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Abstract

An investigation of Hawking radiation and a method for calculating particle creation in
Schwarzschild spacetime using a quantum Langevin approach is presented in this the-
sis. In particular we shall show that an oscillator confined to a free-fall trajectory in
Schwarzschild spacetime radiates as a result of such motions, and this radiation can be
interpreted as Hawking radiation. In chapter 1 we present a literature review of the un-
derlying concept: the Unruh effect. We also present some introductory material pertinent
to the calculations. Chapter 2 is concerned with the case of a thin collapsing shell to form
a black hole in Schwarzschild anti-de Sitter spacetime. We determine the temperature of
the black hole to be Ty = h(ry,)/4m = /2w where h(ry,) is the factorization of the confor-
mal factor, r is the radial coordinate with the location of the horizon situated atr = ry,
and x the surface gravity. We also calculate the stress tensor at early and late space-
times which allows us to calculate the renormalized stress-tensor (7),,) which satisfies the
semi-classical Einstien field equations. In chapter 3 we examine the case of a harmonic
oscillator in 2D Schwarzschild spacetime and we show that the choice of trajectory is
responsible for making the oscillator radiate. In chapter 4 we derive a quantum Langevin
equation for the oscillator in the Heisenberg picture. By solving this equation using the
Wigner-Weiskopff approximation we show that, in the case of an oscillator confined to a
free fall trajectory in Schwarzschild spacetime, the oscillator radiates with respect to the
Boulware vacuum. In agreement with Hawking[1] we obtain a temperature of the black
hole as T'= 1/87 Mp. In chapter 5 we present our conclusions and recommendations for

further work.
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Chapter 1

Introduction and Preliminary

Discussions

1.1 Introduction

In 1976, W. G. Unruh published his celebrated paper ‘Notes on Black Hole Evapora-
tion’[2]. In the paper, Unruh considers the case of a particle detector which was un-
dergoing a uniform constant acceleration. Using the Rindler coordinate system, Unruh
allowed the oscillator to accelerate with respect to the Minkowski vacuum which was of
zero-temperature, and, as a result of such motions, the oscillator comes into equilibrium
with the Minkowski vacuum at a temperature which is entirely dependent on the accel-

eration of the oscillator.

Shortly after Hawking published his procedure for demonstrating the existence of the
emission of a thermal spectrum of particles from a black hole[1], P C Davies applied the
Hawking procedure to Minkowski spacetime using the Rindler coordinate system which
represents hyperbolic motion in Minkowski [3]. Using the Hawking procedure, Davies
demonstrated that particle creation occurs in that region of Minkowski spacetime known

as the Rindler wedge, in effect the horizon for observers undergoing hyperbolic motion in



Minkowski spacetime. The result is pertinent to Hawking’s result since there is a close
analogy between Rindler coordinate and the Schwarzschild system in the exterior part of

a spherically symmetric collapsing body.

The results of Hawking’s calculations demonstrating particle creation in Schwarzschild
and Minkowski spacetime were not generally contentious and are now generally accepted.
There is however still controversy as to whether the constantly accelerating oscillators as

investigated by Davies and Unruh produce radiation that is actually detectable.

In both his 1976 paper and a later one he co-authored with R. Wald [4], Unruh argued
the Rindler particles could be detected. He suggested that ‘detection is seen by an inertial
observer as the emission of an ordinary Minkowski quantum, this excitation being due
to recoil.” Unruh argued that as a result of such excitations, the oscillator would emit a

detectable energy signature as it sought to reach equilibrium with the Minkowski vacuum.

These results were widely accepted at the time. However not everyone agreed with
this interpretation. It was P. Grove [5] who first put the argument against the prevailing
agreement. Grove argued that Unruh’s conclusions were an incorrect quantum mechan-
ical interpretation of the results. Grove suggested that the correct interpretation of a
constantly accelerating observer interacting with the Minkowski vacuum is that the en-
ergy is absorbed from the space of the detector. In short, the main physical effect is the

emission of ‘negative’ energy by the detector.

Grove’s alternative interpretation was soon supported by D. Raine, D. Sciama who
co authored a paper (along with P Grove) on inertial detectors [6]. In their paper, a
uniformly accelerating oscillator is confined to a 2-dimensional wordline in Minkowski
spacetime. The oscillator is coupled to a real scalar field and an electrodynamic interac-

tion is used to describe the interaction between the oscillator and the field. The oscillator



is driven by the action of a constant force. Raine et al. argued that when one takes into
account all of the quantum correlations (i.e. the expected change in physical characteris-
tics as a quantum system passes through a point where the oscillator interacts with the

field), no radiation is observed.

Unruh responded to this by considering the case of an accelerating oscillator coupled
to a thermal bath when both the bath and oscillator are accelerated together [7]. In this
paper, Unruh claimed that Raine et al. discarded some terms in their autocorrelation
function of the field. These terms he argued, would contribute to the excitation of the
detector. Unruh does concede however that in the case of 2 dimensions, the difference
between free-field radiation and a distortion of the field tied to a particle is a difficult one
to make. He further suggested that a more proper consideration of the effect should be to
ask if the oscillator makes any measurable changes to the property of the field; something

he claimed his paper had demonstrated.

Much more recently, the solution to this problem seems to have been given by G. Ford
and R. F. O’Connell. In their paper ‘Is There Unruh Radiation’ [8] Ford and O’Connell
consider the case of a harmonic oscillator coupled to a real scalar field. They then allow
the oscillator to undergo a variety of motions: stationary, moving in the field direction
and hyperbolic motion. Ford and O’Connell form an exact analysis of the problem, and
the approach they take is as follows. First they form a Lagrangian which describes the
oscillator, the free scalar field and the interaction between the two (taken to be electro-
dynamical in nature). They then use this Lagrangian to find the equation of motion for
the oscillator and the scalar field. The solution of the scalar field equation of motion is
one of the form ¢ = ¢, — x(Tyet), where if ¢ is the scalar field, then ¢y, is taken to be the
homogeneous part. The particular integrals turns out to be the solutions to the oscillator

equation of motion z(t), evaluated at the retarded time.



Once this is done, the energy flux of the system is calculated by determining the
expectation value of the energy-stress tensor component 77. By substituting in the full
solution to the free scalar field, Ford and O’Connell are able to split the expectation value
of the energy-stress tensor (and hence the overall energy flux of the system) into three
components:

(T) = (Jo) + (Jint) + (Jair),

where (Jp) is the flux arising in the absence of the oscillator (and is shown to be always
zero). The term (Jgi) is the direct flux term, and represents the flux arising directly
from the oscillator alone, while the (Ji,) is the interference term and represents the flux

arising from the result of the interaction between the field and the oscillator.

In all cases of motion considered, Ford and O’Connell demonstrate that there is no
overall energy emission. The calculation is clear in why this is the case: the direct flux
term always precisely balances the interference term so that when the two terms are
added together the total energy flux is zero. Most interestingly, the ability to balance the
two terms seems to come from a property of the oscillator. Ford and O’Connell define
the oscillator susceptibility function a(w) (where w is the frequency of the field). This

function has the property that

SHa(wr)} = wllaw)l?,

for some coupling constant ¢ (the fluctuation-dissipation theorem). It is this property that
allows the interference term to take on the exact form (but of opposite sign) to the direct
flux term and thus giving (J) = 0. At the end of their paper, Ford and O’Connell con-
clude that a system undergoing hyperbolic motion through a zero-temperature vacuum
does indeed experience a finite temperature. However they agree with the conclusions of
Grove, Raine and Sciama that no overall energy is detected. Furthermore they point out
that the argument for no radiation is identical in the case of a stationary oscillator and

one undergoing hyperbolic motion. This strongly implies no energy is radiated since the



balancing of the direct and interference term always occurs.

Ford and O’Connell then examine Unruh’s results. They dismiss Unruh’s claims that
when a heat bath is introduced and is moving along with the oscillator that radiation
is emitted, claiming it does not represent the situation envisaged by experimentalists
interested in detecting Unruh radiation. In such cases, only a single particle or a single

atomic system is in accelerated motion.

Vanezalla and Matsas [9] seem to argue that the absence of energy in Ford and
O’Connell’s calculations is due to the model they used. In their paper concerning the
interaction between a charged oscillator and the electro-magnetic field, they conclude ra-
diation is observed. However Ford and O’Connell are skeptical of this, and quite rightly
point out that their calculation explicitly shows a detailed balance holds in place for
both the stationary case and that of a oscillator performing hyperbolic motion. Their

conclusion that such a principle is model independent seems very reasonable.

More recently, a good review of the Unruh effect and its applications has been pro-
duced by L. Crispino et al [10]. In this paper the authors review the Unruh effect and
clear up many of the misconceptions regarding the effect. The authors also state that the
Unruh effect does not require an experimental confirmation anymore than free quantum
field theory does. They also imply that the Unruh effect has applications in information
theory, quantum gravity and cosmology and, there are now a number of papers exploring
such things [11, 12]. Indeed [11] discusses Unruh-DeWitt detectors and examines the

implications in the areas of entanglement dynamics and quantum teleportation.

The Unruh effect has also been of interest to theorests in the field of quantum gravity.
D. Bruschi and J. Louko consider the case of a charged Unruh effect on a topological

geon black hole [13] (in this case, the charged Reissner-Nordstrém geon) . In the paper,



they conclude that the geon’s exterior region contains non-thermal correlations for par-
ticle pairs of the same charge. J. Louko and A. Satz consider the transition rate of the
Unruh-DeWitt detector in curved spacetime [14]. The Unruh-DeWitt detector is coupled
to a real scalar field in 4D spacetime. The authors derive an integral which gives the
total excitation probability and show that an instanteous transition can be recovered if a
suitable limit is taken. At the end of the paper, Louko and Satz pose a number of inter-
esting questions, including asking if there might be a relationship between the detector’s

response and a dynamical or evolving horizon.

As we have seen the problem of investigating inertial detectors can be persued from
many different avenues and continues to be of interest. We shall take the approach of
Raine and Ford, and O’Connell. We shall show that one can use inertial oscillators to
formulate Hawking radiation just by using a quantum Langevin description. We shall see
that the energy flux associated oscillator confined to a free-fall trajectory in Schwarzschild
spacetime delivers a thermal result, this demonstrates that the process of calculating the
energy flux of an oscillator on a free-fall trajectory in 141 Schwarzschild spacetime is
essentially the same as Hawking’s calculation. After performing the Ford and O’Connell
calculation in 2D Schwarzschild spacetime and observing the presence of radiation, we
then use a Hamiltonian which describes the quantum oscillator, the free field and their
interaction, and find the equations of motion for the annihilation and creation operators
of the field and the oscillator. Using a Wigner-Weisskopff approximation we can deter-
mine the expressions for the annihilation and creation operators of the oscillator. We
then adopt the same method as Ford and O’Connell in calculating the energy flux of the
system. We shall show that when the oscillator is stationary or confined to an inertial
trajectory, the indirect flux and direct flux terms exactly balance when we use the fluc-
tuation and dissipation theorem. When the oscillator is put into a free-fall trajectory in
Schwarzschild spacetime however, the two terms do not balance and radiation is indeed

observed.
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The thesis is organized as follows:

e [ntroduction. In the rest of this chapter, we examine the fundamental principles
and calculations we shall use: in the next section, we have a brief review of the fun-
damental principles of Quantum Field Theory. In §3 we examine the Unruh effect
and see how the Unruh Temperature is derived. In §4 we examine the Schwarzschild
black hole and look at both its spacetime structure and the choice of vacua which are
present. We examine the Hawking method result which uses a ray tracing method
to find relationships between ingoing and outgoing modes. The Bogoliubov trans-
formations between these modes then give rise to particle creation. We compare
this result with the Unruh effect of §3. In §5 we look at the process of obtaining a
quantum Langevin equation for a harmonic oscillator coupled to a real scalar field
using the approach discussed by Louisell [15]. We discuss the Wigner-Weisskopf
approximation needed to solve this equation. In §6 we give the process for deriving
the energy calculations used by Ford and O’Connell from the energy-stress tensor,
while in the final section we look at the method of solving the Klein-Gordon wave
equation using Green’s functions. Sections 1.2, 1.3 and 1.4 are all largely based on

the excllent set of lecture notes given by L. H. Ford. [16]

e In Chapter 2 we consider the case of a thin collapsing shell in two-dimensional
Schwarzschild—anti de Sitter spacetime. Schwarzschild— anti de Sitter is not a glob-
ally hyperbolic spacetime, so there is no past and future timelike infinity. As a result
we consider early-time modes and late-time modes rather than in and out ones as
in the Schwarzschild case. We apply the Hawking-ray tracing process discussed in
Chapter 1 and obtain relations between early-time and late-time modes, and by cal-
culating the Bogoliubov coefficients we demonstrate that particle creation occurs.
We then use these modes to calculate the forms of the renormalised stress tensor

(which satisfies the semi-classical Einstein field equations) at early and late times.

11



We discuss the problem of renormalization and the various approaches involved.
We shall discuss the renormalization method as suggested by Davies, Fulling and
Unruh [17, 18] and apply it to obtain an expression for the renormalised stress

tensor in 2D Schwarzschild anti-de Sitter spacetime.

e In Chapter 3 we take an oscillator coupled to a real scalar field and put it on a
constant trajectory in Schwarzschild spacetime. When we perform the energy flux
calculations we see that, as in the case of Ford and O’Connell, the interference
term and direct flux term balance to give zero total energy. However, if we put
the oscillator on a inertial trajectory in Schwarzschild spacetime, we find that the
energy terms no, longer balance, and this is due to the presence of the conformal
factor which was previously constant, and now becomes a function of proper time

on the inertial trajectory.

e In Chapter 4 we form a Hamiltonian describing the oscillator, free field and their
electrodynamic interaction. We solve the equations of motion using a Wigner—
Weisskopft approximation. By forming the position operator for the oscillator and
solving the field equation for ¢, we are able to perform the same energy calculations
as we did in Chapter 3. We find that if the oscillator is stationary or undergoing
hyperbolic motion, no radiation is observed, however if the oscillator is on a free-fall

trajectory in Schwarzschild radiation is detected.
e In Chapter 5, we have conclusions and recommendations for further work.

At the end of the thesis there are two appendix sections containing miscellaneous calcu-

lations which are referenced in Chapter 4.

1.2 Quantum Field Theory in Curved Spacetimes

In this section we shall review some of the standard results of quantum field theory ap-

plied to curved spacetimes. While it is beyond the scope of this work to review all of the

12



many diverse themes and problems associated with the theory, it is relevant to review
the framework and results of the theory most pertinent to the calculations. The topics
of interest are the principle formalism behind the theory, the Unruh effect and of course
Hawking’s celebrated result of the thermal emission of black holes. In this section we shall
establish the formalism and conventions of quantum field theory, and in the proceeding
two sections after this one we shall examine first the Unruh effect and then the Hawking

effect.

Although in general there is no problem in generalizing the model from flat space to
curved spacetime, it should be noted that there are a number subtle differences which
arise when we make the transfer from QFT in Minkowski (flat) spacetime to that of a
quantum field in curved space time. In flat spacetime for example, we have a natural
choice of vacuum, the Minkowski one. In the case of a curved spacetime, the choice of
vacuum will depend upon the exact physical object we are studying. In flat spacetime
we can work with particles, however in curved spacetime the notion of a particle becomes
ambiguous. There are often more pressing problems; we need to find a suitable coordi-
nate system. Often spacetime geometries are such that a coordinate system covers just
part of the manifold, or there may be coordinate singularities within a particular system.
In the case of some spacetimes, there is not always a timelike killing vector, so there
are problems to be considered when defining positive frequency. We also need to define

a suitable scalar product. These things are all essential if we are to define a vacuum state.

In chapter 2 we shall be concerned with renormalization and in particular the calcu-
lation the renormalised stress tensor (7),,)en. The renormalization procedure we adopt
must be consistent and take account of absolute energy values. As we shall see in Chap-
ter 2, even where we work with an asymptotically flat spacetime, such renormalization
schemes must be applied with great care if we are to obtain a meaningful, renormalised

stress tensor satisfying the semi-classical Einstein field equations.

13



Construction of QFT in curved spacetime. Let S be a spacetime which can be
modelled as a pseudo-Riemannian manifold which is globally hyperbolic, and has metric

a tensor g,,,. We define the following Lagrangian density:

L = %\/—_g (9" 0,00,0 — (m* + £R) ¢°] (1.1)

where we have a scalar field ¢ of mass m, R is the Ricci scalar of the spacetime S and

the quantity £ is the coupling constant. We find two popular choices for &:
1. Minimal coupling, in which case & = 0 (used for the calculations in this thesis)
2. Conformal coupling for which £ = 1/6.

We may use the Euler-Lagrange equations to generate the equation of motion for the

scalar field- the Klein Gordon equation:
O¢ +m*¢ + REp = 0, (1.2)

where O is the d’Alembertian operator:
O = VIV, (1.3)

Let ¢1(z) and ¢o(z) be two solutions to the Klein-Gordon equation of motion (1.2). We

can define an inner product between the two vectors as

(61, 0) = i / 63(2)0pn (z) A8 (1.4)

where we take the notation

65(2)0,61 (1) = 65(2)0, (61 (1) — (D, 65(2)) ()

and we have that d>* = n*dY and n* is a suitably chosen timelike unit vector which
is orthogonal to the Cauchy hypersurface . We note the important property that this

inner-product is independent of the choice of hypersurface, so

(¢1(2), 2(x))5, = (d1(2), P2(2))5,- (1.5)

14



We may also define a quantity called the canonical momentum, II by

oL
d¢
and this satisfies the canonical commutation relation
[¢(), TI(2")] = id(x, 2'). (1.7)

We choose a complete orthonormal set of basis mode solutions of equation (1.2), u; which

satisfy the orthogonality conditions:

(Uiuuj) = 5z‘j» (U* U*) = _5ij7 (Uuuﬂf) =0, (1'8)

127y J

and we can expand the ¢ field in terms of these modes:

St x) =Y lapup(t,z) + afui(t, 7). (1.9)

k

We can quantize the scalar field by using the commutation relations:

lag, a;] =0, [a,t,aT] =0, [ak,a;] = Oy (1.10)

J
In the Heisenberg picture, quantum states span a Hilbert Space. We use the Fock repre-
sentation as a convenient basis for the Hilbert space of quantum states. The normalized
ket vectors which we denote | ), can be constructed from the vacuum state which we
denote by |0). The vacuum state has the property that it is annihilated by all the ay

operators:

ax|0) =0, Vk. (1.11)

It is often the case that we have more than once choice of orthonormal basis modes, and
since both sets span a Hilbert space of states then it must be the case that we can write
one set in terms of another. Suppose that we have another complete set of orthonormal
basis modes, u(z) which are a solution of (1.2).We can expand the ¢ field in terms of

these new basis modes:

¢ =" [ba; + bf;u,. (1.12)

15



This new decomposition of the scalar field will also define a new vacuum state |0):
b;|0), Vj. (1.13)

As both sets of modes are complete, we can write the new modes v; in terms of the the

old ones:

uj = Z(ajiui + Bjiug), (1.14)

i

and conversely, the old modes in terms of the new ones:

J
The transformations of (1.14) and (1.15) are called the Bogoliubov transformations, and
the matrices ay; and (3;; are the Bogoliubov coefficients. The coefficients can be evaluated

using the Klein Gordon inner product since
Qi = (ﬂwl@), ﬁij = —(ﬂ],u;) (116)

If we now equate the two field expansions (1.9) and (1.12) then we obtain (using the
orthogonality conditions above) that
= Z a;;b; —i—ﬁﬂ ;) and b; = Z(ozﬂaZ ﬁ]*laj) (1.17)
The Bogoliubov coefficients posses the property:
Z(aika;k — BixBiy) = i and Z(Oéikﬂjk — Biweyji) = 0. (1.18)
k k
We see from(1.17) that the two different Fock spaces which have arisen from two separate

choices of modes will be different so long as the Bogoliubov coefficient 3;; # 0.

The expectation value of the operator N; = b;rbz- for the number of u;-mode particles

in the alternative vacuum |0) is

(0| Ni[0) = Z 1854l (1.19)

16



i.e this is a way of calculating the number of expected wu; particles in the second vac-
uum. The calculation of the Bogoliubov coefficients is an integral part of the Hawking’s
calculation in showing that black holes have a thermal property and hence, a surface

temperature. They also play an important role in the Unruh effect as we shall now see.

1.3 The Unruh Effect

In this section we examine the phenomena known as the Unruh effect: a uniformly
accelerating observer in Minkowski spacetime sees a thermal spectrum of particle in the
vacuum state.

We have the 2D Minkowski metric:
ds* = dt* — da?, (1.20)

where we use Minkowski spacetime coordinates (¢, z); t is the coordinate time and x is
the spatial coordinate. We now make the transformation to Rindler coordinates:

a ag
t=" sinh(ar), and z = < cosh(at), a > 0. (1.21)
a a

Here 7 is the proper time experienced on the worldline of the observer & =constant. The

metric now becomes:

ds* = e*¢[dr* — d€?). (1.22)
which gives a metric tensor:
€2a§ 0
G = . (123)
0 —e%

If we let £ is constant, then this represents an accelerating observer with proper acceler-
ation ae~® with a proper time e®7. The trajectory of this observer is shown in figure
1.1. Here we have the trajectory £ is constant along with the horizons represented by the
line x = —t (so 7 = —oo0 and { = —o0) and line x = ¢ (whereby 7 = 0o and £ = —o0).

The region R™ will be of interest to us later, and this region on the space time diagram

17



T = const

» L

R*-Rindler Wedge

Figure 1.1: A uniformly accelerating oscillator in 2D Minkowski spacetime on the trajec-

tory & =const.
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is commonly referred to as the Rindler wedge.

We now consider the massless scalar field. We shall need to determine the forms of
the Rindler modes which we shall denote by uft. We have the covariant form of the wave

equation:
O, {V—99"0,2} = 0. (1.24)
Substituting the inverse of the metric tensor given in (1.23) into (1.24) yields the wave
equation:
2 9*®
— — — = 0. 1.25
or?  0¢? (1.25)

Solving this gives us the Rindler modes of the form
eiK{—iw'T
Varw

We can analytically extend the modes to cover both the regions F' and P in figure 1.1,

uf = , for @w>0, @ =K (1.26)

thus providing us with a complete set of basis modes:

—L_iKS—iwmr iy R 0 in R

uj = Vi , and uyx = . (1.27)
0 in R~ ﬁeil{ﬁ—‘riWT in R~

We now expand the @ field in terms of these modes:
O =) bjuf + b uf” + brug + bl (1.28)
K

where b, represents the annihilation operator, b,t the creation operator of the scalar field.

The operators allow us to define the Rindler-Fulling vacuum
b1 |0g) = br|0g) = 0. (1.29)

Since we are interested in particle creation we shall need to calculate the Bogoliubov

coefficients:
ﬁij = —(uk,v}}). (130)
We want particles to be seen by an accelerating observer in the Minkowski vacuum, so

the u; modes correspond to the Minkowski vacuum, and the v; modes correspond to the
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Rindler one. In order to evaluate the product (1.30), we must choose a suitable surface
in order to perform the integration. We choose the Cauchy surface ¢ = 0 which gives
7 = 0. We have the Minkowski modes:

1

ekt ) = |k, (1.31)
4w

U —

and the Rindler modes
1

Vg = ———
K VAarwo

for £ € (—o0,00), i.e. we have that = > 0. So, the inner product we wish to evaluate is

BT = | K], (1.32)

now

® o vl duy,
=9 U OV dx =1 wp—5 — =% dar.
Brk /x:O kOt U /0 L ot UK

We now evaluate each of the derivatives in turn:

Ouy, w oo etk
= — ehe=it — _jou;, ont =0, up =

ot Varw drw

Using the chain rule we have

vy _ 0§ Qv 0T Juje
ot ot 906 Ot Or
ov’ v’

=% sinh(aT)a—j +e % cosh(aT)a—;

= iKe ®sinh(ar)v} + we* cosh(ar)v]

and on the surface 7 = 0 this reduces to

. )
g 1@
ot ar 7’
and on t = 0 we have
et .
Vg = e e

Now, our inner product is

1 < w
— —e
AT\ ww [y QT

iKE.

2kz€71K§ + wezkwefng dr.

Brr = —

We can write the exponential e~

6—7jK§ _ eln(ax)’iK/“ _ (ax)—iK/a‘
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Now make the substitution y = ax, and the integrand reduces to

w . .
6]{?K = — (g + w) elk’y/ayfzK/a dy.

1 o0
A/ ww /0
We can write this as two integrals

1

I+ 15).
47r\/ww( 1 2>

Brr = —

Dealing with [ first:

Il :/ weiky/ayflfiK/a dy,
0

which is clearly a Gamma function, and so we have that

n-=(3) e (%)

We can do a similar thing for the integral Iy;

a

oo ) . 1-iK/a K
I, = / wekv/ay =ikl gy — ) (%) r <1 + el
0

1.e.
1—iK/a j

L=w <E> I (iK/a).

Now, we have that

(1.33)

() ™ e (e (5)) e (25 (i (3) - )) =

Hence we have that

1 WK\ iy ik 1K
=— w+— | eVe T | — ).
Buec dmJww < i k )6 ‘ a

We have that [k is zero if w = —wK/k, otherwise

2 .
Bri = _r E4319(2_”K/2CT(Z’K/a).
a \V w
Thus we have that
1 e—ww/a 1

| Brre |2

~ draw sinh(mw/a) " 2raw
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This is a thermal spectrum with temperature 7' = a/27. The result is dependent on the
acceleration of the observer and not the velocity, and the thermal spectrum of particles
are seen in the Rindler wedge. As we have discussed at the start of the chapter, the claim
that accelerated observers detect a thermal heat bath is not controversial. However, the
claim that the accelerating oscillator is emitting photons and that such radiations are
therefore detectable has been questioned. In particular both Raine, Sciama and Grove
and Ford and O’Connell have demonstrated that in fact the direct flux arising from the
oscillator exactly balances the radiation caused by the interaction of the oscillator with

the scalar field. Hence there is no overall energy flux.

1.4 Black Holes and the Hawking Effect.

In this section we shall examine the phenomena of Hawking radiation. The Hawking
effect describes the emission of a thermal spectrum of particles by a black hole after
its formation from stellar collapse. The emission of such particles (now called Hawking
photons) does not depend upon the details of the collapse, or the collapse process itself.
In the first part of this section we shall look at the Schwarzschild black hole and its
properties. In the second part of this section we shall look at the case of a thin collapsing
shell in Schwarzschild spacetime. We shall demonstrate the process used by Hawking
whereby early time modes are related to the late time ones by a simple linear function.
This function can be found using the geometric optics approximation as the modes pass
through the collapsing shell. Calculation of the Bogoliubov coefficients then yields the

result of thermal particle creation at late times.
We shall employ this method in Chapter 2 when we come to determine the particle

creation involved in the case of a thin collapsing shell, collapsing in 2D Schwarzschild

anti de-Sitter spacetime.
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1.4.1 2D Schwarzschild Spacetime

In this part, we shall briefly look at the structure of 2D Schwarzschild spacetime. The
Schwarzschild metric describes a static black hole which has formed from the symmetrical

collapse of a massive star. The manifold is described by the metric
2M 2Mp\ "~
ds® = (1 - —B> dt* — (1 - —B) dr?. (1.35)
r r

Let r, = 2Mp denote the position of the even horizon, then the above metric describes
the exterior of the black hole the region » > r,. Here we have that Mp is the mass of the
black hole, and we note the existence of a coordinate singularity at the position r = 2Mp.
All two dimensional spacetimes are conformally flat and we can write the metric (1.35)

in the conformally flat form

ds* = Q(dt* — dr?), (1.36)

where
2Mp
,

Q=1 (1.37)

is a quantity called the conformal factor, and r, is the ‘tortoise coordinate’ satisfying

ars _ <1 - QMB)l. (1.38)

dr r

Integrating this directly gives

r. =1+ 2Mpgln

.
1 1.39
2Mp ‘ (1.39)

We may use the ‘tortoise coordinate’ to define the advanced and retarded null coor-
dinates (respectively):

u=t—r,, and v=1=t-+r,. (1.40)

Light rays travel along the lines u = constant or v = constant. In terms of the null

coordinates, the metric in (1.35) becomes

r

ds® = <1 - QMB) dudv. (1.41)
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singularity t

horizon

singularity

1 r=20 i

Figure 1.2: A Penrose diagram showing the Maximally extended Kruskal manifold. Time-
like geodesics start at i~ and finish at ¢*. Future and past timelike infinities .#* and
#~ are shown, and the Singularity is located at » = 0. Past and future event horizons

are H~ and H™.
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We now introduce another coordinate system known as the Kruskal Coordinates.
These coordinates cover all of the Schwarzschild manifold and make use of the null coor-

dinates previously defined. We let
U= —4Mpge ™Mz and T = 4Mpge/*M2 7 € (—00,0), T € (0,00). (1.42)

Figure 1.2 gives a Penrose diagram of the Schwarzschild black hole as covered by the
Kruskal coordinate system. The intrinsic singularity exists at » = 0. Particles are
confined to timelike geodesics which start at ¢~ and terminate at i*. Light rays travel
at m/2 radians to the origin. We have event horizons situated along the future and past

horizons. It will also be noted that we have four regions: I, II, II and IV

Region [: This is the exterior region of the black hole, r > rp,.

Region I1: The interior of the black hole containing the singularity at » = 0.

Region I11: A parallel exterior region

Region IV: A White hole interior.

We now come to the problem of choosing the candidate vacua. For quantum field
theory in flat space, we have a natural candidate: the Minkowski vacuum. However, it is
the case that, in general, for quantum field theory in curved spacetimes, very often there
is no one preferred vacuum, rather the choice of vacuum depends upon in the physical
situation we are working with. However, some spacetimes do admit to a natural choice
of spacetime. In their paper Kay and Wald [19] show that globally hyperbolic spacetimes
possessing a one-parameter group of isometries with a bifurcate Killing horizon do posses
quantum states which are both pure and unique. Minkowski, Schwarzshild and de Sitter

spacetimes have this property.

Consider now the metric:

ds®> = C(r) dudv.
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We have the massless scalar wave equation:

9, (v/—g9"0,®) = 0,

which gives

0,0,® = 0. (1.43)
This equation has a general solution
O = f(u)+g(v). (1.44)

We can use the null coordinates defined in (1.40) to define positive frequency modes:

—lwu

e , e~V for w > 0. This leads us to the following basis modes:

e ‘Up’ modes: These are basis modes of the form

Uy o e (1.45)

e ‘In’ modes: These are basis modes of the form

Uy ox e (1.46)

Using the Kruskal coordinate system we can define another set of positive frequency
modes:
Up o< ey oc e (1.47)

We now have three possible choices of vacua:

e Schwarzschild/Boulware Vacuum: This vacuum, |0g) represents a vacuum which is

empty at infinity. The vacuum is defined using the basis modes of (1.45) and (1.46).

o Kruskal/Hawking-Hartle Vacuum: This vacuum, |Of), represents a vacuum which
is in thermal equilibrium at infinity. This vacuum is defined by using the Kruskal

modes of (1.47).

e Unruh Vacuum: This choice of vacuum, |0y) represents an evaporating black hole

and is defined by using the Schwarzschild mode ug and the Kruskal mode wu .
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It is useful to make a comparison with the Unruh effect of the previous section. The
Kruskal coordinates u and v are null coordinates, so consider a time coordinate defined
by
1
T=—-(u+0w).
S+ 7)

Substituting in the forms for @ and v gives in (1.42):

T = 4Mpge"/*Ms o 1 1/2:s,inh L
B 2Mp AMg )"

Similarly, we can define a spatial coordinate:

L /AM r i t
= = 4Mpe' /e 1 h :
¢ Q(U w) B¢ <2MB ) o8 (4MB>

We see that these 7 and & expressions are the Rindler transformations of the previous sec-

tion (up to a factor /(r/2Mp — 1) which has appeared due to the fact that Schwarzschild

spacetime is curved). The term a has now been replaced with
k= —— (1.48)

and this quantity represents the surface gravity of the black hole. The similarity between
the Kruskal coordinates and the Rindler coordinates means that we can compare Region
I of the Schwarzschild black hole (see figure 1.2) with the Rindler wedge (region R
in figure 1.1) of Minkowski spacetime. So in terms of vacuum, the Rindler vacuum is
equivalent to the Boulware vacuum, while the Hawking-Hartle vacuum is equivalent to
the Minkowski vacuum. The inevitable conclusion must be that a stationary observer
in the Schwarzschild spacetime observes a thermal distribution of particles within the
Hawking-Hartle vacuum. (Note that a stationary observer in Schwarzschild spacetime is

a uniformly accelerating one).

1.4.2 The Hawking Effect

We now come to the calculation which demonstrates that at late times, far from the

black hole event horizon, a thermal spectrum of particles is observed. It should be noted
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that there are a number of different derivations of the Hawking effect, we present the
methodology as used by L. Ford. We will again adopt this procedure in Chapter 2 when

we examine the case of a thin collapsing shell in Schwarzschild anti de-Sitter spacetime.

In figure 1.3 we have a Penrose diagram showing the collapse of the matter to form
a Schwarzschild black hole. Rays start at timelike infinity and pass through the centre
of the collapse. Any ray entering after the ray vy (which travels along the event horizon)
will hit the singularity. Initially we have the ‘in’-modes which define the in-vacuum state

which we shall denote |0;,). We have ‘in’-modes of the form
fo ~e ™ as v — oo, (1.49)

and ‘out’-modes of the form

F, ~e ™" asu — oo. (1.50)

In order to determine the existence of a thermal spectrum of particles at late times we
shall need to calculate the Bogoliubov coefficients. However it is the case that far from
the event horizon at late times, very high frequency modes dominate. These modes have

arrived from .#~ shortly before the event horizon forms.

The very high frequency nature of the modes as they pass through the collapsing
matter means that we can use a geometric optics approximation to model the modes.

We can also write an asymptotic form for the modes:

e”wv  on I~ e~ ongTt
fo ~ and F,, ~ (1.51)

efin(u) 0nf+ efiwg(v) on .7~
We shall now need to find the forms of the functions ¢ and G. To do this, we shall use a
ray-tracing method. First, consider the case of a thin collapsing shell. We let the position

of the shell at time ¢ be r = R(t), and so for r > R(t) the spacetime is that of the exterior

Schwarzschild spacetime with line element:

—1
ds® = (1 - %) dt? — (1 - ZMB) dr?.

r r
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Singularity

Collapsing
Matter

Figure 1.3: A Penrose diagram showing the collapse of a star to form a Schwarzschild
black hole. The centre of the collapse is located at » = 0. Light rays come in from ¢~
and pass through the centre of the collapse. If they pass through the collapse before the

ray vo then the ray will emerge and travel on to the future timelike infinity, ..
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Inside the shell Mp = 0 and so for r < R(t) the spacetime is flat:
ds® = dT? — dr?. (1.52)
We can also define a set of null coordinates for the interior of the black hole:
U=T—-r, and V=T +r. (1.53)

The metrics on both sides of the shell must match and so

-1
dT? — dR? = (R_—éﬂ/lB) de? — (#) dR?,

which we may write as

(o) () () - () ()
dr R ar R ar

Consider now figure 1.4. Here we have a diagram showing the collapse. We have two
neighborhoods of interest. There is the d-neighbourhood which is a region far from the
formation of the event horizon, centered on the point R;, the position where the ray v,
enters the collapsing shell. We also have a e-neighbourhood which is a region close to
the event horizon centered on the point Ry, the position of the shell when ray v, emerges
after passing through the collapsing matter. Consider now the ray v; shown in the figure.
This ray enters the shell when at a position Ry such that Ry — 2Mp is finite. We may

say, approximately that the quantities

R —2Mpg’ aTr

are both finite and constant near the point R;. This means that

dt
— &~ const, so tox T

ar
approximately. We can also say that in the )-neighbourhood, by definition of the ‘tortoise’
coordinate in (1.39), that r, oc 7, and so by use of the null coordinates (1.40) and (1.53)
we may say that approximately, in the é-neighbourhood around R; that
V(v) =av+0b, (1.55)
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<« Singularity

Event Horizon

To 7+

2
e-neighbourhood

Collapsing matter

Figure 1.4: A diagram showing the passage of modes from past timelike infinity, through
the collapsing matter and on to future timelike infinity. We see that rays which enter the
collapse after the ray vy are doomed to hit the singularity which has formed after this

point.
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for some constants a and b.

After entering the shell, the ray v; passes through the centre of the collapse. The
matching of the null coordinates at the centre is simple, since at the centre of the collapse
r = 0. Hence we have that at

r=0, U=V. (1.56)

Finally, the ray exists the shell at the position Ry;. The e-neighbourhood which sur-
rounds the point Rs is close to the event horizon. If we let Tj be the time when R = 2Mp

(as observed from inside the shell) then near T'= T we have that
R(t) ~ 2Mp + A(Ty — T), (1.57)
where A is a constant. We rearrange (1.54):
dt\* (R-2Mp\~' (R—2Mg\ ' (dR\® (R-2My\ "’ (dR\’
ar) — R R T R ar) -

We shall ignore all but the leading quadratic term since this term is dominant, and so we

dt\* (R-2Mp\? (dR\’
ar) R ar ) -
We now substitute (1.57) into this expression we obtain that

dt \? AM?
— ) ~—"B 1.58
(&) ~ a1 (1.58)

have approximately that

Taking the square root and integrating this equation gives

To—T
m—zMBm( OB ) (1.59)

where B is constant as T' — Tj. Similarly, we have from (1.39) that, for 7" — Tj,

N ATy —T)
r, ~ 2MpIn <—2MB ) . (1.60)

From the definition of the null coordinate: u =t — r, we can say that

To—T
u%—4M31n( OB, ) (1.61)
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for some constant B’. Now, in this limit we have that
U=T—-r=T—-R(T)~= 14+ AT — ATy — 2Mp. (1.62)
So, from (1.61) we may write that

T —2Mpg —
u~ —4MplIn (—BU)

B/
Tracing back through the collapse we have that U =V and so

T —2Mp —
u~ —4Mpln (2—Bv),

B/

and we have from (1.55) that

T —2Mpg — b
uz—4MBln( 5 —(ov )>

= (1.63)

Now, the argument of the logarithm must vanish on the horizon (i.e. when v = vy and so
T —2Mp = avy + b,

and hence we arrive at

g(v) =u=—4Mzln (UO - ”) , (1.64)

c
where ¢ is a constant for this ray. From (1.50), we see that the out modes when traced

back to .#~ have the form

eliMpIn((vo—v)/e) 4 <
. (1.65)
0 vV > Vg

Now let {fi} be positive frequency solutions to the scalar field equation in the past (i.e.
the ‘in’-region) and we let {F;} be the positive frequency solutions in the future (the

‘out’-region). We can choose these sets of modes to be orthonormal, so they satisfy the

property:

(fi7 fz’) = (Fz',Fz") = i, <f1*7 f;) = (F’z*7F1zT> = —0jir, (fz; f;) = (E',F;) =0. (1-66)
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Although we have defined these functions in terms of their asymptotic properties in
different regions, they are still solutions of the wave equation everywhere in the spacetime.

Thus we may expand the in-modes in terms of the out ones:

fi= Z(Oéika + BinFy.), (1.67)
k
and vice-versa
F; = Z(a;ifj — Bif}), (1.68)

J
where a and [ are the Bogoliubov coefficients. Thus taking the Fourier transform of

(1.65) and by using the identities in (1.66) we find the Bogoliubov coefficient:

o - / zwv 4zMBwln( vo—v)/c) dv
ww' = V

If we make the substitution v = vy — v then we have that

1
) zwvo —iw'v' _4iMpwIn(v’/c) dv 1.69
Gt = o0 / ‘ o

and

ﬁww’ _ uuvo/ zwv 4zMBwln(v’/c) dv. (170)

We shall now consider the integrand in (1.69). The integrand is analytic everywhere
except for a branch cut along the negative real axis as shown in figure 1.5. If we let C'

be the path
C'=7r+78+ 7%+ 74,

to be traversed in the anticlockwise sense, then we have by Cauchy’s theorem that
]{ e~V gliMpw It e) g = ), (1.71)
c
Consider the integrand now along the path yg. We make the substitution
v' = Rcos(f) + iR sin(6).

Thus we have that

AR ’
/ e’ 641M3wln(v /c) dv' =
TR

" 6) + iR sin(6 - .
/ (_R SiIl(Q) iR COS(Q)) (RCOS( ) + 1R SlIl( )) o (Rcos(0)+iRsin(0)) de.
0

C
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VB

Figure 1.5: The contour of the integrand for the Bogoliubov coefficient .,

Thus
/ ~ O(ew/Rsin(G)) —~0as R — 0,

TR

and so the contribution from fm =0.

Let us now consider the integrand along the small semi-circle .. We make the new
substitution

v' = ecos(f) + iesin(6),
and thus we have that

i . /
/ W' 642M3w1n(v /c) dv' =
Ye

Tl' .. 4iMpw
/ (—esin() + ie cos(0)) (6 cos(f) + ie Sln(9)> i e~/ (esin(0)+ecos(0)) 10
0

C

We have that
/ ~ O(e) — 0, as e — 0.

Ve
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Hence we must have that

/+/ = 0. (1.72)

) oo
il I A AT o i
/ e~V e41M}5¢<,uln(v/c) dv' — _/ e’ 641M}3wln( v’ [c—i€) v’
0 0

So, finally we have that

Using the fact that
!/
In (—U— — ie) = —im + In(v'/c),

then we have that

/OO efi’w’v’e4iMBwln(v/c) dv' = _64TrMBw /OO eiw’v’€4iMBwln(v’/c) dv'. (173)

0 0
Comparison of (1.73) with (1.70) reveals that
|t | = €™ME9| 3,0, (1.74)

We know that
Z |aww’|2 - ’ﬁww’|2 =1,
wl

and hence from (1.74) we have that

1
2 _
Z/ |wa’| - 687TMBW — 1 (175)

This is Hawking’s result, and the expression tells that thermal particle creation occurs

with a temperature (with h = c=1)

1
- 87Mp’

Ty (1.76)

This is known as the Hawking temperature and we see that it depends only upon the
mass of the black hole. The result we have arrived at does not depend upon the nature

of the collapse as we are only concerned with the energy flux at late times, far from the

black hole.
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1.5 Obtaining a Langevin Equation

In this section, we shall examine the method as presented by Louisell[15] for obtaining a
quantum Langevin equation from a Hamiltonian of a damped harmonic oscillator coupled
to a real scalar field. This approach makes use of a Wigner-Weisskopff approximation,
which we shall also examine. We do this as the process yields forms for the annihilation
and creation operators of the oscillator, and hence allows us to define the position and
momentum functions for the operator. Once we have these, we can perform the energy

calculations of the previous section.

First, let us remind ourselves of some preliminary observations of the harmonic oscil-
lator in the Heisenberg picture. We shall consider a classical harmonic oscillator of unit
mass in one dimension whose position is described by the coordinate ¢, and momentum
is described by the coordinate p. This discussion is presented in Louisell’s book [15]. The

Hamiltonian is

1
H = 5(192 + wlq?), (1.77)

where w, is a constant related to the restoring force of the particle. Using the above

Hamiltonian, we can find the equations of motion for position and momenta

dg 0
I 1.
and
dp oA 5
B S 0 ] 1.

We now have two coupled differential equations, and if we differentiate both sides of

(1.78) with respect to ¢, then we can eliminate dp/dt from (1.79), thus we obtain

d*q 9
The solution to this equation is
q(t) = Asin(w.t) + B cos(w,t), (1.81)
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where A and B are constants. It is clear that if we substitute this into equation (1.79)

and integrate both sides we have that
p(t) = —Aw, cos(wet) + we.Bw, sin(w,t). (1.82)
Using the arbitrary boundary condition that at ¢ = 0

p=p(0) and ¢ = q(0) (1.83)

means that we have

q(t) = q(0) cos(w.t) +2¥ sin(w.t), and p(t) = —w.q(0) sin(w.t) + p(0) cos(w.t). (1.84)

There is an alternative procedure for dealing with the coupled differential equations of
(1.78) and (1.79), and this method has a direct relevance to the quantum mechanical
treatment of the harmonic oscillator which we shall look at shortly. If we multiply (1.78)
through by \/LT/2 and equation (1.79) by the quantity +i//2w,. then add both equations

together, we find we obtain the two coupled differential equations:

d
ﬁ:—wy, (1.85)
and
d; = iw.a. (1.86)
We define
1 1

a= (weq + ip), and a* = (1.87)

e Vo et )

with a* being the complex conjugate of a. We may solve these two equations for position

and momenta coordinates:

(" +a), and p=1i %(a* —a). (1.88)

7= v 2w,
Solving (1.85) and (1.86) is trivial and we have the solutions

1
v 2w,

38

a(t) = a(0)e ™ = [weq(0) + ip(0)] e~ ™t (1.89)




and

0" (1) = a*(0)e™ = 2 [uuq(0) — ip(0)] €. (1.90)

[

Thus, the introduction of the quantities a and «* have made the solutions to (1.78)
and (1.79) much simpler. We find that the introduction of a and a* also simplifies the
Hamiltonian. After some algebra we find that the Hamiltonian can now be written in the
succinct form

H = w.a"a. (1.91)

Indeed, from this form of the Hamiltonian, we can obtain directly the equations (1.85)

and (1.86):
da 0 da* 07

— y — — *
ZE_ S = w.a, and 17 = = —w.a".

dt da

We now turn to the quantum treatment of the oscillator in the Heisenberg picture. From
standard quantum theory, we associate hermitian operators with the observables ¢, p,
and 7, and furthermore we have that the operators ¢ and p satisfy the commutation

relation
g, p] = ih. (1.92)

due to (1.87). The Hamiltonian for the system is
1
H = S0+ i) = A (1.93)

All of the operators above are in the Schrodinger picture, and as such are independent

of time. The Schrodinger equation of motion is
0
i (1)) = 1) (1.99
and the solution to this equation is
[s()) = U(t, 0)[o(0)) = ™ [ (0)), (1.95)

where U is unitary. The above equation is the transformation law between state vectors in

the Schrodinger and Heisenberg pictures. Operators transform between the two pictures
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by the similarity transform:
g (t) = U'(t,0)gsU(£,0), and pr(t) = U'(t,0)psU (%, 0). (1.96)

Now, for a conservative system, the Hamiltonian in the Heisenberg picture is the same

as the one in the Schrodinger one, thus we may write
L 2 2
Hig = Sl (1) + w2 ()] (197

Where the subscript ‘H’ reminds us that the operators are in the Heisenberg picture.

The Heisenberg equations of motion for gy (t) and py(t) are

dqn 07y dpy 01 2
dt ap H PH, an dt 0q H WC a ( )

The only difference between these and the classical equations we derived in (1.78) and

(1.79) is that the operators py and ¢y now satisfy the commutation relation

g (t), pu(t)] = ih. (1.99)

We now introduce two convenient operators- the annihilation operator a, and it’s Hermi-

tian conjugate counterpart, the creation operator al:

1 1
cq+ip), and a' =
T (weq + 1p), and a o

a= (weq — ip). (1.100)

The annihilation and creation operators are related to the position and momentum op-

erators by the relations

h hw
q= (a" 4+ a), and p:i\/Tc(aT—a). (1.101)

2w,

As we would expect, the operators a and a' do not commute, however they do satisfy the

commutation relation

[a,a'] = 1. (1.102)

If we use this and substitute (1.101) into (1.97) we find that the Hamiltonian is now
hw, 1
— T(aaT—l—aTa) = Tw, <aTa+§>, (1.103)
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where the term 7w, /2 is the zero-point energy of the oscillator.

We now turn out attention to the problem of constructing a Langevin equation of
motion for a damped harmonic oscillator. As we shall see, such an approach will in-
volve using a Wigner-Weisskopff approximation. Our aim is to find expressions for the
annihilation and creation operators of the oscillator, we can then use these to determine
the position function ¢ from equation (1.101). In the next section we shall examine the
method introduced by Ford and O’Connell for determining the overall energy flux of the

system.

We start by introducing the Hamiltonian given in Louisell’s text [15]
I = hw.a a+th]bb +hz Kjbjal +/~i;b}a). (1.104)

where w, is the natural frequency of the oscillator Wthh has annihilation and creation
operators, a and a' respectively. Similarly the b; and b} are the annihilation and creation

operators of the scalar field. The annihilation operator a satisfies the Heisenberg equation

of motion
da 1
— = _Ja. . 1.105
i = i (1.105)
So we have
d
dctt = —iw.]a,a'a) — ZZ/{][)T a,a) —ifa,al] zk:ﬁjbj. (1.106)
We may use the identity, for operators //l . a and af that
[, a' a) = [, a')a+ d' [ A, a]
along with the commutation relations
oM oM
= - T = —
and so we find that (1.106) now becomes:
da .
i —iwea — zijbj. (1.107)
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We do the same thing for the scalar field operators:

db,

= —iw;b; — iKja = —iw;b; — iKja. (1.108)

Integrating the above equation gives us an expression for the annihilation operator of the
scalar field

¢
bi(t) = e ™'b;(0) — ik} / a(t e "=t dqt’ (1.109)
0

where 0;(0) is the value of the operator at time ¢t = 0. We now substitute (1.109) and it’s
complex conjugate back into (1.106) (being mindful of order as the two separate parts
of b;(t) and b; (t) do not commute with all functions of a(t) and af(¢) in the Heisenberg
picture):

d "

d(z —iwea + G, Z |/€j|2/ a(t)ei =t dt’, (1.110)
where we have that

Go =1 rjbi(0)e" —iw;t. (1.111)
We now remove high-frequency behavi;r from (1.106). Let
a(t) = e ™' A(t); and still [a(t),a’ ()] = [A(t), AT(t)], (1.112)
and hence we have that

— G- Z 152 / Jeilermee)t=t) gy (1.113)
with
- —@Z kb (0)e i @imwelt, (1.114)

The equation we have obtained in (1.113) is an integrodifferential equation, and it does
not have an exact solution. We must therefore use an approximation to solve it, and this
will be the Wigner—Weisskopff approximation. First we multiply both sides of (1.113) by

4

e~*” and integrate with respect to ¢ from 0 to infinity (i.e. we take the Laplace transform

of both sides):
00 t
SZ(S) _ 6,4(8) + Z |I€j|2/ ei(wc—wj-i-is)t dt / A(t/)ei(wj'—wc)t’ 5
j 0 0

42



We change the order of integration so that the integrals can be evaluated:
SZ(S) _ EA(S> + Z |/fj|2 / ei(wc—wj-i-is)t dt/ A<t/)6i(wj—wc)t’ dt/-
j % 0
Performing the ¢ integral first we now have that:
sA(s) = Ga(s) + Z |lij|2/ ei(“’c_“’f”s)t/A(t’)ei(wf_WC)t, dt’,
A 0
J

which simplifies to
sA(s) = Gals) + Y _ |r;[*A(s
J

Re-arranging the above equation and we arrive at the exact form

Als) = Gals) (1.115)
|“J‘
s+ Z] s+i(wj—we)
where we have that
A(s) = OO’StAtdt d Ga(s) =— 1.116
()= [ A and G ZZSH%_%) (1.116)

We now have to deal with the poles in (1.115). To do this we employ the Wigner-
Weisskopff approximation. For the case where the atom interaction with the field is
small, a zeroth approximation of s = 0 can be used. The next approximation consists in
calculating the first order shift in the simple pole of (1.115) as is discussed in Louisell’s
text [15].

Now

I 1 I T 18
m = lim —
s—0t+ | &+ 158 s—0+ | 22 + 52 2 + s2
1
= — —imd(x).

T

(1.117)

Since we have that
0 forx #0, o0
lim > L 20 dim / % drl =1 (1.118)
s—ot | m(2? + s?) so for z—0 s—0t | J_oo (22 + 52)

are required properties of the delta function. So, we now write
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Using the Wigner-Weisskopff approximation of (1.117) we have that

; Q(Wj>|’i(wj)‘2 / 2 1 ;
1 AV b o B QS 70w, — .
slI%{( y ) — s i | g|k| y ) +imd(wj —we) | dwy,

and thus we can write that

—i2¢=z+iAw (1.119)
- (wj —we) —is 2 '
where
, NE
v =2mg(we)|k(w)|?, and Aw = /W dw;. (1.120)
J W

The effect of applying the Wigner-Weisskopft approximation means that we can replace

(1.113) with an exact Langevin equation:

dA 1
— = A1) + Ga), (1.121)

(ignoring small frequency shifts), and this has the general solution,

t
A(t) = e 2 / Ga(the ' ar'. (1.122)
0

So, in order to determine a form for the annihilation operator A(t), we simple substitute
in the correct G4(t) (which in this context represents the random operator Langevin
noise source) into (1.122) and perform the integration. Once we have the annihilation
and creation operators we are free to determine ¢(t) from the expressions in (1.101), and
we can use it to determine the overall energy flux of the system. We do this using the
method as established by Ford and O’Connell [8] and we examine their method in the

next section.

1.6 Method of Determining Energy Flux

In this section we consider the problem of determining the energy flux of a harmonic
oscillator coupled to a real scalar field undergoing some kind of prescribed motion. We

introduce two quantities, the energy density & and the energy flux J. The energy density
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represents the amount of energy stored in the system, while the energy flux is the rate of

transfer of energy of the system. We have the conservation law:

o8 0J

—+—=0 1.123
o " or (1.123)
where t is a time coordinate and spatial the coordinate is x. Let ¢ be a real scalar field

which satisfies the the Klein- Gordon equation
(O +m?)¢ = 0. (1.124)
where O is the usual D’Alembertian operator
0= 1n"d,0,. (1.125)

The Klein-Gordon equation may be derived by applying the variational principle to the

action
S:/z(qs, 0,0) d*z. (1.126)
b
where .Z is the Lagrangian density for the scalar field. In the process of taking the
variation of the above action, we find an expression for the energy-stress tensor 7, appears

in the expression of the variation of the action for S and has the form

0L
=% 96-6n2. 1.127
00 20

The energy density & is represented by the component 7y in the stress tensor. So we

have from (1.127) that
0L 0
= 0L9¢ _ , (1.128)
0p Ot
where we have used dots to denote differentiation with respect to time. Similarly we have

the energy flux J represented by the component stress tensor component T7:

o _ 0L

= o (1.129)

We shall be interested determining the energy flux of the system and so we shall need to

calculate the expectation value:

(J) = <%%>. (1.130)
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As we saw at the start of the chapter, the general Lagrangian density for the free-scalar
field is given by

L= %\/—_g [9"0,00,6 — (m* + ER) ¢°] .
Thus we see that in order to determine the energy flux of the system, we shall need to
calculate the expression (1.130). This expression requires the Lagrangian density of the

scalar field, which in turn is dependent on the spacetime metric tensor. We shall also

require the solution to the scalar field equation, which will have a general form

o(t,x) = on(t, x) + ¢p(t, x), (1.131)

where ¢p,(t, z) is the homogeneous solution and ¢,(¢, x) is the particular integral of the
field equation of motion. In fact, as we shall see in Chapters 3 and 4 when we come
to calculate the energy flux of oscillators coupled to a real (massless) scalar field on
various trajectories that the particular integral is in fact the position function of the
quantum oscillator, determined by the method given in the previous section. Thus we
have a method for calculating the energy flux of a quantum oscillator confined to some

prescribed trajectory in a given spacetime:

1. First we form the Hamiltonian which describes the quantum oscillator, the free

scalar field and the interaction between both the field and the oscillator.

2. The annihilation and creation operators of both the oscillator and the free field
must satisfy the Heisenberg equations of motion, so we use this to determine the

equations of motion for the field and oscillator.

3. Solve the equation of motion for the scalar field and obtain expressions for the

annihilation and creation operators b,(t) and b; (1).

4. Substitute these into the equation of motion for the oscillator. Further, let a(t) =
e~ A(t) to remove the high frequency behavior of the system and thus obtain a

first order integro differential equation for the annihilation operator A(t).
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5. Apply the Wigner-Weisskopff approximation to this differential equation so that
the differential equation can be replaced with a quantum Langevin equation, the
solution of which yields a(t) and a'(t). It is then a straightforward matter to obtain

the position function, ¢(¢) from (1.101).
6. Solve the scalar field equation to obtain ¢(t,z) = ¢n(t,x) + ¢p(t, x).

7. Using expression for ¢(t) and ¢(t, z), determine the overall energy flux of the system

by calculating the expectation value in (1.130).

We now have almost everything we need to calculate the expectation value (1.130) for a
number of different cases. The final thing we need to examine is the process of computing
a solution to the inhomogeneous wave equation. As we shall see in the next section, the

standard way of doing this is through the use of Green’s functions.

1.7 Green’s Function for the Wave Equation

In the last section we shall be give the standard method of solving the inhomogeneous

wave equation:
O¢ = f(x,1). (1.132)

The quantity n* is the inverse of the Minkowski metric tensor. The spacetimes we
shall examine in this thesis are all two dimensional, and any two dimensional spacetime
is conformally flat; one simply writes the metric tensor in terms of a conformal factor
and the usual Minkowski tensor g, = €27,,. Thus the method presented here is suitable
for conformally flat spacetimes, and we follow the methodology of P. Szekeres text [20].

Here (in this section) we shall let x = (2!, 2%, 23, 2*) with z* = ct.

The general solution of (1.132) has the form

o(x) = ¢y + ¢" (), (1.133)
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where ¢"(x) is the homogeneous solution, O¢"(x) = 0, and ¢ is the particular integral

to be found using a Green’s functions. We shall seek a solution a solution to the equation
09 (x — 2') = 0*(z — 2'), (1.134)
where we have taken
'z —2') = d(at — 2™M)o(2? — 2)0(2® — 2")6(x* — 2).

Every Green’s function ¢ generates a solution ¢y (z) to the inhomogeneous wave equation

osa) = [[[[ 9@~ ar11a)

ugbg://// 09 (z — ) f(2/) d'a’
:/// o — ') d2 = f(z).

G(x—12') = # / / / / g(k)er@==) gz

where we have let k = (ky, ks, k3, k4) and

of (1.132),

for

We shall set

If we write the four-dimensional d-function as a Fourier Transform we must have that

0Y(z —2') = # / / / / —k2g(k)e* =) @tk = 6*(x — a')

= e [ 4

1
g(k) - _47'('2]{72

hence we have

(1.135)

where k* = k.k = k,k*. So, the Fourier transform of the Green’s function is

Gz —a') = — (271r)4 / / / / ek(k; Y (1.136)
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Complex ky-plane

— 0 forT <0

Figure 1.6: The contour in the k4-plane of the Green’s function for the 3-dimensional

wave equation.
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We shall now need to evaluate this integral. First we shall let

r=a2'—2", R=x-x, K=|k|=vVk -k

om0y [

This is a contour integral and its path in the complex k4-lane is shown in figure 1.6.

and so

There are two possible directions around the path. For 7 > 0, the contour is traversed

anti-clockwise and we follow the upper semi circle. Now use Cauchy’s integral theorem:

Cauchy’s Integral Theorem Let D be a bounded domain in the complex plane with
piecewise smooth boundary 0D. Suppose that f(z) is analytic on D U 9D except for a

finite number of isolated singularities zq, ..., 2, € D. Then

dz = 2mi iRes[f(z) z
j=1

where for a pole of order n at the point zy we have that

Res[f(2), z0] = ﬁzh_% {j: —{(z - Zo)nf(z)}}

and we find

0o eik47’ 6iKT e—iKT
——— dky = 2m1 — . 1.137
/mki—m ! M{QK QK} (1.137)

For 7 < 0, we complete the contour in a clockwise fashion and follow the lower semicircle
in figure 1.6. This particular contour does not enclose any poles and so, as a result, the

integral must vanish, thus

> gikar 27
= —— in( K 1.1
/ Epe dky 7 O(7)sin(KT), (1.138)

where O(7) is the Heaviside function. The bottom contour gives rise to a Green’s function

which vanishes for 7 < 0 i.e for z* < 2/

. It is called the retarded Green’s function for
a source switched on at the spacetime point (x’,2") and will only affect field points at

later times. The corresponding contour above the poles is the advanced Green’s function.
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We can finish the calculation of ¢ by using polar coordinates in k-space with the k3 axis

being parallel to R Thus,

, 1 2m o0 ™ K2 sin(0) e Feos®) gin (K1)
G(x—2a)= _(27T)3®(T)/0 dgb/o dK/O ’ do
— _2@7527—])% /OO sin(K7)sin(KR) dK
0
@(T) 00 (eiK’T _ eiKT) (eiKR _ e—iKR)

- 2m2R / 2 2 K

S)
= 4757; (0(tr+ R)—0(T — R)).

Now, the whole expression must vanish for 7 < 0 due to the Heaviside function, while
for 7 > 0 we have that 6(7 + R) = 0. Hence we find that the Green’s function may be
written as

G(x—2)=— ot —t —|x—x|), (1.139)

Am|x — x|
and this expression is only non zero on the future light cone of 2’. The solution to the

inhomogeneous wave equation (1.132) generated by those Green’s function is

¢(x,t):////s¢<x—x') ) dia =~ /// ;_t;d'ret i’ (1.140)

where the expression [f(x,t')] ., means that f is to be evaluated at the retarded time

ret
given by

!/

x — x|
Tret — t— -

; (1.141)

where c is the speed of light in a vacuum. Although we shall be dealing with the 1D case
(and the Green’s function is different for different dimensions), the method given here is

essentially the same.
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Chapter 2

Hawking Radiation in 2D
Schwarzschild anti de-Sitter

Spacetime

In this chapter we shall be interested in investigation the Hawking radiation associated
with a thin collapsing shell in Schwarzschild anti de-Sitter spacetime, and determining the
forms of the renormalised energy-stress tensor at both early and late times. We shall cal-
culate the Hawking radiation arising from the collapse of a thin shell in two dimensional
Schwarzschild anti de-Sitter spacetime using the ‘geometric optics’ approach established
by Hawking. This method will allow us to establish a relationship between early modes
and late time modes, and hence by calculation of the Bogoliubov coefficients we show
that particle creation occurs. The investigation of this problem will provide a familiarity

with Hawking radiation in a spacetimetime other than Schwarzschild.

Once we have established a relationship between past and future modes we go on
to find the renormalised energy stress tensor. We discuss the process of renormalisation,
then use the result established by Davies, Fulling and Unruh which allows us to determine

(T, )ren both at early and at late times.
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We shall adopt the following conventions
e Adopt natural units; G =c=h =1,
e Use a metric signature (— + ++)

e We shall use the abbreviation SADSs to mean Two Dimensional Schwarzschild—anti

de Sitter spacetime.

2.1 Introduction

It was once the widely held belief that the black hole marked the final end point of
gravitational collapse. The supermassive stars which underwent this process formed a
collapsed region of spacetime which was forever sealed off from the visible Universe by
the event horizon. After this, no further processes took place and the black hole was, for

all intents and purposes, a dead and lifeless object.

The idea that black holes were the final evolutioanry dead end for supermassive stars
was first challenged by J. D Bekenstein [21]. Bekenstein highlighted the number of sim-
ilarities between black-hole physics and thermodynamics. in particular, the similarity
in the behaviors of black-hole area and of entropy. Bekenstein’s argued that objects in
the Universe cannot just obey the laws of general relativity, they must also obey all the
other rules of physics too, including the second law of thermodynamics. The second law
of thermodynamics tells us that the entropy of a closed system always increases. If we
identify the event horizon of a black hole as a measure of its entropy, this implied that
black holes must have a temperature, and hence they must radiate. As we observed in
Chapter 1, Hawking- in his paper concerned with particle creation by black holes [10] -

went on to show that the temperature of the black is given by the expression

kh

= Onke
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where & is the surface gravity of the black hole, i = h/2m where h is Plank’s Constant, k
is the Boltzmann constant and c is the speed of light in a vacuum. This radiation emitted
by black holes is now called Hawking radiation and does not depend upon the nature of

the collapse.

Soon after this result was announced, the Hawking effect was studied from many
different aspects. Boulware’s approach was to investigate quantized scalar and Dirac
fields around a thin collapsing shell [22] in Schwarzschild spacetime using the Kruskal
coordinates. Boulware suggested that the Hawking radiation was result of the collapse
process and involved the emissions of pairs of particles which had come from either side
of the event horizon. Boulware further demonstrated that any back reaction on the shell
would react entirely through the metric and was able to calculate the contributions the

radiation made to the energy-stress tensor.

It was not long before the Hawking process was applied to collapse scenarios in other
spacetimes. The first alternative spacetime to undergo such investigations was the de
Sitter spacetime. The de Sitter spacetime is the maximally entended symmetric solution
of the vacuum Einstein field equations with a positive cosmological constant, A. Gibbons
and Hawking showed that the Killing horizon within de Sitter spacetime has the same
quantum properties as a black hole: namely entropy and temperature. They found the

temperature was determined by the relationship
Tys = —, (2.1)

where [ is the curvature radius. In his paper ‘Adventures in de Sitter space’ [23], Busso
gives a concise summary of the work undertaken by Hawking and Gibbons on the de

Sitter manifold.

By this point in the subject’s history, all of the spacetimes investigated had been
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globally hyperbolic manifolds. There is good reason for this: a spacetime which is glob-
ally hyperbolic posses a family of Cauchy surfaces and prohibits the existence of closed
timelike curves (causality conditions). Thus, everything that happens in such a spacetime
can be determined by the equations of motion and some initial boundary data on some
specific Cauchy surface. Avis et al [24] broke with tradition by considering quantum field
theory in anti-de Sitter spacetime a manifold which is not globally hyperbolic. By in-
vestigating conformally-coupled massless scalar fields, and the covering spaces of anti-de
Sitter (which is conformal to part of the Einstien static Universe), Avis et al were able to
give three quantization schemes which came in two varieties: one scheme was concerned
with transparent boundary conditions (i.e. particles in a transparent box), the other two

were concerned with reflective boundary conditions.

It should be noted that undertaking quantum field theory calculations in curved space-
time is far from trivial and many subtleties and difficulties soon occur; a particular prob-
lem which shall concern us here is the calculation of the expectation value (0|7,,]0).
The methods for removing divergences from quantum field theory in flat spacetime- for
example renormalizing the zero-point energy by an infinite amount, or the use of a ultra-
violet regulator function e®*! cannot be employed since (as we shall see later on when we
discuss renormalisation schemes) energy plays an important role in spacetime curvature;
energy gravitates and so it cannot be easily discarded. There are a number of elaborate

renormalisation schemes in existence.

One approach in dealing with the problem of divergences is to consider the semi-
classical field equations:

G;w = —8r <T/ﬂ/>ren7

where the stress-energy tensor has been replaced with its renormalised expectation value.
This semi-classical approach gives a convincing model of Hawking radiation and provides

a method for calculating the back reaction to Hawking radiation. Unfortunately, the
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calculaton of (7),,).en is also problematic. For example Brown|[25] calculated the stress
tensor expectation value of a massive scalar field coupled to an arbitrary classical gravi-
tational field, (7),,)ren Was not conformally invariant: its trace contained additional terms

which gave rise to the so-called trace anomaly.

Davies et al [17] and their book Quantum fields in Curved Space [26], Birrell and
Davies give some reliable methods for calculating the expectation value of the renor-
malised stress tensor and examine the conformal anomalies for the massless case. In
particular, they give a method for calculating (7},,)ren using the Davies Fulling Unruh
(DFU) derivative. In this procedure, a 2D spacetime metric is written in the conformal

form

ds®> = C(r) dudv,

where C(r) is the conformal factor and u and v are null coordimates. The components

of the renoramlised stress tensor are then computed from the DFU derivative.

Adopting this approach, Tadaki and Takagi [27, 28] demonstrated that by considering
a quantized conformal scalar field in 2D asymptotically flat de Sitter spacetime with a
collapsing star, the stress tensor in a given quantum state is regular if this quantum state
is to be the vacuum state associated with the basis modes defined using the global null

coordinate system described above.
More recent investigations of black hole evaportation by Saida et al [29] use the DFU
method to calculate the radiation power of black holes which are asymptotic to the Ein-

stein Static Universe at spatial and null infinities.

We shall adopt the approach discussed in Birrell and Davies. We start by examining

the structure of 2D Schwarzschild anti-de Sitter Spacetime.
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Figure 2.1: Penrose diagram showing the structure of Schwarzschild 2D anti de-Sitter.

2.2 The Structure of Two Dimensional Schwarzschild
anti-de Sitter Spacetime.

We shall use this section to examine the structure of SADS,. The metric for this spacetime

has the form
oM  Ar? oM Ar2\ !
d52_—(1————r>dt2+(1————r> dr?, (2.2)

where M is the mass of the black hole and A is the cosmological constant, strictly negative.
In figure 3.1 we have a Penrose diagram which shows the structure of SADS;which is non-

globally hyperbolic. [30, 31] On the diagram we have indicated the following:
e H* (dashed lines): These indicate future/past black hole event horizons
o S* (zig-zag lines): Future/past singularities.

We note also that Region I covers the region outside the event horizon, and Region I’ is

a copy of Region I. Regions II and II’ contain the spacelike singularities ST and S~.
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Another interesting feature of SADS; is that there is no null surface .#~ (past time
like infinities) or .#* (future timelike infinities) where null geodesics would normally start
and finish, there is only one timelike infinity .#.

We can of course write the metric as a conformally flat one:

ds* = —C(r)(dt* — dr?), (2.3)
where the conformal factor
oM  Ar?
C =1-— - —. 2.4
()=1-25 - (2.4

There are no cosmological horizons: if we let C'(r) = 0, then

A3
r—2M—Tr:O. (2.5)

The equation (2.5) has just one real root solution when A < 0, and hence we have only

the event horizon. Furthermore we have that

dr. oM Ar2\ 7!
— (o2 2.6
dr ( r 3 > ’ (2:6)
then clearly
dr
. = —_— 2.7
= | 35 2.1
We shall now write:
OM  Ar?
1= == == = (= m)h(r), (28)

where the event horizon is located at the position r = r,, and we have that the function
x
h(r) = - +y+ oz, (2.9)

where the quantities x, y and z have the forms:

2M A
xr=—,y=2zr, and z=——. (2.10)
Tn 3

We can define a set of null coordinates (u,v) with a boundary condition on .#:
u=t—r., v=t+r,; r.=0o0n .7, (2.11)
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and in terms of these advanced and null coordinates, the metric becomes
ds®* = —C(r) dudv (2.12)

where the function C'(r) is given in equation (2.4) and is infinitely differentiable and con-

tinuous everywhere except at r = 0.

Throughout this chapter we shall be working with a massless scalar field which satisfies
the wave equation:

O¢ = 0 (2.13)

where, the O represents the usual D’Alambertian operator
0= g¢""V,V,. (2.14)

The solution to equation (2.13) are plane wave modes, for which we can define early time

modes of pure frequency w':

]. s s !
early ( —w'u _ —iw v) 2.15
u'y — e e , .
“ Viarw' (2.15)

where v and v are the advanced and retarded null coordinates defined in equation (2.11).

Similarly, we can define late-time modes of pure frequency w;

ulate — 1 (e—in o e—iw\/) ; (216)

¥ vVAarTw

where U and V are the advanced and retarded null coordinates at late times
U=T+R, V=T-R,. (2.17)

We shall need to impose suitable boundary conditions with the wave equation of (2.13)
as SADS, is not a globally hyperbolic spacetime. We shall impose reflective boundary
conditions:

p=0 at r,=0, (2.18)
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which is simply a reflection at null infinity. We can now define a meaningful inner product
which is not dependent on any particular choice of hypersurface. It is of course the non-
hyperbolicity of SADS, that has dictated the nomenclature of the two types of modes.
As we saw in Chapter 1, in the case of Schwarzschild collapse (where we have .t and
) we can define in-going and out-going modes. However in SADS, we just have .%
and so the modes are a mixture of ingoing and outgoing modes, so a better distinction

will be modes at early times and modes at late times. At early times we shall have that
f ~ e—iwv7

and at late times:

F oo emiwg(V)

Later on, we shall require an expression for the Ricci-scalar, . We find that, for

SADS,
2 Ar3+6M

R =
3 73

(2.19)

It can be seen that if A =0, we recover the two-dimensional Schawzrschild Ricci scalar:

One more quantity which will be useful to us later on is the surface gravity. This is

easily determined from the expression:

Ldcy - _ M An

— - — 2.20
" 2 dr r=rp 7’,21 3 ( )

2.3 Collapse Scenario

We shall now consider the case of a thin uniform collapsing shell in SADS,. Inside the
shell the spacetime is simply anti de-Sitter (ADSs). We shall essentially follow the same

argument as given by Ford which we discussed in Chapter 1.
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Consider now figure 3.2. Here we have a Penrose diagram which illustrates the col-
lapse scenario (this type of illustration made popular thanks to J. Maladacena). We
notice that unlike in the asymptotically flat space, we have no .#~ and no £, an in-
coming ray passes through the collapse and is reflected back as a u ray. Furthermore, we
have to arbitrarily choose the start of the collapse which we have done, this is the Cauchy

surface ¥; = 0 in figure 3.2.

We start by considering now the three rays: vy, v; and vy. From figure 3.2 it can be

seen that:

e The ray vy is the ray which passes through the centre of the collapse and then

emerges and travels along the event horizon H.

e All rays which enter the collapsing matter before the ray vy will pass through the

centre of the collapse and back out through the shell.
e The ray v; passes through the collapsing shell and emerges as the future ray u;.

e Any ray entering the shell after vy (for example, the ray vy) will pass through the
shell and is doomed eventually to hit the singularity which has formed at the centre

of the collapse. Such rays cannot emerge in the future.

e The position of the shell at any time ¢ is given by R = R(t); the ray v, enters the
shell at point Ry, passes through the collapse and emerges at R, along the future

event horizon.

Since any ray entering the shell after ray vy will hit the singularity and never emerge in

the future, we shall only be interested in all rays v > vy.

We now have three regions to consider: outside the shell, on the shell and inside the

shell, and we shall consider these three regions separately.
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Thin Shell

Uy

(%

Vo

U1

Start of collapse,
the surface >; = 0

Figure 2.2: Penrose diagram showing the collapse Scenario.
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Outside the Shell This is the SADS, region outside the thin collapsing shell. It is

covered by the advanced and retarded null coordinates:
u=t—r, v=t+r, (2.21)

where t is the coordinate time, and the 7, coordinate is given by the expression:

dr
= / s (2.22)

Inside the Shell The interior of the shell is two dimensional anti de-Sitter, and this

has the metric:

—9 —9o\ —1
dst = — (1 - A?T) dT? + (1 - ATT) dr? (2.23)

where T" and 7 are the coordinate time and radial coordinate respectively for ADS,. We
note that both 7" and 7 are quite distinct from the ¢t and r. As we did for SADS,, we can

define an advanced and retarded null coordinate for the interior. Let

U=T-7, V=T+T7 (2.24)

i AT\ 7!

On the Shell On the surface of the collapsing shell we have that r =7 = R(t), where

and we also have that

as we defined earlier, R(t) is the position of the shell at any particular coordinate time ¢.
Now that we have the spacetime structure of the whole scenario established, let us

consider the collapse in detail.

2.4 The Ray-Tracing Process

Following the method as outlined by Ford, we shall now use the ray-tracing process to

establish a relationship between the early-time and late-time modes. We do this by using
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the fact that we require the interior metric of the shell to match with the exterior metric

across the shell, thus equating the interior metric with the exterior one we have that

(o) () - () = ()
(2.26)

From figure 2.3 we observe that a ray which enters the shell at R; passes through the
ADS; region and exits in the future at position Ry. Since the shell is collapsing it must
be the case that Ry > Rs. The figure also shows a small e-neighbourhood situated on the
collapsing shell a long way from the event horizon, and a small §-neighbourhood situated

near to the future event horizon.

Consider the small e-neighbourhood on the past event horizon. It is located around
the point Ry and we have that R; >> r,. We note two things of importance. Firstly we

have that R; — rj, is constant, and secondly
T ~ constant.
in this e-neighbourhood. So by (2.26),

dt
— ~const = — =~ const = =T,

dT dT
for some constant ¢. Since fl% is also approximately constant in our e-neighbourhood, we
can write
dr, _
— =, = r.=ar + /3.
dr,

So in our e-neighbourhood we have that
u=t—ry,andv=t+r,
and therefore we can say that
U=kt—7,, and V = Kt +7,,
for arbitrary constants k£ and K. Since r, = a7, + (3, we can say that
u=t—ar,— 3, andv=t+ar, + 0
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Singularity —
Event Horizon

U1

Surface of Shell

Figure 2.3: Diagram showing the collapse of the shell. The € and § neighbourhoods are

shown.
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and hence by some elementary algebra we can write that approximately, in the e-neighbourhood,
we have that

V=av+b (2.27)

for some constants a and b, and similarly
U=cu+d, (2.28)

again for some choice of constants ¢ and d. Thus we have that V = g(v) and U = f(u)
where both the mappings f and g have a simple linear dependence. The ray which started
at R; passes through the collapse, and since r = 0 at the centre of the collapse we have

here that U = V.

Any ray entering at R; exists at Ry. Consider now the d-neighbourhood in figure 2.3.
We shall only be concerned with rays in this neighbourhood which is situated close to the
future event horizon located at R = rj,. Here rays exit near to point R, which is close to

the horizon. Since in the d-neighbourhood
g 2 const

then we may say that

R(T) = AT + B, (2.20)

where A and B are constants. Now, let us say that at time T' =Ty, R = 1y, so
ry, = ATy + B, (2.30)

and clearly
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So, using (2.29), and some further rearrangement, we have that:

(5_92 - m (1 - Af) - (1 - A§ 2>_1 (R —if)h(R) e rf;h?(f%);

N~
*

(2.32)

Now, only the quadratic term (*) makes any significant contribution so we neglect the

linear terms and hence

a' L&
dT ) = (R—ry)2h2(r,)’

By expression (2.31),

dt\* A?
AT ) = AT — Ty)2h(r)?
Taking the negative square root because for T' < Tj we want R to be positive, we obtain

that
dt N 1

dT = (T —To)h(ry)’
Integrating both sides, we have approximately in the d-neighbourhood that:

t ! |
= — n
h(rn)

T-Tp
§

for some constant £. We can find the corresponding expression for r, from (2.22). We

, (2.33)

have that
R — Tn
5/

Y

1 / dR 1 |
Ty = = n
h(’f’h) R — Th h(’l"h)
for some arbitrary constant £’and hence

1
T, = In

h(rn)

A(T - Tp)
é'/

(again this is approximately true in the J-neighbourhood). Since we have defined u =

. (2.34)

t — r., we have by (2.33) and (2.34) that

2
U= — In

h(rs)

(2.35)

%—q
ol
for some constant 1. Now since in the limit Ty =~ T, U = T'— R(t), then we must have

that

ATy —=T)=U—=T +ry,
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which means that we can write

2 1 ' U-T + 7
U — n ,
h(rn) ud
(1’ is another constant) and so we arrive at:
2 T—r,—U
U~ “he) In ‘ T}i ‘ (2.36)
Th H

where 1/ is an arbitrary constant. As we pass through the origin, we have imposed

reflective boundary conditions which means U = V' and so

2
U — ln‘

h(rn)

T—rh—V
% '

and so when we trace along the v-ray we have

2 T—ry— b
U — In T /(cw +b) ’ : (2.37)
h(rn) f
Now, on the horizon the argument of the logarithm must vanish, and so
T —r, =avy+b.
Finally, we arrive at an expression for U in terms of v, namely that
2 v — U
U=- In , 2.38
W | 255

for some constant p.
Similarly, following the same argument that we have just used. Figure 2.4 shows an
incoming u-ray emerging as an outgoing V-ray. The ray ug travels along the horizon.

Since v =t + 7, then by (2.33) and (2.34) we can write

2
V= — In

h(rs)

TO—T‘
e B
Again A(T —Ty) = R — 1y, and at Ty &= T, we have that V =T + R and so we can say

that




Singularity ——
Event Horizon

Surface of Shell

Figure 2.4: Diagram showing the collapse of the shell, this time showing an incoming
uy (entering the shell at position R3) which passes through the collapse and emerges
as a vi-ray (at point Ry). The ray ug travels along the horizon. Also shown are the

corresponding € and § neighbourhoods.
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When we pass through the collapse, U = V' and so,

2 1 ‘ T — Th — U‘
VAR — n ,
h(rn) I
and so tracing along the u-ray:
2 T—ry— d
VR — In T /(cu +d) ’ : (2.39)
h(rn) 7
Again on the horizon, the argument of the logarithm vanishes: so
T — Ty = CUg + d
and hence we have that
2 U — Ug
V=- In 2.40
e R (240)

We have now established a relationship between early-time modes u and v and late time
modes U and V. We see that the ray tracing process has allowed us to write U = f(v)
and V' = g(u).

2.5 Bogoliubov Coefficients

We shall now calculate the Bogoliubov coefficients for the system. As we observed in
Chapter 1, if we have in-going modes of pure frequency w’ and outgoing modes of pure
frequency w we can write one set of modes in terms of the other set via a Fourier trans-
form. Once derived, the Bogoliubov coefficients can be used to determine the Hawking
temperature of the black hole.

As we stated earlier, we have early-time modes of pure frequency w’ of the form

fearly o

w’ -

|:€—iw’u o 6—iw’vi| ’ (241)

i-

4w’

and late-time modes which are of pure frequency w, and have the form

Fi}ate — [e—in o e—in:| . (242)

1
VAarTw
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From the Hawking ray-tracing method in the previous chapter, we have derived that, for

v < Vg
2

V=-— In U and U = — lnv_v0

h(rs) I h(rs) 1

for some arbitrary constant p. We shall now use the Fourier transform result of Chapter

2

1, where by the F!a¢ modes are written in terms of the Fourier transform of the fearly

modes, i.e.
o0 *
Flate — / (oz:;,w Fely g, ey ) du' (2.43)
0
to calculate the Bogoliubov coefficients ay, and f,.,. We can calculate the coefficent

o, by taking the Klein—-Gordon inner product of fg?rly with (2.43), i.e

Qs = (f5, F12), (2.44)

w

and similarly for (.., we have that

By = —(fby | plate”y, (2.45)

w

where the Klein-gordon inner product between two vectors ¢; and ¢, is defined to be

(61, 62) = / 01(2)D,ba(2)"/—gu (@) 1 dE (2.46)

and n* is the timelike unit vector normal to the Cauchy hypersurface ¥ and d¥ is the
volume element of the Cauchy hypersurface. We note that since our two sets of solutions

feay and F'at¢ are orthonormal, we must have that
(F5 F0™) = (B FU3%) = G,
(feoy”, fot) = (Fot’ ) = 5, and (2.47)
(b f°) = (Fie, F) =0
We shall need to choose our hypersurface . Consider again figure 3.2. For early time
modes, we are interested in all the modes for which v < vy (as anything entering the hole

after the ray vy will hit the singularity), so we form the inner-product given in equation

(2.44) and we obtain that

. 1 Jwf /”0 2iw |
Ay = 51\ — ex n
e 2nVow oo P h(rp)
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} exp {iw'v dv} dv, (2.48)



Figure 2.5: Integration over the closed contour I'. The path I' itself is the sum of paths

YAs Yes VB and Yg

and correspondingly

3 1 o /”0 2iw |
o = T — ex n
2r Vo w J_ o P h(rp)

If we make the substitution

Vo — U
M

} exp {—iw'v} dv. (2.49)

!/
V=19 — v,

then we obtain the Bogoliubov coefficients in the more useful form of

!/

. LW e, /°° { 21w |2
al, =—1\—e exp n|—
27V w 0 h(rn) | p

} exp{—iw'v} dv/, (2.50)

and

1 o o0 21w v
Borw = —1] —e ™ ”0/ exp {— In|—
7 A P e 1T

Let us consider the integrand in (2.50). This is a contour integral and the integrand is

} exp{iw'v} dv'. (2.51)

analytic everywhere except for a branch cut along the negative real axis. Thus we are

integrating over a closed path I' and by Cauchy’s integral theorem we must have that

]g exp { hz(z) In (%) } explin/'} v = 0. (2.52)
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The contour I' is illustrated in figure 2.5. As can be seen we integrate around the path
in a clockwise manner traversing the paths v4, 7., v and vg. We shall now consider the

integral over each of the separate paths. We start with the arc yg. Let
v' = Re® for 6 € (—,0).
So, now

21 ! o 0 2 i0 R ,
7{ exp { “ (U—> } e WV dv = / exp { “ In (Re ) } e~ R peif g,
YR h(rh) H - h(’l"h) H

Now, we know that

In (Re”) = In(R) + 10, (2.53)

21w v’ ity [0 24w R) , }} i R i
ex In(—) e ™ dv' =1 Rexp{ —— |In( = | +i0] p e ™" " df
f; p{hm) (u>} / p{hm) { (u

0 )
2iw R . . .
— 3 / R6729w/h(rh)67h(,«h) hl( m )efzw’Rcos(H) eszm(G)eze do.

—T

If we take the limit R — oo, then

/(9 (exp{Rw'sin(#)}) dv' — 0,

thus the above integrand is zero, and hence we have that

2’%&) U/ g
exp In <—) } e dv' = 0. (2.54)
7£R {h(rh) f

Now we shall consider the path 7., which is the path around the semicircle contour of

radius €. We shall let

v = ee’, for 6 € (0,7)

and upon subsituting this into the integrand given in (2.52) we have that

21 ! N, 4 21 0 Ly .
]{ exp {ﬂ In (U—> } e dv' = / exp {—w} In (g) } emw'e’ el g
Ve h(rh> 2 0 h(T’h) M

Using (2.53) we can write

. / ™ ,
% exp { 2iw In (U_> } efiw’v’ dv' = Z/ Eefew/h(rh)e%m(i)efiew’ cos(@)ee sin(@)w’eie de.
Ye h(rh> M 0
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We now let € — 0, and we find that once more, the integrand is zero, thus

2’%&) U/ S
ex In{—)pe ™ dv' =0. 2.55
ée : { h(rs) ( M) } (2:55)

We now consider the integrand along the path v4. Here we must have that

21w U/ It —€ 21w ’U/ o ’_
exp In (—) } e dv = / exp { In (—— - ie) } e (V=) gy
%/A { h(Th) 1% —L h(Th) €

(2.56)

/ !/
In <—U— - ie) — —ir+ln (U—) , (2.57)
7 7
SO NOW

21w v’ e e 2iw v’ ” :
exp In (—) } e ™ dv = / exp { <—z'7r +1In (—)) } e (=v=ie) gy
]{A { h(rn) — \ 1 ) h(rn) I

Now, we take the limit ¢ — 0 and L — 0o, and we have that

21w U/ ) 27w e W U/ g
exp In (—) } e dv' = —ehtn) / exp { In (—) } e du'.
j{A { h(rs) 2 0 h(ry) %

(2.58)

We know that

Finally, we have the integrand along the path vg:

226() U/ S L QZW U/ S
exp ——In| — | pe ™" dv’:/ ex {—ln (—>}e_“” dv'. 2.59
753 p{hw) (u)} Pt ™ (2:59)

Using a similar argument as we did for integration around the path v4, and on letting

€ — 0 and L — oo, we find that

27/(,() U/ ol o 22&) 'U/ s
exp{ ——In (—> } eV dv' = / exp {— In <—) } eV dv'. 2.60
]{B {h(rh) H 0 h(rs) M ( )

Now, comparing (2.60) and (2.58), it is clear that we have:

/Ooex {ﬂln
o P\ k()

and so

,U/

L

,U/

o, 2wr [ 21w
— e W'y dU/ = —ehlp) / exp {— In
H } 0 h(rs)

}ei“’,” dv',  (2.61)

|| = /M|, (2.62)
If we square both sides of the above equation we have
|aw’w|2 = 647M/h(rh)|ﬁw’w|2'
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Now since the Bogoliubov coefficients satisfy the condition:

Z (’aw’w|2 - ‘ﬁw’wﬁ) =

Wl

then

Z (647rw/h(rh) o 1) ’ﬁw’w’Q -1

OJ,

and so we have that:

Z |ﬁw wl edmw/h( rh) 1 (263)

The mean number of particles created into mode w is

2
N Z ‘6¢uw| 647rw/h -1’ (264)
which gives us a Hawking Temperature of
h(rp)

Ty = : 2.65
" 4 ( )

We have an expression for h(ry,). Using (2.9) and (2.10) we may write

2M 2AT‘h
h(?”h) = 7’_2 — 3 .
h

Now comparing this expression with the one we have for the surface gravity in equation

(2.20) we see that

Ty = —. (2.66)

We have here a net flux of particles which has arisen because of the choise of the vacuum

made (which is dictated by the form opf the modes) at the end of section 2.2

2.6 Stress Tensor Renormalization and the DFU Deriva-
tive.

In this section we shall be concerned with calculating the renormalised stress tensor,

(T )ren- In particular we shall need to find this quantity at early and late times as it is
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not the same in both regions. In early times, (7),,)ren can be found using the so-called
DFU derivative, however, this result must be modified for use in later time regions. In
this section we shall derive the DFU derivative, and then use it to find (7),,)ren at early
and late times in SAdS. First however, it is appropriate to discuss very briefly the problem

of renormalization, which will lead us in to the derivation of the DFU result.

2.6.1 Renormalisation of the Stress Tensor.

It is now widely accepted that changing a gravitational field can produce various quanta,
and that only in rare circumstances, does the notion of a ‘particle’ in curved spacetimes
bear any resemblance to the physical concept of the subatomic particle. In short, there is
no natural definition of a particle in curved spacetime and so particle detectors respond

in a variety of ways.

Part of the problem with the particle concept is that it is concerned with global prop-
erties: it is defined globally in terms of field modes and is therefore connected with the
overall structure of spacetime. From this point of view it becomes clear why we should

take an interest in objects defined locally: the stress tensor 7}, () at some point .

Of course, the main problem with Quantum Field Theory (QFT) in curved spacetimes
are the many divergences which exist within the theory. The expectation value of the
Hamiltonian 7 in the Minkowski vacuum state is infinite for example. Moreover, the

expectation value (0|7},,|0) becomes ultraviolet- divergent.

In flat space QFT, the usual procedure is simply to “discard” these divergences. We
may use normal ordering, or if the topology is non-trivial (but the geometry is still flat)
we use the ultraviolet regulator function e~®* to cut off the ultraviolet divergences then
take the difference between (7),,) in the topology of interest and its cut off value in

Minkowski spacetime, letting o — 0 at the end.
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Alternatively, we may use the Green function approach. The divergent Minkowski
expression for GV (z, 2') is subtracted from the G function evaluated on the topology
of interest, afterwards the limit z — 2’ is taken. Essentially in Minkowski space, we are

interested in the differences in the expectation values in 2 states.

Unfortunately, these approaches cannot be used reliably when the spacetime is curved:

1. In non-gravity physics only energy differences are observable. Clearly an infinite
vacuum energy is unacceptable, so we renoramlize the zero point by an infinite
amount. However, if we take gravity into account, energy is a source for gravity
and will bring about local curvature in spacetime, we are not therefore, free to

rescale the zero point energy.

2. In the case of discarding the Minkowski type terms, we find that we are still left
with divergences. For example, if we calculate the (0|/72]0) for the Robertson-
Walker spacetime, we should find that the difference between the Robertson-Walker
Universe and Minkowski space is still infinite: the divergence remains even when

the Minkowski type terms are discarded.

It is clear then, in order to obtain physically meaningful results, we must remove the
divergences. However, this can be done in infinitely many ways, so we must impose some

criteria to make the solution unique.

In QED we find that infinite subtractions may be carried out to give finite results
(which are in good agreement with experiment), provided the subtractions are performed
covariantly. We therefore aim to keep general covariance when handling the divergences
of (T),)ren. We could also insist that (7),,)ren has a number of physical properties. If we
impose enough restrictions on (7),,)ren, then the subtraction procedure can be defined

uniquely. Indeed, Wald proposes that any physically meaningful (7},,) should satisfy 4
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reasonable axioms:

1. Covariant conservation, i.e: <Tuu>ren, , =0

2. Causalilty condition: for a fixed ’in’ state, (7),,) at some point { in spacetime

depends only on the spacetime geometry to the causal past of £.

3. The standard results are obtained for ‘off-diagonal’ elements: (®|7),,|¥) is finite
for orthogonal states (®|W) and the value of this quantity should be the formal

one.

4. Standard results in Mikowski space: The normal ordering procedure in Minkowski

spacetime should be valid.

Wald has since proved that if any (7),,) satisfies the first three of the above conditions

then it is unique to within a local conserved tensor.

An Alternative Approach. Another way is to treat the calculation of (7),,)ren as
being part of a wider dynamical theory which involves gravity. We present the derivation
from [18] We shall seek a theory based on the Einstein field equations:

1

R, — 5

Ry, + Ag,, = —87GT,,, (2.67)
but, we replace the stress tensor with the quantum expectation value (7),,):
1
R, — §Rg,w + Apgu = —87Gp(TLw), (2.68)

where A is the Bare Cosmological Constant, never observed, and similarly, Gg is the

bare gravitational constant. We may derive (2.67) by taking the action
S =5S,+ Sm, (2.69)

with condition

2 45

92 . 2.
V=g 69 ! (2.70)
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The first term, S, in (2.69) is the gravitational action

Sy = /iﬂg\/—g d"x
s

V=3
- — oAyl

for which 2(—g)~1/26S,/6g"" yields the left hand side of (2.67) while S,,, the classical

matter action, for which
2 0S5,
-7,
V=g 0ogh
yields the right hand side of (2.67).

(2.71)

To make this procedure work in the semi-classical case, we seek the effective action for

the quantum matter fields (W) which when functionally differentiated gives the desired

<THV>:
2 oW

Wt (Th). (2.72)

2.6.2 The DFU Derivative.

We shall now derive the full DFU result which allows the calculation of the renormal-
ized stress tensor. This derivation is based upon the one given by Birell and Davies in
their book [26], and is applied in their paper [17]. First, we shall derive a form for the
classical action. We shall want this classical action S to be invariant under conformal

transformations, i.e.
G () — QZ(m)g,w(x) =G, (7). (2.73)

By the definition of the functional derivative we have

0S|g
Slg) = Slow) + [ 59 ) ' 27
If we use the fact that
0G4, (1) = =2g" (2)Q (2)d(x), (2.75)
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and (2.71), then we have that

Slg,0) = Slaw) + [ Y5000 (277 (007 @00 '

and thus
5G] = Slg] / VGG ()10 (2)50 ) d™, (2.76)

where we have that
—Q(x) 5S[§W]

We can now use (2.76) directly to determine a form for the renormalised stress tensor.

TG, ()] = (2.77)

Q=1

First we replace the classical action S in (2.76) with the renormalised one-loop effective

action Wiey:

Wren[guu] = Wrenlgu] — / VvV —9(z) <Tpp[§;w(x)]>ren Q_l(x)éﬂ(m) d"z. (2.78)

Now, we have that
—V0o 5 vo 5

_ o0 2.
9" 5w = 9" 5 (2.79)

and by using (2.72), we obtain

5Wren 5Wren [ — n
5§,u1/ = = - gp,u {/ g;w } renQ 1(1’)59(5[’) d l’},

ogH

and hence

2 5Wren [g;u/] 2 5 V- — —1 m
<Tuy>ren - \/_—g 55#1, - \/_—géguu / _g(.f) <Tpﬂ |:g;u/ (I‘)} >I"en Q (1’)59(1‘) d"x » .
Contracting with g#” and using (2.79) we obtain the expression

V= — g Vg x - ——g"(x
Y e A 2,50

o | [ VT 07150 @ 07 002" a0},

Now, in the case of conformally invariant field theories, we find that a trace appears in

the integrand on the right hand side of the expression given in (2.80). This is known

as the trace anomaly and it is both local and state dependent. Birrell and Davies show
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that, if W is conformally invariant in the massless conformally coupled limit, then the

expectation value of the trace of the stress tensor is also zero, thus

<Tﬂ>‘ _ Qz) W(g,,]
K/ Im=0, £=1/6 \/T(x) 82(x) m=0, £=1/6, Q=1

where m is the mass of the scalar field, and £ = £(n) is the scalar field coupling constant.

(2.81)

Birell and Davies demonstrate that if we proceed within the framework of dimensional
regularization, then if the divergent portion (7}, )4 acquires a trace, then so must the

renormalized residue (7}, )ren, and furthoremore

(T7[Gicr(@)])ren = —(T7[GuA ()]} aiv,

and hence by equation (2.81) we have

_ Q(l’) 5Wdiv
T? Z)])ren = — 2.82
If we substitute this into the integrand in equation (2.80), the integrand becomes
2 —vo 5 — / — / / n,./
e ) { [ V) T2 O (002 ' =
—g(x) 09
2 _ 5 _ 2 5Wdiv[gl-i)\]
———=0" (%) e Waiv[Gr] + " ;
o) g I S g )
and hence
_ g 2 _ 0 _ 2 Waiv[gral
TGaa(@)])ren = /= — —F—=7"(2) =7 Waiv[G,2] + "7 -
< H[g )\( )]> 7 \/T(Qj')g ( )5,9“ (ZL’) d [g )\] —g({lf)g 59“09“‘7(513)
(2.83)

Now, in order to proceed further, we shall need to find an expression for Wy~ the
divergent part of the effective action for quantum matter fields. Birrell and Davies give

the action involving the effective Lagrangian density -Z.g:

W = /.,%ff(a:) d"x = / V—=9(@)Leg(z) d"x. (2.84)

They also show that in n-dimensions, the asymptotic expansion of L.g between two

separate spacetime points x and 2’ can be obtained if n is treated as a variable which
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can be analitically expanded throughout the complex plane, and so by taking the limit

x — 2’ and after some manipulation, they obtain the form

n

= Sy Y o)) ELG = nf2) (285)

Using the above equation with

we) = (5-¢) &

with the coupling constant £ = £(2) (R is the Ricci scalar), and also the identity:

F<1_g>:23n+0(1)’

means that we have:

Waiv[gin] = —m / VvV =g(x")a[gex ()] dx, (2.86)

which we can write in the form:

Wdiv[gm] = _Wl—Q) / \/—g(x’)R(;p’) a"x . (287)

Now that we have an expression for Wy;, (2.87), we can substitute it into equation (2.83)

and we get

<T: [?/@)\(:p)] <ren = \/§§<T: [gn)\ ($)]>ren

* e i (s | VIR

—g(z)
2 gy O 1 ————
_ _g(@g ( )5§W(:1:) {247r(n_2)/m3( ) d }

which after some simplification yields,

(150 = 2T @D+ g | D - [ 2 ).

Now, since

oR(2") . 1
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then we have that
(TG @Deen = 12T g2 w5 | (R~ 50R) — (Ry— SouR
" Gx\T)|)ren = g m G2 \T) )ren 127T(7’l — 2) 1 9"k m 9 K :
If we make the conformal transformation,
G (1) = G (2) = Q*(2) gy ()

then the Ricci tensor transforms as,

. 1

R, — R, = Q*QRZ —(n— 2)971(971);,“, g+ —w*"(Q””);m 9”70y,

n—2

and the Ricci scalar as
R—R=Q7 R+s(n—1)03Q,,¢"+(n—1)(n-4)0Q,.0, ¢".

Using the above transformations of the Ricci tensor and scalar, we can now rewrite (2.88)

as
Ui— 9
<ﬂﬂmmwm=¢;@@mmw
1 ; 3
T 1or [(Q_SQW —207'0,0,) ¢ + 019" (59_49%09;0 - Q_SQ%P”)] '

(2.89)
Now, as we stated at the start of the section, all two dimensional spacetimes are

conformally flat and so

G = C(2)00, (2.90)
where 7, is the Minkowski spacetime metric tensor. We shall let €2 = C'/? and we can
now write the expectation value of the stress-tensor in any 2D curved spacetime in terms
of its flat spacetime expectation value. The result can be written in a rather simple way

if we move over to the null coordinate system, and so
ds* = C(u,v) dudv,
and now,equation (2.89) becomes the Davies, Fulling and Unruh result:
V[— 1 v 1% 1 v
<T,u [Gr ()] )ren = \/—_—g<Tu [0 ()] ren + 6;}, T R(S#, (2.91)
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and

Opu = \/682{ ! }, and 6, \/682

1
RN -5 7

Cwith 0, = 0,, = 0. (2.92
G } v (2:92)

Remark. The quantity (7};[7.(7)])ren is the flat spacetime contribution. Now, if the
state used in evaluating the expectation value in flate spacetime is a vacuum state, then

the state appearing in the curved spacetime expectation value is a conformal vacuum.

If, however, whether or not the flat spacetime vacuum is the usual Minkowski space-
time vacuum depends upon whether the expectation value of the stress tensor of the
curved spacetime is conformal to all of Minkowski spacetime, or just some part of it. If
the curved spacetime is indeed conformal to all of Minkowski spacetime, then we find

that

<T:[77H)\(x)}>ren = 0. (293)

Otherwise, the quantity is not zero, and its contribution to the curved spacetime expec-

tation value must be determined.

2.7 Calculation of the Renormalised Stress Tensor

The spacetime SADSs is a dynamical one, and in order to determine if particle creation
occurs, we must calulcate the renormalized stress tensor (7},,)ren both at early and late
times, and subtract the two. In this section we shall determine these two forms of the
stress tensor using the expressions derived in (2.91) and (2.92). First though, we shall
need to calculate (T [7])ren, since we find that SADS, is not completely conformal to

Minkowski spacetime, but rather it is conformal to half of it.

2.7.1 Calculation of (T: [7])ven

We shall be interested in finding a form for (7} [])en- that portion of the renormalized

stress tensor which comes from the flat space contribution. We shall use the point-
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SADS, is conformal to this
half of Minkowski spacetime

Figure 2.6: Penrose diagram Minkowski spacetime. SADS, is conformal to half of

Minkowski spacetime as indicated

85



splitting method to calculate the renormalized stress tensor and the methodology to be

adopted (discussed in Birrell and Davies) is as follows:

1. Solve the scalar field equation to obtain a complete set of orthonomral modes from

which particle states may be defined.

2. Construct G (z, ') is a mode sum. The function G (z,2’) is a Green’s function

and moreover, it is a biscalar quantity of two spacetime points x and .

3. Form the function
G (. 2') = GV (z,2') — Gz, o), (2.94)

where ggg (x,2') is the truncated DeWitt—Schwinger expansion.

4. Operate on gﬁ;g(:z;,x’) to form (0|7},,|0) ren, discarding any terms which are of

adiabatic order greater than n.
5. Take the limit  — 2" and display the finite result (07},,|0) en-

In our case, we find we can determine (7},,[1])ren by operating on the Green’s function

gr(elﬁl(x, x') with a differential operator D and then take the limit z — 2/, i.e:

(Tw[n])ren = lim Dy, (x, x')ggg(x,a:’), (2.95)

r—x!

where we define the differential operator
1
D (x,a") = 0,0, — 577#1, (nttaﬁt/ + 77”8,4%) . (2.96)

We shall now consider the unbounded Minkowski case first. We have the Hadamard

Green’s funcftion (for 2D):
(1) n_ 1 "2 "2
gy (:U,x)——Eant—t) — (r=1r")?|. (2.97)

Now, we require only half of Minkowski spacetime, and so G (¢, 7;¢',0) = 0, and so the
bounded Green’s function is

G (') = 2 [In|(t — £ — (r ']~ In (6 = )7 — (r )7 (2.98)

™
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and we see that when 1’ = 0, gg)(x, x’) = 0. So now we determine
Gl a') = Gy = Gy,
and so we have that

1
Gla(w,a') = I [(t = 1)* = (r+1')?). (2.99)
™

We can now calculate the various components of D,,,, r(elr)l(a:, x'). We start with Dy,:

Dttg(l)

ren

(x7$,) =

0Gian 0Gien 1| 0Gien 0Gien | 0Gren OGren
ot ot 2 ot ot or or |’

_ 1|0Gi 0Gien | 0Gien 0Gien (2.100)
2| ot ot or or |’ '
We shall require the following derivatives:
9Gien (t—1) oG (' —t)
ot 2r[(t—t)2—(r+1)2 o 2|t —t)%— (r+1')? (2.101)
0Gien (r+ 1) ogh (r + 1) |
or 2w [(t—t)2—=(r+r)2 o 2|t —t)2 — (r+1')?
and hence we have that
1 _4\2 N2
Dttgr(ellr)l(‘r?x,) =33 l (t 1) . (r+r) 2] ) (2.102)
S e e S (e e )
Now, to find the (Ty[n])ren component we take the following limit of (2.102):
: 1 t—t')? r+r')?
e b e R e e
r—r/ (2.103)
B 1
©32n2r?
Next, we find the component (7},.[1])ren. We have that
(1) / (1) / oy /
DG, a") = OGrenlz, 7) 8Gren(f}’$) _ . =f)rtr) S (2.104)
o or e s
and so, taking the limit ¢ — ¢ and r — 7’ of (2.104) we find that
<ﬂr[7]]>ren = 0. (2105)
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By symmetry we must also have that

<Trt[77]>ren =0. (2.106)

We need to calculate one more component: (7}..[1])ren. We have then that

W [0G0Gk) 1 ]0G 06  0G OG
Db 7) =\ 3 =57 Y5 or ov ~ or o

1 (ag£§3 0G4 9Ga) ag£é3>

=3\ 7ot o T ar o

and hence we have that
1

(Tr[l)ren = 3555+ (2.107)

We can now display all of the components of (7),,)en in matrix form, and we find that

for SADS, we have the flat spacetime contribution:

1 10

(L [M)ren = 5553 (2.108)

0 1

2.7.2 (T,,)ren at Early Times

In this section we shall be interested in determining a value for (7},,).en at early times.

To do this, we use the previously derived expression:

R
<T,uzx>ren = e,uu + 48_7_(_g,ul/~ (2109)

Where R is the Ricci scalar and the quantity 6, is known as the ‘DFU (Davies-Fulling and
Unruh) derivative’ and in the case of our two dimensionally conformally flat spacetime,

contains two components:

O = ——— /2 L1 -2,C (2.110)
e 1o o \vo | “ ’
and
L 1 1/2 0? 1 L
On =~ 5= 5 Yol 2,C. (2.111)
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Recall from Section 2 that we can write the conformally flat metric of SADS, as:
ds* = CO(r) dudv

where C(r) is the conformal factor

The quantity Rg,, /487 is known as the trace anomaly and we also have that 6, = 6,, =
0. We now need to find the two components 6,, and 6,, so that we can determine the

form of (7}, )ren given in (2.109).

Calculation of 6,,. For this component, we have that:

o 1 0C (u,v)
V- Ou (2.112)
ou | /C 2C3/2(u, v)

and,

pe { 1 }:3(5%0(“’U)> 52C (1, v) (2.113)

ou? | /C AC (u,v)52 2C(u,v)3/?
We must now find the two derivatives dC'/Ou and 9*C/0u?. We shall determine the

0C'/Ou derivative first. We have that

oC _dCdr  dC dr or,

Ou  drdu  drdr, Ou’

It is clear that,
dC  2M  2Ar

—_—=— - — 2.114
dr r? 3 ( )
we have by equation (2.6) that
dr
=C
dr, (r),
and since,
u—v
re =
2
then we see that equation (2.114) is,
oC M Ar
Y . 2.11
< (e -



Next we find the second derivative 9°C'/0u?. Using the chain rule again we have:
0*’C  d M Ar (—=C(1))
W—a{—(ﬁ—?)m}T

S fon (- (4-5) (&%)

Thus we find that if|

[ 1) 3(2Cww)’ 20,
o2 Vo  4C(u,v)/? 20 (u,v)3/2

then

B ()l (- (- D) (-]

and hence we have
o _ L | o (M A 2+ o2 AN (M Ar (20 2Ar
YT AR r2 3 r3 3 r2 3 r2 3

Calculation of 6,,. We calculate the other non-zero tensor component, 6,,. As one

would expect, this is a similar process to that of finding 6,,. We have that

o[ 1 9
gl (2.117)
ov | /O 2C (u,v)3/2
and that
o [ 1 3(%0)” 2
— _ 3G (2.118)
o |\ C 4C (u, )52 20 (u,v)3/?
So we must now find expressions for the first order derivative % and the second order
derivative %QT? We start with the first order derivative, noting that

oC B dC dr  dC dr or,

Qv drdv drdr.Ov’

Substituting in the relevant derivatives we obtain that

20 _[¥ Mo 2119

r
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8%C

Now we find 5o

Again, using the chain rule in the same way as we did for the 6,

component, we have that:

26 -4 oo (-24-4)  (4-) (- )]

Hence we see that

o {de) - we (%) el (5 -3)+ (5-5) (7 -3)

and so we must have that

o _ L (M A 2+ o2 AN (M A (2M 2Ar
Y 487 r2 3 r3 3 r2 3 r2 3 ’

(2.120)

We should take this oportunity to compare our result with that obtained by P. Davies
132] (‘and also [18]). Here, Davies calculates (7),,)en for the Reissner-Nordstrom black

hole and finds that 0, = 0,,

1 M §M2 362_3M62 et

euu = evv = I - — 2.121
247 r3 2 rd 214 7o * 76 ( )
If we let the charge e = 0 we recover the Schwarzschild case:
M M?
O = Oy = — ) 2.122
2473 + 16774 ( )

Here we also have that 6, = 0,,, moreover, setting A = 0 in either (2.116) or (2.120) we

O = 48% [—3552 + (1 - g) <_2r_]\34> * (T_J\Q (z?”_j\jﬂ (2.123)

_ U [eM sMP M
487 40 2Uard 16t

obtain

r3 r
This is exactly the same as the result obtained by Davies for the Schwarzschild case given

in (2.122).

We now go on to give the full form for (7},,)ren. Since we have from (2.109) that

R
<Tp,1/>ren - Q;Ll/ + 48_7_[_guuv
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where R is the Ricci scalar given in (2.19). We have written the line element in the

conformal form

ds* = —C(r)dudv

and so the metric tensor has the form

Thus we may now write out the components of the (7),,)ren:

R R RC
<T00>ren == guu + ﬂ = Q'lL'L“ and <T01>ren == qu —|'— ﬂ e (T)
487 487 487 (2.124)
_ Rglo _ RO(T) o Rgn o ’
<T10>ren - evu + 487T - 487]' a’nd <T11>ren - 9’[}1} + 487T — evv

and hence for early times, the renormalised stress tensor has the form

(6 M+Ar3)(6m—3r+Ar3

1 3M2+2MA_2M_§ =
4 3 3 9 4
(T ven = — | " oo " (2.125)
A8 | —(6M+Ar3)(6m—3r+Ar3 302 4 2MA _ 2M A
9rd r4 r r3 3

2.7.3 Calculation of the Renormalised energy Stress Tensor at

Late Times

In this section we shall calculate the renormalised stress tensor at late times. To do this

we shall need to use the expression stated in the first section of this chapter, namely:

R

(T 9lren = vV=9(T}/[n])ren + 0 = =0 (2.126)

where the quantity (T} [n])ren is conformal to half of Minkowski spacetime (see figure 2.6),
and 6 is the DFU derivative and now, as we at late times, will depend on the functions
v=g(U) and u = f(V) obtained from the ray tracing process earlier in the chapter. We

shall now begin the process of calculating the components of (2.126). We shall start with

(T} [n])ren-
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Calculation of the DFU Derivative at Late Times We now require the two com-

ponents for the DFU derivative. Recall that the spacetime metric was:
OM  Ar? oM A2\
ds2:—(1————r)dt2+(1————r) dr?

At late times

v=yg(U), and u= f(V)

and so for late times, the metric in terms of null coordinates

oM Ar?\ dg d
ds? = — <1 2 —T) %%dUdV (2.127)

where we define the advanced and retarded null coordinate to be
U=T-R, V=T+R,.

and from the ray-tracing method earlier in the chapter we had that

1 V- Vo 1 U — Ug
V)=— In , and g(U) = — In 2.128
FV) =~ s | o) =~ | (2128)
and hence we have the derivatives
df 1 dg 1
- = and —=—+————
dV h(rh)(V — ’Uo) dU h(?“h)(U — UQ)
and so now we can write the metric as
C(r)
ds® = dUudVv
R2(rp) (V' — vo) (U — uyp)
and so we now define
— C
C = : 2.129
R2(rp) (V' — vo) (U — up) ( )
then
ds* = C dUdV. (2.130)
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Calculation of 0;;;.  We have that
1 = 0? 1
bou = 1oz \/Eam {\/ﬁ}
o2

We find the first derivative:

where

—5/2  _—=3/2°

4C 2C

__\ 2
oC 820
}: S(BU) a2

3~

oC 1 aC C(r)

oU — h2(r)(V = v)(U —ug) OU — 12(ri)(V — vo)(U — vg)%

Using the same chain rule arguments as before we have
oC M Ar
=0 (%)

@: é{M Ar 1 }

and thus

ou
Now we find the 2nd derivative. We have

02C Cd M Ar
o2 = adr {‘ (— - ?) Cm}

- (2 -1)- (242 (4-

Next we find:

0*C 4

*c 25 2C

oUZ — h2(r)(V — vo) (U — uy)
Substituting these derivatives now into the expression for 92C/OU>:

0T _
ouz

w2 (0 3) (- 5)

e (e (5 -5) e

which we can write as
o’C C o2 AL (M Ary 2M 24 4
ou?2 2 r3 3 72 3 r2 3 U — uyg
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We now have everything we need to calculate (2.132):
(11 3 (M A 1
ot \vol av/o\r2 3 U—ug
1 c 2M N A N M Ar 2M  2Ar 4 M Ar . 1
aNCO rs 3 r2 3 r? 3 U—-up\r2 3 U-wug/]|’

and hence by (2.131) we finally arrive at

Ovu = ! [QM(3M+ATQ—1>+ 10 (M—&+;>—%}

48 | r3 \ 2r U—ug \r> 3 10(U — up)
(2.136)
Calculation of 6y, We now calculate the component:
1 =0 1
Oy = — 2.1
a7 127T\/68V2 {\/ﬁ} (2.137)
where we have that o,
e g 3(%) s
ov:\vel 4o 2t
Once more we need to comnpute the first and second order derivatives. We have
aC _ 4 oc__C
oV h2(ry)(V —w)(U —ug) [0V V — g

— (M Ar 1
— 0= -2 — :
(r2 3 V—vo)

Using exactly the same argument as we did for 6y, we have that

62_0_? _C' ﬂ+é + %_& ﬂ_y
ouz 2 r2 3 r2 3 r2 3 '

We now compute

0*C 4

ov2  h2(r)(V — vo) (U — u)

ov? V- Vo * (V — '1)0)2

orc 2% 20 ]

Subsituting in the derivatives and the function C gives

T _CI (M A\ (M _Ar\(2M 20\ 4 (M Ar 1
ove: 2 r3 3 r2 3 r2 3 V—up\r2 3 V—u/|

Finally, we have that

(1)1 3 [M A 1 T

ov:lvel a/clrr 3 V-u

C L [(2M_2Ar\ (M ArN L (2M A\ 4 (M A1
Ao L\ r? 3 r2 3 s 3 V—wv\r2 3 V-u/]’




and hence, after some simplification, we have that

o — ] {2M(3M+A7"2—1>+ 10 (M_&_ 7 )_é}

A8 | 3\ 2r V—u\r2 3 10V—-u)2) 3
(2.138)
We now calculate the stress tensor at late times. Since
12 v v R 1%
<T,u [g]>ren =V _g<T,u [77]>ren + Q,u - _5,u
487
and \/=g(T%[n])ren and 75=0% are the same as before, we must have that
<T1/[ ]) 1 X(T> + Ulfouo T‘M2 o % + 10(U17u0) o % (6M+AT3)(96TZ‘\1/[73T+ATB)
Mgren:K M+Ar3)(6 M —3r+Ar3
" SIS X+ 5 ¥ = ¥ o
(2.139)
where we have let
3 oM Ar2\"' 2M [/3M
Xry=—[1—- — — — = (=4 Ar?—1). 2.140
(r) 7TT2( r 3) +r3<2r+r ) ( )

This is the value of the stress-tensor at lates times.
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Chapter 3

Chapter 3: Does a Quantum
Oscillator Radiate in 2D

Schwarzschild Spacetime?

3.1 Introduction

In this chapter we shall be interested in calculating the total energy flux associated with a
quantum oscillator on various trajectories. Essentially, we shall follow the method as set
out by Ford and O’Connell (this was method was reviewed in Chapter 1). This method
involves starting with an action for the oscillator (this will be a scalar electro-dynamic
action) and a corresponding one for the free scalar field to which the oscillator is coupled.
By use of the Euler-Lagrange equations we can determine the equations of motion for
both the oscillator and the scalar field. We then solve the scalar field equation by means
of an appropriate Green’s function, and substitute into the equation of motion of the
oscillator to obtain a quantum Langevin equation. The solution of this equation, along
with the fluctuation dissipation theorem, allows us to calculate the various expectation
values needed (namely an interference term and a direct flux term), and hence, the overall

energy flux of the system.
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We shall consider two cases: the first case is that of of a quantum oscillator in 2D
Schwarzschild spacetime confined to a trajectory r.(7) = 0. The second case will involve
the oscillator again in 2D Schwarzschild, but this time confined to an inertial trajectory.
In the first case we shall obtain the standard result of no overall net radiation arising in
the system. In the second case we shall see that particle creation arises due to the net im-

balance between the direct flux arising from the oscillator term, and the interference term.

3.2 2D Schwarzschild Spacetime with Constant Tra-
jectory.

In this section we shall show that an accelerating quantum oscillator, which is confined to
a constant trajectory in D = 2 Schwarzschild spacetime (and in the Boulware vacuum),
does not radiate. In particular we derive a quantum Langevin equation, whose solution
will be used to compute the energy flux of the system. We shall show that the direct

energy flux term, balances the interference term.

3.2.1 Coordinate Systems.

The line element for two dimensional Schwarzschild spacetime is

-1
ds* = <1 - %> dt* — (1 - ﬂ) dr® (3.1)

r T

where ¢ is the coordinate time, r is the radial coordinate, and M is the mass of the black

hole. The above line element gives a metric tensor of the form

Guv = " ; (32)
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with inverse

——wem Y
g = - o | (3.3)
0 _—r+2M

It is clear that /—¢g = 1. All two dimensional spacetimes are conformally flat, and so we

can write (3.1) in the form

ds® = Q(dt* — dr?), (3.4)

where € is the conformal factor given by

Q- (1 - %) | (3.5)

r

and r, is the so-called ‘tortoise-coordinate’ which satisfies the relation

dr _ (1 . %> o (3.6)

dr, r

Integrating this equation directly yields the form
re=7r—+2MIn|r —2M|+¢&, for £ € R. (3.7)

A trajectory of the quantum oscillator in 2D Schwarzschild spacetime is illustrated in fig
3.1. Our oscillator will be coupled to a free scalar field ¢ which satisfies the massless

Klein-Gordon equation

O¢ =0, (3.8)

where we have that O represents the usual D’Alembertian operator:
0=g¢"V,V,. (3.9)
The oscillator will be confined to the constant trajectory
r«(t) =0, £ = const, t=1t(1), (3.10)

where 7 is the proper time as measured on the worldline of the oscillator.
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Oscillator trajectory

Figure 3.1: Penrose diagram showing the the trajectory of the oscillator. Timelike

geodesics start at i~ and terminate at ¢+
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It is appropriate at this point to make a choice of vacuum. Our choice of vacuum is
the vacuum is the Boulware vacuum which is empty at infinity. This means that outgoing

modes have the form

1 . .
wp = ezkr* (1) —iwt(T) (311)
4w

where w = |k|. The modes given in (3.11) are a complete set of solutions to the Klein-
Gordon equation given in (3.8), and hence we may expand the ¢ field in a box of volume

V' in terms of these basis modes:

¢(7"*, t) _ Z ex [bkefiwktJrikr* + bLeiwktfikr* (312)
k

21
Y 3.13
=\ o (3.13)

In the expansion of the ¢ field above, the quantities bJ,L and by are the annihilation and

where we have let

creation operators (respectively) of the scalar field. The system is quantized in the usual

canonical quantization scheme whereby ¢ is treated as a field operator. We define

0= 550 8¢ (3.14)

where # is the Lagrangian of the scalar field, and we impose the following equal time

commutation relations:
[o(x,t), ¢’ t)] =0, [[I(x,t),(2",t)] =0, and [p(x, 1), d(x',t)] = id(x — 2'). (3.15)

For the given choice of vacuum, the field operators satisfy the following expectation

values

(b bL) = G, (b] b)) = 0, (3.16)

3.2.2 Equations of Motion.

We shall generate the equations of motion for the oscillator and coupled field by means

of an action with the scalar electro-dynamic form

5= [ (3mathe = cotranitr) - via)) ar -, 317
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where m is the mass of the oscillator, ¢ is the internal particle coordinate, and is a function
of proper time 7 along its world line. The quantity V(q) is the potential —u?q/2, while

W is the action for the free scalar field, which has the general form

W = %/ V—=99"8,00,¢ dx*. (3.18)
)

It is clear that by using (3.3) in (3.18) that:

e ) () (22 (2

S = /E (%mg(ﬂ?—w(n,wq(r)—“ qu)) dr

() () () () o

Now we have a Lagrangian density

£ = gy - eor tyir) - 240 L [( —TQM) (aa_f) - ( _rQM) (?)] |
(3.20)

Thus,

(3.19)

and so we can now find the equation of motion for the oscillator. Substituting the

derivatives

or or
i mq(T) — ep(rs, 1), 9~ M

into the Euler-Lagrange equations yields the equation of motion for the quantum oscilla-
tor:
d’q d
— =e— Wl ). 3.21
mo—s g = e {o(re 1)} (3.21)
We now come to find the equation of motion for the free scalar field. From the line

element in (3.4), we have the conformally flat metric:
ds* = Q*(dt* — dr?)

where

Q- (1 - ﬂ) | (3.22)



Note, that since along the oscillator world line we have chosen r, = 0 as our constant
trajectory, the conformal factor €2 is also constant.

The conformal metric in (3.4) has a metric tensor (and inverse)

Q> 0 /9> 0
O = , and 0" = . (3.23)
0 —0? 0 —1/02

If we use the metric tensor of (3.23) in the covariant form of the wave equation

fal ()]

1 (0% 0%\

we obtain

We will now return to the equation of motion of the scalar field. We have the Euler-

Lagrange derivatives

g_i = —ed(r)3(r(7) — (7). t(r) = (7))
o r 09
3(%) T r—2M ot

oL  —r+2Md¢

Thus, the Euler-Lagrange equations give

r %6 0 { (1 - ﬂ) @} = ei(r)i(r— %t~ ). (3.25)

r—2M Ot2  Or
In the form of r, we can write

2 2
% — grf = —Q%q(r, —r),t —1°). (3.26)

This, then is the equation of motion for the coupled scalar field.

3.2.3 Quantum Langevin Equation.

We shall need to solve the equation of motion for the scalar field, (3.26). The solution to

(3.26) will be a solution of the form

¢(T*v t) - Cbh(r*v t) + ¢g(r*v t)? (327)
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where ¢"(r,,t) is the homogeneous solution to (3.26) and ¢9(r,,t) is the particular inte-
gral to be found from a suitable choice of retarded Green’s function. Once we have found
a form for ¢ we can substitute it into the equation of motion for the oscillator (3.21).

The resulting equation will be the quantum Langevin equation.

Solving the equation of motion for the field is a relatively standard procedure which
can be found outlined in many texts (for example, P. Szekeres [20]), and the method
used here is discussed in Chapter 1. We shall write the particular integral in terms of the

retarded Green’s function:

S(r,, 1) / / Glra, st ) F(r () )drdt. (3.28)

By inspection of (3.26), and using the method given in section 1.7 on Green’s function

discussed in Chapter 1, we find that the functions F and G have the form
G(r.,t,t) = O((r) —t(r) —r. =)
FOlt) = —e@%q(r)sr -t = 1),

where © is the Heaviside function, and a dot denotes differentiation with respect to proper

time 7. Thus (3.28) now has the form

t—|re—r0 -
#0.0) =~ [ [ et~ ity ~ ) - e ) T
S(ru(r") —1(7), t(7") — (7)) dt'dr..

Evaluating the integral with respect to 7, first, we see that

oo [t

oo dT

O™ —4(T) = Iru(r) = U)X (7) dr

and so

#at) = [~ D50y sty ~r.5) )

!/
oo AT

Now, the only contribution comes when §(¢(7) — t(7) — |r.(7) — r2(7)]) # 0, i.e. when

t(r)" =t(r) = |r.(r) — (7],
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which is the retarded time t(Tyet) and so (using the Chain rule) we write

t—|r—rY]
Pty = e [ i

and so
¢g(r*7t) = _GQ2Q(7—ret) (329)
where 7, is the retarded time. So, the solution to the scalar field equation of motion, by
(3.27) is
9 (1, ) = @M (re,t) — e2q(Trer)- (3.30)
It is this function which we will now substitute into the equation of motion for the

oscillator. First we note that

de9 (r.,t) d 52 dq
Y e (1) — 2022
“ar €d7'¢ (re ) —e dr
so by (3.21) we have
m@ + 6292@ + pq = F(7) (3.31)
dr? dr
where
d
F(r) = e/ (r. (7). 1(7) (3.32)

The quantity F(7) is called the fluctuating force operator. When it is evaluated on the

worldline of the oscillator it has the form

F(r) = e-6"(0,1(r))

3.2.4 Solution of Quantum Langevin Equation.

We now wish to solve the differential equation (3.31). Clearly the solution will be of the

form
q(1) = ¢"(1) + ¢"(7),

where ¢"(7) is the homogeneous solution, and ¢P(7) is the particular integral. In fact,

we find that at later times, ¢"(7) — 0, so for all intents and purposes, the homogeneous
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solution is zero and we are left with

As we stated at the start of the chapter, the scalar field ¢ can be written as an
expansion of the outgoing modes, whose form defines the vacuum (b;x|0) = 0), (in this

case, the Boulware vacuum). Thus, we can write the scalar field as:

¢(7’* Z .y [ sz*(T)fiwt(T) + blefikr*(r)Jriwt(T)] : (333)

with w = |k|. Using the expansion in (3.33) we can expand this operator to give it the

form
w . i
T)=e¢€ Z — [—ibkeﬂ“’tm + ib,te“"t(f)}
: VAamr

Using this expansion of the fluctuating force operator in the right hand of (3.31) we now

have

w [_ibke—iwt(ﬂ _i_,l'b]'ieiwt(T)]
w

dq 2 qu
0 — — E
d72+€ o +ufq=F(1)=e k

and it can be seen that the solution to the quantum Langevin equation has the expanded

form
= ez T [ ix(w)bge “HT >+ix(w)*bzei“t(7)] (3.34)
where x(w) is a quantity called the oscillator susceptibility function and has the form

1
—mw? — ie2Q%w + p?’

y(w) = (3.35)

We can obtain a very useful relationship from (3.35), namely the Fluctation Dissipation

theorem which states:

Im|x(w)| = —e*Q%w|x(w)[* (3.36)

Now that we have a solution to the quantum Langevin equation, we are in a position

to calculate the overall energy flux of the system.
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3.2.5 Calculation of Energy Flux.

We shall now calculate the overall energy flux of the system using the energy equations
derived by Ford and O’Connell. The energy flux expressions are found from the energy-

momentum tensor:

TV = oL
9(0,9)
where L is the Lagrangian density of the free scalar field:

0¢ 09
/[ grv
Ok Ozv’

0,6 —8L|, (3.37)

Here 0¥ is the metric tensor of (3.23). The flux term we require is the expectation value

of the T component:

(J)=(IY) = Re< (3.38)

(J) = <%§Z>. (3.39)

On substituting (3.30) into (3.38) we find that the total energy of the system is given by

oc 0
dpor./’

and so

the relation
(T (re, 1)) = (To(ris 1)) + (Tair (14, 1)) + (Tint (7, 1)) (3.40)

where (Jo(74,t)) is the energy fluz in the absence of the oscillator and here it has the

- oo (BN

the quantity (T (7+,t)) is the direct flux arising from the oscillator alone and is deter-

form

mined by
1 r,

(Tair (e ) = 3]

e*Q (4(Teet)?) (3.42)
while the final term, (7;.+(7.,t)) is the interference term, and is given by

A" (r,, t)  redt agzﬁh r*, ]>}

(Tt (1, t)) = ——e2QRe{< (net)[ Br. T dr (3.43)

We shall now go on to show that the overall energy flux, (7 (r.,t)) = 0.
Proposition 3.2.1 The energy fluz in the absence of the oscillator, (Jo(r«,t)) = 0.
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Proof: We shall prove this by direct calculation. We have that

(To(r, 1)) = 3¢*0Re {<a¢hgf’ : wa(:f S >} |

The expansion of the ¢ field is given by

¢h(T*, t) _ Z [bkezkr*—zwt + bl];e—zkr*+zwt] 7
Vv 4w

and so we have the two derivatives,

d¢ iw [yt 4 gl
-7 —bethre—iw + et r*+zwt:| ’
ot ; Virw L " g

8@5 Z Zk’/ [ s - 1 .
_ _bk’ ezk re—iw't + bJ]L,G_Zk Ty iw t] )
or. VW

Thus we find that

0" (1., t) 0" (r. t)> wk’ T V.
) ) _ bobl, (k=K )ri—i(w—w )t’
< ot or. ; ; 47r\/ww’< bis)e

where we have used the expectation values (3.16), which means that the only non-zero
term is <bkbL,> = . We replace the expectation value with the Kronecker delta, and

sum over repeated indices which gives

09" (r.,t) 9" (ri, )\ _ 1
< ot or, >___Zk‘“

Since k is the wave number to be summed over positive and negative k& we find that the

sum is zero and hence

(Jolrs, 1)) =0,

as desired.

Theorem 3.2.1 The overall energy flux of the system, (T (r.,t)) = 0.

Proof: First we calculate the direct flux arising from the oscillator alone:

1 r.
2[r|

(Jair(re ) = *Q0% (4(Tet)?)
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We have by (3.34) that

w ; —iwt(T : * wi(T
q(t) = ez [—zx(w)bke U0 iy (w)*blett )] :
k

and so,

Q(T) = — |:X(u)/>bk/€_iw,t(7—) + X(w/)*b;;eiw’t(ﬂ} ‘

. w w’Qi Tre 2 " ilw—wVE(r
T B e P
K
Again, we use the fact that (b;bl,) = dp, and wy, = |k| to reduce the above expression to

,7_
Tret Z ret ) | 2 .

k

Hence we have
20024 2
eV (Tret)” Ts

o T > WP x(w)P. (3.44)

Finally we calculate the interference term which on the trajectory of the oscillator has

(Tair(rs, 1)) =

the general form

6292

(Tini(r2,1)) =

"0, t(Tret))
St

T
Re{ (Tret) ‘7’ ’t(Tret)

Putting in the derivatives and using (3.16) gives,

R {Zw%xw} |
k

8w |7 |

After using the Flux Dissipation theorem expression of (3.36) and some rearrangement,

we find that this is simply,

QQ t Tret

3
s |r*| pIEANC

(Tini (s, 1)) =

i.e. we have obtained that

(Jair(re, 1)) = = (Tt (r4,1))-
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Hence we see that

(T(ret) = 0+ (Juir(re,1)) — (Jair(re,t))

p—t 07

and the total energy flux of the system is zero.

The fact that the overall energy flux of the system is zero is of no great surprise.
Essentially our oscillator confined to the constant trajectory r, = 0 in conformally flat
Schwarzschild spacetime is entirely analogous to the flat spacetime example of Raine et

al [6] and Ford and O’Connell [8] as discussed in Chapter 1.

We shall now make one change to our model. We shall change the trajectory of the
oscillator from a constant trajectory to one where it is some arbitrary function of proper
time; 7, = r.(7). As a result of this, the conformal factor previously constant- now
becomes a function of proper time and this will have a substantial effect upon the overall

energy flux of the system.
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3.3 2D Schwarzschild Spacetime with a non-Constant

Trajectory.

3.3.1 Coordinate System.

We shall now examine the second case: that of a quantum oscillator confined to an inertial
trajectory. The problem is the same as before except that now the oscillator is confined

to the trajectory:

The trajectory of the oscillator is shown in the Penrose diagram of figure 3.2. As before we
have the same line element, and we continue to use the Boulware vacuum. The expansion
of the ¢ field is the same as before and the annhilation and creation operators continue
to satisfy the commutation relations and expectation values of (3.15) and (3.16). The

conformal factor is now a function of proper time, and we have that,

(MT)::(1-§£%>. (3.45)

3.3.2 Equations of Motion

Once again, we use the scalar electrodynamic action as before and so we have the same

equation of motion for the oscillator as before:

d*q d
mﬁ +utqg= BEQZ)(T*’ t)?

however, the equation of motion for the scalar field is subtly different. As we observed

before, if we let r = r, which we have that

1 [P ¢
Q2(r) |02~ o2

]:_mm&n—ﬁx—ﬂ-

Thus, the equation of motion for the scalar field, due to the delta function on the right

hand side of the above equation, means that:

2 2
O T e(n)itr)alr. — i — ). (3.46)
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r.. =0

j+

Trajectory of oscillator

Figure 3.2: Penrose diagram showing the the trajectory of the accelerating oscillator.

Now the oscillator eventually falls into the singularity located at r, = 0
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3.3.3 Quantum Langevin Equation.

We shall now solve equation (3.46) to determine ¢(r,t) Once we have obtained an ex-
pression for ¢, we can substitute it into the equation of motion for the oscillator and

determine the Quantum Langevin equation. The general solution to (3.46) is

orit) = ¢"(re,t) + 6% (1, 1), (3.47)

where ¢"(r,,t) is the homogeneous solution, and ¢9(r,,t) is the solution found using the
appropriate Green’s function. Once again, we shall say that at late times the homogeneous
solution give zero contribution, so we are left only with contribution from the Green’s
function.

So, we have that

t—|re—r9| -
Frt) = — / / 03(r)a(t(r) — ) = I (7) = (7)) 2T
S(r.() - r2(r). 87 — () drldt

Proceeding as before, this gives

¢(7n*7 ) = _GQ (Tret) (Tret)~ (348)

We now now substitute this into the equation of motion for the oscillator, and after some

rearrangement, we obtain the new quantum Langevin equation:

Z; + 2% (7 )Zq + [262Q(1)7) + p2lq(r) = F(7), (3.49)

T

where F'(7) is the fluctuating force operator as before.

3.3.4 Calculation of Energy Flux.

Since we are using the same metric of the previous section, the total energy flux of the

system is still:

(T (r, 1)) = (Jo(rs, 1)) + (Tair (14 1)) + (Tima (1, 1)) (3.50)
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where

Wil ) = yere { (2050000

The direct flux term, (Jy,- (7, t)) is given by

i) = S (2 )| o

and the interference term is found from the relation

00 0q(Tret 0q(Tret) O
) = S (D00 i 00NY

where ¢ = €*Q?(7) is the damping coefficient. As before, the energy flux in the absence

of the oscillator, (J (r,t)) = 0.

Theorem 3.3.1 The quantum oscillator radiates as a result of its motion through the

spacetime. i.e. the overall energy flux of the system (T (r«,t)) # 0

Proof. We have seen that

(Tair (re, 1)) = —%Re {<8qg§et) aquet)>} |

Now, using the chain rule we can write

aq(Tret ) _ dQ(Tret ) 67—ret
ot ATt Ot

and

aQ(Tret> _ dQ(Tret) 8Tret
or, dryee  OTs

Now, using the chain rule on our retarded time relation
t— T(Tret) =Ty — R* (Tret)a

we obtain the very useful result that

8Tret - aTret
T (3.53)
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Now this means that

aQ<Tret> dQ(Tret) aTret aQ(Tret> dQ(Tret) aTret
=— = . 54
ot ire or. M o dree O (3:54)

Now substituting this into (3.51) we see that the direct flux from the source alone is

(Tair(rs, 1)) = gRe {887;? < (dzl(;zt)) >} . (3.55)

Now we calculate the interference term:

8 8 ret 8 ret a
(Futrotl) = e { {2 2a) D) 001,

Using the Chain rule we can write this as

: o C a¢ dq<Tret) aTret dq<Tret) 87—ret a¢
(ina (e 1)) - = 2R6{<at dr Or. | dt 0t or

_ gRe aTret %dQ(TreO - dQ(Tret) a¢
2 or, \ Ot dret ATret  OTy

Thus we have obtained

0 ret d ret 0 0
n(rot) = gRe{ Gt (017 (20 22} (3.5

Comparison of (3.55) with (3.56) shows that unless

06 06 dq(rw)

a a T« n dTret

(3.57)

then (Jini(rs,t)) and (Jgi (14, 1)) cannot add to give an overall zero net energy flux. The
resulting radiation is due to the conformal factor being a function of time 2 = Q(7). We

have the solution for the equation of motion for the scalar field as ¢ = ¢" — eQ?(7)q(7).

So,
8¢__(92 __£2@__£2d7
Similarly,
dp 0, o dr
or. 687(9 %) dr,

Thus the interference term is now

(Tont) = —2eCRe { j;* <%§T(qu)>} |

115




It is clear that if Q2 is a constant and not a function of proper time 7, then

(Tint) = —gRe {j; <(%)2>} ,

which is the direct energy flux term, (Jg;-). Thus, the radiation depends on the conformal

factor being a function of time. O

We have shown the first important result, a quantum oscillator confined to a general
trajectory r, = r.(7) and ¢t = ¢(7) in two dimensional Schwarzschild spacetime radiates as
a result of such motions. The radiation seems to been brought about due to the presence
of the conformal factor. In the previous case, {2 was constant, however in the case we
have just examined, it was a function of proper time. The conformal factor is dependent
on both the trajectory of the oscillator and the spacetime in question. So in fact the

radiation has been brought about by a choice of trajectory in this spacetime.
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Chapter 4

Quantum Langevin Approach to

Hawking Radiation

In this chapter we shall be interested in deriving an expression for Hawking radiation
using the method as outlined by Louisell (and discussed in Chapter 1). In particular, we
shall use a Hamiltonian to derive expressions for the annhilation and creation operators
of the free scalar field and the oscillator. We shall then solve these so that we can form an
expression for the position function of the oscillator, and hence calculate the net energy
flux of the system as we did in chapter 3. This quantum Langevin approach will be our
method for calculating Hawking radiation in the last section of the chapter. However first
we shall demonstrate that it produces results in agreement with the standard results.
Hence we consider two cases before the Schwarzschild case: on oscillator on an x =
constant trajectory, and an oscillator undergoing constant acceleration both in Minkowski

spacetime.
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4.1 Quantum Oscillator confined to a constant Tra-
jectory in Flat Spacetime using the Heisenberg

Picture

4.1.1 Hamiltonian

The Hamiltonian for the system is comprised of three parts: the Hamiltonian for the
quantum harmonic oscillator, H.s., the Hamiltonian for the free scalar field Hg and
finally the Hamiltonian which describes the interaction between the oscillator and the
free scalar field, Hiy. We shall confine the oscillator to a constant trajectory, so in
Minkowski coordinates:

x = z(t) = constant. (4.1)

The Hamiltonian for a harmonic oscillator is:
H,.. = hw.ala (4.2)

where w, is the angular frequency of the oscillator, and the operators a and a' are the
annihilation and creation operators (respectively) for the quantum oscillator. We can

derive the Hamiltonian for the free scalar field from the usual relation
£ o) 5 ¢¢ (4.3)

Here we have taken dots to denote derivatives with respect to time, and L is the La-

grangian density for the scalar field which is given by

2 00
oxH OV

1
L=5v-99" (4.4)

Since we are working in two dimensional Minkowski spacetime, the metric tensor is just

1 0
Nuw = 77”” s and vV —g = 17



thus we obtain the Lagrangian,

=23 - @)

and so by (4.3), the Hamiltonian for the scalar field must be

1| /00\> [0¢\*
Now, if we expand the ¢ field in a box of length V' and impose periodic boundary condi-

tions we have the expansion:

[ 27 A . A .
t,x) = b e—zwkt—‘rzk:v + bT ezwkt—zkx 7 4.5

where b, and b,t are the annihilation and creation operators respectively for the scalar
field, z and ¢ are the Minkowski position and time coordinates respectively and wy, is the
angular frequency of the scalar field. It is clear from (4.4) that the Hamiltonian density

for the scalar field in (4.3) will be

o 1 [99\?
HSf_H(ﬁ_E_ﬁ(E)

and so, upon using the expansion for ¢ given above we obtain

Hsf = Zwkblbk (46)
k

Finally, we come to the interaction of the scalar field and the oscillator. We shall use a

scalar electrodynamic form of interaction [6] given by:

1
Hiny = %(p + €¢)2 + @zq

where p is the momentum operator (defined in Chapter 1), and ¢ is the position operator

of the oscillator. Substituting in our definitions for p, ¢ and ¢ gives:

Hyy = ' Z ex[a’ — d (bkeikx + bLe‘““”) (4.7)

2w.m -
where we have used the abbreviation

2w
S 4.8
€k ka’ ( )
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and as in Chapter 3, we have the dispersion relation
So, we have the Hamiltonian for the model:

ie ikx —ikx
H = weala+ ;kalbk + oo ; ex[a’ — al (bke ke | plemik ) . (4.10)

4.1.2 Equations of Motion.

We now use the Hamiltonian established in the previous subsection to derive the equations
of motion for both the oscillator and the scalar field. We shall start with the equation of

motion for the oscillator. Using the usual commutation relation, we have that

da 1
@ =70

which gives

d .
d_j = —iw[a,a’a] + \/QLc:)cm ;ekan’G] — [a,q]) (bke”” n bze”“:”) '

Now, we know that in general, operators .#, a and a in the Heisenberg picture satisfy
the identity

[, ala] = [ A .a]a + d'[ A, d] (4.11)
and further, the commutation relations satisfy

0.
da

, and [, a'] = -4 (4.12)

['//’a]:_ W

Hence our equation of motion for the quantum oscillator is

da . n
— = —iw.a
dt 2w.m

Z ek [bkeikx + b,te’““ . (4.13)
k

Now we find the equation of motion for the free scalar field. Again we have the relation:

db, 1
— = b, (4.14)
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So, this gives

dbk ; T € T ikx 11 —ikx
% = —1 ;wk[bk, bkbk] -+ \/Q_L()Cm ; ek(a — CL) |:[bk, bk]e -+ [bk, bk]e ] s

which means the equation of motion for the free scalar field is:

db
ko —iwkbk + ok

s 5 m(otT —a)e k", (4.15)

We can solve the differential equation in (4.15) for the field operator by by use of an
integrating factor in the usual way:

eer

d ) ) ¢ L,
pr {e“"ktbk} = br(0) + e“m/ [a(t) — a(t)]e™" dt’,
0

2w.m
We now have an expression for the field creation operator:

€€y

¢
br(t) = e™*tby(0) + eikw/ la(t') — at(t')]e =0 d'. (4.16)
0

2we.m
Clearly, if we take the hermitian conjugate of (4.16) we obtain the corresponding expres-
sion for the field annihilation operator:

€C
v 2we.m

We can determine the solution to the scalar field equation of motion using these two

¢
bl(t) = e bl (0) + e_ik”"/ laf(t) — a(t))]e™ 0 ar'. (4.17)
0

operators. We take (4.16) and multiply it by ¢** and similarly we take (4.17) and

multiply it by e=*** and adding the resulting expressions gives:

(M

t
bk(t)eikx + bL(t)e—ikx — eiwktbk(o) + 6ikx/ [a(t') . a]t(t/)]e_wk(t/_t) dt’
0

(AN

2w.m

t
+ e_i“’“tbz(()) + e_ﬂ”/ [al(t') — a(t')]e“’“(t/_t) dt’
0

2w.m

Multiplying through by e, and summing over £k gives:

D erlbr(t)e™ + bL(t)e ) = " erle™ b (0) + e bl (0)]+

t
€ 2 gl / iwp (£ —1) —iwp (' —t) /
g e [a(t)—a(t)](e’“ —e dat’,
\ 2we.m k/o

k

i.e.

e

¢(t> .1') - ¢h(t> .1') +

2w.m

t
Zez/ [aT(t/) o CL(t/)] <€iwk(t’_t) o e—iwk(t/_t)> dt/, (4.18)
k 0

121



where ¢" is the homogeneous part, of the solution, and the integral after it is the particular
integral which we shall now find. Using the relations of chapter 1 which relate position
operator ¢, and momentum operator p , of the oscillator to the annhilation and creation

operators:

L, p], and g+ i)
weq —tp|, and a = ———=|w, |,

T q—1p Yo, q T

we can now write (4.18) as

al =

o(t,x) = ¢"(t,2) —

€k wkt —t) e—iwk(t'—t)> dt’. (4.19)

If we convert the sum over k to an integral over dwy, using the prescription as V' — oo

;{...} = %/ dwy,,

then (and using the relations between p and q)

Vo[> 2 t N ,
o(t, ) = ¢"(t, x) — € _/ _dek/ iq(t) (ewk(t*t)—e*“"kt ) 2

wem 2w wiV

We can now write the above exponentials in the integral over dwy, as a Heaviside function:

t h(t Ot — t)dt,
ot.) = o (t.a) - = )
and so we have
erm
t,x) = (¢, x) — t 4.2
o(t.) = o (t,2) = q(t) (4.20)
which we shall write as
erm
t,x) = "(t,x) — aq(t), wh — 4.21
6(t.7) = 6"(t.) = aq(t), where a = < (4.21)

for convenience.

We shall now continue to find a differential equation for the annihilation operator
a(t). We substitute (4.16) and (4.17) into (4.13):

@ = —w.a + —e Z ek 6““6 X e_iwktbk(O) + €Ck e—ikx /t[aT _ a]eiwk(t/—t) dt/
dt ¢ 2w.m - 2w.m 0

t
e—ikx < |:6m)ktbL(0)+ €€ eik:p/ [a_aT]e—i*wk(t’—t) dtl:| }
0

2we.m
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which, after some simplification we will write as,

d 2 t ; / . /
d_(Z = G,(t) —iwea + % E e; {/ [a" — a] <e’“’“(t ) it ’”) } (4.22)
wem 0
K

where
e

ga:

> e {bu(0)em et pf (o)etartike L (4.23)

2w.m
¢ k

We can simplify this equation further by removing the high frequency behavior. This is
easily done; let

a(t) = e ™ A(t), (4.24)
and now (4.22) becomes

dA e? 2 T (t'+t) At —iwe(t'—t) iwy (' —t) —iwy (' —t) /
%:gA(t)—i—Q 22 €y [ec AT —e e A}(e’c —e Wk )dt .
wem 0
k
(4.25)

We have now arrived at a first order differential equation for the operator A(t). We
shall now go on to solve this equation and obtain expressions for the annihilation and

creation operators of the quantum oscillator.

4.1.3 Calculation of A(t) and Af(t)

In order to solve (4.25), we first multiply out the brackets contained within the sum
over k. When we do this, we obtain four exponential terms. In fact we can simplify
the expression further by noting that three of the exponential terms we obtain are of
the form e*@t@r)t. The only contribution these exponentials make is to induce rapid
oscillations into the system, oscillations which the system cannot adapt and respond to
(and so average to zero). So, it is reasonable to neglect these three exponential terms.
We also use the rotating-wave approximation which means we can neglect the af term,

and as a result we arrive at a simpler form of:

a4 _ Galt) — ¢ Z e2 { eilwewn)t /t At e i wemw)t" gy (4.26)
dt 2w.m? - k 0 ‘ ’
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Now, we multiply both sides of this equation by the term e~*, then integrate both sides

(i.e take the Laplace transform of the equation):

2

o) t
SA() = Gals) = 5 > ef { / gilae—wi=st gy / A(t) et dt’} |
c . 0 0

We now change the order of integration for ¢ and ¢':

2 o] t
SZ(S) _ §A<S) B 2w€m2 Zei {/ ei(wc—wk+is)t dt/{; A(Zf/)efi(wciwk)t/ dt/} )
c L t/

Performing the ¢ integration first leaves us with

o . —st’ )
A(s) = E !
sA(s) = Gals) 2w m2 / — wy +18) dt’

which we can write as

Als) = g(s) — (4.27)

s+ 2w m2 Zk‘ z(wc—wk—i-zs)

Now we apply the technique used by Louisell as discussed in Chapter 1: we convert

the sum over k into an integral over dwy, and take the limit s — 0, i.e.:

2 2
. e - V e
—i E —f 5 ilim{ — [ ————— duwy ¢,
W~ We — 18 s—0 | 27 ) wp — W. — 18
where we have again used the prescription

Z{ }H—/ ..dwg.

We perform the Wigner-Weisskopf approximation by taking the above limit and integrat-

ing:

Vo[e 2 Vo[ 1
—7 lim {—/ % dwk} = —f— ei [ +imd(wy — we) | dwg = z—i-iAw
2m Jo 2

s—0 Wi — We — 18 2w W — We
(4.28)
and since €2 = 27 /w;V, where we have that
2 2
v = %, and Aw = —/ % dwy, (4.29)
wim Wi — We

and hence we may now write the expression we obtained in (4.27) in the simpler form:

5 g(s)
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We shall now ignore small frequency shifts in the system, and so as a result of applying
the Wigner-Weiskpoff approximation, we can in fact now replace our earlier expression
for the annihilation operator of the quantum oscillator given in (4.25) with the simple

linear first order differential equation:
dA
— = ——A(t t 4.31
= A6+ Gl (1.31)
Integrating this equation directly we have

t
A(t) = e”tﬂ/ G(the /2 dt’.
0

Recalling that

e

Ga(t) = S er {Bu(0)efter 0 sike gl ()it ik

2
werm <

we have that

e e—'yt/2

At) =

2w.m

¢ ¢
Z e {bk(O)eik“/ el wemwk =i/t gyt 4 bL(U)e_ik”"/ 6i(%+w’€_”/2)t'dt’} .
k 0 0

Note that we can take the e’** exponentials outside the integrands since in this case, the
oscillator is on a constant trajectory and so x has no ¢t dependence. It is a straightforward

task to perform the t’ integrations:

e e_’yt/z ) ei(wc—wk—iv/Q)t 1
A(t) = b (0 ikx .
Q 2wem ;ek{ «(0)e [i(wc—wk—’y/Q) i(wc—wk—i’y/Z)}
] i(wetwp—iy/2)t 1
bl (0)e e | - . | }
i(we +wg —i7/2)  i(we + wg —i7/2)

Now, we can ignore the two terms in the above expression which have a e™7*/2 term in
the numerator since any such term will decay to zero as t increases. Further, we shall

define the function,
1

We + wy —iy/2’

X(wi) = (4.32)

and hence we finally arrive at expressions for the annihilation and creation operators of
the quantum oscillator:

At) = — e

S e { () x ()R Bl (0) (el L (4.33)

2
wem <
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e ‘ 4 . .
AT(t) — — Z ek {bL(O)X*(_wk)efz(wcfwk)tfzkx + bk(O)X*(wk)efz(wc+wk)t71kx} )
¢ k

(4.34)
Now that we have obtained A(t) and A'(t), we can go on to calculate the overall energy
flux of the system, using exactly the same method as we did in the preceding chapter. We
first need to find the expression for the energy flux (J), and then form for the quantum
oscillator function ¢(t). Determining an expression for ¢(t) is a straightforward process.
We know from the definition of the quantum harmonic oscillator that its position equation

q is defined as
1

7= v 2w,

Taking into account (4.24), we must have that,

[a' + a]. (4.35)

1
V2w,

and hence, after substituting in (4.33) and (4.34), and some trivial rearrangement, we

q(t) = [eithAT(t) - eiiw“’tA(t)] ,

have that,
aft) = 5o 3 e {e ) () — () + €O () — ()

(4.36)
In the proceeding section, we shall require ¢(t), so differentiating (4.132) with respect to

t gives,

Z coner { —e R (0) (" (wr) — X(—wr)) + =B (0) (" (—wr) — X(wr)) |

(4.37)
We also see that if we differentiate with respect to the spatial coordinate x, then we have
that

= +4(t). (4.38)
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4.1.4 Total Energy Flux of the System.

From Chapter 1, we saw that the energy density & is the component T of the stress

tensor and is given by,

9 = %(iﬁ -,
d¢
and hence we have that,
_ 1 12 2
&= (6 +07) (4.39)

We now find the energy flux which is the (7)o = T component of the energy stress

tensor. It is clear that from our earlier definition of 7% that,

1 0p0p 0P 0P
(TJ) _§<58_I+%E> (4.40)

Now, recall the solution to the scalar field wave equation is,

e

o(t,x) = op(t,z) —aq(t), for a= ppg (4.41)

where ¢(t) is position equation of the oscillator, and ¢ (t, z) is the homogeneous solution

of the wave equation, which when expanded in a box of length V:

¢(t, ZL’)h _ Z ek[bk(o)e—iwkt+ikx + bL(O)Giwkt_ika (442)
k
and,
8¢ . —iwpt+ikx iwt—ikx a¢ . —iwgt+ikz iwgt—ikx
8_th =i ) kep[—bp(0)e T TR (0)e R T a_xh =iy keglby(0)e T _pl(0)etrt ko).
k>0 k>0
Hence if:
/0009
then,

(3 -o) (5 o))

which by (4.38) means that we can write,



and so expanding this out we obtain three terms:

(7) = Re {<%%>} | Re {< 2000y >} CRe{(a?P(1)}  (4.43)

where as in the preceding chapter (7)o is the energy flux produced by the scalar field

- e {2r060)) ”»

and this in general is always zero. (J)qi is the direct energy flux which originates from

alone,

just the oscillator:
(j>dir = —a’Re {<q2(t)>} ) (4-45)

and finally we have the interference term (7 )i, which is given by

Opn Oy, .
e = aR — _ 4.46
(Time = e{<q8t o (4.406)
We calculate the direct flux first. From (4.37) that the product

() = 4m2 > Zwkei Re {x"(w)x"(—wr) = [x(=wi)* = Ix(@)* + x(wr)x(—wi) } .

and so,

(Thaie = 755 D wie {=Ix(=wn)l? = e(wi)? + Re{x (@) X" (—wi)} + Re{x(wi)x(~wi)}} -

Am2w?
k
Using the relations for the real part of x(wy) in Appendix A, section A.1, we see that we

have for outgoing modes (i.e. for k > 0)

2
2 2
(Taw = 4m4w4 E wies { X(wi)|” = [x(—wk)|* + - } . (4.47)

¢ k>0

We shall now find the interference term (7 )i. After some algebra, we find that

Zwkek Re {ix"(—ws) — ix(wr) — ix"(wr) +ix(—wi) }

2wc

and using the relations in Appendix A, we find that

o= e Sl )P+ ) = s |

C
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Since @ = em/w.m and v = e%r/w?m2 we must have that,

-
2
O Zwkek P + P~ | ()
and hence we have that the total energy flux,
<‘7> = <\7>dir + <x7>int = 0. (449)

So, the approach of deriving a quantum Langevin equation, and determining the energy
flux in the same manner as Ford and O’Connell delivers the expected result of no radiation
emitted by the oscillator when coupled to a real scalar field and is confined to a constant

trajectory in M?2.

4.2 Uniformly Accelerating Oscillator in 2D Minkowski.

We shall now modify the previous model: we shall now place the oscillator on an acceler-
ating trajectory. We shall then show that by deriving, and solving a quantum Langevin
equation, that when we come to evaluate the total energy flux of the system, we find it

to be zero in accordance with the standard results.

Although this is essentially the same calcualtion performed by Raine et al. [6], the
methodology employed here is rather different. Instead of considering quantum correla-
tions, we shall adopt the procedure of the preceeding section for calculating the overall
energy flux of the system. Thus, we shall need to find expressions for the annihilation and
creation operators using the Wigner-Weisskopff approximation, then use the energy-flux
method of Ford and O’Connell to show that the interference term again balances with

the direct flux term to give a reult of no overall energy flux.

It should be noted that this same calculation is also performed by Ford and O’Connell,
although those authors make their calculation in the Shrodinger picture, using a second

order differential equation to describe the particle motion. We wish to generalise the
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methodology of the preceeding section and use as a means of deriving Hawking radiation.
Before we do this, we show the method delivers a consistent reuslt with an oscillator

undergoing hyperbolic motion.

4.2.1 Hamiltonian

The oscillator is accelerating uniformly, so the 2D trajectory of the oscillator in Minkowski

coordinates is,

t = Esinh(7), x = £ cosh(T), (4.50)

where (7, &) are the usual Rindler coordinates with 7 being the proper time and we choose

& =1. We have for x > x,, the retarded time:

Tt = 0|z — t| = In(v), where v =x — 1, (4.51)
while,
87—ret 87—ret 87—ret 1 87—ret 1
= — ) = —, and = ——
or |, ot Ox v ot |, v

The Hamiltonian will be,

ieh

2w.m

HdT = hu)ca,T dra + ﬁZwkbLbk dr + Z Gk(CLT _ a) [bkeikaw + bze_ilm(ﬂ dr.
k

k
(4.52)

4.2.2 Equations of Motion.

We find the equations of motion of the oscillator and the scalar field in the same way as

in the previous section. For the oscillator we have that,

da 1

— = |
T
and so this yields the expression:
da e " _
Rt o ikx(T) T —ikxz(T)
e wea + Joom Ek € [bke +be ] ) (4.53)
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Similarly we have for the scalar field that,

dbk 1
= —|,b
ar b
and so we find that,
dbk . dt eek .|. —ik ( )
e o — 4 ——= (gt — tha(T) 4.54
dr Mkdr + Qow(a a)e (4.54)

We can solve (4.54) to find expressions for by and b. First we write (4.54) as

dbk dt . dt . eer t —ika(r)
at dar e = e, (@ e

dT
dat’

and so,

‘ dr\? [T o
et = b (0) + €k (_T>/ lat (') — ()] et =ika(e) grt

This gives us:

) —iwpt(T) T ) . ,
bk (T) _ e_wkt(T)bk(O) n eere / [CLT (7_/) _ CL(T’)]ewkt(T )—ikxz(T") dT/, (455)

2w.m oo
and,
i iwiet(r) bt eepe M) [T / H e twrt(T) Fika(r') g/
b (T) = ™ "l (0) + m/ la(T") — a'(7")]e” @R gy, (4.56)

We shall now find the full solution to the scalar field equation. We have that,

o(t,x) = Z en[bee™® + bl e,

k

Subsituting in (4.55) and (4.56) we have that,

e ) ) T ) N ,
tx) = h t, )+ E 6’2 e—zwkt(r)+zkx(7)/ CLT —a ezwkt(’r )—ikx(T") dr’'

262 twgt(T zkx(T)/ [CL _ aT]e*iwkt(‘r’)Jrikx(T’) dr'.

— 00

2wcm
We now subsitute for the functions e=*»**(7)+#2(T) and their complex conjugates given in

(4.64) into the above expression, and so we have that,

o(t,x) = ¢"(t, x) + — / / / Zekak Ko (KM)e* ™ =% (at — a) dk'dk"dr
e " /
. e Oé k// ) k"' T —zk: (aT—a) dT/.
\/2wcm/oo /_oo/_ Z kil
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Using the result in Raine et al [6]:
1 /
Zekak Yok (k") = =6(k' — K")|D(ik")|2e™ (4.57)
m

so we have, after performing the k" integral:

e

e 0o 7rk’ ik (77 —T)
tx) ="t '-a)dr
o 00 wk’ zk:’ (r—1") T
chmw/ k' sinh (k') /oo ’

where we have used the identity,

P(iz))? = ————.
()] zsinh(7z)

Let us now consider the integrand:
oo ewk’eik’(r’—T)
/ — dkK.
_oo K sinh(mk’)
This is a contour integral with a pole at k' = 0. We can write

! !
eﬂ'k 267rk 1

sinh(wk’)  e™ — ek 1 — 2k’

. 1 : 1
,}L%o{l_—ezﬂc} = tand kk?w{l_—w} -

This integral is discussed in [6]. Essentially, we evaluate the integral around the contour

We note that

and the only contribution comes from k£ = 0 so we make the subsitution k = ni + € and

now we find,
o eﬂ_kxeik,/(Tr_T) 1 6i'mr(’r'—T)
—— dk = — — =07 -
/oo k' sinh(mk’) 27 Z n (7' =)

n

where ©(7 — 7’) is the Heaviside function. Thus we now have

(7' —7) dr’ — CZT—CL]@<T—T/) dr’

¢( ) (bh (t x \/Q_a)cm \/2—%m

and after simplifying and using the relations between p and ¢ we have,

o(t,x) = gbh(t,x) _ e /T @@(7/ _7) dr.

C

132



and hence,

b(t, ) = ¢"(t,2) + ——q(reer) = ¢"(t,7) — ad(t, 7), (4.58)
where,
e
a= o (4.59)

We now turn our attention back to the oscillator. We now substitute (4.55) and (4.56)

into (4.53) and we obtain now the following equation of motion for the oscillator:

d 2 . . T ) N ,
da _ —iwca(T) i ga(T) i 5 € . E :ei{e—zwkt(fr)—i—zka:(r)/ [CLT(T,) + a(T/)]ezwkt(r )—ikz(T") dr’
T wem e
k

. eiwkt(r)—ikm(r) /T [CLT(T/> . a(T/)]efiwkt(T/)Jrikx(T/) dT/},

—0o0

where,
e

Gu(T) =

o Xk: ei [bk(O)e—iwkt(T)—Hkac(T) + bL(O)eiwkt(T)—ikac(T) ) (460)

We now remove the high frequency behavior from the above equation in the same manner

as before, only now a is of course a function of proper time 7, so,
a(T) = e T A(7), (4.61)

and hence, our equation of motion for the oscillator is now

dA 2 . : : T . ’ : ’ : ’ ’
- gA(T) I e Z ei{ezwcfe—zwct(f)-i-zkzx(‘r)/ [ezwc‘r AT(T) _ g weT A(T’)] ezwkt(r )—okx (") dr'
k —00

dr 2w,m?

. e—wcTeiwkt(T)—ikas(T) /T [6iwcq—’AT(7_/> . e—iwcq—’A(T/)] e—iwkt(q—’)—l—ikz(q—’) dT/}~

—00

(4.62)

In order to proceed further, we shall need to use the Fourier transforms of the functions

eiwkt—ikm Let
M )

pint(r)—ika(r) _ / a(K)e ™ dk', and, (4.63)
e iRt ika(r) / ap(k")e™ T dk". (4.64)

We find that, for £ > 0 [6]:
10
(k) = 2-1#’@ e™ 2D (—ik!), (4.65)
m
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and so,

eTl'k‘l epik’

1
K2 I(ik =
(k)" = ’ () = Ak’ sinh(7k!)  Awk!

[coth(4mk’) + 1]. (4.66)

So, substituting (4.64) into the equation of motion for the oscillator we now replace the

eigenfunctions with an integral over k' and k", thus:

dA 2
— =Ga(r) + ¢ Z ei
3

2w,.m?

{eiwcTe—iwkt(T)+ikx(T)/ [ez’wcq—’AT(T/)_ —zprA dT// Oék —zqu—/ Ak

—00

_eiwcreiwkt(T)—ikx(T)/ [eiwcT’AT(T/) N —ZWCTA dT// O-/Z k?” ik dk”}'

o

The next stage is to Laplace transform the above differential equation so that we can
obtain a form for A(s), then A(7). So, multiplying both sides by =" and integrating

with respect to 7 gives:

2

e
DIt
2w.m

k

{/ ei(wc+is)76iw676—iwkt( )+ikz(T) dT/ [eiwCT’AT(TI) o 6—iwcT’A(7_l)]d7_// ak<k/)6—ik’7" Ak’
0 —

— 0 )

_/ ei(chris)TeiwcTeiwkt( —ikz(T) dT/ [eiwCT’AT<7_I> _ efiwcT’A@_/)] dTI/ az(k//)eik”r’ dk”}.
0 _

—00 0o

sA(s) = Ga(s) +

twit(T)+ika(T) iwkt(f)fikz(‘r)’

Substituting the Fourier transform expressions for the functions e~ and e

we have

- 2
sA(s) = Ga(s) + 2w€m2 Zei

{/ / K)o (K") dk dk”/ T Al() — e eI dT// pilwetistk")r g
_ ] i

/

(K)o (K') dk'dk" / [ AT(7) — e A7) dr’ / ilwetis=kr dT}.
0 0
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Now we perform the 7 integrations:

2

> > > IN k(70 QQWCT/_ST/AT ' _e_ST,A T (K —K)7! 1310 J1.0!
/ / / ak(k)ak(kz){ o +(i2+k”) ( )]e(k KT dr! di! dk

00 %) ) ZiwcT’—ST’A’[ n o —ST’A / o
_/ / / Oék(kl)Oé;;(k”) |:6 (T> € (T )1 ez(k —k')T dT/dk/dk//}.

i(we +is — k')

(4.67)

In the above integrands we have that,

1% )—1 iK' —K"") In(k)
— E ————— — 0, unless ¥ = £”".
(2% = k

Hence we shall let &' = £” in the abover expression. Furthermore we shall ignore the Af
term since we are using a rotating-wave approximation and so we can write (4.67) in a

much simpler form:

A6 = [ (F) 30 (i~ rem) )

Factorizing this leaves us with:

Als) = Ga(s) (4.68)

e2 o] T 2 ’
s+ 2wem? f—oo (27) ‘Oék(k/” (i(wc—}c’-i-is) o i(wc-i-}c’-i-is)) dk’

Let us now consider the denominator of (4.68); it is the following:
ie? > (2r\ (27 1 < (2m 1
— — )| = V| ——— | dE — — Y ——— | dK .
i 2wcm2{/oo<V)(V>lak( ) (wc—k’+i3> /OO<V)|O%( ) <wc+k"+is) }

We can write this as,

e [ () P
2wem? J_ \V we — k' +is '

Using the expression for (4.66) we find that we have,
ie? <2\ 1 1 ie? > er
— — )= ——— ) d =5 — K ) gk
i 2wcm2/_oo<V>k’ (wc—k’—i—is) i 2wcm2/_oo <wc—k’—|—is)
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This is the same denominator as we had in the previous section and so we can write

(4.68) in the approximate form of:

= Ga(s)
A(s) = —2A4° 4.69
() =37 T+ Aw (4.69)
where,
T T here A / b g (4.70)
- = whnere w = — W . .
2 2uwm?’ W — We F

4.2.3 Calculation of A(7) and Af(7)

We now have a relatively simple expression for A(s) in the Fourier transform equation of
(4.69). If, as before, we ignore small frequency shifts, then we can re-write this expression

as a simple linear first order differential equation:

dA
where we have let,
gA(T) _ ee Zek [bk(o)e—iwkt(T)-i—ikx(T) + b};(o)eiwkt(’r)—ikm(ﬂ )

Integrating the above differential equation we have a general solution:
A(T) = 6_77/2/ Ga(m)e’ ™2 dr',
0

and hence using the definition G4(7), and using the Fourier transforms of before we have

that,
A(r) = co > " erd bi(0) / X (K" ™ dk" / " ilwemin/2r g
V2wem < A L i
b1, (0) / ap(K)e ™™ dk’ / piwe—iv/2)7 dT/}.
. .

Now we change the order of integration:

6_77'/2 o0 . T o - .
A(T) = mzk:@k{bk(o) /OO Oék(k”) dk” /Ooe( etk —iv/2) dT/

+b£<0>/ (k') dk’/ eilwe=k'—iv/2)7! dT/}.

o0 o0

136



Performing the 7’ integrations we have,

—y7/2 00 W(wetk" —iv/2)T _ 1
Alr) =& Zek{bk(o) / (k") [6 1 di"

2wem < o i(we + k" —iv/2)

+bL(0) / " k) A it ) Y
F e o i(we — k' —iv/2) '

We now multiply through by the e=77/2 term which is sitting outside the sum in the above
expression. When we do this, we find that we have a decaying exponential term in each
integrand, i.e. that,

6777—/2 6777/2

d .
Tt b =iy O Ty Y

We shall now define the quantity

X(K') = !

= 4.72
we + K —iy/2 (4.72)

and hence, substituting the appropriate relations in for ay (k') we arrive at expressions

for the annihilation and creation operator:

Ar) =- mzek{bk«))/ J " TR 2D (G y () e et T gk
- N (4.73)
_|_b;f€(0)/ kikfeﬂk’/2r(_ik/)X<_k/)ei(wcfk)r dk/},
and
() :hzek{bﬂo) / ik TR 2Dyt (K@t T g
e N (4.74)

+ bk(O)/ k—ikfewk//Ql—\(ik/)X*(_k/)e—i(wc—k)’r dkl}

o0

4.2.4 Calculation of Energy Flux

Now that we have the annihilation and creation operators for the quantum oscillator, we
can easily determine an expression for ¢(7) and hence calculate the energy flux of the

system. As in the preceding section we have that the total energy flux of the system in

= (525%)-
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Once more the solution to the wave equation is,

e

¢ = én — aq(Trer), where a = (4.75)

Wem

(J) = <(%(ih - aaqézet)) (8(;5; = aaqgft)) > . (4.76)

We now go on to calculate the energy flux of the system. Using the chain rule of differ-

So,

entiation we must have that,

aQ(Tret) _ dQ(Tret> aTret _ Q(Tret)
Oz dTet O v(r)

where v = x — t, and,

)= (G ol (O ),
giving

N J/ (&
N g D

(\—7>0:0 <t7>int <]>dir

As before

and so we have,
1€
)= i 2 {
bk<0) |:/ k—ik’ewk//2r<ik/)x*(_k/)eik/r Ak _/

[e.9] — 00

o

k—ik”67rk”/2r(ik//)x(kﬁ)eik”ﬂ— dk//:|

+ bL(O) |:/ kik”ewk"/QF(_Z-k/l)X*(k//)e—ik”T Ak _/ kik’ewk’/2r(_ik/)x(_kl)e—ik’T dk'/:| }

e} —00

(4.78)

We shall need ¢(7), so differentiating the above expression,
) —e
q(T) - 47Twcm ; ek{

bk<0) |:/ k/k,—ik’/eﬂ'k’/QF(ik/)X*(_k/)eik"r dk/ _/ k//k—ik”eﬂ'k‘”/QF(Z-k/l)X(k//)eik"T dk//:| +

o0 —00

b;(O) |:_/ k//k’ik”eﬂk///QF(_ik//>X*(k//)efik”T dk//+/ k/klk/eﬂ'k//QF(_Zk/)X<_k/)efzklﬂ' de] }

o0 [e.o]

(4.79)

138



We shall calculate the direct flux term first. The first step in computing this is to find

an expression for the expectation value (¢q):
. e? )

{_/ ]{:Hkiik”GWk///QF(—ik”)X*(/{J”)e_ik”T dk”—i—/ k/kik/ewk’/QF(_ik/)X(_k/)e—ik’q— dk/:| >

o0 [e.9]

|:/ k/k—ik’ewk’/QF(ik/)X*(_k/)eik’r Ak’ _/ k‘”k_ik”67rk”/2r(i/{}”)X(k‘”)Gik”T dk//:| }

Multiplying out,

2

() = o7z Dk Re{
¢ k
— / oo/ h kKRR om KR 2D GEND (k) ) (— K ) (K el E RO ) di”
— / OO/ h kKRR o KR 2D () (K x (=K e F RO qg! dk”
+ / OO/ h KK R om KR 2D (GEND (=i k) (=) x (= k) et TR e qi k"
- / OO/ h KK R em KR 2D (G D (—ik )y (K7 x (K e * R mer g dk”}.
Next, we note that,
k>0
unless k' = k”, and taking advantage of this gives a much simpler expression for (¢q):

(00) = Jomogrs [ W2 DGR (6 + (K = (R 0) = XK ()) a

o 2,02
16mwim= [

Again, using the relations for y(wy) in Appendix A, section A.1, we find that,

e’ Oo 12, mk 1T 51 12 |2 (2 2 !
i = 1oz | F TR (WP = P + 2 ) ai
(4.80)

We have now found an expression for the direct flux which arises from the oscillator
alone. We will now go on to show that the interference term is precisely —(7)gi,- The

interference term is given by,

o= g (=it ) |
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We know that the homogeneous form of the ¢-field is,

¢h _ Z er [bk(o)e—iwkt—i—ikx + bL(O)Giwkt_ikx} 7

k

However, for the interference terms, the field is evaluated on the worldline of the oscillator,

and so,
agbh aTret —iwt+ikx T dwpt—ikx
0 Zke’“[ L G
and,
ath 87}6 —iwyt+ikx iwpt—ikx
B Do e [he e gt

We now calculate the first part of the expectation value:
8¢h- J k R iwpt—ikx >~ k/k—ik/ 7rk’/2r 'k?/ * k/ ik Tret dk/
oz ! —47rwcmu( Z € heq € - € (k)X (=K )e
. eiwktikx/ k//k—ik”ewk”/QF(iku)X<k//)ez’k”rret dk‘”}.
We now use the Fourier transforms of (4.64) and we have that,
Obn .
kep R
< Oz > 8m2wemu () Z ‘i e{
/ / J KRR o (RO 20 5 (T (— ik )T ik ) e R e dg! dg”
N /Oo /OO k//k,i(k’—k”)67r(k’+k”)/2x(kll)F(_ik/)r(ik//)ei(k”—k:’)ﬁet dk’,dk’”}.

We have that,

Z 6i(/c’—lc”)ln(k)/k, S0~ / ei(k’—k”)u du

k —00

for u = Ink, so unless k' = k” the above expression tends to zero, and so:
Oy, . € - 12 k! N2 . / . / /
—()=—— E=e™ |I'(2k")|“Rs (k") —ix(k")) dE.
(i) = sy | KA INRORRe (0" (<) = (k)
Similarly we have that,
.O¢n
— k
<q ot > 47Twc Z 6k{
N eiwktJrik:r:/ k//kik”ewk”mr(_Z'k//>X*(k//)e—ik"net dk"
+ eiwktJrikz/ k/kik/ewk’/QP(_ik/)X<_k/)efik’ﬂet dk/},
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and hence, using the Fourier transform results and the same technique as above, we arrive

at,
8925 € > 12 k' 21/ . / - k(7] /
<q 8th> = o me/ E2e™ D (ik") 2 Re (ix(—k') — ix*(K')) dk'.
Thus,
a¢a¢ € oo/Tr’-/ - % / AN . / S TaN; /
(G =15 ) = mraarn | PTG Re i (<) = (k) = x(=K) + i ()]

and upon taking the real parts of the y (k") and their complex conjugates, and using the

relations in Appendix A, we see that,

eq 2

<\.7>int = 1671'21/2(:)(,(} m /; k/2€ﬂ'k‘/|r(ik/)|2 (’X<k1)’2 + ‘X(_k/)|2 o m) dk’.

Now since,

then we must have that,

64

= 12 k! 7.\ 12 |2 1t 2_# /
(T = =5 R (W + R = ) v

16wim*v?
(4.81)

Recall that,

e2a?

o OO/ka’ 1\ (2 |2 _/2_# /
i =~z | P G (WP + P~ 2 )

64 & ’ 2
_ k/2 7k Tk 2 k/ 2 _k,/ 2
i | R ITGRE (WP + R - )

and so we see that,

(T)o =T )it + (T )air =0, (4.82)

and so the total energy flux of the system is zero. Thus we have shown that by taking
the Hamiltonian for a quantum oscillator coupled to a real scalar field and confined to a
constant accelerating trajectory in M2, and deriving the equations of motion, we can use
the energy flux calculations of Ford and O’Connell to show that there is no net radiation

observed.
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4.3 Quantum Oscillator Confined to a Free-Fall Tra-

jectory in D = 2 Schwarzschild Spacetime

4.3.1 Two-Dimensional Schwarzschild Spacetime.

As we have discussed earlier, two dimensional Schwarzschild spacetime is a static black
hole solution to the Einstein field equations which in two dimensions is conformally
flat. We adopt the coordinates (t,r) where ¢ is the coordinate time and r is the radial

coordinate, then the line element is:

—1
ds® = (1 - 2MB> dt* — (1 - QMB) dr?, (4.83)

r r

where Mp is the mass of the black hole. We can write this as the conformally flat metric,
ds® = Q(dt* — dr?), (4.84)

where () is the conformal factor:

2M
Q=1- TB. (4.85)

In order to write (4.83) as (4.84) we have made the usual tortoise coordinate substitution:
dr? = Q2dr?,
and integrating this directly gives the standard expression for the tortoise coordinate:
re =1+ 2Mpln|r — 2Mp|. (4.86)
We shall confine the particle to the free-fall trajectory (see Appendix B):

—1
-
=2Mp |1+ —— 4.87
() =20 (14 57 ) (1.87)
and thus,

2Mp
1—|—T/2MB

-
»=2Mp (1
r B( +2M

2Mp

9

-1
) —|—2MB In
B
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and hence,

T*:QMB—FT—FQMBII]’T‘. (488)

We also have that (near the horizon),

dt 1 T\
—_—=— x| — 4.89
dr 1—2MB/7" (QMB) ’ ( )

and so we can write,

t(t) =2MpIn|7|. (4.90)

As we have done in the preceding two sections, we shall now go on to formulate a Hamil-
tonian for the system and from this derive the equations of motion for both the oscillator
and the free scalar field. From these we shall be able to obtain expressions for the an-
nihilation and creation operators and hence form an expression for ¢ and then calculate

the overall energy flux of the system which as we shall see, is not zero.

4.3.2 Hamiltonian

The Hamiltonian of the system is:
H = H.. + Hyy + Hy. (4.91)

The Hamiltonian for the oscillator and the free scalar field are exactly the same as previ-
ously: The interaction term has been modified now to take account of the fact that we are
no longer in Minkowski space, but conformally flat spacetime. We have the interaction

term:
iehQ)(7)

Hin = 2w.m
C

Z ex( af — a) |:bk eikra(r) 4 bz o—ikra(7).
k

So, the Hamiltonian density now will be

iehQ)(7)

A dr = hala dr + 1y wpblby dr +
k
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4.3.3 Equations of Motion

We now find the equations of motion for the oscillator and the scalar field. We start with

the oscillator, and since,

we can form the differential equation

Zek a,a)) [b ik ( ~|—bT Zk'r*(T):| ,

and using the commutation relations we have the equation of motion of the oscillator:

Qo _
dr

—iw[a'a, a]
2wcm

da eQ() " A
. be™+(7) 1 pf e ihr( >] . 4,
dT —W.a + Seom ; €k [ L€ + ( 93)

We do the same thing for the field operators:

dbk 1
= — |, b
ar b
and so,
dbk B . dt 66k9(7> + —ikry(T)
—= = by o (a" —a)e . (4.94)

Simply multiplying through and integrating with respect to 7/ and we obtain expressions

for the creation and annihilation operators for the free field:

eeke—iwkt(’r)

be(T) = e_i‘“kt(T)bk(O) + / Q) [CLT(T/) — a(T’)] giwnt(r') =ik« (") dr', (4.95)

2w.m

and,

t iwit(T) eepe [T L / t(1Y p—iwpt(r)+ikra (') gt
b (1) = " b (0) + ——— Q([a(r") — a'(7") e7™* ) dr'. (4.96)

2wem J_o

Substituting (4.95) and (4.96) into (4.93) and we have that,

da e2Q (1)
— = —1 c Ga Y 2
I iwea(T)+Go(T) + o2 zk: e
efiwkt(7)+ikr*(7) /T Q(T,) [CLT(T) o CL(T/)} eiwkt(T’)fikr*(q-’) dr'
+ eiwkt(ﬂ-)fikr*(r) /T Q*(T/) [G(T/) _ CLT(T/>] ef’iwkt(r/){»ik'l’*(T/) dT}
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where we have let,

eQ(r , , : .
gA(T) _ 25) T)n Z ex {bk(o)e—zwkt(q—)——l-zkm(q—) + b”r€<0)6zwkt(r)—zkr*(r)} . (497)
v e k

As in the previous cases, we once again remove high frequency behavior from the above

equation so we shall let,

A1) = e7a(r), (4.98)
and hence we have that,
dA e2Q (1) )
dr Ga(r) + 2w.m? g U
eiwc’re—iwkt(T)—kikr*(T) /T Q(T/) [eiwcT’AT . G_iwCT/A] eiwkt(rl)—ikr*(ﬂ) dr! (499)
eiwcfeiwkt(T)fikr*(‘r) /T Q*(T/) [efiwcq-’A B eiwCT’AT] e*iwkt(T/)ﬁJL'kT*(T/) dT/},
with,
gA<T) _ eQ(T)@iwcT Z e [bk(())efiwktﬁkm + bT (O)Giwktiik”} (4 100)
V2wem 4 K ' '

4.3.4 Calculation of A(s)

We now wish to go on to find a simple form for A(s) which will enable us to determine a
modified Langevin equation and from this we will be able to find forms for A(7). Before

we do this however we shall need to define the Fourier transforms:

eiwkt(T)f’L'kT*(T) _ / Oék(k,/)efik’T dk/, and’ (4101)
efiwkt(T)+ikr*(T) _ / Oéz(k//)efik”‘r dk'”, (4102)

and as we have the conformal factor as a function of proper time,

Q1) = /_OO pu(v)e ™" dv. (4.103)

o0

and from Appendix B we have that,

2 M gke2iMsk 1 LMk .
) = — D(—4iMgk): 4.104
ag (k) ;. Ty (—4iMpk); (4.104)
2i Mg ke2Msk 1 Mk
“(F) = T(4iMgk). 4.1
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We now take the Laplace transform of both sides of (4.99) which gives us,

sA(s) = Ga(s) + 2w€m2 ;ei{

Cc

o0

/ Q(T)eiwcT—S’re—iwkt—i-ikm dT/ Q(T’) [eiwcq—’AJr N e—iwcq—’A] e—ik/»r/ dT// O./k(k/) dkj
0 —00 —00

+/ Q(T)eiwcT—STeiwkt—ikr* d’T/ Q*(T,) [e—iwcq—’A_eiwcr’Aq e—zk/»r/ dT/ ak(k”) dk‘”.
0 —00

We now substitute the eigenfunctions and the conformal factor Q(7) for their respective

Fourier transforms and change the order of integration:

sA(s) = Ga(s) + 2w€m2 Z ez{

C

{ / - piwetk —vtis)r 1 / - [ wer’ At _ piwer’ A} 7! ik g
/ / ay (Ko (k") dk dk"/ / dudu]

[/ pilwe—k' —v+is)T dT/ [ —iwer! g _ giweT AT] W' ik g
/ / ap (k") ozk "' dk dk”/ / dl/dV”:| }

Performing the 7 integrations we have that,

sA(s) = Gal(s) + 2w€m2 Zei{

Cc

0o ( 2iweT! AT *57' "_f!
/ / / (K ag(K" e iR =K e dk/’/ / —Z(l’ T dvdy!
—c0 Z(wc + k" —v + 28
+ /oo (A — 2iwem AT)ems7 / / (K)o (k") e =+ / / VeI dydy”
Cw Z(wc—k;’—y—i—zs

where, to make things simpler we have let / — —1/ in the v/ integral first set of square

N7 / . .
(k" —k")T T gre rapld

brackets above. As in the previous sections, we assume that e and e
oscillating functions, and the rest of the functions in the integrand are slowly varying.
Thus we can, for an approximation let ¥’ = k", v = v/ in the first large square bracket,
and v = v/ in the second. Once more we use the rotating wave approximation and so

ignore the A" term, and we have,
2

A(s) = Gl + = ;{

2we.m

0o / 2 2 00 2 2 A
wc+k’—u+zs wc—k’—l/+@s)
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and hence,

SA(s) = Gals) Z{

| /oo K)F1()Al) (‘z’(wc e R z’s)) d”dk/}'

After factorizing we have that,

Gal(s

2w m2 Zk ek{ f f |ak k/ ‘2 ( )Z(S) <_i(wc—k/1_u+is) + i(wc-l—k’l—l/-‘ris)) dydk/}
(4.106)

We shall want to apply the same Wigner-Weiskopf approximation to the denominator of
the above equation as we have done in the preceding sections. To do this, we first write

the denominator as,

. kl 2 2 k/ 2,,2
g— < / / s K)P W) g, +/ / 2B W) g
2wcm wc—i-k:’—l/—i-zs w. — kK —v+is

) (12 )

We now shall need to perform the Wigner-Weiskopff approximation to both Z; and Z,.

Recall we let:

i 1 I T 1S 1 76(z)
im = lim — = — —imd(x).
s—0 | 2 +1is s—0 | 22 + 82 a2+ a2 T

We start with Z;:

1

ar(K)[*p*(v) .,
4.1
ZowZZ //wc+k’—l/+zsdkdy’ (4.107)

which we may write as

1

e aw(K)[Pp2(v)
dk'dvdk. 4.1
2wcm / / / e+ k —v+is v (4.108)

We now take the limit s — 0 and we now have,

ap(K)*p*(v) . o, /
k' — dk'dvdk
Qow/ / / {wc—i-k"—u —imd( v+ we) vdk,

147




and hence:

35, m2/ / | (we — V)21 (v)e; dkdy

o) |2 2
/ / / s (B WIER g
chm we +k'—v

If we define:
=5 / / o (we — V)P (v)ed dkdy, (4.109)
Wem
and,
: aw(K) [P (v)e
dk'dvdk, 4.11
Aw 2wcm2 / / / we + k' —nu (4.110)
then we have now that,
/
T, = % +iAe (4.111)

We note that v/ > 0. We do the same thing for Z,. We have that,

a(K)[P2(v) -,
ZwmQZ/ / wc—k’—l/~|—i3dkdy’

We now take the limit s — 0 and we have that,

2wcm2/ / |l (v — we) |2 (v)eq dvdk

7\ |2 2
/ / / VOB s avan.
2wcm K +v—w.

Hence if we define,

- / / (v — wo) P2 ()2 dvdk, (4.112)
wWem
and,
= Jou (K (v)er
dk'dvdk, 4.113
Az’ 2wcm / / / k' —|— V— W, ( )
then we have that,
!
T = % A" (4.114)

Furthermore, if we now let,

/
% - % + % and Aw = Aw' + A", (4.115)
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then we can write (4.106) as
vl Gals)
A(s) = ————.
(s) s+ 3+ Aw

It is useful to note that v has the form,

(4.116)

_ / / D€ (lan(we — ) + lan(v — w)?) dvdk,  (4.117)

2wcm2

and so v < 0.

4.3.5 Calculation of A(7) and Af(7)

As we are able to write (4.106) in the simpler form of (4.116), this means that we can

once more write the equation of motion for the quantum oscillator as a modified Langevin

equation:
dA ’y
= A(T) 4+ Gal(r), (4.118)
where,
(T> et —iwpt+ikrs T W t—ikTs
Galr) = S — — > _ex |bi(0)e +bi(0)e . (4.119)
We k

Integrating (4.118) we have that,
A(T) = 6_77/2/ QA(T')eWI/2 dr’,
0

and hence

66—77/2

A(t) = = > ek{

k

T . . . . ’ p . . . : ’
bk(O)/ e—zwkt—i-zkr*Q(Tl)ez(wc—w/Q)T dT,—FbL(O)/ tezwkt—zk’r*Q(T/)ez(wc—w/Q)T dT’}.
0

0

Now, we substitute the appropriate Fourier transforms for the eigenfunctions and the

conformal factor, and this gives:

Alr) = ﬂzek{

2w.m

b’“(o)/ ply) dv / aj (k") dk” / O e

oo o0 —00

+bL(0) / w(v) dv / (k) di / eilwemk—v=iy/2)r’ dT'}.
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We now perform the 7/ integrations and we obtain,

66_’77—/

A pu—
(7) 2wcmzek{
kl/ ei(wCJrk”fufi’y/Z)‘r’ dk//d
w0 [ [ ot | ] s

bT k/ ez’(wc+—k”—u—i'y/2)7—/ i
ek [ o) | | v

1
we+k —v—ivy/2

We shall now define,
x(k,v) =

(4.120)

We now multiply through by e™77/2 and discard the terms which decay to zero and we

obtain the expression for the annihilation operator of the oscillator:

Alr) = — ek{bk / / Vg (K x (K", v)e =0 gy
2wcm

(4.121)
+ (0 / / I (=K, v)e@e K =7 g, du}
and the creation operator:
Al(r) = ¢ ek{bT / / v)ar(k")x (K", v)e @RI g dy
2w.m
(4.122)

+ b (0) / / (V) () (K v)e ek 0T dk’du}.

We shall now need to find an expression for the position operator of the oscillator, and

its first derivative with respect to proper time. As we have seen previously,

1

q(1) = 5 [ei“’cTAf(T) + e TA(T)]

;

and so we must have that,

q(t) = ie Zek{

2w.m

k
bk(O)[ / / () a (K" (=K v)e! “"Tdkdy—/ / V)i (K" x (K", v)e’ ’“””dk”du}jt

bi(0) { —~ /_ Z /_ Z () (KX (K v) e * =7 di dy + /_ . /_ . p(V)ag (K ) x (=K, v)e " *FI7 gk dy} }

(4.123)
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Differentiating with respect to proper time 7 and letting —v — v we obtain:

§(r) = — — Zek{

2w.m

k
bi(0) {/ / (K + v)* (V) (KX (=K, v)eE 7 qk dy

= [ g E Ok, et dk"du} (4.124)
b1(0) { - / / (K" + ) p* (=)o ()X (K", —nw)e ™ E )7 di" dy

[ W R e ]

oo

4.3.6 Energy Flux of the System

Now that we have an expression for ¢(7) and ¢(7), all we need to do next is formulate
expressions for the energy-flux expectation values. Before we do this however, it will be
profitable to consider the trajectory our oscillator is confined to, and the relationship

between proper time and retarded time. So, we have:
re =7+ 2Mgln|r —2Mg|, and (1) = —2Mpgln|7|,

so the relationship between proper time and retarded time is,

Differentiating;
0-2Mp T — dr. — 2,
and so,
dr., = —dTet + %(—dﬁet)
— dr (1 T EAﬁ@) . (1 ~ 2£B) .
We shall make the approximation,
dr, _2Mp

~ 4.125
dTret Tret 7 ( )
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and hence we have that,

a(](7—ret) _ aQ(Tret) at - _ 2A]\[B - and aQ(Tret) _ aQ(Tret> aTret
ot Ot \ OTret 1 ’ or. 0 \ Or, )’

Tret

so in fact,

aQ(Tret) _ Tret
@T’* 2MB

8Q(7_ret) _ Tret
ot 2Mp

The solution to the scalar field equation is:

q.(Tret>> a‘nd q(Tret)- (4126)

¢ = ¢h - OéQ(Tret)-

The total energy flux of the system is given by,

() = <{3¢h 04T | [O0n OPQ(Tret)] >’

ot ot | | 0r. or,

which we may now write as

8¢h Tret . | _8¢h Tret .
= (| == - o — o ) 4.127
) < [ ot~ “2ar, 1) | | By, 22, 0 (4.127)
Hence we have the direct flux term:
i,
<j>dir - 4M%t <q (Tret)> 5 (4128)
and the interference term will be
Tyt . a¢h 8¢h .
int — ret) ~ — re . 4.12
s = S (i) 528 + S (4.129)
We shall rewrite the expression for ¢(7) by making the substitution » = —v, and so we
have that,
) e
a(r) = _2wcm zk: ek{

br(0) l/ / (k' + ) (W) as(K)x* (=K, v)e® 7 di dy
_ / / (k‘” + V),u(—l/)Oé;;(k’”)X(k‘”, _V)ei(k”—i-l/)T dk"du}
+b},(0) { - / / (K" + ) (=)o (k") * (K, —v)e 77 di" dy

a /_Z/_Z(k’ + ) p(v)ar(k)x (=K, v)e  EHT dkldy} }
(4.130)

and we can now go on to calculate (J)q;, and (J )ine. We start with the direct flux term.
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Calculation of (7)q;; The first step in this calculation is to form the product,

4w2 Z e, Re {

Lo

+ /oo/ (k:’+V)u(y)a)k(lg’)x(_k",/)e—z‘(k’w)net dk/dy} "
)

_ /OO /oo (K" + v)yp(—v)ag (K" ) x (K", _V)ei(k”w)rm} }

(4.131)

( "y V)M*(—V)Oék(k?”)x* (l{?”, _V)e—z'(k“—i-u)q—ret dk" dv

Y (K)x* (=K', v)e! ™ dk'dy

Multiplying the brackets out, and performing the k" integral we have that,
o2
122 ; e; Re {
[0+ )0+ et B ) =) (/e i
o R R L S e O N e
+ ///OO (k' + ) (K + )| o (B P () () x (=K, v)x* (=K, ) e =) di! dydy’
o 1 L L L e T e M A R X
(4.132)
We now put in the function p(v). In fact this function has the form,
u(v) =1() +o(v), (4.133)

where I(v) is the Fourier transform of the Conformal factor (See Appendix B, equation
(B.17)), and 6(v) is the usual delta function. If we substitute (4.133) into (4.132), we

end up with a very long expression which we can write in the compact form as:

(4g) = 5 m2 ZZekRe {3,}. (4.134)
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After performing the 6(r) and §(v') integrals, we find that we have,

ar (KN dk' dvdy'

Jp = — ///_Z(k:' + V) (K + ) I(=) I () (K, —v)x* (=K, v)ell ) e

+ // ik(K + ) [(—v)x* (K, —v)x* (=K e ™™ oy, (K')|* dk'dv

ar (K| dK' dv

[ e W (e

+ / K2 () (K| (K2

o0

(4.135)

32 - /// (k/ + V)(k, + V,)](—V>I(—I//)|Ozk(/{:/)’2x*(k/7 _V>X(k/7 _V>€i(1/’—u)7’ret Ak dvdy

_ / / i (K + )| oK) 2T (=) (K, —o)y ()7 didv

—00

_ / / (K + )| (B 2T (= )3 (B (K, — ) ™0 i dy/

—00

-/ Rl (K (W) (k)

[e.9]

(4.136)
Jy = — / / / N (k' + ) (K + )| a (K PIW) I (V) (=K, v)x* (=K, )l =)™ dkdydy’
/ / TR+ ) o) IO (=K (— K V) ™ iy
/ / TR 4 ) (K PI)(—K )X (=K e i du

/ " K2 s ()P (k)X (k) d,

[e.9]

(4.137)
and finally:

Jy= /// (k’/ + V)(k’/ + V/)|ak<k/)IZI(V)I(—I//)X(—/{/, V)X(k/, _y’>€i(V/*V)Tret Ji dvdy

_ / /_ TR 4 ) (K RI) (=K, ) (K e difdy

o0

_ / / i (K + ) () PI (= Y (=K x (K, =) ™0 i dy

o0

-/ K2l (K P =K ) (K) .

o0

(4.138)
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We now have a large number of integrals to contend with, and at first sight the situation
looks very complicated. However, if we adopt a strategy of dealing with the separate
classes of integrands (meaning the single, double and triple integrals). Starting with the
single integrals over k', we see that these are just the flat spacetime integrals for the direct
flux that we obtained in the previous section. These must cancel with their counterparts
obtained in the calculation of the interference terms (which we will calculate later). So

we have only the double and triple integrals to deal with.

Let us now deal with the double integrals. We have eight integrals in total:

]Il = // ik’(k/ + V)I(_V)X*(k/, _V)X*(_k'/)|ak<k/>’2€7ill7}°t Ak dv

[e.9]

I, = // ik' (K 4+ V) I(w)x* ()X (=K, v)|og (k) |Pe ™ dk'dv

[e.9]

]I3 = — // 'Lk/(l{], + V)I(_V)X*(k/, _V)X(kl)|Oék(k/)‘2€7il/nct dk/d]/
]I4 = — // ’Lk’(k" =+ V)I(_V)X*(k/))((kl, —V/)‘Ckk<]€/)|2€im-mt dk/dy

“ (4.139)
I; = // ’Lk’(k’ —+ I/)I(V)X(_k’»(*(_k/’ V)|ak-(k/)‘2€il/7ret Ak dv

(e 9]

Iy = // ik' (K 4+ V) I () x (=K, v)X* (=K )| ar (K)|?e~ ™ dK' dv

[e.9]

I; = —// ik (K 4+ V)T (v)x (=K, v)x (K)|ap (k)| ™™ dk'dv

(e 9]

Iy =— // Zk’(k/ + V)[(_V)X(_kl)XUg/, —V/)‘Ozk(k/)|26wn6t dk/dy,

(e 9]

where we defined earlier that

1
Cwet K —v—iy/2

X(K',v)

We must now consider each of the I;’s in turn. In fact, we need only perform the v
integrations as we shall see, this will be sufficient to allow us to simplify things greatly.
All of the integrals in (4.139) are contour integrals and we may evaluate them using

Cauchy’s integral theorem which we stated earlier as:
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Cauchy’s Integral Theorem Let D be a bounded domain in the complex plane with
piecewise smooth boundary 0D. Suppose that f(z) is analytic on D U 9D except for a
finite number of isolated singularities 21, ..., 2, € D. Then

F(e) d==2mi Y Res{f(2), 5],

where for a pole of order n at the point zy we have that

Reslf(2), 20 = gy i { o 0 = ")

In the case of I; we see that the integral has a pole at v = 0 and at v = —w,— k' —i7y/2.

Thus applying the above theorem we find that,

= [ ok R + 2l (k)RR AR, (a10)

In the case of Iy we have a pole at v =0 and v = w, — k" 4 i7/2 and hence we find,

L, = / 2mik"x* (K )x* (—K') — 2mik/ (wc + %) (K x* (=K dE'. (4.141)
For the integral I3 we have a pole at ¥ =0 and at v = —w,. — k' — iy/2 and we obtain,
Iy = / 2mik|x (K')|2 + 2mik’ (wc + %) (K2 dE'. (4.142)

The integral I, has poles at v = 0 and at v = —w, — k' 4+ iy/2 and so,

I, = / 2mik"?|x(K')|* + 2mik’ (wc - %) Ix(K)|?* dk'. (4.143)

o0

In the case of I; we have a pole at v = 0 and at v = w. — k' + iy/2, which gives,

I = / 2mik™|x (—K')|* + 2mik’ (wc + %) Ix(—=K)|? dk'. (4.144)

—0o0

The integral I has a pole at v = 0 and v = w. — k' — i7y/2, thus,

I = / 2mik"?|x (=K |* + 2mik’' (wc - %) Ix(—=K")|? dk'. (4.145)

Coming to the last two integrals, I; has a pole at v = 0 and at v = w, — k' — /2, so,

Iy = / —2mik"x (k)X (=F') + 2mik’ <wc - %) X(K)x(=K) di/, (4.146)
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and finally we have the integrand Iy with poles at v = 0 and v = —w, — k' + i7/2 and

hence,
Iy = / 2mik™x (k' )x (k') — 2mik’ (wc - %) x(—K)x (k') dk'. (4.147)

Now, if we add each of the integrals I; to Iy together and take the real part of each
expression, we find after using the fluctuation-dissipation theorem that the terms cancel
in pairs (this is done by using the relations for the real parts of the x functions given in

Appendic A.1 as we have done in the preceeding two sections) thus,

> R{L} =0 (4.148)

We now come to the volume integrals, of which there are four. Indeed, the direct flux

term is now just four volume integrals,

321 wW\Iém2

(T = T SN v, (4.149)

j=1

where we have that,

e / / /_Oo = ngjk V) () P (K, —0)x* ()= v,
a ///Oo o )(k D o (R (K XK )= dkd/d,

I3 = ///_Oo (K" + 1/3](/1,6' + 1) o (K *x (=K, V)X(k/'yl)ei(u'fy)net Ak dv'dv,
" / / /_oo o Vﬂ(f 2 o ) P K, )= .

In each of the integrals we shall perform the v and v/ integrations (again using Cauchy’s

(4.150)

integral theorem) and then let eV =Tt 5 1 ag 1.0 — 0. We start with J; and we find,
for the v integration that we have simple poles at v/ = 0 and v = w. — k' 4+ i7/2, and so

after we perform the v/ integration we obtain:

5 = omi / / W+ )XW _””a’“(k/)' KX (=) + (we + i7/2)x"(—K)] dk'd.
(4.151)
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Finally, performing the v integration where we note simple poles at ¥ = 0 and v =

—we — k' —i7v/2, we find that:

J = —47T/ |l (K [K' X (—K') 4 (we + i7/2)x* (—=K') + K'x* (k') + (we +iv/2)x* (k)] dk'.
(4.152)
Similarly, isolating the simple poles for v/ and v in J, J3 and J4 and performing the

necessary integrations we obtain that

Jy = —dn / e (KR (K) — (2K — i /20 (K + Koy ()
o (4.153)

(we + 2K +1iv/2)x"(K)) dF,
Js = —4m /_Oo | (K P (KX () 4 (we + i/2)x* () + E'x(—K) — (we — iv/2)x(—K)) dF/,

(4.154)

and finally,

T, = _47r/ | (KNP (K (k') + (we — iv/2)x (K') + KX (=k') = (we — i7/2)x(—F)) dF’.
(4.155)
Finally, adding all of the four J;’s together and taking the real part using the expressions

in Appendix A, section A.2, we arrive at an expression for the direct flux term:

= roryians et [ leutt (MG w0 )

Substituting in |ag(k’)|? from Appendix B, section B.3 and using the identities in Ap-

pendix A.1 to simplify the bracket inside the integral, we find that we have that,

L= ret’7€ / = 1 ’ 1 /
(T )air = 4WCMBm2 Zkk [coth(4m Mpk) + 1] /_ ) ( = k>> { PR T k’)zl di.
(4.156)

Calculation of the Interference Term We can now calculate the interference term

which is given by the relation,

h h
<j>dir:—§]7\—2€;Re{< ?b a;i >} (4.157)

158




We shall calculate

o¢" "
Re < d R
e{qar*}an e{@t ,
separately. As before, the expansion of the homogeneous part of ¢ in a box of length V

is given by,

¢h _ Z ex [bk(O)e_iwktHkr* + bz(o)eiwkt—ikr*} 7 (4.158)
k
and so,

8¢h . —iwpt+ikr T twpt—ikrs
o = Z key, [bk(O)e —b,.(0)e } and
¥ k

h
88% _ 12 k;ek [_bk(0>e—iwkt+ikr* + b%(oeiwkt—ikm} )
k>0

So, we have
0¢"
Re {<q8r* >} = 2% Z kekRe{
_ —ZLUkt+ZkIT // ]{5” + ]/ )O./k(/{?/)x*(k”, _V)e—i(k//-i-l/)’rret dk" dv

+ e—iwkt-&-ikzr* // (k‘, + V)M(V)Oék(k‘/)x(—k/, V)e—i(k'_,_y)ﬁet dk’dV}

(4.159)

We now use the Fourier transforms we defined earlier in (4.102). Substituting them into

(4.159),
Re 06" = Z ke?Re
4 or. N 2wcm K
/// k” + V ) (k/)X*(k”, _y)ei(k'*k")ﬁete*iVTren A" dk dv
+ /// (k' + ) () (") ap(k ) x (=K, v)el*" =k e g =i Tier d/{:'d/{:”dy}.

We perform the £” as before

ok N ie 2
Re {<q0r* >} = _chm Zk‘ekRe{
// (K" + )| (K7 P (—v)x* (K, —v)e™ ™™ dk/dy

* / /_ K+ )lan ()Pl (=K, v)em T dk’dy}.
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Next, we substitute in the fact that p(v) = 0(v) + I(v). The resulting 6(v) terms simply
become the flat spacetime integrals, and these cancel with their counterparts in the (J)qi,

terms. The ones that are left are the terms with u(v) = I(v). Thus we have that

oLk - ie 2
Re {<q or. >} = 2o ; kekRe{
/ (k)2 di / R (4.160)

- oo Vwe + K + v+ 17/2)
00 00 l{?l + v e—iVTret
+/ o (K)|? dk’/ V(w(_ T _> ) dy}.

We have two v integrals to perform:

oo k! —iUTret o] k! —1UTret
I = / W v)e™™ o and I = / W vje™™ ),
oo Vwe+ K +v+iv/2) oo V(we — K — v —i7y/2)

We start with [;. We shall perform the v integral which is a contour integral with simple
poles at v = 0 and v = —w,. — k' —iy/2. Using Cauchy’s integral theorem as before then

letting e~ 7t — 1 as T — 0 we find that,

00 (]{I/+V) ) , ‘ , '
e =2 ) 2)x*(K)2mi.  (4.161
' /—oo V(wc+k’—|—y—|—ify/2) dv mik'x <k>+(wc+l’}// )X (k) i) ( 6 )

We now determine I,. Like I; this is also a contour integral with simple poles located at
v=0and v =w,—k —ivy/2. So, calculating the residues and applying Cauchy’s integral

theorem once more we have that,

[~ (K +v) o / 5 | /
I, = /Oo O TRy dv = 2mik' x(—k') — 2mik' (w, — iy /2)x(—kK'). (4.162)

We now add together the expressions we obtained for I; and I, and we arrive at,

{2}

e

S Z kezRe{ —21k/ (k') — 2k x (—K') — 2mwex* (K') + 27Tk:'wcx(—k:’)}.
Tk

(4.163)

We now need to find,

ag" . _ € 2
Re {<Wq>} = _2wcmk€kRe{

eiwkt*ikr* / (k/ + V)/L*(V)Oéz,(k,)x*(—kl, V>ei(k/+u)‘rret dk,dl/

oo

_ eiwktfikr* / (k/ 4 V>N<_V)@]:(k/>X(k/v _V>€i(k’+l/)7'ret d]{?/dl/}

[e.9]
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Using the Fourier transforms of (4.102) then we obtain,
o . e
Re{<ﬁq>} 2 ka‘ekRe{
/// k// + V ) (k,)Oék(kU)X*<—k,, V)ei(k/—k”)’rret eiUTret Ak dk" dv
_ /// (/{JI + V),u(—l/)a,’;(k:')ak(k:")x(k;', _V)ei(k‘l—k‘”)TreteiVTret dk:'dk:"dy}.
Integrating with respect to k" first we obtain,
Op" e
R keiR
Ao} e{
// (K + v)p()|ar (K *x* (=K, v)e™ ™ dk dv (4.164)

//_Oo(k/+”>“<_”)|ak( XK, —v)e ™ dk dy}

We now have two more v integrals to find:

o0 kl+y oo ]{:,—i—y
I, = d d — I, = dv. (4.165
; /_oouwc—kf—mv/z) v end -, /_mu<wc+k'+u—w/2> v. (4.165)

Starting with I3 we have yet another contour integral with simple poles at v = 0 and
v = w.—k'+i7v/2, and so calculating the residues and applying Cauchy’s integral theorem

we obtain,

> K +v
Is = dv = 2mik'y* (= k') — 2mi(we + i7/2)X " (—K). (4.1
’ /_Oou(wc—k’—y+@'7/2) v =2mik'x"(=k') = 2mi(we + 17/2)x"(=K').  (4.166)

Similarly for I, we have simple poles at v = 0 and v = —w, — k' + i7/2 and applying

Cauchy’s integral theorem once more gives,

> kK +v
—li= dv = —2mik' X (k') + 2mi(we — iv/2)x(K). (4.1
' / ot o v —iyy2) = TERXE) + 2wl = iy/2)x(F). - (4.167)

Hence we have that,

oo \\ _ el .
Re {< 9 >} = —chmk‘ekRe{

— 2wk’ X (—K') + 2mwex (—K') + 27k x (k') — 27rwcx(k:’)}.

(4.168)
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We now have that

Re{< g¢h a;th >}_ o Zkek[—%rkRe{X( ")+ X ()} + 20k Re{ —x* (k') — x(—K)}

+ 2rw.Re{—x" (k") — x(K')} + 27nw.Re{x(—K') + x(—K')}|.
(4.169)
Using the relations in Appendix A section A.2, we find that the above terms cancel in
pairs so in fact

(T int = 0. (4.170)

Thus we have that the overall energy flux of the system is not zero, but the only contri-

bution comes directly from the oscillator and has the form:

00 2
et6 "Y / 1 1 /
kk'e? [coth(dmMpk) + dK’.
4mcMgm2 D ki'e} [eoth(4mMpk) + ]/ ((k/ - k)) {(wc+k’)2(—wc+k¢’)2

(4.171)
Which we shall write as,
retﬁy

%Mgmz > kk'e} [coth(dmMsk) + 1] Q(k, ), (4.172)

We now write,
e’ +e" 2e” 2
th LT _
coth(z) pr— + e vl B —
Thus,
2
coth(4rMgpk) =

Compare this now with Planck’s law:
1
1-— exp{k’Bi; ’
where kp is the Boltzmann constant, and T is the temperature of the black body. The

comparison (with & = 1) shows that we have a temperature of:

1

S — 4.173
87TMBI€B’ ( )

which is the same temperature as the Hawking temperature.
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It can be seen that the expression given in (4.172) is infinite. The singularity at & = &’
in (4.172) is an artefact of our approximation of the free-fall trajectory which is only valid
near the horizon. As it is an artifical singularity introduced by this approximation it does
not matter that it makes the expression infinite. If we were to evaluate the expression

numerically, the contribution from when & = &’ would be small.
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Chapter 5

Conclusions and Recommendations

for Further Work.

In this chapter we discuss the findings of this thessis and its implications. We also make
recommendations on how this work can be continued and pose some questions raised by

this work.

5.1 Conclusions.

We now summarize the results of the previous 3 chapters. We shall start with chapter 2
which was concerned with Hawking radiation in Schwarzschild anti-de Sitter spacetime
(which will abbreviate to SADS,). At the start of chapter 2 we considered the spacetime
structure of SADS,. As we observed, unlike the Schwarzschild spacetime, there is no .#~
or ., there is only .# in SADS,. The spacetime is a dynamic one, and we defined two
types of modes, early time modes and late time modes. We then considered the case
of a thin shell collapsing in 2D to form a black hole in SADS,. By applying Hawking’s
method, (as discussed in Chapter 1) and reflective boundary conditions, we were able
to use the geometrical optics approximation, and find an expression for the early time

modes in terms of the late time modes.
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We have a relationship between the early and late time modes enabled us to calculate
the Bogoliubov coefficients. Evaluating these coefficients allowed us to demonstrate that
the black hole is indeed thermal and has a Hawking temperature of

h(rp) K

T pr— pr—
H 4w 2w

where h(ry,) is the factorized form of the conformal factor, and rj, is the position of the
event horizon.

After we had done this we went on to consider the problem of calculating the renor-
malised stress tensor. After some consideration of the problems involved in doing this,
and choosing a suitable renormalization scheme we use the Davies Fulling and Unruh
derivative. This method given by Birrell and Davies gives the form for the renormalised

stress tensor as,

(1000 = = T+ 0~ (5 ) O (5.1)

Since SADS, is conformal to half of Minkowski spacetime, we had to compute the con-
tribution (T/[1.x(2)])ren, which after applying our point-splitting method delivers the

result,

1 10

(Tyw [0])ren = 3222

0 1

After we found this quantity, we went on to find the components 6,,. In the case of
calculating the stress tensor at early times, we had to calculate the components 6, and
Ovo (B = O = 0 for all conformally flat spacetimes). This was performed using the
DFU derivative and allowed us to form the renormalised stress tensor at early times. We
then wished to find the renormalised stress tensor at late times, however the spacetime
is a dynamical one, and so we used the relations u = f(V') and v = g(u) found by the
ray tracing method. Performing the DFU derivative and using the previously calculated

expression for (7),,[n])ren allowed us to find the renormalised stress tensor at late times.
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In chapter 3 we used the methodology of Ford and O’Connell to investigate a quantum
oscillator coupled to a real scalar field moving in Schwarzschild spacetime. We examined
two specific cases: a 1, = const trajectory, and an inertial trajectory whereby r, = r.(7)
(7 is the proper time). The result of this experiment showed that, in the case where
r, = const no radiation was observed; the direct flux arising from the oscillator bal-
ances that of the interference term. When we put the oscillator on a general trajectory
r. = r(7) we find that the direct flux term no longer balances the interference term. This
is due to the presence of the conformal factor, €2, which on a non-constant trajectory,
becomes a function of proper time, and as a result it plays a part in the direct flux and

interference terms.

One question that seems obvious is, if a harmonic oscillator is radiating in Schwarzschild
spacetime, then does this have implications for the formation of black holes? The answer
we believe is no. We could model the surface of a collapsing star as a thin shell of such
oscillators, and as they fall in under collapse, radiation is generated. Now, it is the case
that the collapse takes a finite amount of time in the frame of reference of the oscillators,
external observers would see the oscillators falling in, but due to time dilation effects, the
external observer never sees the formation of the event horizon[33]. The radiation from
the oscillators would become infinitely red shifted and be quite undetectable by the time
the hole has formed. Thus one would expect never to be able to detect the radiation of

the in-falling oscillators.

The other point to be considered when discussing the likelihood of black hole forma-
tion is the reasonable amount of circumstantial evidence which now exists. Obviously it
is not possible to observe a black hole directly, but their existence has been revealed in
the motions of other stars and other circumstantial evidence. Astronomers now know of
many binary systems whereby the one star seems to be under the gravitational influence

of an unseen companion. By observing these systems, an orbital period of the unseen
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companion can be established and hence an lower mass limit imposed on the compan-
ion. Such mass limits in observed systems (like Cygnus X1) have placed the mass of the
unseen companion above the mass limit of a neutron star. It is true that these limits
depend heavily on the assumptions made about the properties of dense matter, and it
has recently been proposed that black hole candidates with masses in the range 3.8 to 6
solar masses could in fact be quark stars[34]. Even if this is the case, there are black hole
candidates much heavier than this both in binary systems, and at the centres of many
galaxies. The indirect evidence for the existence of black holes seems to be reasonable,

and growing in body.

In chapter 4 we took a different approach to that of chapter 3. Here we formed a
Hamiltonian to describe the oscillator, the scalar field and the electrodynamic interac-
tion. From this we established equations of motion for the annihilation and creation
operators of the scalar field and the oscillator. We used the scalar field operators to write
the full expressions of ¢ = ¢" 4¢P, and then we used a Wigner-Weisskopff approximation
to solve the equation of motion for the operator to obtain expressions for the annihilation
and creation operators of the oscillator. We then used these to form an expression for the
position function ¢(t), and then calculate the energy flux of the system as we did in chap-
ter 3. In the case of a x = constant trajectory we found no net radiation was produced,
and similarly in the case of constant acceleration there was no radiation detected (in
agreement with the results of Grove, Raine and Ford and O’Connell). When we confined
the oscillator to a free fall trajectory, we found that radiation was detected. Morever, the

temperature of the radiation is the same as the Hawking temperature 7" = We

N S
8tMpkp
obtain a result which looks infinite, and this is due to the approximations made in the

free-fall trajectory that the oscillator is confined too.

Although this method is perfectly valid, it is in fact much more labor intensive than

that of Ford and O’Connell (the method used in Chapter 3). Moreover the result depends
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upon the correct application of the Wigner-Weisskopff approximation where as the Ford
and O’Connell approach does not. What the method does show is that we can take a
Hamiltonian and form a quantum Langevin equation and obtain a description of Hawking
radiation using a classical physical approach, rather than the usual approach of having
to consider the passage of modes from the past passing through the collapsing matter
and piling up in the far future. In this setting we are suggesting that black holes radiate
because they satisfy the same laws of physics as other radiating objects in the Universe

(namely a Langevin equation).

5.2 Recommendation for Further Work

We now make recommendations for further work. In chapter 2, the calculation was car-
ried out in two dimensions. In fact, the Schwarzschild a anti-de Sitter space time is a four
dimensional manifold, and it would be interesting to see what contributions the higher

dimensions make to the calculation.

In the case of the work carried in chapters 3 and 4, this work could also be ex-
tended greatly. Firstly, the calculation concerning an oscillator on a free fall trajectory in
Schwarzschild spacetime was again, for simplicity performed in two dimensions. Since the
full Schwarzschild spacetime is static, it would be interesting to see what contributions
the higher dimensions make to this calculation. It would also be interesting to perform
the calculation in a spacetime which is dynamical rather than static. If such a calculation
was to be performed, the methodology in Chapter 3 would probably more effective than

that used in chapter 4, since it does not involve the Wigner-Weisskopft approximation.

Another interesting extension of this work would be to explore the model with a
proper description for the mass of the oscillator, namely the Higgs field for the mass of the

oscillator. If we were to incorporate the Higgs field in the 4D calculation discussed above,
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we should be able to see the mechanism whereby the mass of the oscillator is converted
into radiation. Such an investigation would be of interest for researchers concerned with

the Transplanckian problem.
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Appendix A

Useful Indentities

A.1 Real Parts of Products

We have the function y(wy) defined as

1
We + wg — iy/2’

X(wk) = (A1)

and with this we can now find the real parts of the following products (note we neglect

72 terms):

L R{x*(—wir)x*(wr)}. We have that

1 1

We — Wk +17/2) (we + wi, + 777/2)
1

w? — wi 4 iywe’

X (—wr) X (W) = (

and thus

(w? = wi)?

T e i ¥

Hence we have

1

2 27
- w

RO (—wi)x " (wr) } = (A.2)

w
2. R{x(—wg)x(wk)}. We simply take the complex conjugate of (A.2) and we obtain

! (A3)

R{x(—wr)x(wi)} = o2

C_

5.
Wi
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3. R{x(wr)x*(wk)}. We have that:

1 1 1

M ) = o i vt /D)~ (v p Xl (A

which is of course strictly real.

4. R{x(—wr)x*(—wk)}. We have that:

1 1 o
We — Wi — 17/2We — Wi +17/2  (We — wh)

X(—wr) X (wr) = - = Ix(—wi)|* (A5)

which again, is strictly real.

A.2 Real Parts of x(k), x(—k) and their Complex
Conjugates

We now determine the real parts of ix(wy), ix(—wg) and their complex conjugates.

1. R{ix(wg)}. We have that

i(we + wg) — /2 }
(We + wi — i77/3) (we + wi + 17/2)

R{ix(we)} = §R{
and hence

R{ix(wi)} = —m (A.6)

2. R{ix*(wx)}. Here

- B i(we + wg) +7/2
R{ix*(we)} = R { (we + wi +i7/2) (we + w — 17/2) }
thus,
R{ix"(we)} = m (A7)

3. R{x(—wx)} Here we have

R{x(—wi)} = é)%{ i(we — wi) —7/2 }

(We — wg —17/2)(we — wi +7/2)

giving
R{xX(~w)} = 5 (A.8)

2(we — wg)?
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4. R{ix*(—wk)}. The final idenity we need:

R (o) = R{ R

(We — wg +17/2) (we — wi, — 777/2)

and so

R{ix* (—wi)} = = (A.10)

2(we — wy)?
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Appendix B

Miscellaneous Calculations

B.1 Spacetime Trajectory

In this section we shall calculate a suitable free fall trajectory, and then make an approx-
imation for it to be used in the curved spacetime calculations of Chapter 4. We start

with the spacetime metric

—1
dr? = (1 - QMB) dt? — (1 - 2MB) dr? (B.1)
T T

and so we have

S E ) e

dt &

T

We know that

where £ is the energy of the particle, and so after some rearrangement we have that

(1 - MfB) — & =— (%)2. (B.4)

We now let £2 = 1 which represents a particle falling in from infinity and thus we have

that

dr 2Mp

— = — ) B.5
dr T (B.5)
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We now need to integrate this expression. First we make the substitution

2M d 2M
y = B r_4MVB

r dy P
Now,
dr  dr 2Mp dy
= = 2 dudr = — 4
&~ @y T T A
and thus
2MB dy
_ = — _ /. B.6
= (B.6)
Integrating both sides gives
2 30 T 2
_z - _Z B.7
3Y TP (B.7)
and hence we arrive at
3r \ Y
=(1- B.8
v=(1-57-) (B.5)

We now apply the Binomial expansion, using the first two terms we have that
N RN A
AMp T3\ 4Mg

T

and so we have that

This means we can say, approximately that

2MB T
1— ~ - B.10
r 2MB’ ( )
or
T —1
—2Mp (1 B.11
r=2ta (14 57 ) (B.11)

B.2 Fourier Transform of the Conformal Factor

From the Schwarzschild metric we have that

2 -1
ds? = (1 — 2MB> - (1 — 2MB> dr?. (B.12)

r r

174



We may write this as the familiar conformally flat spacetime metric
ds* = Q(dt* — dr?), (B.13)

where () is the conformal factor given by

2M
Q=1-"o2F (B.14)

r

Now, we define the Fourier transform of the conformal factor to be
Q1) = / pu(v)e ™" dv. (B.15)

We now wish to find a form for the function p(v). From (B.10) we may write that,

approximately

O(r) = (_21\743 - 1) +1,

1 0 4 T o
- wT [ —114d wr
0= 52 [ [ (g =)t o],

() = % { / ZMB e (— 5 ]\;B - 1) dr + 5(1/)} .

Using integration by parts we have that

1 . ) 0 0 e 0 )
wv) = — [— e“”il/] +/ , dr — / e’ dr +6(v)
o7 2Mp _oMg omp 20Mpy 2Mp

and so now

or,

)

giving,

() = 1 [e—%z‘MBu +{ i }0 - [e?'m‘:|0 )

2m w —2Mpv? | oy | oy, ’
and so,
() = 5 |+ 5 (1= e0) 4 5(0) (B.16)
2 | w V2 ' '

Consider now the second term in (B.16). We can write

1 (1= e 2Mov) — 2ie~MBV gin(2Mpv)
v? ‘ B v?

)
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and thus
i 2ie” MY gin(2Mpv)
+ 5 .

v v

We now consider what happens near v = 0. We see that

sin(2Mpv)
v

— 2Mp as v — 0,

while

—iMBl/

e —1 as v —1,

and so we may say that approximately,

(B.17)

B.3 Fourier Transform of the Free-Fall Trajectory in

Schwarzschild Spacetime

In this section we shall derive an expressions for both ay, (k') and |ay(k')|?. We start with:

ro(T) =r+2Mpgln|r — 2Mp|.

The free-fall trajectory is

~1
r(¢):2M3(1+2T) ~2Mp — T,
and hence we have that
r. =2Mp — 71+ 2Mpln|7|,

with

t(r) = —2MpIn|T|.

By definition we had that

1 N . -
ag(k') = %/ kUM =ikr (M) KT g7 for k> 0.

—00
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(B.19)

(B.20)

(B.21)

(B.22)



However we have that 7 € [—00, 0], and so in fact we can write (B.22) as

N —4iMpkIn(r) i(K —k)T
ap(k') = o e e dr.

—00
We now make the subtitution: u = i(k" — k)7, this allows us to write

je2iMpk i0 U —4iMpk ,
“’“(’C'):‘zw—m/ (z’(k/—k)) o

—100

e e—2iMpk 1 1-4iMpk 30 '
ag(k') = 5 (z(k’ — /{;)) /_ioo u”MERG gy,
We now make one more subtitution; we let U = —iu and this gives
o—2iMpk 1 1=4iMpk  roo A ,
ag(k') = o (Z(l{?’ — k:)) /0 (=)~ *Mske=iU g,

Comparision of the above integrand with

Using the identity

means that we have

2i Mphke 2Msk R
ap(k') = — - =) I'(—4iMpk),

and

2i M pke=2iMsk 1 pradtek
(K = ['(4eMpk).
ak( ) T —Z(kﬁl—k’)) ( tVip )

If we mutliply togher (B.26) with (B.27) we obtain that

AMEE?

o (K) |

1)’ .
</<;/ - k> e MBR| T (4i Mpk)|?.
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(B.24)

(B.25)

(B.26)

(B.27)



Now, since
T

D(4iMpk)|]? = B.28

ICM k) = b (r k) (B-28)
then we have that

() = Mk (LT et

g 7 \Kk' —k/) sinh(4Mpk)

and hence we have:
M 1 \?
(i = Mok (k k) [coth(4mMpk) + 1] (B.29)
7'[‘ —

The singularity at & = k' is a factor that is an artefact of our approximation of the

free-fall trajectory which is only valid near the horizon.
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