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Table 1. Summarizes of the geometrical, optical, and atmospheric thermal and radiational profiles

quantities and symbols involved in this paper.!

Symbol Unit Definition
0, u vy u=cosf, y =sec, where 0 is the local viewing zenith angle.i
o', u . u' = cos@', where 6’ is the local incident zenith angle.
05, Uo Radian (1) Uo = cos B, where 6 is the local solar incident zenith angle.
®, @', Py Observing, incident, and solar incident azimuthal angles, respectively.
a i Local emission, observing, or reflection direction.
19} " .(_5{) Local incident direction, local solar incident direction.
fraG) Local surface Bidirectional Reflectance Distribution Function (BRDF).
aa () Local surface BRDF anisotropic factor.
local surface reflectance (also inferred to as albedo or hemispherical reflectance in visible and near-
p,1 _______________ IR range).
& Mean local surface emissivity at wavelength A.
() Local surface emissivity in direction f.
T Surface temperature.
Tao K Near surface air temperature.
T(z) Temperature profile along altitude.
T(1;(z,1)) Temperature profile along upward transmittance t,(z, i).
t,(w) Atmospheric transmittance from the ground to the TOA in direction u.
T,(z, 1) Atmospheric transmittance from the ground to an altitude z in direction p.
t; (1) Atmospheric transmittance from the TOA to the ground in direction u'.
(2, 1") Atmospheric transmittance from the TOA to an altitude z in direction pu'.
G2 (o, 1) taz (Ko, 1) = 6 o)tz ().
Do Downward transmittance in direction u' from the altitude with a solar-beam transmittance
Td(Tl'M) ! 73(z, up) to the ground.
, Upward transmittance defined from the altitude that corresponding to 7,(z, ug) to the TOA along
TA(T}"H) a viewing direction p.
PQu,po) Scattering phase function of an intercepting particle that distributed in the wave traveling path.
o Single scattering albedo of a particle that distributed in the wave traveling path.
pc(ty) Molar density of a bulk atmosphere at an altitude with transmittance 7 (z, yp).
Liroaw), w . . . . e
L) WS r~tum TOA outgoing radiance at the entrance slit of a radiometer in direction .
L;(w), L; % St Band effective radiance collected by a radiometer channel.
$Q) 1 Spectral response function for a specific channel of a radiometer to calibrate the observed signal to
the radiative transfer equation.
Rjs.0(10) Surface leaving radiance at ground level in direction p.
Risa) Attenuated Surface leaving radiance at TOA in direction p.

Ly, ps1(uo, 1)

-1

Ry, st (1o, 1)

RA,AET (T(0), H)

Downward solar scattering radiance in direction u’ when illuminated in g, sky radiance in

direction p' when illuminated in ;.

Planck’s function.

,Downward atmospheric emitting radiance in direction u' when the atmosphere with

transmittance profile 7;(z, 1) and temperature profile T(z"), also called atmospheric radiance for

short.

Upward solar scattering radiance in direction u when illuminated in p,,

Upward atmospheric emitting radiance in direction u when the atmosphere with transmittance

profile 7,(z,#) and temperature profile T(7), also called atmospheric upward radiance for short.

Ja(t2) Atmospheric source radiance.

Ejo w Solar irradiance at the TOA.

Ej ap — um™1 Atmospheric downward irradiance.

Ejss m Sky or downward solar diffuse irradiance.




Table 2. Summarize of the quantities involved in the Planck's function and its derivational equations
involved in the IR radiometry.

Symbol Physical quantity ~ Description Value/Unit

The energy (J) emitted per second per unit wavelength (um) per steradian
B;(T)! Spectral radiance ( sr) from one square meter of a perfect blackbody-surface in
thermodynamic equilibrium at temperature T (K)

(%) sr-lum™!, Where W :2 and
1-pm=10"%m

i w
B(T) radiance The power (W) per steradian (sr) from one square meter of a perfect ( )sr’l

blackbody-surface in thermodynamic equilibrium at temperature T (K) m?

defined as spectral hemispherical radiance with M for outgoing and E

M, (T),E;(T)  Spectral exitance . . R
for incoming exitance

J; EBI(T)d.Q, (%) um!

radiant flux density,
M(T),E(T) radiant exitance

defined as hemispherical radiance with M for outgoing and E for J’ ( J’
or Irradiance, 21 \Jo

@ w
. . . B;(T)da|de, —
incoming radiation m

. . . defined as Radiant flux emitted, reflected, transmitted or received, per unit W
1 Radiant intensity solid angle’ —
X sr

defined as Radiant energy, denoted by @, emitted, reflected, transmitted

[ Radiant flux, or received per unit time for some giving surface area and sometimes also W = !
called "radiant power". s

Physical temperature of the Earth surface systems. For Earth surface, it is denoted by T, and for
T the atmosphere at altitude ¢, it is referred to as T(§). For the brightness temperature of the Earth K

surface systems in channel i of a radiometer, it is designated by T;
h Planck’s constant (or the altitude of the satellite with unit m) 6.626070040(81) x 10734 Js
i Wavelength involved in this paper um
k Boltzmann's constant 1.380658 x 10723 J- K1
c speed of light in a medium, whether material or vacuum ~2.99792458 X 10 m-s~!

2kt
15¢2h3

4 the Stefan-Boltzmann constant or irradiance coefficient, mathematical short hand for 5.670373 x 1078 w/(m?*K*)

! In By(T), B is for Blackbody or Black-surface which can be absorbed all the incident energy and emitted out,
if it is in the state of thermodynamic equilibrium, all the absorbed energy to keep thermodynamic equilibrium.
For a real-body surface, their emitted spectral radiance is denoted by R;(T) with R for Radiance. A real surface
is of course less emissive than a black surface and their emissive ability is described by a factor called emissivity
through comparing with the black surface at the same condition. i.e., Ry(T) = & (u)B;(T). In honor of the
brilliant contributions of Johann Heinrich Lambert (1728-1777) to the absorbance of a material sample and the
reflectance of an ideal surface, a radiometer collected radiance is commonly denoted by L; with i for the
corresponding channel number. Furthermore, for convenience and mathematical shorthand, L; is converted to
and recorded by its corresponding blackbody’s physical temperature called brightness temperature and denoted
by T;.ie. T; is the solution of L; = [ ;1 * ¢,(M)By(T;)dA, where ¢,(2) is the SRF of the channel i, A; and 1, is the

lower and upper boundaries of the channel spectral range.

Table 3. Summarize of the quantities and symbols involved in the relationship between T and L;.

Physical and effective quantities symbols definitions
Water vapor concentration at altitude ¢ e()
Pressure of atmosphere at altitude ¢ P(&)
Spectral absorption coefficient of water vapor. a,
Spectral absorption coefficient of water vapor at altitude ¢. a;(§)
The tuning function for Spectral absorption a;(§)
F(P T =
coefficient of water vapor at altitude & (PE.T®) F(PE,T() a,
h
Effective absorption of atmosphere w W= j F (P({), T(¢ ))e({) dé
0
h
Effective radiative temperature of atmosphere T, = s TOF(PE),T(E))e(©)ds
w
@ dR
7D GR| ada

effective absorptive factor in band i. A; A(f,T) = P :

Iy fi@ g da
A mathematical shorthand to describe the I L= ﬂ
linearization of the Planck’s function i dd_T R, (T))
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Results

The process of surface emitted radiance over the spectral region 8~14 um (which is generally
called SW region and specially used to observe the Earth surface emitted radiance, see path (4) of the
figure) transferred to a space borne radiometer in a distance h under local thermal equilibrium (LTE)
in clear sky could be modeled by

LG h) = 60 * (S2GOBR(T) + ;™ ) fra G bR 0 G k' dp") + Ry g (1) ]

Surface leaving radiance

The LTE condition is required because the atmospheric correction is simulated by the Planck’s
function and Kirchhoff’s law and the condition clear sky is the guarantee of the surface emitted
radiance to reach the satellite. In order to parameterize the relationship between Tg and T; in one
channel, Prabhakara et al (1974), McMillin (1975), Deschamps and Phulpin (1980), and Becker (1987)

proposed four approximations as

1. The Earth surface is assumed to be a Lambertian reflector (which is generally not a good
approximation (Becker et al 1985));

2. The Planck’s function is linearized in the vicinity of T;, where T; is the BT in channel i;

3. The atmospheric absorption (WV gives the dominant effect in these wavelengths) is small
enough to approximate the transmission t,;(u, h) by

T (wh)=1—put foh a(l, z)e(z)dz, [2]

where e(z) is the WV-concentration at altitude z; and

4. The dependence of WV-absorption coefficient a(4,z) on A and z may be factored by
a(A,z) = a(/l)F(P(z), T(z)). [3]

The relationship derived by Becker is

1-¢; 7 AW 1-¢g; ~
T, = (T + - Li) — e (T = T) = 2AW =T, — Ty - L), [4]
which was wrong, and the correct one we proposed is
= (1 + 84wy AW —T. + L) — 24; ) AW o o4
TS - (Tl + gi—Ajyw l) uei—AW (Ta Tl + Ll) ZAI'W(l gl) gi—Ajyw (Ta Tl + Ll) [5]

The physical meaning and description of the symbols involved in the above equations (i.e., Eq. [1]~[5])
are depicted in Liu et al (2019) and summarized in the above tables 1-3. The derivation of Eq. [5] is
specified in the following materials and methods section. For comparison purpose, the symbols are
tried to kept consistent with Becker (1987) as closely as possible.

Materials and methods

The detailed mathematical derivation of the correct equation is given as follows. Inheriting the
symbols or notations in Becker (1987), expanding the factors in Eq.[1], we have

BOW = [aRiT+ [T 7 £400.6%0) [} Ra(T©) 28 dg wapdg'| 26,0
[6]

+ Iy R TE 22 de

where 1,(6,h) is the radiance at the entrance silt of a radiometer that observing the surface with local
zenith angle 8 at wavelength A from a distance of h. the terms in the square brackets is the surface
leaving radiance.
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Lambertian reflection for the downward radiance

For a Lambertian reflector, f,.1(6,6',¢") =12 Thus, the reflected atmospheric downward

radiance at the surface level in Eq. [6] is
2 10,0000 [ Ra(T©) B8 dg wrapdgr = 201 - &) f f) Ra(1©) HEDE [7]

Linearization of Planck’s function

Planck's function is linearized in the vicinity of T; rather than T is generally accurate because
the main contribution to the upward and downward atmospheric thermal radiances are principally
emitted from the lower atmosphere, where the temperatures, T(z), are close to each other and
generally closer to T; thanto Ts. This yield

dR;

Ra(T) = Ry(T) + 2| (7 =T

S RA(T) * ( ’W(L)) +T— T,-)

For mathematical shorthand, define

7 Ry (T;)
L; = 8
' diTRa(Tz) ! [8]
the linearization of Planck’s function is
dR
Ry(T) = —1 (L +T-T) [9]

Substitute Eq. [7] and [9] into Eq. [6], after rearrangement, we have

aR,1

L(6,h) =22 ([sl(rs —T+L)+201 -5 ff(f:(r(g) = Zi);—{rg(s',g)df) cose'sme'de'] 2(0,0) + [;{(T©) ~ T + Z,-)ai{g(e,s)ds) [10]

Simplification of the transmittance and factorization of the absorption coefficient

Suppose the absorption of the atmosphere is small enough to approximate the transmission
7,(60,&) by the first order approximation of Taylor’s expansion, we have,

72(8,8) = ek OO _ 1 _ o0 AGEGLS
Recall the dependence of absorption coefficient a;(z) on 4 and z (Eq.[3]), we have,
7(6,6) = 1~ sech L " G (©e€)dE =1 sech- oy L F(PO).TE)e(©)dg
and thus
0.5 = %(1 - secta j F(PG), T(E))e(f)d§> = secha j F(PE),T(©))e(€)dE = sechayF(P(E),T())e(§)dE
Similarly,
—TA(B’ &) = —secd'aqF(P($), T(§))e(§)ds

0¢
therefore, Eq. [10] reduces to

Z/ 0
L6,h) = d—,;|T ([EA(TS -T,+L;)-2(1- “—‘A)f (fh (T() =T + L;) seco’ “AF(P(E)’T(E))e(f)d5> cos 8’ sin 6’ da’]
i 0
h
* (1 —sech a,lf F(P(f),T(f))e(f)df>
0
h
+J. (T®) =T, +L;)seco aAF(P(f),T(f))e(f)df>
0
Since

Jzsec8'cos8'sing’'do’ =1,
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and use the shorthand y for sec, we have

L@, = =2 . ([ea(re = i+ L) + 201 = &as f, (T = Ti + L)F(P(), T())e(§)aé
«(1=ye [} F(PO.T@®)e)dt)) [11]
+52]. (e J; (7@ = T+ L)F(P@), T@))e(@)dé)

and since

pplying Eq.[9]

- e " fn 2
| rnemar= | p@rn@)dn J, rorg] @

multiplying both sides of Eq. [11] by the SRF f;(1) and integrating over the channel region, we have

dR,
[ LG a

« d =~ e ~
[, ([ -+ 1)+ 20 - e [ (10 -7+ L)r(e Te@)etcrdt
0 Ti 0
h
(1= v [ P T
0
h
#ra [ (16) - 1o+ L)F (P TO)e)d6 )
0

Define
h
W= f F(P(),T())e(€)dE
0

and
_TOF(PE, TE)e(§)dé
¢ w
(Sobrino et al 1991) and respectively called “absorption weighted WV column” and “atmospheric
effective radiative temperature” to describe the atmospheric profiles, we have

h h h
[ 0@ -1+ L)re@.1@)@ds = [ TORP@.TE@)e@ds + [ (L= TIF(PE@.TE)e@dt

WT,+ (L —T)W =wW(T,+L;—T)

we have,

Iy OO aa

Lar

=7 f ‘““| ( (T =T, + L) + 2(1 — e (T, + L — T)W]|(A — ayYW) + a3 (T, + L, — T;)yW)da
[12]
dRA

=[O SA(TS =T+ L) - aqayWw)da

dRy dRA

+2W [ fi()Z2 | (1—6,1)0(,1(T + L= T — qyW)dA+ YW f; fi(D) 52 al(Ta+Zi—Ti)dl

Suppose L; is independent of wavelength within a SW band

With the assumption of L; is independent of wavelength within a SW band, Eq. [12] could be
reduced to

St dRy
L f 10 —| da
RN
. (® . dR
_(Ts_Ti‘l'Li)f fl(/l)d_,;L 3,1(1—0(,1}/W)dl
: .
vow(r+L-1) [ ﬁ(/l)—| (1 - e (1 — ayW)da
0
(A L=1) [ 0 e
, g,

Thus,
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B I G| eai-azyw)az
L, = (1,-T,+L)

RS T | a
3 5 nu)ﬂﬂ (-e)ar(1-azyw)ar
+2W(T,+L;—T;

(a i ) %ITM%¥|dl

[13]

B g, adh
+yW (T, + L; = T)) ———ap—
W (Mo + L~ T.) I fL<A)"R'1| a

Suppose the integral of products equals to the product of integrals within a SW band
Define the band effective absorptive factor and emissivity (channel i for this case) by

ﬁmuﬂ& @d2

Ai(fil Tl) T _dr._
Iy fxl)dR‘| aa

and

fﬁwm

& =

&,dA

dR,

1Ok |ﬂ

respectively and applying the integral approximation descripted in Liu et al (2019), the factors in the
first two terms of the RHS of [13] reduces to

dR dR dR
foooﬁu)d_Tl| sl(l—aAyW)dA f(j”fi(,u_l‘ a2 f;"fi(md—;‘ aydd

= — W = ¢ —yA,W 14
knm“ﬂdl %nw“ﬂdl gnm“ﬂday YA [14]
and
dm
f fL(/D (1 —ga(1 —yayW)da
: dR = (1 - A1 —yAW)
oG, @
Thus, [13] reduces to
T, +1,—T,
L=[¢&—AyW 21— )@ —ApW) + v} AW |- [15]
T,+I,—T,

or explicitly written T; as Eq. [5], which completes the derivation.
Eq. [5] or [15] is the formula that we proposed to relate Ty and T; in channel i over the SW
region. It is different from the one developed by Becker (1987).
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uiro “or

' The superscript and subscript “ ¢”is incident and solar related quantities respectively.

! u and y are introduced for mathematical shorthand.

" In concurrent radiometry, radiance is referred to as Lj; in honor of Lambert. We use I; in this paper is intended only to

keep pace with Becker 1987.
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