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What are Lagrangian and Hamiltonian formulations?

In classical mechanics, there are three (equivalent) ways of
expressing dynamics, or formulations:

1 Newtonian Formulation: Force Balances

F “ ma

2 Lagrangian (Variational) Formulation: Lagrangian L and
Variational Principle, canonical (Hamilton’s principle,
Lagrangian coordinates), non-canonical (Eulerian coordinates,
Euler-Poincare)

δ

ż T

0
Lpqi , 9qi qdt “ 0

3 Hamiltonian Formulation: Hamiltonian H and Poisson
Brackets/Structure tA,Bu, canonical (qi , pi “

δL
δ 9qi

, Lagrangian
coordinates) non-canonical (Lie-Poisson or curl-form,
semi-direct product), Legendre transform (may not exist!)

dF

dt
“ tF,Hu “

ÿ

i

BF

Bqi
¨
BH

Bpi
´
BF

Bpi
¨
BH

Bqi
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Why use Lagrangian and Hamiltonian formulations?

Lagrangian and Hamiltonian formulations have proven useful
(amongst other things) for

1 Understanding conservation laws and circulation theorems

2 Inclusion of constraints such as semi-compressibility

3 Development of structure-preserving numerical schemes

4 Systematic derivation of consistent new models and
approximations

5 Energy-Casimir theory: Pseudo-energy/momentum, finite
amplitude invariants, wave-activity conservation laws

However, until recently, restricted to reversible dynamics
Key Question: how can we extend these formulations to
irreversible dynamics, such that
–Consistent treatment of irreversible processes, in terms of the 1st
and 2nd laws of thermodynamics
–Recovers the standard approach in absence of irreversible
processes
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Assumptions, Domain and Variables

Fully compressible, multicomponent, multiphase fluid

1 Predicted variables: n component densities ρi , entropy density
s, relative velocity u (Lagrangian formulation), absolute
momentum m (Lie-Poisson Hamiltonian formulation)

2 General domain Ω ĂM, with associated rotational velocity R
and geopotential Φ, arbitrary equation of state

3 Can get standard geophysical approximations (shallow,
traditional, spherical) by approximating R, Φ and M

Key Assumptions

1 Single velocity u and temperature T for all components

2 Closed boundaries: u ¨ n̂ “ 0 on BΩ

Alternative predicted variables: total density ρ “
řn

i“1 ρi , specific

concentrations qi “
ρi
ρ , specific entropy η “ s

ρ , absolute velocity v (leads

to curl-form Hamiltonian and metriplectic formulations, not discussed

further)
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Reversible Dynamics: Lagrangian Formulation

Variational Principle: Given Lagrangian Lru, ρi , ss, take variations

δ

ż T

0
Lru, ρi , ssdt “ 0,

where variations δ u, δρi and δs are given by

δ u “ Btζ ` u ¨∇ζ ´ ζ ¨∇u δρi “ ´∇ ¨ pρi ζq δs “ ´∇ ¨ ps ζq

with ζ ¨ n̂ “ 0 on BΩ and ζ “ 0 for t “ 0,T . Produces the
Euler-Lagrange equations

Bt
δL
δu
` £u

δL
δu
´
ÿ

i

ρi∇
δL
δρi

´ s∇δL
δs
“ 0

which are supplemented with kinematic equations

Btρi `∇ ¨ pρi uq “ 0 Bts `∇ ¨ ps uq “ 0

The Lie derivative is £um “ p∇ˆmq ˆ u`∇pu ¨mq `m div u
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Reversible Dynamics: Hamiltonian Formulation (I)

Get the Hamiltonian Hrm, ρi , ss using a Legendre transform:

Hrm, ρi , ss “

ż

Ω
u ¨mdx ´ Lru, ρi , ss,

where m :“ δL
δu , where Hrm, ρi , ss has functional derivatives

δH

δm
:“ Fm “ u

δH

δρi
:“ Bm

i “ ´
δL
δρi

δH

δs
:“ Tm “ ´

δL
δs

The evolution of an arbitrary functional Frm, ρi , ss is governed by

dF

dt
“ tF,Hu

where the Lie-Poisson bracket tA,Bu is anti-symmetric, bilinear,
and satisfies the Leibniz rule and the Jacobi identity:

tA,Bu “ ´

ż

Ω

m ¨

„

δA

δm
¨∇ δB

δm
´
δB

δm
¨∇ δA

δm



dx

´

ż

Ω

ρi

ˆ

δA

δm
¨∇ δB

δρi
´
δB

δm
¨∇ δA

δρi

˙

dx ´

ż

Ω

s

ˆ

δA

δm
¨∇δB

δs
´
δB

δm
¨∇δA

δs

˙

dx
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Reversible Dynamics: Hamiltonian Formulation (II)

Insert δH
δx into tF,Hu to get general equations of motion

Bt m`£u m`s∇Tm `
ÿ

i

ρi∇Bm
i “ 0

Btρi `∇ ¨ pρi Fmq “ 0
ÿ

i

Bts `∇ ¨ ps Fmq “ 0

Anti-symmetry of tA,Bu gives energy conservation

dH

dt
“ tH,Hu “ ´tH,Hu “ 0

The Lie-Poisson bracket also has Casimirs Crm, ρi , ss that satisfy

tA,Cu “ 0 for all A ÝÑ
dC

dt
“ tC,Hu “ 0

One example is
C1 “

ż

Ω
ρf pη, qi qdx

where f is an arbitrary function, which has as special cases total
mass (f “ 1), component mass (f “ qi ) and total entropy (f “ η)
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Reversible Dynamics: Specific Equations of Motion

For a fully compressible, multicomponent, multiphase fluid

Lru, ρi , ss “
ż

Ω
ρ pK ` u ¨R´Φ´ Uq dx

giving absolute momentum m “ δL
δu “ ρpu`Rq and

Hrm, ρi , ss “

ż

Ω
ρ rK ` Φ` Usdx

with internal energy Upα, η, qi q, kinetic energy K “ 1
2ρ2 |m´ ρR|2

and geopotential Φp~xq. Functional derivatives are

δH

δm
“ u

δH

δρi
“ ´K ´ u ¨R`Φ` µi

δH

δs
“ T

with temperature T “ BU
Bs , chemical potential µi “

BU
Bqi

, and
therefore specific equations of motion are

Bt m`£u m´ρ∇pK ` u ¨Rq ` ρ∇Φ`∇p “ 0

Btρi `∇ ¨ pρi uq “ 0 Bts `∇ ¨ ps uq “ 0
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Irreversible Dynamics: Lagrangian Formulation (I)

Consider a fluid under the irreversible processes of phase change, heat
conduction, diffusion and viscosity. The variational formulation is

δ

ż T

0

«

L`
ÿ

i

ρiDtwi ` ps ´ σqDtγ

ff

dt “ 0

with no-slip boundary conditions u |BΩ “ 0, and with phenomenological
and variational constraints

δL
δs

D̄tσ “ ´σfr : ∇u` js ¨∇Dtγ `
ÿ

i

ji ¨∇Dtwi ` jiDtwi

δL
δs

D̄δσ “ ´σfr : ∇ζ ` js ¨∇Dδγ `
ÿ

i

ji ¨∇Dδwi ` jiDδwi

with Lagrangian derivatives D̄tx “ Btx `∇ ¨ pu xq and Dtx “ Btx ` u ¨∇x

and variations δ u “ Btζ ` u ¨∇ζ ´ ζ ¨∇u, δρi , δs, δwi , δσ, δγ where

ζ “ δwi “ δγ “ 0 for t “ 0,T and δγ|BΩ “ δwi |BΩ “ 0. To pass from

the phenomenological to variational constraint, replace time derivatives

with delta variations: D̄δx “ δx `∇ ¨ pζxq and Dδx “ δx ` ζ ¨∇x
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Irreversible Dynamics: Lagrangian Formulation (II)

The Euler-Lagrange equations are

Bt
δL
δu
` £u

δL
δu
´
ÿ

i

ρi∇
δL
δρi

´ s∇δL
δs
´∇ ¨ σfr “ 0

Btρi `∇ ¨ pρi uq `∇ ¨ ji´ji “ 0

δL
δs
pD̄ts `∇ ¨ jsq ` σfr : ∇u` js ¨∇T `

ÿ

i

pji ¨∇µi ` jiµi q “ 0

where σfr is the viscous stress tensor, ji is the diffusion flux for
component i , ji is the conversion rate for component i and js is the
entropy flux density ; with boundary conditions js ¨ n̂ “ ji ¨ n̂ “ 0 on
BΩ; and mass control conditions

ř

i ji “ 0 and
ř

i ji “ 0.
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Irreversible Dynamics: Metriplectic Formulation

Now evolution of Frm, ρi , ss is governed by

dF

dt
“ tF,Hu ` pF, Sq

where the metric bracket pF,Sq is symmetric, bilinear and satisfies
the Leibniz rule; and S “

ş

Ω s is total entropy and a Casimir of the
Lie-Poisson bracket. Also have the requirements

pH, Sq “ 0 pS,Sq ě 0

The first requirement gives 1st law of thermodynamics dH
dt “ 0,

and the second gives the 2nd law of thermodynamics dS
dt ě 0

pA,Bq “

ż

δA

δs
divσfr

¨
δB

δm
`

ż

δB

δs
divσfr

¨
δA

δm
`

ż

1

T

δA

δs

δB

δs

´

σfr : ∇ u´ divpT jsq

¯

`
ÿ

i

ż

δA

δs
p´ div ji`ji q

δB

δρi
`
ÿ

i

ż

δB

δs
p´ div ji`ji q

δA

δρi

`
ÿ

i

ż

1

T

δA

δs
p´ ji ¨∇µi ´ jiµi q

δB

δs

One of several possible brackets that all give the correct equations of motion

and entropy generation rate. Not quite metriplectic, would need pH,Aq “ 0
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Irreversible Dynamics: Equations of Motion

Now inserting δH
δx into the Lie-Poisson bracket and δS

δx into the
metric bracket, where

δ S

δm
“ 0

δ S

δρi
“ 0

δ S

δs
“ 1

gives the equations of motion

Bt m` ¨ ¨ ¨ ´∇ ¨ σfr “ 0

Btρi ` ¨ ¨ ¨ `∇ ¨ ji´ji “ 0

Bts ` ¨ ¨ ¨ `∇ ¨ js´
1

T
σfr : ∇u`

1

T
js ¨∇T `

1

T

ÿ

i

pji ¨∇µi ` jiµi q “ 0

It remains to parameterize the thermodynamic fluxes (σfr, ji, ji , js)
in terms of the thermodynamic forces (Def u “ 1

2p∇u`∇T uq,
∇T , ∇µi , µi ) to close system, such that the entropy generation
pS, Sq ě 0 is positive-definite
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Entropy Generation Rate

The entropy generation rate I is given by pS ,Sq “
ş

I as

TI “ JαXα “
´

σfr : ∇u
¯

´ js ¨∇T `
ÿ

i

p´ ji ¨∇µi ´ jiµi q

where Jα “(σfr, ji, ji , js) denotes the thermodynamic fluxes and
Xα “ (Def u “ 1

2p∇u`∇T uq, ∇T , ∇µi , µi ) the thermodynamic
forces. Assume a linear relationship between forces and fluxes

Jα “
ÿ

β

Lα,βXβ

where Lα,β is a matrix of transport coefficients that can depend on
m, ρi , s. If Lα,β is symmetric positive-definite, then so is the
entropy generation rate.
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Parameterization (I)

Split σfr and Def u into trace-free and scalar parts as

σfr “ σfrp0q`
1

3
pTr σfrqδ Def u “ pDef uqp0q `

1

3
p∇ ¨ uqδ

with unit diagonal tensor δ and trace-free σfrp0q and pDef uqp0q.
Applying Curie’s principle gives separate sets of transport
coefficients for each type (scalar, vector, tensor) of process

Scalar processes (bulk viscosity, phase changes, cross-phenomena)
„

Tr σfr

´ji



“

„

L00 L0j

Li0 Lij

 „

1
3∇ ¨ u
µj



Vector processes (heat conduction, diffusion, Soret and Dufour
cross effects)

´

„

js
ji



“

„

Lss Lsj
Lis Lij

 „

∇T
∇µj



Tensor process (shear viscosity)

σfrp0q “ 2µpDef uqp0q
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Parameterization (II)

σfr “ 2µDef u`p
1

9
L00´

2

3
µq∇ ¨ u δ ` 1

3

ÿ

i

L0i µiδ

with shear viscosity coefficient µ ě 0 and bulk viscosity coefficient
ζ “ 1

9 L00. The Onsager-Casimir reciprocal relationships give

Lsi “ Lis Lij “ Lji

L0i “ ´Li0 Lij “ Lji

The mass control conditions
ř

i ji “ 0 and
ř

i ji “ 0 give
ÿ

i

Lis “
ÿ

i

Lij “ 0 @j

ÿ

i

Li0 “
ÿ

i

Lij “ 0 @j

Taken together, the mass control conditions and Onsager-Casimir

relationships ensure that Lα,β and Lα,β are positive-definite

Ñ I ě 0 Ñ pS,Sq ě 0 ÝÑ 2nd law of thermodynamics
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Connections to Gassmann et. al (2015)

Making the formal identifications (in the case without
precipitation)

T Ñ T̂ I Ñ σ σfr : ∇u Ñ εsh

js
h Ñ Js ji Ñ J˚i µi Ñ µ̂i

ji Ñ Ii ηi Ñ ŝi qi Ñ q̂i

ρ Ñ ρ̄ u Ñ v̂ σfr Ñ ´ρv2v2

in Bts and TI it is easy to show that the two key equations (20)
and (28) from Gassmann et. al (2015) are recovered

1 However, interpretation is very different: Gassmann et. al
(2015) works with turbulence-averaged quantities, and
irreversible processes are interpreted as turbulence closures

2 Also differences in how thermodynamic forces are
parameterized, but entropy generation rate is still positive

3 Have not yet worked out how Gassmann (2018) fits into this
framework, but we believe it can be done
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Overcoming Limitations and Future Work

More Complete Description of Physical System

1 Multiple u and T (precipitation)

2 Open boundaries (precipitation, lower boundary)

3 Chemical reactions, radiation

4 Turbulence averaging: conditional filtering/multi-fluid?
Lagrangian averaging? convected fluid microstructure?
EDMF?

Future Work and Extensions

1 Numerical discretization: Quasi-Metriplectic

2 Metriplectic analogue of Energy-Casimir theory

3 Semi-compressible fluids: Anelastic, Pseudo-Incompressible,
Boussinesq, Semi-Hydrostatic

4 Non-Eulerian Vertical Coordinates + Quasi-Hydrostatic
Approximation
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Conclusions

Summary and Conclusions
1 New variational principle gives consistent (1st and 2nd law of

thermodynamics) Lagrangian description of geophysical fluids
with irreversible processes: requires only a Lagrangian L and
entropy generation rates

2 Corresponding bracket-type formulation is a metriplectic
formulation:

dF

dt
“ tF,Hu ` pF, Sq

tH,Hu “ 0 tS,Hu “ 0

pH, Sq “ 0 pS,Sq ě 0

3 Parameterization can be done such that pS,Sq ě 0, requires
positive-definite transport coefficient Lα,β

Physics-Dynamics Coupling Decoupling
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Curl-Form: Lagrangian Reversible

Instead of m, we can predict v “ 1
ρ
δL
δu instead, which gives the

Euler-Lagrange equations

Bt

ˆ

1

ρ

δL
δu

˙

` Lu

ˆ

1

ρ

δL
δu

˙

´
ÿ

i

qi∇
δL
δρi

´ η∇δL
δs
“ 0,

where the Lie derivative is Luv “ ∇ˆ v ˆ u`∇pu ¨vq,
supplemented with the kinematic equations

Btρi `∇ ¨ pqiρuq “ 0 Bts `∇ ¨ pηρuq “ 0

Introducing

T :“ ´
δL
δs

Bi :“ u ¨ v´
δL
δρi

F :“ ρu

gives
Bt v`QˆF`

ÿ

i

qi∇Bi ` η∇T “ 0

Btρi `∇ ¨ pqi Fq “ 0 Bts `∇ ¨ pη Fq “ 0

These are connected to the curl-form Hamiltonian formulation
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Curl-Form: Hamiltonian Reversible

A change of variables from pm, ρi , sq to pv, ρi , sq gives the chain
rule for Arv, ρi , ss “ Arm, ρi , ss

δA
δρi

“
δA

δρi
` v ¨

δA

δm

δA
δv
“ ρ

δA

δm

δA
δs
“
δA

δs

which yields the functional derivatives

δH
δv

:“ F “ ρu
δH
δρi

:“ Bi “ u ¨ v´
δL
δρi

δH
δs

:“ ´
δL
δs

The curl-form Poisson bracket is

tA,Bu “ ´
ż

Ω

δA
δv
¨

ˆ

Qˆ
δB
δv

˙

dx

´

ż

Ω
qi

ˆ

δA
δv
¨∇ δB

δρi
´
δB
δv
¨∇δA

δρi

˙

dx

´

ż

Ω
η

ˆ

δA
δv
¨∇δB

δs
´
δB
δv
¨∇δA

δs

˙

dx

where Q “ ∇ˆv
ρ .
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Curl-Form: Specific Reversible

For multicomponent, multiphase fluids the specific Hamiltonian
yields

δH
δv

:“ F “ ρu
δH
δρi

:“ Bi “ K ` Φ` µi
δH
δs

:“ T

which give the equations of motion in common form as

Bt u`∇ˆ uˆu`2Ωˆ u`∇K `∇Φ` α∇p “ 0

Btρi `∇ ¨ pqiρuq “ 0

Bts `∇ ¨ pηρuq “ 0

where we have used ∇ˆ vˆu “ ∇ˆ uˆu`2Ωˆ u, Bt v “ Bt u
and

ÿ

i

qi∇Bi ` η∇T “ ∇K `∇Φ` α∇p

since
ř

i qi “ 1 and
ř

i qi∇µi ` η∇T “ α∇p by Gibbs-Duhem
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Curl-Form: Irreversible

The curl-form metric bracket is

pA,Bq “
ż

1

ρ

δA
δs

divσfr ¨
δB
δv
`

ż

1

ρ

δB
δs

divσfr ¨
δA
δv

`

ż

1

T

δA
δs

δB
δs

´

σfr : ∇u´ divpT jsq
¯

`
ÿ

i

ż

δA
δs
p´ div ji`ji q

δB
δρi
`
ÿ

i

ż

δB
δs
p´ div ji`ji q

δA
δρi

`
ÿ

i

ż

1

T

δA
δs
p´ ji ¨∇µi ´ jiµi q

δB
δs

This gives the equations of motion as

Bt v` ¨ ¨ ¨ ´
1

ρ
∇ ¨ σfr “ 0

Btρi ` ¨ ¨ ¨ `∇ ¨ ji´ji “ 0

Bts ` ¨ ¨ ¨ `∇ ¨ js´
1

T
σfr : ∇u`

1

T
js ¨∇T `

1

T

ÿ

i

pji ¨∇µi ` jiµi q “ 0
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Single Generator Metric Bracket + Beris & Edwards

Evolution of Frm, ρi , ss is governed by

dF

dt
“ tF,Hu ` rF,Hs

where the metric bracket rF,Hs is linear in F, possibly nonlinear in
H and satisfies rH,Hs “ 0 and rS,Hs ě 0

rF,Hs “ ´

ż

∇ δF

δm
: σfrp

δH

δx
q `

ÿ

i

δF

δρi
p´∇ ¨ jip

δH

δx
q ` ji p

δH

δx
qq

`
1
δH
δs

δF

δs

“

´∇ ¨ pjsp
δH

δx
q
δH

δs
q ` σfrp

δH

δx
q : ∇ δH

δm

`
ÿ

i

jip
δH

δx
q ¨∇δH

δρi
` jip

δH

δx
q
δH

δρi

‰

with x “ pm, ρi , sq. For a single component, this reduces to the
Beris & Edwards (1998) single generator formalism.
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Double Generator and Metriplectic Metric Brackets

1 Kaufman (1984) Axioms: linearity, symmetry and
pS,Sq ě 0, pH, Sq “ 0

2 Metriplectic/GENERIC: linearity, symmetry and pS, Sq ě 0,
pH,Aq “ 0. The single component version is Morrison (1984).

3 Only difference is pH,Aq “ 0 vs. pH,Sq “ 0

4 On physical grounds, macroscopic systems require even
weaker set: linearity, pH, Sq “ 0 and pS, Sq ě 0. However,
microscopic systems seems to require the full metriplectic
axioms, which are connected to the fluctuation-dissipation
theorem and transport coefficients.

In all known examples for compressible fluids, metriplectic brackets
(GENERIC) require specifying the parameterization of
thermodynamic fluxes in terms of forces, while the single generator
formalism and Kaufman’s axioms do not.
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Parameterization: Atmosphere Specific (I)

Start by rewriting ∇µi and js as

∇µi “ ∇µi |T ´ ηi∇T js “
js
h

T
`
ÿ

i

ηi ji

with ∇µi |T the gradient of µi pp, qi ,T q with T held constant,
ηi “

Bη
Bqi
pp,T , qi q the partial specific entropy and js

h the sensible
heat flux. Using these, we can rewrite Bts and the entropy
generation rate TI as

Bts ` ¨ ¨ ¨ `∇ ¨ p js
h

T
`
ÿ

i

ηi jiq ´
1

T
σfr : ∇u `

js
h

T 2
¨∇T

`
1

T

ÿ

i

ji ¨∇µi |T ` jiµi “ 0

TI “ σfr : ∇u´
js
h

T
¨∇T ´

ÿ

i

ji ¨∇µi |T ` jiµi
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Parameterization: Atmosphere Specific (II)

Express vectorial processes using
–fluxes: sensible heat flux js

h “ T pjs ´
ř

i ηi jiq, diffusion flux ji
(instead of js,ji)
–forces: ∇T

T , ∇µi |T (instead of ∇T ,∇µi )
Gives a parameterization

«

js
h

ji

ff

“

„

Ass Asj

Ais Aij



«

∇T
T

∇µi |T

ff

.

where

A “ MLMT , for M “

»

—

—

–

T ´Tη1 ´Tη2 . . .
0 1 0 . . .
0 0 1 . . .
. . . . . . . . . . . .

fi

ffi

ffi

fl

.

Since M is invertible (T ą 0), L is SPD iff M is SPD Ñ apply
same rules (Onsager-Casimir reciprocal relations, mass control
conditions) to Aij as Lij
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