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e For Proposition 3.1:

Straight from

(0p[(0n; —1,5ny 550y, Og—ny,, )
fm(Xt) = f:n(-[t) —+ Z Z Z dhqu(.[t 1 1 hq hq ) )
hq:1 N1y, nhy = 1 jnlwu,jnhq =V1,...,Vk
ny < C<npg
hq
fjnr (Itfn,) +

r=1
DD DS >
hp:1 thO Ly, ovny lhp:1 My, .., np =1 LU 5eees .lhp Inygseees Jnp, =Vl Vg

l1<...<L,Lp n1<...<n,hq

dh +hqf ( (0, -1ty .- th ,0p— lhy MN(Ong —1,9nq 5 7]nh 04—ny, )))

hp hq

H fiLT (thlr) H fjnr (Itfnr) R (1)

r=1 r=1

it can be seen that it holds that f,(X;) =

p P

o) +s£00+3° ST [dfa (7 1) 1 st £ (o) + D

5
J1,J2 =1
Jj1 < Jj2

S (L0 OO st PG ), (g i) iy (Xei) Fi (Xemia) +

Uy 50jp =Uly-e, Uk

ST @ LN st PN ), (i) i (Xemt) - fiy (X))

11, lp=V1,...,Vk

8

which using

Coefﬁfz fo(ly) + sfﬁfi, and

Coet ) (1, - Gu)s (505 -115,)) = (1O Pt Qom0

)

Sfa:l:t)((jh cee ’jl/)’ (ijn s ’iju))7

(as in the statement of the proposition), it becomes

f ( COef(Oz + Z Z Coef:c t(]v 7’]) fij (Xt*j) +

j=1li;=v1,...,v%
u 2
> ST Coef (s da), (iariga)) fiyy (Xems) fiy, (Xemsy) +

1,2 =1 Yi1stjp=U1,---,Vk
Jj1 < J2

> Coef (o), (inveevip)) fir(Xemn) o fi (Xep): (2)

D1y bp=U1,.. 0, Vk



It is accepted that after the substitution of f;, (X;_1) first, then f;,(Xi—2),... then f; (Xi—w)
for fixed w € N, it holds that

f(Xy) = Coef(o) +Z Z Cr"™ 1oef( )(n in) - Coefgot n

n=14i,=v1,...,v

pFw

Z Z Cr® Oefl, (Jyi5) fi;(Xe—j)+

Jj=14wij=v1,..., Vg

ptw

> S0 et (1, 2), (2 32)) Firy (Xemgi) firy (Ximjo)
1,02 = 14w Liplip =Vl vk
J1 < J2
3 CroefP) (14w, ..., p+ ), (i11ws -+ s ipraw)) Firrw (Xem1-w)

Ulpwy s lptw =010,V

e Sipr (Xe—p—w), 3)

where formula

Croef ) (it -+ )y (s - 4i3,)) 7= Cr" 0ef ) (s ey )s (i -2 15,)) +

min{v/v—1,p—1} m
m=0 Jeays s (my = m1=0 iy Iy = In=UV1,...,Vk
1,32 - -, min{jy,n +p — 1} J(1yr - i(m)
J(1) < <d(m) ity < <dimy

Cr Loef ™ (0, 1y, - diom))s (s ey s+ 50y )) -
Coef'gu tm':ml)((] -n (J 7& .7()) jEkl) - n,... ajEkml) - TL), (Z] (.7 7é j())vijg‘l)v cee 7ij(*m1)))7
(4)

(as well as

Cr"™™ loef( )((]1, cos =1, D), (g8 s ingp)) = 0) (5)
from the proposition statement, is accepted to hold up to n = w.

Next, fi,, . (Xi—1—w) is substituted from (2) (it is noted for the following formula that 7.,

is not i1, ...,4p), i.e.

p
0 1 .o
fi1+w (Xt—l—'w) Coef'fli t—1—w + Z Z Coefl(‘p)rw,tflfw(.ﬂ Zj) fij (Xt—l—w—j) +
j:l ij:Ul,...,l}k
p
Z Z Coele_,.w t—1— w((j17j2)7 (i.jl ) Z'j2)) fijl (thlfw*jl) fij2 (thlfw*jz) +

J1oda =1 Bi1sGio =Vl Vk
J1 < J2



> Coefz(']:iw,t—l—w((la ey D)y Gy vsip)) fir (Xim1—w—1) -+ fip, (Xt—1—w—p)

U1 yeenyip=V1,.00,Vk
or, it can be re-written as f;,  (Xi—1-w) =

(I4+w)+p
Coefl)) 1w+ D >, Coefl) 1 (= (1+w)is) fi,(Xiey)
G=(14+w)+1i5=01,...,0%
(14+w)+p
+ ) S Coet? (G- (L4 w) e — (L w)), (i5,15,))

J1.d2 = A+ w) +1 Lkig =Vl Uk

J1 < Jz2
fijl (Xt—jl) fijz (Xt—jg) +
Z Coefz('i)rwﬁ—l—w((lv s 7p)a (i(1+w)+17 cee 7i(1+w)+p))
Fa4w)+ 1l (1 w) +p =15 Uk

ficipwy i (Xe—(14w)-1) -+ Ficiywyin (Xt (14w)—p); (6)

which is now ready to use in (3). Clearly, there is going to be a

Coefioz + Z Z Cr”_loef;z(n, in) - Coefgg)_’tfn

)

n=11,=v1,...,0%

(from the first line in (3)), as well as a Crwoefg(l + W, 81 4) Coefl(-?iwtflfw’ 4w =
v1,...,0; (second line of (3)) to be the only terms that are not multiplied by at least one

f(X); the remaining terms will either be multiplied by f; (X¢—;), j = (1+w)+1,...(1+w)+p

(i = viyeeyvp), or fi, (Xijy) fij,(Xi—jn), J1,d2 = (1 +w) + L..(1+w) +p (j1 < j2)

(4j,,%j, = V1,...,Vk),... OF fi(1+w)+1(th(ler)fl)-"fi(ler)er(Xt7(1+w)fp)- So the question

that remains is to determine their coefficients and verify (4).

The coefficient multiplying fi, (X¢—j,) .. fi;, (Xe—j,), v = 1,...5p, 1,05 Jo = (L +w) +
L..l4+w)+p (1 < ... <ju)s 4y, .,45, =1,...,0 is a sum of the coefficient from before,

plus the sum of relevant coefficients after substitution of f; . (Xi—1—w), say Szt ((J1,- - dv)s (G5, ---545,)):
if j, = (14 w) 4 p then there is no coefficient from the previous step, i.e. the coefficient from

before is
Crwoefgcl,/t)((jh s ajl/)7 (ij17' o 7iju))7 if (1 + ’LU) +1< jV < (1 + w) + (p - 1)
0, ifjy=>0+4w)+p
which verifies (5).

Next, Sy i((j1,---54v)s (Gjys---,15,)) is determined. Again there is the slight distinction
whether j, = (1 + w) 4+ p, or not. Let us work the way through the more general case

I4+w)+1<j, <(1+w)+ (p—1) first, for which 1 < v < p— 1. Since Sy refers to



the coefficients that happen via the substitution of f(X;_1_. ), there is always going to be
a Crwoefgj”')((l + w,...), (i14w, -..)), which is there before the substitution as in (3). Since

Cr" can take up to p entries j, with 1 4+ w being the smallest entry and v + 1 < p, all the

v
different Cr“’oef(Hm)(l + w,j) for m = 0,1,...,v and all possible selections of j

m

will be considered: to make sure that these are the coefficients of f;, (Xi—j,) ... fi; (Xi—j,)
though, the correct versions of Coef have to be taken in, which will be from (6).

Once a specific Cr“’oef;l’:rm)((l F W, G0y Jm))s (@1gws Tjays -+ -5 Tgemy))s M = 0,100, v,
J@)s s dm) = Jis- - dv (Jay < ... < Jemy) is being used, write jj1 < ... < jj,_m for the

remaining j # j(), and see why it should be multiplied by

m
—m+ .. ..
3 3 Coef 0 (g1 = (L), iy — (14 w),
M0 Sty iy
Iy d(m)
i) < < Gm)

jzl) -(14w),... ’jzkml) - (1+w)), (ijjl’ s ’ijju77n,’ij(*1)7' : "Z.j(*ml)));

this is because there have to be the remaining (v —m) js that were not used already, in order
to complete the v desired js, and there can be my; =0, ..., m repetitions j* of the ones used

and for the same 4;-, of course.

As for the case when j, = (1 + w) + p, it cannot be that j, is a choice in Cr"oef as the
maximum j allowed is p + w, hence j, has to take one of the positions in Coef. So the first
(1+m)(
x,t

part of Cr"oef, L+w,jay, - Jemy) will use m = 0,1,...,v — 1 with jq),...,jm) =

JiseeJvm1 SpH+w < gy (Jay < ... < Jemy)- The second part
Coef(jijr — (1+w), .., jjv—m—1 — (L+w), iy — (L+w), ., G,y — (L+w),jy — (1+w))

will use v—m js at least (the ‘jj’), to secure the ones that have not been used and j, (the one
in the end) is one of them. The repetitions m; = 0,...,m for all possible jikl)’ . ,jz‘ml) =

J(1)s - Jom) (ja) <...< jE“ml)) remain in the same spirit.



Consequently, (4) (and (5)) holds up to n = w + 1 and

w—+1
fz(Xy) = Coefg?z + Z Z Cr"_loefilz (nyin) - Coefgo)t nt

n=11i,=v1,...,V% )
p+(w+1)

w V..
S Y e oefl (i) S (Ximg) +

j=14(w+1) 1;=v1,...,0k

p+(w+1)
w 2 . . .
Z Z Cr +1oef;c,2((.71a.]2)7 (ljlvzjz)) fijl (Xt—j1) fijz (Xt—jz) +
Jlod2 =14 (w4 1) Elip =V Uk
Jj1 < J2
> Cr oot ) (14 (w + 1), p+ (W + 1)), (i14 1), s ipts1))

L1 (wt1) bt (wh1) =V15--,Vk

fi1+(w+1) (Xt 1— (UJ+1)) f’ip+(w+1) (Xt—p—(w+1))

holds as well. An induction argument is used to generalize for any n € N, which results in

fo(Xy Coef(o -|-Z Z Cr”_loefwl,z(n,in) Coefiot ns (7)

neEN ip=v1,...,v%

i.e. the desired representation.

e It is easy to work out that if j, > p+ 1 (i.e. it has to be that n > 1), such that it can be



written j, = n* 4+ p+ 1 (for some n* > 0), then (4) may be replaced by
Cr"0ef ) (1, ), (i -+ 87,)) =

R S R .

J(1)yr i (my = mi= EIETERRRE j(*m1) tn=V1,...,Vk
Jis -5 dv j(l) ..... 3(m)
Iy << ity < <dlmy

n— 1+m . . . . .
Cr loefgr,t )((n7](1)7"'7](m))7(Znazj(l)v'”vzj(m))) :

v—m-+mg . . . Sk Sx . . . . .
Coef "™ (= (G # 50)s 31y = oo iy = 20 (35 G 7 30D 3z, ) +

SR YD >

v
m=0 J(1) - d(m) = m1=0 ity itmy) = lp* 42 =V1,..,Vk
1. dv J(ays - J(m)
Iy < -0 <d(m) jE*l) <,.A<jz‘ml)

n* 1+m * . . . . . v—m-+m
Cr +10ef§m )((n + 2,515+ 5 Jm))s (nm a2y - o5 By ) - Coefl(n*+2,t_,i*)_2(

(] —n* -2 (] #]())a ]Ekl) —-n* - 27‘ .. ’ijl) —n" - 2)) (ZJ (] #j())aijz‘l)v cee 7ij;m1))) +

v—1 m

> ¥ ¥ xr ¥

m=0 1y d(m) = mi1= ity ji*ml) = in*+1:”1g~ka
. J1s s ju—‘l Jays o J(m)
) < <d(m) j(*1)<‘-‘<jfm1)
n* (1+m) * . . . . . (v—m+m1)
Cr™ oefy (0" + 1,51y, -5 Jm))s (o1, Gy - -+ By ) - Coefy 0700 (

(.7 -n"—1 (.7 #]())a ]Ekl) —-n* - 17' .. ,jz:ml) —n" - 1)& (ZJ (.7 #j())aijg‘l)v cee 7ijE’m1)))7
(8)

where it is implied in the representations above that n* +1 < n* 4+ 2 < ... < n (i.e. it can
ben=n*+1,or n =n*+2, or ...; in general, it is n = n* 4+ (n — n*)) and the number of
(combined) terms in (8) ism —n*: sincen+1<j; <...<j, =n*+p+1<n+p, it holds
that

1< (n—n")<p.

(1

In a similar spirit to deriving (8), the coefficients Cr"_loefw72(n, in) in (7) can be presented



again below

[df (1010 0100y b D i)+ S |
Ziw:m’ka Cr~ oefgz(w,iw) Coefii)ytfw(n —w,i,)+
S imon e O 0ef 2 (w0, 1), (i i)
(Coefl”,_, + CoeflM_ (n—w,iy)) |,
ifn=1,2,...,p
Cr"™ 1oef(l)(n in) =
Sony |
i or O oot (w, i) Coef (D, (n — w,in)+
Y imon i Crw—loef§,2<<w, n), (s in))

(Coefl®,_, + Coeft!, . (n—w,in)) ],

ifn=p+1,p+2,...

The ‘up to p’ number of terms in (8) is very important for the proof of Proposition 3.3
(following in this online supplement), which achieves a condition for a series of coefficients

to converge.

e For Proposition 3.2:

(i) The proof for

Y E{Coef)() HCoef v At} < B (B 9)

D1 yeensbp =V1,...,Vp
as in the first statement of the proposition, takes a step-by-step substitution of Coef from

time t and going backwards. So it holds that

ST E{Coef)() T] Coeft) (i ity in)} =

D] yeensbp=UV1,..., Uk n=1

S E{a f(r HCoefZ:"t) ALy i)+

11,0 lp=V1,...,Vk

q q . .
()10 g, 1 -+iq,5 0))
§ : E E : 2 : E{du+hqfw(lt a, a,hg .
hg=1 | . Uq,gg.qsbasig p, =VlssVk Tlseeslpr=V1,...,Vk
Jats e dahg =1 77 o

jq71 <~~~<jq,hq
(vn) . .
f“qul( t— Jql) leth, I Ja,hg Hcoefz = n 7é7’1>'--aln)}

and it is easy to see, using the definitions so far and the assumption of independence in time,



that

| Z ]E{Coef(y) H Coefi””t) Wl F i, in)} <

T1 ey bpr=U1,...,Vk

B | 3 E{ Y Coef™) (.., # 1) [] Coefl ) (i i, .. i)} +

12,00 ,0p =V1,.., Uk 11=V1,...,Vk n=2
q
B(”) | E{fi . (I_j )
4.9q,1 Ja,1
hqzl Zlqyqul,,..iq,jq’hq:’ul,‘..,’uk iz,...,i,,.:vl,...,vk

jq,17 e 7jq,hq =1
Ja1 < oo < Jqhg
i Tiny) D Coef(") | (..., # i1) H Coef ) (i, vin) H;
ilzvl,...,vk

straight from

Z Coefgfz = Z follt) — sfé?t) =1- Coef(()?g, (10)

=010k T=01 . Uk

as this was explained in the main text (right before the statement of the proposition), it is
written

1 — Coefy) | =1~ fo(L1) — sty

if 11 =0

—Coef{})y () = =" fo(I71%) — s (),

if vy=1,...,p

Z Coefuylt) 1 F0) =

11=01,..,Vk

which will be denoted by Coef(*’”1)07t_1 for convenience, so that it is re-written

| Z E{Coeflj H Coef, V"F o F i)} <

D1 5eeey i =V1 .00,V

B | 3 E{Coef{;") HCoef ) (e inyyin)}

125eeey b =V1 .00,V
q q

> B (hg) > Y E{(0 - folTiy,))

hg=1 . . 12,0y 0p=V1,...,Vk
Jq, 15 - 7.797hq =1

Jat <o <lJg,hg

(1= folli—j, ,.)) Coef(Y) HCoe () Pz in) ;

n=2

both expectations can be taken as E{E{...|I;_;, ¢ > 2}}, so that it is re-arranged that (note



that the sum must stay inside of the absolute value to use (10))

| Z E{Coef H Coef, V”F o F A, in) ] <

B gl | Z ]E{H Coefg'/"t) oy F oy yin)H +

q
B30 A ) 2 2. 2
h(l)_l (1) (1) (1) , -(1) =v1,..., 12,..0y Lp=01,..., Vg
! Jo,00--J W = Ly z‘“i ;)Lm B
](511> <...< ](1})1“)
E{fi(l) (It—l—j“)) ce fz’(1> t 1— J(1) H Coef:"t n 7é ig, cen ,’Ln)}‘ +
a.; D a1 a.; D h(l)
q,1 <1JL<(11)
q q ( )
*,U
> B2hg) > > E{ E{(1 = fo({t-1)) Coefy;—;
hg=1 12yeeny b=V, Uk

Jg,25 -+ - 7]‘17hq =2

jq,2 <...< j‘I;hq

(1= folli—jyn)) - (1 = folTejy . HCoefE”"Bn (F dny e yin) [ lomiy i > 21} +

q—1 q
St 3 1% BUECG 0 fillio)

hq=1 1250y p =V, Vk

Jq,lw"?]%hq =2

jq,l <...< j‘I;hq

(1= follij, n, H Coef ") (ccos#izs oo vin)|Limsy > 2}

and from the last two terms (j, > 2), there are

qg—1

q q—1 q—1
q—1 qg—1 q—1 q—1
> ()-8 B -
hg=1 \ hg—1 hg=1 hq he—1=0 \ hq—1 ha=0 hq
. q
2074207 — =227 1 =20—1= )" :
hg=1 hq

i.e. the original sum has been separated into two parts. From the first of these parts, there is
going to be a (straight from (11), it is abbreviated Coef((;;;ill) = d(*”’l)fo(]t(:l‘o )— f(()l’t1 10:

the reader may look below to find this)

IE{(1 — folTi—1)) Coef$?™) (1= folLi—j,n))--- (1= folLimj, )

3 H Coef ") (s s vin)|Timi i > 2} =

12,y bp=V1,...,V N=2



|E{(1 - fo(ltfl)) d(*7”1)f0(175(:1|OQ)>} Z

12,500yl =01 5.0, Uk

E{(1 = fo(Ti—j,,)) - (1 = folle—j, ., H Coof ") (s idny o yin)|Timiy i > 2} —
I I v LR (-..](0 iV 0))
3 3 3 E{(1 ~ fo(Li—1)) d* " fo (1] )}
V=1 .1 (1) 7,( > z( ) =U1,ey0
.7(115"'3.7 (1)_1 (i “:1(1) ! *
+(1) -(1)

Jogi <---<J pRae

> E{fm (,_,_ j<1>) f<1> (It_l_ju)(l)) (L= folle—j,2)) - (1 = foLe—j,,))

12,00, 0p=V1,...,Vk (1)

H Coef ") (s # iz, in)|Limi, i 2> 2} ;

n=2

since

IE{(1 = fo(Li—1)) d* fo(I %)Y < Eldm) fo(15:1°)) < g0
vi+hH (D ERACH FIE) ”
E{(1 — fo(L—)) a0’ ozl Ny < Bl o © T O < U (W),

that part (consider the expectation of the conditional expectation now) can be bounded by

B B{( = fo(Limj,,)) - (1— folli—ji ) _ Z H Coef ) (i, in)} +

q
Z B (h{D) > B = folT_y_yp)) - (L= folL,__jo )
RV =1 (1) +(1) h
4 ]qlv"'a] h(l) =1
.7¢<111) <...< J( 2(1)

D U follign)) (= follies,, HCoefE,”;?n (# dyeeyin)};

the second part will be even easier to bound without the index function at time ¢t — 1, i.e. for

Jq = 2 it holds that

E{ E{Coef§;") (1~ fo(Li—j,,))--- (1= folli—j,,.))

Z HCoef On) (i, yin) [, > 2})] <

ig,...,ir:vl,...,vk n=2

BV B — follr—j, ) - - (1= folTi—j, )
Z HCoefEV”t) n(es F 2, yin) | +

12 yeeesip=0V1,...,U N=2

10



S AYeE O Al ) 0 Al )

=1 1 1
q J¢(11)""7]2,)L(1)_1

1 1
]131) <. <j(})1(1)

(1= fo(Limj, ) - (L= folLij,,.)) > 11 Coef ") (. in, ...,
12,eaylp=V1,...,0 N=2

in)},

so that altogether, it is written

S E{Coefl)() HCoef On) (i, in) | <
il,.,.,irzvl,...,l)k
B B ST E{Coefyi™ HCoef o) (o g yin)} +
i3 ..... iT:vl y Uk
q
I S IO)) 3 Y E{A-hd, )
(1) _ [T L =V1,..., v
hy'=1 ](511)7”4(1})1(1) -1 3 1 k
]élf - < ]( )(1)
q
(1= foll,_y_yo ) Coef§") Hcoefggng Do iz, in) |+
q,hq n=3

q q
S B0 (hg) B 3 | Z E{(1 - fo(Ti_;,.))- ..

hq=1 . .
]q;27 e 7.7Q7hq =2
Ja2 <o <Jahg

(vn) ( #13’,Zn)}|+

(1 - fO(It—jq,h,q )) Coefé*tyz) H Coefzn t—n
n=3

q q q
> B(hg) > Z B 3 S
@y et

(1) _y
= 7 g
q,1» ’ h(l

hg=1 . . h
! Jq72,'“7]4»hq =2
-(1)

1
J¢51)< -<jJ (D

0 ) (0= folleg ) (0= follecs,s, )

Ja2 <oor <Jahg

E{(1 - fo({, 1 j(l))) (1= fo(I t—1— ]

Coefo*tl/Q) H CoefEVnt n( 75 i37 e ,Zn)}l +

n=3

11



qg—1

S B hy) Y > Y B follims,,) -

hq=1 . . 13,00y p=V1,...,Vk
Jg,1s-++5Ja,hg = 2

Ja1 <-oo <Jahg

(1~ folLi—j,.,,)) Coefs:" HCOefE”"t (o F 3y i)} +

n=3
q—1 q q
> Bid(ha) > S B ) > DS
hq=1 . . A1 [T A 178
! .]Q,l,'-w]q,hq:Q ? ‘7;11)7"-7](12(1) =1
Ja1 < oo < Jaghg i< < j(1)(1)

E{ = foly_y_j))--- (L= fold, -0, ))) (L= follt—j 1)) --- (1 = foLe—j,.,))

Coef7) T oot (s # iz in)}.

n=3

As this process will continue for all n < r there will be more and more terms generated due

to the fact that the index functions (1 — fo([, i ), n=0,...,r might be at the same

—n—
timing as the Coef under study (this has two parts). Nevertheless, in the same way that
it has been done already, all index functions will be eventually and at the right time taken
away providing the upper bound unity, so that it will be possible to put together again the

parts that were separated due to the index function timing, and it is re-written

| > E{Coef(”) H Coef;’ ””) o F i1, )} <

Ty br=V1,..,V

q s
v 4 v Vn) q Un n
g+ >0 () A | 1A > w | BB <
hg=1 n=1

q hf]”)_l q
Be (B%)".
If it is still unclear, an induction argument can be used.
For the second part in (i) of the proposition, i.e.
| Z E{Cr""oef V H Coef('/"f;*"t e Cos Z Gty - - - s Snntn) 1

Gnndlsesbnntr="U1,-..,Vk

< gl (g, (12)

there is certainly going to be an induction argument. The case (9) will be used as the first

proof. It is then accepted that for fixed nn € N and any r € N, (12) holds. Next, (4) is used

12



to write

| > E{Cr""*oef}) () H Coef{/ter) (s ez sinnrin) Y] <
Tnn42sestnn414r=U1,.,Vk
| > B(Co0et)() [T Cootlr 7y it inmsnsn)
Innt2seinntl4+r=V1,...,Vk =
min{nn+1/nn,p—1} m
> > > > | >
m=0 . . m1=0 L . inn+17---ainn+1+7‘:U1’“'7vk
.](1)7"'7.7(m): .](1)7"'7.7(m1):
..min{...,nn + p} Jys s Jm)
j(1> <...<j(m) j?1)<"'<j;(m1)

E{Ct™oef' 7™ (nn+ 1, 51y, - Gom))s (nns 1 Gy s+ iy )
v—m+m -k ok . .
Coefgmﬂ,t 717)1 (G Jy—nn =1, ) —nn— 1), (..., ZTANERE ,zj(*m)))

H Co fi::ilrr;?t nn—1— n( 7£ inn+27 s 7inn+1+n)}|

It is easy to figure out for the first part, that

nn (l/) (Vnn+1+n . . .
g E{Cr""oef, ; ( H Coef 1 (s g2, oo lnntiqn) } =
Inn42slnntl4r=0U1,...,Vk
nn (v) (Vnn+14n) . . _
E E{Cr""oef, ; 4( H CoefanHmt et oos Z fn 2y o+ s Gt 14n) | =
Inn42slnnt14r=0U1,...,Vk
E{Cr”"oef(u Coef (vantn) (s #i i )}
xz,t inntn,t—nn—m nn+ls- -y tnndn

Tnn+1s.tnn4r=U1,..-,Vk

because in the first line, left-hand side, Cr”"oef:(:t) is a function of products of nn Coef

taking place at timings ¢ — 1,...t — nn, while in the product following next there are the
timings t — nn — 2,..t — nn — r — 1 and the assumption of independence in time of the
variables can be used in the same way as if there was the Cr"”oef ) _, using Coef at timings
t—2,...,t—nn—1 instead, followed by the ones in the product starting from t —nn — 2 and
going backwards: the random variables are not equal but the expectations can be shown to

be the same quantity and it should be obvious to the reader how. So it will be written that

nn (V) Vnn+1+n . .
| > E{Cr""oef}, Hco (s F 2y -y nnn)
Tnn42sestnnt14r=U1,.,Vk

as it has been accepted.
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For the second part, it can be written directly that

1+ . . . . .
| Z E{Cr”"oef( m)((nnJr1,3(1),...,j(m)),(znm_l,zj(l),...,zj(m)))~
Tnn41sestnnt1l4r=U1,..,Vk
v—m-+m1) . . . .
Coeflmﬂrht (e, j(*l) —nn—1,... 73(*m1) —nn —1), (""Zj(*m’ . ,zj(*m)))
H Coef /4 (s # sy inng14n)
where ‘% ipn11, .-« innt14n Can replace ‘# ipni9, ..., innt14n as the index i,,41 is totally

unconnected with the product: this is a direct consequence of what was accepted for nn.

Hence, it can be written that

| Z E{Crml+loef l,/ H Coef; V":Ll.:nt nn—1— n( 7é nn+2; - - - ainn+1+n)}|
7;nn+27--<7inn+1+r:'ul7---1 k
min{nn+1/nn,p—1} m
m=0 . . m1=0 .k -k
J@ys -5 dm) = J@ys- -5 Jmy) =
..min{...,nn + p} J1)s -5 J(m)
min{nn+1/nn,p—1} m
GO EE DY > > > g <
m=0 . . m1=0 % -
J(1)s -5 J(m) = ](1)7“‘7.7(7711):
..min{...,nn + p} JAys -+ J(m)
Jay < ... <Jmm) j(*l) <. < j:m1>
g m m
m=0 m m1=0 mi

and the proof is completed.

(ii) This statement will be shown using induction and (i). For m = 1, the formula (4)
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translates to

Croef ) (1 -+ 5u)s (igs - 433,)) = Coet L) (G- vy i)y (ijys - ij,)) +

min{v/v—1,p—1} m
m=0 . i m1=0 - o 11=01,...,Vk
J(@)s - J(m) = Jys-- 2 I(my) =
j1,j2...,min{jy,p} j(l),...,j(m)
Jjay <o < Jm) jEkl) << j(*ml)

1+m . . . .
COCfgf,z_ )((17](1)a tee 7.](771))’ (Zlyzj(l)w . 72_]'(m))) ’

Coef V™G =1 (G #30) 3y = Loe v Gy — 1) (i (G # 30Dz, otz )

where it can be v =1,...,p, j1,...,Jp = 2,...,p+1 (j1 < ... < j,) and in the case that
Jv =p+1, it is considered that Coef(...,p + 1) := 0. Then

E{Croef) (1, -+ Gu)s (igis- - 85,))} = E{COEL) ((rs - Gi)s (igys -1 ,))} +

min{v/v—1,p—1} m
m=0 i . m1=0 - -
J1)s -5 J(m) = .](1)7"'7.7(m1) =
jlan"’vmin{jVap} ](1)77.7(m)
Jay < - < Jm) Iy <o <dimp

1+m . . P .
Z E{Coefi,:— )((17](1)a"'7.](m))7(Zlalj(1)7-'~77’j(m))) ’

Coef ™ ( =1 (G #30)s Gty = Lo Gy — 1) (i (5 # 30 )ity -t )
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and using (9) from (i), it holds that

[E{Croef ) (v u)s (i, -1 i5, )} < Be +
min{v/v—1,p—1} m
> ) > Ba B <
m=0 . . m1=0 -
J@ay,--+5J(m) = Jyr -3 J(my)
jlan"'7min{jV7p} j(l):- 7.7(m)
Jay < ... <Jm) ja) <. . < j(*ml)
p—1 m
Be |14 2 2 ) g =
m=0 . . m1=0 " "
3(1)77.7(777,): j(l)?"'aj(ml):
j17j2"'7p ](1)77J(m)
Jay <o < Jimy j(*l) <...< j(*ml)
p—1 m
. p—1 m
B (148 D 2. :
m=0 m m1=0 my
so the desired statement
[E{Cr"0cf "} ()}] < B (13)
holds for n =1 (and it is still valid if j, = n + p).
For fixed n, € N, it is accepted that
[ | m m "
E{Cr" 0ef ) (1, - 3u)s (i oig ) H < Ba [ 148° D M
m=0 m m1=0 mi
(14)
for any j1,...,0p =ne+1,...00+D (J1 < ... <Ju)s Uiy eyl =V1,..., Ve

For n = n, + 1, it is implied from (4) that

E{Cr"”“oefgz((jl, e

min{v/v—1,p—1} m

>

j(1)7"-

m=0

7j(m) =
jl,jQ...,l’Hil’l{jy,’na +p}
j(l) < ... <j(m)

E{Cr"0ef "™ ((na + 1, jo1y, - -

(.] — Ng — 1 (.] ;é j())’ .]Ekl) — Ngq — la cee ajz;nl)

16

7jl/)a (ij17 cee 7iju))} = ]E{Crnaoef(zy,t)((jlv s

D

m1:0

a](m))7 (ina+1a ij(l)a e

—na = 1), (65 (G #30) 157,

3,)) )t

ajv)v (iju' .

>

Tng+1=V1,-,Vk

>

By

’j(*ml) =
J()s -5 J(m)
Ity < oo < Jlmy

. Coef<u—m+nzl) (

Tng+1 gt—ng—1

Vg, )}

: ’ij('m) ))



and the first term of this will be bounded according to (14). For the second parts, the bound

Ng 1+ . . . . . v +m
| Z E{Cr oefgm m)((na + 1,51y -5 Jm))s (g1, Ty - - - ,zj(m))) CoefEn fltmnj_l

Tng+1=V1,.-,Vk

((G=na =10 #540)s 30y =ma =13 dim,) = na = 1), (6 (G #50) 457, 15z, DY

p—1 m Mta
<l g =5, 87 (148 Y >
m=0 m m1=0 my

can be claimed from (12).

Altogether, it holds that

Na

—1 m
E{ Cpatloef®) N s < 1+ 3* & p—1 m
E{CE" el ) (i1, - ). (g i, DY < Bo (1487 3 3

m=0 m m1=0 mi
min{v/v—1,p—1} m
+ > > > >
m=0 . . m1=0 » .
](1)77.7(771): ](1)5"'7](m1):
j17j2"‘7min{jvanll+p} j(1)7---,j(m)
Jay < - <Jmy j(*l) <...< j(*ml)
p—1 e
p—1 m m
Be B | 1487 ) Z <
m=0 m 1=0 mi
p—1 Mt
p—1
Bo (148" > +
m=0 m mi= 0
L g m m [ p—1 m m "
> Ba B | 146" Z > =
m=0 m m1=0 my m=0 m m1=0 my
el p—1 n m " Pl p—1 m m
B (148 > 1+ > | =
m=0 m m1=0 my m=0 m m1=0 my
ng+1
p—1 p— 1 m m
Bu | 145" Z = plra+l,
m=0 m m1=0 mi

e For Proposition 3.3:

Before studying the general case, observe that for p = 0, (1) transforms to

Fo(Xe) = (1) Z 3 >

q jﬂ17"'7j71}Lq:U17~"7Uk

ni,...,np, =1
ny <...<np,
. . hq
dhqfx(lt(opl(onl_l,ynl,...,ynhq,oq_nhq») . H Fin (It=n,)
r=1
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implying that there is a finite number of terms, so that the sum of expected values of absolute
coefficients can be bounded with safety. Alternatively, equation

p

p—1 m
—1 m
S 3 “1] <1 (15)
m=0 m m1=0 my

can be considered (as in the statement of the proposition), i.e. it holds that (...)P=0~1=0< 1
and a finite moving-average process always satisfies \E{Cr"oef&? } < C-a™, for some C >0

and o € (0,1) (as in the statement of the proposition).

Straight from (13) (and (9)), it is written that

p—1 m "
-1
|E{Cr”0ef§:t)}|§6x 1+ 8" E P g " , form=0,1,...,p—1,
m=0 m m1=0 mi

while for n = p and following the adjusted formula (8) ((9) and (12) are used as well for the
products), it holds that

g | m m
[E{CrPoef)} < |Bo+ B (145 Y 3 +...
m=0 m m1=0 mi
p—1 Pl p—1
. — p—1 m m — p—1 m m .
Bo (1457 X > > 8
m=0 m m1=0 my m=0 m m1=0 my
or
P
el p—1 m m
E{CrPoef)} < B, (148 3 > -1
m=0 m mi1=0 mi

In an identical fashion (using the same recursive formula as well as Proposition 3.2), it can

be demonstrated that

Y E{CrPoef?) - Coef;,,, 1—p1...Coefi 4 pr}] <

P
p—1 m
*\T * p—= 1 m
Be (B) || 14+8" ) > ~1
m=0 m m1=0 mi
The case n = p + 1 will also refer to (8), to come up with
Pl p—1 L m
[E{Cr**loef)}| < B, 1+ > >
m=0 m m1=0 mi
p—1 1 m P
. p- m
L+8° > > -1
m=0 m m1=0 m
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and this will be accompanied by

| Z E{Crpﬂoefg:t) -Coef; yt—p-2...Coefy 4 pr1}] <

Ip42,eeiptitr

g m m
Be - (B°)" 1+8° ) >
m=0 m my= my
Pl p—1 i m ’
L+6" ), 2 -1 ¢
m=0 m m1=0 my

which will be needed for the other steps and so on. Following the same arguments, it will be

possible to conclude (induction can be used) that

p [n/p]
p—1 m
» . p—1 m
|]E{Cr"0efi’t)}\ < B 1+5 Z Z -1
m=0 m m1=0 my
n—p:[n/p]
p—1 m
p—1 m
L+8° ) 2
m=0 m m1=0 my

with 0 <n—p-[n/p] < p—1, so that under condition (15), p converging geometric series are

achieved.
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