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INNER IDEALS OF SIMPLE LOCALLY FINITE LIE ALGEBRAS

AstrACT. Inner ideals of simple locally finite dimensional Lie algebras
over an algebraically closed field of characteristic 0 are described. In
particular, it is shown that a simple locally finite dimensional Lie al-
gebra has a non-zero proper inner ideal if and only if it is of diagonal
type. Regular inner ideals of diagonal type Lie algebras are character-
ized in terms of left and right ideals of the enveloping algebra. Regular
inner ideals of finitary simple Lie algebras are described. Inner ideals of
some finite dimensional Lie algebras are studied. Maximal inner ideals

of simple plain locally finite dimensional Lie algebras are classified.
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1. INTRODUCTION

An inner ideal of a Lie algebra L is a subspace I of L such that [I[I,L]] C I.
Inner ideals were first systematically studied by Benkart [12, 13] and proved to be
useful in classifying simple Lie algebras, both of finite and infinite dimension. They
play a role similar to one-sided ideals of associative algebras in developing Artinian
structure theory for Lie algebras [17]. They are also useful in constructing gradings
of Lie algebras [19].

The sections 2 to 5 consist mainly of joint work with Alexander Baranov and are
found in [3]. In the paper we study inner ideals of simple locally finite Lie algebras
over an algebraically closed field F' of characteristic zero. Recall that an algebra is
called locally finite if every finitely generated subalgebra is finite dimensional. All
locally finite algebras will be considered to be infinite dimensional. Although full
classification of simple locally finite Lie algebras seem to be impossible to obtain,
there are two classes of these algebras which have especially nice properties and can
be characterized in many different ways. Those are finitary simple Lie algebras and
diagonal simple locally finite Lie algebras. Recall that an infinite dimensional Lie
algebra is called finitary if it consists of finite-rank linear transformations of a vector
space. It is easy to see that finitary Lie algebras are locally finite. Diagonal locally
finite Lie algebras were introduced in [4] and are defined as limits of “diagonal”
embeddings of finite dimensional Lie algebras (see Definition 2.4 for details). They
can be also characterized as Lie subalgebras of locally finite associative algebras [5,
Corollary 3.9].

In Section 3 we prove the following theorem, which is one of our main results.

Theorem 1.1. A simple locally finite Lie algebra over F' has a proper non-zero inner

wdeal if and only 1f it is diagonal.
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The theorem shows that non-trivial inner ideals appear only in diagonal Lie al-
gebras and gives another characterisation of this class of algebras. The complete
classification of diagonal simple locally finite Lie algebras was obtained in [1| and we
need some notation to state it here.

Let A be an associative enveloping algebra of a Lie algebra L (i.e. L is a Lie sub-
algebra of A and A is generated by L as an associative algebra). We say that A is a
B-enveloping algebra of L if [A, A] = L. Assume now that A has an involution (which
will be always denoted by *). Then the set u*(A) = {a € A | a* = —a} of skew sym-
metric elements of A is a Lie subalgebra of A. Let su*(A) = [u*(A),u*(A)] denote
the commutator subalgebra of u*(A). We say that A is a P*-enveloping algebra of
L if su*(A) = L. It is shown in [1, 1.3-1.6] that every simple diagonal locally finite
Lie algebra L has a unique involution simple B*-enveloping algebra A(L) (which is
necessarily locally finite). Moreover, the mapping L — A(L) is a bijective correspon-
dence between the set of all (up to isomorphism) infinite dimensional simple diagonal
locally finite Lie algebras and the set of all (up to isomorphism) infinite dimensional
involution simple locally finite associative algebras (the inverse map is A — su*(A)).
Similarly, every simple plain (see Definition 2.4) locally finite Lie algebra L has a
unique (up to isomorphism and antiisomorphism) simple B-enveloping algebra A(L)
(which is necessarily locally finite). Moreover, the mapping L — A(L) is a bijec-
tive correspondence between the set of all (up to isomorphism) infinite dimensional
simple plain locally finite Lie algebras and the set of all (up to isomorphism and
antiisomorphism) infinite dimensional simple locally finite associative algebras (the
inverse map is A — [A, A]).

In Section 4 we introduce and describe basic properties of so-called regular inner
ideals of simple diagonal locally finite Lie algebras. Those correspond to left and
right ideals of the B- (and B* )-enveloping algebras. We believe that the following

conjecture is true.
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Conjecture 1.2. Let L be a simple diagonal locally finite Lie algebra. Assume that

L is not finitary orthogonal. Then every inner ideal of L is reqular.

We prove some partial results towards the conjecture (see Theorem 4.13) and show
that the conjecture holds in the case of locally semisimple diagonal Lie algebras (see
Corollary 4.16). We also show that I? = 0 for every inner ideal I of L, which actually
means that [ is a Jordan-Lie inner ideal as defined in [21].

In section 5 we apply our results to the finitary simple Lie algebras. Over a
field of zero characteristic those were classified in [6]. In particular, there are just
three finitary simple Lie algebras over F' of infinite countable dimension: sl (F),
50 (F') and sp_ (F'). Since finitary simple Lie algebras are both diagonal and locally
semisimple, by Corollary 4.16, all their inner ideals are regular, except in the finitary
orthogonal case. The classification of inner ideals of finitary simple Lie algebras was
first obtained by Lopez, Garcia and Lozano [16] (over arbitrary fields of characteristic
zero), with Benkart and Lopez [14] settling later the missing case for orthogonal
algebras. We provide an alternative proof for the case of special linear and symplectic
algebras over an algebraically closed field of characteristic zero (see Theorem 5.2).
In the case of orthogonal algebras we describe only regular inner ideals.

It follows from a general result, proved for nondegenerate Lie algebras by Draper,
Lopez, Garcia and Lozano, that a simple locally finite Lie algebra contains proper
minimal inner ideals if and only if it is finitary (see [15, Theorems 5.1 and 5.3]). We
prove a version of this result for regular inner ideals, see Corollary 5.7.

In section 6 we study inner ideals of the Lie algebra L = [A, A] where A is a strongly
perfect finite dimensional associative algebra with (Rad A)?> = 0. In particular we
show that every inner ideal I of L with I? = 0, splits, i.e. I = Ig@® I where S is a
Levi subalgebra of A, R=Rad A, Is=1NS and Ir = I N R. We also show that [

is regular in certain cases and give an example of a non-regular inner ideal.
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In section 7 the maximal inner ideals of simple plain locally finite Lie algebras
are classified in terms of special maximal pairs of left and right ideals of the plain

enveloping algebra. The case of finitary Lie algebras is considered.
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2. PRELIMINARIES

Recall that a Lie algebra L is called perfect if [L, L] = L. Similarly, an associative
algebra A is perfect if AA = A (which is always true if A contains the identity).
Let L be a perfect finite-dimensional Lie algebra. Then its solvable radical Rad L
annihilates every simple L-module and L/RadL = Q1 @ --- & @, is the sum of
simple components ();. Denote by V; the first fundamental @;-module (so V; is
natural and Q; = sl(V;), so(V;), sp(V;) if Q; is of classical type). The modules V;
can be considered as L-modules in an obvious way and are called the natural L-
modules. Assume that all ); are of classical type. An L-module V is called diagonal
if each non-trivial composition factor of V' is a natural or co-natural module (i.e.
dual to natural) of L. Otherwise V is called non-diagonal. A diagonal L-module
V is called plain if all Q; are of type A and each non-trivial composition factor of
V' is a natural L-module. Let L’ be another perfect finite dimensional Lie algebra
containing L. If W is an L’-module we denote by W | L the module W restricted
to L. Let V{,...,V/ be the natural L’-modules. The embedding L C L' is called
diagonal (respectively plain) if (V/ @ --- @ V)) | L is a diagonal (respectively plain)
L-module. By the rank of a perfect finite dimensional Lie algebra we mean the
smallest rank of the simple components of L/ Rad L.

We will frequently use the following lemma from [1].

Lemma 2.1. [1, Lemma 2.5| Let Ly C Ly C L3 be three perfect finite dimensional
Lie algebras. Suppose that the ranks of Ly and L3 are greater than 10 and the
embedding Ly C Ls is diagonal. Then the embedding L1 C Lq is diagonal. Moreover,
if the restriction of each natural Lo-module to Ly is non-trivial then both embeddings

Ly C Ly and Ly C L3 are diagonal.

We will also use the following obvious property of perfect finite dimensional Lie

algebras.
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Lemma 2.2. Let L be a perfect finite dimensional Lie algebra and let Q4,...,Q, be

the simple components of L/ Rad L. Then L has exactly n mazimal ideals My, . .., M,

Proof. Let M; be the kernel of the natural epimorphism L — ();. Then M; is a
maximal ideal of L assume now that M is another maximal ideal of L. We need to
show M = M, for some i. Since L is perfect, the quotient L/M is perfect, so L/M
is a simple Lie algebra. This implies Rad L. C M and M = M, for some i. 0

Definition 2.3. A system of finite dimensional subalgebras £ = (L, )acr of a Lie
(or associative) algebra L is called a local system for L if the following are satisfied:

(1) L = Uael" La
(2) for a, f € I there exists v € I" such that L,, Lz C L,.

Put o« < B it L, C Lg. Then I' is a directed set and L = @La. We say that a
local system is perfect (resp. semisimple) if it consists of perfect (resp. semisimple)

subalgebras.

Definition 2.4. A perfect local system (L, )aer is called diagonal (resp. plain) if
for all & < /8 the embedding L, C Lg is diagonal (resp. plain). A simple locally
finite Lie algebra L is called diagonal (resp. plain) if it has a diagonal (resp. plain)

local system. Otherwise, L is called non-diagonal.
Note that plain locally finite Lie algebras are diagonal.

Lemma 2.5. |2, Theorem 3.2 and Lemma 3| Let L be a simple locally finite Lie (or
associative) algebra. Then L has a perfect local system and if (Lo )aer is a perfect
local system for L then for every a € I' there exists o € T such that for all > o/

one has Rad Lg N L, = 0.

Proof. In the case of Lie algebras this was proved in |2, Theorem 3.2 and Lemma 3].

Proof of the associative case is similar. O
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Definition 2.6. A perfect local system (L, )aqer is called conical if I' contains the
smallest element 1 such that
(1) Ly € L, for all a € T}
(2) Ly is simple;
(3) for each v € T" the restriction of any natural L,-module to L, has a non-trivial

composition factor.

By the rank of a conical system we mean the rank of the simple Lie algebra L;.
Note that property (3) of the definition implies that for every o € I' and every simple
component S of a Levi subalgebra of L, one has rk S > rk L;. In particular, all these

simple components are classical if rk L; > 9.

Proposition 2.7. [1, Proposition 3.1 Let L be a simple locally finite Lie algebra
and let £ = (La)aer be a perfect local system of L. Let ) be a finite dimensional
simple subalgebra of L. Fixz any € I' such that Q C Lg. For v > 3, denote by L7Q
the ideal of L, generated by Q. Put LY = Q and T® = {y € T' | v > S} U{1}. Then
£9 = (L&) ere is a conical local system of L and the following hold.

(1) Every natural L?-module is the restriction of a natural La-module. In partic-
ular, the embedding LS C L, is diagonal.

(2) If the local system £ is diagonal (resp. plain) then the local system £9 is
diagonal (resp. plain).

(3) If the local system £ is semisimple then the local system £9 is semisimple.

Proof. Parts (1) and (2) were proved in [1]. Part (3) is obvious. O

Proposition 2.8. [1, Corollary 3.3| Simple locally finite Lie algebras have conical

local systems of arbitrary large rank.
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Remark 2.9. Similar results hold for locally finite associative algebras. In partic-
ular, every (involution) simple locally finite associative algebra A has a conical (x-
invariant) local system of subalgebras, see |1, Proposition 2.9]. Moreover, this system

will be semisimple if A is locally semisimple.
The following two results were essentially proved in [5, Corollary 3.4].

Theorem 2.10. Let L be a simple locally finite Lie algebra and let (Ly)aer be a
conical local system for L. Then for every a € I' there is o € T' such that for all
B > o and all mazimal ideals M of Lg one has Lo, "M = 0. In particular, for every

simple component () of Lg/Rad Lg one has dim () > dim L,,.

Proof. For each v € I we denote by R, the solvable radical of L., by S, the semisim-
ple quotient L., /R, and by Si, cee S];” the simple components of S,. In particular,
Ry =0and L; = S; = S]. Fix any @ € I'. By Lemma 2.5, there is v > «
such that R, N L, = 0 and by [5, Corollary 3.4] there is o/ >  such that the sets
of Sj—,81—,52—,..., 5% _accessible simple components on level 3 coincide for all
B > «'. Recall that for § > =, a component Sé is S%'—accessible if the restriction of
the natural Lg-module Vj to L, has a composition factor which is non-trivial as a
S,Jy'—module. Fix any 8 > o/. Let M be a maximal ideal of Lg. Then by Lemma
2.2, Lg/M = Sé for some 7. More exactly, M is the annihilator of the natural Lgs-
module Vﬁi. Note that all components of Sz are Si-accessible by the definition of
conical systems (property (3)). This means that Sé is S%—accessible for all 7, i.e. all
simple components of S, act non-trivially on Vg and cannot be in its annihilator
M. Therefore M N L, C R,. Since R, N L, = 0, one has that M N L, = 0, as

required. O

Corollary 2.11. Let L be a simple locally finite Lie algebra and let (Ly)aer be a
conical local system for L. Then for every finite-dimensional simple subalgebra Q) of

L there exists o' € I such that for all f > o', Q C Lg and the restriction of every
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natural Lg-module V' to Q has a non-trivial composition factor, i.e. {Q,Lg |5 > o'}

s a conical local system of L.

Proof. Fix any o € IT" such that Q C L,. By Theorem 2.10, there is o/ € I' such
that for all 5 > o' and all maximal ideals M of Lz one has L, N M = 0. Let V
be a natural Lg-module. Then its annihilator M is a maximal ideal of Lg. Since

QN M =0, @ acts non-trivially on V. O

We will need a version of the above theorem for associative algebras.

Theorem 2.12. Let A be a (involution) simple locally finite associative algebra and
let (Au)acr be a conical perfect (x-invariant) local system for A. Then for every
a € T there is o € T such that for all B > o and all (x-invariant) mazximal ideals

M of Ag one has A, N M = 0.

Proof. The proof is similar to that of the previous theorem. O

Proposition 2.13. Let L be a simple diagonal locally finite Lie algebra and let
(La)acr be a conical local system of L. Then for every n € N there is o/ € T' and

a simple subalgebra Q) of L with tk@Q > n such that Q C Lg for all § > o and

{Q,Ls | B> da'} is a conical diagonal local system of L of rank > n.

Proof. Since L is diagonal, by [5, Theorem 3.8| L has a conical diagonal local system
(Ms)sen of rank > max{10,n}. Note that M is simple of rank > max{10,n}. Put
QQ = M;. By Corollary 2.11, there is o/ € I" such that @ C L, and for all § > o' the
restriction of every natural Lg-module V' to () has a non-trivial composition factor.
It remains to prove that the embeddings () C Lg, and Lg, C Lg, are diagonal for all

fa > f1 > . Fix any § € A such that Lg, C Ms, so we have a chain of embeddings

Q=M C Lg C Lg, € Ms.
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Since rk () > 10 and the embedding ) C Mj; is diagonal, by Lemma 2.1, the
embedding ) C Lg, is diagonal. Applying this lemma again to the triple ) C
Lg, C Lg,, we get that the embeddings ) C Lg, and Lg, C Lg, are diagonal, as

required. O

Theorem 2.14. Let L be a simple diagonal locally finite Lie algebra and let (Ly)aer
be a perfect local system for L. Assume that there is o € I', a non-zero x € L, and
a natural number k such that for all § > «, the rank of v is < k on every natural

Lg-module. Then L s finitary.

Proof. By Proposition 2.13, we can assume that (L, )a.er is a conical diagonal local
system for L of rank > 10. Let A be its involution simple associative P*-envelope
and let A, be the subalgebra of A generated by L,. Then it follows from the
construction of A (see proof of Theorem 1.3 in [1]), that (A, )aer is a conical diagonal
local system for A, su*(A,) = L,, every natural L,-module is lifted to A, and every
irreducible A,-module is either natural or conatural L,-module. Let B be the ideal
of A generated by x. Since * = —x, B is *-invariant, so B = A. Note that zAx # 0.
Indeed, otherwise A = A> = BAB = (. Therefore x acts nontrivially on the left
A- (and L-) module V' = Az. We claim that dimzAx < 2k It is enough to
show that dimzAgz < 2k? for all large 3. By Theorem 2.12, there is v >  and a
maximal *-invariant ideal M of A, such that M N Az = 0. Note that the quotient
Q = A,/M is either simple or the direct sum of two simple components, so @ is
isomorphic to End U or End W ® End Wy where U and W; are natural L.,-modules
and W, is conatural. Since M N Ag = 0, we have an isomorphic image of Az in
. Assume first that () = EndU. Since zx is of rank < k on U, it is easy to see
that dimzQz < k? (e.g. by using the Jordan canonical form of z). Similarly, if
Q = End W; @ End Wy, we get that dimzQz < 2k* Therefore, dimzAgr < 2k?

and dim xAx < 2k?, as required. Thus, x is a finite rank transformation of V = Aux.
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Note that all finite rank transformations of V in L form an ideal of L. Since L is

simple, V' is a non-trivial finitary module for L, so L is finitary. U

Definition 2.15. Let L be a Lie algebra. An inner ideal of L is a subspace I of L
such that [Z,[I, L]] C I.

Although inner ideals are not ideals in general (not even subalgebras) it is easy to

see that they are well-behaved with respect to subalgebras and factor algebras:

Lemma 2.16. Let I be an inner ideal of a Lie algebra L.
(1) Let H be a subalgebra of L. Then I N H is an inner ideal of H.
(2) Let J be an ideal of L then (I + J)/J is an inner ideal of L/J.

The following classifies the inner ideals of the classical finite dimensional Lie alge-

bras over F. This is only a very particular case of the results proven in [12, 14].

Theorem 2.17. [12, Theorem 5.1|[14, Theorem 6.3(i)| Let V' be a finite dimensional
vector space over an algebraically closed field F of characteristic zero. Let A = EndV
and @ (resp. V) be a non-degenerate symmetric (resp. skew-symmetric) form on V.
Let x be the involution of A induced by either ® or V.

(1) Let L = sl(V'). A subspace I of L is a proper inner ideal of L if and only if
there exist idempotents e and f in A such that I = eAf and fe = 0.

(2) Let L = sp(V,V) and dimV > 4. A subspace I of L is a proper inner ideal
of L if and only if there exists an idempotent e in A such that [ = eLe* and e*e =0
(equivalently, I = [U,U] = span{u*v + v*ulu,v € U} where U is a totally isotropic
subspace of V' and u*v € EndV is defined as (u*v)(w) = V(w,u)v for allw € V).

(3) Let L = o(V,®) and dim V' > 4. A subspace I of L is a proper inner ideal of
L if and only if one of the following holds.

(1) I = eLe* where e € A is an idempotent such that e*e = 0.

(ii) I = [v, HY] where v € V is a nonzero isotropic vector of H, and H is a

2-dimensional subspace of V' such that the restriction of ® to H is nondegenerate
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(equivalently, there is a basis {x1,...,x,} of V such that I is the F-span of the
matriz units ey; — ej2, j > 3, with respect to this basis |14, 4.1]).

(111) I is a Type 1 point space of dimension greater than 1.

Recall that a subspace P of a Lie algebra L is called a point space if [P, P] =0
and ad?>L = Fz for every nonzero element x € P. Moreover, a point subspace P of
o(V,®) is said to be of Type 1 if there is a non-zero vector u in the image of every

non-zero a € P.

Lemma 2.18. [13, Lemma 1.13| Let L be a finite dimensional simple Lie algebra

and let I be a proper inner ideal of L. Then [I,1] =0, i.e. I is abelian.
The following two facts are well-known, see for example [18, Proposition 2.3].

Lemma 2.19. Let L be a finite dimensional simple Lie algebra and let I be an inner

ideal of L. Then [I,[I,L]] = 1.

Proof. Let I be an inner ideal of L. If I = L then this is obviously true. Assume

that I is proper. Then by Lemma 2.18, I is abelian. Let x € I. Then
[z, [z, [z, L]]] C [z, I] =0,

so x is ad-nilpotent. By the Jacobson-Morozov Theorem, there exist y, h € L such

that {x,y, h} form an sly-triple. Note that
[1‘7 ["L‘ayH = [‘Ta h] = —QZE,
so x € [I,[I,L]]. This implies I = [I,[I, L]], as required. O

Lemma 2.20. Let L be a finite dimensional semisimple Lie algebra. Let Q1,...,Q,
be the simple components of L. Let I be an inner ideal of L and I, = I N Q;. Then

I=L® - &I,
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Proof. Let ¥y : L — Q, ¥r((q1,-..,9,)) = qx, be the natural projection and let
Jr = Yi(I). We need to show J, = Ij. Indeed, by Lemma 2.16, J; is an inner ideal

of Q. It is clear that I, C Ji. On the other hand, by Lemma 2.19,

Jo = [Tk, [, Qrl] = [1, [1, Q]| € L.
Therefore I, = J, forall k,so I =1, & --- & 1,. ]

Proposition 2.21. Let L be a perfect finite dimensional Lie algebra and let I be an
inner ideal of L. Assume that (I + M)/M = L/M for every mazimal ideal M of L.
Then I = L.

Proof. Without loss of generality we can assume that I is minimal among all inner
ideals of L satisfying this assumption. By [13, Lemma 1.1(4)], for every inner ideal J
of L the subspace JB = [J/[J, J]] is also an inner ideal of L. Note that I® satisfies
the assumption of the proposition since L is perfect. Moreover, I is contained in
I:

¥ CI1,[I,L])C 1.

Therefore I3 = I. Now
(L. 1) = [L,[L [T C [I,[I,L]] € 1

so I is an ideal of L. Since I is not contained in any maximal ideal, I = L, as

required. 0

Lemma 2.22. [12, Lemma 4.23| Let L be a classical simple finite dimensional Lie
algebra and let V' be the natural module for L. Let I be a proper inner ideal of L.
Then I3V = 0. In particular, 23V =0 for all x € 1.

Proof. This was proved in [12] but also follows from the classification of inner ideals

given in Theorem 2.17. Indeed, referring to the notation of the theorem, suppose
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I = eAf or [ = eLe* as in cases 1, 2 and 3 part (i). Then fe = 0 or e*e = 0, so
I? = 0. Now suppose I = [v, H*] as in case 3 part (ii). Then [ is the F-span of
the matrix units e;; — e;o, j > 3. Note that I? = Fej, and I = 0. Finally consider
case 3 part (iii). If I is a point space of type 1 then [ is a subspace of eLe* for some

idempotent e with e*e = 0 (see |14, Proposition 4.3]). Thus again I? = 0. O
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3. NON-DIAGONAL LOCALLY FINITE LIE ALGEBRAS

The aim of this section is to prove Theorem 1.1: a simple locally finite Lie algebra
over I’ has a proper nonzero inner ideal if and only if it is diagonal. First we are
going to show that every simple diagonal locally finite Lie algebra has a non-zero
proper inner ideal. This will be generalized in the next section where we describe all

regular inner ideals of diagonal Lie algebras.

Proposition 3.1. Fvery simple diagonal locally finite Lie algebra has a proper non-

zero inner ideal.

Proof. Let L be a simple diagonal locally finite Lie algebra. By [1, Theorems 1.1 and
1.2| there exists an involution simple locally finite associative algebra A such that
L = su*(A). By |1, Corollary 2.11], for every integer m, A contains an involution
simple finite dimensional subalgebra A; of dimension greater than m. It is well known
A; is isomorphic to a matrix algebra M, (F') with orthogonal or symplectic involution
or the direct sum of two copies of M, (F') with involution permuting the components
and Ly = su*(A;) is a finite dimensional classical Lie algebra isomorphic to sl,,, sp,,,
or 0, (see for example |9, Lemmas 2.1 and 2.2|). Fix any idempotent e in A; such
that e*e = 0 and eLje* # 0 (see Theorem 2.17). Put I = eAe* Nsu*(A). Note that
I? =0, so I is a proper non-zero subspace of L. Since (eAe*)A(eAe*) C eAe*, one

has [I,[I, L]] C I, so I is an inner ideal of L. O

Remark 3.2. As it was mentioned to us by Fernandez Lopez, the proposition also
follows from [22, Corollary 2.3|, because every simple diagonal locally finite Lie
algebra L has an algebraic adjoint representation [5, Corollary 3.9(6)|, and hence a

non-zero abelian inner ideal.

Lemma 3.3. Let L be a non-diagonal simple locally finite Lie algebra. Let (La)aer
be a conical local system of L of rank > 10. Then for every [ there exists f' > [

such that for all v > ' the embedding Lg C L. is non-diagonal.
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Proof. Let § € T'. Suppose to the contrary that for every 8 > ( there is v > /' such
that the embedding Lg C L, is diagonal. Since Lg C Lg C L., by Lemma 2.1 the
embedding Lg C Lg is diagonal for all 5/ > . Fix any simple component () of a
Levi subalgebra of Lg. Then rk @ > 10 and by Corollary 2.11, there is o > /3 such
that £ = {Q, L, | v > o'} is a conical local system of L. We are going to prove that
£ is a diagonal local system, so L is a diagonal Lie algebra, which is a contradiction.
We already know that all embeddings () C L., v > o/, are diagonal. Consider any
§ > ( > o/. Then we have a chain of embeddings ) € L. C L,. By construction
both @) C L and @) C L are diagonal. Since £ is conical and rk @) > 10, by Lemma

2.1 the embedding L C L is diagonal, as required. 0

Lemma 3.4. [4, Lemma 4.5] Let Ly C Ly be finite dimensional Lie algebras; let
Sy and Sy be Levi subalgebras of Ly and Lo, respectively. Then there exists an
automorphism 6 of Ly such that 6(S1) C Sy and (1) = 1 + r(l) for all | € Lo,
with r(l) being in the nilpotent radical of Lo. Moreover the monomorphism Sy C Sy

induced by 6 does not depend on the choice of such 6.

In what follows we will use the function ¢ introduced in [4]. This is a function
defined on the weights (and modules) of simple Lie algebras. The function § takes
integral (and half-integral in the case of algebras of type B) values only. The function
is linear and is defined by writing down its values on fundamental weights. Let L
be a finite dimensional simple Lie algebra of rank m. Denote by wy,...,w,, the
fundamental weights of L and ay, ... a,, the simple roots of L. In the following list

0= (p1,-...,pm) means that 6(w;) =p; fori =1,2,... m.
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§=(1,2,... kK, ....2,1) (Aop):
§=(1,2.. k+1,....2,1)  (Agpsr);
0=(1,2,....m—2m—1,m) (Cy, m>2);
0=(1,2,....m—=2,m—1[%]) (Bn, m=>3),
§=(1,2,....2k—2k—1,k) (Do, k> 2);
§=(1,2,...,2k — 1,k k) (Doporn, k> 2);
§=1(2,2,3,4,3,2) (Es);

= (2,2,3,4,3,2,1) (Er);

— (4,5,7,10,8,6,4,2) (Eg):
d=1(2,3,2,1) (Fy);
d=1(1,2) (G2).

It is easy to verify that 6(a;) > 0 for all i = 1,...m. Let V be an L-module and
M be its set of weights then set d,(V) = sup{d(1) } senr. We will write 6(V') instead
of (V) if L is fixed. Since the value of ¢ on the simple roots is > 0 this means
(V) = d(un) where py, is the highest weight of V. Let S be a finite dimensional
simple Lie algebra of rank > 10 and let V' be an S-module. Then V' is trivial if and
only if 6(V) = 0; V' is non-trivial diagonal if and only if (V') = 1; V' is non-diagonal
if and only if 6(V) > 2 (see [4, Section 6] for details).

Lemma 3.5. Let Ly C Ly C L3 be three perfect finite dimensional Lie algebras such
that Ly 1s simple and tk Ly > 10. Suppose that the embedding Lo C Lg is non-
diagonal and the restriction of every natural Ls-module to Ly is non-trivial. Then
there is a natural Ly-module V' such that 6(V | L1) > 1. In particular, the restriction

of V to Ly is non-diagonal.

Proof. By using Levi-Malcev Theorem and Lemma 3.4 we can reduce this to the
case of Levi subalgebras, one embedded into the next, so we can assume that the

L; are semisimple. Since the embedding L, C L3 is non-diagonal, there exists a
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natural Ls-module, say, V such that V' | L, has an irreducible component W which

is non-trivial, non-natural and non-conatural. We have

oV I L)=06((VIL) | L) >6(W ] Ly)

It remains to show that 6(W | L;) > 1. The module W can be represented in the
form W = W; ® --- ® W), where each Wj; is a non-trivial irreducible module for a
simple component S; of Ly. Then we have two cases: either at least two W, are non-
trivial or at least one W; is non-trivial non-natural and non-conatural. For the first

case, without loss of generality we may assume that there are just two non-trivial

Wi, so that W = W, ® W,. Using |4, Lemma 7.2] we see that

S(W L L) > 8(W L Sy) L L)+ 8(W L Sy) L L) >2.

In the second case we may assume that W = W; where W) is a non-trivial, non-

natural and non-conatural S;-module. Then using [4, Lemma 6.7], we get
S(W L L) 26(WIS) L) =26WilLi)>6VilLi)=1

where V; is the natural Sj-module. In both cases 6(V | L;) > 1, so V is a non-

diagonal L;-module. 0

Lemma 3.6. Let L be a non-diagonal simple locally finite Lie algebra and let £ be
a conical perfect local system for L of rank > 10. Let n be a positive integer and
let S be a finite dimensional simple subalgebra of L. Then there exists a chain of
subalgebras My C My C --- C M, of L and subalgebras S; C M;, 1 < i < n, such
that My =S, =S, foreachi=2,...,n, M; € £, S; is a simple component of a Levi
subalgebra of M; and the restriction V; | S;_1 is a non-diagonal S;_1-module where

Vi is the natural M;-module corresponding to S;. Moreover, §(V, | S) > n/2.
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Proof. We construct the algebras M; and S; by induction. Recall that M; =57 = S.
Assume that M;_; and S;_; have been constructed. By Corollary 2.11, there is
an algebra @); € £ such that S;_; C @); and the restriction of every natural Q);-
module to S;_; is non-trivial. By Lemma 3.3, there is M; € £ such that Q; C M;
and the embedding Q; C M; is non-diagonal. Therefore by Lemma 3.5, there is a
simple component S; of a Levi subalgebra of M; such that the restriction V; | S;_4
is a non-diagonal S;_;-module and 6(V; | S;_1) > 1 where V; is the natural M;-
module corresponding to S;. Let W;_; be any non-diagonal composition factor of
the restriction V; | S;_1. Then W;_; can be viewed as both S;_; and M;_;-module.

Similarly to the proof of Lemma 3.5, using [4, Lemma 6.7|, we get that

S(VilS1) =0((Vid Mi—1) ) S1) > 6(Wiiq L S1) > 6(Vier L Sh)

Therefore

IVl S1)>0(Ver d0S1) >--->6(11 ] S1) =1.

Since 0 has half-integer values only, this implies §(V,, | S1) > n/2. O

Proposition 3.7. Let L be a non-diagonal simple locally finite Lie algebra and let £
be a conical perfect local system for L of rank > 10. Let n be a positive integer and
let S be a finite dimensional simple subalgebra of L. Then there exists a subalgebra
M € £ containing S such that for every M' € £ containing M and every natural
M'-module V' one has §(V | S) > n.

Proof. By Lemma 3.6, there exists (J; € £ containing S and a simple component
Sy of a Levi subalgebra of ¢y such that 6(V; | S) > n where V; is the natural
(Q1-module corresponding to S;. By Theorem 2.10, there exists M € £ containing
(21 such that for every M’ € £ containing M and every maximal ideal N of M’ one
has Q1 NN =0, so V | Sy is a non-trivial S;-module for every natural M’-module

V. It remains to show that 6(V | S) > n. Let W) be any non-trivial composition
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factor of the restriction V' | S7. Then W; can be viewed as both S; and )1-module.

Similarly to the proof of Lemma 3.5, using [4, Lemma 6.7], we get that

6V 1S8)=0o((VIQ)IS)=26(WilS5)=0(VilS)>n.

Proposition 3.8. Let L be a simple non-diagonal locally finite Lie algebra. Then L

has no non-zero proper inner ideals.

Proof. Let (Ly)aer be a perfect conical local system for L of rank > 10. Let R,, be the
solvable radical of L, and let S, be a Levi subalgebra of L, so that L, = S,® R,, for
a € I'. Assume [ is a proper non-zero inner ideal of L. For oo € " put I, = I N L,.
Then [, is an inner ideal of L, by Lemma 2.16. Fix a; € I' such that I,, is a
proper non-zero inner ideal of L,,. By Lemma 2.5, there is ay > a; such that
Loy "Ry, = 0, 50 I,, € R,, and the image I, of I, in the semisimple quotient
Lo, = Lo,/ Ra, is a non-zero inner ideal of Ly, = S,,. It follows from Lemmas 2.20
and 2.22 that I,, contains a non-zero ad-nilpotent element. Therefore there exist
a non-zero ad-nilpotent s € S,, and an r € R,, such that + = s+r € [,,. By
the Jacobson-Morozov Theorem, there exists a subalgebra S of S,, isomorphic to
sly containing s. Consider the subalgebra S=9+ R,, of L,,. Then Rad S = R,
and Iy = I NS is an inner ideal of S containing x. By Proposition 3.7, there exists
a3 € T such that S C L, and for every natural L,,-module V" one has §(V | §) > 2.
Fix any such module V. Note that all composition factors of V' | S are irreducible
modules for S, so V' | S has a composition factor W, which is also an irreducible
module for S = sly with §(W) > 2. It follows from the definition of the function ¢
that dimW = (W) + 1 > 3 (see [4, Section 6] for details), so s3W # 0 as s is a

basic ad-nilpotent element of S. Since r € Rad S = R,, and R,, annihilates every
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composition factor of V' | L, one has rWW = 0, so
W = (s +7)*W = s*W # 0.

Therefore, 23V # 0. Let M be the annihilator of V in L,,. Then M is a maximal
ideal of L,, and let a + a@ be the natural homomorphism Lo, — Lo, = La, /M.
Then L,, is a classical simple Lie algebra of rank > 10, I, is an inner ideal of L,
and 7 € I,,. Note that 22V = 23V # 0. Since V is a natural module for L,,, by
Lemma 2.22, one has I,, = Lg,. Since this is true for every natural L,,-module V/
(and so for every maximal ideal M of L,,), by Proposition 2.21, I,, = L,,. This
implies that I,, = L,,, which contradicts the assumption that /,, is a proper inner

ideal of L,,. O

Proof of Theorem 1.1. This follows from Propositions 3.1 and 3.8.
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4. REGULAR INNER IDEALS AND DIAGONAL LIE ALGEBRAS

In this section we discuss inner ideals of simple diagonal locally finite Lie algebras.

Lemma 4.1. Let A be an associative algebra and let L = [A, A]. Let I be a subspace
of L such that I*> = 0. Then the following hold.

(1) I is an inner ideal of L if and only if ixj + jxi € I for all i,j7 € I and all
x € L.

(2) IAI C L.

(3) If IAI C I, then I is an inner ideal of L.

Proof. (1) Recall that I is an inner ideal of L if and only if [i, [, z]] € [ for alli,j € I

and all x € L. It remains to note that
i, ], x]] = ijx —ixj — jai + xji = —izy — jui.
(2) Indeed,
iaj =i(aj) — (aj)i = [i,aj] C [A,A] =L

forall i, € I and all a € A.
(3) This follows from (1). O

Lemma 4.2. Let A be an associative algebra with involution and let K = su*(A).
Let I be a subspace of K such that I?> = 0. Then the following hold.

(1) uw*(IAI) C K.

(2) w(IAI) =TAINK.

(3) If u*(IAI) C I, then I is an inner ideal of K.

Proof. (1) Note that I AI is x-invariant, so u*(IAl) = {¢—¢* | ¢ € IAI'}. It remains

to note that

iaj—(iaj)” = iaj—ja*i = i(aj+ja")—(aj+ja")i = [i,aj—(aj)"] € [W*(A),u"(A)] = K
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for all 7,5 € I and all a € A.
(2) This is obvious.
(3) By Lemma 4.1(1), it is enough to check that izj + jai € I for all 7,5 € I and
all x € K. One has

irg + jai =ixy — (ixj)" € u(IAI) C 1

as required. O

We will show (see Theorem 4.13) that for every inner ideal I of an infinite dimen-
sional simple locally finite Lie algebra L one has I? = 0, (the only exception being
the finitary orthogonal algebras). Thus Lemmas 4.1 and 4.2 justify the following

definition.

Definition 4.3. (1) Let A be an associative algebra and let L = [A, A]. Let I be
a subspace of L such that I? = 0. We say that I is a regular inner ideal of L (with
respect to A) if and only if TAI C I.

(2) Let A be an associative algebra with involution and let K = su*(A). Let I be
a subspace of K such that I? = 0. We say that I is a *-reqular (or, simply, regular)
inner ideal of K (with respect to A) if and only if u*(/AIl) C I.

Remark 4.4. Note that regular inner ideals are always abelian (since [I, I] C I* = 0),

so they are proper inner ideals of L (if L is not abelian).

If B is an associative algebra denote by B(~) the Lie algebra obtained from the
vector space B with the new multiplication [z,y| = zy — yz.

We will use the following well-known facts.

Lemma 4.5. Let A be an associative algebra.
(1) If A is involution simple then A is either simple or A = B @ B* where B is a

simple ideal.
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(2) Assume A = B @ B*. Then u*(A) = {(b,—b*) | b € B}. Let ¢ be the
projection of A on B. Then the restriction of ¢ to u*(A) is an isomorphism of the

Lie algebras w*(A) and B7). Moreover, if C is a *-invariant subalgebra of A then

p(u*(C) = 9(C).

Proof. (1) Suppose A is not simple. So A has a proper non-zero ideal B. Then B+ B*
and B N B* are x-invariant ideals of A. Since A is involution simple, B + B* = A
and BN B*=0. So A= B ® B* and B is a simple ideal.

(2) This is obvious. O

Lemma 4.6. Let A= B@ B* and let ¢ : su*(A) — [B, B] be the isomorphism as in
Lemma 4.5. Then I is a reqular inner ideal of su*(A) if and only if ¢(I) is a reqular
inner ideal of [B, B].

Proof. We need to show that u*(IAI) C I if and only if p(I)Bp(I) C ¢(I). Since
both u*(/AI) and I are subspaces of u*(A), the first inclusion is equivalent to
e(u*(IAI)) C p(I). Note that

(W (IAI)) = p(IAD) = (1) Be(I),

so this can be rewritten as
o(I)Bp(I) C (1),

as required. O

Lemma 4.7. Let A be a simple associative ring and let L (resp. R) be a left (resp.
right) non-zero ideal of A. Then the following holds.

(1) LA=A, AR = A, and LAR = A.

(2) RECRNL.

(3) If LR =0 then RC C RN LN[A, A

(4) RL and RN L are non-zero.
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Proof. (1) Assume LA # A. Since LA is a two-sided ideal of A and A is simple,
LA = 0. This implies that £ is a two-sided ideal of A. Since L is non-zero, £ = A,
so LA = A? = A # 0, which is a contradiction. Proof for R is similar. Now
LAR = (LA)(AR) = A? = A.

(2) It is enough to note that RL C R and RL C L;

(3) This is obvious.

(4) Assume RL = 0. Then A = A% = (AR)(LA) = A(RL)A = 0, which is a

contradiction. |

Let A be an associative ring. An element x € A is called von Neumann regular if
there is y € A such that xyxr = x. The ring A is called von Neumann reqular if every
element of A is von Neumann regular. We are grateful to Miguel Gémez Lozano for

the following observation.

Proposition 4.8. Let A be an associative ring.
(1) RL = RN L for all left and right ideals L and R, respectively, in A if and
only if A is von Neumann reqular.

(2) RL =RNL for all left and right ideals L and R, respectively, in A such that

LR =0 if and only if every x in A with 2> = 0 is von Neumann reqular.
Proof. (1) Suppose RL = R N L for all left and right ideals £ and R, respectively.
Let x € A. Consider the ideals R = xA + Zx and £ = Az + Zx. Note that

vt €RNL=RL=zAx + Zz?,

Hence zy'x = x for some iy’ € A" where the ring A’ = A+ Z1 is obtained from A by
adding the identity 1. Since A is an ideal of A’, one has zyx = x for y = y'zy’ € A.

Therefore A is von Neumann regular.
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Assume now A is von Neumann regular. Let £ and R be a left and right ideal of
A respectively. Clearly RL C RN L. Let x € RN L. Then there exists y € A such
that © = zyxr = z(yx) € RL, So RL=RN L.

(2) Suppose RL = R N L for all left and right ideals £ and R, respectively, such
that LR = 0. Let x € A with 22 = 0. Then R =2A + Zx and L = Az + Zx are a
left and right ideal of A with LR = 0. The rest of the argument follows as in (1).

Assume now every x € A for which 22 = 0 is von Neumann regular. Let £ and R
be a left and right ideal of A respectively with LR = 0. Clearly RL C RN L. Let
x € RN L. Note that 22 € LR = 0 so = by assumption is von Neumann regular. So

there exists y € A such that x = zyxr = z(yz) € RL. Therefore RL =R N L. O

Now we are in position to describe regular inner ideals.

Proposition 4.9. Let A be an associative algebra and let L = [A, A]. Let I be a
subspace of L. Then I is a reqular inner ideal of L if and only if there exist L and
R where L (resp. R) is a left (resp. right) ideal of A such that LR =0 and

(4.1) RLCICRNLNL.

In particular, if A is von Neumann reqular then every reqular inner ideal of L is of

the shape I = RL (=RNL).

Proof. Assume first that I is a regular inner ideal of L. Then I? = 0 and IAI C I.
Put L=AI+1 and R =IA+ 1. Then L (resp. R) is a left (resp. right) ideal of
A with LR = 0 and

RLCIAI+I=1ICRNLNL,

as required.
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Now assume that RL C I CRNLNL. Then I? C LR =0 and
TAI CRALCRLCI,

so [ is a regular inner ideal. 0

If A is simple then one can show that the ideals £ and R are defined by I almost

uniquely. More exactly we have the following.

Lemma 4.10. Let A be a simple associative algebra and let L = [A, A]. If I is a
reqular inner ideal of L and a pair of ideals (L, R) satisfies (4.1) then AL = Al and
RA=1TA.

Proof. Assume the pair of ideals (£, R) satisfies (4.1). Then I C L, so AI C AL.
On the other hand, by Lemma 4.7(1),

AL = (CAR)L = LA(RL) C Al

so AL = Al. Similarly, RA = T A. O

The next proposition describes regular inner ideals in the case of algebras with

involution.

Proposition 4.11. Let A be an associative algebra with involution and let K =
su*(A). Let I be a subspace of K. Then I is a reqular inner ideal of K if and only
if there exists a left ideal L of A such that LL* =0 and

(4.2) w(LL)CICL NLNK.

In particular, if A is von Neumann regqular then every regular inner ideal of L is of

the shape I = u*(L*L) (=u*(L*NL)).
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Proof. Assume first that I is a regular inner ideal of K. Then I? = 0 and u*(IAI) C
I. Put L= Al + 1. Then L is a left ideal of A, L*=TA+ I, LL" =0 and

W(LL) Cuw(TAI+ ) CIC L NLNK,

as required.

Now assume that u*(£*£) C T C L*NLNK. Then I? C LL* =0 and
u (TAI) Cu*(LTAL) Cu"(L*L) C 1,
so [ is a regular inner ideal. O

Proposition 4.12. Let A be a finite dimensional semisimple associative algebra and
let L = [A, A]. Then every proper inner ideal I of L is reqular. More exactly, I = RL
(= LNR) where L is a left ideal of A and R is a right ideal of A with LR = 0.

Proof. Suppose [ is an inner ideal of L. Note that L is semisimple. Therefore by
Propositions 2.20 and 2.17(1), I = eAf for a pair of idempotents e and f of A such
that fe =0. Define £L = Af and R = eA. Then

RL = eAAf = eAf =1,

as required. O

Recall that every simple diagonal locally finite Lie algebra can be represented as
su*(A) where A is an involution simple locally finite associative algebra (A is actually
unique and called the PB*-enveloping algebra of L, see introduction). Moreover, if L

is plain then L = [A, A] where A is simple. Thus, the following theorem.

Theorem 4.13. (1) Let A be a simple locally finite associative algebra and let
(Aa)acr be a perfect conical local system for A of rank > 4. Let L = [A, A] and
let I be a proper inner ideal of L. Put L, = [Ay, As] and I, = I N L. Let I, be the
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image of I, in L, = L./ Rad L,. Then I? =0 and for every a € T, 1, is a reqular
inner ideal of L.

(2) Let A be an involution simple locally finite associative algebra and let (Aq)aer
be a perfect conical x-invariant local system for A of rank > 36. Let L = su*(A) and
let I be an inner ideal of L. Put L, = su*(A,) and I, = IN L. Let I, be the image
of I, in Ly = Lo/ Rad L. If A is not finitary with orthogonal involution (i.e. L is
not finitary orthogonal) then I* = 0 and there is oy € I’ such that for every a > ap,

1, is a reqular inner ideal of L.

Proof. (1) By [8, Theorem 6.3(1)] (see also [1, Theorem 2.12(1)] and its proof),
(La)acer is a perfect conical local system for L. By Proposition 2.16 I, is an inner
ideal of L,. By Lemma 2.5, for every o there exists 3 such that Rad Ag N A, = 0.
Let = : Ag — Ap/Rad Ag be the canonical surjection. Note that Rad Lg C Rad Apg,
L_g = [A_B, A_B]> and by Lemma 2.16, E is an inner ideal of L_ﬁ Moreover E is regular
by Proposition 4.12 and Ez = 0. Since A, NRad 45 = 0, A, & A,, so A, can be
considered as a subalgebra of Ay and I, C I. Therefore 12 C I~ = 0, so I2 = 0.
Since [ = liglla, we conclude that I? = 0. This implies that I, is a proper inner
ideal of L, for every o € T, so I, is regular by Proposition 4.12.

(2) By |9, Theorem 6.3| (see also |1, Theorem 2.12(2)] and its proof), (La)aer is
a perfect conical local system for L. By Proposition 2.16, I, is an inner ideal of
L. Assume first that A is not simple. Then by Lemma 4.5 A = B @& B* where
B is a simple ideal of A. Moreover, if ¢ is the projection of A on B then ¢ is an
isomorphism of the Lie algebras su*(A) and [B, B] and the result follows from part
(1) of the theorem. Thus, we can suppose that A is simple.

Assume now that L is finitary. Since A is simple and the involution is not orthog-
onal, it must be symplectic. Therefore there is a local system (Ss)sea of naturally
embedded finite dimensional symplectic subalgebras of L. Fix any 6 € A and ag € T’
such that S is of rank > 10 and L; C S5 C L,,. We claim that L, = L,/ Rad L,
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is symplectic for all & > ay. Indeed, consider any Levi subalgebra () of L, which

contains Ss and fix ¢’ such that Q C Ss. We have a chain of embeddings

Ly CSsCQCSy.

Since the embedding S5 C Sy is diagonal, by Lemma 2.1, both embeddings S5 C @
and () C Sy are diagonal. Moreover, since Ss C Ss is natural, () must be simple
and both embeddings S; C @ and () C Sy must be natural. This implies that
@ is symplectic (see for example [10, Proposition 2.3]), so L, = @ is symplectic.
Therefore I, is a regular inner ideal of L, and ZQ = 0 for all @ > «g. As in the proof
of part (1), fix any 3 such that Rad As N A, = 0. Then 2 C [_52 =0,s0 I?=0.

Suppose now that L is not finitary. First we are going to show that I? = 0.
Assume I? # 0. Fix any z,y € I such that 2y # 0. Since I? = @Ié, there is
p € I' such that z,y € I, and 2y ¢ Rad A, for all v > 3. Let M be a *-invariant
maximal ideal of A, with xy ¢ M. Note that Q = A,/M is involution simple and
K = su*(Q) is isomorphic to one of the simple components of L./ Rad L,. Let V'
be the corresponding natural module for K and L, and let J be the image of I, in
K. Then J is an inner ideal of K. Since xy ¢ M, J? is nonzero in Q. Therefore
J is as in Theorem 2.17(3)(ii), i.e. spanned by the matrix units e;; — ej2, 7 > 3.
In particular, x (and y) is of rank 2 on V. Thus z acts as zero or a rank 2 linear
transformation on every natural L,-module for all v > 3. Therefore by Theorem
2.14, L is finitary, which contradicts the assumption.

Fix any non-zero x € I and any § € I' such that x € I, and * ¢ Rad L, for
all v > 5. One can also assume that x is of rank greater than 2 on some natural
Lg-module V' (otherwise L is finitary by Theorem 2.14). Let ) be the corresponding
simple component of a Levi subalgebra of Lz (so V is a natural )-module). By
Corollary 2.11 there exists oy € I' such that for all & > ag the restriction of every

natural L,-module W to () has a non-trivial composition factor. Since the embedding
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Lg C L, is diagonal, this implies that the restriction of W to Lg contains V' or V* as
a composition factor, so rank of x on W is greater than 2. Let M be the annihilator
of Win L,. Then M is a maximal ideal. Note that the image J of I, in S = L,/M
is a regular inner ideal of S because it contains the non-zero image of z and rank of x
is greater than 2 on the natural S-module W. Since the intersection of all maximal

ideals of L, is the radical of L, this implies that I, is a regular inner ideal of L,. O

Remark 4.14. As it was reported to us by Antonio Fernandez Lopez, I? = 0 implies
in this case that [ is a Jordan-Lie inner ideal, as defined in [21]. Thus Theorem
4.13 shows that every inner ideal of a simple diagonal locally finite Lie algebra is

Jordan-Lie.

We say that an associative algebra with involution is x-locally semisimple if it has

a local system of x-invariant semisimple finite dimensional subalgebras.

Proposition 4.15. (1) Let L be a simple diagonal Lie algebra and let A be its
involution simple associative P*-envelope. Then L is locally semisimple if and only
if A is *-locally semisimple.

(2) Let L be a simple plain Lie algebra and let A be its simple associative B-

envelope. Then L is locally semisimple if and only if A is locally semisimple.

Proof. We will only prove the first part. The proof of the second statement is similar.
Assume first that A is x-locally semisimple. Then A has a local system (A, )qer such
that all A, are *-invariant semisimple finite dimensional algebras. Let L, = su*(A,).
Then L, is a semisimple finite dimensional Lie algebra for each a (see |9, Lemma
2.3| for example). Therefore (L, )qer is a semisimple local system for L and L is
locally semisimple.

Assume now that L is locally semisimple. By Proposition 2.13, L has a diagonal
semisimple conical local system (L, )qer of rank >10. It follows from the construction

of A as a quotient of the universal enveloping algebra U(L) by the annihilator of a
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diagonal inductive system for L (see proof of [1, Theorem 1.3]) that A is x-locally

semisimple. O

Corollary 4.16. (1) Let L be a simple plain Lie algebra and let A be its simple
associative P-envelope, so L = [A, A]. Assume that L is locally semisimple. Then
the following hold.

(1) A is locally semisimple and von Neumann regular.

(ii) Every proper inner ideal I of L is regular, i.e. I = RL (= LNR) where L is
a left ideal of A and R is a right ideal of A with LR = 0.

(11i) A subspace I of L is a proper inner ideal of L if and only if I = liﬂeaAfa
where {eq, fo | @ € B} is a directed system of idempotents in A such that foeq =0,
egeq = €q and fofz = fo for all a, B with o < B.

(2) Let L be a simple diagonal Lie algebra and let A be its involution simple
associative P*-envelope, so L = su*(A). Assume that L is locally semisimple. Then
the following hold.

(i) A is x-locally semisimple and von Neumann regular.

(11) If L is not finitary orthogonal then every proper inner ideal I of L is regular,
i.e. I =u(LL) (=u"(L*NL)) where L is a left ideal of A with LL* = 0.

(111) If L is not finitary orthogonal then a subspace I of L is an inner ideal of L if
and only if I = lilgu*(eaAej;) where {e, | & € B} is a directed system of idempotents

in A such that ele,, = 0 and ege, = e, for all o, B with o < 5.

Proof. We will prove part (2) only. Proof of part (1) is similar.

(i) By Proposition 4.15, A is x-locally semisimple, so von Neumann regular.

(ii) Let (An)aer be a #-invariant semisimple local system for A. By [1, 2.9-2.11]
we can assume that this local system is conical of rank > 36. Then the Lie algebras
L, = su*(A,) are semisimple for all & and (L, )qaer is a conical local system of L. Let

I be any inner ideal of L and let I, = I N L,. By Theorem 4.13(2), there is ag € T
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such that I, = 1, is a regular inner ideal of L, for all @ > «y. We need to show that
I is regular, i.e. u*(IAI) C I. Consider any element x € u*(IAl). Then there exists
a > «ag such that z € u*(I,A.1l,). Since I, is a regular inner ideal, z € I, C I.
Hence I is a regular inner ideal. By Proposition 4.11 all regular inner ideals of L are
of the shape I = u*(L*L) (= u*(L*N L) ) where L is a left ideal of A with LL* = 0.

(iii) Assume first that [ is an inner ideal of L and let (A,)aer be a #-invariant
semisimple local system for A. Then [ is regular by part (ii), so I = u*(L*L)
where £ is a left ideal of A with £L£* = 0. Let £, = LN A,. Since every one-
sided ideal of a finite dimensional semisimple algebra is generated by an idempotent,
L, = Ayel, and L} = e, A, for some idempotent e, of A,. We claim that the
system {e, | a € I'} satisfies the required conditions. Let § > «. Recall that A, is
semisimple so it contains identity 1, so e, = e,1 € e, A, € egAp . Since egr = x for

all z € L = egAp we have that ege, = €,. Also we have
ereq € ApereaAa = LL CLL =0

so eneq = 0. Note that e, Ag = egeaAg C egAg for all 8 > «, so e, Age,, C egAges.

Therefore

I =u(L°L) = Lugu*(ﬁzﬁa) = li_n;u*(eaAaef;) = hﬂu*(eaAez),
as required.

Assume now that {e, | @ € B} is a directed system of idempotents in A such that
ereq = 0 and ege, = e, for all o, 8 with o < 3. Then e, A is a right ideal of A and
eq A = ege, A C egA for all B > a. Therefore the one-sided ideals £ = liﬂAe; and
L* = lim e, A are well-defined. Note that LL£* =0, so I =u*(L*L) is a regular inner
ideal of L by Proposition 4.11. O
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5. FINITARY LIE ALGEBRAS

Recall that an algebra is called finitary if it consists of finite-rank linear transfor-
mations of a vector space. First we define the classical finitary simple Lie algebras,
see [6] and [16] for details.

A pair of dual vector spaces (XY, g) consists of vector spaces X and Y over F' and
a non-degenerate bilinear form g : X xY — F . A linear transformation a : X — X
is continuous (relative to Y) if there exists a® : Y — Y necessarily unique, such
that g(az,y) = g(x,a?y) for all z € X, y € Y. Note that Y can be identified with a
total subspace (i.e. AnnxY = 0) of the dual vector space X*. In that case a”p = pa
for all ¢ € X* and a is continuous if and only if a#Y C Y.

Denote by F(X,Y) the algebra of all continuous (relative to V') finite rank linear
transformations of X. Then F(X,Y) is a simple associative algebra with minimal
left ideals. For u € X, w € Y we denote by w*u the linear transformation w*u(z) =
g(z,w)u, x € X, and for subspaces U C X and W C Y we denote by W*U the set

of all finite sums of wju;, u; € U, w; € W. Note that

(95372)(%371) = g(l"la yz)?ﬁx%

for x1,20 € X, y1,92 € Y and F(X,Y) = Y*X.

The finitary special linear Lie algebra §sI(X,Y) is defined to be [F(X,Y), F(X,Y)].

Let ® be a nondegenerate symmetric or skew-symmetric form on X, ®(y,z) =
ed(x,y), e = £1. Then X becomes a self-dual vector space with respect to ¢ and
the algebra F(X, X) of continuous linear transformations on X has an involution
a +— a* given by ®(ax,y) = ®(z,a*y), for all z,y € X. As before, we denote by
u (F(X, X)) = {a € F(X,X) | a* = —a} the set of skew-symmetric elements of
F(X, X) and by su*(F(X, X)) its derived subalgebra. For x,y € X, define [z,y] =
r*y—ey*r € F(X, X). One can check that (z*y)* = ey*z, so [z,y] € u*(F (X, X)). If

U, W are subspaces of X, then [U, W] will denote the set of all finite sums of [u;, w;],
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u; € U, w; € W. Note that

V(F(X, X)) = {b—b"|be F(X,X)}
= {2y —ey'z | 2,9y € X}

= [X,X].

If ® is a symmetric bilinear form, then u*(F (X, X)) = su*(F (X, X)) is the finitary
orthogonal algebra fo(X, ®).
If ® is a skew-symmetric bilinear form, then u*(F(X, X)) = su*(F(X, X)) is the

finitary symplectic algebra fsp(X, ®).

Theorem 5.1. |6, Corollary 1.2| Any infinite dimensional finitary simple Lie algebra
over F' is isomorphic to one of the following:

(1) A finitary special linear Lie algebra fsl(X,Y).

(2) A finitary symplectic algebra fsp(X, ®).

(3) A finitary orthogonal algebra fo(X, ®).

In [7] this result was extended to positive characteristic.

The classification of inner ideals of finitary simple Lie algebras was first obtained
by Lopez, Garcia and Lozano [16] (over arbitrary fields of characteristic zero), with
Benkart and Lopez [14] settling later the missing case for orthogonal algebras. We
provide an alternative proof for the case of special linear and symplectic algebras
over an algebraically closed field of characteristic zero. In the case of orthogonal

algebras we can only describe regular inner ideals.

Theorem 5.2. [16, results 2.5, 3.6, 3.8][14, Theorem 6.6] Let (X,Y, g) be a dual pair
of infinite dimensional vector spaces over F' and let ® (resp. V) be a nondegenerate

symmetric (resp. skew-symmetric) form on X.
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(1) A subspace I is a proper inner ideal of fsl(X,Y) if and only if [ = W*U where
the subspaces U C X and W C'Y are mutually orthogonal (i.e. g(U, W) =0) (or
equivalently, I is a regular inner ideal).

(2) A subspace I is a proper inner ideal of fsp(X, V) if and only if I = [U,U] for
some totally isotropic subspace U of X (i.e. W(U,U) = 0) (or equivalently, I is a
reqular inner ideal).

(3) A subspace I is a proper inner ideal of fo(X, ®) if and only if I satisfies one
of the following.

(1) I = [U,U] for some totally isotropic subspace UCX (or equivalently, I is a
reqular inner ideal).

(11) I is a Type 1 point space of dimension greater than 1.

(iii) I = [z, HY] where H is a 2-dimensional subspace of X such that the restriction

of ® to H is nondegenerate and x is a non-zero isotropic vector in H.

Proof. Note that the simple infinite dimensional finitary Lie algebras are locally
semisimple Lie algebras, so we can use Theorem 4.16. The associative algebras
F(X,Y) are simple, with minimal one-sided ideals, and, in particular, they are
locally finite dimensional (see for example [20, Theorem 4.15.3|).

(1) Recall that fsl(X,Y) = [F(X,Y),F(X,Y)]. In particular, fsl(X,Y") is plain
and F(X,Y) is its simple associative P-envelope. By Corollary 4.16(1) a subspace [
of fs[(X,Y") is a proper inner ideal if and only if it is a regular inner ideal, i.e. there
exists a left ideal and a right ideal of F(X,Y), say £ and R, such that [ = RL =
LNR and LR = 0. By [20, Theorem 4.16.1], every right ideal of F(X,Y) is of the
shape R = Y*U = {a € F(X,Y) | aX C U} for some subspace U C X and every
left ideal is of the shape £L = W*X = {a € F(X,Y) | a?*Y C W} for some subspace
W CY. Then

0=LR = (W*X)(Y*U) = g(UW)Y*X
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if and only if (U, W) = 0. And

[=RL=(VU)YW*X)=g(X,V)WU =W*U

(2) Recall fsp(X,¥) = u*(F(X,X)) = su*(F(X,X)) = [X,X]. In particular
fsp(X, V) is diagonal and F(X, X) is its simple associative P*-envelope. By Corol-
lary 4.16(2) a subspace I of su*(F (X, X)) is a proper inner ideal if and only if it is a
regular inner ideal, i.e. I = u*(RR") for some right ideal R of (X, X). As in part
(1), every right ideal is of the shape R =X*U = {a € F(X,X) | aX C U} for some
subspace U of X. Therefore R* = U*X = {a € F(X,X) | a*X C U} and this is a
left ideal. One has R*R = 0 if and only if ®(U,U) = 0, i.e. U is a totally isotropic

subspace. Now

[ = (RRY) = v ((X*U)(U*X)) = u(®(X, X)U*U)
—u(U'U)={a—a" |acUU}=[UU],

as required.

(3) Recall

fo(X,®) =u"(F(X,X)) =su"(F(X,X)) =[X, X]

In particular fo(X, @) is diagonal and F (X, X) is its simple associative P*-envelope.
By Corollary 4.16(2), F(X, X) is von Neumann regular. Then by Proposition 4.11,
I is a regular inner ideal of fo(X, ®) if and only if I = u*(RR”) where R is a right
ideal of F(X, X) with R*R =0. As in the proof of part (2), this is equivalent to say
that I = [U, U] for some totally isotropic subspace UCX. The case of non-regular
inner ideals in fo(X,®) is fully considered in [16, 2.5, 3.6, 3.8] and |14, Theorem
6.6]. 0
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A Lie algebra is L is called nondegenerate if and only if (ad z)* # 0 for all nonzero

x € L.

Proposition 5.3. Let L be a simple locally finite Lie algebra over F. Then L 1is

nondegenerate.

Proof. Assume L is simple. Let x € L nonzero. Let L = liﬂLa. Find L, such that
x € L, and 8 > « such that L, "Rad Lz = 0. Let := Lz — Lg/Rad Lz. Then
z # 0. Since Lg is a finite dimensional semisimple Lie algebra, Lg is nondegenerate,

so (ad™)? # 0, so (adx)* # 0, hence L is nondegenerate. O

It follows from a general result, proved for nondegenerate Lie algebras by Draper,
Loépez, Garcia and Lozano, that a simple locally finite Lie algebra contains proper
minimal inner ideals if and only if it is finitary (see |15, Theorems 5.1 and 5.3|). As
can be seen by Proposition 5.3 simple locally finite Lie algebras are nondegenerate.
We are going to prove a version of this result for regular inner ideals. We will need

the following facts.

Proposition 5.4. Let A be a simple associative ring and let L = [A, A]. Then L has

a minimal reqular inner ideal if and only if A has a proper minimal left ideal.

Proof. Suppose first that A has a proper minimal left ideal. Since A is simple with
non-zero socle, by [20, 4.9], there is a pair (X,Y,g) of dual vector spaces over a
division ring A such that A is isomorphic to the ring F(X,Y’) of all continuous
(relative to Y) finite rank linear transformations of X. Moreover, dima X > 1
(otherwise A is a division ring and doesn’t have proper non-zero left ideals). Take
any one-dimensional subspaces W C Y and V C X such that g(V,W) = 0. Then
I = W*V will be a minimal regular inner ideal of fsl{(X,Y) = [F(X,Y), F(X,Y)]
(see [16, Theorem 2.5] or Theorem 5.2(1) above for the case A = F).

Suppose now that L has a minimal regular inner ideal I. Then £ = AI (resp.

R =1A) is a left (resp. right) ideal of A. We claim that both ideals are non-zero.



INNER IDEALS OF SIMPLE LOCALLY FINITE LIE ALGEBRAS 41
Indeed, if, say, AI = 0, then I A is a two-sided ideal of A with (IA)?> = 0. Since A is
simple, this implies that IA = 0 and so I is a non-zero two-sided ideal of A, which
is obviously a contradiction because I2 = 0. Therefore £ # 0 and R # 0. Note that
L is a proper ideal of A (otherwise A = Al = (AI)I = AI* = 0). We claim that
L is a minimal left ideal of A. Indeed, assume there exists a left ideal £; of A such
that 0 £ £; C L. By Proposition 4.9, I; = RL; is a regular inner ideal of L and it

is non-zero by Lemma 4.7(4). Note that
L =RL, CTAAIC I

Since I is minimal, I; = I. Therefore £; D ARL, = Al = Al = L, which is a

contradiction. O

A similar result holds for rings with involutions. We need the following analogue

of Lemma 4.7(4).

Lemma 5.5. Let A be a simple associative ring with involution and let L be a non-
zero left ideal of A such that LL* = 0. Assume that the socle of A is zero, i.e. A

doesn’t have minimal left ideals. Then w*(L*L) is non-zero.

Proof. Assume to the contrary that u*(£*£) = 0. Take any non-zero a € £. Then
a*Aa C L*L, so u*(a*Aa) = 0. Note that a*(z — 2*)a € u*(a*Aa) for all x € A.
Therefore a*(z — 2*)a = 0 for all z € A, i.e. A satisfies a non-trivial generalized
identity with involution. Therefore A has a non-zero socle (see for example [11, 6.2.4

and 6.1.6]), which is a contradiction. 0

Proposition 5.6. Let A be an infinite dimensional simple associative algebra over
F with involution and let L = su*(A). Then L has a minimal regqular inner ideal if

and only if A has a proper minimal left ideal.
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Proof. (<) Since A is simple with non-zero socle, by [20, 4.9, 4.12|, A = F(X, X)
where X is a self-dual vector space over F' with respect to a nondegenerate symmetric
or skew-symmetric form ® and the involution a +— a* of A is given by ®(az,y) =
O(x,a*y), for all z,y € X. Assume first that ¢ is skew-symmetric. Then L =

su*(A) = fsp(X, ®). Take any non-zero isotropic vector v in X. Then

I =[Fv,Fv] = Fv,v] = F(v'v+v"v) = Fv'v

is a one-dimensional regular inner ideal by Theorem 5.2(2). Assume now that &
is symmetric. Then L = su*(A) = fo(X,®) Take any two-dimensional totally
isotropic subspace U of X (this is always possible because the ground field F is
algebraically closed) and let {z,y} be its basis. Then I = [U,U] = Flx,y] is again
a one-dimensional regular inner ideal by Theorem 5.2(3)(i). So in both cases there
exists one-dimensional (hence minimal) regular inner ideal.

(=) Let I be a minimal regular inner ideal of L and assume that A has no proper
minimal left ideals. By Proposition 4.11, there exists a left ideal £ of A such that
LL =0and u*(LL) C T C L NLNL. Note that u*(L£*L) is a non-zero regular
inner ideal by Lemma 5.5, so I = u*(L*L). Let x € [ be a non-zero element.
We claim that there exists a left ideal £; of A such that 0 # £; C L, x ¢ L;.
Indeed, suppose x is an element in every non-zero left ideal contained in £. Let
J = [{ non-zero left ideals H | H C L}. Then x € J, so J is non-zero. It is clear
that 7 is a minimal left ideal of A giving a contradiction. By Proposition 4.11 and
Lemma 5.5, I; = u*(L£{L;) is a non-zero regular inner ideal of L. Note that I; C L,

so x & I,. Therefore I is properly contained in I. Hence [ is not minimal. OJ

Corollary 5.7. Let L be an infinite dimensional locally finite simple Lie algebra over

F. Then L is finitary if and only if it has a minimal reqular inner ideal.
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Proof. Suppose first that L is finitary. Then by Theorem 5.1, L = [F(X,Y), F(X,Y)]
or su*(F(X,X)). Both F(X,Y) and F(X,X) are infinite dimensional and have
proper minimal left ideals. Therefore by Propositions 5.4 and 5.6, L has a minimal
regular inner ideal.

Suppose now that L has a proper minimal regular inner ideal /. Since non-diagonal
Lie algebras have no proper non-zero inner ideals (see Theorem 3.8), L must be
diagonal. Therefore by [1, Section 1|, L is either plain, i.e. L = [A, A] for some
simple locally finite associative algebra A, or L is non-plain diagonal and L = su*(A)
for some simple locally finite associative algebra A with involution. By Propositions
5.4 and 5.6, A has a proper minimal left ideal. By [20, 4.9, 4.12], A = F(X,Y) or
F(X,X), so L is finitary. O
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6. INNER IDEALS OF FINITE DIMENSIONAL NON-SEMISIMPLE LIE ALGEBRAS

In this section the inner ideals of non-semisimple finite dimensional Lie algebras
are studied in the case of L = [A, A] for a finite dimensional associative algebra A
with (Rad A)? = 0. Define a finite dimensional associative algebra A to be strongly

perfect if A is perfect and for every maximal ideal M of A one has dim A/M > 4.

Lemma 6.1. Let A be a strongly perfect associative algebra with (Rad A)?> =0, and
let Q be a Levi subalgebra of A. Put L = [A, A], S = [Q,Q] and R = [Q,Rad A].
Then L is a perfect Lie algebra, Rad L = R and S is a Levi subalgebra of L.

Proof. By [8, corollary 6.4], L is perfect. It remains to note that S is a semisimple
Lie algebra, R is a solvable ideal of L (in fact, [R,R|=0 since (Rad A)> = 0) and
4, 4] = [@.Q]® [Q,Rad A] = S & R. a

Definition 6.2. Let I be an inner ideal of a finite dimensional Lie algebra L, and
R = Rad L. We say that [ splits if there is a Levi subalgebra S of L such that
I:ISEBIR where IS:IﬂSand IR:IQR.

The following theorem will be proven at the end of the section.

Theorem 6.3. Let A be a strongly perfect finite dimensional associative algebra.
Assume (Rad A)? = 0. Let L = [A, A] and let I be a proper inner ideal of L with
I? = 0 then there is a Levi subalgebra S of L such that I = Ig® I where [g = 1IN S
and Ir = I NRad L (i.e. I splits).

Lemma 6.4. Let V' be a vector space over F', and let e be an idempotent in End V.
Then there is a basis {ey,...,e,} of V such that e = diag(1,...,1,0,...,0) in the

corresponding matriz realization of End V.

Proof. Since e = €? it is easy to see that the Jordan Normal form of e must be a

diagonal matrix and the only possible non zero entries are 1. 0
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The following simple facts are well known.

Lemma 6.5. Let e, f be idempotents in End V' with ef = fe = 0. Then there is a ba-

sis{e1,...,en} of V such thate = diag(1,...,1,0,...,0) and f = diag(0,...,0,1,...,1)
—— ——

k l
with k41 < n.

Proof. By Lemma 6.4, there is a basis {z; } of End V such that e = diag(1,...,1,0,...,0).
k

Since ef = fe =0 one has f = where X is an n — k by n — k matrix. So

X
write V = V] @& V5 where e acts as zero on V5 and the identity on V;. Changing basis

in V5 using Lemma 6.4 we find the desired matrix realization of f without affecting

that of e. ]

Lemma 6.6. Let A be a finite dimensional semisimple associative algebra. Let
L =[A, A] and I be an inner ideal of L. Then I = eAf for some e and [ idempotents
of A with fe=ef =0.

Proof. By Theorem 2.17 and 2.20 I = e; Af; where e; = €2, f2 = f1, and fie; = 0.

Let eg = 1—e let fo = eafiea = eafi(1—e1) = eafi. Then f; is an idempotent since

f22 = (€2f1€2)(€2f1€2)
= eyfieafies
= 62f1(1 - 61)f1€2

= eyfies = fo.
Note that e; fo = fae; = 0 so it remains to show that [ = e; Af,. Indeed

€1Af2 = 61A(1 — Gl)fl(l — 61) g 61Af1.
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Let ejaf; € I where a € A, then

eiaf = €1af1(1 —e1)f1 = eilerafr)fo € e1Afo
so [ Q €1Af2. O

Lemma 6.7. Let A = Q @ Rad A be an associative algebra with Q = M, (F) and I
be an inner ideal of L = [A, A]. Let R = Rad L and let I = (I + R)/R, the inner
1deal on = L/R. Then there are integers 1 < k < 1 < n such that I is the space

spanned by the matriz units {e;;|]1 <i <k <l <j<n}CQ.

Proof. By Lemma 2.16, I = (I + R)/R is an inner ideal of L. Using Lemma 6.6
I = eAf where e, f are idempotents with fe = ef = 0. By Lemma 6.5 we easily
identify I with the space spanned by {ei]1 <i <k <l<j<n} CQ for some

integers k and [. O

Our aim now is to prove Theorem 6.3. Recall that A is a perfect finite dimensional
associative algebra and I is a an inner ideal of A with I? = 0. Let Q be a Levi
subalgebra of A and R = Rad A, with R? = 0. Note that R is a Q-bimodule. We
will first consider 3 special cases of the theorem in the following propositions. The

completion of the proof will follow, using induction on the length of the bimodule R.

Proposition 6.8. Theorem 6.3 holds in the case when A/R is simple and RA =0,

moreover I is reqular.

Proof. Let () be a Levi subalgebra of A. Then Q = A/R is simple and we can
identify @ with M, (F) for some n. Since A is perfect, QR = R. This implies that
R, as a left ()—module, is the direct sum of copies of the natural n—dimensional
@—module V. So we identify R with V ® Z where Z is a finite dimensional vector

space. Let {e1,...,e,} be the natural basis of V. Then

V®Z:{el®zl+...+en®zn|ziEZ}.
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By Lemma 6.7 we identify the inner ideal I = (I +R)/R of L with the space spanned
by the matrix units {e;|1 <i < k <1 < j < n} C @ for some integers | and k.
Assume y = e, @21+ -+ +e,® 2, € INR. Let Z, = span{z,...,z,} € Z and

denote by

Zi= > 7,

yelNR

We claim first e; ® z € [ for all © < k and z € Z;. Indeed consider again an element
y=e1®0z+--+e,®2, € INR. Fix any r € R such that x = e;, +r € I, and

consider e,; € ). Then ye,jx =0, so ze,;y € I by Lemma 4.1(1). So
(6.1) zen;y = (€ +1r)enjle1 @21+ +€,Q2,) =€,z €1

forall 1 <i<kand1l<j<n, hence V; ® Z; C I where V] = span{ey,...,ex}.

We claim
(6.2) INVieZ=Ve Z.

Indeed, obviously TNV ® Z 2O Vi ® Z;. Now let y € INV} ® Z, then y =
1@+ -+e, ®z,. Sincey e Vi®Z, 21 =+ =2,=0. Alsoy € INR giving
2% € Zr. Soy € Vi ® Z;. Let Z+ be a subspace of Z such that Z = Z+ @ Z;, so
R=V ®Z+®V ® Z;. Fix any subset

o) =ey+rfll<i<h<i<i<micl

Then by Lemma 4.1(1)

ZL‘l(]z) = xgjl)eﬂmg) = eijeji(eij —+ ’I“Z(jl)) = eij + 6117"1(]1) € I

Let rg) = eiirg). Then 7“2(]2) €e,ZCVi®Zfor (1 <i<k). Hence xl(?) = e —i—rg)

with rg) €ce,®7. Notee, ®Z =€, @ Z-®e; ® Z;. So rg) — r® + 3" where

i i
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(3) L 3) G _ @ _ 6 _ ®3)
r; €e®@Z-and €6, ®Zp C 1. Put o = — 1 = e+ €I, where

TS’) = e; ® z;; with z;; € Z+. So xf?) = e;j + ¢, ®z; . Note that for IS), xg‘;)) we have

X = xz(?)ejsxg) + a:g‘j)ejsxg?)
= (e + € @ zij)ejs(es + €5 @ 245) + (€55 + €5 @ 2g5)ej5(€i5 + € @ 2i5)
= 62'8(65]' +es X Zsj) + ess(eij +e & Zij)

= eij+€i®zsj el
Therefore by equation 6.2

$(3)—X:€Z®(Zw—25])EIﬂ%@Zl:O

v

So zjj = 2. For each xS’) and xS’) we have z;; = 2,5, so denote z;; = z; for all 7.
Therefore

{Z'Z]IGZ]+61®ZJI1§Z§/§I<1§]gn}C[
Let

n

q:Zej®szR.

g=l

Note ¢* = 0, so the map ¢ : A — A given by p(a) = (1 + ¢)a(l — ¢) is a special
automorphism of A and L. Note that ¢(z;;) = e;; for all 7 and j. Indeed

n n

play) =1+ e@z)ry(1=-) e;®z) = (e+ez)(1-) ¢©z)
=l =l =1
eij+€i®zj_€i®zj :eij.

Also note (r) = r for all » € Rad A and ¢(I), so ¢(I) = ¢(I)s ® ¢(I)r where
o(l)gs=p(I)NS and p(I)g = ¢(I)NR =INR = Ig. By changing Levi subalgebra

Q to ¢ 1(Q) we get the required properties for I. It remains to prove that I is

regular, i.e. zay € I for all x,y € I and for all @ € A. Denote by a, (resp. a,)
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the projection of a on @) (resp. R) . We have shown [ splits, so x = z, + x, and
y = ys + y» where z,,ys € Ig and z,,y, € Iz. Since I is regular ysa,zs € Ig. Also

YsUsTy = YssTy + xra5ys € I. Therefore

ray = xray + Yar — YsasTs — YssTy € 1.

Proposition 6.9. Theorem 6.3 holds in the case when A/R is simple and AR = 0,

moreover I is reqular.

Proof. This is identical to the proof of Proposition 6.8 if we replace the left natural
@@—module V' by the right natural (Q—module. O

Proposition 6.10. Theorem 6.3 holds for the case where A = Q@ R where Q = M,
as an algebra and R = M, as a vector space. The multiplication is defined by R

being considered as a natural Q)-bimodule.

Proof. Let I be an inner ideal of L = [A, A]. We will show that there is a special
automorphism ¢ of A such that the theorem holds for the inner ideal ¢(/). This
will imply the theorem holds for I as well. As in the proof of Proposition 6.8 fix any
standard basis {e;;|1 <i,5 <n} (resp. {fi;|1 <4,5 <n})of Q (resp. R), consisting
of matrix units, such that the action of () on R corresponds to matrix multiplication

and 1 is spanned by {e;|1 <i <k <1< j<n} C Q. Fix any subset
J={al) =e; +> alifull<i<hk<i<j<n}Cl.
Note xﬁj)fﬂxﬁj) = ¢;jfji€i; = fij € I for all ZL‘Z(JI) € J. Therefore

Ip=span{fijll <i<k<l<j<n}CINR.
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For x;; = e;; + Zoz ! fo € I denote

xzy GZJ—FZ(X fS]+Za fzt

s>k t<l

We claim 6(z;;) € I. Indeed by Lemma 4.1(1)
Tijeiti; = (e + Z gt for)esiles + Z 0 fst)
= €+ € Z all fa + (Z il fa)es;

= ez]+za fzt"_za f5]

= H(x,]) +rel

50

where r € Iy C I N R. So §(z;;) € I. Let x =0(z (1)). Define the automorphism

@1 on A and L by ¢1(a) = (1 +¢1)a(l — ¢1) for a € A where

_Zaizzfsl + Za}?.fnt € R.

s>k t<l

Put xg) (p1(z ())) € I, = p1(I). Then

d? = (1+q)2P(1—q)

= 1—204 f51+2041tfnt eln+za fsn+za1 flt 1_q1)

s>k t<l s>k t<l
= €1n+za fs1—204 fsl—i-zal?flt“‘anfnn)(
s>k s>k t<l
- 61n+2041?f1t+0411fnn 1+Za fsl Zaﬂlfnt
t<l s>k t<l
= €1n+za%?flt+041 fan 4 i 11 — Zauflt
t<l t<l

== 6ln+a11fnn+a fll

)
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Since I? = 0,
_ (3)y2
0 = (xln)
- (61n+a11fnn+a fll)(€1n+a11fnn+a fll)
_ In in _ in In
= ap fln + Ofnnfln - (&11 + ann)fln

SO xﬁ,} = ey, + afi; — af,, for some a € F. Put ¢ = af,,; and consider the special

automorphism ¢y defined ¢o(a) = (14 ¢2)a(l — g2). Then

4 3
) = ealay)

= (1 + O‘fnl)(eln +afi — afnn)<1 - O‘fn1>

= e+ afpn +afin — afun = €1, € Ir = 0o(1h).

Put xz(;-l) = 19(@2(&:5?))) € I,. Now set xﬁ) = xgi) and xS) = xz(;l) for j #mn. For j =n

and 7 # 1 put
52) = $Ei)€n1€1n+61n€n1$§§

= xgi)enn + enxgi)

= (eln+z fsn+Zﬁ fzt €nn 1 €11 em"‘Z fsn‘i_Zﬂ fzt

s>k t<l s>k t<l
- <€zn+26 fsn—i_ZB fzt €nn

s>k t<l
= 6m+2 fsnego? 901(1))

s>k

Define the special automorphism @3 of A and L by ¢s(a) = (1 + g3)a(l — g3) for

a € A where

k
= Bt

s>k t=2
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Then

2 = p(al)) = <1+q3>x§2><1—q3>

k
- 1_22 fst ezn“’Z Z:szsn)(1+zz EZfSt)

s>k t=2 s>k s>k t=2
= (em+ Y _Binfu—> Bt +ZZﬁ " fot)
s>k s>k s>k t=2
- em 1 + Z Z fst
s>k t=2

= €ip+t Zﬂnnfzt € l3= 903(12)

Then for 1 <i,p <k,

z(n pn eln + Z flt €pn + Z fpt BEme

Since I? = 0 this implies 2" = 0 for all p = 1,...k. So 37@('2) =€y, fori=1,...
Put m = 0(ps(z, ))) € I3. Now for j # n set

1) = @ene® + e 0ena®

(6) (6)
- eznemx + xl] €ni€in

O I

= €4 62] +Z’7gfsg +Z’}/@ fzt e’bj +Z/Y;;f3] +Z’7 fzt Enn
s>k t<l s>k t<l

= €+ Z%lifzt € I3

t<l
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and put .Z‘,EZ) =29 = ¢, el fori=1,...k Note for i # 1 we have that

m

xl(:l)emxg) + xm xg,? = emenlmg) + x&?enlem
= 6211:3;)
= en(ey + Z il fit)
i<l
(6.3) = e+ Zvllifn € Ip.
t<l

Let azg-s) = e+ D g vl fiy for j # n, and for j = n, ng} = 331(7? = €4, Then

equation 6.3 implies x( ) e I for 1 <i<k<l<j<n. We define a final special

automorphism ¢4 on A and L by p4(a) = (1 + g4)a(l — q4) where

n—1

s=l t<l
Put
9 8
g =eulaf) = (1+ ZZW Fa)e ) mifu)(1 ZZ@ P fit)
s=l t<l t>l1 s=1 t<l
n—1
= 62j+2715fzt+27115f8] Zza%tsfﬁ)
t>1 s=1 t<li
= &+ Z'Yltfzt +Z'Yilffsa Z’V
t>1 t<l
= eij + Z%lffsj-
s=l
Note
n—1
s S s 15
Z(*- ezg + Z%lz fsg €pg T Z’h fsq = Cij Z%pfsq = 711]0qu7
s=l

and since I? = 0, 717—0f0r1<p<k<l<j<n Thereforex(g):eijehz

wa(l3) for 1 <i <k <l <j<mn. So I splits. Hence I splits. O
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The following example shows that I may not be regular in Proposition 6.10.

Example 6.11. Let A be the associative algebra as described in Proposition 6.10.
Let

I = span{en, fin, fin—1+ Bfon}

where o, 3 € F are non-zero. Then I? = 0 and xay +yax € I for all x,y € I and for
all a € A so I is indeed an inner ideal. However ey,e,1(fin—1+ Bfon) = afin_1 & I,

so zay ¢ I for some z,y € I and a € A. Therefore I is not regular.

Proposition 6.12. Theorem 6.3 holds for A = Q & R where Q = Q1 & Q2, with
=M, Q= M, and R = M,,, is a left Q1— right Qs— bimodule. Moreover

any inner ideal I of A is regqular.

Proof. Let By and Bs be the two maximal ideals of A. Then By = Q,+ R, s = 1,2
and By + By = A. Let : A — A/R = @1 ® Q2 be the natural homomorphism and
let I be an inner ideal of A with I? = 0. Since A is semisimple I = I; & I where I,
is an inner ideal of B, = Q,, (s = 1,2). Consider the map I — I = I, ® I. Let I,
be the full preimage of I, in I. Then I, C I and I + I, = I. Since I, C B, and B,
is the full preimage in A of By, I, C B,. Therefore I, C J, = B, N 1. On the other
hand, JsCB,NI= 75, so Jy C I,. Thus, I, = B,N 1. Note that I, is an inner ideal
of By and I? = 0. Since B, satisfies the conditions of Proposition 6.8 or 6.9, one can
assume that (), is a Levi subalgebra of B, which splits I,. Since I = I + I, the
Levi subalgebra Q = Q1 + Q5 of A splits I. O

We are now ready to provide the proof of Theorem 6.3.

Proof. (of Theorem 6.3) Let @ be a Levi subalgebra of A and let @1, ...,Q; be the
simple components of ). Note R is a Q —(Q—bimodule. Since A2 = A, R = QR+ RQ
so R is the direct sum of copies of natural left (); modules V;, natural right );-modules

Wi, and natural left Qz_ I'lght Qj_ bimodules Uij (Wlth QzUz]Q] = Uz‘j; QsUij =0
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for s # 4, and U;;QQs = 0 for s # j). The proof follows by induction on the length m
of the bimodule R. Indeed if m = 1, then this is proved in Propositions 6.8, 6.9, 6.10
and 6.12. Assume that m > 1. Since I is an inner ideal of the semisimple algebra

Qe ®Q, I=1,® - @I, with I, = span E* where
Er={ejll i<k ls <j<n}

for some choice of matrix presentations for ;. Put £ = E'U---U E'. Note that I
splits if and only if there exists a special automorphism ¢ of A such that £ C ().
Fix any preimage z7; € I of e}, i.e. x7; = ej;+r]; withrf; € R (for all4, j, s). Consider
any submodule T of R of length m — 1. Note T is an ideal of A. Let B = A/T and
let Iz be the image of I in B and E the image of E in B. By the case m = 1, there
is a special automorphism ¢; of B such that EFg C ¢1(Ig). Note that ¢; is induced
by a special automorphism ¢, of A, so X = {z}; = ef; +1,[Vs,i,7} C ¢a(I). Denote
I =@(I)N(Q@®T). Then I, is an inner ideal of @ @ T. Since the length of T is

less than m, by induction I splits, so there is a special automorphism @3 of Q & T

(and A), such that F C ¢3(I2) € @3(p2(1)), so I splits. O
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7. CLASSIFICATION OF MAXIMAL INNER IDEALS

In this chapter it will be shown that maximal inner ideals exist and are classified
in plain simple locally finite Lie algebras and finitary Lie algebras. First finitary Lie
algebras are considered and we need the following two facts. We use the notation of

section 5.

Lemma 7.1. [16, Theorem 2.5(iii)| Let L = fsl(X,Y). If I = W*U is an inner ideal
where U C X and W C'Y are mutually orthogonal subspaces (i.e. g(V,W) = 0).
ThenU =1X and W =17Y.

Proposition 7.2. Let L = §sl(X,Y). Let Uy C X, W, CY and Uy C X, W, C Y
be two mutually orthogonal pairs of subspaces then UfWy = UsWs if and only if
Ul = U2 and W1 = WQ.

Proof. Follows from the above Lemma. O

Theorem 7.3. (1) I is a mazimal inner ideal of fs\(X,Y") if and only if [ = W*U
where 0 # U C X and 0 # W C Y are subspaces such that W = AnnU and
U=AnnW.

(2) I is a mazimal inner ideal of fsp(X, V) if and only if I = [U,U] for a mazimal
totally isotropic subspace U of X.

(3) I is a mazimal inner ideal of fso(X, @) if and only if I = [U, U] for a mazximal
totally isotropic subspace U of X or I = [z, HY] for a 2-dimensional subspace H

of X such that the restriction of ® to H is nondegenerate and an isotropic vector

re H.

Proof. (1) Suppose [ is maximal. By Theorem 5.2, I = W*U for a pair of mutually
orthogonal subspaces U C X and W C Y. It is clear that if B = WU, is another

inner ideal with B C [ then U; C U and W; C W. Therefore if I is maximal we
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must have W = AnnU and U = AnnW so that U and W are maximal mutually
orthogonal subspaces. The converse is clear.

(2) Let I be an inner ideal of L. By Theorem 5.2, I = [U,U] for some totally
isotropic subspace U. Clearly [ is maximal if and only if U is maximal.

(3) Let I be a maximal inner ideal of fso(X, ®). By Theorem 5.2 I = [U, U] for a
totally isotropic subspace, or I = [z, H*] for a 2-dimensional subspace H of X with
nondegenerate restriction of ® to H and isotropic vector x € H, or I is a type 1
point space. Note if I is a point space of type 1 then I is a subspace of [U, U] for
some totally isotropic subspace U and so cannot be maximal (see [14, Proposition
4.3]). It is clear that if I = [U, U] then U must be maximal. Finally [z, H*] as above

is always maximal (see proof of 3.8 in [16]). The converse is clear. O

Now the case of the plain locally finite Lie algebras is considered. The following

results and definitions will be needed.

Lemma 7.4. Let L = [A, A] and I be an inner ideal with I = 0. Denote I = TAI+I.
Then the following are true.

(1)1CI

(2) I? =0

(3) IAI CIAI C I, so I is an inner ideal of L (see 4.1(3)).

(4) I is a reqular inner ideal of L (see def 4.3).

Definition 7.5. Let £ and R be left and right ideals of an associative algebra A.
Then (£, R) is called a maximal pair of ideals if £L = LAnnR = {a € AlaR = 0}
(the left annihilator of R) and R = RAnn L = {a € A|La = 0} (the right annihilator
of L).

Let (£,R) be a maximal pair. Then LR =0, so I = LNR N L is an inner ideal
of [A, A] by Proposition 4.9. Our aim is to show that every maximal inner ideal is

obtained in this way.
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Proposition 7.6. Let (£1,R1) and (Ly, R2) be two mazimal pairs of a simple locally
finite associative algebra A and let L = [A,A]. Let [, = Ly NRy N L and Iy =
LoNRoNL. Then I C Iy if and only if L1 = Lo and R1 = Rs.

Proof. Assume I, C I,. Consider the left ideal £ = £; + £5. By Lemma 4.10,
AE — ALl + AEQ == AIl + AIQ == AIQ - AEQ Q EQ.

Assume LR, # 0. Since A is simple and LR, is a two sided ideal of A, LRy = A. So
ALRy, = A2 = A. But ALRy, C LRy =0. Thus LRy =0, 50 L C LAmm Ry = Lo,
so L1 C Ly. Similarly Ry C Rs. But £; = LAnn R, O LAnn Ry = Ly this implies
L1 = L. Similarly, R1 = Rs. O

Theorem 7.7. Let A be a simple locally finite associative algebra and let L = [A, A].
Then

(1) For every mazximal pair of ideals (L, R), Irr = LOARNL is an inner ideal of
L.

(2) The map (L, R) — Ior is a bijection between the set of all maximal pairs of

ideals and the maximal inner ideals of L.

Proof. (1) Is obvious.

(2) Let ¢ be the map (£L,R) — I;r. First by proposition 7.6, ¢ is injective.
Assume now I,x is not maximal. Then [,% is properly contained in another inner
ideal I. Since [ is maximal by Lemma 7.4, I=1 , so I is regular. Therefore there

exists a pair of ideals (£, R’) so that
I;r CICI =L'NR'NL.

Let R" = RAnn L', and L" = LAnnR” so that (£”,R") is a maximal pair of ideals.
Note R CR", and L C L". So I;r C I C Izngr. By proposition 7.6, £ = L” and

R = R" so I = I g giving a contradiction. Finally assume [ is a maximal inner
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ideal of L then I C I C I x where (L,R) is a maximal pair of ideals. So every

maximal inner ideal is of the shape I,%. O
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