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e For the part (a) recursions (of Proposition 4.1):

— m- step: Write RS19} .= RS, ..., r"T1¢{0 .= y"+1¢ and define for m = 1,...,d* and
r=1,2,...,k—1, that

RS { RS@)T ™ + RS RS(@)i—mimms i 1=14m,....d" +m—1,
’ RS(d){  RS(d)t—mi—m, ifl=d* +m
(1)
and
RT+1S(d)t{T—1} + R"“S(d)f;’,’;fl} RLS(d) 1t —m,
ifl=1+m,... d+m—1,

Rr+15 d {M} = (k+1)q—2—d . m— . . m—
( )t’l l:Lg:k+1r,1:k:)r (R +1S(d)£m Y R +1S(d)t—m,l—m) | OR S(d)g,l 1}+

q—2—d
L (rrs@in Rmsw)tm,zm)] il d m
(2)
and
OR™S( @)™ + RH1S(@) ™ ORS(d)e—m—m,
. m ifl=d*+m+1,...,(r+1)d*+m-—1,
OR™S(d){7 = ot} (3)
RT+1S(d)t7m ORTS(d)t—m,l—my
ifl=(r+1)d" +m
and

rr+ls(d)t{771}, ifl=1,...,m,

LY + RS @) s (e,
s = ifl=14m,...,(r+1)d+m—1, , (4)

RT“S(d)Eszl} TT+1S(d)t—m,l—m,

if 1= (r+1)d* +m

where this last one is set for r = 0 as well; similarly,

rOW@M o | RO + RO RS@ 1oy 1= 1m, o od 4 m =1,
" RQ(A)™™Y RS(d)smtm, ifl=d"+m
()
and
RT+1Q(d)t{jln_l} +RT+IQ(d)§3@n—1} RT+1S(d)t—m,l—m,
ifi=1+m,....,d"+m—1,
r+1 {m} . _ q—2—d
R Q(d)t,l = |:L$:(:+71,) ) (Rr+1Q(d);{’Tn*1} RT+1S(d)t—m,l—m> | ORT‘Q(d)iTil}‘f'
q—2—d
L") (el R’““S(d»_m,l_mﬂ ifl=dtm
(6)



and
OR™ Q)™ + RH1Q(@){ ™ OR™S(d)-m—m.

ifl=d*+m+1,....,(r+ 1)d*+m-—1,
RHQA)™ ORS(d)t—mi—m,
ifl=(r+1)d"+m

OR™Q(a){] =

and
r"+1q(d)§771}, ifi=1,...,m,

rqu(d);{fln_l} + Rr+1Q(d)§Tn—l} TT+1S(d)t—m,l—m7
(@) = ifl=14m,....(r+1)d*+m—1, , ®)
RHQA) T s(d)imms

ifl =(r+1)d" +m

where this last one is also set for r = 0.

—r-step: Forr =1,...,k—1, define R"*'S(d);;, | = 1,...,d* to be square (k+1)724(k+

1 — r) matrices, such that

(G-
7

(RTHS(d)tJ) — Bl(kfrqtl)fjHB(d*71)(k7r+1)+j71Rrs(d)gi;z)r,l{d*} (9)

fori,j=1,....k+1—r.
Define OR"S(d)y;, | = 1 +d*,...,(r 4+ 1)d* to be [(k+1)972"4(k + 1 —r)] x (k+1)7-274

matrices, such that

Bk—r+1)d* R’“S(d)g;ﬂ’ ROAES e =1 dr,. . 247,
BE—r T ORI ()Y il =20t 1 (4 1)
(10)

(k+1)17274)

L (OR"S(d)11) =

fori=1,....k+1—r.

Define r"*1s(d);;, 1 = 1,...,(r +1)d* to be the (k+1)972=%(k + 1 —r) long column vectors,

such that
q—2—d "
L (s ) it =1
—_r _ r i+r),({d*},{d" -1 . *
L.((Hl)q_Q_d) (r"ts(d)ey) = pUrmr D=y s(d)E,f PAEIE=D =0,

plk—r+1)d" rrs(d)ifjr)»{d*}

ifl=1+d*...,(r+1)d*
(11)
fori=1,....k+1—r.

Similarly, define R"1Q(d)¢;, | = 1,...,d* to be (k+1)9727%(k + 1 — r) long row vectors,
such that

AR

; (R™1Q(d)yy) == Bz(k—r+1)—jHB(d*—l)(k—r+1)+j—1RrQ(d){d*} (12)

t,d*+1



forj=1,...,k4+1—r.

Define OR™Q(d)sy, | = 1 +d*,...,(r 4+ 1)d* to be the (k + 1)972~% long row vectors, such
that

Blk—r+1)d* RTQ(d)gClH)’{d*}, ifl=1+d*,...,2d*,

OR™Q(d)y,; := . . (13)
BT ORIQA) Y, ifl=2d" +1,..., (r + 1)d*
Define r"1q(d);;, I = 1,...,(r + 1)d* to be scalars, such that
rrq(d)t{j*}, ifl =1,
P gd)yg = BT i o g, (1)
b0 rg(a) 1) if 1 =1+d"... (r+1)d*

— Basic step: The fixed d is often implied within this step; for m = 1,...,d* (fixed r =
1,...,k), define

r o), {m (k41)7=274 ro{m (k+1)92~4 . _

RO = T (rrgmhy RS pum)} ™, (1)
A {m (k+1)97274) . fm (k+1)77274) _

HRQIM = (L JmrQimhrt VR S—mum)} ™, (16)

followed by

i,7),{m (k+1)q_2_d m 21),{m (k’+1)q_2_d
BRTSif,lj) s = L7l(—r+l,j—r+1) (Rrst{,l }) - HRTSIS(,;*{Jrni ’ Lg,j—r—i-l )(RrStfmem)y
(17)
r A3, (k177277 r A (k+1)1727)
BR i,jl) tm) = LJ(—7'+1 )(R t{,’rln}) —HR t{,dL"}+7rz ’ Lg,j—7'+1 )(R St—m,l—m)a
(18)
r (2),{m (k+1)q727d r {m r a(i),{m k+1)q727d r
st = LT gy - rrstnt L 0781 i),
(19)
r {m r {m r m (k’+1)q_2_d r
br qf,z b= qt{,l )~ HR t{,d*}+m ' Lg )(7” St—m.l-m); (20)
for r = 2,...,k only, also define
r— (1)a m . ((k+1)Q727d r— m T (i7 m
BOR 1St,l = Liriin >(OR lst{,l }) - HR St,;*{Jm];'
k+1)a—2-4 .
Lg,(l )(OR 1St—m,l—7n)a
q—2—d
BORQI = orR1QM — Hr Q. LT ) OR™IS i),
Next, for i, =r+1,...,k, define
HB= TR S = (BRSO RS 21
HB"7RQ = {B"TRQL MO TRS (22)



followed by

BHB"~"'Rrs\) ™

BHBi*—T’—lRT ;{77'}

Bi* 77‘HRTSt(,il)v{m}

B*THR Q!

Bi*f’r‘+1RTSI£)il7j)7{m}
B —r+1RrQ§’jl)a{m}
bi* 7T+lrrsgfl)7{m}

bi* 7r+1,rr q1;{77ln}

for r = 2,...,k only, also define

- r—1g(){m}
B*~"HOR™S,

Bi*frJrlOerlQ;{jln}

HBi*frferSt(fl)v{m} _ HBi* 77‘Rr5(i)7{7”} .

t,d*+m
IC’Z* 7T71RTs(i* +1)

t—m,l—m>

Ty —T— r im} iw—r prim}
HB 'RTQy] —HB"TTR'Q"} -

Icz* —r—ers(i*Jrl)

t—m,l—m>

Bi frleRrSt(il)v{m} _ gBi—TRrg®.{m}

t,d*+m
Cz‘* 77"71]Rrs(i*+1)

t—m,l—m>

Tu—T— rim} i —r proim}
B 'HR™ Q" —HB" "R'Q;},,. -

Ci*—r—lers(i*Jrl)

t—m,l—m>

Bi*errSt(’ilvj)a{m} _ HBZ**TRTSEZL{JZT}L .

Ci*—rRrS(i*+1,j)

t—m,l—m>

Bi*—TRrQE?l),{m} _HB"""R" if;l*}+m .

Ci*—rRTS(i*vLLj)

t—m,l—m>
i1 (1),{m} iw—r pr g(i),{m}
b sy —HB""R"S; j.N
iw—r, 1 (ixt1)
r St—m,l—m’

gl R QU

C

ie—r, v (ix+1)

c r Stfm,lfm’

Bi*frOerlssl)a{m} _ HBi*erTS(i)v{m} .

t,d*+m
Ci*frOerls(i*"rl)

t—m,l—m>

B*TOR™'\QIM — HB-RQIY, -

Ci*—rORr—ls(iaﬁFl)

t—m,l—m"

In the equations above, it is defined that

i k41)a—2-4 k+1)7—2—4 -1
RS = {Lfirif,l )<R’“St,u>} {Lé,l“ )<Rrst,u>} ,

followed by

CR'S) = L
cr"sgfl) = L

((kt1)a7274)
i—r+1,7—r+1
((kt1)a7274)

. q—2—d
(RrSt,l) _ IRTS;Zd)* -L((k—H) )
((kt1)a7274)

(r"sey) — IRTSt(Z* - Ly (r"se1);

2,j—r+1 (R"S¢1),

(26)

(27)

(28)



for r = 2,...,k only, also define

i q—2—d . q—2—d
cor=1s) = LTV or 15, - RS, LT ) (0R s,

It is also defined for i, = r +1,...,k, that

[CHTRS{) = {C™ RSO T RIS ) (32)
followed by
Clci*frferSt(fl) . frferSt(fl) _ Ici*errSt(Z* IO frferSt(fl*-ﬁ-l)’ (33)
Ci*_TIRTSt(’il) — Ci*_r_llRTSt(,il) _ ICi*_TRTSt(,ig)l* . Ci*—r—lerSt(fl*+1)’
O _r+1RTSt(,il’j) = O —rRrSt(fl,j) _ Ici*—rRrSt(Z* . Ci*_TRrSf’il*+1’j)7 (34)
ci*_""’lrrsgfl) = ci*_T'T"sgfl) - IC’i*_T'RT'SfZ* . ci*_TT"sgfl"H); (35)

for r = 2,...,k only, also define

CTHORTISY) = O TTORTTISY) — ICHTTRTSY - C T ORTTIS( Y.

Forn=1,2,...,d*—2orn=d*—landm=n+1,n+2,...,d* (fixedr =1,...,k), define

HBn(k_T+1)RTS§fZ,{m} — {Bn(k—r+l)RrSt(’i1;r)a{m}}{Bn(k—r—H)RrSt(iJ;llerr)liiTi}ern}—17
(36)

HB" =Rt = (Bt gl iy gt prsri ity
(37)



followed by

n(k—r+1)—1 pr g(9),
BH Bk +D-1grgi)im)
BHBTL(k—T—&-l)—lRTQi:’T}
BQHB7L(]€_T+1)_QRTSt()Zl)’{m}

B2HBn(k:7T+1)72RrQ£’l”}

Bn(k—r+1)HRrSt(fl),{m}
pr=r+1) [ pr t{rln}
B"(k_”l)“RrSt(fl'j)’{m}
Bn(k—r+1)+1RTQE?'I),{m}
bn(k7r+1)+lrr8§,il)v{m}
bn(k—r—i—l)—i—l,,,rqi;n}

b(n—1)(k—r+1)+1,,,T'8§il)’({m}»{n})

b(nf1)(k:7r+1)+1rrq£{lm},{n})

HBn(kfrJrl)ferS;’il)v{m} _ HBn(kfrJrl)Rrs(i)v{m}

t,d*+m—n "
HB”(k*TH)*lRTSEZ::LEZ}—WFM (38)
HBn(k—r+1)—1RrQ;{,7ln} _ gprk—r+) gr E}’}Lmin .
Hp s @

BHBn(k_TJrl)_QRTngl)’{m} o HB7L(k—r+1)RrS(i),{m}

t,d*+m—n :

BHBn(k—T+1)—2Rrs(’f+1)v{n} (40)

t—m+n,l—m+n’

BHBn(k*T+1)*2RTQ£T} — HBn(kirJrl)Rr f,'r;*}-l-nb—n ’

BHB" k-2 Rrgr ) n) (41)

t—m—~+n,l—m+n>

Bn(k—?"-i—l)—lHRT"St(il)a{m} _ HBn(k—T+1)R'r'5(i)a{m}

t,d*+m—n .

Bn(k—r-l—l)—lHRrs(T‘i'l)v{"} (42)

t—m—+n,l—m-+n’

Bn(k7r+1)71HRr E,Tln} o HBn(k7T+1)RT t{,ZL*}-‘,-m—n .

Bn(k77’+1)71HR’r‘Sc"+1)a{n} (43)

t—m~+n,l—m-+n>

Bn(k—r+1)Rrs(ixj),{m} _ HB"(k_H'l)RTS(i)’{m}

t,l t,d*+m—n "

pr(k—r+1) pr g(r+l.j).{n} (44)

t—m+n,l—m+n?

Bn(k—7'+1)R7'Q§jl)7{m} N HBn(k—7'+1)R7' {m}

t,d*4+m—n :

Bn(k—r+1)Rr5(T+17j)7{"} (45)

t—m+n,l—m+n’

bn(k7r+1)rr8§7il)7{m} o HBn(k7r+1)R7‘5§2;{;V7Ln}_n .

prlk—r+1) .7 [(r+1).{n} (46)

t—m~+n,l—m+n>

bn(k—r—}-l)rrq;‘{fln} _ HBn(k—r+1)Rr ;{,7;1*}+m7n .

bn(k—r—&-l)rrs(ﬂ’l)’{”} (47)

t—m+n,l—m-+4n’

p(n=)(k—r+1),r ().({m}{n=1}) _ 7 pn(k—r+1) prg(0),{m}

t,l t,d*+m—mn

b0 PO 1, omit

b(nfl)(lcfrJrl)TrqE,{lm},{n—l}) . HBn(kferl)Rr ;{;;l*}_i_m_n .

b(”fl)(’“7’”“)r”sgrﬂ)’({"}’{n_l}), (if n =1, omit)

—m~+n,l—m+n



ps D (DO nD) ) O n=1D) gt prgli(m)
DD (0 21, o)

b(k7r+1)+1,rrqt(7{lm}a{n}) . b(kfrJrl),r,rqE,{lm}v{n—l}) _ gpk—r+1) pr fg*}m_n )
plh=r Dy g (D31 (i — 1 omit)
s mhnh) Lff’jff“id)(rrsj;”}) — HBr-rr O prgl
LT ) (48)
brrgmh ) o) et prolm
LT ) (49)
for r = 2,...,k only, also define
Bn(kfr+1)+lOerlst(’il%{m} — Bn(kfr%»l)OerlSt(,il%{m} _ HBn(kfrJrl)RrSE’g,*{ernLn )
B ORI
Bn(k—r-}-l)-}-lORr—lQ;{’T} — Bn(k—r—&-l)ORr—lQ;{T} _ gpntk=r+l) pr ;{le*}erfn .

Bn(k:—r-‘rl)ORT—ls(T‘i‘l)v{"}

t—m+n,l—m-+4n"
Next, for i, =7+ 1,...,k, define
HBi*7r+n(k7r+1)RrSt(27{m} — {Bi*7T+n(kfr+1)RrSt(7ij*),{m}}
{O B RS ) (50)

HBi*—r+n(k—r+1)Rer{7;l} — {Bi*—r+n(k—r+1)RrQ(i;)’{m}}

t,

{Ci*—an(k—r-f-l)RTSLSi*-‘rLi*) }—17 (51)

—m—4n,u—m-+n

followed by



BHB™ 77‘71+n(k77'+1)RrSt(,il),{m} — B~ 7r71+n(k77'+1)RrSt(,il),{m} .

HBi*7r+n(k7T+1)RTS(i)7{m} . Ici*frlen(kfrqtl)Rrs(i*"rl)

t,d*+m—n t—m~+n,l—m+n>
ix—r—14n(k—r rimy tx—r—14+n(k—r r im}
BHB k=) proiit .= gt U proit —
HBi*—T+n(k—r+1)Rr {m} . Ici*—r—an(k—r+1)RrS(i*+1)

t,d*+m—n t—m+n,l—m-+4n’

i—T— n(k—r r ol4), . Rie—T— n(k—r r a(i),
B 1 prtk=r+)+1 p St,zl {m} _ p 2 prk—r+D)+1 p St,zl {m} _

HBi**TJrﬂ(k*T#*l)R’I‘S(i)v{m} . Ci* 77‘72ICBn(k7r+1)RrS(i*+1)

t,d*+m—n t—m—~+n,l—m+n>
Bi*7T71HBTL(]<:7T+1)+1RTQ;{"’I”} — B’L'*7T72HBn(k7T+1)+1RTQ£T} _

HBi*—r+n(k—r+1)Rr {m} . Ci*—T—QICBn(k—T+1)RrS(i*+1)

t,d*+m—n t—m+n,l—m-+4n’
P —T k— i),{m} __ b — T — k— 1),{m
B 'rHBn( T+1)RTS§,I) {m} — BT IHBn( T+1)Rr‘st(,l) {m} _

HBi* —r+n(k—r+1)Rr5(i)»{m} . Ci*—r—lIBn(k—T+1)RrS(i*+1)

t,d*+m—n t—m+n,l—m+n’
Bi*frHBn(kaJrl)RrQ;’Vln} = Bi*f’rleBn(k:7T+1)RrQ§;n} _

HBi*frJrn(kfr#»l)Rr ;{7;1*}+m_n . C«i*folIBn(kfrJrl)RrSt(i*:l‘_l’_)n s

Bi*_T+1HBn(k_T+1)_1RrSt(il)’{m} = Bi*—T‘HBn(k—T+l)—1RT’St(il)7{m} _

HBi*—T+n(k—T+1)Rrs(i)7{m} . Ci*_THBn(k_T+1)_1RTS(i*+1)

t,d*+m—n t—m+n,l—m-+4n’
Ty —T n(k—r - rAim} T —T n(k—r — r ~A{m}
B+t BT RrQUT o= BT HB PV RTQET —

HBi* —7‘+n(k:—r+1)Rr {m} . Ci*—rHBn(k—r+l)—1RrS(i*+1)

t,d*+m—n t—m+n,l—m+n?

Bi*7T+1+n(k7r+1)71HRrSt(’il),{m} = Bi*7T+n(k7r+1)71HRTSt(fl)){m} _
HBi*_T+n(k_r+1)RTSt(i)1;{fnifn . Ci*_an(k_T+1)_1HRTS§§nti)n’l7m+n7
Bi*—7'+1+n(k—r+1)—1HR'r ;f’ln} .= Bi*—r—i-n(k—'r'—&—l)—lHRrQ;{T} _
HBi* —7‘+n(k:—r+1)Rr EZL*}J,-m_n X Ci*—an(k—r—i-l)—l HRTSt(iky—rt-lf)nJ—m—}-n?
Bi*7T+1+n(k7r+1)RrSt(ilJ)a{m} — Bi*fr+n(k77‘+1)RrSt(il7j)v{m} _
HBi*frJrn(kfrJrl)RrSt(Z;{J_?:r}L’_n . Ci* 7TBn(k:7T+1)Rrséﬁl-ll,ji))l—m-l’-n?

Bi*—r+1+n(k—r+1)RrQ(jl),{ﬂ’L} — Bi*—r+n(k—r+l)RrQ£’jl)7{m} _

t,

HBi*—r+n(k—r+1)Rr {m} . Ci*—an(k—r—i-l)RrS(i*Jrl,j)

t,d*+m—n t—m+n,l—m-+4n’

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)



bi*—r+1+n(k—r+1)rrsgfl)y{m} — bi*—r+n(k—r+1)rr8§’il),{m} _

HBi*_T+n(k_r+1)RTSt(2;{J-nn];—n . Ci*—rbn(k—r+1),r,rsgi:;:j_)nJ_m_i_n, (62)
bi*fr+1+n(kfr+1),rrq;{fln} — bi*7r+n(k7r+1),r,rqt{,7l”’l} _

HBi*7T+n(k7T+1)RT ;{;;Tll*}.g-m_n . Ci*77"bn(k:77"+1),r,'r‘3](51'_*7'1‘:’_)”,l_"H_n7 (63)
bi*7T+1+(n71)(k7r+1)7,r8§il)x({m}7{”}) — bz‘*7r+(n71)(k7r+1)TrS§il),({m}7{n}) _

HBi*—r+n(k—r+1)RrS(i),{m} . ci*—Tb(n—1)(k—r+1)rrs(i*+1),{n}

t,d*+m—n t—m+n,l—m-+n’
pie LDt ) (b nh) i = =) (hmrt ) g Emdo )
HBi*_T+n(k_T+1)RT ;{ZL*}_,_ . Ci*—Tb(”_l)(k_r+1)’l“r8§i_*+i_)’{lnj +n)

pie L g b () iy (O (mh () _ g i anihor 1) gr g0 (m)

t,d*+m—n
D o)
bi*_rﬂr’“qt(’{lm}’{n}) — bi*_Trrqgﬁm}’{"}) _ g Bi=—rtn(k—r+1) pr i’}hmin .
s (65)
for r = 2,...,k only, also define

Bi*7T+1+n(k77‘+1)ORT*lst()il),{m} — Bi*7r+n(kfr+1)Oerlst()ilL{m} -
iw—r+n(k—r+1) pr o(i),{m} L (vis—r pn(k—r41) r—1 q(ix+1)
HB R St’durmfn ¢ B OR ‘Stfern,lfern7

i — k— —1n{m} _ pi.— k— -1{m}
B r+1+n( 7"+1)OR7" 1Qt,l .— Bt r+n( 7‘+1)OR7‘ 1Qt,l _
ix—r+n(k—r r~{m} i«—1 Pn(k—r r— (ix+1)
HB o +1)R t,d*+m—mn " c B ( +1)OR 15t—m+n,l—m+n‘
In the equations above, it is defined that

IBn(kfqul)RrSg’il)L — {lgn(lcfvdrl)}zrsft(,i;j),{n}}{Bn(kfr%&)Z:L>r‘sft(77:u-i-1,T),{n}}717 (66)

followed by

CHBk—r—i-(n—l)(k—r—i—l)RT'SiEil) — HBk—T'-i—(n—l)(k—T'—i—l)RTSifil)v{n} _ IBn(k—r—i—l)RrSElg* .
HBk—r-‘r(n—l)(k—r+1)RrS§T;+1),{"}’ (67)
C«karHB(nfl)(kfrJrl)RrSt(’il) — karHB(nfl)(kfrJrl)RrSt(’ilL{n} _ IBn(kfrJrl)Rrng* .

k—r n—1)(k—r r q(r+1),{n}
BrFra Bkt Rrg ) :

CBk7T+(n71)(k7T+I)HRTS§fl) — karJr(nfl)(kfrJrl)HRrSgl)v{n} _ IBn(kfrJrl)RrSt(,ic)l* .

karJr(nfl)(kfrJrl)HRrSt(Tl"i‘l)a{n}’ (68)



OBt Rrgld) = gtk prgGaind _ ppntert grg®
Bn(k_r+1)RTS§:+l’j)7{n}7
cb"(k*”l)rrsifl) = b”(k*”l)rrsgl)’{n} - IB"(k”H)RTSt(Z* .

bn(kfrJrl)rrSETl'i‘l)a{n}’

Cb(nfl)(kfr%»l)rrsl(t’il),{n} L b(nfl)(k77"+1)rrsg’il),({n},{n—l}) _ IBn(kfrJrl)RTSt(Z* .

pr Dk D (D (b n=1D) i — 1 omit)
Cbk7r+lrr8£il)7{n} L bkrfr+lr7‘81(fl)a({"}v{”_1}) o IBn(k7T+1)RrS§ic)l* .

b1cfr+1T7~5§7"l+1)7({n},{"—1})7 (if n = 1, omit)

Cr Sy i—r+1

for r = 2,...,k only, also define

CBn(k—7'+1)ORT'—1 Sigll) — Bn(k—'r‘-‘rl)ORT—lSt(jl)v{n} _ IBn(k—r—i—l)RrSt(Z* .

Bn(k_r+1)ORT_15§Z+1)7{n}.

It is also defined for i, =r +1,...,k, that

) a—2—d , q—2-d
r (fl)v{"} — L((k""l) )(Trs;e{,;l}) _ IBn(k7T+1)RrSt(Z* 'Lg(k-H) )

(s

(71)

Ici*fan(kfrJrl)RrSt(i)L — {Oi*fan(kfrJrl)Rrsg,i{j*)}{Ci*7an(k7T+1)RrS§,i;+1,i*)}71

folllowed by

CIC@'*—r—lB7z(k—r+1)R7'St(fl) — Ici*—7-—1Bn(k—r+1)R'rSt(’il) _

Ici* —an(k:—T-Q—l)RrSt(jg* . Ici*_T_an(k_T-"_l)RTSfEfl*—"_l)7

Ci*frIBn(kfrJrl)RrSt(’il) — Ci*frflan(kfr%»l)RrSt(’il) _

)

Ici*_an(k_T+1)RrSff;* . Ci*—r—lIBn(k—r+1)RrSt(:il*+1)

i — k— —1)(k— 1) L Vie— k— —1)(k— 4
Cl 'r+1HB r4+(n—1)( r+1)Rr5(l) — O“""HRB r+(n—1)( r+1)Rrs§7l)_

t,

10 —an(k—T-ﬁ-l)RrSs()i* . Ci*_THBk_T+(n_1)(k_r+1)RTS§jl*+l),

Ci**’f‘+1Bk*TJr(n*l)(k*?”Jrl)HRTS( ) — Ci*77"Bk7r+(n71)(kfrJrl)HRrSt(il) _

t,l
Ici*—an(k—r-&-l)RrSt(lg* . Ci*—rBk—r+(n—1)(k—r—&-l)HRrSt(il*+1),
s — k— LJ) L ie— k— 4,7
Cl r+1Bn( r+1)RTSt(,l]) = an( 7"+1)R7"S;l]) _

Ici* —an(k:—T-‘rl)RrSt(Z* . Ci*_TBn(k_T+1)RTSt(fl*+17j),

10

(72)

(74)

(75)



Ci*frJrlbn(kaJrl)rrsgl) — Ci*frbn(kfrJrl),rrsg’fl) o IC’L* 77‘Bn(k:7'r+1)RrSt(2* .
Ci*77”bn(l~€77”+1),r,rsgl*-i-l)7 (76)
Ci*—r+1b(n—l)(k—r—i—l)rrsgl),{n} L Ci*—rb(n—1)(k—r+l)rr5§fl),{n} o ICi*_TBn(k_TJrl)RTSt(Z* .

ci*—rb(n—1)(k—r+1)rr5§il*+1)»{”},

Ci*fr+1,r,r5§,il)7{n} — Ci*fr,,,rsgl)»{n} _ ICi*fan(kfrJrl)RTSt(fC)l* . Ci*frrrsgl*‘f‘l)v{“};

(77)
for r = 2,...,k only, also define

Oi*—r+1Bn(k—7"+1)OR7"—1St(il) — Ci*—an(k—r—&-l)ORr—lSt(il) _ Ici*—erL(k—r—&-l)RrSt(lg* i

Ci*_TBn(k_T+1)ORT_1St(jl*+1) .

e For the proof (of Proposition 4.1):

(a) This is none other than a specific way (based on the current definitions) of going from a
multivariate AR(1) to the interested univariate AR of a higher order that is required. Next,

a very short sketch of proof is provided on how this is done.

A series of inductions would normally take place (nested one inside the other), the first one

concerning the d as below.

In this case, the main statement of the proposition part (i), i.e.
-
VST =N rpyy RS(d)ey VST +
=1

d* p
> o (Hfo(xtm) rs(d)e i)y (78)
=1 i=1

is a direct consequence of

1
V.Ptzi

Pt—1

p
L, - VP_1 + (H fO(thl)> Iy - ngo)zl :

=1

(as in the main text) when RS(0);1 := L; and rs(0);1 := l;. In the other hand, straight

11



from

k k k
0 o Um 0,Vm 04-3,Um
Qt(—)l = P lpt—l—zst(—l)_zst(—1 )_"'_Zst(—13 -
m=1 m=1

t—1 m=1
k P
OQ727 m
Z Pt(fl o) + <H fO(thl)> (fo(Xe—1) —7x,,) qt(2)2
m=1 =1

(as in the main text), the forms of RQ(0);1 and

1—71'0, if Xt—l :O7
rq(0)e1 = fo(Xi—1) —7mx,_, =
Ty, , U Xi1=vm m=1,..k

become obvious.

Write w* = (k4 1)". Accept the statements (78) and

-
¢t%) = m {ert,z RQ(d)y VSV +

=1
d* p
ZT’Pt,z <H fO(Xtil)> rq(d)e,1 qt(g)l_l}v (79)
=1 i=1

when d = w, where it can be w =1,...,q — 2.

d=w+1

Write for convenience VSt(qufw) =VS,, VSt(qf%(wH)) = VSt((fl)) and RS(w):; = RS,
rs(w)e; = r8e, RQ(w)y = RQuy, rq(w)i; = rqyy; in general omit the dimensionality w

within this loop and simplify the operator L(BD7727) =

It holds that

w* w™* P
VS = ert,l RSy VS + ert,l (H fO(Xtiil)> T8¢ qt(g)l_l;

=1 =1 =1

first there is substitution of V.S;_1 in the equations for V'S; and {q,@1 /7o } to obtain RSE},
Tst{’ll} and RQE}, rq;{j}, respectively; next there is substitution of V'.S;_s, and then of V'.S;_3
and so on, to determine RSt{fln} (as in (1)), rs;{fln} (as in (4) when r = 0), and RQ;{T} (as in
(5)), rq;{;n} (as in (8) when r = 0).

Then vSLEi), i=1,...,k, VSt((_l)) and {g@l /mo} can be re-expressed from each one of these

equations. Move from the ‘m-step’ to the ‘basic step’ of the proposition.

12



<n =0 >: first vSt(pw* is solved from the equation for USIEZ) (no m); then the result is
plugged in vSt(i), i=3,...,k and VSt((fl)) (no m) yielding (29) and (30), (31) when r = 1;
from the newly derived results, vSt(z)w* is solved from the equation for "US§3) and the result is
plugged in (the newly derived) vSéi), i=4,...,k and VS’t((_l)) yielding (32) and (33), (34),
(35) when r =1, 4, —r = 1. This goes on until

0SB = {rprue } O RSSO VSO - reh 2 RSED ws -
CICH3RSEID pst=1 —  — 2 RS w5 —
k w -1 _ )
> o CHRSEND usP) -
j=1 1=1
.
S rpea CHIRSTHEY vgl D)
=1
w™ p
ert,l (H fO(Xt—z'i—l)> Ck*lmgﬁﬂ) qt(o_)l_l}
=1 11=1

is the last one that is solved from VSf(_l)).

Secondly for m € N, start from the equations for USIEi), 1=2,...,k, VSE(fl)) and {qt{_o}i/ﬂo}
as they were obtained from the ‘m-step’ and repeat a similar process: vSt(Pm_w* (this is the
vSt(i)w* that was solved already but for t = ¢ — m) is plugged in those versions yielding (15),
(16) and (17), (19), (18), (20) when r = 1; next, in these versions of vSt(i), VSg(_l)) and
{q];{_oi E)m,w* (i.e. the vS't(z)w*
is plugged in, yielding (21), (22) and (23), (25), (27), (24), (26), (28) when r =1, i, —r = 1.
This goes on (i, = r+2,...,k) until it will be written in the end, that

7o} that were just computed, v.S ( from before but for t = t—m
t

vSY = rpem HB* RSN VSO vy BHBFT2RSIIT wSE)

t,w*+m

,2w*+m
k w*+m-—1

Z Z TPt BkRSt(fl’j)’{m} US,EZ)l +
j=1 I=1+m

w*4+m

Z Dt BkRS&’kH)’{m} VSE(:ID) +
I=14m

w*+m p
Z TPl (H fO(Xt—ii—l)> bk?”Si?g)’{m} qt(g)l_l +

I=14+m =1

m p
> rpe (H fO(X”“)> Lirst™) ¢ i =2,k (80)
=1

i1=1

13



and

vs{e = rp, HBFIRSEEDA™ visiCW) 4y, L, BHBE2RSIEED) M o5y

TDt.m BQHkadRSg:UtlJ’)_;im} Us,gﬁ:nl) + .+ TDtm Bk*lHRs(k"Fl)v{m} IUSt(E)m +

t,aw*+m
kE w*4+m-—1 ] ]
Z Z Dt BkRSt(ﬁH’j)’{m} vSt(j_)lJr
j=1 I=1+m

w*+m
I=14m

w*4+m p
Z Dt (H fo(th'z)> bk?"8£§+1)’{m} qt(g)l_ﬁ—

l=14+m =1

m p
ZTpt,l (H fO(Xtiil)> Lk+1(7'5§§n}) 4%, (81)
=1

=1

= rpe HBF'RQIM L VSICD 4 rpy BHBY2RQITY, L 0S

rpem BEHB*PRQIM . wS D 4+ rpy, BYTHRQI L 08 +

t—m
k w*+m-—1 w*+m

> > e BRI oS+ Y7 rpuy BERQYTVM vS(GY) 4
j=1 I=14m I=14+m

w*+m 4
> rpe (H fO(Xtiil)> bk?“q;{fln} a0+

I=14m i1=1

m b

ert,l (H fO(Xt—ii—l)> Tq;{:ln} qt(g)l,l; (82)
=1

i1=1

in all (80), (81) and (82), USﬁ)m is not present.

< mn =1 >: consider (80) and (81) for m = 1 only and then vSt(i)w* is solved from the
equation for vSt(z) (m = 1); the result is plugged in ’USt(i), i=3,...,kand VSE(fl)) (m=1)
yielding (66) and (67), (68), (69), (70), (71) when r = 1 (and n = 1); from the newly derived
results, vSt(E)w* is solved from the equation for vSt(3) and the result is plugged in (the newly

derived) vS\”, i = 4,... k and VSTV yielding (72) and (73), (74), (75), (76), (77) when

14



r=1,4.—r =1 (and n = 1). This goes on until

vSP = {rpw} HO T BERSG T VSO — o2 RS wslM -

CIC*3BFRSED w5t =Y — . — c*-21B*RSTD vsP) —

rpea CPHBF RS viS{OY — L —rpyy CYIBETTHRSY  0S?) -

kK w*—1

337 s OB RS o5V -

j=1 1=2

w* 41

S rpea CHIBRRSS D g {C)

=2

w41 P .

— 1 0
TDt 1 (H fO(Xt—ii—l)> c* 1bk7“8§,l+ ) qt(,)l,l -
=2 11=1
u k+1),{1 0
D¢ 1 (H fo(th'1)> Ck_l?“sgf i} Q§)11}
=1

is the last one solved from VSt((_l)).

Next for m = 2,3, ..., start from the equations (80), (81) and (82) as they were obtained in
< n = 0 > and repeat a similar process: USt(i)erlfw* (this is the vSt(i)w* that was solved
already but for t =t —m+ 1) is plugged in those versions yielding (36), (37) and (38), (40),
(42), (44), (46), (48), (39), (41), (43), (45), (47), (49) when r = 1 (and n = 1); next, in these
versions of vSt(i), VSt((_l)) and {qf?i/ﬂo} that were just computed, vSt(z)erkw* (i.e. the
vS't(E)w*
(54), (56), (58), (60), (62), (64), (53), (55), (57), (59), (61), (63), (65) when r =1, i, —r = 1
(and n = 1). This goes on (i, =7+ 2,...,k) until it will be written in the end, that

from before but for t = ¢ —m + 1) is plugged in, yielding (50) and (51) and (52),

vS = rpme HBQk_lRSE%;{T};L—l VSt((:n}& +
Pym—1 BHB™ 2RSCVIM 0s®)

rpms BEUHBERSIA™ 0SB E RSO v 4

k w'4+m—2
A rpem BFUHRSOIT 08P 437 N epyy BPFRS 089+
J=1 i=14m
w*+m )
S et B RSED G0 4
l=14+m
w*+m p
i),{m 0
> rpe (H fO(Xt—ii—l)> b%rsij{ P+
I=14+m ii=1
z ; 1) (0
TPt,m (H fO(Xt—ii—m)> pirsi D 04
=1
m—1 p
> rpe <H fO(Xtiil)> Li(rsi™) a2 i=2...k (83)
=1 ii=1
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and

VS = ppy . HBPIRSERDAMY ()

rpym—1 BHB? 2RSEEAmE o)

rpum-y B HBERS) I 0SE, 4 rpn BEHBRT RS vS(CD

t,aw*4+m—1
kE w*+m—2

)4

c TP B%_lHRSt(ff;Q;gm} vSt(i)m + Z Z D B%RSEEHJ)’{M} vSt(i)l +

j=1 i=1+m

w*+m
I=1+m

w'+m p
> o (H fO(Xtiil)> b2’“rs§,'§+”’{m} a2+

I=1+m

p
N (1 P

=1

m—1 P
Z TPl (H fO(Xt—ii—l)> Lk+1(7”8t{fln}) qt(g)l_l
=1

=1

=1

(
=L = o1 HBPIRQI VSt((_:,Br)l-i-

t,aw*+m—1

rpum—1 BHB*2RQI™ St

Tpt,m—l Bk_lHBkRQiTZi_;'_,m_l USt(E)m-‘rl + Tpt,m BkHBk_lRQf,ﬁier VSt((fi’f;)) +

k w*+m-—2
e BRFTUHRQU L 08P 3T ST vy BFRQP)T wsP), +
J=1 I=14m
w*4+m
Z pe B2kRQ§’kZ+1)a{m} VS,E:U) +
I=14m
w*+m p o
Z TPl <H fO(Xt—ii—l)> b%rqt{,}n} qt(_)l_l +
I=1+m di—1
d 1) (o
i (H fo(Xtu'm)> brrg ) g%+
di=1
m—1 P
> e (H fO(Xt—iz‘—l)> ra ai s (85)
=1 =1

in all (83), (84) and (85), vSt(i) 41 and vSt(P are not present;

m m

How this patent continues should be obvious by now. It may be accepted in < n = v > (where
v=2,...,w"—2)and forany m =v+1,v+2,..., that vSt(i), VSIE(_U) and {qgg)l/wo} have
are not present. Moving to step <n=v+1 >,

a certain form, in which vSt(i)mjL,j,...?vSt(i)m

16
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vSt(i)w* will be solved from m = v + 1 (last version of < n = v >) and ¢« = 2 and this will
be plugged in i = 3,...,k+ 1 (still m = v + 1 and last versions of < n = v >); vSt(E)w* will
be solved from the version that has just been derived when ¢ = 3 and this will be plugged in
(the just derived versions for) i =4,...,k+1 (m = v+ 1);...; by the end of this vSt(E)w* will

have been solved (from the last derived version of i = k + 1, i.e. VSt((fl))).

Still within the < n =v+1 > loop, USt(i)erquw* (ie. vSt(i)w* as it was last computed and
fort =t—m+v+1) is plugged in vSt(i), i=2,...,k, VSt((fl)), {qig)l/wo}, m=v+2,...(last
version of < n = v >); next, vSt(i)m tv41—w+ (again this is from vSt(E)w* as it was computed
and for t =t —m+v+1) is plugged in the just derived versions vSt(i), 1=2,...,k, VSt((_l)),
{qt(g)l/wo}, m = v+ 2,...; and so on ..., until the last inclusion when vSt(i), 1 =2,....,k,

VSt((fl)) and {qt(o_)l/ﬂo}, m=v+2,... are free of vSfi)m+V+1,...,vSt(i)m.

Hence the induction argument on n when r = 1, has been completed. Especially in the end,

n=w"—1and m=w",w*+1,..., it will be written that
w8 = rppmwesn HBU RS VSICD) Lt

TPt m—w*+1 Bk_lHB(w*_l)kRSSv)riﬁL} vSt(E)erw*fl +
Ptm—we 42 BEHBW ~OF 1RGO yglC ) o+
Tpt7m_w*+2 B2k71HB(w*72)kRSt(?7)r’Li’g} USt(E)m—‘rw*—Q + e e +

Py B TVEHBR LRSI () 4y
w*+m

+ 3 rprg BURRSGEDAM yg D)
l=14+m

o B RS 0

t—m

w”+m P
Z TPt (H fO(Xtiil)> b* kTngl)’{m} a9, +

I=14+m

p
—_ (H fO(Xtiim>> p(u" Dk (b =1h) @)

=1

=1

P
TPt m—w*+2 (H fO(Xtiim+w*2)> bkrs,(g?;;(,{;n*}fgw ~1h QEE)perw*—Z +

i1=1

m—w*+1 p
> o (H fo(Xtu-l)) Li(rs{™) ¢l ) i=2,..k (86)

=1 =1
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and that

VS = e HBYFIRSETD M s C)

A
"Dtm—we1 BFTTHBW TORRSETD Y g™
"Dtm—w 42 BEHBW ~OF1RgIH A yg(CL) it
PPem—we 2 B TTHBW SRR AT 6
rpim BO TOREBFIRSEID A oG

w*+m

rpean BY P HRSIEDM 08D N7 ppyy BUTRRSTID I gl D)
I=14+m
wr d * k+1 0
2 (H fo(Xtiz'l)) b sy %)+
I=14m i1=1
P
Tpt,m <H fO(Xt—ii—m)> b(’w —1)k,r8g€7:1))({m}’{w 71}) qu)l_m + ... o+
11=1

p
k ,({m} {w*—
TPt m—w*+2 (H fO(Xtiierw*Q)) bkrsg’;i)lu(*{+2} { th Qt(2)17m+w*72 +

ii=1
m—w"+1 p
> rpu (H fO(Xtiil)> Lk+1(7”3§71n}) %, (87)
1=1 ii=1
and that
4 w k=1 prim} ((-1))
me . "Prmowril HB RQ; ) VS e 1+

TPt,m—w*+1 Bk_lHB(w*_l)kRQ;{Tn];l vst(z)m-‘rw*—l +
PPum-we+2 BYHBW ORI RQIM  vS{E0)
TPt m—w*+2 B2k_1HB(w*_2)kRQt{::L};r2 vst(i)m+w*72 + ... oot

rpem B TVEHBR IR ViSO
w*+m

TDt.m Bw*k_lHRQizzl’er vSt(E)m_'_ Z ey Bw*kRQii—i—l)v{m} VSt((__ll)) +
I=14+m

w”+m P
> rpu (H fo(Xt—u—l)> b kth{,Tln} o+

I=1+m ii=1
»
Pt (H fO(Xt—ii—m)> bl kgt ™1 g0 L+
ii=1
- ({m}{w"-1}) (0)
T'Dt,m—w*+2 (H fO(Xt—ii—m-i-w*—Q)) Borg ity G o
ii=1
m—w*+1 P
m 0
> o (H fO(Xt—ii—l)> ralt %), (88)
=1 ii=1

such that all (86), (87) and (88) do not use vSt(i)l, [ >0 at all.

The cases up to m = w* will be of use only; this concludes the induction argument on n, but
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continues with the case (r = 1). Move from the ‘basic step’ to the ‘r-step’ of the proposition.

The equations (86) and (87), m = w* are put together for ¢ = 2,...,k and i = k + 1,

respectively, writing

vSt(2) vSt(z)l
w* : 2w™
: = > rpey R2Su ' + > rpi ORS, VSIS +
vs™ =1 0™ I=1+w*
t t—1
) Vs
2w™ p
ert,l (H fO(Xt—ii—l)> y qt@H, (89)
=1 ii=1
which yields (9), (10) and (11). Similarly, it can be written from (88), m = w*, that
U‘St(z)l
q(O) w* 2w™ (1))
—1 . —1
;TT = ZTpt,l R*Qq, *) + Z rpeg ORQy VS, 7 +
=1 vS,, I=1+w*
Vs
2w™ p
0
> rpr (H fO(Xt—iz‘—l)) a0 42, (90)
=1 ii=1

yielding (12), (13) and (14).
Move from the ‘r-step’ back to the ‘m-step’.

It should be obvious how substitution of [vS’t(E)l - vSt(f)l VSt((:ll))]T in both (89) and (90),
followed by substitution of [0553)2 o vSﬁ)Q VSt((:Ql))]T in both newly derived versions e.t.c.,

yields (2), (3) and (4), together with (6), (7) and (8).

Then for any m € N (or m = 0 can be included before substitution as well), it can be deduced

that
k w'+m w*4+m
wS = 3TN v L (RESEY oSO+ > rpes Licawn(R2S()) visi Y
j=21=1+m I=1+m
2w +m
+ Z TPy Li—l,l(ORSt{,;n}) VSt((—_ll))
l=w*+m+1
2w* +m p
+ Z TPt (H fO(Xt—ii—l)> Li—l(TQSET})Q,EE)l_l, 1=2,...,k,
1=1 ii=1
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and

k w+m w*+m
vt = Z Z TPt Lk,jfl(R2S£{fln} w8, + Z TPt L,k ( RQSt{ﬁT}) Vs
j=21=14+m I=14m
2w* +m
+ > rpu Lea(ORSEM) vsiGY
l=w*+m+1
2w 4+m P 0
+ Y Tpu (H fo(th‘z)> Lk(TZSiT}) @2
=1 ii=1
and that
q(O) kE w*+m ] w*+m )
== TS e L (B2 08D+ ST v Lu(B2QIT) v
o j=21=1+m I=1+m
2w 4+m
+ Z TPl ORQ{ m} VS
l=w*+m+1
2w +m P 0
+ Z TPl <H fO(Xt—ii—l)> 7’2qt{§n} qt( )1 I
=1 ii=1

The argument (r = 1) is completed here.

(r = p) (where it might be p=2,...,k —1):
After the necessary steps have been taken, it is accepted for m € Ny that

w*+m

oSy = Z Z Pe1 Liopj- p(R”“St{,?"}) USEJ—')Z +

j=p+1l=1+m

w*+m (p+1)w*+m
ST et Licpiesi—p RS VS 4 ST epey L1 (OR?ST) SIS 4
I=14+m I=w*+m+1
(p+D)w*+m p o
Z TPt (H fO(Xt—ii—l)> Li—p(TpHSfT}) q,f,)l,p i=p+1,...,k
=1 ii=1
and that
k w*+m

VSt((il)) = Z Z Tpt,l Lk+17p7j7p(Rp+ISt{,?ln}) USt(]—)l +
j=p+1i=1+m

w*+m (p+1)w*+m
Z TPy 1 Lk+1fp,k+lfp(Rp+lst{;n}) VSt((__ll)) + Z TPl Lk+1—p,1(ORpSt{§n}) VSt((__ll)) +
I=14m l=w*+m+1
(p+L)w* +m »
Z TPl (H fO(Xtiil)> Lyt1-p(r p“sz}) qt(o)l !
=1 fi—1
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(0) k. w'4m w*+m
gy m i m _
:r = Z Z TPt.l Lj*p(RpHQiz }) Usgi)l + Z TPt.l Lk+1*p(Rp+1Q;s{,z }) Vséizl)
0 j=p+1l=1+m I=1tm
(p+1)w* +m Ly (R p
+ Z TP, ORPQ;{T} VSt((—; ) + Z TP, (H fO(Xtiil)> TPHQ,;{T}
l=w*+m+1 =1 =1

(r = p+1): formally a new induction argument on n is required, but this will be done very

quickly as it resembles the case presented already (r = 1);

<n=0>: solve vSt(fZ}l*) from the accepted version when m = 0, ¢ = p+ 2; plug the solution
in the other accepted versions m =0, ¢ = p+3,...,k + 1, yielding the same equations (29)
and (30), (31) but for r = p+ 1, as well as

COR?S\) := L;_,1(OR?S,;) — IR**'S}")

t,aw*

. Lg’l(ORpSt’l);

from the just derived results, solve vSéf 22*) from ¢ = p+ 3 and plug the solution in the other
just derived results i = p+4,...,k+ 1, yielding the same equations (32) and (33), (34), (35)
but for r = p+ 1, i, —r = 1. In fact by going on for all 7, = p+ 2,...,k, it will be added

that
C=PORPS)) = C~PT1ORPSY) — 1CH P RIS L c T OR S,

vS™  will be the last to solve (from V5",

w
Back to the accepted versions from (r = p), m € N for vSt(i), t=p+1,...,k, VSt((_l)) and
{qﬁg)l/wo}, plug in those the quantity vSt(ftnllw* yielding (15), (16) and (17), (19), (18), (20)

when r = p+ 1, as well as

BORS; ™ = Li 1 (OR?S{Y) — HROTVSIGI) - Loy (ORP S, im),

BORQIT = OReQUY — HRQI ., Lon(ORPS_nym);

(0)

next, in those versions of vSt(i), VSt((_l)), {q;~"1/m0} that were just computed, 08P

t—m—w

plugged in yielding (21), (22) and (23), (25), (27), (24), (26), (28) when r = p+1, i, —r =1,

BT

as well as

B2ORPS!)™ = BORrSU)™ — HBReTISIIT) . CORPSITY)

t—m,l—m>

B2ORQ!" = BORQU - HBRQ{!,,  CORPSPTY

t—m,l—m"

This goes on for i, = (p+1)+2,...,k by plugging in consecutively the quantity from before

and, besides the other forms that have been seen already, there will be

(0)
qp 11~

m?

BroResi) ™ = prorlorest) _ gpi-memtgerig(hint gl toRe gl
B*PORQ{ = B rORPQIY — HBN e ReTIQIT) - O ORPS )
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Especially after the last inclusion, the equations of interest become

S = rpyy HBF PRSI iSO o, BHBRP-2ReHLS(0 I 5By
k  w'+m-—1
o P BRTPTYHRASELI 0SP Y  NTNT gy BRPHRATISA™ 080 4

w*+m m
j=p+1 I=14+m

w*+m (p+D)w*+m
Z pe Bk—PHRP+1St(fl,k+1)»{m} VSiE(—_ll)) + Z D Bk—PORPSt(,ZZ)v{m} VSt((—_ll)) +
I=14+m l=w*+m+1
(p+Dw*+m p _ 0
Z TPt,l (H fO(Xtiil)> b’f_pr”“sgfl)’{m} Qt(—)1—z+
I=1+m ii=1
m P o
Z TDt,1 <H fO(Xtiil)> Lifp(rp—‘rlsign}) Qt(f)lfla 1= P + 2a EERE k7
=1 ii=1
and
VSt((_l)) = TDt.m HBk*pflR’”“St(ﬁle;gm} VSIE(__,?) + Pe.m BHB’“””zR’JHSt(ﬁ;lJZ;fLm} vSt(f)m +
k w*+m—1
oo TDEm Bk_p_lHRp+1St(ffJ)tl+);;{lm} vSt(anQ) + Z Z TP Bk_”HR”HSt(ﬁH’J)’{m} vSt(]_)l +
j=p+1 I=1+m
w*+m (p+D)w*+m
ST rpry BFPHRALSE DA eGSR gy BReORP ST gl )
I=14+m l=w*+m+1
(p+D)w*+m p
Z TPt (H fO(Xtiil)> bk*prﬁlsiiﬂ)’{m} ¢+
I=1+m ii=1
m P o
ert,l <H fO(Xtiil)> Lk+1,p(rp+18£7ln}) qt(_)l_la
=1 ii=1
and
)
qt(—)l

L= HBF - getiQimt | vSiC D) wrpy, BHBE P2 RAVIQIME0stE)

ko w'4+m-—1
o P BT UHRIQIE 08T+ ST N rpy B HRTIQU) 08,
j=p+1 I=1+m
w*+m (p+Dw*+m

ST rpeg BEPHRAHQET M vg G Ny BRrORPQE ViS¢
I=14+m l=w*+m+1
(p+D)w* +m p .
Z TPt 1 (H fO(Xtiil)) bk_”rpﬂqff} qi_)l_l +
I=1+m ii—1
ZTpt,l <H fO(Xtiil)> T”HC];{,T} qt(,)l,l
=1 dim1

for any m € N; those are free of vSt(fJ:nl).

How this argument continues in < n = v > and < n = v + 1 > will not be presented here:
the reader should look at the case (r = 1) to complete the induction on n; once the step

r = p + 1 has finished, the formulae will be verified to complete the induction on r as well.
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Finally, from the special case p = k — 1 of the induction for r as it has just been proven, the

final equations will be of the form
VSt((_l)) = i1 HBY 71Rk:St(kw‘t1£1{w } VS75(£_11)) +
rpre BHBY T2RESFHIT yg )y

Pt BY TLHRFSSD T gl

2w™

S g BY RESETIEDAY g |
I=14w*
(k+1)w*

ST rpey BYORFISTIAT gl
[=2w*+1

I=1+w* =1

P
TDt,w (H fO(Xtiiw*)> bw*_lTksﬁ,kuﬁl)’({w A

=1

p
P (H fo(Xt_ii_2)> Pk oD (" (01D @y

1i=1

P
TPt (H fO(Xt—ii—1)> L2(7“k3;5{1f }) Qt(O)l 1

ii=1

and
Qt(g)l w*—1 pkHiw™} ((=1))
- = rpe1 HB REQp 1 VS, 217 +

rpeo BHBY 2REQIE, V(G 4+ 4

o B THRNQUL VSIGY) +

t—w*

2w™ .

Z Tpt,l Bw RngTFl)’{w } VS((_;D)
I=14+w*
(k+1)w™ )

S rp BYORMIQUTT v
1=2w*+1
(k+1)w P

> (H fO(Xtiil>> B q;{}ﬂ P+
I=1+w* ii=1

p
- (n fo<xt_u-_w*>) B kg ) )
=1

p
Pt,2 (H fO(Xtii2)> brkq({w bAw™ 1D ﬁ) 1_9 T+

ii=1

p
D1 (H fO(Xt—ii—1)> T qqu ' Q§0)1 1

=1

Following the two equations above (see that (k 4+ D)w* = (k+ 1)(k+ 1)* =

23

(k+1)w* P
w* k Aw*
> rpu (H fO(Xtiil)> b TkS,E,zH){ Y%,

qwg)lw—’—

+ ...+

(k+ 1)t =



(w4 1)*), the notation can be rearranged to write

(w+1)*
v = 3T rpy RS(w 1), VSISV
=1
(w+1)" P
Z Dt (H fO(Xtiil)> rs(w+ 1)t a0y,
=1

with

)

w*—1 pk g(k+1). {w") _
B HBY IRFSEE i 1=1 ,
RS(w+ 1)y := BeTRFSUTIREDAT i =1 w20
BY ORFISET if = 0wt 41, (w 1)

and
Lo (r"”‘s?f }), if =1,
rs(w+ 1) = bl_lrksgﬁﬂ)’({w*} v 71}), if [=2,...,w", )
bw*rksgclﬂ)’{w*}, if I=14w*...,(w+1)*
as well as
q(o) ey 1
b= > e R Dy vsiG
=1
(w+1)* P
Z TPt (H fO(Xtiil)) rq(w + 1), qt(g)l,p
ii=1
with
BTHBY IRFQID i 1=1,. w0,
RQ(w + 1) := B RkQ(kH) A = 1wt 208,
ORFQIY™, if 1=2w"+1,...,(w+1)
and

rkqgl”*}, if =1,

rq(w+ 1) == blilrkqu{lw*}’{w*_l}), if 1=2,...,w
bRl i =1t (w 1)

By comparing the four formulae to the ones concluding the statement (a) of the proposition,

the proof for the induction argument on d has been completed.

(b) Straight from (78) and (79), it holds that

(k+1)7~1
Pt = Z TPt RS(q—l)tﬁl Pt—1
=1
(b+1)971 p
PSS (H fo<xt_n»_l>) rs(a— Dt 4,
=1 1i=1
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and

(k+1)971
qt(2)1 = To Z e RQ(q — 1)e1 e
=1
(kt1)91 P
+ Z TPt,l <H fO(Xtiil)> ralg — et ai™_p ¢
=1 ii=1

respectively, where the scalars RS(¢—1)¢, 7s(q—1)s;, RQ(¢—1)+,; and rq(¢—1):,; have been

determined in (a); it is written here RS}, and rs}; instead of RS(g —1):; and rs(q

as well as it is transformed for convenience
RQ;J =my RQ(¢—1);; and Tq;l =7 rq(q — 1)1,

resulting in

(k1) (k1) P
pr= Y o RS pia+ Y, Tpu (H fO(Xtiil)> =y @2

=1 =1 =1

and

(kt1)71 (kt1)7" P
¢ = > o RQLupia+ Y, Tpu <H fo(&mz)) AR

=1 =1 =1

It can be seen from (91) that

(k4+1)971
P = Z TPl RS{}I pi_y, if Xeo1-;#0, forall [=1,...,(k+ 1)‘1_1.
1=1

Otherwise, define Yy :={i =1,...,(k+ 197" : X;_1; = 0,} and N := {i = 1,...

)97 X _1-; # 0,}, such that (91) and (92) take the form

Dt DPt—i
o | = Z i RSQy ) + Z s L1:21 (RSQui) Di—i,

t—1 i€Y: Q14 ieN;
! A
RSM- TSy

RQi,i qu,i
It can be re-written that

where RSQ:; =

Y43 Pt—i
(0) = Z rpei RSQy i (0; + Z TPri—1 L1.21(RSQy)-
4i—1 i€V i1 iEN,

- 1)t,l7

(91)

(92)

and L; ; now operates on matrices consisting of scalars.

(94)

Write i1(t) < ... < iy,(t) for the members of }; and ji(t) < ... < jn,(t) similarly for N.

Then (94) becomes

Y43 2 Pt—i.(t)

o |~ ert,ic(ﬂ RSQuict) (0)
G-1 | o=l Gl =
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Pt—iy(t)

first, © should be replaced, resulting in
Q—1-i(t)
Pt B i o RSOL. Pr—i.(t) +§: _ Lo (RSQs s )+
(0) = TDt,i.(t) tyie(t) (0) TPtje(t)—1 L1:2,1 t,je(t)
1 c=2 Q1 ) c=1
Y Pt—iy (t)—ie (t—i1 ()
Z TPti1 (8) i (t—ir () FSQuiy(8) BESQu—iy (t) 60 (t—ir (1)) ) +
=1 Bt—1—ir (t)—ic (t—ir (1))
M-y ()
Z TPt iy ()+je (t—ir (8)—1 FSQuiy 1) L1:2,1 (RSQe—iy (1), 5. (t—ir (1))
c=1
since
1 1

TPt,i TPt—iq(t),ic(t—1
bt T (0,8t (1) DPt—1---DPt—iy(t) Pt—ir(t)=1 -+ Pt—is(t)—ic(t—is(t))

TPt iy (t)+ic(t—i1(2))>

1 1
Pt—1-- - Pt—iy(t) Pt—ir(t)—1- - Pt—ir(t)—je(t—i1(t))+1
TPtyir (t)+je(t—i1(t))—1"

TPtiy(t) TPt—iy(t),je(t—ir(t))—1 =

Define
W= li=i)+ 1. a4+ (k+ D)7 X, =0,}

and observe that
= (), iy, O U=k + )T 1, )+ (k1T X = 0,)

write iil}(t) <... < i{g} (t) for the members of yt“} with iil}(t) = ic41(t) for the first ones
Yt
c=1,...,y: — 1. Note that

ie VM i — i) =1, (k+ 1) and Xioi1 = X, (1) i—ir (1)1 = Op

i.e.
ie YA i —ii(t) € Vi, o)- (95)

Statement (95) implies that i.(t —i1(t)) = iil}(t) —idy(t) fore=1,...,y—i,t) = yt{l}, hence

Yt—iq(t)
Pt—ii(t)—ic(t—ir(t))
Z TPt iy (t)+ie(t—in (1) OSQutyiy(t) BSQu—iy (1) i (t—ir (1)) (0)1 ' =
c=1 9r—1—iy (t)—ie(t—i1 (£))
pe

\ . )
TPyt ) BSQuint) BSQy (i y—ivy | (0)
=1

¢ qt—1—i£”(t)
Also define M{l} ={i=1,...,01(¢t) + (k+1)7"!' : X;_1_; # 0,} and observe that
WO = (1, @) = 1) + 1, i () + (k+ 1771 and Y AN =0
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write j{ }() < ... < ]FL}}“) for the members of /\/t{l} with jé{l}(t) = je(t) for ¢ =
1,...,n < n;‘/{l} since N; C /\/t{ !} Note that

i€ -/vt{l} iff i —iy(t) =1 —ir(t), ..., (k+1)7 " and X, (1)—1—(i=ir (1)) 7 Op;
i.e.
i e N i — iy (8) € Ny or i—in(t) =1 —ii(t),..., L. (96)
Next to (96), it is written that
ie N {isi> i)} i i —i(t) € Moy

and ./\/t{l} N{i:i>a@)}={70),...,if (t)}, so that it is written that j.(t —i1(t)) =

’ nf i1 (t)

if(t) —i1(t), c=1,...,m_4 @), hence
Tt—iq (t)
Z TPt,ir (t)+je(t—i1(t))—1 RSQt i1 ( Ll :2, 1(RSQ,— i1 (t),je(t— 11(t)))
c=1

Z mpei—1 RSQy ity Li:o 1 (RSQ—i, (4),i—ir(1))-
ieNY, i ()

Altogether now,

yt—1 Ny
Dt Py it
o | = Z Pt BIQum | (o) + 2P o Lr2a(RSQ, o ) +
;1 t—1—il (1) c=1
Py 1)
ert 0 RSQt i) RSQ, i1 (4),i8 7 () —i1 (1) (0) +
qt—l—ii”(t)
Z mpei—1 RSQe i (1) L1:2,1(RSQ—i, (4),i—iy (1))
ieN i>iq(t)
or
b Pt—i
(0) Z TDt,i RSQ{l} (0) =+ Z TDt,i—1 Lo 1(RSQ{1})
de—1 ieyft —1—i ieN
where

RSQ¢i + RSQy i, (1) RSQu—i,(1),i—i1(¢)5
it ie YNy orif ieN, i>i(t),
RSQ{l} : RSQy i, 4y RSQt—iy(t),i—ir (1)
it ie VM i¢yorif ie N, ig N,

RSQq, if i=1,...,01(t)—1

For n = 2,..., accept that it can be written

bt {n} | Pt=i {n}
©) E mpti RSQy; ©) + E -1 L1:21(RSQy ), (97)
t—1 z€y§7l} Qe-1-i ienf™
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where

RSQ! =

and

{n} ._
t =

with members ¢

J\/{n} ={i=1,.

with members j{ }( t) <

i ¢ N

{n}( )

RSQUTH + RSQUCM, | RSQ
)l
if ieY™nyn orit e isiln T ),
{n—
RSQ {n 1} RSQt 1{" U(t)z 1{" U(t)’
if zey{"}, z¢yt{" U orif ZEM{n}, Z¢N{n 1}

i;éz’l(t),i{”(t),...ﬂ’i{" 2}(t)

R AERIOR SOk

if i=1,. {n 1}() 1,

i=i" N Y kDT X =0,)
. < z;?%} (t), as well as
t
T 4 (B4 1) Xy £ 0,)

. < j{?};} (t). In the second branch of (98), note that i € N{"}

, implies that N{” i N and i > J{?n s it J{rfn )y > il

then ¢ > z{n 1}( t); if, however, ‘]{?n 11}) (t) < z{n 1}( t), then it has to be that i({;n_l}(t) =

ziﬁfl}( t)+1, forall ¢ =2,.
{n— 1}()

it is implied 7 > ¢;

Straight from (97) and using (94), it can be written that

{" > 2, such that ¢ > z{?n 11}}( t) > {n 1}( t): either way

Yl
Pt pt—ii"’} t {n}
0) Z Tpt {"}(t) RSQt {"}(t) (0) ) + Z TDti—1 L12 1(RSQ )
di—1 c=2 b1l (1) ien
ytﬂ'{”}(t)
{n}
Z "Pil () "Pe—if™ @), t—i{™ 1) RSQ R0 RSQ,_ it ()i (t—ifm )

c=1

Pt ) —ice—i{™ (1))
q(O)
t— i{”}(t)flfic(tfii"}(t))

+

Z T.pt z{n}(t) Tpt i "}(t) i—1 RSQt {n}( £ Ll:?,l(RSQt_i}"}(t)ﬂ')'

lENt—ié"}(t)

Note that

rpt7i§'rl} () Tptfif”}(t),j =

1 1

Pr—1---Pp_iind iy Pty py—1- - Peoil™ (-4
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so that it is written again

Y43

Dy _;iny
© |~ D TP RSQ{H}”@ © O+ D rpriet Liea(RSQLT
a e=2 t—1—i{" (t) ieN ™
yt—if”}(t) P
{n} t—ii™ ()i (t—i{™ (1))
+ Zl Poaf @ icte—if @) FOQ i ) BOQi i o | @) '

=il () —1—io (t—il" (1))

+ Z D, i (1) im1 RSQ

iENtﬂf"}(t)

N {"}(t) L1:21(RSQ, i (0 )-

Define Y™™ = {i = il @)+ 1, it @) + (k+ 191 L X1 = 0,} and write

At < < ii?:lll}}( ) for all its members in increasing order, clearly with if" ™ (¢) =

i—?—}l( t) for the first ones ¢ = 1,...,y{™ — 1. Note that

{n+1} {n} _ -1 —
1€y, ffi—it " (t)=1,....,(k+1)?" and X(tfzf"}(t))flf(ifif"}(t)) =0,

i.e.
ie Y i i iy ey, o (99)

Statement (99) implies that i.(t — z{"}( t)) = iinﬂ}(t) - i}"} (t) for c =1

y;{m_l} , hence

PRI ’yt—iin}(t)

yt—i{"}(t)
1 p {n} . {n}
{n} t—if"} (&) —ic(t—i{" () _
> TPl () icte-itn) BIQ 0 ) BIQu_ it (i e-it ) q<o>1 1 -
c=1

t—il" ) —1—ic (-l (1))
y§n+1}

{n} L IO
Z TPyl ) RSQt,ifn}(t) RSQy ity str+1r ()il ) ¢©
=1

t—1—il" T (1)

Also define N = i = 1. il @) + (k+ 1)1 : X,_1_; # 0,} and observe that
VI AN Z g and that

VI uNTY = G = 1M )+ R )Y i £ a0, @), Ll @)

Write ji{nﬂ}(t) . < j{?::_ll}}( t) for the members of ./\/'{nH} with 5" (@) = M (@) for
c=1,... ,n,}{n} < n,}{nﬂ} since N{ " c N{nJrl} Note that

ie N i i en i
or if i—zin}(t)zl—zin}(),...7—1 and
i— i) £ — i), - e, i e i),

(100)
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Next to (100) (and (99)), it is written

ie N> iY@y it -l e N,

and N{"+1} Nn{i:7> z{”}( t)} = {if("ﬂ)(t),...ia("i} (t)}, so that it is written that
Je(t — z{n}( ) = ij(nﬂ)(t) - iin} t),c=1,... sTy_sin) (4, hence
1

> Pt il (1) +i-1 RSQ{”M L1 (RSQ
ieN

n—if"}(w

> rpi-1 RSQU

PENTH sl

(t) i 0) =

Li.21(RSQ

i) t—ii"}(t),i—z’i”}(w)'

Putting all the above together, it is written

yl"
Pe _ {n} Prilry (1) {n}
(0) - ert,ii"}(t) RSQ O] (0) + Z "Pti-1 L1:2’1(RSQ“ )
91 =2 t—1-i" 1) ieN ™
{n+1}
(n} Py_i{nt1d 4
+ Z Pt @ B G ) BIQ i it it | o
t—1—il" T (1)
{n}
+ Z TPti—1 RSQMYL}(Q Liaa(RSQ_jtm 4y 130 (1))
ieN Y isilnd g
or
Dt n DPt—i n
o | = > rpri RSQUTT 0) D P Li1(RSQUT),
g1 eyt 14 s
where
{n} {n}
RSQt, +RSQ {n}() RSQt—ifn}(t)yi—lfn}(t),
if i¢e yt{”“} N yt{”}, orif i€ ./\/'t{n}, i> zén}(t),
RSQIY = RSQ'™., RSQ

til™ () t—it" (), i—if" @)
it iey" g™ orif ie MY ig A
RSQIW, if i=1,...i{" (&)~ 1, i #£a),ii @), )

which justifies an induction argument.

It may be concluded that

(kt1)7-
pe=Y_ rpri1 Lia(RSQui) + Y rpri Lia(RSQr) a2, (101)
i=1 i€V
and for n € N, that
" O+ (k417!
pe = > TDt,i—1 L171(RSQ£”} + > i I Q(RSQ{H}) ¢ (102)
i=1 o
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where

n—1 {n—1}
RSQt{ } + RSQt {1 (1) RSQt—if"*l}(t),i—ii"*l}(ty

if i = z{n 1}( H+1,... ,iin_Q}(t) + (k+1)171,
(provided that z{n 1}( t)+1< i{n_Q}(t) + (k+1)771)

RSQ,cs) ) RSQu i s str—n
if i = i) + (k+ D) 1, @) 4 (k1)
RSQ{TY,
ifi=1,...,id" @) =1, i £i(), i@, il @),

0 0

0 0
if =iy (), il (), . il (@)

RSQLY =

and writing RSQ{O} = RSQ:,; and z{ }( t) =i1(t) and z{ 1}( t) = 0.

It holds that i € y{"} i ii‘nfl}(t) € ytii{n—l}(t), so that (101) becomes
1
(k+1)a—1
Py iin=1ry = Z TPy it =1 (1),i—1 LlJ(RSQtfﬁ"*”(t),i) +
i=1

Z TPy ifn =" 1y LLQ(RSQt—if"*”(t),i) q

(0)
4 t—it" T () —1—i
163@_4”71}“)

i ()4 (k1)

Z TPy it = (ty,i—i{m (1)1 lel(RSQF#*”(t),z‘ﬂ{"*”(t)) +
i=ii" " )41

0
Z Tptfiinfl}(t),i—ﬁ"’l)(t) LI,Q(RSQ {" U(t)z l{n 1}(t)) q1£ )1 i

ieyi™

(0)

(n} ., Tesults in
t—1—i;" 7 (t)

and solving with respect to ¢

(0)

—1
qt—1—i§"}(t)

-1
= P @i s ) E12(RSQ, 4 il )}
ORI
Py_ifr=1yyy — Z TP il =1 (gy,imilm (1)1 Ll,l(RSQt—z}”*”(t),i—if"*”(t))_
i=il" = ()41
yfn}
MO

t—1—il"} (1) (103)

D TPuifrt a8 ()it ) L12(BSQ_ g 1 igr 1) €
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Next, (103) is plugged in (102), n € N, which gives

ORI Coo

Pt = Z TPt,i—1 Ly 1(RSQ{n})
i=1
yim
Z D, n} . L1 2(RSQ{H} ) g +7rp, iny,, {Ln, 2(RSQ )}
tyie 0 (t) > t,i;{n}(t) t—l—ig"}(t) tiy 0 (t) t, {"}(t)

c=2
—1 -1
{’"ptfii”*”<t>7i§”}<t>7i§"*”<t)} {LLQ(RSQH%”<t>7i§”}<t>ﬂ§"*”(t>)}
" @)+ (1)1

Py_itn=1y) — Z TP it =1 (gy,i—i {1 (1)1 Ll’l(RSQt—ii"’l}(t),i—i§"*1}(t))_
i=ii" " 1)+1

e

(0)
ert =1 (0,0l (=il gy D12 (BSQy_jtn—ny () jimy gy _ytn=13 ) €, o
c=2

And, of course, write

3 Pp_jin=1}py_q - Pp_iind
{rpy i o} Py i a0} = — - o

=TP, An-1}
Pt—1-- -ptﬂfn}(t) ti (t)

and define HRSQEZ} = {L172(RSQE’TL})}{L172(R5Qt_i_«l[n—1}(t)7u_i§n—1}(t))}71, so that it is
re-written

" @)+ (ke

pr = Z rpei—1 L 1(RSQ{H})
i=1
(n}
{n} (0)
Z D, i L1 Q(RSQt i"}(t)) qt—l—iﬁ"}(t) +

Tpt {n 1} HRSQ{n{}"} t) {ptiz}n—l}(t)_
{n—1}
iy (&) +(k+1)1"
Z rpt Z{n 1}(15) {n ”(t) 1 Ll 1(RSQ {nfl}(t)’i7i§n—1}(t))_
i=ii" " @)+1
yim

ZTpt—ip_l}(tmﬁ"’}(t)—ii"’_l}(t) L172(RSQ {n 1}(t) {n}(t) {n—l}(t))
c=2

(0)
qt—l—ii”}(t) ’

O (PP im0 1) TPacsfr =) (y,imifn 1 o) = TPE)

i@+

S e bRSQEY + th 1 BRSQ) L a0,y (104)
i=1 ]

Dt
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where

L1 (RSQ{Y),
ifi=1,. {n 1}() 1,

. Ll,l(RSQ{’?}) +HRSQ™ | =HRSQ™M |
bRSQ{ } = t77‘1 (t) tvzl (t)
" if i =" (@),
Li1(RSQLT) — HRSQ{™. - Lia(RSQ,_ynn i n1 )

1f2—zin 1}() 1,...,iin71}(t)+(k+l)q_1

and BRSQ, ) i= Lio(RSQ,T) = HRSQ) .y - Ln2(RSQ_ vy iyt 1)

An induction argument is used next.

3
Il
—

Especially for n = 1, (104) becomes

O {1} . w o
1 1 (0]
b= Z; rPeic1 BRSQ o+ Z; P il (1) BRSQt iy Lol ey
1= c=

For n = 2,3, ..., it holds that

+ Zin_Q}( ) y{"} it i€ yt{l}{ﬂ 2}(t)

to understand this, observe that
(=" @) — il e i) = il ),

ie.
e =" (o) =il ) =i, fore =1y =l

An— 2}()

As a result, the equation p; above for ¢ — i} ,m=2,3,..., becomes

iy (=i () + (k1)

_ {1}
Prifr=2 ) = ; Py it (), bRSQHwﬂm,i t

{1}
yt—i{n_Q}(t)

{1} (0)
Z P, _ z{n 2}(15) {1}(t Z{n 2}(t)) BRSQ {n 2}(t) {1}(t z(n 2}(t)) {71. 2} (1)1 U(t z{n 2}(t))

c=2
i@ =i O (1)
= > Py il =2 (),i1 bRSQ{l}{" e *
{n} -
erpt =2 () idm Y (=it =2 (1) BRSQ{l A2 @), ()i () qt(g)lfii"}@)’
c=
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since i.(t — z{n 2}( t)) = iinil}(t) - iin%}(t). Re-write the first term, i.e.

i O+ (k1)1

_ {1}
Prifr=2v ) = > TP yimifr (-1 PRI, i (g amifn g T
i=ii" "2 ()41 !

{n}
{1} (0)
ertfip’”(t),ii")() =2 ) BRSQ 2 (0,0 ()i 2}(t) i gy

Then it can be solved that

(0) _ -1 {1} -1
Gy = Pyt (a2 (0} {BRSQt_g"—ﬂ(t),igmt)_if"—ﬂ(t>}

i O+ (k1)

)
Prifr=2 )~ 2 TPoifr =2 gy,imif = -1 PRSQ

(0,i—ii" " )
i=il" =2 ()41

()
Y

{1} (0)
Zwt*ii"*z}(t),i@”}() -2y BRSQ, _iln =2 il ) Lot

(105)

Once (105) is plugged in (104) but for n = 2,3,... now, these become

it O+ (1)1 yint
b = ) rprie1 DRSQ, + Z TPy ) BRS Q{n{"}(t) qt(o—)1_z‘§"}(t) *
=1

TP, {n} BRSQ{n} {Tp {n—2},,\ -{n} {n 2} }_1{BRSQ{1} }_1

b3 (1) ey Vi (@) () ) t—il" 2 @)l @) - )

4" O+ (k1)1
{1}
Py_iin=2} ) — Z TPy it =2} (1),i—i{" 2} (1)1 bRSth{”*”(t),ifif"’”(t)_
i=ii" " ()41
s {1} (0)
1 0

2 TPy il (1)l (1) il ) BRSQF&"*”(t),ii,"}(t)fii"”}(t) ERE S

or, since {Tpt,i;"}(t)} {Tpt_iinfz}(t)én}(t)_iinfz}(t)}_l = TPy (02} ()5 they become

" O+ (k1)1

_  apanind L N 2p5QM 4O
P = ; Py PRSQYY + z_: i BPRSQU, L al” o,

where HBRSQY',) = {BRSQ{\)} {BRSQ[" o) 1wy} 7", and
—1y ,U—1y

bRSQI™

t,ai 7

if i=1,. {" 2}()—1,

{n} {n}
PRSQL = PR +HBRSQt i )

if =" @),

{n} _ {n} ) {1}
DRSQ: = HBRSQ"(,) - bRSQ, 0y () nomy s

it i=i"" e+, iY@ + (e 1)e?
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and B2RSQ{" .= BRSQ!" —HBRSQ{"{}M o BRSQ“}{W (i) 0

For v = 2,..., accept that it holds (for n = v+ 1,v 4+ 2,... only) that

A @)+ (1)1 ylm
bt = Z TPti-1 bVHRSQt{n} + Z TPy it (1) BVHRSQ;{Z(E}"W) qt(o—)1_ii"}(t)’
=1 c=v-+2
(106)
where BV RSQI" = BYRSQ{™ — HBVRSQ{” o) -B”RSQ;{EP_(UH” (il G40} gy
and
RSQL,
if i=1,...,i" g — 1,
b RSQ{} + HB'RSQ™},,
by+1RSQiZL} = ’ t, y+1( )
’ if §="TDI (g,
v {n} v {n} v {v}
b RSQt,i HB RSQ t,i l{/i}l(t) -b RSQ {" (V+1)}(t) §"*(V+1)}(t)7
if =" ey 1T ) 4 (e 1)et

as well as HB”RSQ,;{Z} = {B”RSQ;{Z}}{B”RSQ;{Z};M_(WU}(t) u—z‘{"‘("“”(t)}_l'

n=v-+1

Straight from (106) when n = v + 1, it is derived that

i (&) + (k1)1 yi
- ) vl {v+1} v+1 {v+1} (0)
by = z; Tpti—1b RSQ“ + ZFQ TPy 387 +1) 1) B RSQt,ii”H}(t) qt—l—iﬁ”“}(t)'
1= c=v

Nevertheless, for n = v+ 2, ..., it holds that

14+ iin_(u—ﬂ)}( t) € y{”} if 7¢ yfyt}t} (u+2)}(t)

to be convinced about this, see that

(t— i*l{n*(wr?)}(t)) _ ii”—H}(t Zin (V+2)}( t) = {n}( 1),
ie.
i @ — i )y = i ) — T ) e =1, ,yt{”j{i} I =y
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Then the equation above is used for ¢ — {n (V+2)}(t), resulting in

i =i () 4 (ke 1)a Y

= v+1 {v+1}
Py_ifn=42) () = z; TPy =)y _y DT RSQ, g
1=

{41}
=D} )

v+1 {v+1}
ZQ TPy im0} () i (ot1) (g nm ot} gy BYTTRSQ m ) (g L )} )
c=v—+

Y

(0)
q,_ i <u+2>}(t) =il (il (““)}(t))

O R O R 2 Vi

1
Z P, _ =Y gy bVJrlRSQ{H_{n} DY gy +
=1

{n}
+1 {v+1} (0)
Z Tpt 7I{n (u+2)}(t) Z{n}(t) {n (u+2)}() BY RSQ {n (,,+2)}(t) 1{n}(t) 1{71. (V+2)}() q—l—ii"}(t)
c=v—+2

since it} (t— iini(l}ﬁ)}( t) = '{nfl}(t) - iini(yﬁ)}(t). Finally, after re-arranging the index

of the first term to i + z{n (V+2)}( t), it holds that

pt7i§"*(‘/+2)}(t) =
" O+ (k1)1

v+1 {v+1}
Z TPy {42 () i {n—42} (g DT RSQ, _nm ey gy =y ) T
=i {4

{")
v+1 {v+1} (0)
E ™,_ l{n 2} gy o lnd gy - Z{n 2} (g B RSQ {n L Cayn z{n (V+2)}(t) t—1—ilm ()
c=v+2

which may be re-arranged to write

(0) _ 1fpr+l {v+1} -1
qt 1 151}2() {Tpt {71 (u+2)}(t) An (t) {n (1/+2)} } {B RSQ {n (”+2)}(t) {n}() iin—(wrz)}(t)}

{ptfiinf(l”r?)} (t) -

SO

v+1 {v+1}
Z TPy j{n=aDd () i In= 4D gy 4 b RSQ _i{nm D) (g g n= D} () T

=il T (4

yim

1 {v+1} (0)
g r (v n (v B"*'RS , , ,
, D @l - Qi ) 410 (i afr=042) () Ga g

c=v+

(107)

Once (107) is inserted in (106) (for n = v +2,v + 3,...), this becomes

AT @)+ (k)7 yint
1% v 0
bt = Z "Pri-1 b +2R5Qin} + Z TPy @) B +2RSQ;{T;{}"}“) qt(—)1_z‘{”}(t)’
i=1 c=v+3 e ¢
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where HB*HRSQ{" := {B*11RSQ{")} {B”“RSQ{”*{? 490 gy gl (] B0
1

b HRSQ,

if i1=1,. {n (V+2)}( t)—1,

bu+1RSQ{7?} + HBVJrlRSQ{n{},L}

by+2RSQ§Z} _ t,1 u+2(t)
' if ¢= zin (VH)}( t),

v+1 {n} v+1 {n} v+1 {v+1}

b RSQ,,;" —HB RSQ e b RSQ S () ) )
* i 5 (t) (t),i—i; (t)

it i=d"Tr ey T ) (e 1)t

and B*P2RSQ" .= B" T RSQ[ HB”“RSQ;{"{,L} B”“RSQ{”" iz

i) () i—i{" =Ty’

Hence the induction argument has been proven. Then

it @O+ (k1)1 it
. 41 {v+1} +1 {v+1} (0)
Py = Zl e i—1 b RSQW» + Z2Tpt,i,ﬁ”+”(t) BY RSQt7i({lu+1}(t) qt_l_iiu+l}(t)7
1= c=v—+

is the special case of (106) when n = v + 1.

This process will not continue indefinitely and it is determined next when to end it. Define

{0} = min{n € Ny : y = 0}.

To start with, it is checked whether y{ Y = ¢ is equal to zero, i.e. whether X;_;_; # 0, for
all i = 1,...,(k+ 1)971 If it is zero, then ft{o} := 0; otherwise there is at least one ‘lag’
i = i1(t), such that X;_;_;, (1) = 0p, so that it is checked whether X;_; )_1_; # 0, for all
i=1,...,(k+1)9"1 If they are all not zero vectors or yt{ } =0, then ft{o} := 1. Otherwise,

{2}

there is at least one ‘lag’ ¢; i1 }( t) to let us define a new set yt and check its cardinality y, ™,

and so on. According to (102), it may be written that

{0} _
B O ey

Pt = Z rpi—1 L 1(RSQ{ft })- (108)

i=1
If f{o} (ifl}(t) = 0) then (108) is replaced by (93) as it has already been presented.
If 4y, > 1, then yt{l (with cardinality y{ }) starts within the 1,..., (k+1)77! steps from );:

it is meaningful to observe the random variable

i =1y

:=min{n =1,2,.

First, suppose that it is y{ - =1,1ie f{l} 1. Then suppose that itis2 < y{ } < (k+1)77Y

which means one should ‘wait for’ the cardinalities y{ }, e 7y;{ ¢ }7 ... of the following Y to
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‘fall’ to 1. Nevertheless, if yt{l} = 0 (implying that ft{l} > 1), which must mean that y; = 1
there is no ‘lag’ within yjl} to show good sense to continue: this will be combined with
ft{o} =1< ft{l} and the minimum will be picked to stop. Hence provided that yt{l} >1 (and
according to (104)), it is written that

T ey o
Pt = Z Pti—1 bRSQ;{f? }~

i=1

Similarly for any [ = 2,..., (k+1)97!, provided that yt{Z} >2, ..., yt{(kﬂ)%l} =(k+1)971,

respectively, the random variable
ft{l} =min{n=10L1+1,...: yt{n} =1}
becomes of interest, and it may be written that

{1}
ifftl O+ ey @
Pt = Z TPti—1 blRSng’ }~

i=1
Hence, it is defined here that

Ve : r=071,?71(1£1+1)q71{ft } (109)

together with
O 1= argminmo’l,w(kﬂ)qq{ft{r}} (110)
since it cannot be that ft{h} = ft{m} for r1 # ra.

It may be concluded from (109) and all the above that P(y; < (k + 1)?7!) = 1; this is
something that could be seen directly during the eliminations in (b) when deterministically

there would be a long string of 0s only, i.e. the opposite of the {y; = 0} scenario.

Thanks to the definitions (109) and (110), it can be concluded that

i%“”‘*l}(t)+(k+1)q’1
pe = > TDt,i—1 56t+1RSQt{Zt},

=1
where it is written for convenience SRSQ{*} = L; 1 (RSQ{*}) and g1 RSQI*} = B RSQI#},

[>1.
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