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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-2



Lagrangian for standard model of particle physics
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gluon (strong force)
W and Z bosons 
(weak force)

weak interactions + 
Higgs

Higgs ghosts

Faddeev-Popov ghosts

S = ∫ ℒ −gd4x

δS
δϕ

=
∂ℒ
∂ϕ

− ∂μ ( ∂ℒ
∂(∂μϕ) ) + ⋯ = 0

action

Lagrange 
equations

http://www.symmetrymagazine.org/article/the-deconstructed-standard-model-equation


Basic idea of general relativity: 
GRAVITY = SPACETIME CURVATURE



A general relativity primer
Einstein’s field equation

Stress-energyRicci curvature Metric Ricci 
scalar

Rμν −
1
2

gμνR =
8πG
c4

Tμν



A general relativity primer
Einstein’s field equation

Stress-energyRicci curvature Metric Ricci 
scalar

spacetime 
curvature⇒ = constant × matter-energy

Rμν −
1
2

gμνR =
8πG
c4

Tμν



A general relativity primer
Einstein’s field equation

Stress-energyRicci curvature Metric Ricci 
scalar

⇒

For a free particle: 

Geodesic equation

Newtonian analogue Poisson equation

spacetime 
curvature = constant × matter-energy

Rμν −
1
2

gμνR =
8πG
c4

Tμν

Solution to field equation gives
Line elementMetric



Gravity visualized: https://www.youtube.com/watch?v=MTY1Kje0yLg&list

https://www.youtube.com/watch?v=MTY1Kje0yLg&list


Gravity visualized: https://www.youtube.com/watch?v=MTY1Kje0yLg&list

https://www.youtube.com/watch?v=MTY1Kje0yLg&list


The Elegant Universe. Nova / PBS



A concise tutorial on general relativity
DOI: 10.1119/1.12853
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Definição: Objeto com gravidade tão 
forte que nada consegue escapar, 
nem mesmo a luz

O que é um buraco negro?



Pergunta: Dada um objeto de massa M, qual o raio 
dentro do qual ele se torna um buraco negro?

velocidade de escape 
na superfícievesc =

2GM
R

M

R

RS =
2GM

c2
= 2.95

✓
M

M�

◆
km

Raio de um buraco negro:

“raio de Schwarzschild” 

Derivar raio de Schwarzschild



What is a black hole? Remarkable 
prediction of general relativity

Normal object Black hole

surface
event horizon

singularity



Event horizon: one-way membrane, matter/
energy can fall in, but nothing gets out

Black hole

event horizon

singularity

Region inside event horizon 
causally cut-off from outside

RS =
2GM

c2
= 2.95

✓
M

M�

◆
km

Radius of event horizon:

Schwarzschild radius



What is a black hole?

Raio =
2GM

c2

Raio =
2GM

c2

Once inside, nothing 
escapes

Massive, compact 
astronomical object: 
gravity so strong that it 
traps all that fall inside 
the event horizon



Massive, compact 
astronomical object: 
gravity so strong that it 
traps all that fall inside 
the event horizon

What is a black hole?

Once inside, nothing 
escapes

Raio =
2GM

c2

Raio =
2GM

c2

Sog
ro

Sogra



Massive, compact 
astronomical object: 
gravity so strong that it 
traps all that fall inside 
the event horizon

What is a black hole?

Once inside, nothing 
escapes

Raio =
2GM

c2

Raio =
2GM

c2



What is a black hole?

Raio =
2GM

c2

Raio =
2GM

c2

Once inside, nothing 
escapes

Massive, compact 
astronomical object: 
gravity so strong that it 
traps all that fall inside 
the event horizon



https://xkcd.com/681/



VENUS

MERCURY

EARTH 
6,379 KM

To sun, 
far down



sun

MERCURY

Radii of objects not to scale

100x 
deeper

Mercurydepth 
gravity 
well

To black 
hole, very 
VERY far 
down



ç
çBlack holes have deep, 

relativistic gravity 
wells

ç

BLACK 
HOLE

sun

106x 
deeperdepth 

gravity 
well



Classical vs quantum black holes

Credit: BBC

Black holes from general relativity are classical objects 

Quantum BHs: need quantum gravity theory 

Quantum BHs have weird properties: 
Hawking radiation 
Information paradox 

Will not talk about them



surprise them showing places where we see BHs 
all around us! 

how can it be? 
how can they shine? 

hang-on!
Luo+16

Chandra Deep Field South 
81 days of exposure



How massive can a black hole be?
BHs with M ≳ 3 Msun form naturally by gravitational collapse of 
massive stars 

No other stable equilibrium available at these masses

Open question: 
Do quantum BHs form 

naturally? 



Two populations of black holes

Supermassive
106-1010 solar masses
one in every galactic nucleus

5-60 solar masses 
~107 per galaxy

Stellar

Open question: Do intermediate-mass BHs exist? How massive are the initial seeds of 
supermassive BHs?



XRBs show dramatic 
state transitions, whose 

origin is unknown

X-ray binaries, M~5-20Msun

visible light

Credit: NASA GSFC; Britannica

107 XRBs per galaxy



GW150914: M~20-60 Msun

visible light

Credit: NASA GSFC; Britannica

no light!



M81

NGC 1097

M87

Supermassive BHs have M~106-1010Msun, one 
in every galactic nuclei

Do dwarf galaxies host supermassive BHs?

visible light

C
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Criteria used to identify astrophysical BHs 
Must be compact: radius < few Rs 
Must be massive: M > several Msun, too massive to be a neutron star 

(Mns,crit ≤ Msun) 

These are strong reasons for BH candidates 

It is possible to empirically prove the existence of event horizons

Prove that BHs have event 
horizons (soon: Event 

Horizon Telescope)

How do we know they are black holes?



Raio =
2GM

c2

Raio =
2GM

c2

Black holes are the most perfect 
macroscopic objects in the universe

A black hole has no-hair (no-hair theorem)

Made only of spacetime warpage

Mass M 

Spin: angular momentum J 

Charge Q

J = a GM2/c

0  |a|  1

RS =
2GM

c2



Fg = Fc )
GMm

r2
=

mv2

r

Measuring mass in astronomy

Test particle in circular orbit

M

mv

Fc=Fg

Best mass estimates are dynamical 

) M =
v2r

G

Alternatively, Kepler’s third law

P 2

r3
=

4⇡2

G(M +m)
) M ⇡ 4⇡2r3

GP 2



Exercise
Suppose a star is measured in a circular orbit with  
P=15 years and r=1000 au. Compute M.

M

m

Kepler’s third law

P 2

r3
=

4⇡2

G(M +m)
) M ⇡ 4⇡2r3

GP 2

r

1 au = 1.5E11 m 
G = 6.67E-11 N m2/kg2 

Msun = 2E30 kg



Credit: unknown
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Fig. 15.— The inferred mass distributions for the different populations of neutron stars (top) and black holes (bottom) discussed in
the text. The dashed lines correspond to the most likely values of the parameters. For the different neutron star populations these are:
M0 = 1.33M⊙ and σ = 0.05M⊙ for the double neutron stars, M0 = 1.28M⊙ and σ = 0.24M⊙ for the other neutron stars near their birth
masses, and M0 = 1.48M⊙ and σ = 0.20M⊙ for the recycled neutron stars. For the case of black holes, we used the exponential distribution
with a low mass cut-off at Mc = 6.32M⊙ and a scale of Mscale = 1.61M⊙ obtained in Özel et al. (2010a). The solid lines represent the
weighted mass distributions for each population, for which appropriate fitting formulae are given in the Appendix. The distributions for
the case of black holes have been scaled up by a factor of three for clarity.

neutron stars, M0 = 1.28M⊙ and σ = 0.28M⊙ for other neutron stars near their birth mass, and M0 = 1.48M⊙ and
σ = 0.22M⊙ for recycled neutron stars.
We also obtained a fitting formula for the normalized weighted mass distribution of black holes (solid line in the

bottom panel of Fig. 15) for MBH > 5M⊙ that approximates the numerical result to within 3%:

P (MBH) =
{

A(MBH)
n +

[

B(MBH)
−n + C(MBH)

−n
]−1

}1/n
, (A1)

where

A(MBH)=4.367− 1.7294MBH + 0.1713M2
BH

B(MBH)=14.24 exp(−0.542MBH)

C(MBH)=3.322 exp(−0.386MBH)

n=−10.0 . (A2)
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2006, A&A, 456, 295

Distribution of masses of neutron stars and 
stellar mass black holes

Özel+12



Sistema 
Solar

Sagitário A*
Massa = 4×106 MSun



Journey to Sagittarius A*: the supermassive 
black hole at the center of the Milky Way



10 light-days = 260 billion km

black 
hole

central black hole 
mass =  
4✕106 solar masses

Ghez, Schödel, Genzel et al.



How to measure black hole 
spin?

J =
aGM2

c

0  |a|  1

if t>40’: 
     skip



Black hole spin generates spacetime whirlwind 
(non-Newtonian effect)
Huge energy stored in rotating spacetime

black hole
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spinning 
BH
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How to reliably 

measure black 
hole spin?

https://www.youtube.com/watch?v=9MHuhcFQsBg


How do we observe 
black holes? 









Credit: ESO

Black holes surrounded by accretion disks, 
release enormous amounts of light

C
re

di
t: 

N
at

G
eo

v → c near the horizon

How efficient is the release of light?



m

MR



Energy released: U =
GMm

R

L = U̇ =
GMṁ

R
Luminosity:

For black holes: η ~ 10-40%

) L = ⌘ṁc2

⌘ / M/RRadiative efficiency:



Sugar (sucrose)   C12H22O11 

1g ! 4 kcal= 16.2 kJ = 1e23 eV

⌘ =
E

mc2
=

1.6⇥ 1011erg

9⇥ 1020erg
= 2⇥ 10�10

R. Nemmen



Itaipu Dam − 14 GW

⌘ =
mgh

mc2
= 10�14

✓
h

100 m

◆



⌘ =
mv2

2mc2
⇠ 10�14

✓
v

200 km/h

◆2



Nuclear fusion

⌘ = 0.008⇥ 0.1 ⇠ 8⇥ 10�4

Tsar bomba



Credit: ESO

Radiative 
efficiency:

Black holes surrounded by accretion disks, 
release enormous amounts of light

⌘rad =
Erad

out

Egas
in

= 10� 40%
100x more efficient than nuclear 

fusion!

Most efficient radiators in the universe

Radiate across all eletromagnetic spectrum!



mass supply 
to black hole

Back-of-the-envelope estimate 
of accretion disk luminosity

mass accretion ratemass of all 
water on  earth

ṁ ⇠ m/t↵ = 1024 g s�1
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luminosityL ⇠ 0.1ṁc2 ⇠ 1044 erg s�1
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black hole 
mass

L ~ 1010 Lsun    ~ 1 MEarth c2 every 3 hours

t↵ =

r
2r3

GM
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Fig. 1.2 The British journal Nature announced on July 16, 1992 the discovery of a microquasar in
the Galactic center region [22]. The image shows the synchrotron emission at a radio wavelength
of 6 cm produced by relativistic particles jets ejected from some tens of kilometers to light years
of distance from the black hole binary which is located inside the small white ellipse

Before the discovery of its radio counterpart, 1E 1740.7-2942 was suspected to
be a prominent source of 511 keV electron–positron annihilation radiation observed
from the center of our galaxy [17], and for that reason it was nicknamed as the
“Great Annihilator”. It is interesting that recently it was reported [40] that the
distribution in the Galactic disk of the 511 keV emission, due to positron–electron
annihilation, exhibits similar asymmetric distribution as that of the hard low mass
X-ray binaries, where the compact objects are believed to be stellar black holes.
This finding suggests that black hole binaries may be important sources of positrons
that would annihilate with electrons in the interstellar medium. Therefore, positron–
electron pairs may be produced by γ –γ photon interactions in the inner accretion
disks, and microquasar jets would contain positrons as well as electrons. If this
recent report is confirmed, 1E 1740.7-2942 would be the most prominent compact
source of anti-matter in the Galactic center region.
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Penrose process: Spinning black hole has free 
energy that can be extracted

Rotational energy of spacetime 
(frame dragging) 

Thought experiment by Penrose that 
demonstrates the principle, probably 
not important in astrophysics 

But magnetized accretion disks is 
promising

Penrose 1969

Ruffini & Wilson 1975; Blandford & Znajek 1977

https://www.youtube.com/watch?v=9MHuhcFQsBg


Toy model for jet production from black hole: rotation + 
accretion + B 

Semenov+04, Science
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Figure 7. Per cent jet kinetic e�ciencies of the sample as a
function of the mass-loss index s for which the inflow rate at rB

is increased with respect to the Bondi rate as Ṁo = f(Ṁ⇤+ṀB)
with Ṁ⇤ ⌘ c⇤ṀB . We adopt the ADIOS density profile with
↵ = 0.1 and ro = 105rs. The lines represent the median e�ciency
of the sample computed for c⇤ = 0 (dashed), 1 (dotted) and 10
(solid). The rest of the notation follows Fig. 3.

and s300 = 0.77±0.166. We conclude that more comfortable
e�ciencies are obtained within the range of s values favored
by theory and observations if there is extra inflow of gas
neglected in the simple Bondi inflow estimate.

Given that even for c⇤ = 0, ⌘jet would still exceed 100%
for the bulk of the sample at s = 1, we may conclude that
an ADIOS with s = 1 as proposed by Begelman (2012)
is only tenable if there is a considerable extra amount of
inflow (i.e. c⇤ ⇠ 100). Such high values of c⇤ would imply
that the the amount of inflowing gas due to Bondi accretion
would correspond to just a perturbation compared to other
sources of gas. If this was the case, we would presumably
expect no ṀB � Pjet correlation, since the jet power would
respond predominantly to variations in Ṁ⇤ which would be,
in principle, decoupled from ṀB . The fact that we observe
a correlation with a 4.2� significance7 argues against such
high values of c⇤.

5.4 The scatter in ⌘jet

There are a couple of possible explanations for the significant
scatter in the ṀBc

2 � Pjet relation. There is the possibility
that the scatter is primarily due to the uncertainties in the
determination of the cavity power and the densities at the
Bondi radius, as discussed in Russell et al. (2013) (see their
section 4.3). Nonetheless, it is also possible that the scat-
ter has a physical origin and there are a couple of possible
physical processes that could contribute to it:

Varying amounts of mass-loss in the sample – Instead of uni-
versal value of s characterizing the radial accretion rate pro-
file, there could be rather a range of s-values in the sample.

6 The uncertainty on s maps the sample standard deviation in
Pjet/ṀB .
7 As obtained with a simple Pearson correlation test.

Alternatively, the value of s could remain the same in the dif-
ferent systems but the magnitude of mass-loss could depend
on the spin such that the larger the spins, the stronger the
mass-loss, as hinted by the simulation results of Sa̧dowski
et al. (2013). In any case, varying amounts of mass-loss
in the sample would introduce considerable scatter in the
ṀB � Pjet relation, even if the jet production mechanism
gives a tight Pjet � ṀBH correlation. We find that a spread
of �s ⇡ 0.16 around a fixed value would be su�cient to ac-
count for the observed scatter in Pjet/ṀB (cf. Fig. 3). These
possibilities remain to be better explored in future simula-
tions of accretion flows. Interestingly enough, �s is similar
to the dispersion of s values obtained in the hydrodynamic
RIAF simulations of Yuan, Wu & Bu (2012); Bu et al. (2013)
for a range of initial conditions.

Range of black hole spins and/or magnetic flux threading the
horizon – If powerful jets are produced via the BZ mecha-
nism then the two fundamental parameters that regulate the
jet power are the black hole spin a and the magnetic flux
�h threading the horizon, besides the mass (Blandford &
Znajek 1977; Semenov, Dyadechkin & Punsly 2004):

Pjet
/⇠

✓
a�h

M

◆
2

; (9)

i.e., a and �h are degenerate to some extent (cf.
Tchekhovskoy, Narayan & McKinney 2010 for refinements
on the above equation). According to recent simulations, a
spread in the spins at z ⇠ 0 is the naturally expected out-
come of the evolution of massive black holes following their
history of mergers and accretion according to models based
on the hierarchical scenario of galaxy mergers (Fanidakis
et al. 2011; Dotti et al. 2013; Volonteri et al. 2013). A wide
range of magnetic fluxes is also expected given the varying
amounts of magnetic flux available to be accreted in the dif-
ferent environments of SMBHs in radio galaxies (Sikora &
Begelman 2013).

We can quantify the possible scatter in spins required
to explain the scatter in the sample, by assuming that the
magnetic flux around the horizon accumulated to such a
point where it reached saturation (MAD state) and H/r =
0.3. Roughly, �a ⇡ s (Fig. 5) is consistent with the scatter
in spin for the di↵erent values of s; for s > 0.5, a & 0.7 (1�
lower limit) is required.

Variation in the amount of inflowing cold gas – As we dis-
cussed in section 5.3, the gas input provided via mass-loss
from evolved stars in a star cluster close (or inside) rB could
be relevant in elliptical galaxies. In fact, a varying contri-
bution of gas due to stellar populations which inject gas
amounts comparable to ṀB in the sample could also be a
source of scatter in the ṀB � Pjet relation.

6 SUMMARY

With the goal of observationally constraining the jet energy
e�ciency ⌘jet ⌘ Pjet/(ṀBHc

2) in radio galaxies and prob-
ing scenarios for jet production in AGNs, we compiled the
most up-to-date dataset with constraints on the jet power
and mass accretion rate onto supermassive black holes. Jet
powers were estimated from the X-ray cavities whereas the

c� 2014 RAS, MNRAS 000, 1–13
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Kudos to Alice Harding (NASA GSFC) https://www.youtube.com/watch?v=R173dLIktsw

How to make a black hole jet at home: 
Homopolar generator

https://www.youtube.com/watch?v=R173dLIktsw




Gustavo Soares
PhD

Artur Vemado
undergrad (IC)

Henrique Gubolin
Msc

Fabio Cafardo
PhD

Raniere Menezes
PhD

Ivan Almeida
Msc

https://blackholegroup.org 

Rodrigo Nemmen

Apply to join 
my group

Roberta Pereira
undergrad (IC)

https://blackholegroup.org


“Weather forecast for black holes”

Virtual laboratory of numerical 
relativistic astrophysics

Gravity: general relativity 

Gas (plasma)

Electromagnetic fields



Required physics: Fluid dynamics + 
electrodynamics

Plus:  equation of state
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Dt
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Fluid dynamics 
conservation equations
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Maxwell equations



Equations of general relativistic 
magnetohydrodynamics

Plus:
 equation of state
 ideal MHD condition
 Kerr metric

Conservation of
Particle number

Energy-momentum

r⌫(⇢u
⌫) = 0

r⌫T
µ⌫ = 0

r⌫ ⇤ Fµ⌫ = 0

r⌫F
µ⌫ = �Jµ

Maxwell equations r⌫ ⇤ Fµ⌫ = 0

r⌫F
µ⌫ = �Jµ

Fµ⌫u⌫ = 0
ds2 = �↵2dt2 + �ij(dx

i + �idt)(dxj + �jdt)

p = (�� 1)⇢✏

based on a Roe-type approximate Riemann solver, as well
as by the work of Del Zanna & Bucciantini (2002) and Del
Zanna et al. (2002), who chose to use the simple approxi-
mate Riemann solver of Harten, Lax, & van Leer (1983) in
their special relativistic hydrodynamics and SRMHD
schemes, respectively.

Our numerical scheme is called HARM, for high-accu-
racy relativistic magnetohydrodynamics.4 In x 2 we develop
the basic equations in the form used for numerical integra-
tion in HARM. In x 3 we describe the basic algorithm. In x 4
we describe the performance of the code on a series of
test problems. In x 5 we describe a sample evolution of a
magnetized torus near a rotating black hole.

2. A GRMHD PRIMER

The equations of GRMHD are well known, but for
clarity we will develop them here in the same form used in
numerical integration. Unless otherwise noted, c ¼ 1, and
we follow the notational conventions of Misner, Thorne, &
Wheeler (1973, hereafterMTW). The reader may also find it
useful to consult Anile (1989).

The first governing equation describes the conservation
of particle number:

ðnu lÞ;l ¼ 0 : ð1Þ

Here n is the particle number density and ul is the 4-velocity.
For numerical purposes we rewrite this in a coordinate
basis, replacing n with the ‘‘ rest-mass density ’’ ! ¼ mn,
wherem is the mean rest mass per particle:

1
ffiffiffiffiffiffiffi$ g

p @l
ffiffiffiffiffiffiffi$ g

p
!u l

" #
¼ 0 : ð2Þ

Here g % detðgl"Þ.
The next four equations express conservation of energy

momentum:

Tl
";l ¼ 0 ; ð3Þ

where Tl
" is the stress energy tensor. In a coordinate basis,

@t
ffiffiffiffiffiffiffi$ g

p
Tt
"

" #
¼ $ @i

ffiffiffiffiffiffiffi$ g
p

Ti
"

" #
þ ffiffiffiffiffiffiffi$ g
p

T#
$!

$
"#; ð4Þ

where i denotes a spatial index and !$
"# is the connection.

The energy momentum equations have been written with
the free index down for a reason. Symmetries of the metric
give rise to conserved currents. In the Kerr metric, for exam-
ple, the axisymmetry and stationary nature of the metric
give rise to conserved angular momentum and energy cur-
rents. In general, for metrics with an ignorable coordinate
xl the source terms on the right-hand side of the evolution
equation for Tt

l vanish. These source terms do not vanish
when the equation is written with both indices up.

The stress energy tensor for a system containing only a
perfect fluid and an electromagnetic field is the sum of a
fluid part,

Tl"
fluid ¼ ð! þ u þ pÞu lu " þ pgl" ð5Þ

(here u % internal energy and p % pressure), and an
electromagnetic part,

Tl"
EM ¼ Fl%F"

% $ 1
4 g

l"F%&F
%& : ð6Þ

Here Fl" is the electromagnetic field tensor (MTW:
‘‘ Faraday ’’), and for convenience we have absorbed a
factor of 4'ð Þ1=2 into the definition of F.

The electromagnetic portion of the stress energy tensor
simplifies if we adopt the ideal MHD approximation, in
which the electric field vanishes in the fluid rest frame as
a result of the high conductivity of the plasma
(E þ v! B ¼ 0). Equivalently the Lorentz force on a
charged particle vanishes in the fluid frame:

u lF
l" ¼ 0 : ð7Þ

It is convenient to define the magnetic field 4-vector

bl % 1
2 (

l"#$u "F$# ; ð8Þ

where ( is the Levi-Civita tensor. Recall that (following the
notation of MTW) (l"$) ¼ ð$ 1=

ffiffiffiffiffiffiffi$ g
p Þ l"$)½ (, where (l"$))

is the completely antisymmetric symbol and is equal to 0, 1,
or $ 1. These can be combined (with the aid of
identity 3.50h ofMTW):

Fl" ¼ (l"#$u#b$ : ð9Þ

Substitution and some manipulation (using identities 3.50
of MTW and blu l ¼ 0; the latter follows from the
definition of bl and the antisymmetry of F) yield

Tl"
EM ¼ b2u lu " þ 1

2b
2gl" $ blb" : ð10Þ

Notice that the last two terms are nearly identical to the
nonrelativistic MHD stress tensor, while the first term is
higher order in v=c. To sum up,

Tl"
MHD ¼ ! þ u þ p þ b2

" #
u lu " þ p þ 1

2b
2

" #
gl" $ blb" ð11Þ

is theMHD stress energy tensor.
The electromagnetic field evolution is given by the

source-free part ofMaxwell’s equations

Fl";$ þ F$l;" þ F"$;l ¼ 0 : ð12Þ

The rest ofMaxwell’s equations determine the current

Jl ¼ Fl"
;" ð13Þ

and are not needed for the evolution, as in nonrelativistic
MHD.

Maxwell’s equations can be written in conservative form
by taking the dual of equation (12):

F)l" ;" ¼ 0 : ð14Þ

Here F)l" ¼ 1
2 (l"#$F

#$ is the dual of the electromagnetic field
tensor (MTW: ‘‘Maxwell ’’). In ideal MHD

F)l" ¼ blu " $ b"u l ; ð15Þ

which can be proved by taking the dual of equation (9).
The components of bl are not independent, since

blu l ¼ 0. Following, e.g., Komissarov (1999), it is useful to
define the magnetic field 3-vector Bi ¼ F)it. In terms ofBi,

bt ¼ Biu lgil; ð16Þ

bi ¼ Bi þ btu i

u t
: ð17Þ

The space components of the induction equation then
4 This scheme is also named in honor of R. Härm, who with M.

Schwarzschild was a pioneer of numerical astrophysics.
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mate Riemann solver of Harten, Lax, & van Leer (1983) in
their special relativistic hydrodynamics and SRMHD
schemes, respectively.

Our numerical scheme is called HARM, for high-accu-
racy relativistic magnetohydrodynamics.4 In x 2 we develop
the basic equations in the form used for numerical integra-
tion in HARM. In x 3 we describe the basic algorithm. In x 4
we describe the performance of the code on a series of
test problems. In x 5 we describe a sample evolution of a
magnetized torus near a rotating black hole.

2. A GRMHD PRIMER

The equations of GRMHD are well known, but for
clarity we will develop them here in the same form used in
numerical integration. Unless otherwise noted, c ¼ 1, and
we follow the notational conventions of Misner, Thorne, &
Wheeler (1973, hereafterMTW). The reader may also find it
useful to consult Anile (1989).

The first governing equation describes the conservation
of particle number:

ðnu lÞ;l ¼ 0 : ð1Þ

Here n is the particle number density and ul is the 4-velocity.
For numerical purposes we rewrite this in a coordinate
basis, replacing n with the ‘‘ rest-mass density ’’ ! ¼ mn,
wherem is the mean rest mass per particle:
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where i denotes a spatial index and !$
"# is the connection.

The energy momentum equations have been written with
the free index down for a reason. Symmetries of the metric
give rise to conserved currents. In the Kerr metric, for exam-
ple, the axisymmetry and stationary nature of the metric
give rise to conserved angular momentum and energy cur-
rents. In general, for metrics with an ignorable coordinate
xl the source terms on the right-hand side of the evolution
equation for Tt

l vanish. These source terms do not vanish
when the equation is written with both indices up.

The stress energy tensor for a system containing only a
perfect fluid and an electromagnetic field is the sum of a
fluid part,

Tl"
fluid ¼ ð! þ u þ pÞu lu " þ pgl" ð5Þ

(here u % internal energy and p % pressure), and an
electromagnetic part,

Tl"
EM ¼ Fl%F"
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Here Fl" is the electromagnetic field tensor (MTW:
‘‘ Faraday ’’), and for convenience we have absorbed a
factor of 4'ð Þ1=2 into the definition of F.

The electromagnetic portion of the stress energy tensor
simplifies if we adopt the ideal MHD approximation, in
which the electric field vanishes in the fluid rest frame as
a result of the high conductivity of the plasma
(E þ v! B ¼ 0). Equivalently the Lorentz force on a
charged particle vanishes in the fluid frame:

u lF
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It is convenient to define the magnetic field 4-vector
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where ( is the Levi-Civita tensor. Recall that (following the
notation of MTW) (l"$) ¼ ð$ 1=
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is the completely antisymmetric symbol and is equal to 0, 1,
or $ 1. These can be combined (with the aid of
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Fl" ¼ (l"#$u#b$ : ð9Þ

Substitution and some manipulation (using identities 3.50
of MTW and blu l ¼ 0; the latter follows from the
definition of bl and the antisymmetry of F) yield

Tl"
EM ¼ b2u lu " þ 1
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Notice that the last two terms are nearly identical to the
nonrelativistic MHD stress tensor, while the first term is
higher order in v=c. To sum up,
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is theMHD stress energy tensor.
The electromagnetic field evolution is given by the

source-free part ofMaxwell’s equations

Fl";$ þ F$l;" þ F"$;l ¼ 0 : ð12Þ

The rest ofMaxwell’s equations determine the current

Jl ¼ Fl"
;" ð13Þ

and are not needed for the evolution, as in nonrelativistic
MHD.

Maxwell’s equations can be written in conservative form
by taking the dual of equation (12):

F)l" ;" ¼ 0 : ð14Þ

Here F)l" ¼ 1
2 (l"#$F

#$ is the dual of the electromagnetic field
tensor (MTW: ‘‘Maxwell ’’). In ideal MHD
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which can be proved by taking the dual of equation (9).
The components of bl are not independent, since

blu l ¼ 0. Following, e.g., Komissarov (1999), it is useful to
define the magnetic field 3-vector Bi ¼ F)it. In terms ofBi,

bt ¼ Biu lgil; ð16Þ

bi ¼ Bi þ btu i

u t
: ð17Þ

The space components of the induction equation then
4 This scheme is also named in honor of R. Härm, who with M.

Schwarzschild was a pioneer of numerical astrophysics.
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256 x 256 x 64
r θ 𝜙

3D computational mesh

4×106 resolution elements

Need to evolve to t>15000 M
(4 yrs for a 109 BH)

Global, general relativistic MHD (GRMHD) 
simulations of gas around spinning BHs

HARM code + MPI + 3D = HARMPI
Gammie+03; Tchekhovskoy



McKinney et al. 2013, Science

Black hole weather forecast



Moscibrodzka

Jet-disk connection? 
Predictive model for full radiation 

spectrum 
Predictive model for dynamical 

evolution



We are starting to treat the radiation from 
these systems

y

x Units of GM/c2

phd, Gustavo soares

Work in progress

Preliminar result: Null geodesics in x-y 
plane around Kerr black hole
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Chan+15a,b ApJ

radio 10 GHz 1.3mm IR 2.1μm X-rays

Future: Radiative transfer and GPU-accelerated ray 
tracing in BH spacetimes

ptg

 Download from www.wowebook.com



Remarkable connection between central black 
holes and host galaxies: the M-σ relation

MBH = 2⇥ 108M�
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Figure 9
(a) The MBH-σ relation of local galaxies with direct black hole mass measurements (data from Woo et al. 2013 and references therein).
Both AGNs (the color-coding includes both radiative-mode and jet-mode AGNs) and quiescent galaxies are consistent with the
McConnell & Ma (2013) relation, shown by the solid line. (b) The distribution of galaxies in the Sloan Digital Sky Survey main galaxy
sample on the stellar mass versus black hole mass plane using black hole masses derived from the MBH-σ relation. The grayscale
indicates the volume-weighted distribution of all galaxies, with each lighter color band indicating a factor of two increase. The black
hole mass is not a fixed fraction of the total stellar mass. This is also true for AGNs: The blue and red contours show the volume-
weighted distributions of high (>1%; mostly radiative-mode) and low (<1%; mostly jet-mode) Eddington-fraction AGNs, with
contours spaced by a factor of two.

emission-line width for Type 1 AGNs (Greene & Ho 2007b, Dong et al. 2012, Kormendy & Ho
2013).

Another secondary technique uses the correlation between M BH and the stellar mass of the
bulge (e.g., Marconi & Hunt 2003, Haring & Rix 2004). Although this is straightforward to apply
to elliptical galaxies, the typical AGN host galaxies in the SDSS sample have significant bulge and
disk components (Section 4). The SDSS images are shallow and do not well-resolve the bulge
component in typical cases. This makes the task of robustly determining the bulge/disk mass ratio
rather expensive in terms of computational time and the need for human intervention (e.g., Gadotti
2009, Lackner & Gunn 2012). Thus, this technique for estimating M BH is less readily applicable
to the SDSS AGN sample. Moreover, the new data compiled by Kormendy & Ho (2013) and the
analysis by Graham & Scott (2013) both imply that the correlation of M BH is significantly poorer
with stellar bulge mass than with σ .

In this review we derive values for M BH using the simple power-law M-σ relation used by
McConnell & Ma (2013), specifically,

log(M BH/M⊙) = 8.32 + 5.64 log[σ/(200 km s−1)]. (3)

It is important to emphasize here that it is not a reasonable approximation to assume that the BH
mass is some fixed fraction of the total stellar mass. To illustrate this, we show in Figure 9b a plot
of the total galaxy stellar mass versus the BH mass as estimated using our adopted M-σ relation for
the SDSS main galaxy sample. The ratio of estimated BH–to–galaxy mass drops from an average
of about 10−2.5 at M ∗ ∼ 1011.5 M⊙ to about 10−4 at M ∗ ∼ 1010 M⊙. As also shown in this figure,
this is true for galaxies in general and for the hosts of both radiative-mode and jet-mode AGNs.

With an estimate of the AGN bolometric luminosity and SMBH mass in hand it is useful to
then recast things in terms of the Eddington ratio for the AGN (Lbol/LEdd). Here LEdd is the

610 Heckman · Best
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Fundamental link between BH growth and galaxy evolution



Why are black holes and host 
galaxies connected?

SMBH

Grapefruit



Energy release from supermassive BHs impact 
large scale structure formation (“AGN feedback”)

<10-4 pc

galaxy

time

SMBH

BH accretion

outflows



How do supermassive black holes 
affect their host galaxies? 

What is their cosmological 
evolution?



10 Mpc

Fabian 12 ARAA; Tombesi+15 Nature; 
Cheung+16 Nature; Vogelsberger+14 Nature

Energy release from supermassive BHs impact 
large scale structure formation (“AGN feedback”)

“BH explosions” 
in the simulation



Gravitational 
waves

open GWs for undergrads.key



PI: S. Doeleman (MIT/Haystack)
idéia original: H. Falcke (Radboud)

Attaining the impossible: first image of 
an event horizon just around the corner

C
re

di
t: 

S
ci

en
ce

 M
ag

az
in

e



Goal of Event 
Horizon Telescope

Credit: Warner, Paramount



Summary: Black holes
Black holes: collapsed objects from which nothing 
can escape (once inside)
Astrophysical labs of general relativity, fluid 
dynamics and electrodynamics that can’t be found 
on Earth

Brightest systems in the universe
Important for galaxy formation/evolution

Cosmic particle accelerators
Sources of gravitational waves

If interested in doing research in 
these topics, please talk to me

Soon: first 
image of a 
black hole

blackholegroup.org

radio-gamma 
light

co
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ys ne
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GWs

http://blackholegroup.org


Quiz time! 
https://kahoot.com/

https://kahoot.com/
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