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Supplementary Material-
Information content in stochastic pulse
sequences of intracellular messengers

1 SUPPLEMENTARY CALCULATIONS
1.1 Properties of the model in the Poisson and the GNF limits

The model presented in the paper is characterized, on one hand, by the following probability
density that, given that a pulse occurred at time 0, the first subsequent pulse occurs at time, ¢ + 7 .¢;;:

¢ !
p(tIA) = A1 — e ") exp(—/O M1 — e P)at). (S1)

In the model of Skupin and Falcke|(2007) and here, the inter-spike time is the sum, ¢ 4 7,..;;, where
Trep 1s a (fixed) determinisitc component and ¢ a stochastic one. The other component of our model
is the relation between T = (t) |t\ » and the external ligand concentration, C'. To this end we use the
relationship introduced in Thurley et al. (2014)) to explain various experimental observations:

T = {t)];p = Aexp(—BC), (S2)

where (-)|;|, represents the mean over the distribution, p(f|)). We here derive some properties of
the model in the two limits that we are interested in: the Global Negative Feedback (GNF) one
which is defined by z = \/p > 1 and the Poisson limit which is defined by x < 1. As we show in
what follows, even if we consider a range of values for )\, if A and B are fixed, p can always be
chosen so that each of these limits hold over all the range of \ values.

1.1.1 Relationship between the “firing” rate, A, and the external ligand concentration, C
We show here that Eq. (S2)) implies that:
A = aexp(50), (S3)
in the GNF and Poisson limits, with o and 3 fixed parameters that can be functions of p.

As it is clear from Eq. (S1)), for a given value of X and in the z < 1 limit, the model reduces to a
Poisson process for which the distribution, p(¢|\), is exponential with 7" = 1/\. Introducing this
last relation in Eq. (S2)) we obtain:

1
A\ = ZeBC, forx < 1. (S4)
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To relate A and C' in the = > 1 (GNF) limit we use the result of Skupin and Falcke (2007) which
shows that the mean, 7', for the model of Eq. is given by:

ezrl,l—x

T=
A

(P(z) = D(z,2)), (S5)

where I'(z) is the Gamma function, I'(s, t) is the upper incomplete I" function and = = A/p. The
difference in the r.h.s of Eq. (S5) can be rewritten as:

['(z) = T(z,z) = y(z,x), (S6)

with (s, t) the lower incomplete I" function. We now prove that:

lim S e+ 1,a) — |~z =0 S7
m;rlgoxxvx , X 21—. (S7)

In fact, using the generalized Laplace method we obtain:

z > 1 2 1
vz +1,2) = / 2Ye *dz ~ xme_x/ e m(F) gy = éxxe_x 21w, (S8)
0 0

for = \/p large enough from which Egq. immediately follows. This in turn implies that:
z—1 _ —x -1 z—1_—x =1 _—x |[TL
Y(x,z) =2 e T+ y(z+ Lx)=2""e T+ 2" e 1/7, x> 1. (S9)
Combining Egs. (S9), (S5) and (S6) we obtain:
1 T T m
T=-1|1 — &y ===/ 1. S10
)\(+\/2) Vo “ Vo 77 (510)

Combining Egs. and (S10) we obtain:

T 92BC

)\:me , forz>1. (S11)
Egs. and (STT) imply that, in both limits, it is:
A = ae’C, (S12)

with a = 7/(2pA?) and B = 2B for the GNF limit and « = 1/A and 3 = B for the Poisson one.
Eqgs. (S4) and (STI) also imply that, for fixed values of A, B and p, the value of the external ligand,
C, univocally determines the value of the “firing” rate, \. If, as done later, we consider that C' can
take on any value over the interval, [0, C;], Eq. then implies that A can take on any value
in the range o < A\ < aexp(BC)y). By choosing p so that a/p = 7/(2p> A%) > 1 we guarantee
that the GNF limit, z = \/p >> 1, holds V) € [a, a exp(B3C);)] with o = 7/(2pA?) and 3 = 2B.
Likewise, by choosing p so that avexp(5Chs)/p = exp(BChy)/(Ap) < 1, we guarantee that the
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Poisson limit, x < 1, holds VA € [a, a exp(SC)s)] with o« = 1/A and § = B. Thus, p can always
be chosen so that each of the two limits of interest hold over all the corresponding range of A values.

1.1.2 Relationship between the mean and standard deviation of the stochastic
component of the inter-pulse time in the GNF and the Poisson limits

As shown in Skupin and Falcke| (2007), the mean of the stochastic part of the inter-pulse time, 7',
is given by Eq. (S5)), while its variance is given by:

2 _ 2\ _ 2 _ o r X a2
o= -T 2e 2F2(1+x 142 ZE) e, (S13)

where 2 F5 is the (2,2) generalized hypergeometric function. For both limits of the model, the mean
of the stochastic part, 7", and the standard deviation, o, are related by:

o =kT. (514)

This relationship is trivial in the Poisson limit (x < 1) for which 7= 0 = 1/\ and k = 1. Outside
this limit, the relationship was obtained numerically in Skupin and Falcke| (2007). As we show now,

it can be derived analytically for x > 1 as well yielding k£ = 4/ % — 1.

In order to determine k£ = ¢ /T for the x > 1 limit we will calculate:

z xr X .
2 ) _ 262F2(1+:c 1+ 2 x)

g
1+ 2 = lim 2/ = .
T T T T o B (e (T(e) = Tz, 2)))?

(S15)

We have already proved that T = e*z!~%(I'(x) — I'(x, z)) ~ \/mx /241 for z > 1 (see Eq. ).
We now compute the numerator of Eq. (ST5)). To this end we use the integral transformation of

Euler (see e.g/|Slater| (1966)):

ap ... a4 c ['(d) /1 o1 dece1 ap ... ag

F 2= | T (11—t F itz ) dt.

ATIEBH (b1 . bg Z) T(c)T(d—c¢) J =0T aFs 0 it
(S16)
Taking into account that % = z, applying this formula twice to go from o F{y to 2 F» we obtain:

o ) 1 pl .
. — nx— Y /
o I (1 e laa x) x /0 /0 (tt") " oFy (; —tt'z) dtdt'. (S17)
Given that oFy (; —tt'z) = e~ %, Eq. (S17) becomes:
r X 2 1 1 1 ’
. _ Nx—1 —tt'x /

o Fy <1—|—x L4 x) x /0 /0 (L) e T dtdt. (S13)
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This equation can be solved via the substitution:

u=1In ( %) , (S19a)

v=Vtt', (S19b)

which Jacobian is 2|v|. The limits of integration, on the other hand, get transformed into 0 < v < 1,
In(v) < u < —1In(v). Thus, the integral in the r.h.s of Eq. (S18) can be rewritten as:

1,1 , 1 pr—In(v) 9 1 )
/ / (tt e e qrdt :/ / (v?)* e " 2 dudy :/ (v2)*te™ T2y (—21n(v))dv.
0 Jo 0 JIn(v) 0

(520)
Rewriting 2In(v) = In(v?) and introducing the substitution w = v, we can rewrite Eq. (S20) as:

1,1 1
//(tt’)m_le_t”dtdt’—/ (w)*te % (= In(w))dw (S21)
0o Jo 0

Thus, the limit of Eq. (ST5)) is equivalent to:

2e% 12 fol (w)*te=we(—In(w))dw 4 fol (w)*~le(-w)z(— ln(w))dw.

lim = lim S22)
T—00 %J)—f—“Q?T:L’—i—l T—00 T (
Thus, proving that
1
lim 2 / (w)* e =% (—n(w))dw = 1, (S23)
T—00 0

is enough to demonstrate that 1 4+ 02/72? — 4/7 for x > 1 and, therefore, that k = ¢/T =

\/ % — 1 ~ 0.523. In order to prove Eq. (S23) we use the modified Laplace method. With this in
mind we can observe that the integrand in this equation tends to O for every value of w outside a

neighborhood of w = 1. Thus, we can use the approximation —# ~1—w+O((1—w?).
Inserting in into Eq. (S23) we obtain:

1 1 1
z / w107 (~ In(w))dw ~ / wh el p(1 — w)dw = / eI HA) (1 — ) dw.
0 0 0

(S24)

Approximating In(w) + (1 — w) ~ —3(w — 1) we arrive at:

1 1
:1:/0 (w)x_le(l_w)x(—ln(w))dww/0 e_%x(w_l)Qx(l—w)dw, (525)

which can be solved intoducing the change of variables y = %x(w — 1)2. In this way we obtain

(S

1 T 00
x/o (w)”’_le(ln(wH(l_w))x(—ln(w))dw%/0 e—ydyz/o e Vdy =1, (S26)
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and so we prove Eq. (S23).

In summary we have proved here that in the GNF and the Poisson limits 7" and ¢ are related by
Eq. (S14) with £ = 1 in the Poisson case and k£ = / % — 1 in the GNF one.

1.2 AQuantifying the information contained in a pulse.

Here we show the calculation of the information contained in the time separation between two
successive pulses. More specifically, we compute the mutual information between ¢ and C' which is
the same as the mutual information between ¢ and A:

1C) = I\ 1) = / / PANP(EIN) logs (p(t1A)/p(t)) dtd
_ / ) / PltIN) log, (p(£])) dedA — / pi(t) logy (pu(1)) dt
= —H(N +H(), (S27)

where

pilt) = / Prey (NN = / PNV, (s28)

with pg; 5y the joint probability density of ¢ and A\. Now, given that A is a function of the ligand
concentration, which typically changes with time, A will change as well. The calculations we are
going to perform are good either for constant A or if A varies slowly enough with respect to (t) |t\ A\
In this way, we use Eq. to relate the A probability density, p), and that of the external ligand
concentration, pc, by:

pA(A) = @6_5%0(0) = % e (%hl (2)) - (S29)

We first compute H (¢). Assuming that \ is constant, we write:

t
/ A (1 —exp(—pt')) dt' = =\t — A (exp(—pt) — 1), (S30)
0 P
and
b )
p(tA) = — 5 . (S31)
Defining 7 = (—t — %(e*pt — 1)) we rewrite
de () OM\(7(1))
= —_ = - = —M/ 2
plt) = [ =2 man= - 4 (532)
where we have introduced the definition:
M) = [ pan (833)
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which is the moment-generating function. We then rewrite H in terms of M), as:

H(t) = ﬁ (— / M () 1n<—M;(T))dt) , ($34)

where the prime indicates the derivative with respect to ¢ (see Eq. (S32)). Given that — M (1) =
(1) = Wa—i(”(—r’(t)) we rewrite Eq. (534

(/ — M (7 (8]\481( )dt+/ M} (z) In(— ())dt). (S35)

The last term in this equation can be written as:

H(t

/MA ) In(—7'(t))dt = ﬁ/pt(t) In(1—e ")dt = —ﬁanu—e—pt»h. (S36)

Further changing the variable of integration from ¢ to 7 = —t — 1/p(exp(—pt) — 1), we obtain:

10 =y (- [ 25w (P57 e

where we have used 7(t = 0) = 0 and 7(t — o0) — —00.

We now compute H (¢|\). Taking into account Egs. and (S30) we write:

1 t A —pt
e o (e} dt = s (A= P Dhlgs = Moy = 5 (e n ~ 1))

The term, (e~*")|,|,, can be rewritten as:

o0 _ 1 1
/ e—Pt)\(l_e—pt>€—At—%(e Pt_l)dt — / é(l_u)e%ln(u)—%(u—l)du _ / é(l—u)u%e_%(u_l)du,
0 0o P 0

where we have introduced v = exp(—pt). Further replacing u by v = A\u/p, we obtain:

1>\ 2 —A(u—l) 2 vp % —v % vp %_H —v
(eXp(—Ptth = /O—(l—U)upe P du =er /0 (7> e dv—/o (7> e Vdv

A
» A A » A A

= epAfV(__Fla_) - ei 7(_+27_)7 (840)
(%)z P P (%);“ P p
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where v(x,y) is the lower incomplete Gamma function. We rewrite 7(% +2, %)

A A
1, %) — (2)»*1e7% and Eq. (S40) becomes:

)
A2 A
(exp(=pt))lin = ———5 <7 <;+1,;) - (;) ‘ ?>. (s41)
AP

A+ +

1.21 The A/p > 1 limit

We now advance with the computation assuming that z = \/p > 1. Combining Egs. (which
holds for z > 1) and (S41)) we obtain

A A A
2 _ AU RN 42
p<eXp( PE)) 1A 2, + s (S42)

for A/p > 1. Inserting Egs. (S10) and (S42) in Eq. (S38)) we obtain:

TSN S 2 Y
1

— ) (In(A) — 1+ (In(1 — e~ Nle) - (543)

Q

[ ot 1o, ()

The first term in Eq. (S27) is then given by:

_H() = /@xM/fm»m@uwM»ww

= [ W () = 1+ (1 = yy) dx

1

= g (mONh = 1+ (= e ™)), (S44)

where the mean (-)|, is computed using the distribution, py, and (-)|; using the distribution, p;,
defined in Eq. (S28)). The last term in this equation cancels out with the similar one coming from

H (t) when computing [ (see Eqgs. (S27), (S37) and (S44)) and we have:

I\t = 1n22) (— /_ (; MQT(T) In (a]\é&)) dr — 1+ (In(\))] A), (S45)

with M given by Eq. (S33).

Frontiers 7
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1.22 The A/p < 1 limit.

We now compute Eq. (S27)) in the limit, A/p < 1, for which the model can be approximated by a
Poisson process with the probability :

p(t|A) = Ae™ M (S46a)
A= ae’© (S46b)
In this case, Eq. (S38) becomes:
1
[ e 082 (00) i = = ((3) < 1) (547)
Therefore: 1
H(t[A) = (1= {n(A))[x)- (S48)

Eq. (S37), on the other hand, becomes

H(t) = 11122) (— /_ (; 81\@(7) In (a]\?fﬂ) dT) , (S49)

with M given by Eq. as before. Thus, the information in this limit can also be written as in
Eq. (S43), i.e., as in the \/p > 1 limit. Summarizing, the information has the same expression
(Eq. (S49)) in both limits. We can rewrite it using some constant, y, which we will either take equal
to (\) or to v to make all time variables dimensionless. Namely, we define 7 = p7 and A=A /. In
this way, Eq. can be rewritten as:

My\(7) = / HNpy (VA with  pg(A) = % pe (% In (%‘)) , (S50)
and Eq. (S45) becomes:
1 O oM oM -
100 =15 (—/ i ( 8;) d7 — 1+ (In (A))h) . (S51)

1.2.3 Dependence of the information on the parameters of the problem

If we choose 1 = « to define the dimensionless time variables, Eq. implies that & =
exp(BC'). We then deduce from Egs. (S50)—(S51) that, at least in the two limits that we are studiying,
I does not depend on «. Similarly, if we choose ;1 = a exp((C), itis A = exp(B(C — (C)) and we
then conclude that I does not depend on (C'). The dependence on p is more subtle and we discuss
it in the main paper. In order to study the dependence on 3, we now make an assumption for the
distribution of C'. Namely, we assume a uniform distribution over the interval [0, C'j/|. In such a
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case it is:
1 .
Caro if 0 < C < CM7
pc(C) = ™ . (852)
0, otherwise,
so that
1 .
~——, fa< A< C
pa(h) = | e TS A< aexp(5Cy), (S53)
0, otherwise.
Then, OM) /07 (Eq. (S33) with 7 = u7, u = «) is given by:
oM, exp(8Ch) - 1 o 1
— F_ _h = ( ( BCM> _exp (7 ) S54
57 /1 e N L exp ( Te exp (7) (S54)
On the other hand:
- CM
{In(A)) = 5{C) = -~ (S55)
Then, the only thing left to calculate I in Eq. (S51) is:
0
M M
HMgz—/ OMy (a f)d%. (S56)
oo OT ot
We define oo
. oM ere MU _ T
9(7) = BCy 2 = ———=——, (S57)
T T
which can be rewritten as:
9 _.BC BCv 1
g(7) = =€’ e sinh (?—e ) . (S58)
T 2
Thus:
oM BCM 41 BCm _ 1
In(g(7)) = In ( 87:/\) +In(BCy) = 1n(2)—ln(7~')+%%+ln(sinh(%€T)). (S59)

Given Egs. (S32))-(S33) and that 7(¢t = 0) = 0 and 7(t — co) — —oo, then

—/0 72t = / £ 8MAdr—/ fOpde = (Hle (S60)
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for any function f(¢) (or of 7 through the relationship 7 = pu(—t — %(e‘pt —1))). Thus, I can be
written as:

0
1000 = i (= [ B2 o+ m(cu — 1+ 55 ) =

n(2) \ J o OF
eBCM BCu _
lntg) (— In(2) + (In(7))|¢ — <7~'>‘tT+1 - (ln(sinh(%Tl)mt FIn(BCy) — 1+ BCTM> |

(Se1)

Computing each term in this equation, taking special care of the 7 = 0 limit of integration, we
arrive at the following expression

L (smh(BCw) . (Cu\ . (PN 1 o
0= In(2) ( BCM i (ﬁ7> o (T) B )
0 < BCM & —BCy PM 1 (S62)
1 ¢ (e sinh(Ce e = )) “

TBCy ) o ¢ sinh (¢4 =1)

the last term of which we computed numerically using Mathematica. The result of this numerical
computation is shown in the main body of the paper where it may be observed that it is an increasing
function of 5C';. Given that, in the GNF limit, [ is twice as large as in the Poisson limit, /(C, t) is
always smaller in the latter than in the former limit. Given that I(C, t) does not depend on (C') (see
discussion at the beginning of Sec.[I.2.3)), the dependence on 3C; comes from the dependence of
I on the standard deviation of C', which, for a uniform distribution as the one we have considered,
is Car/ V/12. As we have already discussed, [ (C, t) does not depend on the parameter, . Egs.
and then imply that it depends on the standard deviation of C' through its product with the
parameter (3. If instead of using the least informative distribution for C' (uniform over an interval)
we consider that C' can take on only one value (i.e., it is a 0 function with zero variance) we obtain
I(t,C) = 0 in the two limits. We then expect that I(C, ¢) will increase with the product between 3
and the standard deviation of C' regardless of the distribution that we might consider for C'. This
argument and the results we obtain for the information between the number of pulses and C'in the
following sections lead us to think that 7(C, t) is always larger in the GNF than in the Poisson limit.

1.3 Information contained in NV > 1 pulses.

Now we look at the problem when there are many (V) subsequent pulses. In order to perform
analytic calculations we will consider the limit /V >> 1. Basically, we are assuming that we observe
the system for a fixed time, t;4, such that ¢;o; > (T,.;; + T'). We then want to compute the mutual
information between /N and the external ligand concentration, C', assuming fixed values of p, o and
B (or of A and B) as we have done before. To this end, we need to know the conditional probability
that NV pulses occur during an observation time, ¢;,; for a given value of C, i.e., p(N|C, t;ot). The
problem at hand is an example of a renewal process Ross|(2014)). According to the Central Limit

10
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Theorem for this type of processes, for large enough NV, it is:

~1/2 ltot )2
Ltot o2 (N — zaisr)
p(N’C, ttot) ~ <27T > exp — ce 5 5 (863)
Teen +T (Tcell + T)2 QTCZ;‘t"T (Tcel(jJrT)2

where both the mean, 7,.;; + 7', and the standard deviation, o, of the inter-pulse time, ¢, depend on
the external ligand concentration, C'. In order to simplify the calculations, from now on we will
assume that T,..;; < T'. All the calculations can be performed in the same way as described here if

this assumption is not taken into account. Considering the simplification and given Eq. (ST4) (which
holds for the Poisson and GNF limits), Eq. can be rewritten as:

2kt \ N — )2
P(N|C, tior) = p(N|T, tor) %( Al t) exp W= (S64)

T 22,/ T

For fixed values of p, a and 3, the mean, 7T, is uniquely determined by C'. In such a case, the
mutual information between /N and C is the same as the information between N and 1. We will
then compute the latter treating /N as a continuous variable, namely:

[(C,N) = I(N,T) = — / p(Nltror) 102 (0(Nltior)) AN+
(S65)
//MMﬂ%MMﬂb&@WWﬁMMﬂW,

where pr(T) is the probability density of the mean, 7', which is to be derived from that of the ligand
concentration, po(C'), and

MM%&z/MNWmMMUWT (S66)

It is convenient to introduce the change of variables N = %, so that:

I(Nv T) == /p(N|tt0t) logZ (p(N|tt0t)) dN+

/ / P(N|T, tior)pr(T) logy (p(N|T, tor)) dTdN, (S67a)
< Lot (N — 3)?
P(NI|T, tior) = 2;k2 exp (—TQT . (S67b)
teotT

Frontiers 11
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In order to compute the first term in Eq. we assume that ¢4 is large enough so that we can
approximate:

_ 1 2k2 1 1
Nt = Lot T dT 5N—— dT + O
p(¥lt) = [ e ot pr(T)iT =[SV = Dypr(m)ar + (t)
ttotT
1 1 1
@)
NﬂT(N)+ (HM)

The last equality is demonstrated in In this way, the first term in Eq. (S67a)) becomes:

(S68)

- /p(N’ttot)logQ (p(Ntior)) AN

o) o2 (3) o)
~ [ e o () + 21081 ar 0 ()

= H(T) — 2(logy(T))r,
(S69)

with the entropy, H, as defined in Eq. (S27)) and (-)7 the mean computed using the probability
density, pr. Then, remembering that the entropy of a normal distribution of standard deviation o is
3 logy(2mec?), the second term in Eg. lj can be written as:

/ P(NIT, tro)pr(T) Logy (p(N|T, tror)) dTAN =
_(N=)? (N—7)?
/ / . 1 L o &0 | avar
tot tot e
pT \/m ng \/@e (870)
trotT' trot
1 2me 2mek? 1 1
—= )1 k2 dT:——l - )1 — ) dT.
2 /pT( ) log, <tt0tT ) 2 ng( tiot ) 2 /pT( ) log, (T)

Inserting Eqgs. (S69) and into Eq. we finally obtain:

2

I, N) = H(T) = lowa(T)r — 510w (270 ). 7

tot

Under the assumption that the mean, 7', is a function of the external ligand concentration, C', (see
Eq. (S2)), Eq. implies that, for any given distribution, p(C') or, equivalently, pr(T'), the
only difference in /(7T', N') between the Poisson and the GNF limits of the model is given by k.
We recall that k, the constant of proportionality between standard deviation, o, and the mean,
T, of (the stochastic part of) the interpulse time (see Eq. (SI4), is 1 in the Poisson limit and
/4/m — 1 ~ 0.523 in the GNF one. Thus, the difference between the information for the GNF

12



Givré and Ponce Dawson Supplementary Material

and the Poisson limits is 0.936 regardless of the distribution that we might consider for C'. There is

an extra term in (7', N) of O( {‘/tITt) which is related to the residual skewness of the probability

distribution p(N|T), t¢), that is explored in section Adding this term Eq. (S71]) becomes:

3 1 omek? 1
I(T,N)=H(T) - 5<1og2(T)>T -3 log ( Z; ) +0 (\S/T_t) . (S72)

Assuming that C' is uniformly distributed as before (Eq. (S52))) and that 7" and C' are related by:
Aexp(—BC) (see Eq. (S2)) we obtain:

(S73)

1 .

==, if Aexp(—BCuy) <T <A,

pr(T) = CuBT . ( )
0, otherwise,

so that 1 /T = Cpy Bpp(T) for the values of T" for which pr is not zero. This implies that

H(T) = - / pr(T) logy (pr)dT = / pr(T) logy(Car BT)AT = logy(Car B) + (logs(T))7

(S74)
so that Eq. (S71) becomes:
1 1 2mek?
I(T, N) =logy(Cy B) — 5 (logy(T))r — - logy : (875)
2 2 Liot
The mean, (logy(T"))7, can readily be computed using Eq. (S73). We obtain:
BCy
logy(T))r = logy(A) — ——. S76
Inserting Eq. into Eq. we obtain:
BCy 1 2mek?
I(T,N) =logy(ACyB) — —— — =1 — . S77
(T,) = oga(ACW ) - 1%~ o, () 7
- 1 : .
Including the O( m) term, the final result can be written as:
(T, N) = f(A, BCyp) + ~logy (22) 4 0 (= (S78)
= —logy | -5 .
) ) M 9 g2 L2 m

Frontiers 13
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1.3.1  Approximate calculation of p(INV |t:o:)

We want to calculate approximately the function, p(N|T, t), given by Eq. (S67b) for large
enough t;,;. Performing a Fourier transform, F, (with respect to IV) on it we obtain:

G
F ;6 ﬁkz 1 [ttoltTkz] e 2o tTkz ’
1 1.2
27 T H (S79)
2 2
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Antitransforming the last expression we obtain (N — %) + (9( =)

1.3.2 Going beyond the Central Limit Theorem

In Eq. (S64) (or, equivalenty, Eq. we assumed that the probability density function of the
number of pulses, N, for given values of C' and ¢, could be approximated by a normal distribution.
This result is derived from the Central Limit Theorem. In this subsection we explore what happens
if we deform slightly the normal distribution to include some skewness. Without loss of generality
we will introduce a change of variables so that (N) = 0. Namely, we consider that the probability
density for the rescaled variable, N = N /t;,; is given by:
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instead of Eq. (S67b)), where ¢ — 0, f(0) = 1, ffooo \/21—726 N f(gog) = 1. A possible specific
ﬂ'O—N

f(€) could be 2 (() with & the cumulative distribution function of the normal distribution. In this
way we would have the skew-normal distribution. Now we remind the readers that we are working
in the limit of large ¢;,; so that that oy ~ O( F) The actual probability density function for

the variable N, p(N|T t;t), in the Poisson limit of the model is the Poisson distribution which
can be approximated by a normal distribution of the same variance. The skewness of the Poisson
distribution with variance, 012\, ~ ttot, as in the normal approximation of Eq. l) satisfies:

(N =(V)") 1 1
="t . (S81
o3 ON  Vlitot )
Given that 0]2\[ ~ tiot, EQ. ii implies that (N — (N))3) ~ t;o; so that:
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We now approximate the function f in Eq. (S80) by its Taylor expansion, f(z) =~ 1 + a1z + asx® +

azz3, and compute:
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The latter gives:
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). Thus, when

S82) and (S86) imply that ¢ ~ O( %% .
we would have to perform a calculation of the

q. (S674)

Consid?,ring that oy ~ Og\/%), Egs.
computing the second term in the r.h.s. of
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We then conclude that the error that is made when calculating the mutual information, I(C, N),

using the normal approximation of the probability density function, p(N|T, tiot), is ~ O( tlt t ).

The simulations presented in the main body of the paper confirm this conclusion.
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