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Abstract

One of the challenges for geological research and minerals exploration is to predict and represent geology

at depth and in 3D. The geometry of folded surfaces are difficult to characterise because they are defined

by localised patterns of curvature. This conflicts with how surfaces are created for 3D modeling, where

a surface of minimal curvature is fitted to observations. To address this problem more structural geology

needs to be incorporated into the description of folded surfaces for 3D modeling.

The process of building 3D models can be considered as an inverse problem where the aim is to predict

the parameters for a forward model representing geological observations. An appropriate forward model

will give a single unique solution for a set of parameter values. The solution to the inverse problem is non

unique and as there are an infinite number of parameter combinations that can give the same observations

throughout the model.

This study first defines a forward model for modeling folds allowing for multiple fold events to be

characterised. The overprinting relationships between observed foliations associated with folding are used

to determine the relative timing of the folds. Each folding event is modeled backwards in time starting with

the most recent. For each folding event starting with the most recent a fold frame is built to capture the

geometry of the structural elements of the fold: the fold axis, axial surface, and structural vergence. The

geometry of the folds are extracted from geological observations in two parts one describes the geometry of

the fold axis in the axial surface. Another Fourier describes the fold shape looking down plunge. A sample

semi-variogram of the fold axis and fold shape using the fold frame coordinates is used to automatically

identify the wavelength of the folding. The fold geometry can then be represented by finding the best fit

Fourier series to represent the fold axis and another represents the folds shape looking down plunge within

the fold frame.

The forward model forms the basis of the geological inversion scheme. The geological observations

are used within a Bayesian framework to falsify the possible fold geometries that are built from prior

knowledge of the parameter values. Both the fold axis and fold shape are inverted simultaneously and

the misfit between the model and data can be incorporated using an uninformative prior distribution. We

demonstrate that this approach can be used to target locations where additional structural data can reduce

model uncertainty. The inversion was performed using Bayesian inference and could be easily extended

to incorporate various types of geological observation including geological knowledge into the inversion.

Incorporating geological knowledge directly into the inversion scheme rather than using the geologist’s

interpretation is preferable because the interpretation is subjective and usually not unique.

The forward and inverse geological modeling is demonstrated on synthetic and natural examples typical

of folded terranes: doubly plunging, interference patterns and parasitic folding. The combined inversion

of geological data and knowledge could be used by geologists while mapping to propagate information

about uncertainties throughout the mapping/model building process allowing for different structural inter-

pretations to be rapidly tested for targeted data collection. This inversion scheme not only provides a more

rigorous way of sampling the geologically possible models but will also allow for a true joint geological

and geophysical inversion.
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1.1. BACKGROUND AND MOTIVATION

1.1 Background and motivation

One of the greatest challenges for geological research and minerals exploration is to predict and represent

geology at depth and in three dimensions (3D). Typical geological datasets collection is limited by the

availability of outcrops and is usually limited to maps sampled in plan view. In all but the most simple

geological settings, the geometry of rock units will vary significantly in three dimensions, particularly when

considering the geometry at depth. Predicting the distribution and geometry of rock units at depth is usually

achieved by combining observations of the surface geology, geological knowledge and an understanding

of the geological history associated with an area. This process can be very subjective and is difficult to do

objectively. In principal, a geological model created from data provides an objective method for visualising

and predicting the geology at depth.

A geological model is an extension of the geological map into 3D and communicates the geologist’s

interpretation of the distribution and structural relationships between rocks units (Jessell et al., 2014). Ge-

ological models provide a means of testing the internal consistency of geological interpretations and ideas.

The process of building a geological model can be very informative about geological processes (Putz et al.,

2006). Geological models are increasingly being used as a foundation for additional studies (Caumon et al.,

2009). For example 3D geological models have been used for process simulations in petroleum exploration

and hydrogeology (e.g. Oliver and Chen, 2011; Refsgaard et al., 2006; Zimmerman et al., 1998), for re-

source management in the minerals industry (e.g. Vollgger et al., 2015) or to constrain the distribution of

rock units for geophysical inversions (e.g. Armit et al., 2014; Blaikie et al., 2014). Regardless of the in-

tended purpose of the geological model the fundamental procedures for building 3D models remain the

same. The creation of geological models is an inverse problem where the aim is to be able to sample the

possible geological models given direct observations of the geometry of geological features and geological

knowledge.

Building 3D models is a highly specialised and costly task (both in time and computing resources).

Commercial modeling packages are generally adapted to “simpler” basin geometries or for mine scale

modeling where there is a significantly higher density in geological observations. One of the challenges

facing 3D modeling is the tendency for current modeling packages to be focused on data fitting instead

of incorporating geological concepts to constrain the interpolation algorithms and test the consistency of

geological models (Caumon, 2010; Jessell et al., 2010). The current practice is for geological surfaces to

be estimated from data that locally defines the location and geometry of the surface (Hillier et al., 2014).

Most current modeling algorithms only use the local direct observations of the surfaces being modeled and

require subjective user input in the generation of satisfactory surfaces. Generally, different types of geo-

logical surfaces (e.g. fault surfaces, sedimentary contacts, intrusives, unconformities) are generated using

the same approaches regardless of the varying physical phenomenon they represent (Jessell et al., 2014). In

all geological settings, there are additional observations and constraints that can help to further constrain

geological interpretations. Current modeling approaches do not easily allow for these observations to be

incorporated in an objective way.

Folds are one of the most common features found in deformed rocks that can occur across a range of

scales (Ramsay and Huber, 1987). Geometrically folds are defined by localised variations in curvature and

can often form regular patterns of curvature (e.g. a fold train). The current practice for modeling surfaces

fit surfaces of minimal curvature to the observations. This means that for the geometry of a folded surface

to be captured in the model there need to be extensive observations defining the geometry. The ability
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A. B.

Figure 1.1: A: Two cross sections showing the geometry of a folded surface. B: Surface generated by triangulating the cross
section lines from (A)

to characterise and model the geometry of folded surfaces is one of the biggest limitation in current 3D

modeling workflows.

1.2 Structural modeling

Geological models are built using a selection of available input data such as field measurements (strati-

graphic horizon locations and orientation measurements), drill hole logs and in some cases interpretations

of seismic and potential field data. The quality and coverage of the datasets can vary depending on the scale

of the model being constructed. Typically, mine scale models will have an abundance of drill hole data

reducing the interpolation required between data points. Whereas regional scale models may be limited to

more ambiguous datasets such as the interpretation of potential field datasets and require more user input

and validation during the modeling process (Jessell et al., 2014).

There are a number of commercial software packages for 3D modeling that employ a wide range of

methods and techniques to construct 3D models. There are two main approaches used for representing

geological surfaces (e.g. stratigraphic horizons and fault surfaces), the explicit surface representation and

the implicit surface representation.

1.2.1 Explicit surface representation

Using explicit surface representation, the geometry of surfaces are contained using a support that is collo-

cated with the surface geometry. The surfaces are represented using discrete objects such as triangulated

surfaces, two-dimensional grids or parametric surfaces. The surface geometry is usually built by either

directly triangulating data points or using interpolation algorithms to create a smooth surface fitting the

data (Chilès and Delfiner, 1999; de Kemp, 1999; Mallet, 1992). The use of interpolation algorithms can

allow for data constraining the orientation of the surface to be used (de Kemp, 1999). These tools have

been developed to produce geologically reasonable surfaces that can be locally controlled by the modeler’s

interpretation.

Surfaces that are represented using explicit methods can be easily modified by expert editing where

most implementations provide interactive tools to help the geologist modify surface geometries. During
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the creation of surfaces, editing can be performed allowing for a model which honours both the input data

and the geologist’s interpretation of the 3D geometry of an area (Caumon et al., 2009). However, this

advantage also comes with a significant disadvantage where the generation of a model can be particularly

time consuming with a lot of subjective user input. This means that the model is often not reproducible and

as a result can suffer from significant bias.

Explicit modeling provides the geologist with significant control over the resulting model. Each surface

in the model has to be represented by a separate support even if the surfaces are conformable. Once fault

structures have been defined and horizons within fault blocks are modeled, it can be difficult to edit the

fault structure without having to re-interpret the horizon geometry within fault blocks. It also means that

any changes in the geometry of conformable surfaces need to be incorporated in all of the surfaces, which

can be time consuming and very subjective. Topological relationship between surfaces are not directly

incorporated in the modeling framework and are related to the surface supports. Changing and exploring

different topological relationships requires modifying the representation of the surfaces and in some cases,

may require rebuilding the surfaces or in some cases, the entire model. The ability to easily incorporate the

geological knowledge and experience of the geologist into the model building process may sound appealing,

it would be more effective if the geologists expertise was directed towards assessing the model’s validity

based on geological observations and knowledge (Jessell et al., 2010; Wijns et al., 2003).

1.2.2 Implicit surface representation

Using implicit schemes, geological surfaces (e.g. stratigraphic horizons and faults) are defined by tracing

an isovalue of one or several scalar fields in 3D space (Calcagno et al., 2008; Caumon et al., 2013; Chilès

et al., 2004; Cowan et al., 2003; Frank et al., 2007; Hillier et al., 2014; Lajaunie et al., 1997; Mallet, 2002,

2014; Maxelon et al., 2009; Moyen et al., 2004). The value of the scalar field represents the distance away

from a reference horizon. For example, some approaches represent each geological surface with an inde-

pendent scalar field and the scalar field value is the distance to each horizon. Alternatively, if the geological

interfaces are conformable the surfaces can be represented by isovalues of the scalar field representing the

relative thicknesses between the interfaces. The gradient of the scalar field is a representation of the orien-

tation of the surface being modeled (Maxelon et al., 2009). These scalar fields can be constructed using a

variety of different interpolation methods: co-kriging (Calcagno et al., 2008), radial basis functions (Cowan

et al., 2003; Hillier et al., 2014) or using Discrete Smooth Interpolation (DSI) on a tetrahedral mesh (Cau-

mon et al., 2013; Frank et al., 2007). Most modeling approaches use the same interpolation algorithms for

all types of geological surfaces. Jessell et al. (2014) suggest that as different geological surfaces are related

to different physical process then different interpolation schemes may be necessary.

The strength of implicit surface representation for geological modeling is that models can be defined

by the implicit function(s) representing the surfaces in the model (Hillier et al., 2014; Lindsay et al., 2012;

Wellmann and Regenauer-Lieb, 2012; Wellmann et al., 2010). The implicit functions are constrained by

the observations of location or orientation of the surface(s) being modeled, e.g. in Fig. 1.2A the arrows

represent the normal to the surface being modeled and the lines represent a contact geometry and the line

nodes constrain the value of the scalar field at that location. The interpolated scalar field can be sampled

throughout the model, in Fig. 1.2B the scalar field has been interpolated using DSI (Caumon et al., 2013;

Frank et al., 2007; Mallet, 1992) on the regular triangular mesh in Fig. 1.2A. These interpolation methods

mean models can be created with less bias and more reproducibility, and generally the time taken to produce
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Figure 1.2: 2-D example of Discrete Smooth Interpolation from (Laurent, 2016) A: Triangular mesh and data used to define the
interpolation. B: Interpolated scalar field on triangular mesh using the constraints from (A)

Figure 1.3: Implicit modeling algorithms applied to fold train showing unrealistic result between outcrop locations represented by
structural measurements (the arrow represents the normal to the measurements).

a single model or a series of models (e.g. from a perturbed data set) will be comparable (Lindsay et al.,

2012). These methods typically consider the final state of deformation and attempt to produce final 3D

surface geometry from spatial measurements such as form lines and surface orientation measurements. It

is generally difficult to incorporate geological knowledge directly into the interpolation scheme. This can

present challenges for modeling particular geological structures, where the expected surface geometry is

determined by combining both geological knowledge and observations. The modeling of faults using the

implicit approach is relatively well developed with methods allowing for topology (Calcagno et al., 2008),

kinematics (Laurent et al., 2013) and uncertainty (Cherpeau and Caumon, 2015; Cherpeau et al., 2012) to

be incorporated into the modeling.

The interpolation algorithms used to build these scalar fields generally use variants of isotropic Lapla-

cian minimization. This is only appropriate when spatial observations are densely sampled relative to the

scale of the structure trying to be modeled (e.g. outcrop locations in Fig. 1.3). In sparse data settings, this

isotropic assumption tends to generate structural geometries that are incompatible with the strong curva-

ture anisotropy classically observed in folded terrains (Lisle and Toimil, 2007; Mynatt et al., 2007) and are

highly non-developable (Thibert et al., 2005) (e.g. between outcrops in Fig. 1.3 ).

To constrain the geometry of folds, the geologist is generally required to draw fold profiles on cross

sections or level maps, using bedding orientations (Jessell et al., 2014, 2010; Maxelon et al., 2009). Addi-

tional foliations and lineations are generally overlooked and not directly used. In particular, the structural

information recorded during field studies such as fold axial traces and their structural elements (fold axes,

fold vergence and fold overprinting) cannot be used directly as input into the implicit scheme (Jessell et al.,

2014).

There have been a few different approaches for incorporating geological assumptions and rules to im-

prove the modeling of folds with implicit surface representation. Maxelon et al. (2009) use the assumption

that the fold geometry will be consistent along the axial surface of the fold. The axial surfaces of the

fold are first interpolated using standard techniques where the observations of the foliation associated with
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folding or the axial surface of the fold are used to constrain the geometry of the axial surface scalar fields.

The fold axis geometry is defined by the user manually drawing the fold hinge line onto the isosurfaces

representing the axial surfaces of the fold. The geometry of the fold is then defined by drawing a profile of

the fold shape while looking down plunge and using the axial surface geometry and the interpretive hinge

line (fold axis) geometry to constrain the folded surface everywhere in the model. This approach is still

quite subjective as the geometry of the fold has to be defined by user input and the fold axis geometry is

constrained by manually drawing the hinge line onto the fold axial surface. Each fold axial surface needs to

be identified and modeled using a separate scalar field. This requires all of the fold hinges to be identified

prior to building the geological model and provides limited ability to investigate the structural uncertainties.

However, this approach does allow for the geometry of the fold to be constrained looking down plunge and

the fold axis to be drawn to be consistent with the structural interpretation. This is consistent with how

structural geologists produce interpretations.

Another geometrical feature of folds that has been utilized is the orthogonality of the folded foliation

and the fold axis. Massiot and Caumon (2010) use this as an additional constraint for DSI interpolation.

This approach requires a global definition of the fold axis field, either as a vector field or an assumption

of cylindrical folding. There is no additional constraints for the attitude of the folding or the fold shape

meaning that this approach will still require the fold geometry to be well sampled. Another caveat with

this method is that the fold axis observations may be less constrained than the folded surface orientations

meaning that many assumptions are required. An additional constraint enforces a similar fold geometry for

conformable folded layers. Interpolating vector fields representing the fold axis is difficult because the fold

axis can also be folded and sufficient observations would be required to constrain its geometry.

The strong anisotropy associated with folded surfaces is aligned with the structural elements of the fold.

Gumiaux et al. (2003) show that a semi-variogram parallel to the fold axis has a consistently high corre-

lation in comparison to a semi-variogram aligned perpendicular to the axial surface where the correlation

decreases and increases with the wavelength of the fold. Hillier et al. (2014) use locally varying anisotropy

based on the local orientation of the fold axis to incorporate this anisotropy into the interpolation scheme.

The orientation of the fold axis can be defined by local Eigen analysis of the orientation data (Hillier et al.,

2013). This approach means that there is no additional complications introduced in trying to interpolate the

fold axis geometry. However, a similar issue as Massiot and Caumon (2010) exists where the fold needs

to be well defined by data because the fold shape and attitude is still only locally defined by data. The

attitude of the fold is not constrained which may be problematic in areas where the topographical relief or

drill holes do not constrain the geometry of overturned or inclined folds.

1.3 Geological uncertainty

Geological uncertainty exists both for the collection of the data (measurement error) (Mann, 1993) and

also how representative the data is of the geological feature. One approach for dealing with geological

uncertainties has been to classify the source of uncertainty into different categories, for example, three types

are defined for geological uncertainty (Bárdossy and Fodor, 2001; Cox, 1982; Mann, 1993; Wellmann et al.,

2010):

Type 1: data inprecision, error, and bias, e.g. the location of a contact or the orientation of the surface,

Type 2: uncertainty related to the unpredictability and randomness in the interpolation, and
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Type 3: lack of knowledge about the structure being modeled, e.g. how representative are the observa-

tions of the geometry of the surface being modeled.

These categories provide a good theoretical starting point for understanding geological uncertainty.

However, discretely classifying uncertainty into these categories can be somewhat misleading as there is

significant overlap and interconnectivity between the categories. For example, it is unusual that observation

recorded from an outcrop will be devoid of all interpretation (Frodeman, 1995). In reality, uncertainties

associated with geological observations are cumulative and propagate throughout the study area. For this

reason, it is difficult and often impossible to quantify the contributions of these different sources of geolog-

ical uncertainty. In a lot of cases trying to quantify the uncertainty associated with geological observations

simply adds another source of uncertainty to the system.

There has been a recent focus on simulating and quantifying geological uncertainty in 3D geological

models (e.g. Cherpeau et al., 2010a, 2012; de la Varga and Wellmann, 2016; Jessell et al., 2010; Lind-

say et al., 2012, 2013b; Suzuki et al., 2008; Thiele et al., 2016b; Wellmann and Regenauer-Lieb, 2012;

Wellmann et al., 2010). In these studies, multiple realisations of the geological model are generated by per-

turbing the original structural data set or existing model geometry. These approaches have been sampling

only Type 1 and Type 2 uncertainties (Wellmann et al., 2010) because the interpolation between outcrops

has remained constant. In most of these cases, the associated uncertainty for the geological observations

was arbitrarily chosen and is not determined for the particular dataset. While this approach has been ef-

fective in producing geologically different models it does not provide any additional value to the modeling

workflow. This is because uncertainty is only introduced where there are constraints within the model and

the interpolation methods do not consider the type of structure being modeled, e.g. folded surfaces are mod-

eled in the same way as unconformable surfaces or fault surfaces (Jessell et al., 2014). It also means that

while more data could be incorporated into the model targeting areas of high uncertainty, these areas are

not necessarily associated with the geology.

There have been two main approaches to quantifying the uncertainty in geological models. (1) local

methods, where the aim is to quantify the uncertainty within a model at all locations (Lindsay et al., 2012;

Wellmann and Regenauer-Lieb, 2012), or (2) a global approach where the model space is classified using

multivariate statistics (Li et al., 2014; Lindsay et al., 2013b; Suzuki et al., 2008). These studies have been

limited by the interpolation methods and the need to incorporate subjective interpretive constraints into

the model (Caumon et al., 2009; Jessell et al., 2014). Interpretive constraints can be subjective and can

introduce additional human bias (Bond et al., 2007a). Another issue is that the simulated uncertainties are

effectively assessing the sensitivity of the interpolation algorithms and there has been limited assessment

of the uncertainty associated with the interpolation algorithm or the description of the geological surfaces

(Aug et al., 2005).

In previous methods, most of the simulated structural uncertainty has been associated with fault ge-

ometries (e.g. de la Varga and Wellmann, 2016; Lindsay et al., 2012; Wellmann and Regenauer-Lieb, 2012;

Wellmann et al., 2010). Folds have typically been difficult to model using implicit approaches because

the interpolation algorithms generally fit the smoothest surface to the resulting model and folds generally

create regular patterns of localised curvature variation. For this reason, when the structural observations are

perturbed (de la Varga and Wellmann, 2016; Lindsay et al., 2012; Wellmann and Regenauer-Lieb, 2012;

Wellmann et al., 2010) the interpolation algorithm are likely to smooth the introduced perturbations and the

resulting model variability will not reflect the uncertainty in the geological structures.
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1.4 Forward and inverse modeling

There are two types of problems involving physical systems: the forward problem and the inverse problem

(Tarantola, 2005). The forward problem is the matter of predicting the results of measurements given

observations of the physical system. In a geological modeling context, this would be equivalent to having

a set of parameters that describe the geometry of geological surfaces within the model volume and then

being able to predict where a geological contact is and what the orientation of the surface is. For any

given combination of parameters, there should only be one possible unique solution. The inverse problem

involves using observations to infer the parameter values. There are an infinite number of solutions to the

inverse problem as there can be any number of combinations of parameter values that can give the same

observations throughout the model. There are two main challenges for solving inverse problems: 1. finding

a single model that represents the observations and; 2. characterising the associated uncertainty with the

model (Tarantola, 2006).

Both of these challenges effectively stem from the usually nonlinear relationship between the model

linking the observations and parameters (Mosegaard and Tarantola, 1995). A simple way to visualise the

problem of finding parameter values given observations is to consider a simple two dimensional system.

This is similar to finding the highest point in a hilly area. If there are two hills and one has very steep

slopes but has the highest peak then this location best fits the observations, however simply describing this

combination of parameters does not capture the complexity of the system. In a more complicated system

of multi-dimensions, it can be difficult to simply find this ‘peak’ let alone actually describing the associated

parameter distributions.

There are fundamentally two different approaches that are used to infer model parameters from obser-

vations: the Frequentist approach and the Bayesian approach. Frequentism and Bayesianism differ their

definition of probabilities. The frequentist defines a probability as fundamentally related to the frequency

of events (VanderPlas, 2014). Uncertainties in the parameter estimates are confined to noise in the data.

Bayesianism defines probability as degrees of knowledge (Malinverno and Parker, 2006; VanderPlas, 2014).

For inferring the parameter values of a model this would mean that the Bayesian approach would consider

the possible values that the model variables could have perhaps defined by knowledge of the particular sys-

tem or physical limitations and then use the observations to falsify models generated from this parameter

space (Tarantola, 2006).

Both Bayesian and Frequentist approaches provide a means of sampling the non-uniqueness of the solu-

tion to the inverse problem. Within a Bayesian framework, the joint posterior distribution of the parameter

values can be sampled using sampling techniques such as the Markov Chain Monte Carlo approach. Fre-

quentists can perform resampling approaches such as bootstrap (Efron and Tibshirani, 1993) or jacknife

(Rock and Rock, 1988) where the observations are subsampled and the inference is performed on the sub-

sampled populations (Bárdossy and Fodor, 2001). The resulting uncertainty in the parameter values can be

assessed by looking at either the joint posterior distribution or using statistical analysis on the resampled

results.
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1.5 Thesis outline

The primary aim of this thesis is to address the problem of characterising the geometry and uncertainty of

folded surfaces in the subsurface and in three dimensions using sparse field observations and geological

knowledge. This can be divided into three sub-aims: a method for incorporating geological observations

and knowledge of fold geometries into implicit modeling schemes, a method for determining the geometry

of folds from observations and incorporating uncertainty of the fold geometry into the modeling scheme.

The thesis is structured with six chapters: Chapter 1 contains a literature review and summary of the relevant

techniques and methods used in this thesis, chapters 2 to 5 are independent research articles addressing the

sub-aims of the thesis and chapter 6 summarises the contributions of this thesis. Monash University allows

students to submit Ph.D. theses where research chapters are stand alone research articles. This results in

some repetition in the motivation and methods for each chapter.

Chapter 2: Implicit modeling of folds and overprinting deformation, (Laurent, G., Ailleres, L., Grose,

L., Caumon, G., Jessell, M., Armit, R., 2016. Implicit modeling of folds and overprinting deformation.

Earth and Planetary Science). This chapter introduces a framework for incorporating folds into implicit

modeling schemes. The fold frame is introduced which is a new coordinate system based on the structural

geology of folds. The coordinate system is built so that the coordinates represent the geometry of the axial

foliation and average fold axis direction. The orientation of the folded surfaces can be defined throughout

the model volume by rotating the fold frame by two rotation angles, one defining the geometry of the

fold axis within the axial surface of the fold and a second defining the geometry of the fold shape viewed

looking down plunge. The folded foliations are modeled backwards in time starting with the most recent

(smoothest). In this chapter only, the fold shape is controlled and a cylindrical fold axis is used. The fold

shape is defined using an analytical function based on a modified sinusoidal geometry. The parameters

controlling the fold geometry (wavelength, amplitude, and asymmetry) are determined in a trial and error

based approach. Dr. Gautier Laurent is the first author of this chapter and it has been included in this

thesis as a research chapter instead of an appendix because the methods introduced here form the starting

point of the following chapters. This candidate contributed to the conceptual development and testing of

the modeling method, implementation of the associated Gocad plugin (StructuralFactory) and drafting of

the manuscript.

Chapter 3: Structural data constraints for implicit modeling of folds, (Grose, L., Laurent, G., Ailleres,

L., Armit, R., Jessell, M., Caumon, G., 2017. Structural data constraints for implicit modeling of folds.

Journal of Structural Geology). This chapter addresses the problem of using structural data to characterise

the geometry of the fold. The fold frame coordinates as a reference system for geostatistical analysis of

the fold geometry. Within this system, the geometry of folded surfaces can be extracted, even from sparse

data, as the fold frame is interpolated to capture the structural elements of the fold (fold axis direction and

the fold axial surface). The fold geometry can be interpolated within this framework, the fold axis and

fold shape can be represented by two separate 1D curves. Two interpolation methods are proposed for

characterising the geometry of the fold: the first method using radial basis interpolation is applicable when

the fold geometry is well described by the data and the second using a Fourier series is suitable when there

are significant gaps in the data. The fold geostatistics are used to test which method is applicable.

Chapter 4: Inversion of structural geology data for fold geometries, has been submitted to Journal of

Geophysical Research: Solid Earth. In this chapter, structural modeling of folds is framed as an inverse

problem and Bayesian inference is used to determine fold geometry from structural observations. This
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allows for the uncertainty in the structural model to be incorporated directly into the interpolation process.

This approach means that high regions of variability between the resulting geological models are associated

with the structural complexity and can be used for targeting additional data collection to reduce geological

uncertainty.

Chapter 5: Inversion of geological data and knowledge, is in-preparation for submission to Earth and

Planetary Science Letters. This chapter uses the inversion framework presented in chapter 4 and introduces

a method for incorporating geological knowledge and indirect structural observations into the geological

inversion. These developments allow for models to be created from poor quality and sparse data sets. They

also provide the potential for real time geological modeling during mapping where uncertainties could be

propagated and assessed while collecting data.

Chapter 6: Discussion and conclusion. Summarises and presents further discussion on the findings of

the research chapters and presents scope for further research where appropriate.
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2.1. INTRODUCTION

Abstract

Three-dimensional structural modeling is gaining importance for a broad range of quantitative geoscientific

applications. However, existing approaches are still limited by the type of structural data they are able to use

and by their lack of structural meaning. Most techniques heavily rely on spatial data for modeling folded

layers, but are unable to completely use cleavage and lineation information for constraining the shape of

modeled folds. This lack of structural control is generally compensated by expert knowledge introduced

in the form of additional interpretive data such as cross-sections and maps. With this approach, folds are

explicitly designed by the user instead of being derived from data. This makes the resulting structures

subjective and deterministic.

This paper introduces a numerical framework for modeling folds and associated foliations from typical

field data. In this framework, a parametric description of fold geometry is incorporated into the interpolation

algorithm. This way the folded geometry is implicitly derived from observed data, while being controlled

through structural parameters such as fold wavelength, amplitude and tightness. A fold coordinate system is

used to support the numerical description of fold geometry and to modify the behavior of classical structural

interpolators. This fold frame is constructed from fold-related structural elements such as axial foliations,

intersection lineations, and vergence. Poly-deformed terranes are progressively modeled by successively

modeling each folding event going backward through time.

The proposed framework introduces a new modeling paradigm, which enables the building of three-

dimensional geological models of complex poly-deformed terranes. It follows a process based on the struc-

tural geologist approach and is able to produce geomodels that honor both structural data and geological

knowledge.

2.1 Introduction

Three-dimensional modeling of geological structures is becoming an essential component of quantitative

geoscientific research. For example, it helps to address challenges in sediment budget assessment (Guil-

locheau et al., 2012), seismic mechanism and seismic hazard studies (Li et al., 2014; Shaw et al., 2015), and

natural resources characterization (Cox et al., 1991; Mueller et al., 1988; Vollgger et al., 2015). However,

the construction of a three-dimensional structural model from available observations remains a challenging

task. 3D structural modeling techniques are essentially data-driven processes honoring spatial observations

(Jessell et al., 2014). In most cases, these techniques rely on expert knowledge for overcoming the sparsity

and uncertainty of available observations (Maxelon et al., 2009). Structural geology concepts are generally

incorporated in the process through interpretive elements in the form of maps, cross-sections or control

points (Caumon et al., 2009). Because these elements cannot be easily changed and represent the interpre-

tation of the modeler, they also make this process slow, deterministic, and difficult to reproduce. Any expert

editing is subjective and may introduce human bias (Bond et al., 2007a). This limits the understanding of

uncertainties, which have to be assessed for a structural model to fulfill its role (Bond, 2015; Caumon,

2010; Lindsay et al., 2012; Wellmann and Regenauer-Lieb, 2012). One way to study uncertainties consist

in producing a suite of possible models instead of a single deterministic one, but this approach is limited

by the necessary expert editing of classical structural modeling approaches. Moreover, structural modeling

techniques are generally limited to stratigraphic contact location and bedding orientation (Calcagno et al.,

2008; Caumon et al., 2013). Some types of structural data are often ignored (Jessell et al., 2014, 2010;
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Maxelon et al., 2009), and part of the knowledge collected in the field is actually lost in the process of

creating a geological model. A significant challenge is to formalize conceptual information and combine

these with all observations.

While the modeling of faults using implicit approach is relatively developed (Calcagno et al., 2008;

Cherpeau and Caumon, 2015; Cherpeau et al., 2010a,b, 2012; Laurent et al., 2013), folds have received

little attention. Only few contributions provide solutions to locally control fold-related geometries in in-

terpolation methods (Caumon et al., 2013; Hjelle et al., 2013; Mallet, 2004; Maxelon et al., 2009). This

is particularly difficult for hard rock terranes, where the continuity of stratigraphic layers and foliations

are difficult to establish because of overprinting deformation events (Forbes et al., 2004; Ramsay, 1962a)

(Fig. 2.1).

Figure 2.1: Interference between multiple fold events. A: photography of an outcrop in Eldee Creek, Broken Hill block, Australia,
showing complex bedding/cleavage geometry and overprinting relationships. B: structural analysis reveals at least three successive
folding events with associated foliations. Note that the complexity of the geometry increases with the age of each deformation
event.

A variety of structural modeling approaches exists, which combine numerical methods of interpolation

(Calcagno et al., 2008; Chilès et al., 2004; Cowan et al., 2003; Frank et al., 2007; Hillier et al., 2014; La-

jaunie et al., 1997; Mallet, 1992, 2014). Interpolation techniques proceed by geometric smoothing between
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data points. They perform well for dense data, but generate minimal surfaces when data are sparse, thus

minimizing the curvature of the produced surfaces. However, folds are precisely characterized by specific,

non-minimal curvature patterns (Lisle and Toimil, 2007; Mynatt et al., 2007).

We propose a method of interpolation which is designed to bridge the gap between data-driven and

knowledge-driven methods, and addresses:(1) A better use of available data, in particular structural infor-

mation related to folds. (2) The development of a time-aware data-driven method that takes into account

the whole folding history. This is achieved by modifying the behavior of interpolation algorithms and

incorporating a fold description in the interpolation process.

Our description of folding is based on a fold frame (Section 2.2), whose construction relies on ob-

servable structural elements (e.g. axial foliation). Deformation events are modeled successively by locally

characterizing the relative orientation of their structural elements (Section 2.3). This modeling strategy is

implemented in the framework of discrete implicit interpolation techniques (Caumon et al., 2013; Collon

et al., 2015; Frank et al., 2007; Mallet, 2014) through a set of specific numerical constraints (Section 2.4).

The principles of this modeling strategy are illustrated on various examples of increasing complexity (Sec-

tion 2.5).

For simplicity, we focus on the deformation of a conformable stratigraphic sequence, excluding faults,

intrusions or unconformities. These geological features may be handled as proposed by Calcagno et al.

(2008); Caumon et al. (2013); Laurent et al. (2013) or Røe et al. (2014).

2.2 Structural description of folded structures

This section presents some basic structural concepts and structural elements associated with folds. From

there, we define a coordinate system used for parameterizing fold geometry and guiding fold interpolation.

2.2.1 Structural data and notations

Various structural observations related to folding may be used as data for building a geological model:

• Stratigraphic observations: They comprise the locations where a given stratigraphic contact is

observed, and the orientation of bedding. These two observations are not necessarily recorded at the

same locations. For example, bedding orientation may also be observed inside a given layer.

• Direct structural element observations: Some of the fold features can be directly observed, e.g.

hinge locations, fold axis directions or axial surface orientations. These features can be observed

along fold axial surfaces.

• Indirect structural element observations: Observations of axial surface cleavages, intersection lin-

eations and vergence carry indirect information about fold parameters (e.g. fold amplitude, tightness,

wavelength and location of the fold hinges).

The following symbols are used to refer to different stratigraphic and fold features that are considered

in this study: D: deformation event, F: folding event, S: foliation field (generally a cleavage associated

with a fold axial surface), L: intersection lineation (generally associated with a fold axis).

Each of these features may be indexed by a number that represents the associated relative deformation

event (e.g. S1 for the axial foliation of D1). Bedding is referred to as S0. When dealing with the relation-

ship between successive folding events, the current event is denoted Fi, and any previous or later fold are

respectively referred to as Fi -1 and Fi+1.
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In our framework, foliations are mathematically represented by scalar fields. Each foliation surface

corresponds to an iso-surface of the corresponding field. Lineations are represented by unit vector fields

where the vectors are locally parallel to the lineation direction.

The symbol † is used to denote user defined parameters or to distinguish local observations of a given

feature from the result of its interpolation. For example, observations of bedding are denoted S†0. The

orientations of foliations are represented by the gradient of the corresponding scalar field, denoted ∇S. For

example, observations of the orientation of a foliation S1 are denoted ∇S†1.

2.2.2 Fold geometry, structural elements and finite strain

Folds are continuous geological structures describing a curved geometry of a geological foliation (e.g.

bedding, tectonic cleavages). Fold geometry is commonly characterized by:(1) a hinge, defined as the

location of maximal curvature of the deformed foliation; (2) an axial surface, which separates opposed

limbs and contains fold hinges; (3) a fold axis, which is defined by the intersection between the deformed

foliation and the axial surface; (4) a fold movement direction, which is defined as the direction within the

axial surface in which the deformed foliation is sheared or deviated from its original geometry (Grasemann

et al., 2004; Ramsay, 1962a).

The geometry of a fold relates to the local principal finite strain directions in which the corresponding

folding event developed. These directions are denoted ¨X, ¨Y, and ¨Z, and respectively correspond to the

directions of greatest, intermediate, and least elongation. They are denoted with curved arrow as they

represent curvilinear axes. Folds develop with their axial surfaces orthogonal to the greatest shortening

direction ¨Z. Fold movement direction is generally parallel to the greatest elongation direction ¨X. For

cylindrical folds, the fold axis would generally align with the intermediate direction ¨Y. When folds are

non-cylindrical, the actual fold axis direction may vary and locally deviates from ¨Y. This deviation can

become very intense in the case of sheath folds.

Different structural elements may also form as a result of the finite strain associated with a folding

event Fi:(1) an axial foliation Si, orthogonal to ¨Z and parallel to ¨X, ¨Y and the axial surfaces of a fold

series; (2) an intersection lineation Li, which results from the intersection between Si and Si−1, and is

parallel to the fold axis; (3) a stretching lineation Ti, which may develop relatively parallel to Si in the
¨X direction. These structural elements may be observed in the field and should be used for constraining

possible fold geometries.

2.2.3 Defining a curvilinear fold frame

The principal finite strain directions are intimately related to folding and provide a consistent framework

for describing fold geometry and structural elements. We use this concept to define a coordinate system,

referred to as fold frame. It consists in three curvilinear axes, which correspond to each finite strain direc-

tion, ¨X, ¨Y, and ¨Z (Fig. 2.2A). The fold frame locates each spatial position with respect to the structure of

the fold, and makes it easier to parameterize the fold geometry, especially when several interfering folding

events are considered (Fig. 2.1). Each axis bears a coordinate represented by a 3D scalar field, respectively

referred to as x, y and z (Fig. 2.2B).

The z coordinate corresponds to a distance measured along ¨Z from a reference axial surface of a fold

series. This coordinate is convenient for describing the variation of the deformed foliation orientation

(Section 2.2.5).
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Figure 2.2: Curvilinear fold frame. A: The fold frame axes with respect to fold geometry and fold axis L. B: The curvilinear fold
frame coordinates. C: Three local unit direction vectors ex, ey, ez (C1), from which the orientation of the fold axis L1 (C2) and the
deformed feature ∇S0 (C3) can be derived.

The y coordinate measures a distance along the intermediate axis ¨Y from a reference point (e.g. the

apex of the fold, if applicable). It could appear more intuitive to define this second axis and coordinate with

respect to the fold axis, but the variations of fold axis orientation for non-cylindrical folds would cause the

y coordinate to grow at a varying rate depending on the local orientation of the fold axis. The intermediate

finite strain direction ¨Y defines a more consistent second spatial coordinate, and provides an appropriate

framework for describing the variation of fold axis direction in non-cylindrical folds (Section 2.2.5).

Finally, the x coordinate corresponds to a distance measured along¨X from a given reference point. This

coordinates is particularly useful for non-similar folds because their geometry varies with respect to x.

Three local direction vectors are implicitly defined by the fold frame for any location v (Fig. 2.2C1) and

are used to define the relative orientation of deformed foliations and structural elements (Section 2.2.5).
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
ex = ∇x / ‖ ∇x ‖

ey = ∇y / ‖ ∇y ‖

ez = ∇z / ‖ ∇z ‖

(2.1)

2.2.4 Fold frame and structural elements

As already acknowledged by Maxelon et al. (2009), axial foliations are a key element to effectively param-

eterize folds. They are relatively consistent and planar over the studied area, at least for the latest events. In

this paper we propose to extend this approach by using the full set of available structural observations for

building the fold frame and for constraining the fold geometry parameterization. This process exploits the

relative orientation of the successive structural elements as detailed in Section 2.3.1.

In practice, various geometrical constraints can be derived from structural observations, for example Si

and Si -1 have to be orthogonal at the fold hinge, and Li has to be parallel to both Si and Si -1 at any location.

Defining a fold frame may also be useful for folds without visible foliations nor lineations as it provides

a powerful additional constraint to guide the interpolation of the geometry of the folds.

2.2.5 Defining vergence and fold rotation angles

Figure 2.3: Fold limb rotation and vergence. A: Schematic of an antiform in cross-section with axial foliation and parasitic folds.
Vergence symbols (�) represent the direction towards the next antiform in each limb of the fold. Vergence angle is computed
either: (B) from an intersection of S1 and S0 foliations, or (C) from the asymmetry of parasitic folds. D: Definition of fold limb
rotation angle (αL) with respect to vergence angle (αV ).

The vergence of a given fold is defined anywhere as the relative orientation between the axial foliation

Si and the deformed foliation Si -1. Vergence indicates the direction towards the next fold closure (Fig. 2.3).

When quantified as an angle αV , this measure gives an indication of the relative location of a measurement

with respect to the axial surface and the inflexion points of the limbs of a fold. For simplicity, we introduce

a fold limb rotation angle αL, which is defined as the signed complement of the vergence angle (Fig. 2.3D).

αL =

 αV − π/2, if αV > 0

αV + π/2, if αV < 0
(2.2)
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The fold limb rotation angle represents a convenient quantity for parameterizing deformed foliation

orientation with respect to the fold frame. It presents the properties of:(1) being 0 at the location of axial

surfaces, (2) having an increasing absolute value from the hinges to the limb inflexion points, (3) reaching

a local minimum or maximum at the location of the limb inflexion point, and (4) having a sign that cor-

responds to the orientation of the limb with respect to the axial surface. Vergence and fold limb rotation

angles can typically be computed from foliation intersection and parasitic folds (Fig. 2.3BC).

The fold limb rotation angle αL corresponds to a rotation around the intersection of Si and Si -1, which is

by definition the intersection lineation and fold axis L. With the exception of cylindrical folds, this direction

is not parallel to ¨Y . In practice, L can also be described by rotating ey around ez by an angle αP, which is

referred to as fold axis rotation angle (Fig. 2.2B2).

2.3 Modeling successive folding events

The proposed workflow is similar to how structural geologists construct cross-sections in poly-deformed

terranes. The interference patterns that may arise in this situation are typical of the relative orientation of the

successive fold events (Grasemann et al., 2004; Perrin et al., 1988; Thiessen and Means, 1980). Figure 2.1

shows that older foliations have a more complex geometry as they are folded by later folding events. In

Fig. 2.1, S3 is relatively straight at the scale of the outcrop, S2 is openly folded around L3 fold axis, S1 is

folded around L2 and L3, and S0 around L1, L2 and L3.

When studying this kind of complexly folded structures, it is convenient to analyze the angular relation-

ship between successive structural elements to progressively unravel the structural complexity. We propose

to apply a similar sequential approach to structural modeling of complex fold structures.

2.3.1 A fold interpolator based on structural elements

This section defines a fold interpolator Fi that infers the geometry of a deformed foliation Si -1 from a set

of observations and fold parameters. Fi works in four steps:(1) building a fold frame based on observations

of structural elements; (2) expressing fold angles αP and αL as a function of fold frame; (3) inferring ∇Si -1

everywhere in space; (4) interpolating Si -1 while taking account of S†i -1 and inferred ∇Si -1.

Building a fold frame

The process for building a fold frame may vary depending on the structural style and available data. Here

we describe a general strategy that would cover most cases.

A foliation field Si is first interpolated including all relevant data (S†i , ∇S†i , L†i ). If a folding event that

would affect Si is defined, i.e. Fi+1, we use Fi+1 as an additional constraint. Si is taken as the z coordinate

of the fold frame. The coordinates y is then interpolated with the constraints for y to be orthogonal to z, and

ey to align at best on L†i . The coordinate x is finally interpolated orthogonal to both y and z.

Fold rotation angles interpolation

The fold plunge and limb rotation angles, αP and αL, are defined as functions of the local fold coordinates.

They can be interpolated from observed foliation and lineation data, and stored as scalar fields. When a
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particular fold model is considered, it becomes possible to express αP and αL with an analytic function of

the fold coordinates (e.g. Section 2.3.3).

Ideally, analytic fold profiles should be fitted to data or used as a basis for data interpolation. Typ-

ical parameters for analytic fold profiles would be the fold wavelength λ, a range of fold rotation angle

[αLmin, αLmax], a hinge shape factor p. This modeling process should also consider that the values of αP and

αL might be affected by overprinting folding event, for example by superimposing different analytic fold

profiles. Combination of profiles is also a way to represent parasitic folds.

Inferring deformed foliation orientation

At any location v, the orientation of the fold axis Li and deformed foliation ∇Si -1 are defined with respect

to the local fold frame direction vectors (ex, ey, ez) with the following two rotations (Fig. 2.2C):

• Fold axis rotation R1: rotates the whole frame around ez by a fold axis rotation angle αP, yielding:

Li = R1 · ey (2.3)

• Fold limb rotation R2: rotates the whole frame around Li by a fold limb rotation angle αL (Fig. 2.3D),

yielding:

∇Si -1 = R2 · R1 · ez = R · ez (2.4)

For cylindrical folds, Li is constant in space, and can be represented by a global fold axis vector or

rotation angle.

Deformed foliation interpolation

The final stage of the fold interpolator algorithm consists in interpolating Si -1, while taking S†i -1 and inferred

∇Si -1 into account. This is achieved by implementing fold related constraints in classical interpolation

schemes (Frank et al., 2007; Hillier et al., 2014; Lajaunie et al., 1997). Fold constraints control the orienta-

tion of ∇Si -1 with respect to fold axis, axial surface and fold limb directions. They also specify how ∇Si -1

must vary in space. As an example, Section 2.4 derives these constraints for discrete implicit schemes.

2.3.2 Backward modeling of successive fold events

Understanding the relationship between successive folding events provides a guideline to unravel poly-

deformed geometry. The latest deformation event is modeled first, assuming that its associated foliation

field Sn should not have been affected by any later deformation and should then be relatively consistent

and smooth through the studied area. This assumption makes it relevant to interpolate Sn with classical

interpolation tools (Frank et al., 2007; Hillier et al., 2014; Lajaunie et al., 1997). Once the foliation field

Sn is built, it is combined with some user-defined fold parameters to build a complete description of the

folding event (Section 2.3.3). Fn is then applied to model Sn−1. This process is progressively repeated to

model the geometry of older features until the bedding is finally generated (Fig. 2.4).

2.3.3 Simplified fold interpolator for similar folds

Dip isogons (Ramsay and Huber, 1987) correspond to lines of equal αL. For similar folds, the dip isogons

are parallel to the axial surfaces. Therefore, αL is constant for each iso-surface of zi and can be expressed
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Figure 2.4: Iterative fold modeling process for a type-3 interference pattern (Ramsay and Huber, 1987). A: Complex geometry of
S0, modeled with a few data points (S0 and S1). B: Structural interpretation, basis for the modeling showing the overprinting of
two folding events. C: S2 modeled from a general trend with a classical interpolation process and definition of F2 axial surfaces
(black lines) as isosurfaces of S2 (imposing a wavelength of 2). D: fold rotation angle αL2 modeled as a periodic function of S2

with αL2max of 70◦. E: S1 interpolation based on S†1 and F2. F: Definition of F1 axial surfaces (black lines) from S1. G: fold rotation
angle αL1 modeled as a periodic function of S1 with αL1max of 85◦. H: S0 interpolation based on S†0 and F1.
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as a function of z only. This allows simplifications of the fold frame. Typically, x does not bring any

information and is not explicitly represented. Instead of using Eq.(2.1), ex is expressed as a cross product

of ey and ez:

ex = ez × ey (2.5)

We propose the following periodic function α̃L(z) as an example of possible parameterization of αL, λ

being the wavelength of the fold with respect to z, | · | the absolute value and 〈·〉 the fractional part operator:

α̃L(z) = 4

∣∣∣∣∣∣ 1
2
−

〈
z
λ
−

1
4

〉 ∣∣∣∣∣∣ − 1 (2.6)

The shape of the fold hinge is another important characteristic for describing the geometry of a fold

(Jessell et al., 2014). It is represented by the fold hinge shape parameter p (Fig. 2.5). For a same inter-limb

angle, the curvature of the fold may be concentrated close to the hinge (p � 1), evenly distributed between

the hinge and the limb (p = 1), or spread towards the limbs (p < 1). This is implemented with the following

equation, where αLmax is the fold limb rotation angle at the inflexion point of the limb:

α̂L(z) = αLmax Sign
(
α̃L(z)

) p
√∣∣∣ α̃L(z)

∣∣∣ (2.7)

Figure 2.5: Effect of the fold hinge shape parameter p on the shape of the folds. The figure shows an antiform with an αLmax of
60◦ and an axial surface dipping 30◦ to the left.

2.4 Structural fold constraints for discrete implicit scheme

In this section, we use our parameterization of fold structures to derive constraints that can be used in the

framework of discrete implicit modeling.

2.4.1 Discrete implicit approach

A discrete implicit approach represents geological surfaces as a piecewise linear scalar field ϕ, which is

defined by a discrete volumetric mesh (Caumon et al., 2013; Frank et al., 2007; Mallet, 2002; Moyen et al.,

2004). The scalar field is linearly interpolated from the nodal values ϕc of each mesh element. The gradient
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of the scalar field ∇ϕ is constant in each element. Within tetrahedral elements, ϕ and ∇ϕ are defined as

functions of Cartesian coordinates, x̄, ȳ, and z̄, by two matrices M and T, which depend on the geometry of

the tetrahedron (A):

ϕ(x̄, ȳ, z̄) =
[
1, x̄, ȳ, z̄

]
·M · ϕc (2.8)

∇ϕ(x̄, ȳ, z̄) = T · ϕc (2.9)

The interpolation process finds optimal nodal values with respect to two conditions:

• Data boundary conditions: each observation of either the value of the scalar field or its gradient

generates new linear equations by applying Eq.(2.8) and (2.9).

• A regularization term: it enforces the interpolation by smoothing the scalar field between the data

boundary conditions. This is implemented by the so-called constant gradient constraint or roughness,

which minimizes the gradient variation between neighbor elements (Frank et al., 2007).

These different constraints generate a system of linear equations, which is solved with a Least Squares

approach yielding the corner values ϕc as a solution (Frank et al., 2007).

The constant gradient constraint tends to progressively attenuate the orientation variations away from

data. This has two consequences on the interpolation:

• Limiting the development of folds: this is because folds are actually introducing orientation varia-

tions, which should be used and propagated by the interpolator. In contrast, they tend to be erased by

the constant gradient constraint.

• Promoting parallel fold shape: they are the type of fold that best spreads the orientation variations,

yielding the lowest possible curvature. Therefore parallel folds are promoted by constant gradient

constraint.

These observations call for the development of another type of regularization term to complement the

capabilities of the constant gradient constraint.

2.4.2 Structural fold constraints

In addition to the above classical constraints, we propose a series of fold related constraints. Each constraint

is defined with respect to the local fold frame direction vectors (ex, ey, ez) and fold rotation angles (αP, αL).

Gradient orientation constraints

The orientation of ∇ϕ has to honor two constraints:

• Fold axis constraint: by definition, ∇ϕ is orthogonal to the fold axis Li:

Lt
i · T · ϕc = 0 (2.10)

• Fold limb rotation constraint: the fold rotation R (Eq. 2.4) constrains the orientation of ∇ϕ along the

axial surface and in the limbs of the fold. This is added to the system in the form of:

ez
t · Rt · T · ϕc = 0 (2.11)
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Gradient norm and variation constraints

We propose to use the local fold frame direction vectors (ez, ex, ey) for controlling which component of ∇ϕ

may vary. These equations consider two adjacent tetrahedra, whose variables are respectively indexed 0 and

1:

ex0
t · R0

t · T0 · ϕc0 − ex1
t · R1

t · T1 · ϕc1 = 0 (parallel) (2.12)

ex0
t · T0 · ϕc0 − ex1

t · T1 · ϕc1 = 0 (similar) (2.13)

When considering parallel folds, the variation of thickness has to be minimized in the direction orthog-

onal to the folded foliation, i.e. the projection of ∇ϕ onto R · ex should be constant (Eq. 2.12). For similar

folds, only the apparent thickness in the direction ex is preserved.

A constraint for controlling the norm of the gradient ||∇ϕ|| is also introduced. This may help to improve

the quality of interpolated ϕ when the fold frame is particularly curved, for example when refolding occurs.

ex
t · Rt· T · ϕc = 1/hp (parallel fold) (2.14)

ex
t · T · ϕc = 1/hs (similar fold) (2.15)

hp and hs denote the local expected thickness of a unit layer for parallel fold and similar fold respec-

tively.

2.5 Synthetic examples of fold interpolation

Three synthetic cases are presented. The first example illustrates the process of modeling successive fold

events. The second example demonstrates the possibility to fill a gap of information in a fold series and

interpolate structural information. The last example simulates the process of creating a three-dimensional

model of refolded layers from field observations.

2.5.1 Modeling fold interference

Figure 2.4 shows a cross-section where an upright fold F2 overprints a recumbent fold F1. This represents

a type-3 interference pattern as described by Ramsay and Huber (1987).

This complex structure is obtained by progressively modeling the effect of each fold event, starting with

F2. S2 is modeled with a constant orientation through the model. Eq. (2.7) is then applied to compute αL2

as a function of s2, with λ equals 2 and αL2max set at 70◦, which generates relatively open to tight folds. F2

is then used to interpolate S1. The process is repeated for modeling S0 with respect to F1, using a αL1max
of 85◦ and a wavelength of 2.

2.5.2 Structurally-controlled fold series interpolation

Figure 2.6 illustrates the interpolation of an irregularly sampled fold series. This example considers two out-

crops with dense data sampling separated by an area lacking observations. Classical interpolation smooths

the stratigraphy and fills the gap with a very large synform (Fig. 2.6A), which is inconsistent with the reg-

ular wavelength observed in the dataset. With our approach, this dataset may be interpreted as a consistent
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Figure 2.6: Comparison between classical interpolation and fold interpolation. The same data points (circles and arrows) are
considered in each interpolation. There is a gap in available data, where the interpolation behavior of each interpolator is observed.
A: classical interpolation obtained with a constant gradient regularization term. B-E: proposed method of fold interpolation with
different fold parameter values.

series of folds. The fold limb rotation angle is computed following Eq.(2.7). Different simulations are

produced with varying wavelength λ, inflexion point angle αLmax and hinge shape parameter p (Fig. 2.6B-

E). This illustrates how different fold geometries honoring observation data can be simulated using our

parameterization.

2.5.3 Complex synthetic case study

Our last experiment simulates the construction of a complex structural model from field data. We use a

synthetic example as it makes it possible to work in a controlled environment and to compare final results

with a reference model.

Synthetic reference model and data extraction

The reference model has been created with a history-based approach (Jessell and Valenta, 1996). It rep-

resents a series of 11 stratigraphic layers, with varying thickness as shown by the stratigraphic column

(Fig. 2.9A). The model is 1 by 1 kilometers large and 500 meters high. A topography representing a

valley cutting through a plateau has been simulated, with elevations varying between 20 and 200 meters

(Fig. 2.7A). Two folding events are considered:

• F1: large scale reclined folds (wavelength: 608m, amplitude: 435m, fold axis: N000E/45◦).

• F2: upright open folds (wavelength: 400m, amplitude: 30m, fold axis: parallel to L1).

The two folding events overprint in a type-3 interference pattern (Ramsay and Huber, 1987).

Three outcropping regions have been delineated covering 30% of the modeled area. Data have been

extracted from this reference model by picking the orientation of corresponding surfaces or by intersecting

them with the topographic surface (Fig. 2.7). Four kinds of data are generated:

• Contacts lines between stratigraphic layers.
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Figure 2.7: Synthetic data generated from the reference model used in this study (Fig. 2.9A). A: Stratigraphic column, topogra-
phy and stratigraphic outcrop map. B: Structural data gathering foliation orientation measurements, form lines and intersection
lineations.
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• Form lines of S0, S1 and S2.

• Orientation of S0, S1 and S2.

• Intersection lineations for F1 and F2.

The chosen sampling of orientation data produces values that are representative of a certain radius around

the picked point and has inherent inaccuracy in the way it locates the measurements. This emulates the way

orientation data are collected in the field, with location uncertainty and orientation upscaling. This process

ensures that generated data carry the same kind of uncertainty as those collected in the field.

Figure 2.8: Successive stages of the proposed modeling process. Interpolated foliation fields and fold rotation angle are painted on
the topographic surface, within and between the outcrop areas (thick lines): S2 (A), αL2 (B), S1 (C), αL1 (D). Visible sharp features
of interpolated S1 and αL1 are the effect of the topography. Relevant symbols from Fig. 2.7B are shown to represent the data used
for each stage.

Sequential fold modeling process

We apply the modeling process presented in Section 2.3. The following features are successively modeled:

• S2 (Fig. 2.8A): interpolated from S2 orientation measurements and form lines. One of the orientation

control points is attributed a value of 0 and a gradient norm of 1 to make the interpolation solution

unique.
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• αL2 (Fig. 2.8B): modeled from the geometrical characteristics of F2 with respect to S2 with the fol-

lowing parameters: [αLmin, αLmax] = [−25,+25], λ = 390, p = 1.

• S1 (Fig. 2.8C): interpolated from S1 orientation measurements and form lines with constraints derived

from F2. Fold constraints that are used correspond to a fold axis constraint Eq.(2.10), a fold limb

rotation constraint Eq.(2.11) and similar fold regularization Eq.(2.13). Two additional value data

points are introduced in the northern and southern borders of the model to help the interpolated

values to stretch in the whole model and limit problems of gradient norm diffusion due to the limited

number of value constraints (Laurent et al., 2016). In addition, a similar fold gradient norm constraint

Eq.(2.15) appears to be necessary to obtain good results.

• αL1 (Fig. 2.8D): derived from S0 measurement and interpolated S1, similarly as in stage 2, with the

following parameters: [αLmin, αLmax] = [−80,+80], λ = 100, p = 5.

• S0 (Fig. 2.9C): finally interpolated from S0 measurements and form lines, with constraints derived

from F1.

Structural analysis of resulting models

The quality of the result is qualitatively evaluated by comparing with the reference model and the result

obtained with constraints used in classical interpolator (bedding contours and orientations, and a fold axis

direction) (Fig. 2.9). With this example, classical interpolation honors bedding information and roughly

captures the central F1 fold. But several aspects appear to be very different from the reference model:

• The style of the modeled fold is not correct: the fold obtained corresponds to a parallel fold, and

shows no hinge thickening apart from where it is directly constrained by the data, whereas F1 are

similar folds with thickened hinges and attenuated limbs in the reference model.

• F2 are not visible which causes the limbs of the F1 fold to be much smoother than in the reference

model.

• The style of F1 hinges is very different from the reference model. They are wide and open in the

interpolated model, whereas they are narrow and acute in the reference one.

• There is only one axial surface of F1 causing the limbs to continue straight without folding again.

This results in very different stratigraphy in the South-West and North-West part of the model, where

the stratigraphy is not repeated as in the reference model.

The model obtained with the proposed method (Fig. 2.9C) appears to be much closer to the reference

model. Overall, the obtained geometries are more satisfactory when comparing the structural elements of

the folds. They honor the principal characteristics of the reference model:

• Several F1 folds are visible, which makes the resulting stratigraphy much closer from the reference

model in the South-West and North-West parts.

• F1 are close to similar folds, showing hinge thickening, limb attenuation and tight hinges.

• F2 refolding F1 are visible, with undulating stratigraphy in F1 limbs.

Some differences can still be observed. Mainly, the southern and northern F1 hinges are slightly shifted

as compared to the reference model, which causes the stratigraphy to be different in this regions. This is

interpreted as an effect of small variations of S1 gradient norm on the southern and northern borders of the

model, which are related to difficulties in interpolating S1. However, these disparities are located in areas

that are not controlled by any data, and thus seem very acceptable.
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Figure 2.9: Complex synthetic case study. A: Reference model generated with a history-based approach (Jessell and Valenta,
1996). B: Result of modeling with classical interpolation constraints (stratigraphy, bedding orientation and F1 fold axis). C: Result
obtained with the proposed approach.
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Figure 2.10: Comparison of the results with the reference model: Absolute difference of stratigraphic value obtained with classical
interpolation (A) and the proposed fold interpolation process (B) with respect to the reference model; Angle (degrees) between
reference model stratigraphy orientation and orientation obtained with classical interpolation (C) and the proposed method (D).
The top of the block model corresponds to the topographic surface, with a view of the outcrops (black contour).
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Quantitative analysis of resulting models

The quality of the result obtained with a classical interpolation and the proposed fold interpolation method

are quantified by measuring the difference in stratigraphic value and orientation with respect to the reference

model (Fig. 2.10).

Both interpolation methods generate relatively low errors of stratigraphic value and orientation in the

regions with high data density (i.e. outcrops). For the model interpolated with the classical method, the

error rapidly increases when going away from the well constrained areas (Fig. 2.10AC).

The proposed method interpolates stratigraphic values that are closer to the reference model

(Fig. 2.10B). Important variations are still observed, in particular in the NW and SE corners of the

model, which is mainly due to (1) a limited conditioning of this stratigraphic areas, and (2) problems of

diffusion when interpolating S1 (Section 2.5.3). The differences of orientation are concentrated in the F1

hinges. The location and the shape of the hinges are not correctly accounted for (Fig. 2.10D).

2.6 Discussion and perspectives

Case studies presented in this paper demonstrate how our approach improves the capability of structural

interpolator to generate realistic and structurally-controlled stratigraphy, that honors all available structural

constraints. Jessell et al. (2014) highlight two limitations of current implicit modeling schemes: (1) they

are incapable of interpolating or extrapolating a fold series with a continuous structural style (Fig. 2.6A);

(2) the shape of fold hinges they produce is not controlled and may yield inconsistent geometries. These

two caveats are addressed by our approach. We are able to interpolate and extrapolate while honoring

assumptions about the continuity of the structural style (Fig. 2.6B-E), and about the shape of the fold

hinges (Fig. 2.5).

This process needs a practical way to infer fold parameters from field observations. Here, they have

been manually determined by comparing the inferred orientation of interpolated foliations to the dataset.

This trial and error process was sufficient for proving the concept of our approach, but would be a limitation

for complex applications. Early attempts have shown encouraging results in using statistical approaches to

derive parameters such as wavelength and fold directions. Unfortunately, the difficulty of this task increases

with the complexity of the folds and the number of folding events. We think the fold frame introduced in

Section 2.2.3 provides an appropriate structure to carry out such statistical analysis, but this needs to be

further developed in future work. Such a tool would have to consider the uncertainties that are related to

the determination of fold parameters, for example by using a probabilistic approach. In this contribution,

only the parameterization of fold rotation angle for similar folds has been presented. A general method to

compute it for any type of fold also needs to be investigated.

There is still a gap between the requirements of the fold modeling process (Section 2.3) and the pro-

posed fold constraints (Section 2.4.2). Here, we focused on the way a fold event would deform the axial

surface of an earlier fold. The effect of F on fold axis and rotation angles also need to be better character-

ized.

The interpolation schemes that are used represent another point of discussion. The discrete implicit

method is able to balance the contribution of each constraint when assembling its linear system. The result

may be very sensitive to the relative weight of the different constraints. This is beneficial because it allows
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for the relative weights to be adapted to different structural styles and data confidence. Ideal relative weights

may be difficult to find and would depend on the quantity and quality of available data.

In the discrete implicit approach, the mesh plays an important role in terms of feature resolution and of

computation time. Larger wavelength folds could probably be modeled using a coarser mesh than tighter

folds. It would be interesting to adapt the mesh with respect to the modeled fold event. The modeled

features are also more likely to present a high curvature close to the fold hinges than in the limb. The mesh

could then be adapted to the position in the axial surface field of the current fold. Unfortunately, discrete

linear approaches also suffer from limitations related to the underlying mesh as illustrated in Laurent et al.

(2016).

In this contribution, the fold axis direction is represented by an angle αP of rotation of ¨Y axis. Alter-

natively, a 3D vector field interpolated from the fold axis orientation data could be used. This is not the

approach we are promoting here as the process of interpolating a direction field needs to be further devel-

oped. The description we are using is however compatible with this representation of the fold axis field.

The fold axis could also be represented as the gradient of a scalar field, but we advocate that this option

would introduce undesired limitations because the curl of such a vector field would be 0, which is not the

case of typical fold axis direction field we would like to model.

2.7 Conclusion

Two principal contributions to geological modeling and structural geology are presented in this paper:

• A theoretical and numerical framework for modeling superimposed folding events.

• A series of constraints for discrete implicit modeling schemes dedicated to fold geometry modeling.

Further developments remain necessary to make this technique fully applicable in the context of a real

case study. However, this paper represents a step towards a better integration of geological knowledge

and structural parameters into the interpolation schemes. The complex synthetic case study presented in

Section 2.5.3 proves this approach useful for building structural models from field data, but would now

have to be tested on a real case study.

The main development perspectives of this method are the extension of the fold parameterization to

other types of folds and the implementation of a robust and efficient method for deriving fold parameters

from observation data. This would give the opportunity to develop new kinds of uncertainty studies. Ex-

isting literature focuses on the geological uncertainty related to measurement data (Lindsay et al., 2012;

Wellmann and Regenauer-Lieb, 2012), which is investigated by perturbing the measurements within un-

certainty ranges. Others studies have defined parametric objects to produce stochastic model of faults

(Cherpeau and Caumon, 2015; Cherpeau et al., 2010a,b, 2012; Laurent et al., 2013). With our approach,

it also becomes possible to produce stochastic fold models by altering or randomly drawing the structural

parameters of folds, which would give interesting insights into the contribution of geological structures to

the global uncertainty. It would also give better guarantees that models generated during coupled geological

and geophysical inversion are actually geologically likely, especially in the context of hard rock terranes.
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3.1. INTRODUCTION

Abstract

A recent method for modeling folds uses a fold frame with coordinates based on the structural geology of

folds: fold axis direction, fold axial surface and extension direction. The fold geometry can be characterised

by rotating the fold frame by the pitch of the fold axis in the axial surface and the angle between the

folded foliation and the axial surface. These rotation angles can be expressed as 1D functions of the fold

frame coordinates. In this contribution we present methods for extracting and automatically modeling the

fold geometries from structural data. The fold rotation angles used for characterising the fold geometry

can be calculated locally from structural observations. The fold rotation angles incorporate the structural

geology of the fold and allow for individual structural measurements to be viewed in the context of the

folded structure. To filter out the effects of later folding the fold rotation angles are plotted against the

coordinates of the fold frame. Using these plots the geometry of the folds can be interpolated directly from

structural data where we use a combination of radial basis function and harmonic analysis to interpolate and

extrapolate the fold geometry. This contribution addresses a major limitation in existing methods where the

fold geometry was not constrained from structural data. We present two case studies: a proof of concept

synthetic model of a non-cylindrical fold and an outcrop of an asymmetrical fold within the Lachlan Fold

belt at Cape Conran, Victoria, Australia.

3.1 Introduction

Folds are one of the most common features found in deformed rocks (Ramsay and Huber, 1987) but still

present a challenge for three-dimensional structural modeling because the geometry of folded surfaces can-

not be characterised from individual structural observations. Folds produce localised variations in curvature

(Lisle and Toimil, 2007; Mynatt et al., 2007), however interpolation algorithms at the base of structural

modeling generally fit a surface of minimal curvature (Jessell et al., 2014; Laurent et al., 2016). To model

folded surfaces, the geologist is often required to use additional cross sections, level maps or other interpre-

tive constraints such as synthetic bore holes to produce the expected geometry (Caumon et al., 2003; Jessell

et al., 2014, 2010). This approach has proven operative in practice, but it is often cumbersome and reduces

the objectivity and reproducibility of the modeling process. Most interpolation algorithms only consider

local orientation of the surface and cannot incorporate any additional structural information or geological

knowledge. These methods do not incorporate all available structural information collected by field geol-

ogists such as: lineations, foliations, overprinting relationships, fold axis, fold axial surface and vergence.

This additional structural information can provide excellent constraints on complicated geometries found

in hard rock terranes (Laurent et al., 2016).

In implicit modeling systems, geological surfaces such as lithological contacts, fold axial surfaces or

fault surfaces are represented by isovalues of a global scalar field (Calcagno et al., 2008; Cowan et al.,

2003; Frank et al., 2007; Hillier et al., 2014). The scalar field is interpolated using some of the available

geological observations (e.g. orientation, lithology type, structural trend). A number of different interpo-

lation methods exist (Aug et al., 2005; Calcagno et al., 2008; Caumon et al., 2013; Cowan et al., 2003;

Frank et al., 2007; Moyen et al., 2004). These methods typically consider the final state of deformation

and attempt to produce final 3D fold geometry from spatial measurements such as form lines, and strike

and dip measurements. However, these methods generally use variants of isotropic Laplacian minimiza-

tion, which is only appropriate when spatial observations are densely sampled. In sparse data settings, this
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isotropic assumption tends to generate structural geometries that are incompatible with the strong curva-

ture anisotropy classically observed in folded terrains (Lisle and Toimil, 2007; Mynatt et al., 2007) and are

highly non-developable (Thibert et al., 2005).

The problem of geometrically modeling folds has been addressed by a number of authors (Hillier et al.,

2014; Laurent et al., 2016; Massiot and Caumon, 2010; Maxelon et al., 2009; Thibert et al., 2005). These

approaches have provided the framework to incorporate the fold axial surface (Laurent et al., 2016; Maxelon

et al., 2009; Thibert et al., 2005), fold axis (Hillier et al., 2014; Laurent et al., 2016; Massiot and Caumon,

2010) and a description of fold geometry and overprinting relationships (Laurent et al., 2016). Laurent et al.

(2016) introduced a global fold frame which provides a reference coordinate system for each deformational

event based on the structural elements of the fold. This allows for the geometry of older folds to be described

without the effects of younger deformation events. For each folding event two rotation angles are calculated

from field data: (1) the fold axis rotation angle, and (2) the fold limb rotation angle. To parametrise the

variations of these two angles with respect to the fold frame, Laurent et al. (2016) use a periodical fold

shape, which depends on estimations of fold wavelength, amplitude and location of fold hinges. In Laurent

et al. (2016) these parameters are inferred using trial and error.

In this contribution, we present a method for directly extracting and characterising the geometry of

folds from field data. The two fold rotation angles that are necessary for characterising a fold geometry can

be calculated locally from field observations and interpolated throughout the model volume using multiple

scalar and vector fields. We present two approaches for characterising the fold rotation angles within the

fold frame: (1) standard interpolation, where there is enough structural data to characterise the fold shape,

or; (2) a combined interpolation and extrapolation method using a Fourier series to represent the fold

geometry. Where insufficient observations exist to characterise the geometry of the fold throughout the

model volume, the Fourier series approximation of the fold geometry provides a geologically reasonable

estimate that is objectively defined by the structural observations. We demonstrate these approaches on:

(1) a synthetic example of a doubly plunging fold series, and (2) asymmetrical folds from Cape Conran,

Victoria.

3.2 Related work

3.2.1 Structural geology of folds

Structural geologists describe the geometry of folds using the geometrical characteristics of the folded

surfaces (Ramsay and Huber, 1987, p. 311-317): (1) the fold hinge is the location of maximum curvature for

the folded surface, (2) the axial surface separates opposing limbs and contains fold hinges of conformable

surfaces, and (3) the fold axis as either the fold hinge line or the line of intersection between the folded

foliation and the axial foliation.

A planar fabric can often be observed orthogonal to the direction of principal shortening and roughly

parallel to the fold axial surface (Hudleston and Treagus, 2010; Ramsay and Huber, 1987). This foliation

can be used in a general case, to characterise the geometry of the axial surface away from fold hinges.

This fabric is often pervasive and is commonly recorded by geologists to map the geometry of the fold

axial surface. The intersection of this foliation and any older folded foliation provides a lineation that is

parallel to the direction of the fold axis. These foliations and lineations can themselves be deformed by later

folding events. By identifying structural elements of successive folding events and mapping their spatial
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distributions and overprinting relationships, structural geologists are able to unravel complicated geological

structures (e.g. Armit et al., 2012; O’dea et al., 2006).

Figure 3.1: A: Outcrop from Kinlochleven, Scotland of a refolded fold (Hilgers, 2006). B: A schematic sketch showing the
possible structural observations that could be collected from key locations highlighted areas in (A). The fold hinges are located at
the intersection between S 0 and S 1 form lines, the fold axis is cannot be observed in the photograph and the S 1 form lines represent
the intersection between the axial surface and the outcrop surface. Light lines represent a possible interpretation between these
key locations.

In a typical field mapping campaign, a structural geologist will systematically record the orientation

of foliation surfaces and associated lineations (Ramsay and Huber, 1987, p. 677-678). These geometrical

observations are typically interpreted and summarised onto a map as form lines. Fig. 3.1A shows the

bedding trace of a small outcrop and Fig. 3.1B shows the relevant structural information that could be used

to unravel the geometry of this outcrop from only selected areas. Form lines are usually a representation

of the trend of observations and will often record at the scale of the map, the overprinting relationships

that can be observed in and between outcrops (Alsop and Holdsworth, 1999; de Kemp, 2000; Lisle, 2003).

Form lines that represent the trace of the axial surface record the location of the fold hinge.

3.2.2 Implicit fold modeling

Laurent et al. (2016) use the structural elements of the fold (fold axis, axial foliation and fold vergence)

to define additional orientation constraints for implicit modeling. A fold frame is defined with coordinates

represented by 3D scalar fields, denoted as x, y and z. Three local direction vectors (ex, ey and ez) are im-

plicitly defined by the fold frame coordinates for any location and are used to define the relative orientation

of deformed foliations and structural elements. One of the main ideas of the method is to use classical inter-

polation (and the associated isotropic smoothness assumption) on the least deformed surfaces defining the

fold frame, then to use this information to allow for anisotropic interpolation of more deformed surfaces.

For example, to model the geometry of a structure resulting from two folding events, the axial surface

(S 2) of the most recent fold (F2) would be first modeled by interpolating field observations of the axial

surface or associated foliation. The orientation of the axial surface (S 1) of the older folding event (F1)

can then be constrained with respect to (S 2) using a description of the fold geometry for F2 folds. This

additional orientation constraint is in turn used for interpolating S 1 geometry and the process is finally

repeated for S 0. Locally the fold geometry is constrained using a global scalar field representing the angle

between consecutive foliations, e.g. S 1 and S 2.

The local orientation of the folded surfaces can be characterised using the local direction vectors (ex,

ey and ez) and two rotation angles. The fold axis rotation angle rotates ey around ez to give the orientation

of the fold axis (Li). The orientation of the folded foliation (S i−1) is characterised by rotating the whole
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fold frame around the fold axis Li by the fold limb rotation angle. The fold axis and fold limb rotation

angles are the most important aspect of the fold modeling workflow because they control the geometry of

the folded surface. The orientation of the folded surfaces need to fulfill the following criteria. It should be

as close to the observations of the folded foliation as possible. Where no orientation constraints exist, the

geometry of the folded foliation should fit the most geologically reasonable estimate, for example a folded

surfaces should continue to be defined by localised variations in curvature away from observations instead

of becoming a smooth surface (Jessell et al., 2014).

3.3 Fold geostatistics

The fold axis (αP) and the fold limb (αL) rotation angles can be calculated for each observation of the

folded foliation or lineation. Both αP and αL can range in value from −90◦ to 90◦ (e.g. Fig. 3.2) and are

0◦ when the folded structural element is parallel to the direction of the fold frame coordinate. The larger

the absolute value of a fold rotation angle, the larger the angle between the folded structural element and

the fold frame. The geometry of the folded surfaces can be extracted by analysing the fold rotation angles

within the fold frame coordinates.

Figure 3.2: Schematic fold sketch showing: A: Fold axis rotation angle is the angle between the lineation Li defining the local fold
axis and ey. B1: The fold limb rotation angle αL is the angle between the normal to the folded foliation and the axial foliation, and
is the complementary angle to fold vergence θv. The fold limb rotation angle is 0◦ in the hinge of the fold (B2) and can reach −90◦

or 90◦ in the limbs of a isoclinal fold.

3.3.1 Fold axis rotation angle

The fold axis rotation angle (αP) is the angle between observations of the fold axis Li and ey (Fig. 3.2A)

αP is equivalent to the pitch of the fold axis in the axial surface of the fold if ey is horizontal. The fold
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axis is usually defined by field observations of the intersection lineation between the axial foliation and

the folded foliation or by directly observing the hinge of a fold. To supplement these observations, which

are often too sparse to characterise the geometry of the fold axis, we suggest to first interpolate the z

coordinate of the fold frame that represents the axial foliation (S i−1) from available foliation observations.

This interpolation makes sense as these cleavage directions, which are more or less parallel to the fold axial

surfaces, are generally smoother than the fold foliation (S i). Even in the presence of cleavage refraction

(Treagus, 1983), the intersection of this foliation field (S i−1) with the folded foliation measurements (S i)

locally defines the fold axis. A fold axis rotation angle of 0◦ means that the fold axis is parallel to ey. For

example, this would occur, in the peaks and troughs of a type 1 interference pattern. A cylindrical fold will

have a constant αP throughout the model, normally 0◦.

3.3.2 Fold limb rotation angle

The fold limb rotation angle (αL) is the complementary angle to structural vergence. αL is calculated by

finding the complementary angle between ez and the normal to observations of the folded foliation (S i−1) in

the plane perpendicular to the fold axis (Li) (Fig. 3.2B). For example an αL value of 0◦ indicates the location

of the fold hinge (Fig. 3.2B). The sign of αL in the limbs of the fold is dependent on the ez direction.

3.3.3 S-Plot for analysing fold profiles

Figure 3.3: A: 3D diagram showing folded surfaces with a deformed axial surface. i and ii are locations along the same fold hinge
along the axial surface. iii corresponds to the point of inflection in one fold limb. iv and v are points on either limb of an antiform
with a large Euclidean distance between them. B: Synthetic fold profiles representing the shape of the fold in the fold frame. The
key locations in (A) are indicated in the fold profile. C: S-Plot showing fold rotation angle profile for the fold in (A) with the key
locations indicated on the S-Plot. i and iv are closer in the fold frame coordinate than in Euclidean distance.

The S-Plot is a cross plot of either αP or αL, and the associated fold frame coordinate. αP is plotted

against the y coordinate, and αL is plotted against the z coordinate. The S-Plot allows for the characterisation

of the effect of the younger deformation event on the geometry of the older structural feature independent

of overprinting deformational events.

Fig. 3.3A shows a series of folded units with deformed axial surfaces. Fig. 3.3B is the fold shape viewed

along the fold axis. Fig. 3.3C is the corresponding S-Plot to the 3D fold showing αL plotted against the z

coordinate of the fold frame. In this case, the fold frame is folded, however the effects of that folding have

no impact on the S-Plot for the older folding event. Because the S-Plot uses the fold frame coordinates,
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points are considered based on their location within the structure, e.g. the points i and ii in Fig. 3.3 are

found on the same fold hinge (Fig. 3.3A) and occur at the same axial foliation scalar field value on the S-

Plot (Fig. 3.3C). The S-Plot can be subdivided into three segments based on fold geometry: positive values

of fold rotation angle characterise a fold limb (e.g. Fig. 3.3iii), negative values characterise an opposing

fold limb (e.g. Fig. 3.3iv) and the location where the fold profile crosses 0 correspond to the fold hinge (e.g.

Fig. 3.3i, ii).

The fold wavelength (distance in the z coordinate of the fold frame for αL) can be identified by finding

the location of two fold hinges and can be characterised for each fold closure independently. Synforms

and antiforms can be differentiated by looking at the sign of the gradient of the fold profile for the hinge

location. The sign of the rotation angle is dependent on the location chosen as the origin for the fold

frame coordinates and on the polarity of the fold frame scalar field. When using scalar field interpolation

algorithms (Calcagno et al., 2008; Cowan et al., 2003; Frank et al., 2007; Hillier et al., 2014; Mallet, 2002)

this can be controlled by specifying a normal constraint.

3.3.4 S-Variogram for analysing spatial correlation

Although folding results in rapid variations in the orientation of the folded surfaces, it also introduces

structure into the spatial distribution of orientations. As a result of folding, two points that are close together

will generally have similar orientations and pairs of points sampled in opposing limbs will systematically

exhibit large variations. For periodical structures, points sampled at a distance close to any multiple of the

fold wavelength will have a similar orientation. The spatial evolution of variability can be quantified using a

sample semi-variogram (Chilès and Delfiner, 2008, p. 34), which plot the mean-squared-variance between

pairs of points separated by a distance h. Such statistical tools are commonly used in geostatistics because

they provide insight into spatial variability without requiring assumptions about the mean of the property

being sampled (Chilès and Delfiner, 2008, p. 32).

Folded surfaces generally exhibit a strong anisotropy in the orientation of the surface relative to the

structural elements of the fold (fold axis and axial surface). Changes of orientation are statistically smaller

for pairs of points aligned along the axial foliation and higher for pairs of points aligned orthogonal to the

axial foliation. Such anisotropy can be revealed by considering only pairs of points aligned in a specified

direction.

Gumiaux et al. (2003) successfully apply this strategy for identifying trend in a fold series. The vari-

ogram value reaches local maximum values where the points are separated by half a wavelength present in

the fold trend, and reaches a local minimum where the points are separated by a wavelength of the fold. A

variogram calculated along the axial surface shows minimal changes in variance between the pairs.

The identification of a suitable coordinate system and direction of anisotropy is necessary for robustly

characterising the fold wavelength. For example, a curvilinear distance defined by geological distances,

e.g. down dip, along strike and across strike for measurements in folded beds (Chilès and Delfiner, 2008,

p. 48). The fold frame coordinate system (Laurent et al., 2016) provides a suitable coordinate system for

characterising the geometry of the fold, even in the case of overprinting deformations. The S-Variogram is

a sample semi-variogram calculated on the fold axis or limb rotation angle using the associated fold frame

coordinate, respectively y and z. The S-Variogram is defined as follows for a series of observations of fold
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Figure 3.4: A1: Fold geometry with regular wavelength between adjacent fold hinges, black dots showing 40 random sampling
locations. A2: S-Plot for fold in (A1). A3: S-Variogram calculated on sample locations showing periodic results. B1: Fold
geometry of irregular wavelength fold with black dots showing 40 random sample locatons . B2: S-Plot for fold in (B1). B3:
S-Variogram for sample locations from (B1) with a subtle periodic trend.

rotation angles αi at location zi, with i ranging from 1 to the number of observations:

γ(h) =
1

| 2N(h) |

∑
(i, j)∈(1,n)

∣∣∣ αi − α j
∣∣∣2 (3.1)

The lag distance h, is the distance between two data points in a pair, e.g.
∣∣∣ zi − z j

∣∣∣. N(h) is the number

of pairs in the set. In practice a lag distance tolerance is generally applied (h ' |zi − z j|) so that N(h)

is large enough to compute a reliable average. Each rotation angle is analysed using the associated fold

frame coordinate. This means that the direction of anisotropy for the variogram is implicitly defined by the

geometry of the fold frame.

The S-Variogram is used as an analytical tool to help characterise the fold geometries. If the experimen-

tal S-Variogram exhibits a periodical shape with a hole effect, the structural observations can be confidently

interpreted as a fold train where the half wavelength between adjacent fold hinges is relatively regular

Fig. 3.4A. In contrast, if the variogram does not show a periodic shape, there may be insufficient data for

characterising the periodicity of the fold geometry or the fold may not have regular wavelengths between

adjacent fold hinges (e.g. Fig. 3.4B). The S-Variogram provides a quantitative approach for analysing the

fold geometry in terms of fold wavelength and periodicity, which are key fold characteristics. The location

of the first local maximum on the S-Variogram will correspond to the shortest wavelength of the folding

(where the folding has a regular wavelength). We propose using the gradient descent method (Cauchy,

1847) to identify this location by traversing the S-Variogram with increasing step sizes until the gradi-

ent to the nearest neighbour is negative. The gradient is estimated for each step distance by finding the

best fit straight line to surrounding points. In most cases the data points will not be uniformly distributed

throughout the fold frame, and the number of pairs for each lag distance may vary. If the local maximum

for the variogram value is also a local minimum for the number of pairs, this estimate is not used. This

methodology may also be used by varying the lag distance tolerance used to apply Eq. 3.1.
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Choosing an appropriate step size for computing a sample variogram is not trivial and manual adjust-

ments are often necessary in practice for obtaining good results. Here, we define a relatively robust strategy

for making S-Variogram compatible with modeling without requiring too much user supervision. The pro-

posed strategy is to chose a step size that is 20 percent larger than the average spacing between data points

and a tolerance equal to the step size. This strategy yields reasonable results for the examples presented

here and should apply to most structural data.

3.3.5 Synthetic examples

Figure 3.5: A: Three fold geometry viewed looking along the fold axis. Blue line represents fold with largest amplitude, red and
green have decreasing amplitudes. The fold shapes all have a wavelength of 100m. B. S-Plot for the fold profiles in (A) the colour
of the S-Plot curve corresponds to the associated fold shape in (A). C: S-Variogram for the fold shapes in (A) and the colour of the
S-Variogram curve corresponds to the associated curves in (A) and (B).

In Fig. 3.5 three sinusoidal fold shapes of varying amplitude are shown. In these examples the fold

wavelength has not been changed. As the amplitude of the fold increases, the tightness of the fold also

increases. The folds range in tightness from blue (tightest), to red and green (most open). The tighter the

fold, the steeper the gradient of the fold rotation angle where it crosses 0. This is consistent with structural

geology observations where fold vergence will change quickly around the hinge when dealing with tighter

folds. For isoclinal folds this will mean that identifying the locations of the fold hinges, or changes in fold

vergence will be key to picking the appropriate fold geometry (which is usually the case in the field as

well). This observation is also essential in the dip domains approach for modeling folds (Caumon et al.,

2013; Fernandez et al., 2009).

Figure. 3.6 shows two different examples of asymmetrical folds that can be observed in the field. In

Fig. 3.6A small scale folds occur within a larger scale antiform. The S-Plot showing the fold limb rotation

angle for this example shows a series of small wavelength folds where the maximum and minimum rotation

angles for the smaller scale fold decrease as the z coordinate increases. The change in these extreme values

with increasing z coordinate represents the wavelength of the major antiform. The S-Variogram shows a

periodic shape with the local maxima and minima representing the half wavelength and wavelength of the

parasitic folds respectively. The S-Variogram can be used to robustly identify the half wavelength of the

structure from irregularly spaced data for example in Fig. 3.4A.

A different type of asymmetrical fold can be observed in the field where the asymmetry is not associated

with a larger scale folding event, or a folding event much larger than the study area. This could also be
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Figure 3.6: A1: Large scale antiform with smaller parasitic folds. A2: S-Plot for fold limb rotation angle. A3: S-Variogram of
fold limb rotation angle. B1: Asymmetrical folds. B2: S-Plot for fold limb rotation angle. B3: S-Variogram of fold limb rotation
angle

the result of the shortening direction of the fold not being orthogonal to the folded surface, for example

when refolding a surface defined by a foliation. This type of asymmetrical fold and the associated S-Plot

is shown in Fig. 3.6B. For each fold wavelength the features in the S-Plot for Fig. 3.6A and Fig. 3.6B are

very similar. The maximum and minimum rotation angles remain constant for all folds in Fig. 3.6A.

3.4 Automatic fold modeling

The interpolation of the fold rotation angles is the most important stage of the structural modeling workflow

proposed by Laurent et al. (2016) as the values of these rotation angles directly controls the orientation of

the folded surfaces. The interpolation of angular data can be a complicated task and traditional statistical

techniques are not necessarily applicable (Gumiaux et al., 2003). For example, the fold rotation angles must

be between −90◦ and 90◦. We interpolate the fold rotation angle by representing the fold rotation angles

as α̂ = tan α. This results in the interpolated fold rotation angle values not exceeding these boundary

conditions.

To capture the complex geometries that are seen in natural folds, the fold profile needs to be interpolated

directly from the available structural data. The fold rotation angles can be interpolated within the fold frame

coordinate using any standard one-dimensional interpolation algorithms (e.g. Splines, Kriging, Radial Basis

Functions). This approach will work well when the geometry of the fold is regularly sampled in the S-Plot.

Where the model area extends away from outcrops then these methods will most likely fail to capture the

fold style. For example the fold series in Fig. 3.7A has samples from two outcrops capturing the geometry

of two fold hinges separated by three unobserved fold hinges. The S-Plot in Fig. 3.7B shows the fold

rotation angle for the observations (black dots) and the resulting interpolation using standard interpolation
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Figure 3.7: A: Synthetic fold train sampled from two outcrop localities. B: Interpolation and extrapolation of the fold rotation
angle using different basis functions with Radial Basis Function interpolation. C: S-Variogram of fold rotation angle, the vertical
dashed line represents the shape parameter used for the basis functions.

schemes. Three different basis functions, where the shape parameter is chosen to be the half wavelength

of the fold (shown in Fig. 3.7C as the dashed line) are used for Radial Basis Function (RBF) interpolation.

All three basis functions show similar results when interpolating within the half wavelength of the fold but

generally deviate from the observed structural style when interpolating points further than a half wavelength

from the nearest data point. This is because these methods tend to fit a smooth curve between structural

observations and do not incorporate geological knowledge about the structural style of the folding (Jessell

et al., 2014) (e.g. Fig. 3.7B).

To build a geologically reasonable estimation of the folding style the geologist will generally look at

the surrounding structures, fold style and vergence to predict the location of fold closures. This process

is difficult to quantify and undertake objectively. The basic assumption that can be used to predict the

geometry of folds between outcrops is a continuation of the same shape folding. For example, in Fig. 3.7

there are two outcrop locations sampled from a simple sinusoidal fold train. The geologically reasonable

estimation for the fold geometry would be to continue the same shape between the outcrops. Using the

S-Variogram, the periodicity of the folding can be tested and where this assumption is valid (where a hole

effect is observed) the perodicity of the folding can be modeled by finding the best fit Fourier series to the

available dataset. If the folding cannot be modeled using a periodic model and the data sufficiently describes

the fold geometry this can be interpolated using standard interpolation. Here, we use a one- dimensional

RBF interpolation scheme.

3.4.1 Interpolating fold geometries using Radial Basis Functions

Radial Basis Function (RBF) interpolation is a commonly used method for interpolating spatial data. RBF

methods are used to approximate multivariate functions from data in n-dimensional space for observations

of the function value (Buhmann and Levesley, 2004). It is a widely accepted algorithm for interpolation

in various scientific fields including applications to 3D geological modeling (Cowan et al., 2003; Hillier

et al., 2014). The RBF interpolant can be used in any dimensions as the interpolant is a function of distance

between the points. We use the RBF interpolation algorithm to interpolate the 1D fold rotation angle

profiles. The value of either fold rotation angle for the relevant fold coordinate (z or y) is estimated using all

observations of the fold rotation angle. A standard RBF interpolation approximates the unknown function,
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using the weighted sum of N radial basis functions (φ) acting on the distance between the location being

estimated x and the location of the observations xi.

α̂(x) =

N∑
i=1

ωi φ(||x − xi||) (3.2)

A number of different basis functions, with different interpolation properties exists. Generally the basis

functions have two parameters: a shape parameter σ which is generally constant for all basis functions used

in the interpolation and the distance between two points r = ||x − xi||. In this study we use a Gaussian basis

function:

φ(r) = e−( r
σ )2

(3.3)

The shape parameter for the RBF adjusts the area of influence for particular data points. It controls the

distance up to which a data point will significantly influence the interpolated value. It is comparable to the

range of a semi-variogram model used for kriging interpolation. To interpolate the fold rotation angle we

choose to use the range of the S-Variogram as the shape parameter for the RBF interpolation. The RBF

interpolant is only used to interpolate the fold rotation angles where no interpolated locations are more

than a half wavelength from the nearest data point. This criterion is used because folding is periodic and

after a half wavelength of the fold the correlation between pairs of points separated by a half wavelength of

the fold should increase (where the variogram value decreases). As the distance between points increases,

the interpolant places less weight on the surrounding points, effectively reducing the correlation between

observations, this would result in interpolation artefacts such as in Fig. 3.7B where the interpolant fails to

capture the folding style.

3.4.2 Extrapolating fold geometries using Fourier series approximation

Early work on fold shape analysis used a Fourier series approximation of the fold shape (Hudleston, 1973;

Ramsay and Huber, 1987; Stabler, 1968; Stowe, 1988). The Fourier coefficients were optimized using least

squares fitting of the coefficients for a known fold wavelength. This approach is suitable for analysing and

representing the geometry of a single observable horizon looking along the fold axis. We propose using a

Fourier series representation of the fold rotation angles to represent both the fold axis and fold limb rotation

angles.

The Fourier series is a combination of trigonometric functions that can be used for approximating a

periodic function. In its standard form the Fourier series is:

α̂(x) = A0 +

∞∑
k=1

Ak cos
kπx
λ

+ Bksin
kπx
λ

(3.4)

where the Fourier coefficients Ak, Bk, represent the contribution of each frequency to the function being

approximated. λ represents the wavelength of the fundamental frequency of the periodic function being

estimated. The wavelength of the fold can be automatically identified from the S-Variogram.

The values for a finite number of Fourier coefficients can be solved using least squares. To ensure that a

solution can be found there needs to be a greater or equal number of data points to the number of coefficients

being estimated. The coefficients A0, A1, B1, . . . , Ak, Bk can then be used in the Fourier series (Eq. 3.4) to

interpolate the fold rotation angle for any value of the fold frame scalar field.
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Figure 3.8: A: Reference model of doubly plunging fold showing outcrop locations. B: Geological map showing outcrop locations
with structural data and bedding form lines for model area.

The number of coefficients used controls the complexity of the fold geometry that is modelled. Irregular

sampling, ambiguity and uncertainty in the structural observations can result in an overfitted Fourier series

curve if too many coefficients are chosen. The interpolated fold rotation angle curve needs to be locally

smooth while still describing the underlying fold shape. One way to control the resulting profile is to

optimize the number of coefficients using a regularization approach with an objective function that assesses

the required criteria. An alternative approach is to filter the noise from the data prior to fitting the Fourier

series. To address irregular sampling which is problematic in Fourier analysis (Chilès and Delfiner, 2008,

page 57), we propose using the RBF interpolation scheme prior to fitting the Fourier series where the

interpolation is performed only on data points separated by less than the half wavelength of the fold.

3.5 Case studies

3.5.1 Proof of concept: synthetic fold

Fig. 3.8A is a doubly plunging fold series generated in Noddy (Jessell and Valenta, 1996) using the python

interface, pynoddy (Wellmann et al., 2016). Two outcrops are used for sampling structural observations both

located in fold hinges. The main folding (associated with S 1 axial foliation observations) in the reference

model has a wavelength of 5000m and an amplitude of 1000m. The doubly plunging effect is created by

super imposing a second folding event with an axial surface perpendicular to the main folds axial surface

creating a Type 1 fold interference pattern. Orientation measurements representing the orientation of the

axial foliation (S 1) and the folded bedding surface (S 0) are shown on the geological map (Fig. 3.8B). The

form lines shown on the geological map are not used to create the geological model and are only shown for

highlighting the reference geometry. The axial surface of the fold train has a curvilinear geometry which

can be seen by the subtle change in strike of S 1 in the northern outcrop. The z coordinate of the fold frame

is modelled using observations of S 1 (Fig. 3.9D). The interpolated z coordinate captures the curvilinear

geometry of the axial surface in the reference model. The y coordinate is modelled using the constraints

that ey is orthogonal to ez and is horizontal ensuring a unique solution for the scalar field (Fig. 3.9A). The

intersection lineation is locally calculated by finding the intersection between S 0 and the isosurfaces of the

interpolated z coordinate scalar field. The fold axis rotation angle is calculated by finding the angle between

the intersection lineation and ey in the plane perpendicular to ez. The S-Variogram for the fold axis rotation
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Figure 3.9: A: Interpolated y coordinate scalar field. B: S-Variogram of αP with a step distance of 300m. C: S-Plot of αP and
y showing the fold profile interpolated using an RBF interpolant (blue curve) and Fourier series (black curve). D: Interpolated z
coordinate scalar field. E: S-Variogram of αL with a step distance of 500m. F: S-Plot of αL and z and interpolated fold profile using
an RBF interpolant (blue curve) and Fourier series (black curve).

angle can be seen in Fig. 3.9B. The number of pairs for each lag distance shows a significant drop between

1000m and 2000m. This indicates there are not enough pairs of points in these locations to robustly estimate

the variogram value. In order to avoid identifying the incorrect wavelength the number of pairs can be used

to validate the identification of a local maximum. If the identified local maximum also corresponds with a

local minimum in the number of pairs (such as seen at a lag distance of 1000m in Fig. 3.9B) this wavelength

estimate is discarded. In this example the variogram value continues to increase at larger lag distances and

neither a hole or sill effect can be observed. This suggest that the orientation data does not sample more

than the fold half wavelength. In this case it is not possible to determine whether the folding has a regular

wavelength distance or if the estimated wavelength is a true estimate of the fold wavelength.

We use the maximum lag distance of 3780m for the S-Variogram as the RBF shape parameter. In this

case the fold axis rotation angle only needs to be extrapolated a maximum of 1700m away from the nearest

data point. Fig. 3.9C shows the fold axis rotation angle calculated for the structural observations that are

marked by black dots, the interpolated fold axis rotation angle profile inferred with a RBF interpolant

(blue line) and using the Fourier series (black line). The interpolated profile is shown for the range of

y coordinate values in the model space (Fig. 3.9A). The two interpolation methods produce very similar

results because minimal extrapolation is required. If the model area were extended further in the north (or

south) then the difference between the two interpolation methods would be exaggerated. However, because

the S-Variogram does not show a sill or hole effect, it is not possible to determine a good estimate for the

fold wavelength. In these cases the wavelength may need to be refined by the geologist, or additional data

must be collected to better constrain the geometry of the folding.

The fold axis is defined throughout the model space by locally rotating ey around ez using the inter-

polated fold axis rotation angle for the y coordinate values. The fold limb rotation angle is calculated by

finding the angle between the normal to the bedding orientation (S 0) and ey in the plane perpendicular to

the interpolated fold axis. Fig. 3.9E shows the S-Variogram for the fold limb rotation angle in the z coordi-
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nate, with a histogram representing the number of pairs of points for lag distance. The number of pairs is

irregular with a low number of pairs occurring between 1500m and 3500m. These lag distances are greater

than the maximum distance within an outcrop and less than the distance between outcrops (Fig. 3.8B).

There is a higher number of pairs at a lag distance greater than 4000m correlating with a hole effect for the

S-Variogram. A local maximum for the S-Variogram value is seen for a lag of 3000m, however this vari-

ogram value is also surrounded by lag distances with no data pairs. This suggests that the half wavelength

of the fold is between 1500m and 3000m which is consistent with the reference model fold wavelength of

5000m. If the folding is symmetrical and has a regular wavelength between fold hinges a hole effect should

be observed at a lag distance equal to the fold wavelength. In this case a hole effect is seen at 4000m with

a local mininimum occurring at 4500m. The hole effect seen at ∼ 4000m is consistent for step distances

between 200m and 700m, the step distance in Fig. 3.9E is equal to the average nearest neighbour of ∼ 450m.

Small variations in the estimated wavelength for different variogram step distances could be used to explore

geological uncertainty associated with the fold geometry.

The S-Plot of the fold limb rotation angle (Fig. 3.9F) shows two populations of data points that corre-

spond to the locations of the outcrops in Fig. 3.8B. To interpolate the fold rotation angle profile using the

RBF interpolation scheme, we specify the shape parameter for the basis function as the half wavelength of

the fold (2250m) and interpolate between the outcrop edges. The resulting interpolation using the RBF is

shown in Fig. 3.9F using the blue curve and the Fourier series profile is shown by the black curve. The

Fourier series is fitted to the RBF interpolated profile for the range of z coordinate values for the data points

(between 3000m and 8300m). The main differences between the two interpolated profiles occurs where the

fold geometry needs to be extrapolated. The Fourier series fold limb rotation angle curve continues the same

structural style as observed in the outcrops. The RBF interpolation misses the fold hinge at z = 1800m,

which roughly corresponds with the western fold hinge in the references model. In the eastern area of the

model, less extrapolation is required and the differences between the interpolated fold rotation angle values

is minimal and will not significantly impact the model geometries.

Each fold limb rotation angle profile will result in a different set of constraints for implicit modeling of

the folded surfaces. The orientation of the folded surfaces are constrained by rotating the fold frame around

the fold axis by the fold limb rotation angle. Using these constraints and the orientation observations of

bedding from Fig. 3.8B, the model (S 0) is interpolated using Discrete Smooth Interpolation (DSI) (Frank

et al., 2007; Laurent et al., 2016; Mallet, 2002). The resulting model for both rotation angles being inter-

polated using the RBF scheme is shown in Fig. 3.10C. Fig. 3.10B is the resulting model interpolated using

the Fourier series scheme for both rotation angles. The scalar field values of the interpolated models are

constrained using a single data point in the north eastern outcrop. Both models deviate from the reference

model in the western area due to the minimal value constraints used. This is intentional because the value

constraints are integrated into the implicit scheme as equality constraints and if too many are used they

can introduce significant geometrical artefacts. This problem could be solved using inequality constraints

(Frank et al., 2007; Hillier et al., 2014) to constrain outcrop lithologies using a range of scalar field values

rather than a single value or using the iterative process suggested by Collon et al. (2016).

Unit 5 is a good marker horizon for comparing the fold geometries. In the reference model (Fig. 3.10A)

two antiforms can be seen and the north western area of the model shows a saddle structure. The Fourier

series model Fig. 3.10B captures both antiforms, however the western antiform hinge location is shifted

to the west. The saddle structure does not outcrop, however the geometry of the interpolated surfaces do
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Figure 3.10: A: Reference model looking from the top and from the west. B: Model interpolated using Fourier series for fold axis
and limb rotation angles looking from the top and the west. C: Model interpolated using RBF series for fold axis and limb rotation
angles looking from the top and the west.

capture this geometry. The difference in map pattern is most likely the result of the limited constraints

used for the scalar field values because the dome structure is seen to the east of this antiform. The model

interpolated with the RBF interpolant (Fig. 3.10C) only captures a single antiform. Along the axial surface

the fold geometry of the two interpolated models and the reference model are very similar, all showing a

non-cylindrical fold axis. The interpolated models have a fold axis that has been folded by a shorter wave-

length fold (7560m) than the reference model (13055m). This is consistent with the S-Variogram analysis

where it was not possible to confidently estimate the fold wavelength. Both interpolated models capture the

main fold geometry in the areas constrained by observations. The model interpolated from the using RBF

interpolant does not capture the structural style away from observations and misses the continuation of the

fold train. The Fourier series model captures the structural style of the reference model, however there are

some variations in the outcropping geometry and location of fold hinges. These differences are due to a

combination of the sparse data and the location of samples relative to the fold geometry collected from the

reference model.

3.5.2 Implicit modeling of Cape Conran, Victoria

Finally, we present an application of the fold geostatistics and fold modeling (Laurent et al., 2016) to a

case study from Cape Conran in the Palaeozoic Lachlan Fold belt, Eastern Victoria, Australia (Fig. 3.11A).

The outcrop (location shown in Fig. 3.11B and a schematic structural map in C) is an asymmetric fold of

a turbiditic sequence found in the limb of a larger antiform (Burg and Wilson, 1988). There is a degree of

disharmony in the fold geometries across different layers (mudstone and sandstone) of varying competency

and thickness. We use field observations of the axial surfaces of folds (Fig. 3.11C, S 1) to interpolate the
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Figure 3.11: A: Location of Cape Conran in the Palaeozoic Lachlan Fold belt, Eastern Victoria, Australia GDA94 zone 54. B:
Aerial photograph of rock platform depicting folded turbidite packages. C: Schematic structural map of outcrop used in this study.

z coordinate of the fold frame. The orientation of bedding (S 0), is representative of the folded sandstone

layers and was collected in the field (Fig. 3.11C). The form lines shown in Fig. 3.11C show the interpreted

structure from aerial imagery and the collected field observations. In this example, the form lines are not

used in the modeling scheme and the geometrical model is based entirely on the orientation observations.

The scalar field representing the z coordinate of the fold frame is interpolated using Discrete Smooth

Interpolation (DSI) (Frank et al., 2007; Mallet, 2002) on the field observations (S 1 in Fig. 3.11C). To ensure

a unique solution, the normals to the (S 1) foliation are all directed towards the east, imposing an eastward

growing scalar field. The scalar field is shown in Fig. 3.12D and appears to conform well with the data

and the geometry of the interpreted S 1 form lines. The fold axis is represented by the average direction

of the intersection between observations of bedding and ez, plunging 53◦ towards 356◦. The fold limb

rotation angle is calculated as the angle between field measurements of bedding S 0 and ez in the plane

perpendicular to the fold axis. The S-Variogram of the fold limb rotation angle is shown in Fig. 3.12A. The

lag distance for the variogram is equal to the average nearest neighbour distance and the number of pairs

(indicated by the histogram) decreases with increasing step distance. The S-Variogram reaches a maximum

value at approximately 0.57m and shows a hole effect at a lag distance of 0.7m. The fold wavelength can

be estimated to be 1.14m. The discrepancy between the hole location and the wavelength estimate is most

likely the result of the fold asymmetry and suggests that there is a difference between the length of the short

limb wavelength and the long limb wavelengths. This is also the cause of the low variogram values from

0.7m to 1.3m.
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The geometry of the fold can be extracted using the S-Plot Fig. 3.12B and C. The negative values of the

fold limb rotation angle correspond to the longer limbs of the fold and the positive values the shorter limbs.

The fold limb rotation angle data points show an asymmetrical shaped fold with a larger absolute value for

maximum fold limb rotation angle for the longer limb. These characteristics are very similar to the pattern

observed in the asymmetrical fold in Fig. 3.6B.

Figure 3.12: A: S-Variogram of fold limb rotation angle. B: S-Plot with RBF interpolated fold rotation angle curve. C: S-Plot with
Fourier series fold rotation angle curve. D: Scalar field representing the fold frame z coordinate viewed from above. E: Scalar field
representing bedding using the fold geometry constrained using the RBF curve viewed from above. F: Scalar field representing
bedding using the fold geometry constrained by the Fourier series curve viewed from above.

Fig. 3.12B shows the fold limb rotation angle interpolated using RBF interpolation with a shape param-

eter of 0.57m. In the areas where the fold rotation angle is extrapolated away from the observations the,

interpolation is biased towards the long limb of the fold (where the majority of observations occur). The

resulting interpolated geometry captures the observed fold hinge well. However, away from the observa-

tions, there are no additional folds and the model continues with the same geometry as the long limb of the

fold. Given the input structural observations (Fig. 3.11B) where the folding is asymmetrical and there are

no mapped structures that suggest the fold is not a part of a fold series, this model is probably not the most

geologically reasonable approximation.

The Fourier series representation of the fold rotation angle (Fig. 3.12C) uses the estimated wavelength

of the fold (1.14m) to create a regular periodical representation of the fold geometry. The Fourier series

uses the fold geometry captured by the RBF interpolation of the data points within the outcrop to produce

a continuation of the same structural style away from the outcrop. The resulting model fits the structural

observations well and continues the same structural style away from the outcrop with an additional antiform

to the east and a synform and antiform to the west.

In this example only a single short limb is captured by the structural observations making it difficult
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to determine from the data whether the asymmetrical fold is a parasitic fold associated with a larger wave-

length fold (Fig. 3.6A) or whether the folding is asymmetrical folding unrelated to larger scale fold. In this

case, regional context suggests that the asymmetrical folding is associated with a large antiform closing to

the east of the model area (Burg and Wilson, 1988).

3.6 Discussion

Laurent et al. (2016) introduce a framework for modeling folds where the structural elements of folds

(fold axes, axial foliation) and two rotation angles are used to define the orientation of the folded surface

everywhere in the model. The use of this frame allows to simplify 3D fold analysis by considering variations

along two one-dimensional profiles. This method is suitable to non-cylindrical structures, assuming the

main shortening axis can be reliably obtained from the foliation associated to folding. In Laurent et al.

(2016), the fold rotation angles are defined by estimating the geometry of the fold using a trial and error

approach and fitting a modified sinusoidal fold geometry. In this contribution, we have addressed the main

limitation in the method by using a data driven method for characterising and interpolating the fold rotation

angles. We introduce two plots that allow for the geometry of the folds to be extracted from the available

structural observations. The S-Plot shows the fold shape when looking down plunge of the fold and the fold

axis rotation angle provides information about the non-cylindiricity of folding. The S-Variogram is used

to test whether the fold wavelength is regular between observed fold hinges, and to estimate the dominant

wavelength. These tools could be used during field mapping by the structural geologist to help understand

the geometries of the structures being mapped and predict where more information is needed to characterise

fold geometries.

The modified sinusoidal fold profile addresses two issues with classical implicit interpolation schemes

highlighted by Jessell et al. (2014): (1) the inability to interpolate or extrapolate fold series with continuous

structural style; (2) the shape of fold hinges are not being controlled (and often being smoothed). In this

contribution we directly interpolate the observed fold rotation angles to produce a model-wide representa-

tion of the fold rotation angles. The fold geostatistics are used to determine the appropriate interpolation

method and the associated parameters for interpolation/extrapolation. The fold hinge geometry is charac-

terised by the slope of the fold rotation angle curve at the hinge locations and is determined by the structural

observations for each hinge where available or by extrapolating the geometry of the observed fold hinges.

We believe this is advantageous because it is a data driven approach and the tightness of each observed fold

hinge can be independently controlled by the structural observations.

In both Fig. 3.10 and Fig. 3.12, the fold geometries characterised using the Fourier series and the

RBF interpolant are significantly different. The main differences between the resulting models are where

extrapolation is required. In Fig. 3.12 the Fourier series model predicts a regular repetition of fold hinges

away from the observations. The Fourier series model is based on the geometry of the observed single

parasitic fold meaning the long limb distance between synform and antiform (measured in the z coordinate)

is interpreted to be the same as the short limb distance. Without observing more fold hinges it is difficult

to confidently constrain the appropriate wavelength value to use. However, the most geological reasonable

estimation of the structure given the available data is to continue the same structural style. If more data

is collected, for example sampling another fold hinge at Cape Conran, the model can be updated using

additional data.
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The outcrop at Cape Conran has a high density of structural observations that capture the disharmony

in the folding between the different sandstone layers. At the regional scale it is unlikey that enough struc-

tural observations and outcrops will be present to capture disharmony in folding. There are other sources

for noise and uncertainty in the structural observations such as: geological uncertainty and ambiguity in

observations and interpretations (Bond et al., 2007a,b; Jessell et al., 2010; Lindsay et al., 2012; Wellmann

and Regenauer-Lieb, 2012; Wellmann et al., 2010). Noise and irregular data sampling can add complexity

to the model fitting process. Data points are evenly weighted and collocated data points can significantly

skew the resulting model to a particular feature that may not be associated with the fold geometry. The use

of the RBF interpolation prior to fitting the Fourier series model provides a suitable approach for filtering

out the noise and uncertainty. The half wavelength of the fold is used to constrain the shape parameter

for the basis functions. This will remove noise and ambiguity from the observed data for the model fitting

without smoothing out the information associated with the folding.

The linear regression used to find the best fit Fourier series requires the largest fold wavelength to be

known. This is identified by finding the range of the S-Variogram using the gradient descent method. The

Fourier coefficients are optimised to find the best fit Fourier series for the given base wavelength. If the

wavelength is underestimated, then the largest wavelength of the fold cannot be modeled. In contrast, if

the wavelength is too large the extrapolated fold geometries may not be geologically reasonable. While

the method is generally adequate for finding the best fit Fourier series, it may fail in the cases, where there

is additional noise or where the half wavelength of the fold is not visible in the S-Variogram. In these

cases, the wavelength could be specified by the geologist and refined to fit the observations. As shown in

Fig. 3.9E the S-Variogram is limited by the spatial distribution of the structural observations. If there are not

enough observations separated by the fold half wavelength, it is not possible to confidently estimate the half

wavelength of the fold. Another limitation in this method is the resolution of the wavelength estimate will

be dependent on the step distance of the S-Variogram. It would be beneficial to optimise the wavelength

parameter as well as the Fourier coefficients, using a non-linear least squares approach.

A single best fit model was produced for the observed structural data. In Fig. 3.12 the range in the fold

rotation angles for the long limb of the fold is ±15◦. A single fold rotation angle curve cannot represent

the range in possible fold geometries that could be fitted to these observations. Preliminary work using

Bayesian inference to solve the Fourier series regression has provided promising results providing a range

in possible fold geometries that could be fitted to the structural observations.

3.7 Conclusion

In this contribution we have expanded the capabilities of the fold modeling framework presented in Laurent

et al. (2016) by using structural data to directly inform the modeled fold geometry. Two main contributions

to geological modeling and structural geology are presented in this paper:

• The fold geostatistic (S-Plot and S-Variogram) allow for the geometry of folds to be characterised

directly from the field structural observations.

• The representation of the fold geometry using a Fourier series fitted to the structural observations

produces a geologically reasonable extrapolation of the fold shape.

We have demonstrated an application of these tools to fold modeling with a proof of concept synthetic

model and a more complicated asymmetrical fold from the Cape Conran, Victoria. We have primarily fo-
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cused on the application of the fold geostatistics for geometrical modeling, however we also expect that

these tools can be applied for structural analysis of folds. The representation of the fold geometry using a

Fourier series has provided more flexibility in the possible fold geometry, allowing for a complex asymmet-

rical fold to be modeled, which was not possible using the previous methodology. Further developments

are required to incorporate structural uncertainties into this work flow.
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4.1. INTRODUCTION

Abstract

Recent developments in structural modeling techniques have dramatically increased the capability to in-

corporate complex fold related data into the modeling workflow. However, these techniques are lacking

a mathematical framework for properly addressing structural uncertainties. Previous studies investigating

structural uncertainties have focused on perturbing the input data as a way to analyse the sensitivity of

the interpolator to the dataset. These approaches do not consider the contribution of the geological struc-

tures and interpolation process to the overall uncertainty. In this work, we frame structural modeling as an

inverse problem and use a Bayesian framework to reconcile structural parameters and data uncertainties.

Bayesian inference is applied for determining the posterior probability distribution of fold parameters given

a set of structural observations and prior distributions based on general geological knowledge and regional

observations. This approach allows for an inversion of structural geology data, where each realisation can

differ in the structural description of the fold geometries, instead of finding only a single best fit solution.

We show that analysing the set of resulting models with information entropy and a new metric quantifying

the difference in the interpolated geometries highlights the areas with the highest uncertainty. These areas

can be used to target where additional data would be most beneficial for improving the model quality and

efficiently reducing structural uncertainty.

4.1 Introduction

Three dimensional geological models are a representation of the distribution and structural relationships

between rock units in 3D space. They find practical applications throughout a wide range of geoscientific

disciplines ranging from visualisation, interrogation, advanced analysis and process simulation. Three

dimensional models are more difficult to create than a geological map because they require the prediction of

geological structures at depth, which are difficult to constrain from surface observations. There are a range

of different approaches where modeling methods: (1) almost exclusively use prior geological knowledge

(Jessell, 1981; Jessell and Valenta, 1996), (2) a hybrid approach where geological knowledge is incorporated

by adding some kinematic information and incorporated with direct observations (Bigi et al., 2013; Laurent

et al., 2013, 2016; Moretti, 2008), and (3) other systems only using observations in 3D space. A common

method for building 3D models is to only consider observations to create an explicit representation of the

surface by either interpolating between data points or triangulating a surface directly from the data (Caumon

et al., 2009; Mallet, 1992, 2002). Another framework for representing these surfaces is to use an implicit

representation of the surface (Aug et al., 2005; Caumon et al., 2013; Cowan et al., 2003; Frank et al., 2007;

Hillier et al., 2014; Lajaunie et al., 1997) where the geological surface(s) are represented as iso-values of a

volumetric scalar field. All of these approaches create a single best fit model for the structural observations.

Folds have the potential to introduce dramatic complexity and uncertainty in the process of structural

modeling. Even relatively gentle folded structures perturb the spatial correlation of structural information.

For this reason, folds remain a challenge for the interpolation schemes at the basis of implicit structural

modeling. To constrain the geometry of folds, the geologist is generally required to draw fold profiles

on cross sections or level maps, using bedding orientations (Jessell et al., 2014, 2010; Maxelon et al.,

2009). Additional foliations and lineations are generally overlooked and not directly used. In particular,

it is not trivial to input the structural information recorded from field studies such as fold axial traces and

their structural elements (fold axes, fold vergence and fold overprinting) into the implicit scheme (Jessell
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et al., 2014). Laurent et al. (2016) incorporate these additional structural datasets by modeling all foliations

starting from the most recent, modeling each preceding event accounting for the geometry of the younger

foliation. With this approach, folds are embedded into a fold frame that represents the structural elements

of the fold: axial surface, axis, and vergence. The geometry of each folding event can be derived from

the available structural data using geostatistical analysis within the fold frame (Grose et al., 2017a). The

geometry is characterised using the best fit Fourier series to the field observations using the maximum

likelihood method. The characterisation of the fold geometry can be framed as an inverse problem where

the aim is to determine the model parameters representing the observations. Using the maximum likelihood

approach and finding a single solution to an inverse problem is usually not sufficient due to the complex

multidimensional parameter space (Mosegaard and Tarantola, 1995). In general, an understanding of the

associated uncertainty is usually required, for fold geometries the aim is to understand the distribution of

possible fold shapes given the observed data and not to only find the single best fit fold geometry.

Previous approaches for sampling structural uncertainties have focused on either perturbing the input

data (e.g. Jessell et al., 2010; Lindsay et al., 2012; Wellmann and Regenauer-Lieb, 2012) or perturbing

reference model surfaces (e.g. Suzuki et al., 2008; Tacher et al., 2006; Thore et al., 2002). Neither of these

approaches properly address the uncertainty in the description of the geological structures and interpola-

tion process. In this contribution, we use the modeling framework of Laurent et al. (2016) and introduce a

probabilistic representation of the fold geometry. The fold geometry is represented using a Fourier series

where parameters constraining the wavelength and fold shape are represented by probability density func-

tions (PDF). Each parameter is given a prior distribution containing the information that is known about the

parameter, independent of the model that is being fitted. The prior distributions are constrained by a com-

bination of additional data analysis, geological knowledge, and valid parameter ranges. The joint posterior

distribution for the combined parameters is sampled using a Markov Chain Monte Carlo (MCMC) sampler.

Using this system data uncertainty is represented using an uninformed prior PDF (no information about the

data uncertainty is included in the sampling). We demonstrate the inversion of structural geology data for

characterising fold geometries first on a range of simple fold shapes in one dimension, and then on a more

complicated synthetic 3D model representing doubly plunging parasitic folding.

4.2 Description and modeling of complex fold geometries

Laurent et al. (2016) introduce a global fold frame with three coordinates (x, y, and z) representing the

structural elements of the fold. The z coordinate of the fold frame is constrained so that direction vector ez

is perpendicular to the observations of the axial foliation associated with the folding event and observations

of the axial surface of the fold (Laurent et al., 2016). The y coordinate of the fold frame measures the

distance along the axial surfaces and is constrained so that ey and ez are orthogonal and ey aligns at best

with the observations of the fold axis.

Two rotation angles representing the geometry of the fold axis and the fold shape can be calculated

from structural data. In Figure 4.1a the fold axis rotation angle is shown as the angle between ey and the

intersection lineation. The fold limb rotation angle is the angle between the normal to the folded foliation

and ez (Figure 4.1b,c). Figure 4.1d shows that the difference in calculated fold limb rotation angle is

dependent on the orientation of the fold axis, or the fold axis rotation angle at that location. The S-Plot

is a cross plot of a fold rotation angle and the scalar field representing the associated structural elements
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direction (Grose et al., 2017a). A sample semi-variogram comparing the fold rotation angles in the fold

coordinate system can be used to identify the main wavelength of folding. The S-Variogram (Grose et al.,

2017a) also uses the fold frame coordinates to analyse the fold rotations angles. The half wavelength of the

fold can be automatically identified by finding the local maximum values of the S-Variogram (Grose et al.,

2017a).

In Laurent et al. (2016), the fold shape is constrained by fitting an analytical fold profile that produce a

periodical fold geometry. This allowed for the fold to be described by parameters that are comparable to the

geometrical description of the fold used by structural geologists, e.g. the fold wavelength, tightness, and

asymmetry. Grose et al. (2017a) use a data-driven approach to interpolate the best fit description of the fold

based on the structural observations by smoothing and interpolating the observations before fitting a Fourier

series. The local orientation of the fold axis is found by rotating ey around ez by the fold axis rotation angle

(an angle between −90◦ and 90◦). The orientation of the folded foliation is locally constrained by rotating

the fold frame around the fold axis by the fold limb rotation angle.

Figure 4.1: Schematic fold showing the fold axis rotation angle. (a) The fold limb rotation angle calculated in the plane normal to
the fold axis. (b) and (c). (d) Cross plot showing the change in fold limb rotation angle αL plotted against changes in the fold axis
rotation angle αP. Adapted from Grose et al. (2017a).

4.3 A probabilistic framework for modeling fold geometries

In both Laurent et al. (2016) and Grose et al. (2017a), only a single best fit fold geometry is produced for

a single data set. In practice, the single fold geometry does not capture the shape of all of the observations

without over fitting. The fold geometry parameters, either in the form of an analytical profile (Laurent et al.,

2016) or the Fourier series parameters (Grose et al., 2017a), should be considered as uncertain variables.

In the following section, each model parameter is represented by a probability density function (PDF), and
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frame the fold geometry as a Bayesian inference problem. The joint posterior distribution can be sampled

from a Gaussian likelihood function.

4.3.1 Fourier series representation of fold geometry

The fold rotation angles (αP,L) is first transformed to range from (−∞,∞) using the transformation, α̂P,L =

tan αP,L (Grose et al., 2017a). The transformed fold rotation angles can then be represented using a Fourier

series, i.e. a linear combination of trigonometric basis functions.

Parasitic folds are very characteristic features of geological multilayer buckle folds. They typically

share the same (or similar) fold axis orientation and axial plane orientation as the larger fold. Parasitic folds

exhibit a characteristic asymmetry (or fold vergence), often referred to as S and Z shape on either limb of

the larger fold, and symmetric W or M shape close to the hinges of the larger fold. Therefore, the geometry

of parasitic folding needs to be captured in the interpolated fold rotation angle fields. The observed curve

in the S-Plot will be a superposition of both fold wavelengths.

In Grose et al. (2017a), fold wavelengths are inferred by identifying the first local maximum for the

S-Variogram. The first local maximum corresponds to the smallest wavelength captured by the structural

observations. In most cases, this will be the wavelength of parasitic folds. The scale of identified wavelength

depends on the minimal step size used for computing the S-Variogram. It is first computed with a step

size 20% greater than the minimal distance between data points for identifying the smallest meaningful

wavelength (λ1). To identify larger wavelengths of the fold the most intuitive approach may be to use

previously identified fold wavelength (λ1) as the step size for a new S-Variogram and repeat the process.

However, this will often identify wavelengths equal to multiples of the parasitic fold wavelength. Instead,

we identify consecutive pairs of extrema and calculate the moving average for the variogram using pairs of

extrema. The moving average can then be analysed for any extrema. If there are multiple wavelengths of

folds evident in the dataset then the moving average curve will show either a periodical trend or a general

increase as the step distance increases. For an identified wavelength to be valid we apply the following

criteria: (1) the variogram for the maximum must be greater than its neighbouring extrema by at least 5%,

and (2) if a parasitic fold exists γ(λ2) for the larger fold must be 20% greater than γ(λ1) of the parasitic

fold. These criteria allow for the wavelength of two scales of folding to be captured by the S-Variogram

without identifying a wavelength that does not exist.

There are two possible approaches to characterise the geometry of the parasitic folds and larger scale

fold using the Fourier series. The wavelength of the larger fold can be used to constrain λ and the number

of coefficients, N, can be increased to ensure λ/N is equal to the parasitic fold wavelength. The alternative

approach, used in this study, is to explicitly constrain the wavelength of each term of the Fourier series:

α̂(xi|A0, A1...n, B1...n, λ1...n) = A0 +

N∑
n=1

Bn cos
2π
λn

xi +

N∑
n=1

An sin
2π
λn

xi (4.1)

where N is the number of wavelengths identified and λn corresponds to the different scale wavelengths.

4.3.2 Bayesian inference

The fold axis and fold limb rotation angle can be represented by Equation 4.1. The parameters could be

estimated using a maximum likelihood estimation (MLE) approach if the wavelength(s) λn are known.
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However, this assumes that the inferred wavelengths are the best representation of the fold geometry. In

practice, this will rarely be the case and additional tuning may be required. We also suggest that with

increasing geological complexity or where data does not sufficiently define the geometry of the folds, the

wavelength values could be optimised using a non-linear approach such as the Levenberg-Marquardt algo-

rithm. These methods typically assume that the model exactly represents the data and tries to optimise the

parameters using this assumption.

Geological uncertainty exists both for the collection of the data (measuremental error) and also for

the representivity of the measure (Carmichael and Ailleres, 2016), because of the upscaling process that

takes part in collecting the data. In a frequentist framework, this could be incorporated using regularized

or weighted least squares techniques. We propose using a hierarchical Bayesian approach where the data

noise is integrated as a hyperparameter, similar to Muir and Tkalčić (2015).

Bayesian inference is commonly used method for solving non-linear problems with extensive applica-

tion in the geosciences particularly in solving inverse problems in geophysics (e.g. Kolb and Lekić, 2014;

Mosegaard and Tarantola, 1995; Muir and Tkalčić, 2015). The main advantage of using Bayesian meth-

ods over standard statistical methods is in the ability to incorporate additional knowledge in the form of

prior distributions. Bayesian inference is a method for determining the parameters of a model using Bayes’

theorem. The aim is to find the range of possible parameter values to be determined by combining the

prior information (in this case, the range of possible fold geometries and predicted wavelength(s) using the

S-Variogram) and data (in this case structural observations).

We sample from the posterior distribution P(xi, αi|A0, A1...n, B1...n, λ, σ) using a Gaussian likelihood

function. Using the assumption that the structural observations are sampled from an unknown Gaussian

distribution, a similar assumption is used for geological observations in previous work (de la Varga and

Wellmann, 2016; Wellmann and Regenauer-Lieb, 2012) and is commonly used in natural sciences where

the underlying probability distributions are unknown. Previous studies have used σ2 = 5◦ (Lindsay et al.,

2012) or σ = 10◦ (Wellmann and Regenauer-Lieb, 2012) for the structural uncertainties. In practice, the

uncertainty associated with structural observations is unknown and is difficult to estimate robustly. Geo-

logical uncertainty can have a wide range of sources that have been broadly separated into three categories

(Bárdossy and Fodor, 2001; Cox, 1982; Mann, 1993) and applied to structural geology (Wellmann et al.,

2010):

• Type 1: data imprecision, error, and bias, e.g. the location of a contact or the orientation of the

surface,

• Type 2: uncertainty related to the unpredictability and randomness in the interpolation, and

• Type 3: lack of knowledge about the structure being modeled, e.g. how representative are the obser-

vations of the geometry of the surface being modeled.

In practice, it is impossible to quantify the contributions of each source of uncertainty and as a result, it

is impossible to objectively quantify the uncertainty associated with structural observations. When using

structural observations to create a 3D model, or in this case characterise the fold geometry, we are interested

in the combined misfit between the model and the structural observations, i.e. how closely do we expect

the model to fit the data. Rather than adding further subjectivity into the modeling process uncertainty of

structural observations can be incorporated into the model by representing the standard deviation of the

likelihood function using an uninformed hyperparameter, Jeffery’s prior (Sivia, 1996). This allows for the

noise in the data to be properly accounted for without requiring subjective, and usually wrong, user input
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quantifying the uncertainty associated with the data. This technique has been applied extensively in the

geophysical literature (e.g. Bodin et al., 2012a,b; Kolb and Lekić, 2014; Muir and Tkalčić, 2015). This

is an improvement on Grose et al. (2017a) where the data are smoothed using a radial basis interpolation

scheme and no specific assumptions are made about the noise in the data.

Defining prior distributions

The wavelength(s) (λ1... n) can be represented by a normal prior distribution with a fixed standard deviation

of σ = λ/3. This prior distribution is an empirically informed prior, as 99.97% of the wavelength values

sampled from the distribution will be positive, which is a realistic constraint on the wavelength value as

negative wavelength values are not physically possible.

The prior distribution for the Fourier coefficients are each represented by Gaussian distributions with a

mean of 0 and a standard deviation of 5. These weakly informative prior distributions for the coefficients

cover the range of common fold geometries. The choice of coefficient priors does not prevent extreme fold

geometries (such as chevron or box folds) from being modeled when strongly supported by data.

Sampling from the posterior distribution

The posterior distribution can usually only be solved analytically for simple low dimensional examples

(de la Varga and Wellmann, 2016). Numerical methods are required to obtain a solution for most real

examples, e.g. the Maximum A Posterior (MAP) and Markov Chain Monte Carlo (MCMC).

The MAP sampling method finds only a single point solution for the posterior distribution. The MAP

solution is the mode of the posterior distribution and in some cases, may not be representative of the true

shape of the posterior distribution. For this reason, we propose sampling from the joint posterior distribution

using a MCMC sampler implemented in PyMC2 (Patil et al., 2010). This implementation uses the adaptive

Metropolis-Hastings step method to tune the parameters to their optimal values. To ensure convergence the

sampler is run using a “burn in” period which effectively conditions the parameter values to ensure that the

samples are representative of the posterior distribution.

The fold limb rotation angle αL is calculated using the intersection of the folded foliation and the z

coordinate, and the priors for λn and A0 are calculated from these values. The joint posterior distribution is

sampled using two likelihood functions, one representing αP and the other representing the calculated αL.

By sampling from both likelihood functions, we are able to find the joint parameters distributions that best

describes both aspects of the folds geometry.

The resulting joint posterior distribution can be sampled returning a combination of fold parameters that

represent one location within the posterior PDF. These parameters can either be visualised independently

using a histogram or Kernel Density Estimation or as the resulting fold profile geometries. To visualise the

resulting fold profiles, we evaluate the resulting fold profile for each location in the posterior distribution

and evaluate the resulting density (higher density indicates lower variability).
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Figure 4.2: Proof of concept 1-D example for a sinusoidal fold geometry. (a) Reference fold shape with a fold wavelength of 150m
and sample locations. (b) Reference fold profile and sample locations representing the fold rotation angle for the fold geometry in
(a). (c) S-Variogram for the structural observations (blue dots in (a) and (b). The dots represent the variogram for all points at the
corresponding step size. The red dots are the locations identified as being local extrema. The estimated half wavelength is shown
by the dashed line. (d) Interpolated fold shape probability showing the range of solutions sampled with MCMC. (e) Fold rotation
angle profile probability sampled from the posterior using MCMC. (f) Violin plot showing prior and posterior distributions for the
fold wavelength.

4.4 Case studies

4.4.1 Proof of Concept

Figure 4.2a is a symmetrical fold shape generated from a sine wave with a wavelength of 150m. The orien-

tation of the folded layer has been randomly sampled within a single fold wavelength capturing synformal

and antiformal hinge zones. The sample locations are represented by the white dots in Figure 4.2a. The

S-Plot for the fold shape in (a) is shown in Figure 4.2b and the calculated fold rotation angle for the struc-

tural observations in (a) are illustrated by the white dots. Figure 4.2c shows the S-Variogram where the

step distance is chosen to be equal to the average nearest neighbour distance between the observations.

Local maxima and minima (red dots) are identified in the resulting curve using the gradient descent method

(Cauchy, 1847). Each pair of extrema is analysed to determine whether it represents a fold wavelength

(e.g. multiscale folding) or if it is just capturing noise in the dataset. In this example, no small wavelength

folding exists and the identified extrema are interpolated into a smooth curve and this is analysed to find the

main fold wavelength. In this case, the peak at 75m is identified as the half wavelength to relate to folding

with a wavelength of about 150m.

The fold rotation angle is interpolated by sampling from the posterior distribution of the parameters for

A0, A1 and B1 using only one wavelength parameter. The prior for the fold wavelength is represented by

a Gaussian distribution with a mean of 150m and a standard deviation of 50m. The profile in Figure 4.2d

shows the fold geometry interpolated using the observations and fold constraints from the S-Plot (Figure

4.2e). In both Figure 4.2d,e the colour map represents the range of possible fold profiles sampled from the

posterior distribution using the MCMC sampler. The sampler was run for 10, 000 iterations and a burn in

period of 5, 000 iterations were discarded. Figure 4.2f shows the posterior and prior distribution for λ1. The
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wavelength in this example is well constrained with a narrow estimated PDF capturing the reference fold

wavelength of 150m.

Figure 4.3: Proof of concept 1-D example for parasitic fold geometry. (a) Reference fold shape : λ1 = 15m and λ2 = 150m. and
sampling locations (b) S-Plot showing fold rotation angle for the fold in (a). (c) S-Variogram for the structural observations, white
dots in (a) and (b). The dots represent the variance for all points at the corresponding step size. The red dots are the locations
identified as being local extrema. The two estimated half-wavelengths are shown by dashed lines. (d) Interpolated fold profile
probability sampled using the MCMC sample. (e) Interpolated fold rotation angle probability sampled by the MCMC sampler. (f)
Violin plot showing the posterior and prior distribution for λ1 and λ2.

A more complicated fold shape is shown in Figure 4.3a an additional fold with a wavelength of 15m

has been superimposed on the reference fold from Figure 4.2. This model has also been sampled capturing

one full wavelength of the larger scale fold. Figure 4.3b is the S-Plot for the reference fold shape showing

the sample locations. The S-Plot plots the fold rotation angle that is representative of the slope of the fold

shape and easily picks out the smaller scale parasitic folds. The large scale fold can be seen by the change

in average fold rotation angle for each parasitic fold hinge. Figure 4.3c shows an S-Variogram for the

observations in b. Each dot represents the variogram value for pairs separated by the step distance and the

red dots also represent the points identified as extrema. A local maximum can be seen at approximately 9m

and this has significantly higher variogram value than the surrounding extrema and can be interpreted to

represent a fold wavelength of approximately 18m. The extrema (red dots) are interpolated into a smooth

curve and the local maxima of this curve is identified to be approximately 70m suggesting a wavelength

of 140m for the larger wavelength fold. For both Figure 4.3d and e, the scaled colour map represents the

joint posterior distribution sampled using MCMC. In Figure 4.3f, the prior and posterior distributions for

λ1 and λ2 are shown. The red polygons show the prior PDFs and the blue polygons show the posterior

PDFs. The posterior distribution for the parasitic fold (λ1) has a mean of 15 and a standard deviation of < 1

suggesting that the data constrains the smaller scale wavelength very well. The posterior for the main fold

(λ2) is similarly well defined with a slightly larger standard deviation.
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4.4.2 Parasitic non-cylindrical folding

In the final example, we demonstrate the application of these techniques to a 3D example where structural

observations are inverted for the fold geometry. The reference model was generated using Noddy (Jessell

and Valenta, 1996) using the python interface, pynoddy (Wellmann et al., 2016). It is a doubly plunging

parasitic fold generated by superimposing a fold with a wavelength of 8, 000m and amplitude of 1, 500m

with another fold with a wavelength of 1, 000m and amplitude of 500m, the axial surfaces for the two

folding events are parallel N000/90. To create the doubly plunging effect an additional folding event with

an axial surface dipping at 72◦ to the north striking perpendicular to the existing folds was used with a

wavelength of 14, 444m and amplitude of 1, 000m. The model was sampled from a synthetic topographical

section. Observations constraining the orientation of the folded foliation, intersection lineation, and contact

location are shown in Figure 4.4. The structural observations for bedding and the fold axis have been

perturbed to simulate uncertainty in the observations by sampling from Gaussian distributions describing

the azimuth and plunge of the normal vectors with a standard deviation of 10◦.

The fold frame for F1 is constructed by first modeling the axial foliation of the fold using the observa-

tions for S1 to constrain the gradient of z coordinate, ez (see Figure 4.1). The fold axis direction field y is

interpolated so that ez · ey = 0, this enforces the geological constraint that the fold axis must be a line within

the axial foliation surface. We choose an arbitrary direction of ey = ez × ( 0 0 1 ) to make the resulting field

unique. The fold axis direction field could also be interpolated using the average fold axis orientation. The

differences between these fold profiles would be captured by the first term in the Fourier series (A0) which

controls the shift in the Y axis.

The fold axis rotation angle (αP) is calculated by finding the angle between the local observation of

the fold axis (either intersection lineation or direct observation of the fold axis) and the local orientation

of the fold axis direction. This is plotted against the value of the y coordinate shown in Figure 4.5a. The

S-Variogram (Figure 4.5c) appears to have a range of approximately 6, 000m. There is insufficient data

to determine whether the range corresponds to the true half wavelength of the fold or only the sampling

extent. It does provide enough information for the weakly informative prior distribution for the wavelength

parameter of N(12000, 4000). The fold limb rotation angle (αL) is calculated using the local intersection

lineation between the observations and the fold frame z coordinate (Figure 4.5b). This calculation of αL

is used to define the prior distributions for the fold parameters. Two wavelengths are identified using the

S-Variogram (Figure 4.5d). The smaller wavelength results in regular periodicity in the S-Variogram and

the first maxima is found at 500m which correlates with a wavelength of 1, 000m. The next wavelength

is identified by the global maxima for the S-Variogram, in this case, 5, 500m and correlates with a fold

wavelength of 11, 000m (Figure 4.5d). Both the parasitic fold (λ1) and main folding (λ2) are represented

by normal priors where the mean is the wavelength identified by the S-Variogram and the standard devi-

ation is one third of the mean. All Fourier coefficients (for αL and αP) are represented by Gaussian prior

distributions N(0, 5).

The joint posterior distribution for the Fourier coefficients and wavelength are sampled using two Gaus-

sian likelihood functions where the standard deviations are represented by two separate hyperparameters.

The values of αL are calculated for each combination of parameters for the Fourier series representing αP.

The parameters are sampled using the MCMC sampler from PyMC2 with a total of 10, 000 iterations where

5, 000 are discarded for the burn in period.

The geological map (Figure 4.4) is inverted to find the joint posterior distribution for the fold geometry
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Figure 4.4: Synthetic topographical surface showing form lines representing bedding surface traces and location of orientation
data points sampled from the reference model.

parameters for 200 realisations (Figure 4.5e and f). Figure 4.6 shows a random subsample of these models

and the corresponding αP and αL curves. All models honour the structural style of the reference model

showing two large scale fold hinges with parasitic folds occurring on the limbs. It is difficult to quantify

the variability between models by visual inspection. Previous studies quantifying geological uncertainty

in model simulations have used variability between the observed stratigraphy at unique locations through-

out the model suite (Lindsay et al., 2012; Wellmann and Regenauer-Lieb, 2012; Wellmann et al., 2010).

Wellmann and Regenauer-Lieb (2012) use information entropy as a measure for variability in geological

model iterations. The idea is that the locations with more missing information have higher variability. In

their work, the information entropy was calculated on the stratigraphic unit occurrences. In this study, we

will adapt the concept of information entropy to the interpolated scalar field value because we are only

interested in the geometrical variability between model suites not limited to the resolution of the chosen

stratigraphy. Lindsay et al. (2012) increased the stratigraphic resolution by subdividing stratigraphic units.
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Figure 4.5: Fold geostatistics and Bayesian inference results for synthetic example. (a) S-Plot of αP and y coordinate. (b) S-Plot αL

and z coordinate. (c) S-Variogram of αP, dashed vertical line represents the location of λ
2 . (d) S-Variogram of αL, dashed vertical

lines represents the location of λN
2 . The fold profiles sampled from the joint posterior distribution are shown in (e) (αP) and (f)

(αL). Where P(M) is the probability of αL or αP for the fold frame coordinates.

Figure 4.6: Six randomly selected models from model suite of 200 realisations showing: (a) fold axis rotation angle profile, (b)
fold limb rotation profile, and (c) the resulting geological models.

Another method to identify regions of structural variability, e.g. location of fold hinges and the geom-

etry of the fold axis, is to compare the orientation of the interpolated surfaces between model suites. The

orientation variability can be defined as:

V =
1
N

N∑
i=1

cos (ni · nav) (4.2)

where V is the local variability value (in degrees), N is the total number of model iterations, ni is the local

orientation of the surface for model i and nav is the mean orientation of all interpolated surfaces for this

location in the model. The calculated value of V represents the standard deviation of the distribution of

orientations for the particular tetrahedron and as a result, is a good proxy for geological uncertainty. A

higher value for V indicates more structural uncertainty at that location in the model suite.
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Figure 4.7: Model variability for simulation of 200 models. (a) and (b) information entropy used as a proxy for model variability,
higher values indicates higher variability between models. (c) and (d) Angle variability between interpolated models

Figure 4.7a and b show the information entropy for the model volume and the reference model surfaces.

In Figure 4.7c and d the angle variability is used as a proxy for geological uncertainty. Both information

entropy and angle variability show an increase in geological uncertainty in the western region of the model.

The angle variability (Figure 4.7c) shows a periodical trend of high and low variability across the model

suite from east to west. The areas of high variability are associated with fold hinges in the reference model

with increasing variability where the wavelength of the main fold is not constrained. The regions of lowest

variability are associated with locations where there is a higher density of structural data. The locations

where the scalar field values are constrained by control points are evident in the circular features in Figure

4.7a.

Figure 4.8: Violin plot showing the PDF for the prior (red) and posterior (blue) distributions for the wavelength parameters.
Posterior distributions are estimated using a KDE for the wavelength parameters used to generate the 200 models from Figure 4.7

The regions of higher variability highlighted in Figure 4.7 can also be observed in Figure 4.5f where

there is more variability in the interpolated profiles between −4000 and 0 in the z coordinate, which corre-

lates to the western portion of the model. The geometry of the parasitic folds are well constrained in Figure

4.5f and Figure 4.8 where the posterior distribution has a relatively small standard deviation of 5m. The
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main fold wavelength is not as well defined and has a standard deviation of 300m. This variation in the

posterior for the larger wavelength is a major contribution to the variability increasing away from the main

data locations in the north east of the model.

In Figure 4.5e there is high variability between the fold axis rotation angle profiles. The range in

profiles can be up to 20◦. However, in the variability models (Figure 4.7) this is is not evident. A subtle

trend can be observed along the fold axes in the information entropy Figure 4.7a and in the eastern region

of the model in Figure 4.7c where the angle variability slightly increases in the north and south areas of the

model. There are three reasons why the fold axis rotation angle does not contribute to model variability as

significantly as the fold limb rotation angle: (1) In this model, the fold axis is only gently doubly plunging,

with a maximum of 50◦ of variation between observations compared to up to 100◦ for the fold limb rotation

angle; (2) in the western region of the model the contribution of the larger wavelength shifts the location of

parasitic fold hinges and may cause variations in the orientation of the folded surface of up to 100◦ and; (3)

the variation in fold axis is partially accounted for when the fold limb rotation angles are recalculated for

each iteration of the fold axis due to the joint inversion of both angles.

Figure 4.9: Comparison of model variability before and after adding additional data in the most variable location. (a): Information
entropy calculated on interpolated scalar field for 200 model iterations using data in Figure 4.4. (b) Information entropy calculated
on interpolated scalar field for 200 model iterations with additional data (c) Angle variability calculated on interpolated scalar
field for 200 model iterations using data in Figure 4.4. (d) Angle variability calculated on interpolated scalar field for 200 model
iterations with additional data. Outcrop locations are outlined in black and the additional outcrop location is outlined in red.

In Figure 4.7 the variability increases away from geological observations. The posterior distribution

for the larger wavelength fold has a significantly higher standard deviation compared with the smaller

parasitic fold posterior distribution. In order to reduce model variability, more data is needed to constrain

the wavelength of the main fold. Figure 4.9 shows a comparison between the variability models for the

original dataset (a and c) and a new model suite where additional orientation data has been sampled (b

and d). The orientation data constrains the geometry of an additional parasitic fold hinge at the location of

highest variability (indicated in Figure 4.9a,c). These additional orientation observations reduce the higher

variability trend in the western portion of the models. Most of the variability in the updated model suite is

associated with the location of the fold hinges and the geometry of the fold axis. The uncertainty associated
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with the main fold geometry has been significantly reduced. The standard deviation for the wavelength

posterior has been reduced by 68%. There are locations that exhibit localised high angle variability and

low information entropy. They are associated with the locations for value control points that are collocated

with the fold axis observations. This is because all model realisations are enforced to have very similar

scalar field values at these locations. Varying fold models are thus accounted for by significant orientation

variations at these locations. These are modeling artefacts resulting from the interpolation method. These

artefacts could be reduced if value constraints, that in a geological sense only identify the stratigraphic

unit and not the distance from contact locations, are implemented as inequality constraints (Frank et al.,

2007; Hillier et al., 2014) or by using the iterative methods proposed by Collon et al. (2016). Inequality

constraints define boundary values (e.g. the range for a particular stratigraphic unit) to the model instead of

forcing a scalar field value at that location. This would result in less significant variability in the interpolated

geometries.

4.5 Discussion

In this contribution, we have framed geological modeling as an inverse problem and demonstrated that

using the appropriate geometrical description of geological structures it is possible to invert geological data

for 3D geometry. Grose et al. (2017a) use the wavelength parameter estimated from the S-Variogram as

a fixed constraint for the fold wavelength and solve the Fourier coefficients using least squares regression.

The quality of the resulting fold profiles is dependent on the wavelength estimated from the S-Variogram.

In some cases, it may not be possible to exactly pick the fold wavelength from the S-Variogram, resulting

in a poor fit and/or unlikely model geometries. For example, in the parasitic non-cylindrical fold model

(Figure 4.8) the mean of the prior distribution is the estimated wavelength using the S-Variogram. Where

the wavelength is well characterised by the structural observations, the estimated mean and the mean of

the posterior distribution are very close. Where the folds are not as well characterised by the data, e.g. the

larger wavelength fold, the estimated mean is outside of one standard deviation from the posterior mean.

This suggests that the wavelength estimated from the S-Variogram is not the best representation of that fold.

The posterior in this example (Figure 4.8) has a large standard deviation suggesting that the data does not

contain enough information to define a single wavelength value. If only a single model is produced and no

uncertainty is associated with the different geometrical attributes, it would be difficult to predict the location

and type of data that should be collected to reduce model uncertainty. When the posterior distribution for

the fold geometries is sampled it is much easier to isolate the particular aspects of the fold geometry that are

uncertain (e.g. in the synthetic case study more data constraining the large wavelength fold reduced model

uncertainty).

The choice of prior distributions controls the search area (in parameter space) where parameter esti-

mates can be drawn from. If the prior distributions are too restrictive then the resulting parameter estimates

may not be able to represent the data. If the priors are too broad then the sampler may require a large num-

ber of iterations or may not converge. The choice of prior distributions is an important aspect of Bayesian

statistics. In this study, we have chosen to use weakly informative prior distributions that are based on,

where possible, empirical estimates for the parameter values from the geological data. While the chosen

prior distributions are quite broad they allow for the model to be supported by data. However, in some

cases, there may not be enough data for the joint posterior distribution to converge. There may be addi-
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tional information that cannot be directly incorporated into the model using standard observations, such as

fold wavelengths from outside of the map area, from geophysical data sets, or geological knowledge. In

these cases, the relevant prior distributions could be made to be more informative. An alternative approach

would be to incorporate these additional observations using an additional likelihood function. For example,

de la Varga and Wellmann (2016) use multiple likelihood functions to incorporate additional geological

knowledge such as fault offset and layer thickness that cannot normally be incorporated into the geological

modeling system.

Most case studies where 3D models have been used to investigate geological phenomena have not

incorporated parasitic folding into either the construction or the geometry of the geological model (e.g.

Basson et al., 2016; Maxelon et al., 2009; Vollgger et al., 2015). This is mainly because using a standard

modeling workflow the geometry of these folds would need to be defined manually by the user gleaned

from either interpretive cross sections or synthetic data to constrain the resulting geometries. This process

would be time consuming, subjective and probably not aid in interpreting the geology. Generally, parasitic

folds do not significantly affect the resulting large scale 3D geometries and are ignored during modeling.

This approach is not consistent with field studies where parasitic folds are often used by the structural

geologists to understand larger scale fold geometries and overprinting relationships (e.g. Armit et al., 2012;

Basson et al., 2016; Forbes and Betts, 2004; Tian et al., 2016). Another consideration is that parasitic

folds will affect the spatial correlation between structural observations (e.g. if structural data is collected

from opposing limbs of a parasitic fold, out of context, this information may misinform the large scale

model). Inverting structural data it is possible to identify both the larger scale geometry and the parasitic

fold geometry as demonstrated in Figure 4.3. This means that models can be created that extrapolate

the geometry of parasitic folds even where structural observations have not been recorded. An alternative

approach would be to remove the parasitic folds from the model by identifying which structural observations

are associated with the short limb and hinges of parasitic folds. Both of these approaches incorporate the

information provided by the parasitic folds into the resulting model description.

A focus for geological modeling research has been in accounting for uncertainties in geological models

(e.g. Cherpeau et al., 2010a, 2012; de la Varga and Wellmann, 2016; Jessell et al., 2010; Lindsay et al.,

2012, 2013b; Suzuki et al., 2008; Thiele et al., 2016b; Wellmann and Regenauer-Lieb, 2012; Wellmann

et al., 2010). In these studies, multiple realisations of the geological model is generated by perturbing the

original structural data set or existing model geometry. These studies have had two main caveats: (1) the

difficulty for structural interpolation methods to generate realistic geological models from an input dataset

particularly in polydeformed terranes (Jessell et al., 2014), and (2) the uncertainty has only been considered

associated with the structural observations rather than being associated with the interpolation method (Aug

et al., 2005). To overcome the first caveat the geologist has been forced to constrain areas of the models

using interpretive constraints (Caumon et al., 2009) that can be subjective and can introduce additional

human bias (Bond et al., 2007a). In previous methods, most of the simulated structural uncertainty has been

associated with fault geometries (e.g. de la Varga and Wellmann, 2016; Lindsay et al., 2012; Wellmann

and Regenauer-Lieb, 2012; Wellmann et al., 2010). Folds have typically been difficult to model using

implicit approaches because the interpolation algorithms generally fit the smoothest surface to the resulting

model and folds generally create regular patterns of localised curvature variation. For this reason when the

structural observations are perturbed (de la Varga and Wellmann, 2016; Lindsay et al., 2012; Wellmann and

Regenauer-Lieb, 2012; Wellmann et al., 2010) the interpolation algorithm will in most cases smooth the
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introduced perturbations and the resulting model variability will not reflect the uncertainty in the geological

structures. We have presented a method for simulating structural uncertainty where no assumptions about

the representivity of the data is needed. The misfit between the model and the observations is incorporated

into the probabilistic framework using the uninformative prior distribution. This results in the variability

between inversion realisations being closely related to the geometry of the structures (e.g. Figure 4.7). In

contrast, if uncertainty is simulated by perturbing the structural data and the same interpolation is used the

resulting models will have increased uncertainty only in the locations where the model is constrained.

4.6 Conclusion

In this contribution, a new method for inverting geological data for fold geometries is presented. Folds

are represented using the Fourier series description of fold geometry introduced in Grose et al. (2017a)

and the fold modeling framework of Laurent et al. (2016). The probabilistic representation of the fold

geometry offers improvements in finding the best fit fold geometry for a structural dataset, a new approach

to simulating structural uncertainty without perturbing structural observations and can help target locations

for additional data collection. Variability in the interpolated models is compared using information entropy

on the resulting scalar field as well as a new metric to classify the geometrical variability between models.

The combination of a local quantification of model uncertainty and the posterior distributions for the fold

geometry parameters can be used to reduce overall model variability. In a synthetic case study, the model

variability is reduced by up to 60% after adding data characterising a single parasitic fold hinge. These

methods could be incorporated into geological exploration where the highest variability locations can be

used as target locations for further data collection (e.g. field mapping and/or drilling).
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5.1. INTRODUCTION

Abstract

The process of building three dimensional (3D) geological models can be framed as an inverse problem

where a model describing the 3D distribution of rock units is non-uniquely derived from geological obser-

vations. The inverse problem theory provides a powerful framework for inferring these parameters from all

geological observations, in a similar way to how a geologist can iteratively update their structural interpreta-

tion while mapping. A priori geological knowledge is usually indirectly incorporated into 3D models using

the geologist’s non-unique interpretation as form lines, cross sections and level maps. These approaches

treat constraints derived from geological knowledge in the same way as direct observations, diluting and

confusing both information provided by geological knowledge and hard data resulting in significant sub-

jectivity. We present a geological inversion using Bayesian inference where geological knowledge can be

incorporated directly into the interpolation scheme with likelihood functions and informative prior distri-

butions. The combined inversion of geological data and geological knowledge significantly reduces the

uncertainty in the interpolated geometries. We demonstrate these approaches on a series of synthetic 1D

fold shapes as a proof of concept and a case study from the Proterozoic Davenport Province in the Northern

Territory, Australia. The combined inversion of geological data and knowledge significantly reduces the

range in possible fold geometries where data is sparse or highly ambiguous. This could be used by geolo-

gists while mapping to propagate information about uncertainties throughout the mapping/model building

process. It would allow for different structural interpretations to be rapidly tested while mapping for tar-

geted data collection.

5.1 Introduction

Building three dimensional (3D) geological models is a complicated task requiring an assimilation of avail-

able datasets, prior geological interpretation, and geological knowledge. Recent developments in 3D mod-

eling algorithms and techniques (Calcagno et al., 2008; Caumon et al., 2013; Cowan et al., 2003; Grose

et al., 2017a,b; Hillier et al., 2013, 2014; Laurent et al., 2016; Massiot and Caumon, 2010) have signif-

icantly improved how direct observations can be used to constrain surface geometries. The process of

creating 3D geological models can be framed as an inverse problem where the aim is to infer parameter val-

ues for the interpolation algorithm given geological observations (Grose et al., 2017b). Geological models,

and as a result, geological inversions are usually under constrained. However, there are often geological

rules and additional geological knowledge that is not directly incorporated into the interpolation schemes

(Jessell et al., 2014, 2010).

A priori geological knowledge is usually indirectly incorporated into 3D models using subjective form

lines, cross sections and level maps (Jessell et al., 2014, 2010). Usually these interpretive constraints are

defined by the geologist summarising available observations and geological knowledge. The geologist’s

interpretation is highly subjective, and will result in a single non-unique solution to a complex problem

(Jones et al., 2004). This is problematic because the interpolation algorithms used for implicit modeling

treat these interpretive constraints in the same way as direct observations, which can dilute the information

provided by geological knowledge and can be a significant source of subjectivity. The geological knowledge

used by the geologist to guide their interpretation needs to be incorporated into the geological inversion

schemes, allowing for the range in possible solutions to be explored.

A new framework for modeling folded surfaces has significantly improved the incorporation of struc-
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tural geology concepts (Grose et al., 2017a,b; Laurent et al., 2016). Using these developments, structural

modeling can be framed as an inverse problem, and structural data can be inverted for fold geometries

(Grose et al., 2017b). This approach uses Bayesian inference to sample from the joint posterior distribution

of the parameters representing the geometry of the fold axis and the fold shape for structural data.

The description of an inverse problem using Bayesian inference can be easily generalised to incorporate

a diverse range of observation types (Malinverno and Parker, 2006). In this contribution, we incorporate ge-

ological knowledge into the inversion framework using a combination of informative prior distributions and

additional geological likelihood functions. The addition of geological knowledge significantly reduces the

variability in interpolated model geometries where the direct observations are sparse or highly ambiguous.

We present proof of concept 1D synthetic examples to demonstrate the application of these new likelihood

functions to known examples, and a 3D case study from the Davenport Province in the Northern Territory,

Australia.

5.2 Geological knowledge and interpretation

Geologists use visual features in an outcrop to define geological observations (Frodeman, 1995; Rudwick,

1976). These characteristics and patterns in the rocks by themselves do not provide any geological in-

formation, and it is only by correlating between outcrops and applying geological rules that they can be

related to geological features such as fault planes, tectonic cleavages, or stratigraphic horizons. Frodeman

(1995) argues that the process of geological reasoning defines geosciences as an interpretive and historical

science, highlighting the role of interpretation, synthesis, and broader knowledge when constructing and

testing hypotheses, and the iterative nature of this process. Most geological observations are made in the

context of the outcrop or the regional structure and these observations are then used to update understanding

of the outcrop, deformational history, and/or regional structures. An example of this is seen when making

a geological map the geologist usually builds their interpretation while mapping and uses this knowledge

to guide further interpretations. This can be subjective and is a significant source of uncertainty as it is

difficult to separate observations from interpretation (Jones et al., 2004). It also means that when creating

a map, geologist’s generally only record their favoured interpretation and not the range of possible inter-

pretation. The geologist’s interpretation is usually guided by geological knowledge to interpolate between

direct observations. Geological knowledge includes observations that describe the geometry of a surface

but do not locally constrain the geometry of that surface. They may not necessarily have an associated lo-

cation and could be a combination of guesswork, intuition and ‘gut feeling’ (Jones et al., 2004). Geological

knowledge is updated by combining observations and geological rules, for example, using observations of

one structure to infer the geometry of another or by visualising the geometries that could be physically pos-

sible. Folds are often described using: hinge geometry, tightness, wavelength, amplitude, symmetry, and

structural vergence. These descriptive terms are difficult to turn into a systematic criterion for modeling.

In summary, the interpretation process is highly subjective and will result in a single non unique solution

to a complex problem (Jones et al., 2004). It has been suggested (Jones et al., 2004), that an interpolation

algorithm capable of incorporating indirect geological observations would provide a way of propagating

not only the uncertainty associated with each observation but also the uncertainties associated with the

interpretation.

80



5.3. STRUCTURAL MODELING OF FOLDS AS AN INVERSE PROBLEM

5.3 Structural modeling of folds as an inverse problem

Recent developments in implicit modeling techniques and statistical methods for characterising fold geome-

tries have significantly improved the use of geological observations for modeling folded surfaces (Grose

et al., 2017a,b; Laurent et al., 2016). These methods have incorporated the fundamental concepts from

structural geology into implicit modeling schemes. A curvilinear coordinate system is defined to charac-

terise the structural elements of the fold with three coordinates represented by 3D scalar fields x, y and z.

Three direction vectors (ex, ey and ez) are defined by the normalised gradient of the scalar fields representing

the fold frame coordinates (Laurent et al., 2016). The z coordinate is interpolated so that ez is orthogonal to

the axial foliation and the isosurfaces of z are parallel with the axial surface of the fold. The y coordinate

is interpolated so that y measures the distance along the axial surface of the fold and ey represents the trend

of the fold axis. For similar folds, the geometry of the fold is the same for conformable layers and x does

not need to be interpolated. The orientation of the folded surface is defined by rotating the direction of

the y coordinate (ey) by the fold axis rotation angle (αP) around ez. The resulting direction will be the

local orientation of the fold axis. The orientation of the folded surface is defined by rotating the fold frame

around the fold axis by the fold limb rotation angle (αL).

Using this scheme, fold geometries can be represented by two 1D curves that respectively capture

the geometry of the fold axis in the axial surface and the fold shape looking along the fold axis. Grose

et al. (2017a) calculate the fold rotation angles directly from structural observations and use the fold frame

coordinates to extract the different elements of the fold geometry. The S-Plot, is a cross plot of either fold

rotation angle and the associated fold frame coordinate, e.g. αP is plotted against y and αL against z. A

sample semi-variogram (S-Variogram) also calculated on either fold rotation angle using the associated

fold frame coordinate can be used to automatically identify the wavelength of folding (Grose et al., 2017a).

The geometry of the fold can then be represented using two 1D Fourier series one representing αP for the y

coordinate values and another representing αL for z values. Grose et al. (2017b) use these 1D functions as

the forward model for a geological inversion where the fold rotation angles calculated from observations are

used to falsify possible fold geometries. The unknown parameters relate to the Fourier series coefficients,

fold wavelengths and a misfit parameter for each rotation angle.

There are two different approaches to solving inverse problems: The Frequentist approach uses ob-

servations to directly infer the model parameters, and the Bayesian approach uses observations to modify

existing understanding of the model parameters (Tarantola, 2006). As described in Grose et al. (2017b),

Bayesian inference is used to sample from the joint posterior distribution of the fold parameters representing

the fold axis and fold shape. The probability of possible parameters representing the fold geometry can be

updated using a likelihood function that evaluates the probability of the observations (D) given the current

parameter values (θ). This can be determined using Bayes’ theorem where the joint posterior distribution

of the parameters P(θ | D) can be updated using the likelihood P(D | θ) of the data given the parameters, the

prior probability of the parameters P(θ) and the probability of the data P(D):

P(θ | D) =
P(D | θ) · P(θ)

P(D)
(5.1)

P(D) is constant for all parameter values and means the joint posterior is proportional to the likelihood

multiplied by the prior distributions. The joint posterior distribution can be sampled from using numer-
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ical techniques; in this contribution, we use a Markov Chain Monte Carlo (MCMC) sampler using the

Metropolis-Hastings algorithm implemented in PyMC2 (Patil et al., 2010).

The prior distribution of the parameters P(θ) represent prior knowledge of parameter values. Grose

et al. (2017b) use weakly informative priors that allow for the range of physically possible fold geometries

to be modeled. The calculated fold limb rotation angle for structural data depends on the current orienta-

tion of the fold axis (Grose et al., 2017a). This means that the likelihood function P(D | θ) has two parts,

one to represent the probability of the observed fold axis rotation angle values given the parameter values

and another part represents the probability of the observed fold limb rotation angle values given the pa-

rameter values for both Fourier series. Within this framework, the uncertainty in the observations can be

incorporated into the description of the fold geometry representing the misfit between the model and the

observations using an uninformative prior distribution, Jeffrey’s prior (Sivia, 1996). This means that no

assumptions about the inherent uncertainty of the data are required, and a range of possible interpretations

can be created from available structural data.

This approach (Grose et al., 2017b) primarily considers direct structural observations and does not

provide a framework for incorporating geological knowledge into the inversion. In the following section,

we extend the method using additional likelihood functions and informative prior distributions that allow

geological knowledge to be incorporated into the geological inversion.

5.4 Adding geological knowledge to the geological inversion

Figure 5.1: 3D fold sketch showing knowledge likelihood. A: 3D fold sketch with two vergence constraints and an axial trace
likelihood. B: Fold shape for the fold in (A) showing fold tightness, vergence constraints and axial trace location. C: S-Plot
showing the vergence constraints enforcing the sign of the rotation angle, tightness constraints, enforcing the range in rotation
angle and axial trace location. The colour shading for the tightness and axial trace indicates the fuzzy nature of these constraints.

The inversion of geological observations can be easily generalised using Bayesian inference to incor-

porate a diverse range of observations for solving the inverse problem (Malinverno and Parker, 2006). For

example, fault offset, and stratigraphic unit thickness can be incorporated into geological modeling using

standard implicit schemes (de la Varga and Wellmann, 2016; Wellmann et al., 2017). This approach uses

geological data as the parameters for the inverse problem and uses geological knowledge to falsify the
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Table 5.1: Fold tightness descriptive terms and interlimb angle

Descriptive terms Interlimb angle Likelihood N(µ,σ)
gentle 180◦ − 120◦ 30◦, 30◦

open 120◦ − 70◦ 85◦, 25◦

close 70◦ − 30◦ 130◦, 20◦

tight 30◦ − 0◦ 165◦, 15◦

isoclinal 0◦ 180◦ , 10◦

resulting models. We propose using geological likelihood functions describing geological knowledge of

folded surfaces into the fold modeling framework (Grose et al., 2017a,b; Laurent et al., 2016).

5.4.1 Fold tightness

Fold tightness can be quantified by measuring the interlimb angle for folds (e.g. ω in Fig. 5.1B). Generally,

instead of measuring the fold interlimb angle the fold tightness is described using the terms recommended

by Fleuty (1964). These terms each cover a small range of interlimb angles and are common nomenclature

used by structural geologists when describing the shape of the fold looking down plunge. A similar measure

termed hinge angle (Bastida et al., 2005; Williams and Chapman, 1979) can be used perpendicular to the

fold axial surface to describe the degree of variation of the fold axis. The expected range of fold rotation

angle can be calculated for the interlimb/hinge angle (ω) as ∆αL,P = 180 − ω.

Table 5.1 contains the different descriptive terms recommended by Fleuty (1964) and the associated

range in fold tightness. These descriptive terms can be incorporated into the fold modeling framework using

normal likelihood functions. The likelihood function parameters are listed in Table 5.1 and are defined so

that the range of possible fold rotation angle for the descriptive term is within one standard deviation of the

mean. The likelihood function can either be implemented for defined domains within the model or can be

implemented as a global value. In the first case, the median value of the fold rotation angle is calculated

for the fold frame coordinates defining the domain. In the second example, the median value is calculated

for a complete wavelength of the largest fold which will be representative of the whole model area. The

calculated median value is then used in the normal likelihood function given the associated parameters in

Table 5.1.

5.4.2 Fold vergence

Structural vergence can be obtained by finding the acute angle between two consecutive foliations. Ver-

gence is the direction to rotate the younger foliation towards the older foliation and indicates the direction

towards the nearest antiform (Bell, 1981). Vergence provides the structural geologist with information re-

lated to the location of fold closures that may not be visible due to outcrop limitations. Vergence can also

be calculated from the asymmetry of parasitic folds where the long limb of the fold indicates the vergence

direction. A similar concept can be applied to the fold axis to determine the fold plunge. This has been

named fold hinge-line vergence and is defined by asymmetric variations of the intersection lineation in the

foliation plane (Alsop and Holdsworth, 1999). Although this is not commonly observed or recorded the

geologist often has some additional knowledge about the plunge of the fold axis that could be used to infer

the hinge-line vergence.

Structural vergence and fold hinge-line vergence can be used to determine the relative sign of the fold
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rotation angles. Fig. 5.1A and B show two vergence observations on a schematic 3D fold (A) and the fold

shape in the fold frame coordinates (B). When plotted on the S-Plot (Fig. 5.1C) the vergence constraints

indicate that the sign of the rotation angle should be negative at z = −75 and positive at z = −25. This can

be included in the inversion scheme using a likelihood function that assesses the sign of the rotation angle.

We use a discrete probability density function where the probability of a consistent vergence constraint

(v = [−1, 1]) is given by:

P
(
S ign

(
αL,P

)
= v

)
= p (5.2)

where p is the probability of the current combination of parameters being consistent with the vergence

observations. We suggest that p < 1, because if p = 1 the probability of a conflicting constraint is 0 and

therefore it is not possible for these constraints to not be honoured by the sampler.

5.4.3 Fold symmetry/asymmetry

When mapping, geologists will often be able to observe whether folds are symmetrical or asymmetrical.

Fig. 5.2A shows a symmetrical fold shape and (B) an asymmetrical fold shape. In Fig. 5.2C the fold rotation

angle curve for the folds in (A) and (B) are plotted. The symmetrical fold (blue curve) has a median value

of 0◦ represented by the horizontal blue line. The asymmetrical fold (green curve) has been vertically

shifted on the S-Plot and has a median fold rotation value of 40◦ shown by the horizontal green line. Fold

asymmetry and tightness both describe the fold shape and are not independent (Hudleston, 1973). The

median value of the fold rotation angle depends on the tightness of the fold and the degree of asymmetry. A

gentle fold that is highly asymmetrical would have a similar median value to a tight fold that is only gently

asymmetrical. The tightness and asymmetry can be separated by finding the ratio between the absolute

value of the median and range of the fold rotation angle for the current model parameters. This is shown in

Fig. 5.2 where the asymmetry is shown as the absolute value of the median fold rotation angle value divided

by the range of the fold rotation angle values for the curve (e.g. blue and green vertical lines in Fig. 5.2C).

Figure 5.2: Fold asymmetry likelihood. A: Symmetrical fold shape B: Asymmetrical fold shape C: S-Plot showing fold rotation
angle for the fold in (A) and (B). ∆α and Md(α) is shown for both fold rotation angle curves.

This measure of asymmetry can then be incorporated using a normal distribution as the likelihood

function assessing this ratio. When mapping, the degree of asymmetry is usually not recorded and generally
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folds are described as either symmetrical or asymmetrical. For this reason, we propose having a likelihood

function for symmetrical folds using a normal distribution with a mean of 0 and a standard deviation of 0.1.

For asymmetrical folds, a normal distribution with a mean of 0.5 and standard deviation of 0.2 covers the

range of expected fold shapes. However, these parameters can be changed or other likelihoods functions

used if the geologist has more specific knowledge about the fold asymmetry. In theory, the asymmetry ratio

could be calculated from outcrop observations of smaller scale asymmetrical folds however this would need

to be validated on natural folds.

5.4.4 Fold wavelength

In some cases, the data may not capture the full wavelength of the main fold geometry. For example, out-

crops may only constrain the geometry of a single limb of the fold or only sample a single hinge without

crossing the point of inflections. In these cases, the geologist could incorporate additional information into

the geological inversion, where the wavelength could be constrained by wavelength values from surround-

ing areas or the wavelength could be constrained from other data such as interpretation of magnetic or

gravity potential field datasets. The prior distribution can either be defined by a standard PDF where the

distribution parameters are specified by the geomodeler (e.g. for a Gaussian distribution: mean and standard

deviation), or by estimating the PDF from samples (e.g. wavelength of folds from outside of the model area

associated with the same deformation event) using Kernel Density Estimation (KDE).

5.4.5 Interpretations: form lines and axial traces

Form lines represent the trace of a foliation on the map surface and can either represent a direct observation

of a geological feature or a combination of observation, interpretation and geological experience. Generally,

there is no explicit 3D information recorded with the form lines, but it is possible to calculate the fold

limb rotation angle for form lines using the geometrical relationship between the fold axis and the folded

foliation. The orientation of the folded geological surface is orthogonal to both the tangent of the form line

and the fold axis and can be calculated by finding the vector product between the two normalised vectors

representing fold axis and the tangent to form line. The fold rotation angle can then be calculated for

orientation measurements as detailed in Grose et al. (2017a). This knowledge can be incorporated into the

geological inversion in the same way as orientation observations using a Gaussian likelihood function with

an uninformative hyperparameter (Jeffrey’s prior) representing the misfit between the observation and the

model (Grose et al., 2017b).

Fold axial traces represent the location of fold hinges and could be incorporated as additional data

points constraining the fold rotation angle to be 0◦ at that location. However, this approach does not

capture the uncertainty associated with what these observations represent. A fold hinge has a fold limb

rotation of 0◦ and the uncertainty is associated with location of the fold hinge. The true meaning of these

observations can be incorporated in the geological inversion using a separate likelihood function assessing

the location of the closest fold hinge associated with the fold parameters. The likelihood is calculated using

a Gaussian distribution where the mean is the axial trace fold frame coordinate value and the standard

deviation is represented by Jeffrey’s prior. If two fold hinges are within half of the wavelength of the axial

trace constraint this is geologically unlikely and returns a minimum probability.
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5.4.6 Data polarity and younging

Structural observations generally represent the unsigned orientation of the structural feature. For example,

bedding observations represent the surface trend of lithological contacts, and foliation observations repre-

sent the orientation of the axial foliation at a location, however, the surface normal (younging direction) can

also be recorded. There is no equivalent to younging directions for foliations and the normal to the surface

cannot be related back to any observable structural information. The polarity of the observations can be

adjusted by the geologist to give the most reasonable fold geometry, in most cases, this is adequate however

it does introduce some additional subjectivity into the model building process. It is possible to incorporate

this into the geological inversion by modifying the Fourier series model.

The fold rotation angles (α̂) can be corrected using a factor ji that follows a discrete uniform distribution

with possible values of [−1, 1]:

α̂∗ = α̂ · ji (5.3)

This approach allows for data to be corrected using an objective function integrated into the geological

inversion, reducing the potential for uncertainty and bias to be introduced into the modeling during data

correction and outlier identification.

5.5 Results

5.5.1 1D proof of concept examples

In Fig. 5.3 the reference fold is a parasitic fold train that is only sampled in a single limb of the main

fold. In this example, there is only a quarter wavelength of the main fold that is captured in the data and

the main fold wavelength cannot be identified using the S-Variogram (Fig. 5.3C). The geological inversion

captures the main high-frequency features in the S-Plot associated with the parasitic folds but does not

capture the main fold wavelength (Fig. 5.3E). The interpolated fold geometry using the fold constraints

with only a single wavelength prior (Fig. 5.3D) is unsatisfactory and only captures the smaller parasitic

folds. While the resulting 3D model may fit the structural observations, it would not fit the geologist’s

interpretation (which may be based on geological knowledge). Additional prior knowledge of the main

fold wavelength can be incorporated using an informed prior distribution. For example, in Fig. 5.3G, H

geological knowledge is incorporated using a prior distribution for an additional wavelength with a mean

of 180m (an overestimation of the true fold wavelength) and standard deviation of 60m. The posterior

distribution of the main fold wavelength is slightly overestimated and the variability increases away from

the structural observations. This could be reduced by using a more informative (smaller standard deviation)

prior distribution. The inversion results also show an asymmetry in the main fold that is not seen in the

reference model. The asymmetry of the large fold could be corrected using a fold symmetry likelihood

function if geological knowledge suggests that the folding is symmetrical.

Fig. 5.4 contains 1D examples using the different geological likelihood functions. The reference fold

is a sinusoidal curve with a wavelength of 150m and two data points are used. In all examples, the S-Plot

curve for the reference fold is shown by the solid blue line in the plots on the left, with the data points

(black circles) and the geological knowledge likelihood functions. The fold wavelength is constrained by

an informed prior distribution with a mean of 150m and standard deviation of 50m. In the first example

(Fig. 5.4A1), geological knowledge is used to constrain the location of the fold hinges. The axial trace
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Figure 5.3: 1D parasitic fold shape with observations from a single fold limb: A: Reference parasitic fold shape sampled from
only one fold limb. B: S-Plot showing reference fold rotation angle and sample locations. C: S-Variogram where only one fold
wavelength is identified. D: Interpolated fold shape using only the single identified wavelength. E: Interpolated fold rotation
angle. F: Violin plot showing wavelength prior and posterior distributions for (D) and (E). G: Interpolated fold shape using prior
knowledge about larger wavelength folding. H: Interpolated fold rotation angle using prior knowledge about larger wavelength
folding. I: Violin plot showing the prior and posterior distributions for the two fold wavelengths. Prior distribution for λ2 represents
additional geological knowledge.

locations (red dots) have been intentionally offset from the true fold hinge location to simulate possible

uncertainties. Fig. 5.4A2 shows the resulting fold rotation angle curves when only knowledge about the

axial trace location and the fold symmetry are included in the inversion. There is a large range in the

sampled fold geometries with significant variability in the tightness of the folds (seen in the range of the

fold rotation angle for the inversion). This can be addressed by including additional knowledge about the

fold tightness in the inversion and results in a more concentrated posterior distribution (Fig. 5.4A3). In

both of these examples, there is enough information in the two orientation observations to constrain the

type of observed fold hinge (i.e. the slope of the S-Plot curve determines if the fold hinge is synformal

or antiformal). However, if these points were closer together, the folding less tight or no observations

available the interpolated geometry should have an equal probability for synformal or antiformal hinges.

In most practical cases, axial trace data usually contains some information about whether the fold hinge is

synformal or antiformal and this could be included using vergence constraints.

In Fig. 5.4B1 structural vergence is known in five locations within the model area, shown by the arrows

indicating the sign of the fold rotation angle. The inversion in Fig. 5.4B2 only uses structural vergence

and fold symmetry knowledge. The resulting fold shapes have a similar wavelength as the reference model
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Figure 5.4: Synthetic 1D examples demonstrating different geological knowledge likelihood functions. A1: Reference S-Plot
showing axial trace locations (red dots) and two surface orientation constraints (black dots). A2: Simulated fold rotation angles
using data, axial trace, and asymmetry likelihoods. A3: Using the same constraints as (A2) and interlimb angle likelihood. B1:
Reference S-Plot showing vergence observation location (black arrows) and two surface orientation constraints (black dots). B2:
Simulated fold rotation angles using data, vergence and asymmetry likelihoods. B3: Using the same constraints as (B2) and
interlimb angle likelihood. C1: Reference S-Plot showing axial trace location (red dots), vergence constraints black arrows and
two surface orientation constraints (black dots). C2: Simulated fold rotation angles using data, axial trace, vergence and asymmetry
likelihoods. C3: Using the same constraints as (C2) and interlimb angle likelihood.

with some variability in the hinge locations particularly away from the data locations (e.g. z > 200). There

is a wide range of fold tightness with folds ranging from close to isoclinal. When additional knowledge

is used to constrain the fold tightness, the variability in the hinge locations is reduced (Fig. 5.4B3). The

inversion results show a wavelength that is underestimated in comparison to the reference model, however,

the inversion results are consistent with the geological knowledge. Additional knowledge constraining the

wavelength of the folds or the location of fold hinges could be included to reduce this variability.

In Fig. 5.4C1 there are two vergence observations near the data points and an axial trace observation

near the fold hinge where z > 250m. There are three fold hinges that are not captured by the geological

knowledge or observations. Fig. 5.4C2 shows the resulting inversion where no knowledge about fold tight-

ness is included. The inversion results show that the fold geometry is not well constrained using only this

geological knowledge. The fold tightness contributes significantly to the variability with fold geometries

ranging from open to close. In Fig. 5.4C3 the additional knowledge of the fold tightness significantly re-

duces the variability in the fold geometries. The fold tightness constraint not only reduces the range of the

interpolated fold tightness but also makes the resulting fold wavelength more consistent to the reference
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model. This indicates that knowledge related to the fold tightness is very important in constraining the

resulting geometries.

Figure 5.5: A: Reference fold shape of a sinusoidal fold with inconsistent polarity shown by the direction of the arrows located at
the observations. B: Fold rotation angle reference curve and the calculated rotation angle showing the effect of polarity on the sign
of the calculated rotation angle. C: S-Variogram showing a high nugget effect due to the incorrect polarity for 7 observations. The
dashed line indicates the estimated fold wavelength. D: Interpolated fold shape without polarity correction. E: Interpolated fold
rotation curve without polarity correction. F: Violin plot showing wavelength prior and posterior for (D) and (E). G: Interpolated
fold shape showing corrected polarity using Eq. (5.3), observation polarity has been corrected. H: Interpolated fold rotation curve
using Eq. (5.3), dashed lines show the data points that have been corrected and the black dots indicate the corrected fold rotation
values. I: Violin plot showing the wavelength prior and posterior distributions for (G) and (H).

In all of the previous examples, the polarity of the orientation data has been consistent, in Fig. 5.5

the polarity of 35% of the data has been reversed. This is indicated by the direction of the arrows in

Fig. 5.5A. The observations with reversed polarity do not fall on the reference curve for the fold rotation

angle (Fig. 5.5B). The wavelength of the fold is usually estimated by finding the local maximum of the

S-Variogram (Grose et al., 2017a,b). In this example, the S-Variogram has a large nugget effect which

suggests that there is low correlation between close data points Fig. 5.5C). This is because the sign of the

calculated fold rotation angle changes with the polarity meaning that the correlation between two data points

with inconsistent polarity would be low. In this case, the wavelength was able to be estimated to be ∼ 160m,

in some cases, for example where too many data points have inconsistent polarity it may not be possible

to use the S-Variogram to estimate the wavelength. In these cases, the wavelength could either be defined

using geological knowledge using an informative prior or the S-Variogram could be calculated using the

absolute value of the fold rotation angle. When the absolute value of the fold rotation angle is used, the local

89



CHAPTER 5. INVERSION OF GEOLOGICAL DATA AND KNOWLEDGE

maximum would correlate with the quarter wavelength of the fold. Fig. 5.5D and E show the interpolated

fold shape and fold rotation angles where the polarity is assumed to be correct. The posterior distribution of

the wavelength is consistent with the reference geometry (150m). However, there is significant variability

associated with the fold geometry. When the polarity is incorporated into the inversion using Eq. (5.3) all

of the observations with incorrect polarity are identified and the interpolated fold shape and fold profile

(Fig. 5.5G, H) match the reference model.

5.5.2 Case study: Davenport Province

In the final example, we demonstrate an inversion of geological observations and knowledge using a case

study from the Davenport Province, a poly-deformed fold belt in the Northern Territory, Australia. It is a

well exposed Proterozoic terrain where mainly sedimentary packages have been folded to form a Type 1

interference pattern during the Barramundi Orogeny (Blake and Page, 1988). Fig. 5.6A shows the location

of the Davenport Province, in Northern Australia and a simplified geological map showing the main fold

axial traces and stratigraphic units.

The model area (Fig. 5.6B) contains three major north west- south east trending doubly plunging folds:

the Devils Marbles anticline (north), Curtis syncline and the Ridgewall anticline (south). The structural

observations have been digitized from the publicly available Bonney Well map sheet. The folds have a

half wavelength of approximately 7km and can be clearly seen in the aerial imagery (Fig. 5.6B). Only

the orientation of bedding has been recorded and there are no direct observations of the fold axis or axial

foliations. The associated cross section suggests that the folding is upright and we use this interpretation to

constrain the geometry of the axial foliation with the interpreted axial trace locations.

The orientation of the axial foliation has not been recorded, this means that an appropriate assumption

is to describe the observed fold geometry as a Type 1 interference pattern as suggested by Blake and Page

(1988). Type 1 fold interference patterns can be represented with a single fold frame where the z coordinate

is aligned at best with the axial traces of the north west-south east folds and the y coordinate is interpolated

to align with the axial trace of the north east-south west folds. If two fold frames were to be used, the z

and y coordinates for the two folding events would be close to parallel. This does make the assumption

that the axial surface of the older fold is not folded by the younger folding event. The interpolated scalar

fields for the fold frame y and z coordinates are shown in Fig. 5.7. We use the assumption that the folding

is similar class meaning that the x coordinate does not need to be interpolated. To constrain the orientation

of the fold axis Grose et al. (2017a) use the intersection of the z coordinate isosurfaces and orientation of

the folded foliation. However, because the fold frame has not been constrained with field observations this

technique results in the calculated fold axis rotation angle being very inconsistent (Fig. 5.8A). For example,

the calculated fold axis rotation angle for y = −30, 000 is between −40◦ and 10◦.

Using the aerial imagery and the interpolated fold frame it is possible to infer the fold hinge line ver-

gence and use this to constrain the fold axis rotation angle. The orientation of bedding in the fold hinge

can be used to determine the geometry of the fold axis. For example, the Devils marble antiform plunges

shallowly east and ey is oriented to the east suggesting the fold axis rotation angle should be negative in this

area. Most of the observations in the hinge of the fold suggest a shallowly plunging fold where the dip of

bedding is about 30◦. The dip seems to be consistent on each fold hinge which suggests that the fold axis

is symmetrically folded and would have an equivalent fold axis rotation angle range to a gentle fold shape

(Table 5.1). These observations can be included in the fold geometry inversion using fold symmetry and
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B

Figure 5.6: A. Simplified geological map showing the Proterozoic rocks from the Davenport Province. B. Structural map for study
area
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Figure 5.7: Interpolated volumes showing the y and z fold frame coordinates

Figure 5.8: A. S-Plot of fold axis rotation angle. B. Fold axis S-Variogram. C. Interpolated fold axis rotation angle. D. Fold limb
rotation angle S-plot. E. Fold limb rotation angle S-Variogram. F. Interpolated fold limb rotation angle.
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fold hinge angle likelihood function. The fold limb rotation angle is well constrained by the observations

of bedding. This is incorporated into the inversion using the geological knowledge likelihood functions to

constrain the fold axis geometry to be symmetrical with a range in the fold axis rotation angle of 60◦ and

three hinge-line vergence constraints inferred from the analysis of the aerial photography and structural ob-

servations. The half wavelength of the fold axis is constrained by measuring the average distance between

plunging fold hinges, of approximately 50km. The joint posterior distribution for the fold axis rotation an-

gle and fold limb rotation angle is shown in Fig. 5.8E and F. The variability between the profiles increases

away from the data for the fold limb rotation angle, suggesting high uncertainty, where the z coordinate is

greater than 5, 000m.

Figure 5.9: A. Geometrical variability between 100 interpolated models. B. Surface from 100 models painted with angle variability
indicating the consistency of the modeling to the observed structural features.

Fig. 5.9A shows the geometrical variability in the inversion results with the highest variability being

associated with the north west- south east folding. There is also variability associated with the interpolated

fold axis that can be seen by the change in angle variability along the interpolated fold hinge locations. The

interpolated surfaces all capture the main geometries of the observed map pattern. The highest location of

variability is associated with the fold north of the Devils Marble anticline. The interpolated surfaces are all

very steeply dipping approaching vertical. This is in agreement with the recorded orientation of bedding

which is consistently dipping 80◦. The geological interpretation in the cross section suggests a more open

fold geometry with less steeply dipping limbs.

In Fig. 5.10B the frequency of form lines corresponding to a single isosurface for all 200 inversion

realisations are shown by a scaled colour map. The areas with higher frequency correspond with the loca-

tions where the geometry is more consistent between inversion realisations. The axial traces of the major

folds highlights that the main structural features observed in the aerial photography are captured by the

geological inversion (Fig. 5.10A). For example, the basin associated with the Curtis syncline is highlighted

by the absence of any form lines. Areas of high variability between the interpolated form lines, such as

the location of the syncline to the north of the Devils Marble anticline present targets for additional data

collection.

5.6 Discussion

3D geological models are constructed using available geological observations that directly constrain the

surfaces being modeled. Geological knowledge has usually been incorporated into the modeling process by
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Figure 5.10: Resulting geological for single isosurface from inversion results showing fold geometries overlain on aerial imagery.

the geologist first interpreting the resulting geometry and adding in interpretive constraints (Jessell et al.,

2014, 2010; Maxelon et al., 2009). In this contribution, we have used the flexibility of Bayesian inference

to combine both geological data and knowledge into a geological inversion scheme (Grose et al., 2017b).

The addition of these constraints can significantly reduce the range of fold geometries specifically where

geological data is sparse or ambiguous (e.g. Fig. 5.4). In all of the examples, the fold tightness constraint

significantly reduces the variability between the inversion realisations. This is an expected result as the

majority of the observed variability between fold geometries was in the inferred tightness. This constraint

could be applied by upscaling tightness observed at an outcrop scale to the geometry of the folds being

modeled.

The fold axis geometry is an important part of the fold modeling workflow and often only limited

observations are recorded on geological maps. It is important that the fold axis is consistent with the

structural observations and the geologist’s knowledge because the fold limb rotation angle is calculated in

the plane normal to the fold axis (Grose et al., 2017a,b). Where the geometry becomes more complicated

and there is more uncertainty in structural observations, calculating the intersection between the interpolated

z coordinate and folded foliation does not provide a good constraint for the geometry of the fold axis (e.g.

Fig. 5.8A). This will result in fold geometries that are much more extreme than the observed folding. In

Fig. 5.8E and F the joint posterior distribution was sampled using only the geological knowledge likelihood

functions for the fold axis and the data points for the fold limb rotation angle. It is possible that the best

fitting model for both observations and knowledge would not be produced without directly using geological

knowledge within the inversion scheme. This becomes even more important if form lines are used to

calculate the fold limb rotation angle because there is no 3D information in the form line the best solution

for the fold axis minimises the range in fold limb rotation angle.

There have been a number of studies investigating uncertainties in geological interpretations (e.g. Bond

et al., 2007a, 2011, 2015; Torvela and Bond, 2011). These studies have been primarily focused on the inter-

pretation of seismic datasets and have provided interesting insight into the role of experience and expertise

in geological interpretation. Bond et al. (2007a) identified factors associated with geological interpretation

that are applicable across other fields of geosciences. In their study, Bond et al. (2007a) used a cohort of

geologist with skill levels ranging from experienced geologists with 15+ years experience to students 0-5

years experiences. All participants were given a synthetic seismic section and given no regional context,

meaning that the tectonic setting had to be derived from observations in the seismic data. The experienced
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geologists were as likely to interpret the incorrect tectonic setting as the students. They also recorded the

type of tectonic setting(s) that each participant felt they were an expert in. All of the cohorts were shown to

exhibit availability bias where they were more likely to interpret the tectonic setting they had the most expe-

rience with. This observation is consistent with Frodeman (1995)’s interpretation of geology as a historical

science, where analogies are an important part of geological reasoning. For seismic interpretation, the geol-

ogist may use the structural style they are familiar with as an analogy for the interpretation area. Anchoring

bias also affected the interpretations across the cohort where the interpreters expected to see a particular

structure for a given setting. Similarly, the interpreters were seeking confirmation for their interpretations

by asking the geographical location, to infer the broad tectonic setting of the study area. These observations

by Bond et al. (2007a) suggest that the interpretive aspect of geology plays a significant role throughout

the interpretation of geological datasets. In a structural mapping context, these results suggest that while

mapping, the geologist’s current interpretation plays a significant role guiding both outcrop interpretation

and often in identifying the next location to map.

Jones et al. (2004) argue that advances in digital field mapping could allow for the separation of inter-

pretation from raw field data. This could use geological uncertainties associated with individual data and/or

interpretations as the input to produce an overall estimate of the uncertainty associated with a given model.

This would allow for alternative interpretations to be modeled simultaneously, during mapping and ulti-

mately would guide the geologist in the collection of data. Fig. 5.10B shows how the inversion framework

presented in this paper could be used for real-time geological mapping. In this example, a single contact has

been interpolated and the outcrop pattern used as a proxy for model variability. Areas of high variability are

associated with the fold geometries and can be used to help target additional data for reducing the geological

variability. Additionally, producing a 3D realisation of geological structures during field mapping would

allow for more structured data collection by targeting areas with higher variability or structures conflicting

with the geologist’s hypothesis. In the Davenport Province model, there is more uncertainty associated with

the fold hinges in the north-western area of the model. This suggested that more data could be collected to

either better constrain the orientation of the folded surface or to better constrain the orientation of the axial

foliation. Building 3D models while collecting data would be advantageous because the geologist’s knowl-

edge would be used to falsify possible models, effectively being an additional likelihood function for the

model. This means that the geologist’s expertise can be applied to assessing how well the interpretation fits

the observations rather than producing a single best fit model (Jessell et al., 2010; Wijns et al., 2003). While

it will never be possible to completely remove the subjectivity from geological studies, moving towards a

quantitative interpretation approach should reduce the impact of bias on geological reasoning as multiple

possible interpretations are presented to the geologist rather than the geologist generally trying to falsify

a single interpretation. The application to Davenport Province has demonstrated that the method can be

successfully applied to a polydeformed structure. In this case study, there was insufficient data constraining

the geometry of the axial foliation. Additional observations would allow for multiple fold events to be in-

verted and would result in a much better representation of the geological structures. Applying our inversion

framework during geological mapping would allow for geologists to test how different interpretations fit

the observations rather than trying to identify the best interpretation.

A common approach for trying to reduce geological ambiguity/uncertainty is the use of geophysical

inversions to help understand the geometry and distribution of subsurface geology (e.g. Armit et al., 2014;

Blaikie et al., 2014; Fullagar et al., 2004; Guillen et al., 2008; McLean et al., 2008). Prior geological
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knowledge (e.g. an existing 3D model) can be used to perform a constrained inversion. The geometry,

density and/or magnetic susceptibility of the rock units are then stochastically varied in order to reduce the

misfit between the inversion and observed geophysics. However, these inversion approaches typically do

not maintain any geological meaning when producing the inversion (Jessell et al., 2010). Lindsay et al.

(2013a,b) and Giraud et al. (2017) use the resulting model suite from uncertainty simulations to constrain

the geophysical inversion. This approach considers the geologically possible models prior to trying to use

the geophysical observations. Giraud et al. (2017) create a probabilistic representation of the stratigraphy

and use this as a priori information for the constrained geophysical inversion. A true joint geological and

geophysical inversion would combine the sampling of the posterior distribution to sample using both geo-

logical likelihood functions and geophysical likelihood functions (Jessell et al., 2010). It would be expected

that the posterior distribution of possible models considering geophysical and geological observations will

be different to the posterior distribution of either property independently. In much the same way as adding

in additional knowledge reduces the variability in the interpolated fold shapes, adding geophysical data pro-

vides a means of falsifying models that cannot fit the geophysical observations. This approach has not been

previously feasible because 3D modeling schemes have been unable to predict the full range of geological

observations. However, using the recent developments in fold modeling (Grose et al., 2017a,b; Laurent

et al., 2016) and this paper, as well as methods for simulating fault networks (Cherpeau and Caumon, 2015;

Cherpeau et al., 2012) and incorporate knowledge related to fault geometries (de la Varga and Wellmann,

2016; Laurent et al., 2013) a joint geological and geophysical inversion becomes more feasible.

5.7 Conclusion

New geological likelihood functions are proposed for integrating additional geological data and knowledge

into an inversion scheme for fold geometries. Geological knowledge is incorporated directly into the inter-

polation scheme using Bayesian inference. This allows for poorly constrained features such as the fold axes

to be modeled with minimal hard data and still produce results consistent with the geological interpretation.

The incorporation of geological knowledge directly into the interpolation scheme could form the basis of

a real-time geological inversion that could be used to help to address the ambiguity in geological interpre-

tations. This would allow for information about geological uncertainties to propagate while mapping and

allow for different structural interpretations to be rapidly tested for targeted data collection.

Our geological inversion scheme is unique because it uses the geological observations to falsify pos-

sible structural models built from a parameterised description of the fold geometry using prior geological

knowledge. Instead of using observations to infer a single best model or a suite of models based on ob-

servation uncertainties. We believe that this is not only a more rigorous way of sampling the geologically

possible models but also allows for a true joint geological and geophysical inversion.
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6.1. INTRODUCTION AND THESIS SUMMARY

6.1 Introduction and thesis summary

The aim of this study was to define a new method for characterising the geometry and uncertainty of folded

surfaces in three dimensions from sparse field observations and geological knowledge. This was achieved

by introducing a framework for incorporating folds into implicit modeling schemes allowing for multiple

fold events to be characterised. This approach uses the overprinting relationships between observed fo-

liations associated with folding to determine the relative timing of folding events. Each folding event is

modeled backwards in time starting with the most recent. A fold frame is built for each folding event to

capture the geometry of the structural elements of the fold: fold axis, axial surface and vergence. Two rota-

tion angles are defined: the fold axis rotation angle defines the local geometry of the fold axis and the fold

limb rotation angle defines the fold shape. The rotation angles are combined with the fold frame determine

the local orientation of the folded surface throughout the model.

The fold frame coordinates are aligned so that one coordinate measures the distance from a reference

fold hinge in the direction orthogonal to the axial surface and another coordinate measures the distance

along the axial surface. The fold rotation angles can be calculated from observations of the folded folia-

tion/surface or fold axis/intersection lineation. A cross plot of the fold frame coordinate, and the associated

fold rotation angle defines the geometry of the fold axis along the axial surface and another cross plot

defines the geometry of the fold shape looking along the fold axis. The wavelength of folding can be iden-

tified using a sample semi-variogram in the fold frame coordinates, and, where multiple folds are captured,

the regularity of the wavelength between adjacent fold hinges can be tested. Two interpolation methods

are presented to produce a forward model of the fold geometry: (1) Radial Basis Function interpolation is

used where the folding is identified as having irregular wavelength between fold hinges, and; (2) a Fourier

series where the fold wavelength is regular.The Fourier series produces favourable results where data is

sparse or extrapolation is required because it captures the style of folding shown in the data and uses this to

interpolate between outcrops or extrapolate away from outcrops.

This forward model is used as a basis for a geological inversion: rather than using the observations as

the parameters for a geological interpolation/interpretation, I use the observations to falsify possible models

of fold geometries and update the structural parameters that best explain the observations. Both the fold

axis and fold shape are inverted at the same time. We demonstrate that this approach can be used to target

locations where additional structural data can reduce model uncertainty. The geological inversion uses

Bayesian inference to determine the range in parameters and is easily extended to incorporate various types

of geological observation and geological knowledge into the inversion. Incorporating geological knowledge

directly into the inversion scheme rather than using synthetic data representing the geologist’s non-unique

interpretation is preferable because the interpretation is subjective. This approach effectively quantifies the

interpretation process of the geologist within the geological inversion scheme.

In each of the chapters of this thesis there is a focused discussion for each of the contributions. This

chapter aims to discuss issues outside of the scope of these chapters and will address broader discussion

topics highlighting the possible applications, limitations and further research direction. The topics for

further discussion are:

• Accounting for irregular fold wavelength in the geological inversion

• Incorporating different fold classes

• Geometrical complications of the fold frame coordinates for polydeformation

• Joint geophysical and geological inversions
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• Incorporating faults in the modeling framework

• Geological inversion of polydeformed terranes

6.2 Research implications and future research recommendations

6.2.1 Irregular fold wavelength in the geological inversion

In most examples in this study I have suggested that the best description of the fold geometry is to use

a periodic function. In chapter 2 I use a modified sinusoidal curve and in chapters 3, 4 and 5 a Fourier

series. In chapter 3 an alternative method uses Radial Basis Function (RBF) interpolation where the fold

geostatistics determine that enough data exists to characterise the fold geometry and that the folding appears

to have irregular wavelengths. This approach is functional for producing a single best fit model, however

it does not fit into the geological inversion framework because only a single realisation of the fold rotation

angles is produced.

Stochastic simulations for properties values are well covered in geostatistical literature (e.g. Arpat and

Caers, 2007; Chilès and Delfiner, 1999; Honarkhah and Caers, 2010; Strebelle, 2002), instead of estimating

the mean of the property value, the stochastic simulation will produce multiple equally likely realisations

for the observations. These methods generally suffer from the same drawbacks as standard interpolation

methods where they are only appropriate if there are no locations being interpolated that are further than

a half wavelength of the fold from data points (e.g. Fig. 3.7). However, where sufficient data exists this

approach could replace the Fourier series for either the fold axis or fold limb rotation angle. In these cases,

it is unlikely that the geological knowledge likelihood functions would be necessary for constraining the

fold geometry.

An alternative would be to use a non periodic parametric model for representing the fold rotation angles.

For example, the Fourier series could be replaced with a Wavelet transform based approach. Although the

use of a Wavelet transform on irregularly spaced points would require interpolation prior/during the Wavelet

transform using an iterative approach. This is likely to remove any of the inherent variability in the dataset

and is not desirable for model fitting. Wavelet transform is somewhat similar to a Fourier transform in that

the aim is to capture the information inside a signal using a linear combination of basis functions. Different

wavelets can be chosen usually to capture the shape of the features observed in the signals (Torrence and

Compo, 1998). The main difference between the wavelet transform and the Fourier transform is that the

Fourier transform is only localised in Frequency and the Wavelet transform is localised in both frequency

and time (space) (Torrence and Compo, 1998). This means that periodicity of folding is implicitly assumed

when working in the Fourier domain and in the wavelet domain this is not the case. This would result

in similar issues to the standard interpolation when extrapolating or interpolating further than the half

wavelength of the fold from data points would result in fold geometries that are not consistent with the

geologist’s interpretation.

However, the Bayesian framework used for the geological inversion in chapter 4 and 5 can easily be

adapted for any model representing the fold geometry. The periodic assumption of the Fourier series is

probably the most consistent model with the geologist’s expectations, where there is not enough data to

apply other more localised methods (e.g. Kriging/RBF). It may be beneficial to use an additional polynomial

function (similar to that used in RBF interpolation and Kriging for the drift) to remove any global trend from
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Figure 6.1: Fold classes defined by dip isogons highlighting similar and parallel folds adapted from (Ramsay and Huber, 1987)

the data, although this can also be achieved using a larger wavelength term in the Fourier series (for example

the large wavelength in the Davenport Province model, Fig. 5.8).

6.2.2 Fold class

One of the challenges in characterising and analysing the geometry of folds is determining how the geom-

etry of two surfaces that enclose a layer are related (Ramsay and Huber, 1987). The variations in thickness

relative to the dip of the surface looking in profile view is used classify the fold geometry. Dip isogons can

be used to characterise the different geometrical relationships between these surfaces. Three main classes

of folds can be defined using dip isogons (Ramsay and Huber, 1987, chapter 17) and are shown in Fig. 6.1:

Class 1: where the isogons are convergent, Class 2: isogons are parallel, and Class 3: where the isogons are

divergent.

Throughout this study I have used the assumption that the best representation of the fold geometry is

to assume similar folding. The advantage in assuming similar fold geometry means that the fold shape

can be described using only the z and y coordinates of the fold frame. While, observing pure similar or

parallel folds is rare in deformed rocks (Ramsay, 1962b), I believe approximating the fold shape with

a similar geometry is a good estimation in sparse data examples. It is a similar problem to assuming

regular wavelength between fold hinges. These variations can be the result of pre-folding geology, such as

rheological differences or layer thickness that are unknown when building the model (Jessell et al., 2014).

In some cases, there may be enough data to constrain the geometry of individual layers. An example of

this is seen in the Cape Conran outcrop (Fig. 3.12) where structural data constrains the geometry of multiple

contact surfaces. The fold limb rotation angle could be interpolated for both x and z coordinates. This is

equivalent to interpolating the fold shape for a profile view of the fold looking along the fold axis. The

fold rotation angle would need to be interpolated with an anisotropy aligned with ex. This approach would,
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where sufficient data exists, provide a good method for interpolating the fold limb rotation angle for folds

without making an assumption about the fold style.

6.2.3 Building the fold frame

The fold frame has three coordinates (x, y, z) and associated direction vectors (ex, ey, ez) that are used to

constrain the geometry of the folded foliation. In this study only y and z have been interpolated because the

direction ex can be calculated from the vector product of ey and ez and for similar folds x is not required as

the fold geometry is the same for conformable layers. In chapters 3, 4 and 5 only a single fold frame was

needed meaning that both y and z have reasonably smooth geometries and were interpolated using standard

implicit methods. In chapter 2 a cylindrical fold axis is used and only the z coordinate was interpolated

for each folding event. For multiple deformational events, the geometrical requirements of the y coordinate

and the associated direction vector ey cannot be captured using a single scalar field.

Fig. 6.2 shows a series of fold frames for two folding events. The fold frame for the most recent fold

(F2) is built first (Fig. 6.2A,B) and both z and y have been interpolated using standard implicit techniques.

The next fold frame for F1 is built using the fold constraints and the z coordinate is parallel to the axial

foliation of the F1 folds (S 1) shown in Fig. 6.2C. To interpolate the y coordinate I have previously suggested

that using the constraint ey · ez = 0 will build a scalar field that measures the distance along the axial surface

of the fold and has a gradient that is aligned with the direction of the fold axis. Fig. 6.2D shows the y

coordinate interpolated using this assumption. In Fig. 6.2E there are iso-surfaces from the F1 y coordinate

(vertical surfaces) and the F1 x coordinate (folded surface). All of the surfaces have been coloured with

the distance along the folded surface. For the interpolated y coordinate to be valid, the vertical isosurfaces

would have the same distance (colour) for the whole surface, which is not the case.

Figure 6.2: Scalar fields representing two consecutive fold frames. A: z coordinate for D2. B: y coordinate for D2. C: z coordinate
for D1 interpolated using fold interpolator. D: y coordinate for D1 interpolated so that ez · ey == 0. E: Isosurfaces of interpolated
y coordinate and x coordinate coloured with the distance along the folded surface. F: y coordinate represented using z coordinate
for D2.
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This problem can be addressed by considering the dip isogons for similar folds. The dip isogons rep-

resent the location of two folded surfaces with the same dip, which is equivalent to measuring the same

distance along the surface prior to folding. For similar folds, the dip isogons are parallel and correspond to

lines of equal αL values (Laurent et al., 2016, chapter 2). This means that for similar folds, the z coordinate

of the younger fold frame (e.g. F2) can be used for the y coordinate of the F1 fold frame. This can be

seen in Fig. 6.2F where the isosurfaces of F2 z coordinate are used instead of the interpolated y coordinate.

However, the direction of the gradient of y, ey, is not orthogonal to ez. The direction of ey can be determined

using the geometrical relationship between the fold axis of the younger folding event L2 and the normal to

the folded foliation S 1. The fold axis direction, ey can be calculated by finding the vector product of L2

and ez where ez is the direction of the current fold frame z coordinate. This approach is more geometrically

robust than the method presented in Laurent et al. (2016, chapter 2) and also reduces the number of scalar

fields that are needed to be interpolated for each model iteration.

6.2.4 Towards joint geological and geophysical inversions

Building multiple realisations of geological models has been a common approach for integrating geological

uncertainty and ambiguity into inverse problems and has been addressed by multiple authors (e.g. Cherpeau

et al., 2012; de la Varga and Wellmann, 2016; Guillen et al., 2008; Jessell et al., 2014, 2010; Lindsay et al.,

2014; Wellmann and Regenauer-Lieb, 2012; Wellmann et al., 2010). Inverse methods are used to reduce

uncertainty using potential field observations (magnetics and gravity) or reservoir production data (e.g.

Cherpeau and Caumon, 2015; Cherpeau et al., 2012; Guillen et al., 2008; Irving et al., 2014; Jessell et al.,

2014, 2010; Lindsay et al., 2014; Suzuki et al., 2008; Wellmann and Regenauer-Lieb, 2012; Wellmann

et al., 2010). In general, these approaches have generated model suits of geologically possible models

by perturbing the geological observations and then generating a series of geological models from each

perturbed dataset (Jessell et al., 2010; Lindsay et al., 2012; Wellmann and Regenauer-Lieb, 2012; Wellmann

et al., 2010), or by perturbing a description of the geological features that are being modeled for example

Cherpeau et al. (2012) uses a stochastic description of faults to model fault networks.

These approaches have either defined the parameters of the inverse problems as the input data for the

geological models or from a finite sample of already calculated models. The model/parameter space is then

sampled and can be optimised for the observed potential field or reservoir inversions. While this approach

has proven to be functional, it is not a true inversion of geology. The geological observations should be

combined with the geophysical observations using both geological and geophysical misfit functions as

suggested by Jessell et al. (2010). Geological observations as with any observation in inverse problems

should not be used to generate models but should be used to falsify them (Tarantola, 2005, 2006). We have

presented a way where geological observations and geological knowledge can be incorporated directly into

the geological inversion scheme. This will mean that a joint inversion between potential fields and geology

could be performed allowing for the geophysical and geological model space to be better sampled. In a large

dimensional space, it may result in fairly significant differences in the inversion results, especially when

the geological data is ambiguous. In theory, the addition of more information to the geological inversion

scheme will have a similar result as incorporating geological knowledge into the geological inversion (Grose

et al., 2018, chapter 5). Where geological knowledge is included in the geological inversion the posterior

model space is more constrained and closer to the reference model.
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6.2.5 Incorporating faults

The next challenge is to incorporate faults into the modeling and inversion process. There already exists

a number of methods for incorporating faults into implicit schemes. Calcagno et al. (2008) provide a

coherent method for incorporating faults into the implicit schemes where the main variables considered

when modeling faults are: (1) fault geometry, (2) fault border and; (3) fault influence.

Their approach uses the same workflow for modeling all geological surfaces where the geometry of the

fault surface is interpolated using a combination of orientation and location information. The topological

relationship between faults can be incorporated into the model and determines the interaction between

faults and stratigraphic contacts. The model area is subdivided into fault blocks and the interpolation

of stratigraphic horizons is performed within these fault blocks. The faults effectively introduce local

discontinuities into the interpolation of the stratigraphic horizons allowing for sharp changes in the scalar

field inline with the geometry of the fault.

The offset of the fault is not explicitly taken into account when interpolating the fault geometries and

is defined implicitly by the locations of the stratigraphic horizons near the fault. The offset of faults can be

incorporated into the modeling process using geologically motivated likelihood functions if the location of

contacts is stochastically perturbed (de la Varga and Wellmann, 2016). Laurent et al. (2013) also introduced

curvilinear coordinate system for defining geometrical attributes of the fault geometry. The fault frame has

three coordinates g0, g1 and g2 that define the geometry of the fault, displacement direction and the lateral

evolution of the displacement.

The existing methods for characterising fault geometries are widely applicable to brittle deformation.

It would be possible to incorporate these within the modeling scheme I have proposed by first building a

fault network and then running the fold inversion. This also could be incorporated with a stochastic fault

network as proposed by Cherpeau and Caumon (2015). Another approach for stochastically building a

fault network uses a prior conceptual structural model to condition the simulation (Aydin and Caers, 2017).

These approaches could be incorporated into the fold modeling and inversion presented in this study where

the faulting post dates the folding.

However, most of these approaches are all limited by the fundamental assumption that all faults that are

to be modeled are observed. In reality, this is similar to the problem of modeling folds where the existing

methodologies were applicable when the fold geometry was well described by the data. It would make sense

to use a similar statistical/geostatistical analysis of structural observations in order to better characterise the

geometry of the faults. This could for example be using the fault frame coordinates (Laurent et al., 2013)

in a similar way to how the fold frame has been used in this study. It is also important that the profiles

describing the fault geometry can be derived from structural observations.

Another limitation of these methods is how faults interact with the surrounding stratigraphic horizons.

Laurent et al. (2013) incorporated some information about the fault displacement by incorporating more

of the kinematic observations/knowledge into the structural modeling. A similar approach is needed to

be able to characterise the geometry of shear zones. Ideally, a similar parameterised description of faults

can be derived where the structural geology observations of faults including movement direction and fault

displacement can be then used to invert structural observations associated with faults.

The interaction between faults and folds will also need to be investigated as the order of deformation

can have a significant impact on the topological relationship between stratigraphic units and geological

structures (Thiele et al., 2016a,b). Faults are often associated with folding either forming coevally or over-
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printing existing folds. Each of these scenarios presents a unique challenge both in deriving a method for

properly accounting for these geometries in implicit schemes but also in deriving an appropriate geostatis-

tical measure for identifying and characterising them. Preliminary work has shown a promising application

of the S-Plot in identifying faulting overprinting existing folds.

6.2.6 Inversion of polydeformed terranes

The fold modeling framework presented is applicable to multiple generations of folding (Laurent et al.,

2016, chapter 2). In both Grose et al. (2017b, chapter 4) and Grose et al. (2018, chapter 5) we have only

presented an approach that uses a single fold frame and only inverts the fold axis and fold limb rotation angle

for a single event. We have shown that the joint inversion of these two geometrical properties is needed to

characterise the fold geometry as the calculated fold limb rotation angle depends on the orientation of the

fold axis. Similarly, for multiple generations of folding the geometry of the younger folds will impact the

calculated fold rotation angle for the older folding events, because orientation of the fold frame direction

vectors will change for each realisation. Theoretically, the full geological inversion of multiple phases of

deformation can be easily incorporated into the inversion scheme by adding additional likelihood functions

for each additional folding event. However, the reason I have not presented any examples is that there

are a number of technical challenges that need to be addressed prior to performing a complete geological

inversion.

When the fold frame is not constant, the scalar fields representing the z and y coordinates needs to be

interpolated for each iteration of the MCMC sampler. This not only significantly increases the likelihood

computation time but also adds a major challenge in storing/accessing the computed scalar fields efficiently.

An additional problem is that for each additional folding event the number of parameters to sample will

increase. This will generally mean that more iterations of the sampling algorithm are needed for the sampler

to converge on a representative sample of the posterior distribution. This combined with the increased time

to calculated the likelihood functions will significantly increase the computational requirements.

There are a number of possible areas for improving the time taken to perform the sampling: the first

involves the computation of the scalar field which scales with the number of elements in the mesh. Opti-

mizing the number of elements needed in the mesh, as well as the shape and size of elements could be a

suitable direction for reducing the computational requirements. The orientation of the tetrahedron elements

can significantly impact the resulting interpolation quality (Laurent, 2016). If the orientation of the mesh

can be refined prior to interpolation it is possible this could reduce the computational time due to reducing

the number of iterations or the number of tetrahedron needed. Improving meshing techniques (e.g. for Finite

Element Analysis and other numerical simulations) is an ongoing field of research. However, in these cases

the complexities are often associated with geometrical and topological issues associated with the object that

is being meshed. The problem for implicit structural modeling, will be somewhat easier to define as the

object being meshed (the model volume) is geometrically simple and the mesh does not need to exactly

represent the geometries. The main challenges are in determining the areas where the interpolated surface

will be most complex and predicting the approximate orientation of the interpolated surface.

The fold constraints provide a good approximation of the orientation of the folded surface prior to

interpolation. Rebuilding the mesh for each interpolation will most likely not provide any speed improve-

ments as this is also a computationally intensive task. However, it may be possible to incorporate some

mesh refinements into the iterative process of the interpolation algorithm. Another approach would be to
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use a polynomial trend interpolation approach such as radial basis function or co-kriging. Polynomial ap-

proaches have the potential for significant speed increases due to the performance of parallel computing

to solve dense matrix algebra. However, these approaches typically scale poorly with the number of con-

straints. This would mean that the fold constraints could not be used throughout the model volume (as is

possible with DSI) and would need to be applied only in the locations where they are necessary.

Another approach for speeding up the inversion scheme is to improve the efficiency of the sampling

algorithm. In this study, the Metropolis-Hastings (MH) algorithm was used to sample from the posterior

distribution. The Metropolis-Hastings algorithm approximates the posterior distribution iteratively using a

random walk (Hoffman and Gelman, 2014). More sophisticated sampling methods may provide a poten-

tial for reducing the number of likelihood functions that need to be calculated. There are more efficient

samplers based on the Hamiltonian Monte Carlo (HMC) algorithm. These samplers reduce the number of

iterations required by using first-order gradient information for the posterior. Unfortunately, as the posterior

distribution becomes more complex it may not be possible to provide gradient information of the posterior.

The posterior distribution for the inversion involving the interpolation of multiple fold frame coordinates is

unlikely to have an analytical solution to the gradient. It is possible to use these improved sampling meth-

ods for the inversion parameters that gradient information can be defined. However, both MH and HMC

based algorithms are performed iteratively and cannot be run in parallel. Another approach for sampling is

to use an ensemble of samplers with affine invariance, this approach provides improvements to the standard

Metropolis Hastings algorithm (Goodman and Weare, 2010). It is possible to run an ensemble sampler in

parallel meaning that the likelihood function could be calculated for different parameter values at the same

time, reducing the overall computational time. A parallel ensemble sampler emcee 1 (Foreman-Mackey

et al., 2013) exists that means that the time consuming calculation of the likelihood function (involving

computing scalar fields) can be computed in parallel for the number of walkers that are used. Preliminary

work testing this sampler for the examples in Grose et al. (2017b, 2018, chapters 4 and 5) show promising

potential for improving performance.

A combination of improving the interpolation of the scalar fields using either improved meshing or a

meshless approach and a more sophisticated sampler provide interesting avenues for improving the perfor-

mance of these methods. These changes to the sampling will require a purpose built interpolation algorithm

that is not restricted by licensing and using standard data formats will be necessary.

1emcee http://dfm.io/emcee/current/
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6.3 Conclusion

Understanding and characterising the distribution of rock packages and geological features subsurface and

in 3D is one of the greatest challenges facing geological research and resource exploration. There has

previously been a significant difference between the data and knowledge on a geological map and the input

to 3D models. This study has used the concepts from structural geology to help constrain the geometry

of folded surface for implicit modeling. This reduces the need for additional interpretive constraints to be

included by the geologist to be able to model geologically reasonable geometries. The main contributions

of this study are:

• Structural modeling: A theoretical and numerical framework for modeling superimposed folding

events. A series of constraints for discrete implicit modeling schemes dedicated to fold geometry

modeling.

• Statistical analysis of structural data: Fold geostatistics (S-Plot and S-Variogram) are new tools for

characterising the geometry of folds from field structural observations. Fold geometry can be repre-

sented by two 1D plots where a data driven approach for characterising fold geometry using a Fourier

series to provide geologically reasonable extrapolation for sparse data.

• Geological inversion: A framework for geological inversion using Bayesian inference where geologi-

cal observations are used to falsify models. Analysis of inversion variability and posterior distribution

for model parameters can be used to provide target locations for structural data. Model variability

from geological inversion is associated with structural complexity and can be used to target where

additional structural data is required.

• Geological knowledge: A quantitative approach for incorporating geological knowledge into the ge-

ological inversion scheme. The incorporation of geological knowledge into the geological inversion

significantly reduces the overall model variability and provides a very useful application of methods

to real case studies.

This study has shown that significant improvements can be made to 3D modeling methods by incorporat-

ing the methods and approaches used in structural geology. Improvements in structural modeling (Grose

et al., 2017a,b; Hillier et al., 2014; Laurent et al., 2016), geophysical inversions (Giraud et al., 2017) and

geostatistical analysis of structural datasets (Grose et al., 2017a; Hillier et al., 2013) will form a toolkit for

a new age of structural geology.
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Appendix A

Discrete linear tetrahedral support

The proposed modeling is implemented in the framework of discrete implicit modeling (Frank et al., 2007),

where an interpolated scalar field ϕ is mathematically represented by a piece-wise linear field based on a

tetrahedron mesh. In this mesh, ϕ is linearly interpolated from the four nodal values of each tetrahedral

element.

We considering a tetrahedron, whose corners are indexed from 0 to 3, with corner positions denoted

(x̄i, ȳi, z̄i) and nodal values are stored in the ϕc vector. The scalar field is expressed as a linear function of

x̄,ȳ, and z̄:

ϕ (x̄, ȳ, z̄) = [1, x̄, ȳ, z̄] · [a0, a1, a2, a3]t (A.1)

After Frank et al. (2007), the coefficient ai are solution of the following equation:
1 x̄0 ȳ0 z̄0

1 x̄1 ȳ1 z̄1

1 x̄2 ȳ2 z̄2

1 x̄3 ȳ3 z̄3

 ·


a0

a1

a2

a3

 =


ϕc0

ϕc1

ϕc2

ϕc3

 (A.2)

This system can be solved for non-degenerated tetrahedron by inverting the left matrix, which defines the

M matrix for Section 2.4.1 and the linear interpolation:

M =


1 x̄0 ȳ0 z̄0

1 x̄1 ȳ1 z̄1

1 x̄2 ȳ2 z̄2

1 x̄3 ȳ3 z̄3



−1

(A.3)

ϕ (x̄, ȳ, z̄) = [1, x̄, ȳ, z̄] ·M · ϕc (A.4)

Based on Frank et al. (2007), a linear relation can also be written to define the constant gradient of a

scalar field inside a given tetrahedron. This matrix referred to as T in this paper is defined as:

T =


(x̄1 − x̄0) (ȳ1 − ȳ0) (z̄1 − z̄0)

(x̄2 − x̄0) (ȳ2 − ȳ0) (z̄2 − z̄0)

(x̄3 − x̄0) (ȳ3 − ȳ0) (z̄3 − z̄0)


−1

·


−1 1 0 0

−1 0 1 0

−1 0 0 1

 (A.5)
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Appendix B

Digital Appendix

The digital appendix for this thesis has subfolders containing the following items.

B.1 3D model supplementary data

Case studies from all chapters are included in the digital appendix as gocad 2009 files. The associated

python scripts for running the geological inversions have been included.

B.2 1D synthetic examples

iPython notebooks containing the 1D inversion code are also included with the relevant python files.

B.3 StructuralFactory gocad plugin

The StructuralFactory plugin has been written for Gocad 2009.3 running on 64 bit Linux. It depends

on SolidExplorer, IsoSurf, Gopy and StructuralLab plugins from the Research in Intergrated Numerical

Geology (RING) team that can be downloaded for members of the RING-GOCAD consortium.

B.4 PyFactory python interface to StructuralFactory

Python library for interfacing StructuralFactory making use of the Gocad python interface provided by

RING’s gopy plugin. Dependencies:

• numpy

• matplotlib

• scipy

• pymc

• emcee

This library can be installed as a standard python library. It requires 64bit python which can be compiled

using the GoPy source code.
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