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Abstract

We present in this thesis our recent work concerning phase transitions of some
discrete models in statistical mechanics. Our work can be separated into three
parts. In the first part, by performing extensive Monte Carlo simulations, we
carefully estimate percolation thresholds and universal parameters in percolation
and directed percolation. Specifically, we estimate percolation thresholds and
critical exponents of the bond and site percolation models on a simple-cubic lattice.
Various universal amplitudes are also obtained, including wrapping probabilities,
ratios associated with the cluster-size distribution, and the excess cluster number.
We also study the bond and site directed (oriented) percolation models in (d + 1)
dimensions on simple-cubic and body-centered-cubic lattices, with 2 < d < 7. Both
percolation thresholds and critical exponents are precisely estimated. Typically,
the estimates we reported significantly improve the precision of previous results,
especially for directed percolation in high dimensions where our estimates are the

first reported.

The second part of this thesis is devoted to understanding critical percolation clus-
ters. We first study the geometric structure of percolation clusters by considering
a natural partition of occupied bonds. Specifically, we classify all occupied bonds
into three types: branches, junctions and nonbridges. Deleting all branches from
a percolation configuration results in a leaf-free configuration, while deleting all

bridges produces a bridge-free configuration. For critical bond percolation on the



square lattice, we show that the density of bridges and nonbridges both tend to 1/4
for large system sizes. Although branches account for ~ 43% of all occupied bonds,
we find that the fractal dimensions of the cluster size and hull length of leaf-free
configurations are consistent with those for standard percolation configurations.
The fractal dimensions of the cluster size and hull length of bridge-free configura-
tions are respectively given by the backbone and external perimeter dimensions.
Inspired by the nontrivial properties of leaf-free configurations, we then study a
leaf-excluded percolation model in which all configurations are conditioned to
have no leaves. We study this model on the square and simple-cubic lattices via
Monte Carlo simulation, using a worm-like algorithm. Our results imply that the
phase transition of the leaf-excluded percolation model belongs to the standard

percolation universality class.

The third part of this thesis seeks to rigorously study an n-component face-cubic
model on the complete graph. We first consider the standard face-cubic model,
and perform a large deviation analysis of the probability distribution of the
magnetization, i.e. the empirical mean of the spin states. We study the limit
theorems of the magnetization for all temperatures, which reveals that there
exist continuous phase transitions for n < 3, and discontinuous phase transitions
for n > 4. This result clarifies the longstanding uncertainty about the nature
of phase transition at n = 3. We then study a general version in which a Potts-
like interaction is added. We rigorously study the phase diagram of this general
face-cubic model, by a large deviations analysis. We prove the n = 2 case on the
(J1,J2) plane, except the region —J; < J, < 0 when J; > 2. Our results show that
at least four phases exist on the phase diagram: disordered, Ising, Potts, and

face-cubic.
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Chapter 1

Introduction

1.1 Percolation

Probably the simplest way to introduce phase transitions is to define the perco-
lation model (Broadbent and Hammersley, 1957; Grimmett, 1999; Stauffer and
Aharony, 2003; Bollobas and Riordan, 2006) on the square lattice. Let the graph
G = (V,E) denote the L x L square lattice, where |V| = L? and |E| = 2L%. The perco-
lation model is then defined as follows. Every edge on the lattice is independently
visited and occupied by a bond with a probability p. A bond configuration is
obtained once all edges are visited. All edges are occupied by bonds if p =1,
whilst none are occupied if p = 0. Given a bond configuration, two bonds are
called connected if there exists a bond-path between them; otherwise they are not
connected. A cluster is a maximal set of bonds in which all bonds are connected

with each other.

Despite the simplicity of the definition, percolation has attracted much attention
in both mathematics and physics, because it exhibits non-trivial phase transitions.

To study the critical properties, one has to take the thermodynamic limit which
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corresponds to L — +oo. For percolation, a natural question to ask is what is the
probability that there exists an infinitely large cluster. For bond percolation on
the square lattice, it is well known that the probability is 0 for p <1/2 and 1 for
p > 1/2. This means that, as p crosses 1/2, an infinitely large cluster emerges
suddenly. The threshold p. = 1/2 can be easily predicted from a duality argument,
but providing a mathematical proof took decades of research and was finally
completed by Kesten in 1980 (Kesten, 1980). In two dimensions, exact values of
thresholds are also available on certain lattices with duality properties (Essam,
1972). However, no exact results are reported in three and above dimensions.
Numerous numerical results can be found in Refs. (Wang et al., 2013b; Zhou
et al., 2012a; Martins and Plascak, 2003; Grassberger, 2003; Ballesteros et al., 1999;

Lorenz and Ziff, 1998a,b) and the references therein.

Close to the threshold p., the critical properties of percolation are believed to be
universal, which means they are independent of the lattice details (like square
lattice, triangular lattice, or others), but only depend on the dimensions of lattices
and range of interactions. For other statistical-mechanical models with spins
interactions, the critical properties also depend on the dimensions of spins. The
concept of universality is used to classify the critical behaviors of various models,
and each universality class is characterized by its critical exponents. To define the
fundamental critical exponents for percolation, we first introduce two important
quantities. The first is the probability that the origin of the lattice belongs to an
infinite cluster. This quantity defines the order parameter of percolation, and

behaves as a power-law in the neighbourhood of p,,

0, pP<pe
P, ~ (1.1.1)

(p—pc)f, p—pi.
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Here p — p/ means that p approaches p, from above. The second quantity is the
correlation length &, which is defined via the correlation function by p(r) ~ e "¢
(p # pc). The correlation function p(r) can be interpreted as the probability that
two bonds separated by a distance r are in the same cluster. Around p,, the
correlation length & diverges as & ~ (p —p.)~". In two dimensions, the exact values
of p=5/36 and v = 4/3 are predicted by Coulomb gas arguments (Nienhuis, 1987)
and conformal field theory (Cardy, 1987), which have been confirmed rigorously in
the specific case of triangular-lattice site percolation (Smirnov and Werner, 2001).
For dimension 3 or above, no exact results for critical exponents are available, and
numerical results can be found in Refs. (Wang et al., 2013b; Zhou et al., 2012a;
Martins and Plascak, 2003; Grassberger, 2003; Ballesteros et al., 1999; Lorenz and
Ziff, 1998a,b) and the references therein. At or above the upper critical dimension
6 (Toulouse, 1974), the mean-field results § = 1 and v = 1/2 are believed to be
hold.

Not only critical exponents are believed to be universal, but also certain ampli-
tudes. One of the most important universal amplitudes in percolation is the
crossing probability (Langlands et al., 1992; Cardy, 1992). For a lattice drawn
on a torus, the analogue is the wrapping probability (Langlands et al., 1994).
Wrapping probabilities are defined as the probability that a cluster wraps around
the torus in certain specified directions. Wrapping probabilities are believed to
be universal and have proved to be an effective practical means of estimating
percolation thresholds. In two dimensions, the values of wrapping probabilities
can be determined exactly (Pinson, 1994). Numerical results are available for
three dimensions (Martins and Plascak, 2003; Wang et al., 2013b), but no results
are reported for higher dimensions. In addition to wrapping probabilities, another
commonly studied amplitude ratio is the Binder cumulant, which is defined from

the moments of cluster sizes. Let S, and Sy be the second and fourth moments of
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the cluster size, then the binder cumulant U is defined as

U=1-59 (1.1.2)

3(S2)2°

Binder cumulants have been widely used in various lattice models to estimate the

critical points.

In recent decades, one of the main goals in studying percolation theory has been to
understand the geometric structure of the critical percolation clusters. The early
studies (Stanley, 1977) decomposed the incipient infinite cluster into backbone
and dangling bonds, and further decomposed the backbone into blobs and red
bonds. To define the backbone, one typically fixes two distant sites in the incipient
infinite cluster. The backbone is defined as those occupied bonds in the cluster
which belong to trails between the specified sites. A trail in a graph is a sequence
of adjacent edges with no repetitions. The remaining bonds in the cluster are
considered dangling. In the backbone, the deletion of red bonds will disconnect
the specified sites. At p., the number of backbone bonds scales as L%, and the
number of red bonds scales as L. The exponents dg and dy are the corresponding
fractal dimensions. In two dimensions, the value of dy is predicted to be exactly
3/4 (Nienhuis, 1984) by Coulomb gas arguments, but no exact results are known
for dg. Pursuing the exact value of dy is one of the unsolved problems in two-

dimensional percolation.

1.2 Directed percolation

As a fundamental model in non-equilibrium statistical mechanics, directed per-
colation (DP) has been extensively studied since it was first introduced in 1957
(Broadbent and Hammersley, 1957). In recent decades, much attention has been

given to DP largely because of the conjectured universality first proposed by
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Janssen and Grassberger (Janssen, 1981; Grassberger, 1982). Specifically, it is
believed that any model possessing the following properties will belong to the
DP universality class: short-range interactions; a continuous phase transition into
a unique absorbing state; a one-component order parameter and no additional
symmetries. DP can be used to model a variety of natural phenomena, including
forest fires (Broadbent and Hammersley, 1957; Albano, 1994), epidemic diseases
(Mollison, 1977), and transport in porous media (Bouchaud and Georges, 1990;

Havlin and ben Avraham, 1987).

Although DP was originally defined by analogy with standard percolation on
oriented lattices, it is most common to formulate DP as a stochastic cellular
automaton. Taking DP on the square lattice for example, the oriented lattice can
be obtained by partitioning the sites on the lattice into a sequence of sets (V;);>o.
The origin “0" is the only element in V,; which is located at the top of the oriented
lattice, see Fig. 1.1. A site is in V; if and only if the shortest path to the origin
has length t. Then the DP model can be defined as a spreading process on the
sites set {V,, Vi,-}. Specifically, every site on the lattice is assumed to be either
wet (s =1) or dry (s = 0). At t =0, a spread process starts from the wet site “0"
and proceeds as follows. The process for bond and site DP are slightly different
and thus we discuss them separately. For the site DP process, a site v € V;,; is
wet with probability p if and only if there exists at least one wet neighbor in V;;
otherwise v is dry. For the bond DP process, the probability that a site v € V;,; is
wet depends on the number of wet neighbors in V;. Denote this number by #,,
then the site v is wet with probability 1 — (1 — p)". For both bond and site DP, the
process from V; to V;,; is Markovian. Due to this formulation, it is typical to refer

to two-dimensional DP as (1 + 1) dimensional DP (space plus time).

Analogous to standard percolation, one can ask under what circumstances the
growth process can last forever. For the spread process, a natural order parameter

is the density of active sites at time ¢, denoted as p;. For p < p., p; decays to zero as

7
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Figure 1.1: Stochastic formulation of DP on the square lattice. The vertical direction
corresponds to time, and the dashed lines identify the sets V;.

t — +o0. For p > p, p; decays to a non-zero constant. Here p. is the threshold for
DP. As p approaches p. from above, p,, decays as a power law: p,, ~ (p —p.)P. Due
to the existence of a distinguished direction (temporal direction), the correlation
length of DP is not isotropic, and thus two correlation lengths are defined: parallel
to the temporal direction ¢ and perpendicular to the temporal direction &, .
Around the threshold p., these diverge as & ~ [p —pc|"l and &, ~ |p - pc|"+. Here

B, v, v, are three independent critical exponents for DP.

Despite of the simplicity of definition, no exact results are available for directed
percolation, even in (1 + 1) dimensions. Various numerical methods, including
series expansions, transfer matrix, and Monte Carlo simulations, are applied
to estimate critical points and exponents. Especially in (1 + 1) dimensions, by
series analysis (Jensen, 1996, 1999), the thresholds of several lattices have been
determined to the eighth decimal place, with the critical exponents to the sixth
decimal place. Estimates of thresholds and critical exponents in higher dimensions
can be found in Refs. (Blease, 1977; Adler et al., 1988; Grassberger and Zhang,
1996; Perlsman and Havlin, 2002; Lubeck and Willmann, 2004; Grassberger,
2009b,a). At and above the upper critical dimension (d. = 4), mean-field values
for the critical exponents =1, vy =1, and v, = 1/2 are believed to hold. A more

detailed review for DP can be found in Ref (Hinrichsen, 2000).

8
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1.3 The face-cubic model

The n-component general face-cubic (GFC) model was first introduced in 1975 by
Kim et al (Kim et al., 1975; Kim and Levy, 1975) to model the non-trivial critical
behaviors of the cubic rare-earth compounds. Given a graph G = (V, E), the GFC
model can be defined as follows. The state space ¥ consists of 2n n-dimensional
vectors; each vector has only one non-zero entry and the entry is either 1 or —1.
For example, if n =1 then ¥ = {1,-1}, and if n = 2 then {(1,0),(-1,0),(0,1),(0,-1)}.
If one plots the 2n vectors in n-dimensional Cartesian coordinates, they comprise
the 2n face centers of an n-cube centered at the origin. If N = |V]|, then a set
w = {wy,w,, -+, wy} is a configuration, where w; € ¥ for i = 1,---,N. The GFC
model is defined by randomly choosing a configuration w € ¥V via the Gibbs

measure,
1

~Z(Uu )b

1t(w) exp[-H(w)] .

Here the Hamiltonian is defined via

H(w)=-]1 Z<wwwﬂ>_]2 Z<C‘)a'wﬂ>2 ’

afeE afeE

and Z(J;,],) is the partition sum

Z(hJ)= ) expl-H(w)].

wexN

We note that, without loss of generality, the parameter f (the inverse temperature)

commonly appearing in the definition of Gibbs measure, is set to one.

One motivation for studying the GFC model is that many fundamental models
in statistical mechanics appear as special cases. This can be partially explained
from the state space ¥, which can be considered a combination of colors and spins.

The 2n states in ¥ can be classified into # colors and in each color a spin can point

9
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either up or down. Specifically, two states w;, w; are said to possess the same color
if |w; - w;| = 1 and different colors otherwise. Analogously, two states are in the
same spin states if ;- w; = 1 and opposite spin states if ;- w; = —1. Now let us
describe some special cases of the GFC model in more detail. For n =1, the GFC
model reduces to the Ising model. This can be seen from the facts that the state
space X = {1,-1} and the J, term in the Hamiltonian becomes constant. For n = 2,

: . : : 1
if one redefines new variables 7;,0; € {1,—1} and writes w; = E(Ti + 0;,T; — 0;), then

the Hamiltonian of the GFC model can be rewritten as

ijeE ijeE

We observe that, up to an additional constant, this is exactly the Hamiltonian
for the Ashkin-Teller model (Ashkin and Teller, 1943). Other special cases can
be obtained by taking special values of J; and J,. When J; = 0, the n-state Potts
model is recovered, since the Hamiltonian fails to distinguish the spin states under
the same color. When J; = J,, one can verify that the Hamiltonian is non-zero iff

w; = w;, which therefore corresponds to the 2n-state Potts model.

From these special cases of the GFC model, a natural question to ask is what is the
explicit phase diagram of the GFC model on the (J;,],) plane. In 1982, Nienuhis
et al (Nienhuis et al., 1983) studied the GFC model in two dimensions by means
of renormalization group and provided a schematic phase diagram for general n.
Two years later, a more detailed phase diagram on the square lattice was provided
by Blote et al (Blote and Nightingale, 1984), in which the critical couplings and
exponents were estimated using transfer matrix and finite-size scaling techniques.
They also proposed a graphical representation for the GFC model such that the
vector dimension n can vary continuously. In particular, on a special line on the
(J1,J») plane (coshJ; = e72), the GFC model can be mapped exactly to a loop model.

Critical points and exponents along this line were studied by Guo et al (Guo et al.,

10
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2006). The mean-field approximation of the standard face-cubic model (J, = 0)
was first studied by Kim et al in 1975 (Kim et al., 1975). They argued that the
nature of the phase transitions is continuous for n < 3 and of first order for n > 3.
They also argued that for n = 3 the exponents are tricritical. However, the validity
of the mean-field approximation was challenged by the Bethe-Peierls-Weiss and
high-temperature approximations, both of which demonstrate that the transition
for n = 3 is of first order (Kim and Levy, 1975). The phase diagram of the Ashkin-
Teller model was first considered in 1980 (Ditzian et al., 1980), using mean-field

approximation.

Much attention has been given to study models on the complete graph, since it
is possible to perform rigorous analysis. For instance, the Ising model on the
complete graph has been rigorously analysed in (Ellis and Newman, 1978b,a; Ellis
et al., 1980). The Potts model on the complete graph was also rigorously treated by
Ellis and Wang(Ellis and Wang, 1990). In recent work, we rigorously studied the
standard face-cubic model on the complete graph, using a large deviation analysis.
We rigorously deduced that the transition is continuous for n < 3 and of first order

for n > 4. The phase diagram of the GFC model was also explicitly studied.

1.4 Thesis Outline

We list at the end of this chapter the contents of this thesis.

Chapter 2 is the published paper “Bond and site percolation in two and three

dimensions" (Wang et al., 2013b).

Chapter 3 is the published paper “High-precision Monte Carlo study of directed

percolation in (d + 1) dimensions" (Wang et al., 2013a).

11
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Chapter 4 is the published paper “Geometric structure of percolation clusters"

(Xu et al., 2014b).

Chapter 5 is the published paper “Leaf-excluded percolation in two and three

dimensions" (Zhou et al., 2015).

Chapter 6 is an unpublished paper “A n-component face-cubic model on the

complete graph", which will be submitted shortly.

Chapter 7 is Conclusion.
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Chapter 2

Bond and Site Percolation in Three
Dimensions



Chapter 2 is based on the article Wang ], Zhou Z, Zhang W, Garoni TM, Deng
Y. 2013b. Bond and site percolation in three dimensions. Physical Review E 87:

052107.

Abstract. We simulate the bond and site percolation models on a simple-cubic lattice
with linear sizes up to L = 512, and estimate the percolation thresholds to be p.(bond) =
0.24881182(10) and p.(site) = 0.311 607 7(2). By performing extensive simulations at
these estimated critical points, we then estimate the critical exponents 1/v = 1.1410(15),
B/v =0.47705(15), the leading correction exponent y; = —1.2(2), and the shortest-path
exponent = 1.3756(3). Various universal amplitudes are also obtained, including
wrapping probabilities, ratios associated with the cluster-size distribution, and the
excess cluster number. We observe that the leading finite-size corrections in certain

wrapping probabilities are governed by an exponent ~ -2, rather than y; ~ —1.2.

Keywords. lattice theory and statistics, critical point phenomena, percolation, equilib-

rium properties near critical points, critical exponents

References are considered at the end of the thesis.






Chapter 2

Bond and Site Percolation in Three

Dimensions

2.1 Introduction

Percolation (Broadbent and Hammersley, 1957) is a cornerstone of the theory of
critical phenomena (Stauffer and Aharony, 1994), and a central topic in probability
(Grimmett, 1999; Bollobas and Riordan, 2006). In two dimensions, Coulomb gas
arguments (Nienhuis, 1987) and conformal field theory (Cardy, 1987) predict
the exact values of the bulk critical exponents f = 5/36 and v = 4/3, which have
been confirmed rigorously in the specific case of triangular-lattice site percolation
(Smirnov and Werner, 2001). Exact values of the percolation thresholds p, on
several two-dimensional lattices are also known (Essam, 1972). In particular, it is
known rigorously (Kesten, 1980) that p. = 1/2 for bond percolation on the square
lattice. For all d greater than or equal to the upper critical dimension (Toulouse,
1974) of d. = 6, the mean-field values for the exponents =1 and dv = 3 are
believed to hold; this has been proved rigorously (Aizenman and Newman, 1984;

Hara and Slade, 1990) for d > 19.
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For dimensions 2 < d < 6 by contrast, no exact values for either the critical
exponents or the percolation thresholds are known. Significant effort has therefore
been expended on obtaining ever more accurate estimates, especially in three

dimensions.

In addition to percolation thresholds and critical exponents, crossing probabilities
(Langlands et al., 1992; Cardy, 1992) also play an important role in studies of
percolation. For lattices drawn on a torus, the analogous quantities are wrapping
probabilities (Langlands et al., 1994), and in two dimensions their values can
be determined exactly (Pinson, 1994). The three-dimensional case (Martins and
Plascak, 2003) has been far less studied however. Precise estimation of wrapping
probabilities on the simple-cubic lattice represents one of the central undertakings

of the current work.

In addition to their intrinsic importance, wrapping probabilities have proved to
be an effective practical means of estimating percolation thresholds (Newman
and Ziff, 2000; Feng et al., 2008). Using Monte Carlo (MC) simulations and
performing a careful finite-size scaling analysis of various wrapping probabilities
in the neighborhood of the transition, we obtain very accurate estimates of p. for
both site and bond percolation. We observe numerically that the leading finite-
size corrections for certain wrapping probabilities appear to be governed by an

exponent =~ -2, rather than by the leading irrelevant exponent y; ~ —1.2.

We then estimate the thermal exponent y; = 1/v by fixing p to our best estimate
of p., and studying the divergence with linear size L of the derivative of the
wrapping probability, which is proportional to the covariance of its indicator
with the number of bonds. We find this procedure for estimating y; preferable
to methods in which y; is estimated by studying how quantities behave in a
neighborhood of p values around p,. In particular, we believe the current method

produces more reliable error estimates.
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The remainder of this paper is organized as follows. The simulation method and
the sampled quantities are discussed in Sec. 2.2. The results for the wrapping
probabilities and thresholds are given in Sec. 2.3. Critical exponents and the
excess cluster number are discussed in Sec. 2.4. We then finally conclude with a

discussion in Sec. 2.5.

2.2 Sampled quantities

We study bond and site percolation on a periodic L x L x L simple-cubic lattice with
linear system sizes L = 8, 12, 16, 24, 32, 48, 64, 128, 256, and 512. For each system
size, we produced at least 2.5 x 10” independent samples. Each independent bond
(site) configuration is generated by independently occupying each bond (site) with
probability p. The clusters in each configuration are identified using breadth-first

search. The number of sites in each cluster defines its size.

We sampled the following observables in our simulations:

1. The number of occupied bonds N, for bond percolation, and the number of

occupied sites N for site percolation.
2. The number of clusters N..
3. The size C; of the largest cluster.

4. The cluster-size moments S,,, =) |C|" with m = 0,2,4. The sum runs over

all clusters C, and S is simply the number of clusters.

5. An observable § := max max d(xc,v) used to determine the shortest-path
ye

exponent. Here d(x,y) denotes the graph distance from site x to site y, and

xc is the vertex in cluster C with the smallest vertex label, according to some

fixed (but arbitrary) vertex labeling.
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6. The indicators R™, R¥), and R?, for the event that a cluster wraps around

the lattice in the x, y, or z direction, respectively.
From these observables we calculated the following quantities:

1. The mean size of the largest cluster C; = (C;), which at p, scales as C; ~ L¥
with y, =dy =d — p/v, where dy is the fractal dimension.

2. The cluster density p = (N,)/L%.

3. The mean size of the cluster at the origin, x = (S,)/L4, which at p. scales as

x ~ L2,

4. The dimensionless ratios

__(SY
(385,° - 284)

_(€?
€%’

Q4

Q> (2.2.1)

5. The shortest-path length S = (S), which at p. scales as S ~ Lmin with dp;,

the shortest-path fractal dimension.

6. The wrapping probabilities

R(X) :<R(x)> — (R(y)) — (R(Z)> ,
R@=1—(1-RM)(1-R¥H(1-RE), (2.2.2)

RG) :<R(x)R(V)R(Z)> )

Here R gives the probability that a winding exists in the x direction, R(*)
gives the probability that a winding exists in at least one of the three possible
directions, and R(®) gives the probability that windings simultaneously exist
in all three possible directions. Near p., we expect each of these wrapping

probabilities to behave as ~ f((p — p.)L”*), where f is a scaling function.
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Figure 2.1: Plots ofR(x)(p,L) (top) and R(“)(p,L) (bottom) vs L for fixed values of p,
for bond percolation. In both cases, the curves correspond to our preferred
fit of the MC data for R(p,L) by the ansatz (2.3.1); the dashed curve
corresponds to setting p = 0.248 811 82. The shaded blue strips indicate

an interval of 1o above and below the estimates R(CX) =0.25778(6) and
RY = 0.45997(8).

7. The covariance of R™) and N,

g = (ROINGY — (RN

OR™

(2.2.3)

(x

At p., we expect gbR) ~ LY. An analogous definition of gs(;) , with V), being

replaced with N, was used for site percolation.

To derive (2.2.3), one can explicitly differentiate (R(¥)) with respect to p, and use

the fact that (V) = p|E| where |E| is the total number of edges on the lattice.

The complete set of data for all observables, for both bond and site percolation, is

available as Supplemental Material.
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Figure 2.2: Plots of Qy and Q; vs 12 (top), and R gnd R@ ys L=2 (bottom), with
p =0.2488118, for bond percolation. The solid lines are simply to guide

the eye.

2.3 Estimating p,

2.3.1 Bond percolation

We estimate the thresholds of bond and site percolation by studying the finite-size

scaling of the wrapping probabilities R® R@ and R®), and the dimensionless

ratios Q; and Q,. Around p., we perform least-squares fits of the MC data for

these quantities by the ansatz

O(e, L)

=0, + ) qpe"L* + b LY +b,L72 (2.3.1)

2
k=1
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Table 2.1: Fits of the wrapping probabilities R¥), R, and R®), and the ratios Q; and
Q, for bond percolation. We did not obtain stable fits with y; free for R®)

Linin XZ/DF Pc Yt O q1 bl Vi b2

16 | 53/40 | 0.24881203(5) | 1.16(1) | 0.86537(1) | —0.36(1) | —0.0423(5) | —1.2 0.341(5)

24 | 33/33 | 0.24881198(6) | 1.16(2) | 0.86535(2) | —0.31(2) | —0.040(2) | -1.2 0.31(2)

32 | 28/26 | 0.24881193(7) | 1.19(3) | 0.86533(2) | —0.31(3) | —0.036(3) | —1.2 0.25(5)
Q6 T24/39 0.24881184(8) | 1.16(1) | 0.86539(3) | —0.36(1) | —0.10(4) | —1.34(9) | 0.50(8)

24 | 31/32 | 0.24881188(9) | 1.19(2) | 0.86529(4) | —0.32(3) | —0.10(8) | -1.3(2) | 0.5(2)

32 | 28/25 | 0.24881196(14) | 1.19(3) | 0.8654(2) | —0.31(3) | —0.02(4) | -1.0(5) | 0.2(3)

32 | 28/25 | 0.24881120(5) | 1.17(2) | 0.63358(3) | —0.80(5) | —0.104(4) | —1.2 0.05(7)

48 | 16/18 | 0.24881195(6) | 1.14(2) | 0.63350(3) | —0.89(8) | —0.088(9) | -1.2 -0.3(2)

64 | 10/11 | 0.24881184(11) | 1.12(3) | 0.6334(2) | -1.0(2) | -0.05(4) | -1.2 ~1(1)
Q35 728/26 [0.24881202(6) 1.17(2) | 0.63358(5) | —0.80(5) | —0.097(8) | —1.08(3) | -

48 | 16/19 | 0.24881193(7) | 1.14(2) | 0.63346(7) | —0.89(8) | —0.15(4) | —1.22(7)

64 | 10/12 | 0.24881182(11) | 1.12(3) | 0.6333(2) | -1.0(2) | —0.5(6) ~1.5(4) -

16 | 41/37 | 0.24881181(4) | 1.143(7) | 0.25777(2) | -1.22(3) | 0.005(2) | -1.2 ~0.23(1)

24 | 30/31 | 0.24881183(4) |1.15(2) | 0.25778(3) | —=1.22(6) | 0.003(3) | -1.2 —0.26(4)
Rl |32 | 25/24 | 0.24881182(6) | 1.15(2) | 0.25776(5) | ~1.20(8) | 0.006(7) | ~1.2 ~0.20(10)

16 | 41/37 | 0.24881182(4) | 1.144(7) | 0.25779(2) | —-1.22(3) | 0.18(2) | -1.83(4)| -

24 | 31/31 | 0.24881184(4) | 1.15(2) | 0.25779(2) | —1.22(6) 022(8) ~1.9(2)

32 | 25/24 | 0.24881182(6) | 1.15(2) | 0.25777(4) | =1.20(8) | 0.1(1) -1.7(3) -

16 | 40/39 | 0.24881182(4) | 1.149(7) | 0.45999(3) | —1.65(4) 0004(2) -1.2 0.73(2)

24 | 25/32 | 0.24881182(5) | 1.14(2) | 0.45997(5) | —=1.74(9) | 0.003(4) | -1.2 0.72(6)
Rl | 32| 22/25 | 0.24881183(6) | 1.14(2) | 0.45998(7) | ~1.7(2) | 0.005(9) |-1.2 0.7(2)

16 | 40/39 | 0.24881182(4) | 1.149(7) | 0.45997(2) | —1.65(4) 081(6) —2.06(3) | -

24 | 25/32 | 0.24881182(4) | 1.14(2) | 0.45995(3) | —=1.74(9) | 0.8(2) ~2.05(8)

32 | 22/25 | 0.24881182(5) | 1.14(2) | 0.45996(5) | —1.74(2) 10(9) —2.1(3) -

16 | 44/38 | 0.24881185(6) | 1.14(1) | 0.08041(2) | —0.66(2) | 0.010(1) | -1.2 ~0.076(8)
R®) | 24 | 35/31 | 0.24881191(6) | 1.15(2) | 0.08043(3) | —0.63(5) | 0.007(3) | —1.2 ~0.04(3)

32 | 23/24 | 0.24881185(8) | 1.17(3) | 0.08039(4) | —-0.59(5) | 0.014(6) | —1.2 ~0.15(9)

where € = p. — p, O, is a universal constant, and y; is the leading correction
exponent. We perform fits with both b; and b, free, as well as fits with b, being
set identically to zero. By performing fits with y; free we estimate that y; = —1.2(2).

We also perform fits with y; fixed to y; = —1.2.

As a precaution against correction-to-scaling terms that we have neglected in our
chosen ansatz, we impose a lower cutoff L > L,;;, on the data points admitted in
the fit, and we systematically study the effect on the x? value of increasing L;n.
In general, our preferred fit for any given ansatz corresponds to the smallest L ;;,
for which x? divided by the number of degrees of freedom (DFs) is O(1), and for
which subsequent increases in L,;, do not cause x? to drop by much more than

one unit per degree of freedom.
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Table 2.1 summarizes the results of these fits. From the fits, we can see that the
finite-size corrections of Q; and Q, are dominated by the exponent y; ~ —1.2.
From Q; and Q,, we estimate p, = 0.2488119(3), and their universal critical

values Q; . =0.8654(2) and Q, = 0.6335(2).

For R¥ and R, fixing y; = —1.2 and including both the b; and b, terms we
find that b; is consistent with zero, while b, is clearly nonzero. Furthermore,
if we set b, = 0 and leave y; free, we find y; = —2. This suggests that either the
amplitudes of the leading corrections of R*) and R vanish identically, or at least
that they are sufficiently small that they cannot be detected from our data. Due
to these weak finite-size corrections, the values of p, fitted from R™ and R@ are
much more stable than those obtained from Q; and Q,. From R®¥) and R, we
estimate p, = 0.248 811 82(10). For R®®), we report only the fits with corrections
biL™12 + b,L72. If y; is left free the fits become unstable, regardless of whether
the b,L~? term is included. From R®), we estimate p, = 0.248 811 85(15) which is
consistent with the value obtained from R*) and R@. From these fits, we estimate
the universal wrapping probabilities to be R(Cx) = 0.25778(6), R(Ca) = 0.45997(8)
and R = 0.08041(8).

In Fig. 2.1, we illustrate our estimate of p, by plotting R*) and R(® vs L. Precisely
at p = p., as L — oo the data should tend to a horizontal line, whereas the data
with p # p, will bend upward or downward. Figure 2.1 shows that our estimate
of p, lies slightly below the central value 0.248 8126 reported in Lorenz and Ziff
(1998a).

In Fig. 2.2, we plot the data at p = 0.248811 8 for R™ and R@ vs L2, and for Q
and Q, vs L™!2, The figure strongly suggests that the correction L~!2 dominates

in Q; and Q,, but vanishes (or is very weak) in R™ and R@,
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Table 2.2: Fits of the wrapping probabilities R¥), R, and R®), and the ratios Q; and
Q, for site percolation. For R¥) we obtain unstable results when y; is free.

Liin | X*/DF | p. 7 O, q1 by Vi by
32 [ 19/16 | 0.3116069(2) | 1.14(2) | 0.86505(2) | -0.22(2) | 0.062(2) | 1.2 003)
48 | 11/11 | 0.3116070(2) | 1.11(3) | 0.86509(3) | —0.25(3) | 0.054(6) | -1.2 0.2(2)
64 | 3/6 |03116077(3) | 1.12(6)| 0.86526(7) | -0.24(6) | 0.01(2) | -1.2 1.4(5)
Qu 33 179/16 [03116069(2) | 1.15(2) | 0.86506(3) | —0.22(2) | 0.063(4) | -L.11(2)| -
48 | 10/11 | 0.3116071(2) | 1.11(3)| 0.86512(4) | -0.25(3) | 0.09(2) | -1.22(7)
64 | 3/6 |0.3116077(3) | 1.12(6) | 0.86527(5) | —0.24(6) | 0.9(10) | -1.8(3) -
64 | 3/6 |03116076(2) |1.12(4) | 0.6333(1) | —0.56(9) | 0.02(3) | -1.2 5.1(7)
Q, [48 [ 13/11 [0.3116072(1) | 1.14(2) | 0.63306(4) | =0.52(4) | 0.9(1) | -1.523)| -
64 | 2/6 |03116076(2) | 1.12(4) | 0.63329(8) | -0.56(9) | 4(2) ~1.9(2) -
16 | 42/39 | 0.31160785(5) | 1.13(1) | 0.25789(2) | —0.76(4) | 0.004(1) | 1.2 ~0.22(1)
R | 24 | 30/31 | 0.31160774(6) | 1.14(2) | 0.25784(3) | —0.75(5) | 0.009(2) | ~1.2 -0.29(3)
32 | 24/24 | 0.31160766(7) | 1.14(2) | 0.25780(3) | —0.73(5) | 0.015(4) | —1.2 ~0.39(6)
16 | 39/40 | 0.31160770(5) | 1.12(2) | 0.46002(2) | —1.09(6) | 0.023(2) | —1.2 0.08(2)
24 |25/32 | 0.31160767(7) | 1.13(2) | 0.45999(4) | —1.05(6) | 0.025(3) | -1.2 0.05(4)
qo |32 | 19/24 | 031160765(8) | 1.13(2) | 0.45998(5) | ~1.06(7) | 0.027(6) | ~1.2 0.02(9)
16 | 36/40 | 0.31160775(6) | 1.12(2) | 0.46006(3) | =1.09(6) | 0.055(5) | -1.33(d) | -
24 |25/32 | 0.31160768(8) | 1.13(2) | 0.46001(5) | ~1.05(7) | 0.039(9) | ~1.21(9)
32 | 19/24 | 0.31160765(9) | 1.13(2) | 0.45999(7) | -1.06(7) | 0.03(2) | —1.1(2) -
16 50/38 | 0.31160801(8) 1.14(2) | 0.08055(1) —-0.38(3) | —0.010(8) | -1.2 —-0.30(1)
24 | 27/30 | 0.31160779(9) | 1.14(2) | 0.08049(2) | —0.39(4) | —0.004(2) | ~1.2 ~0.38(3)
ko |32 | 18/23 | 031160765(11) | 115(3) | 0.08045(3) | ~0.38(4) | ~0.002(3) | ~1.2 ~0.47(5)
16 | 40/38 | 0.31160789(7) | 1.15(2) | 0.080510(9) | =0.38(3) | =0.21(1) | =1.77(2) | -
24 |26/30 | 0.31160777(8) | 1.14(2) | 0.08048(2) | —0.39(4) | —0.30(5) | —1.88(5)
32 |18/23 | 0.31160766(10) | 1.15(3) | 0.08046(2) | —0.38(4) | —0.6(2) | -2.1(2)

2.3.2 Site percolation

For site percolation, we again estimate p, by fitting Q; and Q,, R®), R, and R
with Eq. (2.3.1). The fitting procedure is similar to that of bond percolation, and
the results are summarized in Table 2.2. From the table, we can see that the fits of
Q; and Q, are less stable for site percolation than for bond percolation. The ratio
of x? per DF remains large until L;, > 32 for Q; and Ly, > 48 for Q,, and the
resulting estimates of p. range from 0.3116069(2) to 0.3116077(3).

The fits of the wrapping probabilities are better behaved, as was the case for bond
percolation. For R®®), fixing y; = —1.2 and including both the b; and b, terms, we
find that by is consistent with zero, while b, is clearly nonzero. Furthermore, if
we set b, = 0 and leave y; free, we find y; ~ —2. This suggests that the amplitude
of the leading correction of R®) is smaller than the resolution of our fits, and

might possibly be zero. The fits of the R data, however, quite clearly indicate
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the presence of the by L™1? term. For R™¥), we report only the fits with corrections
bi L7124 b,L7%; if y; is left free the fits become unstable, regardless of whether the
b,L 72 term is included. As for R, the amplitude b; appears to take a nonzero
value. These observations suggest that the leading correction L™ does not
generically vanish for all wrapping probabilities, but rather that the amplitudes

in some cases are smaller than the resolution of our simulations.

Comparing the various fits, we estimate p. = 0.311 607 7(2) for site percolation,
which is consistent with the previous result 0.3116077(4) (Deng and Blote,
2005). In addition, we estimate the universal wrapping probabilities to be
RY = 0.25782(6), R = 0.45999(8), and R® = 0.08046(6), which are consis-
tent with those estimated from bond percolation. In Fig. 2.3, we show plots of R(¥)

and R® which illustrate our estimate of p..
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Figure 2.3: Plots of R¥)(p, L) (top) and R\ (p, L) (bottom) vs L for fixed values of p, for
site percolation. In both cases, the curves correspond to our preferred fit of
the MC data for R(p,L) by ansatz (2.3.1); the dashed curve corresponds to
setting p = 0.3116077. The shaded blue strips indicate an interval of 1o

above and below the estimates R(Cx) =0.25782(6) and R(Cu) =0.45999(8).

2.4 Results at p,

In this section, we estimate the critical exponents y;, y;,, and d,;,, as well as the
excess cluster number. Fixing p at our estimated thresholds for bond and site
percolation, we study the covariances gl();;) and gs(;), the mean size of the largest
cluster C;, the mean size of the cluster at the origin, x, the shortest-path length S,
and the cluster density p. The MC data for gl(;g, gg), Ci, x and S are fitted by the
ansatz

A=L%(ay+ b, L2 +b,L72). (2.4.1)

We perform fits using different combinations of the two corrections b;L~!'? and

b,L~? and compare the results.
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Table 2.3: Fits of covariances gl(jg and gs(;;).

Lmin XZ/DF })t ap bl bz

16 | 4/4 1.1404(9) |0.231(1) | -0.03(2) | 0.1(2)
) | 24 | 4/3 1.1406(13) | 0.231(2) | —0.02(5) | 0.0(4)
SR [16 | 4/5 1.1409(4) | 0.2307(3) | —=0.012(3) | -

24 | 4/4 1.1406(6) | 0.2311(6) | —0.017(7) | -

16 |5/4 1.1416(4) | 0.1551(3) | —0.004(7) | —0.06(5)
) | 24 | 4/3 1.1411(6) | 0.1554(6) | —0.02(2) | —0.1(2)
&r [16 | 7/5 1.1411(2) | 0.1555(1) | —=0.013(1) | -

24 | 4/4 1.1414(3) | 0.1553(2) | =0.010(2) | -

2.4.1 Estimating y;

We estimate y; by studying the covariances gl(j;{) and gs(;), both of which scale as

~ Lt at the critical point. We find this procedure for estimating y; preferable
to methods, such as that employed in (Deng and Blote, 2005), in which y; is
estimated by studying how quantities behave in the neighborhood of p. as the
system deviates from criticality. In particular, we believe the current method

produces more reliable error estimates.

We fit the data for gl();;) at p=0.2488118 and gs(;) at p=0.3116077 to Eq. (2.4.1),
and the results are shown in Table 2.3. The estimate of y; from ggg) produces a
smaller error bar than that from g&). From these fits we take our final, somewhat

conservative, estimate to be y, = 1.141 0(15).

In Fig. 2.4, we plot (In gl(;;) —y;InL) and (In gs(? —y;InL) vs InL using three different
values of y;: our estimate, as well as our estimate plus or minus three standard
deviations. Using the true value of y, should produce a horizontal line for large L.
In the figure, the data using y; = 1.1365 and y; = 1.1455 respectively bend upward
and downward, suggesting that the true value of y; does indeed lie within 30 of our
estimate. The data with y; = 1.141 appear to be consistent with an asymptotically
horizontal line. We note that while the curve appears to be increasing around

the point at L = 512 for bond percolation, it instead slightly decreases for site
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Figure 2.4: Plots of (lngl(jz) —v¢InL) (top) and (lngs(? —v¢InL) (bottom) vs InL illus-
trating our estimate y; = 1.1410(15). The dashed curves are simply to
guide the eye.

percolation, suggesting that in fact this movement is dominated (or even entirely

caused) by noise.

2.4.2 Estimating y;

We estimate y;, by studying the divergence of C; and yx as L increases with p fixed
to our best estimates of p.. We fit the MC data for C; and x with Eq. (2.4.1), with
the exponent y 4 then corresponding to vy, and 2y;, — d, respectively. The results
are reported in Table 2.4. We use superscripts b and s to distinguish bond and site
percolation. For Cf and x*, the amplitude b; is quite small, while b; in x* and
C; is clearly present. In the fits of x* with one correction term b;L™!?, the ratio
of x? per DF remains large until L,,;, > 64. We therefore show the fits with the

correction b,L~? instead. Comparing these fits, we estimate y;, = 2.52295(15).
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Table 2.4: Fits of Cy and x. The superscripts b and s denote bond and site percolation,

respectively.

Lin XZ/DF Vn ap bl b2

16 | 3/4 | 2.52286(5) | 0.9394(3) | —0.014(6) | 0.22(4)
cv |24 |3/3 | 252289(7) | 0.9393(4) | -0.009(11) | 0.2(1)
| [24 [5/4 | 2.52298(3) | 0.9388(2) | 0.009(2) -

32 | 3/3 | 2.52294(4) | 0.9390(2) | 0.005(3) ;

16 | 4/4 | 2.52303(4) | 1.1257(5) | 0.14(1) 0.18(7)
, |24 |3/3 | 252300(5) | 1.1262(7) | 0.12(2) 0.3(2)
X 24 [ 6/4 | 2.52308(3) | 1.1251(3) | 0.157(4) -

32 | 4/3 | 2.52305(3) | 1.1255(4) | 0.151(6) ;
oo | 16 [5/4  [2.52299(3) | 047116(7) | 0.024(2) | -0.44(2)
124 [5/3 |252300(5) | 0.4711(2) | 0.024(4) | —0.45(4)

32 0.9/2 | 2.52291(5) | 0.2841(2) | —0.001(7) | —1.15(9)
c 148 | 07/1 | 2.52294(9) | 0.2840(4) | —0.007(18) | —1.3(3)
X" 32 10.9/3 | 2.52292(1) | 0.28406(3) | - 1.16(1)

48 0.9/2 2.52291(2) | 0.28408(7) - -1.17(5)
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Figure 2.5: Plots of (In Cf —ypInL) (top) and (In C§ —yyInL) (bottom) vs InL to show
our estimate yy, = 2.52295(15). The dashed curves are simply to guide the

eye.
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Table 2.5: Fits of S. The superscripts b and s denote bond and site percolation, respec-

tively.
Lmin XQ/DF dmin a0 bl b2
b |24 273 1.37526(5) | 1.8149(5) | —0.65(2) | —3.8(2)
32 | 1/2 1.37533(7) | 1.8142(7) | —0.59(5) | —4.4(4)
48 | 0/2 1.37530(9) | 1.815(1) | —0.63(9) | —4(1)
16 | 5/4 1.37580(2) | 1.3834(2) | —3.432(5) | 2.72(3)
SS |24 | 4/4 1.37577(3) | 1.3836(3) | —3.45(2) | 2.82(3)
32 | 4/2 1.37576(5) | 1.3837(4) | —-3.45(3) | 2.9(3)

Table 2.6: Fits of p. The superscripts b and s denote bond and site percolation, respec-

tively.

Lmin Xz/DF Pc b bl

16 |3/5 0.27293283(1) | 0.679(3) | 0.1(6)
, 124 174 | 0.27293283(1) | 0.674(6) | 3(4)
P16 [ 2/7 0.27293283(1) | 0.6789(6) | -

24 | 2/6 0.27293283(1) | 0.679(2) -

12 | 4/6 0.052438218(3) | 0.6745(5) | 0.02(8)
.16 | 4/5 0.052438218(3) | 0.6747(8) | —0.02(21)
P 124 | 474  ]0.052438218(3) | 0.674(2) | 0.2(10)

12 [ 4/7 | 0.052438218(3) | 0.6746(2) | -

16 | 4/6 0.052438218(3) | 0.6746(3) | -

24 | 4/5 0.052438218(3) | 0.6746(5) | -

In Fig. 2.5, we plot (In Cf —ypInL)and (InCj —y,InL) vs InL using three different
values of y;,: our estimate, as well as our estimate plus or minus three standard
deviations. As L increases, the data with y;, = 2.52250 and 2.523 40 respectively
slope upward and downward, while the data with y, = 2.52295 are consistent

with an asymptotically horizontal line.

2.4.3 Estimating d_;,

We estimate the shortest-path fractal dimension d,,;, by studying the quantity
S at our estimated thresholds. The MC data for S are fitted to Eq. (2.4.1) with
the exponent y 4 replaced by d,,;,,, and the results are reported in Table 2.5. We
again use the superscripts b and s to distinguish bond and site percolation. In

the fits, both b; and b, are clearly observable for S and S°. And when we set
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Table 2.7: Summary of estimated thresholds, critical exponents, universal wrapping
probabilities, and excess cluster number of bond and site percolation on the
simple-cubic lattice. We note that the values of y; and vy, in (Deng and Blote,
2005) marked by the superscript + contained typographical errors. The final
error bars reported in (Deng and Blote, 2005) were also underestimated,
taking insufficient account of systematic errors.

Ref. p.(bond) pc(site) y=1/v yn=ds Amin
Lorenz and Ziff (1998a) 0.2488126(5) 1.12(2) 2.523(4)

Lorenz and Ziff (1998b) 0.3116080(4)

Ballesteros et al. (1999) 0.3116081(13) 1.141(2) 2.5230(3)

Martins and Plascak (2003) 0.2490(2) 0.3115(3) 1.15(2)

Deng and Blote (2005)* 0.3116077(4) 1.1450(7) 2.5226(1)

Zhou et al. (2012a) 0.248 812 0(5) 1.142(3) 2.5235(8)

Zhou et al. (2012b) 1.3756(6)
Kozlov and Lagués (2010) 1.142(8)

This work 0.24881182(10) 0.3116077(2) 1.1410(15) 2.52295(15) 1.3756(3)
Ref. V; R® R@ RO b

Lorenz and Ziff (1998a)

Lorenz and Ziff (1998b)

Ballesteros et al. (1999) -1.61(13)

Martins and Plascak (2003) 0.265(6) 0.471(8) 0.084(4)

Deng and Blote (2005)*

Zhou et al. (2012a)

Zhou et al. (2012b)

Kozlov and Lagués (2010)  —-1.0(2)

This work ~1.2(2) 0.257 80(6) 0.45998(8) 0.08044(8)  0.675(2)

b, = 0, the ratio of x? per DF remains relatively large. We also did the fits by
replacing the correction with b, by a constant term ¢ in Eq. (2.4.1), and obtained
dmin(bond) = 1.37555(6) and d,;,(site) = 1.37559(6). Comparing these fits, we

estimate d,;, = 1.3756(3).

To illustrate this estimate, Fig. 2.6 shows a log-log plot of S versus L.

2.4.4 Excess number of clusters

The cluster density tends to a finite limit p. = lim;_,,,lim,_,, p at critical-
ity. While the value of p, is non-universal, the excess cluster number b :=
limy o lim,_, Ld(p —p¢) is universal Ziff et al. (1997). To estimate b, we study p

with p fixed to our estimated thresholds for bond and site percolation and fit the

34



Chapter 2 — (Wang et al., 2013b)

0.059 | ¥,=2.52250 +—a—i
¥,=2.52295 +—e—
yh=252340 —a— A‘&
3 0061 4y aa
'_“f N
' Te.
2T T
2 -0.063 £ * e ee .. . S
\‘EL
‘ B
_
-0.065 | S
@
‘m |
-0.749 | -
A - -8
_a--A al
.
<0751 s
~ .
% s et A oo .
L0753 |/
g e
- b B - )
4 ‘Elr"'w,El‘rr
0755 1 8 N
0757 ® 1

100
L

Figure 2.6: Log-log plot of S versus L for bond and site percolation. Two straight lines
with slope 1.375 6 are included for comparison.

data to the ansatz

p=pc+L3(b+bL7?). (2.4.2)

The resulting fits are summarized in Table 2.6, where we again use superscripts
b and s to differentiate the bond and site cases. We report fits both with b; free
and with b; = 0. We find that p can be well fitted to (2.4.2) with b; = 0 fixed.
Leaving b; free, we find that b, is consistent with zero, suggesting that the leading
correction exponent might be even smaller than —2. We also performed fits in
which the leading correction exponent was fixed to —1.2 and -3, and in both
cases the resulting estimates of p. and b were consistent with those reported in
Table 2.6. Leaving the leading correction exponent free produces unstable fits

however. Comparing these fits, we estimate b = 0.675(2).
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Our estimate of b is determined on th periodic L x L x L simple cubic lattice;
on the L x L square lattice b = 0.8835(8) Ziff et al. (1997). The excess cluster
number was studied in Lorenz and Ziff (1998a) on an L x L x L’ lattice with L’ > L.
Naively, extrapolating their results to L’ = L gives an estimate of b ~ 0.412 which is
significantly below our estimate. We also note that our estimate of the number of
clusters p. = 0.27293283(1) differs slightly from the estimate p, = 0.272931 0(5)

reported in Lorenz and Ziff (1998a).

2.5 Discussion

We study in this paper standard bond and site percolation on the three-
dimensional simple-cubic lattice with periodic boundary conditions. Using exten-
sive Monte Carlo simulations and finite-size scaling analysis, we report the esti-
mates: p, = 0.24881182(10) (bond) and p, = 0.311607 7(2) (site). The bulk thermal
and magnetic exponents are estimated to be y; = 1.1410(15) and y;, = 2.52295(15),
the shortest-path fractal dimension to be d,,;, = 1.3756(3), and the leading irrele-
vant exponent to be y; = —1.2(2). The universal value of the excess cluster number

is estimated to be b = 0.675(2).

We emphasize that the reported estimates of p, are obtained by studying wrap-
ping probabilities, which are found to have weaker corrections to scaling than
dimensionless ratios constructed from moments of magnetic quantities such as
C1 and S,,. In particular, we find evidence suggesting that the leading correction
exponent in certain wrapping probabilities (R™®) and R for bond percolation, R(®)
for site percolation) may be ~ -2 rather than —1.2, although the reasons are not
clear. The universal values of the wrapping probabilities we studied are estimated
to be: RYY = 0.25780(6), R = 0.45998(8), and R'”) = 0.08044(8), by comparing

the results for bond and site percolation.
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From these values we can estimate other wrapping probabilities discussed in the

literature, such as

RW: = (RW(1 -RW)(1 -R@))
= %(ZR(“) +RB) _3RWM),
RO . = (RWRW)(1 —R@))
_ %(3R<x> _2RO)_R@)

RV ; = (RORW) = L3R 4 RO _ Rla)y.
3

In words, R(V is the probability that a winding exists in one given direction but not
in the other two directions; R(?) is the probability that a winding exists in two given
directions but not in the third; and R*¥) is the probability that a winding exists in
two given directions, regardless of whether a winding exists in the third direction.

We obtain R = 0.07567(14), R”) = 0.05085(14), and R = 0.13129(12).

Table 2.7 summarizes the estimates presented in this work. For comparison, we

also provide an (incomplete) summary of previous estimates.
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lattices, with 2 < d < 7. A dimensionless ratio is defined, and an analysis of its
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report improved estimates for the standard critical exponents. In addition, we study
the probability distributions of the number of wet sites and radius of gyration, for

1<d<7.
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Chapter 3

A high-precision Monte Carlo study
of directed percolation in (d+1) di-

mensions

3.1 Introduction

Directed (or oriented) percolation (DP) is a fundamental model in non-equilibrium
statistical mechanics. A variety of natural phenomena can be modeled by DP,
including forest fires (Broadbent and Hammersley, 1957; Albano, 1994), epidemic
diseases (Mollison, 1977), and transport in porous media (Bouchaud and Georges,

1990; Havlin and ben Avraham, 1987).

A major reason for the longstanding interest in DP is its conjectured universality,
first described by Janssen (Janssen, 1981) and Grassberger (Grassberger, 1982).
Specifically, it is believed that any model possessing the following properties will

belong to the DP universality class: short-range interactions; a continuous phase
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transition into a unique absorbing state; a one-component order parameter and

no additional symmetries.

At and above the upper critical dimension (d. = 4), mean-field values for the
critical exponents f =1, vy=1,v, =1/2are believed to hold. For d < d. however,
no exact results for either critical exponents or thresholds are known, and instead
one relies on numerical estimates obtained by series analysis, transfer matrix
methods, and Monte Carlo simulations. In (1 + 1) dimensions, series analysis
(Jensen, 1996, 1999) has enabled the threshold estimates on several lattices to
be determined to the eighth decimal place, with the critical exponents being

estimated to the sixth decimal place.

Estimates of thresholds and critical exponents for d > 2 can be found in (Grass-
berger and Zhang, 1996; Grassberger, 2009b; Perlsman and Havlin, 2002; Lubeck
and Willmann, 2004; Adler et al., 1988; Blease, 1977; Grassberger, 2009a). Com-
pared with results for d = 1 however, the precision of these estimates in higher
dimensions is less satisfactory. The central undertaking of the present work is to
use high-precision Monte Carlo simulations to systematically study the thresholds
of bond and site DP on simple-cubic (SC) and body-centered-cubic (BCC) lattices

for2<d<7.

In order to obtain precise estimates of the critical thresholds, we study the finite-
size scaling of the dimensionless ratio Q; = N,;/N;, where N; is the mean number

of sites becoming wet at time .

Having obtained these estimates for p., we then fix p to our best estimate of p. and
use finite-size scaling to obtain improved estimates of the critical exponents for

d = 2,3. In addition, we also study the finite-size scaling at p. of the distribution

pn(ts):=P(N; =s|N; > 0), (3.1.1)
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where N is the number of sites becoming wet at time t. We conjecture, and

numerically confirm, that
pa(£,8) ~ EINE pr(s/89Y), t — oo, (3.1.2)

with exponent yy = 6 + 6, where 6 = (dv, — f)/v and 6 = B/v| for d < d. and
yy =1 for d > d.. We also study an analogous distribution of the random radius

of gyration, as in Eq. (3.1.2) with y, being replaced by y¢ = v, /vj.

The remainder of this paper is organized as follows. Section 3.2 introduces the DP
models we study and describes how the simulations were performed. Results are
presented in Secs. 3.3, 3.4 and 3.5. In Sec. 3.6 we present estimated thresholds of
bond and site DP on the square, triangular, honeycomb and kagome lattices, while
Sec. 3.7 contains some technical results justifying the definitions of the improved

estimators defined in Sec. 3.2.4. We conclude with a discussion in Sec. 3.8.

3.2 Description of the model and simulations

3.2.1 Generating DP configurations

Although DP was originally introduced from a stochastic-geometric perspec-
tive (Broadbent and Hammersley, 1957), as the natural analog of isotropic perco-

lation to oriented lattices, the most common formulation of DP is as a stochastic

Figure 3.1: Stochastic formulation of DP on the square lattice. The vertical direction
corresponds to time, and the dashed lines identify the sets V;.
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cellular automaton. To obtain a stochastic formulation of DP on a given oriented
lattice, one defines a sequence (V});>o which partitions the set of lattice sites, such
that each adjacent site directed to v € V; belongs to some V,, with ¢’ < t. See Fig. 3.1
for the example of the square lattice. By setting V,; = {0}, the trajectory of the
stochastic process then generates the cluster connected to the origin. Typically

t’=t—1, and the resulting process is then Markovian.

For both site and bond DP, at time ¢ the stochastic process visits each site v € V;
and sets either s, =1 (wet) or s, = 0 (dry). In more detail, the process proceeds as
follows. At t = 0, we wet the origin with probability 1. At time t > 0, we construct
for each v € V; the (random) set E, of edges directed from wet sites to v. In the
case of site DP, if E, is non-empty we set s, = 1 with probability p, otherwise we
set s, = 0. For bond DP, we select an edge e € E, and occupy it with probability p.
If e is occupied, we set s, = 1, and then proceed to update the next site in V;. If e
is unoccupied, we repeat the procedure for the next edge in E,, and continue until

either an edge is occupied or the set E, is exhausted .

We note that in this description, the sets V; have been given a pre-specified order,
as have the sets of edges incident to each v € V,. The precise form of these
orderings is obviously unimportant, and in practice they were induced in the
natural way from the coordinates of the vertices. We used a hash table (Sedgewick,

1998) to store the wet sites in our simulations, as described in (Grassberger, 2003).

For p > p,, there is a non-zero probability that the number of wet sites will diverge
as t — oo. In our simulations, the cluster growth stops either at the first time that
no new sites become wet, or when t = t,,,,, where t,,, is predetermined. The

values of t,,, used for each simulation were chosen as follows. For site and bond

!We note that the version of bond DP that we are simulating generates a different ensemble of
bond configurations compared to the standard geometric version of bond DP, in which each edge
is occupied independently. However, the resulting site configurations generated by these two bond
DP models are identical. Since we only consider properties of the site configurations in this article,
the distinction is unimportant for our purposes. For the sake of computational efficiency, we find
the version described in the text more convenient.
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Figure 3.2: (2+1)-dimensional SC (left) and BCC (right) lattices.

DP with 2 < d <5, we set t,, = 2'%. On SC lattice with d = 6,7, we set t,, = 2'3
and tp,, = 2!! respectively. On BCC lattice with d = 6,7, we set t,, = 2'? and
tmax = 210 respectively. In all cases, the number of independent samples generated

was 10°.

3.2.2 Lattices

We simulated (d + 1)-dimensional simple-cubic (SC) and body-centered cubic
(BCC) lattices with 2 < d < 7. The stochastic processes formulation of DP on
these lattices that we used in our simulations is Markovian, and is described most
easily by explicitly describing the sets V; together with the edges between V; and
V,41. In (d + 1) dimensions, each V, c Z%. Let x € V;, and let {e;, ..., e;} denote the
standard basis of Z%. On the BCC lattice, the coordinates of the A = 24 neighbors
of xin V;, are x + Zle a;e; for a € {0,1}%. On the SC lattice, the coordinates of
the A = d +1 neighbors of x in V;, are X+Zf:1 a;e; forall @ € {0,1}* with ||a|; < 1.

The (2+1)-dimensional cases are illustrated in Fig. 3.2.

3.2.3 Observables

For each simulation we sampled the following random variables:

1. N;, the number of sites becoming wet at time ¢;
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2.8 =4/, rZ, where r,, denotes the Euclidean distance of the site v to the time

axis, and the sum is over all wet sites in V;;

3. Ny =2 yev, by, where b, is the number of Bernoulli trials needed to determine

the state of v € V;, given the configuration of sites in V;_y;
[ 2
4. 61’ = ZUGVt b'l/ r-,}.

We note that, as shown in Sec. 3.7, we have

(M) =p ), (3.2.1)

(s?7)=p(&7), (3.2.2)

where (-) denotes the ensemble average. As explained in Section 3.2.4, 91, and &,

can be used to construct reduced-variance estimators.

Using the above random variables, we then estimated the following quantities:

1. The percolation probability P, = P(N; > 0);

2. The mean number of sites becoming wet at time t, N; = (N});
3. The dimensionless ratio Q; = Ny;/N;;

4. The radius of gyration R? = <St2>/Nt;

5. The distribution p /(t,s) defined by (3.1.1);

6. The distribution

pr(t,s):=P(R, =s|N;>0) (3.2.3)
where
S
, N;>0,
Ry = VN (3.2.4)
O, Nt =0.
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We expect the second moment of px(t,-) to display the same critical scaling as the

radius of gyration. We discuss this point further in Sec. 3.5.

3.2.4 Improved Estimators

To estimate N;, R? and Q,, we adopted the variance reduction technique intro-
duced in (Grassberger, 2003, 2009a; Foster et al., 2009), the details of which we now
describe. To clearly distinguish sample means generated by our simulated data
from the ensemble averages to which they converge, we will use X = Y ' ; X{///n to
denote the sample mean of 1 independent realizations X(1),..., X" of the random
variable X. While lim,,_,., X = (X), we emphasize that X is a random variable for

any finite n.

In addition to the naive estimator Nt, we can also estimate N; via

N, := pfl_[_—. (3.2.5)

t >y t
— m/ N’
Nt:ptl | ! —>| | L =N, (3.2.6)

Any convex combination of Nt and the estimator (3.2.5) will therefore also be an

estimator for N;. As our final estimator for N; we therefore used
aN,;+(1-a)N, (3.2.7)

with a = a,;, chosen so as to minimize the variance of (3.2.7). Explicitly,

(N}) - cov(N,N;)

= — — — (3.2.8)
(N¢)+ (Ny) = 2cov(N, Ny)

Amin
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Note that a,,;, can be readily estimated from the simulation data. Similarly, to

estimate Q; we use the minimum-variance convex combination of NV ,,/N; and

Nyi/N;.
An analogous estimator for R? can also be constructed:

t —=2 —2
Sy _ Sy_i

R? = =
mt’ Nt/_l

t’'=1

. (3.2.9)

Taking the number of samples to infinity and using (3.2.2) shows that indeed R? —
R?. Analogously to the argument above, we then take the convex combination of

R? and S?/N, with minimum variance to be our final estimator for R?.

We now comment on the motivation behind these definitions. For DP on a A-ary
tree we have the simple identity 91, = AN,_;, which implies that N; is deter-
ministic in this case, and therefore has precisely zero variance. For DP on a
(d + 1)-dimensional lattice, as d increases the updates become more and more
like the updates for DP on the A-ary tree, and so intuitively one expects that the
variance of ﬁt should decrease as d increases. This is indeed what we observe
numerically. For the simulations of bond DP on the BCC lattice for example,
we find that for d = 4 the variance of //\\ft is = 0.1 of the variance of Nt. This
factor reduces to 10~ for d = 7. For low dimensions, however, the above variance
reduction technique is less effective. Similar arguments and observations apply to
the reduced-variance estimator for the radius of gyration. Interestingly, our data

suggest that the above technique is more effective for bond DP than site DP.
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Pc Q. 1l q1 q2 €1 Yu tmin/DF/Xz
SCh ]0.38222462(2) 1.17342(4) 0.7767(4) -3.127(7) 2.25(3) -0.011(1) -0.5 64/224/175
SC5 | 0.43531410(5) 1.17342(2) 0.7774(3) -2.403(5) 1.37(2) -0.025(6) —0.48(7) | 64/223/168
BCCY | 0.28733837(2)  1.17336(2) 0.7762(4) —4.177(9) 4.26(4) —6(3) -2.1(2) | 64/224/235
BCCS | 0.34457401(4) 1.17341(2) 0.7772(3) -2.879(6) 1.95(2) —0.31(2) —0.54(7) | 64/223/82
SC? [0.26835628(1) 1.07652(8) 0.905(4) -3.8(2)  5.6(3)  0.005(1) -0.3 64/223/166
SCy | 0.30339539(2) 1.0752(4) 0.906(4) -2.7(1)  2.9(2)  0.024(1) -0.26(2) | 64/223/367
BCCY | 0.132374169(3) 1.07629(6) 0.904(2) —8.5(2)  28.6(9) —0.032(3) —0.62(3) | 64/359/341
BCCS | 0.16096128(1) 1.0767(3) 0.904(4) -5.0(2)  10.0(6) 0.026(1) —0.34(2) | 64/223/163

Table 3.1: Fit results for Q; with d = 2,3 on the SC and BCC lattices. Superscripts b
and s represent bond and site DP, respectively. The subscript represents the
dimensionality d.

Pc q1 C1 hy fmin
SCb |0.207918153(3) -5.2(9) -0.22(2) 0.50(2) | 64
SCS | 0.231046861(3) -3.83(1) -0.53(2) -1.2(1) | 64
BCCD | 0.063763395(1) —18.6(1) —0.08(1) 3.34(3) | 64
BCCS | 0.075585154(2) —11.4(4) -0.55(2) -1.12(2) | 64

Table 3.2: Fit results for Q; with d = 4 on the SC and BCC lattices. Superscripts b
and s represent bond and site DP, respectively. The subscript represents the
dimensionality d.

Pe Q1 0 c 2 Yu tmin/DF/x?
SC® [ 0.170615153(1)  -5.253(5) 13.5(2) —0.72(7) 0.026(1) —0.49(1) | 48/258/208
SCI | 0.186513581(2)  —4.115(6)  8.6(1) ~1.17(9) 0.054(1) —0.49(1) | 48/258/172
BCCP | 0.0314566316(1) —30.78(4)  450(6) ~1.6(7) 0.009(1) —0.48(1) | 48/248/176
BCC: | 0.0359725421(5) —21.17(5)  164(7) -5.3(7)  0.049(1) —0.48(1) | 48/242/119
SCP | 0.1450899465(4) —6.538(2) 21.4(2) 0.028(1) —0.99(1) | 48/235/147
SCS | 0.156547177(3)  —5.428(4) 13.1(4) 0.051(3) -0.87(2) | 64/193/55
BCCP | 0.01565938296(3) —63.394(8) 1945(30) 0.003(1)  —0.99(3) | 48/193/110
BCCS | 0.0173330517(4) —49.33(4) 1343(27) 0.043(1) -0.88(2) | 48/198/79
SCP | 0.1263875090(6) -7.663(2)  28.9(4) 0.015(2) -1.32(3) | 32/225/196
SCS | 0.135004173(2)  —6.566(4)  20.8(5) 0.092(6) —1.45(2) | 32/225/212
BCCP | 0.00781837182(1) —127.63(1) 7557(157) 0.0007(2) -1.31(8) | 32/176/171
BCCS | 0.0084329895(3) —107.0(2)  3882(1000) 0.036(5) —1.29(4) | 32/181/84

Table 3.3: Fit results for Q; with d =5,6,7 on the SC and BCC lattices. Superscripts b
and s represent bond and site DP, respectively. The subscript represents the

dimensionality d.
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Figure 3.3: (Color online) Plot of P(N,/|V;| =-) at t = 16384 for d = 3 bond DP on
BCC lattice, with p = 0.13237417 (square) and p’ = 0.132374 53 (circle).
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Figure 3.4: (Color online) Plot of the Q; data for bond and site DP on the SC and BCC
lattices versus x = q1(p. — p)t?! for d = 2.

3.3 Percolation Thresholds

3.3.1 Fitting Methodology

To estimate the critical threshold p. we applied an iterative approach. We ran
preliminary simulations at several values of p and relatively small values of t,,,,

and used these data to estimate p. by studying the finite-size scaling of Q,. Further
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simulations were then performed at and near the value of p. estimated in the
initial runs, using somewhat larger values of ¢,,,,. For both site and bond DP, and
for each choice of lattice and dimension, this procedure was iterated a number
of times before we performed our final high-precision runs at the single value
of p which corresponded to the best estimate of p. obtained in the preliminary
simulations. For these final simulations we used the values of t,,,, reported in

Section 3.2.1.

For computational efficiency, we then used re-weighting to obtain expectations
corresponding to multiple values of p, from each of our final high-precision runs.
Our approach to re-weighting is similar to that described for the contact process
in (Dickman, 1999), and relies on the simple observation that for any observable
A; we have the identity (A;), = <Wp,pu4t>p, where the random variable W, , is

defined on the space of site configurations C by

WP'P

tmax ;_,\MN:(C I (C)-N;(C
ol =
p t=1

As with any application of re-weighting, in practice one must of course be care-
ful that the distributions IP,(-) and PP,(-) have sufficient overlap, so that a finite
simulation with parameter p will generate sufficiently many samples in the neigh-
bourhood of the peak of PP/(:). As t increases, the range of acceptable p’ values is
expected to decrease. To verify that we had sufficient overlap, for both bond and
site DP and for each choice of lattice and dimension, we performed additional
low-statistics simulations (107 independent samples, rather than 10°) for the p’
values furthest from p, and compared the histograms generated at t = t,,,, for sim-
ulations at p” with those generated at p. In all cases the overlap was excellent. Fig-
ure 3.3 gives a typical example, showing the estimated distribution P(N,/|V;| =)
at t = 16384 for d = 3 bond DP on the BCC lattice, with p = 0.13237417 and
p’=0.13237453.
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These final high-precision data sets were then used to perform our final fits for p,
which we report in Tables 3.1, 3.2 and 3.3. Specifically, we performed least-squares
fits of the Q; data to an appropriate finite-size scaling ansatz. As a precaution
against correction-to-scaling terms that we failed to include in the chosen ansatz,
we imposed a lower cutoff ¢ > t;,, on the data points admitted in the fit, and we
systematically studied the effect on the x? value of increasing t,i,. In general, our
preferred fit for any given ansatz corresponds to the smallest t,,;, for which the
goodness of fit is reasonable and for which subsequent increases in t,;, do not
cause the x? value to drop by vastly more than one unit per degree of freedom.
In practice, by “reasonable” we mean that x*/DF < 1, where DF is the number of

degrees of freedom.

In Table 3.1, 3.2 and 3.3, we list the results for our preferred fits for Q;, with d
from 2 to 7. The superscripts “b" and “s" are used in these tables to distinguish the
bond and site DP, and the subscript denotes the dimensionality d. The error bars
reported in Tables 3.1, 3.2 and 3.3 correspond to statistical error only. To estimate
the systematic error in our estimates of p. we studied the robustness of the fits to
variations in the terms retained in the fitting ansatz and in f,,;,,. This produced

the final estimates of the critical thresholds shown in Table 3.4.

3.3.2 Resultsford=2,3

Near the critical point p., we expect that

Qi(p) = Que¥l, ut¥), (3.3.1)

where v and u represent the amplitudes of the relevant and the leading irrelevant
scaling fields, respectively, and y, = 1/v and y, < 0 are the associated renormal-

ization exponents. Linearizing v = a;(p. — p) around p = p. we can expand Q;
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as

Q=Q + ) alpc—p) 1™ +clpe—p)IH
k>1
+ cqtV - (3.3.2)

where Q, = 2% and g} = a’l‘ %lvzo. It follows that g;/(q;)* is a universal quantity.

In practice, we neglected terms higher than cubic in the finite-size scaling variable

(pe = p)t*.

We fitted our data for Q; to the ansatz (3.3.2) as described above, and the results
are reported in Table 3.1. From the fits for site DP, we observe that on both the
SC and BCC lattices, the leading correction exponent y, ~ —0.5 for d = 2, and
v, = —0.3 for d = 3. However, for bond DP on the BCC lattice, the fits yield y,, ~ -2
for d = 2, and y, = —0.6 for d = 3. This suggests that, within the resolution of our
simulations, the amplitude c; is consistent with zero in this case. For the fits for
bond DP on the SC lattice, we could not obtain numerically stable fits with y,, left
free, and so we instead report the results using correction terms c;t~%> + c,t~2 for

d=2and ¢c;t7 %3 +cyt7% ford = 3.

For d = 2, we estimate Q. = 1.17340(6), v = 1/y = 1.287(2), and q>/91% = 0.24(1).
For d = 3, we estimate Q. = 1.076(1), v = 1/y = 1.104(6), and g2/q1% = 0.40(1).

In Fig. 3.4 we plot the Q; data versus g;(p. — p)t!I, for bond and site DP on the
two-dimensional SC and BCC lattices. We use the estimated value y; ~ 0.777,
and ¢q; and p. are taken respectively from Table 3.1 and Table 3.4. An excellent
collapse is observed in Fig. 3.4. The data for ¢ < 1024 have been excluded to
suppress the effects of finite-size corrections. The data collapse to a line with slope

1 clearly demonstrates universality.
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Lattice Site Bond
pc(Present) pc(Previous) pc(Present) pc(Previous)

d=2,SC 0.43531411(10)  0.43531(7) (Grassberger and Zhang, 1996) 0.38222462(6) 0.382223(7) (Grassberger and Zhang, 1996)

d=2,BCC | 0.3445740(2) 0.344 573 6(3) (Grassberger, 2009b) 0.287 338 38(4) 0.287 338 3(1) (Perlsman and Havlin, 2002)
0.344575(15) (Lubeck and Willmann, 2004) 0.287 338(3) (Grassberger and Zhang, 1996)

d=3,5SC |0.30339538(5)  0.3025(10) (Adler et al., 1988) 0.268 356 28(5) 0.268 2(2) (Blease, 1977)

d=3,BCC | 0.16096128(3)  0.160950(30) (Lubeck and Willmann, 2004) | 0.13237417(2) -

d=4,SC | 0.23104686(3) - 0.207 918 16(2) 0.208 5(2) (Blease, 1977)

d =4,BCC | 0.07558515(1) 0.075 585 0(3) (Grassberger, 2009a) 0.063 763 395(5) -
0.075582(17) (Lubeck and Willmann, 2004)

d=5,SC |0.18651358(2) - 0.170615155(5) 0.171 4(1) (Blease, 1977)

d=5,BCC | 0.035972540(3) 0.035967(23) (Lubeck and Willmann, 2004) 0.031 456 631 8(5) -

d=6,SC 0.156 547 18(1) - 0.145089 946(3) 0.145 8 (Blease, 1977)

d=6,BCC | 0.017333051(2) - 0.01565938296(10) -

d=7,SC |0.135004176(10) - 0.126 387 509(3) 0.1270(1) (Blease, 1977)

d=7,BCC | 0.008432989(2) - 0.007 818371 82(6)

Table 3.4: Final estimates of critical thresholds for bond and site DP on the SC and
BCC lattices, with 2 <d <7. A dash “-” implies that we are unaware of
any previous estimates in the literature.

3.3.3 Results ford =4

At the upper critical dimension, the existence of dangerous irrelevant scaling
fields typically leads to both multiplicative and additive logarithmic corrections
to the mean-field behavior. Field-theoretic arguments (Janssen and Tauber, 2005;

Janssen and Stenull, 2004) predict that in the neighborhood of criticality

t\* t\ ¢
Nt~(ln—) CD((pc—p)tp”(ln—) ,uty“), (3.3.3)
to th

with @ = 1/6, y = 1 and @ a universal scaling function. From (3.3.3) we then

obtain
In?2 1/6 t1+yu
= 1 e - - 1 1/Z
Q ( +lnt+h1) AP P) ()76
k
L t
+ ) Py, 3.3.4
) pe=p) G e (3.3.4)

k>1

We fitted the d = 4 data for Q, to the ansatz (3.3.4), and the results of our preferred
fits are reported in Table 3.2. In the reported fits, we fixed ¢ = 0 and h, = 0
since performing fits with them left free produced estimates for both which were
consistent with zero. We could not obtain stable fits with y, left free, and so the

reported fits use y,, = —1; the resulting estimate of p. was robust against variations
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in the fixed value of y,. All g; with i > 3 were set identically to zero. In addition,
to suppress the effects of various higher-order corrections associated with the
deviation |p. — p|, we only fitted the Q; data corresponding to p values which were
sufficiently close to p. that g, was consistent with zero. Thus, in Table 3.2, we do

not report estimates for g,.

3.34 Resultford=5,6,7

For d > d., we fitted the data for Q, to the ansatz (3.3.2) with Q. and y) fixed at
their mean-field values (Hinrichsen, 2000), Q. =1 = Y- The results are reported in
Table 3.3. Repeating the fits with Q. and y| left free produced estimates in perfect
agreement with the predicted values. For d = 6 and 7, leaving the amplitude c free
produced estimates consistent with zero, and we therefore omitted this term in

the reported fits.

From Table 3.3, we observe that the universal amplitude g,/g7 ~ 0.5 holds for all
models in d =5, 6 and 7 dimensions. We also observe that the leading correction
exponents y, are = —1/2, -1, -3/2 for d = 5, 6, and 7, respectively, in agreement

with the field-theoretic prediction (Janssen and Tauber, 2005) of y,, =2 —4d/2.

3.3.5 Summary of thresholds

We summarize our final estimates of the critical thresholds for 2 < d < 7 in
Table 3.4. The error bars in these final estimates of p. are obtained by estimating
the systematic error from a comparison of the results from a number of different
fits, varying both the terms retained in the fitting ansatz and the value of t,,;,, used.

For comparison, we also present several previous estimates from the literature.

To illustrate the accuracy of our threshold estimates, we plot in Fig. 3.5 the data

for Q; versus t for a number of DP models. At the critical point, the data for Q;
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should tend to a horizontal line as t increases, while the data with p # p. will bend
upwards or downwards. In each case in Fig. 3.5, the central curve corresponds to
our estimated p., and the other two curves correspond to the p values which are

the estimated p. plus or minus three error bars.

We conclude this section with some observations regarding the p. values reported
in Table 3.4. Based on empirical observations, (Kurrer and Schulten, 1993) conjec-
tured the ansatz

1/pc~a;+aA, for A>1, (3.3.5)

relating p. to the coordination number A, when A is large. In Fig. 3.6, we plot
1/p. versus A. We observe that on the SC lattice, the slopes for bond and site DP
are approximately equal, while on the BCC lattice the bond and site cases clearly
differ. In Table 3.5 we report the values of 4; and a, obtained by fitting (3.3.5)
to the d > 4 data for p. from Table 3.4. From Table 3.5 we conjecture that a, is

identical for bond and site DP on the SC lattice.

SCP SCs BCCP BCCS
a; | —0.35(4) —0.71(2) -0.23(4) -2.6(4)
ay | 1.034(5) 1.026(2) 1.0011(4) 0.946(5)

Table 3.5: Estimates of ay and a, in (3.3.5), calculated from the d > 4 data.

O(t) Yo o €1 62 fmin
N, | 0.23070(7) 0.9760(5) 0.004(4) 4(2) | 64
P, | -0.4511(2)  0.8306(8) 0.83(9) —30(5) |96
R? | 1.13219(4) 1.6337(5) 1.09(4) -4(2) |64
N, | 0.10558(10) 0.9582(7) 0.33(5) —4(2) |64
P, | -0.7403(3)  1.069(3) 0.6(3)  —60(12) | 64
R2 | 1.05301(7) 2.715(2) 2.2(2)  —60(15) | 128

Table 3.6: Fits results of N, P, and R? on the BCC lattice for d = 2 (top) and 3
(bottom). The leading correction exponent y, was fixed to —1.
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Figure 3.5: (Color online) Plots of Q; — ¢ t%« (for d = 4) and (Q; — c;t™')/(logt +
hl)l/6 (for d = 4) versus t for several DP models. The subfigures (a) to (f)
respectively correspond to d = 2 SC site DP, d = 3 BCC bond DP, d = 4 SC
bond DP, d =5 BCC site DP, d = 6 SC site DP and d =7 BCC bond DP.
The values of ¢y, v,, and hy are our best estimates, taken from Tables 3.1, 3.2
and 3.3. The three curves show the Monte Carlo data corresponding to the
central value of our estimated p., and the central value of p. plus or minus
three error bars (from Table 3.4). The curve corresponding to p. is plotted
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with its statistical error, corresponding to one standard error.
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Figure 3.6: (Color online) Plot of 1/p. versus coordination number A for bond and site
DP on the BCC lattice. The lines are obtained by fitting (3.3.5) to the d > 4
data. The inset shows the analogous plot for the SC lattice.

3.4 Critical Exponents
At p = p., one expects
P~t®, N~t?, R>~t¥% (3.4.1)

The critical exponents 6, 0, z are related to the standard exponents §, v, v, by

(Hinrichsen, 2000)

o=p/v, O0=(dv,—-2p)/v|, and z=v)/v, . (3.4.2)

Fixing p to our best estimate of p. from Table 3.4, we estimated the critical
exponents 6, 9, and z for d = 2 and 3, by studying the critical scaling of N;, P, and

R?. Specifically, we fitted the data for N;, P;, and R? to the ansatz
O(t) = %0 (co + c1 7 + cpt 72, (3.4.3)

where yp corresponds to 6, -6 and 2/z, respectively. We focused on the case of

bond DP on the BCC lattice, since we find empirically that it suffers from the
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weakest corrections to scaling. In Table 3.6, we report the results of the fits with p,,
fixed at —1. To estimate the systematic error in our exponent estimates we studied
the robustness of the fits to variations in the fixed value of y,, and in t.,;,. This

produced the final exponent estimates reported in Table 3.7.

For comparison, we also report in Table 3.7 several previous exponent estimates
from the literature. We note that our estimates of z and 6 in (3+1) dimensions
are inconsistent with the field-theoretic predictions reported in (Janssen, 1981;

Bronzan and Dash, 1974).

d | Ref. B V| v, z 0 o
Present 0.580(4) 1.287(2) 0.729(1) 1.7665(2) 0.2307(2)  0.4510(4)
2 (Grassberger and Zhang, 1996) 1.295(6) 1.765(3) 0.229(3) 0.451(3)
(Voigt and Ziff, 1997) 1.766(2) 0.2295(10) 0.4505(10)
(Perlsman and Havlin, 2002) 1.7666(10) 0.2303(4) 0.4509(5)
Present 0.818(4) 1.106(3) 0.582(2) 1.8990(4) 0.1057(3) 0.7398(10)
3 | (Jensen, 1992) 0.813(11) 1.11(1) 1.901(5)  0.114(4)  0.732(4)
(Janssen, 1981) 0.82205 1.10571 0.58360 1.88746 0.120 84 0.737 17

Table 3.7: Final estimates of the critical exponents for d = 2 and 3.
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Figure 3.7: (Color online) Log-log plots of t*Npar(t,s) versus s/t¥N, and tYRpg(t,s)
versus s/tYR. The subfigures (a) to (f) respectively correspond to p(t,s)
ford =1, pr(t,s) for d =1, ppr(t,s) for d =4, pr(t,s) for d =4, py(t,s)
for d =5 and pg(t,s) for d = 5. The data correspond to bond DP on the
square lattice (d = 1) and BCC lattice (d = 4,5). The exponents yr = 0+0
and yg = 1/z are calculated from Table 3.9 for d = 1, and are given by the
exact mean-field values for d = 4 and 5. The dashed lines have slopes equal
to 1/yn —1 and 1/yg — 1 +d for py(t,s) and pr(t,s), respectively.
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3.5 Critical Distributions

In this section we consider the critical scaling of ps(t,s) and pz(t,s). From finite-
size scaling theory, we expect that p/(t,s) and pr(t,s) should scale at criticality
as

pa(t,s) ~ tPNEpr(s/8V),
(3.5.1)

pr(t,s) ~ t*RFR(s/t'R).

The scaling functions F s and Fp are expected to be universal. It follows immedi-

ately from (3.5.1) that for all k € N we have

<Ntk> - tkyN_é,

(3.5.2)
(Rf) ~ 972,
Since (\;) ~ t?, we can then identify
vy =0+0. (3.5.3)
Similarly, making the assumption that
(RE)~RE P ~ 17570
at criticality implies
yr =1/z. (3.5.4)

To test these predictions, Fig. 3.7 shows log-log plots of t¥V p \r(t,s) versus s/t¥N
and t¥®R px(t,s) versus s/tYR. The figures show bond DP data for the square lattice
for d = 1 and the BCC lattice for d = 4,5. For d = 1, we set the exponents s

and yg to ynr = 0.47314 and yi = 0.63263, using the results from Table 3.9 in
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Sec. 3.6. For d = 4 and 5, the mean-field predictions y, = 1 and yg = 1/2 were
used. In principle, logarithmic corrections should be taken into account for d = 4,
however we did not pursue this here. The conjectures (3.5.1), (3.5.3) and (3.5.4)

are strongly supported by the excellent data collapse observed in Fig. 3.7.

From Fig. 3.7, we observe that for s/t¥V,s/tYR <« 1, the curves appear to asymptote
to a straight line. We find empirically that these slopes are well described by the
expressions 1/yy —1 and 1/yg — 1 +d, for px(t,s) and pr(t,s) respectively. We
therefore conjecture that these expressions hold exactly, and we illustrate them
with the dashed lines in Fig. 3.7. As a result, the scaling forms (3.5.1) can be recast
as

par(t,s) ~ t7EsYINTL £y (s/890),
(3.5.5)

pr(t,s) ~ t7 TR GVIRTIM fo (5/13R),

with fj and fz universal.

3.6 Estimates of thresholds and critical exponents

in (1+1) dimensions.

In this section we report estimates of the critical thresholds and critical exponents
for a number of (1 + 1)-dimensional lattices. Specifically, we simulated bond and
site DP on square (Fig. 3.1), triangular, honeycomb, and kagome lattices (Fig. 3.8).
On the triangular lattice, a site at time t has three neighboring sites at times t’ < t:
two at t — 1 and one at f — 2. On the honeycomb lattice, a site at an odd time ¢ has
two neighboring sites at time t—1, while sites at even times have only one neighbor
at time ¢t — 1. On the kagome lattice, a site at an odd time t has one neighbour at
time f —1 and one at time t — 2, while sites at even times have two neighbours at

time t—1.
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Figure 3.8: Plots of triangular, honeycomb, and kagome lattices.

The general methodology applied for these simulations is as described in Sec-
tion 3.2. However we did not apply the reduced-variance estimators in this case,
since their variance only becomes suppressed in high dimensions. The thresholds
estimated from Q; for d = 1 are shown in Table 3.8. The estimates of the critical
exponents are shown in Table 3.9. These estimate are consistent with, but less

precise than, results obtained previously using series analysis.

Lattice Site Bond
pc(Present) p.(Previous) pc(Present) p.(Previous)

square 0.7054852(3) 0.70548522(4) (Jensen, 1999) 0.6447001(2) 0.644700185(5) (Jensen, 1999)
0.705 489(4) (Lubeck and Willmann, 2002) 0.64470015(5) (Jensen, 1996)

triangular | 0.595647 0(3) 0.59564675(10) (Jensen, 2004) 0.4780250(4) 0.47802525(5) (Jensen, 2004)
0.595 646 8(5) (Jensen, 1996) 0.478 025(1) (Jensen, 1996)

honeycomb | 0.8399316(2) 0.839933(5) (Jensen and Guttmann, 1995) 0.8228569(2) 0.82285680(6) (Jensen, 2004)

kagome 0.7369317(2) 0.736 931 82(4) (Jensen, 2004) 0.6589689(2) 0.658 969 10(8) (Jensen, 2004)

Table 3.8: Estimates of thresholds in (1+1) dimensions on the square, triangular,
honeycomb and kagome lattices.

Y v, z 0 o
Present 0.2767(3) 1.7355(15)  1.0979(10) 1.5807(2) 0.31370(5) 0.15944(2)
(Jensen, 1999) 0.276486(8) 1.733847(6) 1.096854(4) 1.580745(10) 0.313686(8) 0.159464(6)

Table 3.9: Estimates of the critical exponents for d = 1.

3.7 Discussion of the improved estimators

In this section we prove the identities (3.2.1) and (3.2.2). Both are direct conse-

quences of the following lemma.
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Lemma 3.7.1. For both bond and site DP we have the following. If b, is the number of
Bernoulli trials required to determine the state of v € V; given the site configuration at

time t — 1, then

P(s, =1) = p<bv>-

It follows immediately from Lemma 3.7.1 that for any set of constants a, with

v € V; we have

<Zav 5sv,1>:P<Zﬂv bv>, (3.7.1)

'I/EVt vth
where o.. denotes the Kronecker delta. Choosing a, =1 in (3.7.1) gives (3.2.1),

while choosing a, = r2 gives (3.2.2).

It now remains only to prove Lemma 3.7.1.

Proof of Lemma 3.7.1. For v € V;, let n,, denote the number of wet neighbours of v

in Vt—l'

For site DP,

1, ifn,>0,
b, =
0, ifn,=0,

and so (b,) = P(n, > 0). Since P(s, = 1) = p[P(n, > 0), the stated result then follows.

For bond DP, the situation is more involved. Since P(s, = 1) = (1 - (1 -p)™), our

task is to establish
plby)=(1-(1-p)™). (3.7.2)
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If we consider a fixed value of 1, then consideration of the stochastic process

defined in Section 3.2.1 shows that

n,—1
E(b,|n,) = Zk(l—P)k_1p+nv(1—p)”v_1
k=1
1
= SI==-p™). 3.7.3
S-(1-p)) 5.7

From (3.7.3) Taking the expectation of (3.7.3) yields (3.7.2), which concludes the

proof. O

3.8 Discussion

We present a high-precision Monte Carlo study of bond and site DP on (d + 1)-
dimensional simple-cubic and body-centered-cubic lattices, with 2 <d <7. A
dimensionless ratio Q; = N,;/N; constructed from the number of wet sites N; is
defined and used to estimate the critical thresholds. We report improved estimates
of thresholds for 2 <d <7, and in high dimensions (d > 4) we provide estimates
of p. in several cases for which no previous estimates appear to be known. In
addition, we report improved estimates of the critical exponents for 4 = 2 and 3.
The accuracy of these estimates was due in part to the use of reduced-variance
estimators introduced in (Grassberger, 2003, 2009a; Foster et al., 2009). At the
estimated thresholds, we also conjecture, and numerically confirm, the finite-size

scaling of the critical probability distributions pr(t,s) and pg(t,s).

The high-precision Monte Carlo data reported in this work also suggests that
further investigation of a number of questions is desirable. Firstly, is there an un-
derlying physical reason (e.g. hidden symmetry) that in two and three dimensions

bond DP on the BCC lattice suffers less finite-size corrections than site DP on the
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BCC lattice and both site and bond DP on the SC lattice? Second, can we obtain

deeper understanding of origin of the scaling behavior described by (3.5.5)?
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012120.

Abstract. We investigate the geometric properties of percolation clusters, by studying
square-lattice bond percolation on the torus. We show that the density of bridges and
nonbridges both tend to 1/4 for large system sizes. Using Monte Carlo simulations,
we study the probability that a given edge is not a bridge but has both its loop arcs
in the same loop, and find that it is governed by the two-arm exponent. We then
classify bridges into two types: branches and junctions. A bridge is a branch iff at least
one of the two clusters produced by its deletion is a tree. Starting from a percolation
configuration and deleting the branches results in a leaf-free configuration, while
deleting all bridges produces a bridge-free configuration. Although branches account for
~ 43% of all occupied bonds, we find that the fractal dimensions of the cluster size and
hull length of leaf-free configurations are consistent with those for standard percolation
configurations. By contrast, we find that the fractal dimensions of the cluster size
and hull length of bridge-free configurations are respectively given by the backbone
and external perimeter dimensions. We estimate the backbone fractal dimension to be

1.64336(10).
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Chapter 4

Geometric structure of percolation

clusters

4.1 Introduction

One of the main goals of percolation theory (Stauffer and Aharony, 2003; Grim-
mett, 1999; Bollobas and Riordan, 2006) in recent decades has been to understand
the geometric structure of percolation clusters. Considerable insight has been
gained by decomposing the incipient infinite cluster into a backbone plus dan-
gling bonds, and then further decomposing the backbone into blobs and red bonds

(Stanley, 1977).

To define the backbone, one typically fixes two distant sites in the incipient infinite
cluster, and defines the backbone to be all those occupied bonds in the cluster
which belong to trails ! between the specified sites (Herrmann and Stanley, 1984).

The remaining bonds in the cluster are considered dangling.

LA trail in a graph is sequence of adjacent edges, with no repetitions.
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Similar definitions apply when considering spanning clusters between two oppos-
ing sides of a finite box (Grassberger, 1992); this is the so-called busbar geometry.
The bridges 2 in the backbone constitute the red bonds, while the remaining bonds
define the blobs. At criticality, the average size of the spanning cluster scales as
L% with L the linear system size and d the fractal dimension. Similarly, the size

of the backbone scales as L%, and the number of red bonds as Lk,

While exact values for dg and dg are known (Nienhuis, 1984; Coniglio, 1989)
(see (4.1.1)), this is not the case for dg. In (Aizenman et al., 1999) however, it
was shown that 2 — dp coincides with the so-called monochromatic path-crossing
exponent 32? with I = 2. An exact characterization of £} in terms of a second-
order partial differential equation with specific boundary conditions was given
in (Lawler et al., 2002), for which, unfortunately, no explicit solution is currently
known. The exponent 9272) was estimated in (Jacobsen and Zinn-Justin, 2002) using
transfer matrices, and in (Deng et al., 2004) by studying a suitable correlation

function via Monte Carlo simulations on the torus.

In this paper, we consider a natural partition of the edges of a percolation config-
uration, and study the fractal dimensions of the resulting clusters. Specifically,
we classify all occupied bonds in a given configuration into three types: branches,
junctions and nonbridges. A bridge is a branch if and only if at least one of the two
clusters produced by its deletion is a tree. Junctions are those bridges which are
not branches. Deleting branches from percolation configurations produces leaf-
free configurations, and further deleting junctions from leaf-free configurations

generates bridge-free configurations. These definitions are illustrated in Fig. 4.1.

It is often useful to map a bond configuration to its corresponding Baxter-Kelland-
Wu (BKW) (Baxter et al., 1976) loop configuration, as illustrated in Fig. 4.1. The

loop configurations are drawn on the medial graph (Ellis-Monaghan and Moffatt,

2An edge in a graph is a bridge if its deletion increases the number of connected components.
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Figure 4.1: (Color Online). Decomposition of a percolation configuration into leaf-
free and bridge-free configurations. Periodic boundary conditions are
applied. Nonbridges are denoted by dark blue lines, branches by light blue
lines, and junctions by dashed lines. The union of the nonbridges and
junctions defines the leaf-free configuration. Also shown is the BKW loop

configuration on the medial lattice, corresponding to the entire percolation
configuration.

2013), the vertices of which correspond to the edges of the original graph. The
medial graph of the square lattice is again a square lattice, rotated 45°. Each
unoccupied edge of the original lattice is crossed by precisely two loop arcs, while
occupied edges are crossed by none. The continuum limits of such loops are of
central interest in studies of SLE (Kager and Nienhuis, 2004; Cardy, 2005). At
the critical point, the mean length of the largest loop scales as L% with dy the
hull fractal dimension. A related concept is the accessible external perimeter
(Grossman and Aharony, 1987). This can be defined as the set of sites that have
non-zero probability of being visited by a random walker which is initially far
from a percolating cluster. The size of the accessible external perimeter scales as

LdE Wlth dE < dH

In two dimensions, Coulomb-gas arguments (Nienhuis, 1984; Saleur and Du-

plantier, 1987; Coniglio, 1989; Duplantier, 1999) predict the following exact
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expressions for dg, dg, dy and dg

dp=2-(6-9g)(g—2)/8g =91/48,
dr =(4-g)(4+3g)/8g=3/4,
dH:1+2/g:7/4,

dp=1+g/8=4/3, (4.1.1)

where for percolation the Coulomb-gas coupling ¢ = 8/3 3. We note that the
magnetic exponent y;, = dg, the two-arm exponent (Saleur and Duplantier, 1987)
satisfies x, = 2—dg, and that for percolation the thermal exponent y; = di (Coniglio,
1982; Vasseur et al., 2012). The two-arm exponent gives the asymptotic decay
L™2 of the probability that at least two spanning clusters join inner and outer
annuli (of radii O(1) and L respectively) in the plane. We also note that dg and dy
are related by the duality transformation g — 16/g (Duplantier, 2000). The most
precise numerical estimate for dg currently known is dg = 1.6434(2) (Deng et al.,

2004).

We study critical bond percolation on the torus Z?, and show that as a consequence
of self-duality the density of bridges and nonbridges both tend to 1/4 as L — co.
Using Monte Carlo simulations, we observe that despite the fact that around 43%
of all occupied edges are branches, the fractal dimension of the leaf-free clusters is
simply dg, while their hulls are governed by dy. By contrast, the fractal dimension
of the bridge-free configurations is dp, and that of their hulls is dg. Fig. 4.2 shows a
typical realization of the largest cluster in critical square-lattice bond percolation,

showing the three different types of bond present.

In more detail, our main findings are summarized as follows.

3In terms of the SLE parameter we have x = 16/g = 6.
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Figure 4.2: (Color Online). The largest cluster in a random realization of critical
square-lattice bond percolation on an Lx L torus with L = 100. Nonbridges,
junctions and branches are respectively drawn by bold, thin, and gray lines.

1. The leading finite-size correction to the density of nonbridges scales with
exponent —5/4, consistent with —x,. It follows that the probability that
a given edge is not a bridge but has both its loop arcs in the same loop
decays like L™2 as L — co. The leading finite-size correction to the density
of junctions also scales with exponent —5/4, while the density of branches is

almost independent of system size.

2. The fractal dimension of leaf-free clusters is 1.89584(4), consistent with

dr = 91/48 for percolation clusters.

3. The hull fractal dimension for leaf-free configurations is 1.749 96(8), consis-

tent with dy = 7/4.

4. The fractal dimension for bridge-free clusters is consistent with dg, and we

provide the improved estimate dg = 1.64336(10).

5. The hull fractal dimension for bridge-free configurations is 1.333 3(3), con-

sistent with dg = 4/3.
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The remainder of this paper is organized as follows. Section 4.2 introduces the
model, algorithm and sampled quantities. Numerical results are summarized and

analyzed in Section 5.3. A brief discussion is given in Section 5.4.

4.2 Model, Algorithm and Observables

4.2.1 Model

We study critical bond percolation on the L x L square lattice with periodic bound-
ary conditions, with linear system sizes L = 8, 16, 24, 32, 48, 64, 96, 128, 256,
512, 1024, 2048, and 4096. To generate a bond configuration, we independently
visit each edge on the lattice and randomly place a bond with probability p = 1/2.
For each system size, we produced at least 7 x 10° independent samples; for each

L < 512 we produced more than 108 independent samples.

A leaf in a percolation configuration is a site which is adjacent to precisely one
occupied bond. Given a percolation configuration we generate the corresponding
leaf-free configuration via the following iterative procedure, often referred to as
burning. For each leaf, we delete its adjacent bond. If this procedure generates new
leaves, we repeat it until no leaves remain. The bonds which are deleted during

this iterative process are precisely the branches defined in Section 6.1.

The bridges in the leaf-free configurations are the junctions. Deleting the junctions
from the leaf-free configurations then produces bridge-free configurations. The
algorithm we used to efficiently identify junctions in leaf-free configurations is

described in Sec. 4.2.2.
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4.2.2 Algorithm

Given an arbitrary graph G = (V, E), the bridges can be identified in O(|E|) time
(Tarjan, 1974; Schmidt, 2013). Rather than applying such graph algorithms to
identify the junctions in our leaf-free configurations however, we took advantage
of the associated loop configurations. These loop configurations were also used to

measure the observable Hj;, defined in Section 5.2.2.

Consider an edge e which is occupied in the leaf-free configuration, and denote
the leaf-free cluster to which it belongs by C,. In the planar case, it is clear that e
will be a bridge iff the two loop segments associated with it belong to the same
loop. More generally, the same observation holds on the torus provided C, does

not simultaneously wind in both the x and y directions.

If C, does simultaneously wind in both the x and y directions, loop arguments
may still be used, however the situation is more involved. It clearly remains true
that if the two loop segments associated with e belong to different loops, then e is

a nonbridge.

Suppose instead that the two loop segments associated with e belong to the same
loop, which we denote by £. Deleting e breaks £ into two smaller loops, £; and
£,. For each such loop, we let w, and w, denote the winding numbers in the x
and y directions, respectively, and we define w = [w,[+|wy|. As we explain below,

the following two statements hold:

(i) If w(£y)=0o0r w(L,) =0, then e is a bridge.
(ii) If w(£)=0and w(£;) =1, then e is a nonbridge.

As an illustration, in Fig. 4.1 Edge 1 is a junction while Edge 2 is a nonbridge,

despite both of them being bounded by the same loop. Edge 1 can be correctly
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classified using statement (i), while Edge 2 can be correctly classified using state-

ment (ii).

By making use of these observations, all but very few edges in the leaf-free clusters
can be classified as bridges/nonbridges. We note that in our implementation of
the above algorithm, the required w values can be immediately determined from
the stored loop configuration without further computational effort. For the small
number of edges to which neither of the above two statements apply, we simply
delete the edge and perform a connectivity check using simultaneous breadth-first

search. This takes O(L%~*2) time per edge tested (Deng et al., 2010).

We now justify statement (i). In this case, the loop £; is contained in a simply-
connected region on the surface of the torus. The cluster contained within the
loop £ is therefore disconnected from the remainder of the lattice, implying that

eis a bridge. Edge 1 in Fig. 4.1 provides an illustration.

Finally, we justify statement (ii). In this case, £ and £, either both wind in the x
direction, or both in the y direction (one winds in the positive sense, the other in
the negative sense). Suppose they wind in the y direction. It then follows from
the definition of the BKW loops that there can be no x-windings in the cluster
C. \ e. By assumption however, C, does contain an x-winding, so it must be the
case that e belongs to a winding cycle in C, that winds in the x direction. The edge

e is therefore not a bridge. Edge 2 in Fig. 4.1 provides an illustration.

4.2.3 Measured quantities

From our simulations, we estimated the following quantities.

1. The mean density of branches py, junctions p;, and nonbridges py,.

2. The mean size of the largest cluster C;
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3. The mean size of the largest leaf-free cluster Cy
4. The mean size of the largest bridge-free cluster Cyy

5. The mean length of the largest loop, Hjs, for the loop configuration associated

with leaf-free configurations

6. The mean length of the largest loop, Hyy, for the loop configuration associated

with bridge-free configurations

We note that fewer samples were generated for C; and Hys than for other the

quantities.

4.3 Results

In Sections 4.3.2, 4.3.3, 4.3.4, we discuss least-squares fits for py,, pj, p, and Cyy,
Cyf, Hif, Hps. The results are presented in Tables 4.1, 4.2 and 4.3. In Section 4.3.1,

we first make some comments on the ansatze and methodology used.

4.3.1 Fitting ansatze and methodology

Let p; (p2) denote the mean density of occupied edges whose two associated loop
segments belong to the same (distinct) loop(s). From Lemma 4.4.1 in Sec. 4.4, we
know that for p = 1/2 bond percolation on Z? we have p; = p, = 1/4 for all L. In
the plane however, an edge is a bridge iff the two associated loop segments belong
to the same loop. We therefore expect that both p, and p; + py, should converge to

1/4 as L — oo.

Furthermore, there is a natural interpretation of the quantity p, — p,. As noted in
Section 4.2.2, if the two loop segments associated with an edge belong to different

loops, then that edge cannot be a bridge. This implies that p,, — p; is equal to the
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probability of the event that “a given edge is not a bridge but has both its loop arcs
in the same loop”. Let us denote this event by . Studying the finite-size behaviour
of p, will therefore allow us to study the scaling of (3). Since p; +pp, +pn = p1 +p2,

it follows that p; —p; — py, is also equal to P(B).

Armed with the above observations, we fit our Monte Carlo data for the densities

Pj» pb and pj, to the finite-size scaling ansatz

p=po+a L +a,L7%2. (4.3.1)

We note that since p; + p, + p = 1/2 for all L, the finite-size corrections of p; + py,
should be equal in magnitude and opposite in sign to the finite-size corrections of

Pn- Since p, = 1/4+P(B), the latter should be positive and the former negative.

Finally, we note that the event 3 essentially characterizes edges which would be
bridges in the plane, but which are prevented from being bridges on the torus by
windings. By construction, branches always have at least one end attached to a
tree, suggesting that they cannot be trapped in winding cycles in this way. This
would suggest that it should be p; that contributes the leading correction of p; + py,

away from its limiting value of 1/4.

The observables Cyis, Cy, Hyg, Hps are expected to display non-trivial critical scaling,

and we fit them to the finite-size scaling ansatz

O =cy+L%(ag+a, L% +a,L7¥2) (4.3.2)

where dp denotes the appropriate fractal dimension.

As a precaution against correction-to-scaling terms that we failed to include in
the fit ansatz, we imposed a lower cutoff L > L,;, on the data points admitted in

the fit, and we systematically studied the effect on the x? value of increasing L ;.
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Generally, the preferred fit for any given ansatz corresponds to the smallest L ,;,
for which the goodness of fit is reasonable and for which subsequent increases in
Lmin do not cause the x? value to drop by vastly more than one unit per degree of
freedom. In practice, by “reasonable” we mean that x2/DF < 1, where DF is the

number of degrees of freedom.

In all the fits reported below we fixed vy, = 2, which corresponds to the exact value

of the sub-leading thermal exponent (Nienhuis, 1984).

4.3.2 Bond densities

Leaving y; free in the fits of p; and p, we estimate y; = 1.2505(10). We therefore
conjecture that y; = 5/4, which we note is precisely equal to the two-arm exponent

X, = 5/4. We comment on this observation further in Section 4.5.

For py by contrast, we were unable to obtain stable fits with y; free. Fixing
y1 = 5/4, the resulting fits produce estimates of a; that are consistent with zero.
In fact, we find py, is consistent with 0.214 05018 for all L > 24. This weak finite-
size dependence of py, is in good agreement with the arguments presented in

Section 4.3.1.

All the fits for py,, p; and p, gave estimates of a; consistent with zero. We therefore

set a; = 0 identically in the fits reported in Table 4.1.

From the fits, we estimate p}, o = 0.21405018(5), pj,0 = 0.03594979(8) and p, ¢ =
0.2500001(2). We note that py, g + pj0 = pn,0 = 1/4 within error bars, as expected.
The fit details are summarized in Table 4.1. We also note that the estimates of a;
for p; and p,, are equal in magnitude and opposite in sign, which is as expected

given that a; is consistent with zero for py,.
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P | Po Y1 a Liin/DF/x*
0.21405019(3) 5/4 0.000 04(4) 24/9/6

oy | 0.21405019(3) 5/4 0.00005(5) 32/8/6
0.21405018(3) 5/4 0.00009(6) 48/7/4
0.03594978(5) 1.2502(2) —0.2777(2) 24/8/4

pi | 0.03594978(5) 1.2502(3) —-0.2777(3) 32/7/4
0.03594979(6) 1.2500(4) —-0.2775(4) 48/6/4
0.2500001(1) 1.2507(5) 0.278 3(5) 24/8/2

on | 0.2500001(1) 1.2508(6) 0.2784(6) 32/7/2
0.2500001(1) 1.2506(7) 0.2781(9) 48/6/2

Table 4.1: Fit results for py, p;, and py.

In Fig. 4.3, we plot py, pj and p, versus L75/%, The plot clearly demonstrates that
the leading finite-size corrections for p; and p, are governed by exponent x, = 5/4,

while essentially no finite-size dependence can be observed for py,.

4.3.3 Fractal dimensions of clusters

The first question to be addressed in this section is to determine if the fractal
dimension of leaf-free clusters differs from dg. We therefore fit the data for Cj; to
the ansatz (4.3.2). The fit results are reported in Table 4.2. In the reported fits we
set ¢y = 0 identically, since leaving it free produced estimates for it consistent with
zero. Leaving y; free, we estimate y; = 1.3(3), which is consistent with the value

1 = 5/4 observed for p; and py,.

From the fits, we estimate dc, = 1.89584(6), which is consistent with the fractal
dimension of percolation clusters, dgp = 91/48. This indicates that although around
43% of all occupied bonds are branches (see Table 4.1), their deletion from perco-
lation configurations does not alter the fractal dimension of the resulting clusters.

In Fig. 4.4, we plot L~2V48Cy versus L™/4,

For comparison, we also performed fits of C; to the ansatz (4.3.2), obtaining the

estimate ay = 0.983 8(5), which is strictly larger than the value estimated for Cj;.
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Figure 4.3: Plots of p, (top), pp (middle), and 0; (bottom) versus L=>*. From top
to bottom, the three dashed lines respectively correspond to values 1/4,
0.21405018, and 0.03594979. The statistical error of each data point is
smaller than the symbol size. The straight lines are simply to guide the eye.

As L — oo therefore, a non-trivial fraction 1 —ay(Cj¢)/ag(C;) = 40% of sites in the
largest percolation cluster are deleted by burning the branches. This is close to,
but slightly smaller than, the proportion of occupied bonds which are branches

2Pb =~ 43(%),

We next study the fractal dimension of bridge-free clusters. We fit the Monte Carlo
data for Cyy to the ansatz (4.3.2), and the results are reported in Table 4.2. In the
fits, we fixed y; = 5/4, and again observed that ¢ is consistent with zero. We also

performed fits (not shown) with y; free, or fixed to y; = 1, in order to estimate
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Figure 4.4: Plot of L=°V*8Cy; versus L=>*. The statistical error of each data point is

smaller than the symbol size. The straight lines are simply to guide the eye.

the systematic error in our estimates of dg. This produced our final estimate

dg =1.64336(10). This value is consistent with the estimate dg = 1.6434(2) (Deng

et al., 2004), but with an improved error bar.

Fig. 4.5 plots L™ Cy¢ versus L™>4, with dy chosen to be the central value of our

estimate, as well as the central value plus or minus three error bars. The obvious

upward (downward) bending as L increases when using a dg value above (below)

our central estimate illustrates the reliability of our final estimate of dg.

o dO ao a; az Lmin/DP/X2
1.89582(2) 0.58888(2) -0.103(6) -0.61(5) 24/7/8

Ci | 1.89584(2) 0.58881(6) —0.091(9) —-0.75(9) 32/6/4
1.89584(2) 0.58878(8) -0.08(2) —0.8(3) 48/5/4
1.64332(3) 0.8092(2)  0.07(2) -0.2(2) 24/7/4

Cor | 1.64332(3) 0.8091(2)  0.08(3) -0.3(3) 32/6/4
1.64336(4) 0.8089(3)  0.14(5) -1.2(7) 48/5/1

Table 4.2: Fit results for C; and Cyy.

4.3.4 Fractal dimensions of loops

Finally, we studied the fractal dimensions of the loop configurations associated

with both leaf-free and bridge-free configurations.
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Figure 4.5: Plot of L™ Cy¢ versus L™/, with dg = 1.643 06, 1.643 36 and 1.643 66.
The statistical error of each data point is smaller than the symbol size. The
straight lines are simply to guide the eye.

We fit the data for Hjf and Hy¢ to the ansatz (4.3.2), with y; = 5/4 fixed. For both

Hj¢ and Hyy, the fits gave estimates of ¢y consistent with zero. We therefore fixed

co = 0 identically in the fits reported in Table 4.3. To estimate the systematic error,

we compared these results with fits in which y; was free, and also fits with y; =1

fixed. Our resulting final estimates are d, = 1.74996(8) and dy, = 1.3333(3).

For leaf-free configurations, therefore, our fits strongly suggest dy,, = 7/4 = dy.
Thus, deleting branches from percolation configurations affects neither the fractal
dimension for cluster size, nor the fractal dimension for lengths of the associated
loops. For bridge-free configurations by contrast, the fits suggest that dp, . = 4/3 =
dg.

In Fig. 4.6, we plot Hjf and Hy¢ versus L to illustrate our estimates for dy, and dp, .
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Figure 4.6: Log-log plot of H\s and Hyg versus L. The two dashed lines have slopes 7/4
and 4/3 respectively. The statistical error of each data point is smaller than
the symbol size.

O |do ag a ap Linin/DF/x*
1.75005(2) 0.40811(6) 0.039(6) —0.25(5) 24/7/12

Hy | 1.75002(3) 0.40817(7) 0.029(9) —0.15(9) 32/6/10
1.74999(4) 0.40830(9) 0.00(2)  0.3(3) 48/5/5
133333(3) 0.7340(4) 0.28(3) <—1.1(2) 16/5/4

Hy | 1.3332(2)  0.7345(6) 020(8) ~0.3(8)  32/4/3
1.3333(2)  0.7342(9) 03(2)  -2(3)  64/3/2

Table 4.3: Fit results for Hi¢ and Hyy.

4.4 A loop duality lemma

Let £, (£;,) denote the fraction of occupied edges whose two associated loop

segments belong to the same (distinct) loop(s).

Figure 4.7: Left: Illustration of a configuration A C E for which the event €y (e) occurs.
Right: The corresponding configuration A* U e* for which the event {,(e”)
occurs.
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Lemma 4.4.1. Consider p = 1/2 bond percolation on Z?. For any L we have EL; =
EL,=1/4

Proof. Let m = 2L* denote the number of edges in G = Z?. Since G is a cellularly-
embedded graph (Ellis-Monaghan and Moffatt, 2013), it has a well-defined geo-
metric dual G* and medial graph M(G) = M(G"). For any e € E we denote its dual
by e* € E*.

For e € E, let ¢, (e) be the event that the two loop segments associated with e both
belong to the same loop, and let ¢,(e) be the event that they belong to distinct

loops. The key observation is that for any 0 < a < m we have

ZZI& (e)(A) = Z Z 1oy(en(BY) (4.4.1)

ACE ecA B*CE*  e*eB*
|Al=a |B*|l=m+1-a

To see this, first note that the number of terms on either side of (4.4.1)is (")a =

m

ni1_g)(m+1—a), and that each term is either 0 or 1. Then note that there is a

bijection between the terms on the left- and right-hand sides such that the term
on the LHS is 1 iff the term on the RHS is 1, as we now describe. Let A C E with
|A| = a, and let A* denote the dual configuration: include e* in A* iff e ¢ A. With
the term on the LHS corresponding to (A4, e), associate the term (B*,e*) = (A*Ue", ¢”)

appearing on the RHS. This is clearly a 1-1 correspondence.

Let £(A) denote the loop configuration corresponding to A. By construction,
£(A) = £(A"). The loop configuration £(A* U ¢¥) differs from £(A) only in that the
loop arcs cross e* in £(A) but cross e in £(A*Ue"). If 17, (,)(A) = 1, then it follows
that 1,,(,+)(B*) = 1. The converse holds by duality, and so (4.4.1) is established. See

Fig. 4.7 for an illustration.
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Summing both sides of (4.4.1) over a and dividing by m 2" then shows that EL; =
EL,. Since on average precisely 1/2 of all edges are occupied when p = 1/2, the

stated result follows. ]

4,5 Discussion

We have studied the geometric structure of percolation on the torus, by consider-
ing a partition of the edges into three natural classes. On the square lattice, we
have found that leaf-free configurations have the same fractal dimension and hull
dimension as standard percolation configurations, while bridge-free configura-
tions have cluster and hull fractal dimensions consistent with the backbone and

external perimeter dimensions, respectively.

In addition to the results discussed above, we have extended our study of leaf-free
configurations to site percolation on the triangular lattice and bond percolation
on the simple-cubic lattice, the critical points of which are respectively 1/2 and
0.248 811 82(10) (Wang et al., 2013b). We find numerically that the fractal di-
mensions of leaf-free clusters for these two models are respectively 1.8957(2)
and 2.5227(6), both of which are again consistent with the known results 91/48
and 2.52295(15)(Wang et al., 2013b) for dg. In both cases, our data show that the

density of branches is again only very weakly dependent on the system size.

It would also be of interest to study the bridge-free configurations on these lattices.
In addition to investigating the fractal dimensions for cluster size, and in the
triangular case also the hull length, it would be of interest to determine whether

the leading finite-size correction to p, is again governed by the two-arm exponent.

The two-arm exponent is usually defined by considering the probability of having

multiple spanning clusters joining inner and outer annuli in the plane. As noted in
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Section 4.3.1 however, our results show that for percolation, the two-arm exponent
also governs the probability of a rather natural geometric event on the torus: the
event that a given edge is not a bridge but has both its loop arcs in the same loop.
This provides an interesting alternative interpretation of the two-arm exponent in

terms of toroidal geometry.

Let us refer to an edge that is not a bridge but has both its loop arcs in the same
loop as a pseudobridge. We note that an alternative interpretation of the observation

that (p, — p2) ~ L™2 is that the number of pseudobridges L?(p,, — p,) scales as L%,

A natural question to ask is to what extent the above results carry over to the
general setting of the Fortuin-Kasteleyn random-cluster model. Consider the
case of two dimensions once more. In that case, we know that if we fix the
edge weight to its critical value and take g — 0 we obtain the uniform spanning
trees (UST) model. For this model all edges are branches, and so the leaf-free
configurations, which are therefore empty, certainly do not scale in the same
way as UST configurations. Despite this observation, preliminary simulations *
performed on the toroidal square lattice at g = 0.09, 0.16, 1.5, 2.0, 2.5, 3.0 and 3.5
suggest that, for all g € (0,4], the leaf-free configurations have the same fractal
dimension and hull dimension as the corresponding standard random cluster
configurations. In the context of the random cluster model, the behaviour of

the leaf-free configurations for the UST model therefore presumably arises via

amplitudes which vanish at g = 0.

In addition, these preliminary simulations suggest that the number of pseudo-
bridges in fact scales as L% for the critical random cluster model at any g € (0, 4].
It would also be of interest to determine whether the fractal dimensions of cluster
size and hull length for bridge-free random cluster configurations again coincide

with dg and dg when g = 1.

“These simulations were performed using the Sweeny algorithm (Sweeny, 1983) for g < 1 and
the Chayes-Machta algorithm (Chayes and Machta, 1998) for g > 1.
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Chapter 5

Leaf-excluded percolation in two and
three dimensions



Chapter 5 is based on the article Zhou Z, Xu X, Garoni TM, Deng Y. 2015.
Leaf-excluded percolation in two and three dimensions. Physical Review E 91:

022 140.

Abstract. We introduce the leaf-excluded percolation model, which corresponds
to independent bond percolation conditioned on the absence of leaves (vertices of
degree one). We study the leaf-excluded model on the square and simple-cubic lattices
via Monte Carlo simulation, using a worm-like algorithm. By studying wrapping
probabilities, we precisely estimate the critical thresholds to be 0.355247 5(8) (square)
and 0.185022(3) (simple-cubic). Our estimates for the thermal and magnetic exponents
are consistent with those for percolation, implying that the phase transition of the leaf-

excluded model belongs to the standard percolation universality class.

References are considered at the end of the thesis.



Chapter 5

Leaf-excluded percolation in two and

three dimensions

5.1 Introduction

Graphical models, i.e. statistical-mechanical models in which the configuration
space consists of certain bond configurations drawn on a lattice, play a fundamen-
tal role in the theory of critical phenomena. Examples include percolation, and
more generally the Fortuin-Kasteleyn random-cluster model, as well as dimers
and various loop models. In the latter two cases, the models are in fact examples
of “forbidden-degree” models, in which only bond configurations which preclude
specified vertex degrees are allowed; for dimers, all degrees higher than 1 are

forbidden, while loop models forbid all odd degrees.

In this article, we introduce and study another example of a forbidden-degree
model, the leaf-excluded model, which forbids bond configurations containing

vertices of degree 1 (i.e. leaves). Consider a finite connected graph G = (V,E), and
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let

Q={ACE: dy(i)=1), (5.1.1)

where d4(i) denotes the degree of vertex i in the spanning subgraph (V,A). As an
example, Fig. 5.1 illustrates a typical element of () in the case where Gisa 6 x 6
patch of the square lattice. In this case, (2 is the set of all ways of drawing bond

configurations such that each site has degree 0, 2, 3 or 4.

The leaf-excluded model on G chooses random configurations A € () according to
the distribution

P(A) o v/, (5.1.2)

where v > 0 is a (temperature-like) bond fugacity, and |A| denotes the number of

bonds in the configuration A.

The model defined by (5.1.1) and (5.1.2) is equivalent to considering standard
independent bond percolation and conditioning on the absence of leaves. This
conditioning then introduces non-trivial correlations between the edges. Note
that, on the square lattice, if we additionally forbid degree 3 vertices, the resulting
model coincides with the high temperature (and low temperature) expansion of
the Ising model. On the square lattice therefore, the definition of the leaf-excluded
model lies precisely half way between the definitions of standard percolation
(no vertex degrees forbidden) and the Ising loop representation (both leaves and
degree 3 vertices forbidden). It is therefore natural to ask to which universality

class does the leaf-excluded model belong?

One of the main goals of percolation theory in recent decades has been to under-
stand the geometric structure of percolation clusters, following the pioneering
work of Stanley (Stanley, 1977). Recently, the present authors (Xu et al., 2014b)
studied the geometric structure of percolation clusters by classifying the bridges

present in clusters into two types: branches and junctions. A bridge was defined to
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Figure 5.1: A typical configuration (denoted by bold edges) of the leaf-excluded model
on a 6 x 6 patch of the square lattice.

be a branch if and only if at least one of the two clusters produced by its deletion
is a tree. It was found that the leaf-free clusters, obtained by deleting the branches
from percolation clusters, have the same fractal dimension and hull dimension as

the original percolation clusters.

The set of all such leaf-free configurations coincides with () as defined in (5.1.1).
We emphasize, however, that in (Xu et al., 2014b) these configurations were gen-
erated by applying a burning algorithm (Herrmann et al., 1984) to standard bond
percolation configurations, whereas in the current work they are sampled directly
from the distribution (5.1.2). The probability distribution on these configurations
studied in (Xu et al., 2014b) is therefore very different to the distribution that we
consider here. Nevertheless, based on the observations from (Xu et al., 2014b),
one might expect that the leaf-excluded model should belong to the percolation
universality class. In this article, we present a careful numerical study which

confirms this picture.

Due to the non-trivial combinatorial constraint inherent in the definition of Q,
to efficiently generate random samples from the leaf-excluded model requires a
suitable Markov-chain Monte Carlo algorithm. We introduce a worm-like algo-
rithm for this purpose. Using this algorithm, we simulate the leaf-excluded model

on the square and simple-cubic lattices with periodic boundary conditions. We
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estimate the critical threshold v, by studying the finite-size scaling of wrapping
probabilities. Wrapping probabilities are believed to be universal, and have been
successfully applied to the estimation of critical thresholds of several models
(Wang et al., 2013b; Newman and Ziff, 2000; Xu et al., 2014a). By simulating
precisely at our estimated v., we then estimate the thermal exponent y; = 1/v
and magnetic exponent y, = d — /v. Here the exponent p describes the critical
scaling of the percolation probability P,, ~ (v —v.)f, while v describes that of the
correlation length & ~ |[v —v.|™". Our results for critical exponents and universal
amplitudes strongly suggest that the phase transition of the leaf-excluded model

belongs to the standard percolation universality class.

The remainder of this paper is organized as follows. Sec. 5.2 introduces the
worm-like algorithm and the observables measured in our simulations. Numerical
results are summarized and analyzed in Section 5.3. A brief discussion is then

given in Section 5.4.

5.2 Algorithm and Observables

5.2.1 Monte Carlo algorithm

In this section we describe a Markov-chain Monte Carlo algorithm for simulating
the leaf-excluded model, which is similar in spirit to a worm algorithm (Prokof’ev
and Svistunov, 2001). Worm algorithms provide very effective tools for simulating
models on configuration spaces which are subject to non-trivial combinatorial
constraints. The key idea underlying worm algorithms is to first enlarge the
configuration space by including “defects", and to then move these defects via

a random walk. Numerical studies have shown that worm algorithms typically
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provide highly efficient Monte Carlo methods (Deng et al., 2007; Wolff, 2009b,a,
2010a,b).

To simulate the leaf-excluded model, we therefore consider an enlarged configura-
tion space in which up to two leaves are permitted. For clarity, it is convenient to
define the algorithm on an arbitrary (finite and connected) graph G = (V,E). The

space of worm configurations is then

S={(Au,v)eExV?:d,(i)=1 fori=u,v

The algorithm proceeds as follows. Let A denote symmetric difference of sets. At
each time step, we perform precisely one of the following three possible updates,

chosen at random with respective probabilities py, p,, p3:

1. Set (A, u,v)— (A,v,u)

2. Choose uniformly random w € V and set (A, u,v) — (A, w,v) if d4(u) #1 and

da(w) = 1.
3. Do the following;:

(a) Choose uniformly random w ~ u

(b) Propose (A,u,v) +— (AAuw,w,v), and accept with probability

min[l,v'AA”M"A'], provided (AAuw,w,v) € S.

After each update, if the new state is leaf-excluded, we measure observables. In

our simulations, we used p; = p, =1/4 and p3 = 1/2.

We note that, unlike the case of the worm algorithm for the Ising model (Prokof’ev
and Svistunov, 2001), there is no particular reason for using two defects in our
algorithm, and in fact the above algorithm can be easily modified to use any fixed

number of defects; including one defect. We also note that it would be somewhat
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of a misnomer to refer to the above algorithm as a worm algorithm; for a state
(A,u,v) €S, it will not be true in general that # and v are connected by occupied
bonds, and so in general there is no worm as such. This is in contrast to worm
algorithms for Eulerian subgraphs (e.g. Ising high temperature graphs), where the

handshaking lemma demands that the two defects be connected.

5.2.2 Sampled quantities

We simulated the leaf-excluded model on the L x L square lattice for system sizes
up to L = 1024, and on the L x L x L simple-cubic lattice for system sizes up to

L = 96. For each system size, approximately 10® samples were produced.

For each sampled leaf-excluded bond configuration, we measured the following

observables.

1. The number of occupied bonds N,,.
2. The size of the largest cluster C;.

3. The cluster-size moments S,,, =} |C|" with m = 2,4, where the sum is over

all clusters C.

4. The indicators R™, R®), R(3 for the event that a cluster wraps around the

lattice in the x, p, or z direction, respectively.

From these observables, we calculated the following quantities:

1. The mean size of the largest cluster C; = (C;), which scales as ~ L¥" at the

critical point v..

2. The mean size of the cluster at the origin, x =(S,)/L?, which at v, scales as

~ [29n—d_
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3. The dimensionless ratios

_{?

_(385,°-25y)
e T ’

(82%)

(5.2.1)

Q4 Q

4. The probability that a winding exists in the x direction R®¥) = (R™). In two
dimensions, we also measured R(?) = (R®WR®)), and in three dimensions
measured R©®) = (RWRBIRE)Y. R@ gives the probability that windings

simultaneously exist in all d possible directions.

5. The covariance of R®¥) and N,

g = (RN, = (RUNNG), (5.2.2)

which is expected to scale as ~ L¥' at the critical point.

5.3 Results

5.3.1 Fitting methodology

We began by estimating the critical point v. by performing a finite-size scaling
analysis of the ratios Q;, Q, and wrapping probabilities R*), R, The MC data

for these quantities were fitted to the ansatz
2
O(e, L) :OC+quekLk3’f+b1Lyi +b,LY2 (5.3.1)
k=1

where € = v, —v, y; and y, are respectively the leading and sub-leading correction
exponents, and O, =O(e = 0,L — +c0) is a universal constant. The parameters

gk, b1, b, are non-universal amplitudes.
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We then performed extensive simulations at our best estimate of v, in order to
estimate the critical exponents y; and ;. These exponents were obtained by fitting

gé}?, C; and yx to the ansatz
O(L) = L¥(ag + by LY + b,17?), (5.3.2)

where yp equals y; for g&), v, for C; and 2y;,—d for x, and ag is a non-universal con-
stant. In all fits reported below, we fixed y, = —2, which corresponds to the exact

value of the sub-leading correction exponent (Nienhuis, 1984) for percolation.

As a precaution against correction-to-scaling terms that we failed to include in
the fit ansatz, we imposed a lower cutoff L > L, ;, on the data points admitted in
the fit, and we systematically studied the effect on the x? value of increasing L ;.
Generally, the preferred fit for any given ansatz corresponds to the smallest L,;,,
for which the goodness of fit is reasonable and for which subsequent increases in
Lmin do not cause the x? value to drop by vastly more than one unit per degree of
freedom. In practice, by “reasonable” we mean that x*/DF < 1, where DF is the

number of degrees of freedom.

We analyze the data on the square lattice in Sec. 5.3.2 and Sec. 5.3.3. The results

on the simple cubic lattice are shown in Sec. 5.3.4.

5.3.2 Square lattice near v,

We first study the critical behavior of R¥), R14) and Q;, Q, near v.. Fig. 5.2 plots
R™ and Q; versus v. Clearly, R™¥ suffers from only very weak corrections to

scaling.

We begin by considering R¥). Setting b, = 0 and leaving y; free, we were unable

to obtain a stable estimate of y;. The fits with two correction terms included
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(fixing y; = —1) show that b, is consistent with zero and b, = 2(1) for L,;, = 64.
In fact, the data for R with L,,;, = 128 can be well fitted even with fixed b; =
b, = 0. We also perform fits with only one of b; L™! or b,L~? included. Comparing
the various fit results, we estimate v, = 0.3552475(5) and y; = 0.752(3). The
latter is clearly consistent with 3/4 for two-dimensional percolation. We also
estimate the universal amplitude R(Cx) =0.521 2(2), consistent with the exact value

0.521058290(Pinson, 1994; Ziff et al., 1999).

The fits of R show that it suffers even weaker finite-size corrections. The am-
plitudes b; and b, are both consistent with zero for L;, = 16. Again, we also
perform fits in which we include only one of these corrections, and also fits in
which we include neither. We then estimate v. = 0.355247 4(5), y; = 0.754(3) and
Rﬁd) =0.3517(1), the latter of which is consistent with the exact value 0.351 642855

for standard percolation (Pinson, 1994; Ziff et al., 1999).

Finally, we fit the data for Q; and Q,. The fits predict a leading correction exponent
y; = —1.57(5) and —1.7(1) respectively. We note that this is consistent with the
exact value —3/2 (Ziff, 2011) for two-dimensional percolation. We estimate v, =
0.3552475(5) from Q; and v, = 0.355247 5(8) from Q,. Both of their fits produce
vy = 0.751(3). We also estimate the universal amplitudes Q; . = 1.04147(5) and
Q,, = 1.1486(2), both of which are consistent with the estimates for standard

percolation (Hu et al., 2012).

Our estimates for v, y; and the universal wrapping probabilities are summarized
in Tab. 5.1, where we also report the known results for standard percolation.
The results strongly suggest that the phase transition of the leaf-excluded model

belongs to the standard percolation universality class.

In Fig. 5.3, we illustrate the accuracy of our estimate of v, by plotting R™) versus

L with v set to our central estimate of v., v = 0.355247 5, and also with v chosen
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Figure 5.2: Plots of R¥) and Q, versus v for the leaf-excluded model on the square
lattice.
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Figure 5.3: Plots of R¥) (v, L) versus L for fixed values of v, for the two-dimensional
leaf-excluded model. The curves correspond to our preferred fit of the Monte
Carlo data. The shaded grey strips indicate an interval of one error bar

above and below the estimate Rgx) =0.5212(2).
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three error bars above and below this estimate. Precisely at v = v, as L — oo the
data should tend to a horizontal line, whereas the data with v # v. should bend
upward or downward. Fig. 5.3 provides confirmation that the true value of v,
does indeed lie in the interval (0.3552451,0.3552499). Moreover, the asymptotic
flatness of the R™¥) curve at our reported central estimate of v strongly suggests

that our estimate lies very close indeed to the true value of v..

5.3.3 Square lattice at v,

To obtain final estimates of y; and y;,, we performed high-precision simulations at
a single value of v corresponding to our estimated threshold v. = 0.3552475, and
fitted the data for gl(jg, C; and x to (5.3.2). The leading correction exponent was

set toy; = —3/2.

The fits of gé}? show that both the amplitudes b; and b, are consistent with zero.
The data for gé}? can be well fitted (x%/DF < 1 for Ly, = 24) even without any
corrections. From the fits, we estimate y; = 0.750(1), which is consistent with the

estimate in Sec. 5.3.2 but with improved precision.

The fits of C; and x show a non-zero by if only the leading correction term
is included in the fits. For comparison, we also performed fits including only
the b,L~? term, and including both corrections. Both of these fits suggest v, =

1.8958(1), which is fully consistent with the exact result y, = 91/48 for two-

1-3/4 (x)

dimensional percolation. As further illustration, Fig. 5.4 shows a plot of SR

and L™V48C, versus L™%2.

5.3.4 Simple-cubic lattice

We performed an analogous study of the leaf-excluded model on the simple-cubic

lattice.
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Figure 5.4: Plots 0fL‘3/4gl(jI;) and L~2V48C, versus L=3/2. The straight lines are simply
to guide the eye.

We again began by fitting the data for R®¥), R and Q;, Q, to the ansatz (5.3.1)
in order to estimate v.. Fig. 5.5 plots R®) and Q, versus v, which again clearly
shows that R™ suffers from only very weak corrections to scaling. In each case
of fits, leaving p; free resulted in unstable fits. Instead, we fixed y; = —1.2, which
is numerically estimated in (Wang et al., 2013b) to be the leading correction
exponent for three-dimensional percolation. For comparison, we performed
fits with different combinations of the terms b;L™!'? or b,L~? present. The best
estimates were obtained from R, which yield v, = 0.185022(3) and vy, = 1.143(8).
We also estimated the universal amplitudes R(Cx) = 0.260(4) and R(Cd) = 0.083(4).
The universal amplitudes for Q; and Q, cannot be precisely estimated due to the

strong finite-size corrections.

Simulating at our estimated v., we then fitted the data for gli};), Ci, x to the
ansatz (5.3.2) to estimate y; and yj,. Both correction terms were included in the fits.
The fits of g&) yields y, = 1.142(7). From C; we estimate y;, = 2.513(5). However,
we find that it is difficult to estimate y;, from x due to the strong finite-size

corrections.
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Figure 5.5: Plots of R™) and Q, versus v for the leaf-excluded model on the simple-
cubic lattice.
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Figure 5.6: Plots of R¥)(p, L) versus L for fixed values of p, for the three-dimensional
leaf-excluded model. The curves correspond to our preferred fit of the Monte
Carlo data. The shaded grey strips indicate an interval of one error bar

above and below the estimate R(Cx) =0.260(4).
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Figure 5.7: Plot of L‘1'1415gl(;;) and L=2>2295C; versus L™12. The values of the

critical exponents used on the vertical axis correspond to the estimates
v, = 1.1415(15) and y;, = 2.52295(10) (Wang et al., 2014, 2013b). The
straight lines are simply to guide the eye.

We again illustrate our estimated v, by plotting R®¥) versus L for fixed values
of v around our central estimate of v.. The figure confirms that the true value
of v. lies within two error bars of our central estimate. In this case however,
the curvature suggests the central estimate lies slightly above the true value of
v.. See Fig. 5.6. Our estimates for the critical threshold, critical exponents and
wrapping probabilities on the simple-cubic lattice are summarized in Tab. 5.1.
The agreement with the corresponding values for standard three-dimensional
percolation (Wang et al., 2013b) strongly suggests the leaf-excluded model is in
the percolation universality class. As further illustration, Fig. 5.7 shows plots
of L% gl(:g and L™+ C; versus L%, using percolation exponent values taken from

(Wang et al., 2013Db).
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d | Model v, RrY

[ Yt Y c
, | Leafexcluded 0.3552475(8) 0.751(1) 1.8958(1)  0.5212(2)
Percolation (Nienhuis, 1984; Pinson, 1994; Ziff et al., 1999; Hu et al., 2012) | 1 3/4 91/48 0.521058290
5 | Leafexcluded 0.185022(3)  1.143(8) 2.513(5) 0.260(4)
Percolation (Wang et al., 2013b, 2014) 0.3312244(1) 1.1415(15) 2.52295(15) 0.257 80(6)
d | Model R(cd) Qi,e Qo
2 Leaf-excluded 0.3517(1) 1.04146(10) 1.1487(2)
Percolation (Nienhuis, 1984; Pinson, 1994; Ziff et al., 1999; Hu et al., 2012) | 0.351642855 1.04148(1) 1.14869(3)
3 Leaf-excluded 0.083(4) -
Percolation (Wang et al., 2013b, 2014) 0.08044(8) 1.1555(3) 1.5785(5)

Table 5.1: Summary of our estimates for the thresholds v, critical exponents y, and
Vi, and wrapping probabilities for the leaf-excluded model. A comparison
with standard bond percolation is also included.

5.4 Discussion

We have introduced in this paper the leaf-excluded model, and investigated its
critical behavior. Monte Carlo simulations of the leaf-excluded model were carried
out on the square and simple-cubic lattices with periodic boundary conditions.
By studying wrapping probabilities, we estimated the critical thresholds v. =
0.3552475(8) (square) and v. = 0.185022(3) (simple-cubic). The critical exponents
y; and y;, and wrapping probabilities were found to be consistent with those for
standard percolation, which indicates that the phase transition of the leaf-excluded

model belongs to the percolation universality class.

As mentioned in the Introduction, rather than enforcing the absence of degree
1 vertices, as we have considered in the current work, one could more generally
forbid any specified set of vertex degrees. A very familiar example is to exclude
odd vertices, in which case one obtains the high-temperature expansion of the
Ising model. Dimer, monomer-dimer, and fully-packed loop models also fit into
this framework. A general forbidden-degree model of this kind was studied on
the complete graph (i.e. in mean field) from a probabilistic perspective in (?),
however questions of universality were not considered. It would be of interest to
understand systematically how the choice of forbidden vertex degrees affects the

resulting universality class.
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Finally, it would be natural to consider a generalization of (5.1.2) which included a
cluster fugacity, in addition to the bond fugacity. Such a model would correspond

to the Fortuin-Kasteleyn model conditioned on the absence of leaves.
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Chapter 6

An n-component face-cubic model on
the complete graph



Chapter 6 is based on the paper in preparation Zhou Z, Garoni TM. 2015. An

n-component face-cubic model on the complete graph. in preparation .

Abstract. In the first part of this paper we rigorously study phase transitions of an
n-component face-cubic model on the complete graph with integer n > 1, by performing
a large deviation analysis to the probability distribution of the magnetization, i.e. the
empirical mean of spin states. We prove limit theorems for the magnetization, which
reveals that phase transitions are continuous for n < 3 and of first order for n > 4.
We exactly calculate critical points, and for n < 3 the critical points are equal to n.
Both thermal and magnetic exponents are 1/2 for n < 3. The second part of this
paper is studying the phase diagram of a general n-component face-cubic model on the
complete graph. This general model is defined by including a Potts-like interaction
to the Hamiltonian of the standard face-cubic model. We rigorously prove the phase
diagram for n = 2 on the (J1,],) plane, except the region —J; < J, <0 when J; > 2. We
show that at least four phases exist on the phase diagram: disordered, Ising, Potts, and

face-cubic.

Keywords. Face-cubic; Phase transitions; Complete graph; Large deviations

References are considered at the end of the thesis.



Chapter 6

An n-component face-cubic model

on the complete graph

6.1 Introduction

Exactly solving non-trivial models with phase transitions is a challenging but
important problem in statistical mechanics. An important example is Onsager’s
solution (Onsager, 1944) of the Ising model on the square lattice. A review of the
exactly solvable models in statistical mechanics can be found in Ref. (Baxter, 1982).
Despite the difficulty of the calculation, several exact results are now known. For
example, critical exponents of two-dimensional percolation are exactly predicted
by Coulomb gas argument (Nienhuis, 1987) and conformal field theory (Cardy,
1987). The percolation thresholds on certain two-dimensional lattices are also
exactly known (Essam, 1972). However, to provide rigorous proofs for these exact
results is extremely difficult. For instance, it was a long-standing conjecture that
the critical point for the Fortuin-Kasteleyn random cluster model (Fortuin and

Kasteleyn, 1972) on the square lattice is 4/g/(1 + +/q), yet this was only rigorously
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proved very recently by Beffara and Duminil-Copin in 2012 (Beffara and Duminil-
Copin, 2012).

Fortunately, to rigorously study critical behaviors on the complete graph is typi-
cally more tractable than on a lattice. A quite early example is the Curie-Weiss
model (see Ref. (Ellis, 2005) and the references therein), which is defined as
the Ising model on the complete graph. The Curie-Weiss model was rigorously
studied in detail around 1980 in Refs. (Ellis and Newman, 1978b,a; Ellis et al.,
1980). Precise limit theorems for the magnetization, which is the empirical mean
of variables or spins, were proved at all temperatures. From this, a continuous
phase transition is indicated at . = 1, with g the inverse of temperature. In 1990,
the g-state Curie-Weiss-Potts model (the Potts model on the complete graph) was
rigorously studied by Ellis and Wang for g > 3 (Ellis and Wang, 1990). They proved
limit theorems for the empirical vector (also called type, defined in Eq. (6.2.3)) at
all temperatures, from which a first order transition at . = 2(n—1)log(n—1)/(n-2)

is revealed.

Another way to generalize the Ising model is the n-component face-cubic model,
with 7 a positive integer. In contrast of the Ising state space {-1, 1}, the single-spin
state space of the face-cubic model consists of 2n n-dimensional vectors. Each
vector has only one non-zero entry and it is either 1 or —1. These 2n vectors point
to the 2n face-centers of an n-cube centered at the origin. Therefore the Ising
model is the special case of the face-cubic model with n = 1. Denote the single-spin
state space by . On the complete graph, the face-cubic model is defined by the

Hamiltonian

N
1 N
H(w)——ma;l<wa,wﬁ>, weX,. (6.1.1)

where N is the number of spins. The interaction between each pair of spins
is scaled by 1/2 to cancel the repeated counting, and by 1/N to guarantee an

extensive energy. The face-cubic model was introduced in 1975 by Kim and Levy
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(Kim et al., 1975; Kim and Levy, 1975) to model the non-trivial critical behaviors
of the cubic rare-earth compounds. The mean-field approximation (Kim et al.,
1975) predicts that the nature of the phase transitions is continuous for n < 3 and
of first order for n > 3; with tricritical exponents at n = 3. However, the validity of
the mean-field approximation was challenged by the Bethe-Peierls-Weiss and high-
temperature approximations, both of which suggest that the transition for n =3 is
of first order (Kim and Levy, 1975). To clarify the nature of phase transitions at

n = 3 was a primary motivation of the present work.

In this paper we present the first rigorous study of the face-cubic model on the
complete graph for n > 2. We apply a large deviation analysis, similar to the
methods used in Ref. (Ellis and Wang, 1990), to study limit theorems of the
magnetization at all temperatures. Our results prove that the nature of the phase
transition is continuous for n < 3, and of first order for n > 4. The critical point is
Bc = nfor n < 3, consistent with the results from the mean-field approximation. At
criticality, the central limit theorem for the magnetisation Sy breaks down, and we
show N'1/4Sy converges in distribution to a random variable whose distribution is
non-Gaussian. Then the thermal and magnetic exponents are obtained as y, = 1/2
and yy, = 1/2 for all n < 3. This suggests that, compared with n = 1 and 2, no

special behavior is observed for n = 3.

We also study in this paper a general n-component face-cubic model (Kim et al.,
1976) on the complete graph, which is defined by including a Potts-like interaction

between spins. Its Hamiltonian is

N N
Hw) =2 Y (a0~ 22 Y (wmwp)?. (612
a,f=1 a,p=1

The general face-cubic model is remarkable for the possession of both color (Potts)
and spin (Ising) orderings, which can be clearly seen from the following special

cases. The classic n-state and 2n-state Curie-Weiss-Potts models, the Curie-Weiss
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model, and the Ashkin-Teller model respectively correspond to J; =0, J; = J,,
n =1, and n = 2 cases. Many results are known nonrigorously about this general
model in two dimensions, such as the schematic phase diagram for general n
(Nienhuis et al., 1983), critical points and exponents for the face-cubic, Potts and
Ashkin-Teller phase transitions (Blote and Nightingale, 1984; Guo et al., 2006).
We note that the Ashkin-Teller model (Ashkin and Teller, 1943; Fan and Wu,
1970) can be exactly mapped to the n = 2 case of the general face-cubic model by
redefining 2w, = (0, + 74,0, —T,) where 0,, T, € {—1,1}. In detail, the Hamiltonian

H(w) can be written as

i v L\
‘ﬁ S (Uagﬁ”ﬂﬂ)_ﬁ Y (0aopTatp+1). (6.1.3)
a,p=1 a,p=1

This is exactly the Hamiltonian of the Ashkin-Teller model if we neglect the
constant 1. The phase diagram of the Ashkin-Teller model was studied in 1980

(Ditzian et al., 1980), by mean-field approximations.

In the present paper, we rigorously study the phase diagram of the general face-
cubic model on the complete graph, by a large deviation analysis. We prove
the phase diagram for n = 2 on the (J;,],) plane (except the region —J; < J, <0
when J; > 2), and show the existence of the disordered, Ising, Potts and face-cubic
phases. Two possible scenarios are considered for this unproved region. One
is that there are only the face-cubic and the Ising phases, and the other one is
that a new ordered phase is located between them. We call this new phase the
super-ordered phase, as colors and spins are ordered simultaneously. Numerical
results support the existence of this super-ordered phase. Finding a rigorous proof

is left for future work.

The remainder of this paper is organized as follows. Section 6.2 explicitly defines
the face-cubic model and the large deviation property of the magnetization. Limit

theorems of the magnetization are presented in Section 6.3. The preliminary
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results needed to prove limit theorems are summarized in Section 6.4. We then
start in Section 6.5 the discussion of the general face-cubic model. The phase
diagram is presented in Theorem 6.5.6, with a proof in the subsection after.
Propositions and lemmas for proving the phase diagram are given in Section 6.5.4.

We finally conclude this paper in Section 6.6.

6.2 The n-component face-cubic model

6.2.1 Model

The face-cubic model on the complete graph is defined by choosing a configuration

w via the Gibbs measure,

exp[-pH(w)]p(w), (6.2.1)

where the prior measure corresponds to independent uniform spins, p(w) =
(1/2n)N. The parameter f > 0 is the inverse of temperature, the Hamiltonian

H(w): XN — R is given by Eq. (6.1.1), and the partition function is

Zn(B)= ) exp[-BH(@)lp().

weXN
On the complete graph, one can verify that H(w) can be written as
1
H(w) :—EN(SN(w),SN(a))), (6.2.2)

1
with Sy (w) := ﬁz{jzl w,, the empirical mean of spin states. In the section below
we study the large deviation property for the probability distribution of Sy. We

first clarify our notations below: P(Sy = -) is the probability distribution of Sy with
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respect to the prior measure p(w), and P?(Sy =) is the probability distribution of

Sy with respect to Gibbs measure pf(w).

6.2.2 Large deviations theory

We introduce an example of the large deviations theory in this section, following
Chapter 2 in the book by Dembo and Zeitoni (Dembo and Zeitouni, 2009). We
first consider the probability distribution of the empirical vector and empirical
mean for a sequence of i.i.d. random variables, by recalling the discrete cases of
Sanov’s and Cramér’s theorems. For details of the complete theorems and their

proofs, see for example (Dembo and Zeitouni, 2009).

Let ¥ = {ay,a,---,a)y|} be a finite state space. Let M;(X) be the set of all prob-
ability measures defined on ¥. Thus, if v € M;(X) then 0 < v(q;) < 1 for all

€{1,2,---,|X|]} and Zlizzll v(a;) = 1. Let Y1,Y,,--- be a sequence of i.i.d. random
variables with Y; distributed according to a law p € M;(X). We assume p(a;) > 0
forallie{l,2,---,|X|}. Let Y denote the partial sequence Y ={Y;,Y,,---, Yy}, and

y a realization y = {y1, 92, -+, ¥n}. The type of a sequence yp is defined as
y y y y
LN = (LN,l'LN,Z’H.’LN,D:J)’ (623)

1
7Y N
with Ly, ; = N La=1

Obviously L}Ii] € M;(X) for all sequence y € ¥V,

1(a;, v, ), the fraction of the occurrence of a; in the sequence y.

Denote £y as the set of all outcomes of the random variable L}\/,. Let PM(LK, =) be
the probability distribution of L},. For v € £y, one has (see Lemma 2.1.9 in Ref.

(Dembo and Zeitouni, 2009))

(N +1) e NHOW < p (LY = v) < e NHUI),
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where
Py

H(vlp) =) v Int, (6.2.4)

i=1 !
is the relative entropy v with respect to p. Thus, as N — +o0, one has

) 1
I(v):=- lim ﬁlogP’,(LK] =v)=H(v|p)

N —>+0c0

The function I(v) is the rate function of PF(L}\/] =-). As N — +o0, the type of the
sequence of random variables is concentrated on those v for which I(v) = 0. Note

that I(v) = H(v|p) = 0 if and only if v = p.

Now suppose ¥ C R?, and consider the probability distribution of the empirical

1 . :
mean Sy = N N | Y,, which can be rewritten as

N x|
1 2 } Y Y
SN = N 1Y0( = L LN,iai = <L ,[,Z> y (625)
a= 1=

where a denotes the vector (a;,ay,---,ayx)). Therefore, the empirical mean of the
sequence Y is determined by its type. Let Gy be the set of all possible outcomes
of Sy, and P,(Sy = -) be the probability distribution of Sy. For x € Gy, it is

straightforward to obtain

I(x):=— lim %logPﬂ(SN =x)= inf H(v|y). (6.2.6)

N—o+oo {vi(v,a)=x}

Here I(x) is the rate function of P,(Sy =-). An explicit expression for the rate
function I(x) can be obtained from the Legendre-Fenchel transform of the loga-
rithmic moment generating function A(1) (see Theorem 2.1.24 in Ref. (Dembo
and Zeitouni, 2009)),

12|

I(x) = sup{(},x)—A(1)}, and A(N) :any(ai)e<"’“f>. (6.2.7)
AeRd i=1
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6.2.3 Rate function for Pf(Sy)

We study in this section the probability distribution of Sy under the Gibbs measure
pP(w), and derive the corresponding rate function. The most probable macroscopic
states are those, for which the rate function vanishes. We first consider the free
energy which is defined as

pip=— Jim < inZy(p).

From the definition of the partition funtion Zy () we have

) 1
- Jim_ gy In 2

P

— lim %ln exp[-pH(w)]p(w)

N —>+00
werN

) 1
—Nli)r?mﬁln exp{—N[-B{x,x)/2 +I(x)]}
XEGN

min [I(x) — p{x,x)/2].

XGGN

Here we use Eq. (6.2.2) and Eq. (6.2.6).

Consequently, we calculate PP(Sy = x) as

PSy=x) = —— Y expl-pH(@)}p()
ZN(ﬂ) {weXN:Sy(w)=x}
= 5 SXPAN (5 )/ 20P(Sy =),

and find

Ig(x):= = lim % InPP(Sy =x)=1I(x)— §<x,x> ~By.

Here Ig(x) is the rate function of the distribution PP(Sy =)
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A state x is called an equilibrium macrostate of the face-cubic model if it satisfies
Ig(x) = 0. Other states with non-zero rate function will vanish as N — +oco. The set
of all equilibrium macrostates is denoted as (2, (B), thus Q. (B) = {x : Ig(x) = 0}. To
find the set ()., () is equivalent to finding the set of global minimum points (GMP)
of {I(x)— §<x,x)}. In principle, the function I(x) can be obtained by performing
the Legendre-Fenchel transform of the logarithmic generating function A(A). Let

X1 be a face-cubic spin variable. For all A € R” one has

A(A) :=InE[exp((A, X1))] lan%(eAi +e)
i=1

1
In m Zcosh A

i=1

However, to derive I(x) using the transform Eq. (6.2.7) is somewhat complicated.
Fortunately, convex duality (Appendix C in (Eisele and Ellis, 1983)) avoids the

direct use I(x) and provides the useful relation,

_P

min[I(x)

minl1(x) - 5 e = minl 22 (4 )~ A

1
We note that ﬁ()\, A) is the Legendre-Fenchel transform of §<x, x). Let A = Bu.

We now need to find the global minimum points of the function Gg(u), defined as

Gp(u) = g(u,w —In Zcosh(ﬁui) , withu e R". (6.2.8)
i=1

6.3 Limit theorems

We state in this section limit theorems for the probability distribution of the

empirical mean Sy (magnetization). Theorem 6.3.1 discusses existence of laws
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of large numbers for Sy. Central limit theorems for different § are considered in

Theorems 6.3.3, 6.3.4, 6.3.5.

We first define the following 27 + 1 vectors: v* = (0,0,---),v! = (x(8),0,---,0),
v2 =(0,x(B),0,---,0),---,v"* = (0,---,0,x(B)), and v"*' = —v for i = 1,2,---,n. Here

x(p) is the global minimum point of the function Ag(x),

Ap(x) = %ﬁxz—ln[cosh(ﬁx)ﬂa—l]. (6.3.1)

To extend the discrete distribution of Sy to a measure on R”, for any set A € R"

we introduce

P(Sy € A) = Zl(v e A)P(Sy = v),
veQ)

PP(Sy € A) = Zl(v e A)PP(Sy =v). (6.3.2)
ve)

For convenience, we now state the value of the critical point ., with the proof
given in Proposition 6.3.2. For 1 <n <3, . = n. For n > 4, f, is the solution to the

following equations,

%ﬁxz—ln[cosh(/}x)+n—1 =—Inn (6.3.3)

xpBsinh(fx)+ (1 —-pB)cosh(px)+n-1=0, (6.3.4)

where x € (0,1).

Theorem 6.3.1. (i) For 1 < n < 3, Sy converges in distribution to S, (Sy = S.)

where S, has distribution

00 for0< B <P,

L (6.3.5)
LG for>pe,
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as N — +oo.

(ii) For n > 4, Sy = S, where S, has distribution

00 for 0 < B < B

Ao0y0 + Ay Y2 6, for B = Be (6.3.6)
1 o,

%Zifl Oy for B> B,

as N — +oo, with
Ko K1
A= —F—, M=—
0 Ko+ 21K, ! Ko+ 21K,

~1/2 -1/2
) )

Ko = (detD2Gﬁc(v0) , K= (detDzGﬁc(Vl)

Proof of Theorem 6.3.1. let W € R" a random vector whose entries are indepen-
dently and normally distributed random variables: W; ~ N(0,7!). Let W be
independent of the states of spins w;, with i = 1,2,---,N. Given a Lebesgue

measurable set V CR"”, we know from Lemma 6.4.4 that

fxev €Xp [_Ncﬁ (x)] dx

PE(NTYV2W 4+ Sy e V)= .
fxeR” exp[—NGﬁ(x)]dx

(6.3.7)

For g > 0, let Qn,(B) be the set of global minimum points of Gg(u). For each
v; € Qn(p) with i = 1,2,---,|Qn(B)l, let B(v;,b,.) be a ball centered at v; with
radius b,, such that Lemma 6.4.6 can be satisfied. Then we respectively partition

V as V1, V,, and partition R" as Ry, R,, with

V= U B(v;,by), and Vo, = V\ V;,
v;eVNQn(B)

R, = U B(v;,b,), and R, = R"\ R, .
ViGQm(Ig)
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We let V; =0if VNQ, () =0, and define by, b, via
by =min{b, ,v; € VNQy(B)}, and by, = min{b, ,v; € QO (B)} .

Multiplying both nominator and denominator of Eq. (6.3.7) by eNEﬁ, where 6/3 =

min,cq Gg(u), yields

PNV W + Sy e V)
eNCs fxevl exp [—NGﬁ(x)] dx +eNCs Ierz exp [—NG/g(x)] dx

NG LeRl exp [—NGﬁ(x)] dx + NG fxeRz exp [—NGﬁ(x)] dx ‘

Lemma 6.4.5 tells us that both the integrals over V, and R, behaves as O(e™V¢).
Thus we only consider here the ratio of the integrals over V; and R;. Our discus-

sions are separated into the following two cases.

For B < B. (n<3)and < B. (n>4), where Q.,(8) = {v°} from Proposition 6.3.2,

we have Pf](SN eV)=0,0(V)as N — +oo.

For B> B, (n > 1), where Q. (8) = {(v!,v?,---,v?"}, from Lemma 6.4.6 we have as
N — +o00,
zfjldet[DZGﬁ(vi)]évi(V) L

B
PE(Sy e V)~ Yo Y sV,
N 1221 det [D2Gﬁ(vl)] 2n ;’ Y

For 8 = B, (n>3), where Q. (8) = {v°,v!,v2,--,v?"}, from Lemma 6.4.6 we have

as N — +oo,

det[DzGlg(vo)]évo(V)+ ffldet[DzGﬁ(vi)]évi(V)

B
P (SyeV)~ ;
NN det [DzGﬁ(VO)] + Y7 det [DzGﬁ(Vl)]

The theorem then follows by defining x, k1, A9, A1 as in Eq. (6.3.7). O
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The following proposition locates the global minimum points of the function

Proposition 6.3.2. Let Q,,(pB) be the set of global minimum points of Gg(u).

(i) For1<n<3,

0 .
Q,u(B) = ) FO<B <P (6.3.8)
{Vllvzl"'rvzn} ifﬁ>/3C'
(ii) For n >4,
(o) if0<B<Be
Qu(B) =1 (O, v, v, v21 if B = Be (6.3.9)
{VIIVZI"'1V2n} Zfﬁ > ﬁc :

Here . =n for 1 <n < 3. For n >4, B, is obtained by solving the following equations,

%ﬁxz —In[cosh(Bx)+n—1]=-Inn

xBsinh(Bx)+ (1 —-pB)cosh(px)+n—-1=0, (6.3.10)

with x € (0,1).

Proof. Fix n > 1. From Lemma 6.4.2, we know one of the global minimum points
of Glg(u) can be denoted as v = (x,0,0,---,0), with [x| < 1 a function of 8. Due
to the symmetry of Gg(u), the other global minimum points can be obtained by
exchanging x with any one of those zero entries. Now we can simplify Gg(u) as a

function of x, which is

Ag(x)=Gglu=7) = %ﬁxZ—ln[cosh(ﬁx)+n— 1], (6.3.11)
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where [x| < 1. We next study the minimum of Ag(x). Since Ag(x) is an even function
of x, we only need to consider x € [0,1). We first let the first derivative of Ag(x) be

zero, which is
Bsinh(Bx)
cosh(fx)+n—-1

A’ﬂ(x):[j’x— (6.3.12)

One trivial solution is x = 0. The second derivative A’ﬁ’(x =0) = (1 - B/n), which
is positive for f < n and negative for > n, implying that for the vector v° is
respectively a local minimum and maximum for g < n and > n. We then look for

other extremas.

We rewrite (6.3.12) as

A;g(x) = cosh(ﬁf) P [x cosh(Bx) —sinh(Bx) + (n—1)x]
p

- cosh(Bx)+n— 1f(x) '

Since the denominator in the right-hand side is always positive, we then only need
to consider f(x). Two properties about A%(x) are known, which are A%(x =0)=0
and Ak(x =1) > 0. We then want to know if there are other extremas in (0, 1),

which is to find the solutions of f(x) = 0. Let gg(x) be the first derivative of f(x),
gp(x) = f'(x) = xpsinh(Bx) + (1 — p)cosh(Bx) +n—1. (6.3.13)

In Lemma 6.4.3, we show gz(x) = 0 has at most two non-zero solutions in (0, 1).
We denote the solution as s () if there is only one solution; use s;(f) and s,(p) if
there are two solutions and let s1(f) < s,(). Lemma 6.4.3 gives the extremas of

gp(x) in the regime x € [0, 1], from which we conclude as follows.

For n < 3, the solutions to gg(x) = 0 are respectively none, x = 0 and x = s (p) for

B <n, p=nand B >mn. Then in the regime x € (0,1], f(x) is positive for f < n.
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For B > n, f(x) is negative in (0,s;(p)) and positive in (s;(f),1]. Thus, the global

minimum points of Ag(x) are respectively x = 0 and x = s;(f) for f <nand g > n.

For n > 4, by similar arguments we know x = s;(f8) is the global minimum point of
Ap(x) for B > n. We then consider the g <n case. For < 3, we have f(x) > 0 for
x €[0,1], thus x = 0 is the unique global minimum point of Ag(x). As 8 increases,
some f (say f1) is arrived such that there exists a unique solution to gg (x) = 0 in
(0,1). As B keeps increasing, there exist two solutions to gg(x) = 0in (0, 1), denoted
as s1(p) and s,(B) with s1(p) < s(p). Moreover s,(f) is a local minimum point and
s1(B) is a local maximum point. As we increase p from f; to n, we sequentially
have Az(0) < Ag(s2(B)), Ag(0) = Ag(s2(B)) and Ag(0) > Ag(s2(B)), respectively for
B1 <P <P B =P and > B.. Here B, is the solution to Egs. (6.3.10).

We now study the central limit theorems for Sy for all f > 0, in the next three

theorems. We first propose a theorem for 0 < < ..
Theorem 6.3.3. Foralln>1and 0<p < f., as N — +oo,
-1
PPIVN(Sy = vO)} = N(0,[D?Gg(v*)] - p7'1), (6.3.14)

where I is the n x n identity matrix, and the covariance matrix (DzGﬁ(VO)_l - ﬁ‘ll) is

positive definite and has an eigenvalue (n— B)~! with multiplicity n.

Proof. For any t € R" and W ~ N (0, 71 I), the generating function of W + VN (Sy —

v0)is

E{exp [(t, W+ VN(Sy - v0)>]}
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J]R” exp [—NGﬁ(vO + \/%) + (t,x)l dx

Jon XP(-N G(v0 + ——))dx

VN
e~ VNG fRn exp [—NGﬁ(x’) +VN(t, x’)] dx’
IR” exp [—NGﬁ(x’)] dx’
e~ VN IB( ,exp [—N Gg(x') + VN(t, x’)] dx’

Vo,bo

Jo00 1y €xP [-N Gp(x')|dx’
IIR” exp [—%(x,DzGﬁ(vo)x) + (t,x)] dx
fo exp| -5 D2G5 (v} ax

- exp[%(t, [chﬁ(vo)]—lw] . (6.3.15)

with an explanation present as follows. The first equality follows from
Lemma 6.4.4. Then we change the variable x — x’ = v* + x/YN and have the
second equality. Multiplying both the nominator and denominator of right-hand
side of the second equality by eNGs and using Lemma 6.4.5 result the third equal-
ity. We remind that Eﬁ = G/g(VO) for < B., and B(v%,by) denotes the ball centered
at v¥ with the radius b, defined in Lemma 6.4.6. The fourth equality is obtained
by directly using Lemma 6.4.6 and changing back x” to x. The last equality follows
by calculating integral for matrix and noting that the eigenvalue of the matrix
[DzGﬁ(VO)]_1 (the inverse matrix of DZGﬁ(vo) ) is the reciprocal of the eigenvalue
of D*Gg(vY).

£2
2§
noticing the fact that W and VN (Sy — v°) are independent which yields

Since W ~ N (0, 7'I), we have E[e(*W)] = exp( ) The theorem then follows by

E{exp [(t, VN(Sy = vO))]} = exp [%(t, ([I)Zc;ﬁ(vo)]_1 - 5—11)t>] . (6.3.16)
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The matrix DZGﬁ(vo) has an positive eigenvalue p(1 — /n) with multiplicity n
-1
since D2Gﬁ(v0) = B(1 - B/n)l. Thus, the covariance matrix [DzGﬁ(Vo)] — B~ has

an positive eigenvalue (n - f)~! with multiplicity n. O

We next consider central limit theorems for g > .. For p = f. and n < 3, the
central limit theorem for VN Sy fails to hold, but we show that N/4Sy has a
biquadratic probability distribution function. For g > . and n < 3, we show that
a central limit theorem holds in a small region containing only one of the global
minimum point of Gg(u). Such conditional central limit theorems also hold for

B> p.and n> 4.

The next theorem is for § = . = n and n < 3. The proof follows and generalizes

the proof for the Curie-Weiss model (Theorem V9.5 in (Ellis, 2005)).

Theorem 6.3.4. For p = . = nand 1 < n < 3, the random variable N1/4SN con-
verges in distribution to a random vector X which has the probability density function

proportional to
1 9*Gp(x)
exp[ﬁ xkxl—(?xl&x anaxl (6.3.17)

i,j,k,1
Proof. We start by calculating the expectation E [exp (N1/4(r, SN>)] for any r e R",

which is N
fowexp [N, 533+ Bt 50 o (do)

N
foexp [ 5w,50 ot
We remind that ¥ is the state space of the spins. Here we just need to calculate the

nominator, since the denominator can be obtained by setting r = 0. Let \/fN Sy = v

then the integral in the nominator can be written as

f eXp[(Nﬁz)‘l/4<r;y>+l<y,y>]pN(dw)

- p[z/;:’/_lLN

)| pn(dw)

<}J+ ﬁZN)l/él’y (ﬁZN)l/AL
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_ /2, -N (N g2) /4 ox —(r,1)
= (2r)"" n TV (NB7) ep[—Z/}\/ﬁ

J exp [—NGﬁ(x/N1/4) +(r, x)] dx.
Rn
The last step follows by first using the identity

expl 5t )] = (2 [ expl(t, )= 5 (x0)dx,

n

where t =y +r/(f?N)"* in our case. Then we take the integral over py(dw), and

obtain

|, explmlpxtda

I, exp[f< ﬁ/Nwi,x>} ()
i=1

N~
= l_[ Zexp[( /3/Na)1-,x>]p(da))
i=1

[ n

N
= nN Zcosh(\/[)’/in)]

| i=1

The third equality then follows by using the definition of the function Gg(x) and
redefine x as x/4/f/N1/2. Combine with Eq. (6.3.18) and let N — +oco we have

b |- 1/4 ,
E[exp (N1/4(r, SN>)] _ jRne P[ NGg(x/NV=)+(r x)]dx |
IR,, exp[—NGlg(x/Nl/‘l)]dx

Therefore N'4Sy has a probability density function proportional to
exp[—NGﬁ(x/N1/4)]. The theorem follows by noticing that the first, second, and

third derivatives of Gg(u) are all zero. O

The last theorem is for the limit theorem for > . with 1 <n <3 and for > g,

with n > 4.

Theorem 6.3.5. For p > p. with 1 <n <3 and for p > p. with n > 4, let (3,,,(B) be the
set of global minimum points of Gg(u). Let d(B) be the minimum distance between

any pair of global minimum points. For any 6 € (0,d(B)) and v' € Q,,, the following
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conditional probability holds,

PL{VN(Sy —v')ISy € B(v},8)) = N (0, [DZGﬁ(vi)]_l - ﬁ‘ll) . (6.3.18)

The proof to this theorem is the same as the proof of Theorem 2.5 in (Ellis and

Wang, 1990), and thus we omit it here.

6.4 Preliminary results needed to prove theorems

Lemma 6.4.1. For >0, Gg(u) is a real analytic function of u € R". There exists a

real number Mg > 0, such that for || u ||> Mg we have Gg(u) > §<u,u).

Proof. Because Gg(u) is an even function, here we only need to consider all u; > 0.

We have

Gp(u) = §<u,u) —In Zcosh([)’ui)

n

i=1
> §<u,u)—aneﬁ“f
i=1
ﬁ 1 . L eﬁ“i
= “u, -1 Bu; -
2<u u)y n!:lle ; 7:16,%]-
ﬁ n
> 5(u,u>—ln]_[eﬁ”f—lnn
j=1
p By
Pa— 2_ —
> Z(u,u>+ZZ‘(u, 2)"—np-Inn.
i=

Choosing some Mg such that g ! (u;=2)?-=np—Inn>0 for || u > Mg, the

lemma then follows. O
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We then aim to find the set of global minimum points of Gg(u). The next lemma

imposes a constraint on the possible global minimum points.

Lemma 6.4.2. If v is a global minimum point of Gg(u), then v must be one of the
following 2n + 1 vectors: v° = (0,0,---,0), v! = (x,0,0,---,0), v?> = (0,x,0,---,0), ---,

v"=(0,---,0,x), and phti :—vifori: 1,2,---,n,and |x| < 1.

Proof. 1f v is a global minimum point of Gg(u), one must have

dGg(u inh(8V:
(ﬂ) g, SV (6.4.1)
u; |, Y i1 cosh(Bv;)
inh(87-
We have v; € (—1,1), since from the above equation v; < Sm—(ﬁﬁ’) which is
cosh(pv;)

bounded by -1 and 1.

We next show that if v is a global minimum point of Gg(u), the number of non-zero
entries in v is at most one. In Eq.(6.4.1), a trivial solution is ¥; = 0. Thus 70 =
(0,0,---,0) is a possible global minimum of Gﬁ(u). If there are more than one non-
zero entries in V, for example v; and v}, we must have sinh(v;)/v; = sinh(v;)/v;.
Since sinh(x)/x is an even function, it directly follows that [v;| = [v;|. This means
that all non-zero entries in v have the same absolute value, and we denote this

value as x. Next we will show that if there are more than one non-zero entry in v,

then Vv is not a global minimum.

Assume Vi, v; = 0 for some 1 < k < < n and define a vector w as a function
of t in the following way: wy = 2x -t and w; =t and w; = v; for i # k,I. Let
W(t) = Gg(u = w(t)) and take the second derivative of W(t) at the point ¢ = x, we

have

IW()\ Bx
(—at2 )t:x = 2/3(1 - —tanh(ﬂx)) . (6.4.2)
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Since the right hand side is always negative for x # 0, the vector w(t = x) is a local
maximum. Therefore, if v is a GMP of Gg(u), the number of non-zero entries in ¥

is at most one. The Lemma 6.4.2 then follows by the symmetry of Gg(u). O

Lemma 6.4.3. Define the function

gﬁ(x) = xfsinh(px)+ (1 - p)cosh(fx)+n-1, (6.4.3)

where x € [0,1], B >0, and n is a positive integer. Define the set Qx = {x : g(x) = 0}.

Then we have the following results.

(i) For1<n<3,
0 ifp<n
Qx =4 {0} ifp=n (6.4.4)

{s1(B)) ifp>n.

(ii) For n >4,

0 if p<p’
{0} if p=p’
Qx =1 {s1(B),s2(B)} ifp/<p<n (6.4.5)
{0,s1(B)} if p=n
{s1(B)} ifp>n.

The value of B’ is determined by solving the following equations.

gp(x)=0, tanh(px) = 5 /i % (6.4.6)

The number of non-zero solutions to gg(x) = 0 is at most two, and they are

denoted as s1(p),s2(p) and 0 <s1(B) <s,(B) < 1.

Proof. We start the proof by considering the boundary value of gz(x) at x = 0

and x = 1. We have gz(x = 0) = (n— f8), which is respectively positive, zero and
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negative for f <n, f =n, and > n. For x = 1, we have gg(x = 1) = Bsinh(B) +
(1 = B)cosh(B) + n— 1, which is positive for any f > 0 and any positive integer
n , with reasons given as below. We first note that gz(x = 1) is an increasing
function of n, thus it is sufficient if we show that gﬁ(x =1)>0 for n=1, which is
gglx=1Ln=1)= e P(e?f +1~-2p)/2. The part (e} + 1 —2p) is positive since it is an

increasing function of  with positive initial value at § = 0.

Now we know that gg(x) is a function which initializes at x = 0 with a positive,
zero and negative value, respectively for g < n, f = n, and > n, and reaches a
positive value at x = 1. To determine the number of solutions to gg(x) = 0 with
x € (0,1), we first study the number of extremas of gg(x) in this regime. We next
show that there are at most two extremas of gg(x) for x € (0,1). To see this point,

we consider the first derivative of gg(x) which is

8p(x) = B[(2 - B)sinh(Bx) + px cosh(px)] .

Letting g’(x) = 0 yields
(B —2)tanh(Bx) = Bx . (6.4.7)

We then separate our discussions as follows.

The B < 3 case. In this case, the only solution to (6.4.7) is x = 0 and thus gg(x) is
an increasing function of x € [0,1]. Thus for g <, = n and > n, the solution set

Qx are respectively {0}, {0} and {s1(p)}.

The p > 4 case. In this case, there exists a unique non-zero solution to (6.4.7),
implying that there is a unique extrema in the regime x € (0,1). Thus, for f =n
and B > n, where gg(x = 0) is zero and negative respectively, the solution set is
s1(B)- For B <n, although gg(x) has a unique extrema, the existence of non-zero
solutions to gg(x) = 0 still depends on the value of f. As f increases from 3 to n,

the equation gg(x) = 0 has respectively no solution, a unique solution s; () and
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Figure 6.1: Plot of gg(x) versus x for n = 4. The curves from top to bottom respectively
correspond to p = 3.5,3.625,3.785,4,4.1. The values of 3.625 and 3.785
are respectively the estimates of B’ and .. The reason that p. ~ 3.785 can
be seen in Fig. 6.2

Figure 6.2: Plot of Ag(x) versus x for n = 4. From left to right, plots respectively
correspond to p = 3,5 = 3.785, and p = 4. A first order phase transition
can be seen around fp = 3.785.

two solutions s (f),s,(B), respectively for 3 < g < p’, p =" and g’ < <n. The

value of B’ is the solution to the equations (6.4.6).

The theorem follows by combining the cases p <3 and g > 4. O

The following Lemma plays a central role in proving our limit theorems. The

proof given follows the proof of Lemma 3.2 in (Ellis and Wang, 1990).

Lemma 6.4.4. For >0, let W € R" a random vector whose entries are independently
and normally distributed random variables: W; ~ N(0, 7). Let W be independent
of wj, foralli=1,2,---,N. Then for any m e R" and y e Rand any N =1,2,---, the
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N(SN —m) is

e . . 4%
probability density function of N1 + N

exp [—NG/;(m + %)]

J0o= fxeR” exp [—NGlg (m + i)] dx '

N7

W N(Sy -
Proof. We first consider the probability Pﬁ(Nlﬂ—y + (Zf]l\ll—ym)

equivalent to PP (Nl/ZW +NSy < AN(E)) with Ay (&) = N177& + Nm. Since

p

PE(NSy € dx) =

ZN(B) 2N

we have

PP(N'2W + NSy < Ay(¢))

1

Substitute t —x = u, one has

pF (N1/2W + NSy < Ay(E))

n/
= ZNl(ﬁ) (%) ’ LSAN@ exp(—%(u, u))du

XJ . exp (%(u,x})P(NSN e dx)

The inner integral in the right-hand side is

LEW exp [%(%x}]P(NSN edx) = Z exp[%(u,NSl\Q] on ()

weXrN

E[exp[B(u, Sn)]]
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exp(—(x,x))P(NSN € dx),

j PB(NSy € dx)P(N1/2W < AN(&) —x)
xeR"

Ze(f) LGRH exp(%<x,x>)P(NsN e dx)

X (% )n/Z LSAN(E)—x exp (—%(t, t))dt .

(6.4.8)

< 5), which is
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= exp[NA(Bu/N)],

where A is the logarithmic moment generating function. Using the Eq. (6.2.8) for

A(Bu/N), we have

p(_ W N(Sy-m)
PN(Nl/z—y + N1-v <é

1 n/2
" Zn(p) (MLN) Lgm(é)exp [~ Gpta/N) - Ninnfd
1 ﬁ n/2 N(1=y)n
Zn(B) (2nN )

f éexp [—NGﬁ(m—i-i)]dx. (6.4.9)

nN N7

The last step follows from changing variable u = xN '~ + mN. The lemma follows
from obtaining the normalization factor Zy () by taking & to (+co,+00,::-,+00).

]

Lemma 6.4.5. For f > 0, let Eﬂ = mincgn Gg(u), and let V. C R" be a Borel set
containsing no global minimum points of Gg(u). For any vector t € R" there exists an
€ such that

NG j e_NGﬁ(“)“/N(t’”)du <Ce™N¢ 4sN - +o0,
1%

with C a constant independent of N and V.

Proof. There exists an positive a such that Gg(u € V) > Elg +a. From Lemma 6.4.1,
we have

NGy(u)~VN(tu) > zu?, as |lul = M,

1
5

for large enough M. Thus, we have

NGy [ NG+ VN () g,

Jv
— NGy [ e—NGﬁ(u)+\/N<t,u>du+eNG,5j e~ NG +VN(tu) 4,
JVO{llull=M} VO{llull<M)

— (

2
eNGs e W5y 4 e NaVNMI f du .
JVN{llull=M} Vafllull<M}

IA
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The lemma follows since Eﬁ < Gﬂ [u=(0,0,---,0)] ==lnn <0. O

Lemma 6.4.6. Let v be a global minimum point of Gg(u), and B(v,b) denote a ball
centered at v with radius b. There exists a positive b such that for any bounded

continuous function f(u):R" > R,

lim e_\/mt’”N”/zeNGﬁJ f(u)e—NG,g(uHW(t,u)du
N—oo B(,b)

= f(v) f ) exp{—%(x,DzGﬁ(V)JO +(t,x)}dx
Proof.

lim e_‘/mt"’)N”ﬁeNGﬁJ f(u)e_NGﬁ(”)“/mt'Wdu
N—>oo B(V,b)

—  lim NOs L(O'bm)f(?+x/\/ﬁ)exp{—N[Gﬁ(7+x/\/ﬁ)] + (t,x)}dx

N—oo

!
(¥) lim ex {——<x,D2G (V)x)dx+<t,x)}
f N—>oo B(O,b\/ﬁ) P 2 P

— 1 —
- f(v)jnexp{—§<x,DzGﬁ(v)x>+<t,x>}dx. (6.4.10)
The first step follows by replacing u = v + x/VN. The last step follows by doing

Taylor expansions of Gg(u) and using that G’(v) = 0. O

6.5 The general face-cubic model

6.5.1 Model

The Hamiltonian of the general face-cubic model on the complete graph is in-
troduced in Eq. (6.1.2). There are a number of special cases where the general

face-cubic model can be reduced to more familiar models.

* J; =0, the n-state Curie-Weiss-Potts model.
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* J, =0, the standard face-cubic model.
* J1 =J,, the 2n-state Curie-Weiss-Potts model.
e n=1, the Curie-Weiss model.

1
e n =2, the Ashkin-Teller model by redefining w, = E(% + Ty, 04 — T,) With

04, Tq €1{—1,1}, see Eq. (6.1.3).

We can rewrite the Hamiltonian Eq. (6.1.2) as follows,

] n ~ n ~
H(w):—ﬁ (N} =N7)> =22 ) (NS +N7)?, werV.
i=1 i=1

Here N." and N;™ are respectively the number of spins of the following two states
on the configuration w: the i-th entry is 1 and the i-th entry is —1. To determine
the Hamiltonian, one has to know exactly N;“ and N;. This implies that Sy,
the magnetization, is not enough to determine the Hamiltonian. We need a 2n
dimensional vector which explicitly gives N;" and N; . A natural choice is the
empirical vector L, with L; = N;*/N and L;,, = N;/N. Now we can rewrite the
Hamiltonian as H(w) = H(L(w)), where H: A - R is an energy representation

function for L. Here A denotes the (2n —1)-dimensional simplex. Precisely,

n n

)=~y (v~ 2 ) (it vin)?, veEA.

2 4 .
i=1 =1

A standard large deviation analysis (see Theorem 2.4 in Ref. (Ellis et al., 2000))

yields the rate function for the distribution of the empirical vector, that is

Iy(J1,J2,v) = 1(J1, ]2, v) —1’5161111(]1,]2,7/) , vEA, (6.5.1)
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with I(Jq,],,v) defined as

Ji v I v
Wulpv) = =5 ) @i=vie)’ =7 ) Wi+ i)’
i=1 i=1
2n
+Zvilogvi, veA. (6.5.2)

i=1

Here we have taken = 1. Compared with Eq. (6.2.4), we neglect the constant
log(2n) since any constants in I(J{,],,v) will be subtracted in Eq. (6.5.1). In ad-
dition, we note from the definition that the rate function Iy(J;,/,,v) = 0 when
I(J1,],,v) attains its global minimums. Therefore, the main task in the next sec-
tions is to study how the global minimum points of I(];, /5, v) change with respect
to J; and J,, which reveals the phase transitions. Without confusion, we call

I(J1,],,v) the rate function in the discussions below.

6.5.2 Useful definitions

We now introduce some useful notation and definitions.

Definition 6.5.1. Let ¢ > 0 and define A(c) C R?" such that a vector v € A(c) iff it

satisfies v; > 0 forall 1 <i <nand lefl v; =C.

Definition 6.5.2. Let QQ(c) C A(c). A vector v € Q(c) iff

(i) v =max{v;, 1 <i<2n};

(i) vi > vi, forall1 <i<n.

For ¢ = 1, we denote A(1) = A and Q(1) = Q.

For v € A, since ) !, v;logv; is bounded, the function I(J;,J,, v) must have at least
one global minimum points in A. Moreover, the symmetry of I(J1,],,v) guarantees

that there must be at least one global minimum points in (). We also note that, at
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the critical point of a first order transition, the number of global minimum points
in (2 is more than one. Unless stated otherwise, the probability vectors we discuss

below belong to ().

Definition 6.5.3. (i) Let x > 0, J; € R and a real function g(J,x) := logx — 2], x.
The function s(J1,x) is defined as

s(J1,x) = r;lggl{y: gU1y)=gUux)}. (6.5.3)
(i) Let x> 0and J1,], € R, define a function

F(J1,]2,x) =logx +1logs(J1,x) — 2], [x+s(J1,x)] . (6.5.4)

If J; <0, then g(J;,x) is monotonically increasing and thus s(J;,x) = x. For J; >0,
it can be easily shown that g(J;,x) increases on (0,1/(2];)] and decreases on
[1/(2]1), +o0). This directly implies that s(J;,x) = x if x < 1/(2];), and s(J;,x) < x if
x > 1/(2];1). The function s(J;, x) is introduced to describe the constraints on v; and
Viin if v is a global minimum point, that is v;,,, = s(J;, v;) (see Lemma. 6.5.12). Sim-
ilarly, the function F(]y, ], x) is defined to describe the constraints on v; and v; if v
is a global minimum point, with details shown in Lemma. 6.5.12. Differentiating

the equality logx —2J;x = logs(J1, x) — 2J1s(J1, x) with respect to x yields

1/X—2]1

SN = -2

(6.5.5)

Definition 6.5.4. (i) Define I' C Q) such that v € I iff there exists J; € R for which

Vign =S(J1,v;) forall 1 <i <n.

(ii) Define Q01,(J1,]2) C Q as the set of global minimum points of I(J1,],,v).

Lemma. 6.5.12 (ii) shows that for any Jy, J,, if v € ( is a global minimum point of

the rate function, then v € I'. Thus, we have Q,(J;,/,) CT.
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Definition 6.5.5. We define a number of distinguished subsets of T as follows.

(i) The constant vector (1/(2n),1/(2n),---,1/(2n)) is called the disordered vector,

and denoted vy.

(i) A vector v € I is called an Ising vector if v; = aand v;,,, = b for all 1 <i < n with

a>b. The set of all Ising vectors is called the Ising set, denoted ().

(iii) A vector v € I is called a Potts vector if vi =a and v; = b for all 2 <i < n, with
a>b,and v;,, =v; forall 1 <i <n. The set of all Potts vectors is called the Potts

set, denoted Qp.

(iv) A vector v € I is called a super-ordered vector if there exists J; > 0 such that
vi=aand v; =" forall 2 <i<n, with 1/(2],) <b <a; and v;,,, = s(J1,v;) for
all 1 <i < n. The set of all super-ordered vectors is called the super-ordered set,

denoted ()gp.

(v) A wvector v €T is called a face-cubic vector if there exists J; > 0 such that v{ = a
and v; = b for all 2 <i <n, with b < 1/(2];) < a; and v;,, = s(J1,v;) for all
1 <i < n. The set of all face-cubic vectors is called the face-cubic set, denoted

Qrc.

Recall that Q,,(J;,/,) is the set of global minimum points of I(J;,/,,v). We re-
spectively say the general face-cubic model is in the disordered, Ising, Potts,
super-ordered, or face-cubic phase if (,,,(J1,/,) is a subset of the set {v,}, (21, Qp,
Qso, or Qgc. To better understand these phases, we can describe the states of the
face-cubic model in terms of colors and spins. The 2n vectors in the state space
can be partitioned into n colors. A state is in color i if the i-th entry is non-zero. In
each color, a state is respectively called spin up or down if the non-zero entry is 1
or —1. Taking n = 2 for example, the state (1, 0) is in color 1 and spin up, and (-1, 0)

is in color 1 and spin down. We can now interpret the various phases in terms of
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-0 [a .

Figure 6.3: Illustration of an Ising vector (top left), Potts vector (top right), super-
ordered vector (bottom left), and face-cubic vector (bottom right). In each
figure, the size of each ellipse represents the fractional occupation of the
corresponding color, while the regions above and below the bar respectively
represent spin up and down.

the ordering of colors and spins. The disordered phase corresponds to both color
and spin disorder. The Ising phase is spin ordered but color disordered. The Potts
phase is ordered in color but not in spin. The face-cubic phase is more subtle.
The color is ordered, but spin is ordered in the dominant color but disordered in
others. The super-ordered phase is both spin and color ordered. These ordered
phases are illustrated in Fig. 6.3 by ellipses. In each figure, we use n ellipses to
denote the fractional occupations of n colors. In each ellipse, a bar is used to

separate the occupations of spin up and down.

6.5.3 Phase diagram

We present in Theorem 6.5.6 the phase diagram of the general n-component face-
cubic model with n = 2 on the (J1,],) plane. The structure of the phase diagram

for n = 2 is shown in Fig. 6.4 to help interpreting the theorem.

Theorem 6.5.6. On the complete graph, the phase diagram of the n-component general
face-cubic model with n = 2 on the (J1,],) plane is separated into two infinite half plane

by a curve C. The values of | on C satisfy 1 < J; < n. Furthermore J; = n for all |, <0.
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n-Potts
Jpe \\ Face-Cubic
<0
Disordered
Ising
0 1 n

Ji

Figure 6.4: Phase diagram for the general n-component face-cubic model on the com-
plete graph with n = 2. The phase diagram is rigorous except the region
—]1 <]2 < 0 when ]1 > 2.

On the left infinite plane, a line |, = n separates the disordered phase and the n-state
Potts phase. On the right infinite plane, the system is in the face-cubic phase for J, > 0,

and in the Ising phase for [, < —J;.

Proof. Recall that phases of the general face-cubic model on the complete graph
are determined by the global minimum points of the rate function I(J,/,,v).

Proposition 6.5.7 states that the minimum of I(J;,/,,v) is a continuous function of

J1 and J,.

We first prove that for n = 2, there are at most five phases on the phase diagram.
Let v € Qn,(J1,/2) (defined in Def. 6.5.4), Lemma 6.5.12 with ¢ = 1 implies that
Vign = 5(J1,v;) for i =1,2. When J; < 0, the function g(J;,x) (see Def. 6.5.3) is
monotonically increasing and thus we have v;,,, = v;. This corresponds to either
the Potts or disordered phase. We next discuss the J; > 0 case, where v;,,, =v; if
v; <1/(2];)and v;,,, <v;if v; > 1/(2];). Forn = 2,if v; <1/(2];), then v3 =v; and
Vv, = V4, which implies that the system is either in the Potts phase or disordered

phase. If v > 1/(2];), the cases v, < 1/(2];) < vy, 1/(2]1) <V, <Vy,and v, = v,
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Figure 6.5: Illustration of five phases by means of the function g(J,,x) and ellipse
diagrams. From top to bottom, they respectively denote the disordered,
Potts, face-cubic, super-ordered, and Ising phases. The curves on the left
plot the function g(J;,x) = logx —2J1x. On the right, we use ellipses to
represent the fractional occupation of colors and in each ellipse, a bar is used
to distinguish spin up and down. One can see both spin and color disorder
in the disordered phase, color order but spin disorder in the Potts phase,
color disorder but spin order in the Ising phase. In the face-cubic phase,
color is ordered and spin is ordered in the dominant color but disordered in
the other. In the super-ordered phase, both color and spin are ordered.

m
A
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respectively corresponds to the face-cubic phase, the super-ordered phase, and

the Ising phase. We illustrate these five phases in Fig. 6.5.

We now separate our discussions into three regions on the (J;,/;) plane: J; <1,
J» <-J1 £0,and J, > 0. We note that the proofs for the first two regions also hold

for n > 3.

Region J; < 1. For J; <1, part (i) in Proposition 6.5.8 gives that Q,,(J;,/,) C
Qp U {vp}. This means if v is a global minimum point, then v;,, = v; for all
1 <i < n. Therefore, finding the minimum of I(J;,/,,v) is reduced to find the

minimum of the following function

=

LY @+ Y mtogtov -tog2.

i=1 i=1
which is independent of J;. This is exactly the rate function of the n-state Curie-
Weiss-Potts model (Ellis and Wang, 1990), if we define v, = 2v; and neglect the
constant log 2. The transition is continuous for n = 2 and of first order for n > 3,
and the critical value J,p, =nforn=2and J,p. = 2(n—1)log(n—1)/(n-2) for

n>3.

Region J, <—J; < 0. Part (iii) in Lemma 6.5.12 with ¢ = 1 tells that F(J,],,V;) =
F(]l,]z,Vj) forall 1 <i,j <m,if Vis a global minimum point. Part (iii) in Proposi-
tion 6.5.11 shows the function F(J;,J, x) is monotonic in this region, thus we have
v;=V;jforall 1 <i,j<n. From part (ii) in Lemma 6.5.12, we know v;,,, = s(J1,7;),
thus v;,,, =vj,, forall 1 <i,j<n. Letv;=xand v;;, =1/n—-xforall1<i<n
with x € [1/(2n),1/n], then the minimum of I(J,],,v) is equal to the minimum of

the following function,

—%(2719( —1)? + nxlog(nx) + (1 — nx)log(1 — nx)

1 J
El(xl —x;)% +x; log x| +x;logx, — i —logn.
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Here we let x; = nx, x, = 1 —nx, and J{ = J;/n. Ignoring the unimportant constant

(_g_z —log n), we notice that this is exactly the rate function for the Curie-Weiss
n

model (Eisele and Ellis, 1983), where a continuous phase transition happens at

J{ =1 (or equivalently at J; = n) for all n > 2.

Region J, > 0. We prove this region only for n = 2. Difficulties for n > 3 in
this region are discussed in the Discussion. We already know that for J; <1, the
line J, = J, p . separates the Potts phase and the disordered phase. In addition,
part (ii) in Proposition 6.5.8 states that the system cannot be disordered or in the
Potts phase when J; > n. In other words, the region J; > n contains some other
ordered phases. From the monotonic properties of Potts and disordered phases
(see Proposition 6.5.10), we know there must be a boundary in the region 1 < J; <n
separating the Potts and disordered phases on the left with some other ordered
phases on the right. We denote this boundary as the curve C. Their monotonic
properties also imply that the line ], = J, p . extends to C. Moreover for n = 2
and 3, since J; = n is the critical point of the standard face-cubic model (J, =0), a
vertical line J; = n is a boundary between the disordered phase and the ordered

phase for all J, <0.

We then discuss the right of C for J, > 0. We separate our discussions into two
parts, J; <2and J; > 2. If J; <2, the right of C is face-cubic ordered since part (iii)
of Proposition 6.5.8 implies that the Ising and super-ordered phases cannot exist
in this region. We then discuss the region where J; > 2 and J, > 0. When J; > 2
and J, = 0, the system is in the face-cubic phase, as indicated in Theorem 6.3.1.
Proposition 6.5.9 says that if Q,(J1,/,) C Qpc, then Q,(J1,], + €) C Qpc for any

€ > 0. So, to the right of C and J, > 0, the system is in the face-cubic phase. O
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6.5.4 Preliminary knowledge needed to prove the phase dia-

gram

Define M(Jy,],) = inf,cqI(J1,]5,v), the next lemma proves the continuity of

M(]11]2) on the (]lr]2) plane'

Proposition 6.5.7. Define M : R? — R via M(Jy,],) = inf,eq I[(J1,]2,v). Then M is

CONtinuUous.

Proof. Note that I(];,],,v) is well-defined for all J;,J, € R and v € (). We need to
prove that for any x(,yy € R

lim M(x,v) = M(x9,70) - (6.5.6)
ll(x,9)~(x0,20)l>0

If p is a vector such that M(xg, o) = I(xg, Vo, #), then

n n
X=X -
M(x,) < 1(x,, ) = M(x0,90) = = (i rin)? =2 2% D (it pin)

i=1 =1

Similarly, if v is a vector such that M(x,y) = I(x,y,v), then

X—X =70
M(x,v) =1(x,v,v) =1(x0,90,V)~ > 0 ?:1(Vi_vi+n)2_y2y Vit vi)?
X—x -
> I(x0, Y0, pt) — 20 ?:1(Vi—Vi+n)2—y—2yO Vit vi)?
X—X )
= M(xp,v0) - 5 L ?:1(Vi_vi+n)2_y2y Vit vi)? .

We have therefore shown that M (x, ) — M(xg, ) is bounded both above and below
by quantities which tend to 0 as ||(x,y) — (xo, ¥o)|| — 0. It follows that Eq. (6.5.6) is

valid for any (xg,v9) € R?, so M is continuous.
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The next proposition gives bounds for the locations of the disordered, Potts, Ising,

and super-ordered phases.

Proposition 6.5.8. Let v € Q,(J1,]>).

(Z) FOT’]l <l,ve QPU{V()}.
(ii) For J1>n,v ¢ QpU{yy}.

(111) For ]1 <mn, V¢ QI U Qso.

Proof. Recall that Q,(J;,/,) is defined in Def. 6.5.4. For part (i), we consider
Ji <0 and 0 <J; <1 separately. If J; <0, then g(J;,x) (defined in Def. 6.5.3)
is monotonically increasing. Lemma 6.5.12 (ii) with ¢ = 1 implies that v;,, =
s(J1,v;) = v; for every 1 <i < n. We then consider the 0 < J; <1 case. Part (ii)
in Lemma 6.5.13 says that x + s(J;,x) is an increasing function of x in the region
[1/(2]1), +o0). Therefore, if v; > 1/(2];), then v; + s(J1,v;) > 1/(2]1) +s(J1,1/(2];1)) =
1/];1 > 1. The facts that v;,, = s(J;,v;) (from part (ii) in Lemma 6.5.12 with c =1)
and s(J1,1/(2]1)) = 1/(2];) are used. So, for 0 <J; <1, we again have v; < 1/(2];)

for all 1 < i < n, which further indicates that v, = s(J;,v;) = v;. Part (i) then

follows, recalling the definition of (Qp and v in Def. 6.5.5.

For part (ii), recall that v; is the largest entry of v (see Def. 6.5.2). Therefore, if
J1 >n, then vy >1/(2n) > 1/(2];), and so s(J;,V1) <v;. Lemma 6.5.12 (ii) with c =1

then shows vy, = s(J;, V1) <V, which implies v ¢ Qp U {v,}.

For part (iii), suppose J; <n. If v € Q;UQgp, then v;,,, <V; for all 1 <i < n, which

implies v; > 1/(2];) for all 1 <i < n. Therefore, Lemma 6.5.13 (ii) shows

— _ 1 1 1
vi+s(J,vi)> 2_]1+S(h’2_]1): 7
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So Lemma 6.5.12 (ii) with ¢ = 1 implies v; + v;;,, > 1/];, which means } /', (v; +

7i+n)>ﬂ/]1>1.SOV€QIUQso. [

Proposition 6.5.9. Let n = 2. If ., (J1,]2) C Qgc, then Q. (J1,], + €) C Q¢ for any

e>0.

Proof. Recall that Q,,,(J;,],) is defined in Def. 6.5.4. For € > 0 and v € Q,

2
E (vi + V1+2

i=1

I(Ji,Jo+€,v)=1(]1,]2,v)

Nlm

Let veQn,(J1,]7). If Qm(]l’]Z) C Qpc, then vy > 1/(2]1) > V3 and Vy=v4 < 1/(2]1)

Let u € Q satisfy that usz = s(J;, 1) and py = s(J1, 42). Suppose p; <vy. Proposi-
tion 6.5.13 (ii) says that f(x) = x + s(J;,x) is an increasing function for all x > 0,

SO

pr+pz =pr+s(J, ) <vy+s(J,vy) =V +vs3,

pr+ps = py s, pn) > po+s(1, pa) = po+ pa
We also have p; + py >V, + v, since Z?:l Ui = Z?Zl v;. Therefore,
Vo+Va<pp+pgs<pp+p3<vi+7vj. (6.5.7)
A straightforward optimization analysis gives
(V2 +74)> + (V1 +73)" > (o + pa)* + (1 + p3)*

From Eq. (6.5.7),

2

i=1

I(]1’]2+€’7) = ]1!]2!

Nlm
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2
< I(Jy ]2 p) %Z{ Vi+ Vi)
o 2
< I(JpJop _E; pi+ piva)?
= I(JuJ2+ep).

So p must not be a global minimum point of I(J,/, +€,v) if y; <.

Let p € Q. (]1,],+€). We now know p; > vy >1/(2];), and so p3 = s(J1, u1) < 1/(2]3).

Since f(x) is increasing for all x > 0, we have

pr+ps=pr+s(Jm) 2vi+s(J,v1) =vi+7vs, (6.5.8)

and so pip+py < V+Vy. Since v, = vy < 1/(2]1), we have pr+pg = pp+s(J1, pp) < 1/]5.
Again, since f(x) is increasing and f(1/(2],)) = 1/];, we have u, <1/(2];) and so
pa =5(J1, u2) = pp. Therefore py > 1/(2]1) > p3 and pp = py, implying p € Qgc. So
QnJi1,J2+€) € Qpc for any € > 0. O

The next proposition shows the monotonicity properties of the Ising, Potts and

disordered phases.

Proposition 6.5.10. Let € > 0.

(i) If Qm(J1,J2) € Qp, then Q. (J1 —€,]2) € Qp.

(i) If Qm(J1,)2) € Qy, then O (J1,])2—€) C Q.

(iii) If Qm(J1,J2) = {vol, then QO (J1 —€,]2) = {vo}.

(iv) If Om(J1,]2) = {vo}, then QO (J1,]2 =€) = {vo}.
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Proof. We first prove part (i). Assume Q,(J1,/;) C Qp. Let v € Q,(J1,/2), then

Vi=V,foralll <i<n,andv;>v,=---=7v,. Fore >0,

n

I(Ji =& Jv) =11, T2 v) +(e/2) Y (vi—vi)? veQ. (6.5.9)

=1

We observe that v also minimize I(J; —¢€, ], v), since ¥ minimizes (e/2)) i ;(v; —

Vi+n)2- It further implies that I(J; —€,],, V) =I1(J1,]2, V).

Let p€Q(J; —¢€,],). From Eq. (6.5.9), we have I(J; —¢€,],, 4) > I(J1,]2, ). Since V is

a minimizer of both I(J;,],,v) and I(J; —€,],, v), we have

I(]l —€,]2,]/l) 2 I(]l:]ZlI’l) 2 I(]l:]Z;v) = I(]l _611217) = I(]l _611211’1) .

The first inequality becomes equality iff y; = p;,,, for all 1 <i < n. The second

inequality becomes equality iff y € Qp. So Q,(J; —€,],) € Qp.

We now prove part (ii). Assume Q,(J1,/2) C Q. Let v be a minimizer of I(Jy,],v),
thenv, =---=v,,>v,,1 =--- =V,,, which further implies v; + v,,,, = 1/n for all

1<i<n. Fore>0,

n

I(J1,Jo—€,v)=1(J1, ]2 v)+(€/2) Y (vi+viin)? veQ. (6.5.10)

=1

We observe that v also minimize I(J;,], — €, v), since v minimizes (e/2)) ", (v; +

Viin)?. It further implies that I(J,,], — €,7) = I(J1, ]2, V).

Let y be a minimizer of I(J;,/, —€,v). From Eq. (6.5.10), we have I(J1,], —€,p) >

I(J1,]2, p). Since Vv is a minimizer of both I(Jy,/,,v) and I(J;,], —€,v), we have

IJu =) 211 0 w) 211, ]2,v) =101, 2 —6,v) =1(J1, ]2 — €, 1) -
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The first inequality becomes equality iff y; +p;,,, = 1/nfor all 1 <i < n. The second

inequality becomes equality iff p € Q. So Q,(J1,], —€) € Q1.

The proof of part (iii) is similar to part (i), and the proof of part (iv) is similar to

part (ii).

Proposition 6.5.11. Let J; > 0and J, e R.

(i) If ], > 0, then F(Ji,],x) increases in (0,1/(2]min)) and decreases in

(1/(2]min)1 +OO)’ with ]min = max(]lr]Z)-

(i1) If ], < —J; <0, then F(J1,],,x) is monotonically increasing in (0,+o0).

Proof. Recall that F(Jq,],,x) is defined in Def. 6.5.3. We use F(x) for F(Jy,],x) for

simplicity. Recall that, if x < 1/(2];) then s(J;,x) = x. In this case we have
F(x) = 2(logx - 2],x) = 2g(]5, %), (6.5.11)

which is monotonically increasing for J, < 0 or for J, > 0 and x < 1/(2],).

We first prove part (i). From Eq. (6.5.11), we see that F(x) = 2¢(J,,x) in the
region (0,1/(2]1)). If J, > J;, then F(x) increases in (0,1/(2],)] and decreases
in [1/(2],),1/(2]1)). If J, < J;, then F(x) increases in (0,1/(2];)]. The function
F(x) is monotonically decreasing in [1/(2];), +0) because both log(xs(J;,x)) and

—2J5(x +s(J1,x)) are decreasing functions, see Lemma 6.5.13.

We then prove part (ii). Again F(x) = 2¢(J,,x) in the region (0,1/(2];)]. If J, <0,
then F(x) is monotonically increasing in (0,1/(2];)]. We next study F(x) in the

region [1/(2];),+o0) with J, = —]J; < 0. The first derivative is

1 5,(]11x)
; " 5(]11x)

2

= X(l _2]15(]1,X)) [1 - (]1 +]2)(x+5(]1,X))+4]1]2X5(]1,X)]

Fl(x) = - 2],(1+5'(J1,x))
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_ 2 ,
Tl U (6.5.12)

From Lemma 6.5.13 (iii), we see that xs(J;,x) > %s(}l, 1/(2]y)) = 1/(4]12), which
1

yields F’(x) < 0. If J, < —J; <0, we can write J, = —J; — € with € > 0, then

2

F = = 2ns0m,%) [

1- 4]12xs(11,x) +e(x+s(J,x)— 4]1xs(]1,x))] .

From Lemma 6.5.13 (ii) and (iii), we see that x+s(J;, x) in increasing whilst xs(J;, x)

is decreasing in (1/(2];),+c0). This implies that

1 1
x+s(J1,x)—4]1xs(J1,x) > =—+5(J1,1/(2]1)) —4]1 =51, 1/(2]1)) = 0.
2] 2]

So F’(x) > 01in (1/(2];),+00), when J, < —J; < 0. Therefore, if J, < —J; <0 then F(x)

is monotonically increasing. O]

We next summarize the lemmas. Define the rate function I(J;,/,,v) (see Eq. (6.5.2))
on A(c) (defined in Def. 6.5.1). We first propose a lemma showing that the global
minimum points of I(J;,],, v) must live in the interior of A(c), and deriving neces-

sary conditions for possible global minimum points.

Lemma 6.5.12. Define the rate function I(J1,],,v) on A(c). Let v € Q)(c) be a global

minimum point of I(J1,],,v), then the following statements hold.
(i) v is in the interior of A(c);

(11) Viyy =5(J1,v;) forall 1 <i<n;

(111) F(]],]z,?i) :F(]l,]z,?j)for all 1 < 1,] <n.

Proof. Recall that the functions s(/;,x) and F(J;,],,x) are defined in Def. 6.5.3, and
Q(c) € A(c) is defined in Def. 6.5.2. Write I(J;,],, v) as I(v) for simplicity. We first
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note that I(v) is bounded in A(c). For 1 <i < n, the partial derivatives are

ol
Ii(v):= 832) = —J1(Vi=Vigw) = J2 (Vi + Vi) +1logvi +1,
ol
Liyn(v):= 8v(-v) = —J1Wign—vi) =2 (vi+ viy,) +1logvi, +1.(6.5.13)
itn| _

Let v lie on the boundary of A(c), then there exists 1 <i,j < 2n such that v; =0

/) _

and v; > 0. If we set v; =€, V]

vi—€ with a sufficiently small € > 0, and vli =V

for k = i,j. The change of I(v) is

I =I(W') = 1(¥) = (Ij(v) = Ij(v)) e + o(e) . (6.5.14)

Since I;(v) — —oco0 as v; — 0" but [;(v) is finite, one has 6] < 0 which implies that v

cannot be a minimum. Part (i) then follows.

We then study part (ii). Let ¥ be a global minimum point, then Vv is in the
interior of A(c) from the above argument. Since v € A(c), from Eq. (6.5.14) we
have I;(v) = [;(v) forall 1 <i,j < 2n. Let 1 <i <nand j =i+n, we have from
Eq. (6.5.13) that

logv; - 2]1vi =log Vi, —2]1Viiy -

Define g(J;,x) =logx —2J;x for J; e R and x > 0, then g(J;,v;) = g(J1,V;4,) for all
1<i<n. If]J; <0, then g(J;,x) is monotonically increasing and thus v;,, =v;. If
J1 > 0, then g(J;,x) increases in (0,1/(2];)] and decreases in [1/(2];), +o0). Since
v eQ,wehavev;,, <V;,and soif v; < 1/(2];) then v;,, < 1/(2];). Therefore, since
2(J1,x) is monotonic for x < 1/(2];), the constraint g(J;,V;.,) = g(J1,V;) implies

that v, =v; = s(J1,v;).
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We next show by contradiction that if v; > 1/(2];) then v;,,, <V;. Let vV =7V, +¢,

-/

= - _ = . P
Vien = Visn—€,and v; =V; for any j # i,i+n. Then

SI=I(V')-1(v) = €;[L i(V) = 2L (V) + Lisin (V)] + 0(€7)
= %2(—4]1+%+_i1+n)+0(e2). (6.5.15)
with
1,i(7) = a;i(; ) L) 3;1((92) = a;i(]; ) -~

The terms associated with first derivatives vanish since v is an extrema. Thus, if v

is a global minimum point, then

1
— > 4] . (6.5.16)

Vi Vi

Ifv;, =v;,,>1/(2];) then oI <0, which implies that v is not a minimum. Part (ii)

of this lemma then follows by noticing the definition of s(J;, x) in Def. 6.5.3.
Finally, we prove part (iii). Using the fact that I;(v) = I;(v) for 1 <1i,j < n, we have

—N (Vi=Vign) =2 (Vi + Vi) +logv; = -] (7]' - Vj+n) -2 (Vj +7j+n)+10g7j :
(6.5.17)
Multiplying Eq. (6.5.17) by 2 and setting Vi, , = s(J;, Vx) for k =1, j (using part (ii)),

we obtain

P(Lvi)+g(]117i)_g(]115(]117i)) = P(]'7]>+g(]117]) _g(]lls(h'vj))

By definition of s(J;,x) (Def. 6.5.3), we have g(J;,x) = g(J1,5(J1,x)) for all x. The

part (iii) then follows. O]

Lemma 6.5.13. For J; > 0and x > 1/(2]7).
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(l) 1/x + 1/5(]1,X) > 4]1
(i1) x+s(J1,x) is an increasing function of x.

(ii1) xs(J1,x) is a decreasing function of x.

Proof. Recall that s(Jq,x) is defined in Def. 6.5.3. We first prove part (i). In the
proof of part (ii) in Lemma 6.5.12, we showed that if ¥ is a minimizer of I(J,/,,v)

on A(c), then 1/v; + 1/v;,, > 4];, see Eq. (6.5.16). We now show that in fact

1/x+1/s(J1,x) > 4]; (6.5.18)

for all x. The J; <0 case is trivial, since s(J;,x) = x and x > 0. The other trivial case
is when J; > 0 and x < 1/(2];), since again s(J;,x) = x and so 2/x > 1/(4];). We now
study the J; > 0 and x > 1/(2];) case. Fix J; >0, x > 1/(2];) and let x +s(J;,x) = c.
The inequality (6.5.18) follows once we show that v = (x,s(J;,x)) is a minimizer
of I(J1,0,v) on A(c) with n = 1. From the definition of s(J;, x), we know (x,s(J;,x))
is an extrema (or saddle point) of I(J;,0,v). Lemma 6.5.14 implies that if v € A(c)
satisfies v, = s(J;,v1) < vy, then ¥ is a local minimum point. So the inequality

(6.5.18) follows.

We then show equality holds only at x = s(J;,x) = 1/(2];). If 1/x+1/s(J1,x) = 4]1,

then s(J1,x) . But from the definition of s(J;, x), we have

_ X
C4fx-1

logx—2Jx =logs(J1,x) - 2J1s(J1, %),

and so
2]1X

log(4]1x— 1)—2]1X+ 4]1x-1 =

(6.5.19)

Elementary calculus shows the LHS of Eq. (6.5.19) is strictly decreasing for all

x >1/(2];). So equality holds only at x = 1/(2];). Part (i) is proved.
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We then consider part (ii). The first derivative of f(x) is

by yoon s 1 1
flr)=1+s(x)= 1—2]15(x)(;+s(x)_4]1)

Since x > 1/(2];), one has s(x) < 1/(2];). Thus f’(x) > 0 iff 1/x+ 1/s(x) > 4], and so

part (ii) follows from part (i).

Finally, we prove part (iii). Define h(x) := xs(J;,x) for J; > 0 and x > 1/(2];), we
have

) , 2 ’
) = (000 = 3

For x > 1/(2],), we have s(J;,x) < 1/(2];) and so 1 —2];s(J;,x) > 0. Part (ii) says

(x+s(Ji,x)=1/]1) .

that x + s(Jq,x) is increasing for J; > 0 and all x > 1/(2];), and thus x + s(J,x) >

1/(2]1)+S(]1, 1/(2]1)) = ]./]1 So h/(X) <0 for all x > 1/(2]1) ]

Lemma 6.5.14. Let n=1,c>0and J, =0. If a € (¢/2,c) is a solution to the equation
logx —2J1x =log(c—x)—-2J1(c—x),

then (a,1 —a) is a minimizer of I(J1,0,v) on A(c).

Proof. Applying Lemma 6.5.12 (i) with n =1 and J, = 0 shows that the minimum

of I(J1,0,v) lies in the interior of A(c). We can rewrite I(J;,0,v) as
1(J;,0,v)=I(J1,x) = —%(2X—C)2 +xlogx + (c—x)log(c—x),

where x = v; and ¢ — x = v, with 0 < x < ¢. The first derivative of I(J;,x) with
respect to x is

I'(J1,x) = =2]1(2x - ¢) + log x —log(c — x) .

Thus, we have I'(x — 0%) — —c0, I’(¢/2) = 0, and I’(x — ¢~) — +oo. Moreover, for

J1 < ¢, one can verify that I’(x) is monotonically increasing and thus x = ¢/2 is the
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Figure 6.6: Plot of I'(J1,x) (left) and I(J1,x) (right) for ] = ¢/2, ¢ and 3¢/2, with ¢ = 1.

only minimum. For J; > ¢, I(x) has three extremas. The point x = ¢/2 is a local
maximum while other two extremas are minimums. Plots of I’(J;, x) and I’(J;, x)
with different values of J; are shown in Fig. 6.6 for interpretation. The lemma

then follows. ]

6.6 Discussion

We study in the first part of this paper the standard n-component face-cubic model
on the complete graph. We prove limit theorems for the magnetization Sy, which
implies that the phase transitions are continuous for n = 2,3 and of first order
for n > 4. This rigorously resolve the longstanding uncertainty about the nature
of phase transition at n = 3. The critical points are also exactly calculated for
n > 2, and for n = 2,3 we simply have . = 1, consistent with the results from the
mean-field approximation. For n > 4, the values of . can be obtained by solving
nonlinear equations. We also study central limit theorems for the magnetization
at all temperatures. At criticality, the central limit theorem for Sy breaks down,
and we show N'/4Sy converges to a distribution which is independent of N. This
yields that E[(N/4Sy)¥] ~ C where k is any positive integer and C denotes a
constant independent of N. Based on this, we obtain the asymptotic behaviors
of the susceptibility x and the specific heat Cy which are defined as y « NE [SI%]]
and Cyy ~ N1 (E[Hz] - E[H]z) Using the fact that H = —NSI%,/Z on the complete
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Figure 6.7: Phase diagram for the general n-component face-cubic model on the com-
plete graph with n = 2. A super-ordered phase is observed in the region
—J1 <J, <0 (J; > 2) by numerically calculating the global minimums of
the rate function.

graph, we have y ~ N2 ~ N% and Cy ~ N? ~ N?~1, This implies the thermal

exponent y; = 1/2 and the magnetic exponent y,, = 1/2, for n = 2 and 3.

We also studied the n-component general face-cubic model on the complete graph.
For n = 2, we prove the existence of disordered, n-state Potts, Ising and face-
cubic phases on the (J;,],) plane. However, there is still an unproved region
where —J; < J, <0 when J; > 2. Two possible scenarios can happen in this region.
Proposition 6.5.8 (ii) states that this region cannot be Potts ordered or disordered.
So, the first scenario is that no other ordered phase exists in this region. From
the monotonic properties of the face-cubic phase (Proposition 6.5.9) and the Ising
phase (Proposition 6.5.10(ii)), we know there exists a boundary such that above
and below this boundary are respectively the face-cubic phase and the Ising phase.
The other scenario is that another ordered phase exists in this region. As we
discussed in Sec. 6.5.3, this ordered phase can only be the super-ordered phase.
Again, the monotonic properties of the face-cubic and the Ising phases guarantee
that the super-ordered phase is located between them. The results obtained by

numerically locating the global minimum points of the rate function support the

166



Chapter 6 — Zhou and Garoni (2015)

second scenario, which is for all J; > 2, a super-ordered phase locates between the
face-cubic and the Ising phases, see Fig. 6.7. Finding a rigorous proof is left as

future work.

For the face-cubic model, the state of a random variable can be rephrased in terms
of colors and spins. Two states w; and w; have the same color if |w; - w;| = 1. In
addition, two states w; and w; have the same spin if w; - w; = 1, opposite spin if
w; - wj = —1. Various phases can be interpreted as the ordering of colors and spins.
The disordered phase corresponds to both color and spin disorder. The Ising phase
is spin ordered but color disordered. The Potts phase ordered in color but not
in spin. The face-cubic phase is more subtle. The color is ordered, whilst spin is
ordered in the dominant color but disordered in other colors. The super-ordered
phase is both spin and color ordered. For the general n-component face-cubic
model on the complete graph, we observed the above five phases on the phase
diagrams for n > 2. We note that the super-ordered phase has not been previously
discovered, even in the n = 2 case which corresponds to the Ashkin-Teller model.
In addition, we note that the 2n-state Potts model is recovered when J, = J;. On
the phase diagram, one can see the 2n-state Potts phase can be taken as a special

case of the face-cubic phase.

In order to better understand the phases of the n = 2 general face-cubic model
on the complete graph, we can compare them with the phases of the Ashkin-
Teller model. We recall that two models can be mutually mapped by defining
2w; = (0; + 1;,0; — T;) with 0;,1; € {~1,1}. Define (o) = limj_,q+(0;);, as the order
parameter for {o;}, with h an external field. We call o is ordered if (o) # 0 and
disordered if (o) = 0. Analogous definitions apply for 7 and o7; the latter is the
product of them. The comparison is summarized in Tab. 6.1. The paramagnetic
phase corresponds to that o and 7 are independently disordered, that is, (o) =0
and (7) = 0. Baxter phase corresponds to ¢ and 7 are independently ordered, that

is (o) = (1) # 0. It is also true that (o 7) # 0 and has the same sign as the product
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(o){(t). The (o) phase is such that (07) is ordered but (o) = (t) = 0. The partially
ordered phase is such that either o or 7 (but not both) is ordered, that is, (¢) # 0
(T)y=0)but(r)=(o7) =0 ((0) =(oT) =0). It is straightforward to verify that the
above four phases correspond respectively to the disordered, face-cubic, Potts and
Ising phases in the n = 2 general face-cubic model. The super-ordered phase has
not been observed in the Ashkin-Teller model, which in fact corresponds to both

o and 7 ordered but (o) = (7).

A common feature is observed in the five phases of the GFC model. Let vV be a
global minimum point of the rate function, and for 1 <i < n define v; +v;,, as
the fractional occupation of color i. The common feature is that, in all phases, at
least (n—1) colors all have the same occupation. In other words, there can be at
most one dominant color. When they are all equal, we have color disorder and it
corresponds to either the disordered phase or the Ising phase. When there exists a
dominant color, we have color order and this corresponds to the Potts, face-cubic
or super-ordered phases. This seems a quite natural conjecture, and a common
sense in the study of phase transitions. However, to rule out the possibility of
other phases for the general face-cubic model with n > 3 is difficult. We note that,
conditioned on the natural conjecture, the hase diagrams for n > 3 can also be

proved rigorously.

Finally, let us mention another cubic model, the n-component corner-cubic model,
the state space of which is ¥ = {1,-1}". On the complete graph, the Hamiltonian

of the corner-cubic model can be written as

n N
Z( w;j, w;j) = Zwakwﬁk— Z wqarwpk - (6.6.1)
aﬁ— aﬂ 1 k=1 a,p=1

Since wy is either 1 or —1, it is exactly the superimposition of n independent
Curie-Weiss models. Thus, there is a continuous phase transition at . = 1 for all

integer n > 1.
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Ashkin-Teller n = 2 general face-
cubic

Paramagnetic phase Disordered phase

Baxter phase Face-cubic phase

(o7) phase Potts phase

Partially ordered phase Ising phase

Not observed Super-ordered phase

Table 6.1: Comparison of phases in the Ashkin-Teller model and the n = 2 general
face-cubic model on the complete graph.
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Chapter 7

Conclusion

/.1 Estimating thresholds and critical exponents
for the percolation and directed percolation

models

The contributions of this thesis consist of three parts. First, by extensive Monte
Carlo simulations, we provide precise estimates of percolation thresholds and
universal parameters for some percolation and directed percolation models. These
universal parameters are considered essential in understanding the nature of phase
transitions, as revealed from the renormalization group theory. Precisely locating
thresholds are also crucial since corrections associated with the deviations from
criticality can be largely suppressed. In this thesis, our estimates are either new or
improvements of previous results. To be specific, for bond and site percolation
on the simple-cubic lattice in Chapter 2, our reported estimates of percolation
thresholds and critical exponents are more precise than previous results. We also
improve estimates of various universal amplitudes, wrapping probabilities, ratios

associated with the cluster-size distribution, and the excess cluster number. We
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also studied the bond and site directed percolation models on (d + 1) dimensions
on simple-cubic and body-centered-cubic lattices in Chapter 3, with 2 <d < 7.
Generally, our estimates of thresholds and critical exponents are much more
precise than previously known results, especially in high dimensions where no

previous estimates are available.

/.2 Geometric structure of percolation clusters

In addition to estimating percolation thresholds and universal parameters, our
study also provide insights to understand the geometric structure of percolation
clusters in Chapter 4. For critical bond percolation on the square lattice, we show
that the density of bridges and nonbridges both tend to 1/4 for large system sizes.
In (Elgi et al., 2015), the authors derive an exact and more general formula for the
density of bridges, that is 1/(2(1 +4/q)), for the critical random cluster model with

0 < g <4 on the square lattice.

On the square lattice, we have found that leaf-free configurations have the same
fractal dimension and hull dimension as standard percolation configurations,
while bridge-free configurations have cluster and hull fractal dimensions consis-
tent with the backbone and external perimeter dimensions, respectively. This
observation is also confirmed for site percolation on the triangular lattice and bond
percolation on the simple-cubic lattice. We also extend our study to the general
random cluster model with 0 < g < 4 in two dimensions. Results from Monte Carlo
simulations show that the leaf-free configurations have the same fractal dimension
and hull dimension as the corresponding standard random cluster configurations.
It would also be of interest to determine whether the fractal dimensions of cluster
size and hull length for bridge-free random cluster configurations again coincide

with dg and dg when g = 1.
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Motivated by the nontrivial properties of leaf-free clusters, we then consider a leaf-
excluded percolation model which is defined as independent bond percolation
conditioned on the absence of leaves in Chapter 5. We study this model on
the square and simple-cubic lattices via Monte Carlo simulation, using a worm-
like algorithm. Our results imply that the phase transition of the leaf-excluded
percolation model belongs to the standard percolation universality class. It would
also be of interest to study a bridge-excluded percolation model, which can be
defined as independent bond percolation conditioned on the absence of bridges.
Intuitively, one would expect that large clusters are broken into a collection of
small clusters, and thus the critical behavior would change dramatically. To

numerically confirm this scenario would be interesting.

7.3 Phase transitions of an n-component face-

cubic model on the complete graph

We finally rigorously study phase transitions of an n-component face-cubic model
on the complete graph in Chapter 6, by a large deviations analysis. Limit theorems
are proved for the magnetization, which reveals that the phase transitions are
continuous for n < 3 and of first order for n > 4. This clarifies the longstanding
uncertainty about the nature of the phase transition for n = 3. Both thermal and

magnetic exponents are 1/2 for n < 3.

We also rigorously study the phase diagram of a general n-component face-cubic
model on the complete graph. We prove the phase diagram for n = 2 on the (/1,/;)
plane, except the region —J; < J, < 0 when J; > 2. We proved that at least four
phases exist on the phase diagram: disordered, Ising, Potts, and face-cubic. In

the unproved region, we numerically observe a new ordered phase. We call it the
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super-ordered phase, since spins and colors are ordered simultaneously. Proving

the existence of the super-ordered phase is one of our future work.

In our future work, we will first prove the existence of the super-ordered phase for
n =2, and then try to prove the phase diagram of the general n > 3 cases. In fact,
two proved regions J; <1 and J, < —J; for n = 2 can be directly applied to the n > 3
cases. However, other regions for n > 3 are difficult to prove. A major obstacle is
the validation of a conjecture, that is, that there are at most one dominant color in
any phase of the general face-cubic model. This seems a quite natural conjecture,
and a common sense in the study of phase transitions. However, finding a rigorous

proof is difficult.
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