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S2 Text — Geodesics solving Euler-Lagrange Equations. The explicit
equations for geodesics associated to the RKHS norm ||v||y and the geodesics satisfy
the Euler-Lagrange equations [27], B0] given by the triple of equations.

Dt = Vi 0 Py
Dy = —(dvt)T O YtPt (1)
vt = Jga K(x,00(y))pe(y)dy , Avo = po -

To prove the Hamiltonian momentum evolution, the second equation
p=—(dv)T o pp of for Av a classical function we use the inner product notation
(-,+) to calculate the Lagrangian:
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Ligp,¢) = 5(Apop™! pop™!) = §/RsA(sow H2)) - o™ (a)da
with the variation giving the Euler-Lagrange equations:
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To get the Hamiltonian momentum p = 0, L(¢p, ), we take variation with respect to
Lagrangian velocity ¢ — ¢ = ¢+ edp and ¢ — ¢ + €dp giving
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dj;_L(w @ )e=0 = d62<A(30 0o ), ¢ 0T )|e=0
d1 e e
= o5 ((Av, 7o D+ (A" o1, 0)) =0

Combining gives the Hamiltonian momentum :
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(Av, —(p+edp)op™) = ( Avoyldg| ,0¢).
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The variation ¢ — ¢° = ¢ + edp requires the inverse:
(p™" +edp™h) o (¢ +edp) ~id +e(dp™ ) 00 +edpp)!
which gives first order perturbation
87! = —(dp™)opjp-1 = —(dip) 21 0p)p-1 - (2)

Taking a similar variation of the Lagrangian as above but with respect to the
Lagrangian velocity gives

(v, (G0 (o7 —eldp) - dge))) = —(Av, (d0)(dp) s (dg) Labipyp)
= —((dv)T Av o p|de], ) (3)
O,L

The third equation of follows from p = Av o p|dp|. Integrating with the Green’s
kernel gives the expression v;(-) = [ K (-, ¢:(y))pe(y)dy.
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