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Sliding mode observers
for fault detection and isolation

Chee Pin Tan

Abstract

This thesis describes the use of a class of sliding mode observers for fault detection and iso-
lation purposes. Existing work has shown that the equivalent output error injection term as-
sociated with the sliding mode observer, which represents the average value of the nonlinear
switched term (which induces and maintains the sliding motion), if properly scaled, yields ac-
curate reconstructions of actuator faults. Existing observer design methods generate a certain
class of observer gains, but do not utilise all degrees of freedom. In this thesis, a new method,
exploiting this freedom is presented. The method uses Linear Matrix Inequalities and is easily
implementable using standard software packages. New methods for accurately reconstructing
sensor faults are also presented where appropriate filtering of certain measurable signals yields
a fictitious system in which the original sensor faults are treated as actuator faults. Using the
principles of actuator fault reconstruction in the existing work, sliding mode observers can be
designed for the fictitious system to accurately reconstruct the sensor faults. This improves
on the previous work where effectively only the steady state components of the sensor faults
could be reconstructed. A new method using Linear Matrix Inequalities is presented, to syn-
thesise observers which can robustly reconstruct faults in the presence of a class system of
uncertainty, minimising the effect of the uncertainty on the fault reconstruction in an £, sense.
The robust fault reconstruction scheme is demonstrated by means of a case study, which is a
nonlinear model of an aero-engine. System identification is used to obtain a linear model of the
engine. An uncertainty representation is also obtained about which the observer is designed.
The results from the case study show that the robust fault reconstruction scheme works and is

effective.
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Chapter 1

Introduction and overview of thesis

1.1 Introduction

In the present day, there is an increase in the use of control systems which are becoming more
complex and sophisticated. Even though they may be costly and expensive, the benefits of
these control systems far outweigh the costs, when productivity can be increased, efficiency
enhanced, and the dependence on manual (and error prone) human effort can be cut down. For
example, a robotic arm can be used to handle dangerous substances, eliminating hazardous
risks to human operators, or a simple thermostat can automatically keep the temperature of a
room at a pre-set level despite external temperature fluctuations. These applications reduce the

consumption of energy, money, human effort and also any effects caused by human error.

However, these control systems, made by fallible man, are also fallible just like their creators.
They are not perfect, and hence are also prone to malfunctions and errors. The causes of
these phenomenons are many and diverse, where they could be external circumstances (such
as damage to components due to wind gusts or extreme changes in temperature causing a
component to fail) or just normal wear and tear of components (such as a measurement sensor
giving inaccurate readings due to frequent use and the fact that it has not been calibrated for a
long time). Whatever the cause, when these systems start to possess abnormalities, or behave

in a way that they are not supposed to, a fault is deemed to have occurred [5].

System faults, if allowed to be present for a long period of time without being detected, can
cause catastrophic effects, such as loss of human life, environmental pollution, or economic
losses. For cases in which the consequences of a fault are not so severe, the early detection
of a fault can help improve efficiency, productivity, reliability, and generate financial savings.

There is therefore, a need for effective fault detection and isolation (FDI). The fundamental
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Abstract

This thesis describes the use of a class of sliding mode observers for fault detection and iso-
lation purposes. Existing work has shown that the equivalent output error injection term as-
sociated with the sliding mode observer, which represents the average value of the nonlinear
switched term (which induces and maintains the sliding motion), if properly scaled, yields ac-
curate reconstructions of actuator faults. Existing observer design methods generate a certain
class of observer gains, but do not utilise all degrees of freedom. In this thesis, a new method,
exploiting this freedom is presented. The method uses Linear Matrix Inequalities and is easily
implementable using standard software packages. New methods for accurately reconstructing
sensor faults are also presented where appropriate filtering of certain measurable signals yields
a fictitious system in which the original sensor faults are treated as actuator faults. Using the
principles of actuator fault reconstruction in the existing work. sliding mode observers can be
designed for the fictitious system to accurately reconstruct the sensor faults. This improves
on the previous work where effectively only the steady state components of the sensor faults
could be reconstructed. A new method using Linear Matrix Inequalities is presented, to syn-
thesise observers which can robustly reconstruct faults in the presence of a class system of
uncertainty, minimising the effect of the uncertainty on the fault reconstruction in an £, sense.
The robust fault reconstruction scheme is demonstrated by means of a case study, which is a
nonlinear model of an aero-engine. System identification is used to obtain a linear model of the
engine. An uncertainty representation is also obtained about which the observer is designed.
The results from the case study show that the robust fault reconstruction scheme works and is

effective.
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Chapter 1

Introduction and overview of thesis

1.1 Introduction

In the present day, there is an increase in the use of control systems which are becoming more
complex and sophisticated. Even though they may be costly and expensive, the benefits of
these control systems far outweigh the costs, when productivity can be increased, efficiency
enhanced, and the dependence on manual (and error prone) human effort can be cut down. For
example, a robotic arm can be used to handle dangerous substances, eliminating hazardous
risks to human operators, or a simple thermostat can automatically keep the temperature of a
room at a pre-set level despite external temperature fluctuations. These applications reduce the

consumption of energy, money, human effort and also any effects caused by human error.

However, these control systems, made by fallible man, are also fallible just like their creators.
They are not perfect, and hence are also prone to malfunctions and errors. The causes of
these phenomenons are many and diverse, where they could be external circumstances (such
as damage to components due to wind gusts or extreme changes in temperature causing a
component to fail) or just normal wear and tear of components (such as a measurement sensor
giving inaccurate readings due to frequent use and the fact that it has not been calibrated for a
long time). Whatever the cause, when these systems start to possess abnormalities, or behave

in a way that they are not supposed to, a fault is deemed to have occurred [5].

System faults, if allowed to be present for a long period of time without being detected, can
cause catastrophic effects, such as loss of human life, environmental pollution, or economic
losses. For cases in which the consequences of a fault are not so severe, the early detection
of a fault can help improve efficiency, productivity, reliability, and generate financial savings.

There is therefore, a need for effective fault detection and isolation (FDI). The fundamental
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purpose of an FDI scheme is to generate an alarm when a fault occurs (detection), and then to
determine the location of the fault (isolation), so that corrective action or preventive measures

can be taken to eliminate or minimise the effect of the fault.

Actuator fault, f;(¢) Sensor fault, f,(¢)

Input, u(t) + + Output, y(?)
+ Plant, G(s) " :

Figure 1.1: Schematic of actuator and sensor faults acting additively on a system

In this thesis, the fault scenarios under consideration are additive faults. These additive faults
can occur in two places: at the actuators (input) and sensors (output) as shown in Figure 1.1.
Actuator faults are faults that act on the system, resulting in the deviation of the process vari-
ables. From Figure 1.1 the actual input into the system is u(t) + f;(t). An example of actuator
faults might be damage to a control surface on an aircraft, resulting in the rudder being in-
operable. The result is the command (control) signal sent to this device has no effect, and
fi(t) = —u(t). Sensor faults are faults that act on the sensors that measure the system vari-
ables, and do not directly affect the process. The source of these faults could be wear and tear
of the sensor leading to inaccurate readings, or a total failure of the sensor. These faults will
only (indirectly) affect the process if the output measurements are used to generate the input

control signal.

A fault can be classified into two main categories: abrupt (quickly varying) and incipient
(slowly varying). The effect of abrupt faults are usually obvious; the system will exhibit a sud-
den unexpected change (and could cause the entire system to fail). In the case of sensor faults,
an example would be when the sensor experiences a total failure, yielding a measurement
reading of zero. Incipient faults are more subtle, and the effects are not so obvious, sometimes
even negligible. This situation results usually from wear and tear on the components, possibly
due to frequent use without calibration. In the short term, at worst they cause the efficiency of
the system to be degraded. However, if left undetected for a long time, these faults could prove
catastrophic and disastrous. It is therefore in the best interest of all to detect these incipient

faults as soon as possible.

EDI schemes have been studied and developed for many years, and there is a vast body of

literature on this area. Surveys and overviews in this area of FDI have been conducted by
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Patton & Chen [5, 85], Frank [34, 36, 35, 88], Frank & Ding [37] and Willsky [117].

This thesis presents work related to the application of sliding mode observers to the problem
of fault detection and isolation. The remainder of this chapter presents an overview of this

thesis, as well as its contribution to this field of research.

1.2 Structure of thesis

Chapter 2 - This chapter presents an introduction to fault detection and isolation (FDI). It
gives the reader an overview of the field and the work that has previously been done in this
area. It also introduces the notion of robust FDI schemes, i.e. - schemes which are able to
discriminate between the effect of a fault, and the effect of disturbances/uncertainty in the

system.

Chapter 3 - This chapter presents the concepts of sliding mode as well as the sliding mode
observer that is used as the basis for the FDI schemes in the later chapters of the thesis. An
overview of the developments in sliding mode observers that have led to the one used in this
thesis is given. Also, the main characteristics of a sliding mode observer, which are disturbance

rejection and order reduction, are also presented.

Chapter 4 - In this chapter a new method for designing a class of sliding mode observers using
Linear Matrix Inequalities (LMIs) is presented. The previous design method for this observer
did not exploit all available degrees of freedom. The design method presented in the chapter
exploits that freedom, and the resulting observer resembles a sub-optimal Linear Quadratic
Gaussian (LQG) observer. Additional constraints can also be incorporated to tune the sliding
motion, forcing the eigenvalues of the reduced order motion to lie in certain regions of the
complex plane. Finally, a more general solution for the observer is presented, in which the
closed-loop poles of the linear part can be tuned; however, the sub-optimal solution has to be
compromised. The design methods introduced in this chapter underpin the FDI schemes devel-
oped in later chapters. The work described in this chapter has been published as a conference

paper [104] and a journal paper [105].

Chapter S - This chapter presents new ideas which improve on previous sensor fault recon-
struction methods (using sliding mode observers). In the previous work, actuator faults can
essentially be reconstructed perfectly, but only low frequency (steady-state) details of sensor

faults could be obtained. In each of the new methods described in this chapter, certain available
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signals are filtered to yield ‘fictitious systems’ in which the sensor fault appears as an ‘actuator
fault’. Consequently the actuator fault reconstruction ideas using sliding mode observers can
be applied to the fictitious system to reconstruct the sensor fault. The methods presented in

this chapter can be divided into three classes:

e Complete reconstruction, in which all sensors are assumed to be potentially faulty. A

requirement for this situation is that the system must be open loop stable.

e Complete reconstruction, in which only certain sensors are assumed to be faulty. In this
case only certain modes (maybe none) of the open loop plant are required to be stable,

depending on which sensors are assumed to be potentially faulty.

e Reconstruction with faults dynamics neglected, and all sensors are assumed to be faulty.

The requirement is that the open loop system must not posses any integral action.

The work in this chapter has been published as a conference paper [106].

Chapter 6 - This chapter presents a method for designing sliding mode observers which can
reconstruct faults and yet be robust to disturbances/uncertainty which may corrupt the quality
of the reconstruction resulting from mismatches between the model about which the observer
is designed and the real system. Initially, the design method is formulated for the case of
actuator faults. The observer is designed using LMIs, so that the upper bound of the £, gain
from the disturbance/uncertainty to the fault reconstruction is minimised. The method can then
be extended to the case of sensor faults, using the ideas of Chapter 5; filtering certain signals
to obtain fictitious systems that treat the sensor fault as an ‘actuator fault’. The work described

in this chapter has been published as a book chapter [107] and as a conference paper [109].

Chapter 7 - An aero-engine case study is presented in this chapter. The engine is a Rolls-
Royce 2-spool Spey engine that is used to power modern military aircraft. System identifica-
tion has been used to obtain a linear model of the engine, at a certain operating condition. An
uncertainty distribution matrix is obtained for the linear model which attempts to encapsulate
the difference between the linear and nonlinear models. The uncertainty distribution matrix is
essential to the design of the robust fault reconstruction scheme in Chapter 6. A robust sensor
fault reconstruction scheme is implemented to test the validity of the uncertainty distribution
matrix. Finally, a multiple observer robust sensor fault reconstruction scheme is designed
based on the assumption that only one sensor can be faulty at any given time. Part of the work

in this chapter will be published as a conference paper [108].
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Chapter 8 - In this chapter, conclusions are drawn, and future research ideas are outlined.

Appendix A - Presents some background details about LMlIs, which are used extensively in
this thesis. In particular, some well known control applications which can be solved using

LMIs are described together with some common LMI solvers.
Appendix B - Outlines the basic mathematical notions that are used in this thesis.

Appendix C - Attached to this thesis is a disk containing various .mat files generated from
Matlab which in turn contain matrices that have been omitted from the thesis text for space

considerations. A description of the individual .mar files and their contents is given.



Chapter 2

Introduction to Fault Detection and Isolation

2.1 Introduction

In the previous chapter, the importance of fault detection and isolation (FDI) schemes has been
outlined. This chapter seeks to briefly describe some of the FDI concepts and methodologies

that have been developed over the years.
There are two main methods for FDI; hardware redundancy and analytical redundancy.

In FDI schemes that use hardware redundancy, additional sensors are added to the system so
that more than one sensor will measure a certain variable. In the event of a fault, it is intended
that some of these sensors will exhibit results contradicting the others, and the fault can be
identified. However, this may not always be physically and financially feasible; additional
sensors incur additional costs, take up more space, and cause the system to be heavier. This

method will not be discussed in this thesis which concentrates on analytical redundancy.

2.2 Model based FDI

In the case of analytical redundancy, the FDI scheme is designed using knowledge of the input-
output relationship of the system in the form of some kind of model. The inputs and outputs
of the system are then processed to generate a residual [5]. Ideally, the residual should be
zero for a fault-free case, and be nonzero if and only if there is a fault in the system. The FDI

scheme must be designed properly in order to fulfil this condition.

The advantage of an analytical redundancy scheme is that a minimal number of sensors are

needed. However, a good model of the system (describing the input-output relationship) is
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required, hence analytical redundancy FDI is also known as model based FDI [5]. A schematic

diagram of a model based residual generator is shown in Figure 2.1.

Actuator fault, f;(t) Sensor fault, f,(?)

Input, u(t + + ,
p (t) Plant, G(s) Output, y(t)

Residual |___, Residual, r(t)
generator

Y

Figure 2.1: Schematic of the model based residual generator

For good fault isolation, the FDI schemes are usually designed so that in the occurrence of
certain faults, the residuals will exhibit a fixed direction in the residual space [22, 115]. Hence,

when a fault occurs, the direction of the residual indicates the location of the fault.

2.2.1 Fault detection filter

A very popular model based FDI scheme is the fault detection filter (FDF) scheme. It is the
most general form of model based FDI. Most of the schemes described in this chapter are a
subset of the FDF scheme. This methodology was firstly introduced by Beard [2] and Jones
[56]. There have been further developments in the FDF scheme, in particular with regard to the
issue of fault isolation. Kinneart & Peng [61] designed their FDF scheme assuming that only
a single fault occurs at any given time. Chen & Speyer [9], Liu & Si [65], and Massoumnia et
al. [72] designed FDF schemes that can handle the occurrence of simultaneous faults. Speyer
[22, 115] used eigenstructure assignment techniques to enhance the isolation capability of the

faults.

2.2.2 Observer based fault detection

A popular subset of the FDF scheme is the observer based method. The original purpose of an
observer is to estimate the states of the system, which are usually not available in real engineer-
ing situations due to infeasibility or impracticality. An observer is essentially a mathematical
model of the system. The input is injected into the observer and the observed system. Then the

outputs of both the observer and system are compared. The difference between both outputs
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(termed the output estimation error) is fed back linearly into the observer. so that the observer’s
output can be adjusted to follow the system output. The simplest form of an observer is the

linear Luenberger observer [68]. For example, consider a nominal state-space system

x(t) = Ax(t) + Bu(t) (2.1)
y(t) = Cx(t) (2.2)

where r € R".y € R? and u € R™ respectively represent the states. outputs and inputs. A

Luenberger observer for z(t) takes the form

(t) = Ai(t) + Bu(t) — Gie,(t) (2.3)

g(t) = C(t) (2.4)

where the hat superscripts indicate the variable estimates and e, (t) := 5 (¢) — y(t) is the output
estimation error. The gain G; € R™*? is a design matrix. Defining the state estimation error

as e(t) := 2(t) — x(t), the following error system can be obtained from (2.1) - (2.4)
é(t) = (4 — GO)e(?) (2.5)

Hence if the pair (4. C) is observable [68], a matrix G, can be chosen to make (4 — G,C)
have stable eigenvalues, and hence the error vector e(¢) will decay asymptotically to zero and

hence (t) — x(t). A schematic diagram of the Luenberger observer appears in Figure 2.2.

In observer based FDI, the signal e, (¢) is used to generate the residual. Hence, for the purposes
of FDI, the issue of accurate state estimation is not of primary importance. For example, if a
fault occurs, the signal ey(t) becomes nonzero because of the fault. This would not be ideal in
the case of state estimation, but it fulfils the objectives of FDI and indic ates an alarm condition
when a fault is present. Examples of FDI schemes using Luenberger observers are given in
[9, 22,71, 82, 115]. This body of work describes methodologies for the design of the linear
gain (G; and approaches for processing the signal ¢, () so that the resulting residual is able to

isolate the fault.

Clark [16, 14] designed a sensor FDI scheme using multiple Luenberger observers, each de-
signed for one sensor; so that when a fault occurs, one of the observers will produce state
estimates contradicting the other observers, and from there, the fault can be isolated. This was
subsequently refined in [15] to give a scheme based on only one observer to accomplish the

same purpose.
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u(t) > B X )y i o C - y(t)
4 e z(t)
ey(t) -
G J ®
1B O—I 7 Jec - i)

Figure 2.2: Schematic of the Luenberger observer
2.2.3 Parity space approach for FDI

Another class of model based FDI schemes is the parity space approach. Examples of such
schemes are described by Chow & Willsky [12], Ding et al. [20], Lou et al. [67], Kinneart [60],
Gertler & Kunwer [44], Gertler & Singer [46], Peng et al. {92], Deckert et al. [19], Gertler
& Monajemy [45] and Wu & Wang [119]. In this approach, a number of input-output data
points are sampled at a fixed rate, from a certain time instant up to the present time instant.
The residual is generated by multiplying a parity vector with a function of the sampled data
points. This function is dependent on the input-output relationship of the system. The parity
vector is designed so that in the absence of faults, the residual will be zero, and when a fault

occurs, the residual will be nonzero.

This approach can also be extended to observer based FDI: Wu & Wang [119] presented a
scheme where the parity vector is multiplied by the output estimation error from an observer

to generate the residual.

2.2.4 Stochastic and statistical FDI

Another method for model based FDI is the class of stochastic and statistical methods. In these

methods, the residual is tested for its statistical properties such as zero-meanness, covariance



CHAPTER 2. INTRODUCTION TO FAULT DETECTION AND ISOLATION 10

or whiteness. When a fault occurs, these entities of the residual will deviate from their fault-
free conditions, making it obvious for an alarm to be sounded. Examples of stochastic and

statistical FDI have been demonstrated in [17, 28, 57, 75, 74, 118].

2.3 Robustness in FDI

In analytical redundancy based FDI, a model is required. The model is usually a linear approx-
imation of the actual system about a certain operating point, and therefore, is not a completely
accurate representation of the system. In obtaining the model, some of the dynamics could
have been neglected, approximations will have been employed and estimates of certain pa-
rameters will have been made. This results in a mismatch between the model and the actual
system. In modelling terms this discrepancy is accounted for by the introduction of a class of

uncertainty.

A result of this mismatch/uncertainty is that the model based FDI schemes will not be accurate
when implemented on the actual system. Both faults and uncertainty will cause the residuals
to be nonzero, hence the effects of faults and uncertainty cannot be properly distinguished. As
a consequence, the residual could potentially be nonzero (due to the system uncertainty) when
a fault is absent, resulting in a false alarm, or even worse, the uncertainty could mask the effect

of a fault, resulting in the fault not being detected.

It is clear that there is a requirement for FDI schemes that are robust to model uncertainty;
producing residuals which are sensitive to faults but insensitive to uncertainty. Many robust
FDI schemes have been developed over the years, using ideas that are common in the area of

control. These will be briefly described in the sequel.

2.3.1 Robust FDI using eigenstructure assignment

Robust FDI schemes using eigenstructure assignment have been presented in [83, 84, 87, 90,
90, 120]. This method is usually applied to existing FDI schemes (such as the FDF or observer
based methods). In designing the FDI scheme, certain eigenvalues/eigenvectors are assigned,
to fulfil robustness properties. The robustness usually arises from making the transfer function
from the model uncertainty to the residual zero, by using the design freedom available. Patton

et al. have shown in [83, 84, 87, 90] conditions under which this is possible.
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2.3.2 Robust FDI using parity equations

A method for robust FDI using parity equations has been presented by Lou et al. [67] and then
re-explained in Chapter 7 of [S]. In [67], Lou ef al. use optimisation techniques to find the
‘best’ parity vector so that the effect of the uncertainty on the residual is minimised. In the
observer based method presented by Wu & Wang [119], the observer gain as well as the parity
vector was chosen to minimise the magnitude of the residual during the fault-free operation.
Other methods for robust residual generation using parity equations are found in [12, 20, 44,

46, 60].

2.3.3 Robust FDI schemes using the unknown input observer

A specific example of the observer based FDI method is one that uses a so-called unknown
input observer (UIO) [30, 53, 64, 63, 124]. If certain conditions are satisfied, a UIO is able
to provide accurate state estimation that is robust to unknown inputs (usually disturbances or
uncertainty), hence the state estimation error (and equivalently the residual for an FDI scheme)

will be zero.

For robust FDI using UIOs, Chen & Zhang [7] classified the faults into ‘faults of interest’ and
‘faults of no interest’. They then designed the UIO treating the faults of no interest and also the
system uncertainty as the unknown inputs, and therefore the UIO will generate a zero residual
when the faults of no interest occur. Then they designed another UIO that treats other faults
as faults of no interest. They go on designing more UIOs until every fault will be a fault of
interest in at least one UIO. The residuals generated by every UIO are robust to the uncertainty,
and a logic sequence is used to isolate the fault. In Chen et al. {6], the uncertainty was assumed
to be the unknown input when designing the observer, and hence the UIO was able to generate

the fixed directional residuals, while being robust and insensitive to the system uncertainty.

Other robust FDI methods using UIOs are available in the literature, in particular Watanabe
& Himmelblau [114], Ge & Fang [42, 43], Yu & Shields [129], Wang & Daley [113] and

Dassanayake et al. [18].

2.3.4 Robust FDI using frequency domain methods

Robust FDI methods have also been designed using frequency domain methods similar to those

used for robust control [99, 130]. Typically, frequency domain methods attempt to minimise
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the effect of the uncertainty on the residual, or maximise the effect of the fault on the residual,
or both, using #, or u-analysis/synthesis methods. Patton et al. [54, 89, 95] designed an
observer based FDI scheme that places a lower bound on the ratio of the effect of the fault
on the residual to the H.. norm from the uncertainty to the residual. Examples of frequency
domain methods are also given in Stoustrup et al. [59, 81, 103], Faitakis & Kantor [31], Sauter
& Hamelin [48, 97] and Ding & Frank [21].

2.3.5 Robust FDI schemes using threshold selection

In the event that perfect decoupling of residuals from the uncertainty is not possible, the resid-
ual will be nonzero even in the absence of a fault. A method that can be used to overcome this
is the threshold selection method. Here a threshold is seiected, such that in the presence of a
fault, the residual will exceed the threshold, and an alarm will be generated. This threshold can
be fixed or time-varying, and is calculated from the parameters of the system, the properties of

any noise, the likely properties of the fault, as well as any known properties of the uncertainty.

Examples of robust FDI methods using threshold selection are [4, 29, 40, 41].

2.4 Fault reconstruction

This section describes fault reconstruction ideas, (also known as fault identification [5]). Fault
reconstruction is different from the majority of FDI methods described previously in the sense
that it not only detects and isolates the fault, but provides an estimate of the fault. This ap-
proach is very useful for incipient faults and slow drifts, which are difficult to detect. It is also
particularly useful when designing a fault tolerant control system. This idea of fault recon-
struction is similar to the work of estimating disturbances or unknown parameters by Chui &
Chen [13], Mealy & Tang [73], Chen & Fukuda [10], Spathopoulos & Grobov [101], Chen
[8], Jiang er al. [55], Marro et al. [70], Haskara & Ozguner [49], Saberi et al. [94], Xu &
Hashimoto [123] and Floret-Pontet & Lamnabhi-Lagarrigue [33]. Some examples of fault re-
construction are available in [26, 27, 122, 126, 128]. This principle of fault reconstruction is

the FDI methodology that will be used in this thesis.
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2.5 Conclusion

This chapter has presented an introduction and explained the necessity and importance of FDI
schemes, and also also attempted to give an overview of the various FDI schemes in the litera-
ture. In addition, the concept of an observer, which is vital to the work in this thesis, has been
presented. In actual practice, most of the mentioned FDI schemes have very limited applica-
tion because they are dependent on the availability and accuracy of linear models, which may
vary considerably when operating conditions change. The exceptions are the FDI schemes
using the threshold method and the stochastic and statistical method, which are much less de-
pendent on linearised models. This thesis seeks to develop fault reconstruction, because it is
of more use than simply fault detection and isolation, for reasons mentioned in §2.4. This is
by no means an easy task, as evidenced by the relatively few fault reconstruction papers in the

overall FDI literature, and the work in this thesis seeks to contribute to this area of research.



Chapter 3

Development of sliding mode observers

3.1 Introduction

The previous chapter has described various FDI schemes that are available in the literature.
So-called sliding mode observers have also been used for FDI [26, 27, 52, 102, 125, 128]. Be-
fore discussing these strategies, an introduction to sliding modes in general and sliding mode
observers in particular will be presented. The purpose of this chapter is two-fold: firstly to
introduce the concept of a sliding mode observer, and secondly to demonstrate the develop-
ments in sliding mode observers that are relevant to the new work described in this thesis. In
the literature, there have been many sliding mode observer formulations and design methods
[1, 23,50, 62,98, 100, 110, 111, 112, 121, 127]. However, only the observers that are directly
relevant to the developments in this thesis will be described; the ones proposed by Utkin [110],

Walcott & Zak [112, 111] and Edwards & Spurgeon [23, 25].

3.2 Sliding mode observers

In the typical Luenberger observer introduced in §2.2.2, the output estimation error is fed back
linearly to make the state estimation error asymptotically stable. In a so-called sliding mode
observer, the output estimation error is fed back through a nonlinear discontinuous term. To

illustrate this, consider a linear state-space system described by

(t) = Ax(t) + Bu(t) (3.1)
yt) = Cx(t) 3.2)
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where the system matrices are given by

a=| "M g2l ,C:[1 1] (3.3)
20 1

Consider a nonlinear discontinuous observer scheme for (3.1) - (3.2) defined by

Z(t) = Ai(t) + Bu(t) + G (3.4)
i) = Ci(t) (3.5)
where (%, 7) are estimates of (z,y) and G, is an appropriate fixed gain matrix. Define the

state estimation error e(t) := Z(¢) — x(t) and the output estimation error e, (t) := 7(t) — y(t).

Suppose the discontinuous term v is defined as

1 if e, >0
v = (3.6)
-1 if ¢, <0
The error system is governed by
é(t) = Ae(t) + Gpv (3.7)

From (3.6), it is clear that v is discontinuous. Therefore the differential equation describing
(3.7) has a discontinuous right hand side. For discussions on the solution for (3.7) for the

special case when e, = 0, see Filippov [32] and Ryan [93].

From (3.6) and (3.7) it can be seen that the dynamics associated with the state estimation
error is a type of variable structure system [25]: the output error injection term is deliberately
changed during the observation process, according to some defined rule (in this case the one
in (3.6)) which depends on the trajectory of the output estimation error vector e,(t). From
(3.6), it is clear that the term v switches discontinuously about the surface S = {e : C'e = 0}.
The purpose of the discontinuous term v is to drive the trajectories of the error system onto
this surface, and force them to remain there. Notice that in this case, being constrained to S
corresponds to a situation in which the output of the observer is identical to the output of the

system.

The following simulation was carried out for the system in (3.1) - (3.2) with the observer

scheme (3.4) - (3.5) where the distribution matrix
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The initial condition of the states were assumed to be 0.5 and —0.8 respectively, and the initial
conditions of the observer states were set to 0. For simplicity assume w«(¢) = 0. The following

simulation results were obtained.

0.8

0.6+

o4

—o.2F . g —

—o.ap 4

seconds

Figure 3.1: The solid line is the output estimation error ey(t). The dotted lines are the state estimation

error e(t).

seconds

Figure 3.2: The nonlinear discontinuous term v.

Figure 3.1 shows how the output estimation error e,(t) has been forced to zero in finite time
(at about 0.66 seconds) and remains at zero from then on. This finite time convergence arises
because of the discontinuous term v. Figure 3.2 shows the nonlinear discontinuous term v.
When the state estimation error has been forced onto the sliding surface S, the term v starts to

switch at a very high frequency.

When the state estimation error has been forced onto and remains on the surface S, the observer
is said to be in a sliding mode [110]. In the literature S is commonly referred to as the sliding
surface. During the sliding motion, the error system will experience a reduced order motion
[110]. It can be seen from Figure 3.1 that although e,(t) = Ce(t) = 0 after 0.66 seconds,

the state estimation error e(t) # 0 but decays exponentially to zero. This is governed by
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the reduced order motion. This is best observed by introducing a coordinate transformation
x + 1,r where

T. = (3.8)
In this new coordinate system, the output distribution matrix becomes
C CT ! = [o 1}
and hence the error state space is decomposed into measured (e, ) and unmeasured (e ) states

€1
e T.e=
€y

After applying the coordinate transformation from (3.8), 4 — TCATC‘l, G, — T.G,, and the

error system in (3.7) can be re-written as

ér(t) = —dei(t) + 6e,(t) (3.9

e (1) = —3e(t) — dey(t) — v (3.10)

During the sliding motion, €, (t) = 0 and hence equation (3.9) becomes
é1(t) = —dey(t) (3.11)

which is the reduced order motion, where the number — is its eigenvalue.

ssssss ds

Figure 3.3: The non-output error vector ey (t).

Figure 3.3 shows the reduced order motion associated with e, (¢) for the previous simulation.
Of course this is valid only after sliding motion has taken place, at 0.66 seconds. Notice that

e, (t) behaves as a first order decay as predicted in (3.11).
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For a sliding mode observer, two things need to be designed: the nonlinear discontinuous term
and its distribution matrix (v and GG, respectively in this example). These must be designed so
that the output estimation error is driven to zero in finite time, and to ensure the reduced order

sliding motion is stable.

The rest of this chapter will describe the Utkin [110], Walcott - Zak [111] and the Edwards -

Spurgeon [23] observers.

3.3 The Utkin observer

The observer described in the previous section may be termed an Utkin observer [110]. Here,
the concepts described in the previous section will be explained for a more general system.

Consider the linear system described by
r(t) = Ax(t) + Bu(t) (3.12)
y(t) = Cua(t) (3.13)

where A € R™" B € R"™, C € RP*™ and the pair (A4, C') is observable. Introduce a linear

nonsingular change of coordinates associated with the matrix

NT
I.=| ° (3.14)
C
where the columns of .V, span the null space of C'. Applying the change of coordinates so that
x +— T.x, then the triple (4, B, C') will become

Anp A B
rAT = | TN o ne= | et =0 1, | (3.15)
Ao Ag By

where 4,; € R"=P)*("=p) and B) € R(P-P)xm,

Utkin [110] proposed an observer of the form
() = A#(t) + Bu(t) + Gnv (3.16)
g(t) = Cz(t) (3.17)

where (. ) are the estimates of (x, y), and v is a nonlinear discontinuous term. Define e(t) :=
2(t) — x(t) and e,(t) := y(t) — y(t) as the state estimation and output estimation errors

respectively. The term v is defined component-wise as

vi=psgn(gi—y), 1=1,2,..,p (3.18)
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where sgn is the signum function, and p is a positive real scalar.

From (3.18), the term v has been designed to switch discontinuously about the sliding surface
S = {e: Ce = 0} and to drive the trajectories of e(t) to S. Assume (in the coordinate system

of (3.15)) the gain G, has the structure

G, = (3.19)

where G, ; € R("P)*P. The matrix G,, , represents the design freedom in the observer. Using
the definition for e(t), the following error system is obtained from equations (3.12) - (3.13)
and (3.16) - (3.17)

é(t) = Ae(t) + Gpv (3.20)

Partitioning the error system (3.20) conformably with the coordinate system in (3.15) yields

E’I(f) = ‘41161@) -+ Auey(l‘.) + GnJV (321)

ey(t) = 4—12161@) + Aggey(t) -V (322)
where e; € R"P. From the definition of v, equation (3.22) becomes (component-wise)
éy,i(t> = 4421,1‘61 (t) + :lggﬂ'ey(f) —pP Sgn(€y7i) (323)

where A, ; and Ay ; represent the i-th rows of 4y, and Ay, respectively.

From (3.23), it is straightforward to show that

€yiyi = ey,i(AQl,iel + AQQ,iey) - P‘ey,z|

< —‘ey,i|(/7 - ‘(-“121,1'61 + ‘“122?1'6?})[)

If the scalar p is large enough such that it satisfies p > [As; e, + A9y €, | + 1, for some n > 0,
then it can be shown that

€yifyi < —1Nl€y (3.24)

The differential inequality (3.24) is called the reachability condition [25]. When this reacha-
bility condition is satisfied, that particular component of the output estimation error e, (t) will
be forced to zero in finite time and subsequently remains at zero. When every component of

e, (t) has been forced to zero, sliding motion takes place.

The properties of the sliding motion will be investigated in the following subsections: in par-

ticular, the eftect of the choice of (7, ; will be described.
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3.3.1 The concept of equivalent output error injection

Before analysing the properties of the sliding motion, an interpretation of the nonlinear dis-
continuous term v will be given in terms of its ‘average’ or low-frequency behaviour. When
sliding motion has been achieved, e,(t) = é,(t) = 0, and hence the error system defined by

(3.21) - (3.22) can be written as

el(f) = ‘411€1(t) + Gn,ll/eq (3.25)
0 = :121€1(t) — Veq (326)

where v, is the so-called equivalent output error injection that is required to maintain the
sliding motion. This is not the term v that is applied to the system, but rather, the averaged
injection applied to maintain sliding motion (e, () = €,(t) = 0). Note that this concept of
equivalent output error injection is valid only during the sliding motion, and hence (3.25) -

(3.20) are valid only when sliding takes place on the surface S.

From [110] an appropriate way to extract the term v, is to pass the components of the discon-
tinuous switched term v through a low pass filter, of time constant 7, satisfying the following
differential equation

TI./eq_’l' + Vegi = V; (327)

3.3.2 Properties of the sliding motion

This subsection will analyse the behaviour of the system during the sliding motion. Eliminat-

ing the term v, from (3.25) - (3.26) yields the following expression
61(t) = (An + Gn‘l"‘lgl)el (f) (328)

This represents the reduced order motion (of order n — p) that will be experienced by the
system during the sliding motion. This order reduction is a typical feature of sliding mode

systems [110, 25].

From the Popov-Belevitch-Hautus (PBH) rank test [25], if the pair (A, C) is fully observable,

then the following matrix
sl, — A
C

(3.29)
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will have full column rank for all values of s. Partitioned into the coordinates of (3.15), the
expression in (3.29) becomes
Slnfp — An —Ajp
— Ay sl, — Agp (3.30)
0 I,
For (3.30) to have full column rank, the following matrix pencil must have full column rank

S]n—p - All

“4"121

(3.31)

for all values of s. From the PBH rank test this is equivalent to the pair (4,1, As;) being fully

observable.

Therefore if (A, C') is observable, then (A, 451) will also be observable, hence an appropriate

matrix (7, ; can always be chosen to ensure that the reduced order motion in (3.28) is stable.

The next subsection discusses the example from §3.1 in the context of the ideas presented

above.

3.3.3 An example

Consider a second order state-space system described by (3.12) and (3.13) where

U N S ,C:[1 1} (3.32)
2 0 1

which represents a simple harmonic oscillator. For simplicity assume u(t) = 0. Define a

nonsingular matrix 7, from (3.14)
T, = (3.33)

so that x — T,x. The system triple (4, B, C') becomes

. 05 1.5 -1 .
AT = . T.B = cert=lo 1] 63
-1.5 —-0.5 1
In the coordinates of (3.34), suppose the nonlinear gain from (3.19) G,,; = 3. In this case
the sliding motion will be governed by Ay, + G, 1431 = —4, which is stable. In the original

coordinates of (3.32), the nonlinear gain can be calculated as

o | Gar | | 05 05 s| | 1 .
S ~05 05 | | -1 9 |
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This choice of G, ; = 3 has resulted in the observer design described in §3.1 where p = 1.

The following figures are associated with the simulation described in §3.2.

1 1 L ' . L . ' L
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
seconds

Figure 3.4: Svstem states x(t) and the observer estimates Z(t). The dotted lines represent the estimated

states.

L L " 1 L L " 1
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
sssss ds

Figure 3.5: The equivalent output error injection, veq. The dotted line is Asye;(t). Note that as sliding

motion is achieved, both the lines converge, as predicted in (3.26).

Figure 3.4 shows the system states and the observer estimates, where it can be seen that at
approximately 1.5 seconds, perfect tracking of the states takes place. Figure 3.5 shows the
equivalent output error injection signal v, obtained from passing the term v from Figure 3.2
through a low pass filter of time constant 7 = 0.02 seconds. Notice that the term v, conforms

to equation (3.26) after the sliding motion has taken place at approximately 0.66 seconds.

In the following simulations the same observer is used but the initial conditions of the states
have been changed to be 0.5 and —1.5 respectively. The initial conditions of the observer are
once again at 0. This situation represents effectively an increase in the initial conditions of

e1(t) and e, (t).

From Figure 3.6, the output estimation error e,(t) pierces the surface S = {e : Ce = 0}

at approximately 0.87 seconds, but does not remain there. This is due to the fact that the
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. L L L " L s . L
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
ssssss ds

Figure 3.6: The dotted line is the output estimation error e, (t). The solid lines are the components of

the siate estimation error e(t).

1
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0.6 -

0.4
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—0.at-

-0.6

-0.8 —

Figure 3.7: The discontinuous term v with larger error initial conditions.

reachability condition has not yet been satisfied, because of the larger state estimation errors
at that time instant. However, when e, () reaches 0 again at approximately 1.55 seconds, it
remains there, and sliding motion begins. At this point, the error vector e(t) is much smaller
than it was at 0.87 seconds, and the reachability condition has been satisfied. Figure 3.7 shows

the discontinuous term v for the case when the initial errors are large.

3.3.4 Disturbance rejection properties
Suppose equation (3.12) is now replaced by
t(t) = Az(t) + Bu(t) + ME(t, 2, u) (3.36)

where £ € R? is a disturbance vector, and M € R™*Y is the disturbance distribution matrix.

Suppose the gain G, is designed such that it is matched to the disturbance matrix i.e. M =

G, X for some X' € RP*4. Then in the coordinates of (3.15) and (3.19), the following condi-
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tion will be satisfied

Gn.lj(
M = (3.37)
'—‘)<
and the error system (3.21) - (3.22) becomes
61(t) = Au@l(t) + Algey(t) + Gn’ll/ — Gn’l)&rg(t, x, U) (338)
ey(t) = 442161 (t) + flggey(t) —V-+ 1Y§(t’ T, u) (339)

From (3.39), it is straightforward to show that

€y.iyi = ey,i(lel,iel + Ao ey + Xi€) - pley,il

< —leyal(p — |darer + Ao ey + X))

If p > | o161 + Ago e, + XiE| 4 1 for ascalar ) > 0 then the reachability condition in (3.24)

will be satisfied, and an ideal sliding motion takes place in finite time.

When sliding motion has been attained, equations (3.38) - (3.39) become

€1(f) = 441161(0 + Gn,ll/eq — Gn714Y§(t, Z, u) (340)

0 = Adojer(t) — veg + XE(E 2. u) (3.41)

Eliminating v,, from (3.40) and (3.41) yields
61(t) = (‘411 + Gn’1‘421)€1(f) (342)

which is independent of the disturbance £(¢, x, u). Notice that for the existence of an ideal
sliding motion, the matching condition (3.37) is not required; a large enough p is sufficient
to induce sliding motion. The matching condition is only required for the reduced order
motion to be independent of &(¢,z,u). From (3.42), e;(t) — 0, and hence from (3.41),
Veq — XE(t, 2, u). Hence the term v, is able to provide information about the disturbance.

Consider the case when
1
A[ -
-2
and £(t,x,u) = 0.2 sin x;(t). Notice from (3.35) that G,, = M and hence the matching
condition from (3.37) is satisfied where X' = 1. Assuming the same initial conditions as in

§3.3.3, the following simulation results were obtained.

From Figures 3.8 and 3.9, sliding motion is achieved after approximately 0.66 seconds and

the error vectors experience a first order decay, as before, unaftected by the disturbance. This
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Figure 3.8: The dotted line is the output estimation error e, (t). The solid lines are the components of

the state estimation error e(t).

1 —

[o)=1

-0.5

Figure 3.9: The error vector associated with the sliding motion, e1(t)

1 — u T T T T T T T
08[ —

o6l : . B

Figure 3.10: The solid line is the equivalent output error injection veq. The dotted line is the distur-

bance &(t, x, u).

disturbance rejection property is a major advantage of sliding mode observers over the nominal
Luenberger observer. From Figure 3.10, the effect of the disturbance (¢, x, u) can be seen in
the signal v.,. When the reduced order motion e, (¢) has become small (at about 1.5 seconds),

the signal v,, ‘reproduces’ the disturbance £(¢, x, u) (with a small delay due to the low-pass
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filter used to obtain v,,). Notice that the term v was not designed with any a-priori knowledge
about £(¢, ., u), except that it is bounded. This feature of ‘disturbance tracking’ is essential to

the work in this thesis.

3.3.5 Pseudo-sliding by smoothing the discontinuous term

From Figure 3.2, the term v is discontinuous with very high frequency switching. Systems with
discontinuities often pose problems for simulation packages and generally cause an increase in
the computational burden. It is often useful to ‘smooth’ the discontinuity. (This is particularly
trug for sliding mode control systems where high frequency switched control signals would
represent an unacceptable input). Recall that v is defined component-wise by v; = p sgn(ey.;).

which can also be expressed as

P (3.43)
‘ey.i’

From [25, 26, 27], a method to smooth v would be to approximate (3.43) by

eyii
= p 3.44
Vi=p POE, (3.44)

where 0 is a small positive scalar. This results in a trade-off between ideal performance and

maintaining a smooth output error injection.

Repeating the simulation in §3.3.3, and expressing v as in (3.44) with 6 = 0.0001, the follow-

ing figures were obtained:

o8 B

06— 1

—oal . B

—0.6 - -

_o.8 ' n L L L n R L —_—

Figure 3.11: The output error injection term v after being smoothed

Figure 3.11 shows the smooth injection term v from (3.44). Notice that its shape is similar
to v, from Figure 3.5. From Figure 3.12, it can be seen that the performance of the system

is relatively unaffected (in comparison with Figure 3.1). Technically in this situation ideal
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Figure 3.12: The dotted line is the output estimation error e, (t). The solid lines are the components

of the state estimation error e(t).

sliding is not taking place. Instead e, (t) is driven to a small boundary layer around the surface

S [110, 25].

3.3.6 A modification to include a linear term

For the observer that has been discussed, the size of the parameter p dictates the size of the
domain in which sliding takes place. However, for practical reasons, a very large value of p is

not desirable and hence there is a trade off.

For motivation purposes consider an unstable state-space system!

-2 =3 0
A= . B= c=lo1] (3.45)
1 3 1
To design an Utkin observer no change of coordinates is needed because the matrix C' is

already in the required structure of (3.15). Specifying G,; = 0 will yield a reduced order

motion pole of A1 + G, 1451 = —2. In the following the gain p has been specified to be 1.

A series of simulations was carried out for different initial conditions of (e1, e, ), both compo-

nents ranging from —3 to +3.

In Figure 3.13, the ‘shaded’ area is the region in which the initial conditions of (e;, e,) must

lie for sliding motion to occur. Elsewhere the observer fails to provide converging state esti-

'In the following simulations full state feedback u(t) = Kx(t) where
K=[1 -1]

has been employed so that A(4 + BK') = {£1.4142i}. The reason for this choice of closed loop eigenvalues is

that the states will be oscillatory, and the tracking of the states can be observed if desired.
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Initial condition of ey
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-3 -2 -1 0
Initial condition of e1

n
w

Figure 3.13: The sliding region

mations. The shaded region is sometimes referred to as the sliding patch [100]. Of course the
size of the shaded area can be enlarged by increasing the value of p, but for practical reasons,

that may be undesirable.

Consider the effect of adding an output error feedback term to the observer. Equation (3.16)

can be modified to be
2(t) = Ai(t) — Gie,(t) + Bu(t) + Gov (3.46)

where GG; € R"*P. Slotine et al. [100] argued that an appropriate choice of the gain G; will
enlarge the sliding patch. From equations (3.12), (3.13) and (3.17), this results in the state
estimation error system

ét) = (A -G Celt) + G (3.47)

The error system in (3.47) can be analysed with respect to quadratic stability? by using a
positive definite quadratic function

VY =¢el Pe (3.48)

where P € R™*" is a symmetric positive definite matrix.

“For details on the concept of quadratic stability, see §B.2 in the appendix.
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Differentiating (3.48) with respect to time yields
V = ¢'Pe+elPé
= "(P(A—-GC)+ (A -GOC)"Ple+2¢" PG v (3.49)

If P and G, can be chosen such that the expression in (3.49) is negative, then the error system

in (3.47) is (globally) quadratically stable for all values of p.

For the system in (3.45), the linear gain was specified to be
G = (3.50)

and the resulting closed loop error system in (3.47) can be written as

e(t) = —2e(t) (3.51)

éy(t) = ei(t) — 3e,(t) — sgn(e,) (3.52)

Consider a positive definite quadratic function as in (3.48) where the error vector e and matrix

P respectively are

(3.53)

o

<

S =
—t

and hence the quadratic function from (3.48)

1

2 2
Differentiating with respect to time yields
. 1 ‘
V = —eié) + 2.6,

2

1
= 56](-261) + 2e,(e; — 3e, — sgnfey))
= —e - 665 +2e1e, — 2|e,|

= —(e1—¢) — 563 — 2ley|

which is negative, and hence global stability of this error system has been proven. When the
magnitude of the errors become small enough, the reachability condition in (3.24) is satis-
fied and sliding motion takes place. This example shows that in certain circumstances the

introduction of a linear output error injection term can be beneficial.
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3.4 The Walcott - Zak observer

This subsection considers the design of a robust sliding mode observer incorporating both

linear and nonlinear output error injection terms. Consider the uncertain system
t(t) = Ax(t) + Bu(t) +d(t,z,u) (3.54)
y(t) = Cu(t) (3.55)
where 4 € R™" B € R™™ (C € RP*" and p > m. The matrices B and C are assumed to

be full rank. The functiond : R, x R"™ x R™ — R" is unknown and represents the system

uncertainty. Assume that

d(t,x,u) = BE(t, x,u) (3.56)
where the function £ : R, x R X R™ — R™ is unknown but bounded, so that
1€z, u)]] < alt y, u) (3.57)

where o : R X R? — R, is a known function. In practice, the function a(t, y, u) is found by
carrying out experiments on the system to estimate the magnitude of the uncertainty £(¢, , u).

Walcott & Zak [112, 111] assume that

e (4.C) is fully observable and hence there exists a matrix G; € R"™*? so that the matrix

A, := A — G,C is stable
o There exists a pair (P, Q) which satisfies
PA,+ATP=-Q (3.58)

and

C'F"=PB (3.59)
for some F' € R™*P where P and () are symmetric positive definite.

The problem considered by Walcott & Zak involves estimating the states x(¢) of the uncertain

system given in (3.54) so that the error system
e(t) = z(t) — z(t) (3.60)

is quadratically stable despite the presence of uncertainty. Utilising the assumptions above,

Walcott & Zak [111] propose an observer of the form

(t) = A&(t) + Gy(t) + Bu(t) + v (3.61)
ut) = Cz(1) (3.62)
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where
P ICTFTFCe
v=—p(t,y,u , FCe#0 (3.63)
A e

and the scalar function p(.) is any function satisfying
p(t,y,u) 2 a(t, y. u) +no (3.64)

where 1), 1s some positive scalar.

From (3.54) - (3.55) and (3.61) - (3.62), the following equation is obtained
é(t) = Age(t) — BE(t,x,u) + v (3.65)

To prove that the error system is quadratically stable, consider the quadratic Lyapunov function

V = el Pe. Taking the derivative along the system trajectory

V = ¢TPe+elPé

= e (PA,+ Al'P)e — 2" PBE + 2¢" Py

eTCTFTFCe
[FCell

= el (PA, + Al P)e — 2" PBE — 2p||FCe||

= e'(PA, + A'P)e — 2T PBE - 2p

Utilising (3.58) and the structural constraint (3.59),

V = —eTQe—2e7CTFTe — 2p||FCel

IN

Qe + 2|FCell ] - 20/ FCe]

IN

—e' Qe — 2|[FCel|(p - i€]))
< —ef'Qe — 2n,||FCel|

and hence V' < 0 and the error system (3.65) is quadratically stable. Walcott & Zak [112, 111]

propose an algorithm for designing the observer which can be summarised as follows :

Step 1: Choose the spectrum of 4, and compute G} accordingly.

Step 2: In order to solve PB = CTF7, express the elements of P symbolically in terms of

the elements of F'. Name the expression for P as Pp.

Step 3: Form the matrix equality PA, + A7 P = —(. Obtain an expression for () in terms
of the elements of F" and Pp. Call this expression Q(F, Pr)
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Step 4 : Choose the elements of Q(F, Pr) so that it is positive definite. This can be done by
ensuring that A; [Q(F, Pr)] > 0,7 = 1,...,n where A; indicates the determinant of the

i-th principle submatrix. From here, the elements of F' can be obtained.

Step 5: Equate P = Ppg, and from there calculate the elements of P.

Though this approach and algorithm seem quite appealing, it will be tedious to perform the
necessary calculations for large systems, and therefore may require a symbolic manipulation
package. More importantly there is no indication of the type of system which will produce a

successful design.

3.5 The Edwards - Spurgeon observer

This section will present the observer proposed by Edwards & Spurgeon [23]. Their observer
has a similar structure to the Walcott-Zak observer, but the design method is different. Con-

sider the dynamic system:

(t) = Ax(t)+ Bu(t) + ME(t, x,u) (3.66)
y(t) = Cult) (3.67)
where 4 € R B ¢ R™™ . C € RP*" and M € R"*Y where p > ¢. Assume that the
matrices (' and 1/ are full rank and the function £ : R, x R x R™ — R?is unknown but

bounded so that

Hg(tlvu)H < a(tvyau) (3.68)

where o : Ry x RP — R, is a known function. In the case when M = B this set up is

identical to that described in §3.4 for the Walcott-Zak observer.

3.5.1 Coordinate transformations

It has been proven in [23, 25] that if rank (C M) = g then there exists a change of coordinates

T, such that the triple (A, M, C) can be written in the form

L M= , C:[o T} (3.69)
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where T € RP*? and is orthogonal. The matrices 4, € Rn—pix(n=p) 4, € Rp=a)x(n-p)

and when partitioned have the structure

) A7 AL, )
‘411 = and ‘4211 = [ 0 ‘481 (370)
0 A3
where A9, € R™" and A3, € REP-Dx=P=") for some r > 0 and the pair (A%, A3;)
is completely observable. Furthermore, the eigenvalues of A{, are the invariant zeros of

(4.7, C). Assume that A9, is stable, then from the observability of (.49,..49,), it can be

said that (A, A1) is detectable. The matrix A, € RP*? has the structure

0
M, = (3.71)
M,
where 1/, € R?*7 is nonsingular.
Introduce a new change of coordinates
I, L
T, = (3.72)
0 T
where
L=|r1° 0] (3.73)

and L° € R"~P)x(P=9) is a design matrix. Applying the change of coordinates induced by 77,
the triple (4. M. ') in (3.69) can be transformed to be

Ay Ag 0
A= |70 T M= cc=lo 1] (3.74)
-’4‘21 A?Q M2
where Ay = Ay + L°Ay, and My € RPX9. Since (Ajp. Ay1q) is detectable, L° can be

chosen so that A, is stable.

3.5.2 Observer formulation

Edwards & Spurgeon [23, 25] propose a state observer of the form

8-

(t) = Az(t) + Bu(t) — Giey(t) + Gnv (3.75)
(t) = Cz() (3.76)

Nagl

where G; € R™*? and G,, € R™*P and e, (t) := y(t) — y(t) is the output estimation error. The

discontinuous vector v is defined by

€
V= “ﬂ(t, yvu) ey y €y # 0 (377)
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where p(t,y,u) is a positive scalar function dependent on the magnitude of the uncertainty.
Defining the state estimation error as e(t) := (t) — z(¢), from (3.66) and (3.75), (3.67) and
(3.76), the following error system can be obtained

é(t) = Age(t) + Gpv — ME(t, x,u) (3.78)

where 4, = 4 — G,C.

Applying the change of coordinates T, = 117, such that e — T,,e = ¢y, then (3.78) will

become

ér(t) = Ager(t) + Gov — ME(t, x, u) (3.79)
where Ql = TcalGI» Qn = calGn and Ao = ,A — QlC

Edwards & Spurgeon [23, 25] chose G, and G,, to be

A 0
g = and G, = (3.80)
Az — A3y P!

where A3, € R”*? is a stable design matrix and P, is a Lyapunov matrix for A$,. A convenient

choice of the scalar function p: Ry x RP x R™ — R, is
p(t.y.u) > ||P,CM|la(t. y.u) + 1, (3.81)

where 7, is a positive scalar. Using the definitions of C and M given in (3.74), and parti-

T
tioning ep = [ el efyf ] , it 1s straightforward to show that the error equation (3.79) can be

partitioned as

el(t) = A11€1(t) (382)
éy(t) = Aser(t) + Adoe,(t) + Pty — Mo&(t, o, u) (3.83)

The linear closed-loop system matrix

.Au 0
A, = (3.84)
Aa A3
which is stable.

Edwards & Spurgeon have proven in Proposition 6.1 of [25] that if there exists a Lyapunov

matrix P of the structure

P = (3.85)
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where P, € R(—P)*(n=p) and P, € RP*P that satisfies
PA,+ AP <0 (3.86)

then the sliding mode observer is quadratically stable.

In Corollary 6.1 of [25], it is proved that sliding motion takes place on & = {e : C'e = 0} in

finite time, by using a positive Lyapunov function V,; = egPOey.

3.5.3 Existence conditions for the sliding mode observer

Edwards & Spurgeon have proven in Proposition 6.2 of [25] that the necessary and sufficient
conditions for the existence of a sliding mode observer of the form (3.75) - (3.76) that can

reject the disturbance described by (3.66) and (3.68), are
o rank(C M) = g (this implies that p > ¢)
e the invariant zeros (if any) of the triple (.4. A/, C') must be stable

The first condition is related to the disturbance rejection features of the observer, while the

second condition is related to the stability of the sliding motion.

Remark : In the case of square systems (p = ¢), it can be seen that the matrix L° does not
exist. In this scenario, the sliding motion will be governed by the n — p invariant zeros of the

triple (4. M, C'), and there will be no freedom associated with tuning the sliding motion [23].

A design method for the Edwards & Spurgeon observer can be summarised as follows

Step 1: Check that rank(C'M) = ¢ and that the invariant zeros of (A, M, C) lie in the

negative left half plane. If not, then this observer cannot be designed.

Step 2: Compute the transformation 7, and transform the triple (4, 1/, C') to the canonical

form in (3.69).
Step 3: Compute L° so that Ay is stable.

Step 4 :  From the value of L obtained, calculate T}, and transform the system triple to the

coordinate system in (3.74).

Step 5: Choose a stable matrix .A3,.
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Step 6 : Compute P, to ensure P, A3, + (P, A3,)T < 0.

Step 7 : Calculate G; and G, using (3.80). Then calculate the gains in the original coordinates
by using the equations

Gl - chlglgl Gn - Twlgn

cal

Step 8 : Estimate the magnitude of the uncertainty £(¢, x, «) (by means of experiment etc.)
and estimate its bounding function a/(t, y, u). Calculate the nonlinear gain p(t,y, u) by
using the inequality

p(t.y,u) > ||P,CM||a(t,y. u) + 1

This design method is straight-forward and no symbolic manipulations are needed. It is also
easily implementable using available Matlab commands. A design example for this observer

is available on page 146 of [25].

3.6 Conclusion

This chapter has shown how sliding mode observers have been developed over the years, and
also demonstrated some of the sliding mode concepts that will be used in this thesis. Utkin
designed an observer with a simple switched term. Via the Utkin observer, the concepts of
reduced order motion, equivalent output error injection, disturbance rejection and smoothing
approximations were demonstrated. Walcott & Zak included a linear gain into their observer
structure, and used a Lyapunov approach to prove stability. In their design method, symbolic
manipulation was used, which could be difficult for high order systems. Edwards & Spurgeon
designed an observer similar in structure to the one by Walcott & Zak, and stated the conditions
that need to be satisfied for the observer to exist. They also proposed a design method, which

is straightforward. The Edwards & Spurgeon observer will be used in the work in this thesis.



Chapter 4

An LMI method for designing sliding mode observers

4.1 Introduction

This chapter will present a new design method for the sliding mode observer of Edwards &
Spurgeon [23, 25]. In the method described in [23, 25] (and summarised in §3.5.3), certain
degrees of freedom were not fully exploited; when the observer gains were selected, the sliding
motion was already assumed to have been selected. The new design method proposed in this
chapter seeks to exploit that freedom, so that the design of the sliding motion is incorporated

into the design of the observer gains.

In this chapter, the sliding mode observer will be designed using Linear Matrix Inequalities
(LMIs) [3]. A Riccati inequality will be solved, to obtain a sub-optimal Linear Quadratic
Gaussian (LQG) solution. The sub-optimality arises from the fact that the solution is con-
strained to have a specific structure [23, 25]. As in classical LQG theory [69], there are two
weighting matrices that influence the solution, which are the performance weighting matrix,

and a noise amplification matrix.

All the ideas in this chapter will be demonstrated with a 7-th order aircraft model taken from

[51].

4.2 Using LMIs to design a sliding mode observer: a simple illustration

This section will illustrate how an Edwards - Spurgeon observer described in §3.5 can be

designed using LMIs. This seeks to motivate the method which will be described later.

Consider the second order system in §3.3.6 described by the triple (A, B, C) in (3.45). The

system triple is already in the form of (3.74), and hence no coordinate transformations are
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needed. The problem now is to find a Lyapunov matrix of the structure (3.85) i.e.

p1 O
p=|" 4.1)
0 Do
where p;. p, € R and a gain matrix
G=|" @.2)
g2
where g1, go € R to satisfy the inequality
PA-GO)+A-GC)Y'P<0 (4.3)

Substituting from (3.45), (4.1) and (4.2) into (4.3),

P1 0 -2 -3 - g1 —2 1 P O
+ <0
| 0 o I 3-g —3-9 3-9 0 o
—4p1 —3p1 + po — P1G1
& 0
i —=3p1 +Ppo — P11 6po — 2p,92

-4 -3 0 1 0 —1 0 0
< D + Do + g1 + Pog2 <0 44)
-3 0 1 6 -1 0 0 —2

The inequality (4.4) can be re-written as an LMI in the form of (A.1) in Appendix A where the
‘fixed matrices’ are
13 6 -1 0 1 0 0
Fo = 050, F1 = JFy = JFs = By =
30 -1 -6 1 0 0 2

and the LMI variables are
Xy = P1, T2 = Po, T3 = P1g1, L4 = Pol2

Given z,.x9, 13,1y, the variables py,p,, g, and g, can be determined uniquely. The LMI
problem in (4.4) can be solved utilising software described by [39]. The LMI toolbox routine

feasp (which calculates a feasible solution for inequality (4.4)), yields the following results
ry =p1 = 2.130. 72 = p, = 1.633, 73 = —5.1268, x4 = 8.1582

From the definitions of x3 and x4, the gain G, can be back-calculated as

—2.4069
6.4580

This example is meant only as an illustration. As in [23, 25], this approach assumed that the

sliding motion is fixed. A more general problem is posed in the next section.
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4.3 Preliminaries and problem statement

The purpose of this section is to lay the foundation for the work presented in this chapter. As

in §3.5 consider the uncertain system
(t) = Az(t)+ Bu(t) + ME(t, x, u) 4.5)
y(t) = Cx(t) (4.6)

where 4 € R"™". B € R™". C € RP*™ and M € R™ 9 where p > ¢. Assume that the
matrices (' and A/ are full rank and the function £ : Ry x R™ x R™ — RY is unknown but

bounded so that
Hf(tl"aU)H S O"(t‘y?u’) (47)

where a : R, x RP — R, is a known function.
Assume

Al C A/ has full column rank

A2 the invariant zeros (if any) of (A. M. C) are stable

As in §3.5.2, the objective is to design an observer of the form

r(t) = Ai(t) + Bu(t) — Giey(t) + Gpv (4.8)
y(t) = Ci(t

~—

(4.9)

where G; € R"*P and G,, € R™*? and e, (t) := y(t) — y(¢) is the output estimation error. The

discontinuous vector v is defined by

v=—p(t.y.u)—L e, #0 (4.10)
e
where p(t, y, u) is a positive scalar function dependent on the magnitude of the uncertainty.

In §3.5, this observer was designed in the coordinates of (3.74), where the sliding motion (or
equivalently L from (3.73)) had already been fixed, the gains were in the coordinates of (3.80)
and the Lyapunov matrix had the structure in (3.85). In this chapter, the observer will be
designed in the coordinates of (3.69). In this way, the freedom associated with the variable L

is included in the design. As in §3.5.1, assume the triple (A, M, C) has the form

M= , C:{o T} @.11)
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where M, € R?* is nonsingular and T € RP*? is orthogonal. The pair A;; € R("~P)x(»~p)
and Ay, € RP-9*(=P) js detectable. As in §3.5.1 the unobservable modes of (A;, Ay;;)
represent the invariant zeros of (A, M, C'). Assumptions Al and A2 are necessary and suffi-

cient conditions for the existence of the observer [23, 25].

The parameters that need to be designed are the positive scalar p(¢,y, u), the linear gain G,
and the nonlinear gain ), in (4.8). Also a Lyapunov matrix P (of appropriate structure) must
exist for the matrix A — G;C. In the design method of Edwards & Spurgeon [23, 25], these
matrices have the particular structures of G,, in (3.80) and P in (3.85) respectively. For the
design method proposed in this chapter, the structures of G,, and P will be retained, but they
will need to be transformed into the coordinates of (4.11), This can be achieved by applying

the inverse of the coordinate transformation 77, in (3.72).

Specifically, in the coordinate system of (4.11), the Lyapunov matrix

. P, PL
P=TFPr,=| >0 4.12)
LTP, TTP,T + LTPL

where P, € R(m=P)x(n=p) P ¢ RP¥P and
L=|r o] (4.13)
with L € R{"=P)*(P=9)_ The nonlinear gain matrix

G, =T7'G, = -LT p-1 4.14
=1, G, = , (4.14)
Tf

Unlike the original design method in [23, 25], the linear gain (G is not assumed to have any

particular structure at this point.

Proposition 4.1 Ifa P of the form in (4.12) exists such that
PA-GO)+(A-GC)Y'P<0 (4.15)

for some Gy € R"™P and p(t,y,u) > ||P,CM|la(t, y, u) + e 1o > 0 then the state estimation

errore(1) := z(t) — x(t) is asymptotically stable.

Proof

From (4.5) - (4.6) and (4.8) - (4.9), the state estimation error is governed by

é(t) = (4 -G Ce(t) + Guv — ME(t, 2, u) (4.16)
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Assume without a loss of generality that the parameters are in the coordinates of (4.11).

Consider a positive definite Lyapunov function

VY =¢l Pe

Differentiating with respect to time,
V = ¢"Pe+elPé

= e"(P(4-GC)+ (A -G O)'P)e + 2" PG v — 2" PM¢E

From the definitions of P, G,, and M in (4.12), (4.14) and (4.11) respectively, it is easy to

prove that

PG,=CY PM=CTP,CM 4.17)
Using (4.15) and (4.17), V becomes

V< 2e7CTy — 27 CTP,CME
From the definition of v in (4.10),

v

A

~2plle, || — 2¢T P,CME

IN

—2[ley||(p = |1 PCM][)

(AN

—21|ley ]
< 0 for e #0
which proves the quadratic stability of the error system. [

Applying the change of coordinates 77 in (3.72), the triple (4, M/, C) in (4.11) and G, will be

transformed to be

A Ag 0 0
VI e I v =0 G- (4.18)
Az Ag Mo

where ./411 - rlll + Loflgu and MQ € RP*4,
In this coordinate system, the state estimation error system (4.16) can be partitioned to be

e1(t) = Anei(t) + (A — Gii)ey(t) (4.19)
€y(f) = ./4.2161@) -+ (./422 - gl72)6y(t) + Po_ly — ./Mgé-(t, Z, u) (420)
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where

Gia
G2
Pre-multiplying and post-multiplying (4.15) by (7, ')T and T, ! respectively and then parti-

=T1.G, 4.21)

tioning conformably with (4.18) yields

P1A11+¢4'{‘1P1 PI(A12_91,1)+A;P0
(A — 91,1)TP1 + P, Ay Py(Axn — Gia) + (Ax — gl,Q)TPo

<0 (4.22)

This implies that both diagonal blocks of (4.22) are negative definite which in turn implies that

A;y and (A — Gy 2) are stable since P, and P, are symmetric positive definite.

Corollary 4.1 A stable sliding motion takes place on the surface
S={e:Ce=0} (4.23)

in finite time and the sliding motion is governed by A1; = A1 + LAy,

Proof
Introduce a Lyapunov function

_ T
Vs = e, Poey

Differentiating V, with respect to time and using (4.20),
V, = e} (Po(An — Gi2) + (A — Gi2) Po)e, + 2¢T P Asier + 2el v — 2e] P M€
From (4.22), P,(A — Gi2) + (A — G2)T P, < 0 and therefore

vs < 265P0A21€1 + 2651/ - 26§P0M2§

IA

2lley [l PoAzrex[| = 2mo|ey |

= 2leyll ([ PoAzrer]| = 1m0) (4.24)

Notice that

|€U‘|2 V 6 TP \/ Poey) Z /\mm H V €UH2 mm . )Vb (425)

Define 7 as a scalar satisfying 0 < 7 < 7,. Since from Proposition 4.1 the state estimation is
quadratically stable, in finite time e, (¢) enters the domain Q,, = {e; : ||P,Ase1]] < 1, — 0}
and remains there. Inside the domain €2, inequality (4.24) becomes

dV _
dt ]\/j\m’m(Po_l)\/vs




CHAPTER 4. AN LMI METHOD FOR DESIGNING SLIDING MODE OBSERVERS 43

Integrating from the time when e; (¢) enters €2, until the time when sliding motion takes place,

0 1 ts
4V, < —Qn\//\mm(Pgl)/ dt
/Vs(tn) VVs o

where V,(tq) is the initial condition of V; at t = tq, the time at which e, (¢) enters £, and ¢,
is the time at which the sliding motion begins. It can be shown that the time taken to attain
sliding motion ?, 1s given by

1 VS(tQ)

—_—l— 41
)\min(PJI) * .

ts <

This proves that sliding motion takes place on S in finite time.

When sliding motion has been achieved, e,(t) = é,(¢t) = 0 and from (4.19) - (4.20), the

remaining dynamics e; (¢) are governed by A;; = Aj; + L4, which is stable. [ |

Based on the results of Proposition 4.1 and Corollary 4.1, the new observer design method can

be stated as:

Find matrices L°. GG;, P, and F, that satisfy the Lyapunov inequality
PA-GC)+(4A-GC)'P <0

where P > ( has the structure in (4.12).

4.4 Synthesis procedure for designing the sliding mode observer

In this chapter, /” and G; will be chosen so that the matrix inequality
P(A-GC)+ (A-GC)'P < -PWP - PGVGIP (4.26)

is satisfied, where the design weighting matrices 11" € R™*" and 1" € RP*? are assumed to be
symmetric positive definite. The rationale for the matrix inequality (4.26) will be given later.

Inequality (4.26) can be written as:
PA+ATP—YC - (YO)T + PWP+YTYT <0 (4.27)
where Y := P(,. Using standard matrix manipulations, inequality (4.27) is identical to

PA+ATP+ (YT v 'iOYfvy T —vie) - CTvlC + PWP <0 (4.28)

For a choice of

Yy =v-1lo (4.29)
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the necessary and sufficient condition for (4.28) (and hence also (4.27)) to hold is that the
matrix P satisfies
PA4+ATP-CTVTIC+PWP <0 (4.30)

since (4.29) results in the third term in (4.28) being eliminated.

The problem considered here is one of minimising trace(P~!) subject to P satisfying inequal-

ity (4.30).

From the solution for P that is obtained, the observer gain (; can then be directly calculated
as
G =pCTv! (4.31)

which follows from equation (4.29) and the definition of .

Remark : Applying the linear change of coordinates I}, in (3.72), the linear gain G, in the
(e1,e,) coordinates (4.18) can be calculated from (4.31) as G, = P~'C*1"~! and hence can be

shown to be

0
g = (4.32)
Pg-—ly—l
This structure shows that the output estimation error e, (t) will not be fed back to e;(¢), the

error states associated with the sliding motion.

4.4.1 The connection with the Algebraic Riccati Equation

The motivation for the choice of the inequality posed in (4.26), and for minimising trace(P~1)
subject te (4.30) and (4.12), will be discussed here. In the absence of the uncertainty £(¢. x, u)
and as p — 0, the observer tends to a linear formulation. Defining  := P!, then pre and

post multiplying inequality (4.30) by @), the following inequality can be obtained:
AQ + QAT —QCTVICQ+W <0 (4.33)

The linear gain can now be calculated as G; = QCTV ~1. The objective is thus to minimise

trace(Q) subject to (4.33).

The standard LQG optimal observer design method as described in [69] uses the stabilising
solution (), to the Algebraic Riccati Equation (ARE)

AQure + QureA” = QureCTVTICQure + W =0 (4.34)

to calculate optimal observer gain G| 4, := Que CTV L. The associated optimal cost is given

by trace(Qqare)-
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Lemma 4.1 Let QQ be any symmetric positive definite matrix satisfying (4.33), and let Q4. be

the stabilising solution to the ARE (4.34). Then Q > Q. and hence trace(Q) > trace(Qare)-

Proof

Inequality (4.33) can be expressed as
AQ+ QAT —QCTVICQ+W +A =0 (4.35)

for some symmetric positive definite matrix 2. Subtracting (4.34) from (4.35) and defining

Q = Q — Qure, iImplies

AQ+ QAT —QCTVTICQ 4 Qure CTVICQure + A =0 (4.36)

Then substituting Qg = @ — Q into inequality (4.36) yields

(A= QCTVIONQ+ QA - QQCTVIO)Y + A+ QCTVICQ =0 (4.37)
Since inequality (4.33) can be re-written as

(A= QCTVIC)Q + QA - QCTVv IOy + QCTVICQ +W <0 (4.38)

and @ > 0, it follows that (A — QCT\"”IC) is stable. Therefore, as argued in Lemma 3
in [116], equation (4.37) implies Q > 0 and hence ) > (4. as claimed. The fact that

trace(Q) > trace(Q,r.) follows from the properties of the trace operator. [

From Lemma 4.1, the requirement of minimising trace(Q) follows from the desire to approach
the true minimal cost given by trace(Qg,.). Of course a particular sub-optimal cost is enforced

here by the requirement that P := Q™! has the structure of (4.12).

In inequality (4.33), 117 is the performance weighting matrix for the observer, and V" is the
co-variance matrix of the system’s sensor noise. As in classical LQG theory the choice of W

and 17 can be used to trade off performance and noise amplification.

4.5 Practical implementation

By using the Schur complement [3], the matrix inequality in (4.30) is equivalent to

PA+ATP - CTV-IC P

<0 (4.39)
P Wl
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If X € R™" is symmetric positive definite, then (again using the Schur complement) the

following inequality
-P I,

I, -X

<0 (4.40)

is equivalent to X' > P~!. Thus minimising trace(P~") subject to (4.30) can be implemented
by minimising trace(X') subject to the LMIs (4.39) and (4.40). Writing P from (4.12) in terms

of LMI variables
P Py
P= >0 (4.41)
PL P
where P; € R(=P)x(n=r) Py, € RP*P and Py := { Piyr 0 ] with Py, € R—P)x(p=0)

(due to the structure of L), then the elements of P in (4.12) can be calculated in terms of the

LMI variables Py, P91, P»; by the following equations

P = Py (4.42)
L° = P;'Pa (4.43)
Py = T(Py— PLPy Po)T" (4.44)

It follows that the constrained minimisation problem represents a convex optimisation problem

with regard to Pj1. Pys1, Pos and .X'. The approach can be formally stated as:

Minimise trace(.X') with respect to the variables P, Pa1, Py and X subject to the LMIs

given in (4.39) and (4.40).

Standard LMI software, such as [39] can be used to synthesise numerically P and X', which
will return values for Py, P91, Py, and X. From there, the observer parameters can be ob-

tained: L° from (4.43), P, from (4.44), (G, from (4.31) and G,, from (4.14).

4.6 Design of the sliding motion system matrix

A consequence of the design procedure proposed in §4.4 is that the dynamics of the sliding
motion, although guaranteed to be stable, are designed somewhat implicitly. This section
considers the sliding motion design problem and shows how additional LMI constraints can
be augmented with (4.39) and (4.40) to tune the sliding mode performance. Pre-multiplying

by (T; )" and post-multiplying by T !, the matrix inequality (4.30) becomes

PA+ATP —CTVTIC+PWP <0 (4.45)
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where W := T, WT;”. The top left (n — p) x (n — p) block of (4.45) is given by
PLAnL + AL P+ PP <0 (4.46)

where W, € R(»=P)x("=p) > ( is the top left sub-block of W and A;; = Ay + L°Ay, is the

sliding motion system matrix. If the matrix 11" is partitioned as

IVM U"IQ I'Vlg
W= | W5 Wy Wiy (4.47)

WL WL W

where 117, € R=P)*x(n=p) gnd 1y, € RP-9*(P=9) then from the definition of 7} and ex-

ploiting the special structure of L,
Wy =W+ LOWE + W (L) + LTy (L) (4.48)
and hence inequality (4.46) can be written as
PiAy + AL P+ PO P+ PILOWL P+ (PLLOW S P)T + PLLOWao (L) P < 0 (4.49)
In the special case where 175 = 0 then
PiAy + AP+ PP+ PLLOWoy(L9)TP <0 (4.50)
Using the definition of 4,1, inequality (4.50) can be re-written as

Pr(Any + LoAon) + (A + LAy )T P+ POW L P+ PLLWoo (LO)TP <0 (4.51)

This is identical in structure to inequality (4.26) and hence 1V;; and W, may be interpreted
as playing the roles of performance and noise attenuation matrices in an LQG sense for the
observer problem associated with the pair (.41, A,11). Technically of course for this to repre-
sent an LQG problem the variable P; would need to be chosen to minimise the trace(P; ).

However since
trace(P~") = trace(P[ ') + trace(LT" P;YTLY) + trace(TT P 'T) (4.52)

and trace(P~') is minimised as part of the optimisation, some form of implicit minimisation
of trace(P; ") takes place. Thus the choice of W, and W, can be used to tune the sliding

motion.
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4.6.1 Tuning the sliding motion by pole placement

Furthermore, from the definitions of 4;; and P9,
PAy = PAn + Pig Ao (4.53)

which is linear with respect to the LMI optimisation variables P;; and P;,;. Additional LMIs
can be employed together with (4.39) and (4.40) to achieve pole placement of .4;; in regions
of the complex plane. One approach is to use root-clustering methods presented by Gutman &

Jury [47] . Typically the poles may be required to lie in

e a conic sector centered at (0,0) with inner angle 6,
e adisc of radius r, and centre (g,,0)

e a vertical strip a, < z < b,

If s represents a point on the complex plane, and s* represents its complex conjugate, then the

following inequalities will describe the respective regions [39]

s+ s*)sintf, —(s— s*)cosif,
( )sin g ( ,) 2 <0 (4.54)
(s —s")cos3b,  (s+s)sin 30,
—Tyq S — qa
<0 (4.55)
5% — Ga —Ta
s+ s* — 2b, 0
<0 (4.56)
0 —(s+ s*) + 2a,

To transform the scalar case in (4.54) - (4.56) to the matrix case, Chilali & Gahinet [11]
substituted (1. s.s*) with (P, Py Ay, A% P)) and hence, the following LMIs will describe

those regions

(PLAL + Al P)singf,  —(PrAyg — AL P cos 50,

(PLAL — Al P)cos 30, (PLA T P,)sin 1 <Y @7
1411 nPi)cosst,  (PLAn + Af 1) sin 50,
_Tapl PlAn_(IaPl
<0 (4.58)

A1T1P1 — g —1. P J



CHAPTER 4. AN LMI METHOD FOR DESIGNING SLIDING MODE OBSERVERS 49

PLAy + AT P — 2b, P 0
o 1 | <0 (4.59)
0 —(Pi AL + AL P + 20, Py

In order to obtain a convex optimisation problem, write P;.4;; = P A5 + Pioi Ao and
substitute into (4.57) - (4.59). This results in a well-posed convex problem as the inequalities

(4.57) - (4.59) are affine in P;; and Pio;.

The optimisation problem can be formally stated as:

Minimise trace(.X') with respect to the variables Py, Pjo;. P22 and X subject to the LMIs

given in (4.39) and (4.40) and any subset of (4.57) - (4.59).

4.7 Design algorithm summary

The results of §4.4 and §4.6 can be summarised in the form of a design algorithm:

Step 1: Check that rank(CM) = q. If not, the approach is not applicable. Then obtain the
canonical form of Edwards & Spurgeon [25] as given in equation (4.11). Check that the

eigenvalues of .4{, have negative real parts. If not, the approach is not applicable.
Step 2 : Define the matrix variables P € R"*" asin (4.41), and X € R"*".
Step 3 : Specify the weighting matrices 11" € R"*"™ and 1" € RP*P,
Step 4 : Form the LLMIs (4.39) and (4.40) where 4 and C are in the coordinates of (4.11).

Step 5 : If the eigenvalues of the sliding motion governed by 4;; are required to lie in any

particular region, form the relevant LMIs as a subset of (4.57) - (4.59).
Step 6 : Minimise trace(.X') subject to the LMIs formed in steps 4 and 5.

Step 7 : Partition the resulting matrix P to obtain P, Pjo; and Py, as defined in (4.41).
Compute L° = P[;' Py from (4.43) and P, = T(Pyy — PLP;'P)TT from (4.44)

where 7' is the orthogonal matrix from (4.11).

Step 8 : The observer gains can be computed (in the coordinates of (4.11)) as

—LTT
G,=P'C'v' and G, = P!
TT
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Step 9 : In the original coordinates, the gains are
G —T,'G, and G,—T,'G,

where T, is the coordinate transformation which induces the coordinates of (4.11). 0O

4.8 A modification

This section presents a more general solution than the design method in §4.4, where the vari-

able Y was constrained as Y = CT1~1. In this section, Y is left as a free variable.

The matrix inequality in (4.27) is equivalent to

[ pPA+a"P—yCc—pyC)yr P Y
-t 0 <0 (4.60)
Y7 0 —1!
by using the Schur complement. It follows that using the description of P in (4.41), the in-
equality (4.60) is affine in the variables Py;, 9. P22 and Y . Thus the problem of minimising
trace(.XX') subject to (4.60) and (4.40) is a well posed LMI problem in Py;, Pyo1, Py, Y and
XX, and can be solved using standard software routines. The observer gain (G; can be directly

calculated as

G, =Py (4.61)

which follows from the definition of Y. This will lead to the same choice of gain G that would
be obtained from §4.4 namely G; = P~'CTV ~!. In this section additional constraints will be
introduced which force the eigenvalues of (A — G,C) to lie in specified regions of the complex

plane whilst minimising trace(P~1).

The eigenvalues of (A — G,C') will be placed in the same type of regions as those described in

§4.6, specifically:

e a conic sector centered at (0,0) with inner angle 6,
e adisc of radius r, and centre (g,,0)

e a vertical strip a, < x < b,

As in §4.6, the following inequalities describe these regions:
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PA,+ ATP)sin 16, —(PA, — ATP)cosi0,
0 B} 0 2

_ <0 (4.62)

| (PA,— ATP)cosf, (P4, +ATP)sini6,

—r, P PA, —q,P
<0 (4.63)
AZP — q,P —r,P
PA,+ ATP — 2b,P 0

<0 (4.64)

0 —PA4,+ AP +24,P

In order to obtain a convex optimisation problem, write P4, = P4 — Y C from the definitions
of A, and Y. This results in a well-posed convex problem as the inequalities (4.62) - (4.64)

are affine in the variables P and Y. Thus the new optimisation problem can be stated as:

{Minimise trace(.XX') with respect to the variables Py, P21, P, X and Y subject to the

ILMIS (4.40) and (4.60) and any subset of (4.62) - (4.64).

Remark :

e As a result of the additional constraints (4.62) - (4.64), " can no longer be constrained

as in (4.29), as it is now needed for pole-placement of (4 — G,C).

e The value of trace(.X') would be expected to be larger than the case when (4.62) - (4.64)
are not included. This is because in the absence of the constraints (4.62) - (4.64), the
variable Y is free to be Y = C717~1; this condition causes the left hand side of inequal-
ity (4.28) to be at its minimum, and hence has the most freedom for any optimisation

objective.

4.8.1 Effect on the sliding motion system matrix design

This subsection will consider the effect on the sliding motion system matrix when Y is not
constrained as in (4.29). Applying the linear change of coordinates 77, to (4.27), the top left
block will be

PAL+ALP + PP+ VY] <0 (4.65)

where

Wi
V2

= (T )Y (4.66)



CHAPTER 4. AN LMI METHOD FOR DESIGNING SLIDING MODE OBSERVERS 52

and Y, € RM™~P)*P_ Substituting for W, from (4.48) and for the special case where 11, = 0,
PlA + AT P+ PWL P+ PLLWyo (L))" P+ VY] <0 (4.67)

This is different from (4.50) because of the term ylvy{f which is positive definite. Although
arguments likening (4.67) to an LQG structure for the pair (A;;, A1) can still be made, the
results will be more conservative because of the term Y,V VI, Again, the constraints (4.57) -

(4.59) can be incorporated to influence the sliding mode poles.

4.8.2 Design algorithm summary

The design algorithm associated with this section is almost identical to that in §4.7:

Step 1 : Identical to step 1 in §4.7.

Step 2 : Define the matrix variables P and X as in §4.7, and also Y € R"*P,

Step 3 : Identical to step 3 in §4.7.

Step 4 : Form the LMIs (4.60) and (4.40), where 4 and C are in the coordinates of (3.69).
Step 5 : Identical to step 5 in §4.7.

Step 6 : If the eigenvalues of (.4 — G,C) are required to lie in any specific region, form the

relevant LMIs as a subset of inequalities (4.62) - (4.64).

Step 7 : Minimise trace(.X) subject to the LMIs formed in steps 4, 5 and 6 and partition the

matrix P> as in step 7 from §4.7 to obtain L and P,.

Step 8 : The observer gain matrices (in the coordinates of (3.69)) can then be calculated as

s —LTT .
G,=P'Y and G, = P
TT

where T is the orthogonal matrix from (3.69).

Step 9 : Identical to step 9 in §4.7. O
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4.9 An example

The new design method proposed in this chapter will now be demonstrated by an example.
This example is a 7-th order aircraft model taken from Heck et al. [51]. The system matrices

are

0 0 1.0000 0 0 0 0
0 —0.1540 —-0.0042  1.5400 0 —-0.7440 —0.0320
0 0.2490 —-1.0000 —5.2000 0 0.3370  —1.1200
A= 0.038 —0.9960 —0.0003 -2.1170 0 0.0200 0
0  0.5000 0 0 —4.0000 0 0
0 0 0 0 0 —20.0000 0
I 0 0 0 0 0 0 —25.0000 |
0]
0 O
0 0
B =\ = 0 0
0 0
20 0
I 0 25 |
( 0 —-0.1540 —-0.0042  1.5400 0 —0.7440 —-0.0320 ]
Co 0 0.2490 —-1.0000 —5.2000 0 03370 —1.1200
1.0000 0 0 0 0 0 0
I 0 0 0 0 1.0000 0 0
where the states, inputs and outputs respectively are: -
i o) ] bank angle (rad)
r | yaw rate (rad/s)
p | roll rate (rad/s)
T = | ¢ | sideslipangle (rad)

x7 | washout filter state

9, | rudder deflection (rad)

| da | aileron deflection (rad)
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Oy | rudder command(rad)

dac | aileron command(rad)

r. | roll acceleration (rad/s?)
P | yaw acceleration(rad/s?)

¢ | bank angle (rad)

| @ washout filter state

The following matrices were obtained for the canonical form described in §4.3: the system

matrix

—2.0722  5.0994  1.6893 0 -0.1801 0.5527 —0.6465 ]

0.0000 —0.0000 —0.0000 0 0.0000 -0.4607 —0.8969

0.0000  0.0000  0.0000 0 —0.0000 0.9884 —0.4625

A= —0.0000  0.4962  0.0226 —4.0000 0 0.0000 0.0000

0.0000  0.0122 —-0.9159 0 0 0 0.0000

—20.1535 —3.2909 —6.9001 0 0.1583 —25.7219 0.6257
| 15.4751 5.0661 —1.3973 0 —0.1370 2.3305 —20.4769 J

and the input and output distribution matrices are

o O o o O
o o o o O

0.0000  25.8356
16.3353 —10.8242

0 0 0 —0.4126 -0.9109 ]
0 0 0 —0.9109 0.4126
0 0 1.0000 0 0
0 1.0000 0 0 0

- -

o o O O
o O O O

respectively. From the system matrix 4, the following can be isolated

—2.0722 | 5.0994 1.6893

A A
A = = 0.0000 | 0.0000 0.0000

0 e
2 0.0000 | 0.0000 0.0000



CHAPTER 4. AN LMI METHOD FOR DESIGNING SLIDING MODE OBSERVERS 55

and
0.0000 | 0.4962 0.0226

Ao = [ 0 A, ] =
0.0000 | 0.0122 —0.9159

Also from the output distribution matrix ', the orthogonal matrix

0 0 —0.4126 —0.9109 |
- 0 —09109 0.4126
0 1.0000 0 0
10000 0 0 0

can be identified. Notice from ;; that the system has an invariant zero at —2.0722.

4.9.1 The optimal solution

Specifying the weights 11" and 1" from inequality (4.39) to be

I’Vll ”712 I’Ivlg 008[5 0 0
W=1 WL Wy Ny | = 0 008 0 (4.68)
U'lg ”'27; I’Vgg 0 0 005]2
V' =0.21, (4.69)

and implementing the synthesis procedure in §4.4, i.e. minimising trace(P 1) subject to

(4.39) and (4.40), yields the following results:

—3.5281 —0.1519
L°=| —1.6176 —0.2722
0.5550  0.8274

[ 1.8468 0.4484  0.2924  3.3825
0.4484 0.2267  0.0900  0.4750
0.2924 0.0900  2.9842 —1.3817
| 3.3825 0.4750 —1.3817 84.7829

From the value of L° obtained, it follows that the sliding motion system matrix

—2.0722  3.3470  1.7488
A=A+ LAy, = 0.0000 —0.8059  0.2128 (4.70)
0.0000  0.2855 —0.7453
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The linear gain matrix (in the coordinates of (4.11))

—0.6525  0.6311  0.4093  0.2372
—0.3623  0.2575  0.5380  0.1172
0.3532  0.0269 —1.4545 —0.0707
G =P'C"V = —0.1715 0.1856  0.0415  0.0655 (4.71)
—0.3119 —0.1570  1.7300  0.0415

7.4533 —34.7365  0.2717 —0.0983
| -9.6141 275423 02193 0.2328

and the gain associated with the nonlinear output error injection

—0.1305  0.1262  0.0819  0.0474 ]
—0.0725  0.0515  0.1076  0.0234
0.0706  0.0054 —0.2909 —0.0141
G, = Py =1 -0.0343 0.0371  0.0083  0.0131 4.72)
—0.0624 —-0.0314  0.3460  0.0083
1.4907 —-6.9473  0.0543 -0.0197
—1.9228  5.5085 0.0439  0.0466

It can be shown that:
AMA—=GC) ={-70.3606, —23.6149, —4.0551, —0.7589 + 0.98817, —1.9096, —1.2967}

and the sliding motion is governed by A(A;;) = {—2.0722,—-0.5273, —1.0239}. Notice the
invariant zero appears in the dynamics of the sliding motion. This design will be used as
a benchmark. The effect of varying the weighting matrices " and V" and the inclusion of

additional LMI constraints will be explored in the following subsections.

4.9.2 Simulation results

The following simulation uses the matrices and parameters obtained from the synthesis in
§4.9.1. In the aircraft system, initial perturbations of —0.1 rad, 0.0843 rad and 0.1 to the bank
angle, sideslip angle and washout filter state respectively were assumed. The remaining initial
conditions of the plant were set to zero. The initial conditions of the observer were all set to

zero. In this simulation p(t,y,u) = 0.5 was chosen ! and the discontinuous injection vector

"Throughout this thesis, the parameter p(t,y, ) will be chosen as a constant scalar. It can in fact be chosen
as a time-varying function, but the time-varying properties of the disturbance signal £(¢, z,u) will need to be

known.
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from (4.10) has been smoothed by approximating

v=—p(t,y, u)' 4.73)

%
eyl + 4

with d = 1 x 107° [27, 25, 26].

1 1 L 1 1 1 1 1
o} c.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
seconds

Figure 4.1: Output estimation error ey(t): this shows that sliding motion takes place in finite time.

0.005 - ; -

-0.005 - . : —

-0.01 - —

~0.015~ : 4

—~0.02 L L 1 1 1 1
0.6 0.8 1 1.2 1.4 1.6 1.8 2
seconds

Figure 4.2: Output estimation error e, (t) (at a much smaller scale)

Figure 4.1 shows the evolution of the four output estimation error signals that comprise e, (¢).
It can be seen from Figure 4.2 (which is a ‘blown up’ version of Figure 4.1) that the vector
e,(t) reaches the sliding surface and that sliding takes place after 1.4 seconds approximately.

Figure 4.3 shows the evolution of the state estimation errors (over a different time scale).
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025 — T — T

seconds

Figure 4.3: State estimation error of the system

4.9.3 The effect of increasing 117,

Increasing 117, by a factor of 10, the new weighting matrices become

0.815 0 0
0 0.081, 0
0 0 0.051

W

V=021
Repeating the synthesis procedure in §4.4, the following results were obtained:
AMA = GC) = {—89.5964, —24.8035, —4.0452, —1.5789 £ 0.71114, —1.2569 + 1.0604i}
and the eigenvalues of the sliding motion system matrix
AAp) = {=2.0722. —0.9975, —1.8643}

Notice, as argued in §4.6, the differential weighting of 117, and 1%, in favour of 117, has
made the sliding mode dynamics faster (except for the eigenvalue at —2.0722 associated with

the invariant zero, which will always appear as a sliding mode pole).

4.9.4 The effect of increasing 117,

Increasing 1175, by a factor of 10, the weighting matrices become

0.087; 0 0
0 0.81, 0
0 0 0.051,

W

Il
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V =021
Repeating the synthesis procedure in §4.4, the following results were obtained
AMA - G,C) = {—190.4475, —30.1623, —4.4815, —0.6816 £ 0.38357, —1.9643 + 0.0463¢}
and the eigenvalues of the sliding motion system matrix
AMAq) = {=2.0722, —0.7535, —0.2086 }

Notice that the differential weighting of 115, compared to 11';; has made the sliding motion
dynamics slower. As discussed in §4.6, the matrices 117, and 115, play the roles of perfor-
mance and noise attenuation matrices respectively in an LQG sense. This is demonstrated in
§4.9.3 and §4.9.4. Increasing the size of the matrix 117, caused A( A1) to go further into the
left half plane, whilst increasing the size of the matrix 152 had the opposite effect on A(A;;).
In both cases, the eigenvalues of A — (G;C have generally increased, as both situations involve

an increase in magnitude of the matrix 11" relative to V".

4.9.5 Placing the eigenvalues of the sliding motion system matrix

In this subsection, several LMIs will be added as described in §4.6 to force the eigenvalues of

Ay to lie in a specified region. The region is an intersection of the following constraints:

e acircle with centre (—2,0) and radius 1

e an upper bound vertical strip intersecting the real axis at —2

Applying the synthesis procedure from §4.6 with the weighting matrices from §4.9.1, the fol-

lowing results were obtained:
AA = GiC) = {—89.4654, —22.8376, —4.0606, —2.5796 £ 0.9593i, —1.8314 + 0.35514}
and the eigenvalues of the sliding motion system matrix
A(Aq) = {—2.0722, —2.0027 + 0.0949:}

[t can be clearly seen that the eigenvalues of .A;; have been successfully forced into the speci-

fied region.
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4.9.6 Placing the eigenvalues of the linear part of the observer (the modification)

In §4.9.1, the optimal solution yielded an eigenvalue very far in the left half plane at —70.6303.
Furthermore, there were two relatively undamped poles at —0.7589 £ 0.9881:. In this subsec-
tion, several constraints will be added to the LMI optimisation se that the poles can be forced

into a specified region, whilst still minimising trace(P1).

Using the original weighting matrices in §4.9.1, and applying the synthesis procedure in §4.8,
i.e. minimising trace(P™!) subject to (4.27) and (4.40), and at the same time applying the

following constraints on the observer - the eigenvalues of .4 — G;C must lie in

e an upper bound vertical strip intersecting the real axis at —2
e a lower bound vertical strip intersecting the real axis at —30

e a conic sector of half inner angle 45°

the following results were obtained :
MA — GC) = {-27.4056, —19.4923, —5.0702. —4.1022, —2.4683. —2.1552, —3.3334}
and the eigenvalues of the sliding motion system matrix
AMAp) = {—2.0722, —2.1582 + 0.0749i}

It can be seen that the poles are now more in a preferable region, however, the sub-optimality

has been lost. This is a trade-off that needs to be made by the designer.

4.10 Conclusion

This chapter has demonstrated how Linear Matrix Inequalities (LMIs) can be used to synthe-
sise the gains of a sliding mode observer. A formulation has been presented in which the linear
component of the observer resembles a sub-optimal version of the classical LQG observer and

two design weighting matrices allow a trade-off between performance and sensor noise.

In this approach, the system matrix that governs the sliding motion can be indirectly designed
using notions from LQG theory. Certain partitions of the state weighting matrix play the roles
of the ‘performance weighting’ and ‘noise amplification” matrices for the sliding motion. It

has also been shown how additional LMIs can be added to force the eigenvalues of the sliding
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motion matrix to lie in certain regions of the complex plane by using pole-placement and

root-clustering methods whilst still maintaining a convex optimisation problem.

Finally, a modification to the design procedure was presented - where a more general solution
was obtained in which, by adding additional LMI constraints, the eigenvalues of the linear part

of the observer were forced to lie in specified regions.



Chapter 5

Sliding mode observers to reconstruct sensor faults

5.1 Introduction

At the beginning of Chapter 3, it was mentioned that sliding mode observers have been used
for FDI schemes. Hermans & Zarrop [52], Yang & Saif [125], and Sreedhar et al. [102] have
designed sliding mode observers such that in the presence of faults, the observer ceases to
slide. This causes the output estimation error to be nonzero, and this signal is used as the
residual to indicate the occurrence of a fault. Edwards et al. [27, 26] designed a sliding mode
FDI scheme which maintained sliding motion in the presence of faults and reconstructed the
faults using the equivalent output error injection. Yeu & Kawaji [128] subsequently designed
a fault reconstruction scheme for a descriptor system, using a similar approach. Xiong &
Saif [122] designed a sliding mode observer for certain components of the system state, and

reconstructed the fault using the same equivalent output error injection approach.

In Edwards er al. [27, 26], reconstructions of actuator faults could be accurately obtained.
However, in the case of sensor faults, only the steady-state component of the sensor faults
could be reconstructed. The work described in this chapter seeks to improve on the sensor

fault reconstruction method by Edwards er al. [27, 26].

The underlying principle in each method is that certain signals associated with the system are
filtered. The filtered signal appears to be the output of a fictitious system that treats the sensor
fault as an ‘actuator fault’. As the filtered signal is available online, a sliding mode observer
can be designed for the fictitious system, to reconstruct the sensor fault using the actuator fault

reconstruction method by Edwards et al. [27, 26].

All the methods presented in this chapter will be demonstrated with examples.
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5.2 Using sliding mode observers to reconstruct actuator faults

The purpose of this section is to present the background work necessary for this chapter, and
basically describes the actuator fault reconstruction method of Edwards et al. [27, 26]. Con-

sider a nominal state-space system that is subject to an actuator fault

o(t) = Ax(t) + Bu(t) + M fi(t) (3.1
y(t) = Cur(t) (5.2)

where 4 € R™" B € R, C € RP*™ and f; € RY represents an actuator fault which is

beunded by
£ < alt.y,u)

where « is a known function. The matrix A/ is the fault distribution matrix.

From §3.5, an Edwards - Spurgeon observer [23, 25] for the system (5.1) - (5.2) is

2(t) = Ai(t) + Bu(t) — Gey(t) + Gov (5.3)
y(t) = Ci(t) (5.4)
where
v=—p(ty. u) H H e, #0 (5.5)
y

and e, (t) := g(t) — y(t) is the output estimation error.

Defining e(t) := @(t) — x(t) as the state estimation error, the following error system can be

obtained from (5.1) - (5.2) and (5.3) - (5.4)

e(t) = (:l - GIC)e(f) + G — A[f,;(l‘) (5.6)
Assuming that the following conditions are satisfied

Al CAI has full column rank

A2 all invariant zeros of (A, M, C') (if any) are stable

then there exists a change of coordinates such that the triple (A, M, C) can be written in the

form

M= , C:{oz* (5.7)

| S
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where M, € R9*7 is nonsingular, T € RP*? is orthogonal and the pair A;; € R(n=p)x(n—p)
and Ay, € RP-9x(=p) i detectable. As in §3.5.1 the unobservable modes of (A1, Ay;)

represent the invariant zeros of (A4, A/, C). In this coordinate system, G, has the structure

LT :
G, = A (5.8)
T

where P, € RP*? is symmetric positive definite and
L=|r 0] (5.9)

where L° € R"=P)*(P=9) is 3 design matrix.

If there exists a symmetric positive definite matrix P of the structure

P P L
P = , >0 (5.10)
L'pe TTP,T+LTP L
where P, € R(=)x(n=p) that satisfies P(4A-GC)+ (4 -GC)'P < 0, and if the scalar
function p(.) in (5.5) satisfies p(¢, y, u) > ||P,C'M||a(t, y, u) +1, where 1, is a positive scalar,

then from Proposition 4.1 and Corollary 4.1, sliding motion is attainable in finite time on the

surface S = {e : C'e = 0}.

As in §4.3, to analyse the sliding motion, it is convenient to change coordinates. Introduce a

new change of coordinates e — 17 e where

I,., L
T, = P (5.11)
0 T

Applying the change of coordinates induced by 77, to the triple in (5.7) yields

A Ay 0
A= L M= cc=lo 1] (5.12)
A A M,
where A = Ay + LAy, and My, € RPX. Since (A, Aspy) is detectable, L° can be

chosen so that Ay, is stable. In this coordinate system, the gain G,, has a special structure and

G, has a general structure given by

g 0
G=|"1, 6 = (5.13)
Gio P!

where G, € RU-P)xp,
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Transforming the error system (5.6) to the coordinates of (5.12) and partitioning conformably

él(t) = A11€1(t) —+ (./412 — Qg,l)ey(t) (5.14)
e,(t) = Aner(t) + (An — Gia)ey(t) + Pty — My fi(t) (5.15)

During the sliding motion, e, (t) = é,(¢) = 0 and hence (5.14) - (5.15) become

el(t) = Ane(t) (5.16)
0 = Ane(t) + P, ey — Maofi(t) (5.17)

where v,, is the equivalent output error injection required to maintain sliding motion as de-
scribed in §3.3.1. Edwards et al. [27, 26] argue that since M, has full column rank, a recon-

struction for f;(¢) can be defined as

filt) == (MEMy) "M P, (5.18)

From [27, 26], since Ay, is stable, e;(¢) — 0 and hence from (5.16) - (5.18)

filt) = filt) (5.19)
The reconstruction signal fi(t) is computable online, since v,, is computable online by replac-

ing (5.5) with
e

Yy
Iyl 49 20

Vs = _p(f y. U)

where ¢ is a small positive constant which governs the accuracy to which the equivalent injec-

tion is approximated. For further details see [27, 25].

This section can be summarised as

For the system in (5.1) - (5.2) subject to an actuator fault f;(¢); if conditions Al and A2

are satisfied, then an Edwards - Spurgeon observer can be designed to reconstruct the fault

fi(t).

S5.2.1 A system subject to sensor faults

Consider the nominal system (5.1) - (5.2) subject to sensor faults. In this scenario, f;(t) = 0

and the system equations become

x(t) = Ax(t) + Bu(t) (5.21)
y(t) = Ca(t) + fo(t) (5.22)
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where f, € RP is the sensor fault vector. Assuming the sliding mode observer described by

(5.3) - (5.5) has been designed for the system, the error system would then satisfy

é(t) = Ae(t) — Giey(t) + Gnr (5.23)
ey(t) = Ce(t) — folt) (5.24)

Applying the change of coordinates 7}, from (5.11), then partitioning (5.23) conformably with
(5.12),

é1(t) = Ape(t) +Aple,(t) + fo(t)) — Giaey(t) (5.25)
éy(t) + fo(t) = Asiei(t) + Anley(t) + fo(t)) — Gioey(t) + Py (5.26)

Assuming sliding motion has been attained (and hence e, (t) = é,(t) = 0), the error system

(5.25) - (5.26) satisfies

éi(t) = Anei(t) +Anfo(t) (5.27)
folt) = Aner(t) + Anfolt) + Py e (5.28)

5.2.2 The sensor fault reconstruction method by Edwards et al.

In [27, 26], assuming that A is full rank, Edwards er al. defined a reconstruction for f,(t) as

PN

fo(t) = (»A21¢41_11v412 - AQZ)—lPo_ll/eq (5.29)

At pseudo steady-state € (¢) ~ 0, and assuming the sensor fault is a slowly varying drift such

that f,(t) & 0, it follows from (5.27) - (5.29) that

fo(t) = folt) (5.30)

By combining (5.27) - (5.28), it can be seen that

P ey = folt) — Agt ATLe (1) + (Aot ATL A — Ag) fo(t) (5.31)

Substituting (5.31) into (5.29), it is straightforward to show that
folt) = folt) + (Ant AT Are — Aza) 7 fo(t) = (Ant A A — Ago) Ay Ae (1) (5.32)

which demonstrates how the sensor fault reconstruction in (5.29) is corrupted by fo(t) and
é1(t) which have been neglected in the analysis. The following parts of this chapter provide

improvements to this method of sensor fault reconstruction.
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5.3 Two methods to perfectly reconstruct the sensor fault
5.3.1 Secondary observer method

Assume a sliding mode observer has been designed for the system (5.21) - (5.22), and that
sliding motion has been attained. The error system will then be governed by (5.27) - (5.28).

Equation (5.28) can be re-expressed as

Py, = —Ager(t) — Apafolt) + folt) (5.33)

Consider a new state z; € R? that is a filtered version of P, v, satisfying
H(t) = —Apz(t) + 451 P e (5.34)
where — Ay, € RP*P is a stable filter matrix. Substituting from (5.33) into equation (5.34)
H(t) = —Ap1z1(t) — AprAner () — Ap 1Az folt) + Af,lfo(f) (5.35)
Define a new state w € RP as
w(t) =z1(t) — Apifo(t) (5.36)
Differentiating (5.36) and substituting into (5.35) for z; (¢) and 21 (t) yields

U}(t) = —Af71.»42161(?f) - Af_lu/'(t) + (_A?’,l - f‘f"lAQQ)fO(t) (537)

Consider a new state z; € R” that is a filtered version of 2, (¢)
E(t) = —Aso2(t) + Asaz (1) (5.38)
where — A, € RP*P is a stable filter matrix.
Substituting from equation (5.36), equation (5.38) becomes
H(t) = —Apoz(t) + Apow(t) + AjaAsi fo(t) (5.39)

Equations (5.27), (5.37) and (5.39) can be combined to form an augmented state-space system

of order n + p represented by

é1(1) Al 0 0 e1(t) A
w(t) | = | —ApAan -4y 0 w(t) | + | =A%, = Ap1 Ay | folt) (5.40)
2(t) 0 A =450 | | 20) Arods,
e; (1)
2(t) = [0 0 lp] w(t) (5.41)
< 2
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Equations (5.40) and (5.41) are now in the form of equations (5.1) and (5.2) and represent a
system with an actuator fault f,(t). Note that the system (5.40) - (5.41) is a fictitious system,
but its output 2,(t) is easily available by twice filtering the signal P, 'v,,. Hence a sliding
mode observer can be designed for the system since its state-space matrices (A,, AM,, C,)
are known, and the sensor fault f,(¢) can be reconstructed using the method by Edwards et

al. [27, 26] described in §5.2. The observer designed for the system (5.40) - (5.41) will be

termed the secondary observer.

Define v, , as the equivalent output error injection associated with the secondary observer,
and G, , as its nonlinear gain. Further, define P,, € R**? as the symmetric positive definite
matrix that scales GG, , (the same way P, scales GG,, in (5.8)). From the structure of M, in the

observer canonical form of (5.45) (in a similar way to (5.18)), defining the reconstruction for

fo(t) as

fo(t) = AT AT P a Veqa (5.42)

will result in

fo(t) = [o(t) (5.43)

as t — oc if 4 is stable. A schematic diagram of the FDI scheme in this section is shown in

Figure 5.1

5.3.2 Existence conditions

The existence conditions for the secondary sliding mode observer will be investigated in this

section, based on conditions Al and A2 in §5.2.

[t is easy to see that C', M, = AfpA;; and since A;, and A;; are both stable (and hence full

rank), it is clear that condition A1 is satisfied.

The triple (A,. M,.C,) in (5.40) - (5.41) represents a square system, and hence there is no
freedom in tuning the sliding motion of the secondary observer [23]. In this case, the observer

canonical form in (5.12) can be directly obtained by applying the coordinate transformation
L 0 —Algfl;}fl;é
T, = 0 —AJ:} -(Af,1 + Agz)r/l;%rl;,é (5.44)
0 0 I,
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fo(t)
u(t) Nominal system +y(t)
(4, M, C) » Sliding mode Veq
P observer for
(A, M, C)

_| Filter banks z1(t) _| Filter banks 25(t)
“lin (5.34) “1in (5.38)

Secondary sliding y .
.| mode observer for|__¢¢ | A APl b fo(t)
(Ag. M, Cy)

Figure 5.1: Schematic of the FDI scheme using the secondary observer

to the triple (A,. M, C,) which becomes

A Ay * 0
A= | Ay Ao x | .M, — 0 Oy — [ 0 0 i I, } (5.45)
0 _‘4f«2‘{f,1 * flf.?l;lf,l

where the entries “*’ play no further part in this analysis of the reduced order motion of the
secondary observer. The structure of (4,, A,, C,) in (5.45) shows that the sliding motion is
governed by the eigenvalues of the open loop plant. This means that this method is applicable

only to open loop stable systems.

5.3.3 Single observer alternative method

An alternative but related method can be used to reconstruct sensor faults. Consider a new

state z3 € RY that is a filtered version of y(t) from (5.22). Then from (5.22),

23(7‘,) = —A4f’323(t) + AfngI(t) + Af,gfo(t) (5.46)
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where —4; 5 € RP*? is a stable matrix. Equations (5.21) and (5.46) can be combined to form

an augmented state space system

,'/. Y. - B D
A0 0 u(t) + £.(1) (5.47)
Z?(t) flftgc “flf’g Z3(t) 0 ‘Aif,B
~~ N~—— ——
Ap By My
r{t
5t = [0 1, ] ) (5.48)
\.T/ Zg(t)

Equations (5.47) - (5.48) are now in the same form as (5.1) - (5.2) and hence an augmented
sliding mode observer of the order n + p can be designed for the system described by (5.47) -
(5.48) to reconstruct the fault f,(¢). In the same way as in §5.3.2, the fault reconstruction can

be obtained by

~

folt) == A7 35, Vegs

where P,, € RP*? is the symmetric positive definite matrix that scales the nonlinear gain of
the augmented observer, and v, is the equivalent output error injection of the augmented

observer. A schematic diagram of the FDI scheme in this section is shown in Figure 5.2.

folt)
u(t) Nominal system + y(t) Filter banks 23(t)
1 (AAL0) + in (5.46)
"| Augmented sliding Vegs A
mode observer for — > A}},PO—,; — fo(t)
(-41), A[b, Cb)

Y

Figure 5.2: Schematic of the FDI scheme using the augmented observer

The triple (A4, My, C,) represents a square system and the matrices are already in the form of
the observer canonical coordinates in (5.12). Hence it is clear that the sliding motion matrix of
the augmented observer is given by A, implying that the open loop system needs to be stable.

This condition is identical to the requirements for the method in §5.3.1.
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5.3.4 Examples

This subsection will demonstrate the methods that have been presented in this section, using
the 7-th order aircraft example in §4.9. This system is open loop stable and so the methods

described in this section are applicable.

For the secondary observer method presented in §5.3.1, both the primary and secondary ob-
servers were designed using the LQG-like design method in §4.4. For the primary observer,
the weighting matrices 1" = 0.1/; and 1" = [,. For the secondary observer, the weights
W, = 0.1I;; and V, = I, and filter matrices were chosen as A;; = Ay, = 5I;. The syn-
thesised gains of both observers are available in the file ch5/aircraft/secondaryobs.mat on the

disk attached with this thesis.

In the simulation, the parameters associated with the nonlinear discontinuous term in (5.20)
p=ps=050,0 =1x10"*and §, = 1 x 107° were chosen. The subscripts ‘a’ indicate that

the parameter is associated with the secondary observer.

o 20 a0 6o s0 o 20 a0 L) 80
ssssssssssssss

Figure 5.3: The left subfigure shows a fault on the first sensor. The right subfigure shows its recon-

struction using the secondary observer method in §5.3.1.

o 0 A N 4
T T T

o 0 0y LAY
T T T

ssssssssssssss

Figure 5.4: The left subfigure shows the reconstruction of the fault on the second sensor. The right

subfigure shows its reconstruction using the secondary observer method in §5.3.1.

Figures 5.3 and 5.4 show the faults acting on sensors 1 and 2 as well as their reconstructions,

using the method in §5.3.1. It can be clearly seen that the reconstruction signals are visually
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identical to the fault signal.

1
) 20 ao eo a0 ES ao so B0
seconds seconas

Figure 5.5: The left subfigure shows the reconstruction of the fault on the first sensor. The right

subfigure shows its reconstruction using the method by Edwards et al. from (5.29).

20 - a0 s 80 (=] =20 <0 s0 80
ssssssssssssss

Figure 5.6: The left subfigure shows the reconstruction of the fault on the second sensor. The right

subfigure shows its reconstruction using the method by Edwards et al. from (5.29).

Figures 5.5 and 5.6 show the fault reconstruction using the method by Edwards ez al. [27, 26]
from equation (5.29), which uses only v,, from the primary observer. Notice that the fault
reconstruction follows the fault for the steady state, but not during the transient. Furthermore,
there exists coupling between reconstruction channels during the transients. Therefore, the

method in §5.3.1 is an improvement on the method by Edwards ef al. [27, 26].

For the single observer method in §5.3.3, the augmented observer was also designed using
the method in §4.4. The weights W, = 0.011,; and 1}, = I, and the filtering matrix A;; =
1075 were chosen in designing the augmented observer. The resulting gain matrices for the
augmented sliding mode observer are available in chS/aircraft/singleobs.mat. The parameters

in (5.20) were chosen as p, = 50 and &, = 1 x 10~ %,

Figures 5.7 and 5.8 show the augmented sliding mode observer faithfully reconstructing both

the sensor faults.
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1
o 20 a0 =) 8o o ER) a0 so B0
seconds . seconds

Figure 5.7: The left subfigure shows a fault on the first sensor. The right subfigure shows its recon-

struction using the single augmented observer method in §5.3.3.

z0 a0 =re) B0 =) z0 a0 8o 8o
oooooooooooooo

Figure 5.8: The left subfigure shows the reconstruction of the fault on the second sensor. The right

subfigure shows its reconstruction using the single augmented observer method in §5.3.3.

5.4 Reconstruction of sensor faults assuming some nonfaulty sensors

In §5.3, the methods for sensor fault reconstruction were restricted to systems that are open
loop stable. This essentially arises from the fact that the observer design was based on a
square system because the number of faulty sensors is equal to the number of outputs (all
sensors faulty), allowing no freedom in designing the sliding motion, and causing the sliding
motion to be governed by the eigenvalues of the open-loop plant. This section seeks to relax
this condition. One way to proceed is to assume that some of the sensors are not prone to be
faulty, and hence are perfect. Precedents for this can be found in [96, 120]. This scenario can

be mathematically represented by modifying the output equation (5.22) to become
y(t) = Cz(t) + Ff,(t) (5.49)

where in this case f, € R" is the vector of faulty sensors, F' € RP*" is the sensor fault

distribution matrix, and rank(F') = h, where p > h.
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5.4.1 Secondary observer method

The analysis in §5.3.1 can be repeated by substituting f, € R? with F'f,. As a result, the
system triple (A,, M,, C,) associated with the augmented secondary observer in (5.40) - (5.41)

can be re-written as

A 0 0 A F 0
Ay = _Af,I-A‘Zl —r’lfJ 0 M, = "*44121(‘4}0,1 + AQQ)F ) CZ =10 (5.50)
0 Ajp —Ag Appds F I,

In this scenario, M, € R P)X2 and since p > h, there is freedom in tuning the sliding motion

of the secondary observer.

5.4.2 Existence conditions

Since rank(F') = h and C, M, = As1A;2F, condition Al in §5.2 is satisfied.

Proposition 5.1 The invariant zeros of (A, M,, C,) are given by values of s satisfying

sly.,— A 0
rank P <n+h

C F

Furthermore, the invariant zeros of (4., M,, C,) C A(A).

Proof

The invariant zeros of (.4,, 1/,, C,) are given by the values of s when

sl, — A, =3,
P.(s):= . .

loses rank. Substituting for A,. M, and C, from (5.50),

L, ~An 0 0 CApF ]
Pus) = ApiAor s+ Apy 0 AFF + Ap A F
0 ~Agy s+ Ay, —Ap, A F
0 0 I 0

It is straightforward to show that P,(s) will lose rank if and only if

Sln_p - ./411 0 —AlgF
P,(s) = Af,l.Agl sl, + Ay, ‘4?71}7 + A1 A F
0 — Ay —Apy A F
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loses rank. Pre-multiplying and post-multiplying P,(s) by

L, O ~AnpA7 AL
0 —A7} —(Ag+ Axn)ATiATS
0 0 ATIAL,
and
L, 0 0
0 =41 0
0 0 -1,

respectively, it follows

shy , — A —Ap 0
rank 15@(5) = rank — A sly— Ay 0
0 I, F
s, —A 0
= rank
C F

Hence the invariant zeros of (A,, M,, C,) are given by the values of s when

sl,—A 0
rank <n-+h
C F

Notice that if s is not an eigenvalue of A, then det (sI, — A) # 0 and

sl,—A 0
rank =n-+h
C F

Hence the invariant zeros of (A4,, M,,C,) C A\(A4) as claimed.

(5.51)

(5.52)

Remark : If the original system matrix 4 is stable, then the fact that the invariant zeros of

(Aq, M,. Cy) € A(A) causes no difficulty. The only implication is that certain modes of the

sliding motion are fixed.

5.4.3 Single observer method

As in §5.4.1, by substituting f, € R? with F'f,, the triple (A4,, M,, C) from §5.3.3 can be

rewritten as

4, = Dolm=] C=10 1]

(5.53)
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From (5.53), it can be seen that C, M, = Af3F and it is easy to see that condition Al is

satisfied since rank (F) = h.

Proposition 5.2 The invariant zeros of (A, My, Cy) are given by values of s for which

sl,b—4 0
rank <n+h (5.54)
C F

Furthermore, the invariant zeros of (Ay, My, Cp) C A(A4).

Proof

From (5.53) and (5.54), the invariant zeros of (A,, AM,, Cy) are given by the values of s for

which
sl — A 0 0
Pb(S) = “‘rlfygc SIp + rlf,g —;1f’3F
0 I, 0 J
loses normal rank. It is straightforward to show that P,(s) loses normal rank if and only if
sl, — A 0
rank <n-+h
'_‘_1f.3c _4“1f’3F

Pre-multiplying by the invertible matrix

I, 0

it is easy to see that the invariant zeros of (A4,, M,, C,) are given by the values of s when

sl,—A 0
rank <n+h (5.55)
C F
Arguing as in proof of Proposition 5.1, the invariant zeros of (.4, M, Cy) C A(A4). [

Remark : As seen from §5.3 and §5.4, the secondary observer and single observer meth-
ods are very similar; both use augmented sliding mode observers of order n + p and have
identical existence conditions. However, there are subtle differences. The secondary observer
method relies firstly on the existence of a primary observer, which means that the primary
triple (A, M., C) needs to be minimum phase, and C'M needs to have full column rank. For
the single observer method, there is no such requirement, and only one observer needs to be
designed. Therefore, for purely sensor fault reconstruction, the single observer method would
provide the better option. However, for cases where estimates of the state are required (for

example observer based control), then the secondary observer method has the advantage.
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5.4.4 Examples

The methods in §5.4 will now be demonstrated on an unstable system. The method in §5.3

is not appropriate for this system. The example is an 8-th order model of a helicopter with 6

outputs and 4 inputs, taken from [24]. The states are given by

the inputs are

and the measured outputs are

7

"™ O

-

U

pitch attitude (rad)

roll attitude (rad)

body roll rate (rad/s)
body pitch rate (rad/s)
body yaw rate (rad/s)
forward velocity (ft/s)
lateral velocity (ft/s)

normal velocity (ft/s)

main rotor collective (deg)
longitudinal cyclic (deg)
lateral cyclic (deg)

tail rotor collective (deg)

heave velocity (ft/s)
pitch attitude (rad)
roll attitude (rad)
heading rate (ft/s)
body pitch rate (rad/s)
body roll rate (rad/s)

he matrices that define the model are given by
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[ 0 0 0 0998  0.0534 0 0 0]
0 0 1.0000 —0.0032 0.0595 0 0 0
0 0 —11.5705 —2.5446 —0.0636 0.1068 —0.0949  0.0071
N 0 0 04394 —1.9982 0 0.0167 00185 —0.0012
0 0 —2.0400 —0.4590 —0.7350 0.0193 —0.0046  0.0021
~32.1036 0 —0.5034 2.2979 0 —0.0212 —0.0212  0.0158
0.1022 32.0578 —2.3472 —0.5036 0.8349  0.0212 —0.0379  0.0004
| 19110 17138 —0.0040 —0.0574 0 0.0140 —0.0009 —0.2003]
| 0 0 0 0
0 0 0 0
0.1243  0.0828 —2.7525 —0.0179
oy | 00361 04731 00143 0
0.3045  0.0150 —0.4965 —0.2067
0.2877 —0.5445 —0.0164 0
—0.0191  0.0164 —0.5445  0.2348
| 48206 —0.0004 0 0
0 0 0 0 0 0.0595 0.0533 —0.9968 |
1.0000 0 0 0 0 0 0 0
o 0 1.0000 0 0 0 0 0 0
0 0 0 —0.0535 1.0000 0 0 0
0 0 1.0000 0 0 0 0 0
0 0 0 1.0000 0 0 0 0

The open loop poles of the system are
{—11.4968. —2.3036, 0.2342 & 0.5513¢, —0.1593 + 0.59904, —0.7104, —0.2923}

The system has 2 stable invariant zeros at {—0.0014, —0.0054}.

In the following it is assumed that all sensors except the second one are potentially faulty.
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Therefore the sensor fault distribution matrix F'in (5.49) is

o O o o O
o O O = O O
_ o O O

o o o O

o o o o O

By using (5.52), it was found that the triple (4,. A/,, C,) associated with the augmented sec-

ondary observer has no invariant zeros.
All observers were designed using the LQG-like method in §4.4.

For the method in §5.4.1, in designing the primary observer, the weighting matrices were
specified to be 1" = 0.1/g and 1" = 4. For the secondary augmented observer, the weighting
matrices were specified to be W, = 0.1/;; and 1, = I and the filtering matrices Ay, =

Afo = 107s. The resulting gain matrices are available in ch5/helicopter/secondaryobs.mat.

In the simulations that follow, p = p, = 100, = d, = 1 x 10™* were chosen.

o.al - o alt
oz} : - o=t
o

5 s0 100 150 200 250 o 50 100 150 zoo =50
ssssssssssssss

Figure 5.9: The left subfigure shows a fault on the first sensor. The right subfigure shows its recon-

struction using the secondary observer.

Figures 5.9 - 5.13 show faults acting on sensors 1-5, and also their respective reconstructions.

It can be seen that the secondary observer reconstructs the faults almost perfectly.

For the method in §5.4.3, in designing the augmented sliding mode observer, the weighting
matrices 11}, = 0.011,, and V}, = I and the filter matrix A4;35 = 10/ were used. The synthesis

results are available in chS5/helicopter/singleobs.mat.

During the simulation p, = 50 and 6, = 1 x 10~* were used for the parameters associated

with the nonlinear term in (5.20).
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Figure 5.10: The left subfigure shows a fault

struction using the secondary observer.

on the third sensor. The right subfigure
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Figure 5.11: The left subfigure shows a fault on the fourth sensor. The

reconstruction using the secondary observer.
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Figure 5.12: The left subfigure shows a fault on the fifth sensor. The right subfigure

struction using the secondary observer.
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Figure 5.13: The left subfigure shows a fault on the sixth sensor. The right subfigure

struction using the secondary observer.

z2so
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o s0 100 150 200 250 o so 100 150 z00 250
aaaaaa B seconds

Figure 5.14: The left subfigure shows a fault on the first sensor. The right subfigure shows its recon-

struction using the augmented observer.

) so 100 150 200 250 =) so 100 150 200 =250
seconds . aacon s

Figure 5.15: The left subfigure shows a fault on the third sensor. The right subfigure shows its recon-

struction using the augmented observer.
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Figure 5.16: The left subfigure shows a fault on the fourth sensor. The right subfigure shows its

reconstruction using the augmented observer.

> 10 x 107"

o so 100 150 200 2s0 o 50 100 150 200 2s0
seconas 7 77 gacon s

Figure 5.17: The left subfigure shows a fault on the fifth sensor. The right subfigure shows its recon-

struction using the augmented observer.



CHAPTER 5. SLIDING MODE OBSERVERS TO RECONSTRUCT SENSOR FAULTS 82
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Figure 5.18: The left subfigure shows a fault on the sixth sensor. The right subfigure shows its recon-

struction using the augmented observer.

Figures 5.14 - 5.18 show the faults acting on the sensors, as well as their reconstructions, and

it can be seen that the augmented observer does reconstruct properly the faults.

5.5 Reconstruction of sensor faults for unstable systems where all sen-

sors are assumed faulty

This section presents a method for sensor fault reconstruction, when the conditions in §5.3
cannot be met and the assumptions/conditions in §5.4 are not tenable. The only condition
needed in this section is that the system matrix A is full rank, implying that the system should
not possess inherently any integral action. The compromise in §5.4 (that only certain sensors
are faulty) is not needed. However, in the analysis in this section, the derivative of the sensor

fault is neglected (f,(t) ~ 0).

Assume a primary observer has been designed for the system (5.21) - (5.22) in §5.2.1 and that
sliding motion has been attained. The error system is then be governed by (5.27) - (5.28).

Consider a new state z4 € RP which is a filtered version of Po”lz/eq
2.54 (f) = —Af,4Z4(t) + AfAPo—ll/eq (556)

where — A4 € RP*? is a stable filter matrix. Assume that the sensor fault represents a slow
incipient drift f,(t) ~ 0. Step sensor failures are relatively easy to detect using sliding mode
observers because they usually break the sliding motion which is readily apparent from moni-

toring e, (¢) [26].

Using the expression for v,, in (5.28), equation (5.56) becomes

24(t) = —Apazy(t) — ApsAoier(t) — Apa Ao fo(t) (5.57)
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Combining (5.27) and (5.57), the following state-space representation can be obtained

e [ an o alh |1 A e sss)
2’4@) —Af,4./421 —Af’4 Z4(t) —Afy4./422
N— T v
A M,
e(t
zy(t) = [o Ip} 10 (5.59)
z4(t)

Equations (5.58) and (5.59) are now in a form similar to equations (5.1) and (5.2). Hence
the sliding mode observer in §3.5 can be used to reconstruct the sensor fault f,(¢) using the

concepts described in §5.2.

5.5.1 Existence conditions for the sliding mode observer

From (5.58) - (5.59), C .M, = — A4 A, and hence the necessary and sufficient condition for

condition Al in §5.2 to be satisfied is that A5, is invertible.

The triple (A., M., C.) is a square system, and hence, no freedom exists for designing the slid-
ing motion associated with the secondary observer. Assuming A,, is invertible, the observer

canonical form in (5.12) can be obtained by applying the change of coordinates

I, ApAtATL
T, = po YRR (5.60)
0 I,

to the triple (A., A, C.), which would yield

A — A Ay Ay 0
A 11 124422 A21 M, o O — [ 0 I, } (5.61)
—AfA.Am * “AfAAQQ

where the entries ‘*’ play no further part in the analysis. It is clear that the sliding motion of the
secondary observer is governed by (A1, — Aj2A5,) Az1). Therefore the existence conditions

for the secondary observer are that .4y, must be full rank and (A;; — A12.45, Ay ) is stable.

Define v,, . as the equivalent output error injection associated with the secondary observer,
and P, . € RP*P as the symmetric positive definite matrix that scales the nonlinear gain of the

secondary observer. From (5.61), the reconstruction for f,(¢) is defined as

ﬁuy:—AgAﬁRj%w (5.62)

The following section seeks to guarantee the stability of (A;; — A2.45" Ay, ), whilst ensuring

that A, is invertible and A;; is stable.
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5.5.2 Using LMIs to guarantee a stable sliding motion for the secondary observer

Assume without a loss of generality, the system triple (.4, A/, C') from (5.21) - (5.22) is already
in the form of (5.7). Applying the linear coordinate transformation (5.11), the system matrix

A in the canonical form in (5.12) is

A A A+ LA, —ApL — LAy L+ Ajg + LAyp)TT
A _ 11 12 _ 11 21 ( 11 21 12 22) (563)
./421 ./422 TAQl T(—AQlL + AQQ)TT

The problem now is to make Ay, invertible and A}, — Aj9.A45, A, stable by choice of L,
which must have the structure given in (5.9), whilst retaining the property that .4;, is stable.
All these requirements will be incorporated with the design of the primary observer using the

LQG-like method in §4.4 which can be summarised as :
Minimise trace (.\') with respect to the variables X', P, Py and P, subject to the inequalities

PA+ATP-CTVIC P

<0 (5.64)
P e
P I,
<0 (5.65)
I, —X
where
P, Py
p=| " ¥ (5.66)
Pl? P??

with P, € RVPX(=P) Py ¢ RP*P and Py = [ Py, 0 ] where Py € RUVP*(P=9) The

matrices 1" € R™™™ and V' € RP*P are symmetric positive definite weights.
It is assumed throughout this section that det(.4) # 0.

The choice of L will be achieved by a two stage process. Suppose L in (5.9) is written as
L=1L+L (5.67)

where L, and L, do not necessarily have the same structure as L. Decompose the canonical

transformation in (5.11) as

I L, |1 L
Ty =Ty ,Tp, = ro po (5.68)
0 T 0o I,

Applying the first change of coordinates 77, ; to the system matrix A will yield

B %11 {112 _ A+ LAy (mAuLy — LiAn Ly + Ay + L1 Ay) (5.60)
:421 AQQ AQl AQ‘Z - 4421]41



CHAPTER 5. SLIDING MODE OBSERVERS TO RECONSTRUCT SENSOR FAULTS 85

Applying the second change of coordinates 77, -, then the A in (5.63) can be written as

A, A Ay + LoA — Ay Ly — LoAg Ly + Ay + LoAgo)TT
A: 11 12 _ 11 24121 ( 11442 24121442 12 2 22) (570)

-A21 Az:z Trim T(Azz - 1‘121L2)TT

Based on these definitions the following lemma holds.

Lemma 5.1 The matrix (A1 — Ao A5, As1) can be expressed as K.J =1 where
K = Aj— ApAstAy, (5.71)
J = I, — LAy Ay (5.72)

Proof
From the definitions in (5.70),
Ay — A Ay Ag
= Ay + LyAy — (A Ly — LyAg Ly + Ajy + LoAgy) (Ayy — Ay Ly) 1Ay
= Ay 4 LoAy — (A Ly + Ay + Ly( Ay — Ay Ly))(Agy — Ay Ly) M Ay
= A+ (A1 Ly — Ap)( Ay — Ay L) P Ay (5.73)

From the Matrix Inversion Lemma [99],
(Agg — Ay L)™' = Ay} + Aj) Ay J ML AS)
where .J is defined in (5.72) and hence (5.73) becomes

zin + (/:luLQ - /’112)/42721‘:121 + (finLQ — ‘412)}12_21/121J_lLingzlfigl (574)

By pre-multiplying equation (5.72) with J~! it follows that J 'L, A5} Ay = J 1 — I,_,, and
LyAyt Ay J~1 = J=' — I,,_,, follows from post-multiplying (5.72) with J=. It follows from
substituting in (5.74) that
A — Ap Ay Ay = Ap+ (A Ly — Ap)AG Ay + (A Ly — Ap) At An (T = 1))
= Ay + (A Ly — Ap) Ayt Ay gt
= Ay — ApAQ Ay T + A LaAG Ay d !
= A - ‘41242“21/1211]_1 + flu(.]_l —1I,,)
= (A} — ApAS Ay Tt
= KJ

as claimed. |
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Lemma 5.2 If det(A) # O then there exists an L, such that Agy = (Age — Aoy Ly) is full rank.

Proof

Under the assumption that det(A) # 0 it follows
rank [ Ay An } =P
Thus the matrix pencil
[ SIP - ;—122 4421 :|
associated with the PBH controllability test for the fictitious pair (Aso, As;) has full rank at
s = 0. This implies that s = 0 is not an uncontrollable mode of (A4;,, A;). Consequently, L,

always can be chosen so that

4:122 = A9y — An Ly

has nonzero determinant. In other words, if A, is rank deficient, then the pair (Ag, Ag;) is

controllable, and an L; can be chosen to make Ay, full rank. |

Since by assumption det(.A) # 0 it will be assumed for the rest of this section that L, has been

selected so that det(;’igg) # 0.
Lemma 5.3 J defined in (5.72) is invertible if and only if Ay defined in (5.70) is invertible.

Proof

The matrix J as defined in (5.72) is a Schur complement of

L., L
Jo=| (5.75)
A Ag

since Ay, is nonsingular. Therefore J is invertible if and only if J; is invertible. However J;
is invertible if and only if det(Ayy — Ag Ly) # 0 (which also represents a Schur complement).

From the definitions of L, Ay, and Ago,
det(Agy — Agy Ly) = det(TT Ay T) = det(Asy)

since T' is orthogonal. This proves that .J is invertible if and only if A, is invertible. [ |

Lemma 5.4 The matrix K defined in (5.71) is invertible if A is invertible
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Proof
From (5.63), if A is invertible, A defined in (5.69) is invertible for any choice of L;. It can be
seen from (5.71) that K is a Schur complement for A. By design, L, is chosen to make As

invertible, and hence K is invertible. |

The problem is now to force Re A\(K.J') < 0 by choice of L,. However this can also be
achieved by forcing the requirement Re A(JK ') < 0. (By implication, this would mean
that JK ~! would have no eigenvalues at the origin, and hence will be invertible. This in turn
implies that J will be invertible, and from Lemma 5.3, .4, will be invertible).

1

The problem of selecting a L, so that JK " is stable is equivalent to finding a symmetric

positive definite matrix P e RU=p)*(n=p) and L, satisfying
PJR '+ (PJKHT <0 (5.76)
From the definition of .J in (5.72), inequality (5.76) becomes
PR 4+ (PK™NT — PLyAG} Ay K71 — (PLy A Ay KT < 0 (5.77)

Choosing P = P, from the Lyapunov matrix in (5.10) and recalling that L = L, + Ly,

inequality (5.77) becomes

Pu(K™4 4 LAy An K70+ (Pu(K71 4 Lidy Aa K71)°
— PuLAR A K™ = (PnLAG A KT <0 (5.78)
By comparing (5.10) with (5.66) it is easy to see that P, = P;; and P,L = P)5 and hence
Py(K™ 4+ LyAG An K7 + (Pa(K 7+ LiAy An KT

— Plgr’igzlflgll(MI — (P12/‘1521,421]X,_1)T <0 (5.79)

Therefore if inequalities (5.79) and P;; > 0 have a feasible solution, then the eigenvalues of

A — A Ay, Asp have negative real parts by choice of L.

Inequality (5.79) can be added to inequalities (5.64) and (5.65) when designing the primary
observer. (The requirement P;; > 0 is satistied by inequality (5.65) being true). In forcing
A — A A5y A to be stable, the LMI variables involved here are P;; and Py, which are a

subset of the variables in the convex optimisation problem in §4.4.

The design problem (incorporating the design method in §4.4) for the primary observer to

make both A;; and A;; — A,2.A5, Ay stable may therefore be summarised as :

(5.79), (5.64) and (5.65).

Minimise trace(X') with respect to the variables Py, Pio, Poy, X subject to inequalitieil
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5.5.3 Forcing the eigenvalues of the sliding motion to lie in a circle

The eigenvalues of (A;; — Aj2.A45, As) can be forced to lie in a circle centred at (g., 0) with
a radius r, rather than just lie in the open LHP. If ¢, < 0 and |g.| > 7, then the entire circle

lies in the LHP.

Let \. represent an eigenvalue of JK !, and ! is its complex conjugate. The eigenvalues
of KJ~! will lie in the circle centred at (g, 0) with a radius r. if the following inequality is

satisfied

1
—Te j\: — (e

<0 (5.80)
/\% — (e —Te

From the Schur complement, inequality (5.80) implies

20 (5.81)
It is clear that A\ A7 > 0. Multiplying (5.81) by A A? yields
(@2 = 1A, — @A — @Al +1 <0 (5.82)

If the entire circle lies in the LHP, ¢> — r? > 0 and dividing (5.82) by ¢ — 7?2 yields

(Ae = Ge)(A = Ge) =72 <0 (5.83)
where 7. = " and ¢ = qz—‘q_7_§ Using the Schur complement, inequality (5.83) is equivalent
to the inequality

—Te Ao —Ge
<0 (5.84)
/\: - qc —Te

From [11], there is a one-to-one mapping (1, A, ) — (P, PJK ™', (PJK~1)T), and hence
the eigenvalues of K.J~!, which are also the eigenvalues of A;; — Aj9.A45, A, can be forced

to lie in the original circle if the inequality

—7.P PJK-'—g.P
~ ~ ~ <0 (5.85)
(PJK YT — ¢.P -7, P
is satisfied. Asin §5.5.2, P is chosen to be P;; and hence

PJK™' = PhK™' — PyA Ay K

which is affine in the LMI variables P,; and P;,.
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Lemma 5.5 For the method in this section, the reconstruction of the sensor fault will analyti-

cally be
fo(t) = fo(t) + G(S)fo(t)
where G(s) = Az Az (shep — (A — A1 A5y As)) T ARAL — A3

Proof

If f,(t) was not neglected in the analysis, then equation (5.58) will become

o) (t A 0 t Aq 0 .
al) : a0 N AGE folt) (5.86)
Zy(t) —Arg Ay —Apy 24(t) —Aps A Ay

Applying the change of coordinates (5.60) to the system in (5.86), and assuming that the
secondary sliding mode observer has been designed and sliding motion has been achieved, then
the error system associated with the secondary observer (in the observer canonical coordinates

of (5.12)) will be

ere(t) = (A — AipAy Aser o(t) — Alez_glfo(t) (5.87)
0 = —Agpaduere+ Apadonfo(t) = Apafolt) + Py ltvege (5.88)

where e, .(t) is the vector that governs the sliding motion of the secondary observer.

From the definition of f,(¢) in (5.62), it is then easy to show from (5.88) that
fo(t) = folt) — A22fo(t) — A5 Asier (5.89)

and hence from combining (5.87) and (5.89),

folt) = £olt) + G(3) fo(t) (5.90)

where
G(S) = A§21A21(S]n_p - (.An - A12A521A21))_1A12AQ_21 - ./42_21 (591)
as claimed. |

Lemma 5.5 shows how the sensor fault reconstruction in this section is corrupted by the fault
derivative, which had been neglected in the analysis. However, this is still an improvement to

the method by Edwards er al. [27, 26]. From the Matrix Inversion Lemma,

(An A A — Ap) ™! = —A521 — Ay Ao (A — A12A2_21A21)_1¢412A;2]



CHAPTER 5. SLIDING MODE OBSERVERS TO RECONSTRUCT SENSOR FAULTS 90

and hence the fault reconstruction by Edwards er al. [27] in (5.32) can be re-expressed as

Folt) = folt) + G fo(t) + G261 (t) (5.92)

where
G, = _VAEQIAQI(All — AuAQ}lAgl)"lAlgAz_Ql — .A;; (5.93)
Gy = Ay As(An — ApAy Ay) ™! (5.94)

This can now be directly compared to the result in Lemma 5.5. In the method presented in this
section, the reconstruction f,(¢) in (5.90) is not affected at all by e, (¢). The other difference
is the way the reconstructions are corrupted by fo(t). It can be seen that GG) in (5.93) is a
steady-state version of () in (5.91). This shows that the reconstruction in (5.90) is corrupted
partially by a filtered version of f,(t) and partially by a scaled version of f,(t), whereas the
reconstruction in (5.92) is fully corrupted by a scaled version of fo(t), making the corruption

more Severe.

5.54 Examples

In §5.4.4 a method was demonstrated for the unstable case assuming that not all sensors are
faulty. If that assumption is not acceptable, then the sensor fault reconstruction method just

described in §5.5 can be used, neglecting the dynamics of the fault.

Consider once again the helicopter system from §5.4.4. Note that det (A) # 0 and so the

method described in this section is appropriate.

By transforming the triple (A, M, C') from §5.4.4 to the coordinates of (5.7), the following can

be extracted

—0.0000 —-0.0000 0.0792 —0.0127  1.0001  0.0010
0.0000  0.0000  0.1336 0.9919 -0.0006 —0.0298
—0.0000 -0.0000 -0.7244 0.0760 —-0.0199 —-0.0279
0.0000  0.0000 -1.8671 —10.9450 4.3139  0.2854
0.0000  0.0000  0.1526 1.0816 —2.6711 —0.0206
0.0001  0.0000 0.1074 0.5664 —0.0174 —0.3060

4422 —
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0.0000  0.0000
—0.0000 —0.0000
—0.0002 —-0.0114
—0.1044 —0.0960

0.0345 —0.0019

0.0070 —0.0102

which shows clearly that 4,5 is rank deficient. The first step is therefore to choose

111111
111111

s0 that Agy = Ayy — A9, Ly from (5.69) is full rank.

The primary observer was designed using the method in §5.5.2 and §5.5.3. The weighting
matrices 11" = 0.1 and V" = 0.1 were used. The spectrum of A, — Aj0A45) Ay was

required to lie in a circle centred on (0, —5) with a radius of 4.5.

Implementing the synthesis procedures in §5.5.2 yielded the eigenvalues of the sliding motion

of the secondary observer
AMA — ApAy As) = —8.1326 + 3.2306i

which are stable, and lie in the required circle.

The secondary observer was designed using the LQG-like procedure in §4.4 where the weight-

ing matrices 1V, = Iz and V. = I and the filter Ay = 10/.

All the observer matrices resulting from the synthesis are available in the disk attached to this

thesis in chS5/helicopter/lastmeth.mat.
In the simulations that follow, p = p. = 50,6 = 1 x 1073 and 6, = 1 x 107

Figures 5.19 - 5.24 show the faults acting on the sensors and their reconstruction signals.
Clearly the quality of the reconstruction is not as good as in §5.4.4. Some coupling exists
between the reconstruction channels, in particular in Figure 5.23, where the reconstruction of
a fault in the fifth sensor is affected by the derivative of a fault in the third sensor, and in Figure
5.24 where the reconstruction of a fault in the sixth sensor is affected by a fault in the second
sensor. However, the faults are still reasonably well reconstructed. Importantly, this time, all

sensors could be potentially faulty.
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Figure 5.19: The left subfigure shows a fault on the first sensor. The right subfigure shows its recon-

struction using the secondary observer.
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Figure 5.20: The left subfigure shows a fault on the second sensor. The right subfigure shows its

reconstriction using the secondary observer.
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Figure 5.21: The left subfigure shows a fault on the third sensor. The right subfigure shows its recon-

struction using the secondary observer.

0.0z

o

-0 o=z

~o oa

-o oe

-c oe

—o.1=z

—o 1a

(=) 50 100 150 200 250
seconds

Figure 5.22:

reconstruction using the secondary observer.
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The left subfigure shows a fault on the fourth sensor.
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Figure 5.23: The left subfigure shows a fault on the fifth sensor. The right subfigure shows its recon-

struction using the secondary observer.
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Figure 5.24: The left subfigure shows a fault on the sixth sensor. The right subfigure shows its recon-

struction using the secondary observer.

5.6 Simulations with noise

In this chapter, all the simulations have been assumed to be noise free. This section seeks
to show the effect of sensor noise on the fault reconstruction methods in this chapter. The
simulations using the secondary observer method in §5.3.4 are repeated, this time with zero

mean Gaussian noise on the sensors. The results are shown in the following figures.

seconds seconds

Figure 5.25: The left subfigure shows a fault on the first sensor. The right subfigure shows its recon-

struction using the secondary observer.

Figures 5.25 and 5.26 show the fault reconstruction in the midst of sensor noise. It can be

seen that the reconstructions have become noisy, but they portray the underlying shape of the
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Figure 5.26: The left subfigure shows the reconstruction of the fault on the second sensor. The right

subfigure shows its reconstruction using the secondary observer.

actual faults, which shows that the sliding mode observer can still reconstruct the faults in the

presence of sensor noise. Similar results have been found for the other reconstruction methods.

5.7 Conclusion

This chapter has presented methods for sensor fault reconstruction improving on the work
by Edwards et al. [27, 26]. In all the methods, certain signals were filtered, resulting in a
fictitious system that treat sensor faults as actuator faults. Then the actuator fault reconstruction
method by Edwards er al. [27, 26] was used to reconstruct the sensor fault. Firstly, in §5.3,
two methods for perfect sensor fault reconstruction were presented, where the requirement
was that the system was open loop stable. The existence conditions for the two methods are
identical. In §5.4, another method for full sensor fault reconstruction was presented, seeking
to relax the stability condition, with a compromise that certain sensors were assumed to be not
faulty. Finally, in §5.5 another method was presented, that enabled sensor fault reconstruction
for unstable systems even though all sensors are faulty, only requiring that the system matrix

is full rank. The compromise is that this reconstruction does not capture the fault dynamics.



Chapter 6

Robust actuator and sensor fault reconstruction

6.1 Introduction

In the actuator fault reconstruction method by Edwards er al. [27, 25] (which was summarised
in §5.2) and the sensor fault reconstruction methods in Chapter 5, there was no consideration
of the robustness of the reconstruction methods; i.e. how well the observer reconstructs the
faults in the presence of uncertainty/disturbances. In Chapter 2, the importance of robustness
in FDI schemes was stated. In the literature, Hermans & Zarrop [52], Yang & Saif [125]
and Sreedhar et al. [102] used various sliding mode observer formulations for robust FDI. In
their methods, the observers were designed such that sliding motion occurs in the presence of
uncertainty/disturbances. However, when a fault is present, the sliding motion will be broken,
causing the output estimation error to deviate from zero, the nonzero residual indicating the
presence of a fault. Xiong & Saif [122] designed the sliding mode observer using an unknown
input observer approach such that the uncertainty is considered the unknown input, and the
observer error system is robust to it. There was no robustness consideration in the work of Yeu

& Kawaji [128].

This chapter presents a method to design the Edwards & Spurgeon observer [23], so that
for a system subject to actuator faults, the upper bound on the £, gain from the uncer-
tainty/disturbances to the fault reconstruction is minimised. The design method is formulated
as an LMI problem, and the minimisation is achieved by using standard LMI routines. Then
the method is extended to the case of sensor faults by using the filtering ideas in Chapter 5. All
these methods are based on the assumption that sliding motion still takes place in the presence

of uncertainty and actuator faults.

The effectiveness of the design methods in this chapter will be demonstrated by two examples;
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a VTOL aircraft, and a nonlinear model of a gantry crane.

6.2 A sliding mode observer for a system subject to actuator faults and

uncertainty/disturbances

Consider a system that is subject to an actuator fault and also uncertainty/disturbances

o(t) = Ax(t) + Bu(t) + Mfi(t) + Q&(t, x, u) (6.1)
y(t) = Cua(t) (6.2)

where 4 € RV B € RV™ C € RP*™, M € R4 and Q € R™* where n > p > q.
Assume that the matrices C and M are full rank and the function f; : Ry X R,, — R%is

unknown but bounded so that

1@ < alt,y,u) (6.3)

where o : R. x R™ — R. is a known function. The signal £ : Ry x R? x R™ — R*
encapsulates the uncertainty present in the system. It is assumed to be unknown but bounded

subject to ||£(t, x, u)|| < 5(t,y, u) where the function 3 is known.

From §3.5, an Edwards - Spurgeon observer [23, 25] for the system (6.1) - (6.2) is

2(t) = Ai(t) + Bu(t) — Gie,(t) + G,v (6.4)
gt = Cz(t) (6.5)
where
v:—p(t,y,u>”—jy—u, ey #0 (6.6)
g

and e, (t) := y(t) — y(¢) is the output estimation error.

Defining e(t) := &(t) — x(t) as the state estimation error, then from (6.1) - (6.2) and (6.4) -

(6.5) the following error system can be obtained
é(t) = (A — GCe(t) + G — Mfi(t) — QE(t, x, u) (6.7)
Assume as in §3.5 that the following conditions have been satisfied

Al CM has full column rank

A2 all invariant zeros of (A, M, C') (if any) are stable
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then there exists a change of coordinates such that the triple (A, M, C') can be written in the

form

=] Y C:[o T} (6.8)

where M, € R9* is nonsingular and T € RP*? is orthogonal. The pair A;; € R(n=p)x(n-p)
and Ay, € RP-9x(-7) i5 detectable. As in §3.5.1 the unobservable modes of (A;1, A211)
represent the invariant zeros of (4, M, C). Define M; € RP*9 as the bottom p rows of M,
which therefore includes the matrix A/,.
In this coordinate system, the nonlinear gain GG, has the structure
—LTT .
G, = P (6.9)
TT
where P, € RP*P is symmetric positive definite and
L= [ e 0 (6.10)

with L € R(=?)*(r=9)_ The disturbance distribution matrix has the general structure

Q= @ (6.11)

Q2

where Q, € R(—P)xk,

Suppose there exists a symmetric positive definite matrix P € R™*" of the structure

P P L
P = >0 (6.12)
L*p, TTP,T + LTP,L

where P, € R1P>*("=P) and P(A — G,C) + (A — G;C)T P < 0. Define two positive scalars
o = —Amar (P(A = G,O) + (A - GICY'P), 1 = ||PQ||

then the following is true :

Proposition 6.1 If the positive scalar gain function p(t,y, u) in (6.6) satisfies
p(t.y,u) > [|P,CM||la(t,y, u) + 1, (6.13)

where 1), is a small positive scalar, then the state estimation error e(t) in (6.7) is ultimately

bounded with respect to the set
Qc={e:le|| <28/ + €}

where ¢ > 0 is an arbitrarily small positive scalar.
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Proof
This proof is adapted from [62]. Define a Lyapunov function V(e) = e’ Pe. The derivative

along the estimation error state trajectory is :

V = T(P(A-GC)+ (A-GCO)'P)e— 2" PMf; — 2¢" PQE + 2¢" PGv (6.14)

IN

—ollel|® + 2lle]|y 8 — 2T PM f; + 2¢" PG v (6.15)

where Rayleigh’s inequality has been applied to the first term of (6.14) and the Cauchy-
Schwartz inequality has been applied to the third term. From (6.8), (6.12) and (6.9), it can
be established that PM = CTP,C M and PG, = C". Hence (6.15) can be written

Vo< —uollel* 4 2lle|lpf — 2eTCTP,CM fi + 27 CT

—piolle]|? + 2)lel|n 8 — QeZPOCA[fL- + 2651/

From the Cauchy - Schwartz inequality, and the bound on p(¢, y, u) from (6.13),

v

IN

—tollell* + 2llefl 3 = 2lleyll(p = 1P.CM [|v)

< lell(=uollell +2p15) (6.16)

AN

which proves that the magnitude of e(t) decreases when ||e|| > 2p, 5/ 0. This implies that in

finite time the magnitude of e(¢) will be bounded with respect to €2.. [

Proposition 6.1 will now be used to prove the main result of this section, that for an appropriate

choice of p(t,y, u), sliding motion can be induced on the surface S = {e : Ce = 0}.

It is convenient to firstly introduce a new change of coordinates

I,., L
T, = P (6.17)
0 T

Applying the change of coordinates induced by 77, to the triple in (6.8) yields

A A 0
A= |77 M= , C:[og} (6.18)
AQI AQQ M?

where Aj; = Ay + L°Ay; and Moy € RP*9. Since (Ajg, Agp) is detectable, L° can be

chosen so that A;; is stable.

In this coordinate system, the nonlinear gain from (6.9) will have the structure

Gn = (6.19)
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and the Lyapunov matrix P from (6.12) will have the block diagonal structure

P 0
P = (6.20)

0 P,

The uncertainty/disturbance distribution matrix will have the structure

0- o _ Q1 + LQ, 6.21)

Q> TQ,
The state estimation error in the new coordinate system is
én(t) = Aver (1) + Guv — MFi(1) — QE(t, 2, u) (6.22)
where A, = A — G,C. Partitioning the state estimation error conformably with (6.18) yields

er(t) = Anei(t) + (A — Gii)ey(t) — Qié(t, z,u) (6.23)
éy(t) = Azlel(t) + (./422 — gl,g)ey(t) -+ P;ll/ — Mgfi(t) — sz(t, z, u) (6.24)

where G; | and G, , represent appropriate partitions of G;.

Proposition 6.2 [f the gain function p(.) from (6.6) satisfies
pt,y,su) > 20| PoAn |18/ 1o + || Po Qa8 + || PoMol|ac + 1, (6.25)

where 1, is a positive scalar, then an ideal sliding motion takes place on S = {e : Ce = 0} in

finite time.

Proof

Consider a Lyapunov function V(e,) = egPoey. The derivative along the trajectory is
Vs = eg(Po(AQQ — Gio) + (Ag — gz,Q)TPo)ey + 2€yTP0(-A2161 = Myfi = Qo+ Po—ly)

The term P,( Ay — Gi2) + (A — Gi2)T P, < 0 because P from (6.20) is a block diagonal

Lyapunov matrix for (A — G;C). Therefore it follows :

Vo < 2e] Po(Asner — Maf; — Q€) — 2plle, |

IN

=2[leyll(p = IPoAnllller [} = 1 Po Mzl — || P, Qo|5)

From Lemma 6.1, in finite time e(t) € Q, which implies |le|| < 2413/ 116 + €. Therefore from

the definition of p(¢,y, u) in (6.25), and using the inequality (4.25), it follows that

Y, < =21, e, |l < =2n,mv/ Vs (6.26)
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where 1 := \/Amin(P;1). Using the proof of Corollary 4.1, this proves that the output esti-

mation error e, (t) will reach zero in finite time, and sliding motion takes place. n

Remark : Since M, = CM, it follows that the definition of p(¢, y, u) in (6.25) is consistent

with the assumption on its size in equation (6.13).

6.3 Robust reconstruction of actuator faults

In this section the sliding mode observer described in (6.4) - (6.6) will be analysed with re-
gard to its ability to robustly reconstruct the fault f;(¢) despite the presence of the uncertainty
&(t,z,u). The analysis will be performed with the condition that p > ¢. In the case when
p = q the sliding motion is completely determined by the invariant zeros of (A, M, C') [23].
The situation when p > ¢ allows some design freedom which can be appropriately exploited.

The physical implication of this is that there are more outputs than faults.

Assume that the sliding mode observer described in (6.4) - (6.6) has been designed, and that
sliding motion has been achieved, then the output estimation error e, (t) = é,(t) = 0 and

equations (6.23) and (6.24) will become

61(t> = An@l(t) - Qlé(t,«T,U) (627)
0 = A2161(t) + Po_ll/eq — szi<t) — Qgg(t, x, u) (6.28)

where v, is the equivalent output error injection required to maintain sliding motion. It can
be calculated by approximating v in (6.6) as

e

v
lesl 43 (6.29)

vs = —p(t,y, u)

where 0 is a small positive scalar. In equations (6.27) and (6.28), the vector £(¢, x, u) will be
treated as an unknown exogenous signal. Of course when £(¢, x,u) = 0, this signal has no

effect on (6.27) and (6.28).

In the case when (¢, z,u) # 0, the attempted reconstruction of f;(¢) will be corrupted by the
exogenous signal £(2, 2, u). The objective here is to choose a scaling of the equivalent output
error injection signal v, and the gain L, to minimise the effect of the exogeneous signal on

the fault reconstruction. To this end define

W= | Wy M | (6.30)
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where W, € R?*(P~9 and represents design freedom and M, is given in (6.8). Define a

would-be reconstruction signal for f;(¢)
fi =W TPy, (6.31)

Rewriting equations (6.27) and (6.28) in terms of the coordinates in (6.8), and re-arranging

yields
é(t) = (An+LAy)er(t) — (Qu + LQ2)E(t, x,u) (6.32)
Py, = —TAye(t) + TMofi(t) + TQ2£(t, x, u) (6.33)
where
14211
4212

Pre-multiplying (6.33) by W, . TT implies

~

fl(t) = —L'Vsc;‘lzlel(t) + fz(t) + W"rchgg(t, x, u) (634)
or in other words f;(t) = fi(t) + G(s)£(t, 2, u) where the transfer function matrix

G(s) = Wiedor (sTn_py — (A1 + LA2))"HQ1 + LQ2) + W@, (6.35)

The objective now is to minimise the effect of £(¢, 2, u) on the reconstruction f;(t). Using the
Bounded Real Lemma [11, 39], the £, gain of the transfer function G (s) from the exogenous

signal £(, z, u) to fi(t) will not exceed 7 if the following inequality holds

P(Ay + LAy) + (A + LAY)TP —P(Qy + LQs) —(Wiyedo)T
—(Q1+ LQy)TP I, (W,eQ2)T | <0 (6.36)
— L‘//VSCA21 I"VSCQQ —’)/Iq

where + is a positive scalar and P € R(P)x(n-p) jg symmetric positive definite. The objective
is therefore to find p, L and W, to minimise 7 subject to the inequality (6.36) and P >o.
However this must be done in conjunction with satisfying the requirements of obtaining a

suitable sliding mode observer as expressed in Proposition 6.2.

Writing P from (6.12) as

P, P
R e Y (6.37)
Py Py
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where Py; € R(mP)x(n=p) P, ¢ RP*P and Py := [ Py O ] with Py € R-Px@-a),
it follows there is a one-to-one correspondence between the variables (P, Pi2;, Pag) and

(P, L°, P,) since

P1 - P11 (6.38)
L° = P'Py (6.39)
P, = T(Py— PLP'P,)TT (6.40)

Choosing P = P, and using the switch of variables in (6.39), inequality (6.36) can be re-

written as

PiuAy + AL P+ PoAg + ALPL  —(PhQy + PaQy) —(Wiedy)T
—(P1Q1 + Pra@2)” —v1; (W,e@2)T | <0 (6.41)
- LI‘/YSCAQI I’Vs ¢ QQ —_ ’)/Iq

Note this is affine with respect to the variables Py, P, ) and .

Remark :

e For square systems (when p = ¢), it can be seen that L° from (6.10) and W, from (6.30)
do not exist. Hence there is no freedom associated with the design of the sliding motion

and the scaling of the equivalent output error injection ve,.

e In the case when the matrices M and Q are matched to each other, i.e. Q = M X for
some X € R, then successful decoupling between the fault f;(¢) and disturbance
&(t,x,u) on the reconstruction f;(¢) cannot be attained. The transfer function matrix

G(s) from (6.35) would become G(s) = X, and the reconstruction signal would be

filt) = fi(t) + XE(t z,u).

6.4 Designing the sliding mode observer

This section will present a method to design the sliding mode observer’s linear gain G, to
‘induce’ the inequality (6.41). Specifically in this section it is proposed that the linear gain G,

be chosen to satisfy
PA-GC)+(A-GC)"P P(GDy— By) ET
(GiDy — By)"P ~Yolp i HT | <0 (6.42)
E H _A/'ojq
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where P has the structure given in (6.12). The matrices By € R"*P*K) D, € RP*+6) [ ¢
R*Pk) and £ € RI*™ are effectively design matrices and their formal interpretations will
be given below. The matrix B, will depend on the structure of the uncertainty, whilst D,
will be an a-priori user defined constant matrix used to tune the performance of the observer.
The matrices £ and H will depend on the LMI variable ¥, from (6.30), whilst the term ~,

represents a strictly positive scalar.

If a feasible solution to the LMIs (6.37) and (6.42) exists then the requirements of Proposi-
tion 6.2 will be fulfilled (since (6.42) implies P(A - G,C) + (A - G,C)T P < 0) and hence the
choice of (G;, the gain matrix L from (6.39) which follows once P is specified, and G,, from

(6.9) and P, from (6.40) constitute a sliding mode observer design.

In this section the following assumptions will be made on the nonsystem elements in (6.42).

Specifically assume :

e The matrix
By = [ 0 Q ] (6.43)

where () is the uncertainty distribution matrix defined in (6.1).

e The matrix
D, = [ Dy 0 } (6.44)

where D € RP*? is nonsingular. This is regarded as a user design parameter to tune

the performance of the linear part of the observer.

e The matrix
H= [ 0 H, } (6.45)

where H, € R7** which itself will be chosen to depend on V.

Proposition 6.3 Under assumptions (6.43) - (6.45), inequality (6.42) is feasible if and only if

PA+ ATP - 4,CT(DyDY)"'C  -PB; ET

-BIp —Yolps  HT | <0 (6.46)
E H —Yoly
in which case
Gy =v,P'CT(DyDY)~! (6.47)

Is an appropriate choice of G in (6.42).
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Proof
Defining Y := P(/, inequality (6.42) can be re-written as
PA+ATP-YC—-(YC)" ET YDy;— PBy
E —Yolg H <0 (6.48)
(}/Dd - PBd)T HT *’Yo]p+/c

Taking the Schur complement implies that, for v, > 0, inequality (6.48) is equivalent to

PA+MP—YC-OCF+%HH“IW+%%HT
E+ LHY] ~Yolg + - HH"

<0 (6.49)

where Y, = Y D, — PB,.

From the assumptions on the structure of D, and H in (6.44) and (6.45), DyH" = 0 and hence

(6.49) simplifies to become

PA+ATP—YC - (YO) + Lv,y] E' - LPBHT
E-LlHBip ~vol,+ LHHT

<0 (6.50)

From the assumptions on the structure of Dy and By in (6.44) and (6.43), D;B’ = 0, and the

term

1 , 1
—YyY, = =Y DyD}Y" + —PBB} P

~s ;
/1o 4] 0

1

A ‘completing the square’ argument yields :

C1 : 1 ‘
—YC - (YO + =YY/ = —,CT(DyDY)'C + —PB,BY P + Ay

where

1 .
Ny = 7<Y’DdD5 ~%CT)(DaDF) " (Y DyD} — 7,C™)T (6.51)

Thus inequality (6.50) is equivalent to

PA+ATP = 4,CY(DyDY)7'C + L PByB{ P + Ay ET — LPB,H"

<0 (6.52)
E - %HB(?P ~Yolq + ;LHHT
A necessary and sufficient condition for (6.52) to hold is that
PA+ ATP — CT(DyDIY-1C + LpB,BYP E" - LpPB,HT
T fo <0 (6.53)

E- LHBIP ~Yoly + LHHT

(the sufficiency follows from the choice Y = ~,C7 (DyDY)~! which makes Ay from (6.51)

identically zero).
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Using the Schur complement once again, a necessary and sufficient condition for inequality
(6.53) to hold is for the following inequality to hold
PA+ ATP - ,0T(D,DIY'C -PBy  ET
-BTP ~Yolprx  HT <0 (6.54)
E H —Yolq
For the choice of Y, it follows that the linear gain G} = 7, P~ 'CT(D,4DX)~" and the claim is

proven. L

The idea is now to relate inequality (6.46) to the inequality associated with the corruption of

the fault estimation signal in (6.41). Defining

4X11 1X12

T e

PA+ATP =

where X; € R("=P)*(»=P) inequality (6.46) can be written as

Xn Xio 0 —(P1Qy + P1uQ.)  ET
X Xog =TT (DIDY)'T 0 —(PLQ1+ PuQs)  Ej
0 0 —Yolp 0 0 <0
—(PQ1 + PiQo)" = (PLQ1 + Pr@s)” 0 ~Yolk Hy
I E, E, 0 H, —Yolq |

A necessary condition for the inequality above to hold is that

X1t —(P11@Q1 + Py@Qs)  ET
—(P@ + PlQQz)T — Yol HQT <0 (6.55)
Ey H, —Yol,

Choosing £} = —W,. A9, and Hy = W), will yield the same inequality as (6.41).

The design method can now be summarised to be :

Minimise v with respect to the variables Py, Py, Pyy, 177 and 7 subject to inequalities
(6.46), (6.41) and (6.37), where 7, is an a-priori user-defined positive scalar.

Remark : Let 7,,;, be the minimum value of ~ that satisfies (6.41), then, since (6.41) is a

‘sub-block’ of (6.46), Yimin < 7, always holds.

Standard LMI software, such as [39] can be used to synthesise numerically ~, P and 1¥';. Once
P has been determined L° (and hence L) can be determined from (6.10). The gain (7, can be

determined from (6.47), G,, from (6.9), and P, from (6.40).
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For a given By, Dy, E and H, inequality (6.42) can be viewed as resulting from an H, filtering
problem (page 462 of Zhou et al. [130]), the idea being to minimise the effect of { on A, (see
Figure 6.1). However, in this chapter, E' and H are regarded as design variables (which in
particular depend on W, from (6.30)) and help determine a value for L from (6.10) which
defines the optimal choice of sliding mode for fault reconstruction purposes. Once a sliding
mode is established the choice of the linear gain G, is technically not relevant since the linear

output error injection term Ge,, disappears because e, = 0.

exogenous
T measured
signal o Flo(s) =£+ -\,
output -

Figure 6.1: The H . filtering problem (notation taken from [130])

Remark : In the robust fault reconstruction scheme that has been presented, the disturbance
distribution matrix () is essential to the design, otherwise there is no basis for the robustness
optimisation. Therefore, in a real system, the nonlinearities (unmodelled dynamics, parametric
uncertainty, external disturbances ezc.) will need to be expressed as Q&(t, z, u). It has been
shown in Chapter 5 of [5] how this may be done. If the nonlinearities can be expressed as

Q&(t, z, u), then the robust fault reconstruction design can be implemented.

6.5 Robust reconstruction of sensor faults

In this section, the actuator fault reconstruction method in §6.3 will be modified to enable
robust sensor fault reconstruction in the presence of uncertainty. The work in this section
builds on the sensor fault reconstruction work in Chapter 5. In §6.2, a prerequisite for the
analysis was that there are more outputs than faults. Hence, only the methods in §5.4 (which

assume that some sensors are not potentially faulty) can be used in this section.

A system subject to sensor faults and disturbance can be modelled as

(t) = Ax(t) + Bu(t) + Q&(t, z, u) (6.56)
y(t) = Cx(t)+ Ffo(t) (6.57)

where f, € R" is the vector of sensor faults, and F' € RP*" where rank(F) = hand h < p.
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6.5.1 Secondary observer method

Without a loss of generality, assume that the parameters A, ) and C are in the canonical
coordinates of (6.8). Then applying the coordinate transformation 77, in (6.17), and assuming

that sliding motion has been attained, the error system will satisfy

él (t) = Allel(t) + .AlgFfo(t) - Qlf(f, Z, ’U) (658)
Ffo(t) = Ao (t) + A F fo(t) — Qu&(t, x,u) + Po_ll/eq (6.59)

Filter P, 'v,, to obtain

21 (f) = —;'1f’121 (t) — /-1f’1‘/421€] (f) - 44]"’1./422Ff0(t) + x4f71Fflo(t) + flf)] QQ&(?, x, ’LL) (660)

Repeating the analysis in §5.4.1, the following augmented state-space system of order n + p

can be obtained

é(t) Ay 0 0 ey (t)
wt) | = | —Apda —Ap 0 w(t)
Zo(t) 0 Ara —Agy z(t)
' ’
ApF -
| AR F — ApAnF | fot) + | Ap1Q, | E(tzu)  (6.61)
Appds F 0
My T

where the output equation is

61(t)
20 =00 1, || wp (6.62)
Ca 25(%)

Equations (6.61) - (6.62) are now in the form of (6.1) - (6.2). Hence the design method in §6.4
can be used to design a sliding mode observer for the augmented system described by (6.61) -

(6.62) to robustly reconstruct f,(¢) despite the disturbance (¢, z, u).
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6.5.2 Single observer method

Consider the system described by (6.56) - (6.57). Repeating the procedure in §5.4.3, the fol-

lowing augmented state-space system of order n + p can be obtained

oA OB el Y e | Y e 669
L"g(t) Aﬁgc *Af’g Z3(t) 0 Af73F 0
~ ——" N —— ——
Ab Bb A/[b Qb
=0 1, | i (6.64)
’ Zg(t)

Cy

and hence a sliding mode observer can be designed for the augmented system (6.63) - (6.64)

to robustly reconstruct the sensor fault f,(t).

Remark : The robust sensor fault reconstruction methods in §6.5.1 and this section have
almost identical existence conditions, with some subtle differences, which have been discussed

in §5.4.3

6.6 Example 1: VTOL aircraft model

The robust fault reconstruction scheme in this chapter will now be demonstrated with a ‘Ver-
tical Take-Off and Landing’ (VTOL) aircraft model taken from [96, 120]. Its states, outputs

and inputs respectively are

horizontal velocity (knots)
vertical velocity (knots)
pitch rate (deg/s)
pitch angle (deg)

—

horizontal velocity (knots)

y= vertical velocity (knots)

pitch angle (deg)

collective pitch control
u =

longitudal cyclic pitch control

The system is modelled as

P(t) = (A+AA)z(t) + (B + ABu(t) + Mfi(1) (6.65)
y(t) = Cux(t) + Ffo(t) (6.66)
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where
i —9.9477 —0.7476  0.2632 5.0337 0.4422  0.1761
| 52.1659 2.7452 5.5532 —24.4221 B 3.5446 —7.5922
] 26,0922 26361 —4.1975 —19.2774 | —55200  4.4900
0 0 1.0000 0 I 0 O—
0.4422
1 0 0 0 0
3.5446
C=10100 M = F=10
—5.5200
0 001 1
0
The uncertain matrices are
0 0 0 0 | 0 0
0 0 0 0 Abyy 0
Az’il: s AB"—'
0 A(J,gz 0 Aa34 0 0
0 0 0 0 0 0
L J L |
Hence in the notation of (6.1) - (6.2) and (6.56) - (6.57),
[0 0
Q= 01 {0 Naszy 0 ANasy :’I
10 { Aba; OJU
LO 0

where ACL32 = 05, Aa34 = 2, Abgl =2 [96]

6.6.1 Robust reconstruction of actuator faults

The sliding mode observer was designed using the method presented in §6.4. The design
parameters were chosen as D = I3 (from (6.44)) and v, = 1 (from (6.46)). The optimisation

routine [39] yielded a value of v = 8.1968 x 10~*. The associated gains for the sliding mode

observer are

0.1914 2.0408 0.5413 |

2.0408 46.4792 9.2975
Gl = Gn =

4.5304 98.5651 20.3670

0.5413 9.2975 2.0644
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and the matrix Wy, from (6.30) associated with the scaling of v, is given by
Wee = —0.5952 —2.2440 —0.2799 ]

The Lyapunov matrix from (6.9) is given as

65.4422  5.6396 —42.5575
P, = 5.6396  0.7031 —4.6451
—42.5575 —4.6451  32.5628

The scalar function p from (6.6) was chosen to be 100, and the scalar ¢ from (6.29) was chosen

tobe 1 x 107°.

wwwwwwwww

Figure 6.2: The left subfigure is a fault on the first actuator, the right subfigure is the reconstruction.

Figure 6.2 shows the sliding mode observer faithfully reconstructing the actuator fault, reject-

ing the effect of the uncertainty. This is to be expected, due to the small value of v obtained.

6.6.2 Robust reconstruction of sensor faults (secondary observer method)

The shiding mode observer given in §6.6.1 has been used as the ‘primary observer’ in this
example. The secondary observer has been designed based on A, and Ay 3 being chosen to
be 213 and 1513 respectively, and using the approach described in §6.4. Specifying D; , = I3
and v, , = 1 (where the subscripts ‘a’ indicate the parameters are for the augmented secondary
observer), the optimisation routine yielded a value of 3.5312 x 10~* for ~, (again the subscript

‘a’ is used to differentiate the primary and secondary observer). The associated gain matrices
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for the augmented observer are :

5.7585  12.7028 20.3629
1.6626  5.3059  5.7225
11.9811 277.0349 41.8259
Gro=Gno=| 5.8418 18.8459 20.1989
1.3324  3.5287 4.6261
3.5287 101.3107 12.4429
| 46261 12.4429 16.1556

The optimal choice of weighting matrix for the equivalent output error injection

Wica = [ 0.1203 0.0000 —0.0333

and the Lyapunov matrix associated with the switched unit vector component is

129.4650  0.0483 —37.1091
Poa = 0.0483  0.0109 —0.0223
—37.1091 -0.0223  10.7051

In the following simulations, p, = 240 and 6, = 5 X 1076.

Figure 6.3: The left subfigure is a fault on the third sensor, the right subfigure is the reconstruction of
the fault.

Figure 6.3 shows the secondary observer faithfully reconstructing the sensor fault, rejecting

the effect of the uncertainty. Again, due to the small value of ,, this is to be expected.

6.6.3 Robust reconstruction of sensor faults (single observer method)

The following parameters were chosen for the design of the observer associated with the
method described in §6.5.2. The filter matrix from (6.63) was chosen as A;3 = 20I3 and

then the observer design method proposed in §6.4 was adopted for the triple (A,, M, Cy) from



CHAPTER 6. ROBUST ACTUATOR AND SENSOR FAULT RECONSTRUCTION 112

(6.63) - (6.64). The tuning parameter for the linear component of the observer, D, from
(6.44), was chosen as I3 and 7, , was chosen to be unity (where the subscripts ‘b’ indicate the
parameters are for the observer associated with sensor fault reconstruction). The optimisation
routine yielded a value of v, = 4.6735 x 10~*. The associated gain matrices for the augmented

observer are :
3.9403 0.9843  8.4998

8.2558 216.5491 36.1942
28.8487 84.1515 68.8265
Gip=Gnp= | 91354 14.5926 20.7617
3.4190  2.4941  7.5158
2.4941 106.6584 14.4692
7.5158  14.4692 17.5985

The optimal choice of weighting matrix for the equivalent control

Wiep = [ 0.1931 0.0002 —0.0500
and the Lyapunov matrix associated with the switched unit vector component is

15.1803  0.5904 —6.9684
Poy = 0.5904  0.0335 —-0.2797
—6.9684 —0.2797  3.2628

For this simulation, p, = 100 and §, = 1 x 1075,

Figure 6.4: The left subfigure is a fault on the third sensor, the right subfigure is the reconstruction of
the fault.

Figure 6.4 shows the observer faithfully reconstructing the sensor fault, rejecting the effect of

the uncertainty.
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6.7 Example 2: Gantry crane model

The methodology proposed in this chapter will now be demonstrated by means of a nonlinear

model of a gantry crane with a hanging load, taken from [38].

The (nonlinear) equations of motion that govern the crane are :

(I + mi*)0 + cf + mgl sinf + mli cosd = 0 (6.67)

(my +m)T + bt + mll cos — mlb? sinf = u (6.68)

The variable z represents the displacement of the truck in metres; 6 represents the angular
displacement of the load from the (downward) vertical in radians. The parameters are given
as my = 3.2kg, m = 0.535kg, b = 6.2kg/s,c = 0.009kg m?, I = 0.062kg m?, g = 9.81m/s*
and [ = 0.35m.

Equations (6.67) and (6.68) can be re-arranged to be

. min , ., mglcost b .  mlccost; 1
c o= IV g2 9 — . .
. ux T 0= et x0T (6.69)
. mlin ml cosf , .,  mgl cosf c (ml cost)? .
6 = - B L R
I 9+ = O+ I )0 Io(1+ MXI, )0
mlbcosd ml cosd (6.70)

MXI, © T MxI "
where M =my+m, I, =1 +ml*> n= (sinf)/fand X =1 — (mlz(cl(;f 6)2

For small displacements of 6, the following approximations can be made

9:0,0050: IL,n=1,X=X,

(ml)?
Ml,

where X, =1 —

Using these approximations, classifying all nonlinearities as disturbances, and then defining
. T
the state vector as [0 0 x x] , a state-space representation in the form of (6.1) - (6.2) can be

obtained where :

0 1 0 0
A= I, MX,I2 I, MX,I2 MX,lI, (6 71)
0 0 0 1
(ml)*g mlc 0 — b
MXol, MXo1, MX, |
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0 0 0 1
___ml L9
B — A[)SOIO Q — Io (6.72)
0 0 O
el | 0 w7

where ¢ represents the lumped residual nonlinearities resulting from the linearisation.

Here it is assumed that the second sensor is not faulty. Substituting the physical parameters
into (6.71) - (6.72) the following state-space matrices can be obtained (from the notation in

(6.1) and (6.57))

0 1.0000 O 0 0
—15.5660 —0.0731 0  2.6340 —0.4248
A= ., M=B=
0 0 0 1.0000 0
0.8138  0.0038 0O —1.7977 i 0.2899
0 0
1000 10
7.5033 0
C=10010]|, Q= , F=100
0 0
0001 0 1
0 0.2677

For the simulations which follow a simple phase advance controller was designed based on the
measurements of § and x to control the position of the crane x and minimise the oscillations
in . The control signal u in transfer function form is

_ 485(s+1)
s+ 50

120(s + 1)
s+ 10

u(s) 0(s) + (r(s) — (s))

where r is the reference signal for x.

6.7.1 Robust reconstruction of actuator faults

Specifying D; = I3 and 7, = 1, the synthesis procedure yielded v = 0.9239 as well as the

following gain matrices

3.1488 —0.0966  0.4582 |
38182 —0.8507  0.0290
_0.0966  0.6383 —0.0109
04582 —0.0100  0.4236 |
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0.3785  0.0503 —0.4082
P, = 0.0503  1.5739 —0.0141 |, I'I-’SC:[0.0210 0 —3.4489}
—0.4082 —0.0141  2.8019

For this simulation p = 50 and 6 = 10~

saeconds

Figure 6.5: The left subfigure is the demanded reference for the position of the crane, the right subfigure

Is its response.

1 o.s B
i o.6 —
~ o.4 - 7
B o=l N
o —]
—-o.z2t e —0.2 }» —
—o.at B —o.a - -
—0.6 | - —o.6 | —
—O0.8 + — —~0.8 ( —
P S — 10 20 30 o 1o 2;0 30

sssss ds seconds

Figure 6.6: The left subfigure is the fault that is applied to the actuator, the right subfigure is its

reconstruction.

Figure 6.5 shows the reference demand for the position of the crane (in metres) and also its

response subject to the demand and also the actuator fault.

Figure 6.6 shows the fault applied to the actuator, as well as its reconstruction, which is visually

almost identical to the fault. This is because of the small value of ~ that was obtained.

6.7.2 Robust reconstruction of sensor faults

Specifying Ay = 2013, D, = 1013 and v, = 10 and constructing the augmented state space
matrices from (6.63) - (6.64), the synthesis procedure yields vy, = 9.2269. In this example, it
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can be verified that (A4, My, C,) does not possess invariant zeros. Hence the fact that A from

(6.71) has an eigenvalue at the origin does not present any difficulties. The following gain

matrices were obtained from the synthesis procedure

0.0094
0.0096
—0.0126

Po,b:

0.0096
0.0146
—0.0078

—0.5782
15.0036
—50.5093
—0.7765
98.0001
—50.4685

26.7489

—5.7817
150.0361
—505.0927
—7.7653
980.0009
—504.6847
267.4886

—0.0126
—0.0078
0.0315

0.3884
—10.0781
33.9277
0.5216
—50.4685
33.9003
—11.8166

3.8837
—100.7812
339.2772
5.2161
—504.6847
339.0031
-118.1660

) I'Vsc‘b =

—0.1354
3.5129
—11.8261
—0.1818
26.7489
—11.8166
10.9589

—1.3537
35.1292
—118.2615
—1.8182
267.4886
—118.1660
109.5885

1.3645
1.0001

In the simulation that follows, p, = 50 and 6, = 5 x 107>,

0

—0.0500

—0.0500
0

Figure 6.7 shows the response of the crane’s position to the demand as well as faults in sensors

1 and 3. Figure 6.8 shows the fault in sensor 1 and its reconstruction, and Figure 6.9 shows

the fault in sensor 3 and its reconstruction. Because of the relatively high value of ~y, that was

obtained, there is some corruption in the reconstruction (due to the oscillations in the crane)

especially in Figure 6.8. However, the fundamental shape of the reconstruction still resembles

the fault.

6.8 Conclusion

This chapter has presented a method for designing an Edwards - Spurgeon observer for robust

actuator and sensor fault reconstruction purposes.
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Figure 6.7: The left subfigure is the demanded reference for the position of the crane, the right subfigure

is its response.
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Figure 6.8: The left subfigure shows the fault on the oscillation angle 6 sensor (sensor 1). The right

subfigure shows its reconstruction.
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Figure 6.9: The left subfigure shows the fault on the crane velocity i sensor (sensor 3). The right

subfigure shows its reconstruction.

This method was initially developed for the case of actuator faults. During sliding motion, the
equivalent output error injection was scaled to reconstruct the fault. The method used LMIs to
design the sliding motion and the scaling of the equivalent output error injection to minimise

the upper bound of the £, gain from the uncertainty/disturbance to the fault reconstruction.



CHAPTER 6. ROBUST ACTUATOR AND SENSOR FAULT RECONSTRUCTION 118

The method also introduced a convenient way to design the gains of the sliding mode observer.
The method was extended to the case of sensor faults by appropriate filtering of certain signals

to obtain fictitious systems that treat the sensor faults as actuator faults.

The methods proposed in this chapter were demonstrated with two examples; a VTOL aircraft
model and a nonlinear model of a gantry crane. The methods provided good fault reconstruc-

tion despite the presence of uncertainty/disturbances.



Chapter 7

A case study: Spey aero-engine

7.1 Introduction

An aero-engine is a very nonlinear and complicated system where reliability is required to be
very high. There are many sensors in an aero-engine, to help monitor its condition, and to
warn the pilot of any unwanted phenomenon, such as icing or fire. These sensors work in very
harsh environments, and are considered the least reliable components of the engine [76, 78].

Therefore, in an aero-engine, efficient FDI for the sensors is of very high importance.

Much has been done in the area of robust sensor FDI for aero-engines using various schemes
from the literature. Dassanyake et al. [18] used an unknown input observer scheme, while
Patton & Chen used eigenstructure assignment methods [84, 83] and also parity space ap-
proaches [86]. However, the methods described above all evaluated the performance of the
FDI scheme on linear models of an aero-engine. FDI schemes have also been demonstrated
on real aero-engine systems. Merrill et al. [79, 77] considered a linear observer, using the
statistical properties of the system and also a threshold to determine the occurrence of a fault.
Kelly [58] devised an FDI scheme that processed both the actual output and the model out-
put; if both processed signals did not have a similar ‘shape’, then a fault was deemed to have
occurred. Merrington et al. [80] compared nonfaulty data with suspected faulty data obtained
from actual flights, and the difference was processed. If the processed difference exceeds a

threshold, then a fault was deemed to have occurred.

This chapter demonstrates the robust fault reconstruction method in Chapter 6 applied to a non-
linear Simulink model of an aero-engine, provided by QinetiQ !, which is the largest science

and technology research organisation in Europe.

'QinetiQ Ltd., Ively Road, Farnborough, Hampshire GU14 OLX, UK
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7.2 Aero-engine description

The aero-engine under consideration is the Rolls-Royce Spey Mk 202. Although this engine is
of a comparatively old design, it has two spools, variable inlet guide vanes and variable nozzle
geometry that are typical of more modern engines. The engine consists of a low pressure
(LP) compressor, a high pressure (HP) compressor, a combustion chamber and an exhaust
passage. Air is taken into the engine; compressed through the LP compressor, and then part
is compressed by the HP compressor, the remainder entering a bypass duct. The air delivered
by the HP compressor enters a combustion chamber where fuel is burned, causing a large rise
in temperature. The combustion gases are partially expanded during their passage through
the HP and LP turbines, providing the mechanical energy needed to drive the compressors.
On leaving the LP turbine, the combustion gases mix with the air that has travelled through
the bypass duct and the mixture expands down to atmospheric pressure through the nozzle,

providing the propulsive force for the engine.

HP compressor
LP compressor

Combustion chamber

Inlet guide LP turbine
vanel

-

—

-———— Exhaust gases

Air intake ————»

ISy

HP turbine Nozzle petal

Fuel flow
Bypass duct

Figure 7.1: A schematic representation of the engine. The reheat mechanism has been omitted for

simplicity.

The engine model, developed by QinetiQ, has 5 control inputs and 10 measured outputs. Re-

spectively they are

wfe | main engine fuel flow (kg/s)
rf | reheat flow rate (kg/s)
u = | sinth | sine of the nozzle petal angle

igv | HP compressor guide vane angle (degrees)

bov | HP compressor handling bleed valve position (%)
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nl | corrected LP spool speed (%)

nh | corrected HP spool speed (%)

t2¢ | HP compressor inlet temperature (/)
dp2b | Bypass duct inlet differential pressure (kPa)
t2b | Bypass duct inlet total temperature (K)

p3 | HP compressor exit total pressure (kPa)

t3 | HP compressor exit temperature (K)

t6 | core exit mean temperature (/)

dp3 | HP compressor exit differential pressure (kPa)

pst | HPT stage 2 static pressure (kPa)

The model also possesses a number of ‘environmental inputs’ such as the altitude and flight
Mach number. For simplicity these were set to constant values corresponding to sea-level
static conditions on a standard day. The second output (nh) is the controlled output and hence
is used to generate the control signal. A simplified control scheme, designed to operate in the

limited range of 88% < nh < 93%, was provided by QinetiQ.

7.3 Identification of a model

A system identification approach was used to obtain a linearised model of the open loop aero-
engine. The model was identified about the steady state operating condition of nh = 90%.
For the identification, only three of the control inputs were used - the first (wfe) , third (sinth)
and fourth (igv) inputs. The other two were maintained at zero: it was assumed that there
was no afterburning and so the second input (rf) was made zero. In this region of operation
(nh = 90%), the fifth input (bov) is zero. Prior to linearisation the model was scaled at the

inputs and outputs as shown in Figure 7.2.

Input

! Output
scaling >

scaling

y
tTi
=)

o,
5
o
Y

Figure 7.2: The scalings of the aeroengine
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The scalings were obtained by varying the high pressure spool speed reference signal nh;.f
from 88% to 93% under closed loop control, and examining the response of the other out-
puts. The scalings were chosen so that the variation of each scaled output, from the nominal

operating point of, nh = 90% was of the same order. The scalings are given in Table 7.1.

Variable Scaling
Input 1 (wfe) T‘é‘o
Input 2 (sinth) l—é—o

Input 3 (igv)
Output 1 (nl)

Output 2 (nh)

Output 3 (12¢)
Output 4 (dp2b)
Output 5 (12b)
Output 6 (p3)
Output 7 (13)
Output 8 (76)
Output 9 (dp3)
Output 10 (ps4)

e b= e e 1= e = S e e R EIE R T T

—_
—
o

Table 7.1: The input-output scalings

For identification, a vector of pseudo random binary sequence (PRBS) signals was injected
into the scaled system about an operating condition of nh = 90%. Subspace methods were
used to analyse the ‘de-trended’ input-output data [66]. A 15-th order model was used to fit the
input-output data. To test the validity of the identified model, another vector of PRBS signals
was injected into the nonlinear system and the outputs were compared with the outputs of the
identified model. These can be seen in Figure 7.3, which shows that the identified model is a

good representation of the aero-engine.

The identified model is open loop stable and has open loop poles at

{—323.9521 £ 191.73584¢, —26.7392 + 64.3658i, —53.7300 & 19.06057, —10.7185,
—29.9153, —6.7876 £ 19.06867, —2.0371, —5.3541, —3.5745, —33.7476 £ 14.2665i }

The state space matrices that describe the scaled identified model are available in the file in the

disk attached to this thesis in aero/modelparam.mat.
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Figure 7.3: The dotted line is the output of the actual system, and the solid line is the output of the

identified model. Notice that the the dotted and solid lines mainly overlap each other.
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7.3.1 Obtaining a disturbance distribution matrix

In the robust fault reconstruction scheme in Chapter 6, a distribution matrix for the uncertainty

in the system needs to be obtained.

As the second sensor (corrected high pressure spool speed (nh)) is the controlled output and
is used to generate the control signal, a fault in that sensor will cause the controller to react,
moving the system from its equilibrium point. This may in turn expose mismatches between
the nonlinear and linear models. However, this will not be the case for the occurrence of faults

in the other sensors, as they are not used to generate the control signal.

The corrected high pressure spool speed reference was set to be 90%. A ramp fault of slope
0.08 and height 0.8 was applied to the second sensor of the nonlinear model in the closed-loop.
The resulting control signal and ramp fault was injected into the linear model. The difference
between these outputs will be denoted as d(t, z, u). The schematic diagram of this is shown in

Figure 7.4.

u(t +
0 Controller - C\: nhyey
~Tan
R Nonlinear i‘f'\
model \A/+ g
Fault in Y+
 —— Y d(t,rz,u
sensor 2 C“ 4 ( )
. Linear AV +
model +\/ >

Figure 7.4: Schematic for obtaining d(¢, x, u)

The components of d(t, z, u) in each sensor channel are shown in Figure 7.5.

As in [91], the objective is now to approximate

d(t,x,u) = RE(t, o, u) (7.1)
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Figure 7.5: The true values of the signal d(t, x,u).
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Figure 7.6: Comparison ofd(t, x,u) (dotted line) with d(t, x,u) (solid line).
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where £(t, 2, u) € R* and k < p = 10 (the number of outputs). In other words, the purpose is

to decompose the components of d(t, z, u) into fewer distinct components of £(t, x, ).

From Figure 7.5, it can be seen that all components of d(¢,z, u) except for components 8
and 10 have the same fundamental shape. Hence, components 8 and 10 are taken to be two
distinct signals of £(¢, x, u). The remaining components of d(t, z, u) can be decomposed into
the transient part (up to 20 seconds) and steady-state part (after 20 seconds). All the steady-
state components are taken to be a scaled version of each other, and make up a third distinct
component of £(t,, u). The transient parts, components 1, 2, 3,4, 5,6, 7 and 9 of d(t, v, u)
are of similar enough shape, to be considered scalings of each other. This results in another

distinct component of £(t, z, u).

Therefore, the ten components of d(¢, x. u) have been re-expressed as a linear combination of

four distinct components of £(¢, x, u) as in (7.1) where

[ 1.0000 —0.0737 0 0 ]
0.8500 —0.0630 0 0
1.9000 —0.1496 0 0
0.5500 —0.0512 0 0

o | 16500 01310 0 0 a2

31.0000 —2.4899 0 0
4.2000 —0.4062 0 0
0 0 1.0000 0
2.5000 —0.1529 0 0

_ 0 0 0 1.0000

The first column of R represents the transients of components 1, 2, 3, 4, 5, 6, 7 and 9, while
the second column represents their respective steady state components. The last two columns

represent components 8 and 10 of d(¢, x, u).

Obtaining the matrix R can also be performed using the ‘principle of components’, which has

been demonstrated in [5].

7.3.2  Verifying the validity of the disturbance distribution approximation

The validity of the choice of the disturbance distribution matrix (7.2) can be verified using

‘Least Squares’ ideas. From the expression (7.1), the solution for £(¢, 2, u) that minimises
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lld — R¢||, is given by
E(t,x,u) = (RTR)'RTd(t, z,u) (7.3)

The signal £(t, z, u) is available because d(t, x, u) is measurable. The components of the re-
sulting vector £(t. x, u) are shown in Figure 7.7. Define d(t, z,u) = RE(t, z,u) as an estimate

for d(t, x, u), and hence

d(t,z,u) = R(RTR) "' RTd(t, z,v) (7.4)

The comparison between d(t, z, u) and d(t, x, u) can be used to check the validity of the choice
of R. The results are shown in Figure 7.6, which shows that the choice of I is a good one.

Figure 7.7 shows the components of &(t, z, u) obtained from (7.3).

7.4 Robust sensor fault reconstruction

The aero-engine, subject to sensor faults and mismatches (due to a fault in sensor 2) can be

modelled as
(t) = Ax(t) + Bu(t) (7.5)
y(t) = Cux(t) + Du(t) + Ffo(t) + RE(t, v, u) (7.6)
where 4 € R™" B € R™™, C € RP** D € RPX™ F € RP*" and R € RP**. The vectors
x(t) are the states, y(t) are the measured outputs, u(t) are the inputs, and f,(t) are the sensor
faults. Tt is assumed that rank (F) = h and h < p. The implication of this is that some
of the sensors are assumed to be not potentially faulty. In the case of the identified model,

n = 15,m = 3,p = 10 and £ = 4. The number of faulty sensors A is left as a variable at this

point.

The single observer method for robust sensor fault reconstruction in §6.5.2 will be used. Define

anew state z3(t), a filtered version of y(¢), as
23(f) = —441"7;323(15) + Aff,CiE(i) -+ Af’gDu(t) + Af’gFfo(t) + Af}ng(t, x, u) (77)
where — Ay 5 is a stable filter matrix.

Combining (7.5) and (7.7) yields the following augmented state space system of order n + p

(1) A0 |z B 0 0
= + u(t)+ folt)+ §(t,z,u) (7.8)
z(t)| | ArsC —Apsi|zs(t) ApsD ApsF AR

~————’ ———

A By M, Qb
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w(t=]0 1, | o (7.9)
S

Cy

which has the same structure as equations (6.63) - (6.64) in §6.5.2. Since the system is open

Z3 (t)

loop stable, the design method in §6.4 can be used to reconstruct the sensor fault f,(t) and yet

be robust to the uncertainty/disturbance &(t, z, u).

7.4.1 Validating the disturbance distribution matrix by actual implementation
The validity of the disturbance distribution matrix R obtained in (7.2) will now be tested by
actually implementing it on a robust fault reconstruction scheme.

Firstly, it has been assumed that only sensors 1 - S are potentially faulty. Therefore the fault

distribution matrix ' from (7.6)

—
o O o o o o O = D
o O

= o O O

o O o o = o o o <©

o O o O o o o o o
o o o o o o o
o o o o o o

0 0

The observer for the system (7.8) - (7.9) has been designed using the design method in §6.4.
The design parameters D, from (6.44) and ~, from (6.46) were specified to be 1073y and unity
respectively, while the filter matrix A3 from (7.6) was specified to be 10/;5. The design

procedure gives v = 5.1979 x 10~%. The observer gains are given in aero/checkdist.mat.

Figures 7.8,7.9, 7.10 and 7.11 respectively show the response of the reconstruction signals to
faults in sensors 1, 3, 4 and 5. As expected, since those sensors are not used in the controller,
their faults do not generate a significant mismatch between the linear and nonlinear models,

and hence their reconstructions are perfect.

Figures 7.12, 7.13 and 7.14 show the response of the fault reconstructions for a fault in sensor
2, at amplitudes of 0.2, 0.5 and 0.8 respectively. It can be seen from those figures that the re-

construction of the fault in sensor 2 is an almost perfect replica, and the coupling between the
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Figure 7.8: Effect of a fault in sensor 1. The left subfigures are the faults, the right subfigures are their

corresponding reconstructions.
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other channels is very small. This is not surprising, and is due to the small value of y obtained.
However, comparing Figure 7.12 with Figure 7.14, it is obvious that the larger the magnitude
of the fault, the quality of the reconstruction reduces slightly. This is because of a greater
magnitude of mismatch between the linear and nonlinear models. Figure 7.15 shows the fault
reconstructions for a sine wave fault in sensor 2. It can be seen that the reconstruction cap-
tures the fault well. Even though the coupling between reconstruction channels (in particular
channels 4 and 5) are bigger, they are still relatively small. This shows that the approximation
for the disturbance distribution matrix R in (7.2) is a suitable one, and can be used also for the

case of sinusoidal waves even though it was obtained using a ramp signal.

7.5 Robust sensor fault reconstruction assuming that no more than one

sensor is faulty at any given time

In this section, a robust sensor fault reconstruction scheme will be presented, where all sensors
are assumed to be fault prone, but only one sensor is assumed to be faulty at any given time,

this is the key assumption.
For this case, two sliding mode observers were designed.

Observer A : This has been designed using the design method in Chapter 6, assuming that

only sensor 2 is subject to faults. Therefore in this case the sensor fault distribution matrix

T
F:[OIOOOOOOOO}

The filter matrix was chosen to be A3 = 10 [;p. The design parameters from (6.42) and
(6.44) were chosen to be Dy = 10/49,7, = 0.1. The design method in §6.4 yielded a value
of v = 9.2089 x 10~*, which is the upper bound on the £, gain from the disturbance to the
fault reconstruction. This observer should therefore be able to reconstruct a fault in sensor 2
without any significant corruption, and will produce only one reconstruction signal (the fault
in sensor 2).

Observer B : This has been designed using the LQG-like method in §4.4 assuming that sensor
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2 is completely reliable. Therefore in this case
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The rationale for using the design method in §4.4 is because the assumption for this observer
(that sensor 2 is not faulty) implies that there should be no mismatches present when all sen-
sors except sensor 2 are faulty. Therefore the issue of robustness does not arise and the ma-
trix R does not need to be incorporated into the design. The filter matrix was chosen to be
Ags = 10 I)o and observer weighting matrices from inequality (4.39) in 84.4 were chosen to
be W}, = 0.1 Iy; and 1, = I;,. This observer will produce nine reconstruction signals, which
are for faults in all sensors except sensor 2. The gains for both the observers are available in

aero/Ifault.mat.

The fault reconstruction logic is as follows: if a fault occurs on sensor 2, Observer A will
reconstruct the fault almost perfectly, but Observer B will generate non-zero reconstructions
of no particular signature, because the assumption which Observer B was based on (that sensor
2 is perfect) had been violated. It is then easy to say that the fault is from sensor 2, and the
reconstruction from Observer A is the valid one based on the assumption that only one sensor
can be faulty at any given time. If a fault occurs on any other sensor, then Observer B will
reconstruct the fault properly (leaving the eight other reconstruction signals at zero). Observer
A will have a nonzero reconstruction, but it is easy to discriminate that this is not a fault on
sensor 2, because only 1 reconstruction signal from Observer B is nonzero in accordance with

the assumption of only one faulty sensor at a time.

Figures 7.16 - 7.25 show the reconstructions by both observers when faults were injected into
sensors 1 - 10. The dotted line is the actual fault, and the solid lines are the reconstructions.
The reconstruction for a fault in sensor 2 was taken from Observer A, whereas the reconstruc-

tion for faults in the other sensors were taken from Observer B. It can be seen that when a fault
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Figure 7.16: The effect of a fault on sensor 1. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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Figure 7.17: The effect of a fault on sensor 2. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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Figure 7.19: The effect of a fault on sensor 4. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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Figure 7.20: The effect of a fault on sensor S. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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Figure 7.21: The effect of a fault on sensor 6. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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lines are the reconstruction by the observers.
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Figure 7.23: The effect of a fault on sensor 8. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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Figure 7.24: The effect of a fault on sensor 9. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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Figure 7.25: The effect of a fault on sensor 10. The dotted line is the actual fault, whereas the solid

lines are the reconstruction by the observers.
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occurs in sensor 2, Observer A reconstructs the fault perfectly, while Observer B produces
nonzero reconstructions of no specific signature. When a fault occurs in any other sensor, Ob-
server B reconstructs the fault perfectly (leaving the other reconstructions zero), and Observer

A produces a nonzero reconstruction.

7.6 Conclusion

This chapter has presented an application of the robust sensor fault reconstruction scheme from

Chapter 6 to a nonlinear model of an aero-engine.

Firstly, system identification was used to obtain a linear approximation of the engine. Then, an
uncertainty distribution matrix to capture the linear/nonlinear model mismatch due to a fault

in sensor 2 was derived. The approximation was verified to be a good one.

Finally, by using the identified model as well as the uncertainty distribution matrix, a sensor
fault reconstruction scheme was designed, based on the assumption that only one sensor can
be faulty at any given time. For this purpose, two observers were designed, each assuming
certain sensors were faulty and the rest were perfect. Using an appropriate logic sequence,

successful reconstruction and discrimination of the sensor faults was attained.
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Chapter 8

Conclusion and future work

This chapter presents the conclusion and summarises the main contributions of this thesis, as

well as some suggestions for further work.

8.1 Conclusions

In Chapter 4, a new design method for the Edwards - Spurgeon observer [23] was presented.
In their previous design method, which was summarised at the end of Chapter 3, the sliding
motion (parameterised by the matrix L) and linear gain (the matrix G; of specific structure)
were designed separately. This does not fully utilise all the freedom available in both design
parameters. In the new method in this thesis, they were both designed together in one step,
hence exploiting all possible degrees of freedom. The observer was designed using a Riccati
inequality resembling one associated with a sub-optimal LQG observer. As in standard LQG
theory, two weighting matrices influence the solution. In implementing this design method, it
was found that the reduced order sliding motion also had a sub-optimal LQG interpretation.
Furthermore, it is possible to impose additional inequalities to force the poles of the sliding
motion to lie in certain convex regions of the complex plane. Finally, a modification to the
design method was presented, incorporating additional inequalities to force the eigenvalues of
the linear part of the observer to lie in certain regions of the complex plane. All the design
methods can be posed as convex optimisation problems, implemented using LMIs and solved

using standard software.

In Chapter 5 improvements to the sensor fault reconstruction methods of Edwards et al. [27,
20] have been presented. In the work of Edwards er al. [27, 26], actuator faults are very

efficiently reconstructed using sliding mode observers. However, in their sensor fault recon-
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struction method, the dynamics of the fault and sliding motion were both neglected and only
the steady-state components of the sensor fault could be replicated. Hence, the sensor fault
reconstructions were corrupted by the dynamics of both the fault and the sliding motion. The
improvements presented in this thesis are based on the actuator fault reconstruction method
by Edwards et al. [27, 26]. By filtering certain signals, ‘fictiticus systems’ that treat the sen-
sor faults as ‘actuator faults’ can be obtained. The actuator fault reconstruction method by
Edwards et al. [27, 26] can then be applied to the fictitious systems to efficiently reconstruct
the sensor fault. Three methods were presented; the first one is able to reconstruct the sensor
faults perfectly, under the condition that the original system must be open loop stable. The
second method can also reconstruct the sensor fault perfectly and needs only certain (maybe
none) of the modes of the open loop system to be stable. However, in this approach only cer-
tain sensors are allowed to be potentially faulty (and thus in general a bank of observers may
need to be designed). The third method allows for all sensors to be potentially faulty and only
needs the original system matrix to be full rank, with the compromise that the dynamics of the
sensor fault are neglected in the analysis. This results in the reconstruction of the fault being
corrupted by its dynamics. However, this is still an improvement on the method by Edwards
et al. [27, 26] as its reconstruction is not corrupted by the dynamics of the sliding motion, and

its corruption by the fault dynamics are not as severe.

In Chapter 6, this thesis has presented a new method for designing sliding mode observers
to robustly reconstruct faults despite the presence of system uncertainty. In previous fault
reconstruction work using the Edwards - Spurgeon observer [27, 26], there was no direct con-
sideration of robustness built into the design. The method in Chapter 6 uses LMIs to design
the observer gains as well as a scaling of the equivalent output error injection (that generates
the fault reconstruction) so that the upper bound of the £, gain from the uncertainty to the
fault reconstruction is minimised. The problem was initially formulated for the case of actu-
ator faults. Then the method was extended to the case of sensor faults by using the approach
in Chapter 5 i.e. - filtering certain signals to generate ‘fictitious systems’ that treat the sensor
faults as ‘actuator faults’. In this design method, knowledge about the distribution matrix for

the uncertainty in the system is required.

A robust sensor fault reconstruction case study is described in Chapter 7. The case study is
based on a nonlinear model of a Spey aero-engine. System identification was used to obtain a
linear model of the engine. It was found that a fault in the second sensor causes mismatches

between the nonlinear and identified models. To apply the design method in Chapter 6, a
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representation of the mismatch due to a fault in the second sensor was obtained and it was
found to be a good representation. A robust sensor fault reconstruction scheme was then
presented, based on the assumption that only one sensor is potentially faulty at any given time.
This was implemented using two sliding mode observers in parallel with the engine, each
observer designed assuming that different sensors could be potentially faulty. Based on the
reconstructions obtained from both observers, a logic sequence was used to identify the faulty

SENSOor.

8.2 Future work

Throughout this thesis, the reconstruction schemes work on the assumption that the fault is
known to be either an actuator or sensor fault. Without any a-priori knowledge or assumption,
in practice it will be difficult to differentiate an actuator fault from an incipient sensor fault
(step sensor faults are relatively straightforward to distinguish from actuator faults since the
sliding motion is broken). A possible avenue to solve this would be to design two observers;
the first for sensor fault reconstruction, robust to actuator faults (treating the actuator faults as
uncertainty), and the second observer designed just for actuator fault reconstruction. A logic
sequence could then be used to determine whether the fault is from the actuator or the sensor.
Another possibility is to filter the output, to obtain a system whose ‘actuator fault’ vector
comprises the original system’s actuator and sensor faults. This is better than the previously
suggested method, as both actuator and sensor faults could occur simultaneously and all faults

could be reconstructed and distinctively identified.

In Chapter 6, the value of the nonlinear gain scaling the switched term is required to be quite
large for sliding motion to occur. The value given is very conservative. It would be therefore
desirable to obtain a formulation in which the gain is not so conservatively large. A possible
method would be to incorporate this gain as a variable when designing the other gain matrices

of the sliding mode observer.

In Chapter 7, the sensor fault reconstruction was presented for the aero-engine in which only
one sensor was assumed to be faulty at any given time. This is somewhat restrictive. Sensor
fault reconstruction schemes for more than one faulty sensor at a time can be developed. The
concept of the logic sequence method in Chapter 7 can still be used. However, it will be more
challenging and difficult, as there are many more fault scenarios to deal with when the number

of faulty sensors is allowed to increase.



CHAPTER 8. CONCLUSION AND FUTURE WORK 155

Furthermore in Chapter 7 sensor fault reconstruction was performed at a steady-state operating
condition of nh = 90%. It is desirable to be able to perform the fault reconstruction at different
operating conditions. A suggested method would be to obtain steady-state input-output data
for the engine at different operating conditions, then manually compensate the system when

the engine changes operating condition using a look-up table.

Only sensor fault reconstruction was performed in Chapter 7. Even though this is very widely
performed in the literature, it would be useful to develop a robust actuator fault reconstruc-
tion scheme. This however, will be much more difficult and challenging than sensor fault
reconstruction, because in the case of sensor faults, only a fault in sensor 2 exposes significant
mismatches between the linear and nonlinear models. In the case of actuator faults, a fault in
any of the three actuators could cause mismatches. Therefore the mismatch representation will

need to take into consideration all three sources of mismatch.



Appendix A

Linear Matrix Inequalities

A.1 Introduction

Linear Matrix Inequalities (LMIs) [3] have been used extensively in this thesis to design sliding
mode observers. Many problems in system and control theory (for example LQR and H )

can be reduced to a few standard problems involving LMISs.

An LMI has the form

m

F(r)=Fy+ ) ;Fi >0 (A.1)
=1
where £ € R™ is a vector whose scalar elements are the so-called LMI variable(s) and the

symmetric matrices F;, i = 0, ..., m are given quantities. The inequality sign in (A.1) implies

that F'(x) is positive definite.

A.1.1 LMI problems

From a theoretical viewpoint LMI problems can be split into

a. Feasibility problems: find a value for the LMI variable vector x that satisfies the LMI

system

A(z) < B(x)

where A(z) and B(z) are affine functions in x (such as those in (A.1)). The correspond-

ing solver in the Matlab LMI toolbox [39] is called feasp.

b. Minimisation of a linear objective problem: minimise f(x), where f(z) is an affine

function in z that satisfies

A(z) < B(z)
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The corresponding solver is called mincz.

c¢. Generalised eigenvalue problem: minimise the scalar A subject to
A(z) < B(z)

0 < D(x)
C(z) < A\D(x)

where C(x) and D(x) are affine functions in 2. The corresponding solver is called gevp.

A.2 The Schur complement

In the application of LMIs to many control theory probiems, the Schur complement [3] is used
very extensively. It is used to transform nonconvex LMIs into convex ones, widely increasing
the scope of problems that can be solved. Examples of these will be given in the following

sections.

Given the decomposition of a symmetric matrix S as

Su S
S = ’11 12 <0 (A2)
Sll; SQQ

From the Schur complement [3], the following statements are equivalent:

S <0 (A.3)
S11 <0, Sy, — SLSTS1, <0 (A.4)
SQQ <0, Sll — 51252_2151712 <0 (AS)

Suppose 511, Si2, S22 are LMI variables. Then the expressions in (A.4) and (A.5) which are

not affine can be recasted as an affine inequality in (A.2).

A.3 Basic LMI formulation

As an example of a feasibility problem, consider the issue of Lyapunov stability. The matrix

A'is stable if and only if there exists a symmetric positive definite matrix P that satisfies

PA+ATP <0 (A.6)
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For a given matrix 4 this problem can be posed as an LMI feasibility problem :

find a symmetric matrix P that satisfies the LMI system

PA+4ATP < 0 (A.7)
P >0 (A.8)

Inequalities {A.7) and (A.8) are affine in the variable P and hence this is a convex problem
and can be solved in its present form. If there exists a symmetric matrix P that satisfies (A.7)
and (A.8), then the problem is feasible. Powerful and effecient algorithms such as [39] have

been proposed to solve such problems.

A.4 Making an LMI convex by a change of variables

Some LMI problems require a transformation of variables. A very common control problem

is that of finding a stabilising state feedback gain. Consider the system

t(t) = Az (t) + Bu(t) (A.9)
and the state feedback control law
u(t) = Kx(t) (A.10)
The closed loop system is
(t) = (A + BK)x(t) (A.11)

and therefore the problem is one of finding K so that -4 + BK is stable. The associated LMI
problem is :

find a matrix A" and a symmetric matrix P that satisfies the LMI system in P and K

P(A+BK)+ (A+BK)'P < 0 (A.12)

P > 0 (A.13)

This problem is not convex in that (A.12) is not affine in the variables P and KA. Defining
Q@ = P! and pre and post-multiplying the LMI (A.12) by @, the LMIs (A.12) and (A.13)
become LMIs in () and K

(A+BK)Q+Q(A+BK)T < 0 (A.14)

Q > 0 (A.15)
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However, the LMI (A.14) when expanded becomes

AQ+ AQT + BKQ+ QK'BT <0 (A.16)

Defining Y = KQ, the LMI (A.14) and (A.15) become LMIs in }" and )

AQ+QAT +BY +YTBT < 0 (A.17)
Q > 0 (A.18)
which are affine in Q and Y. The LMI solver will return the values of Y and @). Then P and

K’ can be calculated by
P=Q! K=YQ! (A.19)

A.S LMI problems using the Schur complement

Given a system triple (A, B, (). Consider the following LQR problem [116]:

minimise trace(P~!) subject to the following LMIs in P

PA+ATP-CTV '+ PIVP < 0 (A.20)

P > 0 (A.21)

where 11" > 0 and 17 > 0 are given symmetric positive definite matrices. Inequality (A.20) is

not affine in P. However, by using the Schur complement, (A.20) is equivalent to

PA+ATP-CTVTIC P
P —t

<0 (A.22)

This inequality is now affine in the variable P. However, the quantity trace(P~!) is not affine
in P. This can be overcome by introducing a dummy matrix variable .X', and imposing the

following constraint

<0 (A.23)
I -X

Using the Schur complement, (A.23) is equivalent to X' > P!, and hence X acts as an upper
bound on P~!. Therefore the nonconvex LMI problem originally posed can be transformed
into a convex LMI problem:

minimise trace(X) with respect to the variables X and P subject to inequalities (A.22) and

(A.23).
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A.6 Using LMIs for pole-placement

In §A.4, it was argued how a stabilising state feedback gain could be synthesised using LMIs.
More sophisticated pole placement problems can be solved in which the eigenvalues of the
closed-loop system are forced to lie in specific convex regions of the complex plane. If s
represents a coordinate in the complex plane, and s* represents its complex conjugate, then the

following inequalities describe particular convex regions of the complex plane [11, 39].
Specifically

e a conic sector symmetric about the horizontal axis, centred at the origin, with an inner

angle 6 can be expressed as

(s+ s*)sinf (s — s*)cos

<0 (A.24)
(—s+s*)cosf (s+ s*)sinf
e acircle of radius r and centre (¢, 0) can be written
-r  s—gq
<0 (A.25)
s*—q —r
e avertical strip a < Re(s) < bis described by
s+ 5" —=2b 0
<0 (A.26)
0 —(s+ ")+ 2a

If 4, = 4+ BK from (A.11), and P is the Lyapunov matrix, then from [11], there is a rela-
tionship (P. P4,. AT P) «» (1.5, 5*), and hence the following inequalities will force \(4,) to
lie in the regions as described from (A.24) - (A.26):

e the cone
(PA, + ATP)sing (P4, — ATP)cos ¥
<0 (A.27)
(=PA,+ AT P)cos§ (PA,+ ATP)sin 6
e the circle
-rP PA,—qP
<0 (A.28)
ATp —qpP —-rP
e the vertical strip
PA,+ ATP —2bP 0
<0 (A.29)
0 —(PA, + ATP) + 2aP

Generally, the LMIs (A.27) - (A.29) are not affine in the variables involved, and require the

change of variables as described in §A 4.
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Mathematical notions

B.1 Mathematical Notation

R the set of real matrices with n rows and m columns
sgn(.) the signum function
m the absolute value of the scalar u

det(4)  the determinant of the square matrix 4
A(A) the eigenvalues of the square matrix A
Amaz () the greatest eigenvalue of the square matrix 4

Amin () the least eigenvalue of the square matrix A

A7t the inverse of the square matrix A

AT the transpose of the matrix .4

1, n x n identity matrix

A>0 implies that the square matrix .1 is symmetric positive definite

A > B implies that the square matrix (A — B) is positive definite

1.1 the Euclidean norm for vectors and the spectral norm for matrices

y the derivative of y with respect to time
i the second derivative of y with respect to time
Ch the complex conjugate of the complex number s

B.2 Quadratic stability

This section will explain the concept of quadratic stability.
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Consider the nonlinear system
T = f(x.1) (B.1)

and the quadratic Lyapunov function
VY =z Pr (B.2)
where P is a positive definite matrix. Taking the derivative of V yields

V = iTpPr+27Pi

= fIpPr+atPf (B.3)

V 1s a measure of the magnitude of the vector z, and is always positive for all  # 0 because P
is positive definite. If a P can be found so that ff Pz +z” Pf < 0 for all z then the derivative
Vis always negative. This shows that the magnitude of the vector x is always decreasing,

hence ast — oc.x — 0.

This type of stability is termed quadratic stability because a quadratic function is used to prove
stability. However, this method is not explicit, as the measure of YV is not known, but all that is

sought is V < 0 [25].

B.3 Matrix rank and determinant

If det(.A) # 0 then the matrix 4 is said to be full rank.
For a matrix 4 € R™™, rank(A) < min{n, m}

An 1mportant inequality relating to matrix rank [25] is

rank(AB) < min{rank(A).rank(B)}



Appendix C

Guide to attached disk

C.1 Secondary observer method for aircraft example in §5.3.4

Path and file name - ch5/aircraft/secondaryobs.mat. The link between the notation used in the

thesis and the variables in Matlab is given in Table C.1.

Parameter Symbol | In disk
Linear gain of primary observer G Gl
Nonlinear gain of primary observer G, Gn
Matrix that scales nonlinear gain of primary observer P, Po
Linear gain of secondary observer Gla Gla
Nonlinear gain of secondarv observer G Gna
Matrix that scales nonlinear gain of secondary observer | F, , Poa

Table C.1: Description for file ch5/aircraft/secondaryobs.mat

C.2 Single observer method for aircraft example in §5.3.4

Path and file name - chS/aircraft/singleobs.mat. The link between the notation used in the

thesis and the variables in Matlab is given in Table C.2.

Parameter Symbol | In disk
Linear gain of augmented observer Gy Glb
Nonlinear gain of augmented observer Gy Gnb
Matrix that scales nonlinear gain of augmented observer | P, Pob

Table C.2: Description for file chS5/aircraft/singleobs.mat
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C.3 Secondary observer method for helicopter example in §5.4.4

Path and file name - chS5/helicopter/secondaryobs.mat. The link between the notation used in

the thesis and the variables in Matlab is given in Table C.3.

Parameter Symbol In disk
Linear gain of primary observer G, Gl
Nonlinear gain of primary observer G, Gn
Matrix that scales nonlinear gain of primary observer P, Po
Linear gain of secondary observer G, Gla
Nonlinear gain of secondary observer G Gna
Matrix that scales nonlinear gain of secondary observer | P, , Poa
Scaling matrix to obtain fault reconstruction (MT Ma) " MT, | Mcal2a

Table C.3: Description for file ch5/helicopter/secondaryobs.mat

C.4 Single observer method for helicopter example in §5.4.4

Path and file name - chS5/helicopter/singleobs.mat. The link between the notation used in the

thesis and the variables in Matlab is given in Table C 4.

Parameter Symbol In disk
Linear gain of augmented observer G Glb
Nonlinear gain of augmented observer G Gnb
Matrix that scales nonlinear gain of augmented observer | P, Pob

| Scaling matrix to obtain fault reconstruction (MI,Map) M7, | Mcal2b

Table C.4: Description for file chS5/helicopter/singleobs.mat
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C.5 Helicopter example in §5.5.4

Path and file name - ch5/helicopter/lastmeth.mat. The link between the notation used in the

thesis and the variables in Matlab is given in Table C.5.

Parameter Symbol | In disk
Linear gain of primary observer G Gl
Nonlinear gain of primary observer G, Gn
Matrix that scales nonlinear gain of primary observer P, Po
Linear gain of secondary observer Ge Glc
Nonlinear gain of secondary observer Ghc Gnc
Matrix that scales nonlinear gain of secondary observer | P, Poc
Scaling matrix to obtain fault reconstruction Asgo Acal2?2

Table C.5: Description for file chS5/helicopter/lastmeth.mat

C.6 Parameters of aero-engine in §7.3

Path and file name - aero/modelparam.mat. The link between the notation used in the thesis

and the variables in Matlab is given in Table C.6.

Parameter Symbol | In disk
Open loop state space system matrix A A
Input distribution matrix B B
Output distribution matrix C C
Direct feedthrough from input to output matrix | D D

Table C.6: Description for file aero/modelparam.mat
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C.7 Parameters of observer in §7.4.1

166

Path and file name - aero/checkdist.mat. The link between the notation used in the thesis and

the variables in Matlab is given in Table C.7.

Parameter Symbol | In disk
Linear gain of observer Gip Glb
Nonlinear gain of observer Gnp Gnb
Matrix that scales nonlinear gain Py Pob
Scaling matrix to obtain fault reconstruction | 117, Wscb

Table C.7: Description for file aero/checkdist.mat

C.8 Parameters of observers in §7.5

Path and file name - aero/Ifault.mat. The link between the notation used in the thesis and the

variables in Matlab is given in Table C.8.

Parameter Symbol In disk
Linear gain for Observer A Groa Glbl
Nonlinear gain for Observer A Gnbi Gnbl
Matrix that scales nonlinear gain for Observer A Popa Pobl
Scaling matrix to obtain fault reconstruction (Observer A) | 5., Wscb
Linear gain for Observer B Grp2 Glb2
Nonlinear gain for Observer B Gup2 Gnb2
Matrix that scales nonlinear gain for Observer B Py Pob2
Scaling matrix to obtain fault reconstruction (Observer B) | (M3, M;,) ' M], | Mcal2b

Table C.8: Description for file aero/Ifault.mat
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