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Abstract

This thesis studies a regularization of the classical Saint-Venant (shallow-water)
system, namely the regularized shallow-water (Airy or Saint-Venant) system, recently
introduced by D. Clamond and D. Dutykh. This regularization is non-dispersive and
formally conserves mass, momentum and energy.

We show that for every classical shock wave, this system admits a corresponding
non-oscillatory traveling wave solution which is continuous and piecewise smooth, having
a weak singularity at a single point where the energy is dissipated as it is for the classical
shock. This system also admits cusped solitary waves of both elevation and depression.

The H*® (s > 2) large time existence with respect to the scaling of initial data and
uniqueness are established using an iteration scheme. The solution exists so long as
the first derivatives are bounded in L®. When the energy is small, the height of water
admits a positive lower bound dictated by the smallness of the energy.

Lastly, we show that there exists smooth initial data with which the L* norm of the
first derivatives go unbounded in finite amount of time. This is proved by a Riccati-type
analysis with the help from Landau-Kolmogorov inequality that addresses the nonlocal

part.
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Chapter 1

Introduction

This thesis studies a regularization of the classical Saint-Venant (shallow-water)
system, or the regularized Saint-Venant system (rSV), with a focus on its weakly singular
shock profiles, large-time well-posedness and existence of blow-up phenomena. The first

part of the work is contained in the paper [45].

1.1 Background of the classical shallow-water equa-
tions

The classical shallow-water equations in one dimension with flat bottom take the

form
1
(1.1.2) (hu)y + (hu® 4+ =gh?), = 0.

2

where u = wu(z,t) is the depth-averaged horizontal velocity and h = h(z,t) is the
water depth and g is the gravitational acceleration. These equations describe nonlinear
non-dispersive long surface gravity waves propagating in shallow water, especially when

modeling large scale phenomena without resolving the details at small scales. Common



applications include flood routing along rivers, dam breaking analysis, storm pulses in
an open channel, and storm runoff in overland flow.

The classical shallow water system is a hyperbolic system and therefore can be
tackled analytically and numerically by many powerful methods (e.g. characteristics,
finite volume, discontinuous Galerkin). See Chapter 2 for details in analytical results.
More can be found in [21,32,48].

Due to the complexity of Euler equations, many approximate models have been
derived in various wave regimes. In shallow water, the main restriction comes from the
shallowness parameter

h
p=7<1,

where hg is the water depth and [ is the characteristic wavelength. Restrictions on the
free surface elevation are characterized by the dimensionless parameter aw = a/hg where
a is the amplitude of the free surface. Many approximate equations have been derived
for waves in shallow water, such as the classical shallow-water system (1.1.1)—(1.1.2) for
bidirectional non-dispersive waves, the Green-Naghdi system (GN) (3.2.3), (3.2.7) for
bidirectional dispersive waves, the Korteweg-De Vries (KdV) equation for unidirectional
waves, and many variants of the Boussinesq system for dispersive waves propagating in
both directions. In addition to the shallowness, KdV and Boussinesq systems assume
small amplitudes.

Among these approximations, the Green-Naghdi system

(1.1.3) he + (hu), =0,

1 1
(1.1.4) (hu); + (hu® + igh2 + ghQV)x =0,
1.1.5 with v & h(u? — g — Utlyy).
(1.1.5) g @

is a prototypical second-order improvement of the classical shallow-water system. Nu-
merical computations [39] have been conducted to compare the solutions of the GN
system, the KdV equation, and the Boussinesq system with those of the water wave

problem and show that the solutions of the GN system approximate the water wave



problem better within the region of large amplitude than the other two weakly nonlinear

models.

1.2 The regularized Saint-Venant system

The GN system consists of Euler-Lagrange equations of the Lagrangian density

1 1 1
1.2.1 = —hu® + =h2u? — —gh?.
( ) L 5 U +6 u 2g

Clamond and Dutykh modified in [10] the second order term in £ using the first order
approximation (i.e., the shallow water equations) and derive a family of modified Serre-
Green-Naghdi (mSGN) systems equivalent in accuracy. As second order approximations
of the water wave equations, mSGN has, if the free parameter is chosen properly, better
dispersion relation than the Green-Naghdi system. Then in [9], Clamond and Dutykh
show that the coefficients in the second order terms can be chosen so that the resulting

system is dispersionless:

(1.2.2) hi + (hu), =0,
1
(1.2.3) (hu); + (hu® + Egh2 +eRh?), =0,
e 1
(1.2.4) R h(U2 — Ups — Ulyy) — g (hhm + 2h§> .

This is the main system to be studied in the thesis, namely the reqularized Saint-
Venant (rSV) system. Obviously when ¢ is 0, the system (1.2.2)—(1.2.3) is reduced to
(1.1.1)—(1.1.2).

The particular coefficients appearing here, however, do not yield improved accuracy
for modeling exact water-wave dispersion at long wavelengths. Instead, they are designed
to eliminate linear dispersion, resulting in a regularization that faithfully reproduces the
original shallow-water dispersion relation. The balance of terms in R ensures that the
rSV equations are non-dispersive—linearized about a constant state (hg,ug), solutions

ikr—iwt

proportional to e necessarily have

(w — upk)? = ghok?,

4



implying that phase velocity is independent of frequency.
This system formally conserves mass, momentum, and energy. Smooth solutions of

these equations also satisfy a conservation law for energy, in the form

(1.2.5) E+ 9. =0,
where
edefl 2 1 2 (132 1 22)
1.2. = —-h —gh —h —gh“h
(1.2.6) E 2u+2g +62 ux+2g o
of 1 1 1
(1.2.7) oF ghuf’) + gh*u + ¢ ((2h2u§ + ighhi + hR) hu + gh3hxux> :

The rSV equations (1.2.2)—(1.2.3) above were derived in [9] as the Euler-Lagrange
equations corresponding to a least action principle for a Lagrangian of the form (see

Chapter 3 or [9, Eq. (3.2)])

Wl o, 1 | 1
(1.2.8) L P — Jgh? 4 <2h3u§ - 29h2h§> + (b + (h)o)o .

Here ¢ is a Lagrange multiplier field that enforces mass conservation. The terms
proportional to ¢ in (1.2.3) have a form similar to terms that appear in improved
Green-Naghdi or Serre equations that approximate shallow-water dynamics for waves of
small slopes, see [10].

The rSV equations also admit a non-canonical Hamiltonian structure like one known

for the Green-Naghdi equations. Namely, with
Loy 1 2 Lgo 1 .99
(1.2.9) H= /fhu + —g(h—hy)* +¢ (h uy + -gh hx> dx,
2 2 2 2
and m = hu — e(h?u,),, the SV system is formally equivalent to

gum+md, hd,\ (6H/s
(1.2.10) o™= """ fom

h Oz 0 ) \6#/sh

This is a simple variant of the Hamiltonian structure well-known for the Green-Naghdi
equations [12,22,28,37], obtained by replacing the Green-Naghdi Hamiltonian with a

Hamiltonian derived from (1.2.6).



The presence of squared derivatives in the energy £ indicates that the rSV equations
will not admit classical shock wave solutions with discontinuities in A and u. Numerical
experiments reported in [9] suggest, in fact, that with smooth initial data that produce
hydraulic jumps (shock wave solutions) for the shallow-water equations, one obtains front-
like solutions of the rSV equations that remain smooth and non-oscillatory, yet propagate
at the correct speed determined by classical jump conditions corresponding to limiting
states on the left and right. These solutions were computed numerically by a pseudo-
spectral scheme that is highly accurate for smooth solutions and fairly uncomplicated.
This is a hint that a similar approach could perhaps be taken to approximate shallow
water dynamics by non-dispersive regularization in multidimensional geometries with
more complicated topography and other physics.

At this point, a paradox arises. The energy of smooth solutions of the rSV equations
satisfies the conservation law (1.2.5), whereas in the case of shallow water equations,
energy is dissipated at a shock-wave discontinuity, satisfying a distributional identity of

the form
(1.2.11) E+QV=up

where g is a non-positive measure supported along the shock curve. How can it be that
front-like solutions of the rSV equations approximate classical shallow-water shocks well

while conserving an energy similar to the one dissipated for shallow-water shocks?

1.3 Weakly singular shock waves

We describe in Chapter 4 a novel wave-propagation mechanism that may explain this
paradox. We show that the regularized Saint-Venant equations (1.2.2)—(1.2.3) admit
regularized shock-wave solutions with profiles that are continuous but only piecewise
smooth, with derivatives having a weak singularity at a single point, see figure 1.1 and
equation (4.1.21). Such a wave exists corresponding to every classical shallow-water

shock. These waves are traveling-wave weak solutions of the rSV equations that conserve
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Figure 1.1: From [45]: a weakly singular shock profile for the regularized Saint-Venant

equations, where the derivative blows up at the reflection point.

mass and momentum. They dissipate energy at the singular point, however, at the
precise rate that the corresponding classical shock does, see (4.4.1).

We also find that the rSV equations admit weak solutions in the form of cusped
solitary waves. These waves loosely resemble the famous ‘peakon’ solutions of the
Camassa-Holm equation in the non-dispersive case [7]. One difference is that the wave
slope of our cusped solitary waves becomes infinite approaching the crest, while that of
a peakon remains finite. The rSV equations also loosely resemble various 2-component
generalizations of the Camassa-Holm equation which have appeared in the literature—for
a sample see [8,23,26,27,31]. One of the most well-studied of these is the integrable

2-component Camassa-Holm system appearing in [8,27,31],
(1.3.1) hy + (hu), = 0,
(1.3.2) Uy + Uy — Uppy — 2Uplpy — Ulger + ghhy =0,

which has been derived in the context of shallow-water theory by Constantin and
Ivanov [13] (also see [25]). This system admits peakon-type solutions, and as noted

in [16], it admits some degenerate front-type traveling wave solutions, which however

7



necessarily have h — 0 as either x — 400 or —oo.
The existence of weakly singular weak solutions of the rSV equations raises many
interesting analytical and numerical issues. For example, do smooth solutions develop

weak singularities in finite time? The answer is yes and we shall address it step by step.

1.4 Large time existence, uniqueness and blow-up
criterion

First of all, we shall prove the well-posedness of an initial value problem for this

system. Let a > 0 and write
h = hy+ an, wu replaced with au,
we have the following result.

Theorem 1.4.1. Let s > 2 be an integer and o > 0, hg > 0. Assume the initial value
WO = (n°,u®)T € H*(R) satisfies

(1.4.1) Jhpin > 0 such that ;relﬂgh ;gﬂg(hg +an”’) = hmin.

Then there exist Trax = Tmax (s, W) > 0 bounded below uniformly with respect to & and
a such that the reqularized shallow-water system (1.2.2)—(1.2.3) admit a unique solution
W = (n,u)T € C(|0, Thnax/a; H*(R)) with the initial condition W° and preserving the
nonzero depth condition (1.4.1).

In particular if Thae < 00 we have

Tmax
(1.4.2) | DW (t, ) = 00 ast— —,
Q@
or
(1.4.3) inf h(t, ) = i%f(hg +an(t,") =0 ast— —=
«

Moreover, the following conservation of energy property holds

5 Loy 15 Lig o 19,

8



In this theorem, v is a scaling constant that indicates the smallness of the initial data.
As in the case of Burger’s equation, the total existence time Ty, /v is proportional to
1/, which is why we call this a “large time” existence result.

The idea of the proof starts with the observation that there are two terms having
time derivatives in (1.2.3). It is natural to combine these two terms by inverting the

corresponding spatial operator. We formally write

(1.4.5) Tn(w) = hw — e(h*wy),, or Iy =h—ed,oh®00,.
Acting Z, * on both sides of (1.2.3), we obtain

(1.4.6) e+ ghy + uty + eI, <2h3ug - ;gh2h2> —0

When h is bounded below, 7 is a strictly elliptic operator, so the last term in the above
equation is a “zero-th order term” which has two derivatives inside while gaining two
from Z, * (see lemma 5.1.3, lemma 6.2.2 for precise results). Therefore a standard energy
estimate applies, controlling the high norm of the solution. The proof of existence
goes by using an iteration scheme in which the controlled high norm helps argue that
the sequence converges. See Theorem 5.0.1 and its proof in Chapter 5. This standard
treatment of symmetrizable hyperbolic systems can be found in [40, Chapter 2]
Another important feature of the system (1.2.2)—(1.2.3) is that when energy £° in
(1.2.6) is small and the smooth solution conserves it, the height stays bounded from
below by a positive constant that is dictated by the initial energy. See Theorem 6.1.1

for more details.

1.5 Blow-up phenomena

For the existence of blow-up phenomena, we have the following theorem:

Theorem 1.5.1. Let the domain D =T or R. Then there exists certain smooth initial

data with which the system (1.2.2)~(1.2.3) would blow up in finite time. The precise



meaning of blowing up is that there exists 0 < T < oo s.t. the solution exists and stays

smooth on T x [0,T") with
(1.5.1) |(he, uz) (- )|l foo = +00 ast T T.

The proof goes as the following: as in the classical shallow-water system case, we

write Riemann invariants (R+) and the two characteristic speeds (A1) as

Ry =u+2gh, A =u+/gh,
R,:u—2\/ﬁ, )\,:u—\/g>h,

Write also the Riccati-type quantities as
Py =(Ri)s, P-=(R.),

Then rewriting the system (1.2.2), (1.4.6) into its characteristic form and differentiating,

we have
d+ 1 —1 3

(1.5.2) —rPe=— (3P + PP, — 2:0,T,'0, (R )a(A2)a),
d- 1

(1.5.3) b= (P3P )P~ 260, T, (WP (A ) (A ).

One key observation here is that the operator €0,Z, 19, o b3 — 1d takes a neat form
which enables us to bound the resulting term in L*° by the initial energy. So what is
left is just two coupled Riccati-type equations.

We use a smoothed-out weakly singular shock profile as our initial data. From the
exact form of the weakly singular shock profile, asymptotic behaviors of various functions
near the singular point are presented in Section 4.2, from which we know that near
singularity: P_ stays bounded and P, blows up. Moreover, the integral of P, along the

characteristic curves should be bounded! These intuitions provide a guideline of the

argument and eventually leads to a proof in Section 6.4.

1.6 Thesis overview

The remainder of the thesis is organized as follows.

10



In section 2 we introduce the classical shallow-water (Airy or Saint-Venant) system

as well as some important features of the system that are useful to later sections.

In section 3 we derive the regularized shallow-water system (rSV) through a

variational principle argument.

In section 4 we prove the existence of weakly singular shock profiles for traveling
wave solutions to the rSV equations. Such solutions conserves mass, momentum

and dissipates energy at the same rate as that of the classical shallow-water system.

In section 5 we establish the finite-time (large time) existence, uniqueness and

blow-up criterion of the rSV system.

In section 6 we prove that for certain smooth initial data the singularity happens

in finite amount of time.

In section 7 we discuss the main contributions of the thesis and some possible

future directions.

11



Chapter 2

The 1-D Classical Shallow-water

System

In fluid mechanics, many phenomena can be described by hyperbolic partial differen-
tial equations, among which the classical shallow-water (Airy or Saint-Venant) system
plays an important role and is commonly used to model transient open-channel flow
and surface runoff. Particularly, 1-D classical shallow-water system are used extensively
in various computer models because they are significantly easier to solve than 2-D
shallow-water systems. Common applications of the 1-D system include flood routing
along rivers, dam breaking analysis, storm pulses in an open channel, as well as storm
runoff in overland flow.

All the following content is limited to the 1-D system, so we will omit ‘1-D’ from
now on.

Chapter 1.1 introduces three different derivations of the classical shallow-water
system. In Chapter 1.2 we show that there are infinitely many conservation laws for
the classical shallow-water system including formal conservation of mass, momentum
and energy. Chapter 1.3 introduces the jump conditions for discontinuous solutions
which typically happen when characteristics cross each other. Chapter 1.4 computes

the energy dissipation at shocks and Chapter 1.5 we use three different approaches to

12



illustrate how mass and momentum are conserved by Rankine-Hugoniot condition while

energy is necessarily dissipated.

2.1 Derivation of the classical shallow-water system

Consider an inviscid incompressible fluid (water) in a constant gravitational field.
The space coordinates are denoted by (z,y) and the corresponding component of the
velocity vector u by (@, 7). The gravitational acceleration g is in the negative y direction.

We also assume that the density p remains constant and that there is an external force

F' = —pgj, where j is the unit vector in the y direction. The equations are
(2.1.1) V-u = 0,
Du ou 1
212 _— = — u - v 1 = _7V _ '_
(2.1.2) Df — g T@ V) VP =i

Assuming the irrotationality of the fluids, we have velocity potential @ such that
u=(u,v)=Vep.

Assuming further that the bottom is flat, together with the kinematic conditions, we

can expand (2.1.1)—(2.1.2) as

(2.1.3) Bow + Py, =0 if0<y<h,
(2.1.4) got—i-;\V@]Q—i-gy:O if y = h,
(2.1.5) he +@ohe — 9, =0 ify=h,
(2.1.6) ?,=0 ify=0.

In shallow-water regime, the depth hg is small compared to the wavelength [, i.e.

h
6=T°<<1.

Note that all variables have their own physical units. However, in mathematical

analysis, one prefers unitless forms. A proper set of changes of variables is

It
(2.1.7) x—=lr, y—hyy, t——, h—ho+an, T — clap,
Co

13



where hg is the average depth of the water, a is the amplitude, and ¢y = v/gho. It is

convenient to write the dimensionless constant

a

Adopting the new notations and applying the changes of variables, one obtains

(2.1.8) BPour+ @y =0 f0<y<1+an,
1 5 la , .
(2.1.9) 77+g0t—|—50zg0x—|—§@gpy:0 if y =1+ an,
1 :
(2.1.10) N + e, — @goy =0 ify=1+4an,
(2.1.11) 0, =0 ify=0.

In this set of equations the unknowns 7, ¢ and the constants «, 5 are all dimensionless.

Set dimensionless velocity potential potential at the bottom

[= 90|y:0'

Kinematic condition (2.1.11) says f, = 0. Expanding ¢ at the bottom and replacing y

derivative by x derivative using the harmonicity (2.1.8), one has

B [e'¢) 8’“90 yk B 00 m@me y2m
7T Ig) Tyk y=0 y B mZ:D(_BZ) ame (Qm)'
(2.1.12) = f- ;52fm312 +0(8).

2.1.1 An asymptotic procedure.

This is an approach that directly uses Taylor expansion (2.1.12), plugs in, and
considers terms that aren’t ‘too small’. It is used a lot in various derivation of asymptotic
system to water-wave equations, e.g. Korteweg-deVries and Boussinesq equations in
Chapter 13.11 in [48] and more in [29)].

Substitute ¢ in (2.1.9)—(2.1.10), and set y = 1 + an,

(2.1.13) e+ afanls + fra(14 an) = O(8%),

14



(2.1.14) n+ fi+ ;afjf = 0(B?).

Let the dimensionless horizontal velocity at the bottom be w = f, and differentiate the

second equation with respect to x, we have

(2.1.15) n + (14 an)w), = O(B?),
(2.1.16) wy + 1, + aww, = O(B?).
Let

U = CoQw

be the physical horizontal velocity at the bottom. Changing back to the physical

variables according to (2.1.7), one has the shallow-water system:
(2.1.17) he + (hu), = O(B%)co,

(2.1.18) ut + ghe +uu, = O(3%)g,

There are physical constants following big O terms here indicating that these are
equations with physical variables and the exact units are given by the units of the

constants.

2.1.2 A “physics” approach.

Chapter 13.10 in [48] shows a more physically meaningful way to derive the system.

From Taylor expansion (2.1.12) one can derive that, in the dimensionless variables,

(2.1.19) Pr = fo-— ;ﬁzfmyz +0(5Y),

(2.1.20) py = =B fuy+O(BY).

Changing back to physical variables using (2.1.7), the physical velocities admit approxi-

mations
_ 2 1 2 4
(2.1.21) T = ut O(F)co = u— Suay” + 05",

15



(2.1.22) 7 = O(B)cy = —uy + O(B%)co.

Approximations of various order are presented here and will be useful in derivation of
various approximations to the water wave equations.
Following the same procedure, one can check the orders of § for all dependent

variables and differential operators in shallow-water regime:
(2.1.23) opB:p, OB :0,ah, O :0,,0,v.

Note that approximation of 7 (2.1.22) implies that

Co

@t:O(ﬂQ)ga @x20(52)h707 @y:

the vertical component of Euler equation (2.1.2) gives that

19p 2
2.1.24 -~ +g=0 .
(2.1.24) S5, 9= 0

Integrating from a generic position (z,y) up to the water surface

(2.1.25) b _ppo = g(h —ho — y) + O(8%)c5.

Substituting the approximations of %, 7 into the horizontal component of Euler equation

(2.1.2), one obtains
1
(2.1.26) ettty = ——p, + O(8%)g = —gh, + O(8%)g.

This is the horizontal velocity conservation equation (2.1.18).
The other equation is conservation of mass, so it follows directly from incompressibility

(2.1.1). Integrating (2.1.1) with respect to y, one obtains

h h
0 = / um—l—vydy:&r(/ udy) —u(x, h)h, +7(x, h) —0(x,0)
0 0

(2.1.27) = Oy(uh) + h; + O(B*)co,

where the last equality follows from approximation (2.1.21) and the kinematic condition

(2.1.10).
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2.1.3 A Lagrangian approach.

It is interesting that, the kinetic and potential energies per water volume, respectively

Ko and V), can be derived using approximations (2.1.21)—(2.1.22)

(2.1.28) ~

Ko ha?+v2 1, 2\ 2 V h 1
= =—u*h+0 h f—_/ = —gh?.
/J 5 5l (8%)cgho, P ; 99y = 359

where the subscript 2 in Ky indicates all terms of order O(/3?) or higher are dropped. A

Lagrangian density L5 can then be introduced as the kinetic energy minus the potential

energy plus a constraint for mass conservation

L 1 1
(2.1.29) 72 = Su*h — Sgh® + (b + (hu)a)6 + O(B)cgho

where ¢ is a Lagrange multiplier. The Euler-Lagrange equations are computed as

56 0= h+ (hu),,
Su: 0= hu—ho, +O(3?),

1
oh : 0:§u2—gh—gbt—u¢x.

Hence eliminating ¢, one gets the shallow-water system (2.1.17)—(2.1.18).
Lastly, omitted the O(/3?) terms, the classical shallow-water system (2.1.17)-(2.1.18)

is written as

(2.1.30) he + (hu), = 0,
(2.1.31) uy + ghy + uu, = 0.

From the physics approach one sees that if one chose u to be the average horizontal
velocity (i.e. fohﬁdy) instead of the horizontal velocity at the bottom, equation (2.1.30)
would be exact. Both choices of horizontal velocities derives (2.1.30)—(2.1.31).

For this reason, we will from now on change the definition of v and view u as average

horizontal velocity. Approximations (2.1.21)—(2.1.22)become
1
(2.1.32) T = u+O0(Bco=u— guwy2 + O(BY)co,
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(2.1.33) v = O(B)co = —uzy + O(8*)co.

Note that the only modification is the coefficient in front of u,,y? in (2.1.32). When
one changes the height wu sits on, this coefficient typically changes accordingly. This
phenomena is very useful when one wants to choose a specific coefficient to kill certain

terms, e.g. in the derivation of Camassa-Holm equation in [29].

2.2 Further Conservation Equations

In the scalar conservation law case, one has infinitely many entropy-flux pairs that
formally satisfy the equation. Analogously, it is interesting that the classical shallow-
water system (2.1.30)—(2.1.31) also admits an infinite number of conservation equations

of the general form

0 0

The following derivation comes from Chapter 13.10 in [48].

The previous equation formally expands to
(2.2.1) Qrhy + Quuy = —(Pyhy + Pyuy) = Py(uhy + huy) + Py(ghy + uuy),
comparing the coefficients for h, and u, yields
(2.2.2) Qu=uP,+hP,, Qn=qgP,+ub,.
Thus any solution of
(2.2.3) 9Py = hPyp

will lead to a conservation equation. Among all possibilities we are particularly interested

in polynomials in uw and h. Take

P,(h,u) = i:opm(u)hm
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from which it follows that
(2.2.4) py=0,p! =0, and gp!! =m(m+ V)ppi form=1,...,n—1.

The first four are:

Ph=u Q0:%u2+gh
plzh lehu
P, = hu Q2 = hu® + gh?

Py = thu? + Lgh* Q3 = $hu® + gh*u

in which the pair (P, Q1) gives the conservation of mass,

1
(225) 8tP2 + &EQQ = 0, or (hu)t + (hu2 + 29h2) =0

xT

gives the conservation of momentum, and

2.2.6 0P3; +0,Q3 =0, or 1hu2 + 1gh2 + 1hu3 +gh*u) =0
( ) 2 2 2

t T

gives the conservation of energy for smooth solutions to the system.
One significance of having infinitely many conservation equations is that, since each

provides a constant integral

/OO (P(u, h) — P(ug, ho)) dxr = constant

—00
in any problem such that v — 0, h — hy at +00, an infinite number of integrals of the
solution are known. Therefore, it is in principle feasible to find the solution analytically,

see [44].

2.3 Jump conditions.

All solutions to the classical shallow-water system carry an increasing number of
jumps as time goes. A piecewise smooth solution that jumps along a curve z = X(t) is
a weak solution if and only if the Rankine-Hugoniot conditions hold at each point of

the curve:
(2.3.1) — s[h] + [hu] =0,
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(2.3.2) — s[hu] + [hvﬁ + ;ghQ] =0.

Here s = X(t) is the jump speed and [A] & hy — h_ is the difference of right and

left limits at the shock location, with similar definitions for the other brackets, e.g.,
[hu] C huy —hou_.

This system has two Riemann invariants u &= 24/gh, and two characteristic speeds

/\1:U—\/gih, AgzU—i—@

After eliminating s from the Rankine-Hugoniot conditions one finds

_glhy +h)

5 [ = [l = ([P = ol [u)?,

1

S0l [h

{29 (]
so that the states (h,u4) lie on the Hugoniot curves given by

o h h_
wy—u =y —h), o [t

N 2hi h_
Correspondingly the jump speed is determined by
h
(2.3.3) s = [[}:]L] =uy £vh_ =u_+~h,.

In these relations, the — sign corresponds to 1-waves and the + sign corresponds to

2-waves. Physically meaningful shock waves satisfy the Lax shock conditions:

U_ —+/gh_ >s>uy —+/ghy for 1-shocks,
u_ ++/gh_ >s>u, ++/ghy for 2-shocks.

From (2.3.3) one finds that the Lax conditions hold if and only if

(2.3.4)

h_ < hy for 1-shocks,
h_ > h, for 2-shocks.

(2.3.5)

The two wave families are related via the natural spatial reflection symmetry of the

shallow water equations:
(l’,t) - (—ZL‘,t>, (ha ’LL) - (hv —U)
Under this symmetry, 1-shocks are mapped to 2-shocks and vice versa.
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2.4 Energy dissipation.

The energy dissipation identity for a piecewise-smooth solution with shock curve

I'={(z,t): x = X(t)} takes the form
(2.4.1) E+Q)=u

where
E0 = 1hu2 + 1gh2 Q= 1hu?’ + gh*u
2 277 2
and the measure u is absolutely continuous with respect to 1-dimensional Hausdorff

measure (arc length measure) restricted to the shock curve I'. Denoting this Hausdorff

measure by o, in terms of the parametrization x = X (¢) we can write informally that
do = +/1+ sdt and

(2.4.2) pY Oclllz = —s[E" +[Q"] = Bh(u —8)® + gh*(u — s)} .

One verifies this identity by expanding (u — s)* and using that

s*[h] = s*[hu] = s [hu2 + ;ghz}

from the Rankine-Hugoniot conditions. The precise meaning of (2.4.2) and (2.4.1) is
that for any smooth test function ¢ with support in a small neighborhood of the shock

curve I and contained in the half-plane where x € R and ¢ > 0, we have

/000 /_o:o<—50(9t90 - Qo&m) dr dt = /ngdu = /OOO ©(X(t),t)D(t) dt .

The identity (2.4.2) is related to the Galilean invariance of shallow-water equations
after changing to a frame moving with constant speed s frozen at some instant of time.

To conveniently compute further we introduce v = v — s and write
(2.4.3) Vo =u_ — s, vy =ug — S,
and note that by the Rankine-Hugoniot conditions,

def

(244) M = h+'U+ = h_U_ s
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o 1 1
(2.4.5) N hiv? + ighi =h_v> + §gh2, :

With the same choice of sign as in (2.3.3) we find

(2.4.6) M = Fyhyh_,
M2 1 1
(2.4.7) N = T §gh2 = 5g(h2+ +h h_ +h2).

Then using (2.4.6) and (2.3.5), we compute

M3T11 1
(2.4.8) D= [hQ} +gM[H] = 50 [H° <0,

for both 1-shocks and 2-shocks. Note that the dissipation is of the order of the amplitude

cubed for small shocks.

2.5 Interpretations of mass, momentum and energy.

The energy conservation equation (2.2.6) would provide a third potential jump
condition (and there are potentially infinitely many), but only two conditions can be
used with the classical shallow-water system. Rayleigh proposed that the energy is not
conserved across a jump, attributing this to the observed turbulence, so that the jump
condition corresponding to energy conservation (2.2.6) should not be used.

What follows will show that mass and momentum are conserved across a jump
and that, whereas the system implies a formal energy conservation equation (2.2.6),
Rankine-Hugoniot conditions imply energy dissipation equation (2.4.2) and hence energy

is not conserved.

2.5.1 A direct computation

Consider a piecewise smooth solution at time ¢ with the only discontinuity at
X (), the position of the shock at time ¢. Two particles at X;(t), Xo(¢) are such that
Xi(t) < X(t) < Xo(t). Let A= A(h,u), B = B(h,u) be a generic entropy-flux pair.
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Then we compute that

d X2 d rX d [X2
L dde = L7 44 f/ Ad
it Jx, 2T S A T a e A
X X2
= —slA]+ (A = [ Bede— [ Boda
X1 X
(2.5.1) = —s[A] + [B] + (Au— B)|3?

For (A, B) = (h, hu), we have

d (X
(2.5.2) — hdx = —s[h] + [hu] =0
dt Jx,

which is mass conservation.
For (A, B) = (hu, hu® + gh?), we have

d [X2 1 1 1
(2.5.3) &l hudx = —s[hu] + [hu® + §gh2] - (§gh2)|§f = (§gh2)|§;

which is momentum conservation.
For (A, B) = (£°, Q°), we have

d rXe 1 1
(25.4) D™ €0 = (e + 1)~ (o)l = D+ (Lohu)

which shows energy dissipation (or energy conservation after dissipation being encoded

in the equation).

2.5.2 A space-time domain approach

There is a more elementary mathematical justification. Consider two particles at

X (t), Xo(t) within the time interval [t1,ts]. Assume the position of the shock satisfies

(2.5.5) X(t) =

Xo(t) ift =t

For simplicity, also assume that

(hy,uy) ifx < X(t)

(2.5.6) (h,u)(x,t) = { _
(h_,u_) ifx > X(¢)
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! (X1 (t2) ta) (Xa(ta) o)
R AP
9
1—‘12 F22
I
Qy
(Xi(t1).th) L1 (Xo(t1),t1) .

Let A, B be a generic entropy-flux pair. Divergence theorem gives that

Xa(t2) 1
O:/A+Bx:/ Ade+ | ———B +—"=__A 45
9J1 ! X1(t2) iz /1 4+ u2 1/1_|_u
1
2.5.7 +/7B 54 4s
( ) r 1+ s? \/1—1—32
and
0 A, +B /Xz(tl) A, dz + L g 4
= Z‘ — — T —_
Qa ' Xi(t1) - F221/1+u3_ * 1/1_|_u3_ *
1 S
2.5.8 +/— B, + A, dS
(258) r Vits I+

Adding the above two, we obtain

Xalt2) Xaltr) A-B
0 = /“A_dx—/“A+dx+ i Z o

X1 (t2) X1 (t1) Tie /1 +u2

By —u Ay —[B] + s[A]
a2 1/]_-{-u a5+ /F V14 52 a5
(25.9) = A_(Xa(t2) — Xu(t2)) — Ap(Xa(ts) — Xa(t1)) + (t2 — t1)[(s — u) 4]

which would lead to mass and momentum conservation for proper entropy-flux pairs.

For energy, one extra dissipation term would pop out as expected.

2.5.3 A physics approach
We make the same assumptions as we did above including (2.5.5) and (2.5.6).
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Xg(tl) — Xl(tl)

S — Uy

implies that

Xo(ty) — Xi(ta) = Xo(t1) — X1(t1) — (u- —uy)(ta —t1)
— Xalt) - Xalt) — (u - up) 2R 0)

S — Uy

S —u_
(2.5.11) = (Xa(t1) — Xa(t1))

S — Uy
Rankine-Hugoniot (2.3.1) says

s—u_  hy

2.5.12 = —
(25.12) s—uy h_
hence
(2.5.13) h_(Xa(t2) — Xi(t2)) = he (Xa(t1) — Xa(t1))

which is mass conservation.

Momentum involves one more object: the forces acting on two sides of the fluids.

1
Accumulated Force  F = 3 (gh2 — ghi)

S — Uy
Momentum before: My = (Xa(t1) — Xq(t1))hyuy
h
Momentum after: M, = (X5(t1) — Xi (tl))hih_u_.

The momentum density dissipated through the shock is

F+M,—M, gh>—gh}
2.5.14 _ hoe — b —0.
(2.5.14) () — Xo(t)  2(s—uy) | et

To compute energy,

U_

1
Accumulated Work: W = igha (Xa(t1) — Xi(t1))

S — Uy

1 1
Energy before: Ey = (Xo(t1) — Xi(t1)) (2h+ui + 29hi>
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hy /1 1
Energy after: E, = (Xa(t1) — Xl(tl))h+<2h_u2 + 2gh2>.

Hence the energy density dissipated through the shock is

W + E, — E, 1o, 1., 1 ., u h+<1 , 1 2)
- —h —gh® + —gh ——(zh- 59h
Xo(t1) — Xu(th) o/t T I T 50 Ts—uyp ho\2 e
(2.5.15) = (ta—t1)(s[E°] = [Q°]) > 0.
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Chapter 3

Derivation of the Regularized

Shallow-water System

A major inconvenience when tackling the classical shallow-water system (2.1.30) and
(2.1.31) is that the weak solutions (with entropy condition to guarantee the uniqueness)
corresponding to shock waves lack regularity, which can be problematic, in particular
for computations using spectral methods. Several methods have been introduced to
regularize such equations and, in particular, to avoid the formation of sharp discontinuous
shocks.

An excellent example of such a regularization was proposed by J. Leray [35] in the
context of incompressible Navier-Stokes equations. His theoretical program consisted in
showing the existence of solutions in regularized equations, subsequently taking the limit
e — 0 (¢ a small regularizing parameter) to obtain weak solutions of Navier Stokes.

A method of regularization consists in first adding an artificial viscosity into the
equations, and in taking the limit of vanishing viscosity in a second time. This method
was introduced by von Neumann and Richtmyer [46]. Tt allows to generalize the classical
concept of a solution and to prove eventually the uniqueness, existence and stability
results for viscous regularized solutions [4, 14]. Due to the added viscosity, the energy is

no longer conserved, which can be a serious drawback for some applications, for instance
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for long time simulations when the shocks represent (unresolved) small scale phenomena
that are not dissipative.

Another regularization consists in adding weak dispersive effects to the equations [30].
As shown by Lax and Levermore [33], the dispersive regularization is not always
sufficient to obtain a reasonable limit to weak entropy solutions as the dispersion
vanishes. Consequently, a more successful approach to study non-classical shock waves
is to consider the combined dispersive-diffusive approximations [20]. Also, the added
dispersion can generate high-frequency oscillations that must be resolved by the numerical
scheme, resulting in a significant increase in the computational time. Nonlinear diffusive-
dispersive regularizations for the scalar case were considered in [1]. The main goal was
to obtain a regularized model which admits the existence of classical solutions globally
in time.

Yet another, less known, regularization inspired by Leray’s method [35], filters the
velocity field such that the resulting equations are non-dissipative and non-dispersive.
Such regularizations have been proposed for the Burgers [3], for isentropic Euler [2,42,43]
and other [6] equations. In the literature, this regularization method appears with
various denominations, such as Leray-type reqularization, a-reqularization and Helmholtz
regularization. A drawback of this method is that the regularized (then smooth) shocks
propagate at a speed different than that of the original equations.

Lastly, Clamond and Dutykh proposed in [9] a new type of regularization to the
classical shallow-water system. They call it the regularized shallow-water (Airy or
Saint-Venant) system. We will discuss the derivation of several variants of the Serre-
Green-Naghdi system, and from there derive the regularized shallow-water system. Most

derivations and ideas in this subsection are from [10].
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3.1 Approximations to the water wave equation in
shallow water regime

Due to the complexity of Euler equations, many approximate models have been
derived in various wave regimes including the classical shallow-water system (2.1.30)—
(2.1.31). Once a new mathematical model is proposed, the limits of its applicability have
to be determined. In shallow water, the main restriction comes from the shallowness
parameter

ho

6:T<<17

where hg is the water depth and [ is the characteristic wavelength. Restrictions on
the free surface elevation are characterized by the dimensionless parameter o = a/hy
where a is the amplitude of the free surface. Many approximate equations have been
derived for waves in the shallow water regime (5 < 1). Depending on the size of «, one
can identify the following important sub-regimes for which a rich variety of asymptotic

models can be derived:

e Large amplitude models. If no assumption is made on the nonlinearity parameter
a (i.e. 0 < a < 1), one obtains at first order (with respect to 32) the shallow-water
(or Saint-Venant) system, and at second order the Green-Naghdi (or Serre, or fully

nonlinear Boussinesq) system.

e Medium wave models. If 2 < a < 3, one obtains at the second order (with
respect to (%) the Camassa-Holm equation for horizontal velocity component

evaluated at a specific depth.

e Long wave models. If in addition it is assumed that o < 32, then the Green-
Naghdi system can be simplified into the Boussinesq system. If one further assumes
a = 3% and focuses on unidirectional waves, the KAV equation can be derived

from Boussinesq system.
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We will utilize the structure of the Green-Naghdi system to seek a regularization of the

classical shallow-water system and create another system in the shallow-water regime.

3.2 The Classical Serre-Green-Naghdi system

We have seen the Lagrangian (2.1.29) to the classical shallow water system, in which
0-th order approximation of u and v from (2.1.32)—(2.1.33) is considered. In order to
encode more nonlinearity, all terms no less than g would be considered here and hence

the kinetic energy density (using notation without tilde) is written as

Ko "1 o5 59 may Lo g 4y 2
(3.2.1) > "o 2(u +uzy”) + O(B%)cgho = 2hu + Gh uz + O(B%)cgho.
where the subscript 4 in K, indicates that all terms of order O(3%) or higher are dropped.

The corresponding Lagrangian density takes the form

Ly Ky=V
- = ht h x
; ot (et (hu)e)o

1 1 1
(3.2.2) = ihUQ + Eh?’ui — igh2 + (he + (hu) o) + O(BY)chh,

where ¢ is a Lagrange multiplier to enforce the mass conservation equation. The

Euler-Lagrange equations of £, give

(3.2.3) 6. 0=hi+ (hu),
Su: 0= hu— (;h%) — héby + O(8 ) hoco,
Sh: 0= ;uQ + ;hz 2= gh— ¢ — ud. + O(3Y)g,
hence we have
(3.2.4) b = u— b (W) + O(F)eo
(3.2.5) b = —;ug + ;hQ 2 gh ;h_lu(hg’ux)gc + O3

Differentiating the first equation with respect to t and the second equation with respect

to x and eliminating ¢, one obtains the surface tangential velocity equation
1

2

1 1
(3.2.6) (u - 3h1(h3uw)x) + (2u2 + gh —
t

h*u? — ;hlu(hg’uz)m) =0(B%)yg
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which can be simplified to

1

Here 7y is the material derivative of the vertical velocity at the free surface

de: D@ — — —
(3.2.8) ¥ def il = (T + V@ - V) |y = h(ui — Uy — Ullgy) + 0(64)9.
y:

where we used (2.1.12) and (2.1.32)—(2.1.33) for approximation.

Equations (3.2.3), (3.2.7) and (3.2.8) comprise the Serre equations. We refer to
these equations as the Green-Naghdi system, or the classical Serre-Green-Naghdi system
(¢SGN). There are of course other ways of deriving this system, e.g. see [38] for deriving
Hamiltonian structure of the ¢SGN system from the water wave problem using the
Taylor expansion of Dirichlet-Neumann operator.

Momentum conservation equation can also be derived as

1 1
(3.2.9) (hu); + (hu® + §Qh2 + §h2’y)$ = O(B°)hog

which also takes the form

(3.2.10)
L3 o Loy 2,55 1.4 2 5
(hu — =(h ux)x) + (hu + —gh® — —h’u; — —h’uug, — h hxuu1> = O(8°)hog.
3 ¢ 2 3 3 z
Conservation of energy is written as
(3.2.11)
(1hu2 + 1h?’u2 + 1gh2) + <hu<1u2 + gh + 1h2u2 + 1h7)> = O(B%)hocog
2 6 = 27 ), 2 6 3 ')/, o

Lastly, to see that (3.2.6) is the conservation equation for surface tangential velocity,

one sets
(3.2.12) P(z,t) = D(z, Mz, 1),1)

then the kinematic condition and Bernoulli equation at the free surface imply that
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¢ = P, +0h =9, +0(0—uh,) =P, + > — u(vh,)

1 1
(3:2.13) = @+ 50" —gh—u(p, 7).

Differentiating with respect to x gives

1 1
(3.2.14) (Ga)e + (—§U2 - 5@2 + gh +up,). = 0.

Note that from (2.1.32) and (2.1.33), one has that on the free surface
(3.2.15) U =u— —Ugh® +O(BYco, T=—uh+O(B)cy,
and

1 1
(3.2.16) ¢, =u+Th, =u— gumh2 —ughh, +O(8) o = u — gh’l(h?’ux)w +O(B")co.

So one recovers (3.2.6) when approximated up to O(3°) terms.

3.3 The Modified Serre-Green-Naghdi system

In the velocity equation (3.2.7), one can check that the term $h™*(h%y), is O(5%)g.
Hence (2.1.31) and (3.2.7) are consistent. Either one implies that

9
ho
Note that in the computation (3.2.8), O(3%) terms are neglected, so we can add the

(3.3.1) (ur 4wy + ghy), = O(87)

above expression onto 7,
(3.3.2) v = h(u? = g — Utls) + Oh(uy 4w, + ghy)s + O(BY)g.
Thus, (3.2.3), (3.2.7) and (3.3.2) comprise the modified Serre-Green-Naghdi system. This
system admits a secondary relation

(hu 4 ;(e - 1)(h3u$)$>t

2 1
(3.3.3) F220 = DR + 50— Dt + (6 1)h2hxuuw) — O(5°)hog

T

| 1
+ (mﬁ + 500+ S0k D

and yet has no conservation equations analogous to (3.2.6) and (3.2.11). Particularly,
this means that the energy is not conserved for mSGN system and that a variational

principle cannot be obtained if 5 # 0.
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3.4 The Improved and generalized Serre-Green-Naghdi
system

Here we derive another modification of the Serre’s equations that have a free param-
eter and conserves both the momentum and the energy. Instead of modifying + or the
equations, we modify the Lagrangian density (3.2.2) with observation (3.3.1)

1
= = 4 Eeh?’(ut + uty + ghy), + 0(54)0(2)]10‘

g def £1/2
p p

For the added term, integrating by parts and using (3.2.3) to remove h;, one gets
(3.4.1) R (g + iy + ghy)e = (RPug); + (h3uuy), + (gh*hy). + 3h*u — 3gh*h2.

Hence omitting full-derivative terms (-), (), we obtain that

i det ;/2 + 10(h*uz — gh*hz) + O(8)cgho

1 1 1 1 1
=+ (6 + 40) B — 29h2<1 4 thg) T (B + (h)a)d + O(8Y)2ho

where @ is a free parameter. £¢ and £, /2 have the same order of approximation and L,
is a special case when # = 0. The Euler-Lagrange equations of £! give the improved
Serre-Green-Naghdi system as discovered in [10].

We consider a natural two-parameter extension of £; of the form

de 1 1 1 1 1
(342) L0 <6 + 491>h3u§ - 29h2<1 + 292h§> (b + (hu).)d.

Here the density p is omitted for simplicity and 6;, 65 are free parameters at our disposal.
This Lagrange density obviously generalizes the above ones. The corresponding Euler-

Lagrange equations are

(3.4.3) 0¢:  0=hy+ (hu),,
1 1
ou : 0=hu—ho, — ( + 91>(h3uz)za
3 2
1
oh : O:§u2—gh—q§t—u¢x
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1 1 1
+< + 391>h2u§ - §Hzghhi + iﬁzg(h%x)m

21
So
11
(344) by = u—h"! (3 + 26’1>(h3um)m,
1, 1 3 N\.,, 1 ,
(345) 6 = Jut—gh—ud, + (2 + 491)h 2+ S0gh(h2 + hh).

With the above formulas, another interpretation of conservation of surface tangential

velocity is formally written

(3.4.6) (¢2)e + (=¢r)z = 0.
Eliminating ¢,;, one obtains the non-conservative momentum equation
1
(3.4.7) us + utly + ghy + gh‘l(hgl‘)x =0,
where
def 3 2 3 ]. 2
(3.4.8) = (1 + 261>h(ux — Uyt — Ullgy) — 5929(hhm + ihl,)

Equations (3.4.3) and (3.4.7) comprise the generalized Serre-Green-Naghdi system. The
quantity I" is a generalization of 7, or a relaxed version of material derivative at the free

surface. One can derive the momentum conservation equation

1 1
(3.4.9) 0 = (hu); + (hu®* + §gh2 + thF)x.

Energy conservation equation is written as

(3.4.10) 0=6/+09=0
with
1 1 1 1 1
g9 _hHo? - 3,2 - 12 - 2
& 2hu + (6 + 491>h uy, + 2gh (1+ 292}%)7
QY = h <1 2+(1+19)h2 2+ h<1+19 h2)+1hr)+19 hih
- u 2“ 6 4 1 Uy g 4 200y 3 2 29g Uy

Thus, for any choice of parameter ¢;, gSGN formally conserves mass, momentum and

energy.
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3.5 Linear Approximation

The generalized SGN equations (3.4.3)—(3.4.7) are linearized about a constant state

(ho,up) as
(351) ht + Uohx + houx = 0,
1 1 1
A nontrivial solution proportional to e?**~%* necessarily have
(353) (w—wuok)®> 1+ 30.h3k>
- ghok? 14 (3 + 261)h3k?

- 1- (; T+ ;(01 — 02))(h0k:)2 + (; + ;&) (; + ;(6’1 — 92)) (hok)*

-(5+ ;91>2<; + 50— 62) ) (hgh) + -

This should be compared with the dispersion relation of the water water equation

(w —upk)?  tanh(hok) 1 5 2 .17 6
_ =1 — =(hok)® + —(hok)* — == (hok)® + - - -
ghok? hok 3 (k)" + 75 (hok)” = 2= (hok)" +

One could choose 0; = 0y = 2/15 (which reduces to the case of the improved SGN) so

(3.5.4)

that the linear dispersion relations coincide up to the highest order of (hok)*.

3.6 The regularized shallow-water system

We further consider the non-dispersive version of the generalized SGN system,
which will leads us to a regularized modification of classical shallow-water (Airy or
Saint-Venant) system.

From dispersion relation (3.5.3), a non-dispersive model is obtained by taking
% + %91 = %02. Choosing

2 1
0, % 2% —Z  fy,=2. RY¥ T
1 & 37 2 57 35

where € being a free parameter, one obtains the Lagrangian density
o 1 1 1
(3.6.1) i ihu2 + §5h3ui - 5giﬂ(1 +eh?) + (hy + (hu),) ¢
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and the resulting equations

(3.6.2) he + (hu), =0,
1
(3.6.3) (hu)y + (hu? + 5gh2 +eh®R), =0,
e 1
(3.6.4) R h(U2 — Uy — Ulyy) — g (hhm + 2hi> )

which we called regularized shallow-water (Airy or Saint-Venant) system. Conservation

of surface tangential velocity takes the form

1
3.6.5 b2)e + (udy — =u® + gh — §a‘hqu — egh(hhyy +h2)) =0
2 2 X xr

with ¢, = u — eh™!(h3u,),. Conservation of momentum (3.6.3) can also be written as

1 1
(3.6.6) (hpg): + (hugbw + §gh2 — eh*(2hu? + ghhg, + 2ghi)> = 0.

xT

Smooth solutions of these equations also satisfy a conservation law for energy, in the

form
(3.6.7) £ 405 =0,
where

of 1 1 1 1
(3.6.8) E Y _hl 4 Zgh® + e (h?’ui + gh%i) ,

2 2 2 2

of 1 1 1

(3.6.9) O & + gh*u + (<2h2u§ + ghh? + hR) P + gh?’hxuz) |

It should be noted that this regularized system has the same order of approximation as
Serre equations and that the classical shallow-water system is recovered if ¢ = 0.

The definition of R involves a time derivative, so the momentum equation (3.6.3) has
two terms differentiated in time. It is natural to combine them and invert the spacial

operator

(3.6.10) T, =h—¢c0,0h*00,, ie. ITy(u) = hu— e(hPu,),,
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on both side of (3.6.3). Therefore, the system (3.6.2)—(3.6.3) can also be written as a

system of evolution equations

(3.6.11) he + (hu), =0,

1
(3.6.12) ug + ghy + uuy + Z;, 10, (Zhgui — 29h2hi> =0.

This form is particularly useful when analyzing the well-posedness of the system, see
Chapter 5. Moreover, the above system recovers the classical shallow-water system
except the € term. So one can write the system in terms of the Riemann invariants and
characteristic speeds of the classical shallow-water system. This method is introduced

in Chapter 6 to prove the existence of blow-up phenomena.
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Chapter 4

Weakly Singular Shock Profiles for
the Regularized Shallow-water

System

Our purpose here is to describe a novel wave-propagation mechanism. We shall show
that the regularized shallow-water system (3.6.2)—(3.6.3) admit regularized shock-wave
solutions with profiles that are continuous but only piecewise smooth, with derivatives
having a weak singularity at a single point. Such a wave exists corresponding to every
classical shallow-water shock. These waves are traveling-wave weak solutions of the rSV
equations that conserve mass and momentum. They dissipate energy at the singular
point, however, at the precise rate that the corresponding classical shock does.

We also find that the rSV equations admit weak solutions in the form of cusped
solitary waves. These waves loosely resemble the famous ‘peakon’ solutions of the
Camassa-Holm equation in the non-dispersive case [7]. One difference is that the wave
slope of our cusped solitary waves becomes infinite approaching the crest, while that of
a peakon remains finite. The rSV equations also loosely resemble various 2-component
generalizations of the Camassa-Holm equation which have appeared in the literature—for

a sample see [8,23,26,27,31]. One of the most well-studied of these is the integrable
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2-component Camassa-Holm system appearing in [8,27,31],

(4.0.1) he + (hu), = 0,

(4.0.2) Up + 3UlUy — Uy — 2Uplyy — Ulger + ghhy, = 0,

which has been derived in the context of shallow-water theory by Constantin and
Ivanov [13] (also see [25]). This system admits peakon-type solutions, and as noted
in [16], it admits some degenerate front-type traveling wave solutions, which however
necessarily have h — 0 as either x — 400 or —o0.

Now consider any simple piecewise-constant shock-wave solution of the shallow water

equations, in the form

(4.0.3) (hw) = (hou-) < st

(hy,uy) x> st
where s, hy, and u4 are constants with Ay > 0. Our goal in this section is to show that
the regularized Saint-Venant equations (3.6.2)—(3.6.3) admit a corresponding traveling-

wave solution having shock profile that is continuous and piecewise smooth.

4.1 Construction of shock profiles

Because both the rSV and shallow water equations are invariant under spatial reflec-
tion, we may assume the shock is a 2-shock without loss of generality. Moreover, the rSV
equations and shallow water equations are invariant under the Galilean transformation

taking
(411) U — U+ S, @ — —8(91—1—3,5.

Thus it is natural to work in the frame of reference moving with the shock at speed s
and seek a steady wave profile that is smooth except at the origin x = 0. Adopting
the notation in (2.4.3) and writing v = u — s for convenience, therefore we seek time-

independent functions h : R — (0,00) and v : R — R such that h and v are continuous,
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smooth except at x = 0, take the limiting values

(4.1.2) (h,v) — (hoyv-) @ = o,

(ht,vy) = o0,

and provide a weak solution of the steady rSV equations

1
(4.1.3) (hv)s = 0, (mﬂ o ght+ 5Rh2> 0,

T

1
(4.1.4) R = hv? — hvvee — g(hhye + §h§).

As is natural, we will find solutions whose derivatives approach zero as x — +o00. Thus

upon integration we find that

(4.1.5) hv =M,
1
(4.1.6) hv? + §gh2 +eRh* =N,

where M and N are the Rankine-Hugoniot constants defined in (2.4.4) and (2.4.5) and
are given by (2.4.6) and (2.4.7), respectively.
Let us first work on the right half-line where x > 0. In terms of the dimensionless
variables given by
h v x

Hzi Vzi —_ —
h+7 U+, ® h+’

and the squared Froude number on the right,
2
v
Fp=—1,
i gh+

the equations take the form

(4.1.7) HV =1,

1 1 1
(4.1.8) FHV? + 5H2 +eFH*(V2-VV,,) —e(H*H., + 5H2H3) =F+3

(For simplicity we temporarily drop the subscript on F, here.) Eliminating V' we obtain
a single equation for the dimensionless wave height H,

F 1 eF 1 1
4.1. 4+ _H*+ ~(HH..— H?>) —¢(H*H —H?’H?) = —.
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Dividing this equation by H? we can rewrite it as

1
(4.1.10) ; +5+ eF(H'H,),H ' —e(H2H,),H

F+
H?2

[SIE
N

Further multiplying by H, one can integrate this equation to obtain

(4.1.11) eH?>=G(F,H) ¥ il _I;)EH}“— D

Here the integration constant is determined by requiring H — 1 as z — oo.
In terms of the original dimensional variables this equation takes the form

R\ (A= hyF)(h = hy)?
he hd — W3 F, ‘

(4.1.12) eh? =G <}'+,

On the left half-line where z < 0, a similar integration procedure yields

h ) _(h=h F)(h—h)?

2 _ -
(4.1.13) eh? =G (]—“, - o ,

with F_ = v?/gh_. We note that these equations correspond to equation (29) of [9]
with the appropriate choice of integration constants.

Recalling that we are dealing with a 2-shock for which h, < h_, we note

M? 1
(4.1.14) WF, =hF = Vi glhe +h)hih € (h3,h%).
Therefore
(4.1.15) Fo<1< Fyq,

and furthermore, the denominators in (4.1.12) and (4.1.13) vanish at the same critical

height h. satistying h, < h. < h_, where
1 M?
(4.1.16) h2 = ~(hy +h_)h h ="—.
2 g
On the right half line where > 0, note the denominator in (4.1.12) changes sign

from negative to positive as h increases from h, past the critical height h., while the

numerator is negative for hy < h < hyJF,. Because hyFy = h2/h3 > h., this means
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that the right-hand side of (4.1.12) changes sign as h increases past h.: for h near h,

we have

h
hy

h

G<f+, >>0 forh<hc, G<f+,h><0 fOI‘h>hC.
+

Thus a solution of (4.1.12) taking values between h, and h_ can exist only as long as
h < h.. Because we require h — h, as x — 400, such a solution must be monotone

decreasing and satisfy

(4.1.17) Vehe = —\JG(Fe, h/hy).

Actually, we have h(z) = n, (x/4/e) for a unique continuous function 74 : [0, 00) — (0, 00)

which is a smooth decreasing solution of (4.1.17) with ¢ = 1 for > 0 and satisfies
1+(0) = he, n+(x) = hy  asz — +oo.

To see that this is true, one can separate variables in (4.1.17) and determine the solution

implicitly according to the relation

(4.1.18) x>0, he(hy he,

he dk z
/h JG(Fo kjhy) Ve T

since the integral converges on any interval [h, h.] C (hy, he|.

On the left half line where x < 0, the reasoning is similar. The numerator in (4.1.13)
is positive for h_ > h > h_JF_ while the denominator changes sign from positive to
negative as h decreases past the critical height h.. The solution we seek takes values

between h_ and h,, satisfying

(4.1.19) Vehy = —\JG(F_, h/h_).

Again, we have h(z) = n_(z//€) for a unique continuous function n_: (—oo, 0] — (0, c0)

which is a smooth decreasing solution of (4.1.19) with ¢ = 1 for < 0 and satisfies

n-(0) = he, n-—h_ asx— —o0.

42



The solution is determined implicitly in this case according to the relation

(4.1.20) <0, he(h,h-).

he dk T
/h JGF_k/h) Ve

Summary. Let us summarize: Given the 2-shock solution (4.0.3) of the shallow
water equations, our corresponding weakly singular traveling wave solution of the rSV

equations satisfies (4.1.2) and takes the form

n (I — st x> st

| —F= = st,

_ Ve _ M

(4.1.21) h(x,t) = s o u(z,t) = s+ 7
77_ \/g )

where 74 are determined by h, and h_ implicitly from (4.1.18) and (4.1.20) respectively

with e = 1, using (4.1.14) to determine F., and h, is given by (4.1.16).

4.2 Behavior near the singular point and infinity

The nature of the singularity at x = st for the solution above may be described as

follows. For the function G in (4.1.12), because hyF; = h?/h% we have

R
@21) GFhfhe) ~ =) — e~ Fxlhe =)

as h — h., where
3h.h2
(h2 = h3)(he — hy)?

From this asymptotic description we infer from (4.1.18) that for small x > 0,

K? =

Y Y

2 2
(4.2.2) he — h ~ c+x2/3, hy ~ —§c+x_1/3 hyw ~ §c+x_4/3

where ¢ = (2K ,/z/3)72/3,
A similar description holds on the other side of the singularity: From (4.1.13) we

have

1 (h3 — h3)h2 ,
(42.3) GF_h/h)  (RPh—h3)(h—h )2 K=(h = he)
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as h — h., where

K2 _ 3h.h?
- T ) — Ry
So for small z < 0,
2 2
(424) h — hc ~ C—|'£U|2/37 hx ~ _§C_|[[‘|_1/3’ hacac ~ §C_|J,’|_4/3,

where c_ = (2K_/z/3)72/3,

The behavior of v follows by differentiation from (4.1.5). Thus we see that h, and v,
are square integrable in any neighborhood of z = 0 (and belong to L? for p < 3), while
h.. and v,, are not integrable functions. The singularities due to second derivatives in
(4.1.6) cancel however (see below), to produce the constant value N. This yields a valid
distributional solution of the steady rSV equations (4.1.3) written in conservation form.

As © — +00, it is straightforward to check that the limits in (4.1.2) are achieved at

an exponential rate.

4.3 Distributional derivatives

Because of the blow-up of h, at the origin, the distributional derivative of h, is no
longer a classical function. Rather, it is a generalized function or a distribution which
can be computed as follows.

We write h,, to denote the distributional derivative of h, and write h,, for the
classical derivative of h, that is not defined at 0. Let ¢ € C°(R) be a test function
with support suppp C (=L, L). Let 7 be a subtracting operator acting on functions
from R to R such that

(4.3.1) To(x) = ¢(x) — ¢(0)

Then the distributional pairing of ¢ with the distribution h,, is

(hew,p) = —/ hy . dx = —/ hy(T¢), dz
R R
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= — lim (/_E hae(T9), dz + /EL ha(T@) s dx)

e—0t —L

(132) = he(L)p(0) + halL)p(0) + [ Faclrp)

where in the last step we use the fact that (7¢)(z) ~ 2, (0) when z is small and the
fact that h,,7¢ is integrable near 0. Furthermore, the above equality is true for all L

large enough, so sending L to infinity we have that

(4.3.3) (hassf) = [ aal7) da

Due to this result, the distribution h,,(h — h.) satisfies

<hxx<h - hC)’ ()0> = <h:ca:7 (h - hc)§0>
= [ Rear((h=ho)@)do = [ Buu(h = he)p da
(4.3.4) = (haw(h — he), )

where the first line is justified by the fact that h,, is a continuous linear functional on

W1P(R) for any p € (1,00). This implies that in the sense of distributions,

(435) hxa:(h - hc) = h:ca:(h - hc)’

where the right-hand side is a locally integrable function.
From this we can find a locally integrable representation of the quantity h?R from

(4.1.4). Differentiating (4.1.5) twice and multiplying by h?v, we find h3v2 = M?h2/h

2
—h3vv,, = M? (hm — 22‘”) )

and

Because M? = gh?, using (4.3.5) it follows

(4.3.6) W2R = g(h® — h®)hay — %(%2 B3R,

So we conclude that the singularities appearing in h,, and v,, do cancel each other in a
way that makes the stationary momentum flux locally integrable with distributional

derivative 0.
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Another way to see this cancellation is that the singular terms in AR sum up to

give
R0y, + ghPhy, = (h3vvx+gh3 ) — (B*0)vs — g(h*) Ry
- (» (—h)+gh3h$) — (B0)avs — g(h)ohy
(4.3.7) = g((1* = W)h.) = (BP0)eve — g(h*)ohs

in which every term is a locally integrable function.

4.4 Energy dissipation of weakly singular waves.

Here our aim is to show that the regularized shock-wave solutions of the rSV equations
that correspond to the simple shallow-water shock (4.0.3) satisfy the distributional
identity

(4.4.1) E+0Q =p

where the dissipation measure p is a constant multiple of 1-dimensional Hausdorff

measure restricted to the simple shock curve {(x,t) : © = st}, satisfying

du 1
4.4.2 D=-L"=+"gy(h, —h_)?
(4.4.2) o 497( + )” <0,

exactly the same as the simple shallow-water shock in (4.0.3).
Indeed, the steady solution constructed above is a smooth solution of the rSV equa-
tions (3.6.2)—(3.6.3) on both the right and left half-lines, hence satisfies the conservation

law (3.6.7) except at = 0. In this time-independent situation this means
Q. =0, r e R\ {0}
Now, integration of this equation separately on the right and left half lines yields

Q_, =<0,
o =
Q+J .’17>O,
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where the constants Q4 can be evaluated by taking + — +o00 in the expression for Q°
in (3.6.7) and invoking the limits in (4.1.2). The result is that the constants Q. take

the same values as appear in (2.4.2) for the simple shallow-water shock. Namely,
1 3 2
Q:I: - ihivi + ghivi .

Therefore, by the same calculation that leads to (2.4.8), the weak derivative of OF on

all of R is a multiple of the Dirac delta measure §y at = = 0, satisfying
(4.4.3) Q. =(Q1 — Q )d =Dy,

where D is the same as in (2.4.8). By undoing the Galilean transformation to the
frame moving with the simple shock speed, we obtain (4.4.1) with dissipation measure

i exactly as claimed above.

4.5 Cusped solitary waves for the regularized sys-
tem

The construction of weakly singular shock profiles in the previous section also enables
us to describe cusped solitary waves for the rSV equations. These are weak traveling-wave
solutions whose limits as © — —oo are the same as those as r — +o0.

The point is that weak solutions of the steady rSV equations (4.1.3)—(4.1.4) can
be constructed by reflection from either piece 1+ of the 2-shock profile in the previous
section. For each of these pieces, the quantities on the left-hand sides in (4.1.5) and
(4.1.6) are locally integrable (in total, though not term-wise) and indeed constant on
R\ {0}. Thus the construction above yields two valid distributional solutions of the
steady rSV equations with height profiles

(4.5.1) Wz, t) = na <’$;;t|> ,

respectively satisfying h(z,t) — hy as x| — oo. The energy of these solitary wave

solutions satisfies the conservation law (3.6.7) without alteration.
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4.5.1 Solitary waves of elevation

We note that for the solution using 7., the value of h_ has no direct interpretation
in terms of the wave shape. However, from (4.2.1) we see that the solitary-wave height

profile with the + sign can be determined from any independently chosen values of

hoo ¥ b, and h, with

0 < hoo < he.
Here h. is the maximum height of the wave and h. is the limiting value at co. The

wave everywhere is a wave of elevation, with h, < h(x,t) < h,, determined implicitly

as in (4.1.18) and (4.2.1) by

N|=

he (3 — k3 oo |z — st
15.2 / c dk = R, he (hy hl.
(45.2) A (hg—hgok> k= ho 77 TER he (o b

It is natural for solitary waves to consider u, = 0 to be the limiting velocity as |z| — oo

in the original frame. Then by (2.3.3), v, = —s = —yh_, whence we find using (4.1.16)
that v = v/gh.h./(h h_) and

he
(4.5.3) s =1/ghe o

This determines the velocity profile according to

(4.5.4) u(z,t) = s+ ]\: =F (1 - h];”) .

This velocity is everywhere positive, as a consequence of the fact that we started with a
2-shock profile. We note that these solitary waves travel to the right, with speed s that
exceeds the characteristic speed /ghs, at the constant state (hoo,0) in this case. The
spatial reflection symmetry yields solitary waves that travel to the left instead. This

symmetry also recovers the solitary waves that can be constructed from 1-shock profiles.

4.5.2 Solitary waves of depression

We obtain solitary waves of depression by using n_ in (4.5.1) instead of 7, choosing

hoo & h_ (the wave height at co) and h. (the minimum wave height) arbitrary subject
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to the requirement that

0<he < heo.

Similarly to (4.5.2), the wave height h(x,t) € [he, hoo) is determined implicitly by

hOK b3\ he Iz — st
455 / c dk — , R, he [ho hy).
(4:5.5) h6<h§ok—h§> I — NG re € lhe, heo)
Considering u_ = 0 to be the limiting velocity as |z| — oo, we find v_ = —s = —vh

from (2.3.3), whence the solitary wave speed is again given by equation (4.5.3), and
again the corresponding velocity profile is given by (4.5.4). This time, the velocity is
everywhere negative (when starting with the 2-shock profile), while the solitary wave
travels to the right (s > 0) but with speed s less than the characteristic speed \/ghs of
the state at infinity. Again, spatial reflection yields waves of depression traveling to the

left.

4.6 Non-existence of ‘stumpons’

Solitary waves of elevation and depression are valid solitary wave solutions. In
the above equation, there is one more degree of freedom: the critical height h, is at
our disposal. Inspired by Lenells [34], one might ask whether it is possible to add
between two halves of the cusp a flat plateau conjuncting them and inquire whether
such “stumpon” is a legitimate weak solution.

Actually, we shall check that there is no ‘stumpon’ solitary wave solution. In other
words, if we inserted a flat part in the middle of the ‘cuspon’ solution, we will show that
it is impossible to have conserved mass and momentum simultaneously.

By contradiction, suppose we do have such a solution whose unknowns are h. and v,

on the flat part. Then they must satisfies (4.5.3) and

(4.6.1) —hes = hov,

1 1
(4.6.2) hoos® + 5ghgo = ho?+ 5gh§
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By (4.5.3) we get v, = —/gh., so setting = h./hs, we reduce to the cubic equation

3 1 1
(4.6.3) 0=2a"— 53:2 + 3= (x — 1)2(£E + 2)

which doesn’t have any nontrivial positive solution. Hence there is no ‘stumpon’ solitary

wave solution.

4.7 Parametric formulae for shock profiles and cusped
waves

Here we describe how weakly singular shock profiles and cusped waves can be

determined in a parametric form,

h="h(), z==z(§), ¢eR,

by a quadrature procedure that eliminates having to deal with the singularities present
in the ODEs (4.1.12), (4.1.13) and in the integrands of the implicit relations (4.1.18),
(4.1.20), (4.5.2). Inspired by the fact that classical solitary wave profiles of the form
f(&) = KSGChQ(%g ) (and their translates) satisfy an equation with cubic polynomial as

right-hand side,

(4.7.1) fE=1r (1 - i) ,

we modify the dimensionless ODE (4.1.11) by replacing H? in the denominator by its
asymptotic value 1. Thus we seek the solution of (4.1.11) in parametric form H = H(§),
z = z(§) by solving

(4.7.2) ng(H_f)_(i_l) :(H—1)2(1—§:i>,
H*— F

(4.7.3) Z=c¢ -

We require H*> = F when z = 0. It is convenient to require z(0) = 0. Comparing

the form of (4.7.2) with (4.7.1) we find the appropriate solution of (4.7.2) on either
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half-line £ > 0 or £ < 0 can be written in the form
1
(4.7.4) H(&) =1+ (F —1)sech’ (2\5] + a) :

where H(0) = F'/3 provided

F -1
2

(4.7.5) cosh” o = Fis 1
A unique a > 0 solving this equation exists in either case F > 1 or 0 < F < 1, namely

F-1

(4.7.6) a=h(Vy+vy=-1),  7=—2p 7,

because v > 1. Now z(&) is recovered by quadrature from (4.7.3) as

(477 e =vE [ (H(f)_?’;f) i

To express this result in dimensional terms for h = h4 H in each case as appropriate,
we recall Fr = h3/h3 where h. may be determined from h,, h_ by (4.1.16). We obtain

(he — hy) cosh® ay
cosh®(L[€] + az)

3 13\ 1/2
(4.7.9) z(€) = /ehy /05 (W) ag,

(4.7.8) h(€) = hs +

Y

where oy is determined from (4.7.6) using F = Fy.

Cusped solitary waves profiles are expressed parametrically by the same formulae
after replacing hy with hs.

An explicit expression for z(£) remains to be obtained. Even if this expression could
be obtained in closed form, it likely would involve special functions that may not be
easily computed. In any case, it is straightforward to compute x(§) directly from the
integral by an efficient quadrature method. We note, however, that Taylor expansion of

sech’(1[¢| + o) implies that for small |£],

e —h €] tanh o + O(JE[).

51



Consequently the integrand of (4.7.9) has a weak singularity at 0, with

h(C)? — 2\ "? ) 3h2tanhay '/’
c — K /2 K — c ]
(" 2 + o) i

This singularity can be eliminated by a change of variable ( = 4y?>—then simple

quadratures will yield accurate numerical approximations.

4.8 Numerical simulations

In this section we examine how the theory of weakly singular shock profiles developed
in this paper fits the smoothed shocks observed in the computations carried out in [9].

Computations and figures are taken from [45].

4.8.1 A dynamically generated wave front.

In Fig. 4.1 we compare a shock profile computed by the theory developed in this
paper with a solution to the rSV system computed as in [9] for “dam-break” initial data.
The solid line is from the numerically computed solution to the rSV system at time

t = 15 with € = 0.5 and smoothed step function (“dam break”) initial data
1
ho(x) = h_ + §(h+ — h_)(1 + tanh(éx))

for h. =15, h, =1, g=1, =1, as indicated in [9]. The numerical computation
was performed with a Fourier pseudo-spectral method as described in [15], using an
Erfe-Log filter for anti-aliasing [5] and with N = 8192 modes on a periodic domain of
length 4L with L = 25.

The crosses mark the shock profile solution computed parametrically using formulae
(4.7.8)-(4.7.9) of the previous section with h_ = 1.2374 and hy = 1, with z shifted
by 17.67. The bottom part of the figure is a zoom-in on the indicated region of the
upper part. We remark that the computed rSV solution in Fig. 4.1 corresponds directly
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Figure 4.1: Comparison of shock profile with dam-break computation of [9]. The solid

line is the rSV solution with € = 0.5 computed by a pseudo-spectral method. Crosses

mark the shock profile computed as in (4.7.8)—(4.7.9), shifted by 17.67.
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Figure 4.2: Total energy E° vs. t in the smoothed dam break problem as in Fig. 4.1
with ¢ = 0.5.

to Fig. 3(c) of [9]—due to a late change of notation the values of ¢ reported for the

computations in [9] correspond to 2¢ in the present notation.

4.8.2 Energy dissipation.
In Fig. 4.2 we plot the total energy from (3.6.7),
L
(4.8.1) E5(t) = / £ du,
-L

as a function of time, for a solution computed as in Fig. 4.1 but with anti-aliasing

performed using the filter employed by Hou and Li in [24], namely
p(2k/N) = exp(—36/|2k/N|*®), k=-N/2,...,N/2 -1,

applied on each time step. From this data, we estimate the average energy decay rate
dE®/dt ~ —0.00326 over the range t € [14,15]. Corresponding to h_ = 1.2374, hy =1,
the dissipation formula (2.4.8) predicts dE°/dt = —0.00318, giving a relative error of

less than 2.6 percent.
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Figure 4.3: Cusped solitary wave profile for ho, =1, h, = 1.3

4.8.3 Cusped waves

The profile of a cusped solitary wave of elevation is plotted in Fig. 4.3 for hoe = hy =1
and maximum height h. = 1.3. We were not able to compute a clean isolated traveling
cusped wave by taking the numerically computed wave profile for (h,u) as initial data
on a regular grid. Indeed, there is no particular reason our pseudo-spectral code should
work well for such a singular solution, and anyway it may not be numerically stable.
However, when taking the h-profile in Fig. 4.3 as initial data with zero initial velocity,
the numerical solution develops two peaked waves traveling in opposite direction as
indicated Fig. 4.4. While hardly conclusive, this evidence suggests that cusped solutions
may be relevant in the dynamics of the rSV system.

The two peaks here are slightly skewed compared to the profile of a cusped solitary
wave. Our limited exploration uncovered no convincing evidence that cusped waves
collide “cleanly” enough to justify calling them ‘cuspons’ or suggest that the rSV system
is formally integrable—It may be difficult to tell, though, as perturbed cusped waves do

not leave behind a dispersive “tail” in this non-dispersive system.
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Figure 4.4: Numerical solution at ¢ = 6 with initial height from Fig. 4.3, initial velocity

Z€ero.

4.9 Discussion and outlook

Our analysis of traveling wave profiles for the rSV system proves that, as the authors
of [9] stated, the regularized system admits ‘smoothed shocks’ that propagate at exactly
the same speed as corresponding classical discontinuous shocks for the shallow water
equations. The new waves are indeed piecewise smooth and continuous, but have weak
singularities which correctly generate the same energy dissipation as the classical shocks.

This ability of the rSV system to correctly model shock wave propagation non-
dispersively without oscillations while conserving energy for smooth solutions is an
interesting feature which deserves further investigation. As demonstrated in [9], it means
that a rather straightforward pseudo-spectral method (albeit one which involves careful
dealiasing, and iteration to eliminate the time derivative term in R) computes shock
speeds accurately over a wide range of values of ¢, with 2¢ ranging from 0.001 to 5 in
the examples treated in [9)].

The comparisons made in the previous section above make it plausible that the

pseudo-spectral method used to produce Figs. 4.1 and 4.2 is computing an accurate
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approximation to a solution of the rSV system which ceases to conserve energy (hence
loses smoothness) around ¢ = 7 or 8, and develops afterward a traveling wave whose
shape closely matches a weakly singular shock profile. We speculate that an important
source of energy dissipation in this pseudo-spectral computation may be the damping of
high frequency components induced for dealiasing purposes.

How this actually happens and what it may mean with regard to the design and
accuracy of numerical approximations remains to be investigated in detail. Often,
energy conservation, or preservation of some variational (Lagrangian) or symplectic
(Hamiltonian) structure, is a desirable feature of a numerical scheme designed for long-
time computations in an energy-conserving system. (See [11,19,36,41] for discussion
of variational and symplectic integrators.) But for the rSV system considered here,
exact conservation of energy appears to be inappropriate for approximating solutions
containing weakly singular shock profiles, which dissipate energy as we have shown.

At present, the issue of preservation of symplectic structure may be moot anyways,
since we are not aware of a canonical Hamiltonian structure for the rSV system. It seems
worth mentioning, however, that the rSV system admits the following non-canonical

Hamiltonian structure. Namely, with
Loy 1 2 Lgo 1 .99
(4.9.1) M= [ ohut+ glh— o) +2 (h i+ ~gh hgﬁ) de |
2 2 2 2
and m = hu — e(h?u,),, the rSV system is formally equivalent to

m Oxm~+m0o, ho,\ [0H/Im
(4.9.2) O, = —
h ,h o ) \om/on

This is a simple variant of the Hamiltonian structure well-known for the Green-Naghdi
equations [12,22,28,37], obtained by replacing the Green-Naghdi Hamiltonian with a

Hamiltonian derived from (3.6.8).
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Chapter 5

Large Time Existence, Uniqueness

and Blow-up Criterion

In this section, we will establish existence, uniqueness and blow-up criterion of the
rSV system.

We are interested in how the existence time varies according to the value of o = a/ho,
the nonlinearity parameter. For example, in the inviscid Burger’s equation, a Ricatti-
type calculation shows that the existence time for smooth solutions is proportional to
1/a.

For this reason, we make the following change of variables

(5.0.1) h = hy+ an, wu replaced by au,

and obtain

(5.0.2) ne + (hu), = 0,

(5.0.3) h(us + gne + ouuy) + e(h*R), = 0,
(5.0.4) R h(ou? — Uy — QL) — g (hnm + ;@ﬁ;%) )

The energy equation is written as
(5.0.5) E+Q,=0,
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where
ol 1 1 1
(5.0.6) € X Ja’hu’ + Jgh’ +ea® <2h3Ui + 29h277§) :

S def 1 1 1 .
(5.07) oY §a3hu3 + gah*u + ea? ((2ah2ui + igahni + hR) hu + ghgnxum> )

where R is consistent with the one in the momentum equation (5.0.3).

With Zj, = h — €0, o h® 0 8,,, the momentum equation (5.0.3) also takes the form
1
(5.0.8) us + gn, + auu, +caZ; 1o, (Qh?’ui - Qgh%ﬁ) = 0.

Equations (5.0.2), (5.0.8) form a hyperbolic system, for which we shall use an iteration

scheme to prove the main theorem of this section:

Theorem 5.0.1. Let s > 2 be an integer. Assume the initial value W° = (n° u°)T €

H*(R) satisfies
(5.0.9) I Ain > 0, igﬂg(ho + an®) = hupin.

Then there exist Trax = Tmax(s, W) > 0 bounded below uniformly with respect to & and
a such that the regularized shallow-water system (5.0.2)~(5.0.3) admit a unique solution
W = (n,u)T € C([0, Thnax/a; H*(R)) with the initial condition W° and preserving the
nonzero depth condition (5.0.9).

In particular if Ty.x < 00 we have

TmaX
(5.0.10) | DW (t, )l o — 00 ast— -
or
. . TmaX
(5.0.11) 1% h(t,-) = 1%f(h0 +an(t,)) -0 ast— .
o

Moreover, the following conservation of energy property holds

Ge Lo, o 1 9 2 (lis o 1 .9,
(5.0.12) 8,5/5 dx = 8t/ <20z hu® + igh +ex (2h uy + igh nw)> dx = 0.
Remark 5.0.2.  a) The theorem also works on 1D periodic domains.
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b) Although continuous dependence on the initial data is not mentioned in the

theorem, we do have it in the following sense: for all W° with HWOHH < 2| WO 4

(5.013)  ||W—w| < (5, B, W] e 00 |70 = W)

Loo([0,t];Hs—1) Hs'

The proof follows directly from the energy estimate (5.3.13).

¢) The dependence on Ay, can be dropped if the initial energy is so small that
Theorem 6.1.1 can be applied.
The proof of Theorem 5.0.1 is structured as below:
Section 5.1 contains the technical preparation for the operator Z,. Section 5.2
discusses the iteration step in the iteration scheme and introduces the energy estimate.

The main proof of Theorem 5.0.1 is presented in Section 5.3.

5.1 Preliminary results

The elliptic operator Z;, plays an important role in the energy estimate and well-
posedness of the regularized shallow-water system. In this subsection, we shall introduce
the main technical tool to handle Z;, and the nonlocal term in (5.0.8).

Before getting into the details of the estimate, we cite two well-known harmonic
analysis results here without proofs.

The first one is a classical Moser-Tame product estimate, and is used to prove energy
estimate. The second one is a generalized Kato-Ponce commutator estimate that is
shaper in the integer exponent case, which is used to get blow-up criterion.

Let A® be the operator associated with Fourier symbol (1 + £2)%/2:
(5.1.1) Asu e (1+€2)*%a for all tempered distribution w.
Lemma 5.1.1. Let ty > % and s > 0.

1) Forall f,g € H*(R),

C(s) I Nl o Nl
C($) Nl reo Nl

9ll o) if 5 > to,
ZfO < S < t().

w1 s

(512)  Ifglly <

HS
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2) For all f € H*(R) and u € H*™,
(5.1.3)
CS UV fll o lull g + IV Flgoallull o) if s >t +1,

(4%, fJull 2 < |
OIS ol FO<s<tot1.

Hs—1

When s is an integer, we have slightly stronger results which are crucial to the blow

up criteria in the main theorem.
Lemma 5.1.2. Let s > 0 be an integer.
1) Forall f,g € H*(R) N L>(R),
(5.1.4) ID*(f )2 < Cl)Lf e D79l 2 + 1D Fl 2 gl Loe ),
where the differential operator D < %.
2) For all f € H*(R), Df € L*°(R) and g € H*"*(R) N L*°(R),

(5.1.5) ID*, Agll= < Cl)(IDfll | D g

D 29 )-

The following lemma gives the invertibility of Z;, and boundedness of Z; '3, .
Lemma 5.1.3. Let h € WY°(R) be such that (5.0.9) is satisfied.
1) The operator
(5.1.6) Ty : H*(R) — L*(R)
is well-defined, one-to-one and onto.
2) Letty>1/2, s >0, §=max{s,tog+ 1} and h — hy € H*(R), then

H#(R)— H*(R) e

He(R)— Hs+1(R) sC

(5.1.7) |z
(5.1.8) Ve|z

(R) + \/EHIh‘l(()m

® + 5HI,?18x

Hs(R)—H*

Hs(R)—Hs+1

where C' = C(s, hg, hmin, h) s a constant depending on s, ho, hmin, [|R — hol| s -
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Remark 5.1.4. After applying a spatial change of variable

0

0
(5.1.9) \/E% =5, O T= Vez

7y, will be an operator independent of €. Thus a dimension check on ¢ shows that in

(5.1.8) the exponents of ¢ are sharp.

Proof. 1) The idea is that Z,, is in essence a very well-behaved elliptic operator such

that the basic Lax-Milgram approach works on it.

We define the bilinear mapping a : H'(R) x H*(R) — R such that

(5.1.10) a(u,v) = (hu,v)r2 + e(PPuy, vy)2 Vu,v € HY(R).
Next, we will show that a is not only bounded but also coercive. We have

ja(u,v)] < Rl g el o lloll 2 + el l ge full o 0]l

< CW)ull galloll g
and by (5.0.9)
ja(u, w)| = Auminllull 72 + (i) a7z 2= €C (rmmin) lull -

So by Lax-Milgram, there is a bounded bijective linear operator I : H'(R) —
H'(R) such that

(5.1.11) a(u,v) = (Tu,v)g-1xm  Yu,v € HY(R).
Therefore, given f € L*(R) < H'(R), u := [ "' f satisfies
(5.1.12) (f,v)z2 = (f,0) por o = alu,v) = (Tyu,v)z Yo € H'(R),

hence u = T, ' f is well-defined, and by elliptic regularity

_f — hu + 3h2h u,

(5.1.13) Upy = 73

exists a.e. and € L*(R).
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2) Let [|-|| ;2 be the norm on H'(R) (equivalent to [||| ;1 but not uniformly w.r.t. ¢)

determined by

(5.1.14) /]

i = 11z + el follZ:
Consider f,g € C2°(R) such that
(5.1.15) Thu= f++eg.

then invoke the coercivity estimate from above

C(hmm)HuHi]i < a(u,u) = (Ihu> U)L2 = (fa u)LZ - (97 \/EUI)L2

(5.1.16) < Az + gl z2)lul

H}

hence

(5.1.17) [l g2 < C(anin) ([ £l 2 + g1l 2)-

This proves the case s = 0.

Now for a generic s > 1, assume Z,u = f € C'°, we compute that

Ih(Asu) = ASIhU + [Ih, AS]U
= ANf+[h—e0,0h’0d,, \Nu
(5.1.18) = Af 4 [h Au — 20, (B, Au,),

so consider applying (5.1.17) here while taking
(5.1.19) F= AF 4 [N, § = VR, A,
we would have

[ullyy < Clhmia) (4°F + 1 A%l + [VETR?, Al
< O, o) (I e+ 10 = Bl -
iollals

)

+vEC (ho)(1 + [[h — hol

ul

63



(5120) < C(Sa h07 hmina ||h - h0|

et |

As_lu‘

)

(1

where in the last inequality we already use (5.1.2) and (5.1.3).

Inducting on integer-valued s and interpolating for fractional-valued s will yield

the result

(5.1.21) AUl 1 < C(, oy i, | B = o]

/]

)l fllgs Vs =0.

Similarly, assume Z,u = y/eg, € C2°, we compute that

Ti(Nu) = NThu+ [T, Au
= eNg, +[h— 0, 0 h® 00, AJu
(5.1.22) = [h A+ 0: (VEA'g — £[h®, Au, ),

so using (5.1.17) with

(5.1.23) F=lhAu, 5= A% — VEIR, A,
we would have

A%l < Chumin) (Il AJull 2+ [A%g = VE[R, AT,

)

< O hain) (1 = Poll gl s + gl
HVEC (o) (1 + 1 = ol el
(5.1.24 < Oy s I = oll) (ol + 47 .,):
which yields
(5125) A%l < Ol o huins h= holl o) gl e Vs > 0. 0
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5.2 Linear analysis

We can reformulate the hyperbolic system (5.0.2), (5.0.8) as
(5.2.1) Wy +BW)W, + F(W) =0,

with W = (n,u)T and where

au h 0
(5.2.2) B(W) = , F(W) =
( g au ) ( fw) )

with f(W) = eaZ; '0, (2h3u§, - %gh%ﬁ).
This subsection is devoted to the proof of energy estimates for the following initial

value problem around some reference state W = (h, Q)TZ

523 { W, + BW)W, + F(W) = 0;

Wli=o = Wo

A symmetrizer for B(W) is given by

[>1)
(5.2.4) A(W) = .
0 h

We also introduce a natural energy for the IVP (5.2.3)

(5.2.5) E*(W)? = (MW, ANW) = g|In]

Hs + (Asu, hASU)

which is equivalent to |[|[W]| ., provided that 0 < Ay < |[h] < ||A]| ;0 < 00.
The following theorem justifies the iteration scheme and provides an energy estimate

that controls the norms of all the solutions in the scheme.

Theorem 5.2.1 (energy estimate). Let tg > 1/2,s > to+ 1, a < 1, and R > 0.
T =T(S, hain, R) > 0 is chosen to be independent of € and o. Let also W = (n,u)” €
C([0,T/al; H®) satisfy nonzero depth condition (5.0.9) and E*(W) < R on [0,T/«a].
Then for all Wy = (ho,uo) € H® satisfying

R
(526) hg > 2hmin and ES(W0> < g
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there exists a unique solution W = (h,u)’ € C([0,T/a); H*) such that (5.2.3) and
(5.0.9) are still satisfied, E5(W) < R on [0,T/a], and

(5.2.7) ES(W) < Y™ E5 (W) + 9 — 1.

for some C = C(s, hpin, R) > 0.

Proof. Since all coefficients of this initial value problem are independent of unknowns,
by a standard Friedrich mollification approach we have the well-posedness of the
symmetrizable hyperbolic system. We will focus on the proof of the energy estimate.

For simplicity, we use underlines to denote the dependence on W:

A:=AW), B:=BW), F:=FW), f:=/fW).

We compute that
(B (W)?) = O(A*W, ANW)
(5.2.8) = (heNou, A*u) + 2(A°T,, ANTY)
Using the equation (5.2.3) and integrating by parts, we obtain
(B (W)?) = (mA*u, A*u) — 2(ABA*W,, A*W)
(5.2.9) 2([B, N]W,, ANSW) — 2(A°E, ANW).
Now we turn to bound the four terms in the RHS of (5.2.9) respectively.

1) The fact that H*(R) — L*°(R) and (5.1.2) indicate that

b = al(hu).| < aC(s)lhully. = aC(s)|u+ am] .
< aC(s) (|l + oa]] . Iull )
(5.2.10) < al(s, huin, R).

Note that the constant C' might change from line to line without changing the

notation. So

(5.2.11) (e, Aw)| < ]| [l < @C (s, anin, RYE(W)?
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2) For the second term, note that

(5.2.12) AB = ( agL gh )

gh ahu

is symmetric, so we can take advantage of this symmetry and move the derivative

from W terms to AB term. We use

(5.2.13) by < aC(s)||n||,. < aC(s)E*(W) < aC(s, R)

HS
together with (5.1.2) and obtain
2(ABA*W,., A*W)| = |((AB), AW, A*W)|

< [(agu A, An)| + [2(gh, A%, Au)| + [(a(hu) Atu, Au)l
(5.2.14) < aC/(s, huyin, R)E*(W)?2.

3) For the third term, it is crucial to use Kato-Ponce commutator estimate (5.1.3)

|([B, A|W,., ANT)|
= |(afu Al + aln, Aug, A%n) + (alu, AJug, hA™u)|

N

s 1Mz | Ug | Hs

aC(s)(|lul

st Hﬁ’ Hs—1)||77|

Hs

+aC(s)]lul

a1 | o [12]] oo [l

i)+ QC(S, P, R)|Ju

/&

OéC(S, h’mina R) (H"]‘

2
Hs

o+ Nl el

(5.2.15) < aC(s, huin, R)ES(W)2.

Hs

4) For the fourth term, we exploit (5.1.8)

!

eaZ;, 10, (2h%u,* 5

gh*n.?)

g OéC(S, hrnim R)

2l =

1
(5.2.16) < ozHQh?’uf — ggQQ'r]iZ

Hs

Hs—1
where the last inequality is obtained by expanding h = ho + an and applying

(5.1.2) multiple times.

67



Then we have

(A, ANW)| = |A* f, hA"u] < C (5, b, B)|£] 1]
(5.2.17) < aC(s, hm, R)E*(W).

Now, substituting all estimates back into (5.2.9), we have that
(5.2.18) O(E*(W)?) < aCl(s, huin, R) (E*(W)? + E°(W))
which reduces to a Gronwall type differential inequality
(5.2.19) O E*(W) < aC(s, hmin, R)(E*(W) + 1),
which in turn gives the inequality
(5.2.20) ES(W) < Y B (W) + et — 1.
In view of this, we set T' = T'(s, hyin, R) small enough so that
(5.2.21) T < 3/2
then E5(W) < R for all t € [0,T/a].

To check that h is bounded below by Ay, we note
(5.2.22) h(t,z) = h(0,7) + /Ot ha(s, 2) ds > essints ho — ¢l e ora)

so we obtain from (5.2.10) that
. ) T
(5.2.23)  essinfryjor) h = essinfg hg — —aC(s, hmin, R) = 2hmin — T'C(5, hmin, R)
a

Further choosing T" small enough would ensure that nonzero depth condition holds for

our solution h. O
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5.3 Proof of the main theorem

In this section we present the proof of theorem 5.0.1. The first two steps are standard

for symmetrizable hyperbolic system.

Proof of Theorem 5.0.1. We use an iteration scheme to show the existence.

Step 1
We inductively construct a sequence of approximate solutions (W11 = (hnt1, Unt1)) 50
such that
oW1+ BW,)0W,iq1 + F(W,,) =0
(5.3.1) Wy =W’ and Vn €N, i (Wo) ! (Wo) :
Wn+1|t:0 - WO

We write
(532) E() = (ASWO, A()ASWO), En+1 = (ASWn_H, AnASWn+1) for all n 2 0.

where

10
(5.3.3) A, = for all n > 0.
0 hy,

Similar notations like B,,, F,, are also adopted. Let R > 0, hy;, > 0 such that

R
(5.3.4) E, < 3 and min R > 2k

Theorem 5.2.1 exactly provides the induction step for the scheme, i.e. assume that W,
satisfies (5.0.9) and E,, < R on [0,7/«a], then there exists an unique solution W1 to
(5.3.1), and the solution satisfies (5.0.9) and E,.; < R on [0,T/a].

To obtain the solution, let tg < r < s— 1. Set
(5.3.5) E"(Wpi1 —Wy) = (A" (Woyq1 — W), AN (Way — W)

and subtract the equations at the n-th step from that at the (n + 1)-th step and do

inner product with W,,.; — W,, to obtain
OE"™ (W — W,)?
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= (Ocha N (M1 — 00), A" (M1 — 1)
—2(An B0 N (Wi — W), A" (Wi — Wo))
+2([Bpn, A"]0; (Whir — W), ApA" (W — W)
—2(A"[(B,, — By—1)0.Wy, + F, — Fou 4], Ay N (W — W)

(5.3.6) — I+ IT+III+1V.

For the former three of the four terms here, we do exactly the same estimate as that in

Theorem 5.2.1 and have

(5.3.7) [I| + [TT) + |IT1| < aC(r, hpin, R)E"(Wy1 — W,,)?
For the fourth term, note that

(5.3.8) 1 E — Fooillgr < aC(r, huin, R)E" (Wi — W)
and

H(Bn - anl)axWHHHT
< C(n)||Bn — Bn—1||Hr||Wn||HT+1

(5.3.9) < alC(r, hy, R)E" (W, — W, _4).
Hence

[1V]
< C<T7 hmina R)H(Bn - Bn71>aan + Fn - anluHrHWnJrl - WnHHr
(5:3.10) < aC(r, huin, R)(E" (Wi = Wo)? 4 B (Wigy — W) E"(W, = W),
Here we use the assumption that r < s — 1 so that |0, W, || g < C(7, Amin, R). Gluing
things together, we obtain
8tET<Wn+1 - Wn)2
(5:3.11) < aC(r, huin, R)(E" (W = Wo)? 4 B (Wigy — W) E"(W, = W),
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which reduces to

(5.3.12)  OE"(Wyg1 — W,,) < aC(r, huin, R)(E" (W1 — Wy) + E"(W,, — Wi,—1))
which in turn implies that

(5.3.13) E" Wiyt — Wy,) < (e2C0hain B _ 1) BT (W, — W,,_4).

because by the choice of initial value E"(W, 1 — W,,)|;=0 = 0.
We can ensure that 7" is so small that

C(r,hmin,R)T 3

(5.3.14) O rmin T < =

(which is the second time we adjust T after we did this in Theorem 5.2.1). Therefore,
for all t € [0, T/,

(5.3.15) BN Wy — W) < ;ET(WN W, ).
So there is W e C([0,7/a); H") so that

(5.3.16) W, =W inC([0,T/a]; H").
Taking » = s — 1, by the equations, this implies that

(5.3.17) oW, — oW in C([0,T/a); H?).

Henceforth, it follows that W is a weak solution to the system (5.2.1) and the system
(5.0.2)~(5.0.3).

Step 2

Furthermore, since we have ||W,,|| ;. uniformly bounded for all ¢ and n, a standard

interpolation argument would give that

(5.3.18) lim sup |[W, =Wl =0 forall0<s <s.

%0 4e[0,T/al

So we actually have W, — W in C([0,T/a]; H*) for all s’ < s.
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To move further, notice that H~* is dense in H~* and that the dual pairing between

H~¢ H* is just L2-inner product. So for fixed ¢ € H~*, choose a proper ¢ € H™* so

that
(& Wa =W < 6=, W = Wil + (6, W = W)
< Clhwm, R0 = 0| +](6, W0 = W)
(5.3.19) —  C(hmin, R)Hqﬁ - (BHHi as n — 0.

This proves that W,, converges uniformly to W in the weak topology of H?® regardless of
the time ¢, and hence W € C,([0,T/al; H®).

We can actually improve this weak continuity to strong continuity, i.e. W €
C([0,T/al; H?). To show the strong continuity, it suffices to show the right continuity
because the equation (and the approach we will use) is time-reversible. H*® is a Hilbert

space and we have weak continuity already, so all we need is to prove that

T
(5.3.20) (AW, AgA"W) (t0) > lim sup(A*W, AA'W)(1)  ¥ito € [0, ).

tlto

To see this, we do the a priori estimate as what we did in Theorem 5.2.1 and obtain an

analogy of (5.2.19)

(5.3.21) Ot (N°W, AgAN° W) < aC(8, hunin, R) (AW, AgA°TV) + 1).
Solving it will grant us

(5.3.22) (AW, AgA*W) () < eSOt (ASTY, AgA* W) (tg) + eCot10) — 1

Sending ¢ down to ¢y will give us the desired inequality.

Step 3
To see the blow up criteria, we take advantage of the fact that s is an integer and
modify our energy estimate (5.2.19).
Recall that the time derivative of the F*(WV) is written as
OB (W)?) = (hA*u, A*u) — 2(ABA*W,, A°W)
(5.3.23) +2([B, AXIW,, ANW) — 2(A°F, AN*W).
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1) For the first term,

(5.3.24) |hel = a|(hu).| < al[W][y0
SO
(5.3.25) |(heN3u, A3u)| < aCl|W | yproe |V ||

2) For the second term,

|2(ABA*W,., A°WV)|
< (aguaA°n, An)| + |2(ghaA°n, Au)| + |[(a(hu) Adu, A°u)|
(5326) < Wy W]

3) For the third term, we use the sharper results (5.1.4) and (5.1.5),

(B, N°]W,, ANW))|
< [(au, AJne, An)| + [(aln, Aug, A%n)| + [(afu, AJug, hAu)|

(5.327) < aC(s)(L+ [[All L) [Wl[iy1.0o W]

2
Hs

4) For the fourth term,

_ 1
17 caT; 0,202 — S ghPi)

Hs —

Hs

VAN

1
aHQh?’ui = §gh2n§

Hs—1

(5.3.28) < aC ) (IW e + IV 1) IV

by applying (5.1.4) several times. Hence
(5.3.29)
(A F, ANW)| = [A° £ hAu] < aC ()] o (IW e + IW [.) [V

2
Hs

Collecting everything yields

H(EW)) < aC(s)(1+ W)V

2
Hs
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aC(s)
hmin

(5.3.30) < (L4 [[W [y ) B* (W)

So long as h > hpin bounded below and ||W || ;1.0 stays bounded, £*(W) is bounded and
the standard continuation argument applies. Actually, since W € C([0, Tyax/); H?),

the energy [ € is conserved, and hence

(5.3.31) W () e < CIW (L2 < CPain, )| WOLE )|

H'

so ||[W(t,-)||;~ can be dropped from the blow up condition. O
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Chapter 6

Existence of Blow-up Phenomena

In dimensional variables, with the operator Z;, = h — 0, o 9, o h3, the regularized

Saint-Venant equations (rSV) are written as

(6.0.1) he + (hu), =0,

1
(6.0.2) Uy + ghy + uu, + eIh_lﬁx <2h3ui — 29h2h2> =0.

Here h : D — [0,00) represents the depth of the fluid and w : D — R represents the
horizontal velocity of the fluid. The one-dimensional domain D is either the real line R
or the 1D torus T = R/IZ, where [ > 0 is the perimeter of the torus. All the results in
this section does not depend on [.

We have shown in Chapter 4 that for every classical shock wave, the above equation
admits a non-oscillatory traveling wave solution which is continuous and piecewise
smooth, having a weak singularity at a single point where the energy is dissipated as it
is for the classical shock.

It is tempting to explore whether a smooth initial data governed by this system
would generate singularities in finite time. This section addresses this question and gives
a positive answer.

In Section 6.1, we present how the smallness of the energy controls the lower bound

of the water depth. In Section 6.2, we prove a analysis result that handles the nonlocal
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part. In Section 6.3, the Riccati-type quantities and equations are introduced along with
the ideas and intuitions that guide the proof. In Section 6.4, the proof of the existence
of the blow-up phenomena is presented in the order that the construction of the initial
data comes first, followed by a detailed analysis that consolidates the intuitions from

Section 6.3.

6.1 Non-zero depth condition
It is desirable to understand when the non-zero depth condition holds:

(6.1.1) Jhmin > 0, inf h > hoin.

zeD

However, it is usually not easy to ensure this: in general, even if the energy is small,
there could be a narrow downwards cusp at which height goes to zero The two-component
Camassa-Holm equation admits some degenerate front-type traveling wave solutions (
see [16]) which however necessarily have h — 0 as either z — 400 or —o0.

In the regularized shallow-water system, since the energy assembles the structure
of H'(R) norm of (h,u), we do have control over the depth of the water when initial

energy is small.

Theorem 6.1.1. Assume h,u : Tx[0,T] — R are measurable functions with h(t),u(t) €
HY(T) for allt € [0,T]. Also assume that the system conserves mass and momentum

while dissipating energy, i.e. for allt € (0,7
d d d 1. 5, 1 5 1 3 9 219
il — il — i - - <0.
dt/Th 0, dt/Thu 0, dt/TQhu + gkt + Se(hhl + gh*h2) <0
Let hg > 0,uy € R. If ﬁ Jr h‘t—o > ho and the modified initial energy

1 2 1 2 L 1139 272
By = /Tih(u—uo) + 59(h = ho) + 52 (2 + gh?h?)

1
< -gVeh)
03

t=

for some uy € R, we will have

inf h > hun
Tx[0,T]
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where hyin € [0, ho| is the unique root in [0, ho] of the polynomial equation (w.r.t. w)

2w?® — 3how® + hj — sk

gveE

Proof. First of all, note that by conservation of mass and momentum and the energy

inequality, the modified energy is also a dissipating quantity, i.e.
d 1 2 1 o 1 39 272
o /T Shlu =) + Sg(h— ho)® + e (hu? + gh*h2) <.

Fix time ¢t € [0, T]. Since we will only work on time ¢, h(-, ), u(-,t) are simply written
as h,wu in this proof and the time variable will be omitted.

Suppose h(0) = w € [0, hg), h(a) = ho for some a > 0. Also assume that h([0,a]) C
[w, ho] (which is always possible by finding the smallest such interval).

Then the modified energy on the interval [0, a] is

@1 2 1 o, 1 1139 272

/o (Qh(u —up)” + ig(h — ho)” + 55(h uy + gh h$)> dx
1 a

> fg/ ((h = ho)? + eh®h?) da

= —g/ (alh = ho)* + ZB202) dz

where h : [0,1] = [w, hg| is such that h(z) = h(az). Then by AM-GM the right hand

side of the above is greater than or equals to

1~
g\/_/ ho — B)hh, dz—g\/_/ (h0h2 3h3> dz:g\6/g(2w3—3how2+hg),

which is an decreasing function of w on [0, hy.
Since domain T is periodic, there must be another interval on which h goes from h

down to w. So the total energy on T at time ¢ is at least
9\3/5(211)3 — 3how® + hj) < Ey
by the assumption that energy is dissipating. This gives the lower bound on w = h(0). O

Remark 6.1.2.
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a) The lower bound estimate is sharp, i.e. we have the equality that

inf /a h—nh 2 h2h2d :£2 3—3h 2 hg,
{(a,h):hlenHl([O,a} 0 << o) +e x> & 3 (2w ow” + hy)
h(0)=w,h(a)=ho}

but the infimum is not attainable on a finite domain.

b) The above proof doesn’t essentially rely on the finite length of the domain, so the
argument can be extended to infinite domain as long as h(+00) = h(—o0) = hg, u(+00) =

u(—00) = ug and the modified energy is finite.

c) If for some initial modified energy Fy the theorem implies h > hy, = 0, it also implies

that h < 2hg — hpin by the same proof.

d) Intuitively, with a small amount of water particles a narrow downwards cusp could be
formed within a tiny horizontal length scale while the total energy of it remains small.

However, this is not the case for rSGN.

6.2 A preliminary result

To handle the nonlocal term in (6.0.2), we need a L* bound on the solution of
the elliptic operator Z;,. The following Landau-Kolmogorov interpolation inequality is

crucial

Lemma 6.2.1. Let f € C*(R;R) be such that

£l <00, [f"]l e < 00

Then

2
(6.2.1) 1 o < 20 o 17N e

Proof. Assume ||f"||;~ =1 and f'(0) = a > 0. Then
f@) = JO)+ [ f@de =0+ [ (£O)+ [ 1) dy) da
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(6.2.2) > f(0)+ /Oa (a + /Ox(—l) dy) dr = f(0) + =a®

Similarly, f(—a) < f(0) — La® So

(6.2.3) 21 fll 1 = fla) = f(—a) = a® = |f'(0)".

The nonlocal term can be bounded using the following important lemma.

Lemma 6.2.2. Let h € CY(R) and 0 < hyin < h < hpax < 00. Assume f,v

satisfy Zpv = f in the classical sense. Then

2 B
©024) ol < Wl ond ol € =32 e

Proof. Suppose a new variable z on R is such that

d .d
(6.2.5) =

then under the new variable

(6.2.6) hv — eh v, = f.

By the weak maximum principle and the fact that h is bounded below, one has

V]| e < hmm fll ;- Therefore
1 hﬁm 2 hiax
627) ol = = [to w2, B e < 272 e

hence the Landau-Kolmogorov interpolation inequality (6.2.1) says

1/2
(awin)* [Vl e < 0l e < 2000 oo 0zl o)
2 h?nax
(6.2.8) S = HfHLoo

N
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6.3 Riccati-type analysis

In this section, the main goal is to present the fundamental ideas that convince us
the solutions to (6.0.1)—(6.0.2) with certain initial condition do blow up.
Write Riemann invariants (R.) of the classical shallow water system and the two

corresponding characteristic speeds (A1) as

R+:u+2@, )\+:u+\/ﬁ,
(6.3.1) R =u—2gh, A =u—/gh,

which satisfy

1

1

(Ry +3R_).

Noting that the function inside the nonlocal term in (6.0.2) takes the form

(6.3.3)  2hu?— ;gthi _opd(? — ighlhi) =213 (A )

one can derive the corresponding equations along characteristic curves

(6.3.4) C;m = (R + A (Ry)e = —2¢T, ' 0, (P (A1) (A0 )2),

(6.3.5) CCZR = (R_)i + A_(R_)y = =22, 0, (P (A1) (A2): ).

Here %, % indicate the derivatives along “+” and “—" characteristic curves, respectively.

Now we have rewritten the entire equations in terms of the classical shallow water
Riemann invariants.
The flow maps X, X_ : T x[0,00) — T along the “+” and “—" characteristic curves

are defined through

X4 . 0X_ B
(6.3.6) o (1) = A (X1 (6, 1),0) 7 o (G 1) = A (X-(¢, 1), 1) |
X4(£,0)=¢ X_(¢,0)=¢

where &, ( are Lagrangian variables. Differentiating the first set of equations w.r.t. &,

one obtains

(6.3.7)

(%) =005, Do -1

o€ 9¢ T o¢
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9X.

So along a certain “4” characteristic curve, (Ay), < 0 everywhere implies that 58

€
(0, 1] everywhere on the curve. Such characteristics curves are concentrating towards

[T

each other and become denser as time goes. The same holds true for the “-” characteristic
curves.

Write the Riccati-type quantities
(638) P+ — (R—i-)x; P_ - (R—)Z‘

which clearly have
1

(6.3.9) A+)e =

BP .+ P), (M), = i(P+ +3P.)

From asymptotic analysis in Section 4.2, we know that near singularity: P_ stays
bounded and P, blows up to —oco. So both (A;)., (A-), blows up to —oo, which
certainly implies that characteristics curves are concentrating. Actually, since P, blows
up along “+7 characteristic curves in finite time, “+” characteristic curves are absorbed
by the singularity point in the steady wave profile.

Differentiating (6.3.4)—(6.3.5), one obtains that P, and P_ satisfy Riccati-type

equations with the presence of a nonlocal term

p :—1(313 + P_)Py = 260, T, 0: (B (A4 )a(A e )
at’ T g T T T A )
d- 1 in (e

—Po= (P3P )P~ 2:0,T;'0, (PP )e(A2)2).

The next step is to extract the local part of the nonlocal term. Let G denote a primitive
function of (Ay),(A_),. Recall that Z, = h — €0, o h3 o d,, the nonlocal term can be

rearranged as
260,y 00 (P (A1)a(A\- )2
= 20,Z, ' 00, 0 h’00,(G) =20,Z;, " o (T, + h)(G)
(6.3.10) = —20,G 4 20,7, (hG) = —2(M\4) (M) + 20,Z;, 1 (RG)

Within this identity, —2(A;).(A-). is a local term, the other term can be bounded

by the H' norms of h,u by Lemma 6.2.2. Whence one can rewrite the Riccati-type
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equations as

d* 1 _

%P+ = _§<)‘+>I(P+ —3P_) — 20,1, 1(hG),
(6.3.11) = —213_3 + P P_+ 2132 — 20,Z;, ' (hG),

d” 3 2 3 2 —1

These two equations are of central importance because the nonlocal term that appears
here is essentially a constant, and after that (6.3.11)—(6.3.12) is a system whose behaviors
are governed by the quadratic terms in P, and P_.

We shall show that P, blows up and P_ stays bounded. The equation (6.3.11)
perfectly agrees with this goal while (6.3.12) implies that if the goal were true, the

Wo»

integral of P? along the characteristics had to be bounded. This gives rise to the

following two observations:

a) %Pjﬁ is a constant along the “4” characteristic curves, i.e. the concentrating
effect of the “+” characteristic curves and the blow-up effect of P? offset and

exactly balance each other.

b) The integrals of P} along the “-” characteristic curves are bounded.

We shall use a) to derive b), and the exact meaning of a) is the following identity:

At (0X, L\ At (0X,\ ., OX, _ d*
dt(@g P+>_dt<8§ Pot—o¢ gt

0X 0X 1 .
= (g PLt g 2P (—Q(M)x(ﬂ _3P)—20,T; 1(hG))

(6313) = = : Py (3(\)oP- — 40,Z; (hG))

Here the upshot is that the highest order terms (cubic in P, ) match exactly and go

away.

6.4 Existence of blow-up phenomena

Now we are ready to state and prove the main theorem.
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Theorem 6.4.1. Let the domain D = T. Then there exists certain smooth initial data
with which the system (3.6.2)~(3.6.3) will blow up in finite time. The precise meaning of
blowing up is that there exists 0 < T < oo such that the solution exists and stays smooth

on T x [0,T) with
(6.4.1) |(hg, uz) () || foo = +00 ast T T.
Remark 6.4.2. a) We can prove that

(6.4.2) P, =u, + \/zhx — —o0 astTT.

is the true blow-up behavior instead of (6.4.1) with one more assumption on the

initial data.

The idea is that, although the main proof goes by a contradiction argument, once
we have (6.4.2) the solution exists and stays smooth before the blow-up time Ty,
so all the arguments in the proof works until time T},... If we had one more
assumption that asserts the flatness of the solution elsewhere, we could argue that

P, does blow up as described.

b) The proof works in both a bounded domain T and an unbounded domain R. The
estimate of the nonlocal term does not depend on the length of domain and we

only need L? norms of P,, P_ to control the nonlocal term.

¢) One should NOT expect finite time blow-up for all smooth initial data, because in
the numerical simulation in Figure 4.1 we see that the smoothed-out dam breaking
initial data admits a rarefaction wave traveling to the left which stays smooth for

all time.

Proof. Step Zero. First of all, the constants in this proof are chosen as the fol-

lowing: the initial average height hy > 0 is arbitrary. Define positive constants

Ci(g), Ca(e, hy), C3(g, ho) explicitly by

ar 216C4
Veho

83

CY
V2g9ho '

s 09

%;

(643) 01(6) 02(6, ho) 03(8, ho) d:ef



Choose real numbers M > 0, N > 0,0 > 0 such that

(6.4.4) M > 4Cy+6C5 4 12C3,
~ 205\ 1 V3(C2 4+ C?)
51>(M+81+02+ ) + 23

( 3) Cg /gho Cl
500(ho 4 eh3) M?
A
(6.45) LN
(6.4.6) N > 2 V09

3 )
Fix ho > 0. The initial data h,% : T — R are chosen to be smooth and satisfy the

following:
(6.4.7) 1/ h>h
SE. |,]T| T = 140,

17~ _ _ . 1
(648)  Fo=3 /T hi + g(h — ho)? + e(h32 + gh*h2) < ZgV/ehi,

(6.4.9) P_|iso = tiy — %BI =0,
(6.4.10) P (x,0) = (am + ﬁh) (2,0) < =M VYzelICT,
(6.4.11) P, (x;,0) = —N with z; the midpoint of I.

where [ is a non-degenerate interval whose length |I| = 0.

It is not straightforward to see the existence of such functions (h,#). The idea
is that, if only the first three conditions (6.4.7)—(6.4.9) were present, one would take
h = hg,u = 0. Starting from there, one can adjust the value in a small interval 21 (the
symmetric dilation of the interval I w.r.t. its midpoint) to ensure that P, < —M on [
while keeping (6.4.7)—(6.4.9) valid. The same strategy works for the one point condition
(6.4.11).

Actually, here is a step-by-step construction that guarantees (6.4.7)—(6.4.10). Unfold
the torus T to form a bounded interval Ty C R. The goal is to construct some functions

on R which are only non-constant on a small interval within T(. Let x; € Ty, ¢ be a

smooth cutoff function and I = (z; — 5, @7 + 3) such that

(6.4.12) oli=1 ¢l €01, @lon =0, el <2
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Define h, @ : R — R to be two bump functions by the following: for all z € R

=
S
g

<\/h>o+ 2]\\2 ; (ps(y — 20) — ws(y) dy) dy) :

u(z) = AQ/[ /_; (ps(y —20) — ws(y) dy) dy,

T—x]

5
can check that h(£o00) = hg,u(+o00) = 0, and

where ;s is such that ps(z) = ¢( + x7) with its support on [x; — §, 27 + 6]. One

(6413)  m(r) = }j@hx@):—;M¢5<x>+;me—26>,

so h,, T, are only non-zero on the supports of ¢; and form bumps respectively. This
pair of functions agrees with (6.4.9) and (6.4.10). Moreover, since h is an upward bump
function, (6.4.7) is fulfilled.

To ensure (6.4.8), one needs to choose a proper 4. Noting that the supports of ¢s

have lengths 20, one computes that

[l < (250" [l <2005 22 < i,

g

2 h
< el !LooHWHiQ, and ||, |72 < M?(|gs]|7.

hy
L

(6.4.14) |

Since [|¢s||72 = d]|¢||%2, by the choice (6.4.5) of §, initial energy condition (6.4.8) is
fulfilled. The interval I = ¢;'(1) whose length |I| = 6. One can see that the initial
conditions (6.4.7)—(6.4.10) are fulfilled.

Lastly, by virtue of the above adjustment, one can enforce (6.4.11) by adjusting
values in a tinier interval within / (one point adjustment is much easier than that on an

interval, hence skipped).

Step One. Assume for the sake of contradiction that, under such initial condition,
the system doesn’t blow up in the sense of (6.4.1). By the short-time wellposedness

theorem and the blow-up criterion, one must have that for all ¢ € (0, c0)

(6.4.15) Sup [(Pz, )| ooy < 00
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Therefore, by well-posedness theorem, there is a unique solution defined on T x [0, o)
that stays smooth on the whole domain. With enough regularity, (6.0.1)—(6.0.2) hold
in the classical sense, hence the system conserves mass, momentum, and energy. By

non-zero depth theorem(6.1.1) and initial conditions (6.4.7)—(6.4.8), one obtains

1 3
(6.4.16) 5o <h < Sho.
Recall that Py = u, + \/% R,
2
(6.4.17) P2 < 2(u? + %hi) <2(u? + h—ghi),
0

then by (6.4.8) and energy conservation, for all ¢ > 0

4g 6g
6.4.18 P 1) <2/ 24 —/th < _c
(6.4.18) POl <2 [adde 32 [2de < 2=

Define G : T x [0,00) — R such that for all y € T

Y

(6.4.19) Gly.t) = / O\s)a (M), da.

xr

Here the specific starting point xz; is only to specify a certain primitive function of

(A1)z(A2)z. Since (Ay)s, (M), are just convex combinations of Py, P_,

(6.4.20) G Lo (rx .00y S SUP [[(A4)2(A)all prgry < Ch.

S
te[0,00)

Therefore, by lemma (6.2.2),

B 144 216
20,7, ' (hG < Thg||hG||Lm(T = Cy

)HLOO('JI‘ VE ) S RC
for all time ¢t € [0, 00).

Moreover, since h,u are smooth, so are Ay, A_. By the flow map definitions (6.3.6),
X1 (€),X_(¢) solve first order ODEs that are locally Lipschitz in the X variable, so
“+7 characteristic curves don’t cross with themselves. The same holds for the “—”
characteristic curves. In other words, X (t), X_(¢) are diffeomorphisms on T for all

time t € [0, 00).
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Now we can start to get estimates on P, P_.

First of all, we clarify the region R; on which we do most of the work. Denote the
endpoints of the interval [ in initial condition (6.4.10) by o,z so that I = [xq,x1].
Note that by construction of initial data (6.4.5) |I| = § is rather small compared to

quantities defined through M, e, hy. Consider two characteristic curves
(6.4.21) t— X (xg,t), andt— X_(x1,t).
Since the relative speed between two characteristic curves

(6422) >\+ —A_=2 gh € [\/QQho, \/6gh0]

is bounded above and below, they intersect at time

(6.4.23) T, ¢ (5/\/6gh0,6/\/2gh0).

Denote the “triangular” region enclosed by these two characteristic curves and x-axis by

R;. That is,
(6.4.24) Rr = {(2,t) € T x[0,00): 0 <t <Tp, Xy (w0,t) << X_(21,8)}

Note that by definition R; N (T x {0}) = I x {0}, so the initial condition in this region
is such that

(6.4.25) P (z,0) < —M, P_(z,00=0 forallzel.
We shall prove that
(6.4.26) P, <—M and 0< P <C3; on R,

The justification of this assertion (6.4.26) is the major part of the remaining proof.
Actually, with (6.4.26), one can easily compute the blow-up time as shown in the last
part of step 3.

The bounded spatial derivatives (6.4.15) implies that

(6.4.27) F(t)= sup |P_(x,8)| < +o0

{(z,s)ER:0<s<t}
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is well-defined, continuous, increasing, and finite everywhere. By initial condition
(6.4.25), F(0) = 0.
-100C,
Let T € (0,Ty] be such that F(T) < C5 = V2 the constant defined in step zero.
Such T exists since F' starts from 0. Then by equation (6.3.11) and largeness of M
(6.4.4),

d+ 3 3 1
aa < —gPi+P+P,+§PE+Cz<—1Pi+3pz+02

1
(6.4.28) < —ZMQ +302+Cy <0
Therefore for ¢ € [0,T7], (z,t) € Ry,

(6.4.29) P(2,t) < Cs, Pi(a,t) < —M, (A)u(z,t) <0

Step Two.

The goal of this step is to prove the following:

Claim: Fiz any point {y € I and let t € (0,T] C (0,T7] such that (X~ (¢o,t),t) € Ry.
Given that |P_| < F(T) < C3 in (T x [0,T]) "Ry, one can bound the integral of P} on

the “—7 characteristic curves by

/P2 —(Co,8),s)ds <i03(5>h0)-

Now we shall present the proof of the claim.
For every £ € T, € < (, let s(£) be the time that the “+” characteristic curve starting

from £ and the “—” characteristic curve starting from (j intersect, i.e.

(6.4.30) X1 (€ 5(8)) = X_(Co, 5())-

Differentiating w.r.t. &, one has

0X.4 ds ds ds 10Xy 1 0X,

A A — = =— :
96 TMAETNdE T A€ A 06 an/ah of
Let & = X, ()71 (X _(¢o,t)) € I. In view of the above change of variable, one can pull

(6.4.31)

P? back to T x {0} (and everything still stays inside R;)

[P (o). 5)ds
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Go 5 1 0X,
= [ (P et s o) T e st de

1 Co 9 8X+
7% A P+(X+(€,8(5))78(5))76(578(5))6%

e [ (e [0 (PO st st )
© d

2 50X ¢
< \/ml|P+('7O>HL2(T)+\/2g—hO/ / < T )de&.

In the last line, we bound the initial spatial integral of P? by its L? norm, which is only

true when &, (o stays in the same period of T, which is valid since [, (o] € T C T.

Let
s(§) aX+
(6.4.32) / ( o ) dr dt.
By the crucial derivative computation (6.3.13)
G s(&) 6X
(6.4.33) /6 ’ / + (3(A1)aP- — 40,7, (h@)) | dr d.
0

Since 4(A\;), = 3Py + P_ and P_ < F(t) < Cj, the integrand above is a quadratic
polynomial in P, times 2 ag , in which the linear term can be bounded by the quadratic

term and the constant term:

0X,
K

90X,
06

L 0%

o8

Py (3(\)aP- — 48xI,jl(hG))|

( |P,P_|[]3P, + P |+2|P+yc2>

(3(1+C3)P} +C3 +C3)

Here (A;), < 0so by (6.3.7) %5 8X+ is a nonnegative decreasing function on [0, 7] with

value < 1. Note that
(6434) CO — 60 < H)\Jr — )\,HLoot < 6gh0t,
SO

(6.4.35) / “ / aX* dr de < (Co — &)t < y/6ghot?.
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For the Pfr term, one use the inequality

(6.4.36) i /0 " p(r)dr < F(0) + /0 “IF () dr ¥ f e CU(R)

to obtain

/CO/ 8X+P2 dr d¢

A ( (£,0) +/ <8X+P2>

(6.4.37) < PO oy + A).

/N

dT) de

Putting everything together, one obtains
A <31+ C) (1P 0)172r) + A)t + (CF + C3)y/6ghot”
whence (1 —3(1+ C3)t)A < 3(1+ C3)Cit + Cit
(6.4.38) —  ALS(1+CHOt.

Here one uses the smallness of ¢ twice: by the bounds (6.4.23) on 77 and the defining
inequality (6.4.5) of ¢,

)
6.4.39 t<T; <
(64.39) 'S g
implies that
1
(6.4.40) (C2 4+ C2),/6ghot < C,  and  3(1+CHt < <35

So we can conclude that if F(T) < Cj, for all ( € I,t € [0,T] with X~ (o, t) € Ry,

Cy +8(1+ C3)Cht 2C, 1
6.4.41 / P2(X_(Co, ), 5) ds < < - C
(o440 A ST e S Va1

where (6.4.23) and (6.4.5) are used again.

Step Three.
By the Riccati-type equation (6.3.12) for P_, one has for t € [0,7T], ((,t) € R,

d 3 3
o P_(X_(¢,1),1t) < 8P2+P+P_—§P2+(JQ 2P? + Cy
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t
(6442) = PAX_(C0.0)<2 [ PUX_(C5)s)ds +Cot < s+ Co,
0

hence F(t) < £C3 + Cot. On the other hand, for (z,t) € Ry, t € [0,T}], since

d- 3 3 1
Pz 3 i+P+P,—§PE—Cz > 1Pi—:sPE—CQ
1
(6.4.43) > ZM2 —3C5 -0y >0,

one has that

P_(z,t) > 0.

This is essentially saying that for (z,t) € Ry, t € [0, Ty]

(6.4.44) Fl)<Cy —  0<P () < F(t) < ;03 Lot

One sees from (6.4.23) and (6.4.5) that C»T; < $C5. Therefore, one must have
(6445)  |P_(x,0)| < F(t) < ;03 L Oyt <Oy forall (a,8) € Ryt € [0,Ty].

Therefore, we have assertion (6.4.26).
Finally, by the Riccati-type equation (6.3.11) for P,, for points (z,t) lie on the “+4”

characteristic curve that starts from z; with (z,t) € R;

dt 3 1
EP_F < _g(P+ — 503)(P+ + 303) + CQ-

Note that we already maximize the right hand side over all possible P_ and replace P_
by C5. All terms in this ordinary differential inequality have definite signs. Formally

solving it, one gets

Py — éC?,
In|{——2-—
P, +3C%

Using the initial condition P, (z,0) = —N one has

t

. 3
10 (N+1icC -
Py (z,t) < =3C5 — 03<33603f - 1) :

3 N —3Cs
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So P, blows up to —oo before

1 1 4
=g (m(N +5Cy) —In(N — 303)) <=

which is valid since $¢ < 2 by defining inequality (6.4.6) of N. Again by (6.4.6),

602 & 4
A —A_~ 2y/6ghy ~ N’

so the formal blow-up time is less than the minimum time needed to escape R, hence
the “+7 characteristic curve starts from x; stays in R; before its blow-up time and this
formal calculation is valid. This argument contradicts our assumption that the solution

doesn’t blow up in the sense of (6.4.1). O

6.5 Asymptotic blow-up profile

We want to derive the asymptotic behavior near the singularity when the blow-up

just happens.

6.5.1 Blow-up profile for the rSV equations

Suppose Fy < 0 is the initial value of P, that loosely resembles that of the weakly
singular shock profile (as we constructed in the proof of theorem 6.4.1). P, admits a
global minimum at 0, from which the singularity is produced. Since P_ is bounded

before P, blows up, we assume
(6.5.1) |P_| < |Py]

in the space time domain. Therefore we can rewrite (6.3.7) and (6.3.11) as

0X 30X,
(6.5.2) ( +> = p,—/*
o¢ ), 4" o
(6.5.3) et af@()ﬁ(f,t),t) =g+
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With the initial data Py we can solve (6.5.3) along the “+” characteristic curves:

By (€)

(6.5.4) P (X (& 1),t) = 15 5tRE)

Following the “+4” characteristic curve emitting from the global minimum point 0 of F,

the blow-up happens at

8
D. T=— 1.
(6.5.5) B0 <
From (6.5.2) and (6.5.3) one can compute that
(6.5.6) ((%P) (=59 5 P2

which is 0 if and only if p = 2. This balancing effect agrees with the rigorous compu-
tation (6.3.13). Actually, the right hand side of equation (6.3.13) has a leading term

(%P_)%Pf where P_ > 0 is bounded. So

dt (0X, 00Xy
6.5.7 0< — | =P <C P2
(057 dt ( o *) o€
which leads to the inequality that
0X
(6.5.8) P}< P2 P CL
23
Since t <T' < 1, we have when p = 2
X
(6.5.9) (%g*PP)(g ) PP(E)  forall €.

Now we can use (6.5.9) to compute that

oX, (o)
(6.3.10) €0 = sy~

At the vicinity of 0 € D, assume the initial data satisfies

1+ 2tP0(§)>p.

Then near (X, (0,7),7T),

90X,

(6.5.12) 5

(£.T) ~ O = X, (. T) ~ O
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Consequently, for £ close to 0

_oR0) _ L R0)
PAXET)T) ~ O=g = = O

(6.5.13) —  Pu(z,T) ~ o ==

R
which is in L,

(R).
In the rSV case, p = 2. Then n = 2 would lead to an asymptotic behavior

(6.5.14) Py(z,T) ~ Ca™5.

6.5.2 Blow-up profile for the inviscid Burger’s equation

As a comparison, asymptotic blow-up profile for the inviscid Burger’s equation
(6.5.15) up + ut, =0
is derived. In Burger’s equation v = u, satisfies
(6.5.16) v+ U, = —v*

which implies that along characteristic curves X (¢, -) with ZX(&,t) = u(X(&,),t) we
have analogues of (6.5.2) and (6.5.3)

(6.5.17) (%?(&ﬂ) = v%);(é,t)

(6.5.18) ;(U(X(f,t),t)) = —°

so similar to (6.5.6), we obtain that
X
(6.5.19) ;<%§UP> =0 ifandonlyif p=1.

Hence Burger’s equation also admits asymptotic behavior near singularity at the blow-up
moment as described in (6.5.13). When n = 2, the asymptotic behavior of the blow-up
profile is that

(6.5.20) v~z 3 and u~ 23
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Different powers p in two systems lead to different asymptotic behaviors. The reason
for the rSV equations having a different power p is that in the rSV equations, the local
part of the nonlocal term (see the decomposition in (6.3.10)) contributes to the ODEs
(6.3.11),(6.5.3) of P, while not altering the characteristic equations (6.3.7),(6.5.2). In
other words, the nonlocal term changes how P, evolves along the “+” characteristic

curves while leaving the “4” characteristic curves themselves unchanged.
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Chapter 7

Future Directions

There are many interesting analytical and numerical issues that we cannot address.

a)

Rarefaction wave profile.

Consider the rSV equations with a dam-breaking initial data. Analogous to the
classical shallow-water system, solutions to such a Riemann problem should consist
of two parts: one is the shock wave traveling to the right which has a weakly
singular shock profile described in Chapter 4; the other one is a rarefaction wave
traveling to the left that gets flatter as time goes. See numerical simulations in

Figure 4.1.

The question is whether there is a way to describe the rarefaction wave part in
the rSV case. Although in numerical simulation it behaves very closely as that in
the classical case, the profile is not a function of a single variable zt* (a € R) as
in the classical case due to the presence of higher order terms. The construction
of such profile, if possible, gives an explicit example of smooth initial data that

don’t blow up in finite time.

Further exploration on the cusped solitary waves.

In the Camassa-Holm case, a complete list of traveling wave solutions is derived

in [34]. Similarly, we want to understand all traveling wave solutions to the rSV
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equations. Solving the steady rSV system (4.1.3)—(4.1.4), we find essentially two
possibilities: the weakly singular shock profile and the (upward or downward)

cusped solitary wave.

The cusped solitary wave is a valid distributional weak solution, i.e. the resulting
equations are locally integrable and have distributional derivative zero. The profile

of a cusped solitary wave of elevation is plotted in Fig. 4.3.

However, we were not able to compute a clean isolated traveling cusped wave by
taking the numerically computed wave profile for (h,u) as initial data on a regular

grid.

Indeed, there is no particular reason our pseudo-spectral code should work well for
such a singular solution, and anyway it may not be numerically stable. However,
when taking the h-profile in Fig. 4.3 as initial data with zero initial velocity, the
numerical solution develops two peaked waves traveling in opposite direction as
indicated Fig. 4.4. While hardly conclusive, this evidence suggests that cusped

solutions may be relevant in the dynamics of the rSV system.

The two peaks here are slightly skewed compared to the profile of a cusped solitary
wave. Our limited exploration uncovered no convincing evidence that cusped waves
collide “cleanly” enough to justify calling them “cuspons” or suggest that the rSV
system is formally integrable—It may be difficult to tell, though, as perturbed

cusped waves do not leave behind a dispersive “tail” in this non-dispersive system.

Generalization of the blow-up proof.

The regularized Saint-Venant system (rSV) (1.2.2)—(1.2.3) and the Green-Naghdi
system can be unified as Euler-Lagrange equations of this Lagrangian density as

in the derivations in Chapter 3:

1 1 1 1
(7.0.1) L= ihUQ — §gh2 -+ 571h3u926 — 5729h2h:2£.

Here if v1 = 9 = ¢, the resulting system is rSV while v, = %, v = 0 corresponds
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to the Green-Naghdi system (see Chapter 3 for more details). It is still open
whether the Green-Naghdi system admits any blow-up phenomena with smooth

initial data.

In our case, the proof cannot be extended directly to the Green-Naghdi case due to
the following: under the Lagrangian density (7.0.1) the counterpart of the velocity
equation (1.4.6) is

1
(7.0.2)  wy +uuy + ghy + I, 10,271 h*u2 — ?VQgthi + (71 — Y2)gh*hes) = 0.

The nonlocal term appearing here becomes a “first order term” due to the presence

of h3h, for which we don’t have a bound that only involves initial energy.

However, this proof can be generalized to all system that can be formulated as

(6.3.11)(6.3.12) with an asymptotic behavior prescribed by (6.5.2)-(6.5.3).

Global existence in H'(R) for the Cauchy problem.

We have seen that in Section 4.2 that the weakly singular shock profile has
derivatives that behave like 271/3 which stays in L?(R). In Section 6.5, the profile
at the blow up time has derivatives that are asymptotically 2”71 which is in
L% .(R) and the exponent is sharp (i.e. the derivatives are not L! (R) for p > 2).

It would be interesting to know whether the rSV system admits a global existence

of solutions in H*(R) as that in the scalar Camassa-Holm equation (see [18,47,49]).

The system is derived through a variational principle and formally conserves energy
which controls the H! norm provided that the height is bounded below. It also
admits a non-canonical Hamiltonian structure (1.2.9)—(1.2.10) like the one known
for the the Green-Naghdi equations. A natural way to attack the problem is to
add some dispersion term with a free parameter so that the modified systems
has global smooth solutions with H! norm controlled independent of the free
parameter. However, the regularization term with the desired properties remains

elusive.
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Another inspiring example is [17] for the modified Camassa-Holm equation, in
which “peakon” solutions are considered in their notion of weak solutions. For the
rSV system, it is also desirable to include the weakly singular shock profiles and

the cusped solitary waves as possible weak solutions.

e — 0.

The rSV system is reduced to the classical shallow-water system when taking
e = 0, so we want to understand how close these two system are, measured by
the difference of their solutions under certain norms (e.g. L*([0,7]; L*(R)) for

1 < p < 2) and how the spatial norms (e.g. LP(R) for 1 < p < 2) vary over time.

A first attempt to this question can be derived by the virtue of the energy estimate
(5.3.13): let W*¢ be the solution to the rSV system with parameter ¢; let the

smooth initial data W be fixed and independent of ¢, then
(7.0.3) QE" (W — W2 < aC(r, by, E™H (W) (E" (W — W°)? + E"(W*®)?),

which is a crude estimate. Since Z;, operator depends on € and the bounds (5.1.8)
on Z, 19, cannot be improved in terms of the exponent of ¢, a better estimate

requires a comparison between Z; operators with different ¢ parameters.

Regularizations of other models.

The ability of the rSV system to correctly model shock wave propagation non-
dispersively without oscillations while conserving energy for smooth solutions is
an interesting feature which deserves further investigation. As demonstrated in [9],
it means that a rather straightforward pseudo-spectral method (albeit one which
involves careful dealiasing, and iteration to eliminate the time derivative term in
R) computes shock speeds accurately over a wide range of values of &, with 2e

ranging from 0.001 to 5 in the examples treated in [9].

It would be exciting if this regularization technique can be applied to other models.
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