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Define log likelihood for Appendix A (Eq. Al & A2)

nufmul_, mu2_, sl1_, s2_, alpha_, b_]:-=
mulxslx (l+etallalpha) + mu2+«s2 » (1+etal2alpha) +b

nu2[mul_, nu2_, sl1_, s2_, alpha_, b_]:=
mil*sl+ (l+eta2lalpha) + mui2+s2 » (L+eta22alpha) +b

Il [x1_, nmi_, s1, x2_, n2_, s2_, alpha_] :=
(X1 -mL)r2/ (2s172) + (X2-mR)"2/ (2s272) + (alpha)”2/ (2sa”2)
L =1 [x1, nu[nul, nu2, sl11, s12, al pha, bl], s1i,
X2, nu2[mul, nu2, s21, s22, al pha, b2], s2, al phal;

Solve Conditioanl MLE mufix (Equation 2.20)

CMLE = Sinplify[Sol ve[D[
| [x1, nu[mul, mu2, sl11, s12, al pha, bl], s1i,
X2, nu2[mul, nu2, s21, s22, al pha, b2], s2, al phal, {{nul, mu2}, 1}] =0, {mul, nu2}]]

{{mul > (b2 (s12 +al phaetal2sl2) - bl (s22 + al phaeta22s22) +
s22 x1 + al phaeta22s22x1 -s12x2 -al phaetal2sl2x2) /
(- (1 +al phaetal2) (1+al phaeta2l) s12s21 + (1 +al phaetall) (1 +al phaeta22) sl11s22),
mi2 » (-b2 (sl1l1l +al phaetallsll) +bl (s21 +al phaeta2l s21) -
s21x1 - al phaeta2ls21 x1 +s11x2 +al phaetallsllx2) /
(- (1 +al phaetal2) (1+al phaeta2l) s12s21 + (1 +al phaetall) (1 +al phaeta22) sl11s22)}}

Solve MLE (Equation A.3)
For some reason, Mathematica has a hard time solving for the MLE, help it out by hand

MLE = Simplify[Solve[D[
I[x1, nu[mul, mu2, s11, s12, alpha, b1], s1,
X2, nu2[mul, mu2, s21, s22, apha, b2], s2, aphal, {{mul, mu2}, 1}] == 0, {mul, mu2, apha}]]
ME = {{O, O, 0}, {CME[[1, 1]] /. alpha-0, CMLE[[1, 2]] /. alpha-> 0, alpha-0}}

{10, 0, 03,
b2s12 -b1s22 +s22x1-512x%2 -b2s11 +b1s21 -s21x1+s1lx2
{rrule , mu2 - , al phaeo}}
-512s21 +s11s22 -s12s21 +s11s22
Equation 2.21 Derivative of CMLE mufix wrt. alpha is - eta_p muhat_p (independent of sa)

EtalPartial Solution = Sinplify[D[CM.E[[1, 1, 2]], al pha]l / MLE[[2, 1, 2]] /. al pha- 0]

((-s12s21 +s11s22)
((etal2s12s21 +eta21s12s21 - (etall +eta22) s11s22) (b2s12 -bl1s22+s22x1-s12x2) +

(-s12s21 +s11s22) (b2etal2sl2 -bleta22s22+eta22s22x1-etal2si2x2))) /
((s12s21-511522)% (b2512-b1522 +522x1-512x2))

Eta2Partial Solution = Sinplify[D[CM.E[[1, 2, 2]], al pha] 7 MLE[[2, 2, 2]] /. al pha- 0]

((-s12s21 +s11s22)
((etal2sl1l2s21 +eta2l1s12s21 - (etall +eta22) s11s22) (-b2s1l+bls21-s21x1+s11x2) +

(-s12s21 +s11s22) (—b2etallsll+b1eta21321—eta21521x1+etallsllx2)))/
((s12s21-511522)% (-b2s11+b1s21-521x1+511x2))

Show that Solution in category universal situation is as expected
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npop= Sinplify[EtalPartial Solution /. {al pha- 0,
sl11 - 90, s12 - 10, x1 - 100,
x21 » 10, s22 - 90, x2 - 100,
etall » etal, eta2l »etal, etal2 » eta2, eta22 - eta2}]

ouio)= —etal

m Equation 2.15 Calculate the fisher info matrices for full likelihood (w/ full dependence or
evaluated at MLE)

mg= I full =Sinplify[D[l [x1, nu[rmul, nu2, s11, s12, al pha, bl], si,
X2, nu2[mul, mu2, s21, s22, al pha, b2], s2, al pha], {{mul, mu2, al pha}, 2}17;

mzp= | ful l AAME = Sinpl i fy[D[l [x1, nu[mul, mu2, sl11, s12, al pha, bl], s1,
X2, nu2[rmul, nu2, s21, s22, al pha, b2], s2, al pha], {{nul, nu2, al pha}, 2}] /. ME[[2]]
al pha - 0] ;

= Show that the conditional MVG equations are equivalent to dmu_p”~fix /dalpha. Note
the independence on sa (uncertainty on alpha)
m Equation 2.23: Calculate the full covariance matrix Sigma
ma= Sigma = Sinplify[lnverse[lful | AtME]];

4= St gma33 = Sigma[[3, 3]]

Out[14]= Sa2

Equation 2.22
5= Eta2CovSol ution = Sinplify[Sigma[[2, 311 /Sigma[[3, 3]]/ME[[2, 2, 2]]]

out[15]= (b2 sll (-etallsl2s2l +etal2sl2s2l +eta2lsl2s2]l -eta22s1l1s22) +

bls21 (-etal2sl12s21+ (etall -eta2l +eta22) s11s22) +etal2sl2s21?2x1 -
etallslls21s22x1l+eta2lslls21s22x1-eta22s11s21s22x1+

etallsllsl2s21x2-etal2sllsl2s21x2-eta2lsllsl2s21x2+eta22s11?s22 x2) /
((s12s21 -s511s22) (-b2s11 +bls21-s21x1+s11x2))

nel= Sionpl i fy[Eta2Partial Sol ution - Eta2CovSol ution]
ouiiel= 0
= Show that the information matrix approach is equivalent

a) Get IfullAtMLE

b) get leff

c) solve for effective etas

Try to show :

1) if Imain=Ifull for other elements

2) if solution to effective etas is the same as the muhat derivative symbolically

Equation 2.15
ma7p= leff = Sinplify[D[l [x1, nu[nul, nu2, s11, s12, al pha, bl], s1i,
X2, nu2[mul, mu2, s21, s22, al pha, b2]1, s2, al phal, {{mul, nu2}, 23}11;
m Eq. A6 : Calculate the effective fisher info matrix (w/ full dependence or evaluated at MLE)

npep= | ef fAtMLE = Sinpl i fy [D[l [x1, nu[mul, mu2, sl11, s12, al pha, bl], s1i,
X2, nu2[mul, mu2, s21, s22, al pha, b2], s2, al pha], {{mul, nu2}, 2}1 /. ME[[2]]];
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o= Siplify[lnverse[l ef f At MLE] ]

H 5122522 + 512 5222 511512522 +s12s521 522
Out[19]= ,
(s12 521 -s11s22)2

(s12 521 - 511 §22)2 }
s11s12s22 +s12s21s22 s112s22 +s12s212

{_ (s12s21-s11822)2  (s12s21 -s11522)2 }}
m Eq 2.9: Define the mu_eff substitution, calculate Jacobian, reparametrize leff -> Imain

nop= mueff [mul_, nu2_, alpha_] := List[mul (1+etalalpha), mu2 (1+eta2al pha)]

Eq A8
ne1= J = D[muef f [mul, nu2, al pha]l, {{mul, mu2, al pha}, 1}]
ouf21= {{1 +al phaetal, 0, etalnmul}, {0, 1+alphaeta2, eta2nmu2}}

EqA9
nez;= Il main = Sinplify[Transpose[J].lef fAtME. J];

ne3= lmain /. alpha-0

s11? s21? s11s12 s21s22 s11? s21? s1l1s12 s21s22
out[23]= {{ + , + , etalnmul + +eta2nu2 + }
s1? s2? s1? 522 s1? 522 s1? s22
s11s12 s21s22 s12%2 s222 s11s12 s21s22 s12? s22?
{ + , + , etalrrul( + +eta2nu2 + }
s12 s22 s1? 522 s12 s22 s12 s2?
s11? s21? s1l1s12 s21s22
{et alml + +eta2nu2 ( + ,
s1? 522 s12 s22
s11s12 s21s22 s12? s22? 1
etal nul + +eta2mi2 + (etal? mul® (s11%s2% +s1?s21%) +
s1? s2? s1? s2? s1? s2?

2etaletaznmulm2 (s11s12s2% + 517 521522) + eta2? mi2” (s12? s2? + 517 522°) ) |}

nza- lconstr = {{0, 0, 0}, {0, 0, 0}, {0, 0, 1/sa"2}}

out241= {{o, 0, 0}, {0, 0, 0}, {o, 0, S—:z}}

= Show solution to eta’s is indeed solution of linear equations RHS=from full model,
LHS=reparametrizing L_eff->L_main

EqA.4
nes= RHS13 = [ ful | AME[[1, 3]1] /. alpha-0

1

Out[25]=

s1?s2? (s12s21 -s11s22)
(b1 (-etal2s11s12s2%s21 + (etallsll1?s2%+ (eta2l -eta22) s1?s21%) s22) +
b2 (-etalls11?s12s2? +etal2s11?s12s2% +s12s21 (-eta2l1s12s21 +eta22s11s22)) +

etal2 s11s12s2?s21x1 -etallsl11?s2?s22x1 -eta21s1?s212s22x1 + eta22s1?s212s22x1 +
etallsl11?s12s2%x2 -etal2s11?s12s2° x2 + eta21s1?s12 521 x2 - et a22 s1% s11 521 522 x2)

|3
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RHS23 = I ful | A MLE[[2, 3]] /. alpha-0

1

s12s2% (s12s21 - s11s22)

(b2 (-etallsl11s12%s2%+etal2s11s12?s2?+51%522 (-eta2lsl2s2l +eta22s11s22)) +
bl (-etal2s122s2?s21 +s22 (etallsllsl12s2%+ (eta2l-eta22) s1?s21s22)) +
etal2s122s22s21x1 -etallsl11s12s22s22x1 -eta2l1s1%2s21s22?2x1+eta22s12s21522%x1 +
etallslls12?s2x2-etal2s11s12?s2?x2 +eta21s1?s12521522x2 - eta22s1?s11522° x2)

introduce "unk1" the unknowns we want to solve for

LHS13 = Inain[[1, 3]] /. {alpha-0, etal » unkl, eta2 - unk2}

sll1sl2 s21s22

+ +
s1? s2? s1? s2?

LHS23 = Imain[[2, 3]] /. {alpha -0, etal »unkl, eta2 - unk2}

unk?2

s112  s21?
mul unkl + nu2

s122 s22?

.
s1? 522

unk?2

sllsl2 s21s22
mul { + ] unkl + mu2
s1? s2?

Eq.A9& A 11

Et al nf 0Sol uti ons = Sol ve[{LHS13 == RHS13, LHS23 == RHS23}, {unkl, unk2}] /. ME[[2]] /.
{al pha » 0, unkl -» etal, unk2 -» eta2}

{{etal -

- ( (-s12s21 +s11s22) (b2 eta21s12?s21 -b2etallsllsl2s22 +b2etal2sllsl2s22-b2eta22
s11s12s22-bletal2sl2s21s22-bleta2lsl12s21s22+bleta22s12s21s22 +
bletallslls22?+etal2s12s21s22x1+eta2ls12s21s22x1 -
eta22s12s21s22x1 -etall s11s22?x1 -eta2l1s122s21 x2 +
etallsllsl12s22x2-etal2sl1l1sl12s22x2 +eta22sl11s12s22 x2) ) /

((s12s21-511522)% (b2512 - b1 522 +522x1-512x2)),
eta2 -» - ( (-s12s21 +s11s22) (b2 etallsllsl12s21-b2etal2sl11s12s21 -

b2 eta21s11s12s21 +bletal2sl2s21? +b2eta22s11?s22 -bletallslls21s22+

bleta2lsll1s21s22-bleta22s11s21s22-etal2s12s21?2x1 +etallslls21s22x1 -
eta2l1s11s21s22x1+eta22s11s21s22x1 -etallsllsl2s21x2+

etal2s11s12s21x2+eta2ls11s12s21x2 -eta22s11?s22x2)) /
((s12521-511522)? (-b2s11+b1s21-521x1+s11x2))}}
This shows that etafrom derivative is equa to etafrom fisher info approach

Sinplify[Sinplify[-D[CM.E[[1, 1, 2]1], al pha] / M.E[[2, 1, 2]] /. alpha-0] - etal /.
Et al nfoSol utions[[1]]1]

0

Sinmplify[Sinplify[-D[CM.LE[[1, 2, 2]], al pha] / MLE[[2, 2, 2]] /. alpha 0] - eta2 /.
Et al nfoSol utions[[1]]1]

0

Same idea, but in terms of arbitrary elemnts of 1effAIMLE
leffArb = {{l mai nl11, I mai n12}, {lmai nl12, | nain22}}

{{lmai n11, I mai nl2}, {lmainl2, | main22}}
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ns= | mai nNArb = Sinplify[Transpose[J].leffArb.J]

ouizz= {{(1+al phaetal)?Imainll, (1+alphaetal) (1+alphaeta2) |maini2,

( )
(1+alphaetal) (etallmainllnul+eta2l|mainl2nu2)},
{(1+al phaetal) (1+al phaeta2) Imainl2, (1-+alphaeta2)?Imin22,
(1 +al phaeta2) (etallnmainl2nmul +eta2l mai n22 nu2)},
{(1+al phaetal) (etallminllnul+eta2lnminl2mnmu2),
(1 +al phaeta2) (etallminl2nul +eta2lmin22nu2),

etal” | mainllnul® +2etaleta2 | mainl2 nmulnu2 +eta2® | main22 nu2?}}
4= LHS13Raw = I mai nArb[[1, 3]] /. {alpha->0, etal - unkl, eta2 - unk2}
ouyz4)= | mai n11 mul unkl + | mai n12 nu2 unk2
ines;= LHS23Raw = | mai nArb[[2, 3]] /. {alpha->0, etal - unkl, eta2 - unk2}
ouyzsi= | mai n12 mul unkl + | mai n22 nu2 unk2
nzer= Sol ve[{LHS13Raw == | 13, LHS23Raw == | 23}, {unkl, unk2}]
-123 1 mainl2 +113 1 nai n22 1231 mainll -1131nainl2

out[36]= {{unkl - - , unk2 - - }}
(I mai n122 - | mai n11 | mai n22) nui (I mai n122 - | mai n11 | mai n22) nu2

m Fig 7: Compare Lfull to recoupled model (from substitution of mueff into the Leff ) for Scenarios
AB,C

ne7= arg = Simpli fy[{{ME[[2, 1, 2]] -nmul (1 +etalal pha), ME[[2, 2, 2]] -mu2 (1 +eta2al pha)}} /.
Et al nfoSol utions[[1]117;

nep= | eff =arg.leff At MLE Transposefarg] /2 + al pha®2/ (2sa”2);
Try to profile apha and repeat

nzo;= Al phaFul | Profile = Sol ve[D[L, {al pha, 1}] == 0, {alpha}1[[1]];

nuor= Al phaEf f Profil e = Sol ve [D[l ef f, {al pha, 1}] == 0, {al pha}][[1]1];

nu= leffProfiled =1eff /. Al phaEffProfile;

n421= LProfiled = L /. Al phaFull Profile;
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n@3= Scenari oA = {sa - 1,
sl1l1l » 45, sl12 -5, bl -50, x1 - 100, s1 - 10,
s21 » 10, s22 »90, b2 -0, x2 - 100, s2 - 10,
etall » .2, eta2l » .2, etal2- .2, eta22 -».2};
ScenarioB = {sa -1,
s11l » 45, sl12 -5, bl » 50, x1 » 100, s1 - 10,
s21 » 10, s22 » 90, b2 -0, x2 » 100, s2 - 10,
etall » .1, eta2l » .3, etal2-».2, eta22 -».2};
Scenari oC= {sa - 1,
sll » 45, s12 -5, bl » 50, x1 - 100, sl1 -» 10,
s21 » 40, s22 - 60, b2 -0, x2 - 100, s2 - 10,
etall - 0, eta2l - .2, etal2 -0, eta22 - 0};
Cont our Pl ot [{
Eval uate[LProfiled /. ScenarioA] ==1.15,
Eval uate[LProfil ed /. ScenarioB] == 1. 15,
Eval uate[LProfiled /. ScenarioC] == 1. 15,
Eval uate[l ef fProfiled /. ScenarioA] =1.15,
Eval uatef[l effProfiled /. ScenarioB] == 1. 15,
Eval uate[l ef fProfiled /. ScenarioC] ==1.15
b
{mul, .5, 1.8}, {mu2, 0.5, 1.8}, ContourlLabels - True,
Pl ot Range » {{0.5, 1.8}, {0.3, 2.2}}]

20+ -

15+
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