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ABSTRACT: In this paper, we describe the general group of order

two GP: . We prove an arbitrary prolongation of a Lie subgroup of

GL(n,%) is a direct sum of additive Lie group of the form %* and a Lie
sub-group of GL(n,R). Then we show that an arbitrary prologation of
a Lie subalgebra of Mat(nxn) is a direct sum of an additive Lie
subalgebra of the form R" and a Lie subalgebra of Mai(nxn). In
conclusion structure group of every k’th order Geometric structure on
a given n dimmentinal manifold is isomorphic to an additive standard

. o :
group R, with 0<A<kX ..n_(?,in__g, and a Lie subgroup of

GL(n,R).
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1. INTRODUCTION

In this paper, all manifolds are finite dimentional pdracompact and, all
mappings and functions are smooth. ‘

Let M and M’ be two manifolds and ¢:M—~M’ be an immersion, and also
assume that m € Dom(¢), ¢(m) = m’, (x,U) is a chart contains m, and
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((x',U’) is a chart around of m'. The k’th order jet j,:cb of ¢ at m is

- denoted by the following coordinates: -

(x",x/f,x{", XD )
1 1

4 . dlodox),
LTI ax,-l,---’axi,

x(m)*

where i, i}, i,,..., i, vary in the set {1,2,..., dimM'}. The-x,-’; ..... & Will not
change by any permutations in the lower indices. »

Let G be a Lie subgroup of GL(n,)®) (the general linear group) and G a
Lie subalgebra of Mat(nxn) (Lie algebra of nXn square matrices with
real entries). We denote the k’th prolongatlon of G and G, by G and

G® respectively.
The group of all invertible k-jets with source and target in O (the zero of

R"), is denoted by GP: This is a Lie group which is proved

that GP)=[GL(n,R)]*

By Reinhart’s notation, an element of GP: can be represented by an n-

tuple (i, f2,..., fo), where f, for i = 1,2,...,n, is a polynomial of
variables of the form

. af;
£(0)=0, det [—|=0
[axj}

In this notation, the operation in GP: is

(oo ) K @1r o080 = (iB1r---180)s - Su815-180))-
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2, STRUCTURE OF GP,?

Proposition 1-
Let n be a natural number. Then there exist Lie group isomorphism

n?(3n-1)

GPi=% * P GL(n®),

22Gn-1)

n*(3n-1)
2

where ® ? s standard additive Lie group of R

Proof »

Lt M = {720€GP | 1% =[5, )
N: = { /36 €GPL| job = jod }.

" We prove this proposition in steps (a) to (g).

a) M is Lie subgroup of GP2.

For, let j;% and j are in M. Then (/02¢)*(102¢) = jo (doy)
and we have

Jo'@o¥) = (o'd)*(in'¥) = [S;]
Moreover, since (j?¢)~' = j,2(¢~") we obtain
7@ = Go'e)™' =[Sy

Therefore M is a subgroup of GP.2, and furthermore with
charts

ox, ox,

, n*(3n-1)
M ng(b - [._a_zg_y_J e 2 ,
hon
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is a Lie subgroup of GP2.

b) M is a normal subgroup in GP,’?

c)

For, let j;2¢ belongs to M and j,2y be a member of GP.2,
then

YGRS *() = jW™ 0 6 0 ).
On the other hand,
JTI60) = (o)) * (o' B (i)
= (o) *{8]*Ga'¥)
= 5]
therefore (j,2) ™ *(j26) *(j,2) belongs to M.
R0n-1)

M is isomorphic with the additive Lie group ®# 2

For, we define the function n:M - & 2 as follow:

n*(3n-1)

_FY Fe —
M;(au, o |o] (axax |0)e§t

The smoothness of function is easily proved. Then it is just
enough to prove that it is a "group isomorphism".

For this, suppose that -

k
BT -

two elements of M. Then
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n ((..., xk ak x x, ) oy X, + bh]2 K ...)),

'l'Z W ’

- ! l i
=n (.., (xk+bj:j2,letxj;) '1'2(x'| +b '1 ’1 X.lu szu)

iy
X x,.2+b inla x 12 xhnz y eee

i)
= x,+bt +af x x
N oo X jlilliz iy X; X e
B ook bk
—'ﬂ cesy xk ai‘iz iliz xi'xiz, ...)

' E gk
—(..., a;;, *b;» )

=n (, X+ ak X X, )+n( b,,x, Koo )

DU Iz

d) Nis a normal Lie subgroup of GP,2

For, let j¢ and Jot¥ are in N. Then (j %) *(jo'¥) = jo(doy)
and

(foz¢) *(/'oz'ﬁ)
Uo'®) *(io'¥)
Jo'(@oy)

Jo(doy)

also (jp’¢)™" = jo(¢™"), and
Joo™) = (i)™ = ('®)™ =Jo'(e™")

therefore N is a subgroup of GP,?
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Let j,’¢ belongs to N and j,’¢ belohgs to GP,2. Then
) *(ZB)* (o) = JW 0 6 o ).
Since j,'¢ = j,’¢, then (/O'¢>)*(/02¢) (o20) *(j,2¥); but

Go'®)*(¥) = (o'd)*(o'¥), therefore (i'¢)*(i'¥) =
Gold)*(jo). Hence we have

(o' D) *(o'¥) .= ('¥)* [Goz¢_’)*002¢)*002¢)]
_ = (jo'¥)* [’V ™) *(io’d) * (g ™¥)].
Hence jo(y 7 odoy)=j v odoy), and N is normal in
GP_2. On the other hand the function
7:N3j2% )¢ € GLLR) < K
induced a Lie subgroup structure on-N.
e) N is isomorphic with GL(n,R).

For, Let n be a function which is defined in (d) step. We

have n(( - X, ) (, b,-kx,.,...)) ( Ea *bix.,.. )

e

therefore n is a Lie group isomorphism from N onto
GL(n,R). '
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f) MNN = {j? id}, where id is identity function on ®". For,
let ji’¢p € MUN. Then j’¢ € M and j'¢ = j,' id. On the
other hand j’¢ € N and j’¢ = j,'¢. Therefore j,2¢ = jld.

g) GP} as a Lie group, is isomorphic to M®N.
For, let j§¢=(..., a,."x,.+ a,.zl,.zx,.lx,.2 ,) belongs to
GP?, ji’¢ = (.., A¥ x, ..) belongs to N

and jg ¥r=(. %+ Ay x,x,, .| belongs to M such that
jab =(iaw)=lis¢),

then we have
k k YL k
4; = a;, ZAi,izAj Af = ay,
inly _
thus, for all £,/ and j

v kb _ &k
L A‘-lizaj al - jl'

[

Let / be fixed, then

i _ni
and E A,-’:',-za,'l =Y aa);,

now if i, is fixed, then
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therefore A,.f,.z =y aﬁ(a'l)?(a-l)?-
Tt

Where [aj']‘-l =[(a "){.]. Hence GP,?, as an abstract group, is a direct sum .
of M and N. '

Finally by corollary at page 96 of [3], we access which we required.O

Corollary 1
Let G be a Lie subgroup of GL(n,%). Then there exists a Lie subgroup

-~ 2 -
G of GL(n,%) and an integer 7 such that 0<i< ™ CP)  and the

Lie group G® =« R*DG, where R" is the standard additive Lie group
of &

_ 3. STRUCTURE OF GP}

Lemma 1

Let Gand H bé two Lie subalgebraé of Mat(nXxn), then
HOGW = H" & G"-

Proof |

~ We note that (refer to [1])
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. therefore

(i

G Hom (R",G) N (R"® SH(R™)) 1

(GO&H)Y = Hom(®"G @ H) N (®" ® $£(R™))

Example 1

= (Hom(R",G) ® Hom(R",H))
N [R Q@ KR @ (R @ SHRY)

[Hom(®R",G) N (R" Q@ SHR™))]
@ [Hom(R"H) N (R ® SAK™)]
= ¢ ® H".0

We have proved that <®",+ >V = <®" +>.

a)

b)

It is proved that L(<R", + >)=(R", +).

As a Lie algebra <®",+ > is isomorphic to AMat(nxn),
where AMat(nXn) is the Lie subgroup of all nXn diagonal

‘matrices of Mat(nxn).

For we define

V. <{ X > - AMat(nXn)

(Xp5.0. %) = [0x].

We prove that “as a vector space <®",+ > (prolongation
of Lie algebra <®",+ >) is isomorphic to <®", +>".

For this let T belongs to (R")". Therefore T is a linear
mapping of R"XR" into R". Let Te.e) T T €, where.

{e,,...,} is standard basis for %°, and by definition, T;* =
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T* and T;* € A Mat(nxn) for all i,j,k. Thus T;} = &, and
T;*#0 & i = j = k. To see the result we define the mapping -

<R, +>D3 [T » (T €<+ >
e) By [4], if G is a Lie subgroup of GL(n,R), then Lie group
G is isomorphic with group of all linear mappings of
#R"+ G of the form a; (for TE GV) where
a4,v) = vA+T(v,.)), A € G, vER"

Therefore prolongation of Lie group (", + > consist of all
linear mappings of R"+L(R"H=R" of the form a; (for
T = [T} € ®R)"=R") where

a4, V) = (A+[T{1v,.)
(v, A +trasE (ﬂiv‘& a‘.)é".(.))

( V€, trans ﬁ(tévi+)2i(.))

Herethe trans; (.)istranslationby @& inR". It completes the proof.D

Lemma 2

Let G and H be two matrix Lie subgroups. Then
[H®GI" = HV & G*.

Proof

Suppose that H be a Lie subgroup of GL(n, V) with L(H) = H and G be
a Lie subgroup of GL(n, W) with L(G) = G, and let (v, ®w))®(5,D¢,) =
v, ®s5,)B(w,;®1,) be an elements of (VOW)QS*'(VOW)*) and
nOwY®(s,B1,) = (V,Rs5)P(W,®12) be an elements of (VEW)®
S ((vewy).
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Now, we define the bracket of these two elements (denoted by
symbol"[,]") as follows:

O wy) @ Dy .y (5,91) 0 (5,91
— (nOw) ® D owy (5:91) o (5,901)
= [v,®D, 5, 05—V, ® D, 5,0 5,]
@ w,®D,, (,ot) —w ® D, (f, 0 B)].
Note that this lies in (VO W)@ S (VS W)*).
“[,]" extends a bilinear mapping of (VO WS (VOW)*) X
(V@W’)@é"“((V@ W)*)) into (V@W)@S‘HH((V@ W)*). Recalling (1),
this induces a bilinear mapping of (H&® ¥ @ (H® G = (H» @ H®
® G® ® GY into (VO W)QSH*1(V® W)*), which is in fact a bilinear
mapping into (H® G)**? = H*+*+D & G¥**1, Moreover "[,]" makes the
vector space ’
(VOW)+(HOG)+(HOG) + ...
= [V+H+HD +...] & [W+G+GP + ..].

into a- Lie algebra. But, the bracket operation on the Lie algebra
(GO H)" coincides with the bracket operation already defined on

(HOG)+(HOG)D +...+ (3{69G)+(il-C®G)"‘;+(ﬂ-C®G)"‘+” +....
truncated at degree k (refer to [1]). Thus as a Lie algebra
L(HeG)") = LH)" & LGY.

This proves the lemma. O
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Lemma 3
Let G be a Lie subalgebra of Mat(n X n). Theré exist a Lie subalgebra
= . . . n2(3n;1)
G of Mat(nxn) and an integer 7 such that O<ri< — and the
Lie algebra G = R"DG, where R? is the standard additive Lie algebra
of R, -

Proof

Let G be a Lie subgroup of GL(n,}) where it’s Lie algebra is G (in this
case we write L(G) = G). Now we have, by corollary 1:

- - 2 -
GO = R'DEG, G<GL(n,R), 05n’s£—(32"—1-)

On the other hand (refer to [1]) we know that L(G") = G® G; therefore

2GOGV=L(R)DLG)

Hence, there exists a Lie subalgebra G of L(G) (and Lie subalgebra of

Mat(nxn) and an integer n’ with 0<n'<n such that GP=R"D(G).0

Proposition 2

Let n and m are two natural numbers. Then there exists Lie group
isomorphism

n*(3n-1)

GP =% * OGL»n®),
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mx 22GR-1)
where - R 2 has standard Lie group structure.
Proof

Let m be an integer greater than 2. Assume that result is proved for m
—1. Then o

)(l)’

GP; =(GP,™!

n?(3n~1) 0
e[m 2 @GL(N,%)}

n?(3n-1)

(1)
Jéﬂ : J BIGL(n, MV

n£(3n;l) '
=% 2 @cP! (by example 1)

m-1 xm

=% 2 DGL(n,R) (by assumption)

Then by induction Proposition is proved.O
Corollary 2
Let G be.a Lie subgroup of GL(n,R), and k be an integer. Then there

exists a Lie subgroup G of GL(n®%) and an integer /i such that

2 - _ -
0< 7 sf—(ﬂ—l—), and the Lie group G =RCP G , where %" is the

standard additive Lie group of %°.0
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Example 2

We study the GP? = {a+bx*+cx|a,b,c € R, c#0} where proved
that

(@ +bx*+cx) * (AX+Bx*+Bx*+Cx)
= (aC*+2bBC+cA)x* + (bC:+cB)x* + cCx.

Let M = {a+b’+x|a,b € R} and N = {ax|a € R-{0}}. Then N
and M are normal subgroup of GP,* and GP,*=M® N. On the other hand
we have proved that N is isomorphic with multiplicative group % —{0}.
For M, assume T = {a’+x|a € R} and § = {*’+al+x|a € R}.
We know that T and § are normal subgroups of M and M=S®T. But
with respect to above operation we have

@+ a +0)¥AX+AC+x) = (A+a)P+(A+a)+x,
(@P+0)*(AXP+x) = A+ +x

Therefore S and T are isomorphic with additive group $. In conclusion
GP} = (SRzl,+) @ (R-{0}, »)

Corollary 3

Structure group of every k’th order geometric structure on a given n
dimmentinal manifold is isomorphic with an additive standard group &™,

2(3p -
where O<m skxi—(e'—zn—i) , and Lie subgroup of GL(n,}).0

Proposition 3
Let G be a Lie subalgebra of Mat(nxn), and k be a natural number.

Then there exists a Lie subalgebra G of mat(nXn) and an integer 7
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aa o
such that 0<7 <k x ﬁ—(?’—;——l—z and the Lie algebra where GV« R°DG

R" has the standard Lie algebra structure.C
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