Appendices

A  Proof of Theorem 3.1

Consider a location of interest x € 2 and the nearest design point z; € X. Let 02 = o2(z;)

The uppermost terms in (4) can be expressed as

Uy(z, ) — Vo, X)[We(X, X) + Z ] (X, 2)
= Uy(z,z)
— [(Tg (2, X) — Ty(as, X) — 07e] ) [To(X, X) + B] 7 (To(X, ) — Uo(X, ;) — 07e;)
+2(Ug (25, X) + 07l [Wo(X, X) + 2] 0y(X, )
— (p(my, X) + 02e])[Wo(X, X) + 5] H(Wo(X, 2:) + 07e;)]
= Uy(z,2) — 267 Ue(X, 3) + e (Ug(X, 3;) + 02¢;)
— (Uy(z, X) — Uy(as, X) — 02eD) [T (X, X) + S 1 (Ve(X, ) — Up(X, 2;) — 02e;)
= Wy(z, 1) + Vy(x5, 75) + 07 — 2Wy(z5, 7)
— (g, X) — Wy, X) — 07e] ) [Wo(X, X) + 2] (Wo(X,2) — Vo(X, 1) — 7€),
(A1)

where e; denotes the i*" column of an n x n identity matrix. The last term on the right-hand

side of (A.1) can be bounded as

- (@9(3}7)2) - qj@(xqu) - Ufe?>[q]9(X7X) + 26]71(\P9<X7x) - \IIG(XM%Z) - Uizei)
(X, 2) — Wp(X, 2) — ofeil3

S N U (X, X) + 5]

o (Woli, x) = Wy(wi, ;) — 0f)?

h Amax[Wo (X, X) + 2]

< _ (Wo(wi, ) — Wo(wi, 4))* — 207 (Wo(wi, ) — V(@i 2)) + 0}
= Amax[ o (X, X)] + Amax(Ze)

< (Uy(z, ) — Vg(z4, 7)) — 202 (Vg(4, ) — - V(i 7)) + o}

n Supu,vEQ \1]9 (u7 U) + )\max<ze)



(el ) — U (s, 7:))? N 202(Wy(xs, x) — Vy(z4, 7)) — 0} (A2)
Cnsupy e Yol v) + Amax(Se) - nsupy yeq Yot v) 4+ Apax(Se) '

where the first inequality is true because for any vector d and matrix G, d?'G~'d >
Amin(G™H)[|d]|3 and Apin(G™1) = 1/Amax(G), the second inequality is true because the sum
of squares || - |3 is larger than any one of its elements squared, the third inequality is true
because the maximum eigenvalue of a sum is at most the sum of the maximum eigenvalues,

and the final inequality is true because Gershgorin’s theorem (Varga, 2010) implies

Amax(‘lfﬁ()?w)?)) < maXZ\PG(xivxj> <n sup \119<U,U). (A3>
J

i—1 u,vES)

Combining (A.1) and (A.2) gives

\119(1‘,17) — \I/Q(JI,X)[\IIQ(X, X) + Se]_qug(X,I)

<Wo(x,x) + Vo(z4, z;) — 2Vg(x;, ) (A.4)
(Ty(i, ) — Wo(z, 2:))? 2, 207 (W(wi, x) — Up(w, 1)) — o

N SUP,, ,eq Wo(u,v) + Apax(2e) : N SUP,, ,eq Wo(u, ) + Amax(Se)
Consider the concave, quadratic function

2t(Wg (i, ) — Wp(as, 24)) — 12
) = 14 2Talre) — Vol ) —
nsup,, ,eq Yo (u, v) + Amax(2c)

where t € [0, Amax(Zc)]. f1() has axis of symmetry

f— T SUDPy, veq \IIQ(UH U) + Amax(i€> + 2(\119(‘7;27 l’) - \I]9<xi7 IZ))
B 2

S (n—2) SUPy veq Wy(u,v) + )‘maX(ie)

= 9 )

where the last inequality is true because Wy(z;, 2) = 0 and Wo(z;, 2;) < sup,, ,cq Yo(u,v).

If (n — 2) sup, yeq Yo(u, v) > Amax(Ee), then the axis of symmetry lies to the right of the



interval [0, Apax(Ze)] and f1(¢) is increasing in [0, Amax(2¢)]. This indicates

2)\max 2e v iy -V iy L1 - )\max 2e 2
fl(t) gAmax( e)"’ ( )( 9(1’ ‘T) g(l’ l’)) _ ( )
N SUP,, yen Yo (t, V) + Amax(Xc)
AmaX(ie)(n SUDy veq Wo(u,v) + 2(Vo(xs, 7) — Vo(x4, 7))
n Supu,veﬂ \IIQ(U, U) + )\max(ie) .

M

(A.5)

Plugging (A.5) into (A.4), gives the result.

B Proof of Theorem 5.1

Here, the derivatives of the log-likelihood and emulator are expressed in terms of the equiv-
alent parameters ¥ = (87, 02, p,v)T, where v; = Var(e(z;))/0?. The vector of derivatives of

the emulator with respect to the parameters 667 has block components

v = ) — o) — HOXT(@,0X,X) + 2,) 71, (X, ).
0f(x) _
< do2 0,
ey = 200 2 P00 4¢3 457 53) - HO0B)
=y X)(B, (X, X) + 2) T 0,06, ) + 5 F(X) - X)),
(ca)r = 8?;(;) ®,(z, X)(®,(X, X) + 27)—1diag{‘?i I, .. ZVZ L. ?j]k }

X (Dp(X, X) +5,) " (y(X) — H(X)B),

where X, = diag(fylf ks - Ynlk, ). The vector of derivatives of the log-likelihood with respect

to the parameters has block components

55 = S COTIR,X.X) 4 271 (7(X) - HOX)5),
O S U(X) — HX)S)T(@,(X,X) 4 5,)7 (F(X) — H(X)3),
ol 1 _10%,(X, X)
8_,0]- = —§trace ([(IDp(X,X) + %, a—p])
L 00 = 1B, 0, ) + 2, 22 M g (x x) 21 (1) - (X)),

20 Ip;



ol o 1 1. 8'}/1 6’71 8771
o 202trace <[<I>p(X,X) + 3] dlag{aT Iy, ... > t[k R — 1,
+ LX) = HX)B)T[@,(X, X) + 5] ldlag(a—] Rig Dy
204 PR T Far e oT; " 0T o
X [@p(X, X) + 5] 7HF(X) = H(X)B).
So, the information matrix has block components
0%l 1 T 1
E — P -3 (X)7[2,(X, X) + 5, H(X),
0%l
" 9500
0%l
B~ 3pan =
0%l
_ =0,
9p30p;
__ot _m
Jo2002 204
021 1 _,09,(X,X)
— W = §trace <[q)p(X,X) + 27] a—pj) s
0%l 1 0P,(X, X) 00 ,(X, X)
_ — Tt P (X. X ST e (XX I el el AtelA
aphaph 2 e <[ p( 7 ) - 'y] 8,0]2 [ p( 7 ) " ﬂ/] apjl > 7
82l . 1 13- 8'71 @’71 a’Yn
E—W—Wtrace <[(I)p(X,X)+E,Y] dlag{a—]kl,.. a tIk,... ) tIkn})
82l o 1 -1 aq)p(X,X> -1
— 8Tt8p] = étrace ([q)p(X, X) -+ 2»7] a—pj[q)p(X, X) —+ 27]
. [Oom i O
« diag { 5 tIkl, . thfk . gt Ikn)}>
0%l 1 . o ;i OV
E — aTtI@TtZ = §trace <[(IDP<X,X) + 27] dlag {a - Ikl’ . 8_t1-[kl7 ceey aTtl]kn}
Sy f Oy i n
x[®,(X, X) + %,] 'diag {a :2 Iy, - ¥ — I}, .. ,%zlkn}) :



Building from (14) and the block representations above gives

(&1
. . !0 .
E{fy.(z) — fy(x)}?* = (c],cb, b, ey [
0 I_l C3
C4
Co
=clajle+ (6, 6,)T | o
C4
= Part(I) + Part(II),
where
2l In T
an:a—Q and 7 = 12
o8 To T
with
821 a2l a2l Dl Dg
Tn=-Epgmr Tz=-(E E Ty =10, Ty =
11 60.28027 12 ( 00'28ij ao_zaTT)’ 21 125 29 D2 D3 ,
0%l o%l 921
Dij=-EFE—— Dy=-E—— d D3=-E—-—-. B.6
CT T 00T T arger M T T araeT (B.6)

Applying block matrix inverse results (Harville, 1997) and noticing that ¢, = 0 gives
Part(Il) = ¢" By 'c,

where By = Ty — I01Z;;'To1, and ¢ = (¢, cI)T. With the aim of bounding Part(II), the

following notation is introduced. Let

a; = vec (02—8<I>p(X, X))
J apj ’

o) i Mn
by = vec (diag {a—j_i[kn e 8_Ztlk” - %[k"}) ,



Al = (al, ...,a|p|,b1, ceey b|7_|).

Then,

1 _ _
Bl = ;A?((q)P(XaX) + Z’Y) ! ® (q)P(X>X) + E’Y) !

_ %VGC([@p(X, X) + ZW]_I)VGC([(I)I)(X, X)+ 27]_1)T)A1.

For simplicity, let

vec(Wh)

Wiy=0,(X, X))+, and w=—+—".
1= 2K X)H 2 A

The matrix inside the quadratic form has eigenvector w with corresponding eigenvalue 0.
Following the approach in Haaland et al. (2018), the minimum eigenvalue of By can be

bounded below by

1 1
—)\min(AlT(I — wa)Al) X Ao ((VVl1 ® Wfl — —vec(Wll)vec(Wll)T)),
o m

4

where Ay denotes the second smallest eigenvalue of its argument. Weyl’s theorem (Ipsen

and Nadler, 2009) implies that the second smallest eigenvalue can be bounded below by

1 1
> .
/\max(\IIG(X7 X) + 26)2 (m Supu,veﬂ q)p(u’ U) + /\maX(EW))z

)‘min(Wl_l & Wl_l) =

For Apin (AT (I — ww™)A;), an approximate lower bound is given. Let £ = (p, 7). Notice

that

AT(I —wwh) Ay

. an(HZ’Z,l’)an(Jfl,%)
_{Z & o

1,
1 awl(xi,l“) awl(l’i,l“) |
~ lvee(W)I3 ( z; o il xj)) (z; — et iz %))}

%m2|:/awla(€x>y) awgéiay)d}ﬂ(x’y)




- (/5w )( [ T wievirey)|

= m?sy, (B.7)

where Wi (z,y) = @,(x,y) Ui (f)]l{z:y} and £ denotes the large sample distribution of point
pairs. Applying a version of the Cauchy-Schwarz inequality for random vectors (Tripathi,

1999), gives s; = 0 with s; > 0 unless

8VVI (l‘, y)

o a=Wi(x,y)b

with probability 1 with respect to large sample distribution of point pairs F? for some

vectors a and b. So, Part(II) has approximate upper bound

04(m Supu,UEQ CI>p(u, U) + )\max(zv))2
m2s;

lel3- (B.8)

Also,

0?||call3
Amin(H(X)T[@,(X, X) + X,]TH(X))
02| c1][3Amas (P (X, X) +52,)
S Aan(HX)TH(X))

Part(I) <

Following development similar to above, Ay, (H (X)TH(X)) admits approximation
Auwin(H (X)TH (X)) = Mawin (Y @) (i) ) 2 mdawin / h(y)h(y)" dF(y)) = msz, (B.10)
i=1

with respect to the large sample distribution of the input locations, F'. Further, so > 0
with equality if and only if there exists a # 0 such that h(y)"a = 0 with probability 1.
Combining (B.8) and (B.9) gives approximate upper bound for Part(I) + Part(II)

o len [ Amax (P (X, X) +3,) o' lell3(msup, veq Pp(U; v) + Anax(E5))?
ED) m2s;
<02”01 H%(m SUDy veq qu(“» v) + )‘maX(E'y)) n U4||6H3(m SUPy, veq q)p(uv v) + )‘maX(Zv))z

X

Y

I

mso m?2s;

(B.11)



finishing the proof of Theorem 5.1.

C Proof of Proposition 5.1

Recall that

=1, ..., —1
767} kiy ey 3’& kn)

0
(ca)e = = &, (x, X)(®,(X, X) + EV)_ldiag(a—ZlIkl, .
t

X (Dp(X, X) + 5,) 7 (y(X) — H(X)B).

In this section we would give an upper bound of (¢s);. Without loss of generality, we can

suppose ®,(z,z) = 1. Let

B+ %, RT

P,(X,X)+ X, =
R By +%,,
where
B, =117,
271 = U%[kn

R = CI)p(XQ,ZEI)].T,
BQ == q)p(XQ,XQ).

Thus, we have

B+ %, RT

(q)p<X7X) + 27)71 =
R Bs + sz

By, —By'RT(By +%.,) 7!
—(Ba+ 5,,) 'RB3; (Bo+%4,) 4 (Ba+ 5.,) 'RBy, RT(By + 2,,) 7!

where By, = By + %, — RT(By + 3.,) ' R. Notice that

1

1
kl—i—O'%

Y

(Bl + Z’Yl>_11 =



we have

By =(Bi+ %, — RI(B;+%,) 'R)™*
= (Bl + 271>71((Bl + 271)71 - (Bl + E’Yl)ilRT(BZ + 272)71]%(81 + E’Yl)il)il(Bl + E’Yl)il
1 - _
= (B £ (B4 207 o 0o X (B S0, (e 1) (B4 3,

D, (21, Xo)(By 4+ ,,) 1@, (X, !
:(Bl‘l'zm)_l((Bl‘f‘E%)_l_ oA 2)((2++;§))2 2 2961)11T) (Bi+3,,) 7"
1 1

By binomial inverse theorem,

- -1
((Bﬁzw)_l_ (11, X5)(By + 5y,) 1@p(X2,x1)11T)

(k1 + 02)2
B4y 4 D, (21, Xo)(Ba 4+ B,) 1P, (Xo, 1) (B + 271)7111T(B1 +3,)
(k1 + 02)?2 1— ‘I’p(“"”(iifg; 2oX2) 7B 4 %,)1
_B4Y, 4 P, (z1,X3)(Ba 4+ X,,) 1P, (X2, 21) (ky + ﬁ)QllT
o+ o2 1 — el KBy 00 (k) 4 03y
= B1 4 Xy, + @,(x1, X2)(Ba 4 y,) 7 @y ( X, 1) — o 1 — :
1 — el 2)(32;42_12%) ‘I’p(Xz,«Tl)k,l

Let d = (I)p(l’l,Xg)(Bg -+ 2~Y2)_1®p<X27 LU1>. Thus,

11T
By = (Bi +2,,)" B+ X, +d (Br+%,,)""
1= k‘1+02 kl

B +% 111TB 2,07
:(Bl+271)_1+d( 15 2y) 1L (Br+ 5y)

1 k1+0'2 kl
1 11T
o2
= (B +%,,) 4 attl
1— 5k

kl +0‘

Since



we have

D, (z, X)(®,(X, X) +%,)7"
=(D,(x, r)17, Q,(z, X>))
By, —By'RT(By + %,,) 7!
—(Ba+¥,) 'RByy (Ba+%,)  + (Ba+3,) 'RBy RT(By +%.,) 7!

X

Y

= <<I>p(a:, 11)1" By, — @, (2, X2)(By + %.,) ' RByy,
— ®y(2,21)1" By RN (By + 5,,) " + @2, Xp)(B2 + 5y,) ™!

B 2 RBE R (Bt 3,7 )

Notice that

1 —1 (k1+102)211T1
3221:(314'271) 1+d1_1 d_I
k1+0'% 1
1 T
Tll 1
= (Bl + E71)_11 + d(fl—’_ L d k
- k1+0'% 1
) dk12
(k1+0'1)2
— 1,
R g
dky
22
we have (let d; = (,ﬁ}m% + 1<}i1+dkll) )= k1+0%_dkl)
k1+o'%

@, (v, 21)1" By — ®,(x, Xo)(By + ¥,) ' RBy
=&, (z,2,)d1 17 — dy® (7, X2)(By + 2.,) '@, (X, 21)17,

and

— &, (2,21)1" By R (By + 2.,) ' 4+ @, (7, X2) (B + 2.,) ' + (Ba + %.,) 'RBy RT (By + %,,) *
=— &, (z, 7)) k1d1Vg(1, X2)(Ba + £) ' + @,(2, Xo)(By + 5,,,)
+ @, (1, Xo)(By + £+,) '@, (Xo, 71)k1dy @, (71, X5)(By + X))
= — @, (2, 21)k1dy D, (1, X2)(By + 3,) ' + @, (2, Xo)(Ba + 2.,) "

10



=+ dkldlq)p(ilfl, XQ)(BQ + 272)71

With the same procedure, we have
(Pp(X, X) +2,) " (y(X) — H(X)B)

= ((y(xl) — H(z1)B)dy1 — dy®, (21, Xa)(Ba 4 y,) " (y(X2) — H(X2)B)1,

— (y(21) — H(x1)B)k1dy (B2 + sz)flq’p(Xm x1) + (By + 272)71@()(2) — H(X5)PB)

Fdkydy (By + 2,) '@, (X, a:l)).

Thus,

= (2, X)(D,(X, X) +Zﬁ,)1diag(gyl Ly, oo ZVZI,C ?’:Ikn)
X (0p(X, X) +2,) 7 (y(X) - H(X)B)
o  (Pp(z, 21)dr — di®y(w, X2) (B + 1,) 7' (X2, 21)) (y(21) — H(z1)B)dy
— di®y(21, X2)(B2 + 5,,) 7 (y(X2) — H(X3)B))
+ (=@, (2, 21) k1 d1 @, (21, X2)(Ba + $,) 7 + @,(z, Xo) (B + $,) 7!

.0 i 8 n
+ dkydy®y (@1, Xo)(By + £,,) ) diag( 5 Ty, ooy 5L oo 5 I,
o, Tt 87} "o, Tt

X (—=(y(21) = H(x1)B)krdr(By + 54,) 7' ®p(Xo, 1) + (By + 5.,) " (y(X2) — H(X3)5)
+dkydy(By + ;) '@, (X5, 21))

_ 1
Let dy = ok Ve have

I,%g—z(@p(x, 1)dy — do® (1, X5) (By + £.,) 10, (Xo, 1)) ((y(21) — H (1)) dy

(C4)t
— dy®, (w1, X)(By + £,,) " (y(X2) — H(X2)P))
+ (=@, (x, 21)do®, (21, Xo)(Ba + £,) 1+ @, (2, Xo)(Ba + 2,,)

+ o1, Xo)(By +35,) ™ )liog (G P iy 5 s 5 )
t Ty

11



X (=(y(21) = H(x1)B)da(By + £,,) '@, (Xa, 1) + (B2 4+ ,,) " (y(X2) — H(X2)B)

+ddy(By + Xe,) '@ ,(Xo, 71))

10y @ O
kl 87',5 N 8Tt "o, Tt
X (0,(X', X) +2,) 7 (y(X') — H(X')B),

= ,(z, X)(®,(X', X') + %,) 'diag(— —" 1)

where X' = (z1, X3). Thus, by continuing this procedure, we have

|2, X) o)V ~ HXBl2
()\min(q)p<X; ) E )) i eX

1 0y

<
(ol < |

D Proof of Theorem 6.1

The following lemma, which describes the accuracy of solving linear systems (Golub and

Van Loan, 1996), will be used to develop a bound on the numeric error.

Lemma D.1. Suppose Az = b and Az = b with ||[A — Al < 8| All2, |b— bl < |b|2, and
K(A) =1/5 < 1/8 for some 6 > 0. Then, A is non-singular,

|2l 147
el = T —=r
| —all, 26
A D.12

where k(A) = || Al|2]] A7

Further, for conformable A, b, A, and b, we have

146 — Abll> = [|A(b — b) — (A — A)b»
<[HAQ@ = B)llz + [1(A = Al < [ AllolI(0 = B)ll2 + 1(A — A)2[Ib]]-. (D.13)

In order to satisfy the conditions of Lemma D.1, we make a few assumptions in addition

to Assumption 4.1, in particular, with regard to the accuracy of numeric optimization.
Assumption D.1. Assume k(A) = /6 with r < 1 and
1A = Ally < 8[| Allo, [ 045(X, 2) — Ua(X, )2 < 0| Wy(X, )]l

12



Note that this assumption does not concern the parameter estimates themselves, but
instead the accuracy of the solution to the optimization problem. If the optimization
problem is solved with sufficient accuracy, then this assumption will be satisfied. However,
as we will see in the following, the regression function coefficients 5 have great potential to
cause problems. Briefly, in order to control parameter estimation numeric error, we need
that numeric properties are even more tightly controlled, in particular, an even smaller

condition number of Wy(X, X) + X, which is stated in the following assumption.

Assumption D.2.

(1+6)?
1—7r

5K(A)K(H(X)TH(X))(1 +(1+6)2+ /@(A)) <1

Assumption D.2 is a strong assumption, since it requires 6/@(121)2 to be relatively small,
at least smaller than 1. However, since our goal is to make /4;(121) small, in practice this
condition is not too difficult to achieve, since we can control the condition number of A.

The following lemma states that if Assumption D.2 holds, combining Assumption D.1,

the conditions of Lemma D.1 holds.

Lemma D.2. Let

r = ok(A)k(H(X)TH(X)) (1 +(1+0)*+ (11—‘;632“(14))
+ %min{é7 1 —0k(A)k(H(X)TH(X)) <1 +(1+0)*+ (11t6r)2/<;(121)>}

5, = _ "N . (D.14)
k(H(X)TAT H(X))

Suppose Assumptions 4.1, D.1, and D.2 hold, we have r1 < 1 and
IH(X)" AT H(X) — HX)" AT H(X) | < 81l H(X)" A H (X))o (D.15)
Thus, we have all tools to give an upper bound of | f 5= fqg\. By triangle inequality,

£ — 15l
= [h(2)" B + Uy(z, X)A(Y — H(X)B) — (h(z)"B + Vy(z, X)A™1(Y — H(X)B))|

13



= |h(2)" (6 = B) + YT (A70(X, 2) — A7N0(X, 2))

— Wy, X)ATH(X)B = Wy(x, X) AT H(X) |

<A@ 2ll6 = Bllz + 1Y |2 A a(X, x) ATN(X, )2

+ [y (e, X)ATH(X)B — Wyl X)AT H(X)5l2

= Part(i) + Part (i) + Part(idi). (D.16)

Part(ii) can be bounded using Lemma D.1 as

o
(A A 0(X, 7)o (D.17)

Part(ii) < [|Y]|2

Similarly, Part(ii7) can be bounded using (D.13) and Lemma D.1 as

_ A 20 PO _ _ A~ - _
Part(iti) < |[H(X)|l2|Blloy—# (AT (X, 2l + [ H(X) 2|5 = B2l A7 W5(X, 2)l]2

_ ~ 20 Al A - 1
< H () ol Bl o m( A AWK, )l + | H ()l — Bl A0 )
(D.18)
Combining (D.16), (D.17) and (D.18) gives
. . 25k(A _ _ _ .
o= dil € oo W Y + IO
A 1 _ _
+ 118 = Bllz([lA ()2 + L HX) YK ). (D19)

(1 = ) Amin(A)

Notice that the first term in (D.19) can be controlled by restraining g(X, %), as defined
n (13). The second part can be controlled by, in addition, restraining ||3 — 5|2. Recall that

= (H(X)TAT'H(X)) ' H(X)TA™'Y,

— (HX)TA H(X) " H(X)TAY.

w5

Since by Lemma D.2, the condition of Lemma D.1 holds. Thus, by Lemma D.1, we have

20,
1— ™

2’/"1

18— B2 < s(H(X)TATHX)) 11812 = §

||ﬁ||2

14



By plugging in (D.14), we have

16 - 3l < 25wyt (R 1 C0) (14 1+ 67+ S Dnld)) +1) 10 D20)

Combining (D.19) and (D.20), we finish the proof.

E Proof of Lemma D.2

Notice that if Assumption D.2 holds, we have r; < 1. We only need to prove (D.15). Notice
that

1H(X)TAT H(X) — H(X)T AT H(X)l3
<|HX)TATH(X) - HX) AT HX) |2 + | H(X)TATH(X) — HX)TATH(X)|,
SOH(X) LA H (X o + | HX)TAT H(X) - H(X)TATH(X)l5
SOHEOISNA | + | HX) AT H(X) — HX)TATH(X)]., (E.21)

where the first inequality is true because of the triangle inequality, the second inequality
is true because of Assumption D.1, and the third inequality is true because |G~1d|]; <

|G7Y|2]|d]| for any vector d and non-singular matrix G. The second term in (E.21) has

1H(X)TAT H(X) — H(X)TAT H(X)l2

<|HX)TATH(X) = HX)TATHX) |2 + | H(X)TATH(X) — HX)TATH(X)|,
OH(X) L) ATHX) |+ [ HX)T (AT = ATHH (X))

SOHOIZNA |2 + 1A = A7 o1 H (X113

SO(L+ 8P IHEORNA 2 + (1 +8)° | H (X[ A™ — A7, (E.22)

where the first inequality is true is because of the triangle inequality, the second inequality is
true because of Assumption D.1, the third inequality is true because |G~ d||s < |G 2|4l
and the last inequality is true because by Assumption 4.1, |[H(X)||s < (1 + 0)||H(X)].
Next, |A~! — A~1||, is bounded.

For any « € R" such that ||z||s = 1, let y1,y> € R™ such that Ay; = = and Ay, = . Let
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64 =A—A. Thus, (A+ 64)ys = 2. Notice that by assumption,
HA 15,4”2 (SHA 1H HAH2 =r<1 and (I—l—A*l(SA)yQ =Y1.

The following Lemma from Golub and Van Loan (1996) will be used.

Lemma E.1. Suppose F € R™", ||F||y < 1. Then I — F is invertible and

1

1= F) e < v
1= £

where I s identity matrix in R™*™.

By Lemma E.1, we have

o 1 .
lyella < (7 + A7 04) " 2]yl < T vl and yr—ya =4 L5 aYs-

So,
1 1 0 A
lyr = wolla < A7 8allally2lla < SIAT 2]l All2lg2]l2 = T r (Al
Plugging in y; and y, gives
. ~ 0 - ) S a 4] - 1
LAYz, < e = -
I0A™ = AT )zllz < 7= R(A)|A s < TR NAT 2 1—TK(A)Amin(A)’
(E.23)
indicating
i-1 j-1 0 A 1
A7 =A™l < K(A) (E.24)

L—r >\min (A) 7

since (E.23) is true for any = with ||z| = 1. Combining (E.21), (E.22), and (E.24) gives

|H(X)TAT H(X) — H(X)TAT H(X)||2
SOH (X ZIA o + 01+ )2 [HEX)ZNA |2 + (L +8)* [ HXOIFI AT — A7
Ol 2 | H (X )”2_'_5(1"‘5)2/{( A)HH(X)H

sH(X)3
<9 149 ~
mm( ) ( - ) Amin(A> 1- r m1n< )
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S| H(X)I3 2, (1+0)*
m <1 +(1+6)"+ m(A)). (E.25)

Thus, (D.15) holds if

5HH(

Ol 2 i
SRS (1+<1+5> m<A>) < S H(X)T A H(X) o

mlIl

or equivalently

Ol H(X)I3
)\min(A))‘min(H(Xv)TAilH(Xv)

(1+9)2

1—7r

(1 +(1+6)?2+ MA)) < &k(HX)TATTH(X)).

(E.26)

Next, we simplify (E.26). Notice that the left-hand side of (E.26) has

5||H(5<)|| (

so, if

(1+6)?
1—7r

ork(A)k(H(X) H(X))(1+(1+5)2+ Wi)) < &r(HX)TAT H(X)), (B.27)

(D.15) holds. By plugging in (D.14), we have (E.27) holds, which finishes the proof.
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