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Constructing a homogeneous
quantum steady state
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Constructing a homogeneous
quantum steady state
(zero chemical potentials)

Steady state limit:

Ty (e—thp()eth i )

(vileee —lim o lim

\ t—00 R—00 AET (po)
Observables supported on a finite region
Initially: e e

Evolution Hamiltonian: = H; 4l = s e #

* From now on, assume limit R -> infinity already taken
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Large-time cumulant generating function

1 . |
F()) =lim - log(elig=uaty.
O
charge transfer: [Levitov and Lesovik, 1993; Klich, Schonhamer, D. Bernard and BD, and others]

energy transfer in critical systems: [D. Bernard and BD, 2012 & 2013]
We measure energy transferred at large time:

1 . |
Jiite -é—(Hl — H,.) Bty U B

[ = ( ){ ) quantum measure of E

t > U ( ) quantum measure of E(t)

Deduce statistics of E(t)-E: cumulants diverge linearly in time,
generating function:

cur;en’r ) ) <;noise>>
F(A)y =7 - (22) o e
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Scattering formalism for the
«non-equilibrium density matrix>

Non-equilibrium density matrix / scattering operator

Sy g2 gt e et i g
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&t Tr(pness) Tr (po)

Scattering operator intertwines between left-/right-
Hamiltonians and their stationary correspondants
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Two possible conditions

- Time-reversal symmetry:

rHr 1= H THZ,TT_l == "] i T antl-unitary

Defining the opposite-time scattering operator

S wndi = ; linmeie SR Lt H t IEE e 5,
— — 00 ’

we immediately have

FSLT = THljt T e o

- Pure transmission:
SE— T EsiE G S
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Main results
[D. Bernard and BD, 2013]

I. If there is time-reversal symmetry, then standard
Fluctuation Relations hold:
F(A) = F(i(Bi — Br) — A)

see [C. Jarzynski and D. K. Wojcik, 2004] and review [Esposito, Harbola, Mukamel 2009]
classical: [Evans et al., Gallavoti and Cohen, Kurchan, Lebowitz and Spohn, ... 1993-]

As usual, this means an exponential B (AE) (B B.)AE
decay of ratio of probabilities: P,(—AFE)

II. If there is pure transmission, then «Extended Fluctuation

Relations» hold:
dF( )\
) d(A ) = J(B; + i\, B, — iN)

Equilibrium fluctuations => non-equilibrium fluctuations

Non-equilibrium current => non-equilibrium fluctuations
Non-equilibrium conductance = noise

mercredi 10 juillet 2013



Examples

- Most physical systems of interest have time-reversal
symmetry, including the well-known non-equilibrium Kondo and
Anderson models describing quantum dofts.

- There are also very important examples of models with pure
transmission of energy!
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(1) Low-energy universal regime of any quantum critical chain
with unit dynamical exponent => 141 D Conformal Field Theory
(CFT)
Linear dispersion relation,
separation between right- and left- movers

i/
\\\
wave number

( B )

\
energy density: h(x) :@@

momentum density: plrdi— b wE )

)

Energy
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[D. Bernard and BD, 2012]

Non-equilibrium density matrix: right-movers feel left
temperature, and vice versa:

y/

H;" = energy of right-, left- movers = / da e e (&)

=t ), )

Bl i

**UOI4N)OA2 WIS
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By dimensional analysis, left-right-mover separation, and a
standard energy-density calculation, energy current is

J(Bi, Br) 7% ( 513 61?>

CFT central charge

[D. Bernard and BD, 2012]
numerics found agreement with this [C Karrasch, R. Ilan & J. E. Moore, 2012]

Left-right-mover separation immediately implies pure
transmission (no reflection!), so that, by our result II,

CR A A
PO AR R I OT

First calculated from assumption of fluctuation relations [D. Bernard and BD, 2012]
Calculated using a local field construction of CFT [D. Bernard and BD, 2013]
Calculated using Virasoro algebra and extended to star-graph circuits

[BD, M. Hoogeveen and D. Bernard, 2013]

Deduced from Extended Fluctuation Relations as done here [D. Bernard and BD, 2013]
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(2) Any integrable model: scattering states represent
«particles» that are subject to purely elastic scattering
(Bethe ansatz), hence there is pure transmission

- The Ising quantum chain is a simple example:

1
B2 ) (s 1)
)

Its «Bethe particles» are free fermions, with energies and
momenta

e(0) = Vh2+1—2hcos®  p(@) =hsing (0€|[-n, 7))
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Non-equilibrium density matrix: again, right-movers feel left
temperature, and vice versa:  [W. H. Aschbacher & C.-A. Pillet, 2003]

TeldiEg — 0

_I_
Hl,r 0 v § 0

(9> - WZ,T(H)W} Wl,r(e) gl

\.

The current is then easy to calculate (free fermions!)

) h sin @
J(Blvﬁ?“) oo _2—; /d(g 1 _I_ 6—51Wl(9)—57~Wr(9)

from which we immediately find the large-time cumulants,

h hsin 6 . .
F(= 8o 1 (1 (Bz-l—‘L)\)Wz(@)+(5T—ZA)WT(9))
= A

[A. De Luca, J. Viti, D. Bernard and BD 2013; D. Bernard and BD, 2013]
Also agreement in harmonic oscillator case with results of
[K. Saito and A. Dhar, 2007]
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- Non-equilibrium density matrix for energy transfer known in
any homogeneous Quantum Field Theory (QFT) [BD, 2012]

One can then deduce the cumulant generating function in any
homogeneous Integrable QFT by calculating the non-
equilibrium current using Thermodynamic Bethe Ansatz:

748, B )i / 9 p(0) (5 5)0)
N

Thermodynamic Bethe Ansatz

[O. A. Castro Alvaredo, Y. Chen, BD and M. Hoogeveen, work in progress}
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Main steps of proofs

Recall: ;
F(A) = lim - log<ei>‘E(t)e_“‘E>neSS

tasco T

Differentiate:
«normalized»

Ay SR R el
— liggRr @ AR (”}/ d
s Jim - r( e @ e OJ(S)S
T (n {e—z’)\E(—t/Q) e 6i>\E(t/2)} j(()))

t— o0
— Tr (n {e_i)‘E+ Fikio ei)‘E_} j(O))

then use time-reversal invariance or pure transmission, and

. 158 5
Pness — G_BZH;F_BTH;F Ei o §(HZ_E 5 H,,Z‘)
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Conclusion

@ We have shown fluctuation relations in quantum
non-equilibrium steady states built from a
«bipartite» initial condition.

@ Extended fluctuation relations are a powerful tool
for exact calculations in CFT and in integrable
models.

@ Similar results hold for charge transfer, with exact
universal results in CFT.

@ Generalization to presence of impurities in
integrable case (not homogeneous)?

® Generalization of such fluctuation relations to
quantum circuits (ex. star-graph configuration)?
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Scaling limit: (relativistic) QFT

Linear dispersion relation: CFT

Energyt /\ /\

A
) 3
A
.
A3

Relativistic dispersion relation: QFT wave number

Energyt \/
AN

8
wave number
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Scaling limit: (relativistic) QFT

Temperature
| «Microscopic>» energy scale

-
Wiy
~

CFT

Critical point )
Massive

\ 7 QET /

O Gap

mercredi 10 juillet 2013



Formal description of steady state

in massive QFT [D. Bernard & BD]
(temperature difference only) [BD]

(e )| T —4 (e_W . - ) /A8 (G_W)

o0 0
W =3 / d0Egng + 57«/ d6 Egng
0

o O8

/ \

Total energy of right-moving  Total energy of left-moving
asymptotic particles asymptotic particles

*In massive QFT: states are described by asymptotically free
particles characterized by their rapidities
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Formal description of steady state

“2WI4 Ul %o0q

:

O

agreement with free fermion calculations
[W. H. Aschbacher & C.-A. Pillet, 2003]
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Formal description of steady state
in CFT

(temperature difference, but more general case known)
[D. Bernard & BD]

(e )| T —4 (e_W . - ) /A8 (G_W)

b LO | LO
W_ﬁZQWR | 6T27TR Gy

7B R

Total energy of right-movers Totfal energy of left-movers

*In CFT: densities separate into right-movers and left-movers
energy density: hix) = () + heda)
momentum density:  p(z) = hi(z) — h_(x)
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Approach to steady state
in CFT

(observables being symmetry currents and descendants)
[D. Bernard & BD]

Two time scales: e

- Universal time scale observable .

«light cone>
: . /
observation length

Tunt

(V) -+ >
3 confact Space
point

- Microscopic time scale (light cone not sharp)

agreement with numerics [C Karrasch, R. Ilan & J. E. Moore, 2012]
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The energy current in CFT

Using well known character formulas in order to

calculate
it (e_ﬁl;—%m(())) i (e_ﬁr;—%h_(O))
<p(0)>ness = %, -
Tr (e‘ﬁlm> Tr (e—ﬁrm)

in the limit R — o
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The energy current in CFT
[D. Bernard & BD]

k‘2
JA,u:O g 71%(512 e 5;2) T 7T1627f (CTZQ o T’PQ)
\

central charge of Virasoro algebra

C 2T T TV
h | Sarr R
—I—(Qj) X 24 Z@‘R
ne s

Virasoro
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The energy current in CFT

Agreement with other works

- confirmed by numerics

[C Karrasch, R. Ilan & J. E. Moore, 2012]

- agreement with Luttinger liquid results

[M. Mintchev & P. Sorba, 2012]
[D. B. Gutman, Yu. Gefen & A. D. Mirlin, 2010]
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Fluctuations

We want to measure the fluctuations of transfer, with the
transferred quantity taken as, e.g. for energy transfer:

1
Q=g H il )

H T

( ) = qo+q
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Fluctuations

P(q,t) = Z Ir (PQO+q6_thPQO@PQO ethquJrq)

do

Starting point:
either in steady state Pness
or at the connection fime (0
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Fluctuations

B8 Y IO

q

log P(\, t) ~ t@+ O(1)

Cumulant generating function
—n
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Fluctuations in CFT

[D. Bernard & BD]

Independently of starting point for charge transfer
Starting point at connection time for energy transfer
(or: indirect measurement (cf Levitov & Lesovik, 1993))

e [Piosme e N )
Tr [OneSS

P\ 1)
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Fluctuations in CFT

[D. Bernard & BD]
[D. Bernard, BD, M. Hoogeveen]

Measuring fluctuations of both energy and U(1) charge:
l l

V

F()\,V) :f()\ V?ﬁl ,ul)_l_f( A7_V7/BT7MT)

CTr | (B +1v)? B2
— z)\

fviBom) = g B) " 8th(B—i)) 87h

Gaussian for charge transfer only
Poissonian for energy transfer only
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Fluctuation relation

E(Av) = F@i(Br — B1) = N i(Bu — Britr) — )

Equivalent to (e.g. for energy transfer):
P(g,t — o0) = ePr=Pr)ap(—q t — o0)

Similar relation was argued for in: Jarzynski, Wojcik (PRL 2004)
See the nice review by: Esposito, Harbola, Mukamel (RMP 2009)

Basic ideas: Gallavoti, ...
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Energy current in massive
integrable QFT

Using Thermodybamic Bethe ansatz (Al B. Zamolodchikoy, 1990)
in order fo evaluate

I = Tr (e & pljiy IrEE™E)

*In massive integrable QFT: scattering matrix factorizes into two-
particle processes, and scattering is elastic, set of rapidities is
preserved.
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Energy current in massive
integrable QFT

[Y. Chen & BD]

d

We find: J = f
da

a=0
1 db
e s / é——mcoshé’ log (1 ir)e_ea(e))
s

—

d
€.(0) = W(0) + amsinh 6 — / 4 (0 — ) log (1 i e—ea(v))

/ / 5
One-particle p(f) = —1—5(0)
eigenvalues of W/ £
Two-particle scattering matrix
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Fluctuations and PT symmetry

[D. Bernard & BD]

If there is dynamical PT symmetry and «asymptotic» PT
Invariance:

d

id)\F()\) = J(B1 — @A, Br + i)

This holds in CFT, and in massive integrable QFT with
energy transfer

Something similar for charge current in CFT, and currents
associated to other conserved quantities in integrable QFT
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Correlation functions in steady state
(Ising model)

[Y. Chen & BD]

We use a «spectral decomposition>» in an appropriate
space (Liouville space) in order to obtain a convergent
expansion, valid at large distances:

(0(2)a(0))ness = /d9 .-+ |form factors|2 g~ mx ) cosh
Two-particle form factors:
0o — 0
£(61,62) o h(91)h(92)tanh( = 1)

B 1 17 Vel \
h(0) o< exp / i )log(, i )

27 sinh (0 — [/ fses W &)

-> Has a branch cut in rapidity space!
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Star-graphs in CFT..

Generalization of energy current and fluctuations
to certain star-graphs in CFT

B

h
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[D. Bernard, BD & M. Hoogeveen]
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Conclusion and perspectives

@ Generalization to presence of impurities

@ Non-equilibrium correlation functions in
infegrable models

@ Higher dimensions

@ Full stochastic interpretation of fluctuation
formulas
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