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Abstract

The problem of viscous incompressible flow in a periodic cell with a porous
body is solved. The Stokes flow model is adopted to describe the flow outside
the body and the Brinkman equation is applied to find the filtration velocity
field inside the porous domain. The conditions on the boundary between the
free fluid and the porous medium for the porous body of arbitrary shape are
obtained. The boundary value problem for the joint solution of the biharmonic
and Brinkman equations for the stream functions outside and inside the porous
body are then solved using a boundary element method. Good agreement of
the numerical and analytical models for the Kuwabara circular cell model is
shown for the fluid flow through a porous circular cylinder. The fluid flow past
a circular, square, triangular cylinders and a circular body of uneven surface (an
idealized model of a viral capsid) in a rectangular periodic cell are calculated.
Comparison of the results obtained with the numerical solution from a CFD
ANSYS/FLUENT model shows good accuracy of the developed mathematical
model.
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Nomenclature

Dqs components of strain rate tensor
Ey, By,

By, E,  absolute errors

f arbitrary function

h radius of circular cell

G1, Go,

Gs,Gy Green functions

h1, ha height and half width of rectangular cell

Hq, Hy Lame coefficients

Iy, I modified Bessel function of the first kind of zero and first order
Ko, K1 modified Bessel function of the second kind of zero and first order
n,m number of linear elements on boundaries I'® and I'*

mp number of bumps of capsid model

P pressure

q curvilinear coordinate

Q coefficient of fluid capture

(r,0) polar coordinates

R, typical size of porous body

S boundary arc

S dimensionless parameter

U velocity scale

v velocity

(x,y) Cartesian coordinates

(Tek,yer) coordinates of segment centers

Greek symbols
solidity
interior angle at point on boundary

y amplitude ratio of a bump
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boundary

porosity

relative errors

negative vorticity

the angle of the tangent to the current integration linear segment
permeability

fluid viscosity

distance between current point and boundary point

shear stress

stream function

vorticity

domain

Subscripts

analytical

radial

tangential

cartesian x — component
cartesian y — component

coordinate components

Superscripts
exterior
interior

derivative with respect to normal
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1. Introduction

The solution of the problem of fluid flow through porous bodies is used to
describe many hydrodynamical processes in environmental and medical science.
For example, such flows are found in aerosol filters and respirators and for
particle shaped viruses in biofluids. In the case of aerosol filters porous bodies
can be used as elements to increase the efficiency of the deposition of aerosol
particles [1, 2]. In order to calculate the two-phase flows of dusty air for such
filters it is important to develop efficient mathematical models of fluid flow past
porous bodies in periodic cells [3].

The fluid flow through a circular porous cylinder assuming potential flow of
an incompressible fluid was modelled in work [4].

One of the problems with modelling fluid flow in domains containing porous
medium is connected with the formulation of the boundary conditions on
the interface between the free space and porous medium. The choice of the
conditions depends on the mathematical model adopted. Various boundary
conditions are studied in the works of Beavers and Joseph [5], Saffman [6],
Neale and Nader [7], Haber and Mauri []], Vafai and Thiyagaraja [9], Sahraoui
and Kaviany [10], Ochoa-Tapia and Whitaker [11, [12].

The analytical solution of the problem of the fluid flow past an isolated
porous cylinder and a system of porous cylinders using a cell model was firstly
obtained by Stechkina [13]. The cell model used was based on the widely
adopted Kuwabara cell model [14] and included the Stokes flow model [15]
outside and the Brinkman equation [16] inside the porous cylinder. The cell
model with Kuwabara boundary conditions was also used by Deo et al. [17] and
Kirsh [1] to determine the velocity field of the flow over and through a porous
cylinder in the case of small Reynolds number flow using the analytical solution
and the collocation method.

A review of analytical investigations of fluid flow past porous cylinders and
spheres is given in the works of Deo et al. [18] and Vasin and Filippov [19].

Generally, the cell model is an approximate model of fluid flow and its accuracy
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depends on the porosity of the porous medium. To obtain an accurate fluid
flow velocity field numerical models using the real array geometry should be
adopted.

Viscous flow models for flows through porous bodies usually adopt the
combination of the Stokes model in the free space and the Darcy or Brinkman
model in the porous medium. Such models were used to study the viscous flow
through isolated porous cylinders and spheres by Masliyah and Polikar [2(0],
Nandakumar and Masliyah |21], Noymer et al [22], Vanni |23], Vainshtein et al
[24, 125].

The Navier-Stokes equations with Darcy and Forchmeier terms were solved
numerically to simulate the fluid flow past a porous cylinder in Beckermann and
Viskanta [26], Vafai and Kim [27], Basu and Khalili [28], Bhattacharyya et al
[29].

Using the Boundary Element Method (BEM) for solving the problem of
fluid flow through porous bodies has advantages compared with the finite
volume (FVM) or finite differences (FDM) methods due to its reduction of
the dimension of the boundary value problem. Additionally adopting the BEM
enables boundary value problems to be solved for porous bodies of any shape.
Whilst the FVM and FDM have difficulties with the numerical solution of the
fluid flow through porous bodies of complex shape. The majority of previous
work in the area is devoted to the study of fluid flow through circular or
rectangular bodies |3, 130]. But there are applications where it is necessary
to study the fluid flow through porous bodies of arbitrary shape (for example,
the flow through aerosol fibrous filters containing deposit or the fluid through
a viral capsid). Presently these problems remains unsolved. In this paper a
mathematical model of fluid flow through arbitrary shaped porous bodies is
developed using the BEM approach.

The fluid flow past a periodic row past of arbitrary shaped porous bodies,
is considered under the assumption of viscous incompressible flow. The
approximate periodic circular [14] and rectangular cell models are used to

formulate the fluid flow problem. The Stokes flow model is adopted outside
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the body in the cell and the Brinkman model inside the porous body to
describe the flow velocity. The resulting boundary value problem for the
stream function in the two domains with boundary conditions on the interface
between the free space and the porous medium is formulated. The boundary
conditions include the stream function and vorticity as variables and can be
used for arbitrary curvilinear boundaries. The boundary element method
(BEM) is then used to solve the boundary value problems. The numerical
solution obtained is compared with the analytical solution in the circular
cell case and good agreement of the two solutions is shown. The fluid flow
past circular, square, triangular cylinders and a circular body with an uneven
surface (an idealized model of a viral capsid) in a rectangular periodic cell
is also calculated. Comparison of the numerical results with corresponding
data obtained using CFD ANSYS/FLUENT (www.ansys.com) shows good
correlation of the developed BEM model and FVM solution.

2. The problem statement

The two-dimensional flow of an incompressible fluid with speed U in a
periodic cell with a porous body at a small Reynolds numbers is considered.
The permeability x of the porous medium is assumed to be constant. Due to
the fluid flow symmetry we select as a calculation domain the upper part of the
periodic cell that consists of = Q¢JQ’ where Q¢ is the free fluid space and
¢ the porous body domain (Fig. @). The line AD is the symmetry axis. All
quantities in the domains Q¢ and Q' are denoted by indexes e and 1.

The fluid flow in the domain ¢ limited by the boundary I'® is described by

the Stokes model given by equation (I
Vp© = —protw®, (1)

where p° is the pressure of outer flow, u¢ is the fluid viscosity, w® = (0,0, w®)

is the flow vorticity vector. The fluid flow in the porous domain €’ limited by



Figure 1: Fluid flow domain

the boundary I'? is described by the Brinkman model
. L . .
Vp' = —;vz — p'rotw’, (2)
o where p is the pressure, w’ = (0,0, w?) is the vorticity, v’ is the average filtration
velocity and p? is the fluid viscosity in the porous domain. The fluid viscosity
in the free space and the porous body u® and p’ differs due to the additional
fluid drag in the porous medium.
Considering the curvilinear coordinate system (q1,¢2) (Fig. d). For
os convenience the coordinate system is selected such that on the boundary
' = T¢I between the free space and the porous medium condition (3] is
satisfied

q1 = ¢ = const . (3)

The continuity equations for both domains are written in the form

3(szf)+3(Hlv§) O(Hav}) = O(Hyvh)

=0, + =0, 4
oq 0q2 oq 0q2 ( )

where Hy, Hy are the Lame coefficients for the curvilinear coordinate system,
w  vf, v§, v}, v} are the projections of the velocity vectors on the coordinate axes

¢1 and g2. The form of equations (@) enables the introduction of the stream
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functions ¢ and 1° as

6 e
HQUT = Q/J Hlvg = —

YR a. 21)11 = 5
0qa oq 02

The components w® and w? of the vorticity vectors in the coordinate system

considered are written in the form

. Hlng <8(H2v§) 8(H1vf)> i Hlng <8(Hgv§) - a(Hlv;')?é

oq 9q2
Substituting (&) into (@) and taking into account the fact that the Laplace

w

oq 0q2

operator for the arbitrary function f in the curvilinear coordinate system (g1, ¢2)

1 0 [ H, 8f> 0 (Hl of >)
Af = — | =)+ === (=== ], 7
! H H, (a(h (Hl oq O0gqo \ H2 0g2 @

AY© = —w°, At = —w'. (8)

has the form

we obtain

Equations () and ([2) can be written in scalar form

1 op° . 1 Ow® 1 op° . 1 ow®
Lo e low o Lot 1ot )
Hy 01 Hj 0qo H3 0g2 Hy 0q1
1 opt ue . o1 Ow? 1 op ue 1 Ow?
B R Y R i N 0 R R SN GT)
Hy 0q1 PR Hy g2 H3 0qo PREEES Hy 0q (10)

Eliminating the pressure in ({@) and (I0) and using (7)) the fluid flow equations

can be written in the form that includes the stream functions ¢ and 1)’
AZye =0, (11)
28 Lo
A%t — EAU) =0. (12)

The conditions on the boundary I'® depend on the periodic cell model
adopted [17]. The symmetry conditions are taken on the line AD.

To complete the boundary value problem for the fluid flow equations (IJ),
(@2 that are partial differential equations of fourth order it is necessary to

take four conditions on the interface I'’ between the free space and the porous
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medium. The condition of velocity equality v = v* on the boundary can be
written in the form

v§ =, V5 = vl (13)

Taking into account () the relations ([I3]) can be rewritten as

e oy
o Oq1

Ve =9, (14)

From (3) it follows that the condition of pressure equality on the boundary
p® = p' can be presented in the form
op® op’
992 dqa

Taking into account (@), @) and (I0O) the last relation can be written in the

&ue 6 1 . /ﬂ )
- YA + = 7 . 16
o Oq (fiw Mew (16)

The shear stresses equality 7¢ = 7¢ [17] can be written as

(15)

form

2u°Diy = 24 Di. (17)

The components D¢, and Di, of the strain rate tensor in the curvilinear

coordinate system are written as:

H1 8 <’UT> H2 8 (1}28)
ope, = 2L 9 (M) 72 9 (Y] 18
27 Hy 0g0 \ Hi Hy 0q1 \ Ho (18)
; Hl 0 (’Ui) H2 0 (’U%)
opi, =21 2 (Y1) 72 9 (Y] 19
27 Hy 0g0 \ Hy Hy, 0¢1 \ Ho (19)

Substituting the relationships from (B) in the formulas above and taking into

account [G)—(®) gives the equality
2(D§, — Di,) = w® — w'. (20)

Using the assumption that u® = u® [17] the condition of shear stresses equality
(@) is written in the form

we = w'. (21)
From (@), @3), ) it follows that the velocity and its derivative is continuous

at the interface between the free space and the porous medium.
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3. Statement of the mathematical problem

The typical size of the porous body, R, and the fluid velocity U are used
as length and velocity scales. The equations of the model described above are

written in terms of the dimensionless quantities

o4 S z;_w oo Whe . PR
q_Rcu _Uu _URC, - U ’ p_ueU'

(22)

For simplicity for the rest of the document all quantities are dimensionless and
the superscript “~” has been omitted.

Considering a periodic circular cell with radius h (Fig. @ @) (Kuwabara
model) and a rectangular cell with height h; and width 2hs (Fig. 2l b). Within
the Kuwabara model it is possible to obtain an analytical solution of the
Stokes-Brinkman problem. The rectangular cell model is a more accurate
representation of the fluid flow field but in this case it is only possible to obtain
a numerical solution. The solidity « of the periodic cell can be expressed as
the ratio of the porous body area to the total cell area. The porosity ¢ of the
periodic cell is determined as

e=1—a. (23)

Equation ([ for the stream function ¢¢(x,y) in the outer domain Q¢ in

dimensionless form is written

AZye =0, (24)

The boundary value problem for equation (24)) includes the conditions on the
boundary I'°. In the circular cell case the conditions on the outer boundary AD

are

Ve =y, w®=0. (25)

For the rectangular cell the periodic conditions on the sides AE and DF are

given by

1/}8(h27y) = ¢8(_h27y)5 1/}81(h27y) = _1/}8/(_h27y)5

(26)
we(h27y) :we(_h27y)7 Wel(h%y) = _We/(_h27y)7

10
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Figure 2: Fluid flow domain for circular (a) and rectangular (b) cells

where prime denotes the derivative with respect to the outer normal 9/9n. The

symmetry conditions on the line EF' are
¥»® = hy, w®=0. (27)

The symmetry conditions on the lines AB and C'D are

11
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In the porous domain €2 the flow stream function 1%(z,y) satisfies equation

([@2) that follows from the Brinkman equation
A2t — SZAPT =0, (29)

where S = R./+/k is a dimensionless parameter. The symmetry conditions on
the line BOC' are
P =0, wt = 0. (30)

The boundary conditions (I4]), (I6), I) on the interface of the free flow

and porous domains are written in the dimensionless form

d]e — ¢i7 we/ — _,lpiI, _we/ _ S2¢i/ _}_(4‘)7;/7 wé = Wi- (31)
The introduced curvilinear coordinate system (g1, g2) is orthogonal. From the
relation (B)) it follows that the derivative with respect to the coordinate g; on
the boundary I' can be replaced by the derivative with respect to the normal to

domain boundary. Hence

1 0 0
-z __Z 2
H1 6(]1 on (3 )
for the domain Q¢ and
1 0 0

for the domain .
The problem is to determine the stream function ¢ (zx,y), the components
of the flow velocity vector v, (z,y) and vy(z,y) and the vorticity w(z,y) in the

entire flow domain €.

4. Solution

To solve the boundary value problem [24)—(28), I) in the domain Q°

equation (24)) of fourth order is written as two equations of second order [3, 31]
Ay© =n", (34)

An® = 0. (35)



where 1n°® = —w®.

The equivalent pair of coupled integral equations [32] is
o obtained using the Rayleigh—Green biharmonic boundary formula (see [33]) and

Green’s second identity,

@@y = [ (50 @) - v @) +

Te

0 (8)Gh(,9,5) = ' (5)Galw, . ) ) ds, (36)

x(@,y)n(r,y) = /(ne(S)G'l(w,y,S)—ne'(S)Gl(%y,S))d& (37)

De
where x(z,y) = 2m for the interior points (z,y) € Q°, x(z,y) = B° for
the boundary points (x,y) € I'¢ (8¢ is the interior angle at a point on the
boundary I'¢), s is the boundary arc. The corresponding Greens functions are

185 Written as

Gi=Ilnp, Gy=-—(Inp-1), (38)

IS

where

pla,y.s) =/ (@1(s) = 2)2 + (y1(s) — y)? (39)

and (x1,y1) is the coordinate of the boundary point with arc abscissa s.
The boundary I'® = U?Zl I'Y is approximated as a number of linear
elements I'§ (linear segments). The functions 1¢(s), ¥*'(s), n°(s), n°'(s) are
1w approximated by piece-wise constant functions with values 7, ;', 5, nj-’ on

the single element I'¢. Eq. (36), (37) can be rewritten in the discrete form

X,y (v, y) = ‘

n
Jj=

wj/Gll(xvyus)dS_wjl/Gl(‘ruy?S)dS—’—
re re

1

+77§/G’z(x,y,s)ds—nf-'/Gz(:r,y,S)dS ,(40)

I3 T3

x(z,y)n(r,y) =

n

nj/G/l(xuyvs)dS_nj//Gl(xvyus)dS : (41)
! re re

<

13



Applying the expressions ([@0), (I at the centers (x¢,,yS,.) of the elements

I'}, gives
> {w5 AR + v By + sk, + 5 Dy} =0,
i=1 (42)
> {4k, + By} =0,
j=1
where
= /G’l(xik,ygk,s)ds = Bidkj, Bp; = _/Gl(xikaygkvs)dsv
rs 5 (43)
(%=/b%@w%@% D%=—/%@%%bﬁ&
rs s

ws B = (2%, y5.) and d0k; is the Kronecker delta.
To solve the boundary value problem (29)—(BI]) equation ([29)) is rewritten as

two equations of second order

Ayt =1, (44)
An' — S*pt = 0. (45)
where 1' = —w?. The functions ¢* and 7’ satisfy the integral relations shown in

20 equations ([@6]), {7) see [34]

@@y = [(FOG @) - o ()6 .5+

T

/()G (,9,5) = 1" (5)Ga(w,y,5) ) ds,  (46)

i) = [ (166 @5~ ()Ga(ys)) ds. (1)
i
Where the Greens function G is defined by (38]), (39) and G5 and G4 are given

by
1
:ﬁ

where K is the modified Bessel function of the second kind of zero order [35].

Gg = —Ko(Sp), G4 (Gg — Gl), (48)

The boundary I'* = U;"Zl 1"3- is approximated as the sum of linear segments

s Iy, The functions ¢*(s), ¢ (s), n(s), 0’ (s) are approximated by the piecewise

14



, 77;, 17;1/ on the segments l";

7;/

constant functions with the values @b;, (F

respectively. Then the equations (@), 1) are rewritten in the form

m

@ 9)i(a,y) = ¥ / G, (2 y, 5)ds — / Gi(z,y, s)ds+
=t ri r
i / Gy, s)ds — 1 / Gy, s)ds b, (49)
ri ri

x(z, y)n'(z,y) = Z 77;/Gg(:t,y,s)ds—n}l/Gg(x,y,s)ds . (50)
F; Fj.

=1

<

Substituting the centers (z%,,y’,) of the segments I'i into the relations (@3,

E0) gives

NE

i i i i i i i’ i
{%/JjAkj + 95 B +n;Cy; +n; kj} =0,

<
Il
—
—~
ot
=
N

NE

i i i i
{njEkj + 1, ij} =0,

<
Il
—

20 Where

b = /G’l(;vf:k,yik,s)ds — Bidkjs Bij = _/Gl(fﬂikayékas)d&
ri T

Olij = /Gi(xik’yik’s)ds’ }L.cj = _/G4(‘Tik’yik’s)ds’ (52)
ri ri

By = [ Ghletaastuss)ds = Bidis, By =~ [ Galalusia, )i,
ri ri

B = B(@ek: Yer)-
To close the obtained system ([42)), (5] of linear algebraic equations (SLAE)
the relations from the boundary conditions are used. The conditions (25, (28]

are written in the form

Vi =ye;, 1, =0 on AD,

(53)
U=k, W5 =—v, i =mni, 05’ =-u; on AE and DF,

25 where j and k are the indexes of the corresponded linear segments on the sides

15
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AFE and DF. The symmetry conditions (27)), 28], BQ) are presented as

Ys=hi, n;=0 onEF,

Y =0, n;=0 onABand CD, (54)

1/); =0, 77;‘ =0 on BOC.
The conditions (3I]) on the boundary BC' of the porous medium and free space
interface are written in the form

U=k o =i oy = SM -, s =i, (55)

where j and k are the indexes of the matching linear segments I'; and F}; on
BC.

The SLAE obtained is then solved numerically to find the unknown
quantities ¢, ¥¢', 0S5, 0, j = 1,n; ¢, 1/)3»’, %, 77;/, j = 1,m. The functions
Ve(x,y), wé(z,y), ¥i(r,y), wi(r,y) at the general point (z,y) can then be
calculated from the formulas (40), (1)), @), (B0). The formulas for the velocity

components are written as

- 0G, (x,y, . [ 9Gi(z,y,
X@yi(e,y) = Y 1/15/%@—%’ G(@,y,8) )\

= i 0 i Oy
6G/2(:E7y78) //8G2(x7y78)
¢ —= 12 "ds—n¢ | —= 2 7( 56
+77]/ dy § =1 Ay S (56)
re re
- oG (z,y, s o [ 0G1(z,y,s
X@yi(ey) = = wj/%ds—wj'/%dw
J=1 re re
e aG/Q(I5y75) el 8G2($,y,8)
re re
i i ; [ 0G i (z,y,s i 0G1(z,y, s
Xz yh(zy) = > wj/%ds—wj//%dw
1 . Y . Y
J ri ri
i 6G2($,y,8) -1/8G4((E,y78)
L 2 L ds — )t — 7T 7d 58
+773/ dy sy | dy S (58)
ri ri

16



230

235

240

' [ 0G L[ 0G
X, y)vy (v, y) = —Z ¢;/Md8—w}/wd5+

; Ox Ox
=l I
i aGﬁl('rvyaS) il 8G4(I,y,5)
F; l—‘j.

The main numerical difficulties of the BEM described above are connected

with the calculation of the integrals

/des, /G;ds, /%ds,
oG, 0Gy, oG},
ds, —ds, ds
dy dy dy

on the linear segments I'S and 1";-, where k£ = 1,4. The analytical formulas for

the integrals (@0) for &k = 1,2 are given in [31]. For k = 3 the integrals are
determined numerically and for £ = 4 the integrals are found by combining
the integrals for k = 1,3 using {@8). To calculate the integrals involving the

derivative of Greens function for £ = 3 the following formulas with equation

39) are used:

dGs _ SKi(Sp)wr—x)  dGs _ SKi(Sp)(us — ) o)
dx P ’ dy P ’
s [(5K0<sp> L2 /Esm) n=s),
x ((x1 — z)sinf — (y1 — y) cos ) — K1(Sp) sin@} , (62)
acy S 2K:1(5p) ) (y1—y)
Ay p KSKO(SpH p ) )

X ((#1 — 2)sind — (y1 — y) cosf) + K1(Sp) cos 9} , (63)
where 6 is the angle of the tangent to the current integration linear segment
and K is the modified Bessel function of the second kind of first order.

5. Analytical solution

For the circular porous cylinder in a circular cell with Kuwabara conditions

the analytical solution was obtained in |13]. For the free space flow the stream

17
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function can be written in the form
e Al 3 .
Ye(r,0) = — + Bir+ Cirlnr + Dyr° | siné, (64)
r
For the porous domain the stream function can be written as
Vi(r,0) = (Bgr + CgIl(Sr)) sin 6, (65)

where I is the modified Bessel function of the first kind of first order. The
functions (64]) and (G2 take into account the boundary conditions (28]), (B0).
The unknown coefficients in ([64]) and (@3 are found from the SLAE obtained
from the boundary conditions (25), (3I)). The resulting relationships are shown

below:
1
aAl-i-Bl—ECl-i- D1 =1,
OéCl + 4D1 = O,
A1+ B1+ D1 — By — I1(S)Cy = 0, (66)

—A1+B1+Cy+3D1 — By + (Il(S) — SIO(S))CQ =0,
2C, — 8Dy — 5?By =0,
2C) + 8Dy — S*I,(S)Cy = 0,
where I is the modified Bessel function of the first kind of zero order and the

solidity « is given by @ = h~2. The velocity components and vorticity in polar

coordinates are found from the following formulae

e, (r,0) %88'/; <A1 + By +CyInr + Dyr > cos 0, (67)
Ura(1,0) = %8{;@}1 = (Bz +Cs @) cos b, (68)
Vga(r:0) = _6(;/71? == (—é + By 4+ Ci(Inr+1) +3Dqr ) sinf, (69)
() = -2 (B2+ 2 (165 - 2EL) ) sin, (70)
wg(r,0) = — (i; ( %e) :2 882;22) =2 <9 —|—4D1r) sin 6,(71)
wi(r,0) = — (r . ( 81#1) :2 8;;?) = —S5%CyI,(Sr)sin 6. (72)

18
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6. Numerical results

The fluid flow through a porous circular cylinder in a circular Kuwabara cell
with porosity € = 0.96 (h = 5) was studied to test the model developed. The
number of linear elements on the boundaries I'® and I'? is taken to be n = 161
and m = 50 respectively. The integration step for calculating the integrals (60])
at k = 3,4 is taking to be 107

To estimate the accuracy of the developed method the absolute Ey(z,y),
Eyx(z,y), Evw(x,y), Eu(x,y) and relative €y, €z, vy, €w errors were calculated

for the functions ¥(z,y), ve(z,y), vy(z,y), w(z,y) respectively, where:

E’Lll(xay) = |1/)($,y) - 1/’a($7y)|7 E’UI(Iay) = |vm(x,y) - 'Uma(.f,y”, (73)
Euy(7,y) = |vy(2,9) —vya(@,y),  Euo(@,y) = lw(z,y) —walz,y)|,  (74)
max Ey, (z,y) max E,. (z,y)

= v — ) 75
7 Tnax [Va(x,y)| ) max \/vga(a:, y) +v2,(z,y) (%)
ey = max F,,(z,y) e = max E,(z,y) (76)

max /02, (2,) + 3, (2, ) max|wa (@, y)|

The streamlines and vorticity distributions at S = 3 and 6 are shown in
Fig.[Bl It is seen from the figure that the flow rate through the porous cylinder
decreases with the growth of S (decreasing the permeability of the porous
medium). For larger S the vorticity near the cylinder boundary is larger. The
distributions of Ey(z,v), Evs(z,y), Euvw(z,y), Eu(z,y) for S = 3 are shown in
Fig. @ The values of the relative errors ey, €z, €vy, €w for S = 1,3,6,10 are
given in Table[Il It is seen from the figure and table that the method developed
provides good accuracy with a relatively small number of linear elements on
the flow boundary. It can also be observed that smaller values of absolute and
relative errors are obtained for the stream function. The corresponding values
for the velocity components and vorticity are higher due to additional numerical
differentiation. Larger values of the errors are observed in the center of the
domain ¢ for the stream function and at the interface between the free space

and the porous medium for for the velocity components and vorticity (Fig. []).
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Figure 3: Streamlines and vorticity distributions in circular cell for S =3 (a), S =6 (b)
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Figure 4: The distributions Ey(z,y), Evz(2,y), Evy(x,y), Ew(z,y) in circular cell for S =3

Table 1: Relative errors €y, €vz, Evy, Ew

S | ey x 10 | £yp X 10% | &4y x 103 | &, x 103
1 3.519 3.304 5.216 2.317
3 1.951 1.464 1.461 2.039
6 2.173 1.043 0.370 3.183
10 2.177 1.085 0.367 3.470
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Figure 5: Fluid flow streamlines in rectangular cell with porosity e = 0.96 for S = 3 (a) and

S =6 (b). The solid and dotted lines correspond to the BEM and FVM models respectively.

The mathematical model was also applied to the fluid flow through a porous
cylinder in a rectangular cell. Such a model is a more accurate fluid flow
description but it is not possible to obtain an analytical solution for comparison.
The periodic boundary conditions (26]) on the outer left and right sides of
the cell and the symmetry conditions 27), 28) on the top and bottom sides
are applied. The results obtained are compared with the results obtained by
ANSYS/FLUENT where the boundary value problem was solved for the Navier-
Stokes-Brinkman approach using the FVM [36]. The fluid flow streamlines for
the rectangular cell with porosity e = 0.96 for two values of S are given in Fig.
For this porosity as defined by (23] the cell dimensions are hy = hy = 4.43
(a = w/4h1h2). The density of the streamlines is higher near the symmetry
axis. As can be seen in the figures there is no significant difference between the
streamlines from the two approaches.

The coefficient of fluid capture @ = 1(0,1) as a function of S for various
values of ¢ has been calculated. In Fig. [6 ¢ and in Table 2 the dependencies
Q(S) found by the BEM and the FVM are shown. Good agreement between
the two models is observed. A comparison of the dependencies Q(S) obtained
numerically by the BEM in a rectangular cell and from the analytical solution
@), [©5) for a circular cell is shown in Fig.[6] b and in Table[2l In this case the
dependencies Q(S) for the rectangular and circular periodic cells agree well for

larger values of the porosity € = 0.9,0.96,0.99. The values presented in Table
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Figure 6: The coefficient of fluid capture Q(S) for the rectangular cell calculated using BEM
(solid lines — ¢ = 0.9, dashed lines — ¢ = 0.96, dot-dashed lines — ¢ = 0.99). The symbols

correspond to FVM calculation(a) and analytical solution for circular cell (b): square symbols
— & =0.9, triangles — ¢ = 0.96, circles — ¢ = 0.99). The dotted line and rhombus symbols (b)
corresponds to € = 0.6 for numerical solution in rectangular and analytical solution in circular

cells respectively.

Table 2: The coefficient Q(.S) for circular cylinder in circular and rectangular cells

S e=09 € =0.96 e =0.99

formulas | FVM BEM | formulas | FVM BEM | formulas | FVM BEM

1 0.8523 | 0.8543 | 0.8515 | 0.7812 | 0.7839 | 0.7794 | 0.6899 0.692 | 0.6880
3 0.4053 | 0.4190 | 0.4092 | 0.2928 | 0.2961 | 0.2930 | 0.2027 | 0.2056 | 0.2021
6 0.1559 | 0.1647 | 0.1615 | 0.0986 | 0.1015 | 0.0997 | 0.0618 | 0.0631 | 0.0617
10 | 0.0658 | 0.0708 | 0.0698 | 0.0393 | 0.0404 | 0.0402 | 0.0237 | 0.0245 | 0.0238
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show that the fluid capture coefficient for the rectangular cell found numerically
by the BEM and the FVM agree well with the values from the analytical solution
for circular cell. Considerable difference between the two geometries is apparent
for the smaller porosity € = 0.6 (h = 1.58).

To test the interface conditions (31 for an arbitrary curvilinear boundary
of a porous body, the fluid flow past a circular body with an uneven surface
(the idealized model of a viral capsid proposed in [37]) in a rectangular periodic
cell has been modelled. This fluid flow study has been motivated by the capsid
structure of particle shaped viruses in biofluids. The boundary of the simplified

bumpy circle is given by the formula
r(0) = 1 + 7 cos(mp0). (77)

where v is the amplitude ratio of a bump, m; is the total number of bumps
along the circumference. The streamlines for S = 10 at v = 0.1, my, = 12 (outer
flow size and notations are the same as in Fig. [l for the rectangular cell with
dimensions h; = ho = 4.43 are shown in Fig.[7l a. The streamlines pattern close
to and inside the capsid for S = 10, S = 50 and S = 200 are given in Fig. [1 b,
¢, d respectively. For the values of the parameter S = 50 and S = 200 the fluid
flow pattern becomes very complex inside the porous body. At S = 200 vortices
appear on the body surface as was shown for the solid capsid model in [37]. The
fluid flow problem was also solved using CFD ANSYS/FLUENT. It can be seen
that there is good agreement of the fluid flow streamlines for the two methods.
To further test the accuracy and adaptability of the developed method the
problems of fluid flow through the porous square and triangular cylinders in a
rectangular periodic cell have been considered. The cell dimensions are h; =
he = 4.43. The square and triangular domains can be defined as Q; : {—1 <
< 1,0<y <1} Qo :{-1 <2z <1ly >0,y <0.5(x+ 1)} respectively.
The periodic boundary conditions (26 on the outer left and right sides of the
cell and the symmetry conditions (21), ([28) on the top and bottom sides are
applied. The fluid flow streamlines for S = 10, 200 from the cell model are given
in Fig. B Tt is seen that BEM and FVM approaches give very similar results.
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Figure 7: Fluid flow through “idealized capsid” streamlines for the rectangular cell with
h1 = hy = 4.43 at S = 10(a, b), 50(c), 200(d). The solid and dotted lines correspond to the
BEM and FVM models respectively.

The absolute Ej(z,y) and relative e differences between the functions
¥1(x,y) and Pa(z,y) obtained from the BEM and FVM solutions respectively
were calculated from the formulae
max Ej (z,y)

max [0 @, y)] (78)

E’Z)L(‘Ivy) = |7/11(337y) - wQ(Iay)L EZJ =

The calculated values of the relative differences between the BEM and FVM
solutions ¢y for S = 10,200 are presented in Table It is seen that both
methods give very similar results.

The coefficient of fluid capture @ = ¥(z*,y*) (x* = 0,y* = 1.1 — capsid
model, * = —1,y* = 1 — square cylinder, * = 1,y* = 1 — triangular cylinder)
for S = 10, 200 has been calculated. The corresponding values of ) for the fluid
flow are given in Table[l It is seen from the table that good correlation between

the BEM and FVM is obtained for all three bodies.
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Figure 8: Fluid flow through square (a,b,c) and triangular (d,e,f) cylinders streamlines for the
rectangular cell with hy = hy = 4.43 at S = 10 (a,b,d,e) and S = 200 (c,f). The solid and

dotted lines correspond to the BEM and FVM models respectively.

Table 3: Relative difference 51}) between BEM and FVM solutions

S capsid | square cylinder | triangular cylinder
10 | 0.002448 0.002973 0.002075
200 | 0.001692 0.003262 0.002014
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Table 4: The coefficient of fluid capture Q(S) for capsid, square and triangular cylinders in

rectangular cell

S capsid square cylinder triangular cylinder
FVM BEM FVM BEM FVM BEM
10 | 0.0611 0.06133 0.06728 0.06885 0.1175 0.1139
200 | 0.00036 | 0.0003229 | 0.0007547 | 0.0007420 | 0.001499 | 0.001445

7. Conclusion

A mathematical model of viscous incompressible flow around and through
a porous body of arbitrary shape in a periodic cell has been developed. The
fluid flow outside and inside the porous body is described by the Stokes flow
equations and the Brinkman equations respectively. A new formulation for the
conditions on the boundary of the porous body of arbitrary shape has been
proposed. The boundary element method (BEM) has been applied to solve the
coupled boundary value problem obtained.

For the case of fluid flow around a circular porous cylinder, the numerical
results have been compared to the analytical solution in the Kuwabara circular
cell model. High accuracy of the model developed is shown. For the cases
of fluid flow around a circular, square and triangular porous cylinders and
a idealized model of a viral capsid, the numerical results obtained using
the developed model are compared to the predictions of the finite volume

method (ANSYS/FLUENT). Good agreement of the two numerical approaches

is demonstrated.
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