC, The c a l l i n g  s ta te m e n t i s :

CALL FBC (X,J,IM D,AJ?S)

Here X and J a re  the g iv e n  q u a n t i t ie s  which stan d  th e  d is ta n c e  x 

and the s e r i a l  number o f  th e  §  eq u ation  under co n s id er a tio n .IN D  

and AJFS are th e  o u tp u ts . IND w i l l  pg 1 o r  2 a c c o rd in g  to w hether  

th e  va lu e  o f  ^  o r  th e  co rresp o n d in g  f lu x  i s  s p e c i f ie d  • 'The 

r e g i s t e r  AJFS w i l l  then  c o n ta in  th a t s p e c i f ie d  v a lu e , Two exam ples 

are g iv en  in  s e c t io n  3: th e  f i r s t  one s p e c i f i e s  F(l,r) as a l in e a r  

fu n c t io n  o f  x; w h ile  th e  o th e r  g iv e s  a uniform  f lu x  a t  the w a ll .

% en no su r fa c e  e x i s t s ,  the su b r o u tin e s  î<IASS and FBC 

are n ot c a l l e d ,

BEGIN

The i n i t i a l  p r o f i l e s  and o th e r  a u x i l ia r y  q u a n t i t ie s  are  

s p e c i f ie d  in  su b r o u tin e  BEGIN, Although th e  u se r  can 

arrange to s p e c i f y  the i n i t i a l  p r o f i l e s  in  any way he d e s ir e s .

In t h is  su b r o u tin e , i t  i s  n e c e ssa r y  to  sp ec  i f y : th e  v a lu e s  o f  

KRAD, NEQ, KIN, KEX, N; th e  i n i t i a l  v a lu e  o f  x; the i n i t i a l  u ~ y  

p r o f i l e s  and th e  corresp o n d in g  p r o f i l e s  o f  o th e r  dependent v a r ia b le s .  

The u s e r  shou ld  n ote  th a t  t h i s  su b ro u tin e  i s  a co n v en ien t p la c e  to  

read in  a l l  th e  d ata  f o r  th e  problem in c lu d in g  th e  boundary 

c o n d it io n s ,  property , v a lu e s  e t c .  These q u a n t i t ie s  are  tr a n s fe r r e d  

to  t h e ir  r e s p e c t iv e  su b r o u tin e s  v ia  COMMON s ta te m e n ts .



OUT

The in s t r u c t io n s  fo r  p r in t in g  ou t th e  r e s u l t s  a re  con ta in ed  

in  the OUT su b r o u tin e . The r e s t  o f  th e  programme makes no demand 

on t h i s  su b r o u tin e , ex cep t th a t  o f  freedom  o f  in t e r f e r e n c e ,  and 

th e r e fo r e  th e  u se r  has com p lete  l i b e r t y  to  make arrangem ents here  

to  p r in t  ou t any in fo rm a tio n  he d e s ir e s .  The in te g a r  v a r ia b le  

INTG, which cou n ts  th e  number o f  in t e g r a t io n s ,  can be p r o f i t a b ly  

used to  o b ta in  th e  p r in t -o u t  a f t e r  a d e s ir e d  number o f  in t e g r a t io n s .

In the example in  s e c t io n  5» th e  v a lu e  o f  x  and th e  corresp on d in g  

v e lo c i t y  and tem perature p r o f i l e s  a re  arranged to  be p r in te d  ou t  

a f t e r  every  5 in te g r a t io n s  o r  a t  s p e c i f i e d  V a lu es o f  x .

EST2

At each stream w ise s t e p  E3T2 c a lc u la t e s  th e  normal d is ta n c e  y 

f o r  every g r id  p o in t .

3 .2d  S u b rou tin es P e r ta in in g  to  the I n t e r a c t iv e  ycheme

I t  would be w a s te fu l to  go in to  th e  f in e r  d e t a i l s  o f  th e  su b r o u tin e s  

p e r ta in in g  to  th e  in t e r a c t iv e  schem e, b eca u se  th ey  were s p e c i f i c a l l y  

t a i lo r e d  fo r  th e  p e r ip h e r a ls  and so ftw a r e  packages a v a i la b le  on an 

E l l i o t  4130 . In  t h i s  s u b - s e c t io n  we w i l l  b r i e f l y  d e s c r ib e  the two 

m ajor in t e r a c t iv e  s u b r o u t in e s . OUHSI and EXEC3 .

OUiiGI

This su b ro u tin e  i s  used to  m an ip u la te  th e  mesh network o f  the  

m o d e llin g  te c h n iq u e , as d e sc r ib e d  in  ch a p te r  fo u r . In  th e  t e x t  

0UHS1 was o n ly  used a t  the s t a r t in g  c r o ss -s tr e a m  s e c t io n ,  how ever, 

in  th e  computer program i t  can be used a t  any c r o ss -s tr e a m  s e c t io n .

EXEC3

This su b ro u tin e  d is p la y s  on the c a l l ig r a p h ic  s c r e e n  the p r e d ic te d  

r e s u l t s  in  th e  form o f  1  ' ^ or y .
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2 CONTINUE

n  CONTI NUE

L11 IS - COUNTI NG TERM TO ENABLE THE PROFI LES TC. EE SKI PPED AFTER

; A M A ( J ) = '  .  1

TO ( 2 1 , - 2 , 6 : ) , KI N

G =  (_U ( 2  ) f  U 1 ) ) /  ( 5  U ( 2 ) + U ( i ) ) + E . j * u ( 1 ) )

E = ( 1 . 0 “ P R E r ( J ) ) /  ( 1 . 0 + P R E F ( J  ) )

b F = ( C + G f  ) /  ( 1 .  > G > G  F)

: ( J , 2 )  = F ( J , ? ) * 0  r + ( 1  . : -G F) *  F ( J , 1 )
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F ( J , 2 ) = F ( J  ,  1 )
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CIPTC

L-È^;pN t é e Ê  Ë -  F e20!3 y ,

iL î f̂i TE G E a OÆ:;;—z:fE^_Z-— :̂lHrEE:5=5̂ ÊĤ f̂:E5^5E!?^

k \ AL E ^ # ^ ^ 5 n :5 := Ê Ë ^

É /, I A5lf  ̂ Æ̂ iPjr j% S:S #  F % gĵ &%. f . KIM f  K A f  A ̂ 55^ = 2̂

:-: .iezr C G M m fE T -/2l^  K&Z* t7 lL E *;èa& & :2^ 42]^ ^ :

:̂ x = i5  :

*« Y = 1 5 :•

K < =A c T I  G N ( 1 ,  F u U N 0 )

 I F (KK.5  0 .__ £ )  R 5 T ü R N

C A L L  O A T

C A L L  A X I S  ( 2 )

C & L L  G R P  ( 4 , C o ? B )

I F  ( AC T  I O N ( 1 , F O U N D ) . 5 Ü .  5 )  GO TO 5 C 0

CALL ÙEFIN

J = A C T I C N ( 1  / F O U N D )

I F  ( J  . E Q  .  1 ) C A L L '  P L O T

I R E T  = ACT l O N C I / F O U N D )

I P I C  = A C T I C N  ( 1 / F O U N D )

I F  ( I P I C . E Q .  1> IPIC=INTG+1

I F  CI PI C. GT.  1) I PI C= I PI C* t O

C_ALL_^£LETE ( 3 0 0 )



LET

C A L L _ P E L E T E . < H)

C A L L _ D i _ L E T £ C 3 )

CALL. P£L£_TS1AT

I F  ( I R E  I .. E Q .* . . 1 > _.G.a_TQ 3 5.

DO- -IQ- .L = t^-N P .

C ÛNT i - L i l£

RETURN

- EN.D-̂ _

s u e  R O U T I N E  DAT A_____

C O M M O N  / G E N / P S I , A M l , A r E , D P D X , P R E F_A2 1 , P R ( 2  )  ,  P  ( 2 0 5̂ ,  AMU

__IA LfLPX_, I N IA ^ S A L M  ,  MM G

_ U V / L C A I )  .  F A / ^AIj.y-JL_( 4 1 )  ,_RKO_ ( 4 1 )  ^CM U 3  I ^ Y U A L ___

1 /  1 /  H ,NP.1 ,  M PI t N r I ,  N LQ /  N P H ^ K E X ,  < I  N.,i(_ASE, K R A p _____________

-LO-M M ON ± 1 1  ,  lU  EN 0_R_D_,(_lz4H

._LL=A

J  (UA i ) ^  M-j p

_ .-T lLLA _.U pI a R R AY_-,C L rO Z T I a ' Æ  LY LLE

AMAX=U( 1 )

DO 7Q 1 = 2 , NP3

I F  ( U ( I )  . G T .  AMAX)  A M A X = U ( I >

CONTINUE

C n R D ( 1 , I ) = 0 M ( I )

6Q TO

COAD L?f_l l=F C 1 ^ 1 _

GnTO 1



L 0 & E C 2 ^ 1 )  = F ( 2 , 1 1

-CO.NT LNJJA

 w R I I E  _ ( . 2 , 5 : 0 )  C CCO R AC I -  J ) ^ J  = 1 ,  N P j . )  ,  1 = 1 , 2  ).

FORMAT ( AHAA. AA,  1 2 E 1 C , 3 )

FORMAT ( 1 2 E 1 C . 3 )

RE TURN

- N Q,  _______

s u b r o u t i n e  d e f i n

 _U)GIC_A_L Sk  I j C H __________

I N T E GER A C T I O A , I 5 U F ( 6 0 0 Û )

D 1M .EN .1I0  N . . . . .A x 1 6  ) ,.A Y ( 6 ) ,  I NTX ( 6 )  ,  I N T Y  ( 6  Y

D I_M E N S I  O N  A C H K  ( Z r U Z  ) ,  I_R û N J ( 6  ) ,  3 U_M. ( I .E  ) ,  AM A X ( 3 ) ,  N 0 M ( 3 ) ,  A R F (  1 :  ,  3 )

A 0 3  0 ( 4 , 4 3  ) ,  I - £C ( 6 ) 

D I M E N S I O N  - ( 1 C )

COMMON _/ G E N / P E T , A M  I ,A_M E r J > P  D X ,  °  R E F ( 2 ) , P R ( 2 ) , P ( 2 ) , C E N , A M U , < U , < C  , X P ,

1 % L , D X , I N T G , C < A L F S , M M G

l / I / N , N P l , N P 2 , N P 3 , N E Q , N P H , K c X , < l N , < A S E , K R A D

N / j  Z /  ,  MY j^ I L E N  ,  CO R D ( 2 , 4 5 )

CO 11 K = 1 ,

I S  I C K ) =1

CALL N E WE U F ( I : U F , 1  O u >

WRI TE ( 1 2 , 4 9 9 )

FORMAT ( 1 2 ] X , ' < t F 0 R  U = F U N C ( 0 M ) • / 1 2  O X ,  ‘ K 2 FOR OM = F U N C ( U ) ' )

CALL I N S E R T  ( 2 0 , 0 ) ,

I A X I S = A C T I 0 N ( 1 , F O U N D )

CALL D £ L £ T £ ( 2 0 )

I C 1  = 1

IC2=2

I F  ( l A X l S . E Q .  1 )  6 0  TO 51

I C 1  =  2

I C 2  = 1

C O N T I N U E



- _.EORj^A^T ( U ^ X /.V  ARP AS_ (_riAX = 3 )  .1 0  35_CHANG ÏD,K1 IQ COME. O U I ' / I 2 0 X ,

P 0 S I  J  ION l i  — —

^ U L .7 ÜÎËRT_ 7 ^

. CALL S c T P a t ^ C . T S U S . )

DO . ILL I_=1zA

__ J = A C I UNDA

L Æ \ L W : ^ _ # X  ( I )  r i N I Y ( ! ) ) _ _ _

■CQlN I  I N - U l

SETjzA K, j  , FALSE7 )

 INl ï  ( I ) -

AAiL:'____

 l N T X ( _ I ) . ^ i J

I N . Î K  I I - A 5 Ü_____

:____CLQn I I N ü L.

 AX, CI ) I&X L3______

\ Y C I ) _ ^ / L 9 ______

_ W  R  I T  £ _ . X I a 5  1 1  > _ C _ A  X X U L v l I z I j l M .  _

F0PJ4AT ( '  THE X CORDINAES OF THS A R £ A $ % 6 E 1 0 , 3 )

W R I I A  ( 2 x 5 Q 3 >  l A Y C D ^ L r l ^ X -

APAEAT- ( '  THE Y G O B A ^ ATES _QA_IHE_MEM_AR_EA E" , 6 E  1 1 , 1 )  

C A L L -  N £ w 8 ( t P  ( I S U F , 1 0 0 >

D.0 &Ü 1 = 1xj6

. _ C . A  LL _ P p  I NT_ _  (  X  N T  X  I I  ) A I N T Y  (  I  L A L )

EALU-VLECiaE.. CQ ,%Yj- IMI Y I l  1 m 1 i__



C A L L - -QELETÎ-, .(2_Q-L

 F O R ^ A J .  ( 1 2 : X ,  L J ( 1  I F .  YOU W AM.r._ TO - GA I N.-,)___________________

GALL_J_N S î R X - ( i . . a rO-X

_ a  = A C X iO  N_(1_, F Q U^Ù >_____

I F  ( J . n E .  1 )  GO TO 5 0

CALL D E L E T E  ( 2 0 )

CALL D E L E T E  ( 5 )

GO T O X

C O N T I N U E

CAL L  D E L E T E  ( 2 ^ )

:lPOw=y

^COL=fPOW+1

 C A LL A L r E R 1 ( r P O y , M c O L , CO R D , a , I C 1 , I C 2 )

X r T i NG t h a t  T H E P O L YNOMI AL  I S  A R E A S O N A B L E  ENTA^Xl^^^^ 0 F THE _CJ=L__

0  0  7 0  I = 1 , N P 3

C H K ( I C 2 ,  I ) = X .  ]

r  X c HK ( I C 1 / l )  = CO R D ( I  c l  ,  I )

DO 71  < = 1 , M C 0 L

I 1 C H K ( I C 2 , I ) = A C H K (  I c 2 , I ) + b ( < ) * ( A C H K ( I C l , I ) * * ( K - 1 > )  ____________

C O N T I N U E

CALL GR P  ( 3 0 0 , A C H K )

CALL NE WB u F ( I B U F , 5 0 )

WR I T E  ( 1 2 , 5 1 4 )

FORMAT ( 1 2 Ü X , *  KEY 1 I F  O K ' )

C A L L  I N S E R T  ( 3 0 1 , 0 )

J = A C T I O N  ( 1 , F OUND)

CALL D E L E T

X.I_NQ.- UP J . y . X . 3  A -N G .X S _ F 0 X _ .1 H _ ^ J1 /  Ç



DhCL ________

 I F  ( C 0 5 i ) ( l ^ J ) . L T .  A Y C D ) G a  IQ 8C

 I R A N J ( I ) - J  _______ __

G_a_T0__2:.

■ CO RIIÜÜ £

CONTINUE___

CONTI NUE,

.ESTIrtAIE. T H E_ü C:i?I.NAM, _,COE F F I Cl GN ! . .  IN „EA C K _R ANGE.

_D0 ] j : l  K=_1^CCL_._

_. ,EUM(K)=cw:

.11=1-

I F  ( I . 2 3 .  5 )  1 1 = 3

  IJLEiRAN JJ U

 LE=XB- A_n J (1  + 1 )

 D & . 6 1  J = I 1 , 1 . 2 ___

S ülAC KQ = EU 'E( K ) + C 0. ED_(I C1 ,  J J A*  ( K - ± )__ _________

CONTINUE

EUJ^(J )= d  ( 1 )

 0CL_9.6 . K= 2 ,  M EuU

Â E S lÂ E L Û Â ïiz T R  A N J ( I )_

.S_U M ( K ) ^ U M  (_K ) / AC_ 

SUM(K ) = S UMTio*B~0^)

:____COMENU

A W A i . u i > = s u L N m

NCLM(11) = 1

DO. K = 2 , M C 0 L

X E -C S -U N C K 1> L E ._  A N A X C I D  L  EQ _1CL_1Z



P O S T A T  ( I 5 , c 1 : _ 3 )

____

.CONIINü_P__

W R i r E _  c ; , 5 1 o )  ( ,(_m m  ( J ) , A  MA X _ ( l ) ) , j  = 1 f  3 )___

U J J i £ ^ A 5 . R  W J J H  8_.

0 0 1 = 1 , 3 ____

 P i ) _ „ l û û J _ £ l ^ P k

T T I N G  A 0 R D ( 4 , I ) = C j S D ( 2 , I )

PO .1.0.2 1 ^ , 3

 I DE C_( 1 .1 5 1  LJ]_ .

C ^ L L  D E L E T E  ( 3 ] C )

TOM \  T I C_,. A _D j u s t e m e n t  ÛF T H F  C U R V E S •*• D I S P LAY & D E C I S I O N . _______

' R I  Le  ( 1 2 ,  5 4  1 )

CAL L  N E u e U F  ( I 3 U F , 5 0 )

 F 0 R_M A r _  ( • P L p  T_T.I_N 6 _  T H_E NEW ç U R V E S " )

c a l l  I N S E R T  ( 1 0 6 , ü )

DO 1 1 0  1 = 1 , 3

I F ( i P J _ C  <_I_).^EQ . 1  ) G 0 TO 1 1 L

C R E A S I N G  THE MA XI MUM C p E F F I C I E N T T .

I ? = I R a N J ( L )

A C H K ( I C  2 , J )  = 0 . 0

ACHKC r C 1 , I )  = C O R 0 ( I C 1 , I )

AC HK_LLC 2 ,  J 1=LACHI<_( I. Ç2 l+ A  RR ( K, I ).* (A C HK (  I C t ,  JJ. *^<cLL) >

C O N T I N U E

C O N T I N U E



IF,  3  5 21

_IAi_L_G_R-P (.i

C O N T I N U E

CO.NTINU

I I L I 0 _ N  _ A S IIL T  A H  1 C H__G R AP H .TO._ MOJII.FY

C.A.LL..N

WRIT

M S I ’A X _ 1 1  2-C X ,_ '  F Ç R_. J .U  I K_ K 3 I I

CALL__IN3.EkX  . ( I  l l

 I F .  ( a.W l i e  H ( 8  )JL_C A L L _ O U  IK_(_IDSC

1 0  N i l  N UI.

c a l l  D E L E T E  ( i l l )

CALL I N S E R T  ( 3 1 1 , 1 )

 I F_ ( ,S W i l d (  1 ) C_A LL 3 I GN_( I SJ[ )

.1QITLN.U.

:____call J i l l . E X L i i m

1 3 = 0

DO 1 1 3  1 = 1 , 3

I F  ( l O E C ( I ) _ E 0 .  I )  GO TO 1 1 3

IQ .= 13±±

C Q i l l l N - U E _

C A iL -IiE l.£T L _i3Q 3)

1  . E G i . _ i )  G 0__1C L _14§

A R R Ü L z I L =  A R I ( K < l ) t ( A . S R  ( K ^ i l  /  I Q O J I O ^ )  * I S I  ( I )

CONTINUE
• 4 / 0 '



Z . L ^ L Q - L  AaûU_T _WHLCH_.GRAP H Tû_MG Q I F  Y.

ï CA'.L Q5LSTÇ . ( 3 a 6 )

_Af) £C CL) = I Q  CL.

CALL_N£WRUF ( I ^ ü f  ,  5ü)

R I T

1 ^ 0 OTH * )

LL

DO _ K 7  I 5 P A  = 1 , 4 3

CALL _SM OT H_ _  C I  N I X  /  I  N T Y_^A.C H K ,  I_R A N J  ,  I S P A , I O E C )

CALL GRP ( 5 7  1 , ACHK)

I S T P = A C r i O N  ( i , f O U N D )

I F  ( I 3 T P . E Q .  >  )■ CALL QUf K ( I  DEC , 6 )

IN 0 = 0

DC 1 4 9  L = 1 , 6

c o n t i n u e

CALL D E L E T E  ( 5  7 1 )

I F  ( I N O . ' E Q .  6 )  GO TO 5 31

O.nT I n u E

CALL NHW3 UF  ( I 3 U F , 5 0 )

FORMAT ( 1 2 0 X

J ^ A C T I O N  ( I f F p U N O )



2..= 3 X  C U R V ;„ J H îO .U a ,H  C O R C u ( I , J ) . _

V t R I I L .  1 2 ^ : 7 3 2 )  ( C a X û ( 2 , I I l , i L = l , ü & 2 )

FQSXAI ( 6 6 E 1 C . J ) _________________________

C L 'S O  A D t S f l C l ,  I C J l  

I_ X ..aiS-T. ..C U R V c. _ IHR_0_U & L  C 0 RD I I ,

, . . . . 0  0__121 !==1,HPJ__________________________

 l 2_x_Kr1 , X C 3 L

X 0 R i C i t  i ,  Ü ) * ( c  a a o  (  t a  , 1. x * *  ( .< - j . )  ) + c q r o < i  c 2

..Ç.Ûi<» < l ,J t P _ I Î  =X- 'c__

...CQRC-(2 , _ N F i I X l ^ j _______

.C A . u . L _ S P P -  ( ' t ' - C . 0 S_5 >

c a l l  M^ . 1 3  ( 3  1 3 )

C A L L  M A G I 2 ( 3 1 2 , C 0 2 D )

C A L L  M4 G I 2 ( 3 2 1 , & C H K )

ALL MAS 1 2 ( 3 2 2 , ACHK)

P - T U S N

  CAU_L. q PLî IE  . ( J l i )

.XÜ io  <.li_N Pj.) = 1

C 0 3 D ( 2 , N P 3 )  =  1 . 0 .

_ _ 'L & L L _ a .E L iT  = ._ (  4 )

C A L L  G R P  ( 4 , C C R D )

c a l l  ma g  11 ( 3 1 3 )

C A L L _ M A 6 I 2 1 3 1 2 , C Q R D )

C A L L  MA G I 2 ( 3 2 1 ^ &C _ H K>  

C ALL~M A gT 2 (~3 2 2  ,  A CHKjT

R E T U R N

FORMAT ( ' * * * C H E C K * * * ' , 1 0 E i n . 3 )

KSL

SUBROUT I Ü E „ G .R J_1N  0 , A , B , I R >

LIÎiÇ N .S.LaN _.A  ( 4 , 4 j  ) , 6 ( 2 , 4 3 1



1 NTE.&.E&. l Ë U F._ ( 1 : 1 0 . _ _ _

0MMJ},N[__/G 2 N / F  = I , A M l , A M = , D P D X , P R ; E ( 2 )  , F R ( 2 1 , & C 2 ) , D E N , A M U , X L , X D  , % P ,

_ U  L ,  ) X , , I N  TT’ '  e s  AL F A ,  MM G

 Ç û MMON_ /  Z Z /  X , * Y , I  L_E N ,  CO R_D_C 2

 INXEG^EjL.AClIOil

 _Ç A LL _N E m SU F.__( T 3JJ F ,  1 ]  1 0  )______

C a l l  P O I N T  ( F X , M Y , 1)

Fj^g_  r H d NO N 0 IM 5 0 N A L I  S L X l S  .

. 00_ 1 : J = 2 , N P 3

A Y = ( 3 ( 1 , J ) - 8 ( 1 / J -  1 ) X *  I L  EN 

AU = < A.( I  R , J  L - A J T F / J - T ) T ^ T L ; _ N _

LY = iY

L u  = AU

^  CALL y EC roP. jX V v LY, n

C O N T I N U E

CALL A X P  :R_T ( r , 0 , ù  X.

^ 5 TLRN

END

^ ' ) Q R C U T I N E G i n  < (  I A i  C , 1  F T )

: ' D I M E N S I O N  I D E C ( 6 )

 I NT E G. - R I B u F  ( ^ j " )  /  A C T I O N _________________

DO 1 1 2  1 = 1 , I P T

CALL N E W 5 U F ( I d U F , 7 0 )

WR I T E  ( 1 2 , 5 2 1 )

FORMAT ( T ô Y x T ^ K E Y  I 1 0  KE E P  GRAPH I * )

C A L L _I_N jjR .  T J Z 9 1 ^ . 9 1 ______

T f ~ t ïo Ê C  ( T y . e t t " I  y  0 c f 0 1 o

CONTINUE

XDEC ( I  ) = ACJ- I ON ( 1 ,  F j ^ N J ^

~ ; r _ a _ L r c T i ) .E Q .  â r T ô ~ r o  5 1 2  

g_o~ to__2o ____________   .___________

r \  \ \ N X l i  iTf f T r n r . i i r ^



£-aFa^A

CALL I K i & a T _ l

JJ=ACTI.C N_..U_,FQUNP)

2 L ^  j_  Ta _ 4H,

CALL D5L.2TL (

2 Q. TH_ _ ( I NTX , I NTY, ACHK, I ^ ANJ ,  ISpA^IOEC )

DiJ?E.N3_1. L b L . T Y J L _ 6. )_,JÇfiT 4 (. 6 )_ ,IA A N J _ (6 ) ,A cH K (_2 , 4  3 )

L  CjDMMQN 7LiN_/PLI^,Ain^-A i ^ £ /DPOX'PB.S.F (?_),PR_(2 ) ,  r ( 2 )^D EN ,  AMU,  <U ,X.u xP

J  AL,DX I jLTG , C S A L F A , f M 6 _

1 / I / N , N P 1 , N P ; , N P ; , N : Q , N P H , K c X , K l N , K A S 5 , K R A D

^ ___CO_M"^0 N V  Z Z / _ M X  Y ,  I L  EN , C 0  R ^ 2  ,  4  3  )t -r-:

/1  ) = L._j

 ACHK ( 2 ,  1 ) = ? . ' :
t---
 l & A I  S P G 0 TO 5 2_

A A .1C IX 02lL1_-lL^J.N 0> .NE .  TO _5 2_

CALL S E T R A K C  .T_j_UE . |

L_ _ _ J  J ^ A C  I  l a j d l T / p  Q.UNh=

IF _C JiJ_.EQ 7.rii "cT lT"IR A K ( I X, I Y>

I P L 0 = 1

5 NJ:

( 1 1 , M Y , 1 L 5 N , 2 2 )

1  Q.SPLA T _ _ i 3 1 5  f  E .IÛ .  2 1

D Q _ 7 - K = l / J i f ! l

i_L_lA C H jK  n  . K ) ^ G 5 ,._.ZZ )__GQ__T0__8



C0-M3T ( 7  = 1 . 3 )

 I 2 HI = K____

 L l l 2 l F L 0 _

I 2  2 = L P H .I_ .

  I p -  ( I J P H P , i Q _ * ._ L P 2 1  , _ 5 T 0 P„

C A L L . SETR. AK L ^ F A L S E , . ) . ________

_LPAC = ( A C > <  ( 1 , T P H l ) - 4 C H K ( 1 , I P L u ) ) / ( A r H K ( 2 ,  I P H I  ) - A C H .< ( _ 2 ,  I P L C ) )

C O N = w C H K ( 1 , l P L O ) - G A A D * A C H K ( 2 , I P L O )

%CMk ( 1 , I ) =G0 AD* 4 CHK( 2 , I ) +C0 N

3 T 0 F ( 1 ) = 1

DO j = -:

I p ( J . E 3 .  1 ) GO TO 6

 I F _ (  I N T t <  J_) j!_iO . I NXY ( J  - 1 )  ) 6 0 T O 9_________

I ^ H I = I 9 A N J ( J ) + I 3 P A

I ^ L C = I ^  i NJ ( J ) -  I SP A

 I F . L  T . 1 ) 1  P L 0 = 2 _ ______ ________ _______________ _____

/ I F f I ^ T T ü T r  i ^'hT ^ n pI

I F  ( I P L O . E w .  I P H I  . A N D .  I P L 0 . 5 Q .  1 )  I P H I = :

I 3 T 0 C ( J ) = I P L 0

I F  ( J . G T .  1 . A N D .  I P L O . L E .  I S T C R ( J - I ) )  GO TO 9

O O ' H I N G  S MOO T HI N G  S MC O O T H I N G

I Z  =AC H K ( 2 , I P H I ) - A C H K ( 2 , I P L 0 >

I F  ( Z Z . G T .  G . i )  GO TO 3 0

c o n t i n u e

FORMAT ( 1 5 ) 5

W R I T E  ( 2 , 4 0 ) ( J , I P H I , I P L C , A C H K ( 2 , I P H I ) , A C H K ( 2 , I P L 0 > )

FORMAT < 3 I 1 C , 2 5 1 0 . 3 )

X A A C fX A  C H K L I I _ ) - A C  H K (JL, I P  L.0.)_> ACHK ( i  ,  I  P H I.)_r A C « K„( 2 ,  LP  L CJ )_

C O N = A C H K ( 1 , I P L O ) - G R A D * A C H K ( 2 , l p L 0 )

DO 2U I = I P L G , I P H I



_ Ly i  i  ) jiCÛM

 CO lYl l:\U_E__________________________________

. x5_mRJ4.

—  , N C-----

____S.U3RQUIijNX-_S._U'.\'C I.S I )

I & l l E - C f J C  ) /  AC T IO N ___________

iJ2jûJLCAL_. S w LLCH..__

 IM15-0C K . . _  a c t i o n

 I F  ( i  .  G E_^_R )„.XA L L_P_E L 5 T 5 _ ( 5  1 1 )  ______

C A L L  N = W_SILF._ a ? Ü F _ / ,1 .C .O )_______

_*AITE_

F C T / A T  ( 1 2 5 X , ' 2  - V E . 3  + V E . 4  X 5 .  5 X 1 0  .  6 / 5 / n  .  ' )

call i n s e r t  ( 5 1 1 , 0 )

1 ’ J - A C T I O Ï T  1 , F C  UN ))._

GO TO ( 5 " ^ 5  1 , 5 2 , 5 3 , 5 6 , 5 5 , 5 o , 5 7 ) , J

.00 TG.__1 L

13 K

L  . 1 1  I Ç L ) ^ L

GO TO 2 0

GO TO

I 3 I ( I ) = I S I ( I ) * 1 0

6 0  TO 2 0

_L & 11I>E JL 1 l U  u i a

Q N T I N U E

C O N T I N U



L:.

 _____ 8.£T.U,R_N._________________

...INJ^_______

S U B R O U T I N E  Y A 6 I 2  ( N O P , A C h K )

D I M E N S I O N  ACHK C 2 , 4 3 ) , OR 0 ( 2 , 4 3 )

C O M M ON /  G E N l P E  I L ,  A_M L fL p P  = L (  2 )  , P _ R _ U )  , P  (  2 )  ,  P EN ,  A MU ,  X U ,„X D_ ,  X P . ,___

1 / V / U ( 4 3 ) , F ( 2 , 4 J ) , R ( 4 3 ) , RHO( 4 3 ) , Û M( 4 3 ) , Y( 4 3 )

_  J _  /  1 6 N  ,  N P j  ,  N PL?., N P 3 ,  N EQ ,.N_P H ,X _ E A ^ < :  R a  D

C O M M O N  f i l /  M X , M Y , I L E N , C 0 R 0 ( 2 , 4 3 )

I L E N ^ I L U l

ivX=MX

I M Y = MY

I N H 3 =  N k  3

11 L E N =  I  L E N

13 PAN = 5

1_F__^0_P_. E 1 ) GO ^TOL-10- 

" ( ^ ^ o p T e q .  3 2 7 7 "  GO T q _ j 3

M X =  7 ■- rs

M Y=7 : ^

I L  E N ^ 2 5  0

00 12 1 = 1 , NP3

I F  ( A C H K ( 1 , 1 )  . G E .  0 . 3 )  GO 1 0  1 2

C O N T I N U E

I F  ( J L I M . L T .  C . G )  6 0  TO 1 3

I = J L I M + 5

I F  ( I . G T .  N P 3 )  I = N P 3

GO T 0 1 1

0 0  l u  1 = 1 , NP 3

X X = A C H K ( 1 , I ) * I L c N

ITEP=XX



Dû-

8- O A A  f. K I  z  A C H K. i  J ^ K > / A Ü .H  K ( J ^ 1  )

.a lQ -A

ANzAj:HJ(. (2,1_n)/5 1

) 0  _ 3 1  4 = 1 ^

RD( 4 / ^ ) = ACH< ( J , KX* AN

ORSAA , 1 ) = C C R D ( 1 ,  I )

CALL 6RO ( NCP , OR D )

4X = I M *

mY=IMY

N P 3 = I N P 3

I L £ N 5 I I L £ J 1

■RET.iJ.fiN

■iU^fiLO UXI N L_-M  G U _ _ tN .û  P I ___

.Q Q J ^ m .f t .H L L A .l j^ J iy .^ 1  ^NrCaRD (2 A 3 X

I 1 L E N = I L E N



. I.LE'\=1IL EN _

MY=7Ç'

 n i =.7 l ü _ _

I L E N= 2 5 :

CALk AXÂS. . (3 IL)

N P 3  = I N P  3

JtXj=LMX______

=IMY

I L E N = I I L EN

RETURN

S U B R O U T I N E  EXECS  ( I P I C 1 , I N T G , I P I C , 0 M , U , N 3 3 )

D I M E N S I O N  0 M ( 4 3 ) , U ( 6 3 )  , A C H K ( 2 , 4 3 ) , I B Ü F ( 5 0 0 )

CQp MQN I I I !  Mx , ^ Y ,  I L J 3i ^  Co R D ( 2 ,4J3 )

 IN T E G.E R .A .C IL O i^ _____________

UO_GÎÇAL S WI T C H

I P P = 1 0

Y=4f :

C_A_LL_N E 0 e U F ( 1 5  u F /  5 ^  >

w L T fT 'T fzT so 'T y

FORMAT ( 1 2 C X , ' K  8 TO GO I N OUT OF P O S I T I O N * )

C AL L  I N S E R T  ( 6 0 5 , 0 )

0  11 4 = 1 , 5 0 0

I F  ( S W I T C H ( 8 ) ) I P I C 1 = N T G

I F  < S u I T C H ( S > >  I P P = 1

C O N T I NUE

C A L L  0 E L E T E ( 6 0 5 )

I F  ( I P I C 1 . N E .  I N T G )  RE T URN

I P I C 1 = I P I C 1 + 2

I F  ( I P P . N E . 1 )  GO TO 6 0



LF_ (ACTION 1 )_I_PXC.INXC

CAL DELS I X  ( 6 0 0

C A L L _ X £ L E T . F _ ( 6 . : i ) _

D0__7D__I = 2/L_\P.l

PüXX_)_..AMAX=U.UL)

DO.

ACH % ( 1 , I ) = U K ( I )

; C H K ( ? , I ) = U ( I ) / A M A X

ETLAN

UE-^CuTIA E AX[%_(NCF )_______

\ T )  '  A.C U  ap_F_F ( 5

C ^ D X ^ P S & E f Z  C 2> aÛEN^ A>U / XX/-X

TIL

CALL POI T  ( J , M Y 1 )

CALL VE CT OR ( - I L E N , 0 , 1 )

, I L E N , 1 )

CALL_ X N .lH E l,_ (isQ f.^ l_______

N0_F=M0 F t 1

XJ^XL LAÔEL (_NOF)_______

RETURN

- 4 ^



^  ; N -Q__________

D I M E N S I O N  A C 9 D ( 2 , 4 3 )

 XNT= G^ A_ ^ A3 P ( 4 I 0 0 ) , I 9 U F ( 5 r : C )

I N T E G E R  A C T I ON

^ o _ D 2 ) ,P?_(A ) ,P _(.2 )_,DEN ,AMU.,.XU.,XD , x P  , ___

1 X L , D X , I N T G , C S A L F 1 , M M G

_ 1 /  [ _ /N_' N f l  " N P 2 f  NP 3 /  N E Q ^ N P H f K E X  , < I N , K A S 5 , K R s P

 C_0_I':'q N _ / z  Z /.. M x r Y ,.Il_ ± N ,  CC R 0 ( 2 ,  i x l

CALL NEWEUF  ( I 3 U F , 5 C C 0 )

CA L L  P O I N T  ( f X , % Y , 1 )

 FCX. THI  NON Ci MENXI vNALI l Eü  2 L0 T S .  _

C 1C J = 2 , N = Z

A Y = ( 4 0 R D ( 1 , J ) -  1 0  R i i (  1 , J - 1 ) ) * I L E N

A U = ( A 0 R 0 ( 2 , J ) - A J R 0 ( 2 , J - 1 ) ) * I L E N

LY=A Y

L ü = AU

CALL VE CT OR ( L U , L Y , 1 )

C O N T I N U E

c a l l  I N S E R T  ( N G , : )

; RETURN

ENÙ

S U B R O U T I N E  L ABE L  ( N O F )

I N T E G E R  D I S P ( 5 C 0 0 ) , b U F F ( 1 0 ü ) , X

COMMON / G E N / P E I , A M I , A M E , P P D X , P R E F ( 2 ) , P R ( 2 ) , P ( 2 ) , D 5 N , A M U , X U , X D  , X P ,

1 X L , D X , I N T G , C S A L F A , M M G

1 / I / N , N P 1 , N P 2 , N P 3 , N E Q , N P H , K ^ X , K I N , K A S E , K R A D  

"c o m m o n  /  Z T T ~ ^  X, MY 7 l  L E N ,  C OR D ( 2  , 4 1  >

I S  AS S UME D T HAT X = Y .

c a l l  N_EweU F ( d U F F , 1 j Q )



_  ivO.M= ILEET+ 1__________

 DO. J  0 . 1 = 1 , NCCvJlV

2)_ GO_TO._^ü

C A L L  P O I N . L  ( I I , M X , 1 )

C A L L  V E C T O R  (  ; , 2 0 , 1 )

GO TO 1 :

i I = M X + I - 1

r „c A L L P Q I N T .  ( MX,  I I  , 1  ) ____

V A Lk_J/_ETlLOR_(U, 1 ,11

COTtTlNUl________

A LL. . l ^ _  E.AJ  F ,1 A

 d£ LÜ R

END

 l E G l E N l

-3 U P  P C  Ü T_^ N  E O L R ^ I  n j  E T ^ I  P JSJ_

. . . i j l S o Z I T T c i T p  e T T a Ï  , f _ R E F  ( 2 ) ,  PR 12  ) ._PJ 2 )  , D E N , A M U _ , X U _ , x P  ,  XP

^  La L , j a I N T . 3 , C S  A L F A ,  AAÀ

_ ± /^ lN ! fL 2 Œ _ l , .N P 2 ,A { P _ 3  ,  < E X ,  K IN  ,  K A S E ,  K R A D _

__ 1 /  J /  6 E T A X r- A y A ( 2 ) x j j . u j ,  ,_TA U £ ,  A J I ( 2 ) , AJ E ( 2 ) , I N D I ( 2 ) , I N D £ ( 2 )

1 / V / U ( 4 3 ) , F ( 2 , 4 2 ) , R ( 4 3 ) , R H G ( 4 3 ) , Q M ( 4 3 ) , Y ( 4 3 )

1 / C / S C ( 4 3 ) , A U ( 4 j ) , 6 u ( 4 3 ) , C U ( 4 3 ) , A ( 2 , 4 3 ) , B ( 2 , 4 3 ) , C ( 2 , 4 3 )

1 / N R R /  C O F ( 1 0 , 4 2 )

_3LZ^mA_Af P ( 4 3 )

1 /GUP/_OMO(43>

1 / L O / P i  i g ^ l i r î T , j _ T l A ^ r j i t

_1 /P _ l/_U G U .xU 6.D ______

[ 1 / N E W ? /  3 ) , A F ( 2 , 4 3  1 , 7 0 ( 4 3 )
4 2 2 -



 c 0 N /  Z l / „  , C 0 R 0 ( 2 , 4 3 )

ic.OM Mj^N/L/AKfAL.Yl

:  M i  I N _ P_RO g r a m  _

j _ F _ J ( I ( ^ C _ . - :E I S £ T )  I T R 8  = 1 1

ZÂüZôm ïnZï^
U r.-  ( I T ) _G g^L Q ^lH

^ DO 1 0  I = 1 , N P 3 ______________

A Q M ( I ) = C ^ ( I )

I F  ( I C Y C . G T .  1 )  GO TO 2 0

Z ü ( l ) = b ( I )

A F ( 2 , I ) = F ( Z , I )

A F ( 2  /  I )  = F ( U  I )

X5 TURN

I F  ( I T R 3 . E Q .  1 0 )  RE T URN

DO '< J  i  = 1 / \ P 5

j  C I )  = Z U ( I )

F ( r , I ) = A F ( 2 , I )

__

s u b r o u t i n e  MPI

COMMON / G c N / P E I , A M I , A M 5 , D P D X , P R 5 F ( 2 ) , P R ( 2 ) , P ( 2 ) , D E N , A M U , X U , X 0  , X P ,

1 X L , D X , I N T G , C S A L F A , M M G

^ T i T nT n p i , N  pY 7  NP 3 ,  ^  ^ M  R a o~

1 / B / 9 E T A , G A M A ( 2 ) , T A  u T T tT u E 7 Â 7 T f ~ 2 T 7  A J E ( 2 ) , I N D I  (~2 ) ,  I N d^ Y ' zT

1 / V / U ( 4 3 ) , F ( 2 , 4 3 ) , R ( 4 3 ) , R H 0 ( 4 3 ) , 0 M ( 4 3 ) , Y ( 4 3 )

) / C / S C ( 4 3 ) , A U ( 4 3 ) , R U ( 4 3 )  ,_C U ( 4 3  )  ,A_ ( 2 , 4  3 ) ,  8 (_2 ,  4 3  >_z_Ç12 ,  4  3 )

1 _ /_N  R ^ ± J i O t L l Q j A Z l

/ g u p /  O mO ( 4 3 )



/ P 11 f 111 A T L i / L 1 1 /. T U1. ________

^ J / L l J / L l i

1 /  u l  /  r  L ,  UZA X ,  LMIN ,  F R >lY I P  /  Y E 1̂

1 / P R / U G U , U G D

L  U P P a I C  Y C, ___

u._l / P£W? /  .._A0VC41) ,A F ( 2 , 4 3 ) f Z l l ( 43 ) ____

'LH 0.LüC 4 3 >____

/  0 R D ( 2 , 4 A ) ______________

_LO.'PMC.N/.L/.A:<,_AL^G_

.IC_YC = 1_

IT = E=1

 DATS I T 3 C , i p i c ,  I SET/  1 /_

L  ( X U . x_l . p g q  ,  3 J E P  L

__F OpMaJL_(_4±lG ^Q±

xu= XL / n __________ _____

L_ __X_L=3 U 1  ? ^

PQQ = PG14/ 12

 1 L 1 P - -  S_T 2  P/-.1 iL«-____________

 L P I L I ^

I nTG=1

IPRNT=1

*  * *

l P = t

0.£__I H_e__^._C Y^CLE ^  AF_X E R__I H E__ A_C TU_A L _ S = C T  I_ON

** * *  *  ★* ★  *★ * * ★ *  * * *

CAUL C ^ ü i X



______

AMË^rCÔC 0 0 0 oT

C A L L -  R etD J T

C A L L  L E N T H

C A L L  V I S

* * * * * * * *  *  * * * * * * * *  * * * * * * * * * * * * * * * * * * * * * * *  * * * * *  t *  *  *  *  *

UGU=U( bP3)

U k O  =  U ( i t f J . )

F0 A AHt_.CLLH5.S_tY.PgJJ£  FLQ_W__U s Ç 5.RNCULLI , _______________________

* * * * * * * * * * * * * * * * * * * * * * * * * * * *  * , * * * * * * *  * * * * * * * * * * * * * * * * * * * * * *  * *  G * * * * *

 ̂ i c y c = i C Y C + i

I _ I P RNT = I ? R N T + 1

UGU=UGO

U G ü  = U < M P 3 )

' F ( I C Y C . E G .  1 ) I N T G = I N T G +1

IF (YcT c.GT. 1 ) “gO T 0 6V2

_LË_(IN T G .NE . 1 ) GO TO 612  

* * ***  **★ * * * **•* * * * ***  * * * * * * *  * * *  ***

D X = 0 V 0 5  *Y ( N P 3 )  ' 2  . - - "

* **  * *  *  * L *  * * *  *  *  *  *  *  *  * * *  * * *  * * * *  *  *  *  * * *

2 C O N T I N U E



&R. A * P £ I Z CR C l )  ★ A W I .~ r l  ( h P i  X* 1_______

   I  £ _  CD X * L I  _  £  ^ i ) _ _  n x  = A £ s  Ĉ X l

 CF . (DJ<  Dx=_U^l^.Y (N 2 ll_

★ * *  * ★ * ★  * * * * * ★ ^ *  *  * * ** *★ * * * * * * *  * * * *

<Ü.5X.Ü+i)X

I F ( X Ü . L T .  P Q U ) GO TO 7 5 2

PGQ=P3 q + S T E?__________________________

X & II£...( i v  y i iu l  )_(_x_U.,£ q.Q ,  i l E P

J  F C R jt :T _ A i= J _ :^

G 0 _ T 0 _ 1 5 2

 F Q J£ U I_ ^ F  1 ) _____

) X=P3 û- XU

__R E A D _(2 ^ r i  2 )_ L U f .___

WR I T E  ( 2 , 9 1 1 3 )  P Q Q , S T i P

I P  I C  =  I N  T G

P G G = P Q G + S T 2 P

r o = x u + x x

CALL P R = 1 . . ( X U , X & , D P D X )

M A S SC A L L



c ALi

L L _  0_U..L. ( I P  , Î T ; R , P W 4 , I  P R M  )

F_( I_P_I ç .  ;  Q I  \  T(; ) _ : A  L L 0 U R S 1  ( I T v I P I C )

L.

Â S J L L m ^  U-?-- _ V ■-L _ „ A X _  A F S î s  5 Q U N D A P J U

r *★ **★ *  *  * *  *  * *  *  * k - k  * k k k * * ■* ★ *  * -X  k  *  -k kx*

I F  ( K I N . E Q . 2 )  o ( 1 ) = S G R T ( U ( 1 ) * U ( 1 ) - 2 . C * ( X C - X U ) + D P D X / F H Q ( 1 )  )

C ' L L  S O L V E  ( A U , 6 U , C U , U , N P 5 )

E T T Î M 6  UP V I L . ,  AT L I NE  OF S Y M . , .

I F  ( K I M . N E . ' ) GO TO 7 1

U ( 1 ) = U (2 )

 I F ( K R A 0 .  E 0 ,  • )___ i i ( 1 )  = 0 . 7 5 * U  ( 2 )  +  J . 2 5 * U ( 3 ) ________

' 1 I F  ( K 5 X . E 0 . 3 )  U ( N P 3 ) = 0 . 7 3 * ( N P 2 ) + 0 . 2 5 * U ( N P 1 )

t -  C O N T I N U E

I F  ( N E G . EQ .  1 ) GO TO 3 G

U ( I ) = B ( J , I )

DO 4 6  I = ^ , N P 2

AU ( I ) = A  ( J ,  I )

C U ( I ) = C ( J , I )

6 C O N T I N U E

0 0  4 7  1 = 1 , NP3
— ... -----------T.- - .-----.errr— - .... '— n ^  ____  __ _  ===

S C ( I ) = F < J , I )
- - -  ■ ■ - ■■ - .......... - ------------  ' - -...............................  ■- - -  ■ - -  ------.1--;

7 C O N T I N U E G' . ^
 ̂ ___ - j - - -  -■ -■ ■ =  —L': ... .. , =zz_zzz.:,rr=E= , , .'Sy

C A L L  S OL VE  ( A U , B ü , C ü , S C , N P 3  ) !
r , ------- ------- . . 7  L——— " - ■ ■■ zzzz_______ '.— " ' —2;' —:---- ---- , ■ ■ . - 1 ——

0 0  4 8  1 = 1 , n P 3
—...... -  ' ■ "" :--- :——— zz.._z_' . —z.-------- zzrz::

F ( J , I ) = S C  ( I  )
■ —— ----zz-rr-----n-----.v~ —----------------------— —------- ------ -------------------------:----— -- ------------- :---- -

8  C O N T I N U E

s e t t i n g W A L L ^ .  VAL UES  .0 F g



: F ( K I k _ E Ï _ 1  . A N L . I N Q K  J )  - E Ü . Z )  E J L L , I )  = G A W A ( i ) ) - F ( i , 2 ) - (

„ _ l  1 t a s  TA.- G&f ^ à CJ )  )  *.F_( J  ^ 2  > ) *G . 5  /  G AMA ( J  1  _

F _ _ ( K z X . ; 0 . 1  , A A ^ . I N & 5 ( J ) . C Q . 2  ) F_(J , N P 3 ) _ = (  ( 1 - 0 + B E T A + 6 A A ( J ) ) * F  ( J , M P

) '  ) -  ( 1 .  ' ET_ A- GA^ A ( J ) ) * F ( J , N P 1 )  ) * 0 . 5 / G A M A (  J )

 lETTII^G . _ U P  iYM L I K L  V A L U £ i _ _ _ . a L  E . _____________

lI _ L F — - ( K l i t . NE . 3 ) ____ Go  T Q ....

.___t.( 4 x 1 )  = F ___

IF__(JG£A_D.EQ.C)_ f i  4 ^  1 )  = £ .  7 5 * F J  J , 2 ) + Ù . Z 5 * F ( J , 3 )

tZ__I F _ ( K E  X .  E a . £ ) _ . _ _ L (  J , N P 1 )  = Q .  7 i_ *  F. U  , . N P Z > i J l . _ 2 i ^ *  F J .J  . N P J  )

tÂ_ : o f iT ii-jü

__ C Q N I I i i ü E

I  F ( L T E 3 .  . 1 _ r_ G O _  T 0 _ ) 6

_ I H E  T - 5 _ . v l N i n _ ü N _ _ . .  . C O A D I T . I O A ,

U G L  =  U G :

_ _ 3 \D________

I F ( X G . L T . X L )  30  TQ

RETURN

i U  D P O JJI i .N  E ^ LT- : 2 J i P P . 0  W / MC_Q L ,  C 0 R D ,  P ,  IC 1 ,  I C 2 )

I O N  j A ( 1 Ç , 1 C )  , d ( 1 0 ) , C Q R D ( 2 , 4 ? )

_CûMfO N / G E N / P ^ I , A M I , A M E , p P D  X ,  P R E F ( 2  ) T ^ ( T y , ~ P ( T  ) ,  D E N TÂlÜl ,  X U 7 7 p  , X P  , ___ _

1 / I / N , N P 1 , N P 2 , N F 3 , N E Q , N P H , K E X ,

l m l l
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Appendix 4

R ad ia l .Vail J e t  S tudy

An a p p r e c i a t i o n  o f  t h e '  t i m e  a v e r a g e d  r a t e s  o f  c h a n g e  o f  momenttuJi 

a n d  m a ss  t r a n s f e r ' w i t h i n  a  t u r b u l e n t  r a d i a l  i w a l l ' ’ j e t  .h a s  b e e n  o b t a i n e d ,

b y  m a p p in g  t h e  t im e  a v e r a g e d  r a d i a l  v e l o c i t y  a n d  s p e c i e s  c o n c e n t r a t i o n  .

fL e td s  w i t h i n  t h i s  f l o w .

The r a d i a l  wall j e t  was produced by norm ally  impinging a Nitrogen 

j e t  onto a h o r iz o n ta l  f l a t  s u r f a c e .  Ihe f re e  edge o f  the  flow was -■ 

exposed to the  atmosphere. The equipment used in  t h i s  experiment i s  

d e s c r i b e d  i n  s e c t i o n  1 ; a n d  t h e  t e c h n i q u e s  a n d  a s s o c i a t e d  d e v i c e s  

e m p lo y e d  t o  m e a s u r e  t h e  v e l o c i t y  a n d  s p e c i e s  c o n c e n t r a t i o n s  a r e  

d e t a i l e d  i n  s e c t i o n s  2 a n d  3 r e s p e c t i v e l y .  T h e e x p e r i m e n t a l  

p r o c e d u r e  i s  p r e s e n t e d  i n  s e c t i o n  4 ,  an d  t h e  r e s u l t s  o b t a i n e d  a r e  

d i s c u s s e d  a n d  d e t a i l e d  i n  s e c t i o n s  5 a n d  6 r e s p e c t i v e l y .

4.1 E q u ip m en t

The equipment used in  t h i s  experiment i s  shown in  f ig u re  la .

The s u r f a c e  o v e r  w h ic h  t h e  r a d i a l ' w a l l  j e t  p a s s e d  i s  sh ow n  

i n  m ore d e t a i l  i n  f i g u r e  1b ,  a n d  w a s m ade fr o m  s h e e t s  o f  s t e e l  

an d  v u l c a n i t e  • m e a s u r in g .  . 0 . 0 If. x  0 . 7 5  x  0 . 75m. The u p p e r  

v u l c a n i t e  s u r f a c e  w a s g r o u n d  f l a t  t o  w i t h i n  — 0 . 0001m.y and  h a d  a  

r e f e r e n c e  l i n e  d raw n  o n  i t .  T h is  l i n e  w as p a r a l l e l  t o  o n e  o f  t h e  

s u r f a c e s  s i d e s ,  a n d  p a s s e d  t h r o u g h  a n  im a g in a r y  p o i n t  a t  t h e

I n t e r s e c t i o n  b e t w e e n  t h e  a x i - s y m m e t r i c  c e n t e r  l i n e  o f  t h e  n o z z l e  a b  

a n d  v u l c a n i t e  s u r f a c e .

I h e  c o n s t r u c t i o n  and  s i z i n g  o f  b o t h  t h e  n o z z l e  and  p ip e  t h a t  

c o n n e c t e d  .to c» - p r e s s u r i z e d  N i t r o g e n  g a s- s u p p l y  a r e -  sh o w n  i n  f i g u r e  4 . 2 ,
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The most importante dimensions shown ih - th i s - f i^ p i r e  a re :

a) the in te r n a l  d iam eter o f  the nozzle  a t  0 . 0095m

and b) the 1.5m s t r a i ^ t  p ipe t h a t  connects  to the  Nitrogen

supply J t h i s  len g th  o f  pipe ensured a  fu^tly developed 

flow in to  the nozz le .

The time averaged sp ec ie s  c o n ce n tra t io n  o f  M tro g en  'and Oxygen 

were measured w ith  a Kiass Spectrom eter, an IlSlO'majiufactured by A .E .I.

The working: p r in c ip le s  o f  t h i s  d ev ice , and the sampling, ta  clinique 

used to measure co n cen tra t io n s  are  desc rib ed  in  s e c t io n  2 .

Hot wire anemometry was used to measure the  r a d i a l  v e lo c i ty .  The hot 

Wire Anemometer Unit used in  t h i s  experiment i s  shown in  f ig u re  la ,  

i t  was manufactured by Disa and designa ted  type D5501. The u n i t  

was used with a Disa h o t wire probe (type  D101) .  F u r th e r  in fo rm ation  

on th e se  devices . is p resented  in  s e c t io n  5 »

A measurement p i l l a r  was used to  move and p o s i t io n  the measuring 

probes deployed during  th i?  experiment..^n exploded, view o f  the  p i l l a r  

i s  presented  in  f ig u re  4 .3*The p i l l a r  was made o f  s t e e l ,  and had a leng th 

wise s lo t  cu t in  i t .  This s l o t  was machined t o , j u s t  hold the  mounting 

b lock  th a t  held  any o f  the measuring probes. The base o f  the p i l l a r  

was ground f l a t  a t  r ig h t  angles  to the  s l o t .  The mounting block was 

b ra s s  and h e ld  the  probe w ith  t h e i r  c e n te r  l i n e  ab in  a plane p a r a l l e l  

to the  base o f  th e  p i l l a r .  ' A micrometer was used to move the  mounting 

b lock  along the  s l o t .

4 .2  Mass Spectrometer

'Ihe p u r p o s e  o f  t h i s  d e v i c e  i s  t o  o u t p u t :

a) d a ta  which enables  a j sampled gas to  be i d e n t i f i e d  

and b) a c u rren t  s ig n a l  in  amps which i s  r e l a t e d  to bo th  the

p a r t i a l  p re ssu re s  and m olecular weights o f  die c o n s t i tu e n ts  

i n  a  sample.
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Before f u r th e r  d iscu ss in g  t h i s  o u tp u t ,  and the way in  v/hich i t  can

be used, the co n s tru c t io n  ;of the  measuring probe and then the' ■

o p e ra t io n a l  p r in c ip le s  of, the  mass spec trom ete r  a re  d e ta i le d ,

fhe probe used w ith  the  mass spec trom ete r  was made from s t a i n l e s s

s t e e l ,  and i s  d e ta i le d  sch em a tica l ly  in  f ig u re  4 . 4 . The flow d i s t o r t i o n  

produced when sampling was reduced to a minimum by s e t t i n g  the  

in te rn a l  d iam eter o f the probe to 0 . 0015m, ^ i th  t h i s  s iz e  o f  probe the

v e lo c i ty  a t  which sampled gas was e x tra c te d  from the r a d ia l  wall j e t  was

o f  the same o rd e r  of magnitude as . v e lo c i t i e s  w^ithin the s tu d ied  

flow.

A. schematic layout o f  a ty p ic a l  mass spec trom eter  i s  presented  

in  f ig u re  4.G. The o p e ra t io n a l  p r in c ip le s  w i l l  be explained by 

fo llow ing  the path taken by the  sampled gas through t h i s  dev ice .

The gas sample i s  sucked in to  the  mass spec trom eter  through the 

measuring probe. The v e n tu r i  meter f ixed  the volum etric  flow r a te  

a t  which the  sample was in troduced  to a value sp e c if ie d  by the  

m anufacturer. The sample then passes  through 1. • ' a v e lo c i ty  f i l t e r .  

This i s  c y l in d r ic a l  in  shape, and i s  maintained a t  a p ressu re  

f a r  l e s s  than atm ospheric . Focusing s l i t s  3  ̂ and are

sihuoted a t  e i t h e r  end o f  the  f i l t e r ,  and co-term inus, 

e l e c t r i c  and magnetic f i e l d s  a re  produced between them.

These f i e ld s  e x e r t  opposing fo rces  upon the ions produced and pass ing  

through the f i l t e r ,  so th a t  those s u c c e s s fu l ly  p ass ing  through the 

o u t l e t  focusing  s l i t  3  ̂ possess  a unique v e lo c i ty  given by:

V = ( 4.1
H
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In t h i s  equation c^ rep re sen ts  the speed o f  l i g h t ,  and E and n sp ec i ly  

the s t re n g th  o f  the e l e c t r i c  and magnetic f i e ld s  r e s p e c t iv e ly .  ihe 

ions then pass in to  the magnetic a n a ly s e r ,  a lso  with a uniform magnetic 

f i e l d  s t re n g th  and are  d e f le c te d  a long  t ra c k s  w ith  r a d i i  

o f cu rva tu re  R given by a ba lance  between magnetic and cen trep e d ia l  

fo rce s  acting ' unon eech ion:

H = U £ e ' (.4.2
f a f

A moveable sensor lo ca ted  a t  the e x i t  o f  the a n a ly se r  can be moved 

to  any po in t along the d iam eter aa in  f ig u re  4 . 5 .  This sensor i s  

a u to m a tica l ly  pos itioned  a t  v a r ious  r a d i i  R,

correspond,ng to  in te g a r  m olecular w e i ^ t s  between one and a hundred,

and a t  each p o s i t io n  the number o f  ions  impinging upon the sensor

recorded and ou tpu tted  as a c u rre n t  s ig n a l .  I t  i s  t h i s  s ig n a l  which i s  used

to id e n t i f y  and determine the c o n cen tra t io n s  o f  t h e  , spec ies  in  a"sample.

m e fo llow ing  procedure has been used to transform  

outpu t s ig n a ls  from the mass spec trom ete r  in to  the  g rav im e tr ic  

co n cen tra t io n s  o f Nitrogen and Oxygen, F i r s t l y ,  the  p a r t i a l  p ressu res

o f  Nitrogen p  and Oxygen p^ a re  es tim ated  from the ouput s ig n a ls  a t  
2 2

m olecular weights o f  18, 28 and 32 -  rep re sen ted  by I^g^ and 

1^2 re s p e c t iv e ly  -  w i t h  e q u a t i o n s .  4#-3 and.4 . These equations have 

been supplied  by the m anufacturer of^tie mass spec trom ete r .  The

g rav im e tr ic  con cen tra tio n  o f  Nitrogen m and Oxygen m a re  then
2 Og

o b ta ined  from the  c a lc u la te d  p a r t i a l  p re ssu re s  by u s in g  Gibbs and 

Daltons Law,



■ ' 1 , 2 -
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10-) ( 4.4

4 . 5  Anemometer m i t

The Disa Anemometer u n i t  ( type D5501) measured the  vo ltag e  across

a D101 hoi wire probe m aintained a t  a co n s tan t  tem perature . The mode o f
56

op era t io n  o f  t h i s  ty re  o f u n i t  i s  d e ta i l e d  in  the Disa handbook 

B r ie f ly  i t  Is  as fo llows:

a) the hot wire probe i s  placed in  the s tud ied  flow, with 

the wire a t  r i g h t  angles to the flow d i r e c t io n  - as shown

in  f igu re  4 . 0 ,

b) the vo ltage  across  the probe was in te g ra te d  over 10 

seconds and then measured

and c) the v e lo c i ty  over the  probe -/as' read from

measured c a l i b r a t io n  c h a r ts  f o r  both^.anemometer ’on it  

and probe.

In th i s  experiment the c a l ib r a t io n  char t  fo r  the anemometer 

u n i t  and probe d e t a i l s  the r e la t io n s h ip  between the v e lo c i ty

over the- w ire , ag a in s t  the vo ltage  supo lied  by the anemometer

u n i t , . ' , f o r  ' va rious  co n cen tra t io n s  o f  Nitrogen and Oxygen. The

oresc r ib ed  v co n cen tra t io n s  Lau.sts d e ta i le d  in  ta b le  4 . 1 . A specimen 

c a l i b r a t io n  c h a r t  i s  p resen ted  in  f ig u re  4 . 7 % the experim ental d a ta

from which i t  was derived  i s  d e ta i le d  in  s e c t io n  6.
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Table 4-•

C o n c e n t ra t io n  L eve ls

Gas C oncentra tion  Levels

Nitrogen 0.76 0.88 0 . 9 0 1.0

uxygen 0 . 2 3 0.12 0.10 0 .0



The equipment used to c a l i b r a t e  the ho t wire probe and 

anemometer u n i t  i s  shown in  f ig u re  4»8 » The major component i s  

the  s t r a i g h t  leng th  o f  duct 2.0  metres long  and 0 .0 7 5 m  i n t e r n a l  

d iam eter .  A t one end o f  t h i s  duct a system o f  su b s id ia ry  duc ts  

c a r r ie d  measured volum etric  f low ra te s  o f  Nitrogen and Oxygen. These 

su b s id ia ry  ducts  were 0.02  and 0 .04m  i n t e r n a l  diam ter^ with the in n e r  duct 

having an outstc/e diameter, of. 0.022m., A th re e  dim ensional movement 

mechanism^comprising th ree  micrometers,was po s i t io n ed  a t  the otHcr end 

o f  the s t r a i g h t  duct. The mass spec trom eter , p i t o t  s t a t i c  tube and 

ho t wire probes were mounted in  t h i s  mechanism with t h e i r  ax is ,  designa ted  

aa , bb & cc i n  f ig u re  4 , 8 , p a r a l l e l  to the c en te r  l i n e  o f the s t r a i g h t  

duc t.  The mass spec trom eter probe has been described  in  s e c t io n  2, 

and the samples taken were processed in  the s p e c if ie d  manner.

The _ ni to t  s t a t i c  tube used had an in t e r n a l  clTajneter o f  

0.002m, and conformed to B r i t i s h  Standard 1042 p a r t  2A. 'the

dynamic p ressu re  th i s  probe sensedwas measured with an e l e c t r i c

manometer. The hot wire probe and a sso c ia ted  anemometer u n i t  were

as s p e c if ie d  above.

The experimental procedure used to o b ta in  da ta  fo r  the 

c a l i b r a t i o n  ch ar t  i s  b e s t  explained by d e t a i l i n g  how one po in t 

was measured -  fo r  t h e r e a f t e r  r e p e t i t i o n  o f  t h i s  procedure provides 

a l l  the necessary  d a ta ,  f i r s t l y ,  the  volum etric  f lo w ra te s  

o f Nitrogen and Oxygen in to  the s t r a i g h t '  duct were s e t ,  so th a t  

a t  a re fe ren ce  p o in t  on the  duc ts  c en te r  l i n e  and 0 . 01m from i t ' s  

e x i t  the  co n cen tra t io n  o f Nitrogen and Oxygen were a t  one o f  the  le v e l s





s p e c i f i e a  in  t a b le  4 .1 .  'ihe- . c o n c e n t ra t io n ,  v/as measured wuth

the mass spec trom eter  probe at  tK̂ . ■ Wcrencc- tiu.

cen te r  l i n e s  o f  the  probe and d u c t ,  aa and dd in  f ig u re  4 .3  -

co in c id en t .  The g rav im e tr ic  co n cen tra t io n s  were derived  from the

output read ings from the mass spec trom ete r  a t  m olecular weights

o f  13,28 and 32, rep resen ted  by I , I  and I ,« jW ith  equations
115 28

4.5 and .4 .  Secondly, the desc r ibed  p i t o t  s t a t i c  tube was pos it ioned  

a t  the re fe ren ce  iXDint, again  with the axi-symmetric c en te r  l in e s  o f  

the  probe and s t r a i g h t  duct c o in c id en t .  'The v e lo c i ty  'J -vas

derived  from the measured dynamic head' Pt) us in^ :

U- = / 2P y '  ( 4 . 5

In th i s  equation ^ rep resen ts  the d e n s i ty  o f the m ix ture , which 

was obtained from the equation  of a n e r f e c t  gas;

(. •̂7
2 T

v M f f v y + |A r\
''2

f i n a l ly ,  the hot wire probe was p o s i t io n ed  a t  the re fe ren ce  r o i n t ,  

with the  hot wire lo ca ted  in  a o lane a t  '■right ang les  to the ax i-  

symmetric a x is  o f  the c a l i b r a t i o n  d uc t,  dd in  f ig u re  ^ . 8 . and the 

vo ltage  read ing  from the anemometer u n i t  3 recorded . The

measured co n cen tra t io n s  m̂ , and , v e lo c i ty  U and vo ltage  r. a re  

the co -o rd in a te s  o f  one p o in t  upon the c a l i b r a t io n  c h a r t .

4 ‘4 Experimental Procedure

The procedures f o r  s e t t i n g  up, and then mapping the r a d i a l  

v e lo c i ty  and spec ies  co n ce n tra t io n  f i e l d s  in  the r a d i a l  wall j e t  

a re  d e ta i le d  in  su b -se c t io n  a and I r r e s p e c t i v e ly .
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4 . 4 a  S e t t i n g  TJa

rhroughout the experiment the volum etric  f low ra te  o f  Nitrogen 

to th e  nozzle  was maintained a t  4 9 . 0  l i t r e s / m i n .

rhe impinging flow, which included the r a d ia l  w a ll  j e t ,  was 

considered  symmetrical about the  c en te r  l i n e  ab o f  the nozzle  in

f ig u re  4.1  w hen  t h e  f o l l b w i n g  c o n d i t i o n s  w e r e  m e t .  F i r s t l y ,  t h a t

impervious su rface  was h o r iz o n ta l  and the nozzle c e n te r  l in e  

ab v e r t i c a l .  Secondly, d i f f e r e n c e s  o f  l e s s  than f iv e  p e rcen t  were 

obta ined  in  the measured flow p ro p e r t ie s  a t  p o in ts  lo ca ted  in  . 

d i f f e r e n t  p o r t io n s  o f  the  flow -  th a t  i s  a t  d i f f e r e n t  ang les  Q 

i n  f i g u r e  4.1  -  b u t  a t  t h e  sam e v e r t i c a l  h e i g h t  z  an d  r a d i u s  o f  O.O^m. 

Two s p e c im e n  p l o t s  a r e  p r e s e n t e d  i n  f i g u r e  4 . 9  w h ic h  sh o w  t h a t  t h e

s tu d ied  flow meets t h i s  c o n d i t i o n .  The p lo t s  d e t a i l  the  v a r i a t io n  

of the  measured p ro p e r t i e s  a t  two c ross-s tream  s e c t io n s  a t  a r a d i u s  

o f  0 . 05m^tWse s e c t iD T ^ u J e r e  separa ted  b y  an a n g l e  of n in e ty  d e g r e e s .

In these  r e s u l t s  the sp e c i f ie d  maximum percen tage  d i s c r e p a n c i e s  

are  l e s s  than f iv e  p e rcen t .

4.4b Mapping

T h is  p a r t  o f  t h e  e x p e r im e n t  h a s  b e e n  s p l i t  i n t o  tw o  p a r t s  -  

n a m e ly  t h e  m a p p in g  o f  t h e  t im e  a v e r a g e d  s p e c i e s  c o n c e n t r a t i o n  an d  

t h e n  r a d i a l  v e l o c i t y  f l o w  p a t t e r n s »

I n  p a r t  o n e  t h e  m a ss  s p e c t r o m e t e r  p r o b e  w a s  h e l d  i n  t h e  

m e a s u r e m e n t  p i l l a r  w i t h  i t ' s  c e n t e r  l i n e ,  ab  i n  f i g u r e  4 . 5 ? 

p o s i t i o n e d  i n  t h e  sa m e r a d i a l -  p la n e  a s

t h e  r e f e r e n c e  l i n e  o n  t h e  v u l c a n i t e  s u r f a c e .  I h e  m e a s u r in g  h e a d  

o f  t h e  p r o b e  w a s p o s t i o n e d  a t  r a d i i  0 . 0 4 7 » 0 . 0 5 ,  0 . 0 7 5 ,  0 . 1 0 ,  0 . 125 ,



0 . 1 5 ,  0 . 1 7 5  and  0 . 20m; an d  a t  e a c h  s e c t i o n  t h e  m ix t u r e  w as sa m p le d  

a t  s e v e r a l  d i f f e r e n t  h e i g h t s .  The r e s u l t s  fr o m  t h e  m a ss  s p e c t r o m e t e r  

t a k e  t h e  fo r m  o f  c u r r e n t  r e a d i n g s  a t  m o l e c u l a r  w e i g h t s  o f  1 8 , 28 ,

52 an d  44  a n d  a r e  d e t a i l e d  i n  s e c t i o n  6b .

I n  t h e  s e c o n d  p a r t  o f  t h e  e x p e r im e n t  t h e  h o t  w ir e  p r o b e  w as  

.D ositioned  with che measurement p i l l a r  y A g a in  t h e  m e a s u r e m e n t  

h e a d  o f  t h e  probe w as p o s i t i o n e d  a t  t h e  r a d i i  p r e v i o u s l y  s p e c i f i e d ;  

and a t  v o n lo u s  be.-lqnfcs th a .  voLtnge ücross, bha pLpna rreosur&d.

The e x p e r i m e n t a l  d a t a  t h u s  o b t a i n e d  i s  p r e s e n t e d  i n  s e c t i o n  b e .

'ih e  r a d i a l  v e l o c i t y  a t  e a c h  o f  t h e  p o i n t s  u n d e r  i n v e s t i g a t i o n  

w as l o o k e d  u p  fro m  t h e  c a l i b r a t i o n  c h a r t  u s i n g  t h e  m e a s u r e d  v o l t a g e  

an d  s p e c i e s  c o n c e n t r a t i o n  a t  t h a t  p o i n t .

P l o t s  o f  t h e  m e a s u r e d  r a d i a l  v e l o c i t y  an d  N i t r o g e n  and  O x y g en  

c o n c e n t r a t i o n s  a t  r a d i i  o f  0 . 0 5 , 0 . 0 7 5 » 0 . 100 , 0 . 125 , 0 . 1 5 , 0 . 175  

an d  0 . 20m a r e  p r e s e n t e d  i n  f i g u r e s  7 . 2  t o  7 . 8  i n  c h a p t e r  7 .

'Ihe s y m b o ls  u s e d  i n  t h e s e  f i g u r e s  a r e  d e t a i l e d  i n  7 . 1 .

4.5  Discu ss io n

The degrada tion  o f  the  Nitrogen con ten t in  the j e t  was caused 

by both a i r  entrainm ent a t  the free -edge  and tu rb u le n t  t r a n s f e r  

processes  w ith in  the j e t .  lowever, because the  Nitrogen and 

Oxygen co n cen tra t io n  in  the  j e t  were s im i la r  to those in  the 

submerging f lu i d ,  the r a t e s  o f  change in  these  p ro p e r t ie s  were 

slow.



4 . 6  D a t a

a. '  C a l i b r a t i o n  Data  f o r  t h e  ho t  'Vire Anemometer

P r e s s u r e  fro m  

P i t o t  S t a t i c  "Tube 

H X 10-4

(m o f  w a t e r ) ( v o l t s )

i )  m,,  = 0 . 7 6 ,
"2
a nd

= 0 . 2 4
"2

= 0 . 6 v
0 . 0 3

0 . 0 5

0 . 0 8

0 . 1 0

0 . 1 5

0 . 175
0 . 1 9 0

0.21

0 . 2 5
0 . 3 0

0 . 3 9

0 . 45
0 . 5 2

0 . 6 0

0 . 7 5

0 . 9 2

1 . 0 5

1 . 15
1 . 40

1 . 55  
1 . 80  

2 .10

2 . 4 0

0 . 9 5 0  

1 .1 00  

1 . 400  

1 .366  

1 . 632  

1.753
1 . S 11

1.936

1.945
2.020

2 . 1 0 3

2 . 133
2.231

2 . 287
2 . 410

2 . 3 1 0

2 . 3 9 3

2 . 7 2 7

2 . 3 7 5

5 . 9 5 6

5 . 0 0 0

5.069
5.169

+ r e p r e s e n t s  t h e  b a s e  v o l t a g e  o f  t h e  a n e m o m e te r ,



con tinued

P ressu re  from 

P i t o t  S t a t i c  Tube 
H X 10"4 

(m o f water)
E

(v o l t s )

i i ;  m = 0 . 8 8 ,  = 0 . 1 2
"2
and = 0 . ) 6v

i i i  ; = 0 . 9 1 1 , m . = 0 . 0 9
' 2  Ug
and Z_ = o . 54v

0 . 0 7 5 1 . 0 1 5

0 . 0 1 0 1 . 2 1 7

0 . 1 8 0 1 . 4 4 6

0 . 2 1 0 1 . 5 9 0

0 . 3 0 0 1 . 7 0 3

0 . 4 0 0 1 . 7 9 0

0 . 4 8 0 1 . 8 7 2

0 . 3 5 0 1 . 9 5 5

0 . 6 2 0 2 . 0 5 5

0 . 9 8 0 2 . 2 1 0

1 . 3 5 0 2 . 3 3 0

2 . 0 5 0 2 . 5 3 0

5 . 9 0 0 2 . 9 6 0

0 . 0 2 5 1 . 2 6 0

0 . 1 2 5 1 . 5 0 4

0 . 1 5 5 1 . 6 0 5

0 . 2 2 5 1 . 6 9 7

0 . 2 7 0 1 . 854

0 . 4 7 5 2 . 0 0 0

1 . 0 7 5 2 . 2 6 2

2 . 2 4 5 2 . 6 7 8

2 . 9 1 5 2 . 9 0 0



co n tin u ed

P ressu re  from 
P i t o t  S t a t i c  Tube 

H X 10“ 4 
(m o f  water)

E
( v o l t s )

iv )  = 1 . 0 , „.Q
2 
and

= 0 . 0
2

= 0.5

0.023
0.090
0 . 15 0

0.200

0.220

0 . 29 0

0 . 32 0

0.430
0 . 6 0 0

0.780
1 . 0 5 0

I . 3 8 O

1 . 6 2 0

2.000

2 . 500

2.800
3 . 100

1 . 120  

1 . 440  

1 . 436  
1 . 6 4 0  

1.676  

1 . 738  

1 . 300

1 . 914  

1 . 970  

2 . 0 6 6  

2 . 15a 
2 . 2 5 8  

2 . 3 0  s  

2 . 3 5 4  

2 . 4 4 5  

2 . 4 9 2  

2 . 545



b .  C o n c e n t r â t  ion  Data

Height of the probe R e a d in g s  from t h e  Mass

i )  r  =

i i  ) r  =

above the impervious Spect;rometer a t  m olecular
su rface  (z) w eights of:

X 10- 4m 13 28 32 44

0.05m
0 .6 4 1 .20 113 . 08 9 .2 5 0 . 5 6

1.64 0 . 9 5 1 0 7 .9 3 3 . 5 0 0 . 5 3

2 ,6 4 0 . 8 7 9 4 . 0 8 8 . 4 0 0 . 4 3

3 .64 0 . 9 0 9 2 .3 3 9 . 0 8 0 . 5 3

4 . 6 4 0 . 9 5 8 6 .3 3 9 .5 0 0 . 5 3

• 5 .6 4 1 .0 0 8 2 .8 3 10 .2 5 0 . 5 3

6 .6 4 1 .0 9 3 0 .5 9 10 .6 8 0 .61

7 .6 4 1.13 7 9 . 3 3 10 .3 5 0 . 6 3

9 .64 1.17 7 7 . 3 3 10 . 80 0 . 6 3

11.64 1 .20 7 6 .0 8 10 .7 9 0 . 6 3

15 .64 1 .2 0 7 5 . 5 3 10 .6 3 0 . 6 5

20 .6 4 1 .2 0 7 6 . 3 3 10 .93 0 .71

0.075m

0 . 6 4 1 .05 8 6 .1 4 8 .7 2 0 . 5 3

1 .6 4 1.00 8 2 . 53 8 .5 3 0 . 4 7

2 .6 4 0 . 9 5 7 9 . 6 7 8 .4 6 0 . 4 7

3 .6 4 0 . 9 3 8 0 . 5 6 9 . 75 0 .4 1

4 .6 4 0 . 9 6 7 9 . 7 0 8 , 7 9 0 .4 1

5 .6 4 0 . 9 6 7 8 . 3 4 9 .1 2 0 .4 1

8 . 1 4 1 .0 5 7 3 . 5 3 9 .5 7 0 . 4 0

10 .64 1. 08 7 6 . 2 4 9.91 0 . 4 0

13 .14 1 . 1 2 . 7 4 . 3 8 1 0 .1 9 0 . 4 0

15.64 1 .14 7 3 . 2 7 1 0 . 28 0 . 4 4

1 8 . 1 4 » 1 .17 72 .4 1 1 0 .0 4 0 . 4 6

20 .6 4 1 . 20 7 1 . 3 0 1 0 .1 3 0 .51
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co n tin u ed

Height of the  probe 
above the impervious 

su rface  (2 )

i i i )  = 0.10m

iv) r  = 0 . 125m

V) r  = 0 . 15m

Readings from tne Mass 
Spectrom eter a t  m olecular 

weights o f:
X 10” m̂ 18 28 32 44

0.64 1.44 109.08 3.1 0.85

1.64 1.25 99.82 3.7 0.81

2.64 1.10 93.05 3 . 9 0.69
3.64 0.99 86.54 9.7 0.69

5.64 0.99 83.72 ?.4 0.71
8.14 1.01 82.25 9.5 0.71

10.64 1.04 80.99 4.7 0.74
13.14 1.14 80.98 9.3 0 . 82

15.64 1.17 80.97 9.9 0.83

18.14 1.22 79.95 1C. 2 0.66

20.64 1.28  ' 79.94 • 13.3 0.87

0.64 0 . 78 39.06 9 . 5 ' 0.33
1.64 0.73 85.36 - 9.19 0.40

2.64 0.67 94.67 9.51 0.49

3.64 0.68 84.48 9.52 0.55

5.64 0.71 83.79 9.50 0.48

8.14 0 . 77 92 . 34 9.19 0.50
10.64 0.78 81.90 9.67 0.59
13.14 0 . 82 80.95 10.15 0.62

15.64 0 . 83 ^0.26 10.23 0.64
18.14 0.92 79.57 10.46 0.66

20.64 0.96 78.87 10.47 0. 73

0.64 0.91 81 . 89 9.60 0.57
1.64 0.91 79.41 9.37 0.59
2.64 0.90 78.67 9.32 0.61

3.64 0.89 81.94 9.65 0.64



co n tin u ed

Height o f the probe 

above the impervious
Readings from the Mnss 
Spectrom eter a t  m olecular

v i i )  r  = 0 . 175m

H i )  r  = 0.2m

surface ( 2 ) weights of:
( icr^m 18 23 32 44

0 . 64 1 . 64 125 . 39 14 . 56 0.81

1.64 1.48 111 . 33 12 .95 0 . 7 7

2 . 64 1 . 1 6 98 .52 11 .52 0.69
3.64 1 . 0 6 89 . 47 10 . 58 0 . 57

4 . 6 4 0 . 9 6 8 3 . 16 9.84 0 . 4 6

5.64 0.79 77.10 . 9 . 00 0.44
8. 14 0 . 5 8 6 4 . 2 9 7.98 0 . 3 8

10.64 0 . 5 9 6 3 . 2 3 7 . 7 9 0 . 3 7

13.14 0.75 69 . 1 7 8 . 67 0 . 3 3

13.64 0.79 69 . 1 2 8.73 0 . 3 6

18.14 0.82 6 9 . 5 6 8 . 5 9 0 . 3 9

20.64 0.81 6 6 . 0 0 8.49 0 . 3 6

0 . 6 4 1 . 0 85 . 4 0 10 . 55 0 , 7 4 ^

1.64 0 . 8 5 80.39 9.89 0.7-3 ,

2 . 64 0.79 76.07 9 . 33 0 ..7 I'
3.64 0.77 78.51 9.87 0 . 6 0

4 . 6 4 0 . 8 3 7 9 . 4 4 9.91 0 . 5 7

5.64 0.87 7 8 . 8 8 10 . 04 0 . 5 5

8 . 13 0 . 8 6 78.31 9 . 9 8 0. 51

10.64 0 . 8 6 78.25 9 . 9 4 0 . 4 9

15.64 0.82 77.48 9 . 8 8 0 . 4 7

20.64 0.83 7 6 . 6 2 10 . 05 0.44



V e l o c i t y

H e ig h t  o f  t h e  p r o b e  

a b o v e  t h e  J r o e r v i o u s  

s u r f a c e  { z )

X

V o l t a g e  fr o m  t h e  

A n e m o m e te r  U n i t  

(E )  

v o l t s  ■

i )  r  = O. Opm

1 . ?12  

2.012 

2 .c%2 

3.012
3.512 

1.012

1.512 
5.012
5.512
6.512

7.512
8.512 
9.512

10.512  

11.512 

12,512

13.512 

iU.512
15.512

2 .2 6

2 .37
2.2!i 
2 . 0 !* 

1.93  
1.76  

1.70 
1.65  

1.55  
1.21 

1.1Û 
1 . 1 2  

1 .05 
1.01 

0.95  

0.93  
0.07  

0.85  

0,83



co n tin u ed

Height o f  the probe 

above the impervious 

su rface

X ic r ^ m

Voltage from the  

Anemometer Unit

(S)
v o l t s

i i )  X = 0 . 075m

1.512
2.012

2.512

3.012

3.512
5.012

5.512
5.012
5.512 
6,012
6.512
7.512
8.512  

9.512
1 0 . 5 1 2

11.512
12.512

13.512

15.512
16.512

2.032 

2 . 1 3 6  

2.185 
2.220  
2 . 1 5 7  

2 ,112  

2.057 
1.975  
1.892 
1.820  
1.758 
1.583  
1.382 
1.217 
1.100  
1 .0 0 0  

0.915
0.876
0.855
0.806
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c on tinued

Height o f  the  probe 
above the impervious 

su rface  (z)
X 10-Am

Voltage from the 
Anemometer Unit 

( S )  

v o l t s

i i i )  r  = 0 . 100m
1 . 5 1 2 1 . 6 1 0

2 . 0 1 2 1.680
2 . 5 1 2 1 . 7 1 0

3 . 0 1 2 1 . 7 5 2

- 3 . 5 1 2 1 . 7 2 3

4 . 0 1 2 1 . 7 1 0

4 . 5 1 2 1 . 6 9 0

5 . 0 1 2 1 . 6 7 0

5 . 5 1 2 1 . 6 1 2

6 . 0 1 2 1 . 5 9 0

6 . 5 1 2 1 . 5 2 0

7 . 5 1 2 1 . 4 4 0

8 . 5 1 2 1 . 3 3 0

9 . 5 1 2 1 . 2 3 0

1 0 . 5 1 2 1 . 1 4 0

1 1 . 5 1 2 1 . 0 3 0

1 2 . 5 1 2 0 . 9 5 0

1 3 . 5 1 2 0 . 9 0 0

1 4 . 5 1 2 0 . 8 2 0

1 6 . 5 1 2 0 . 7 2 0

1 9 . 0 1 2 0 . 6 6 0



con tinued

H eight o f  the  probe  

above the  ^''^ervious  

s u r fa c e  ( z )

X

V oltage from th e

Anemometer Unit

( 3 )

v o l t s

iv j  r = 0 . 125m
1. 512  

2 .012

2 . 512

3.012

3 . 512

4 . 012

4 . 512

5 . 012

5 . 512

6.012

6 . 512

7 . 512

8 . 512

9 . 512

10.512

11.512

12.512

13.512

14 .512

15.512

16 .512

1 . 370

1 . 460

1 . 562  

1 . 594  

1 . 605  

1 . 615  

1.603

1 . 598

1 . 596

1 . 563  

1 . 515
1 .490

1 . 410

1 . 340

1 . 250

1 . 160

1 . 105

1 .005

0 . 9 2 0

O.S3O

0 .7 3 0



co n tin u ed

H eight o f  the  probe  

above the im pervious  

s u r fa c e  (z )

X 10-4%

V o lta g e  from the  

Anemometer Unit  

CE) 

v o l t s

v)r = 0.150m
1 .512  

2 .012

2 . 512  

3 .012

3.512  

4 . 012

4 .5 1 2  

5.012

5 .512  

6.012

6 . 512

7 . 512

8.512

9 .5 1 2

10.512

11.512
12.512

13.512

14.512

15.512

16.512

17.512  

19.012

1 . 190

1 . 245

1 . 345

1 . 395

1. 434

1. 450

1 .455

1 .454

1 . 440

1 . 420

1 . 414

1 . 390

1 . 340

1 .235  

1 .200  

1 . 145  
1 .118  

1 . 049  

0 . 9 9 0  

0 . 9 2 0  

0 . 8 6 5  

0 . 8 3 0  

0 .7 5 5



co n tin u ed

H eight o f  the probe  

above the im pervious  

s u r fa c e  (z j  

X 10” m̂

V o lta g e  from the  

Anemometer U nit  

(E) ’ 

v o l t s

vi ' j  r  = 0 . 175m
1.512  

2.012

2 . 512

3.012

3.512

4 . 512

5. 012

5. 512

6 .012  

7 .012  

8 . 012  

9 .012

10 .012

11 .012

12 .012

13.012

14.012

15.012

16.012

17.012

18 .012

0 . 9 2 0  

0 . 9 7 0  

1 .000

1 . 130  

1 . 160  

1 .1 8 0  

1.200  

1 . 250

1 . 270

1 . 270

1 .2 4 0

1 .1 3 0

1 . 140

1.100

1 . 050

0 . 9 9 0

0 . 9 5 0

0 . 9 4 0

0 . 9 3 0

0 .8 8 0

0 . 8 5 0



con tinued

H eight o f  the  probe  

abové the  im perv ious  

s u r fa c e  (%)

X 10-4%

V oltage  from th e

Anemometer U nit

( 2 )
v o l t s

v i i )  r  = 0.200m
1.512

2.012

2 . 512

3 . 012

3.512

4.012

4 . 512

5 . 012

5 . 512

6.012

6 . 512

7 . 012

6 . 512  

0 .012

8 . 512

9 . 012  

10.012

11 .512

14.012

16.512

19.012

21 . 512

0.780
0.870

0 .9 8 5

1.055

1 .075
1 .1 10

1.120

1 . 130

1 . 160

1 .180

1.170  

1 . 158

1.170  

1 . 198  

1 . 190

1 .133

1 . 098

1 .085

1.000

0 . 9 3 0

0 . 8 3 3

0.782



Appendix )

Turbulent Im pinging Argon, N itrogen  

and Oxygen Flow

rhe i n t e n t  o f  the  exper im en ta l work p resen ted  i s  to man the  

v a r ia t io n  o f  the time averaged r a d ia l  v e l o c i t y ,  s p e c i e s  c o n c e n tr a t io n  

and tem perature w i t h in  an impingement f lo w .  These r e s u l t s  are  

pused in  chapter  e ig h t  to a s s e s s  the adequacy o f  a f low  m o d e ll in g  

tech n iq u e .

.he f low  was produced by the normal impingement o f  a h o t  argon j e t  

on 10 a h o r iz o n ta l  f l a t  im pervious s u r fa c e  -  as  shown in  f ig u r e  5*1 

The f r e e  edge o f  th e  f lo w  was exposed to the atmosphere. Hie p ie c e s  of 

equipment used to b oth .p rod u ce  the f lo w  and measure the s p e c i f i e d  f lo w  

p r o p e r t ie s  are d e s c r ib e d  in  s e c t i o n  1 .- The exper im en ta l procedures  

fo l lo w e d  to  s e t ,u p  the  f lo w ,  and then to measure the  s p e c i f i e d  f low  

p r o p e r t i e s , .a r e  d i s c u s s e d  in  s e c t i o n ' 2. The r e s u l t s  o b ta in ed  are  

d is c u ss e d  in  s e c t i o n  3 , 'and the a c i at «d exper im en ta l d a ta  î s  d e t a i l e d  

in  s e c t i o n  4.

5.1 equipment

rhe s tu d ie d  f lo w  was produced by th e  normuL impinojeme.rTt 

o f  a hot a r g o n  j e t  o n  to a h o r iz o n ta l  im pervious s u r fa c e .  I h e  A rgon  

j e t  w a s  g e n e r a t e d  w i t h  a n  i n d u s t r i a l  p la s m a  t o r c h  t h a t  i s  d e s c r i b e d  

i n  s u b - s e c t i o n  a ;  a n d  t h e  s u r f a c e  i - s  d e t a i l e d  i n  su b 

s e c t i o n  b .  T he e q u ip m e n t ,,  i n c l u d i n g  s u i t a b l e  p r o b e s ,  u s e d  t o  m e a s u r e

t h e  t im e  a v e r a ig e d  r a d i a l  a n d  v e r t i c a l  v e l o c i t i e s ,  s p e c i e s  c o n c e n t r a t i o n  

an d  t e m p e r a t u r e s  a r e  p r e s e n t e d '  i n  s u b - s e c t i o n s  c ,  d an d  e  r e s p e c t i v e l y .
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5 .1 a  Plasma Torch

Two schem atic  views o f  the plasma torch  are  d e t a i l e d  in  f ig -ure(2 .  

rhe s id e  e l e v a t i o n ,  f ig u r e  5". 2a , shows a s e c t i o n a l  view on the  

plane aa, and d e t a i l s  the to rc h e s  i n t e r n a l  c o n s t r u c t io n ,  m e  plan  

v iew , f ig u r e a 2 b , shows the p o s i t i o n  o f  the  imput and output p o r ts  

f o r  the Argon gas and c o o l in g  w ater .

A plasma i s  generated  b y ' t h i s  to rc h  in  the f o l l o w i n g  manner.

Argon gas e n t e r s  the torch  under p ressu re  -  t y p i c a l l y  a t  a p ressu re  

o f  two to th ree  atm ospheres. This gas  i s  fed  in to  the  n o z z le  through  

a c ir c u la r  c a v i t y  0.02m d ia .  x 0 .0 0 7 5 #  deep, One n o z z le  i s  made by 

the gap between the anode and ca th od e , as shown in  d e t a i l  ’A' o f  

f itp jre  . The anode i s  made from b r a s s ,  and co n n ec ts  -O the  

p o s i t i v e  term in a l o f  the e l e c t r i c a l  supp ly;  ihe cathode a carbon 

rod and con n ecté  to the n e g a t iv e  t e r m in a l .  On p a s s in g  through  

the  n o z z le  the gas i s  heated  by e l e c t r i c a l  d is c h a r g e  between the anode 

and cathode. The tem perature o f  t ie  plasma a t  the  e x i t  from the to rc h  

i s  approxim ate ly  7.5 X lO^K. Ihe anode and cathode are  both c oo led  

by conduction  and c o n v ec t io n  to  w ater h e a t  s in k s .

Ihe e l e c t r i c a l  v o l ta g e  and cu rren t  s u p p l ie d  th e  plasma torch  ond 

gùS oncl water Flow r a t e s  were m ainta ined  a t  measured v a lu e s  throughout  

the experim ent. Argon gas was s u p p lie d  to  the  torch  from s e v e r a l  

p r e s su r iz e d  g a s b o t t l e s  connected in  p a r a l l e l ,  and i t ’s  v o lu m e tr ic  

f lo w r a te  was measured b e fo r e  e n try  in t o  the  to r c h .



5.1b Impervious Surface

D e ta ils  o f  th e  impervious surface are g iven  in  fig u re  5 .5 . In f ig u re  5. 5a 

a aide e le v a t io n .o n  the plane BE shows the in tern a l con stru ction  o f  

the surface and supporting stru c tu re . A plan view o f  the su r fa ce , as 

viewed from AA , i s  given in  f ig u re5 .3 b . The surface has a diam eter o f  

0 . 45#t and had been ground f l a t  to a tolerance o f  -  0 . 0005m'. goth  

i t  and the supp orting  stru ctu re  were made from s t e e l .

The im pervious surface and supporting stru ctu re  form a water t ig h t  

right c irc u la r  cy lin d er  0 . 40'n ou tsid e  diameter'and 0 . 15m deep. Water 

was pumped in to  th is  cy lin d er through a v e r t ic a l nozzle o f  0 . 02m diam eter, 

located a t the cen ter  o f  the cylinders' bottom surface aa, and was extracted  

th rou ^  the four ports o f  0 . 01m diameter shown in  fig u re  5. 5a.

5.1c V e lo c ity

The time averaged v e lo c ity  in  a prescribed d ir e c t io n  (If) was 

determined from the measured dynamic pressure o f  the flow in  that 

d irectio n  (P^) w ith the r e la tio n sh ip  ;

where fp  * + HOT
4

M represents the Mach number, j} the lo c a l den sity  and HUT d esign ates the 

higher order terms o f the expansion for. 6p. The so lu tio n  for was obtained  

by pred ictin g  with (fp * 0 , c a lcu la tin g  M ana then re-estim a tin g  

'ihe f in a l two step s  o f th is  procedure were continued u n til  three  

sequential p red iction s o f  d iffe re d  by le s s  than 0.1 percent.

Thie instan taneous dynamic pressure over a sm all area o f  flow  

was sensed w ith  a P ito t  S ta tic  Tube o f  0.002m diam eter that conformed 

to B r it ish  Standard 1042 part 2A. An e lec tro n ic  manometer was used 

to measure the dynamic pressure a fte r  in teg ra tin g  the s ig n a l from 

the probe over a f iv e  second time in terv a l.
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3 . 1d C o n c e n t ra t io n

The g r a v im e tr ic  c o n c e n t r a t io n s o f  Argon, N itro g e n  and Oxygen 

were measured w ith  the a id  o f  a mass sp e c tr o m e te r  and probe p r e v io u s l y  

d e s c r ib e d  in  appendix  4 .  However, in  t h i s  exper im en t the  e m p ir ic a l  

r e l a t i o n s h i p s , s u p p l i e d  by  th e  mass sp e c tr o m e te r  m a n u fa c tu r e r ,to  e s t im a t e  

p a r t i a l  p r e s s u r e s  o f  th e  c o n s t i t u e n t s  in  t o r r s  :

°Ar = MO X 10"^ ,
5 . 6

P,. ,
' 2 = ^  X 10" , ( 5 . 2

= r â L _ ± E ü v !  X 10-̂
L 0 .5 6  J

ir. t n e s e  r e l a t i o n s h i p s  ± and _ r e p r e s e n t  m e  o u to u t

c u r r e n :  re a d in g  fro ^  tne mass s o e c tr c m e te r  a :  - c l e c i l = r  % "ijhts o f

In', i:-, : 1 and 1n r e s p e c t i v e l y .  The g r a v im e tr ic  c o n c e n tr a t io n  o f  tne  

c o n s t^ t^ e n .s  .i.n tne s an. m. e are a e r iv e d  from tne r a r t i a l  t r e s s  m e  v/ith  

l i t  OS end J a l to n s  Lav;.

5 . 1 e temperature

Two therm ocouples  have been used to measure the tem p era tu re . The

therm ocouples  d i f f e r  in  t h e i r  recommended range o f  tem perature  measurement,

and the  m a t e r ia l s  from which th ey  are  made. The f i r s t  therm ocouple

was made from w ir e s  o f  " i c k e l  Chromium and n ic k e l  Aluminium and had an

o p e r a t in g  range from -  40 to  110 0 °c . The second s e n s o r  was made from

w ir e s  o f  I'ungstc n and Tungsten Rhenium and had an o p e r a t in g  range o f

1000 to  17S:)°C . The th erm ocoup les  were made from w ir e s  6 .3 5  % 10 ̂ m in

d ia m eter  and are  d e t a i l e d  i n  f i g u r e  S’. 4 , These s e n s o r s  were s i z e d
57

u s in g  th e  c r i t e r i a  proposed by M o ffa t ,  and m anufactured a c c o r d in g  to

B r i t i s h  Standards 10o1.



The v o l t a g e  g e n e r a t e d  by th e  e l e c t r o n  m o tiv e  f o r c e  ( e . m . f . j  a t  

t h e  j u n c t i o n  o f  the  Nix'=‘' . ‘CV.r: Alu'rl/Tii\i\ v h r e s  was i n t e g r a t e d

o v e r  a f i v e  s econd  i n t e r v a l , a n d  t n e n  c o n v e r t e d  i n t o  t n e  t im e  a v e r a g e d  

t e m p e r a t u r e  o f  t h e  j u n c t i o n  w i t h  a  Comak T e m p e r a tu r e  Box. T h i s  d e v i c e  

had an a u t o m a t i c  c o ld  j u n c t i o n  . Ihe e s t i m a t e d  e r r o r  i n  t e m p e r a t u r e  

measurement i s -  1 .0°C .  :he e .m . f .  g e n e r a t e d  by t h e  t u n g s t e n  and 

t ' u n g s t e n  rhen ium  th e r m o c o u p l e  was i n t e g r a t e d  o v e r  a f i v e  s e co n d  t ime 

i n t e r v a l  » measured w ith  a p o te n t io m e te r ,  and th e  tem peratu re  o f  the  

j u n c t io n  looked  up from th e  B r i t i s h  Standards ioG h

5.2  E x p e r i m e n t a l  P r o c e d u r e

i h e  e x p e r i m e n t  h a s  been  s p l i t  i n t o  two p a r t s .  f i r s t l y ,  t h e  symmetry 

o f  t h e  i m o i n g i n g  f low a b o u t  t h e  c e n t e r  l i n e  a a  i n  f i g u r e  5*5*va s  

a s s e s s e d  -  t h e  p r o c e d u r e  f o l l o w e d  i s  d e t a i l e d  i n  s u b - s e c t i o n  a .  s e c o n d l y ,  

t n e  t im e  a v e r a g e d  v e l o c i t y ,  s o e c i e s  c o n c e n t r a t i o n  and t e m p e r a t u r e  A'ere 

m ea su red  a t  v a r i o u s  p o i n t s  w i t h i n  t h e  f low ;  : . .e  p r o c e d u r e  f o l l o w e d

n be tn  c a r t s  o f  t n i s  e x p e r i m e n t  t h e  f o l l o w i n g  pcrrTr.evc s  .-ere s e t  

and m a i n t a i n e d  a t  the  v a l u e s  s r e c i f i e d  :.elcw:

a )  v o l t a g e  d i f f e r e n c e  be tw een  th e  anode 

and c a t h o d e  o f  t h e  pl asma torch  

b)  c u r r e n t  s u r o l i e d  to  the cathode = 352 amps
4 % 4

c j  Argon f low  r a t e  to t h e  torch  = 7.1 x 10” "m''s"

d j  f l o w r a t e  o f  c a t h o d e  c o o l i n g  w a t e r  = J S . f c c s ” ^

e)  f l o w r a t e  o f  anode c o o l i n g  w ater  = 4 0 . 5 c c s “ '

f )  f lo w r a t e  o f  s u b s id ia r y  anode c o o l i n g  w ater  = 4 0 .5 c c s “ ^

g) f l o w r a t e  o f  c o o l i n g  w a t e r  f o r  t h e  

i m p e r v io u s  s u r f a c e

= 30 v o l t s

= 1 5Cccs '

ana h)  v e r t i c a l  d i s t a n c e  be tw een  t h e  e x i t  from 

t h e  n o z z l e  and th e  i m p e r v io u s  s u r f a c e .
= 0 . V dr.



o* foM nctU a.

SHIELDED THSgHnCOrTFmg

FIGURE 5 4

a. t)

i  IMPINGING JET b FREE PLASMA JET

FIGURE 5 . 5

- 4 7 0 ^



5 .2 a  Symmetry

Two t e s t s  were conducted to ensure th a t  the s tu d ie d  im pinging  

f lo w  was sym m etrical about the  v e r t i c a l  c e n te r  l i n e  aa in  f ig u r e  5 * 5 .

The f i r s t  concerned the symmetry o f  th e  f r e e  j e t ,  the  secon d , the symmetry 

o f  th e  im pinging f low .

In the f i r s t  t e s t  the f lo w  was assumed sym m etrica l about aa in  

f ig u r e  5 .5 b ) fb e n  the time averaged p r o f i l e s  f o r  v e l o c i t y ,  s p e c ie ^ ,  

c o n c e n tr a t io n  and temperature at the  same d i s t a n c e  from the '

n o z z le  but on v a r io u s  r a d ia l  p la n e s ,  as  s p e c i f i e d  by 9 in  f ig u r e  5.

5a and b , d i f f e r e d  by l e s s  than ten  p ercen t  a t  the same r a d i i  r .  Ihe 

s p e c i f i e d  f low  p r o p e r t ie s  were measured a lo n g  r a d i i  se p a r a te d  by 

an a n g le  0 o f  60° and 0 .0 2 5 ,  0 .0 4 5  and 0 . 05#  from the  n o z z le s  e x i t .  .

Ihe exper im en ta l d ata  i s  d e t a i l e d  in  s e c t i o n  4 ,  and the  a s s o c ia t e d  

r e s u l t s  are p resen ted  in  f ig u r e  5 .6  to . 9 .  Ihe symbols used to  

r e p r e s e n t  the measured p r o p e r t ie s  are g iv e n  in  t a b le  5 . 1 .  'Ihe maximum 

p ercen tage  d is c r e p a n c ie s  in  th e  specimen r e s u l t s  on the same h o r iz o n ta l  

s e c t i o n s  are s p e c i f i e d  in  t a b le  5*2 and are l e s s  than ten  p e r c e n t .

The procedure used to measure the  f low  p r o p e r t i e s  were a s  f o l l o w s .

In turn  p i t o t  s t a t i c ,m a s s  sp ec tro m eter  and thetvocoupk s e n s o r s  were 

p o s i t io n e d  a t  v a r io u s  p o in ts  a lo n g  the r a d i i ,  and t h e i r  o u tp u ts  recorded  

in  the  manner d e t a i l e d  in  s e c t i o n  1,

In the second t e s t ,  symmetry was assumed when ' the measured  

p r o p e r t i e s  a t  the same r a d iu s ,  o f  0 . 05# ,  and h e ig h t  , but in  d i f f e r e n t  

p o r t io n s  o f  the f low , d i f f e r e d  by no more than t e n  p e r c e n t .  Ihe symmetry 

o f  the im pinging f lo w  about th e  c e n te r  l i n e  aa in  f i g u r e  

was a s s e s s e d  by m easuring, and then  comparing, th e  f lo w
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Table 3.2

D i s t a n c e  fro m  

n o z z l e s  e x i t

D i s c r e p a n c i e s

îvlaximtiin p e r c e n t a g e  d i s c r e p a n c i e s  a t  t h e  sa m e r a d i i  

b e t w e e n  t h e  f o l l o w i n g  p r o p e r t i e s :

(m) (m s ) (*o, %
r

0 . 025 9 . 4 8.1 7 . 4 5.1 8 . 0

0 . 0 4 7 . 5 9 . 2 8 . 4 2 . 7 8 . 5

! 0 . 0 5 5 . 4 7 . 2 5.1 4.1 6.1

T a b le  5 , 3

r
D i s c r e p a n c i e s  

I^îaximpBi p e r c e n t a g e  d i s c r e p a n c i e s  a t  r  * 0 .0 5 m

b e t w e e n  t h e f o l l o w i n g  p r o p e r t i e s ;

u r m. m,T m_
(m s ) ( ° c )

J
«2 °2

9 . 5 1
1------------ ----------1 I

6 . 7
1 - . -

8.1



p r o p e r t ie s  a t  a r a d iu s  o f  0 . 05® in  p la n e s  sep arated  b y  an

a n g le  o f  6 0 ° .  The f lo w  p r o p e r t i e s  were measured on  

t h e s e  p la n e s  w ith  p i t o t  s t a t i c ,  mass sp ectrom eter  and 

tem perature  p r o b e s .  Itie m easu r in g  p i l la r ? ,  d e s c r ib e d  i n  ap p en d ix  4,, 

was used t  o h o ld  and p o s i t i o n  th e  probes a t  th e  s p e c i f i e d  s e c t i o n  . 

Specimen r e s u l t s  are  p r e s e n te d  i n  f ig u r e  5 .9 ;  th e  a s s o c i a t e d  exper im en ta l  

d a ta  i s  d e t a i l e d  i n  s e c t i o n  4» Ihe  maximum p e r c e n ta g e  d i s c r e p a n c i e s  

between sp ec im en  r e s u l t s  a t  th e  same v e r t i c a l  h e i g h t  z b u t  a t  d i f f e r e n t  

r a d i a l  s e c t i o n s  a r e  p r e s e n te d  i n t a b l e  5*5; th e se  d i s c r e p a n c i e s  a r e  

l e s s  than t e n . p e r c e n t .

5 .2 b  Mapping

The v e r t i c a l  and r a d i a l  v e l o c i t i e s ,  s p e c ie s  c o n c e n t r a t io n  and 

tem perature  were measured a t  v a r io u s  p o in t s  a t  r a d i i  o f  0 . 0  to  0 . 13m 

w ith  the p rob es  and d e v i c e s  p r e s c r ib e d  in  s e c t i o n  o n e .  Throughout  

th e  exper im en t th e  probes were h e ld  and p o s i t io n e d  w i t h  t h e  measurement 

p i l l a r  d e s c r ib e d  i n  append ix  4 .  P l o t s  o f  t h e s e  p r o p e r t i e s  a r e  

p r e sen te d  i n  f i g u r e s  8 .3  to  .2 0  in  chapter e i g h t .  The e x p e r im e n ta l  

d a ta  from which th e y  a r e  d e r iv e d  i s  d e t a i l e d  i n  s e c t i o n  5 . 4 .

The r a d i a l  and v e r t i c a l  components o f  the v e l o c i t y  w ere d e r iv e d  

from measured dynamic p r e s s u r e s  w ith  equation  5.1 . When m ea su r in g  

th e  dynamic components o f  p r e s s u r e ,  the  c en ter  l i n e  aa o f  th e  probe  

shown i n  f i g u r e 5.10 was l o c a t e d  i n  the  h o r iz o n ta l  and v e r t i c a l  p la n e s .

The s p e c i e s  c o n c e n tr a t io n  o f  th e  m ixture was d e r iv e d  from 

the s p e c i f i e d  output s i g n a l s  from the mass sp e c tr o m e te r .  T h ro u ^ o u t  

t h i s  exper im en t the  c e n te r  l i n e  o f  the  probe, aa i n  f i g u r e  5-10»  

was h e ld  in  the  h o r iz o n ta l  p la n e .
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The tem perature o f  the f lu id  was measured u s in g  th e  ap p rop ria te  

therm ocouple and a s s o c ia te d  m easuring d e v ic e , - : > v . , ;

5 . 5  D is c u s s io n

Impingement flo w s have h i s t o r i c a l l y  been su b -d iv id e d  in to  the j e t ,  

d e f le c t io n  and w a ll reg im es i l l u s t r a t e d  in  f ig u r e  6 .1 .The f i r s t  regim e 

c o n ta in s  th a t  p art o f  th e  j e t  u n a ffe c te d  by im pingem ent. In t h i s  

experim ent t h i s  regim e con ta in ed  an argon plasma a t  a tem perature o f  

ap p roxim ately  7500 K; and was n ot s tu d ie d . The d e f le c t io n  regim e  

c o n ta in s  th a t  p o rtio n  o f  th e  flo w  d i r e c t ly  beneath  and a f f e c te d  by the  

j e t ;  the r e s u l t s  ob ta in ed  in  t h is  regim e are d isc u sse d  in  s u b -s e c t io n  a . 

The r a d ia l  w a ll j e t  ex ten d s over  th e  rem ainder o f  the f lo w  and th e  

r e s u l t s  are con sid ered  in  s u b -s e c t io n  b.

5 .5 a  D e f le c t io n

The d e f le c t io n  regim e i s  con ta in ed  w ith in  a r ig h t  c ir c u la r  c y lin d e r  

o f  ap p rox im ately  0.05m d iam eter  and 0.025m  in  h e ig h t .  Measured r e s u l t s ,  

(Xt r a d i i  0 , 0 .0 0 2 5 , O.OO5 , 0 .0075» 0 .01  emd 0.15m a r e ^ p r e se n te d ,in  

f ig u r e s  R .5 to  .B in c h a p ter  8 . These r e s u l t s  are r e -p r e se n te d

in  f i g u r e s . 5 .11 to . 15 ; and show the r a d ia l  v a r ia t io n  o f  the 

measured p r o p e r t ie s  a t  h o r iz o n ta l s e c t io n s  0 .0 1 5 , O.OO5 and 0.0025m  

above the im pervious s u r fa c e . The sym bols used to r e p r e se n t  th e  flo w  

p r o p e r t ie s  are d e t a i le d  in  ta b le  5 * 4 .'Jhe r e s u l t s  have been r e -p r e se n te d )  

b ecau se  in  t h is  form th ey  g iv e  a more u n d erstan d ab le  p ic tu r e  o f  the  

f lo w  p a tte r n . These r e s u l t s  show the j e t  both s lo w in g  and c o o lin g  

down a s th e  im pervious su r fa c e  was approached. The r e - s t r u c t u r in g  

o f  the flow  p attern ,sh ow n  in  th e  p resen ted  r e su lts^ w a s  caused  by both

-
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'able 5. 1

Syïïibo 1 Property

O' 7 { v e r t i c a l  v e l o c i t y )

U ( h o r iz o n t a l  v e l o c i t y )

o p ( temperature)

V (G rav im etr ic  c o n c e n tr a t io n )  
o f  Argon

a ( g r a v im e tr ic  c o n c e n tr a t io n )  
o f  Oxygen

A '2
( 'grav im etr ic  c o n c e n tr a t io n )  

o f  n itr o g e n



tu r b u le n t  trau isfer  w ith in  the j e t ,  and entrainm ent o f  a i r - w i t h  t r a c e s

o f  r e - c y c l e d  argon ^ a t  the regime sedge. The f i n a l  s e t  o f  r e s u l t s  a t

0 . 0025m above the s u r fa c e ,  shown in  f ig u r e  5 . 1 -hows two i n t e r e s t i n g

f a c t s .  F i r s t l y ,  the b e g in n in g s  o f  the r'adial w a ll  j e t  can be se en  in

the measured r a d ia l  v e l o c i t y  p r o f i l e  d e t e c t e d  a t  t h i s  s e c t i o n .  S econ d ly ,

the  c o n c e n tr a t io n  o f  argon a t  the  downstream edge o f  the reg im e, a t

r  •  0 . 015m̂  i s  c o n s id e r a b ly  g r e a te r  than th a t  observed  a t  the  o th e r

s tu d ie d  s e c t i o n s .  T his o c c u r re d ,  b ecau se  t h i s  p o r t io n  o f  the  c r o s s -

stream  edge b u tted  a g a in s t  the b e g in n in g  o f  the r a d ia l  w a l l  j e t  reg im e.

5 .5b  Radia l Wall J e t

'Ihe r a d i a l  w a ll  j e t  e x te n d s  from a r a d iu s  o f  a p p ro x im a te ly  0 .0 2

to  0 . 15m; the  measured r e s u l t s  in  t h i s  regim e^at r a d ia l  s t e p s  o f  0.01m ,

a re  p r e se n te d  in  f i g u r e s  8 .9  to  .20  in * c h a p te r  8 . P l o t s  show ing the  v a r ia t i o n

i n  th e  stream w ise  d i r e c t i o n  o f  the maximum v e l o c i t y  and tem perature

T and the  h e ig h t s  a t  which the mainstream v e l o c i t y  e q u a ls  U andmax max

U are  g iv e n  in  f ig u r e  5 . 1 4 . These p l o t s  are  d e r iv e d  from themax
2

measured r e s u l t s ;  w ith  no r e s u l t s  f o r  rP '0 .06m  p r e s e n te d ,  b eca u se  

o f  th e  s c a r c i t y  o f  measured d ata  c l o s e  to the  s u r f a c e .

E x p er im e n ta l ly  v e r i f i e d  p r e d i c t i o n s  o f  Porsch e t  a l  f o r  a 

r a d i a l  w a l l  j e t  in  which momentum t r a n s f e r  r a t e s  predom inate are  

o f  th e  form o f:

( 5 . 3

!l r °-5 (5.4
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In  t h e s e  r e l a t i o n s h i p s  K,. r e p r e s e n t s  the  j e t  momentum f lu x  o f  the  

n o z z le ,a n d  b the  d i s ta n c e  between the s u r fa c e  and n o z z le .  P lo t s  

o f  t h e s e  r e l a t i o n s h i p s  are sho^n w ith  d o t te d  l i n e s  in  f ig u r e  5* "14; 

w ith  th e  c o n s ta n ts  o f  p r o p o r t io n a l i t y  b e in g  determ ined a t  r = 0 . 0 ^ .  

( ih e  symbols used in  t h i s  f i g u r e  are d e t a i l e d  in  t a b le  5»5*)

Table 5 .5

symbol Meaning

O Umax

^  T
max

EJ

'This crude model g iv e s  r e a so n a b ly  a c c u r a te  

p r e d ic t io n s  o f  th e  p r e scr ib e d  g r o s s  param eters o f  the  j e t  -  

i n d i c a t i n g  th a t  the heat  and mass t r a n s f e r  r a t e s  do not g r e a t ly  

a f f e c t  the f lo w  s tr u c t u r e .

497-



5 .4  E xperim ental Data

a . Dynamic P r e ssu re s

( i )R adia l Component
(mm)

R adial Dynamic P re ssu re

(mm o f  w ate r)

a ) r  = 0 . 0025m
0.6 5 5
1.1^5
1.635
2 .135  
26 .55
3.135
5.260

78.00
56.00
39.50
25 .10
12.20

b ) r  = 0 . 005m

c ) r  = 0 . 0075m

0 .6 5 5
0 .7 6 0
0 .8 8 5
1.135
1.655
2 .155
2 .655
3.135
3.655
4 .155
4 .6 5 5
4 .885

95 .00
86.00  
78.00  
64 .5 0
45 .00
31.25
21 .46
15.00  

9 .4 0
5 .33
2 .0 5
0.00

01655
0.885
1 .135
1.655
2 .155
2 .655
3.135
3 .655
4 .155
4 .655
5 .135
5 .655

70 .77
45 .0 0
55 .00
31 .75  
22 .10
14 .75  

9 .65  
6 .10  
3 .30  
2 .05  
0 .0 5  0.00



d ) r  =. 0.01m

e ) r  -  0.01§m

® R adial Dynamic P re s su re

(mm o f  water)

0 .6 3 5  45 .00
1 .135 41 .0 0
1 .635  17 .60
2 .155  9 .70
2 .655  5 .20
3 .135  2.80
5.655  1 .60
4 .155  0.85

0 .655  73 .66
1.135 40 .64
1.655 15 .75
2.155  7 .3 7

. 2.655  ' 2 .7 9
3.135  . . . 0.15
3.635  0 .00

f ) r  = 0.02m

.655 30 .48

.885  26 .16
1.155 25 .57
1 . 3 8 5  18.54
1 .655  14 .75
1.885 9.65
2 .155  7.11
2 . 5 8 5  4 .8 5
2.655  5 .05
3.135 0 .7 6
5 .655  0 .0 0



g ) r  -  0 . 0 5m

h ) r  = 0 . 04m

z R ad ia l Dynamic P re ssu re

(mm) (mm o f  water)

o:o55  17 .53
0 .865  16 .76
1.155  15 .49
1.585  13 .46
1.655  11.94
1.885  9 .40
2 .135  8 .58
2 .585  6 .60
2 .655  5 .33
2 .885  4 .0 6
3.135 2 .7 9
3 .385  2 .05
3.635 1.27
3.885 0 .7 6
4 .135  0.51
4 .385  0 .2 5
4 .655  0 .0 0

0.655 7.62
0.885  7.62
1.135 7.87
1.385  . 7.57
1.655 7.11
1.885 6.55
2.155 5.84
2.585  5.33
2.655 4.85
2.885 4.06
3 .135  3 .30
3.385 2.79
3.635 2.29
3.885  1.79
4.135 1.52
4 .385  1 .02
4.655 0 .76
4.885  0.51
5.135 0.25
5.385  0.25
5.655 0.01
5.885 0.00



i ) r  = 0 . 05m & 6

i ) r  » 0 . 05m & 9 = GO

(mm)

R adial Dynamic P re ssu re

(mm o f  w ate r)

1 .25
1.75
2 .2 5
2 .75
3 .25
5 .75
4 .2 5
4 .7 5
5 .25
5 .75
6 .2 5
6 .75

5.10  
3.05  
2 .90  
2 .60
2 .10  
1 .65  
1 .40  
1 .00  
0 .6 0  
0 .4 5
0 . 5 9
0.11

1.25
1.75
2 .25
2 .75
3 .25
3 .75
4 .2 5
4 .7 5
5 .2 5
5 .7 5
6 .25
6 .7 5

3.30
3.40  
3.20  
2 .80
2 .40  
2 .05  
1.55  
1 .18  
0 .8 0  
0 .5 0  
0 .4 0  
0.10

-4^7 -



j ) r  = 0 . 06m

k ) r  = 0 . 07m

z R adial Dynamic P re s su re

(unmj (mm o f  water)

02655 2 .87
0 .8 8 5 2 .90
1.155 5 .02
1.585 5 .05
1.655 5.05
1.885 2 .9 0
2 .155 2 .79
2 .585 2 .62
2 .655 2 .4 9
2 .885 2 .5 6
5.155 2.11
5 .585 2 .0 5
5 .655 1 .8 8
4 .1 3 5 1 .65
4 .6 5 5 1.57
5 .1 55 1.09
5 .6 55 0 .7 9
6 .155 0.61
6 .655 0 ,4 6
7 .155 0 .5 0
7 .6 5 5 0 .1 8
8 .1 5 5  ' 0 . 0 0

.655  2.01

.885  2 .15
1.155  . 2 .1 6
1 .585  2 .16
1.655  2 .15
1 .885  2 .15
2 .155  2 .13
2 .585  2 .08
2 .655  2 .05
5.155  1 .88
5.655  1.70
4 .1 5 5  1.45
4 .6 5 5  1 .27
5 .155  1 .09
5 .655  0.91
6 .155  0.71
6 .655  0.61
7 .155  0 .4 6
7 .655  0 .5 6

0 .5 5  
0 .2 58.65

9 .155  0 .013
9 .655  0 .005

10.155 0 .0 0 0



l ) r  = 0.08m

z R adial Dynamic P re s su re

(mm) (mm o f  w a te r)

0 .655 1 .60
0 .885 1 .70
1.155 1 .80
1.585 1 .85
1.655 1 .8 5
1.885 1 .85
2.155 1 .80
2.585 1 .78
2.655 1 .75
2 .885 1 .65
5.155 1.57
5.585 1 .50
5.655 1 .40
5.885 1 .55
4 .155 1.27
4 .585 1.17
4 .655 1.09
5.155 1 .0 2
5.655 0 .8 6
6.T55 0 .7 5
6 .655 0 .5 8
7 .155 0 . 4 8
7 .655 0.41
8 .155  •• 0 .5 5
8.655 0 .2 5
9 .155 0 .1 5
9.655 0 .1 0

10.155 0 .050
10.655 0 .0 2 0
11.155 0 .0 1 0
11.655 0 . 0
12.655



m )r  = 0 .09m

z R a d ia l  Dynamic P r e s s u r e

(mm) ' (mm o f  water)

0.655 1.75
1.885 1.78
1.135 1 .85
1.585 1 .88
1.655 1.91
1.885 1.91
2.155 1.91
2.385 1.91
2.655 1 .85
2.885 1 .8 5
3.135 1.78
3.385 1 .7 0
3.655 1 .65
5.885 1 .57
4.135 1 .52
4.385 1.47
4.635 1.37
4.885 1 .19
5.200 1.02
5.650 0 . 5 9
6 .150 0 .48
6.650 0 .3 3
7.150 0 . 2 5
7.650 0.20
8.150 0.15'
8.650 0 .10
9.150 0 . 0 4

10.150 0.02
11.150 0.00



n ) r  = 0.10m

z Radial  Dynamic p r e s su re  

(mm; (mm o f  water)

0 .6 35 1 .35
0 .8 8 5 1.55
1.155 1.70
1.385 1 .75
1.635 1 .70
1.885 1.65
2.135 1.65
2.385 1 .65
2.635 1 .60
2.885 1 .55
5.155 1 .55
3.385 1.55
5.635 1 .50
5.885 1 .49
4 .155 1 .40
4 .385 1.30
4 .635  ■ 1.25
5 . 1.55 1 .15
5 .635 1 .05
6.135 0 .9 5
6 .635 0 .8 0
7,  1 35 0 . 7 0
t  » 035 0 .6 0

0 .5 5
8 .635 CU48
9.b^5 0 . 3 0

10.635 0 . 2 0
11.635 0 .1 0
12.645 0 . 0 0



0 ) r  = 0.11m

z R ad ia l Dynamic P re s su re

(mm) (mm o f  water)

0 .655  0 .8 5
0.885  0 .9 5
1 .155 1 .0 0
1.585  1 .05
1.655 1 .15
1.885  1.18
2 .155  1 .15
2.585  1 .15
2 .655  1 .15
2.885  1 .05
5.155  1 .05
5.585  1 .00
5.655 0.95
4 .155  ' 0.95
4 .655  ^  . 0 . 9 5
5.155 0 .9 0
5 .655  0.85
6 .155  0 .80
6 .655  0.75
7.155  0 .6 5
7 .655  0 .5 5
8 .155  0 .5 0
8 .655  0 .4 0
9 .155  0 . 5 5
9 .655  0 . 5 0

10.155 0 .2 5
10.655 0 .2 0
11.655 0 .1 0
12.655 0 .0 5
15.655 0 .0 0



p ) r  = 0.12m

2 la d 1a l  Dynamic P re s su re

(mm) (ram o f  water)

0 .6 3 5 0 .8 5
0 .8 8 5 0 .9 5
1.155 1 .00
1.585 1.05
1.655 1.10
1.885 1 .10
2 .155 1 .15
2 .585 1.12
2 .655 1 .10
2.885 1.05
5 .155 1 .02
5 . 5 8 5 ' 1 .00
3.635 0 .9 5
4 .155 0 .9 0
4 .6 5 5 0 .8 7
5 .155 0 .8 5
5.655 0 .7 5
6 .155 0 .7 0
6 .655 0 .6 5
7 .655 •0 .6 5
8 .655 0 .4 5
9 .655 0 .5 0

10.655 0 .2 5
11.655 0 .2 0
12 .655 0 .1 5
15.655 0 . 1 0
14.655 0 . 0%
15.655 0 .0 0



q ) r  = 0 . 15m

2 R ad ia l Dynamic P re s su re

(mm) (mm o f  water)

0 .6 5 5 0 .5 4
0 .8 8 5 0.61
1.135 0 .6 9
1.385 0.71
1.655 0 .7 2
1.885 0 .7 6
2 .135 0 .7 9
2.385 0 .7 6
2 .655  . 0 .7 5
2 .885 0.75
5.135 0 .7 4
3.385 0.71
3.655 0 .6 8
4 .135 0 .675
4 .6 5 5 0 .6 7
5 .135 0 .6 6
5.655 0.61
6 .155 0 .5 9
6 .655 0 .5 4
7 .135 0 .5 2
7 .655 0.44
8 .655 0 .5 3
9 .655  . .  . 0.27

10.655 0 .22
11.655 0 .17
12.655 0 .1 2
13.655 0 .0 7
14.655 0 .0 5
15.655 0 .0 2
16.655. 0 . 0 0



( i i ) V e r t i c a l  Component

z V e r t i c a l  Dynamic Pressure

(mm) (mm o f  water)

a ) r  = 0.0m

2.1 . 143.0
2 .5  144 .0
3 .0  147.0
3 .5  149.0
4 . 0  152.5
5 .0  158 .0
6 .0  164 .0
7 . 0  172 .0
8 . 0  178 .0
9 . 0  186 .0

1 0 .0  193 .0
11 .0  200 .0
12 .0  207.0
13 .0  212 .0
14 .0  208 .0

b ) r  » 0 . 025m

2 .5  ■ • 79 .0
3 .0  76 .0
5 .5  74 .0
4 . 0  73.5
5 .0  71 .5
6 .0  70 .0
7 . 0  68.0
8 . 0  65 .0
9 . 0  65 .0

10 .0  62.5
12 .0  61.5
15 .0  59 .5
18.0 58.0
21 .0  56.0
2 4 .0  54 .0
2 7 .0  53.0

-̂ -29--



c ) r  = 0 , 0 0 5 m

z V e r tic a l  Dynamic P re s su re

(mm) (mm o f  water)

d ) r  = 0 . 0075m

2.5 54.0
5.0 53.0
3.5 ' 51.0
4 .0 49.0
4.5 47.0
5.0 45.0
6.0 33.0
7.0 29.0
8.0  - 27.5
9.0 26.0

10.0 24.0
12.5 23.0
15.0 21.0
17.5 18.0
20.0 14.5
22.5 11.0
25.0 8.5
27.5 4.5
30.0 2.0
32.5 0.9
35.0 0 .2

2.5 14.0
3.0 9.5
3.5 9.0
4.0 8.0
4.5 6.5
5.0 6.0
5.5 ■ 5.5
6 .0 4.9
7.5 4.5
8.5 3.6

10.0 2.5
14.0 2.0
16.0 0 . 8 '
18.0 0.3;
20.0 o.oc

■S-OO '



z V e r tic a l  Dynamic P re ssu re

(mm) (mm o f  water)

e ) r  = 0,01m

2 .5  3 .8
3 .0  4 .3
3 .5  4.1
4 . 0  3 .6
4 . 5  3.1
5 .0  2 .4
5 . 5  2 .3
6 .0  1.8
7 . 0  1 .3
8 . 0  0 . 0
9 . 0  0 . 5

1 0 . 0  0 . 5
1 1 . 0  0 . 2
1 2 .0  0 . 0



b . C o n cen tra tio n s

b j r  -  0 .0025

c ) r  » 0 . 0050m

d ) r  « 0 . 0075m

z Readings from the Mass apectrome 
a t  Molecular  Weights  o f ;

(mm) 18 28 32 40

0.635 1.87 75.0 10.0 51.0
1.635 1.70 71.3 9.675 26.5
2.635 1.65 71.0 9.65 24.5
3.63$ 1.60 70.0 9.45 23.2
4.83 1.54 62.5 8.55 33.60
5.83 1.40 59.3 8.10 31.90
8.83 1.56 55.4 7.550 33.0

10.85 1.54 53.2 7.250 34.30
12.85 1.52 51.0 6.975 36.30
14 . 8 3 ' 1.53 50.7 6.750 39.60
16.85 1.30 48.2 6.600 41.60
18.85 1.50 4 4 .8 6.050 43.60
20.83 1.30 42.7 5.750 47.00
0.655 1.77 84.2 11.475 31.2
1.635 1.77 78.0 10.775 23.6
2.655 1.56 72.6 10.150 21.725
5.655 1.56 71.6 10.0 19.1
4.635 1.60 74 .8 10.65 18.25
5.83 1.60 65.0 9.05 25.3
6.83 1.61 65.0 8.93 25.2
8.85 1.62 64.9 8.95 25.2

10.85 1.62 64.6 8.93 25.0
12.85 . 1.63 65.0 9.00 27.2
14.83 1.40 78.20 10.93 33.6
17.53 ■ 1.40 72.2 10.18 32.7
19.85 1.40 66.2 8.44 32.6
22.33 1,30 63.4 8.93 32.6
24.83 1.30 60 .7 8.50 33.0
27.33 1.25 59.6 8.43 33.6
29.83 1.25 57.8 8 .18 34.8

0.655 1.55 60.6 8.5 24.4
1.655 1.60 63.0 8.95 18 .8
2.635 1.58 65.9 9.3 15.75
3.635 1.57 67.6 9 .0 13.075
4.635 1.62 69.3 9 .9 . 11.2
6.83 1.50 74.70 10.43 17.88
8.85 1.80 84 .0 12.05 19.88

10.85 1.72 79.5 11.75 18.18
12.85 1.65 76.8 11.25 17.25
14.83 1.65 75.6 11.05 16.08
17.33 1.65 76.0 11.28 15.05
19.03 1.67 76.8 11.50 15.90
22.33 1.70 78 .5 11.60 12.60
24.85 1.75 80.6 11.85 10.90
29.83 1.80 85.0 12.70 5.60



Headings from th e  Mass sp e c tro m e te r
a t  M olecu lar W eights o f :

e )r  » O.OtQm

f ) r  .  0.015m

g)r  -  O.Ô Om

h)r -  0.050m

i ) r  » 0.40m

(mm ) 18 28 ' 32 40

0.655 1.70 63.5 9.05 22.05
1.655 1.60 64.1 9.1 17.75
2.655 1.60 67.2 9.675 13.375
3.635 1.65 70.0 10.25 10.0
4.655 1.65 72.2 10.55 7.45
6.635 1.72 76.4 11.2 4.3
6.85 1.86 92.00 14.15 10.05
8.85 1.82 89.25 13.75 8.25

10.85 1.82 87.00 13.50 6.85
12.85 1.80 86.00 13.33 6.23
14.85 1.82 85.00 13.52 5.32
17.33 1.84 84.75 13.25 4 .56
19.83 1.82 85.00 13.25 3.92
22.33 1.84 86.25 13.48 3.10
24.83 1.85 86.25 13.48 2.10
29.83 1.85 86.30 13.60 1.82
0.635 1.64 69.0 9.675 18.9
1.635 1.65 69.7 10.125 15.25
2.635 1.68 72.7 10.49 11.1
3.635 1.65 74.2 10.80 5.825
4.635 1.7 77.0 11.20 3.1
6.655 1.72 76.2 11.25 1.85
8.83 2.05 88.75 14.20 1.90

10.83 2.00 88.0 13.85 1 .78
14.83 2.00 87.5 13.75 1.74
19.85 • 2.00 89.5 14.10 1.74
29.83. . . 2.00 87 .5 13.75 1 .74

1 .8 1.80 75.0 10 .0 13.450
2 . 8 1.82 74.6 10.1 11.40
3.8 1.80 78 .2 10.725 6 .20
6 .8 1.80 81.2 11.15 5.175

11 .8 1.75 8 0 .8 11.175 3.375
16.8 1.75 78 .8 10.125 1.25

1 .8 1.22 35.5 4 .55 4.700
2 . 8 1.20 33.7 4 .40 4.150
5.8 1.20 33.0 4.39 3.800
4 . 8 1.20 32.7 4 ,45 3.200
5.8 1.20 33.0 4.54 • 2.35
6 . 8 1.20 33.0 4 .38 0 .800
8.3 1.20 32.8 4.36 0.720

11.3 1.17 32.7 4.35 0.700
16.8 1.20 32.4 4 .20 0.70
26 .8 1.20 31.0 4.00 0.60

1 .8 2 .6 61.50 9.550 6 .6
2 .8 2.60 58.25 9.200 6 . 0
5 .8 2.48 57.50 8 .85 5.650
4 .8 2.47 56.20 8 .60 5.000
5.8 2.42 57.50 8.84 4.570
6 . 8 2.40 58.20 8.950 3.650
7 . 8 2.38 58.40 9.00 • 2.530
9 .8 2.37 58.50 9.075 1.650

11 .8 2.37 58.80 9 .00 1.21
14.3 2.36 58.30 8 .876 1.210
16.8 2.30 57.30 8.850 1.00
21 .8 2.35 58.00 9.000 1 .00
26.8 2.30 54.00 8.250 0.90



j ) r ' =  0 . 0 5 0 m

k ) r  » 0 . 60m

1 )r  -  0.070m

Readings from th e  Mass S p ec tro m ete r

a t  M olecularj-W eights o f :

(mm ) 18 28 32 40

1 . 8 2 .4 4 7 7 .5 11.375 6 .7 2
2 . 8 2 .4 2 7 2 .5 10 .77 6 . 4 0
3 . 8 2 .3 0 6 7 .5 10 .0 0 5 .9 3
4 . 8 2 .2 5 6 4 .2 5 9 .6 0 5 .2 5
5 . 8 2 .2 5 6 3 .0 0 9 .2 5 4 . 5 5
6 . 8 2.18 6 2 .5 0 9 .175 4 . 2 0
7 . 8 2.17 60.00 9 .0 0 5 3 .5 0
8 . 8 2 .1 5 59 .25 8.875 2 .82
9 .8 2 .13 59 .25 8 .8 5 0 2 . 3 0

1 0 .8  . • 2 .2 0 6 3 .2 5 9 .1 0 0 2 .0 5
1 1 .8 2 .2 0 6 1 .2 5 9 .1 0 0 1.60
1 4 .3 '2.15 6 1 .0 0 9 .1 2 5 1 .4 0
1 6 .8 2 .1 5 59 .2 5 8 .9 0 0 1 .2 2
2 1 . 8 2 .1 5 6 0 .0 0 8 .7 7 5 1 .2 0

1 . 8 2 .1 5 6 5 .0 0 10 .0 00 4 .9 2
2 . 8 1 .96 6 2 .5 0 9 ,4 0 0 4 . 7 7
3 . 8 1 .97 6 0 .5 0 9 .1 0 0 4 . 5 5
4 . 8 2 .0 0 62.00 9 .2 5 0 4 .41
5 . 8 2 .0 0 6 0 .0 0 9 .0 5 0 4 .0 0
7 . 8 1.95 5 9 .50 8 .925 5 . 5 0
9 . 8 2 .00 6 1 .2 5 9 .1 2 5 2 .82

11.8 2 .00 6 3 .0 0 9 .3 0 0 2 .10
1 3 .8 2 .00 6 3 .7 5 9 .375 1.66
16 .8 2 .0 5 6 3 .7 5 9 .375 1 .4 2
2 1 . 8 .......... . 2.10 6 3 .7 5 9 .375 1 .3 0
26 .8 2 .10 6 3 .7 5 9 .375 1 .2 5

1 .8 2 .3 5 7 6 .4 0 11 .5 75 5 .4 6
2 . 8 2 .1 3 7 0 .2 0 1 0 .700 5 .04
3 . 8 2 .0 7 66.00 10 .125 4 .6 8
4 . 8 1 .96 6 3 .0 0 9.67 4 .3 3
5 . 8 1 .85 6 1 .2 0 9 .3 0 0 3 .9 7
6 . 8 1.83 • 59.00 9 .025 3 .78
7 . 8 1.82 61.20 9 .4 5 0 3 .5 7
8 .8 1.80 60.00 9 .1 5 0 3 .2 2
9 .8 1.83 5 9 .3 0 9 .0 7 5 3 . 0 5

11 .8 1.85 59.80 9 .2 0 0 3 .3 0
1 4 .3 1 .85 60.00 9 .2 0 0 1 .7 0
1 6 .8 1 .9 0 60.00 9 .2 5 0 1 .4 5
21.80 1 .9 2 60.00 9 .2 5 0 1 .3 0
26,80 1 .9 4 61 .00 9 .3 0 1 .3 0



Readings from th e  Mass S p ec tro m ete r
a t  M olecu lar w eigh ts  o f :

mj r 0.080m

n )r  « 0.090m

o ) r  = 0 . 100m

(mm) 18 28 32 40

•1 .8 2 .00 64:20 » 9.800 4.1
2 .8 1.97 61.20 9.425 3 .95
3 .8 1.95 61.15 9.350 3.92
4 . 8 1.92 60.00 9.200 3 .72
5 .8 1.90 59.00 9.050 3 .50
6 . 8 1.90 59.00 9.000 3 .42

‘ 7 . 8 ■ 1.90 58.40 8.950 3 .30
9 .8 1.90 59.00 9.075 3 .00

11.8 ' 1.90 56.80 8.750 2 .3 8
14.3 1.90 57.60 8.850 1.85
16.6 1.90 56.20 8.750 1.52
21 .8 1.90 57.00 8.875 1.25
26 .8 1.90 57.20 9.000 1 .48

1 .8 2.02 63.00 9.97 3 .88
2 . 8 2.28 66.00 10.250 3 .9 8
3 . 8 2 .10 64.90 10.000 3 .78
4 . 8 2.03 62.40 9.625 3 .65
5 . 8 Zt05 61.40. . 9.500 3 .45
6 . 8 2.00 60.50 9.5000 ' 3 .40
7 . 8 1.95 60.50 9.550 3 .16
9 . 8 • 2 .00 60.80 9.550 3 .00

. 11. 8 . . 1.95 60.30 9.550 2 .75
14 .3 2 .00 60.00 9.450 2 .3 0
16 .8 1.97 60.00 9.500 1.86
21 .8 1.97 60.70 9.550 1 .50
26 .8 1.95 61.00 9.550 , 1 .40
1 .8 3.32 89.50 13.425 4 .72
2 . 8 3.22 83.00 12.700 4 .6 0
3 .8 3 .08 • 79 .00 11.825 4 .4 0
4 . 8 3 .08 75 .80 11.500 4 .0 8
5 . 8 2 .92 73.80 11.200 ' 3 ,93
6 . 8 2 .90 71.50 10.900 3 .7 8
7 . 8 2 .90 71 .00 10 .750 . 3 .62
8 . 8 2.84 70 .20 10.600 3 .45
9 . 8 2.84 69.80 10.300 3 .15

11 . 8 . 2 .80 68.50 10.130 3 .10
11 .8 2 .80 68.80 10.100 3 .05
13.3 2 .75 68.40 10.250 2 .7 0
16 .8 2 .70 66.40 10.000 2 .47
19 .3 2 .70 66.40 10.000 2 .0 0
2 1 .8 2 .70 66.20 10.000 1 .80
2 6 .8 2 .70 66.30 10.000 1 .65



H eadings from th e  Mass S p ec tro m ete r
a t  M olecu lar W eights o f :

p ) r  = 0.110m

q j r  » 0.120m

r j r  = 0 .130

Imm) 18 28 32 40

1.8 2.88 7 1 .3 0 10.825 4 . 0 5
2 . 8 2 .80 6 8 .5 0 10 .5 0 0 3 .84
3 . 8 2 .7 6 6 7 .8 0 10 .375 3 .7 0
4 .9 2.73 6 7 .2 0 10 .250 3 . 6 0

' 5 . 9 2 .7 0 6 6 .5 0 10 .005 5 .5 5
6 .8  ' 2.75 6 6 .8 0 10.100 3 .5 0
7 . 8 ,2 .7 0 6 7 .7 0 1 0 .3 0 0 3 .5 5
8 .8 2.75 6 9 .9 0 10 .6 25 3 . 5 0
9 .8 2 .7 6 6 9 .9 10 .750 3 .4 5

11 . 8. 2 .88 8 8 .7 0 13 .650 3 .7 4
14 . 3' 2.84 84.70 12 .800 3 .3 0
1 6 .8 2 .80 82 .5 0 12 .625 2 . 6 0
1 9 .3 2 .7 7 81.20 12 .5 5 0 2 . 5 0
21 .8 2 .85 82.80 12 .6 0 0 2 .20
2 6 .8 2.82 8 3 .7 0 12 .600 2 .08

1 .8 2 .9 5 87 .6 0 13 ,3 75 4 . 5 0
2 . 8 2 .9 0 83.60 12 .850 4 . 4 0
3 . 8 2 .9 0 0 2 .4 0 1 2 .7 50 4 .1 5
4 . 8 2.84 81.60 1 2 .550 4 .1 0
5 . 8 2.84 81.00 12 .5 0 0 4 . 0 4

• 6 . 8  ' • ' 2 . 8 ) 01.00 12 .3 75 3 .9 5
8 .8 2.80 0 1 .5 0 12 .550 3.78

11.8 2.82 82.00 12 .575 3 .6 0
14 .5 2.85 82.00 12.600 3 .2 7
19 .3 2 .9 0 82.70 12.825 2 .7 2
21 .8 2 .9 2 8 3 .7 0 12 .875 2 . 5 0
2 6 .8 2 .9 2 .83 .60 12.800 2 . 3 5
1.80 3.12 90 .7 5 14 .075 4 . 7 0
2.80 2 .9 4 87.60 13 .450 4 . 3 0
3 .8 0 2 .9 0 84.20 13 .050 4 .22
4 .80 2.88 82.70 12.680  • 4 .80
6 .80 2.83 82.20 12 .700 3 .9 0
9 .3 0 2 .83 82.30 12 .700 3.82

11.80  . 2.83 82.20 12 .750 3 .7 0
16.80 2.85 82.20 12 .600 3 .1 0
21.80 2 .9 0 85 .0 0 12 .750 2.81
26.80 2 .9 0 83 .5 0 12.875 2.18
23 .317 3 .3 0 108 .50 16 .750 2 .7 0
28.51 3 .27 9 9 .5 0 15 .425 2 .4 0
33 .317 3 .07 93 .2 5 14 .500 2.20
38.31 2.95 90 .5 0 14 .075 2.18
4 8 .317 2 .9 0 8 7 .5 0 13 .175 2.10



c.  Temperatures

a ) r  = 0,0m

z Tem perature

(ram) (°c)

0 .0 0  660 .0
0.12  720.0
0 .25  750.0
0 .58  755.0
0 .50  752.0
0 .7 5  755.0
1.00  757.0
1 .5 0  750 .0
2 .00  750 .0
2.50  750.0
5 .00  760.0
5 .5 0  765 .0
4 .0 0  772.0
4 .5 0  780 .0
5 .00  790 .0
5 .5 0  800 .0
6 .00  8 I 5 .O
6 .5 0  825 .0
7 .0 0  . 840 .0
7 .50  855 .0
8 .0 0  ' ■ 865 .0
9 .0 0  900 .0

10 .00 930 .0
11 .00  970 .0
12.00  1010.0
12.50 1025.0
15.00  . 1045.0
13 .50 1070.0
14 .00 1090.0



z Tem perature

(mm) (°C)

b ) r  = 0 . 0 0 2 5 m

0 .0 0  655 .0
0 .1 3  690 .0
0 .2 5  610 .0
0 . 3 8  710 .0
0 .5 0  700 .0
0 .7 5  690 .0
1 .0 0  680 .0
1 .5 0  657 .0
2 .00  635 .0
2 .50  615 .0
3 .00  605 .0
5 .5 0  595 .0
4 .0 0  587 .0
4 .5 0  583.0
5 .0 0  578 .0
5 .5 0  578 .0
6 .0 0  574.0
6 .5 0  570 .0
7 .0 0  570 .0
8.00  . 580.0
9 .0 0  580.0

10 .00  •- 585 .0
12 .00  590 .0
14 .00  603 .0
16 .00  610 .0
18 .00  615 .0
2 0 .0 0  615 .0
22 .00  600 .0
24 .00  ■ 590 .0
26 .00  570 .0



c ) r* 0 . 0 0 5 m

z Tem perature

(mm) (°C)

0 .0 0 610 .0
0 .1 5 657 .0
0 .2 5 655 .0
0 .5 8 650 .0
0 .5 0 61 0 .0
0 .7 5 610 .0
1.00 587 .0
1 .50 5 4 3 .0
2 .0 0 500 .0
2 .50 47 0 .0
5 .00 43 5 .0
3 .50 41 5 .0
4 .0 0 590 .0
4 .5 0 377 .0
5 .0 0 365 .0
5 .50 352 .0
6 .00 345 .0
7 .0 0  - 325 .0
8 .00 320 .0
9 .0 0 310 .0

10.00 305 .0
12 .00 290 .0
14 .00 275 .0
16 .00 250 .0
18.00 230:0
20 .00 225 .0
25 .00 170 .0



d ) r = 0 .0 0 7 5 m

z T em p era tu re

(mm) (°C )

0 .0 0  420.0
0:13  545 .0
0 .2 5  520 .0
0 .3 8  505.0
0 .5 0  495 .0
0 .7 5  470 .0
1 .00  445 .0
1 .50 387.0
2.00  357.0
2 .5 0  295 .0
3 .00 255 .0
3 .50 225 .0
4 .0 0  200.0
4 .50  182 .0
5 .0 0  168 .0
5 .50  155.0
6 .0 0  142.0
6 .50  135.0
7 .00  129.0
8.00  120.0
9 .0 0  97 .0

10.00 . 7 7 .5
12.00 67 .0
14.00 54 .0
16.00 48 .0
18.00 44 .0
20 .00 35 .0
25.00 25 .0

- 5 7 0 -



e)r»0 ,01ra

f ) r - Û . 015m

z Tem perature

(mm) ( ° C )

0 .0 0 40 7 .0
0 .1 3 45 5 .0
0 .2 5 46 0 .0
0 .5 0 44 5 .0
0 . 7 5 427 .0
1 .0 0 400 .0
1 .50 550 .0
2 .0 0 300 .0
2 .5 0 255 .0
4 . 0 0 217 .0
4 . 5 0 180 .0
5 .0 0 150 .0
5 .5 0 125.0
6 .0 0 110.0
6 .50 9 5 .0
8 .0 0 82 .5
9 .0 0 7 5 .0

10 .00 57 .0
12 .00 5 2 .0
14 .00 4 7 .0
16 .00 4 2 .0
18.00 9 9 .0
20 .00 3 6 .0
25 .00 54 .0

0 . 0 0  ■ ' 345 .0
0 .5 0 360.0
1 .00 327 .0
1 .50 285 .0
2 .0 0 240 .0
2 .50 197 .0
3 .00 150 .0
5 .5 0 110 .0
4 .0 0 8 0 .0
4 .0 0 6 0 .0
5 .00 4 7 .0
6 .0 0 38 .0
7 .0 0 54 .0
8 .0 0 32 .0
9 .0 0 31 .0

10 .00 32 .0
15 .00 32 .0
20 .00 32 .0
25 .00 32 .0



Temperature 

o

g)r=0.02m

h)r= 0 . 05m

(mm) ( C)

0 . 0 0 545.0
Ü.50 410 .0
0 . 2 5 410 .0
1 .0 0 590.0
1 .5 0 550 .0
2 .0 0 295 .0
2 .5 0 240.0
3 ,0 0 195 .0
5 .5 0 152.0
4 .0 0  ' 115.0
4 .5 0 80 .0
5 .0 0 65 .0
5 .5 0 55 .0
6 .0 0 45 .0
6 .5 0 4 1 .0
7 .0 0 59 .5
7 .5 0 38 .0
8 .0 0 38 .0

1 0 .0 0 38.0
15 .00 38 .0
20 .00 38 .0
25 .00 38 .0

0 . 0 0 160.0
0 . 5 0 195.0
0 . 2 5  • 192 .0
0 . 1 8 182.0
0 .0 6 8 175.0
0 .7 5 ■ 196.0
1 .00 195.0
1 .5 0 186.0
2 .0 0 177 .0
2 .5 0 165.0
3 .00 152.0
5 .50 134.0
4 .0 0 115.0
4 .5 0 9 8 .0
5 .0 0 7 8 .0
5 .5 0 6 7 .0
6 .0 0 56 .0
6 .59 ' 50 .0
7 .0 0 44 .0
7 .5 0 4 0 .0
8 .0 0 57 .5
9 .0 0 36 .0

10 .00 54.0
12 .00 55 .0
20 .00 55 .0
25 .00 55 .00

-.rr/2-



i ) r = 0 . 0 4 m

z Temperature

(mm) (°C)

0 .00  160.0
Ü.50 190 .0
0 .2 5  185,0

' 0 . 5 8  187 .0
0 .7 5  195 .0
1 .00  190 .0
1 .50  187 .0
2 .00  I 8 3 .O
2 .50  175 .0
3 .00  170 .0
5 .50  , 157 .0
4 .0 0  150 .0
4 .5 0  135 .0
5 .00  122 .0
5 .50  112 .0
6 .0 0  9 7 .0
6 .5 0  8 5 .0
1 . 0 0  7 4 .0
7 .5 0  6 5 .0
8 .0 0  57 .0
8 .6 0  55 .0
9 .0 0  50 .0

10 .00  4 5 .0
1 2 .0 0  " 4 2 .0
15 . 0 0 . . 4 0 .0
20 .00  39 .0

,*473-



z Tem perature

(mm) (°C)'

j ) r » 0 , 0 5 m & e«-0o

0 . 0 0  120 .0
0 .5 0  140 .0
1 .00  142 .0
•1 .50  142 .0
2 .00  140 .0
2 .50  137 .0
3 .00  152 .0
3 .50  127 .0
4 .0 0  125 .0

' 4 .5 0  117 .0
5 .00  114 .0
5 .50  110 .0
6.00  100.0
6 .50  9 0 .0
7 .0 0  83 .0
7 .5 0  77 .0
8 .0 0  72 .0
8 .5 0  65 .0
9 .0 0  60 .0
9 . 5 0  59 .0

10 .00  52 .0
11 .00  51 .0
12 .00  4 4 .0
13.00  • 42 .5
15 .00  4 0 .0
17 .00  39 .0
25 .0 0  39 .0

j ) r » 0 . 05m & 0 = 60*

l'Oo . 152.0
1-50 155.0
2 ' 0 0  150 .0!g:S
3 -50  141 .0
4 .0 0
4 .5 0
5 .0 0
5 .5 0
6.00
6 .50  
7 .0 0
7 .5 0

9 .0 0

13 .0 0
15 .00

137.0
130 .0
121.0
115 .0
110 .0
102 .0

9 2 .0
84 .0

8.60 76.0
8 .5 0  7 2 .0

65 .0
62.0

9 -50  0

1 2 .00  4 5 .0
4 2 .0
39 .0



k )r= 0 . 0 6 ra

1 jr=0.07m

z Tem perature

(mm) (°c)

0 .0 0  98 .0
0 .5 0  112.0
1 .0 0  115.0
1.50  112 .0
2 .00  111 .0
2 .50  111 .0
5 .00  110 .0
3 .50  169 .0
4 .0 0  105 .0
4 .5 0  102 .0
5 .00  9 7 .0
5 .50  9 2 .0
6 .00  8 9 .0
7 .00  83 .0
8.00  77.0
9 .00  66 .0

10 .00  60 .0
1 1 . 0 0  5 4 . 0
12.00  4 9 .0
13 .00 4 3 .5
14.00  4 2 .0
15.00  4 0 .0
20 .00  38 .5
25 .00  . 37 .0

0 .0 0  80 .0
0 .5 0  105 .0
0 .2 5  100 .0
1 .00  105 .0
0 .7 5  108 .0
1 .50  ■ 105 .0
2 .00  105 .0
2 .50  105 .0
3 .00  105 .0
3.50  102 .0
4.00  98.0
4 .5 0  96 .0
5 .00  92 .0
6 .0 0  9 1 .0
7 .0 0  85 .0
8 .00  79 .0
9 .00  77 .0

10 .00  6 7 .0
12.00 56 .0
14 .00  4 7 .0
16 .00  4 2 .0
18 .00  38 .0
20.00  37.0
22.00  35 .0
24 .00  35 .0



Tem perature

m)r=0.08m

n ) r a 0 . 09m

(mm) l°C)

0 . 0 0  8 5 . 0
0 . 5 0  9 2 . 0
1 .0 0  9 3 .5
1 . 5 0  9 2 . 0
2 .00  9 2 .0
2 .50  9 1 .0
5 .00  9 1 .0
3.50  9 0 .7
4 .0 0  8 9 .5
4 .5 0  8 8 .0
5 .00  8 6 .0
6 . 0 0  8 3 . 0
7 .00  8 0 .5
8 .0 0  7 6 .0
9 .00  7 1 .5

1 0 .0 0  6 7 . 5
11.00 66 .0
13.00  5 7 .0
1 5 .0 0  5 3 . 0
20 .00  4 1 .0
2 2 .5 0  3 8 . 0

0.00 70.0
0 .50  • 8 6 .0
1.00 9 1 . 0
1.50 89.0
2 .0 0  8 8 .0
2.50 87.0
3 .00  8 7 .0
4.00 86.5
5 .00  • 8 4 .0
6 . 0 0  84.0
7.00 80.0
8.00 77.0
9 . 0 0  71.0

10 .00  68.0
12.00 63.0
14.00 53.0
16.00 46.0
18.00 42.0
20.00 38.0
25.00 37.0



o)r=U.10m

p ; r - 0.11

z Tem perature

(mm; (°c)

O.UO 8 7 . 0
0 .5 0  86 .0
1 .00  86 .5
1 .50  86 .0
2 .0 0  85 .5
2 .50  8 6 .0
5 .00  85 .0
3 .50  84 .0
4 .0 0  83 .0
4 .5 0  82.0
5 . 0 0  8 2 . 0
6 . 0 0  8 1 . 0
7 .0 0  , 7 9 .0
8 .00  76 .0
9 .0 0  75 .0

l u . 00 7 2 .0
12 .00  67 .0
14 .00  61 .0
15 .00  55 .0
1 8 . 0 0  4 9 . 0
20 .00  4 6 .0
22 .00  4 3 .0

0 .00  * 85. ,  0
0 .5 0 . .  . 86.0
1.üO 86 .0
1.50 85.0
2.00 85.0
2 .50  8 4 .0
3.00 83.0
3.50 82 .5
4 .0 0  • 8 1 . 5
5.00 81 .5
6.00 82 .0
7.00 80 .0
8 .0 0  78.0
9.00 76.0

10.00 75.0
11.00 72.0
12.00  68.0
13.00 65.0
15.00 62.0
17 .00  57 .0
19.00 51;u
21.00 48.0
23.00 44 ,0



'Temperature

q)r=0.12m

r ) r = 0 . 1 3m

(mm) (°C)

O.UO 7 8 .0
0 .5 0  8 0 .0
1 .00  8 1 .0
1 .50  7 9 .0
2.00  78.0
2 .50  7 7 .0
3 .0 0  7 7 .0
4 .0 0  77 .0
5 .0 0  77 .0
6.00  76.0
7 .0 0  75 .0
8 .0 0  74 .0
9.00  72.0

10 .00  69 .0
11.00 66.0
12 .00  64 .0
15 .00  57.0
20 .00  4 7 .0
22 .50  4 4 .0

0 .0 0  58 .5
0 .5 0  ■ ■ 63 .5
1 .00  65 .0
1 .50  66 .5
2.00  66.0
2 .50  66 .0
3 .00  65 .5
5.50 • 65 .5
4 .0 0  65 .0
5 .00  64 .7
6 .0 0  63 .5
7 .00  63 .0
8 .00  61 .0
9 .0 0  60 .0

10.00  ' 59.0
12.00  56 .5
14 .00  54 .0
16 .00  50 .0
18 .00  46 .0
20 .00  42 .0
22 .00  39 .0
23 .00  38 .0



Appendix 6

T u r b u le n t  C h e m ic a l ly  R e a c t in g  

Im p in g in g  Flow

Hie o b j e c t i v e  o f  t h e  e x p e r im e n ta l  work d e t a i l e d  i n  t h i s  

a p p e n d ix ,  was to  map t h e  v a r i a t i o n  o f  th e  t im e  a v e ra g e d  v e l o c i t y  , 

s p e c i e s  c o n c e n t r a t i o n  and t e m p e r a tu r e  w i t h i n  a  s p e c i f i e d  im pingem ent 

f lo w .  The r e s u l t s  o b t a i n e d  a r e  u se d  to  f i r s t l y  e s t i m a t e  t h e  v a r i a t i o n  

o f  t ie  t im e  a v e ra g e d  t r a n s f e r  p r o c e s s e s ;  and s e c o n d ly  t o  v a l i d a t e  a  

t h e o r e t i c a l  model o f  t h i s  f lo w  e l s e w h e re  i n  t h e  t h e s i s .

The equ ipm en t  u sed  to  o ro d u ce  and c o n t a i n  th e  im pingem ent f lo w  

i s  d e t a i l e d  i n  s e c t i o n  1. 'Hie d e v ic e s  employed to  m easu re  th e  

t im e  a v e r a g e d  v e l o c i t y ,  s p e c i e s  c o n c e n t r a t i o n  and t e m p e r a t u r e  a r e  

d e t a i l e d  i n  s e c t i o n  2 . The e x p e r im e n ta l  p r o c e d u r e s  r e s u l t s  and 

d a t a  a r e  p r e s e n t e d  in  s e c t i o n s  t h r e e  to  f i v e .

Ô.1 Equipment

The s t u d i e d  f low  was p roduced  by im p in g in g  an  a i r  j e t  n o r m a l ly  

o n to  a  p o r o u s  s u r f a c e ,  th ro u g t i  w hich  N a tu ra l  Gas p a s s e d  a t  a  u n i fo rm  

r a t e .  H ie e x p e r im e n t  l a y o u t  i s  d e t a i l e d  i n  f i g u r e  o-l. N a tu r a l  Gas 

was fou n d  to  c o n ta in  M ethane, N i t r o g e n  and Oxygen i n  t h e  f o l l o w i n g  

g r a v i m e t r i c  c o m p o s i t io n  0 .81  , 0 . 1 5  and 0 . 0 3 . I n  c e r t a i n ,  

p o r t i o n s  o f  t h e  f low  t h e r e  was an  in c o m p le te  c h e m ic a l  r e a c t i o n  

b e tw e en  M ethane CH^, Oxygen 0^ and  Carbon m onoxide CO t h a t  p ro d u ced  

Carbon D io x id e  CO  ̂ and W ate r  7 a p o u r  H^O -  a s  shown i n  e q u a t i o n  6 . 1 .

a  Ch. + b 0 .  + c CO + d CO. + e H_0 + f  N_4 2 2 2 2 6 . ,

g  CH^ + h  Og + i  CO + j  COg + k HgO + j  N^.

In  t h i s  e q u a t i o n  a  to  k r e p r e s e n t  th e  v a r i o u s  w e ig h t s  o f  s p e c i e s  

i n v o lv e d  i n  t h e  r e a c t i o n .  I t  h a s  b e e n  assum ed t h a t  N i trogen^N ^  , 

d id  n o t  t a k e  p a r t  i n  th e  r e a c t i o n .
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The p o r o u s  s u r f a c e  was p a r t  o f  a c y l i n d r i c a l  b u r n e r  d e t a i l e d  

i n  f i g u r e  2. 'Ihe c o n s t r u c t i o n  o f  th e  b u r n e r  and n o z z l e  

a r e  d e t a i l e d  i n  s u b - s e c t i o n  a .  The b u r n e r  and  n o z z le  

w ere  c o n ta i n e d  w i t h i n  an  e n c lo s u r e ,w h ic h  i s  shown s c h e m a t i c a l l y  i n  

f-L-gure and d e s c r i b e d  i n  s u b - s e c t i o n  b .  The p u r p o s e  o f  t ie  e n c lo s u r e  

w a s te  i s o l a t e  t h e  im p in g in g  f lo w  from d i s t u r b a n c e s  i n  t h e  a tm o sp h e re  

c o n t a i n e d  by  th e  l a b o r a t o r y .

6 .1 *  B u rn e r  and I k z z l e

Two v iew s  o f  t h e  b u r n e r  and n o z z le  a r e  p r e s e n t e d .  In  f i g u r e  

6 .2 a  a  s e c t i o n a l  s i d e  e l e v a t i o n  a lo n g  a  p la n e  aA i s  shown, and in  

f i g u r e  6 .2 b  a  p l a n  o f  t h e  b u r n e r  i s  g iv e n .

The b u r n e r  had a  d i a m e te r  o f  0.29m and d e p th  o f  0 .1  ^m. The 

p o ro u s  s t a i n l e s s  s t e e l  s u r f a c e  had an e f f e c t i v e  d i a m e t e r  o f  0 . 25m, 

was 0 .0 0 2 5  t h i c k  and had a  r a d i u s  o f  c u r v a t u r e  o f  1 .75m . The to p  

and s i d e s  o f  t h e  b u r n e r  were made from im p e r v io u s  s t e e l  s h e e t ,  and 

t h e  p o r o u s  s u r f a c e  was p o s i t i o n e d  w i th  a  r e t a i n i n g  r i n g .  These 

com ponen ts  were h e ld  t o g e t h e r  by  e i g h t  r e t a i n i n g  b o l t s ,  and a l l  j o i n t s  

w ere  s e a l e d  by  a s b e s t o s  mixed w i th  h ig h  t e m p e r a t u r e  a d h e s i v e .  A
I'

s eco n d  p o ro u s  p l a t e ,  t h i s  one made from s i n t e r e d  c o p p e r  p i e c e s  and 

0 . 0025m t h i c k ,  was l o c a t e d  0 . 045™ below  t h e  t o p  s u r f a c e  o f  th e  b u r n e r  -  

a s  shown i n  f i g u r e  6 , 2a .The j o i n t  be tw een  t h i s  p l a t e  and t h e  b u r n e r  was 

a g a in  s e a l e d  w i th  a s b e s t o s  and a d h e s iv e .  N a t u r a l  Gas e n t e r e d  th e  

c a v i t y  fo rm ed  by th e  c o p p e r  p l a t e  th ro u g h  f o u r  i n l e t  p o r t s ,  

e ach  o f  0.02m  d i a m e t e r ,  and s i t u a t e d  0 . 025m b e lo w  t h e  to p  s u r f a c e  o f  

t h e  b u r n e r .  The p u rp o se  o f  th e  c o p p e r  p o ro u s  p l a t e  was t o  m odify  th e  

N a tu r a l  Gas f lo w  i n  t h e  c a v i t y ,  so t h a t  t h e  f lo w  o u t  o f  t h e  s t a i n l e s s
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S t e e l  s u r f a c e  was un iform . The shape o f  t h i s  p l a t e  was ob ta in ed

by t r i a l , w i t h  t h e  u n i i o r m i t y  o f  th e  v e r t i c a l  v e l o c i t y  o l  m ethane

on a  p l a n e  O.OO^m be low  th e  p o ro u s  s t a i n l e s s  s t e e l  s u r f a c e

ta k e n  a s  t h e  c r i t e r i a  f o r  s u c c e s s .  'i*o o b t a i n  t h e  sam ple  v e r t i c a l

v e l o c i t y  p r o f i l e  m ethane  was purapea i n t o  th e  b u r n e r  a t  

- 5  5 - 1;>.d5 X 10 m s  and t h e  v e r t i c a l  v e l o c i t y  p r o f i l e  m easu red  

w ith  a  s u i t a b l y  p o s i t i o n e d  p i t o t  s t a t i c  tu b e .

The n o z z l e  f o r  t h e  a i r  j e t  i s  shown i n  f i g u r e  b . 2 .  I t  h ad  an 

i n t e r n a l  d i a m e t e r  o f  0.004m m. The p i p e  c o n n e c t i n g  t h e  n o z z le  

t o  t h e  n a t u r a l  g a s  s u p p ly  had th e  same i n t e r n a l  d i a m e t e r  a s  t h e  

n o z z le  and a  s t r a i g h t . l e n g t h  o f  2 .0m .

6 .1 b  E n c lo s u r e

A s i d e  e l e v a t i o n  and p l a n  v iew  o f  t h e  e n c l o s u r e  a r e  p r e s e n t e d  

i n  f i g u r e  2a  and b r e s p e c t i v e l y .  The s i d e  e l e v a t i o n  d e t a i l s  t h e  

i n t e r n a l  c o n s t r u c t i o n  o f  th e  e n c l o s u r e  a l o n g  t h e  p l a n e  AA i n  t h e  

p l a n  v ie w .  The to p  o f  t h e  b u r n e r  was l o c a t e d  i n  a  h o r i z o n t a l  p la n e  

1.5™ above  t h e  e n t r a n c e  t o  t h e  e n c l o s u r e .  The n o z z l e  had  i t ' s  e x i t  

0.04m  below t h e  p o ro u s  s t a i n l e s s  s t e e l  s u r f a c e  o f  t h e  

b u r n e r ‘w i t h  t h e  v e r t i c a l  c e n t e r  l i n e s  o f  t h e  n o z z l e ,  b u r n e r  and 

e n c l o s u r e  c o i n c i d e n t .

A i r  f lo w e d  th ro u g h  t h e  e n c l o s u r e  when th e  n a t u r a l  g a s  and oxygen w ere  

i g n i t e d ,  b e c a u s e  o f  buoyancy  e f f e c t s  from  t h e  h o t  p r o d u c t s  o f  t h e  c h e m ic a l  

r e a c t i o n .  The v o l u m e t r i c  f l o w r a t e  o f  t h i s  f lo w  was r e g u l a t e d  by  a 

B u t t e r f l y  v a l v e  a t  t h e  e x i t  o f  th e  e n c l o s u r e .  A i r ,  from  t h e  a tm o sp h e re  

was drawn i n  a t  t h e  b o t to m  o f  t h e  e n c l o s u r e  th r o u g h  a  s e c t i o n  

o f  honeycombed wax p a p e r .  T h is  s e c t i o n  was 0 .4m  deep  by  1.5m i n  

d i a m e te r ,  and was made from 0 . 025m s q u a r e  wax p a p e r  a s  d e t a i l e d  i n  

f i g u r e  5. The p u rp o s e  o f  t h i s  s e c t i o n  was to  s t r a i g h t e n  and remove any
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b u lk  r o t a t i o n  o f  th e  e n t r a n t  a i r .  T e s ta  conduc ted  to  a s s e s s  

th e  symmetry ab o u t  th e  c e n t e r  l i n e  YÏ i n  f ig u re (» ' .3 o f  t h e  f lo w  

in  th e  e n c lo s u r e  form p a r t  o f  t h e  e x p e r im e n ta l  p r o c e d u r e ,  and a r e  

d e s c r i b e d  i n  s e c t i o n  3»

6.2 M easu r in g  D ev ices

'The p ro b e s  and equ ipm ent usfed i n  m e a s u r in g  th e  t im e  

a v e ra g e d  v e l o c i t y ,  s p e c i e s  c o n c e n t r a t i o n s  and t e m p e r a t u r e - w i th i n  th e  

s p e c i f i e d  f low  a r e  d e s c r i b e d  i n  s u b - s e c t i o n s  a ,  b and c r e s p e c t i v e l y .  

The mechanism used  to  m a n ip u la te  and p o s i t i o n  th e  p ro b e s  i s  d e t a i l e d  

i n  s u b - s e c t i o n  d,

6 .2 a  V e lo c i ty

The r a d i a l  and v e r t i c a l  components o f  t h e  t im e  a v e ra g e d  v e l o c i t y  

were m easured  w i th  t h e  p i t o t  s t a t i c  tu b e  and e l e c t r o n i c  manometer 

d e s c r ib e d  i n  a p p en d ix  4 . '

6 .2 b  S p e c ie s  C o n c e n t r a t io n s

The t im e a v e ra g e d  p a r t i a l  p r e s s u r e s ,  and hence  c o n c e n t r a t i o n s ,  

were m easured  w ith  th e  mass s p e c t r o m e te r  d e s c r i b e d  i n  

a p p e n d ix  4 .  i h e  f o l l o w i n g  b m p i r i c a l  r e l a t i o n s h i p s ,  s u p p l i e d  

by th e  m a n u f a c tu r e r ,  w ere used  to  c o n v e r t  t h e  o u tp u t  c u r r e n t

from th e  s p e c t r o m e te r  I  i n t o  th e  p a r t i a l  p r e s s u r e s  o f  th e  

c o n s t i t u e n t  g a s e s  i n  each  ►sample;

PcH, * 1-1655 ( 1 , 5 ) == 1^

59

^18 ^ 10^

55
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In  t h e s e  ' r e l a t i o n s h i p s  p r e p r e s e n t s  p a r t i a l  p r e s s u r e  and th e  

a s s o c i a t e d  s u b - s c r i p t  d e f i n e  th e  gas  b e in g  c o n s id e r e d ,  Ih e  

n u m e r ic a l  s u b - s c r i p t s  a s s o c i a t e d  w i th  I  r e p r e s e n t  th e  m o le c u la r  

w e ig h t  a t  which the  s i g n a l  was r e c o r d e d .  The g r a v i m e t r i c  concen

t r a t i o n  o f  th e  c o n s t i t u e n t s  a r e  d e r iv e d  from th e  c a l c u l a t e d  p a r t i a l  

p r e s s u r e s  w i th  Gibbs and D a l to n s  Law.

Ih e  p robe  used  to  c o l l e c t  th e  gas  sam ple  f o r  th e  mass 

s p e c t r o m e te r  i s  shown i n  f i g u r e  6.6 . The sa m p l in g  tu b e  was o f  s t a i n l e s s  

s t e e l j  and had i n t e r n a l  and e x t e r n a l  d ia m e te r s  o f  0 .0 0 2  and 0.0025m

r e s p e c t i v e l y .  A s t a i n l e s s  s t e e l  w i r e  f i l t e r  was s i t u a t e d  i n  th e  

s a m p l in g  tu b e  f o r  t h e  p u rp o se  o f  rem ov ing  s o o t  p a r t i c l e s  from the-.

sam p le .  A w a te r  j a c k e t , w i t h  th e  d im e n s io n s  s p e c i f i e d  i n  f i g u r e  6 .7  

surrounded th e  sam pling tu b e . W ater m a in ta in ed  a t  an i n l e t  tem perature  

o f  16^C and v o lu m e tr ic  f lo w ra te  I . I O 5  x 10“ ^cm^/sec was c ir c u la te d  

through the  ja c k e t ;  th is  s u f f i c i e n t l y  cooled th e  sampled gas to  

sto p  chem ical re a c t io n  w ith in  ap p ro x im ate ly  CMX)5m o f  i t  e n te r in g  the  

sam pling  tu b e .
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a b i l i t y  o f  the sam pling probe to stop  ohemical r ea c tio n  

w ith in  the prescribes) d is ta n ce  o f  0 . 005m was v e r if ie d  in  the fo llo w in g  

manner. A tw ice f u l l  s iz e  s c a le  model o f  th e probe, but w ith  a 

g la s s  sam pling tube was b u i l t ,  and i s  sch em a tica lly  d e ta ile d  in  

figure(>.7. An in sp ec tio n  notch in  the water ja ck et enabled the f i r s t  

0 . 0075® o f  the sam pling tube to be v is u a lly  in sp ec ted . Ihe products 

from various chem ica lly  r e a c tin g  Natural Gas fr e e  j e t s  were sampled 

w ith the model probe. Ihe n ozzle  used to produce the fr e e  j e t  was 

0 . 05m diam eter, and the volum etric flow  ra te  o f  Natural Gas supp lied  

varied  between I .9 6 4  x 10T* and 9.019 x 10“ ^m^s“ \  In each t e s t  

the model probe was p o sitio n ed  a t  the edge o f  t  he ch em ica lly  r e a c tin g  

j e t  0 . 10m below the n ozzle  -  as shown in  figure<^8 . Ihe m ixture was 

sampled a t  tw ice th e volum etric flow  r a te  o f  the m ass-spectrom eter  

probe, and the ! . . temperature and flow rate  o f  co o lin g  w ater were 

set; 4 and m aintained a t  15°C and I . IO5 x 10” ^cm^s~^ r e s p e c t iv e ly .

V isual in sp e c tio n  o f  the g la s s  sam pling tube in  each t e s t  showed 

th at chem ical rea c tio n  w ith in  the sample had stopped 0 . 005m a f te r  

e n ter in g  the probe.

6 , 2c T em pera tu re

'Ihe t e m p e r a t u r e  o f  t h e  m ix t u r e  w as m e a s u r e d  w i t h  a  s h i e l d e d  

t h e r m o - c o u p le  t h a t  c o n fo r m e d  t o  t h e  d im e n s io n s  sh ow n  i n  f i g u r e 69*

I h e  t h e r m o - c o u p le  w a s m ade fr o m  2^)m  d ia m e t e r  N i c k e l  Chrom ium  a n d  N i c k e l  

/H u m in iu m  w i r e s  c o s t e d  i n  s i l t c o < r \ .  T h e s e - w i r e s  h a v e  b e e n - e l e c t r o n i c a l l y  

w e ld e d ,  w h i l s t  su b m e r g e d  i n  a n  a r g o n  a t m o s p h e r e ,  i n  t h e  s h a p e  o f  

a  h a i r p i n .  T h is  c o n f i g u r a t i o n  an d  s i z e  o f  t h e r m o c o u p le  h a s  b e e n  

recom m en d ed  b y  S m ith  an d  G ardon  -  i n  a n  e x p e r i m e n t a l  i n v e s t i g a t i o n  

c o n c e r n i n g  t e m p e r a t u r e  m e a su r e m e n t  w i t h  t h e r m o - c o u p le s  i n  a  M e th a n e  

d i f f u s i o n  f l a m e ,  I h e  t h e r m o - c o u p le  w i r e s  w e r e  s h i e l d e d  fr o m  i n d i r e c t

-
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r a d i a t i o n  by b e in g  c o n ta in e d  w i t h i n  an open ended c y l i n d e r .  The 

d im e n s io n s  o f  t h i s  c y l i n d e r  have b e e n  d e r i v e d  from c r i t e r i a  p o s t u l a t e d  

by M o ffa t  ‘ . Ihe  c y l i n d e r  had an  i n t e r n a l  d ia m e te r  o f  0 .0 3  ' m 

by 0 ,01  ' m lo n g ;  and had f o u r  0 .0 0 b  m d ia m e te r  h o l e s  d r i l l e d ,  

a t  th e  b a s e .

d Probe Movement Mechanism

Ihe in te n t  o f  th is  su b -seo tio n  i s  to  d e t a i l  the op eration  

and co n stru c tio n  o f  the mechanism used to  p o s it io n  and m anipulate 

the m easuring probes. Ihe mechofiism i s  shown sch em a tica lly  in  

figureW O . The purpose o f  t h is  mechanism i s  to  p o s it io n  each  

probe a t  a s p e c if ie d  rad ius r  in  the flow , w ith i t ' s  se n sin g  head 

a t a prescribed  angle 6 and h e ig h t z from the porous su rfa ce  -  

as shown in  figureO.1.1.

The mechanism was l o c a t e d  i n  th e  e n c lo s u r e  w ith  i t ' s  c e n t e r  l i n e  

AA, a s  s p e c i f i e d  i n  f i g u r e d 0 , l o c a t e d  a t  t h e  i n t e r s e c t i o n  o f :

a )  t h e  h o r i z o n t a l  p la n e  0 .5 »  above .th e  burners porous 

surface

and b )  a  v e r t i c a l  p la n e  0 .8m fromjand p a r a lle l  to the cen ter  

l in e  aSk shown in  "the plan view o f  th e  en closu re

The s q u a re  c r o s s  s e c t i o n e d  support beam o f  t h e  mechanism ra n

th ro u g h  s u i t a b l y  shaped  jo u r n a l  b e a r i n g s ,  which were s u p p o r te d  by 

t h e  e n c lo s u r e .  Ih e  p robe  was p o s i t i o n e d  a t  a  p a r tic u la r  rad iu s by 

s l i d i n g  t h e  movement mechanism and s u p p o r t  beam be tw een  th e  b e a r i n g s .

The m ovem en t m e c h a n ism  w a s u s e d  t o  p o s i t i o n  t h e  p r o b e  a t  a
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s p e c i f i e d  a n g l e  an d  h e i g h t  w i t h  r e s p e c t  t o  t h e  p o r o u s  s u r f a c e .

The c o n s t r u c t i o n  o f  t h e  m e c h a n ism  i s  f i r s t  d e s c r i b e d ,  an d  t h e n  t h e  

t e c h n i q u e  u s e d  to  p o s i t i o n  t h e  p r o b e  d e t a i l e d .

The m a jo r  c o m p o n e n t o f  t h e  m e c h a n ism  i s  a  f i v e  t o  o n e  r e d u c t i o n  

g e a r  b o x .  I t ’ s  i n p u t  s h a f t  e x t e n d e d  t h r o u ^  t h e  s u p p o r t  b ea m , an d  

a t  i t ’ s  en d  w as c o n n e c t e d  t o  a  p o i n t e r  an d  h a n d l e  p o s i t i o n e d  a g a i n s t  

a  s c a l e  w h ic h  w a s m a rk ed  o u t  i n  d e g r e e s .  T he o u t p u t  s h a f t  o f  t h e  

g e a r b o x  c o n n e c t e d  t o  a  f a c e p l a t e  a n d  p i n i o n .  The f a c e p l a t e  fo r m e d  

a  t i g h t  f i t t i n g  j o u r n a l  b e a r i n g  w i t h  t h e  s h a f t  .  ■ T f ie  p i n i o n  w a s

k e y e d  o n  t o  thje s h o p k .  ' ' sh ow n  i n  f i g u r e W 2 .  T h e p i n i o n  w as

c o n n e c t e d  t o  a  r a c k  w i t h  30 t e e t h / i n c h  The r o c k , wan p o s i t i o n e d  irv the 

v e r l i c a i  p l a n e ,  and ' t h e  p r o b e s  . ' v ? e r e  m o u n ted  or? it . A c lu tc h

w a s u s e d  t o  l o c k  t h e  f a c e p l a t e  i n  a  f i x e d  p o s  i t i o n  The c l u t c h  

i s  sh ow n  In  f i g u r e 6.10 ; an d  i n  m ore d e t a i l  i n  f ig u r e d ! )  5* T h e c l u t c h  

i s  a  s t e e l  b l o c k ,  w i t h  t h e f a c e p l a t e  p o s i t i o n e d  i n  a  s p e c i f i e d  s l o t .

Ihtf c o p p e r  p u s h  r o d  c a n  l o c k  t h e  f a c e p l a t e  a g a i n s t  o n e  s i d e  o f  t h e

s l o t - a s  sh o w n  i n  f i g u r e 6,13b .  The p o s i t i o n  o f  t h e  p u sh  r o d  w as  

c o n t r o l l e d  fro m  o u t s i d e  t h e  e n c l o s u r e  b y  r o t a t i n g  a n  e c c e n t r i c  o n  

t h e  en d  o f  a  c o n t r o l  s h a f t .

T he f o l l o w i n g  p r o c e d u r e  w as u s e d  t o  p o s i t i o n  e a c h  p r o b e  w i t h  

t h i s  m e c h a n is m . F i r s t l y ,  e a c h  p r o b e s  c e n t e r  l i n e ,  a a  i n  f i g u r e 6*1 1 , w os 

pc . t t i .  poraLleL t o  t h e  t a n g e n t  o f  t h e  p o r o u s  s t a i n l e s s  s t e e l  s u r f a c e  

a t  t h e  r a d i u s  r  b e i n g  s t u d i e d .  T h i s  a n g l e  i s  d e s i g n a t e d  0  i n  f i g u r e  G* 

1 1 , t h e  p r o c e d u r e  f o r  s e t t i n g  t h e  p r o b e s  c e n t e r  l i n e  a a  a t  a n  

a n g l e  9 t o  t h e  h o r i z o n t a l  w a s a s  f o l l o w s .  W ith  t h e  c l u t c h  r e l e a s e d  

t h e  i n p u t  s h a f t  w a s  r o t a t e d  t h r o u ^  f i v e  t i m e s  t h e  a n g l e  8 .  T h e  

f a c e p l a t e  w a s t h e n  l o c k e d  i n  p o s i t i o n  b y  e n g a g i n g  t h e  c l u t c h .

—̂ 3 -^  —
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F u r th e r  r o t a t i o n  o f  t i e  g e a rb o x e s  i n p u t  s h a f t  r e s u l t e d  i n  th e  p in io n  

t u r n i n g ,  and hence  movement o f  t h e  r a c k  and p robe  norm al to  th e  porous 

s u r f a c e .

6 . 3 P ro ced u re

T hroughout t h i s  e x p e r im e n t  t h e  v o l u m e t r i c  r a t e s  o f  n a t u r a l

— 2ga s  and a i r  to  th e  b u r n e r  and n o z z le  were m a in ta in e d  a t  5*b5 x 10” 

and 3.1 x 10’’^m^s“ \  The n a t u r a l  g a s  c om prised  o f  M ethane, Oxygen 

and N i t ro g e n  i n  th e  f o l l o w i n g  g r a v i m e t r i c  c o n c e n t r a t i o n s  0 .31  

0 .0 3  and 0 . 1 5 . The v e l o c i t y ,  t e m p e r a tu r e  and c o n c e n t r a t i o n  were 

m easured  w i th  th e  a id  o f  thfi  ̂ s e n s o r s  and d e v ic e s  described in  

s e c t i o n  2 .

The ex p e r im e n t  vras s p l i t  i n t o  two p a r t s .  F i r s t l y ,  th e  te c h n iq u e

used  to  a s s e s s  w h e th e r  tn e  c h e m ic a l ly  r e a c t i n g  and e n c lo s u r e  Flows

■were s j .T m e tr ic a l  a b o u t  c e n t e r  l i n e  YY o f  th e  e n c lo s u r e  and b u r n e r

in  f i n u r e  6 . 3 ,13  d e t a i l e d  i n  s u b - s e c t i o n  3^» s e c o n d ly ,  t h e  p ro c e d u re

used  to  map t im e a v e ra g e a  v e l o c i t y  , s p e c i e s  c o n c e n t r a t i o n  and .

te m p e ra tu re  a lo n g  v a r i o u s  l i n e s  norm al to  th e  p o ro u s  s u r f a c e ,  b u t

i n  th e  same r a d i a l  p l a n e ,  i s  p r e s e n t e d  i n  s u b - s e c t i o n  b .

6 . 3a Symmetry

A ll  su a m e try  t e s t s  were c o n d u c te d  w i th  th e  v o l u m e t r i c  flowrate,-- 

o f  n a t u r a l  gas  and a i r  s e t  and m a in ta in e d  a t  th e  v a lu e s  d e s c r i b e d ,  

and th e  im p in g in g  f low  i g n i t e d .

The f o l lo w in g  p ro c e d u r e  was u s e d  to  check  t h a t  t h e  f lo w  th ro u g h  

th e  e n c lo s u r e  was* s y m m e tr ic a l  a b o u t  t h e  v e r t i c a l  c e n t e r  l i n e  YY in  

f i g u r e  6 .3  The t e m p e ra tu re  and v e r t i c a l  v e l o c i t y  w ere m easured a lo n g  

t h r e e  r a d i , s e p a r a t e d  by  a n g l e s  o f  120° and s i t u a t e d  i n  a h o r i z o n t a l  

p la n e  0 . 13m below  th e  lo w e s t  p o i n t  o f  t h e  b u r n e r s  po rous  s u r f a c e .

The f l c ?  was c o n s id e r e d  s y m m e tr ic a l  when th e  same p r o p e r t i e s  a t  t i e  

same r a d i i  d i f f e r e d  by l e s s  t h a n  t e n  p e r c e n t .  Specimen



r e s u l t s  a r e  p r e s e n t e d  i n  f i g u r e  6 , 1 4  t h e  a s s o c i a t e d  d a t a  i s  d e t a i l e d  

i n  s e c t i o n  5

The sym m etry  op t h e  im p in g in g  f lo w  a b o u t  t h e  v e r t i c a l  a x i s  YY 

o f  t h e  rig" was a s s e s s e d  i n  t h e  f o l l o w i n g  m anner .  'Ihe r a d i a l  v e l o c i t y ,  

s p e c i e s  c o n c e n t r a t i o n  and  t e m p e r a t u r e  were m easu red  a t  s e v e r a l  p o i n t s  

a lo n g  two c r o s s - s t r e a m  s e c t i o n s  a t  a  r a d i u s  o f  0 . 04m and s e p a r a t e d  

by 120 ° .  A s e t  o f  s u c c e s s fu l  r e s u l t s  a r e  p r e s e n t e d  i n  f i g u r e  b . l o  , 

t h e  a s s o c i a t e d  e x p e r i m e n t a l  d a t a  i s  p r e s e n t e d  i n  s e c t i o n  5 , The 

f low  was c o n s id e r e d  s y m m e tr ic a l  a b o u t  th e  s p e c i f i e d  c e n t e r  l i n e  

when t h e  same p r o p e r t i e s  a t  t h e  same h e i g h t  and r a d i u s  showed o 

d i s c r e p a n c y  o f  l e s s  t h a n  t e n  p e r c e n t .  I f  i n  e i t h e r  t e s t  t h e  

exam ined f lo w  d id  n o t  m eet th e  s p e c i f i e d  t o l e r a n c i e s  f o r  sym m etry , t h e  

p o s i t i o n  and o r i e n t a t i o n  o f  t h e  b u r n e r ,  n o z z le  and r i g  w ere checked  

and w here necessan } ' r e s e t ,  and th e  + o T ^ - a ^ t e d .



6 .3 b  M apping

Hie v e l o c i t y ,  t e m p e r a tu r e  and s p e c i e s  c o n c e n t r a t i o n s  were 

m ea su red  a t  v a r i o u s  c r o s s - s t r e a m  s e c t i o n s  i n  t h e  f lo w ,  w i t h  t h e  

a i d  o f  s e n s o r s  and d e v i c e s  d e t a i l e d  i n  s e c t i o n  6 . 1 .  H ie  c r o s s - s t r e a m  

s e c t i o n s  h a v e  b e e n  s p e c i f i e d  by  t h e  r a d i a l  m easu rem en t a t  w h ich  t h e y  

i n t e r s e c t  t h e  p o ro u s  s u r f a c e  -  a s  shown i n  f i g u r e  6 . 11.

E x p e r im e n ta l  r e s u l t s  f o r  r a d i i  o f  0 . 0  t o  0.11m a r e  p r e s e n t e d  

i n  f i g u r e s  9 * 2 t o ' 9 . 1 1 i n  c h a p t e r  9# th e  a s s o c i a t e d  d a t a  i s  d e t a i l e d  

i n  s e c t i o n  5* Hie sym bols  u s e d  i n  t h e s e  f i g u r e s  a r e  d e t a i l e d  i n  

t a b l e  9 .1  i n  c h a p t e r  9*

Hie a c c u r a c y  o f  th e  p r e s e n t e d  e x p e r im e n ta l  d a t a  was ch eck ed  by 

r e p e a t i n g  t h e  e x p e r im e n t .  Hie d i s c r e p a n c y  be tw een  th e  two s e t s  

o f  'd a ta  was g r e a t e s t  a t  a  r a d i u s  o f  O.OBm. Hie m easu red  d a t a  a t

t h i s  s e c t i o n  i s  d e t a i l e d  i n  s e c t i o n  6 .4  and i s  p l o t t e d  i n  f i g u r e  28 i n

c h a p te r  n i n e ’. The sym bols  u sed  i n  t h i s  p l o t  a r e  d e t a i l e d  i n  t a b l e  9 . 1 ,

w i th  t h e  f i l l e d  i n  sym bols  r e p r e s e n t i n g  one s e t  o f  r e a d i n g s  and

th e  open sym bo ls  t h e  o t h e r  s e t .

6 . 4  D iscu ss io n

Hie e x p e r i m e n t a l  r e s u l t s  have  b e e n  r e p l o t t e d  to  show th e

v a r i a t i o n  o f  e a c h  m easu red  p r o p e r t y  o v e r  t h e  f lo w .  P l o t s  show ing

-
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th e  V a r ia tio n  o f  the tem perature, r a d ia l  v e l o c i t y  and s p e c ie s  

c o n c e n tr a t io n  o f  M ethane,Oxygen, C arb on -D iox id e , Carbon-Konoxide
Q tCĈ

and Water Vapour in  f ig u r e s  9 ,1 2  to  .19  r e s o e c t iv e ly  in  ch ap ter  9. ;

f ig u r e s  9 .I 5  to .19 the s p a t ia l  v a r ia t io n  o f  tem peratu re i s  a lso  

in c lu d e d , b e in g  d e s ig n a te d  by d o tte d  l i n e s ,  to  p rov id e  a b a s i s  on 

which to found the d is c u s s io n  o f  th e s e  r e s u l t s .  The sym bols used  

to  d e s ig n a te  the flow  p r o p e r t ie s  a re  the same a s  th o se  used

■|n c h q p fcer  ........  ihe im p in g in g  f lo w  c o n s i s t s  o f  the j e t ,

d e f le c t io n  and r a d ia l  w a ll j e t  reg im es shown in  f ig u r e  6 .1 5 .

The j e t  regim e occu p ied  the a rea  o f  f lo w  where 0 . 0 -s r  O.O^m

and 0 . 015 <^z< 0 . 04m. Measured v a r ia t io n s  o f  th e  s p e c i f ie d  tim e

averaged p r o p e r t ie s  are p resen ted  in  f ig u r e s  9 .2  to  ,0  . The tim e

averaged flo w  p a tte r n  in  the j e t  b e in g  r e -s t r u c tu r e d  by tu r b u le n t  "

tr a n s f e r  p r o c e sse s  and ra d ia n t h ea t t r a n s f e r .  T urbulent momentum

t r a n s f e r  a t  th e  fr e e  edge cau sed  en tra inm ent o f  th e  subm erging

a ir ;  which r e su lte d  in  both th e  sp rea d in g  and r e d u c tio n  in  p ercen tage

methane c o n ten t in  the j e t .  The c e n tr a l  core  o f  the j e t ,  th a t

i s  where 0 . 0  ^ r  ^O.OOIra^was la r g e ly  u n a ffe c te d  by e n tra in m e n t,

a lth ou gh  tu rb u len t t r a n s fe r  d id  reduce th e  r a d ia l  v a r ia t io n s  in  the

measured p r o p e r t ie s . I l l u s t r a t i o n s o f  th e se  changes are shown by

th e r e s u l t s  a t  r a d i i  0 .0  and 0.005®  shown in  f ig u r e s  9 .2  and .5

r e s p e c t iv e ly .  R adiant energy t r a n s f e r  from th e  c h e m ic a lly

r e a c t in g  part o f  the flow  h ea ted  th e  j e t  and subm erging a i r  to
o

an a lm ost c o n sta n t tem perature o f  100 C -  a s  shown by th e  r e s u l t s

in  f ig u r e  9 .2  and 6 .1 4  r e s p e c t iv e ly .



The d e l l e c t i o n  regim e o c c u p ie s  th e  volume wher*0 . 0 0 ^^r^O.O^ra 

and 0 . 0 0 ^ 3 ^ 0 . 02m; a : s e c t io n a l  v iew  o f  t h i s  regim e on a ra d iu s  through  

the flow  i s  shown in  f ig u r e  6 . 15 , Measured c r o ss -s tr e a m  p r o f i l e s  in  

t h i s  regim e f o r  r  = O.Q- to  0 , 0 0 ^  are  p r e sen te d  in  f ig u r e s  9 .2  to  .o .  ‘ 

The c e n tr a l core  o f  th e  j e t  regim e dom inated th a t p o r t io n  

o f  the d e f le c t io n  regim e d i r e c t ly  ben eath  i t ,  and c o n se q u en tly  the  

tem perature and s p e c ie s  c o n c e n tr a t io n  in  both  reg im es are  s im ila r  -  

as shown by th e  measured v a r ia t io n s in  th e se  p r o p e r t ie s  a t  r a d i i  

o f  0.005  and 0 , 010m in  f ig u r e s  9 . 5  and . 4 . The p o r tio n  o f  the j e t  

d e f le c te d  by im pact w ith  th e  porous s u r fa c e , cou ld  not be d e te c te d  

w ith  the m easuring d e v ic e s .  Over th e  rem ainder o f  t h i s  regim e the * 

raeas'rred flo w  p r o p e r t ie s  v a r ied  in  th e  f o l lo w in g  manner. Local 

tem p eratu res, a t  th e  same d is ta n c e  from th e  im p erv iou s s u r fa c e ,  

in crea sed  in  the downstream d ir e c t io n ,  b ecau se  o f  ra d ia jit  energy  

t r a n s fe r  from the c h e m ic a lly  r e a c t in g  p o r t io n  o f  th e  f lo w .

An i l l u s t a t i o n  o f  t h i s  v a r ia t io n  i s  p resen ted  in

the tem perature f i e l d  p lo t te d  in  f ig u r e  9 . 12 . The

p o rtio n  o f  the j e t  d e f le c te d  in  the r a d ia l  d ir e c t io n ,  in c re a se d  in brA.K 

in  w idth and speed -  a s  shown by th e  r e s u l t s  a t  r a d i i  o f  0 .0 1 ,  0 .0 1 5  

and 0.02m in  f ig u r e s  9 »^ to  .0  ; and more p a r t ic u la r ly  the map o f  the  

m ainstream v e lo c i t y  p r e sen te d  in  f ig u r e  9.15  . The p ercen tage

methane co n ten t in c r e a se d  in  th e  downstream d ir e c t io n ,  b ecau se  o f  

i t ' s  in tr o d u c tio n  th r o u ^  the porous s u r fa c e . An i l l u s t r a t i o n  o f  t h is  

v a r ia t io n  i s  shown in  f ig u r e  9 .1 4  which d e t a i l s  th e  s p a t ia l  

d is t r ib u t io n  o f  M ethane.



The r a d ia l  w a ll j e t  regim e c o n ta in s  the d e f le c t e d  p o r t io n  o f  th e  

im p in g in g  j e t ,  and i s  exposed  a t  i t ’s f r e e  edge to the flow  through  

th e  e n c lo s u r e . The regim e h as been  su b -d iv id e d  in to  th e  Combustion 

and M ixing r e g io n s  shown in  f ig u r e  6 '. 15 • tr a n s fe r

p r o c e s s e s  in  th e se  r e g io n s  a r e  d is c u ss e d  b e lo w , w ith  precedence  

b e in g  g iv e n  to  the Combustion R egion , b eca u se  th e  r a d ie n t  energy  

t r a n s fe r  from i t '  dom inated a l l  o th e r  t r a n s f e r  p r o c e ss e s  w ith in  t h is  

f lo w .

The chem ical r e a c t io n  betw een  the f u e l s .  Methane and

Carbon M onoxide, and o x id a n t Oxygen are c o n fin e d  by th e  Combustion

R egion . Over most o f  t h i s  r e g io n  th e se  r e a c t io n s  are  com plex, b e in g

dependent upon in s ta n ta n e o u s  t r a n s f e r  p r o c e s s e s ,  and r e s u l t  in  the

p ro d u ctio n  o f  Carbon D io x id e , Carbon Monoxide and M ater Vapour -

as shown by th e  r e s u l t s  p r e sen te d  in  f ig u r e s  9 . 1? to  . I 9 .

H owever,iwo zones -  or a rea s  o f  the. f lo w  -h a v e  been  id e n t i f ie d  where

th e  r e a c t io n s  s im p l i f y .I n  th e  f i r s t  zone Carbon D io x id e  i s  p red om in ately

g e n e r a te d , th a t  i s  where m__ > 0 . 0 6  -  a s  can be v e r i f i e d  by r e fe r r in g
2

to  f ig u r e  9 . 17, '  3 ie r e  are sm a ll amounts o f  unused Methane and:Oxygen in

t h i s  zo n e , but o n ly  t r a c e s  o f  Carbon Monoxide aa shown in  f i g u r e s  9 . 1 4 , . 1 5  

and . 13 r e s p e c t iv e ly .  The tem peratu re o f  th e  m ix tu re  reached a 

maximum in  the v i c i n i t y  o f  t h i s  zo n e , a s  shown in  f ig u r e  9 . 12  , 

b ecau se  o f  the energy r e le a s e d  g a in s  from th e  ch em ica l r e a c t io n s  

and r a d ia n t  h e a t t r a n s f e r .  In  th e  o th er  zone  

where m ^ ^ ^ O .lb , in  f ig u r e  9 . 18j th e  ch em ica l r e a c t io n  

r e s u l t s  in  Carbon Monoxide b e in g  p red o m in a te ly  g e n e r a te d .

There a re  la r g e  amounts o f  unused Methane and sm all



q u a n t i t i e s  o f  Oxygen, Carbon D iox id e  and M ater Vapour p r e sen t in  this 

zon e , a s  shown by the maps in  f ig u r e s  9V1 4 , . 15>•17  and .19  

r e s p e c t iv e ly .

The area  occu p ied  by the M ixing Region i s  shown in  f ig u r e  6 , 1 5 .

The g a se s  in  t h is  r e g io n  are h ea ted  by r a d ia n t en ergy  

t r a n s f e r  from the Combustion R egion to  the r e a c t io n  tem perature o f  

Methane and Oxygen. In the area  upstream  o f  the Combustion R egion, 

where O.O^i^r ^0 . 65m;the M ethane, Oxygen and N itrogen  e n te r in g  from  

the impingement regim e are supplem ented by N atural Gas a t  th e  .porous 

s u r fa c e  and a i r  a t  the f r e e  edge and . mixed by tu r b u le n t  tr a r is fe r  

'The r e s u l t in g  s tr u c tu r e  o f  die Methane, Oxygen and "'itrogen con cen t

r a t io n  f i e l d s  are p resen ted  in  f ig u r e s  9 *1 4 » . 15 a n d .16 . The area  

beneath  the Combustion R egion , zone A in  f ig u r e  o . 15,i s  r ic h  in  M ethane, 

b ecau se  N atural Gas has been su p p lie d  through th e  porous s u r fa c e s .

The amount o f  Methane can be seen  in  th e  r e s u l t  p resen ted  in  f ig u r e  

9 . 11  . The area  above the Combustion région ., zone B tr . 6  j 5

c o n ta in s  a i r  en tra in ed  from the e n c lo su r e  flo w  and th e  d if f u s e d  

p o r t io n  o f  prod u cts and f u e l s  from the chem ical r e a c t io n .
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Appendix 7

E r r o r  A n a ly s i s  o f  t h e  I n t e r a c t i v e  Technique

Ihe p a r t ia l  d i f f e r e n t i a l  eq u ation  r e p r e s e n t in g  m ain-stream  

momentum, t r a n s f e r  i s :

2̂ 1 = Cf) -  1 _  ÈD
6 x J)U dx (1

A lt e r n a t iv e ly  th e  e q u a tio n  can be c a s t  in  the form:

^  + (a  + bw) ^  I c -  1_  do \̂ 2
bx ^  \  ü̂L»I  j j j j  dx

I ft
w ith  r ,

a T i

i =2 '

r^m” -  r ^ ^

4 T
- 2

As d e t a i le d  in  ch a p te r  fo u r  s e c t io n  th r e e , which d e a ls  w ith  th e  

d e r iv a t io n  o f  th e  new in t e r a c t iv e  m o d e llin g  te c h n iq u e , t h i s  e q u a tio n  

i s  reduced  to  an a lg e b r a ic  eq u a tio n  a p p lic a b le  w ith in  a f i n i t e  

elem en t o f  f l u i d .  T h is s te p  i s  accom plished by s u b s t i t u t in g  f i n i t e  

d if f e r e n c e  ap p rox im ation s f o r  the p a r t ia l  d i f f e r e n t i a l s  i n - t h i s  * 

e q u a tio n . The puirpose o f  t h i s  o p e r a tio n  i s  to  e s t im a te  how approxim ate



the  f i n i t e  d i f f e r e n c e s  used i n  the d e r i v a t i o n  o f  t h e  i n t e r a c t i v e

tech n iq u e  a r e , and upon what o th e r  param eters th e y  are dependent.

The f i n i t e  d i f f e r e n c e  assum ption used  i n  th e  in t e r a c t iv e

tech n iq u e  have been  d e t a i le d  in  chapter fo u r , and th e  r e s u lt s

o b ta in e d  a r e  p resen ted  in  ta b le  o v e r le a f . The c o e f f i c i e n t s

P and R ., fo r  j  « 1 to  5 » &c , fo r  1 = 1  and 2 , a re  d e fin e d  in  
J J 1

term s o f  known param eters in  ta b le  2 . The v e l o c i t y  p r o f i l e s  

assumed f o r  the f i n i t e  d i f f e r e n c e  assum p tions a re  shown s c h e m a tic a lly  

in  f ig u r e  4 -  ch ap ter  4 w ith  ^ , the g e n e r a l p r o p e r ty , ta k in g  

th e  v a lu e  U.

The e r r o r  a n a ly s is  d e sc r ib e d  below makes u se  o f  two b a s ic  

a ssu m p tio n s . F i r s t l y ,  th a t  th e  f lu id  e le m e n t s , in t o  which the f lo w  

b e in g  s im u la te d  i s  d i v id e d ,a l l  have th e  same d im e n s io n s . A 

s k e tc h  o f  die f lu i d  e lem en ts  and mesh network a r e  p r e sen te d  in  f ig u r e  on e , 

the e le m e n ts  are  a l l  A h h ig h  and A x  w id e . T h is means th a t th e

mesh network has a uniform  grad in g  -  the s p a c in g  betw een se q u e n t ia l  

mesh s trea m , 6 oz , i s  c o n s ta n t-a s  shown in  f ig u r e  o n e . Secon d ly , 

i t  has been assumed th a t  th e  r e la t io n sh ip s  b etw een  th e  v e lo c i t y  

a t  a d ja c e n t  nodal p o in ts  o f  the mesh network can  be r e p resen ted  

by th e  f o l lo w in g  T ay lors s e r i e s :

U(x + q) « U(x)- q . U ' ( i )  + q^.U ”( i }  + q^. i f ' (x )  ^  —

2 ÏÏ

Ü (x  -  q) -  iK i) -  q . U'(%) + q^.u*'(x) -  q ^ .'u '(x )---------------
7  F

where q can r e p r e se n t  AcJ o r  A  x in  f ig u r e  o n e .



The e r r o r  te rms a s s o c i a t e d  with  th e  f i n i t e  d i f f e r e n c e

assum ptions shown in  t a b le  1 were o b ta in ed  by s u b s t i t u t in g  f o r

U, .  ̂ and U, th e  d i f f e r e n t i a l  g iv en  by T a y lo rs  theorem .
d ,J +1 d , j -1

(̂ The s u b s c r ip t s  d and j a r e  d e fin e d  in  f ig u r e  4 ch a p ter  fo u r  j . 

The r e s u l t s  o b ta in ed  a re  d e t a i le d  in  ta b le  3 -



Table 1

F in i t e  D if fe r e n c e  Assum ptions

F in i t e  D if fe r e n c e F in i t e  D if fe r e n c e  A ssum ptions

d .
-  U

♦  1

Ù3

* j+1 J -J

^D- ^D

U “ tJ . I

d*J+1 J j -  c
<0 — iD

d , j +1 d , j

°d,.i "d .j-i
(Ù “  u> 

d , j  d , j -1
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N omenclature

Symbol Meaning

A c o e f f i c i e n t  i n  S p a ld in g - : '"P^tankars m o d e l l in g  te c h n iq u e

c o n s ta n t  in  e q u a t io n  8 .6

A c o n s ta n t  in  van D r i e s t ' s  tu r b u le n c e  model
+
I

A c o e f f i c i e n t  in  the  m o d e l l in g  te c h n iq u e  proposed
by Denny-Landis

b d i s t a n c e  between s u r f a c e  and e x i t  n o z z le

3 c o e f f i c i e n t  i n  Spalding-rPa tankar

3' c o e f f i c i e n t  in  the  m o d e l l in g  tec h n iq u e

c c o e f f i c i e n t  i n  the  m o d e l l in g  tec h n iq u e  proposed
by Denny-Landis

c ’ speed  o f  l i g h t

c o n s ta n t  in  tu r b u le n t  energy eq^oation 

t o t a l  s k in  f r i c t i o nJ-

C  c o e f f i c i e n t  in  the m o d e l l in g  tec h n iq u e  proposed
by Denny-Landis

d .̂ n o z z le  width

d  ̂ p o r t io n  o f  f r i c t i o n  work transform ed in t o  h e a t

D d ia m eter

Z v o l ta g e

a c t i v a t i o n  energy in  A rrhenius tyoe  e q u a t io n  

2q b ase  v o l t a g e

S' e l e c t r i c  f i e l d  s t r e n g t h

f  f u n c t i o n a l  r e l a t i o n s h i p

Sr c o n s ta n t  in  eq u a t io n  5*8 and 6 .8

freq u a n cy  f a c t o r  i n  A rrhenius e q u a t io n  

FN c o n s ta n t  i n A  r e l a t i o n s h i p  ( s e t  to  1 o r  2 )

G terms i n  g e n e r a l i z e d  c o n s e r v a t io n  e q u a t io n  4 . 7



Symbol Meaning

h e n th a lp y

y{ terms i n  g e n e r a l i z e d  c o n s e r v a t io n  e q u a t io n  4 .7

^12 shape f a c t o r  = ^  ^  ^

ip m agnetic  f i e l d  s tr e n g th

I ou tput  s i g n a l  i n  amps, from mass sp e c tr o m e te r

t u r b u le n t  s p e c i e s  f l u x  

tu r b u le n t  e n th r a lp y  f lu x  

k tu r b u le n t  k e n e t i c  energy

c o n s ta n t s  in  C e b e c i ' s  tu r b u le n c e  model d e s ig n a te d  3 ,6

c o n s ta n t s  in  C e b e c i 's  tu r b u le n c e  model d e s ig n a te d  3 .o

■- c o n s ta n t  in  van D r i e s t s  tu r b u len ce  model

1 l e n g th  s c a l e  ■ d i s t r i b u t i o n  i n  tu r b u le n t  energy
e q u a t io n  3 .5  

1^ P r a r .d t l ’s m ix in g  l e n g th

L v e l o c i t y  g r a d ie n t  l i m i t

23 g r a v im e tr ic  c o n c e n tr a t io n s

g r a v im e tr ic  c o n c e n tr a t io n  o f  s o e c i e s  d

d im e n s io n le s s  mass f lo w  r a t e  through s u r fa c e

e n t r a i nment r a te  a t  f r e e - e d g e

m o le c u la r  w eight

time averaged s t a t i c  p r e s su r e

d im e n s io n le s s  p r e s su r e

P ran d tl  number a t  s u r f a c e

F t P randtl  number

m
+

m

D

D

PT) time averaged  dynamic p r e ssu r e

'̂ 5*35 -



iyrabol cleaning'

r r a d i a l  d i s t a n c e  from s t a g n a t i o n  p o in t

H r a d iu s  o f  cu r v a tu re

^  u n iv e r s a l  gas  c o n s ta n t

r e a c t io n  r a t e  o f  s p e c i e s  k 

le ^  Reynolds number 06 x ^

Re Schmidt number

t-j energy  o f  tu r b u le n t  m otion

T time averaged  tem perature

u ' f l u c t u a t i n g  mainstream  v e l o c i t y

U time averaged  mainstream  v e l o c i t y
/  o-

Ü sk in  f r i c t i o n  c o e f f i c i e n t  = t o
. . 2 

V ?

f r e e - s t r e a m  v e l o c i t y  

/ '  f l u c t u a t i n g  c r o s s - s tr e a m  v e l o c i t y

T time averaged c r o s s - s t r e a m  v e l o c i t y

v o lu m e tr ic  f lo w r a te

y d i s t a n c e  in  c r o s s - s t r e a m  d i r e c t i o n  from p r e sc r ib e d
datum

y^ d im e n s io n le s s  d i s t a n c e

v i s c o s i t y

J* time averaged  d e n s i t y

y  f l u c t u a t i o n  d e n s i t y

sh ear  s t r e s s  

To sh e a r  s t r e s s  a t  s u r fa c e

§  g e n e r a l  p r e d ic te d  prop erty

/



Symbol M eaning

V

w

JL

6

Ar

ûx

S.

1

5 ,

5 .

5 ,
;

1,1

‘Te

• f u n c t i o n

n o n -d im e n s io n a l  stream  fu n c t io n

[

n o n -d im e n s io n a l  stream  fu n c t io n

V - V , '

n o n -d im e n s io n a l  stream  fu n c t io n

V - t p i  

V ..-  V,

FN

a n g le  i n  d e g r e e s

sm all  in crem en t o f  r

sm all  increm en t o f  x

w id th  o f  two d im e n s io n a l  n o z z le

d is n la c e m e n t  t h ic k n e s s

momentum t h ic k n e s s

energy t h ic k n e s s

h e i g h t ,  in  p lane  o r  r a d i a l  w a l l  j e t ,  where U =

h e i g h t ,  i n  p lane or  r a d ia l  w a ll  j e t ,w h e r e  

U * max and

h e ig h t  o f  f lo w  a t  s t a r t i n g  c r o ss - s tr e a m  s e c t i o n  

a n g le  i n  d e g r e e s

c o n s t a n t  in  tu r b u le n t  energy e q u a t io n  3*5 

k in e m a t ic  v i s c o s i t y  shape f a c t o r

normal d i s t a n c e  between a p r e sc r ib e d  l i n e  arid curve

-SQ -S^



R u b s c r i p t s

sym bols  Meanings

AV average

\ r  .Argon

Methane

COg Carbon D iox id e

CO Carbon Monoxide

e l f  e f f e c t i v e  component

1 m o le c u la r  component

max maximum

mix m ixture

n o z z le

s u r fa c e  fr e e -e d n e  

"2 N itrogen

3 ;  Oxygen

t tu r b u le n t  component



A b str a c t

Momentum,Heat and Mass T r a n s fe r  R a te s  In

Boundary Flows 

R. Waters

A m o d e ll in g :  t e c h n iq u e  f o r  s im u la t in a  t h e  t im e  averaged  

p r o p e r t i e s  i n  boundary f l o w s  h a s  been f o r m u la te d .  'Ihe t e c h n iq u e  

s o l v e s  t h e  t im e  a v e r a g e d  e q u a t io n s  r e p r e s e n t i n g  c o n s e r v a t io n  o f  

momentum, m ass and h e a t  t r a n s f e r  w ith  an a p p r o x im a te  m a th em a tica l  

method; and makes u s e  o f  an  i n t e r a c t i v e  sch em e , i n v o l v i n g  m a n ip u la t io n  

o f  th e  mesh i n t o  w h ich  t h e  f l o w  i s  d i v i d e d ,  t o  r e d u c e  e r r o r s  from t h e  

m a th e m a tic a l  m ethod.

T h is  t e c h n iq u e  h a s  b e e n  u se d  t o  s im u l a t e  t h e  t im e  averaged

momentum, m ass and h e a t  t r a n s f e r  r a t e s  i n  a  s e r i e s  o f  r a d i a l  w a l l

j e t  f l o w s .  I t  h a s  b e e n  shovm t h a t  th e  t e c h n iq u e  can  p r e d i d t -

momentum, m ass and h e a t  t r a n s f e r  r a t e s  i n  f l o w  s i t u a t i o n s

s i m i l a r  t o  those" commonly fou n d  i n  i n d u s t r y .  However, a c c u r a te  

s im u l a t i o n  o f  t h e  t u r b u l e n t  t r a n s f e r  p r o c e s s e s ;  i n  a  c h e m ic a l ly  

r e a c t i n g  M ethane, Carbon M onoxide and Oxygen f l o w  was found t o  b e  

i m p o s s i b l e ,  b e c a u s e  o f  d é f i c i e n c e s  i n  th e  r e a c t i o n  m odel, From t h e s e  

r e s u l t s  i t  was d ed u ced  t h a t  t o  a c c u r a t e ly  s i m u l a t e  t h e  t r a n s f e r  

p r o c e s s e s  i n  com p lex  f l o w s ,  i n v o l v i n g  c h e m ic a l  Or i o n i c  r e a c t i o n s ,  

a more s o p h i s t i c a t e d  m o d e l l i n g  te c h n iq u e  s h o u ld  b e  c o n s t r u c t e d .

I t  i s  recommended t h a t  t h i s - . t e c h n i q u e  be' b a s e d  upon ' t h e  e x a c t  

t u r b u l e n t  t r a n s p o r t  e q u a t i o n s .


