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Spatially Discrete Index-Reduced Isothermal

A Step-By-Step Guide

Euler Equations:

The growing infeed of renewable energy re- | Outline:

quires a change in management of gas net- (’.’) = (AO Ag") <p> + (IS %”) (ZS> + (f( 0 9)> 1. Generic Model Reduction
works, as supply and demand become in- 7 i 7 i ‘ P9 2 Linear Model Reduction
creasingly volatile. To ensure safe operation of <Vd> _ (CP 0) <P> 3. Affine Model Reducts

the gas network, many scenario simulations of s 0 Co) \d - Aine oEe! REEUEHon .

a large-scale model are conducted prior to the e Pressure: p:R — RM% 4. Structured Model Reduction
dispatch_ Model reduction alleviates the asso- e Mass-Flux: g : R — RN . 5. Parametric Model Reduction
ciated computational complexity by providing : g‘;fnp;ﬁg rﬁzz‘;fﬁlﬂgr(’frfgugf : R_FZF:RMC, 6. Combined Reduction
surrogate models with resemblant behavior. e Supply Mass-Flux (Output): yy : R — R% 7. Hyper Reduction

e Demand Pressure (Output): ys : R — R%

1a. Generic Model

(Possibly Nonlinear) Input-Output System: Reduced Order Model:

x(f) = £(x(t), u(t)) Xr(t) = 1r(X:(t), u(f))
y(t) = g(x(t), u(t)) y(t) = 9r(x(1), u(t))
o Input: u:R — RM Reduced State: x, : R — R”

e State: x : R — RN

e Output: y : R — RY

e Vectorfield: f : RN x RM — RN

e Output Functional: g : RN x RY — R@

Approximate Output: y : R — RY
Reduced Vectorfield: f, : R” x RM — R"

2. Linear Model Reduction 3. Affine Model Reduction

Reduced Linear Model: Affinely Reduced Input-Output System:

X:(t) = (VTAU)

() + (VT B)u(t)

Reduced Output Matrix: C, := CU € R®*"
Extensive theory exists for linear (linearized) models.

y(t) = (CU)Xx(1) y(t)= gx+ UxA(t), u(t))
e Projections can be applied a-priori. o Steady-State: x ¢ RV
e Reduced System Matrix A, .= VTAU € R™" e Reduced State: x,(f) := VTx(t) — x
e Reduced Input Matrix: B, :== V7B ¢ R™M e Reconstructed State: x(t) ~ Ux,(f) + X
o
o

e Useful for nonlinear systems.

Combined State and Parameter Reduction:

u(t), 1or)
u(t), Nor)

Xr(t) = VTH(Ux(1),
yt)= g(Ux1),

Parameter: § € R”

Vectorfield: f: RN x RM x RP — RN

Output Functional: g : RN x RM x RF — R¢

Goal: Find projections U, V valid over © ¢ R”
Parametric Approximate Output: ||y(0) — y(0)|| < 1

Bi-Orthogonality: ATU =1
Reduced Parameter: 6, := AT) € RP<F
Model Reduction Error: ||y(6)

Projection Computation

Reduced Gas Network Model

Putting it all together:

(5)-#(5)+(8) = () (eman)

ar q ¢ Ug fq.r(Pr: qr, 0) e Empirical Balanced Truncation
(h) i ( ) ( ) e Empirical Cross Gramian
) \ar e Empirica

o Reduced Pressure: p,(t) := Vjp(t) — p
e Reduced Mass-Flux: g.(t) := VT q(t) — g

o for(Pr:Qr,0) = Vglg(p + Uppr, @ + Uqgqr, 0)

README

1b. Generic Model Reduction

Reduced State-Space Dimension: n < N

Reduced Output Functional: g, : R” x RM — R®@

e Simple “nonlinear” model reduction method.

6. Combined Reduction® 7. Hyper Reduction”

Reducing Truncated Projection: I € RF*P
Reconstructing Truncated Projection: A € RP*P

-y < 1

Non-Symmetric Cross Gramian
e Proper Orthogonal Decomposition
e Dynamic Mode Decomposition

1c. Projection-Based Model Reduction

(Low-Dimensional) Projected Input-Output System:

X (t) = VTH{Ux (1), u(t))
y(t) = g(Ux(1), u(t))

Reducing Truncated Projection: U e RN*”
Reconstructing Truncated Projection: V € RVx"
Bi-Orthogonality: VTU =1

Reduced State: x,(t) := VTx(1)

Model Reduction Error: ||y — y|| < 1

4. Structured Model Reduction

Structured Reduced Order Model:
pl’(t) — V,l-Dr fp(Uppr(t)s qul’(t)s U(t))
ql’(t) VC-II- fQ(Uppl’(t)s qul’(t)! U(t))
y(t) 9(Uppr(t), Ugqr(t), u(t))
Reducing Projections: U, € RN, U, € RNex"
Reconstructing Projections: V, € RNPX”p Vy € RNax"a

Bi-Orthogonality: V,Up = 1, VTUq =1
Reduced States: p,(t) := Vgp(t), q-(f) = Vgq(t)

Lifting Bottleneck:

Xr(t) = VIH(Ux (1), u
y(t)y= g(Ux(t),u

e f, requires evaluation of f.

e X, needs lifting to x.

e Approximate f, by interpolating between data points of f.
e (Likely) Not necessary for gas networks.

e Algorithm: (Discrete) Empirical Interpolation Method

Model reduction methods have different properties, i.e.:

Nonlinear Data-Driven Methods Considered:

e Galerkin (V = U) or Petrov-Galerkin (V # U) projections
e Target Error Norm: L4, Lo, L, Ho, H,
e Stability Preservation

e (Sharp) Error Indicators

e Input-Output Coherence
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