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1 Deng-Fan Wave Functions and Energy Levels

The Schrödinger equation for a diatomic DF oscillator is [1]

−h̄2

2µ

d2Ψ(r)

dr2
+D

[1− exp(−a(r − re))]2

[1− exp(−ar)]2
Ψ(r) = EΨ(r), (1.1)

and the exact analytical bound state energy levels are [2]

Ev = D − D

4κ

(
v + d− Bκ

v + d

)2

, (1.2)

where B = exp(2are)−1, κ = 2µD
a2h̄2 , d = 1

2 (1+(1+4κb2)1/2) and b = exp(are)−1 are all constants.
Eq. 1.2 is obtained by �rst introducing the dimensionless variable x = ar. Eq. 1.1 can then be
written as (

− d2

dx2
+ κ

(
1− b

exp(x)− 1

)2
)
ψ(x) =

2µE

a2h̄2ψ(x) ≡ εψ(x), (1.3)

where Ψ(r) =
√
aψ(x). Eq. 1.3 can be solved analytically by introducing another dimensionless

variable y = (exp(x)− 1)−1 and the function F (y) [1, 2].

ψ(x) = Φ(y) =
yα

(1 + y)β
F (y). (1.4)

This transforms eq. 1.3 to the following form

y(y + 1)
d2F (y)

dy2
+ [2(α− β + 1)y + (2α+ 1)]

dF (y)

dy
+ [(α− β)2 + α− β + C]F (y) = 0. (1.5)

Provided that α, β and C are chosen to satisfy the following relations:

α =
√
κ− ε =

√
2µ(D − E)

a2h̄2 (1.6)

β =
√
α2 + κb(b+ 2) =

√
κ(b+ 1)2 − ε =

√
2µ

a2h̄2 [D(b+ 1)2 − E] (1.7)

C = −κb2 = − 2µ

a2h̄2 b
2D (1.8)

eq. 1.5 can be satis�ed if F (y) is the hypergeometric function 2F1(l, e; 2α+ 1;−y), where
l = α− β + d, e = α− β + 1− d and d = 1

2

(
1 +
√

1− 4C
)

= 1
2

(
1 +
√

1 + 4κb2
)
. For bound states

l = −v, with v being a nonnegative integer. From eq. 1.7 and the de�nition of l, it is evident that
both α and β are dependent on v, and combining the two equations yields

αv =
1

2

(
κb(b+ 2)

v + l
− v − d

)
& βv =

1

2

(
κb(b+ 2)

v + l
+ v + d

)
= αv + v + d. (1.9)

By rearranging eq. 1.6 to ε = κ − α2, one obtains the exact analytical bound state energy levels
(eq. 1.2). The corresponding orthonormal eigenfunction are

Ψv(r) = |v
〉

= Nvy
αv (1 + y)−βv

2F1(−v, 1− v − 2d; 2αv + 1;−y), (1.10)

with the normalization constant, Nv, being [2]

Nv =

(
a(αv + v + d)Γ(2αv + v + 1)Γ(2αv + v + 2d)

v!(v + d)Γ(v + 2d)Γ(2αv)Γ(2αv + 1)

)1/2

. (1.11)

The gamma function of x+2d, appearing in eq. 1.11, is a very large number and consequently
troublesome to evaluate in some programs. It can be useful to gather the gamma function of
2αv + v + 2d, in the numerator, and the two gamma functions involving v + 2d and 2αv, in the
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denominator, as one divided by the beta function of v + 2d,2αv. The beta function is de�ned in
eq. 2.9. The hypergeometric function de�ned as [3]

2F1(−v, 1− v − 2d; 2αv + 1;−y) =

∞∑
n=0

(−v)n(1− v − 2d)n
(1 + 2αv)nn!

(−y)n, (1.12)

where the Pochhammer symbol (z)n is equivalent to the rising factorial ((z)n = Γ(z + n)/Γ(z)).
Eq. 1.12 reduces to a v'th order polynomial in y, since (−v)n is zero for integers where n > v [4].
Parameters of the Deng-Fan potential can be obtained from experimental transition frequencies
using [5]

ν̃v←0

v
=
D(v + 2d)

4κhc

((
Bκ

d(v + d)

)2

− 1

)
. (1.13)

This equation is obtained from subtracting eq. 1.2 for v = 0 from eq. 1.2 for a general v, and then
dividing with v.

2 Derivation of Displacement Matrix Elements

Matrix elements in the displacement coordinate can be calculated from matrix elements of integral
powers of the coordinate, by using the binomial theorem

(r − re)j = rj −
(
j

1

)
rer

j−1 +

(
j

2

)
r2
er
j−2 −

(
j

3

)
r3
er
j−3 + ...+ (−1)jrje. (2.1)

The �rst step is to calculate the following matrix elements

〈
u| exp(λar)|v

〉
=

〈
u

∣∣∣∣∣
(
y + 1

y

)λ∣∣∣∣∣ v
〉
. (2.2)

The equality follows from〈
u

∣∣∣∣∣
(
y + 1

y

)λ∣∣∣∣∣ v
〉

=

〈
u

∣∣∣∣∣∣
(
y
y + 1

y
y
y

)λ∣∣∣∣∣∣ v
〉

=

〈
u

∣∣∣∣∣
(

exp(ar)− 1 + 1

1

)λ∣∣∣∣∣ v
〉
. (2.3)

This integral can be calculated analytically by expressing the integrand as positive powers of y and
negative powers of (y + 1). Given that [3]∫ ∞

0

dy
yα

(y + 1)β
=

Γ(α+ 1)Γ(β − α− 1)

Γ(β)
. (2.4)

To go from eq. 2.2 to eq. 2.4 requires changing the coordinate of integration from r to y.

dy

dr
=

d

dr
(exp(ar)− 1)

−1
= −a exp(ar) (exp(ar)− 1)

−2
= −a

(
y + 1

y

)
y2 = −a (y + 1) y. (2.5)
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We now solve eq. 2.2 for the Deng-Fan wave functions (eq. 1.10). Since the wave functions are
real, we omit taking the complex conjugate of the wave function in the bra.〈
u

∣∣∣∣∣
(
y + 1

y

)λ∣∣∣∣∣ v
〉

=

∫ r=∞

r=0

drΨu(r)

(
y + 1

y

)λ
Ψv(r)

=

∫ y=0

y=∞

dy

−a (y + 1) y
Ψu(r)

(
y + 1

y

)λ
Ψv(r)

=
1

a

∫ y=∞

y=0

dy

(y + 1) y
Ψu(r)

(
y + 1

y

)λ
Ψv(r)

=
1

a

∫ y=∞

y=0

dyΨu(r)
y−1−λ

(y + 1)
1−λΨv(r) (2.6)

=
1

a

∫ y=∞

y=0

dy

(
Nuy

αu(1 + y)−βu

u∑
m=0

(−u)m(1− u− 2d)m
(1 + 2αu)mm!

(−y)m
y−1−λ

(y + 1)
1−λ

×Nvyαv (1 + y)−βv

v∑
n=0

(−v)n(1− v − 2d)n
(1 + 2αv)nn!

(−y)n

)

=
NvNu
a

v∑
n=0

u∑
m=0

(−1)n+m (−u)m(1− u− 2d)m(−v)n(1− v − 2d)n
(1 + 2αu)mm!(1 + 2αv)nn!

×
∫ y=∞

y=0

dy
y−1−λ+αu+αv+n+m

(y + 1)
1−λ+αv+αu+v+u+2d

.

In the �rst step the coordinate and boundaries of integration are changed. In the second step the
boundaries of integration are swapped, thereby removing the minus sign in the denominator. The
third step is to reformulate the integrand in accordance with eq. 2.4. Now, the wave functions
Ψv(r) and Ψu(r) are expressed in terms of eq. 1.10. Finally, we insert the de�nition of β from eq.
1.9 and write (−y)n(−y)m as (−1)n+myn+m. The term (−1)n+m was presumably forgotten in the
paper by Rong and Sage from 2009 [4]. It is now possible to use eq. 2.4 to obtain;〈

u

∣∣∣∣∣
(
y + 1

y

)λ∣∣∣∣∣ v
〉

=
NuNv
a

u∑
n=0

v∑
m=0

(−1)n+m (−u)n(−v)m(1− u− 2d)n(1− v − 2d)m
(1 + 2αu)n(1 + 2αv)mΓ(n+ 1)Γ(m+ 1)

(2.7)

× Γ(αu + αv + n+m− λ)Γ(2d+ u+ v − n−m+ 1)

Γ(αu + αv + 2d+ u+ v + 1− λ)
,

here m! and n! is written as Γ(m+ 1) and Γ(n+ 1), respectively. Evaluating eq. 2.7 for λ = 0 and
abbreviating the summand as C0(u, n, v,m) yields the analytical overlap matrix elements

〈
u|v
〉

=
NuNv
a

u∑
n=0

v∑
m=0

C0(u, n, v,m). (2.8)

In terms of numerical precision and computational cost, it can be useful to express the last term
in eq. 2.7 as the beta function [3]

B(x, y) ≡ Γ(x)Γ(y)

Γ(x+ y)
=

∫ ∞
0

dt
tx−1

(1 + t)x+y
. (2.9)

Matrix elements of integral powers of the coordinate can be found as derivatives of eq. 2.7 with
respect to λ

dl

dλl

〈
u

∣∣∣∣∣
(
y + 1

y

)λ∣∣∣∣∣ v
〉∣∣∣∣∣

λ=0

=
dl

dλl
〈
u| exp(λar)|v

〉∣∣∣∣
λ=0

= al
〈
v|rl|v

〉
. (2.10)

The matrix elements can now be written as

〈
v|rl|v

〉
=

1

al
dl

dλl

〈
u

∣∣∣∣∣
(
y + 1

y

)λ∣∣∣∣∣ v
〉∣∣∣∣∣

λ=0

. (2.11)
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In eq. 2.7, only two gamma functions contain the parameter λ and consequently the derivative of
these gamma functions needs to be speci�ed. Derivatives of the gamma function can be related to
the digamma function, ψ(x), and polygamma functions, ψ(l)(x)

ψ(x) =
d
dxΓ(x)

Γ(x)
& ψ(l)(x) =

dl

dxl
ψ(x). (2.12)

As a consequence of eq. 2.12, taking the �rst derivative of eq. 2.7 will yield the original term,
abbreviated as C0(u, n, v,m) multiplied by the di�erence of the two digamma functions. We show
this by abbreviating αu + αv + n+m as A and αu + αv + 2d+ u+ v + 1 as B.

d

dλ

(
Γ(A− λ)

Γ(B − λ)

)
=

1

Γ(B − λ)

(
d

dλ
Γ(A− λ)

)
+ Γ(A− λ)

d

dλ

1

Γ(B − λ)
.

= −
(
ψ(A− λ)Γ(A− λ)

Γ(B − λ)
− Γ(A− λ)ψ(B − λ)Γ(B − λ)

Γ(B − λ)2

)
(2.13)

=
Γ(A− λ)

Γ(B − λ)
(ψ(B − λ)− ψ(A− λ))

where the minus in front comes from taking the derivative of −λ with respect to λ. The di�erence
of these two digamma functions, evaluated at λ = 0, is denoted by C1(u, n, v,m)

C1(u, n, v,m) =
[
ψ(αu + αv + 2d+ u+ v + 1)− ψ(αu + αv + n+m)

]
. (2.14)

The last equations needed to obtain analytical oscillator strengths of the Deng-Fan potential are
displayed in full in the article.
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3 Transition Frequencies

In Table 1, we present calculated and experimental transition frequencies. The single point po-
tential energy calculations are at the CCSD(T)/aug-cc-pVTZ (aug-cc-pV(T+d)Z for Cl) level of
theory. In the �rst row, the molecule of interest is presented with a subscript expressing which type
of potential energy surface is used to calculate the transition frequencies in that row. The subscript
Morse indicates that the Morse potential is used, DF, that the Deng-Fan potential is used, Num,
that a numeric potential is used, and lastly Expt. indicates that the transition frequencies are
experimentally determined.

Table 1: Experimental and calculated XH-stretching transition frequencies in cm−1.

Molecule ∆v = 1 ∆v = 2 ∆v = 3 ∆v = 4 ∆v = 5
HFMorse 3953.8 7737.3 11350.4 14793.3 18065.9
HFDF 3953.8 7737.3 11355.7 14813.9 18116.6
HFNum 3952.7 7735.5 11351.3 14803.1 18093.4
HFExpt.a 3961.4 7750.8 11372.8 14831.7 18131.0
HClMorse 2888.7 5670.8 8346.3 10915.2 13377.4
HClDF 2888.7 5670.8 8348.1 10922.8 13396.8
HClNum 2890.0 5674.1 8352.8 10924.9 13396.4
HClExpt.b 2885.9 5668.0 8346.9 10923.1 13396.5
OHMorse 3555.9 6948.6 10178.1 13244.4 16147.4
OHDF 3555.9 6948.6 10182.9 13263.3 16194.3
OHNum 3556.8 6951.5 10184.3 13254.8 16162.9
OHExpt.

c 3569.6 6973.7 10214.1 13291.8 16207.1
HCOOHMorse 3584.5 7007.0 10267.6 13366.2 16302.9
HCOOHDF 3584.5 7007.0 10272.3 13384.9 16349.4
HCOOHNum 3587.9 7017.4 10290.8 13409.9 16377.2
HCOOHExpt.

d 3568.9 6968.3 10200 13284.1 16160
CH3OHMorse 3674.4 7180.0 10516.7 13684.4 16683.4
CH3OHDF 3674.4 7180.0 10521.7 13704.1 16731.8
CH3OHNum 3676.9 7185.6 10526.3 13698.4 16701.4
CH3OHExpt.

e 3683.9 7196.1 10525.6 13704.6 16705.9f

HNO3,Morse 3564.4 6971.6 10221.8 13314.8 16250.7
HNO3,DF 3564.4 6971.6 10226.3 13333.1 16296.3
HNO3,Num 3568.3 6981.2 10241.0 13349.6 16309.1
HNO3,Expt.

g 3551 6940 10173 13245 16160

a Experimental frequencies from Ref. [6] and HITRAN [7]
b Experimental frequencies from Refs. [8, 9] and HITRAN [7]
c Experimental frequencies from HITRAN [7]
d Experimental frequencies from refs. [10, 11, 12, 13]
e Experimental frequencies from ref. [14]
f This band couples to the combination band of one quantum in the methyl asymmetric stretch
and four quanta in the OH-stretch. The value given is calculated from a deperturbation analysis,
using CD3OH as the reference of the unperturbed system. The observed spectral splitting is ∼50
cm−1 with the pure OH-band being blue-shifted by ∼25 cm−1 [15].
g Experimental frequencies from refs. [16, 17, 18]
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4 Coe�cients of Dipole Moment Functions

In Table 2, we present coe�cients for the dipole moment functions obtained by a linear least-squares
�tting to points in the range r − re = [−0.4 Å ; 0.9 Å,] in steps of 0.05 Å around the equilibrium
geometry. The dipole moment vector at each point is calculated using a �nite �eld approach, with
an applied �eld strength of ±0.0001 a.u. [19] at the CCSD(T)/aug-cc-pVTZ (aug-cc-pV(T+d)Z
for Cl) level of theory.

Table 2: Coe�cients of polynomial dipole moment functions.

Molecule µ1[D/Å] µ2[D/Å2] µ3[D/Å3] µ4[D/Å4] µ5[D/Å5] µ6[D/Å6]
HF 1.5252 -0.1024 -1.0521 -0.3788 -0.7836 0.7737
HCl 0.9157 -0.0208 -0.6903 -0.2723 0.0917 0.2455
OH 0.4720 -0.6846 -0.7350 -0.0927 -0.1338 0.4106
HCOOH-y 1.0333 -0.6314 -0.7532 -0.2476 0.2028 0.1201
HCOOH-z 0.4019 0.2732 -0.4283 -0.1627 -0.1644 0.1610
CH3OH-y 0.5660 -0.8177 -1.2368 -0.0738 0.7423 0.0150
CH3OH-z 0.4197 -0.8446 -0.5208 -0.0802 0.5297 -0.0487
HNO3-y -0.2000 0.6011 -0.1272 -0.0453 -0.1305 0.1351
HNO3-z -1.3660 0.1885 0.7958 0.4988 0.0454 0.1035

5 Parameters of Analytical Potentials

In Table 3, we present parameters obtained for Morse potentials and Deng-Fan potentials with
the pure ab initio approach. Equilibrium bond lengths (re) are found from a CCSD(T)/aug-cc-
pVTZ/FC optimization (aug-cc-pV(T+d)Z for Cl).

Table 3: Morse and Deng-Fan parameters obtained with the pure ab initio approach.

Molecule re[Å] DDF [cm−1] aDF [Å−1] DM [cm−1] aM [Å−1] ν̃e[cm−1] ν̃eXe[cm−1]
HF 0.9210 61988 1.4620 48760 2.2251 4124.2 87.21
HCl 1.2764 49942 1.3153 42023 1.7616 2996.0 53.40
OH 0.9736 52725 1.4578 42301 2.1440 3718.7 81.73
HCOOH 0.9701 54504 1.4297 43359 2.1340 3747.4 80.97
CH3OH 0.9611 54097 1.4972 43611 2.1831 3844.8 84.74
HNO3 0.9723 55098 1.4023 43549 2.1166 3725.1 79.66

Table 4: Parameters obtained for Morse potentials and Deng-Fan potentials from the experimental
transition frequencies presented in Table 1. All experimental transition frequencies are utilized,
except for ∆v = 5 for methanol. The calculated re values are used for the Deng-Fan potential.

Molecule DDF [cm−1] aDF [Å−1] DM [cm−1] aM [Å−1] ν̃e[cm−1] ν̃eXe[cm−1]
HF 63153 1.4434 50832 2.1810 4127.5 83.79
HCl 50439 1.3026 43253 1.7323 2989.0 51.64
OH 50346 1.5371 42477 2.1478 3733.2 82.03
HCOOH 48625 1.5851 41693 2.1695 3736.0 83.69
CH3OH 51828 1.5659 43087 2.2028 3856.1 86.28
HNO3 51832 1.4796 43182 2.1168 3709.8 79.67

7



In Table 5, we present experimentally determined bond dissociation energies. The zero-point
vibrational energy has not been added to the values presented in Table 5.

Table 5: Experimental dissociation energies in cm−1

HFa HClb OHc HCOOHd CH3OHa HNO3
e

D0 47653±4 36077±11 35591±24 39172±1049 36583±245 36371±351

a Taken from ref. [20]
b Taken from ref. [21]
c Taken from ref. [22]
d Taken from ref. [23]
e Taken from ref. [24]
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6 Oscillator Strengths

In Table 6, we present all calculated oscillator strengths with both the pure ab initio and the semi-
empirical approach. For the semi-empirical approach, all experimental transition frequencies are
utilized, except for ∆v = 5 for methanol as this transition is strongly coupled with the combination
band of one quantum in the methyl asymmetric stretch and four quanta in the OH-stretch [15].
The experimental transition frequencies can be found in Table 1 and the �tted parameters in Table
4. The same dipole moment function is used for the pure ab initio and the semi-empirical approach,
and the coe�cients can be found in Table 2.

Table 6: Calculated oscillator strengths with the pure ab initio and semi-empirical approach.

Calculated Oscillator Strengths - Pure Ab Initio

Molecule ∆v = 1 ∆v = 2 ∆v = 3 ∆v = 4 ∆v = 5

HFMorse 1.83×10−5 5.07×10−7 1.01×10−8 2.79×10−10 6.58×10−12

HClMorse 6.44×10−6 1.50×10−7 9.08×10−10 1.02×10−12 2.45×10−12

OHMorse 1.46×10−6 2.32×10−7 8.54×10−9 3.92×10−10 2.27×10−11

HCOOHMorse 9.33×10−6 4.97×10−7 1.83×10−8 1.06×10−9 9.57×10−11

CH3OHMorse 3.17×10−6 5.90×10−7 2.34×10−8 1.12×10−9 8.90×10−11

HNO3,Morse 1.50×10−5 5.55×10−7 2.02×10−8 1.38×10−9 1.40×10−10

HFDF 1.82×10−5 5.92×10−7 1.89×10−8 1.13×10−9 9.74×10−11

HClDF 6.41×10−6 1.70×10−7 2.04×10−9 2.16×10−11 9.88×10−14

OHDF 1.43×10−6 2.45×10−7 1.19×10−8 8.55×10−10 8.81×10−11

HCOOHDF 9.23×10−6 5.50×10−7 2.67×10−8 2.17×10−9 2.68×10−10

CH3OHDF 3.09×10−6 6.20×10−7 3.17×10−8 2.25×10−9 2.55×10−10

HNO3,DF 1.48×10−5 6.27×10−7 3.01×10−8 2.73×10−9 3.59×10−10

HFNum 1.82×10−5 5.65×10−7 1.62×10−8 8.50×10−10 6.08×10−11

HClNum 6.42×10−6 1.62×10−7 1.50×10−9 7.80×10−12 2.01×10−13

OHNum 1.44×10−6 2.41×10−7 1.08×10−8 6.99×10−10 6.57×10−11

HCOOHNum 9.27×10−6 5.33×10−7 2.39×10−8 1.80×10−9 2.07×10−10

CH3OHNum 3.12×10−6 6.09×10−7 2.86×10−8 1.81×10−9 1.88×10−10

HNO3,Num 1.49×10−5 6.05×10−7 2.71×10−8 2.31×10−9 2.89×10−10

Calculated Oscillator Strengths - Semi-Empirical

HFMorse 1.83×10−5 4.88×10−7 8.89×10−9 2.19×10−10 3.89×10−12

HClMorse 6.44×10−6 1.45×10−7 7.64×10−10 2.48×10−12 2.72×10−12

OHMorse 1.46×10−6 2.31×10−7 8.53×10−9 3.93×10−10 2.28×10−11

HCOOHMorse 9.31×10−6 5.09×10−7 1.97×10−8 1.18×10−9 1.11×10−10

CH3OHMorse 3.16×10−6 5.92×10−7 2.41×10−8 1.18×10−9 9.52×10−11

HNO3,Morse 1.49×10−5 5.57×10−7 2.04×10−8 1.39×10−9 1.42×10−10

HFDF 1.82×10−5 5.86×10−7 1.86×10−8 1.10×10−9 9.32×10−11

HClDF 6.41×10−6 1.69×10−7 2.00×10−9 2.03×10−11 7.88×10−14

OHDF 1.42×10−6 2.46×10−7 1.24×10−8 9.22×10−10 9.76×10−11

HCOOHDF 9.20×10−6 5.72×10−7 2.98×10−8 2.57×10−9 3.30×10−10

CH3OHDF 3.08×10−6 6.24×10−7 3.30×10−8 2.41×10−9 2.77×10−10

HNO3,DF 1.48×10−5 6.42×10−7 3.19×10−8 2.95×10−9 3.98×10−10
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In Table 7, we present calculated Deng-Fan oscillator strengths for the OH-stretch in HNO3, with
the semi-empirical approach, using dipole moment functions calculated at various levels of theory.

Table 7: Calculated Deng-Fan oscillator strengths for the OH-stretch in HNO3 with the semi-
empirical approach. The dipole moment functions are calculated at various level of theory.

∆v HFa,b B3LYPa,b B3LYPa,b QCISDa,b CCSD(T)a,d

1 3.09× 10−5 1.69× 10−5 1.60× 10−5 1.72× 10−5 1.48× 10−5

2 5.81× 10−7 7.01× 10−7 6.29× 10−7 7.11× 10−7 6.42× 10−7

3 3.35× 10−8 4.47× 10−8 4.02× 10−8 3.61× 10−8 3.19× 10−8

4 3.20× 10−9 4.04× 10−9 3.95× 10−9 3.24× 10−9 2.95× 10−9

5 4.25× 10−10 4.92× 10−10 5.43× 10−10 4.20× 10−10 3.98× 10−10

a Taken from ref. [5].
b With the 6-311++G(2d,2p) basis set.
c With the 6-311++G(3df,3pd) basis set.
d With the aug-cc-pVTZ basis set.

As seen in Table 7, the calculated oscillator strengths are somewhat sensitive to the level of theory
used to calculated the dipole moment function.
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7 HCl Overtone Intensities

To illustrate the discrepancy observed for the oscillator strengths for v=4 and v=5 for HCl, we
separate the contributions to the oscillator strengths in the following way:

|
〈
0|~µ|v

〉
|︸ ︷︷ ︸

C

= |
〈
0| µ1q︸︷︷︸

A′

+µ2q
2 + µ3q

3 + µ4q
4 + µ5q

5 + µ6q
6︸ ︷︷ ︸

B′

|v
〉
|. (7.1)

We now de�ne the following terms

A =
〈
0|A′|v

〉
& B =

〈
0|B′|v

〉
. (7.2)

The dipole moment coe�cients for HCl calculated at the CCSD(T)/aug-cc-pV(T+d)Z level of
theory are:

Molecule µ1[D/Å] µ2[D/Å2] µ3[D/Å3] µ4[D/Å4] µ5[D/Å5] µ6[D/Å6]

HCl 0.9157 -0.0208 -0.6903 -0.2723 0.0917 0.2455

The displacement matrix elements for ∆v=4 and ∆v=5 for the Deng-Fan oscillator are:

Deng-Fan
〈
0|q|v

〉
[Å]

〈
0|q2|v

〉
[Å2]

〈
0|q3|v

〉
[Å3]

〈
0|q4|v

〉
[Å4]

〈
0|q5|v

〉
[Å5]

〈
0|q6|v

〉
[Å6]

∆v = 4 0.00033327 -0.00054493 0.00039225 -0.00008690 -0.00001284 -0.00001477

∆v = 5 -0.00009638 0.00017202 -0.00015614 0.00007049 -0.00000809 0.00000048

The displacement matrix elements for v=4 and v=5 for the Morse oscillator are:

Morse
〈
0|q|v

〉
[Å]

〈
0|q2|v

〉
[Å2]

〈
0|q3|v

〉
[Å3]

〈
0|q4|v

〉
[Å4]

〈
0|q5|v

〉
[Å5]

〈
0|q6|v

〉
[Å6]

∆v = 4 -0.00024075 0.00047355 -0.00038541 0.00009566 0.00001268 0.00001506

∆v = 5 -0.00005997 0.00013392 -0.00014194 0.00007214 -0.00000967 0.00000044

Combining these gives the following values of A, B and C:

Potential A[D] B[D] C[D] C2[D2]

v=4

Deng-Fan 3.05175×10−4 -2.4058×10−4 6.45991×10−5 4.17305×10−9

Morse -2.20455×10−4 2.3501×10−4 1.45557×10−5 2.11868×10−10

v=5

Deng-Fan -8.82552×10−5 8.4387×10−5 -3.86818×10−6 1.49628×10−11

Morse -5.49145×10−5 7.47732×10−5 1.98587×10−5 3.94367×10−10

As seen from the last Table, the values of A di�er by ∼28 % and ∼38 % for ∆v = 4 and ∆v = 5,
respectively, whereas the values of B di�er by∼2 % and∼11 % for ∆v = 4 and ∆v = 5, respectively.
We can thereby conclude that the di�erence in oscillator strengths between the Morse and Deng-
Fan oscillator for HCl (for ∆v=4,5) originates predominately from the linear dipole contribution.
For the Deng-Fan oscillator (of HCl for ∆v=4 and 5), the linear contribution to the oscillator
strength (A) is larger than the sum of higher order contributions (B), whereas the opposite is true
for the Morse oscillator.
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In �gure 1, we present the calculated oscillator strengths for HCl using a linear and a non-linear
dipole moment function.

Figure 1: Calculated oscillator strengths for HCl with a linear and with a non-linear dipole moment
function.

As seen from �gure 1, a linear dipole moment function is not su�cient to get accurate oscillator
strengths for HCl. The abnormally seen for v=4 and 5, for the Morse potential is due to cancelling
terms in the transition dipole moment, as outlined in the previous section.
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8 T1-diagnostic

We have evaluated the T1-diagnostics for a range of XH-stretching displacements (−0.3 Å to 0.6 Å)
for all molecules. This range is greater than the classical turning point even for the calculated v = 6
wave functions for all XH-stretches considered. Singly excited determinants allow the molecular
orbitals to relax in order to describe multi-reference character. As a consequence, the magnitude
of the singles amplitude (|~t1|) is an indication of how appropriate the Hartree-Fock wave function
is as a reference state. The T1-diagnostic is de�ned as

T1 =
1√
Nelec

|~t1| (8.1)

For T1 < 0.02, the multi-reference is believed to be minimal, and the CCSD(T) method will likely
yield an accurate result [25].

Figure 2: T1-diagnostic along the XH-stretching displacement coordinate for hydrogen �uo-
ride (blue), the hydroxyl radical (red), hydrogen chloride (black), methanol (green), formic acid
(turquoise) and nitric acid (orange): The T1-diagnostic is calculated for equally spaced (0.05 Å)
points in the displacement range of −0.3 Å and 0.6 Å.

The classical turning points for the v = 6 wave functions of the numeric potentials are shown in
Table 8.

Table 8: Classical turning points for the v = 6 wave functions for the numeric potentials in Å

Turning point HF OH HCl CH3OH HCOOH HNO3

Inner wall -0.20 -0.22 -0.25 -0.21 -0.21 -0.22

Outer wall 0.40 0.45 0.50 0.45 0.45 0.45

It is evident from Table 8 and Figure 2, that based on the T1-diagnostic, multi-reference character
is only a potential problem for the higher overtones of the OH-stretch in nitric acid.
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9 Molecular Geometries

Optimized molecular geometries of all molecules:

Table 9: Molecular geometries for the diatomic molecules optimized at the CCSD(T)/aug-cc-pVTZ
(aug-cc-pV(T+d)Z for HCl) level of theory in MOLPRO

rFH [Å] rOH [Å] rHCl [Å]

0.92099106 0.97325837 1.27637516

Table 10: Molecular geometry for CH3OH optimized at the CCSD(T)/aug-cc-pVTZ level of theory
in MOLPRO

CH3OH

C

O 1 B1

H 2 B2 1 A1

H 1 B3 2 A2 3 180

H 1 B4 2 A3 3 D2

H 1 B4 2 A3 3 -D2

B1=1.42579143 Å, B2=0.96110307 Å, B3=1.08941466 Å, B4=1.09480995 Å
A1=107.99645707 ◦, A2=106.66319994 ◦, A3=111.84066932 ◦

D2=61.39542691 ◦

Table 11: Molecular geometry for HCOOH and HNO3 optimized at the CCSD(T)/aug-cc-pVTZ
level of theory in MOLPRO

HCOOH HNO3

C N

O 1 B1 O 1 B1

O 2 B2 1 A1 O 1 B2 2 A1

H 1 B3 2 A2 3 180.0 O 1 B3 2 A2 3 180.0

H 1 B4 2 A3 3 0.0 H 4 B4 1 A3 3 0.0

HCOOH

B1=1.20395243 Å, B2=1.34801441 Å, B3=1.09470490 Å, B4=0.97007479 Å
A1=124.98826965 ◦, A2=125.12916605 ◦, A3=106.59838252 ◦

HNO3

B1=1.19830239 Å, B2=1.21373216 Å, B3=1.40697773 Å, B4=0.97227516 Å
A1=130.40114999 ◦, A2=113.97719842 ◦, A3=102.03409186 ◦
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