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Abstract

Current design guidelines allow structures to dissipate seismic energy through plastic

deformations. As a result, a fire following an earthquake would find a structure in a

weaker state than what had been originally assumed during its fire-resistant design.

This thesis aims to investigate the potential changes that the mechanical properties

of construction materials experience under earthquake-then-fire loading sequence.

Earthquake and fire are both extremely random events, so before any attempt to

investigate their effects in the material scale, they have to be projected into a more

quantifiable form. For this purpose, in the following work, a post-earthquake fire

event is replaced by a multi-phase loading history that includes cyclic loading at

ambient temperature followed by exposure to high temperatures. In order to make

the findings of this research widely applicable to current and future structures, this

thesis focuses on two of the most common construction materials: mild steel and

normal strength concrete.

The results of this research indicate that a prior history of cyclic loading can signif-

icantly affect the ductility and strength of steel and concrete at elevated tempera-

tures. These variations in material properties have great implications when it comes

to post-earthquake fire analyses, suggesting that any history of cyclic loading should

be included in the post-earthquake fire-resistant design of a structure. Therefore, it

is desirable to establish a relationship for each mechanical property, not only as a

function of temperature but also the level of damage induced by cyclic loading.

Developing predictive models is a main objective of this thesis. For this purpose, a

generic model has been proposed for steel and concrete. This model takes advantage

of a special class of functions known as Bézier curves. The proposed model proves to

be highly versatile, in the sense that it can successfully take the effect of temperature

and pre-induced damage into account. In addition to Bézier curves, more advanced

models have also been incorporated in this research. This includes the theory of

plasticity for steel and the discrete element method for concrete.

The knowledge gained from this study is not only useful when it comes to design-

ing new structures, but is also suitable for assessing the fire-resistant capacity of

structures that have already sustained an earthquake. Moreover, the results of this

research can be used to develop fire-resistant guidelines for structures located in

earthquake-prone areas.
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1.1 Motivation

Post-earthquake fire (PEF) also known as fire following earthquake (FFE) is cate-

gorised as a multi-hazard event. In this thesis, post-earthquake fire refers to a fire

acting on a structure that has previously been damaged through seismic loading.

Design guidelines allow structures to dissipate seismic energy through plastic defor-

mations. Therefore, in cases where an earthquake is followed by fire, the structure

can not be assumed to be holding its full fire-resistant capacity. This calls for gaining

a better understanding on the high temperature behaviour of construction material

after being partially damaged under cyclic loading.

The probability of an earthquake and a fire outbreak are not mutually exclusive. In

fact, from a probability point of view, the likelihood of a fire outbreak is amplified

through a seismic event. The occurrence of an earthquake can increase the potential

of a fire through:

- Damage to utility systems, such as gas lines or electrical lines initiating the

fire.

- Malfunction of automated fire extinguishing facilities such as sprinklers.

- Damage to water supply systems, and restricting road access causing difficulty

fire-fighter units.

As a result, post-earthquake fires, when they take place, can be a major issue in

seismic prone areas. Experience has shown that the conflagrations following an

earthquake can possibly result in more damage than the earthquake itself. From

a historical point of view, it is important to mention the past occurrences of this

extreme event and its casualties. For example, post-earthquake fires accounted for

80% of the total losses in the 1906 San Francisco earthquake [1]. Among the buildings

lost during the 1923 earthquake of Tokyo, 77% were due to the fires following the

earthquake [2]. The fires that followed the 1906 San Francisco and 1923 Tokyo

earthquake are among the largest peacetime urban fires known in history. Although

the post-earthquake fires of Loma Prieta (1987), Northridge (1994), Kobe (1995),

Tohoku and Kanto (2011) were less severe, they still caused major damage [3, 4].

All of this is compelling evidence that post-earthquake fires should be considered

by current design codes. The research presented in this thesis looks at the problem

from a structural mechanics standpoint, whereby the aim is to gain the knowledge

required to design structures that are fire resistant, even after sustaining seismic
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damage. In other words, this research does not attempt to devise strategies to

prevent post-earthquake fire, but aims to extend the knowledge on the matter and

hence, limit the possible damage it can cause.

1.2 State of the art

Most of the research carried out in the context of post-earthquake fire consists of

structural scale simulations. Della Corte et al. [5] demonstrated through case studies

that fire resistant capacity is highly affected by the extent of damage sustained by the

earthquake. They used a superposition approach to develop a model for the damaged

structure. In this model, they considered the residual structural geometry as well

as the degradation of mechanical properties of the members (not material) due to

plastic deformations. At the same time, the high temperature material properties

of steel were determined according to Eurcode 3. By doing this, they showed that

a structure designed for the serviceability limit state sustains less reduction in its

fire-resistant capacity when compared to a structure that is design for the ultimate

limit state. In fact, while the former suffers a reduction of less than 10%, the latter

is shown to sustain a significant loss. They concluded that fire-safety guidelines

should take into account the seismic activity of the area and advise more stringent

requirements for seismic prone regions.

Zaharia and Pintea [6] argue that risk management for post-earthquake fires can

be achieved from a local scale (the structure) as well as a global scale (the region).

Their study was carried out in the local scale where they evaluated the fire resistance

time of structures which were previously damaged through seismic loading. They

demonstrated that the time is influenced by the level of damage as well as the type

of fire, i.e. standard or natural fires. The most significant difference was observed

when the damaged structure suffered a global collapse mechanism rather than a local

one. This work also reports that if the structure is over-designed for seismic loading,

its remaining resistance after an earthquake can suffice to resist a subsequent fire.

A full-scale test of a partially damaged reinforced concrete frame under fire was

carried out by Sharma et al. [7]. In their work, a single story frame consisting of

four columns, four beams and a slab was tested. The frame was first subjected to a

cyclic lateral load, whereby quasi-seismic damage was induced. Following the cyclic

loading, the frame was then exposed to a fire reaching a temperature of 1000◦C.

The experiment was carried out for three structures with different levels of initial
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seismic damage. Numerical simulations of the response were also carried out in this

study.

Imani et al. [8] carried out experiments and numerical simulations on the per-

formance of double-skin concrete filled columns under post-earthquake fire. The

columns were first subjected to lateral cyclic loads which resulted in residual drifts.

This was followed by exposure to a standard fire curve until the columns failed due to

local buckling. Three columns with different degrees of initial damage were tested in

this program (no damage, moderate and high). They reported that the fire-resistant

capacity of the columns were almost the same, whereby the highly damaged sample

resisted the fire only 5 minutes less than the undamaged sample (which resisted for

65 minutes).

Memari et al. [4] carried out a series of numerical simulations on the behaviour

of low-, medium- and high-rise structures. The structures that they considered

were moment resisting frames with reduced beam section connections. Nonlinear

time-history analyses were carried out in order to induce seismic damage. The

temperature-dependent properties of the material were taken according to Eurocode

3. The damaged structure was then analysed against a time-temperature curve.

They reported a series of parameters affecting the global as well as the local response

of the structures.

OpenSees is an open source framework for seismic analysis of structures. The code

is currently being extended for fire analysis by different researchers. Among this,

Khorasani et al. [9] modified the thermal module of OpenSees for post-earthquake

fire analysis. Their modification allows a coupled seismic-temperature analysis to

be carried out. This itself allows Monte Carlo analyses to be performed based on

uncertainties in the fire load density as well as the yield stress and the elastic modulus

of steel. They carried out simulations of a 4-bay 9-story 2-dimensional frame for

their parametric study.

Song et al. [10] investigated the behaviour of steel beam to column connections

through experiments and numerical simulations. The connections were initially

subjected to cyclic loads and then exposed to high temperatures. In this word, the

temperature variation followed the standard fire curve. During the temperature rise,

a constant load was applied to the end of the beam. They reported the significant

influence of pre-induced cyclic damage on the subsequent fire-resistant capacity of

the connections.
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From the aforementioned examples of the research carried out on the topic of post-

earthquake fire, it is clear that most researchers have investigated the problem in the

structural scale, and mainly through numerical simulations. These simulations usu-

ally involve a two-phase loading scheme, whereby the structure is subjected to cyclic

loading in the first phase followed by a temperature rise in the second phase. In this

fashion, the damage induced by cyclic loading (in the form of residual deformations)

is carried over to the second phase. However, in the absence of a true model for the

behaviour of the damaged material, temperature is the only independent parameter

that is used to determine the mechanical properties of the material in the second

phase. In other words, it is assumed that the material (not the structure) behaves

as though it had never been subjected to cyclic loading. This raises concerns over

the accuracy and reliability of the simulations.

1.3 Thesis objectives

Following the available research mentioned in the previous section on the behaviour

of structures under post-earthquake fire, the question that needs to be answered

is whether the cyclic action of the first phase affects the behaviour of the material

under high temperature in the second phase, and if it does, to what extent? Hence,

in the search to answer this question, the following objectives have been defined for

this thesis.

It is also important to mention that the available research on the individual effects

of cyclic loading and high temperatures have been taken into account in designing

the methodologies [11–20].

1.3.1 Objective 1: Experimental investigation

Experimentation constitutes an important part of this thesis. An extensive dataset

exists in the literature on the mechanical response of construction materials when

subjected to the individual action of cyclic loading or high temperature. Using exist-

ing research on these individual effects, hypotheses can be made on their combined

or sequential action. However, inevitably, actual experiments have to be carried out

for the validation and verification of these hypotheses.
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As a general rule, standard guidelines have been followed in this research for sample

preparation and experimental procedures. However, deviations from standards have

been made, where the modifications were necessary for the purpose of the thesis and

where they could be justified from a theoretical or practical standpoint.

The results of this study are intended to pertain to both new and existing structures.

In addition, in order to make the findings of this research applicable to a wide range

of current and future structures, the following materials are considered:

- Structural grade mild steel (300 MPa)

- Normal strength concrete, with a 28-day target strength of 35 MPa

For either of the materials, full stress-strain curves are recorded from the experi-

ments. This allowed for the extraction of the mechanical properties that are re-

quired for numerical modelling. It should be noted that the raw data obtained

from experiments were always accompanied with random fluctuation of strain val-

ues. These fluctuations were carefully filtered out of the measurements to results in

clear parametric values, however, without affecting the actual response.

1.3.1.1 Steel experiments

Steel specimens (Fig. 1.1a) used in this study were made of grade 300 mild steel

[21], taken from the flange of 200UB22.3 hot rolled sections [22]. Preparation of

the samples was consistent with the requirements of ASTM E21-92 [23] and ASTM

E606-92 [24]. Samples were loaded through two holes on each end. Loading through

two bolts provides more resistance against cyclic buckling, and at the same time,

eliminates the need for high strength bolts in the configuration.

High temperature tests on steel can be carried out in two forms: transient-state,

where the temperature is increased while the sample is under a constant load and

steady-state, where the load is increased as the temperature is kept constant. Al-

though the transient-state test method is a more realistic reflection of a fire scenario,

the steady-state method is commonly used by researchers since it is easier to per-

form, gives stress-strain curves directly and can be readily used for model calibration.

The steady-state test method is therefore used in this research work. All samples

are subjected to a two-phase load history involving an ambient-temperature cyclic

loading (phase 1), followed by a monotonic tensile load at elevated temperature
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Figure 1.1: Geometry of samples use in high temperature experiments. (a) Steel

samples and (b) concrete samples.

(phase 2), in other words:

- Phase 1. Induction of cyclic damage.

- Phase 2. Determination of mechanical properties at elevated temperature.

The time gap between the two phases was small enough to not allow for any strain

aging effect to take place [25]. Hence, when it comes to the analysis of cyclically-

damaged steel structures under fire, using the experimental results of this study is

limited to scenarios where the fire immediately follows the seismic loading. With

the number of cycles and the strain amplitude serving as variables for the cyclic

phase, and temperature being the variable for the monotonic phase, their combined

influence on subsequent mechanical properties of structural steel at elevated tem-

peratures was examined. Over 120 steel samples were tested in this program. This

also includes experiments carried out on control samples which had no pre-induced

cyclic damage, and were tested under tension at elevated temperatures. It is worth

mentioning that a secondary series of tests were also carried out on steel samples

under transient-state testing conditions. These tests were not as comprehensive as

the previous tests under steady-state conditions, however, they served as verifica-

tion to an analytical method proposed for converting the steady-state response to

transient-state response.

The experiments carried out in this research gives insight to the behaviour of mild

steel under post-earthquake fire conditions. The information can be used for practi-

cal design guidelines, as well as more accurate simulations of steel structures under

a fire following and earthquake.
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1.3.1.2 Concrete experiments

Cylindrical samples of normal strength concrete (28-day target strength of 35 MPa)

were cast, cured and tested in this program (Fig. 1.1b). The guidelines of the ASTM

standard [26, 27] were considered in the casting and testing of the concrete samples.

When it comes to the effect of high temperature on concrete [28], two main methods

can be listed:

- Hot state. Stressed/unstressed tests at high temperatures.

- Cold state. Tests carried out after cool-down from high temperatures

‘Hot’ state testing involves concurrent heating and loading on the sample. Stressed

and unstressed hot tests are usually carried out in conjunction to one another [29, 30]

and differ based on whether the sample is loaded during temperature rise or not.

Once the temperature reaches its target value, a monotonic load is applied until fail-

ure. The existence of stress during heating leads to complex micro-mechanical inter-

actions. However, the general finding is that stressed samples sustain less strength

loss when compared to unstressed ones [28].

In contrast to ‘hot’ state testing, in a ‘cold’ state test, the sample is allowed to cool

down to room temperature before being subjected to any load [20, 31]. The mechan-

ical properties obtained from a cold-state test are usually referred to as ’residual’

properties. The relation between cold-state and hot-state strength varies depending

on temperature. It has been reported that up to a temperature of 300-400◦C, resid-

ual strength is higher than strength at high temperature. However, as the exposure

temperature rises beyond this range, the relation becomes reverse and the residual

strength is measured to be less than the strength at high temperature.

After careful consideration of the advantages and disadvantages of ‘hot’ and ‘cold’

state testing, it was decided to focus this study on the residual mechanical properties

of cyclically-damaged specimens after being exposed to elevated temperatures (‘cold’

state testing). The main reasons can be summarised as:

- Lack of a standard method for testing of concrete under high temperature.

- It has been shown that if a generic model was to be established for concrete

as a function of temperature, its strength under cold conditions is lower than
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hot conditions [32]. In fact, Eurocode 4 suggests a further reduction (up to

10%) for cold properties as opposed to hot properties. Therefore, from a design

point of view, cold strength can be viewed as a lower limit compared to hot

strength.

- The same study also shows that cold properties involve more data scatter

when compared to hot properties, therefore, cold state testing is in more need

of experimentation. This has been attributed to the additional environmental

effects that take place during the cooling regime, such as cooling rate and

ambient moisture.

- The occurrence of delayed failure is an important issue caused by the reduction

of concrete strength as the temperature drops. This is especially important

for composite members, and in particular for composite columns, as shown in

[32, 33]. Such failure is argued to be more dangerous than a typical failure at

high temperature.

- Available literature on cold properties are more comprehensive than hot prop-

erties (over three times more, [32]), allowing the present research to be com-

pared to (and validated against) the work of more researchers.

As a result, the experimental program followed for concrete differs from the one

carried out for steel in the sense that it looks into residual properties after cooldown

rather than properties at high temperature. The test program in this part is divided

into three separate phases:

- Phase 1. Induction of cyclic damaged.

- Phase 2. Exposure to elevated temperatures.

- Phase 3. Determination of residual properties after cooldown.

More than 140 concrete samples were cast and tested by the end of the study.

The experiments carried out in this research provides the information required for to

determine the strength of concrete members and structures after a post-earthquake

fire scenario. The information can be used for practical design guidelines, as well as

for a more reliable model for concrete structures.
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1.3.2 Objective 2: Numerical modelling

Creating numeric models from experimental results is the second main objective

of this thesis. In fact, experimental programs were designed based on the needs

for creating a numeric model. Note that the models dealt with in this work are

in the material scale. In selecting these models, consideration was also given to

their possible use in structural scale analyses. This research aims to lay out the

foundation for creating models that are suitable for steel, concrete and composite

members. This concept has been schematically illustrated in Fig. 1.2.

Numerical Numerical

Steel

Experimental

Concrete

Experimental

Bezier curves Discrete element

High performance

computing

Constitutive

plasticity

Figure 1.2: Combining studies on steel and concrete for the creation of models for

various steel-concrete members.

When it comes to application, material models can be divided into two main cate-

gories based on the context that they are meant for:

- Models suitable for engineering purposes.

- Models suitable for research purposes.

Engineering models are usually in the form of empirical equations. These models

usually don’t have a thermodynamics basis, and are effectively only used to inter-

polate between experimental results. While the usage of such models is limited,

their simplicity is their advantage for engineering design purposes. On the other
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hand, for a model to be used for research purposes, it has to have a wider range

of applications. Models with this feature are usually based on laws of physics and

are hence mathematically more complex than engineering models. Both types of

models are dealt with for each of the materials involved in this research.

1.3.2.1 Modelling of Steel

Many empirical stress-strain models exist for steel and stainless steel materials at

ambient temperatures. Examples are the models proposed by Ramberg and Os-

good [34], Richard and Abbott [35], Rasmussen [36]. Based on these, more complex

models have been proposed to represent the behaviour of steel at elevated tempera-

ture. An example is the stress-strain-temperature equation developed by Poh [11].

However, such models only treat strain and temperature as independent variables.

Whether these models are meant to calculate mechanical properties or stress-strain

curves, the temperature variable is ‘hard-coded’ into these models. Therefore, it is

quite difficult to extend them to include additional variables such as the damage

parameter sought after in this research. In order to overcome this shortcoming,

a generic model was proposed in this thesis based on the Bézier formulation and

Bézier curves. By doing this, the inclusion of a damage parameter (or any addition

parameter) was drastically simplified.

In addition, constitutive plasticity models were also used in this thesis for research

applications. Plasticity models are already well established, however, where they

fall short is the lack of a reliable method to determine their intrinsic parameters.

Calibrating a material model is the key to accurate simulation, and doing so for a

multi-phase response of the material is especially important. This was accomplished

in this work using theorems of multi-objective optimisation, whereby the model is

calibrated for a tradeoff between its accuracy in simulating monotonic and cyclic

behaviour. Moreover, the method is fully automated and does not require any

decisions from the operator.

The numerical models developed in this study allow for a more comprehensive

stress-strain relationship which takes previous damage and temperature into ac-

count. These models can be used to determine the post-earthquake fire-resistant

capacity of steel structures.
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1.3.2.2 Modelling of concrete

As for an empirical model for concrete, further utilisation of the Bézier formulation

was made. Similar to steel, this method was shown to be able to effectively reproduce

the changes that mechanical properties of concrete suffer from cyclic damage and

temperature exposure.

Although the finite element method has been used in the literature for predicting the

behaviour of concrete, it has inherent shortcomings when it comes to simulating dis-

continuities. Concrete behaviour highly depends on the formation and propagation

of cracks, and from a mathematical point of view, cracks can be seen as disconti-

nuities. Therefore, the finite element method will fall short when cracks start to

form. On the other hand, the discrete element method can tackle discontinuities

quite well. This approach also has the advantage of being able to simulate the in-

teraction between each and every particle. As a result, the discrete element method

was selected as a physics based model in this research to simulate the behaviour of

concrete at high temperatures. While the model prepared for the means of this the-

sis is still in early development, it has shown high potential for future applications.

Combining the effect of cyclic loading and the effect of elevated temperatures on

concrete material is the next step in the development of this model.

As a result of this research, the numerical model developed for concrete can be used

to determine the capacity of concrete structures after a post-earthquake fire.

1.4 Thesis Layout

This section describes the layout of the thesis. An overview of the structure is

illustrated in Fig. 1.3.
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Chapter 1. Introduction

Part I

Steel

Chapter 2. Mechanical properties of cyclically-damaged structural mild steel at
elevated temperatures

Chapter 3. Stress-strain-temperature relationship for cyclically-dmaged struc-
tural mild steel

Chapter 4. A multi-objective optimization approach to the parameter determi-
nation of constitutive plasticity models

Part II

Concrete

Chapter 5. Effect of size on the response of cylindrical concrete samples under
cyclic loading

Chapter 6. Effect of temperature on the mechanical properties of concrete under
cyclic loading

Chapter 7. A micro-mechanical parametric study on the strength degredation of
concrete using a 2-phase discrete element model

Chapter 8. Conclusions and Future Work

Figure 1.3: Thesis layout and structure.

Chapter 1: Introduction

This chapter presents an overall view of the thesis. Detailed literature review and

comprehensive discussions are given in the chapters that follow. The thesis has been

divided into two main parts. Part 1 deals with the work carried out on structural

mild steel, while part two involves normal strength concrete. Both parts include

experimental and numerical studies, and present the results obtained for each ma-

terial. With the structure of the thesis being in the form of ‘publications’, results,

discussions and conclusions on the findings have been presented in journal-paper

format.

Part 1. Steel

This part of the thesis covers the experimental and numerical works carried out on

mild steel. This is presented in the form of three chapters based on three published

papers.

Chapter 2: Mechanical properties of cyclically-damaged structural mild

steel at elevated temperatures

This article deals with the experimental work carried out to determine the effect

of pre-induced damage on the subsequent response of mild steel at elevated tem-
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peratures. A literature review is given on cyclic testing and high temperature tests

on steel. Based on available evidence, a hypothesis is made on the effect of cyclic

loading on the subsequent response at high temperatures. An experimental pro-

gram is designed and carried out on grade 300 structural mild steel. The variation

of mechanical properties are presented as a function of temperature and the level

of pre-induced damage. Stress-strain curves at elevated temperatures are also given

for cyclically-damaged steel.

Chapter 3. Stress-strain-temperature relation for cyclically-damaged struc-

tural mild steel

This study utilises the results of the previous chapter to numerically reconstruct

stress-strain curves for any given damage level and temperature value. The model

created for this purpose is shown to be robust and versatile. This is accomplished

through the use of Bézier formulations and Bézier curves. It is demonstrated that us-

ing generic formulations such as Bézier curves eliminates the need for the derivation

of complex equations. While the proposed formulation is developed for two indepen-

dent variables (temperature and damage level), it is possible to further extend it to

include addition independent variables. In addition, it is also demonstrated that the

Bézier formulation can be used to extrapolate available results to outside the tested

range. Aside from that, the proposed model has the advantage of being converted

into an inverse relation at no additional computation cost. While most relations

given in the literature can only calculate stress as a function of strain, the proposed

model is shown to be able to calculate strain as a function of stress, or even strain as

a function of stress and temperature. This is arguably the most important feature

of the formulation, especially when it comes to analysing full scale structures under

fire scenarios, where deformations are to be calculated in terms of the applied loads

and a transient temperature.

Chapter 4. A multi-objective optimisation approach to the parameter de-

termination of constitutive plasticity models for the simulation of multi-

phase load histories

One of the major problems of advanced physical models, such as the theory of

plasticity, is the absence of a generic approach for parameter identification. This

study develops a general method using established mathematical properties of multi-

objective optimisation methods. The stress-strain curves from the previous chapters

is used for this purpose. Although using optimisation techniques for parameter de-

termination has been preformed by other researchers in the past, the novelty of the

present work is in that it determines the parameters with respect to multiple re-

sponses (hence, multi-objective optimisation). In this case, the monotonic response
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of the material and its cyclic response are treated at the same time, and while

previous researchers have successfully created models that give accurate results for

each case individually, this research makes sure that the model has adequate accu-

racy for both cases at the same time. This is shown by validating the calibrated

model against experimental stress-strain curves that were not used in the calibration

process.

Part 2. Concrete

The experimental and numerical studies on normal strength concrete is described

in this part. This is presented in three chapters based on one published paper and

two other papers that are currently under review.

Chapter 5. Effect of size on the response of cylindrical concrete samples

under cyclic loading

This study investigates the relationship between sample size and the mechanical

properties observed during experimentation. With cylindrical samples being of in-

terest, the diameter and aspect ratio (height-to-diameter) of the samples are taken

into account. Doing so gives insight, not only into the variation of monotonic and

cyclic properties in terms of size parameters, but also into the reproducibility of the

data (data scatter). This can be viewed as a form of sensitivity analysis and the

gained knowledge is of value for future experimental work. This work also looks into

the damage index as a measure of the induced cyclic damage and compares different

definition of this index with one another.

Chapter 6. Effect of pre-induced cyclic damage on the mechanical prop-

erties of concrete exposed to elevated temperatures

The effect of temperature on partially damaged samples is investigated in this chap-

ter. The experimental program of this study follows the previous chapter by ex-

posing the cyclically-damaged samples to elevated temperatures. Once the material

has been sequentially subjected to the two actions (cyclic loading and high temper-

ature), its residual mechanical properties are determined through compression tests.

Bézier curves are used to express the relation between residual properties in terms

of temperature and damage level.

Chapter 7. A micro-mechanical parametric study on the strength degra-

dation of concrete by using a 2-phase discrete element model
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In this study, a 2-dimensional discrete element model is developed to simulate the ef-

fect of high temperature on concrete. With aggregate particles and mortar particles

constituting the 2 phases of the model, the effect of high temperature is induced

into the virtual sample by two means: thermal incompatibility of the aggregate-

paste structure and degradation of the mortar matrix. Temperature is raised to

different target values using different values for the coefficient of thermal expansion

for the aggregates and the mortar matrix. Mechanical properties are determined

under compressive loading. The observations made in this work reveal the effec-

tiveness of the discrete element approach in modelling the behaviour of concrete

under the effect of high temperatures. These lay the basis for developing a more

comprehensive model for the prediction of the damage caused by subsequent action

of cyclic loading and elevated temperatures on concrete.

Chapter 8. Conclusions and future work

The main outcomes of this thesis are summarised in the final chapter. These are

either based on experimental results, or numerical simulations. This chapter also

gives a list of recommendations for future work on the subject matter. The rec-

ommendations are justified through the results of this thesis, and either relate to

experimentation or numerical modelling.
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Abstract

The mechanical response of a structural element not only depends on the inherent

properties of the materials which constitute the element, but also on the history of

any loads it had been previously subjected to. An important instance of this is the

response of steel structures under post-earthquake fire. This research aims to inves-

tigate the potential changes that the mechanical properties of structural grade mild

steel experience under such a loading sequence. The experimental results presented

in this paper indicate that a prior history of cyclic loading significantly affects the

proceeding ductility and strength of grade 300 steel at high temperatures. This

implies that any history of cyclic loading should be included in the post-earthquake

fire-resistant design of structures.

Keywords

Mild steel; Elevated temperature; Cyclic loading; Mechanical properties; Post-

earthquake fire

2.1 Introduction

In view of the high probability of fires following an earthquake and the extent of the

damage associated to them, interest has been shown towards a better understanding

of these extreme scenarios. One recent investigation towards this understanding is

the work of Tanaka [1] which involves the characterisation and categorization of the

different types of fire that followed the 2011 Great East Japan Earthquake.

In the context of structural design, fire is generally considered as an independent

event regardless whether it was spontaneous or preceded by an earthquake. However,

with design codes being directed towards the performance based design philosophy,

distinction should be made between ordinary fire and seismic-induced fire. While

seismic-induced fire resistance still remains a single design objective, its relevant

guidelines and expressions must constitute elements of the fire as well as the pre-

ceding seismic loading. Moreover, one can also argue that even if an earthquake

is not succeeded by a fire, appropriate guidelines are still necessary to determine

the fire resistance capacity of the structure and to assess the need for fire related

rehabilitation of a seismically damaged structure.

One aspect of fire related research involves the assessment of temperature distribu-

tion and propagation within structural elements. Such an assessment was carried
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out by Ding and Wang [2] for unprotected connections and by Chlouba and Wald

[3] for partially embedded connections. The result of such analyses is the tempera-

ture profile within a structural element. On the other hand, another aspect of fire

related research is the assessment of member capacity degradation at elevated tem-

peratures. This degradation is due to the thermo-mechanical phase changes that

structural steel exhibits at elevated temperatures. An example of such research is

the work of Ding and Wang [4] on different types of composite connections. This

work involved transient state experiments, whereby the connection is subjected to

a constant load as the temperature is increased. It was concluded that even the

most simple connection types are able to develop substantial catenary action before

ultimate failure.

While experiments similar to the one done by Ding and Wang [4] only involve the

fire resistance of structural elements, research work has also been carried out on

the post-earthquake fire resistance of steel structures and their elements. The post-

earthquake fire resistance of plane frames was numerically evaluated by Della Corte

et al. [5]. In this work, seismic-induced damage was modelled by decomposing the

total damage into a geometrical and a mechanical component. Fire analyses were

then carried out on a structure containing the superposition of these damage com-

ponents. The work of Zaharia and Pintea [6] is another example of research on post-

earthquake fire resistance carried out in the structural scale. This work concluded

that the level of seismic damage affects the fire resistance time of a structure. As an

example for the post-earthquake fire resistance in the structural element scale, one

can point to the work of Pucinotti et al. [7], which investigated the seismic-induced

fire resistance of composite welded beam-to-column joints.

Regarding the behaviour of structural elements, when comparing the available data

on fire resistance as opposed to post-earthquake fire resistance, the former clearly

dominates the latter. Similarly, this is also true in the material scale when it comes

to the behaviour of structural steel at high temperatures and its post-cyclic be-

haviour at high temperatures. However, although not much data is available for the

material response of structural grade steel under a post-earthquake fire scenario,

extensive effort has been made for the understanding of its behaviour at elevated

temperatures. For example, the mechanical properties of structural steel at elevated

temperatures were investigated by Outinen and Maekelaeinen [8]. This work not

only involves the comparison of steady-state and transient-state tests, but also ex-

amines the mechanical properties after cool-down. The mechanical properties of

high strength structural steel (750 MPa yield strength) at elevated temperatures

were compared to those of mild steel (360 MPa yield strength) by Chen et al. [9].
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This work concluded that up to temperatures of 500◦C the reduction factors con-

cerning the yield strength and elastic modulus are quite similar for the two steel

grades. Various high-temperature relationships expressed in American and Euro-

pean standards were compared with respect to experimental data by Kodur et al.

[10]. These included mechanical properties such as strength, as well as thermal

properties such as specific heat and thermal conductivity. This work also compared

the overall fire resistance predicted by different design codes.

In contrast to the above mentioned investigations on the fire resistance of steel,

this paper deals with the post-earthquake fire-resistance of this material. It should

be noted that when it comes to the definition of post-earthquake fire, this paper

incorporates it in the same sense that is defined by Della Corte et al. [5], i.e. the state

of high temperatures succeeding a cyclic loading history at ambient temperature.

This is in contrast to another definition used by for example Kumar et al. [11], which

involves the state of ambient temperature succeeding a cyclic loading history and a

heating-cooldown cycle.

In terms of uncertainty, earthquake and fire are both extremely random events.

Therefore, before any attempt to investigate their effects, they have to be converted

into a more quantifiable form. For this purpose, in this paper, the post-earthquake

fire scenario is replaced by a two-phase loading history that includes a cyclic load

at ambient temperature followed by a monotonic tensile load at elevated temper-

ature. Three variables have been proposed for consideration in this program: the

amplitude of the cyclic load representing the intensity of the structures oscillations

during an earthquake, the number of cycles representing the duration of the oscilla-

tions, and the temperature of the tensile phase of loading to represent the action of

fire. Mechanical properties are then derived under different combinations of these

variables and the results are plotted and compared to the ones obtained without a

prior history of cyclic loading.

2.2 Experimental program

2.2.1 Test material and specimen

All the specimens used in this study were made of grade 300 mild steel [12], approx-

imately equivalent to ASTM A633A, taken from the flange of 200UB22.3 hot rolled
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Table 2.1: Chemical composition of grade 300PLUS steel.

C Si Mn S P

0.25% 0.50% 1.60% 0.040% 0.040%

t =4.5

Figure 2.1: Sample geometry (in mm)

sections [13]. The chemical composition of grade 300 steel is given in Table 2.1.

Preparation of the samples was consistent with the requirements of ASTM E21-92

[14] and ASTM E606-92 [15]. The specimen geometry is illustrated in Fig. 2.1. Ac-

tual dimensions of the cross section of the coupon specimens were measured using

a micrometer. Both faces of each specimen were ground to give uniform thickness

and a smooth finish across the entire surface. Specimens were restrained by means

of two 12 mm high strength bolts at each end.

2.2.2 Test method

There are two major methods of performing elevated temperature tests: transient-

state, where the temperature is increased while the sample is under a constant load

and steady-state, where the load is increased as the temperature remains constant.

While the transient state test method reflects a fire scenario more realistically, the

steady-state method is commonly used since it is easier to perform, provides stress-

strain curves directly and can be readily used to calibrate models. The steady-state

test method is therefore used in this research work.

All samples are subjected to a two-phase load history involving an ambient-temperature

cyclic load (phase 1), followed by an elevated temperature monotonic tensile load

(phase 2). The test set-up used in this work to perform both phases of loading is
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shown in Fig. 2.2. This strain-controlled loading history is illustrated in Fig. 2.3a as

a function of time, whereby ∆εc, Nc and Tm act as the test variables. The outcome of

this loading history is the variation of stress with time given in Fig. 2.3b. Note that

in these figures, the dashed line represents the ambient-temperature cyclic phase of

the load history, while the solid line represents the elevated temperature monotonic

tensile phase. With all of the samples being of the same material and dimensions,

the difference between test cases is in their loading histories. Hence, different test

cases are denoted in the form of A�C� T�, where the blank box (�) in front of

A, C and T are respectively filled in by the strain amplitude (in percentage) of the

first phase, the number of cycles of the first phase and the temperature (in degrees

Celsius) of the second phase. For instance, A1C3 T020 represents a loading history

with 3 cycles of 1% strain amplitude followed by tension at room temperature, and

A2C9 T600 represents a loading history with 9 cycles of 2% strain amplitude fol-

lowed by tension at 600◦C. Fig. 2.4 illustrates the stress-strain response under the

A1C3 T020 load history. Similar to Fig. 2.3, the dashed line in Fig. 2.4 represents

the cyclic phase and the solid line represents the tensile phase. It is observed in

Fig. 2.4 that peak stresses tend to increase as the strain-controlled cyclic loading

progresses. This indicates that the material has cyclic hardening properties. For

cyclically hardening material, if loading is carried out in stress-controlled cycles,

peak strain values will drop as the cycles progress.

A minimum of two samples were tested for each individual case and their results were

averaged. However, if for a specific case, any of the mechanical properties (elastic

modulus, yield stress, etc.) had a deviation of more than 5% from the average value,

a third sample was also tested and included in the averaging.

2.2.3 Cyclic phase at ambient temperature

For the cyclic phase, a special fixture was designed to prevent the specimens from

buckling about the weak axis as they go into compression. This fixture was com-

prised of two 12 mm plates with aligned holes in order to be fastened by appropriate

bolts (Fig. 2.5). The inner faces of these two plates which would be in contact with

the specimen were polished and greased to yield minimum friction. Loads were

applied by an Instron test machine (model 5982) with a capacity of 100 kN. Axial

force values were attained by the machine’s built-in transducer, while strains were

accumulated by a non-contact MTS laser extensometer (model LX1500). The laser

extensometer was targeted towards the thickness of the sample with an effective
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(MTS LX1500)
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Figure 2.2: Test set-up for the two-phase experimental program.
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Figure 2.3: Time variation for the multi-phase loading history (a) Strain variations

and (b) Stress variation.
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Figure 2.4: Stress-strain hysteresis curve for sample A2C3 T020.

Figure 2.5: Sample placement within the anti-buckling fixture.

gage length equal to 18 mm. Tests were carried out in displacement control, with

the displacement being appropriately adjusted for the strain rate at yield to be equal

to 10−4 s−1, which is within the 0.005± 0.002 min−1 range specified by ASTM E21-

92 [14]. Two different values were used for the strain amplitude (∆εc), namely 1%

and 2%, whereby the 2% strain value coincides with the onset of hardening, and

the 1% strain value is midway between initial yield and the onset of stress harden-

ing. These values are considered to be reasonable as means for design as well as for

model development. As for the number of cycles, two different values of Nc = 3 and

Nc = 9 were used. These values were selected with respect to cyclic stabilisation

of the stress-strain response, which for this material happened at around 6 cycles.

Hence, 3 cycles is a state where the material has not yet become cyclically stabilised

and 9 cycles is past stabilisation. Note that as shown in Figs. 2.3a and b, the cyclic

phase of loading ends at zero-stress and the tensile phase starts from that very same

point.
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thermocouples

23.5 mm

23.5 mm

Figure 2.6: Thermocouple placement at three locations on the sample.

2.2.4 Post-cyclic tensile phase at elevated temperature

Tensile tests were carried out as steady-state experiments, i.e. loading at constant

temperature. The setup of the experiment was similar to the cyclic stage. However,

since there was no need for the anti-buckling fixture, it was removed prior to starting

the test in order to have a visual on the initiation of necking. The temperature was

raised by means of an Instron environmental chamber (model 3119-408) with a

maximum capacity of 600◦C. The variable for the monotonic tensile phase is the

temperature at which it was performed (Tm in Fig. 2.3). Heating was carried out at

a rate of 10◦C min−1 up to 4 different elevated temperatures, namely 150◦C, 300◦C,

450◦C, 600◦C. Thermal expansion was allowed by maintaining a zero load as the

temperature increased. During this, the temperature of the sample was logged using

three thermocouples attached to three different locations on the sample’s surface

(Fig. 2.6). Loading was initiated once the temperature of these three points had

stabilised with a variance of less than 2% relative to the target temperature. The

time duration required to reach this stabilised state varied from 20 minutes for a

target temperature of 150◦C to 90 minutes for 600◦C.

With the loading being in displacement control, the displacement rate was accord-

ingly adjusted for the strain rate to fall within the range of 0.005 ± 0.002 min−1

specified by ASTM E21-92 [14]. Strain values were accumulated as before using the

non-contact laser extensometer. Thermal elongations have been removed from all

the strain values reported in this paper. Loading as well as data accumulation was

continued at a frequency of 4 Hz until failure. However, only the data attained up

to the ultimate strength are presented here, since strain readings after the initiation

of necking become significantly inaccurate.
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2.3 Results and discussion

The variation of different mechanical properties are derived and discussed in this

section. With the properties of the monotonic tensile phase at elevated temperature

being of primary interest, Fig. 2.7 is presented to introduce the selected properties.

These include the elastic modulus (E), yield stress (fpr, f0.5, f1.5 and f2.0), ultimate

stress (fu), ultimate strain (εu, corresponding to fu) and tangent moduli (E2.0, E4.0).

Results are all given in the form of reduction factors, with the base values being the

ones obtained from sample A0C0 T020 which is essentially a standard tensile test

are room temperature with no history of cyclic loading.

For the sake of discussion, in regards to the sample codes proposed in the form of

A�C� T�, whenever one of the parameter variables is substituted with a blank

box, it should be taken to mean the entire range of values for that parameter. For

example, A1C3 T� is equivalent to saying all of the samples with 1% amplitude

and 3-cycle loading history, regardless of the temperature of the second phase.

Another issue worth mentioning at this point is that although it is reasonable to

assume that at some point the mechanical transitions caused by high temperatures

become dominant over the changes caused by the cyclic history, as it is discussed

later, this appears to not happen until the very end of the range covered in this

program, i.e. 600◦C.

Before presenting the results, it is also worth mentioning that given the chemical

composition of the steel used, this material gains hardened properties as the temper-

ature rises up to about 150◦C. However, the hardened properties tend to diminish as

the temperature approaches 380◦C, which afterwards, the material starts to soften.

This behaviour was witnessed during testing and is observed in the following results.

This behaviour is also reported by Poh [16] on the same steel grade and is discussed

in [17].

Figs. 2.9, 2.10, 2.11 and 2.12 illustrate the variation of each of the aforemen-

tioned tensile properties as a function of the test parameters, i.e. ∆εc, Nc and

Tm. As mentioned before, all values are normalised using the corresponding value

for A0C0 T020.
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Figure 2.7: Selected mechanical properties relative to the stress-strain curve.

2.3.1 Full stress-strain curves

For comparison reasons, the full range stress-strain curve of samples A0C0 T020,

A0C0 T450, A2C9 T020 and A2C9 T450 are presented alongside each other in

Fig. 2.8. The changes that stress-strain curves exhibit due to elevated tempera-

ture as well as a prior history of cyclic loading is clearly seen in this figure. These

changes include, the decrease in yield stress, ultimate stress and ultimate strain

caused by heat, as well as the increase in yield stress and decrease in ultimate strain

caused by cyclically-induced damage.

Note that all of the following results, specifically strain-based ones, were taken with

respect to the original state of zero strain. In other words, all strain values are

absolute strains as opposed to being relative to the strain at the beginning of the

high temperature tensile phase. Consequently, the strain at the beginning of the

high temperature tensile phase is not zero. This can be deduced by observing

Fig. 2.8. The reason for this is mainly due to the fact that ending the cyclic phase

at zero stress is more feasible than at zero strain. However, this does not raise

concern over the strain based parameters, such as the ultimate strain, since it has

been long established that even at elevated temperatures, stress-strain curves trace

their original paths upon unloading and reloading [18], especially if the unloading is

within the elastic region, as is in this case.

2.3.2 Elastic modulus

Fig. 2.9 illustrates the variation of the elastic modulus with temperature in the form

of a reduction factor. This reduction factor is defined as the ratio of the elastic

modulus at an elevated temperature to its value at ambient temperature. The

monotonic decrease of the elastic modulus as the result of increasing temperature
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Figure 2.8: Stress strain curves up to ultimate stress and the effect of pre-induced

damage. At (a) 150◦C, (b) 300◦C, (b) 450◦C and (d) 600◦C.

is the expected behaviour and is observed here. In this figure, the variation of the

elastic modulus reduction factor is compared to the expressions given by the AS4100

[19], Eurocode 3 (EC3) [20] and AISC [21] standards, as well as the expression given

by Poh [16]. Note that the variations observed in this work are very similar to

the variations reported by Poh [16], which is predictable, since both curves are

results from testing the same material, i.e. grade 300 steel. However, compared to

the AS4100 and EC3 design expressions, the values obtained from this study are

higher within the entire tested range (20− 600◦C). Note, that as opposed to other

mechanical properties, the existence of a prior history of cyclic loading has no effect

on the elastic modulus. This is confirmed in Fig. 2.9 by the small scatter of data

points obtained using different levels of pre-induced damage at each temperature

value.

2.3.3 Yield stress

In the absence of a uniform definition of yield stress given by different design codes,

researchers tend to present and compare stress values at different strain levels,

namely the 0.2% proof stress as well as stresses corresponding to 0.5%, 1.5% and

2.0% strain values [22, 23]. These are all defined in Fig. 2.7. The same approach has

been taken in this paper, whereby reduction factors for stresses corresponding to
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Figure 2.9: Elastic modulus reduction factor.

different strain levels are presented in Figs. 2.10a to d. The 0.2% proof stress (fpr)

is defined as the intersection point of the stress-strain curve and the proportional

line offset by 0.2% strain. The 0.5%, 1.5% and 2.0% strengths denoted by f0.5, f1.5

and f2.0, correspond to stress values at each specific strain level. The values are all

obtained directly from the test results of each specimen and then averaged for each

test case. For cases where serration was observed in the stress-strain curve (all the

A�C� T150 test cases) stress values were obtained by averaging the stress over a

small vicinity of the desired point. Using this method, a smooth curve was attained

for the entire data range, wherein the desired stress value was taken from.

Note that in Fig. 2.10, the solid line with no markers represents test cases without

a cyclic history (A0C0 T�). In regards to the A0C0 T� test cases, it is observed

that for fpr and f0.5, the reduction factor decreases monotonically as the temperature

rises, however, for f1.5 and f2.0, the reduction factor slightly rises at first and then

starts to drop as the temperature further increases. It is also observed that for fpr

and f0.5, the A0C0 T� test cases are more consistent with AS4100 [19] and Poh

[16], while the data corresponding to f1.5 and f2.0 seem to follow the EC3 [20] and

AISC [21] expressions. As opposed to this, the solid lines with markers represent test

cases with a history of cyclic loading. The significance of having a previous history

of cyclic loading is clearly observed in Fig. 2.10, whereby fpr, f0.5 f1.5 and f2.0 all

exhibit a substantial increase as a result of the prior cyclic history. Moreover, the

results also show that within the ranges considered in this study, stress values are

more affected by the amplitude of the cyclic phase (∆εc) than the number of cycles

(Nc). For all of these cases, the value of f initially increases as the temperature

rises from ambient temperature, reaches its maximum at around 150◦C and begins

to drop afterwards. This rise and fall of the yield stress is attributed to the hardened

properties of mild steel caused by phase changes mentioned before. By comparing

to the expressions given by AS4100 [19], EC3 [20], AISC [21] and Poh [16], it is
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Figure 2.10: Reduction factor for different stress levels. (a) Proof stress fpr, (b) f0.5

corresponding to ε = 0.5%, (c) f1.5 corresponding to ε = 1.5%, (d) f2.0 corresponding

to ε = 2.0%.
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clearly observed that none of the expressions are suitable for samples with a cyclic

history, whereby the test results obtained for these cases can be up to 100% higher

than the values predicted by those expressions. As discussed in Section 2.3.2, for

the elastic modulus, it was outlined that the variation of the A0C0 T� curve agrees

well with the expression given by Poh [16], which was associated to the fact that the

same material was used in both investigations. However, when comparing the same

curves, this time for yield strength, the previous agreement is not observed. This

can be traced back to the fact that the variation of the yield stress given by Poh

[16] is not in fact the variation that was observed in experiments, but the variation

of the yield stress that was used in the mathematical expressions used to describe

the stress-strain curves.

Another prominent feature of the yield stress variations depicted in Fig. 2.10 is

observed at the near end of the temperature range, i.e. 600◦C. At this temperature,

it appears that all A�C� T� curves converge with the A0C0 T� curve. This

implies that at this temperature, having a cyclic history is predominated by the

high temperature, and hence the yield strength effectively becomes a function of

only one variable which is the temperature.

2.3.4 Ultimate stress

The ultimate stress is an important parameter since it directly affects the ductility

and the ultimate capacity of a structure. The variation of ultimate stress, denoted

by fu, is presented in Fig. 2.11a. The most noticeable property of these graphs is the

fact that the existence of a cyclic history has negligible effect on the ultimate stress.

This is deduced by the fact that all of the data with cyclic history follow the same

curve as the one without a cyclic history (A0C0 T�). It has already been mentioned

that this type of steel tends to attain hardening properties up to a temperature of

150◦C. This is clearly evident in Fig. 2.11 for all of the samples, regardless the

existence of a history of cyclic loading or not.

2.3.5 Ultimate strain

As the counterpart for the ultimate stress fu, the variation of the ultimate strain

εu with temperature is illustrated in Fig. 2.11b. The ultimate strain is defined as

the strain corresponding to the ultimate stress, and is also an important parameter
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Figure 2.11: Reduction factor for (a) Ultimate stress and (b) Ultimate strain.

when evaluating the ductility of a structure, or in other words, its ability to reach its

ultimate capacity. Fig. 2.11b shows a fluctuation of the ultimate strain with rising

temperature for sample A0C0 T� that had no previous cyclic history. With the

presence of a cyclic history, the same pattern is followed, however, with a signifi-

cant reduction in the value of εu as the cyclic-phase parameters (∆εc and Nc) are

increased. While the ultimate stress was observed to not be affected by a previous

history of cyclic loading (Fig. 2.11a), the ultimate strain shows to be influenced by

such a history (Fig. 2.11b). Moreover, with respect to the variables of the cyclic

phase, while the number of cycles (Nc) and the amplitude of the cycles (∆εc) both

affect the ultimate strain, the influence of the latter is more prominent than the

former.

The sensitivity of εu to the cyclic loading history is due to the movement of dislo-

cations within the crystal structure of the material as the cyclic load goes well into

the plastic region and then changes direction [24]. This by itself causes an increase

in strength (for cyclically hardening materials) and a decrease in ductility, which

eventually leads to the decrease of ultimate strain.

2.3.6 Tangent modulus

Fig. 2.12 presents the tangent modulus of the stress-strain curve at strain levels

of ε = 2.0% and ε = 4.0%, respectively denoted by E2.0 and E4.0, as a function

of ∆εc, Nc and Tm. As was the case for other mechanical properties, hardening

characteristics can also be seen for both of the tangent moduli at temperatures

around 150◦C. Another feature observed in Figs. 2.12a and b is that the existence
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Figure 2.12: Reduction factor for tangent modulus (a) corresponding to ε = 2.0%

(b) corresponding to ε = 4.0%.

of a previous history of cyclic loading causes a significant decrease in the tangent

modulus. Moreover, both E2.0 and E4.0 are more affected by the magnitude of the

cyclic phase (∆εc) than the number of cycles (Nc). Note that for A2C3 T� and

A2C9 T�, no value is given for E2.0 and E4.0 at 600◦C, since for these cases, the

corresponding strain levels were past the ultimate strength of the material. Tracing

the variation of the tangent modulus at specific strain levels allows more accurate

analysis deformations. This is especially important when it comes to the local

buckling of structural members at high temperatures [25].

2.4 Conclusions

The aim of this research was to gain a fundamental understanding of the effects that

a prior history of cyclic loading has on the subsequent monotonic properties of grade

300 structural steel at elevated temperatures. For this purpose, steel specimens were

initially subjected to a number of strain-controlled cycles, and then monotonically

loaded in tension at different temperatures until failure. With the number of cycles

and the strain amplitude serving as variables for the cyclic phase, and temperature

being the variable for the monotonic phase, their combined influence on subsequent

mechanical properties of structural steel at elevated temperatures was examined.

Where admissible, the variations observed in this program were compared to the

variations given by design code expressions. The following conclusions can be drawn

from the experimental results:

1. By comparing complete stress-strain curves attained at elevated tempera-
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tures without pre-damage to their counterparts that include cyclically-induced

pre-damage, it is revealed that high temperature mainly contributes towards

strength reduction as well as reduction in ductility, while cyclic-induced dam-

age mainly contributes towards the decrease in ductility. Moreover, both tem-

perature and pre-damage have noticeable effects on stiffness.

2. While both variables of the cyclic loading phase (∆εc and Nc) were observed to

influence the subsequent tensile properties of steel, it is evident that within the

range used in this program, the effect of the amplitude (∆εc) is more significant

than the number of cycles (Nc). In order to generalise this conclusion, further

experiments must be performed with higher number of cycles.

3. In view of the variations of fpr, f0.5, f1.5 and f2.0 against temperature and

cyclic load variables, it appears that at 600◦C, curves with cyclically-induced

damage start to converge with the curve without cyclically-induced damage.

This implies that at this temperature, the effect of high temperature begins

to dominate the effect of pre-damage and hence, the effect of pre-damage on

fpr, f0.5, f1.5 and f2.0 becomes insignificant.

4. Regarding the variation of the yield stress with temperature, the difference

between design code expressions and the values observed in this research seem-

ingly imply that design code expressions are too conservative when it comes

to the post-cyclic behaviour of structural steel. However, when coupled with

the loss of ductility due to the decrease in the ultimate strain (εu) and the

loss of stiffness due to the decrease in the tangent moduli (E2.0 and E4.0),

the combined behaviour becomes much more complex, and not necessarily

conservative. This calls for more elaborate design expressions that are not

only a function of temperature, but are also a function of the intensity of the

previously sustained cyclic loading.

5. As a function of the load variables (∆εc, Nc and Tm), different mechanical

properties display different variational patterns. Hence, for future investiga-

tions, different forms of equations must be used to express those patterns or a

new unified general equation must be developed that is capable of tracing all

forms of the patterns.
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Abstract

Experimental results suggest that the mechanical properties of mild steel at elevated

temperatures are affected by the cyclic load history previously applied to the ma-

terial. This has great implications when it comes to post-earthquake fire analyzes.

Therefore, it is desirable to establish the relationship for each mechanical property,

not only as a function of temperature but also the damage induced by the cyclic

load history. To achieve this goal, a special class of functions known as Bézier curves

have been utilized in this research. These functions are used for the construction

of stress-strain curves that depend on temperature and the amplitude of the pre-

viously applied strain cycles. Actual experimental results are used throughout the

process for calibration and validation purposes. The proposed model proves to be

highly versatile in the sense that it can successfully take the effect of temperature

and pre-induced strain cycles into account, making it applicable to post-earthquake

fire analyzes.

Keywords

Mild steel; Stress-strain; Mechanical properties; Temperature; Cyclic loading; Bézier

curves

3.1 Introduction

As a result of the importance of fire resistant structural design, the behaviour of

different types of steel at elevated temperatures has been the subject of interest

for many researchers [1–6]. While one side of the story is extracting behavioural

patterns through experiments, the other side is expressing the relationship between

stress, strain and temperature. These relationships are developed with the intent of

being used either for research or in design guidelines.

Among these relationships, the one given by Ramberg and Osgood [7] is widely

accepted. This expression produces a continuous curve commonly used for repre-

senting stress-strain responses that don’t have distinct yield points. Another con-

tinuous curve used for the stress-strain relationship is the one developed by Richard

and Abbott [8], which has the capability of tracing the strain softening portion of

the response. Both equations given by Ramberg and Osgood [7] and Richard and

Abbott [8] involve three parameters; namely the elastic modulus (E), a reference

stress (σo) and a non-linearity parameter (n) which determines the curvature of the

transition between the elastic and plastic parts of the curve.
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With the Ramberg-Osgood relation becoming increasingly inaccurate at higher stress

levels [9], many modifications have been made to the original equation for its im-

provement. For example, the advantage of a modified model to trace the stress-strain

response of stainless steel, over the original model, is demonstrated in [9]. At the

cost of increased complexity, a versatile stress-strain relationship has been presented

by Poh [10]. This relation is capable of producing all tangential discontinuities of a

complete stress-strain response, including the upper yield point, lower yield point,

yield plateau and the initiation of strain hardening. However, the expression requires

10 parameters to trace these features.

As temperature rises, mechanical properties change, even to the point that some

parts of the original stress-strain curve vanish, e.g. the upper yield peak and the

plastic yield plateau. This calls for a stress-strain-temperature relationship capable

of making the transition from ambient temperature to elevated temperatures. To

tackle this problem, the expressions given by Rasmussen [9] and Mirambell and Real

[11], were used by Chen and Young [12, 13] as the basis of a new equation that is valid

up to the ultimate stress. Moreover, the stress-strain relation proposed by Poh [10]

was effectively utilised in a subsequent paper [14] to include the effect of temperature

on the stress-strain response, hence, producing a stress-strain-temperature relation.

Kodur et al. [3] compared Poh’s relation [14], along with other high-temperature

relationships given by American and European standards, to available experimental

data. They also compared the overall fire resistance predicted by different models.

As a next step, if stress-strain-temperature relations are extended further to in-

clude the effect of previously applied loads, such an equation can be used to analyse

the response of pre-damaged steel structures at elevated temperatures. This can be

directly related to a post-earthquake fire scenario, where a cyclically-damaged struc-

ture is exposed to a subsequent fire. The experimental results recently presented

by Sinaie et al. [15] cover the changes that the mechanical properties of cyclically-

damaged structural mild steel exhibit at elevated temperatures. The present paper

aims to establish a relationship for those mechanical properties as a function of tem-

perature and the amplitude of the pre-applied strain cycles. The main purpose of

this relation is to act as a user-defined material model for finite element packages

such as OpenSees [16] and ABAQUS [17] in the analysis of seismically-damaged steel

structures under fire. Moreover, such relations can also be used in semi-analytical

formulations developed for the analysis of steel structures at elevated temperatures

[18–20].

It is worth mentioning that the behaviour of the material under cyclic loading is
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not the subject of simulation in this paper. Consequently, the effect of the history

of cyclic loading is implemented in the proposed model through a parametric value

representing the amplitude of the strain cycles. Simulating the cyclic behaviour

of steel requires more advanced models such as the ones based on the constitutive

theory of plasticity [21–26]. Due to the importance of the cyclic response of steel in

seismic analysis, its numerical simulation has been explicitly dealt with in another

paper by the authors [27].

3.2 Experimental background

This section provides a brief description of the experiments carried out by Sinaie

et al. [15]. Although only relevant information are presented here, details can be

found in the original paper. The experiments involved grade 300 mild steel samples,

all of which were subjected to a two-phase load history. The first phase was the

damage-induction phase in the form of cyclic loading at ambient temperature. This

was followed by the second phase where the remaining strength of the pre-damaged

material was evaluated through tensile testing at different temperature levels. The

complete strain-controlled loading history is illustrated in Fig. 3.1a as a function of

time, whereby ∆εc, Nc and Tm act as the test variables denoting the amplitude of

the cycles, the number of cycles and the temperature, respectively. The outcome of

this loading history is the variation of stress with time given in Fig. 3.1b. Note that

in these figures, the dashed line represents the ambient-temperature cyclic phase

of the load history (damage induction), while the solid line represents the elevated

temperature monotonic tensile phase (strength evaluation). With all of the samples

being of the same material and dimensions, the difference between test cases is

in their loading histories. Hence, different test cases are denoted in the form of

A�C� T�, where the blank box (�) in front of A, C and T are respectively filled

in by the strain amplitude (in %) of the first phase, the number of cycles of the

first phase and the temperature (in ◦C) of the second phase. Fig. 3.2 illustrates the

stress-strain response during the second phase of the load history for a number of

test cases. These figures contain the mechanical properties of cyclically-damaged

grade 300 mild steel at elevated temperatures. Numerical reproduction of these

variations is the goal of the present paper.

It should be mentioned that the variables of the cyclic phase, i.e. Nc and ∆εc in

Fig. 3.1 have distinct damaging effects on the material. However, for the ranges

of Nc and ∆εc covered in the experiments, the damage caused by the amplitude is
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more prominent than the number of cycles [15]. Therefore, from this point forward,

the effect of Nc is omitted and the level of damage is implied through the strain

amplitude of the cyclic phase (∆εc). Although this omission is not necessarily valid

for Nc < 3, it does not harm the goal of this research, since it has been shown that

typical earthquakes have at least 3 effective cycles [28]. However, further tests have

to be conducted at higher number of cycles to reach a definite conclusion for values

outside the range considered in this research.

It should also be mentioned that in the two-phase experiments conducted by Sinaie et

al. [15], the elevated-temperature phase followed the cyclic damage-induction phase

within a time gap small enough to not allow for significant strain aging. Hence, when

it comes to the analysis of cyclically-damaged steel structures under fire, using the

experimental results of [15] is limited to scenarios where the fire immediately follows

the seismic loading. The strain aging effect as well as the post-cooling behaviour

of the steel material is currently being investigated at Monash University. It is

worth noting that the generality of the formulations given in the following sections

allows such effects to be easily implemented in the analysis, either by a single overall

parameter, or as independent parameters.

3.3 Current stress-strain-temperature relations

In the course of expressing stress as a function of strain and temperature, various

explicit relations have been presented by different researchers. Examples of such

equations are described and compared to each other by Kodur et al. [3] and Poh

[14]. Due to the flexibility and robustness of the equations proposed by Poh [14],

a modified version of it is used in this paper for comparative reasons. The original

relation involving 10 parameters (β1-β10) is hereby modified by setting β6 = 0. Doing

so simplifies the equation by eliminating the upper yield peak from the original

model. Note that by setting β6 = 0, β7 also vanishes from the equation. In order to

be consistent with their original definitions, the remaining βi’s are not re-indexed

here. Hence
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σ =
ε

2|ε| [a1 − |a2|+B2B3] (3.1a)

a1 = β1|ε|+ β4 (3.1b)

a2 = β1|ε| − β4 (3.1c)

B2 =
(β2 − β3)b[

1 +

∣∣∣∣(β2 − β3)bβ5

∣∣∣∣β9
]1/β9 + β3b (3.1d)

B3 = 1 +
|b| − |b− β10|

β10
(3.1e)

b = |ε| − β8 −
β4
β1

(3.1f)

where σ and ε denote the values of stress and strain at a given state and the βi’s

are parametric values which determine the shape of the stress-strain graph. The

definition of the βi’s is illustrated in Fig. 3.3.

Each βi is by itself a function of temperature, therefore, allowing the stress-strain

curve to transform continuously as the temperature rises. For example, the variation

of the βi’s can be expressed as [14]
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βi =
G1

G2

+G3 (3.2a)

G1 = (γi2 − γi1)(2T − γi3 − γi4) (3.2b)

G2 = 2

[
1 +

∣∣∣∣2T − γi3 − γi4γi4 − γi3

∣∣∣∣γi6]1/γi6 (3.2c)

G3 =
1

2
(γi1 − γi2)(γi3 − γi4) + γi1T + γi5 (3.2d)

where the γi’s are parametric values calibrated against experimental data.

Explicit stress-strain-temperature relations in the form of Eqs. (3.1) and (3.2) are

widely accepted and used in research. Being capable of reproducing many char-

acteristics observed in experiments, the above-mentioned equations are very good

examples of a robust stress-strain relation. However, they also have shortcomings,

which can be summarised as follows:

- They are computationally expensive; having to combine multiple arithmetic

operations to be able to reproduce tangential discontinuities in one single re-

lation.

- Some parameters don’t necessarily have a physical meaning, and only exist to

control the shape of the graph (e.g. β9 and β10). Such parameters have to be

determined by curve fitting techniques.

- Due to the complexity of the equations, they cannot be easily used to calculate

strain in terms of stress and temperature. Being able to do so is especially

useful when analysing structures under fire conditions.

- It is difficult to introduce new components to an existing equation, for example,

to add a damage component to an existing stress-strain-temperature relation.

To overcome these issues, a new type of formulation is presented through the util-

isation of 2nd-degree Bézier curves. The proposed method not only shows to be

as robust as Eqs. (3.1) and (3.2), but also overcomes the problems pertaining to

explicit relations.
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3.4 Proposed model

Two approaches can be taken to develop stress-strain relations that are highly repre-

sentative of actual experimental observations. One approach is to combine different

arithmetic operations to produce a single complex equation capable of tracing the

stress-strain curve and all of its tangential discontinuities. Eq. (3.1) falls in this cat-

egory. However, another approach is to maintain simplicity by breaking the entire

curve and representing it through a piecewise function. The second approach is the

one taken in this paper, with each piece being in the form a 2nd-degree Bézier curve.

3.4.1 Bézier equations

Numerous articles exist regarding the properties of Bézier curves and its applications,

especially in relation to computer aided design [29–31]. A brief introduction to Bézier

curves and its defining equations is given in the following text.

With t ∈ [0, 1] being a local coordinate parameter, a two-dimensional Bézier curve

of the n-th degree constructed by n+ 1 control points is given as

~BBB(t) = (bx(t), by(t)) =
n∑
i=0

F n
i (t)~PPPi (3.3)

where ~PPPi = (pix, piy) represents the control points and F n
i (t), known as a Bernstein

basis polynomial, is defined as

F n
i (t) =

n!

i!(n− i)!t
i(1− t)n−i (3.4)

Hence, a 2-dimensional 2nd-degree Bézier curve takes the form

bx(t) = (1− t)2p0x + 2t(1− t)p1x + t2p2x (3.5)

by(t) = (1− t)2p0y + 2t(1− t)p1y + t2p2y (3.6)
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Figure 3.4: 2nd-degree Bézier curve in comparison to 3rd-degree polynomial. The

blue squares represent end control points and the red circle is an intermediate control

point.

An example of a 2-dimensional 2nd-degree Bézier curve is illustrated in Fig. 3.4.

Note that Bézier curves always pass through the end control-points but not neces-

sarily through the intermediate control-points. As seen in Fig. 3.4, the intermediate

control point determines the slope of the curve at the two ends. As a result, a unique

curve can be established, given the coordinates of the two end points ((xi, yi) and

(xj, yj)), and the desired slope at these two points ((dy/dx)i and (dy/dx)j). Sim-

ilarly, a 3rd degree polynomial can also be used to attain a unique curve with the

same boundary conditions. However, there are cases where 3rd degree polynomials

fail to trace a realistic stress-strain path between two points. An example of this sce-

nario can be seen in Fig. 3.4. The main reason of not using 3rd-degree polynomials

for the purpose of this research is to avoid such complications, especially at higher

dimensions where in addition to stress and strain, parameters such as temperature

and damage also get involved.

Note that Eqs. (3.5) and (3.6) do not give an immediate relation between bx and by.

Hence, assuming that the value of bx is known, Eq. (3.5) can be solved for t. Also

note that as a consequence of p0x ≤ p1x ≤ p2x and p0x ≤ bx ≤ p2x, one of the two

roots of the quadratic equation always lies in the range 0 ≤ t ≤ 1. The solved value

of t can then be substituted into Eq. (3.6) to yield the corresponding value of by. The

steps of this process are given in Table 3.1. Alternatively, the same process can be

followed to find the value of bx that corresponds to a given value of by. When viewed

in the context of a stress-strain relationship, this interchangeability means that this

type of formulation not only gives σ = f(ε), but at no additional computational cost,

also gives ε = f−1(σ). This is especially useful when simulating the constant-stress

strain-temperature transient response of the material. This property is a prominent
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Table 3.1: Algorithm for Bézier interpolation.

BezierInterpolation(input x, ~PPP0, ~PPP1, ~PPP2)

a← p0x − 2p1x + p2x;

b← p1x − p0x;

c← p0x − x;

if(a = 0)

t← −0.5c/b;

else

t← (−b +
√
b2 − ac)/a;

y← (1− t)2p0y + t(1− t)p1y + t2p2y;

return(y);

advantage of the proposed formulation as opposed to explicit equations available in

the literature.

Higher dimension Bézier curves can be readily developed using Eqs. 3.3 and 3.4. For

example, a Bézier surface in 3 dimensions can be expressed as

~BBB(t1, t2) =
n∑
i=0

m∑
j=0

F n
i (t1)F

m
j (t2)~PPPij (3.7)

which maps the unit square of m+1 by n+1 control points onto a smooth curved

surface. Example of a 3-dimensional curve is illustrated in Fig. 3.5. Any property

mentioned for the 2-dimensional formulation of the Bézier curve is also valid for the

3-dimensional formulation.

3.4.2 Stress-strain curves

As mentioned before, the approach taken in this paper to reproduce stress-strain

curves is to use a piecewise relation. For this purpose, the full-range stress-strain

curve of mild steel is divided into 5 pieces. The term full-range refers to the range

starting at zero strain and ending at the ultimate strain εu (corresponding to the

ultimate stress). The control points of this division are depicted in Fig. 3.6, with

the points p, h and u denoting the proportional limit, the onset of strain hardening

and the ultimate state, respectively. The points denoted by .25u and .50u refer

to points where the strain is equal to 0.25εu and 0.50εu, respectively. Note that
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Figure 3.5: 2nd-degree Bézier curve in 3 dimensions. The blue squares represent

end control points while the red circles are intermediate control points.
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Figure 3.6: Piecewise representation of the stress-strain response of mild steel.

the proportional part of the curve is a straight line, therefore, does not need to be

defined by a Bézier curve.

As a result, 12 independent values are used to determine the shape of the full-range

stress-strain curve. These are listed in Table 3.2. Note that in Table 3.2, M denotes

the slope of the curve (dσ/dε). Also note that being in the form of strain, stress or

modulus, all of these 12 values have a clear physical meaning.

Each piece of the full-range curve is hereby represented by a 2nd degree Bézier

curve, with the division points p, h, .25u, .50u and u acting as end points. The

Table 3.2: Independent variables for the proposed stress-strain curve.

location p h .25u .50u u

strain εp εh − − εu

stress σp σh σ.25u σ.50u σu

tangent Mp Mh M.25u M.50u −
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Figure 3.7: Intermediate control point for the curve between .25u to .50u.

intermediate control point of each Bézier curve is placed at the intersection of two

lines that pass through the end points at an angle defined by the slopes. As an

example, the location of the intermediate control point between the .25u and .50u

division points is shown in Fig. 3.7.

The process of calculating the piecewise stress-strain curve is given in algorithmic

form in Table 3.3. The outcome of using this formulation is illustrated in Section 3.5.

3.4.3 Variation of mechanical properties

Similar to Eq. (3.2) where the βi’s of Eq. (3.1) were expressed as a function of

temperature, the variables listed in Table 3.2 should also change as the temperature

rises. Therefore, the variation of each mechanical property is determined by a set of

control points. As an example, the control points used to determine the variation

of the ultimate strain (εu) against temperature are shown in Fig. 3.8 for a sample

with no previous cyclic load history (∆εc = 0). The variation is given in terms

of a reduction factor which is the ratio of εu at elevated temperature to its value

at ambient temperature. In this figure, the full temperature range is 20-600◦C,

whereby it has been divided into four 2nd degree Bézier curves. The end points (in

blue) of the Bézier curves are set at 20, 150, 300, 450 and 600◦C. These are the

temperature levels at which the experiments were carried out [15], hence, setting

them as end-points guarantees that the curve passes through them. On the other

hand, the intermediate control points (in red) do not necessarily represent a point

on the curve, but are rather chosen to determine the slope of the curve at the end-

points. Note that although in Fig. 3.8, the intermediate control points are located

midway between two adjacent end-points, from a mathematical standpoint, this

does not necessarily have to be the case. Similar to any other model, more accurate
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Table 3.3: Algorithm for the evaluation of stress as a function of strain (~PPPi×j denotes

the intersection of the tangents that pass through ~PPPi and ~PPPj).

StressStrain(input ε);

if(0 ≤ ε < εp)

~PPP0 ← [0 0];

~PPP1 ← ~PPPo×p;

~PPP2 ← ~PPPp;

if(εp ≤ ε < εh)

~PPP0 ← ~PPPp;

~PPP1 ← ~PPPp×h;

~PPP2 ← ~PPPh;

if(εh ≤ ε < ε.25u)

~PPP0 ← ~PPPh;

~PPP1 ← ~PPPh×.25u;

~PPP2 ← ~PPP.25u;

if(ε.25u ≤ ε < ε.50u)

~PPP0 ← ~PPP.25u;

~PPP1 ← ~PPP.25u×.50u;

~PPP2 ← ~PPP.50u;

if(ε.50u ≤ ε ≤ εu)

~PPP0 ← ~PPP.50u;

~PPP1 ← ~PPP.50u×u;

~PPP2 ← ~PPPu;

σ ← BezierInterpolation(ε, ~PPP0, ~PPP1, ~PPP2);

return(σ)
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Figure 3.8: Control points for the variation of the ultimate strain (εu) against tem-

perature for ∆εc = 0. (blue points represent end control points, red points are

intermediate control points.)

curves can be constructed if more experimental data points are available. Note that

mechanical properties are extracted from experimental stress-strain curves resulting

from tensile tests.

The step by step process of interpolating these variables is similar to what was

described in the previous section for the stress-strain curve. However, with the main

difference that here, the independent variable is temperature rather than stress or

strain.

Since this research aims to add a new component, representing the effect of pre-

applied strain cycles, to the existing stress-strain-temperature relation, the param-

eters given in Table 3.2 not only have to be a function of temperature, but also

the amplitude of the strain cycles (∆εc). Having two independent variables, the

3-dimensional form of the Bézier equations (Eq. (3.7)) is chosen for this purpose.

The advantages of using this formulation is discussed in Section 3.5.

3.4.4 Data extrapolation

Although Bézier equations are most effective for interpolating existing data, they can

also be used for extrapolation. Taking advantage of this feature, the variation of a

mechanical property can be predicted outside the experimented range, which for this

program would be T > 600◦C and ∆εc > 2.0. The procedure for data extrapolation

involves the calculation of two control points (one end point and one intermediate

point) outside the domain of the existing control points. In other words, a new

Bézier curve is constructed from an existing Bézier curve, whereby the two curves
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Table 3.4: Algorithm for Bézier extrapolation.

BezierExtrapolation(input ~PPP0, ~PPP1, ~PPP2)

~QQQ0 ← ~PPP2;

~QQQ1 ← ~PPP2 + (~PPP2 − ~PPP1);

~XXX ← ~PPP1 + (~PPP1 − ~PPP0);

~QQQ2 ← ~XXX + (~PPP2 − ~XXX);

return(~QQQ0, ~QQQ1, ~QQQ2);

~P0

~P2, ~Q0

~Q2

~P1
~Q1

~X

Figure 3.9: Data extrapolation using Bézier equations.

share one single end point and have the same slope at that point. The process is

illustrated in Fig. 3.9 and the algorithm is given in Table 3.4. A numerical example

of this feature is provided in Section 3.5.4. However, note that similar to many other

extrapolation techniques, the result is highly dependent on the variations near the

boundary of the existing domain. Hence, just like any other extrapolation method,

it cannot predict unexpected behavioural changes.

3.5 Numerical illustration

The model proposed in Section 3.4 is hereby used to numerically reproduce the

mechanical response of mild steel as a function of temperature and the amplitude of

the previously applied strain cycles (∆εc). The variation of all mechanical properties

is acquired from the experimental data given in [15]. Note that where the results are

given in terms of reduction factors, they are with respect to an ambient temperature

test with no history of previous loading cycles (T = 20◦C and ∆εc = 0).
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Figure 3.10: Variation of the elastic modulus (Mp) produced by Poh’s model and

the proposed model.

3.5.1 Mechanical properties

Fig. 3.10 shows the variation of the elastic modulus (Mp) of grade 300 mild steel

against temperature as observed in the laboratory [15]. The variation is given in

terms of a reduction factor which is the ratio of Mp at elevated temperature to its

value at ambient temperature. Note that the elastic modulus is not affected by the

previous load history. Also shown in Fig. 3.10 is the result of using Poh’s model

(Eq. (3.2)) as well as the model proposed in this paper, whereby the parameters

used for the former, and the control points used for the latter are also presented.

It is observed that both models are quite competent in tracing the experimental

variation.

The variation of the proportional stress (σp) and ultimate strain (εu) against tem-

perature is shown in Fig. 3.11 for three different levels of ∆εc. This figure clearly

shows what is expected of 2-dimensional Bézier curves. The variation of these two

parameters are later presented as Bézier surfaces in Figs.3.12a and c.

Fig. 3.12 shows the variation of the yield stress (σp), ultimate stress (σu), ultimate

strain (εu) and modulus at ε.25u (M.25u) against temperature (T ) and the amplitude

of the previously applied strain cycles (∆εc) as produced by the proposed model.

These 3D illustrations clearly show the separate and combined effects of T and ∆εc

on each mechanical property. Such models should first be developed for all of the

parameters listed in Table 3.2. Afterwards, they can be used to obtain the stress-

strain variation at different values of T with different levels of ∆εc. This is carried

out in the next section.
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Figure 3.11: Variation of mechanical properties against temperature for different

values of ∆εc. (a) Proportional stress σp and (b) ultimate strain εu.

(a) (b)

(c) (d)

Figure 3.12: Variation of mechanical properties against T and ∆εc as produced by

Bézier equations. (a) Proportional stress σp, (b) ultimate stress σu, (c) ultimate

strain εu and (d) modulus at ε.25u (M.25u).
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Figure 3.13: Full-range stress-strain curves produced by Poh’s equation and the

proposed model in comparison to experimental results at 20◦C and 450◦C.

3.5.2 Full-range σ-ε curves

Fig. 3.13 shows the stress-strain response of grade 300 mild steel at 20 and 450◦C as

observed in the laboratory. Also shown in this figure is the result obtained by Poh’s

model (Eq. (3.1)) as well as the model developed in this paper. It is observed that

both models are capable of effectively tracing the experimental curve at different

levels of temperature. Note that Poh’s model does not include the ultimate strain

(εu) as a limiting value for strain. This is not problematic, since it can be easily

applied to the calculations, however, it should be viewed as an additional parameter

to Poh’s equation.

Fig. 3.14 illustrates the result of using the proposed model to reproduce the response

of a pre-damaged material at different temperatures. This figure shows how well

the model can follow the actual experimental curves. Fig. 3.15 illustrates the stress-

strain-temperature surface for two different values of ∆εc. The surface is produced by

taking stress as the dependent variable and calculating it in terms of the independent

variables of strain, temperature and the amplitude of the pre-induced strain cycles

(∆εc). Notice the transition of the division points as the temperature is increased,

and also the reduction in ductility as a result of pre-induced strain cycles.

3.5.3 Constant-stress ε-T curves

Fig. 3.16 illustrates ε-T contour lines corresponding to different levels of constant

stress, with respect to the same stress-strain-temperature surfaces of Fig. 3.15. These

curves have been obtained by simply switching strain as the input value in the Bézier

interpolation algorithm (Tables 3.1 and 3.3) for stress. In other words, in order to
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Figure 3.14: Full-range stress-strain curves using the proposed model in comparison

to experiment at T = 20◦C and 450◦C for (a) ∆εc = 1.0 and (b) ∆εc = 2.0.

(a) (b)

Figure 3.15: Stress-strain-temperature variation for different amplitudes of the pre-

induced strain cycles. (a) ∆εc = 0 and (b) ∆εc = 1.5.
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(a) (b)

Figure 3.16: Constant-stress contours for different amplitudes of the pre-induced

strain cycles. (a) ∆εc = 0 and (b) ∆εc = 1.5.

obtain these ε-T contour lines, strain (ε) has been taken as the independent variable

and is calculated in terms of the independent variables of σ, T and ∆εc. It is an

important feature of the proposed method that the user can so easily select the

dependent variable and calculate it in terms of the remaining variables. When

compared to explicit formulations such as Eqs. (3.1) and (3.2), the ability to obtain

ε-T curves at the same computational cost of σ-ε curves is an added benefit of using

Bézier interpolation.

Fig. 3.17 is presented at this point to demonstrate the accuracy of attaining ε-T

curves through the proposed model. In this figure, the numerically obtained constant-

stress ε-T curve is compared to experimental data at two stress levels of 300 MPa

and 400 MPa with ∆εc = 0. Note that in these graphs, thermal elongation has been

removed from the experimental response. It is observed that numerical simulation

corresponds well with experimental observation for both levels of stress. However,

the correspondence is closer at lower stress levels. Higher error at higher stress levels

can be related to creep and the fact that it becomes more and more active at higher

temperatures and/or stress levels [3, 32, 33].

In order to illustrate the calculation of ε-T curves using the proposed model, Figs. 3.18

and 3.19 are presented. Fig. 3.18 shows constant-stress ε-T curves at different stress

levels for two values of ∆εc. Fig. 3.19 shows constant-stress ε-T curves for different

values of ∆εc at two levels of stress. Note that finding such curves using Poh’s

formulation, i.e. Eqs (3.1) and (3.2), is not as simple.
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Figure 3.17: Validation of the constant-stress curves against experimental data. (a)

Stress of 300 MPa and (b) stress of 400 MPa.
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Figure 3.18: Constant-stress ε-T response curves predicted by the model for different

amplitudes of the pre-induced strain cycles. (a) ∆εc = 0 and (b) ∆εc = 1.5.
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Figure 3.19: Constant-stress curves for different values of the pre-induced cyclic

strain amplitude. (a) Under σ = 300MPa and (b) under σ = 400MPa.
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Figure 3.20: Extrapolation of experimental data for the proportional stress (σp) with

temperatures up to T = 900◦C and pre-induced strain amplitudes up to ∆εc = 4.0.

(a) Dashed line represents the original curve while the solid line is the extrapolated

data. (b) Darker surface is the original data and the lighter surface represents the

extrapolated data.

3.5.4 Data extrapolation

The process of data extrapolation discussed in Section 3.4 is hereby applied to the

experimental data points of the proportional stress (σp). Given that the experiments

in [15] only cover the domain of 20 - 600◦C, new control points are calculated here

to extend the domain up to 900◦C. As indicated in Table 3.4 the procedure requires

three existing control points to construct two new control points. Note that the

three existing points do not necessarily have to be 3 consecutive control points. In

fact, the authors recommend that these points be three points that actually lie on

the existing curve. Therefore, for this example, the coordinates of the three end

points located at 300◦C, 450◦C and 600◦C are used to construct two new points

at 750◦C and 900◦C. The result is illustrated in Fig. 3.20a, where the coordinates

of the new control points are given alongside the original ones. Also shown in this

figure for comparison is the variation of the proportional limit as given by Eurocode

3 [34]. Fig. 3.20b shows the result of extrapolating the same parameter (σp) along

the ∆εc axis, as well as the T axis. Notice that in this figure, the portion of the

surface with darker shading represents the original surface, while the portion with

lighter shading represents the result of extrapolation.

One has to bear in mind that this method of extrapolation should be used with
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caution, especially for mild steel which exhibits crystallographic phase transitions

at around 750◦C [3]. Further experiments are required to capture the sudden be-

havioural changes during these phase transitions. Note that for higher accuracy,

experiments should be carried out at smaller temperature intervals over these re-

gions, e.g. at ∆T = 50◦C instead of 150◦C.

3.6 Conclusions

The aim of this research was to construct a relationship between stress, strain,

temperature for cyclically-damaged mild steel. Unlike the traditional approach of

developing an explicit relationship, this paper established the relation through a

class of functions known as Bézier curves. The effectiveness of the proposed formu-

lation was evaluated against actual experimental results, as well as the highly robust

explicit relationship proposed by Poh [14]. The following conclusions can be drawn

from the results:

1. The proposed model is as effective as an explicit relationship in reproducing

full-range stress-strain-temperature curves.

2. Unlike explicit relations, all the parameters used to describe the proposed

model are in the form of strain, stress or modulus (ε, σ or dσ/dε) and therefore,

not only have a real physical meaning but can also be directly taken from

experimental stress-strain plots.

3. The introduction of a new parameter, representing pre-induced strain cycles,

into the relations and hence establishing a relation between σ, ε, T and ∆εc is

very straightforward.

4. For a given state of T and ∆εc, the proposed model is not only capable of

calculating stress as a function of strain (σ = f(ε)), but at no additional cost,

it is also capable of calculating strain as a function of stress (ε = f−1(σ)).

Hence, being able to predict the constant-stress strain-temperature response

of the material which can be directly used to analyse the transient behaviour

of structures under fire conditions.

5. The performance of the model was demonstrated throughout the text within

the range of 20 ≤ T ≤ 600◦C and 0 ≤ ∆εc ≤ 2.0, which was the range covered
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by experiment. In addition, it was shown that Bézier equations can also be

used to extrapolate data points beyond the tested domain. However, the

accuracy of these predictions must be evaluated through further experiments.
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Abstract

This work develops a multi-objective optimisation approach to determine the ma-

terial constants of constitutive plasticity models. The process is implemented using

an actual set of experimental results in the form of multi-phase cyclic-monotonic

load histories. With the result of a multi-objective approach being a set of solutions

(a set of calibrated models), the characteristics of these solutions are examined in-

dividually and within the framework of the entire set. Two elements of parameter

determination are considered to address the characteristics of the calibrated models

in a multi-objective space: The number of material constants, and the load history

used to calibrate the models.

Keywords

Multi-objective optimisation, Constitutive plasticity, Parameter determination, Multi-

phase loading, Structural steel

4.1 Introduction

Constitutive plasticity models have become more and more complex over the past

decades. Researchers have strived to develop more advanced formulations in order

to simulate more complex behaviour of material. One main feature of constitutive

plasticity models is the existence of a yield surface defined in stress space wherein its

location as well as its size can evolve as a result of plastic deformation. The location

and size of the yield surface is designated by means of two distinct classes of internal

variables whereby each variable evolves according to a pre-defined rule, namely the

kinematic and the isotropic hardening rules. As a result, these two internal variables

can be viewed as variables which have a memory of the past loading history. While

the kinematic variable and kinematic hardening rule are intrinsic to models focusing

on cyclic behaviour, inclusion of the isotropic variable and isotropic hardening rule

becomes essential for models pertaining to the monotonic or the high amplitude

cyclic behaviour of a material.

Each and every available hardening rule has been proposed with the intent to allow

a more accurate simulation of the materials response. Among all, the fundamental

concept of a multi-component hardening rule proposed by Chaboche [1] has proven

to lead to significant improvements [2–4]. On the other hand, the comparison of

different models and their accuracy in reproducing specific material responses has

also been a topic of interest [5–7].
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While more advanced hardening rules provide the means for simulating more com-

plicated behaviour, they have also caused a fundamental problem, which is the in-

creased number of material constants. These constants must be efficiently selected

in order to take advantage of the potential of the model. This has given rise to

another area of research regarding constitutive modelling, that is the calibration of

a model’s parameters.

Calibration techniques can be divided into two main categories. The first category

includes those methods that are suitable for hand calculations. The methods in this

category are developed for a specific model or at best, a specific class of models.

Moreover, they are usually based on assumptions for the type of behaviour (mono-

tonic, cyclic, ratcheting, etc.) and initial conditions. Examples of this category of

calibration techniques can be found in [5, 6, 8–11].

On the other hand, the second category involves techniques which are primarily

developed for computer calculations. These methods provide a general procedure

applicable to any model. While the first category is suitable for, and applicable to,

models with few material constants, the second category is applicable to any model

and suitable for models with higher number of material constants.

When the number of constants incorporated in a model rises, they effectively lose

their clear physical meaning. Hence, they must be viewed from a mathematical

perspective [12, 13] and selected using mathematical methods, such as optimisa-

tion techniques. Mahnken and Stein [14] successfully employed a gradient-based

method to develop a parameter determination method for inelastic models. Saleeb

et al. [15] used a gradient-based optimisation method in order to minimise the error

function and determine optimal material parameters. Also using a gradient-based

optimisation method, Desai and Chen [16] demonstrated the advantages of deter-

mining material constants through optimisation, as opposed to the simple method

of averaging. Simoni and Schrefler [17] implemented a constrained optimisation

technique to effectively calibrate generalised plasticity models with a large num-

ber of material constants. Furukawa et al. [18] developed an automated parameter

determination method for constitutive models using an evolutionary optimisation al-

gorithm. Yoshida et al. [19] employed sequential quadratic programming to perform

a multi-point approximation technique and hence minimise the difference between

experimental results and numerical simulations. Rahman et al. [20] used a varia-

tion of the genetic algorithm method to determine the material properties of their

model. Their work was later extended by Krishna et al. [21] to simulate cyclic and

monotonic behaviour with one set of material parameters through the imposition
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of a number of constraints on the model. Chaparro et al. [22] employed different

techniques, namely the genetic algorithm as well as a gradient-based method. They

demonstrated that a hybrid of these two methods can be more efficient. Rokonuz-

zaman and Sakai [23] evaluated different genetic algorithm optimisation techniques

for the determination of material parameters. Yun and Shang [24] effectively used

the non-gradient-based Nelder-Mead method in their work. De-Carvalho et al. [25]

implemented gradient-based as well as evolutionary algorithms to determine the

parameters of their constitutive models. They compared the performance of each

method and also proposed improved techniques to increase the efficiency and ro-

bustness of the parameter determination process.

While the subject of parameter determination has been given attention in the past

decades, some of its issues are yet to be addressed. One issue is the absence of a

mathematically sound approach to which parameters can be determined with the

intention to simultaneously yield suitable results for more than just one type of

loading. It has been shown that if a model is calibrated using the response under

a specific type of loading, that model will most likely fail to accurately simulate

behaviour under other types of loading. This feature has been demonstrated by

Bari and Hassan [26], Chen et al. [27], Hassan et al. [28] and Abdel-Karim [11].

In response to the above-mentioned shortcomings, the present work considers the de-

velopment of an automated method, which based on the concept of multi-objective

optimisation, provides a mathematically sound solution to the parameter determi-

nation problem. The proposed process falls in the category of computerised calibra-

tion techniques, indicating its independence to any specific class of material models.

Moreover, since it is based on well-established mathematical theories, the method is

inherently robust. These are all demonstrated through its application to an actual

set of experimental data obtained from a number of rate-independent, isothermal

experiments conducted on grade 300 structural mild steel. The important feature

of the experimental program lies in the fact that each test involved a multi-phase

loading history, whereby strain-controlled cyclic loading was followed immediately by

monotonic tensile loading. Consequently, this requires one single numerical model to

be capable of correctly simulating the behaviour under both phases of loading. This

work also aims to investigate the process of using optimisation methods to calibrate

a constitutive plasticity model to have such capabilities. For this purpose, a yield

surface coupled with a multi-component non-linear isotropic/kinematic hardening

rule is considered. As for the optimisation method, the gradient-free Nelder-Mead

method is employed. This method, otherwise known as the downhill simplex search

method, originally developed by Nelder and Mead [29], not only has the advantage
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Table 4.1: Basic properties of the steel samples.

E σy εy σu εu

(GPa) (MPa) (%) (MPa) (%)

225 330 0.1473 518 19.55

t =4.5

Figure 4.1: Sample geometry (in mm).

of not requiring the derivatives or Hessian of the problem at hand, but also the

feasibility of its implementation as a computer code and its high convergence rate.

4.2 Experimental program

4.2.1 Material

All the specimens used in this study were made of grade 300 steel taken from the

flange of 200UB22.3 hot rolled sections BHP [30]. The preparation of the samples

is consistent with the requirements of ASTM E21-92 [31] and ASTM E606-92 [32].

The specimen geometry is illustrated in Fig. 4.1. Both faces of the specimens were

grinded to give uniform thickness and a smooth finish across the entire surface.

Specimens were restrained by means of two 12 mm high strength bolts at each end.

The mechanical properties of the material are given in Table 4.1, where E is the

elastic modulus and σy, εy, σu and εu denote the yield stress, yield strain, ultimate

stress and ultimate strain (corresponding to the ultimate stress), respectively.
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4.2.2 Cyclic loading

For the cyclic phase, a specifically built fixture was used to prevent the specimens

from buckling about the weak axis. This fixture was comprised of two 12 mm plates

with aligned holes in order to be fastened by appropriate bolts. The inner faces of

these two plates, which would be in contact with the specimen, were polished and

greased to yield minimum friction. Loads were applied by an Instron test machine

(model 5892) with a capacity of 100 kN. Axial force values were attained by the

machine’s built in transducer, while strains were accumulated by a non-contact MTS

laser extensometer (model LX1500). Tests were carried out in displacement control,

however, the displacement rates were adjusted such that strain-rates never exceeded

10−4 s−1, which guarantees rate-independent behaviour. Fig. 4.2 illustrates the three

different loading histories applied to the samples. Each of these loading histories

involves a cyclic phase, followed by a monotonic phase. Figs. 4.2a and b show the

loading history for 3 cycles of 2% strain amplitude (denoted by A2C3 T), Figs. 4.2c

and d are for 9 cycles of 2% strain amplitude (denoted by A2C9 T) and Figs. 4.2e

and f correspond to 9 cycles of random amplitude (denoted by ArC9 T). These

figures illustrate strain variations as well as stress variations with respect to a quasi-

time variable. The experimental stress-strain response of the material subjected to

the A2C3 T loading case is illustrated in Fig. 4.3. It is worth mentioning here that

any of these loading histories can be used to calibrate the plasticity model, leaving

the other two for verification and validation purposes.

4.2.3 Post-cyclic tensile loading

Tensile tests were carried out with a setup similar to the cyclic stage. However,

in order to have a visual on the initiation of necking, the anti-buckling fixture was

removed prior to starting the test. Again, the displacement rate was accordingly

adjusted to keep strain rates below 10−4 s−1. Loading as well as data accumulation

was continued until failure.
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Figure 4.2: Load histories consisting of strain-controlled cyclic loading followed by a

monotonic tensile loading (a,b) for A2C3 T, (c,d) for A2C9 T and (e,f) for ArC9 T.
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Figure 4.3: Stress-strain response of grade 300 mild steel under the A2C3 T load

history.
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4.3 Constitutive plasticity

4.3.1 Fundamentals of plasticity models

While the application of the proposed parameter determination process is not con-

fined to any particular plasticity model, in this work, it is only examined using

a specific case. The model used here involves the von Mises yield surface, coupled

with a mixed isotropic-kinematic hardening rule and the assumption of an associated

plastic flow. The constitutive relations of this model are presented in the following.

The fundamental assumption of classical plasticity (stress-space plasticity) is the

decomposition of the total strain increment into elastic and plastic components

dεεε
∼∼∼

= dεεε
∼∼∼
e + dεεε

∼∼∼
p (4.1)

dεεε
∼∼∼
e =

1 + ν

E
dσσσ
∼∼∼
− ν

E
tr(dσσσ

∼∼∼
)III
∼∼∼

(4.2)

dεεε
∼∼∼
p = dλ

∂F

∂σσσ
∼∼∼

(4.3)

where dσσσ
∼∼∼

, dεεε
∼∼∼

, dεεε
∼∼∼
e and dεεε

∼∼∼
p are second order tensors denoting increments in stress,

total strain, elastic strain and plastic strain, respectively. In Eq. (4.2), E is the

elastic modulus, ν denotes Poisson’s ratio, tr() represents the trace operator (i.e.

tr(AAA
∼∼∼

) = Aii) and III
∼∼∼

is the second order unit tensor. In Eq. (4.3), dλ is a non-negative

scalar quantity known as the plastic multiplier. The function F () is called the yield

surface and plays two roles in an associated plasticity model. First, its gradient in

stress space (∂F/∂dσσσ
∼∼∼

) determines the direction of plastic flow, which is expressed by

Eq. (4.3). Second, the yield surface designates the elastic domain. The von Mises

yield surface only consists of one material constant, i.e. the uniaxial yield stress σy,

and is written in the following form

F (σσσ
∼∼∼
,XXX
∼∼∼
, R) =

√
2J2(σσσ∼∼∼

−XXX
∼∼∼

)−R−
√

3/2σy < 0 (4.4)

with

2J2(σσσ∼∼∼
−XXX
∼∼∼

) = (σσσ
∼∼∼
′ −XXX

∼∼∼
′) : (σσσ

∼∼∼
′ −XXX

∼∼∼
′) (4.5)

where J2() denotes the second deviatoric invariant function and R is a scalar quantity

representing the size change of the yield surface. In addition, the second order

tensors XXX
∼∼∼

, XXX
∼∼∼
′ and σσσ

∼∼∼
′ denote backstress, deviatoric backstress and deviatoric stress,

respectively. The symbol ”:” designates the product contracted twice, i.e. AAA
∼∼∼

:

BBB
∼∼∼

= AijBij with Einstein’s summation convention (as opposed to ”·” denoting
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the product contracted once, i.e. AAA
∼∼∼
· BBB
∼∼∼

= AikBkj). For convenience in upcoming

formulations, σσσ
∼∼∼
′ −XXX

∼∼∼
′ is denoted by ρρρ

∼∼∼

The non-negative scalar dλ presented in Eq. (4.3) can be determined through the

loading-unloading condition expressed in the Kuhn-Tucker form
dλ ≥ 0

F (σσσ
∼∼∼
,XXX
∼∼∼
, R) ≤ 0

dλF (σσσ
∼∼∼
,XXX
∼∼∼
, R) = 0

(4.6)

Hardening characteristics of a model are described by differential relations on R and

XXX
∼∼∼

. In common terminology, a change in R is known as isotropic hardening, while

a change in the backstress XXX
∼∼∼

is called kinematic hardening. For multi-components

hardening rules

dR =
M∑
j=1

dRj (4.7)

dXXX
∼∼∼

=
K∑
j=1

dXXX
∼∼∼ j

(4.8)

where in this paper, the following expressions are used for the components

dRj = bj(Qj −Rj)dp (4.9)

dXXX
∼∼∼ j

=
2

3
Bjdεεε∼∼∼

p − γjXXX∼∼∼ jdp (4.10)

dp =

√
2

3
dεεε
∼∼∼
p : dεεε

∼∼∼
p (4.11)

In Eqs. (4.7) to (4.8), I and K denote the number of isotropic and kinematic com-

ponents, respectively. Moreover, b, Q, B and γ are material constants which are

to be determined from experimental data. Eq. (4.9) corresponds to a non-linear

isotropic hardening rule, while Eq. (4.10) represents a common non-linear kinematic

hardening rule. In this work, the isotropic rule is coupled with the kinematic rule

to yield a mixed hardening model.

4.3.2 Integration of rate equations

In order to use the constitutive equations described by Eqs. (4.1) to (4.11), the fol-

lowing method is implemented. For the von Mises yield surface defined by Eq. (4.4),

the following relations can be deduced

∂F

∂σσσ
∼∼∼

= −∂F
∂XXX
∼∼∼

=
ρρρ
∼∼∼
′√

2J(ρρρ
∼∼∼
′)

(4.12)
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∂F

∂R
= −1 (4.13)

Moreover, using Eqs. (4.1) to (4.3), one can attain

∆σσσ
∼∼∼

= DDD
≈≈≈

: (∆εεε
∼∼∼
−∆εεε

∼∼∼
p) = DDD

≈≈≈
: (∆εεε

∼∼∼
−∆

∂F

∂σσσ
∼∼∼

) (4.14)

where ∆εεε
∼∼∼

denotes the total strain increment which the constitutive equations are

to be integrated over. Noting that

DDD
≈≈≈

=
E

1 + ν
III
≈≈≈

+
Eν

(1 + ν)(1− 2ν)
(III
∼∼∼
⊗ III
∼∼∼

) (4.15)

where III
∼∼∼

and III
≈≈≈

denote second and forth order unit tensors and ’⊗’ represents tensor

multiplication, and therefore, the following equations are valid

∂F

∂σσσ
∼∼∼

: DDD
≈≈≈

=
E

1 + ν

ρρρ
∼∼∼
′√

2J(ρρρ
∼∼∼
′)

(4.16)

∂F

∂σσσ
∼∼∼

: DDD
≈≈≈

:
∂F

∂σσσ
∼∼∼

=
E

1 + ν
(4.17)

Assuming a loading condition (i.e. dλ > 0 in Eq. (4.6)), the consistency condition

dictates that the stress state must lie on the yield surface, so that

F (σσσ
∼∼∼

+ ∆σσσ
∼∼∼
,XXX
∼∼∼

+ ∆XXX
∼∼∼
, R + ∆R) = 0 (4.18)

In order to use Newton’s iterative method of solving non-linear problems, the first

two terms of Taylor’s expansion are extracted from Eq. (4.18), hence

F (σσσ
∼∼∼
,XXX
∼∼∼
, R) +

∂F

∂σσσ
∼∼∼

: ∆σσσ
∼∼∼

+
∂F

∂XXX
∼∼∼

: ∆XXX
∼∼∼

+
∂F

∂R
∆R = 0 (4.19)

Substituting Eqs. (4.3),(4.7) and (4.8) into Eq. (4.19) and using Eqs. (4.12) to (4.18)

results in

∆λ =

∂F

∂σσσ
∼∼∼

: DDD
≈≈≈

: ∆εεε
∼∼∼

∂F

∂σσσ
∼∼∼

: DDD
≈≈≈

:
∂F

∂σσσ
∼∼∼

+Hk +Hi

=
1

1 +
(1 + ν)

E
(Hk +Hi)

(ρρρ
∼∼∼
′ : ∆εεε

∼∼∼
)√

2J(ρρρ
∼∼∼
′)

(4.20)

Hk =
K∑
j=1

2

3
Bj − γj

ρρρ
∼∼∼
′ : XXX
∼∼∼ j√

2J(ρρρ
∼∼∼
′)

√
2

3

 (4.21)

Hi =
M∑
j=1

bj(Qj −Rj) (4.22)
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Eqs. (4.1) to (4.3) are then used to attain ∆εεε
∼∼∼
p, ∆εεε

∼∼∼
e and ∆σσσ

∼∼∼
consecutively. It is

worth mentioning that when using the von Mises model, the described approach

only needs to be performed once to maintain the stress state in the yield surface.

However, this is accomplished by linearisation of the constitutive equations. In order

to capture the non-linear variation of stress and produce more accurate results, it

is recommended that from the onset of plastic flow, the total strain increment (∆εεε
∼∼∼

)

be divided into a number of substeps [33]. For cases where the initial stress is inside

the yield surface (the elastic domain), the point at which the stress path reaches the

yield surface is calculated using the following scalar

α =
−F (σσσ

∼∼∼
,XXX
∼∼∼
, R)

F (σσσ
∼∼∼

+ DDD
≈≈≈

: ∆εεε
∼∼∼
,XXX
∼∼∼
, R)− F (σσσ

∼∼∼
,XXX
∼∼∼
, R)

(4.23)

For cases where α > 0, the intersection point is determined by σσσ
∼∼∼int

= σσσ
∼∼∼o

+α(DDD
≈≈≈

: ∆εεε
∼∼∼

),

where σσσ
∼∼∼o

is the original stress state. On the other hand, a value of α ≤ 0 indicates

that the stress path never crosses the yield surface and therefore, the increment is

entirely elastic. From an algorithmic viewpoint, Eq. (4.23) can be used prior to any

other calculation to determine whether plastic flow ever takes place during a strain

increment.

4.4 Multi-objective optimisation

4.4.1 General

The aim is to determine the material constants of a constitutive model with the

intention of reproducing the response observed in an actual experiment. If a set

of material constants are suggested in the process, the degree of success of this set

in simulating that specific experimental response can be quantified by means of a

function f(~xxx), where ~xxx = [x1 x2 · · · xn] is the vector of material constants, and

the return value of f() represents the discrepancy between the analytical response

and the experimental observation. Therefore, the problem can now be rephrased in

mathematical terms as an unconstrained optimisation problem

min
~xxx
f(~xxx) (4.24)

where ~xxx ∈ S is the n-dimensional decision variable vector, and S ⊂ Rn is called

the feasible region. The feasible region contains all possible ~xxx that can be used

to evaluate f(~xxx). In common terminology, f() is known as the fitness function
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or the objective function. For the purpose of determining material constants of a

constitutive model, objective functions are usually defined in the form of an error

function acting on the entire domain of a measured variable [24, 34], similar to the

following equation

f(~xxx) =
1

K

K∑
i=1

∣∣psimi (~xxx)− pexpi

∣∣ (4.25)

where psimi and pexpi are the simulated and experimental values of the same variable

(e.g. stress)at a given instant i, and K is the total number of instances. In addition,

| | represent the absolute value.

In the context of parameter determination, the aforementioned representation has

two shortcomings. First, it places fixed emphasis on the entire duration of the

response. This is not always desirable, since there are situations where different

parts of the load history differ in terms of importance (e.g. in multi-phase load

histories) and the aim is to determine the material constants accordingly. Second, it

does not provide the mathematical tools required to obtain one single set of material

constants, suitable for simultaneously simulating the behaviour under two or more

types of loading. Hence, as a more general solution, the objective function used in

the current paper is defined in a more primitive form, such that

fi(~xxx) = f(~xxx, ti, ti+1)

=
1

ti+1 − ti

∫ ti+1

t=ti

∣∣psimi (~xxx, t)− pexpi (t)
∣∣ dt (4.26)

This representation gives the ability to arbitrarily slice an entire time span into

two or more segments, and therefore, define a unique objective function for each

part of the response. With the availability of a number of objective functions, the

initial single-objective optimisation problem can be converted to a multi-objective

one. In addition, within the context of multi-objective optimisation, any number of

load histories can be processed simultaneously. One of the benefits of using multi-

objective optimisation is the amount of control it grants over the management of

the objectives. This means more control over the simulation of each loading phase;

individually and in relation to all other phases. The proceeding text describes the

basic concepts of multi-objective optimisation, and addresses the issues that arise

for such problems.
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4.4.2 Definitions

The following definitions are used henceforth to describe multi-objective concepts

[35]:

Definition 1: Multi-objective optimisation

An unconstrained multi-objective optimisation problem is defined as

min
~xxx

~FFF(~xxx) = [f1(~xxx), . . . , fM(~xxx))] (4.27)

While by previous definitions, the feasible region contains all possible ~xxx that can be

used to evaluate ~FFF(~xxx), the admissible region contains all ~FFF(~xxx) that can be attained

by all possible ~xxx.

Definition 2: Pareto dominance

The vector ~uuu = (u1, . . . , uM) is said to dominate the vector ~vvv = (v1, . . . , vM), if and

only if ~uuu is partially less than ~vvv (i.e. ∀i ∈ {1, . . . ,M} : ui ≤ vi and ∃i ∈ {1, . . . ,M} :

ui < vi). This is denoted by ~uuu � ~vvv.

Definition 3: Pareto optimality

In a multi-objective framework, in general, no single ~xxx ∈ S simultaneously gives

the least possible values for all fi. Therefore, for these problems, the concept of

Pareto optimality becomes useful. A solution ~xxx ∈ S is said to be Pareto optimal

with respect to the feasible region Ω, if and only if @~xxx′ ∈ S : ~FFF(~xxx′) � ~FFF(~xxx). This

means that if ~xxx ∈ S is Pareto optimal, there does not exist another feasible vector

which would decrease some objective without causing a simultaneous increase in at

least one other objective.

Definition 4: Pareto optimal set

For a specific multi-objective optimisation problem, the Pareto optimal set is the

set of all Pareto optimal solutions, and is defined as P ∗ = {~xxx ∈ S|@~xxx′ ∈ S : ~FFF′(~xxx) �
~FFF(~xxx)}. In other words, the Pareto optimal set constitutes the solutions for which

any attempt to decrease one objective value would result in an increase in the value

of one or more other objectives. Hence, the Pareto set can be considered as such a

compromise between the solutions of an optimisation problem.

Definition 5: Pareto front

For a specific multi-objective optimisation problem with a Pareto optimal set P ∗,

the Pareto front is defined as PF ∗ = {~uuu = ~FFF(~xxx)|~xxx ∈ P ∗}. In contrast to a single-
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Figure 4.4: Pareto front. (a) Admissible region and the dominated region. (b)

Super-ellipse and capturing Pareto optimal solutions.

objective problem, a multi-objective optimisation problem does not have a single

unique optimal solution, but rather a set of solutions. The main goal of a multi-

objective problem is to find this set known as the Pareto optimal set. For an unbiased

problem, any of the solutions constituting the Pareto set are equally acceptable.

The definition of the Pareto front and its properties are used as the basis for finding

the Pareto optimal set. In what follows, the solution process is discussed in the

context of a minimisation problem, and for the sake of simplicity, is exemplified for

a bi-objective case (M = 2). For the Pareto front, the following properties can be

deduced from the aforementioned definitions 1-5:

- The Pareto front constitutes the edge of the admissible region.

- In terms of f1 and f2, the Pareto front takes the form of a monotonically decreasing

function.

These two properties are illustrated in Fig. 4.4.

For the purpose of finding the points on the Pareto front, a super-ellipse (Lamé

curve) in (f1, f2) space with its centre at the origin of the coordinate system is

expressed such that

[w1 [f1]
p + w2 [f2]

p]
1
p = c (4.28)

where c is a constant, and assuming that the value of c is large enough, a portion

of the super ellipse will lie within the admissible region. By decreasing the value

of c, the overlapping portion becomes smaller and smaller, until at a specific value

(c = cmin), the overlapped portion becomes a single point (Fig. 4.4). Note that a

super-ellipse with a value of c < cmin, has no point inside the admissible region.
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Using this feature, one can define

G(~xxx) = [w1 [f1(~xxx)]p + w2 [f2(~xxx)]p]
1
p (4.29)

and seek the solution to

min
~xxx
G(~xxx) (4.30)

Knowing that the minimum value only corresponds to points on the Pareto front,

the multi-objective optimisation problem has now been reduced to a single-objective

one. As expected, different combinations of w1 and w2 yield different members of

the Pareto optimal set and hence, different points on the Pareto front. More details

on the properties of this and other aggregation methods have been discussed by

Marler and Arora [36].

4.4.3 Preference preservation

There are always two stages to a parameter determination problem; one is the cal-

ibration of the model, and the other is the validation of that calibrated model.

Hence, after the parameters of a model are determined by minimising a specific ob-

jective function, the same parameters must then be used to validate the model under

other error functions. One method of validation is the evaluation of the calibrated

model by using secondary objective functions and ensuring that the resulting error is

smaller than a predefined value. This is effectively illustrated by Desai and Chen [16]

where a model with 13 parameters is first optimised for least error against a series of

test results and then validated using a different set of experimental data. This kind

of validation is of great importance and necessary for any parameter determination

problem, regardless of the number of objective functions.

However, when multiple objectives are present, an additional validation criterion can

be introduced. The basis of this additional validation is, in this paper, referred to

as the preservation of preferences. In order to understand the concept of preference

preservation, one can look into Eq. (4.29) and Fig. 4.5. Two specific points are

marked in Fig. 4.5a. The first point corresponding to ~xxx1 and being the result of only

including f1 in Eq. (4.29) (w2 ≈ 0) and the second point corresponding to ~xxx2 and

being the result of only including f2 in Eq. (4.29) (w1 ≈ 0). Notice that the point on

the Pareto front corresponding to ~xxx1 has the lowest value of f1 among all other points,

while the point corresponding to ~xxx2 has the lowest value of f2. Consequentially, any

other combination of w1 and w2 results in a Pareto optimal solution (~xxx) which
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Figure 4.5: Pareto front in (f1, f2) space and its mapped counterparts in (f ′1, f
′
2)

space. (a) Original Pareto front. (b) Prefect preference preservation. (c and d)

Partial preference preservation.

corresponds to a point somewhere between the two ends of the Pareto front. An

operator selects a specific ~xxx over all the other Pareto optimal solutions, based on

his/her preferences for the respective values of f1 and f2. However, the question is

whether the selected model preserves those preferences under another set of error

functions.

In order to validate the Pareto optimal solutions for preference preservation, two

new error functions f ′1 and f ′2 are presented. It is reasonable to assume that in

terms of the type of response, f ′1 is in the same class as f1, and f ′2 is in the same

class as f2. For example, in the context of material behaviour, f1 and f ′1 can both

be cyclic responses, but under different load amplitudes, and f2 and f ′2 can both

be thermal responses, but under different temperature gradients. If each and every

Pareto optimal solution (calibrated model) of Fig. 4.5a is used to evaluate f ′1 and f ′2,

the result would be a curve in (f ′1, f
′
2) space. This new curve is a mapped counterpart

of the original Pareto front from (f1, f2) to (f ′1, f
′
2). Figs. 4.5b-d are examples of

how the mapped curve might look like.

With N being the number of Pareto optimal solutions used to construct the Pareto

front, the Pareto optimal set is arranged as f1(~xxx1) ≤ . . . ≤ f1(~xxxN). Note that accord-
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ing to the second deduced property of the Pareto front, the condition f1(~xxxi) ≤ f1(~xxxj)

immediately concludes that f2(~xxxi) ≥ f2(~xxxj). This allows the following definition for

the preference preservation criterion

∀i ∈{1, . . . , N − 1} :

f ′1(~xxxi) ≤ f ′1(~xxxi+1) ∧ f ′2(~xxxi) ≥ f ′2(~xxxi+1)
(4.31)

With this definition, it is observed that the mapped counterpart of Fig. 4.5b satisfies

the criterion, while Figs. 4.5c and d do not.

The condition given in Eq. (4.31) is very strict, only being satisfied when the mapped

counterpart is a monotonically decreasing function. If a model passes such a strict

condition, it can be considered a perfect preference preserving model. However, it

is more common for a model to only partially pass the preservation condition, i.e.

monotonically decrease over some parts but not the entire domain. In such cases, a

preference preservation index (kp) can be defined as follows

kp = Lp/Lt (4.32)

where Lp and Lt are defined as

Lp =
N−1∑
i=1

[
‖~xxxi+1 − ~xxxi‖

×H(f ′1(~xxxi+1)− f ′1(~xxxi))

×H(f ′2(~xxxi)− f ′2(~xxxi+1))
] (4.33)

and

Lt =
N−1∑
i=1

‖~xxxi+1 − ~xxxi‖ (4.34)

In the above equations, H() is the Heaviside step function (H(x) = 1 for x ≥ 0 and

H(x) = 0 for x < 0) and ‖~xxx‖ denotes the norm of ~xxx. Based on the definition of Lp

and Lt, the value of kp is in the range of 0 < kp < 1. Note that Eq. (4.33) only

involves non-principal objectives where preference preservation characteristics are

sought. This preference preservation parameter is used in the subsequent section to

compare the response of different models.

4.5 Numerical illustration

As mentioned in the previous sections, the tests conducted in the present work

involved two stages of loading; an initial cyclic load, followed immediately by a



Chapter 4: A Multi-objective Optimization Approach... 90

monotonic tensile load (Fig. 4.2). It has also been mentioned that these tests were

part of a more extensive experimental program planned to be conducted in the

future for the investigation of the behaviour of structural elements under post-cyclic

scenarios. The purpose of the initial tests is to determine a set of material properties

which is capable of producing reasonable results for both phases of loading. It

is imperative for the future part of the work that the selected material constants

produce valid results, for both the cyclic loading phase and the monotonic tensile

loading phase.

The uniaxial time variations of stress and strain under cyclic loading, succeeded by

tensile loading are illustrated in Fig. 4.2. The loading is strain-controlled, therefore

in what follows, stress values are considered as the output values for the tests as

well as the numerical calculations.

The constitutive model selected for the numerical simulation is based on the de-

scriptions given in Section 3. In this work, each isotropic hardening component is

paired with a kinematic hardening component. Therefore, the decision vector is in

the form of

~xxx = [~xxx1 ~xxx2 · · · ~xxxN ] (4.35)

with ~xxxi = [bi Qi Bi γi] and N being the total number of isotropic-kinematic

pairs. This work uses three different settings of N equal to 1, 2 and 3 corresponding

to 4, 8 and 12 material constants, respectively.

It should be mentioned that the elastic modulus and the uniaxial yield stress are

directly derived from the stress-strain curve and are set to be E = 250GPa and

σy = 330MPa. It should also be mentioned that all material constants are only

allowed to attain positive values. Enforcing a decision variable to stay within the

positive range is achieved by programming the objective function to return a very

large number when it encounters a decision variable with a negative value. However,

for models with N ≥ 2, an exception is made and Q1 is allowed to take negative

values. Doing so leads to a great improvement in simulating the yield plateau

of the stress-strain curve. A negative Q means softening behaviour, consequently

implying that during an increment, previously stored plastic work as well as the

instantaneous change in plastic work is allowed to dissipate [7]. In the realm of classic

plasticity (stress space plasticity), when softening behaviour is to be modelled, it is

crucial to implement a highly accurate integration method. Using the integration

method formulated in Section 4.3 alongside a substepping scheme has proven to be

adequately accurate.
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The parameter determination process utilised here is according to the concepts de-

veloped in section 4. The two objective functions used for the optimisation process

are

fc(~xxx) = f(~xxx, to, tc)

=
1

tc − to

∫ tc

t=to

∣∣σsim(~xxx, t)− σexp(t)
∣∣ dt (4.36)

fm(~xxx) = f(~xxx, tc, tm)

=
1

tm − tc

∫ tm

t=tc

∣∣σsim(~xxx, t)− σexp(t)
∣∣ dt (4.37)

These objective functions are in the form of error functions which describe the

difference between simulation and experimental results as an average stress value.

As can be seen, the two functions are of the same form, but only differ in the time

spans which they apply to. Given that to, tc and tm respectively correspond to the

onset of loading, the end of the cyclic loading and the end of the monotonic loading,

it is clear that Eq. (4.36) acts on the duration of the cyclic phase of the response

while Eq. (4.37) acts on the monotonic tensile phase.

As mentioned in Section 4.4.2, one way of dealing with a multi-objective optimi-

sation problem is to aggregate the objectives into a single-objective problem using

Eq. (4.29), hence

G(~xxx) = [w [fc(~xxx)]p + (1− w) [fm(~xxx)]p]
1
p (4.38)

Considering two special cases with w = 1 and w = 0, it can be said that the

former exclusively favours the cyclic phase, while the latter exclusively favours the

monotonic phase. Any value of w between these two special cases is an intermediate

scenario favouring each of the two phases to some extent. This function is minimised

using the Nelder-Mead method described in the appendix. The initial values for the

decision variables at one vertex of the simplex are all set to zero. The other n vertices

are attained by substituting zero with an arbitrary value for each decision variable.

Minimisation steps are continued until the deviation in the form of Eq. (4.45) became

smaller than 1.0× 10−6. With a continuous variation of w between 0 < w < 1, the

result is a number of Pareto optimal solutions and corresponding to those solutions

is a Pareto front similar to what is shown in Fig. 4.6. This figure illustrates the

tradeoff between the accuracy in which the cyclic and monotonic phases can be

simulated. Note that in an unbiased problem, all the Pareto optimal solutions are

equally acceptable.

A model can be calibrated using any one of the loading histories given in Fig. 4.2,

and then evaluated against the remaining two load histories. In the proceeding
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Figure 4.6: Pareto front in (fc, fm) space using (a) p = 8 and (b) p = 1, along with

the single-objective optimisation solution indicated with a hollow marker.

text, the load history used to calibrate the model is referred to as the principal load

history, while the load histories that are only used to evaluate a calibrated model

are called the non-principal load histories.

An issue regarding Eq. (4.38), is the value of p, with higher values being required

when the Pareto front is non-convex. In order to demonstrate this requirement, the

overall analysis was carried out, once for p = 1 and again for p = 8 and the resulting

Pareto fronts are presented in Fig. 4.6. Note that these two analyses were performed

using A2C3 T as the principal load history (Fig. 4.2a and b) and a constitutive model

with N = 2 (Eq. (4.35)). It is observed that the entire curve is successfully attained

when p = 8 is used (Fig. 4.6a). However, in the case where p = 1, the process fails

to capture the non-convex portion of the Pareto front (Fig. 4.6b). Also shown in

Fig. 4.6, by a hollow marker, is the solution which is obtained if the problem is taken

as a simple single-objective one, i.e. the entire load history is taken as one objective

function.

Table 4.2 presents the calibrated material constants corresponding to different values

of w used to obtain Fig. 4.6a. Also given in this table, are the return values of

each objective function (fc and fm) as well as the aggregated objective function

(G). These solutions are only a limited number of points out of the entire range of

solutions which constitute the Pareto front given in Fig. 4.6a.

The evolution of the objective values at 5-iteration intervals is illustrated in Figs. 4.7a

and b for the special case of w = 10−2. In addition, Fig. 4.8 presents the simulated

stress response at iterations 0, 10 and 20 along with the final simulation for the same

case. This figure not only illustrates the high convergence rate of the optimisation

method, but also the accuracy of the final simulation.
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Table 4.2: Pareto optimal solutions for different values of w with p = 8 and A2C3 T

as the principal load history.
w fc fm G b1 Q1 B1 γ1 b2 Q2 B2 γ2

(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

1 10.02 8.102 10.02 316.245 -220.379 72346.0 705.377 26.9984 149.242 3310.73 44.5690

10−1 10.28 5.994 7.818 228.265 -209.771 44403.3 515.513 32.1015 166.409 2702.42 36.8014

10−2 10.73 4.845 6.156 217.768 -204.695 38301.5 447.650 32.0772 165.528 2333.53 32.4033

10−3 11.25 3.818 4.841 191.360 -215.202 33972.5 403.726 35.0878 180.460 2025.55 28.2181

10−4 11.72 3.062 3.798 191.702 -205.232 30878.2 363.941 33.4792 172.920 1764.10 24.8997

10−5 12.19 2.774 3.093 169.026 -198.588 24490.7 312.395 33.8057 179.979 1584.26 22.9317
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Figure 4.7: Performance evolution of the constitutive model in multi-objective space

for (a) the entire range and (b) the near-solution range.
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optimisation process as well as iterations 10 and 20.
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Figure 4.9: Comparison of experimental results with numerical simulations based

on the solution obtained with w = 10−2. (a) A2C3 Tload history. (b) A2C9 Tload

history. (c) ArC9 Tload history.

Using the material constants of w = 10−2 given in Table 4.2, the stress variations

resulting from the loading histories of Fig. 4.2 are obtained. These are compared

to the experimental variations in Fig 4.9. Note that the material constants are

calibrated with respect to the A2C3 T load history (Fig. 4.2a and b), and then eval-

uated using the A2C9 T and ArC9 T load histories (Figs. 4.2c to f). In other words,

A2C3 T is the principal load history, while A2C9 T and ArC9 T are non-principal

load histories. The fact that the obtained model accurately simulates the exper-

imental response of the principal load history (A2C3 T) was somewhat expected,

since the model was calibrated against that load history. However, the capability of

that same model to reasonably simulate non-principal load histories (A2C9 T and

ArC9 T) demonstrates the effectiveness of the entire calibration process.

This paper also uses the concept of preference preservation (as described in Sec-
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Figure 4.10: Pareto front for N = 2 and the A2C3 T load history alongside its

A2C9 T and ArC9 T mapped counterparts. (a) With respect to each other. De-

tailed view for (b) A2C3 T, (c) A2C9 T and (d) ArC9 T.

tion 4.4.3) as another method to evaluate a calibrated model. Based on the defi-

nition given previously, the load history used to calibrate a model is referred to as

the principal load history. Therefore, a Pareto front corresponds to the principal

load history. When a Pareto optimal solution is obtained by relatively favouring

one phase of the principal loading history over the other (through the value of w in

Eq. (4.38)) that solution has a preference of simulating that phase of the principal

load history more accurately than the other phase. However, it is also desirable

for that solution to show the same relative preference when it comes to simulating

load histories other than the principal one. In order to simplify the discussions, this

feature is referred to as preference preservation. Henceforth, in order to examine

whether a calibrated model preserves its preferences, the set of solutions represented

by the Pareto front are mapped from the (fc, fm) space to the (f ′c, f
′
m) space using

the non-principal load histories. This is illustrated in Fig. 4.10 for the solution set

discussed so far.

In Fig. 4.10 (and all other figures that follow) the point corresponding to ~xxxc is the

Pareto optimal solution obtained by setting w ≈ 1 in Eq. (4.26) while ~xxxm is the

result of setting w ≈ 0. In addition, the point corresponding to ~xxxs is the result of

a single-objective problem where the entire load history is used for a single error

function.
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Figure 4.11: Experimental result and numerical simulation (N = 2) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).

The result of using ~xxxc and ~xxxm as material constants for the numerical simulation of

the principal load history A2C3 T is shown in Fig. 4.11a. As is observed from this

figure, both ~xxxc and ~xxxm produce results that accurately simulate the experimental

data. However, if the variation of the absolute error is plotted as in Fig. 4.11b, the

tradeoff of using ~xxxc or ~xxxm can be readily observed. The fact that ~xxxc produces better

results than ~xxxm during the cyclic phase of the load history is evident in Fig. 4.11b.

Similarly, it is also seen that ~xxxm produces better results than ~xxxc during the monotonic

phase. Note that the absolute error presented Fig. 4.11b is equal to the absolute

value of the difference between the experimental and simulation data points.

Figs. 4.12 and 4.13 show the variation of stress and its absolute error over time

when ~xxxc and ~xxxm are used to simulate the non-principal load histories A2C9 T and

ArC9 T. Looking into Fig. 4.12b, there is no indication of ~xxxm producing better

results than ~xxxc during the monotonic phase. Similarly, Fig. 4.13b shows that ~xxxc

is not more accurate that ~xxxm during the cyclic phase. This change in preferences

is observed in Fig. 4.10, where the relative position of ~xxxc and ~xxxm with respect to

each other, before and after being mapped, indicates that these two models do not

preserve their preferences. In fact, this can be generalised to all of the Pareto optimal

solutions of Fig. 4.10b as they are mapped to Figs. 4.10c and d, henceforth, leading



Chapter 4: A Multi-objective Optimization Approach... 97

-600

-300

0

300

600

st
re

ss
 (

M
P

a)

time

Exp.

w = 1

w = 0

(a)

0

50

100

ab
so

lu
te

 e
rr

o
r 

(M
P

a)

time

w = 1

w = 0

(b)

Figure 4.12: Experimental result and numerical simulation (N = 2) of the A2C9 T

test case. With A2C3 T as the principal and A2C9 T as the non-principal load

history. (a) Stress-time variation. (b) The difference between experimental and

numerical stress values (absolute error).

to the conclusion that even if a Pareto optimal solution is obtained by favouring

one phase of the principal load history (through the value of w in Eq. (4.38)), that

solution does not necessarily tend to preserve its preferences under a non-principal

load history. Defined by Eqs. (4.33) and (4.34) the preference preservation index for

these mapped counterparts are calculated and included in Figs. 4.10c and d.

Reiterating that the main objective of this work is to calibrate a constitutive model in

a way for it to be suitable for multi-phase loading histories, it is therefore desirable to

find a solution set that does not fail to preserve its intended multi-phase preferences.

In the following sections, two elements of the concept of parameter determination

are considered to investigate this issue: The number of parameters, i.e. the number

of hardening components in the constitutive model and the choice of the principal

load history.

4.5.1 Number of hardening components

This section examines the effect that the number of hardening components has

on the characteristics of the calibrated model. The A2C3 T load history and the
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Figure 4.13: Experimental result and numerical simulation (N = 2) of the ArC9 T

test case. With A2C3 T as the principal and ArC9 T as the non-principal load

history. (a) Stress-time variation. (b) The difference between experimental and

numerical stress values (absolute error).

corresponding stress variation (Fig. 4.2a and b) are used for calibration purposes

of this section, whereas the A2C9 T and ArC9 T load cases are used to evaluate

the calibrated model. In other words, A2C3 T is the principal load history, while

A2C9 T and ArC9 T are the non-principal load histories.

Fig. 4.14 shows the attained Pareto front for three different values of N in Eq. (4.35).

While Fig. 4.14a shows the overall positioning of the three Pareto fronts in (fc, fm)

space, Figs. 4.14b, c and d use a larger scale to show the details of each Pareto

front. The location of ~xxxc, ~xxxm and ~xxxs are indicated by markers. As before, the point

corresponding to ~xxxc is the Pareto optimal solution obtained by setting w ≈ 1 in

Eq. (4.26) while ~xxxm is the result of setting w ≈ 0. It is clearly observed that as

the number of hardening components increases, numerical simulations become more

accurate. However, the improvement gained by increasing the number of hardening

components becomes less prominent as the number of components increases. These

properties can also be deduced from Figs. 4.15, 4.11 and 4.16 where the variation

of stress and its absolute error is shown against time as the A2C3 T load history is

being simulated.

If the Pareto fronts given in Fig. 4.14 are mapped using the non-principal A2C9 T
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Figure 4.14: Pareto front for N = 1, 2, 3 and the A2C3 T load history. (a) For all

three values of N with respect to each other. Detailed view for (b) N = 3, (c) N = 2

and (d) N = 1.
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Figure 4.15: Experimental result and numerical simulation (N = 1) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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Figure 4.16: Experimental result and numerical simulation (N = 3) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).

load history, the result would be the curves shown in Fig. 4.17 with the time variation

graphs given in Figs. 4.18, 4.12 and 4.19. The most important fact deduced from

these figures is the major improvement of using N ≥ 2 as opposed to N = 1. Also

note that increasing the number of hardening components does not preserve the

intended multi-phase preferences. This is clearly seen when considering the position

of ~xxxc and ~xxxm within the Pareto front (Fig. 4.14) and within the mapped curves of

Fig. 4.17.

Similar statements can also be made for the case where the Pareto front curves of

Fig. 4.14 are mapped using the ArC9 T non-principal load history. The result of

such mapping is shown in Fig. 4.20 with relevant time variation graphs given in

Figs. 4.21, 4.13 and 4.22.

Figs. 4.17 and 4.20 both illustrate the fact that when A2C3 T is used as the principal

load history, the Pareto optimal solution set does not preserve its intended multi-

phase preferences when mapped from (fc, fm) space to (f ′c, f
′
m) space using A2C9 T

and ArC9 T as non-principal load histories. Relevant values for the preference

preservation index (Eqs. (4.33) and (4.34)) are also provided in these figures for

comparison.
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Figure 4.17: Mapped counterparts of the Pareto front forN = 1, 2, 3 and the A2C9 T

load history. (a) For all three values of N with respect to each other. Detailed view

for (b) N = 3, (c) N = 2.
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Figure 4.18: Experimental result and numerical simulation (N = 1) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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Figure 4.19: Experimental result and numerical simulation (N = 3) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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Figure 4.20: Mapped counterparts of the Pareto front forN = 1, 2, 3 and the ArC9 T

load history. (a) For all three values of N with respect to each other. Detailed view

for (b) N = 3, (c) N = 2 and (d) N = 1.
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Figure 4.21: Experimental result and numerical simulation (N = 1) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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Figure 4.22: Experimental result and numerical simulation (N = 1) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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In the next section, the issue of preference preservation is further investigated and

solved by replacing A2C3 T with A2C9 T as the principal load history.

4.5.2 Principal load history

As previously mentioned, in this section A2C9 T is opted as the principal load his-

tory, whereas A2C3 T and ArC9 T are considered the non-principal load histories.

The numerical analyses of this section are all carried out with N = 2, hence, the re-

sults presented here should be compared to those given in Fig. 4.10. The new Pareto

front obtained by using the new principal load history (A2C9 T) is illustrated in

Fig. 4.23. As before, stress-time variations as well as their corresponding error varia-

tions are also evaluated for ~xxxc and ~xxxm, and are presented in Figs. 4.24, 4.25 and 4.26.

Also shown in this figure are the mapped curves corresponding to the non-principal

(A2C3 T and ArC9 T) load histories along with their preference preservation in-

dices. When comparing the curves in Fig. 4.23 with the ones in Fig. 4.10, it is seen

that although the error values have changed, the overall accuracy is somewhat the

same. However, a closer look at Fig. 4.23 reveals the fact that when the A2C9 T

load history is used to calibrate a model, that model tends to preserve its intended

multi-phase preferences. Note that the position of ~xxxc and ~xxxm with respect to each

other and with respect to the entire Pareto front (Fig. 4.23b) is maintained after

mapping (Fig. 4.23c).

When mapping with the ArC9 T load history (Fig. 4.23d), it is observed that the

multi-phase preferences are being preserved, but not as strongly as they were when

mapping with the A2C3 T load history (Fig. 4.23c). This is confirmed by their

respective preference preservation indices.

As a result, when it comes to preserving the multi-phase favouritism, using A2C9 T

as the principal load history is preferred to using the A2C3 T load history. This is

clearly evident by comparing Figs. 4.10 and 4.23. When compared to the A2C3 T

load history, the only downside of A2C9 T is that it takes longer to carry it out in

the laboratory.
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Figure 4.23: Pareto front for N = 2 and the A2C9 T load history alongside its

A2C3 T and ArC9 T mapped counterparts. (a) With respect to each other. De-

tailed view for (b) A2C9 T,(c) A2C3 T and (d) ArC9 T.
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Figure 4.24: Experimental result and numerical simulation (N = 1) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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Figure 4.25: Experimental result and numerical simulation (N = 1) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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Figure 4.26: Experimental result and numerical simulation (N = 1) of the A2C3 T

test case. With A2C3 T as the principal and non-principal load history. (a) Stress-

time variation. (b) The difference between experimental and numerical stress values

(absolute error).
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Figure 4.27: Error accumulation when only one material parameter is scaled. (a)

fc subjected to up-scaling, (b) fc subjected to down-scaling, (c) fm subjected to

up-scaling and (d) fm subjected to down-scaling.

4.5.3 Sensitivity analysis

The sensitivity of fc and fm to the material constants are evaluated in this section.

For this purpose, the parametric values corresponding to w = 10−2 in Table 4.2

are considered as the basis. This represents a model with 8 independent hardening

parameters (N = 2). New models are created by scaling any given parameter and

leaving the remaining 7 parameters constant. With the scaling factors being selected

as 1.20, 1.10, 1.05, 0.95, 0.90 and 0.80, a total of 8× 6 = 48 new models are created

and then analysed. The analyses are carried out through the A2C3 T test case, and

the corresponding values of fc and fm are attained according to Eqs. 4.36 and 4.37.

For each material parameter, the variation of fc and fm is plotted in Fig. 4.27 with

respect to the scaling factor.

It is observed from Fig. 4.27 that the sensitivity of fc and fm to material parameters

is different. While fc and fm both seem to have the least sensitivity to b1 and b2,

the former also has very low sensitivity to B2 and γ2. On the other hand, having

the highest sensitivity towards Q1, B1, γ1 and Q2 is common between fc and fm,

however, with the later also being sensitive to B2 and γ2.
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4.5.4 Multi-objective solution vs. single-objective solution

Throughout this paper, material constants have been determined as a set of Pareto

optimal solutions, meaning that there are multiple equally acceptable solutions to

a single parameter determination problem. Having multiple solutions is the result

of have a multi-objective problem, which itself is the result of splitting the load

histories of Fig. 4.2 into two distinct phases of loading.

On the other hand, if the problem was to be solved as a single objective optimisation

problem, the result would be a single unique solution that would minimise the

difference between experimental and numerical data points (Eq. (4.26)) over the

entire duration of a load history. Denoted by ~xxxs, this solution vector is referred to

as the single-objective solution.

Note that similar to ~xxxc and ~xxxm, ~xxxs is also a member of the Pareto optimal set

and therefore, also corresponds to a specific point on the Pareto front of a multi-

objective problem. This has been illustrated in Figs. 4.6, 4.10, 4.14, 4.17, 4.20 and

4.23. Referring to these figures, one can see that after being mapped from (fc, fm)

to (f ′c, f
′
m), Pareto optimal solutions are no longer equally acceptable, since many

of them lead to higher values for both error functions in the mapped (f ′c, f
′
m) space,

i.e. compared to the other Pareto optimal solutions. The single-objective solution

(~xxxs) can also be one of these high-error solutions and hence, not be the best choice

for the material parameters of a model (for example, Fig. 4.17d).

Now considering the fact that a single objective problem has the benefit of being

solved much faster than a multi-objective one, either method has its own merits

when selected as a parameter determination technique.

4.6 Conclusions

In this paper, the concept of multi-objective optimisation was used to determine the

material constants of a J2 plasticity model. The calibration process was developed by

first, briefly stating the required mathematical bases of multi-objective optimisation

and then, implementing these concepts to an actual problem involving a set of

multi-phase cyclic-monotonic load histories. The approach used in this work falls in

the category of a priori techniques, and hence, enables the development of a fully
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automated process.

After calibrating the first constitutive model using the chosen principal load history

(A2C3 T), the stress-time variations under all load histories were simulated using

that model. The results indicated that the calibrated model not only accurately

traces the stress variation of the load history it was calibrated against, but is also

capable of tracing other load histories.

In order to gain a deeper understanding of the characteristics of the calibration pro-

cess, especially from a multi-objective viewpoint, another method of validation was

also employed. This type of validation was mathematically described and referred to

as preference preservation. This involved obtaining all the Pareto optimal solutions

and the corresponding Pareto front with respect to the principal load history and

then mapping the Pareto front using the remaining non-principal load histories. By

implementing this approach, the results of the previously calibrated model revealed

that Pareto optimal solutions do not necessarily preserve their intended multi-phase

preferences when subjected to non-principal load histories.

The number of hardening components was investigated, whereby the results show

that a model produces more accurate simulations as the number of its components is

increased. However, the results also pointed to the fact that the degree of improve-

ment declines as the number of components is increased. Moreover, the number of

components didn’t show any sign of improving the preference preservation index.

As for the choice of the principal load history, the initial choice of A2C3 T was

replaced with A2C9 T. By comparing the results of the former with the latter, it

was observed that although the error values of the Pareto front and its mapped

counterparts are different for the two scenarios, the overall accuracy of the results

experiences no significant change. However, the new principal load history (A2C9 T)

had led to a Pareto optimal set with a much higher preference preservation index,

indicating that these models preserve their preferences after being mapped under

non-principal load histories.

The above-mentioned results conclude that the performance of a calibrated model

not only depends on the constitution of the model itself (number of hardening com-

ponents), but also on the load history that is used to calibrated the model. The fact

that selecting A2C9 T over A2C3 T led to the advantage, implies that calibrating a

model using a more restrictive load history can lead to improved preference preserv-

ing properties of the calibrated model. What is meant by a more restrictive load
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history is one that requires the model to trace a more complex response path, which

in this case, was in the form of having more instances of load reversals. While this

is immediately implied by the results presented in this paper, further investigations

must be carried out in order to reach a definite conclusion.

Within a Pareto optimal set, there exists a Pareto optimal solution which is the

same solution that is obtained if the entire load history is taken as a single objective

function. The location of this single-objective optimisation problem is marked in all

Pareto front curves presented in this paper. This specific point indicates the error

that a single-objective solution produces during the cyclic and monotonic phases of

loading. By comparing the location of the single-objective solution to all the other

solutions, and its translation as the Pareto front is mapped through non-principal

load histories, one can conclude that the single-objective solution, in general, does

not lead to the least error. This is in addition to the fact that in a multi-objective

problem, the operator has the power to enforce preferences into the solution. Hence,

giving a multi-objective approach advantages that are not available through a single-

objective method. Using a multi-objective approach, however, comes at the cost of

more computational time compared to a single-objective one.

4.7 The Nelder-Mead optimisation algorithm

(Appendix)

The Nelder and Mead [29] method is used in this paper to minimise the aggre-

gated objective function defined by Eq. (4.29). A description of the Nelder-Mead

optimisation algorithm is given in what follows.

The search begins by setting up an initial simplex in Rn, where n is the number

of variables of the optimisation problem. By definition, a simplex in Rn is a set of

n+ 1 points which do not lie in a hyper-plane. The n+ 1 vertices of the simplex are

then indexed as ~vvvi(i = 0, 1, . . . , n) based on their function values, so that f(~vvv0) ≤
f(~vvv1) ≤ . . . ≤ f(~vvvn). The algorithm of the Nelder-Mead search method is based

on generating trial points and evaluating the function value at these trial points.

There are three different types of trial points in this method, whereby each one is

generated for a specific purpose. These are known as ’reflection points’, ’expansion

points’ and ’contraction points’ [37]. The generation of a trial point is followed

by the evaluation of the function value at that point, which is then used to make
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Figure 4.28: The Nelder-Mead algorithm. (a) Initial configuration. (b) Reflection

trial point. (c) Expansion trial point. (d) Outside contraction point. (e) Inside

contraction point. (f) Shrink when f(~xxxr) ≥ f(~vvvn). (g) Shrink when f(~vvvn−1) <

f(~xxxr) < f(~vvvn).

a decision for the next step. These trial points are generated with respect to the

midpoint (~vvvm) of all vertices excluding the worst vertex, therefore

~vvv =
1

n

n−1∑
i=0

~vvvi (4.39)

With Fig. 4.28 illustrating the concept for n = 2, the configuration of the simplex

at the start of an iteration is depicted in Fig. 4.28a.

1. Reflection: The first trial of any iteration constitutes the reflection point ~xxxr

generated using the reflection coefficient µr > 0 (Fig. 4.28b).. The term ’reflection’

refers to the fact that this trial point is the reflection of the current worst point,

through the midpoint of the rest of the vertices, that is

~xxxr = ~vvv + µr(~vvv − ~vvvn) (4.40)

Decision on reflection trial involves:

- If f(~vvv0) ≤ f(~xxxr) ≤ f(~vvvn−1), replace the current worst vertex ~vvvn with the reflection

point ~xxxr;

- If f(~xxxr) < f(~vvv0), perform an expansion trial;
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- If f(~xxxr) > f(~vvvn−1), perform a contraction trial;

2. Expansion: When the function value of the reflection point is even better (smaller

in a minimisation problem) than the best vertex, an opportunity arises to take ad-

vantage of the direction with which the reflection point was created. This oppor-

tunity is considered through the expansion point ~xxxe generated using the expansion

coefficient µe > 1 (Fig. 4.28c)

~xxxe = ~vvv + µe(~xxxr − ~vvv) (4.41)

Decision on expansion trial involves:

- If f(~xxxe) < f(~vvv0), replace the current worst vertex ~vvvn with the expansion point ~xxxe;

- If f(~xxxe) ≥ f(~vvv0), replace the current worst vertex ~vvvn with the reflection point ~xxxr;

3. Contraction: If reflection does not lead to any practical improvements, contrac-

tion is considered using the contraction coefficient 0 < µc < 1. Contraction trial

points come in two types: inside contraction points and outside contraction points

illustrated in Figs. 4.28d and e, respectively. The type of contraction is chosen based

on a comparison between the reflection point ~xxxr and the current worst vertex ~vvvn.

So, if f(~xxxr) > f(~vvvn) then an inside contraction point ~xxxin
c is generated by using

~xxxin
c = ~vvv + µc(~vvvn − ~vvv) (4.42)

and if f(~xxxr) ≤ f(~vvvn) then an outside contraction point ~xxxout
c is generated such that

~xxxout
c = ~vvv + µc(~xxxr − ~vvv) (4.43)

Decision on contraction trial involves:

- If f(~xxxc) ≤ f(~vvvn), replace the worst vertex ~vvvn with the contraction point ~xxxc;

- If f(~xxxc) > f(~vvvn), perform a shrink operation;

4. Shrink: If all three types of trial points fail to make an improvement to the

current simplex, the simplex is then subjected to a ’shrink’ modification (reduction

in size). The shrink operation is performed by relocating all vertices closer to the

best vertex ~vvv0 (Figs. 4.28f and g).

~̂vvvi = ~vvv0 + µs(~vvvi − ~vvv0) (4.44)
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In this equation, ~̂vvvi is the new substitute for each current vertex ~vvvi, and 0 < µs < 1

is known as the shrink coefficient.

In the present work, the coefficients µr, µe, µc and µs of the Nelder-Mead method

are set to 1.0, 2.0, 0.5 and 0.5, respectively. These vales have been commonly used

in the literature [24, 38].

The stopping criterion of this method is defined as√√√√ 1

1 + n

n∑
i=0

[
f(~vvv)− f̄

]
< ρ (4.45)

where f̄ is the average function value over all the vertices of the simplex, such that

f̄ =
∑
f(~vvvi)/(n + 1) and ρ is a pre-set termination value. The process of the

Nelder-Mead simplex search method is depicted as a flowchart in Fig. 4.29.
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Abstract

An experimental program is carried out to investigate the relation between size and

the cyclic response of cylindrical concrete samples. For this purpose, normal strength

concrete samples are cast in 9 different sizes and tested under strain-controlled

cyclic loads. With the 9 sizes forming an array of samples with different diameters

and aspect ratios, the effect of size on peak stress and peak strain is determined.

Normalised cyclic stress-strain curves are then used to evaluate the variation of

cyclic parameters in terms of the diameter and aspect ratio of the sample. The

results of this study show that the diameter and the aspect ratio of the sample have

the most influence on the reloading strength and reloading tangent of the cyclic

response. Moreover, a key feature deduced from the results is that as the diameter

of a sample becomes smaller, the effect of aspect ratio on the post-peak response

diminishes. Finally, cyclic parameters are plotted against three different definitions

of the damage index. With these definitions being based on strain, strength and

dissipated energy, the results imply that the degradation of different cyclic properties

might be originating from different damage mechanics.

Keywords

Concrete; Mechanical properties; Size effect; Cyclic loading

5.1 Introduction

Having a deep understanding of the cyclic characteristics of structural materials

is a key step in creating models which reliably predict the response of structural

systems under cyclic loading. With the widespread use of concrete as a construction

material, any study that increases the understanding of its response under cyclic

loading is beneficial to a wide range of engineering structures. This not only refers

to the design of new structures, but also to the performance evaluation of current

ones.

One of the earlier works dealing with the fundamental characteristics of the cyclic

response of plain concrete is the work carried out by Bahn and Hsu [1]. An im-

portant observation made in their work is the fact that the monotonic stress-strain

response of concrete envelopes the cyclic curves. Although this correlation between

the monotonic and cyclic behaviour of concrete had also been reported in previ-

ous studies, a prominent feature that distinguishes the work of Bahn and Hsu [1]

is the emphasis on random-amplitude cycles. With the intention of developing a
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cyclic model suitable for any general loading history, they not only took constant-

amplitude cyclic loading into account, but also considered random-amplitude cycles

in their experiments. Further work in this area has been carried out by other re-

searchers [2–11]. The more recent study by Osorio et al. [9] aims at establishing

a fundamental understanding of the behaviour of confined concrete under cyclic

loading by examining lateral and longitudinal strains during the load cycles. The

experiments conducted by Lam et al. [7], involve monotonic and cyclic loading tests

at elevated temperatures. A key observation made in their experiments is that, even

at high temperatures, the monotonic stress-strain curve of concrete envelopes the

cyclic response.

On the other hand, it has been well established that in concrete testing, the observed

response depends on the size, the shape and the boundary conditions of the specimen

being tested. While such dependencies have been widely investigated with the main

focus on strength (f ′c) [12–16], few studies have considered the effect of size on peak

strain (ε′c) or other parameters that depend on strain, such as the tangent modulus

(Eo). Through their experiments, Choi et al. [17] investigated the relation between

the peak strain (ε′c) and the aspect ratio (height-to-diameter ratio, R = H/D) of

the sample, reporting an inverse relation between the two. It can also be concluded

from their experimental data that this correlation becomes less pronounced as the

aspect ratio becomes larger, especially for R > 2. Chin et al. [18] evaluated the

effect of sample size on strength, initial tangent modulus and peak strain. Their

experiments involved prismatic specimens with lateral dimensions down to 75 mm,

whereby they concluded that the size of the specimen does not have a significant

effect on the initial tangent or the peak strain. However, with lateral dimensions

ranging from 400 mm to as small as 50 mm, the results reported by Sim et al. [19]

indicate a clear increase in the peak strain (ε′c) as the size of the sample decreases.

From another perspective, the use of smaller concrete samples can be advantageous

when it comes to material testing. This is mainly due to the fact that their casting

becomes more feasible, they require less storage space during curing, and that they

can be tested using loading machines with less capacity. Note that ASTM provisions

[20] allow cylindrical samples with diameters as small as 50 mm and an aspect ratio

of R = 2 to be used for the determination of compressive strength and elastic

modulus. Consequently, when it comes to the effect of size on basic mechanical

parameters (f ′c, ε
′
c and E0), this lower range of sample dimensions has been covered

in the literature. However, the effect of size on the observed cyclic characteristics

of concrete is yet to be determined. Therefore, with the focus on small samples

(38 ≤ D ≤ 63 mm), the present work aims to determine the relationship between
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Figure 5.1: Concrete sample geometry (in mm).

sample size and cyclic behaviour. Through the experimental program of this work,

the effect of size on strength (f ′c) and strain-related parameters (ε′c and Eo) is first

determined. Cyclic stress-strain curves are then normalised by f ′c and ε′c, whereby

the effect of size on cyclic parameters is studied.

The results obtained from this program lay out the foundation for future experi-

mental and numerical studies of concrete under cyclic loading. An example is the

effect of temperature on cyclically-damaged concrete, currently being carried out at

Monash University. It is worth mentioning that these studies fall under a broader

research program to determine the response of structures under post-earthquake fire

conditions [21–23].

5.2 Experimental program

Cylindrical samples of normal strength concrete were cast, cured and tested in this

program. These samples consisted of nine different sizes varying in diameter (D)

and aspect ratio (R = H/D). With diameters of 38, 50 and 63 mm and aspect ratios

of 1.0, 1.5 and 2.0, an array of samples depicted in Fig. 5.1 were prepared. Also

given in this figure is the naming convention of the samples. This is in the form of

A�C� T, where the blank boxes (�) next to the letters D and R are respectively

filled in by the diameter and the aspect ratio of the sample. For example, the sample

with a 50-mm diameter and an aspect ratio of 1.5 is hereby denoted by A50C1.5 T.
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Table 5.1: Mix design for 1 m3 of concrete.

General purpose cement (kg/m3) 364

Coarse aggregates (max diameter 8 mm, kg/m3) 1170

Fine aggregate (kg/m3) 687

Water (kg/m3) 200

5.2.1 Material

All specimens were made using the same concrete mix with a 28-day target strength

of 35 MPa. With a maximum diameter of da = 8 mm, the coarse aggregates used in

this study were small enough to avoid the wall effect [20, 24]. The specific gravity

of coarse aggregates was equal to 2.69 at a saturated surface-dry condition whilst

fine aggregates were comprised of silica-based sand with a fineness modulus of 2.10.

General purpose cement (type I Portland cement) was used as the only cementitious

component of the concrete mix, while the water-to-cement ration was selected as

0.55. Table 5.1 provides the material proportions of the concrete mixture used in

this study.

5.2.2 Sample preparation

Samples were cast into plastic moulds. They were removed from their moulds after

24 hours and placed inside a curing tank where they would rest in lime-saturated

water at a temperature of approximately 23◦C. On day-7, samples were removed

from the tank and were allowed to cure further in free air at room temperature until

testing day. On approximately day-10, the two ends of the samples were ground

for a smooth and parallel finish. All samples were tested on day-28, except for the

samples that were used to monitor the development of strength over time. Note that

not all samples that were tested in this program were made from the same concrete

batch. Therefore, in order to ensure consistency between different batches, sample

A50C1.5 T was taken as the control sample and six samples of this size were always

cast from each individual batch of concrete. The mechanical properties obtained

from testing these control samples not only served as a reference to evaluate the

consistency between different batches, but they were also used to normalise the

results of other sample sizes within each individual batch (Section 5.3.1).
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5.2.3 Testing scheme

The machine used for testing was a Shimadzu AG-X with a load capacity of 300

kN. Samples were loaded at a constant displacement rate of 0.1 mm/min which

results in strain rates lower than ε̇ = 10−4 s−1 for all sample sizes. Displacements

were recorded using a non-contact MTS laser extensometer (model LX1500) with

a resolution of 1µm. Fig. 5.2 illustrates the schematics and the actual laboratory

view of the test setup used in this program. The relative displacement of the two

hardened-steel platens was used to determine the overall longitudinal strain of the

sample. This was achieved by targeting the laser extensometer towards the two

retro-reflective tapes that were attached to the front of the platens (Fig. 5.2). It is

generally understood that strains are not necessarily uniform along the sample height

and that near the boundaries, strains are affected by the stiffness of the platens as

well as the friction between the platens and the concrete surface. However, attaining

reasonable strain values within the post-peak region was only possible when strains

were calculated from the overall sample deformation [1, 7, 9]. Therefore, relative

platen displacement was used to capture strains throughout the entire response.

However, it should be mentioned that true strains may still be obtained by using a

correction technique such as the one described by Mansur et al. [25].

The load history applied to the concrete samples involved multiple cycles of con-

trolled straining up to specific values, followed by full unloading to near-zero stresses.

Stress and strain values were constantly logged and monitored during the experi-

ments, and load reversals were administered using real-time measurements. The

maximum induced strain value was increased with each cycle, causing additional

damage to the sample as the cycles progressed. Cyclic loading was continued until

the reloading strength (fr in Fig. 5.4) of the sample had reduced to half of the peak

stress (fr < 0.5f ′c). However, for samples where the reloading strength reduced

rapidly, load cycles were continued until the unloading strain (εu in Fig. 5.4) was

at least as twice as the peak strain (εu > 2ε′c). Examples of stress-strain curves

corresponding to this load history can be seen in Figs. 5.3 and 5.12. It is important

to point out that Fig. 5.3b is produced by normalising the plot in Fig. 5.3a with

respect to f ′c and ε′c. Note that in most of the following figures, stresses and strains

have been normalised by the value of the peak stress f ′c and the value of the peak

strain ε′c, respectively. Each of the 9 individual sample sizes was cast and tested a

minimum of 6 times in order to attain reliable statistical values. However, additional

experiments were carried out when required.
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Figure 5.2: Test setup with the gauge length being the distance between the retro-

reflective tapes. (a) Schematic diagram. (b) Laboratory view.
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Figure 5.3: Cyclic response and the monotonic envelope curve for sample A50C1.5 T.

(a) Original curves and (b) Normalised curves.
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Figure 5.4: Parameter definitions for the cyclic response of concrete.

5.3 Results and discussion

The variation of mechanical properties are derived and presented in this section.

The properties considered in this paper are depicted in Fig. 5.4, and are referred to

as either basic parameters or cyclic parameters in the following discussions. Basic

parameters include the peak stress f ′c, peak strain ε′c and initial tangent modulus

E0. On the other hand, cyclic parameters are the parameters related to the cyclic

response of the material and are defined as the unloading strain εu, plastic strain εp,

reloading strain εr, reloading stress fr, and reloading tangent modulus Er. These

parameters are commonly used for the numerical simulation of concrete behaviour

under cyclic loading [1, 26].

Fig. 5.5 shows the development of strength over time for sample A50C1.5 T (sample

with a 50-mm diameter and height to diameter ratio of 1.5). Also given in this

figure, are the values of peak stress, peak strain and initial tangent modulus at an

age of 28 days for this sample. These specific values are hereby denoted by ε̄′c, f̄
′
c

and Ē0 and are used as base values for comparing the basic properties of samples

with different dimensions.

Before going into the presentation of test results, it is important to understand how

the aspect ratio and diameter influence the failure mechanics of cylindrical samples.

The two underlying phenomena that affect the failure mechanics of concrete samples

are schematically illustrated in Figs. 5.6 and 5.7. Fig. 5.6 shows the distribution

of lateral stresses for samples with different aspect ratios. These lateral stresses

are caused by the frictional forces appearing between the sample and the loading

platens. With the lateral stresses acting in compression, these regions can be viewed

as confined zones where the strength of the material can attain values higher than
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Figure 5.5: Development of strength as a function of curing time.
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Figure 5.6: Lateral stresses and the confined zone for samples with different aspect

ratios.

those for unconfined concrete. Hence, as the aspect ratio of the sample decreases,

a larger portion of the sample experiences confinement, which in turn leads to the

higher strength and higher ductility of the sample [27]. On the other hand, when

it comes to the lateral dimension of the sample, it is not the diameter alone that

influences the failure of the sample, but the maximum aggregate size to diameter

ratio (da/D). This has been shown by the work of Sim et al. [19], where size

effect experiments were carried out by using samples with different diameters and

aspect ratios, as well as concrete mixes with different maximum aggregate sizes

(da = 8 − 19 mm). It is deduced that as da/D increases, the length of the cracks

that develop around the aggregates increase, hence, increasing the energy required

to form the cracks (Fig. 5.7). However, since the maximum aggregate size of the

concrete mix used in the present program is the same for all samples, the following

results are presented in terms of D for simplicity.

Fig. 5.8 illustrates the crack patterns observed for four of the sample sizes used in

this program. Further examination of the failed samples indicated that all cracks

were formed in the concrete paste. In addition, the cracks were observed to be more

dense for samples with smaller aspect ratios, leading to a more ductile failure.



Chapter 5: Effect of Size on the Response... 129

Figure 5.7: Crack propagation in concrete for different ratios of da/D.

D63R2.0

D63R1.0 D38R2.0

D38R1.0

Figure 5.8: Crack patterns for samples A63C2.0 T, A63C1.0 T, A38C2.0 Tand

A38C1.0 T.

5.3.1 Basic properties

This section deals with the basic properties of concrete under monotonic loading and

the test results obtained from samples with different dimensions. These properties

include the peak stress f ′c, peak strain ε′c and the initial tangent modulus E0 and are

the minimum requirements for the reconstruction of compressive stress-strain curves

[26]. Figs. 5.9, 5.10 and 5.11 respectively show the variation of f ′c, ε
′
c and E0 in terms

of sample diameter D and aspect ratio R. The values given in these figures are

averaged test results that have been normalised by the values of the control sample

A50C1.5 T. The logic behind using sample A50C1.5 T as the control sample was

discussed in Section 5.2.2. In addition to normalised averaged results, also shown in

Figs. 5.9, 5.10 and 5.11 is the standard deviation of each parameter by the utilisation

of error bars. These error bars help give insight towards the degree of certainty of

each parameter.

5.3.1.1 Peak stress

The peak stress f ′c represents the strength of the material and is the maximum

stress observed in the stress-strain curve. It can be seen from Fig. 5.9 that for any
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Figure 5.9: Variation of peak stress f ′c with sample diameter and aspect ratio.

given diameter, f ′c increases as the aspect ratio decreases. Moreover, f ′c also tends to

increase as the diameter of the sample becomes smaller. Another observation made

from Fig. 5.9 is that as samples become smaller in diameter or aspect ratio, test

data become more dispersed and hence lead to a higher standard deviation. This

is in agreement with the general understanding that due to higher heterogeneity,

smaller samples tend to produce more scattered results [12].

5.3.1.2 Peak strain

The peak strain ε′c is defined as the strain value that corresponds to the peak stress f ′c.

Fig. 5.10 indicates that for any given diameter, the peak strain ε′c tends to increase

as the aspect ratio of the sample decreases. Similarly, for any given aspect ratio,

the peak strain ε′c increases as the diameter of the sample becomes smaller. Among

the two parameters, the aspect ratio appears to have a more prominent effect on

peak strain. This can be directly related to the effect of the confined zone (Fig. 5.6),

whereby samples with lower aspect ratios experience multi-axial compressive stress

states over a larger portion of their volume and therefore, increased ductility [17].

On the other hand, it is observed that if the diameter is kept constant, lower aspect

ratios lead to higher values of the standard deviation. However, for samples with

the same aspect ratio, the diameter of the sample does not appear to affect the

standard deviation. By comparing the standard deviation of the peak strain ε′c to

the ones obtained for the peak stress f ′c, it can be concluded that in general, strain

values exhibit more scatter.
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Figure 5.10: Variation of peak strain ε′c with sample diameter and aspect ratio.
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Figure 5.11: Variation of initial tangent modulus E0 with sample diameter and

aspect ratio.

5.3.1.3 Initial tangent modulus

The initial tangent modulus E0 is the stiffness that a non-damaged material exhibits

before its response becomes non-linear. While similar patterns were observed for the

variation of peak stress f ′c and peak strain ε′c, the initial tangent modulus E0 appears

to be completely different. From Fig. 5.11 it is observed that for any given diameter,

the initial tangent E0 decreases as the aspect ratio of the sample decreases. In

addition, for any given aspect ratio, the initial tangent E0 decreases as the diameter

of the sample becomes smaller. The standard deviation of the initial tangent E0

is seen to have higher values than the ones attained for peak stress f ′c and peak

strain ε′c. However, unlike the peak stress f ′c and peak strain ε′c, it also appears that

the standard deviation of the initial tangent E0 is not affected by the diameter or

the aspect ratio of the sample. It is worth noting that although the variation of the

average values given in Fig. 5.11 show evident trends, due to the high scatter of data,

no conclusive result can be drawn for the initial tangent until a more comprehensive

set of experiments are carried out.



Chapter 5: Effect of Size on the Response... 132

1.0 2.0 3.0
0.0

0.4

0.8

1.2

ε/ε′c

σ
/
f
′ c

D63R2.0

D63R1.0

1.0 2.0 3.0
0.0

0.4

0.8

1.2

ε/ε′c

σ
/
f
′ c

D38R2.0

D38R1.0

(a) (b)

Figure 5.12: Normalised stress-strain curves for samples (a) A63C2.0 T and

A63C1.0 T and (b) A38C2.0 T and A38C1.0 T.

5.3.2 Cyclic properties

This section presents the cyclic properties of samples in terms of their diameter and

aspect ratio. The parameters under discussion here are defined in Fig. 5.4. Note

that although only one cycle of loading has been shown in Fig. 5.4, when a sample is

subjected to multiple cycles, the point at which the sample is unloaded from (ε < εu)

is defined as the beginning of a single cycle. Hence, the values of εp, fr, εr and Er

attained from each cycle are always correlated to the unloading point that initiated

the cycle.

5.3.2.1 Cyclic stress-strain curves

In order to directly examine the effect that the dimensions of a sample have on the

shape of the cyclic stress-strain curves, each individual curve is first normalised by

its own f ′c and ε′c. Fig. 5.12 shows normalised stress-strain curves for four different

samples. Qualitatively speaking, it is observed from this figure that the pre-peak

region of the stress-strain curve (ε/ε′c < 1.0) is not affected by the dimensions of the

sample. On the other hand, the post-peak region of the curve (ε/ε′c > 1.0) exhibits

increased ductility as the diameter or the aspect ratio of the sample decreases.

While higher ductility is a well known characteristic of smaller samples [19, 27], an

additional key feature that is revealed by comparing Figs. 5.12a and b is that the

effect of aspect ratio on ductility diminishes as the diameter of the sample decreases.

Based on the observations made by Bahn and Hsu [1] and later by Lam et al. [7],

the following assumptions are made for the extraction and the interpretation of the
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Figure 5.13: Variation of εp with εu. (a) Scatter data and (b) best fit lines.

cyclic parameters:

- Full-range monotonic stress-strain curves are viewed as upper bounds for the

cyclic response; and

- The unloading strain εu is considered as the primary independent variable that

dictates the subsequent reloading parameters.

The consequence of adhering to these two assumptions is the construction of Figs. 5.13,

5.14, 5.15 and 5.16 showing the variation of each cyclic parameter as a function of

the unloading strain εu. As mentioned before, in order to obtain the data presented

in these figure, each experimental stress-strain curve was first normalised by its f ′c

and ε′c and the value of the parameters were then taken from the normalised curve.

These graphs show the scatter data for all sample sizes. In addition, they also in-

clude best fit lines which help understand the individual effects of sample diameter

and aspect ratio. These best fit lines are obtained using linear regression and the

least-squares estimation. The reasoning behind the utilisation of best fit lines rather

than best fit curves is that best fit lines allow a more direct comparison of the re-

lationship between degradation of cyclic properties and different definitions of the

damage index. Such comparison is carried out later in Section 5.3.3.

5.3.2.2 Plastic strain, εp

The plastic strain εp is the accumulated residual strain that the material exhibits

upon the completion of each unloading sequence. Fig. 5.13 shows the variation

of the plastic strain εp with unloading strain εu. While the original scatter data
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Figure 5.14: Variation of fr with εu. (a) Scatter data and (b) best fit lines.
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Figure 5.15: Variation of εr with εu. (a) Scatter data and (b) best fit lines.
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Figure 5.16: Variation of Er with εu. (a) Scatter data and (b) best fit lines.



Chapter 5: Effect of Size on the Response... 135

have been plotted in Fig. 5.13a, best fit lines for samples A38C1.0 T, A38C2.0 T,

A63C1.0 T and A63C2.0 T are introduced in Fig. 5.13b. It is observed from the

best fit lines that the dimensions of the sample have no significant effect on the

relationship between εp and εu.

5.3.2.3 Reload strength, fr

The reloading strength fr is the maximum stress value that the damaged material

can undergo upon reloading. The variation of the reloading strength fr with un-

loading strain εu is presented in Fig. 5.14. The best fit lines given for εu/ε
′
c > 1.0 in

Fig. 5.14b indicate that the negative slope of εu− fr lines becomes less steep as one

dimension is reduced while the other dimension is kept constant. This is a direct re-

sult of increased ductility for samples with smaller dimensions, which was discussed

in Section 5.3.2.1. Therefore, it is not surprising to also see that the effect of aspect

ratio on the slope of the εu− fr line diminishes for samples with a smaller diameter,

and hence, the best fit lines corresponding to samples A38C1.0 T and A38C2.0 T

being almost identical.

5.3.2.4 Reload strain, εr

The reloading strain εr is the strain value that corresponds to the reloading strength

fr of the damaged material. Fig. 5.15 shows the variation of the reloading strain

εr with unloading strain εu. The best fit lines given in Fig. 5.13b for samples

A38C1.0 T, A38C2.0 T, A63C1.0 T and A63C2.0 T indicate that the relationship

between εr and εu is not affected by the dimensions of the sample.

5.3.2.5 Reload tangent, Er

The reloading tangent Er is defined as the stiffness of the damaged material upon

reloading from a zero stress state. The cyclic parameter that is most affected by the

dimensions of the sample is the reloading tangent. Fig. 5.16 shows the scatter data

and the best fit lines for the variation of the reloading tangent Er against unloading

strain εu. The best fit lines of Fig. 5.16b indicate that for a given sample diameter

and for a specific εu, the value of Er is always higher for samples with lower aspect

ratios. In addition, for a constant value of the aspect ratio, the slope of the εu −Er
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line increases as the diameter of the sample becomes smaller. Lastly, note that

the diameter of the sample highly influences the pre-peak (εu/ε
′
c < 1) region of the

εu − Er curve.

5.3.3 Damage index

In Section 5.3.2, cyclic parameters were plotted in terms of the unloading strain εu.

In other words, the unloading strain εu was taken as the damage index governing the

behaviour of the material upon unloading and subsequent reloading. However, it

has been argued that using εu as the damage index and taking it as the independent

variable that determines unloading and reloading paths is not a valid choice [26].

This section introduces two additional definitions of the damage index and compares

them to the unloading strain. The first damage index is based on the idea of strength

degradation [26] and is defined as:

δd = 1− σ

E0ε
(5.1)

and the second damage index takes into account the ratio of dissipated energy per

unit volume [28], defined by:

δe =

∫ εp

ε=0

σdε∫ εf

ε=0

σdε

(5.2)

where εf is the strain at which the material is completely damaged and ε = εp refers

to the state where the sample is about to be reloaded (Fig. 5.4).

In Eqs. (5.1) and (5.2), δd and δe are damage indices based on strength degrada-

tion and energy dissipation, respectively. Both indices vary between 0 (no material

damage) and 1.0 (fully damaged material). In these equations, σ and ε are corre-

sponding stress and strain values from the monotonic compressive response of the

material. This means that in order to quantify the damage index, a general stress-

strain relationship must first be assumed for the monotonic compressive response.

The stress-strain relationship proposed by Yang et al. [29] is hereby chosen for this

purpose. This relationship is defined as:
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Table 5.2: Variables used for Eq. (5.3)

.

sample E0 ×
(
ε′c
f ′c

)
ε0.5
ε′c

β1 (ε ≤ ε′c) β1 (ε > ε′c)

A38C1.0 T 2.114 1.76 0.803 3.464

A38C2.0 T 1.408 1.69 2.403 3.741

A63C1.0 T 1.708 1.98 1.330 2.537

A63C2.0 T 1.438 1.54 2.230 4.931

σ =

(β1 + 1)

(
ε

ε′c

)
(
ε

ε′c

)β1+1

+ β1

f ′c (5.3)

where the value of β1 is attained by solving the following equation:

{
0.4(Xa)

β1+1 + (0.4−Xa)β1 −Xa = 0 , ε ≤ ε′c

(Xd)
β1+1 + (1− 2Xd)β1 − sXd = 0 , ε > ε′c

(5.4)

with Xa = 0.4f ′c/E0ε
′
c and Xd = ε0.5/ε

′
c. All parameters have been described pre-

viously, except for ε0.5 which denotes the post-peak strain value corresponding to a

stress state of 0.5f ′c. Table 5.2 gives the values of the parameters of Eq. (5.3) used

for samples A38C1.0 T, A38C2.0 T, A63C1.0 T and A63C2.0 T. Fig. 5.17 shows

the stress-strain curves developed by these parametric values. Substituting these

stress-strain relationships into Eqs. (5.1) and (5.2), one can obtain the variation of

each damage index in terms of compressive strain. The result of this substitution is

the variation of δd and δe with ε, as illustrated in Fig. 5.18.

Cyclic properties which were introduced in Section 5.3.2 are now plotted against the

damage index δd in Fig. 5.19. The plots in this figure cover samples A38C1.0 T,

A38C2.0 T, A63C1.0 T and A63C2.0 T, whereby for each sample, the best fit line

with its corresponding coefficient of determination r2 is also given. The same cyclic

properties are plotted against δe in Fig. 5.20.

Comparing Figs. 5.19 and 5.20 with Figs. 5.13, 5.14, 5.15 and 5.16 indicate the

difference that the definition of the damage index makes when it comes to the de-

scription of cyclic parameters. The utilisation of best fit lines rather than best fit
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Figure 5.17: Stress-strain curves produced by Eq. (5.3) proposed by Yang et al. [29].
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Figure 5.18: Variation of the damage index with strain based on (a) strength degra-

dation Eq. (5.1) and (b) dissipated energy Eq. (5.2).
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Figure 5.19: Variation of cyclic parameters against damage index δd given by

Eq. (5.1). (a) Plastic strain εp, (b) reload strength fr, (c) reload strain εr and

(d) reload tangent modulus Er.
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Figure 5.20: Variation of cyclic parameters against damage index δe given by

Eq. (5.2). (a) Plastic strain εp, (b) reload strength fr, (c) reload strain εr and

(d) reload tangent modulus Er.
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curves allows for the identification of any direct relationship between each damage

index and cyclic parameters. It is observed from these figures that using the unload-

ing strain εu as the damage index agrees well with the variational patterns of the

reloading strain εr and the reloading strength fr. This is deduced by comparing the

r2 values resulting from the three damage indices. On the other hand, the strength

based damage index δd is best suited for the reloading tangent Er, and the energy

based damage index δe gives the best correspondence for the plastic strain εp.

Although more experiments have to be carried out before a definite conclusion can be

made, but these observations imply that the variation of different cyclic properties

may be due to different damage mechanisms within the material.

5.4 Conclusions

The aim of this research was to determine the effect of size on the cyclic response

of concrete samples. For this purpose, cylindrical samples of 9 different sizes were

cast and tested. These samples consisted of an array of different diameters (D)

and different aspect ratios (R). The effect of size on peak stress (f ′c), peak strain

(ε′c) and initial tangent (Eo) was first determined. Cyclic stress-strain curves were

then normalised by the individual values of f ′c and ε′c for each sample, and cyclic

parameters were determined from the normalised curves. These cyclic parameters

were initially interpreted in terms of their variation with the unloading strain (εu),

but were later also examined against a strength based damage index (δd) and an

energy based damage index (δe). The following conclusions can be drawn from the

results:

1. Peak stress (f ′c) and peak strain (ε′c) values are shown to increase as the diam-

eter (D) and the aspect ratio (R) decrease.

2. The initial tangent (Eo) tends to decrease as the diameter (D) and the aspect

ratio (R) decrease.

3. The post-peak ductility of the samples increases as the diameter (D) and the

aspect ratio (R) decrease. However, this correlation diminishes as the diameter

(D) decreases.

4. As a result of increased ductility with smaller diameters (D) and smaller aspect
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ratios (R), the negative slope of the εu − fr line tends to become less steep as

the diameter (D) and the aspect ratio (R) of the sample decrease. However,

similar to ductility, this dependency diminishes as the diameter (D) becomes

smaller.

5. The variations of plastic strain and reloading strain with unloading strain

(εu − εp and εu − εr) are independent of sample size.

6. The reloading tangent (Er) tends to have higher values for smaller values of

diameter (D) and aspect ratio (R), while at the same time, the slope of the

εu − Er line becomes more steep as the diameter of the sample decreases.

7. When comparing the unloading strain (εu) as a damage index with the strength

based damage index (δd) and the energy based damage index (δe), it is observed

that the variation of the reloading strength (fr) and reloading strain (εr) are

best described with the unloading strain (εu). On the other hand, the variation

of the reloading tangent (Er) and plastic strain (εp) are best described by δd

and δe, respectively.

8. A deeper understanding of the underlying damage mechanisms which result

in the dependencies pointed out in the previous item can be gained through

further experiments. However, the authors believe that performing numerical

simulations using the discrete element approach can also lead to further insight

on the subject.
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Abstract

This research aims to investigate the effect of high temperature on concrete samples

which have been previously damaged under cyclic loading. For this purpose, normal

strength concrete samples are initially subjected to strain-controlled load cycles

and then exposed to elevated temperatures. Residual mechanical properties of the

samples are measured after allowing them to slowly cool down to room temperature.

These properties are expressed in terms of two independent parameters, i.e. the

level of damage induced by cyclic loading as well as the exposure temperature.

It is shown that the variation of residual properties is simultaneously affected by

both parameters, however, the influence of pre-induced damage diminishes as the

exposure temperature increases. In addition, an effective approach is described for

the numerical reproduction of stress-strain curves for any given level of damage and

temperature.

Keywords

Concrete; Cyclic loading; Temperature; Partial damage; Bézier curves

6.1 Introduction

In view of the devastating outcomes of extreme events such as post-earthquake fires

[1, 2], the importance of having a model for the fire-resistant capacity of a seismically-

damaged structure becomes evident. Creating such models requires research in the

structural scale [3–6] as well as the material scale [7–9].

Due to its popularity as a construction material, the study of concrete is a vibrant

topic and extensive research has been carried out on its behaviour under cyclic

loading [10–12] as well as high temperature [13–20]. However, there is a lack of

experimental data when it comes to the changes that high temperature inflicts on

a specimen that has already sustained cyclically-induced damage. At increasing

temperatures, concrete undergoes changes in its chemical composition and physical

structure. The chemical and mechanical changes that concrete experiences at high

temperatures have been outlined by several researchers [15–17]. Exposure to high

temperature affects the strength and durability of concrete members, and while some

changes are instantaneous (e.g. stresses due to thermal incompatibility), others take

place over time (e.g. dehydration of chemically bound water). Hence, the complex

interaction of physical, chemical and mechanical changes becomes a time-dependent

process.
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Zhai et al. [21] investigated the properties of concrete samples after being exposed

to high temperatures (up to 1200◦C). Their results show that the changes take place

in both the cement paste and the aggregates. It also shows that these changes are of

different nature at different levels of temperature. At the same time, the experiments

conducted by Wu and Wu [19] imply that up to a temperature of 600◦C and over a

duration of 1-6 hours, the extent of strength degradation is almost independent of

the duration of exposure.

Arioz [17] studied the effect of high temperature on the residual compressive strength

of concrete specimens. Also included in this study, was the influence of aggregate

type and water-cement ratio on the relative strength reduction. Attributed to the

mineral structure, it was concluded that concrete made from river gravel experi-

ences higher strength reductions when compared to crushed limestone. However,

the results indicate that the water-cement ratio has negligible effect on the relative

strength reduction.

Thermal incompatibility of the cement paste and aggregates is considered a main

factor causing degradation at elevated temperatures [15, 17, 20]. Therefore, strength

degradation of concrete is not only a result of the decomposition of cement hydration

products, but is also influenced by the micro-cracks which develop due the difference

between the thermal expansion of the paste and that of the aggregates.

Despite the importance of multi-phase load histories such as post-earthquake fire or

post-impact fire, not much attention has been given to the understanding of such

sequential load histories and their effect on construction material [7, 22–24]. A recent

investigation by Sinaie et al. [7] involved the behaviour of cyclically-damaged mild

steel at elevated temperatures. A similar problem is treated in the present paper

for normal strength concrete. In other words, this research investigates the changes

that material properties undergo when concrete samples are first subjected to cyclic

loading and then exposed to elevated temperatures. This study is part of a series of

investigations currently being carried out at Monash University on extreme events

and resilient structures [7, 22–26].

6.2 Experimental program

When it comes to the effect of high temperature on concrete, three methods of

testing are carried out by researchers [27]:
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• Stressed tests at high temperature

• Unstressed tests at high temperature

• Residual tests after exposure to high temperature

Stressed tests at high temperature involve concurrent heating and loading on the

sample. In these tests, samples are loaded up to a fraction of their nominal strength

and then heated while the load is kept constant. Once the temperature reaches its

target value, the existing load is increased until failure. Unstressed tests at high

temperature are similar to stressed tests, but without the initial load. Stressed and

unstressed tests are usually carried out in conjunction to one another [28]. While the

existence of stress during heating leads to complex micro-mechanical interactions,

results indicate that in general, stressed samples sustain less strength loss when

compared to unstressed ones.

In contrast to stressed and unstressed tests at high temperature, for residual tests

after exposure to high temperature, the sample is allowed to cool down to room

temperature before being subjected to loading [19]. The relation between residual

strength and high temperature strength varies depending on temperature. It has

been reported that up to a temperature of 400◦C, residual strength is higher than

strength at high temperature. However, as the exposure temperature rises beyond

400◦C, the residual strength is measured to be less than the strength at high tem-

perature. This has been attributed to the decomposition of calcium hydroxide into

calcium oxide and water which takes place at around 400◦C. While this decompo-

sition causes strength loss at high temperature, it is reversible and as the calcium

oxide absorbs water during cooling, the new calcium hydroxide crystals cause the

existing cracks to open further and lead to additional strength loss [15].

This study aims to determine the residual mechanical properties of cyclically-damaged

specimens after being exposed to elevated temperatures. For this purpose, the test

program was divided into three separate phases:

• Phase 1. Induction of cyclic damaged.

• Phase 2. Exposure to elevated temperature.

• Phase 3. Determination of residual properties.
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Figure 6.1: Concrete sample geometry (in mm) and thermocouple placement.

In the first phase, undamaged samples were taken and subjected to cyclic loading.

This resulted in samples that were in a state of partial damage. In the second

phase, the partially-damaged samples were exposed to different levels of temper-

ature. After being cooled down to room temperature, samples were tested under

compression in the third and final phase. A detailed description of each phase is

given in Section 6.2.3.

6.2.1 Material

One major concern of this research was to induce a state of uniform damage through-

out a single concrete sample. With the damage being of mechanical and thermal

origin, the dimensions of the samples should be selected as to accompany uniform

damage caused by both phenomena.

In regards to cyclic damage, the results reported by Sinaie et al. [12] were taken into

consideration. On the other hand, to avoid size-related thermal damage, especially

in the form of spalling, the findings of other researchers were taken into account

[15, 29]. As a result, samples of 50-mm diameter and 100-mm height were used in this

program (Fig. 6.1). This sample size has shown to produce reliable results in terms of

reproducibility of data (less scatter within the test results) under monotonic as well

as cyclic loading [12]. At the same time, with the cross section being of cylindrical

shape and the diameter of the sample being 50 mm (smaller than the commonly

used 100- or 150-mm diameter), the process of attaining uniform temperature is

simplified.
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Table 6.1: Mix design for 1 m3 of concrete.

General purpose cement (kg/m3) 364

Coarse aggregates (max diameter 8 mm, kg/m3) 1170

Fine aggregate (kg/m3) 687

Water (kg/m3) 200

The results of this study were intended to pertain to both new and existing struc-

tures. Therefore, with normal strength concrete being the most common class of

concrete in both categories, the mix design used in this program was based on nor-

mal strength concrete with no special additives. All specimens were made using

the same concrete mix with a 28-day target strength of 35 MPa. With a maxi-

mum diameter of da = 8 mm, the coarse aggregates used in this study were small

enough to avoid the wall effect. The specific gravity of coarse aggregates was equal

to 2.69 at a saturated surface-dry condition and the fine aggregates were comprised

of silica-based sand with a fineness modulus of 2.10. General purpose cement (type

I Portland cement) was used as the only cementitious component of the concrete

mix, while the water-to-cement ratio was selected as 0.55. Table 6.1 provides the

material proportions of the concrete mixture used in this study.

6.2.2 Sample preparation

Samples were cast into plastic moulds. They were removed from their moulds after

24 hours and placed inside a curing tank where they would rest in lime-saturated

water at a temperature of approximately 23◦C. On day-7, samples were removed

from the tank and were allowed to cure further in free air at room temperature

until testing day. On approximately day-10, the two ends of the samples were

ground for a smooth and parallel finish. Note that not all samples tested in this

program were made from the same batch. Therefore, in order to ensure consistency

between different batches, three samples were taken as control samples from each

individual batch of concrete and tested simultaneously with the rest of the batch.

The mechanical properties obtained from testing these control samples served as a

reference to evaluate the consistency between different batches. They were also used

to normalise the results of the rest of the batch.
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Figure 6.2: Test setup and the location of the retro-reflective tapes. (a) Schematics

and (b) Laboratory setup.

6.2.3 Testing scheme

Samples were tested after 90 days of casting, whereby each test was repeated 4

times. A total of 144 samples were cast and tested by the end of the study.

The machine used for testing was a Shimadzu AG-X with a load capacity of 300

kN. Samples were loaded at a constant cross-head displacement rate of 0.1 mm/min

which results in strain rates lower than ε̇ = 10−4 s−1. Strains were recorded using a

non-contact MTS laser extensometer (model LX500) with a resolution of 1µm.

Fig. 6.2 illustrates the schematics of the test setup used in this program. The

relative displacement of the two hardened-steel platens was used to determine the

overall longitudinal strain of the sample. This was achieved by targeting the laser

extensometer towards the two retro-reflective tapes that were attached to the front

of the platens (Fig. 6.2).
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6.2.3.1 Phase 1. Induction of cyclic damage

In the first phase of the test, samples were subjected to cyclic loading in the same

manner described by Sinaie et al. [12]. Loading was carried out in a displacement-

controlled configuration, whereby the amplitude of the cycles was based on strain.

It is pointed out later in Section 6.3 that the maximum strain experienced by the

sample in this phase is taken as the measure of the level of cyclically-induced dam-

age. The load history applied to the concrete samples involved 3 cycles of controlled

straining up to a certain level of damage, followed by full unloading to near-zero

stress. Stress and strain values were constantly logged and monitored during the

experiments, and load reversals were administered using real-time measurements.

Note that choosing the number of applied cycles to be equal to 3 was based on pre-

liminary results and the effect of number of cycles is later discussed in Section 6.3.4.

6.2.3.2 Phase 2. Exposure to elevated temperature

In the second phase of the test, samples were exposed to elevated temperatures.

Special care was taken in this stage so that the damage induced by temperature be

more representative of the material itself and not depend on the size and shape of

the sample. Therefore, it was important to achieve a state of uniform temperature

within the volume of the sample, and at the same time, avoid any form of spalling.

Spalling can be due to many factors including high moisture and/or temperature

gradients caused by rapid heating [29, 30]. Limiting these factors allows the damage

to mainly be caused by chemical reactions and the thermal incompatibility of the

mortar-aggregate structure. This was accomplished by taking the following mea-

sures:

• Selecting cylindrical specimens over cubic ones for uniform circumferential heat

exposer and penetration.

• Using samples of 50-mm diameter to reduce the thermal gradient in the radial

direction, without having to reduce the heating rate to very small values.

• Avoiding a rapid heating rate, as well as rapid cooling.

• Testing the samples after 90 days of casting for low moisture content.
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(a) (b)

Figure 6.3: Laboratory setup for temperature exposure. (a) Environmental chamber

and (b) placement of samples in groups of 7 inside the chamber.

As a result, spalling was not observed in any of the samples tested in this program.

Samples were exposed to elevated temperatures by means of an Instron environmen-

tal chamber (model 3119-408) with a maximum capacity of 600◦C (Fig. 6.3). Target

temperatures were 200, 300, 400, 500 and 600◦C, while the heating rate was set to

10◦C min−1. Samples were placed inside the chamber in groups of 7, where one of

the samples was used to monitor the inner and outer temperature (Fig. 6.4). Once

the inner temperature of the sample (not the chamber) reached the target value, the

temperature was kept constant for 60 minutes (Fig. 6.5). This 1 hour duration is

usually used by researchers as a lower limit for the exposure time [19]. This seems

reasonable given the uncertainties of a real fire and the duration of exposure before

being extinguished. On the other hand, it has been shown by Wu and Wu [19] that

for normal strength concrete, exposure durations above 1 hour have negligible effect

on strength reduction. Therefore, a 60-minute exposure duration was selected in this

program. After this 60-minute period, the heater was turned off and to avoid any

thermal shock, the samples were allowed to slowly cool down to room temperature

before opening the chamber. During this time, the temperature of the sample was

logged by thermocouples on the surface and inside the specimen (Fig. 6.1).

It is worth pointing to Fig. 6.4 which shows the variation of temperature with time

recorded from the two thermocouples depicted in Fig. 6.1. One thermocouple mea-
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sured the temperature on the surface of the sample, while the other was embedded

inside the sample and measured the temperature at the centre.

6.2.3.3 Phase 3. Determination of residual properties

Residual mechanical properties of cooled-down samples were measured in this phase.

This is accomplished by testing the samples under compression and recording the

entire stress-strain response until failure. Loading was carried out under a constant

rate of 0.1 mm/min which resulted in strain rates lower than ε̇ = 10−4 s−1. Force

values were directly accumulated from the machine, while strain values were recorded

using the non-contact laser extensometer (MTS LX500) at a resolution of 1µm.

Loading as well as data accumulation was continued at a frequency of 4 Hz until

failure.

6.3 Results and discussion

The variation of mechanical properties are derived and presented in this section.

The properties considered in this paper are depicted in Fig. 6.6, and are referred

to as residual properties in the following discussions. These are denoted by the

superscript r and include the residual peak stress f rc , peak strain εrc, initial modulus

Er
c and εr0.5 which represents the post-peak strain at 50% peak stress (0.5f ′c). Also

depicted in Fig. 6.6 is εu which is referred to as the unloading strain and represents

the strain value at which loading is reversed. Note that results are presented in

dimensionless form after being normalised by either f ′c, ε
′
c or Ec.

6.3.1 Effect of cyclic loading

Fig. 6.7 illustrates the typical response of concrete samples under cyclic loading. It

has been argued that the unloading strain εu defined in Fig. 6.6 might not be the

best choice as the independent damage index [10]. However, it has been shown by

Sinaie et al. [12] that converting this definition of the damage index into other forms

is possible and is simply a mathematical problem. Therefore, for the remainder of

this study, the value of ∆εc = εu/ε
′
c is taken as the independent variable representing

the level of cyclic damage that the material has sustained. When viewed as a two-
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normalised by ε′c and f ′c, respectively).

phase testing scheme, at any given state of the material, all the cycles leading to that

state can be identified as the damage induction phase, while the subsequent response

is viewed as the phase where residual properties are observed. This is illustrated

in Fig. 6.7 and is also incorporated into Fig. 6.6 for the definition of mechanical

properties.

Note that while cyclic loading is an integral part of the process, it is important to

understand that cyclic parameters are not sought after in this study. The parameters

that are of interest are those constituting the residual response of the material after

it has been subjected to cyclic loading and elevated temperature. These include

the residual values for peak stress f rc , peak strain εrc, initial modulus Er
c and the

post-peak strain εr0.5 at 50% peak stress 0.5f rc , all of which are depicted in Fig. 6.6.

Note that in this figure, the values of εrc and εr0.5 are measured from the onset of

the residual response. Doing this establishes a direct correspondence between base

properties and residual properties and hence, allows us to utilise the same stress-
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strain equation with different parametric values for both cases.

In regards to the micro-mechanical development of damage in concrete samples un-

der quasi-static loading [31], the process of crack formation and crack propagation is

summarise in the following. This summary is later used to interpret the experimental

observations in subsequent sections.

• At zero load conditions, micro cracks exist within the material, especially at

the interfacial transition zone (ITZ).

• Up to 0.3fc, ITZ micro-cracks are stable.

• Up to 0.7− 0.9f ′c, ITZ cracks increase in length, width and number. Over this

range of loading, cracks also begin to form in the mortar, bridging the ITZ

cracks together.

• Over 0.7−0.9f ′c (close to the peak load), cracks propagate at a faster rate and

are unstable. At this point, failure can occur, even if the load is maintained

at a constant value.

Fig. 6.8 shows the variation of the residual properties as a function of ∆εc = εu/ε
′
c

at room temperature.

It is seen from Fig. 6.8a that the residual peak stress f rc does not show any significant

change as long as ∆εc < 1.0, but tends to drop as the damage level increases beyond

∆εc ≥ 1.0. This can be explained by the fact that for ∆εc < 1.0, micro-cracking

is mostly at the ITZ and in a stable state (below 0.7 − 0.9f ′c). Studies have shown

that ITZ cracks are not a defining factor in the compressive strength of concrete

samples [31]. Therefore, it is reasonable to say that f rc is not influenced by the level

of damage while ∆εc < 1.0.

On the other hand, the propagation of cracks, either through ITZ or the mortar

matrix, directly affects the stiffness of the material. This explains the reduction

of the residual modulus Er
c starting at ∆εc ≈ 0.7, where initial micro-cracks start

to increase in length and number. As damage passes the peak state (∆εc > 1.0),

cracks propagate at a faster rate and so the residual modulus drops at a higher rate

(Fig. 6.8b).

The value of the residual peak strain εrc depends on the residual strength f rc and
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modulus Er
c . Therefore, it also starts to drop before ∆εc = 1 and continues to drop

as the damage level progresses. This is observed in Fig. 6.8c.

Finally, the post-peak strain εr0.5 at 50% peak stress 0.5f rc is an indication of the

level of post-peak localisation in the specimen. It is stated in the literature that the

softening part of the stress-strain curve is a structural property, meaning that it is

highly dependent on the size, the shape and the boundary conditions of the sample

being tested [32]. Since the size, shape and end conditions of samples do not change

for different levels of damage, the εr0.5/ε
r
c ratio tends to remain constant over the

entire range of ∆εc (Fig. 6.8d).

6.3.2 Effect of temperature exposure

Fig. 6.9 shows the variation of residual properties against temperature. Note that

this figure shows the results from samples that have not been subjected to any cyclic

loading. The values are measured after an original sample has been exposed to a

target temperature for 60 minutes and then allowed to slowly cool down to room

temperature (Fig. 6.5). The results are in agreement with those reported by other

researchers, for example [16].

Among different factors, heating rate and peak temperature are the two which have

a significant influence on the residual properties. From the literature [15–17], the

progression of damage caused by temperature can be summarised as:

• Starting at around 110◦C, the paste begins to dehydrate where the chemi-

cally bound water is released from the calcium silicate hydrate (CSH). At the

same time, the thermal incompatibility of cement paste and aggregate causes

internal stresses to take form.

• Once the temperature passes 300◦C, micro-cracks begin to form at the ITZ

causing degradation of strength and stiffness. From this stage on, strength

loss is irreversible.

• In the range of 400−800◦C, calcium hydroxide decomposes into calcium oxide

and water, causing major strength reduction. If the material is allowed to cool

down from this state, calcium oxide will absorb water, whereby the expansion

will cause the already formed cracks to open further and lead to additional
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strength loss.

Fig. 6.9a shows that the residual strength f rc tends to drop as the temperature rises.

The reduction is observed to start from the very beginning of temperature rise and

therefore, can be attributed to the dehydration of the cement paste as well as cracks

caused by thermal incompatibility of the paste/aggregate structure. Also shown in

this figure is the variation of the residual strength given by EN 1994-1-2 [33].

The residual modulus Er
c also tends to decrease as the temperature rises (Fig. 6.9b).

Moreover, the reduction seems to take place at a higher rate, as the temperature

passes 200−300◦C. As mentioned before, the stiffness of concrete is highly influenced

by existing micro-cracks. Therefore, the formation of micro-cracks at temperatures

above 300◦C can account for the increasing rate of reduction at this temperature

(Fig. 6.9b). This figure also compares the experiments results with the values derived

from EN 1994-1-2 [33].

It is observed from Fig. 6.9c that the residual peak strain εrc increases as the tem-

perature rises. This can be justified by correlating the variation of εrc with the rate

at which residual strength f rc and residual modulus Er
c decrease. With the value of

Er
c dropping at a higher rate than f rc , the residual peak strain εrc has the tendency

to increase. This figure shows a significant difference between test results and the

values suggested by EN 1994-1-2 [33]. Such difference has been reported by other

researchers as well [16].

Fig. 6.9d shows that the εr0.5/ε
r
c ratio tends to remain constant as the temperature

rises. This means εr0.5 changes at the same rate as εrc. As before, this can be justified

by the fact that εr0.5/ε
r
c is a result of the size, shape and end conditions of the samples,

and therefore, does not show significant variation as long as the experimental setup

is the same.

6.3.3 Effect of temperature exposure on

cyclically-damaged samples

This section deals with the residual properties of samples that have been subjected

to cyclic damage before being exposed to elevated temperatures. The results are

shown in Fig. 6.10 where the variation of residual properties is presented in terms of

the damage level ∆εc and the target temperature T . These variations are discussed
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Figure 6.10: Variation of residual properties against damage level ∆εc and tempera-

ture T . (a) Residual strength, (b) initial modulus, (c) peak strain and (d) post-peak

strain at 50% peak stress.

in terms of the damage progression summarised in the previous sections.

Fig. 6.10a shows the variation of the residual strength against ∆εc and T . Re-

gardless of temperature, reduction in strength appears to take place only when the

damage index is greater than 1.0. However, at higher values of T , the effect of ∆εc

on the residual strength diminishes. As a result, at a temperature of 600◦C, resid-

ual strength f rc seems to remain constant over the entire range of ∆εc. It can be

concluded that for any given level of damage ∆εc, there exists a certain temperature

whereby the strength reduction caused by dehydration of the paste and internal

thermal cracks surpasses the previously induced cyclic damage.

The variation of the residual modulus Er
c against ∆εc and T is presented in Fig. 6.10b.

These results indicate that the stiffness of the material tends to drop as the cyclically-

induced damage level ∆εc and/or temperature T increase. Considering the origins

of mechanical and thermal damage, the results indicate that material degradation

due to temperature exposure accumulates with cyclically induced damage, resulting

in an accumulation of stiffness reduction. However, similar to the variation of the
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residual strength f rc , the effect of ∆εc on Er
c diminishes as higher temperature are

reached.

Fig. 6.10c shows the variation of residual peak strain εrc against ∆εc and T . The

individual effect of cyclic damage ∆εc (Fig. 6.8c) and temperature T on the residual

peak strain εrc (Fig. 6.9c) act in opposite directions, with the former having a direct

relation and the latter having an inverse relation. This results in a non-uniform

trend in the variation of εrc. Therefore, for any given temperature below 500◦C, the

residual peak strain decreases as the damage index ∆εc attains higher values. On

the other hand, at a temperature of 600◦C, the residual peak strain increases as the

damage level ∆εc increases. However, more importantly, in view of the sequence of

the events acting on the material (temperature exposure being after cyclic loading),

it can be concluded that once the level of damage ∆εc is ascertained, the residual

peak strain monotonically increases as the temperature T increases.

The variation of the post-peak strain εr0.5 against ∆εc and T is illustrated in Fig. 6.10d.

The results given in this figure imply that the damage level ∆εc and temperature T

have no significant effect on εr0.5. This is reasonable given the fact that the individual

effects of ∆εc and T on εr0.5 were also insignificant (Figs. 6.8d and 6.9d).

6.3.4 Effect of number of cycles

It was pointed out in Section 6.2.3.1 that samples were subjected to 3 cycles of

controlled straining during the first phase of the experiment. In order to determine

the effect of number of cycles on the residual properties, a preliminary study was

carried out where the variable was the number of cycles. The number of cycles

were taken to be n = 1, 3 and 9 which cover the range expected from typical

structures under earthquake loading [34]. In addition, the damage level was selected

as ∆εc = 1.0 and the temperature was set to T = 400◦C. Table 6.2 shows the results

obtained from these tests. While there seems to be a slight decrease in residual

properties as the number of cycles increases, the variation is negligible compared to

the effect of ∆εc and T . These tests were carried out prior to the main experiments.

With this knowledge, the number of cycles was not studied any further and the main

tests only involved 3 cycles of loading (n = 3).
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Table 6.2: Effect of number of cycles (n = 1, 3, 9) on residual properties. Values

correspond to ∆εc = 1.0 and T = 400◦C.

n f rc /f
′
c Er

c/Ec εrc/ε
′
c εr0.5/ε0.5

1 0.603 0.467 0.823 2.175

3 0.609 0.463 0.806 2.044

9 0.591 0.448 0.783 1.952

6.3.5 Numerical representation of residual properties as a

function of ∆εc and T

In order to use the results of this study (Section 6.3.3) in a structural model, a

numerical expression is required to calculate the value of each residual mechanical

property for any given value of the damage level ∆εc and temperature T . In a

previous paper, the authors demonstrated the advantages of using Bézier formula-

tions to represent the variation of mechanical properties of mild steel as a function

of temperature and damage [8]. The same methodology is implemented for this

study. Numerous articles exist regarding the properties of Bézier curves and its

applications, especially in relation to computer aided design [35]. Therefore, only

the fundamentals are presented here.

A three-dimensional Bézier curve can be expressed by:

~BBB(t1, t2) =
n∑
i=0

m∑
j=0

F n
i (t1)F

m
j (t2)~PPPij (6.1)

which maps the unit square of m+1 by n+1 control points onto a smooth curved

surface. In Eq. (6.1), t1, t2 ∈ [0, 1] are local coordinates and ~PPPi = (pix, piy) represents

the control points. In addition, F n
k (t) is known as a Bernstein basis polynomial and

is defined as:

F n
k (t) =

n!

k!(n− k)!
tk(1− t)n−k (6.2)

An example of a 3-dimensional curve is illustrated in Fig. 6.11. In this figure, the

control points are either end -type control points (blue cubes), or intermediate-type
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Figure 6.11: A 3 by 3 Bézier curve in 3D space. Blue cubes represent end-type

control points while red spheres are intermediate-type control points.

control points (red spheres). End control points dictate where the curve passes,

while intermediate control points determine the slope of the cure. If control points

are equally spaced as in Fig. 6.11, the local coordinates t1 and t2 of Eq. (6.1) simplify

to the following values in their corresponding range of damage ∆εc and temperature

T .

t1 =
(∆εc)i+1 − (∆εc)

(∆εc)i+1 − (∆εc)i
and t2 =

(T )i+1 − (T )

(T )i+1 − (T )i
(6.3)

Further details regarding the usage of Eq. (6.1) and the actual interpolation algo-

rithms can be found in [8] and will not be repeated here. Once the underlying algo-

rithms are established, one only needs to define the control points representing the

curve. Table 6.3 contains the control points used for the residual strength f rc . These

control points have been used alongside Eq. (6.1) to produce the three-dimensional

plot of f rc against ∆εc and T shown in Fig. 6.12a.

Using the same approach, the variation of the remaining residual mechanical proper-

ties are calculated and given in Figs. 6.12b–d. It should be noted that the trend-lines

previously illustrated in Fig. 6.10 were derived from the three dimensional curves

of Fig. 6.12. Those trend-lines are simply iso-temperature curves extracted from

Eq. (6.1) by setting the temperature variable equal to 20, 200, 300, 400, 500 and

600◦C.
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Table 6.3: Control points used for f rc /f
′
c. End -type control points (in bold) have

the coordinates T = 20, 200, 400, 600◦C and ∆εc = 0.0, 0.5, 1.0, 1.5. The remaining

control points are of intermediate type.

∆εc

T (◦C) 0.00 0.25 0.50 0.75 1.00 1.25 1.50

20 1.00 1.00 0.99 0.98 0.97 0.97 0.96

110 0.98 0.99 0.99 0.97 0.95 0.93 0.91

200 0.97 0.97 0.96 0.95 0.93 0.92 0.90

300 0.80 0.79 0.77 0.75 0.73 0.72 0.71

400 0.65 0.65 0.64 0.64 0.63 0.62 0.61

500 0.52 0.52 0.51 0.50 0.48 0.44 0.40

600 0.50 0.46 0.36 0.36 0.37 0.38 0.38
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Figure 6.12: Bézier curves for the representation of residual mechanical properties

against damage level ∆εc and temperature T . (a) Residual strength, (b) initial

modulus, (c) peak strain and (d) post-peak strain at 50% peak stress.
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Table 6.4: Variables in Eq. (6.4) for damage level ∆εc = 0.0 (Fig. (6.13a)).

T (◦C) Ec ×
(
ε′c
f ′c

)
ε0.5
ε′c

β1 (ε ≤ ε′c) β1 (ε > ε′c)

20 3.216 2.3 0.367 1.942

200 2.894 2.4 0.343 2.318

400 1.739 2.8 0.280 2.538

600 0.643 4.2 0.457 2.808

6.3.6 Residual stress-strain curves

The stress-strain relationship proposed by Yang et al. [36] is used for the means of

this study. This relationship is defined as:

σ =

(β1 + 1)

(
ε

ε′c

)
(
ε

ε′c

)β1+1

+ β1

f ′c (6.4)

where the value of β1 is attained by solving the following equation:

{
0.4(Xa)

β1+1 + (0.4−Xa)β1 −Xa = 0 , ε ≤ ε′c

(Xd)
β1+1 + (1− 2Xd)β1 − sXd = 0 , ε > ε′c

(6.5)

with Xa = 0.4f ′c/E0ε
′
c and Xd = ε0.5/ε

′
c.

Table 6.4 gives the values of the parameters of Eq. (6.4) used for the calculation of

the stress-strain curves shown in Fig. 6.13a. This figure (Fig. 6.13a) illustrates the

calculated stress-strain variations in comparison to those obtained from experiment

for a damage level of ∆εc = 0.0 and temperatures of 20, 200, 400 and 600◦C.

Similarly, Figs. 6.13b–d show the stress-strain curve for damage levels of ∆εc =

0.5, 1.0 and 1.5. The close agreement between numerically evaluated stress-strain

curves and experimental ones indicates the effectiveness of Eq. (6.4) in simulating

the response, once the mechanical properties are evaluated through the utilisation

of Bézier curves.
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Figure 6.13: Numerical simulation of stress-strain curves using residual properties

calculated by Bézier formulation as input values for Eq. 6.4.
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6.4 Conclusions

This research investigates the effect of temperature exposure on concrete samples

that have previously been subjected to cyclic loading. For this purpose, cylindrical

samples were cast and tested over a 3-phase program. Phase 1 comprised of sub-

jecting samples to cyclic loading. In phase 2, damaged samples were exposed to

a target temperature for 60 minutes and then allowed to slowly cool down. Phase

3 was the final phase, where the residual properties of the damaged samples were

attained through compression tests. The following conclusions can be drawn from

the results:

1. Under cyclic loading alone, all residual properties decrease in value except for

εr0.5 which remains constant. The variations are explained in the text through

the progression of cracks and micro-cracks under mechanical loading.

2. Under temperature exposure alone, f rc and Er
c deteriorate, while εrc increases

in value and εr0.5 remains constant. These variations can be explained by

available knowledge on chemical degradation and thermal stresses caused by

high temperature.

3. When the two events (cyclic loading and temperature exposure) act in se-

quence, the variation of the residual properties becomes a function of both

parameters (∆εc and T ). However, these variations can still be explained in

the context of each individual event.

4. Given the sequence of events (cyclic damage and then temperature exposure),

it is interesting to note that once the level of damage is determined, under

increasing temperature, f rc and Er
c degrade, while εrc increases and εr0.5 has

negligible variation.

5. As the temperature attains higher values, its effect begins to dominate over

the effect of pre-induced damage.

6. Bézier formulations are demonstrated to be capable of evaluating residual

properties in terms of the two independent variables ∆εc and T .

7. The stress-strain equation developed by Yang et al. [36], when combined with

Bézier formulations, is shown to produce accurate results for any given ∆εc
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and T in the tested range.

8. While the present study allows for a qualitative and quantitative understand-

ing of the subject matter, carrying out experiments under hot conditions (with-

out cooldown) will extend this understanding and is recommended for future

research. Investigating the effect of higher temperatures (above 600◦C) as well

as heating and cooling rates can also give more insight into the subject.

9. In addition to further experimental investigations, the authors also believe

that a better understanding on the subject can be attained through numerical

discrete element simulations.
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Abstract

The present paper investigates the extent of damage caused by temperature on

concrete samples. This is accomplished by a parametric approach using a 2-phase

discrete element model which incorporates temperature as a global variable. Two

main factors of concrete degradation have been focused on in this study: the ther-

mal incompatibility of the aggregates-mortar composite and the degradation of the

bonds between the particles. The base models of this parametric study are created

using concrete specimens tested in the laboratory after been exposed to elevated

temperatures. Using these base models, the coefficient of thermal expansion (CTE)

of aggregate and mortar particles are varied independently and the assembly is sub-

jected to an increasing temperature. The residual strength of the thermally-cracked

assembly is then determined under compressive loading. The results of 72 different

combinations of the CTE show the extent of damage that can be induced due to

the thermal incompatibility of the particles. The variation of residual strength and

residual stiffness are discussed in terms of the number of inter-particle bonds that

break under rising temperature.

Keywords

Concrete; Discrete element; 2-phase model; Temperature; Thermal incompatibility

7.1 Introduction

The mechanical changes that concrete experiences under increasing temperatures

have been investigated by many researchers. Zhai et al. [1] investigated the proper-

ties of concrete samples after being exposed to high temperatures (up to 1200◦C).

Their results show that chemical and physical changes take place in both the cement

paste and the aggregates and that the changes are of different nature at different

levels of temperature. At the same time, the experiments conducted by Wu and Wu

[2] imply that up to a temperature of 600◦C and over a duration of 1-6 hours, the

extent of strength degradation is almost independent of the duration of exposure.

Ergun et al. [3] have reported that strength reduction caused by high temperature

is independent of the cement dosage used in the mix design.

Arioz [4] also reported that the water-cement ratio has negligible effect on the relative

strength reduction. However, the results show that the extent of degradation is

affected by the type of aggregate used in the concrete mix. This can be the result

of the mineral structure of the aggregates as well as the thermal expansion of the
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aggregates. In fact, thermal incompatibility of the cement paste and aggregates is

considered a main factor causing degradation at elevated temperatures [5, 6]. The

experiments carried out by Yoon et al. [6] indicate that the strength degradation of

concrete made from lightweight aggregate is less than that of normal aggregate. This

has been attributed to the fact that normal aggregate has a higher thermal expansion

coefficient compared to light-weight aggregate. Therefore, strength degradation of

concrete is not only a result of the decomposition of cement hydration products, but

is also influenced by the micro-cracks which develop due to the difference between

the coefficient of thermal expansion (CTE) of the paste and that of the aggregates.

Fu et al. [7] investigated the variations of CTE for cement and mortar samples as

the temperature increases from room temperature to 500◦C. Their results show that

the CTE of mortar samples is rather constant over this range. At the same time,

the tests conducted by Odelson et al. [8] on cement paste indicate that stiffness

degradation primarily occurs before the temperature reaches 200◦C, whereby they

concluded that the primary mechanism of this reduction is microcracking. They

suggested that this microcracking is a product of water expansion and evaporation

and that the effect of chemical degradation is insignificant once these micro-cracks

have formed.

When it comes to simulating the effect of temperature on concrete material, various

models have been proposed, each focusing on different aspects of temperature ef-

fects. Tenchev and Purnell [9] developed a damage constitute model to simulate the

behaviour of concrete at high temperatures. Their model incorporated the effect

of transient creep, heat transfer and pore pressure in the simulations. Gernay et

al. [10] created a 3-dimensional thermomechanical model for concrete by coupling

plasticity and damage theories. Gawin et al. [11, 12] studied the importance of dif-

ferent parameters in the simulation of a concrete wall exposed to high temperatures.

Xotta et al. [13] used the finite element method to create a meso-scale model of the

interactions between aggregates and the hydrated cement paste. They used their

model to study the damage evolution of concrete under high temperatures.

Over the last decade, with the increasing processing power of computers, the discrete

element method has been extensively used to predict the macro-scale properties of

concrete which originate from micro-scale interactions. Nitka and Tejchman [14]

utilised the discrete element method to simulate the response of concrete under

compression and tension. They investigated many aspects of this method, including

the effect of minimum particle size, the relation between 2D and 3D assemblies and

the advantages of multi-phase models over single-phase models. Javidan et al. [15]

use a lattice discrete particle model to simulate the failure of concrete blocks under
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different loading scenarios. Onate et al. [16] also implemented the discrete element

method to simulate concrete behaviour. Using experimental results, they carried out

simulations on cement and concrete samples. They also demonstrated the advan-

tage of parallel computing in reducing the analysis time of large particle assemblies.

Tran et al. [17] applied the discrete element method to model concrete samples

under triaxial loading. Azevedo et al. [18] carried out discrete element simulations

on 2D models in tension and compression. They used a two-phase interaction model

between aggregate particles and cement matrix particles. They concluded that ag-

gregate deformability, ductile tensile rupture and pure friction under compression

cause the fracture energy to increase and therefore, allow a more accurate simula-

tion of concrete behaviour, especially over the post-peak range. Rojek et al. [19]

studied the difference of using localised interaction parameters for pairing particles

as opposed to a global set of parameters applying to all the particles in the assembly.

They demonstrated that as the heterogeneity of the material increases, a global set

of parameters cannot be used for all of the particles, and the interaction parameters

between two particles should be set according to the geometry of the two particles

that are being paired.

Many researchers have pointed to the importance of the coefficient of thermal ex-

pansion in relation to strength degradation of concrete under high temperatures

[4–6, 13]. However, there still exists a lack of knowledge on the extent of damage

caused by what is called ‘thermal incompatibility’ between the different components

of concrete material. The present study looks into the thermal incompatibility of

the constituents of concrete and its effect on the evolution of damage as the temper-

ature increases. This damage is simultaneously coupled with the damage induced in

the material by chemical dehydration, whereby the residual mechanical properties

of the concrete sample is determined after cooldown. To perform these simulations,

a discrete element program is developed based on a 2-phase model which distin-

guishes between particles representing the aggregates and the ones that represent

the mortar matrix. This study is part of a series of investigations currently being

carried out at Monash University on extreme events involving fire effects on civil

structures [20–24].

7.2 Two-phase discrete element model

In contrast to single-phase models [16, 17] where all particles are taken to be of the

same material, this study makes a distinction between particles representing aggre-
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gates and those representing the mortar matrix. This 2-phase representation is an

essential component of this study, allowing different thermo-mechanical properties

to be associated to the particles. Henceforth, properties associated to aggregate

particles and mortar particles are differentiated by subscripts of ‘a’ and ‘m’ in the

remaining text.

The interaction between any two particles is categorised as either contact inter-

actions or cohesive bond interactions. Each category is described in the following

sections.

7.2.1 Kinematics of cohesive bond interactions

When two particles are close enough at the beginning of the analysis (Fig. 7.1),

and at least one of the particles is of mortar type, a cohesive bond is assumed to

exist between them. These cohesive bonds are created only at the beginning of

the analysis, and although existing bonds can break during the analysis, additional

bonds are never created. Moreover, cohesive bonds are assumed to be in a state of

zero stress when they are created and they can carry normal forces (in compression

and tension) as well as shear.

The condition for establishing a bond between two particles i and j is:

|~dddij|
ri + rj

≤ 1 + γ (7.1)

where γ > 1.0 is a parameter allowing a bond interaction to be established between

two particles that are not perfectly in contact. A value of γ = 0.1 is used in this

study. This value is selected so that the average number of interactions per particle is

approximately 5 ∼ 6, and to keep them limited to the nearest neighbour. Moreover,

in Eq. (7.1), ~dddij = ~xxxj −~xxxi is the distance between the centroids of particles i and j.

As illustrated in Fig. 7.1, the distance between the centroid of particle i and the

contact point c is denoted by the vector ~dddci and is equal to:

~dddci = ~dddij

(
ri

ri + rj

)
(7.2)



Chapter 7: A Micro-mechanical Parametric Study... 182

i j

cri rj

dci dcj

dij

1(a)

i j

Kt,Kc

Ct, Cc

1(b)

i j

Ks

Cs

1(c)

Figure 7.1: Cohesive bond mechanism. (a) Interaction interface, (b) normal (tensile

and compressive) mechanism and (c) shear mechanism.

At the same time, for a 2D model of unit thickness, the bond area is assumed to be:

Aij = π[min(ri, rj)] (7.3)

Once a cohesive bond interaction is created, the initial position (~xxx0) and orientation

(~θθθ0) of the two particles is saved into memory and utilised over the entire analysis.

Using these stored values, the displacement and rotation of each particle up to time

t relative to its initial state become ∆~xxx = ~xxxt − ~xxx0 and ∆~θθθ = ~θθθt −~θθθ0.

Therefore, the displacement of the contact point on particle i is:

∆~xxxci = ∆~xxxi + (~dddci ×∆~θθθ) (7.4)

and the relative displacement between the contact points on the two particles be-

comes ∆~xxxc,rel = ∆~xxxcj −∆~xxxci.
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Finally, the unit normal vector of a cohesive bond is defined as:

n̂nnij = ~dddij/|~dddij| (7.5)

and the unit shear vector is:

ŝssij =
~̇xxxc,rel − (~̇xxxc,rel · n̂nnij)n̂nnij
|~̇xxxc,rel − (~̇xxxc,rel · n̂nnij)n̂nnij|

(7.6)

7.2.2 Force-displacement formulation of cohesive bond

interactions

It is worth mentioning at this point that the formulation presented here contains

a number of damage parameters (η, λ, δ). Section 7.2.3 has been dedicated to de-

scribing these parameters. However, is it important to mention that the concept of

damage is categorised as either mechanical (λ and δ) or thermal (η). Moreover, while

some damage parameters are related to stiffness (ηk and λ), others relate to strength

(ηf and δ). The value of all damage parameters is set to 1.0 (no degradation) at the

beginning of the analysis, whereby a value of 0.0 represents fully damaged.

Using the unit vectors defined in Eqs. (7.5) and (7.6), the force acting between two

interacting particles (Fig. 7.1) is decomposed into normal and shear components:

~FFF = Fnn̂nnij + Fsŝssij (7.7)

where Fn and Fs are the magnitudes of the normal and shear components and are

calculated using:


Fn = λtKnun (if un ≥ 0.0)

Fn = λcKnun (if un < 0.0)

Fs = Ksus

(7.8)
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A graphical representation of these relationships is illustrated in Figs. 7.2. In

Eq. (7.8), the reduction factors λt and λc represent the level of mechanical damage in

relation to tensile and compressive stiffness and are described in Section 7.2.3. More-

over, stiffness in the normal (Kn) and shear (Ks) directions appearing in Eq. (7.8)

are determined by:


Kn = ηk

KiKj

Ki +Kj

, Ki =
EiAij

|~dddci|
Ks = ξKn

(7.9)

where Ei is the elastic modulus of the material and ηk represents the thermal degra-

dation of stiffness. Normal stiffness and shear stiffness are related through the

parameter ξ. With damage parameters included in the model, force-deformation

relations in the normal direction take the form illustrated in Fig. 7.2. Note that the

normal and shear deformations (un and us) appearing in Eq. (7.8) are determined

using:

un = ∆~xxxc,rel · n̂nn
us = ∆~xxxc,rel · ŝss

(7.10)

7.2.3 Damage model

Once the interactive bond forces between two particles have been determined using

Eq. (7.8), their values have to be checked to fall into the admissible region. This

admissible region is shown in Fig. 7.3 and is defined as:


|Fn| ≤ δtF̄t (if un ≥ 0.0)

|Fn| ≤ δcF̄c (if un < 0.0)

Fs ≤ δsF̄s

(7.11)

where F̄t, F̄c and F̄s are the limiting forces in the tensile, compressive and shear

directions, respectively, and:
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ununun

FnFnFn

Kn

ult

F̄t

uft

λtKn
δtF̄t

ulc

F̄c

βKn

λcKn

1Figure 7.2: Force-deformation law in the normal direction (tensile and compressive).

F̄t

F̄s

µi

δtF̄t

δsF̄sµf

| ~FtFtFt|| ~FcFcFc|

| ~FsFsFs|

1Figure 7.3: Mohr-coulomb law for admissible stress states. The blue and red areas

represent the un-damaged and the damaged cohesive bond interaction, respectively.

The green area represents friction interaction between two particles.


F̄t = ηfftAij

F̄c = ηffcAij

F̄s = ηffsAij − µiFn

(7.12)

In Eq. (7.12), ft, fc and fs are tensile, compressive and shear strength values, respec-

tively, and µi is the coefficient of internal friction (Fig. 7.3). Thermal degradation

is considered through the strength-related damage parameter ηf . At the same time,

the level of mechanical damage is incorporated into Eq. (7.11) through the parame-

ters δt, δc and δs which respectively correspond to the tensile, compressive and shear

strengths.

When force components reach the Mohr-Coloumb based limits, cohesive bond inter-

actions begin to degrade, whereby strength and stiffness values need to be reduced

using the mechanical damage parameters λ and δ in Eqs. (7.8) and (7.11). The

damage mechanism is governed by the maximum deformation experienced in each
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direction. For normal deformations in the tensile direction:


λt = 1.0 (udt ≤ ult)

λt =

(
uft − udt
uft − ult

)(
ult
udt

)
< 1.0 (udt > ult)

(7.13)

and


δt = 1.0 (udt ≤ ult)

δt =
uft − udt
uft − ult

< 1.0 (udt > ult)
(7.14)

and in compression:


δc = 1.0 (udt ≤ ult)

δc = 1.0 +
β(udc − ulc)

ulc
> 1.0 (udc > ulc)

(7.15)

where β determines the slope of the compressive response after the initial linear

region as illustrated in Fig. 7.2. Moreover, udt is the maximum normal deformation

that has been experienced during the analysis, and uft is the deformation at which

the bond breaks.

The linear deformation limit ult is equal to:

ult = ftAij/Kn (7.16)

The damage parameters δs and λc are defined similar to δt and λt, therefore, the

formulation is not repeated here. A cohesive bond interaction is broken once the

normal deformation in the tensile direction becomes greater than uft . Once a cohe-

sive bond breaks between two particles, the only interaction that can later appear

between them is a contact interaction.
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7.2.4 Contact interaction

In contrast to cohesive bond interactions, contact interactions are non-cohesive and

can appear or disappear at any time during the analysis and between any two

particles. Contact interactions appear whenever the distance between two particles,

regardless of being of aggregate or mortar type, is less than the sum of their radii,

or |~dddij| ≤ ri + rj. These interactions are dynamically detected at the beginning of

each time step.

While contact interactions are an integral part of a discrete element model, in com-

parison to cohesive bond interactions, they do not have a significant contribution

towards the strength and the stiffness of the assembly. In this work, the formulation

for contact interactions and cohesive bond interactions are similar. In fact both

interactions use the same equations, except that contact interactions are simplified

by setting F̄c and F̄s to zero and omitting any type damage. This can be seen as

the green region depicted in Fig. 7.3.

7.2.5 Equations of motion and time integration

The 2D discrete element assembly used in this study consists of circular particles

(cylindrical with unit thickness) governed by the equations of motion:


~FFFi = mi~̈xxxi

~TTTi = Ii~̈θθθi
(7.17)

where ~FFFi is the resultant of all forces acting on particle i and ~̈xxxi is the acceleration

of the particle. Similarly, ~TTTi is the net moment resulting from all the forces that act

on particle i and ~̈θθθi represents the angular acceleration of the particle. In Eq. (7.17),

mi and Ii respectively denote the mass and the moment of inertia of particle i.

Eq. (7.17) is solved using the Verlet method of time integration with a constant

time-step size of ∆t = 10−6 s. Each analysis takes around 5–7 hours of computation

time to complete.

This study also incorporates different types of damping into the model. These are in
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Figure 7.4: Concrete sample geometry (in mm) and thermocouple placement.

the form of global viscous damping and local damping between interacting particles.

These are included in the model for the sole purpose of assisting in the stabilisation

of the analysis. The values of the damping coefficients are chosen small enough to

have negligible effects on the results of the analyses.

7.3 Experimental program

This section describes the experimental program used in this study to determine the

residual properties of cylindrical concrete samples for two different temperatures of

200 and 400◦C. Special care has been made in this program to create a uniform state

of temperature-induced damage in each sample by avoiding large thermal gradients.

The main steps taken for this purpose are the use of a small sample diameter (50

mm as opposed to the typical 150 mm diameter) and low heating rates.

7.3.1 Material

Samples of 50-mm diameter and 100-mm height are used in this program (Fig. 7.4).

This sample size has shown to produce reliable results in terms of reproducibility of

data (less scatter within the test results) under monotonic as well as cyclic loading

[25]. At the same time, with the cross section being of cylindrical shape and the

diameter of the sample being 50 mm, the process of attaining uniform temperature

is simplified.
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(a) (b)

Figure 7.5: Laboratory setup for temperature exposure. (a) Environmental chamber

and (b) placement of samples in groups of 7 inside the chamber.

All specimens are made using the same concrete mix with a 28-day target strength

of 35 MPa. With a maximum diameter of da = 8 mm, the coarse aggregates used

in this study are small enough to avoid the wall effect. The water/cement ratio

is 0.55 and general purpose cement (type I Portland cement) is used as the only

cementitious component of the concrete mix. After 24 hours of being cast, samples

are removed from their molds and placed inside a curing tank where they rest in lime-

saturated water at a temperature of approximately 23◦C. On day-7, samples are

removed from the tank and allowed to cure further in free air at room temperature

until testing day. On approximately day-10, the two ends of the samples are ground

for a smooth and parallel finish. All samples are tested after 90 days of age and

each test is repeated 6 times.

7.3.2 Testing scheme

Samples are exposed to elevated temperatures using an Instron environmental cham-

ber (model 3119-408, Fig. 7.5). Target temperatures are set to 200 and 400◦C,

while the heating rate is set to 10◦C min−1. Samples are placed inside the chamber

in groups of 7, where one of the samples is used to monitor the inner and outer

temperature.
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Once the inner temperature of the sample (not the chamber) reaches the target value,

the temperature is kept constant for 60 minutes (Fig. 7.6). This 1 hour duration

is usually used by researchers as a lower limit for the exposure time [2]. On the

other hand, it has been shown by Wu and Wu [2] that for normal strength concrete,

exposure durations above 1 hour have negligible effect on strength reduction. During

this time, the temperature of the sample is logged by thermocouples on the surface

and the inside of the specimen (Fig. 7.4). It is worth noting that spalling has not

been observed in any of the samples tested in this program. After the 60-minute

period of constant temperature, the heater is turned off and to avoid any thermal

shock, the samples are allowed to slowly cool down to room temperature before

opening the chamber.

It is worth pointing to Fig. 7.7 which shows the variation of temperature with

time recorded from the two thermocouples depicted in Fig. 7.4. One thermocouple

measures the temperature on the surface of the sample, while the other is embedded

inside the sample and measures the temperature at the centre.

Residual mechanical properties of cooled-down samples are determined by compres-

sion tests. The machine used for this is a Shimadzu AG-X with a load capacity

of 300 kN, whereby samples are loaded at a constant cross-head displacement rate

of 0.1 mm/min resulting in strain rates lower than ε̇ = 10−4 s−1. Fig. 7.8 illus-

trates the schematics of the test setup. Forces are directly accumulated from the

machine, while the overall longitudinal strain of the sample is determined using the

relative displacement of the two end platens. This relative displacement is recorded

by a non-contact MTS laser extensometer (model LX500) with reference to the two

retro-reflective tapes that are attached to the front of the platens (Fig. 7.8). Load-

ing as well as data accumulation is continued at a frequency of 4 Hz until failure.
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Figure 7.8: Test setup and the location of the retro-reflective tapes. (a) Schematics

and (b) Laboratory setup.

With every test being repeated 6 times, the range of stress-strain curves obtained

for exposure temperatures of 20, 200 and 400◦C are shown in Fig. 7.9.

7.4 Numerical simulations

The setup for the of the numerical simulations is described in this section. The

parameters considered in this study are the residual properties of the samples after

they have slowly cooled down to room temperature. These are denoted by the

superscript r and include the residual peak stress f rc , and initial modulus Er
c . A 2D

discrete element program has been developed to carry out the analyses.
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Figure 7.9: Experimental stress-strain curves for samples at room temperature and

after cooldown from temperatures of 200 and 400◦C.

7.4.1 Particle assembly

The particle assembly used in this study is depicted in Fig. 7.10. Note that in

this figure, red particles represent the aggregates and blue particles represent the

mortar matrix. This assembly consists of 816 aggregate particles with diameters

ranging between 1-8 mm. This number is based on the mix proportion of the coarse

aggregates used in casting the laboratory specimens. These aggregate particles are

embedded between 2105 mortar particles with a diameter of 1 mm (Fig. 7.11a).

The total number of cohesive bonds at the start of the analysis is 7578, where 3942

of them are aggregate-mortar (AM) bonds and 3636 are of mortar-mortar (MM)

type. The distribution of the orientation of these bonds is graphically shown in

Fig. 7.11b. There are no particle overlaps at the beginning of the analysis and all

damage parameters are set to η = 1.0, δ = 1.0 and λ = 1.0. Time step size is equal

to ∆t = 1.0× 10−6 s and is constant throughout the analysis.

7.4.2 Micro-mechanical parameters

The base parameters of the model are calibrated against the stress-strain curve of

a concrete sample at room temperature (20◦C). These calibrated values are given

in Tables 7.1 and 7.2. Note that Table 7.1 corresponds to the properties of the

material (that is, aggregates and the mortar matrix), while Table 7.2 relates to the

properties of the cohesive bond interactions. Fig. 7.12 illustrates the stress-strain

curve resulting from using these parameters. This figure shows that the simulated

curve properly falls within the range of curves obtained through experimentation.
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1
Figure 7.10: Particle assembly of the model used in this study. Red particles repre-

sent aggregates and blue particles represent the mortar matrix.
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Figure 7.11: Characteristics of the particle assembly used in this study. (a) Particle

count for the aggregate particles and mortar particles. (b) Number of cohesive bond

interactions over different orientations.

Table 7.1: Mechanical properties of the constituent materials: aggregate (A) and

mortar matrix (M).

category A M

E (GPa) 70.0 15.0

ν 0.2 0.2



Chapter 7: A Micro-mechanical Parametric Study... 194

Table 7.2: Micro-mechanical properties of the cohesive bonds: aggregate-mortar

(AM) and mortar-mortar (MM).

category AM MM

Kn (Nm-1) from Eq. (7.9) and Table 7.1

ξ = Ks/Kn 0.40 0.40

ft (MPa) 2.55 5.10

fs/ft 4.62 4.62

fc/ft 16.75 16.75

uft /u
l
t 2.00 2.00

uft /u
l
t 2.00 2.00

β 0.05 0.05

µi tan 30◦ tan 30◦

µf tan 25◦ tan 25◦

0.4 0.8
0

20

40

strain (%)

st
re
ss

(M
P
a
)

exp.

sim.

1
Figure 7.12: Simulated stress-strain curve produced by the discrete element model

at room temperature against the curves found from experimentation.
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7.4.3 Introducing temperature effects

The effect of temperature is introduced into the model in the form of two main

effects:

• Thermal expansion of particles as a result of their coefficient of thermal expan-

sion (CTE) denoted by αa for aggregate particles and αm for mortar particles.

• Thermal degradation of the cohesive bonds between the particles. This is

applied through the damage parameters ηk and ηf for stiffness and strength

degradation, respectively.

A global temperature variable T is incorporated into the analysis. This temperature

variable is used to determine the diameter of the particles using the equation of linear

thermal expansion DT = D20(1.0 +α(T − 20)), where α is the coefficient of thermal

expansion of the material, DT is the particle diameter at temperature T and D20

is the particle diameter at room temperature. At the same time the stiffness and

strength of the cohesive bonds are affected by the global temperature parameter T

through the values of the thermal damage parameters ηk and ηf . The variation used

in this study for these parameters is illustrated in Fig. 7.13. The values of ηk and

ηf at T = 200 and 400◦C are selected so that the model produces the curves shown

in Fig. 7.14. Note that the simulated stress-strain curves given in this figure are

attained without taking the effect of thermal incompatibility into account. These

curves are presented here so that later on they can be used to demonstrate the

additional damage caused by thermal incompatibility. Nevertheless, Figs. 7.12 and

7.14 show that the chosen parameters produce stress-strain curves that are in good

agreement with experimental results.

7.4.4 Parametric analysis

The model is analysed under the loading scheme depicted in Fig. 7.15. Similar to

the experimental program of Section 7.3, the loading scheme used in the numerical

analysis involves a heating phase and a cooling phase. The rate of temperature

change for both phases is set to Ṫ = 10◦C s−1. The initial temperature is taken to

be equal to T = 20◦C and it is assumed to be uniform throughout the entire body

of the sample.
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Figure 7.13: Variation of the thermal damage parameters ηk and ηf against temper-

ature.
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Figure 7.14: Simulated stress-strain curve produced by the discrete element model

against the curves found from experimentation. (a) Simulation at 200◦C and (b)

simulation at 400◦C
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Figure 7.15: The loading scheme used in the analysis. This involves a global tem-

perature variation in the first phase followed by displacement-controlled loading in

the second phase.
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As mentioned before, one effect of the global temperature parameter T is through

thermal degradation of the bonds. This effect is taken to be irreversible, meaning

that once the temperature reaches a certain value, thermal damage parameters are

determined from that value and will not recover upon cooldown.

The global temperature parameter also affects the degradation of the samples through

the expansion of the particles, and this is where the analysis takes the form of a

parametric study. According to literature, the typical range of values of the coeffi-

cient of thermal expansion for aggregates and the mortar can range from α = 5.0 to

10.0×10−6/ ◦C [6, 26–29]. As a results, the model presented in this study is analysed

under 72 different combinations of (αa, αm) where the coefficient of the aggregates

and the mortar are set to α = 5.0, 6.0, ..., 10.0 × 10−6/ ◦C. These combinations are

henceforth divided into cases where:

• αa/αm > 1.0, where the CTE of aggregates is greater than the mortar.

• αa/αm < 1.0, where the CTE of aggregates is less than the mortar.

These cases are observed to have different effects on the results. Fig. 7.16 shows the

evolution of force-chains within the assembly as the temperature rises from 20◦C

to 400◦C. In this figure, compressive forces are depicted by the blue colour, while

tensile forces are in red. Fig. 7.16a corresponds to the case where αa/αm = 2.0.

In this case, aggregates tend to expand at a higher rate that the mortar, leading

to compression in the aggregates and tension in the mortar matrix. On the other

hand, Fig. 7.16b corresponds to the case where αa/αm = 0.5. In this case, aggregates

expand at a lower rate that the mortar, leading to tensile forces in the aggregates

and compressive forces in the mortar matrix. Comparing Figs. 7.16a and b indicates

that the internal forces which form when αa/αm = 0.5 are lower than the forces

of αa/αm = 2.0. It is demonstrated later that aggregate-mortar (AM) bonds and

mortar-mortar (MM) bonds tend to break at different rates depending on the αa/αm

ratio. This in itself affects the extent of strength and stiffness degradation.

Fig. 7.17 illustrates the variation of residual strength (f rc ) and residual stiffness (Er
c )

for all combinations of (αa, αm) analysed in this study. All residual parameters are

observed to remain constant when αa and αm are equal. However, as the value of

αa and αm diverge, residual strength and stiffness decline. Moreover, it is observed

that the rate at which the residual properties decline depends on whether αa/αm >

1.0 or αa/αm < 1.0. In fact, residual properties tend to attain smaller values for

cases where αa/αm < 1.0. Another point can be made when Figs. 7.17a and b
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Figure 7.16: Evolution of force-chains with rising temperature. (a) For the case

where αa/αm = 2.0 and (b) for the case where αa/αm = 0.5



Chapter 7: A Micro-mechanical Parametric Study... 199

5

7.5

10

5

7.5

10

0.0

1.0

αaαm

f
r c
/
f
′ c

Residual strength (T = 200◦C)

0.0

0.5

1.0

1

5

7.5

10

5

7.5

10

0.0

1.0

αaαm

E
r c
/
E

c

Residual modulus (T = 200◦C)

0.0

0.5

1.0

1
(a) (b)

5

7.5

10

5

7.5

10

0.0

1.0

αaαm

f
r c
/
f
′ c

Residual strength (T = 400◦C)

0.0

0.5

1.0

1

5

7.5

10

5

7.5

10

0.0

1.0

αaαm

E
r c
/
E

c

Residual modulus (T = 400◦C)

0.0

0.5

1.0

1
(c) (d)

Figure 7.17: Variation of residual strength (f rc ) and residual stiffness (Er
c ) against

αa and αm for temperatures equal to (a,b) 200◦C and (c,d) 400◦C.

corresponding to T = 200◦C are compared to Figs. 7.17c and d which correspond

to T = 400◦C. When comparing these figures, it is observed that the curvature

of the surface decreases as the temperature rises. This reveals the fact that as

higher temperatures are reached, the degradation caused by weakening of bonds

overshadows the degradation caused by thermal incompatibility.

It is also important to analyse the variation of the residual stress-strain curves in

terms of αa and αm. This is illustrated in Fig. 7.18 for αa/αm > 1.0 and αa/αm < 1.0

after exposure to T = 200 and 400◦C. This figure clearly demonstrates the extent

that the stress-strain curve can change as a result of different values of αa and αm.

This figure alone shows the importance of thermal incompatibility when simulating

the effect of high temperature on concrete material.

The final plots presented in this paper are those of Fig. 7.19 illustrating the pro-

gression of the breakage of bonds over the entire duration of the analysis. Note that

similar to Fig.7.15, t1 designates the end of heating, while t2 simultaneously corre-

sponds to the end of cooling and the onset of compressive loading. One observation
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Figure 7.18: Variation of the residual stress-strain curve for different combinations

of αa and αm. (a,b) Stress-strain curve after exposure to 200◦C and (c,d) after

exposure to 400◦C
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Figure 7.19: Number of cohesive bonds for aggregate-mortar (AM) and mortar-

mortar (MM) interactions for target temperature of T = 400◦C. (a) αm = 5(10)−6

and (b) αm = 10(10)−6

is that mortar-mortar (MM) bonds generally do not break over the heating region,

except for cases where αa/αm > 1.6. Aggregate-mortar (AM) bonds are seen to

break at a higher rate if αa/αm < 1.0 as opposed to αa/αm > 1.0. This explains

why in Fig. 7.17 the values of residual strength and stiffness are generally lower

when αa/αm < 1.0. The highest rate at which aggregate-mortar (AM) bonds break

is the case where αa/αm = 0.5, which corresponds to lowest value of the residual

strength and stiffness observed in Fig. 7.17.

7.5 Conclusions

This study aimed to simulate the degradation of concrete materials by utilisation

of the discrete element method. This is accomplished by creating a 2-phase model

which distinguishes between the thermo-mechanical properties of the aggregates and

the mortar matrix. The damage induced by temperature is taken to be caused by two

different phenomena: degradation of bonds and thermal incompatibility. A range

of values are assumed for the coefficient of thermal expansion of the aggregates and

the mortar matrix, and a parametric study is performed by analysing the model for

different combinations of the CTE. The following conclusions can be drawn from

the results:

1. The results show that thermal incompatibility can have a significant effect on

the degradation of concrete when exposed to elevated temperatures.
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2. It is shown that in general, residual strength and residual stiffness attain lower

values when the CTE of the aggregates is less than the CTE of the mortar.

3. As the exposure temperature increases, the degradation caused by thermal

incompatibility becomes less significant compared to the degradation caused

by the weakening of the cohesive bonds.

4. The residual stress-strain curve can exhibit significant changes for different

values of the CTE, however, the upper bound is αa = αm and the lower bound

is when αa and αm are far apart.

5. When cohesive bonds are divided into aggregate-mortar (AM) and mortar-

mortar (MM) bonds, the progression of their breakage can be used to explain

the variation of the residual parameters in terms of different values of the

αa/αm ratio.

6. Although the results of this study have shown to be effective in simulating the

effect of temperature on concrete, a more accurate model is bound to provide

more insight into the degradation of concrete material. Higher accuracy can

be reached by incorporating more damage parameters into the model (e.g. for

the fracture strain). Moreover, including other physical phenomena, such as

moisture diffusion, into the simulation can help to create a more general model

and improve the results.

7. While researchers have emphasised the importance of the coefficient of thermal

expansion on strength degradation of concrete exposed to high temperatures

[4–6, 13], there still exists a lack of experimental data on the subject. The

results of this research can be used for the design of a comprehensive experi-

mental program dedicated to the effect of thermal incompatibility on strength

degradation of concrete under high temperatures.
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8.1 Research outcomes

This section summaries the main conclusions drawn from this research. This includes

knowledge gained from experimentation as well as numerical modelling. These are

presented in two separate parts for steel and concrete materials.

8.1.1 Steel

The aim of carrying out experiments on steel was to gain a fundamental under-

standing of the effects that a prior history of cyclic loading has on the subsequent

monotonic properties at elevated temperatures. For this purpose, steel specimens

were initially subjected to a number of strain-controlled cycles, and then monoton-

ically loaded in tension at different temperatures until failure. With the number of

cycles and the strain amplitude serving as variables for the cyclic phase, and tem-

perature being the variable for the monotonic phase, their combined influence on

subsequent mechanical properties of structural steel at elevated temperatures was

examined. Where admissible, the variations observed in this program were com-

pared to the relationships given by design codes. The following conclusions can be

drawn from the experimental and numerical results:

1. By comparing complete stress-strain curves attained at elevated tempera-

tures without pre-damage to their counterparts that include cyclically-induced

pre-damage, it is revealed that high temperature mainly contributes towards

strength degradation and reduction in ductility. At the same time, the pre-

induced damage mainly contributes towards the reduction in ductility. More-

over, both temperature and pre-damage have noticeable effects on stiffness.

2. Based on the experimental results, it is evident that within the range tested in

this program, the effect of cycle amplitude is more significant than the number

of cycles.

3. In view of the variations of the mechanical properties against temperature

and cyclic loading, it appears that at 600◦C, curves with cyclically-induced

damage converge towards curves without damage. This implies that at this

temperature, the effect of high temperature dominates over the effect of cyclic

damage and hence, the effect of pre-induced damage on the response becomes
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insignificant.

4. The proposed model based on Bézier curves is as effective as an explicit re-

lationship in reproducing full-range stress-strain-temperature curves. Unlike

explicit relations, all the parameters used to describe the proposed model are

in the form of strain, stress or modulus and therefore, not only have a real

physical meaning but can also be directly taken from experimental stress-strain

plots. The introduction of a new parameter, representing level of damaged in-

duced by the cyclic phase, into the relations and hence establishing a relation

between stress, strain, temperature and the level of damage is very straight-

forward.

5. For a given state of temperature and damage level, the proposed Bézier -based

model is not only capable of calculating stress as a function of strain, but at

no additional cost, is also capable of calculating strain as a function of stress.

Hence, the model is able to predict the strain-temperature response of the

material for a constant stress value. This can be directly used to analyse the

transient behaviour of structures under fire conditions.

6. When it comes to nonlinear plasticity models, an automated parameter de-

termination technique was developed based on multi-objective optimisation.

The results indicated that the calibrated model not only accurately traces the

stress variation of the load history it was calibrated against, but is also ca-

pable of tracing other load histories. This is in addition to the fact that in

a multi-objective problem, the operator has the power to enforce preferences

into the solution. Hence, giving a multi-objective approach advantages that

are not available through a single-objective method.

8.1.2 Concrete

This thesis investigated the effect of temperature exposure on concrete samples that

have previously been subjected to cyclic loading. For this purpose, cylindrical sam-

ples were cast and tested over a 3-phase program. Phase 1 comprised of subjecting

samples to cyclic loading. In phase 2, damaged samples were exposed to a tar-

get temperature for 60 minutes and then allowed to slowly cool down. Phase 3

was the final phase, where the residual properties of the damaged samples were

attained through compression tests. The residual properties extracted from stress-
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strain curves involved the strength, peak strain and the initial modulus. Bézier

curves were utilised for the numerical representation of the residual properties as a

function of temperature and damage level. These were then used as input param-

eters for the stress-strain relation to numerically reproduce the stress-strain curves

over different values of temperature and damage level. The following conclusions

can be drawn from the results:

1. Under cyclic loading alone, all residual properties decreased in value except

for the post-peak response which remained quite constant. The variations

were explained through the progression of cracks and micro-cracks under me-

chanical loading. Under temperature exposure alone, strength and stiffness

deteriorated, while the peak strain increased in value. These variations were

be explained by available knowledge on chemical degradation and thermal

stresses caused by high temperature.

2. When the two events (cyclic loading and temperature exposure) were applied

in sequence, the variation of the residual properties became a function of both

events. However, these variations could still be explained in the context of

each individual event.

3. Given the sequence of events (cyclic damage and then temperature expo-

sure), once the level of damage was determined, under increasing temperature,

strength and stiffness degraded, while the peak strain increased.

4. As the temperature attained higher values, its effect began to dominate over

the effect of pre-induced damage.

5. Bézier formulations were demonstrated to be capable of evaluating residual

properties in terms of the two independent variables of temperature and the

damage level. The stress-strain equation when combined with Bézier formu-

lations, was shown to produce accurate results for any given level of damage

and temperature in the tested range.

6. The performance of the discrete element method in simulating the effect of high

temperature on concrete was illustrated in this thesis. Using this approach,

the influence of the thermal incompatibility of the aggregate particles and the

mortar matrix was quantified through parametric study.
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8.2 Future work

This section summaries recommendation and suggestions for potential future re-

search work. These recommendations are based on current knowledge gaps. This

includes both experimental and numerical studies and is divided into three parts for

steel, concrete and composite research.

8.2.1 Steel

The following items are recommended for future studies on steel:

1. While both variables of the cyclic loading phase (amplitude and number of

cycles) were observed to influence the subsequent tensile properties of steel,

it is evident that within the range used in this program, the effect of the

amplitude is more significant than the number of cycles. In order to generalise

this conclusion, further experiments must be performed with higher number

of cycles.

2. Regarding the variation of the yield stress with temperature, the difference

between design code expressions and the values observed in this research seem-

ingly imply that design code expressions are too conservative when it comes

to the post-cyclic behaviour of structural steel. However, when coupled with

the loss of ductility due to the decrease in the ultimate strain and the loss

of stiffness due to the decrease in tangent moduli, the combined behaviour

becomes much more complex, and not necessarily conservative. This calls for

more elaborate design expressions that are not only a function of tempera-

ture, but are also a function of the intensity of the previously sustained cyclic

loading.

3. With constitutive plasticity models showing to be effective in simulating the

cyclic and monotonic responses of steel, implementing temperature and rate

dependent properties can be rather useful for future simulations of structures

and structural members under post-earthquake fire conditions.

4. Transient state tests reflect a more realistic response of the material under

post-earthquake fire conditions, carrying out such experiments can lead to a



Chapter 8: Conclusions and Future Work 211

deeper insight on the subject. This would also allow the quantification of

transient creep under elevated temperatures.

8.2.2 Concrete

Suggestions for future investigations on concrete are listed in the following:

1. The present study quantifies the residual properties of concrete after cooldown,

carrying out experiments at elevated temperatures (without cooldown) will ex-

tend this understanding and is recommended for future research. Investigating

the effect of higher temperatures (above 600◦C) as well as heating and cooling

rates can also give more insight into the subject. In addition, X-ray tomog-

raphy and microscope images can also be useful for the interpretation of the

underlying causes of strength degradation under multi-phase loading histories.

2. In addition to further experimental investigations, the authors also believe

that a better understanding on the subject can be attained through numer-

ical discrete element simulations. A deeper understanding of the underlying

damage mechanisms which result in size related dependencies can be gained

through models.

3. Carrying out transient state tests (similar to those common for steel) can reveal

a more realistic behaviour of the material under post-earthquake fire condi-

tions. In addition, transient creep (whether at high temperature or ambient

temperature) is an important characteristic of concrete material. Investigat-

ing the rate of creep on partially damaged samples can lead to important

implications regarding durability and long-term response.

4. In the tests carried out in this research, the time gap between the damage

induction phase, the temperature exposure phase and strength determination

phase was kept constant. However, carrying out experiments where this time

gap is the variable can be useful for rehabilitation and restoration of seismically

damaged structures.

5. The discrete element model prepared for this thesis is still in its early stages.

However, it has shown to be effective in simulating the interaction between

the different components of concrete. When combined with the effect of cyclic
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loading, the model is capable of simulating the sequential degradation of con-

crete material under mechanical and thermal effects.

8.2.3 Steel-concrete composites

Based on the findings of this study, the following research problems are recommended

for steel-concrete composite members:

1. It has been shown that the mechanical properties of steel and concrete are

functions of temperature and the level of pre-induced damage. Combining

these effects for the analysis of a steel-concrete composite member/structure

is the next step in post-earthquake fire research.

2. The thermo-mechanical properties (thermal expansion, conductivity, etc.) of

steel and concrete vary with temperature. Incorporating these variations into

thermal analyses will allow for a more accurate representation of temperature

distribution as a function of time and energy input. As a composite member

is being heated, steel loses strength faster than concrete. Therefore, combined

with the previous item, a complex relation between time and the strength

of the member is expected. Carrying out such analyses will give a better

evaluation of a members strength under post-earthquake fire conditions.

3. During cool down, concrete suffers additional strength loss, hence a concrete

member is prone to what is know as ‘delayed failure’. Combining this effect

with the changes that steel experiences during cooling, is suggested for future

research.
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