Introductory Population Genetics

Jessica Rutkoski

October 14, 2016

1 Hardy-Weinberg law

The Hardy-Weinberg law states that in a large randomly mating population
with no selection, mutation, or migration, the gene frequencies and the geno-
type frequencies are constant across generations. A population with constant
gene and genotype frequencies is said to be in Hardy-Weinberg equilibrium.
If allele frequencies in the parents are p and ¢, for allele 1 and 2 respectively,
then the genotype frequencies in the progeny should be p? for homozygous
allele 1 2pq for heterozygous and ¢? for homozygous allele 2 (Figure 1).

1.1 Deviation from Hardy-Weinberg equilibrium

Plant breeding populations are subject to processes which lead to changes
in allele frequencies across generations. Migration, mutation, and selection
are systemic processes that changes the allele frequencies in a predicable
manner. The random sampling of gametes in small populations is another
process which affects allele frequencies from generation to generation. This
phenomenon is referred to as random drift, and it is predictable in amount
but not in direction. Due to random drift, allele frequencies may be seen to
change erratically from one generation to another. Random drift occurring
in different isolated populations leads to genetic differentiation between the
populations. In addition, genetic variation within each population will be re-
duced, and there will be an increase in homozygote genotypes at the expense
of heterozygotes genotypes.



Figure 1: The relationship between allele and genotype frequencies
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2 Small populations

2.1 Changes in allele frequency under simplified con-
ditions

To simplify, we will discuss an "idealized small population’, which experiences
changes in allele frequencies due to drift alone. An idealized small population
is one which was derived from intermating a sample of individuals from a
large random mating population under Hardy-Weinberg equilibrium, called
the ’base population’. The idealized small population must not experience
migration. The generations must be distinct and not overlap. The number
of breeding individuals must be the same in all generations. Within the
population, mating must be random (including self-fertilization). There must
be no selection at any stage, and lastly, mutation is disregarded. Under these
conditions, each individual will contribute one progeny to the next population
on average.

Imagine several idealized small populations, derived from the same base



population. These are referred to as lines. Over time, the allele frequencies
among the lines will differ. But the overall allele frequencies across the lines
will be the same as in the base population.

Variance of allele frequency The change in allele frequency is random
in that its direction unpredictable, however its variance can be predicted.
Thus we can only know the magnitude of change in allele frequency, but
not the direction. After one generation of random sampling within several
lines, average allele frequencies across all lines is equal to those in the base
population, in other words, for each allele

q=qo (1)

where ¢ is mean allele frequency at a particular locus across all lines and ¢
is the allele frequency at that locus in the base population. Across all lines
the allele frequencies will be distributed around ¢g with a variance

Podo/2N (2)

This is because the sampling of alleles is a binomial process. This is the
variance of ¢;, the allele frequency in different lines after one generation.
Because the initial allele frequency is the same for all lines, it is also the
variance of

Aq = (1 — qo) (3)

which is the change in allele frequency in a line relative to its base population
resulting from allele sampling in one generation. Therefore, the change in
allele frequency Agq resulting from sampling in one generation is

Var(Aq) = aiq = poqo/2N (4)

This expresses the magnitude of the change in allele frequency due to ran-
dom drift. The effect is that different lines originating from the same base
population will differ in allele frequency due to random sampling alone.

In the next generation the sampling process is repeated, except each line
starts from a different allele frequency. Rather than all lines starting at ¢,
each line starts at its corresponding ¢;. The effect of this continued sampling
of successive generations is that the allele frequencies in lines fluctuates ir-
regularly, and lines become more and more differentiated, as shown by figure
2. With each generation, the variance in the allele frequency among lines



increases. Previously we defined the variance in allele freugency after one
generation (equation 2). The variance in allele frequency 02 among lines at
any generation t is

o2 = poqo[l — (1 —1/2N)'] (5)

Notice that distributions in figure 2, change in shape and become flatter over
time, with all frequencies equally probable (except for the limiting frequencies
0 and 1). Based on theory, there are different phases of random drift. In the
initial phase, frequencies spread from their initial value. This is followed by a
steady phase where all allele frequencies are equally probable. This uniform
distribution occurs even when the initial allele frequency is not 0.5, although
it take longer.

Fixation FEventually alleles in a small population will become reach a fre-
quency of one or zero. Alleles that reach a frequency of one are said to be
'fixed” and those that reach a frequency of zero are said to be "lost’. Eventu-
ally all alleles will be either fixed or lost. When that occurs all individuals
within a line are genetically identical.

When all lines are fixed, the mean allele frequency across all the lines is
still equal to the initial allele frequency. Therefore, the proportion of lines in
which different alleles at a locus are fixed is equal to the initial frequencies
of the alleles. For example, if a particular allele had a frequency of 0.1 in the
base population, then 10% of the lines will be fixed for that allele.

Changes in Genotype Frequecy As lines drift apart in allele frequency
they also drift apart in genotype frequencies. In addition, there is an in-
crease in homozygous genotypes and a decrease in heterozygous genotypes.
This is because the distribution of allele frequencies becomes more uniform,
rather than having a large mass at an intermediate value. Heterozygotes are
most frequent when allele frequencies are at intermediate values and are at a
maximum when allele frequencies are 0.5 (Figure 1). Within a sigle line, the
relationship between allele and genotype frequencies follows Hardy-Weinberg
proportions. The genotype frequences across all lines, when considered to-
gether as one population are no longer in Hardy-Weinberg equilibrium.



Figure 2: Distribution of allele frequencies in 19 consecutive generations
among 105 lines of Drosophila melanogaster Each line consisted of 16 indi-
viduals. The allele frequencies refer to the bw™ allele at the bw locus, which
had an initial frequency of 0.5. The hieght of each black column shows the
number of lines having the allele frequency on the scale below. Adapted from
Falconer and Mackay, 1996.
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2.2 Inbreeding

Inbreeding is the mating together of individuals that are related to each other
by ancestry. The degree of relationship between the individuals in a popula-
tion depends on the size of the population. This can be illustrated by looking
at the number of possible ancestors. In a population of bisexual organisms,
each individuals has two parents, four grandparents, etc., thus ¢ generations
back an individual has 2 ancestors. For example, an individual has over
one million ancestors 20 generations back. For a population isolated from a
infinitely large base population 20 generations prior,the the population size
would need to be greater than one million to provide an individual with a
mate with completely separate ancestry. The smaller the population, the
more an individuals’ ancestors make up a greater fraction of the total pop-
ualation, and the greater the probability that an individual will mate with a
more recent relative. Thus pairs of individuals mating at random in a small
population are more closely related to each other than pairs mating in a large
population.

The main consequence of two mating individuals sharing a common an-
cestor is the probability that both carry replicates of the alleles from the
common ancestor. These replicates can then be passed on to the offspring
from both parents, leading to homozygous in the progeny, with both alle-
les being identical by descent (IBD), this type of homozygote can be called
"autozygote’ or ’identical homozygote’.

Identity be descent provides the basis for the measure of drift in terms of
the degree of relationship between mating pairs. The coefficient of inbreeding
is the probability that two alleles at any locus in an individual are identical
by descent. It refers to an individual and expresses the degree of relationship
between an individual’s parents. If the parents have mated at random then
the coefficient of inbreeding (F) of the progeny is the probability that two
gametes taken at random from the population are identical be descent. This
is also the average coefficient of inbreeding of all progeny. Each individual will
have its own inbreeding coefficient, but the average coefficient of inbreeding
is of main interest as a measure of random drift.

Rate of Inbreeding The rate of inbreeding in the idealize small population
can be estimated based on the population size. In first generation of mating
from the base population, there are N individuals and 2N different gametes.
Then, in the first generation, the probability that any given gamete unites



with an identical gamete is 1/2N.

In the second generation there are two classes of gametes that can be
sampled. The first is a gamete identical to the gamete of interest based
sampling from the current replication (or in other words from the same exact
gamete), the probability of sampling this gamete is 1/2N. The second is
a gamete that is not identical based on the current replication (different
gamete), but it could be identical due to a replication in previous generation.
The probability of sampling this kind of gamete is (1 — 1/2N)F; where Fj
is the inbreeding coefficient in the first generation. Remember that F' i the
probability that two gametes taken from random from the population are
identical by descent. Thus the total probability of identical homozygotes in
generation 2 is

F,=1/2N+ (1 —-1/2N)F, (6)

. where F; and F; are the inbreeding coefficients of generations one and two
respectively. The same argument applies to subsequent generations so that
in general the coefficient of inbreeding in generation ¢ is

F,=1/2N 4 (1 —1/2N)F,_, (7)

The inbreeding coefficient is made up of two parts, one attributable to new
inbreeding and the remainder attributable to previous inbreeding. In the
idealized population, new inbreeding arises from self-fertilization. Exclusion
of inbreeding shifts, does not allow alleles replicated in the current generation
to unite, but alleles replicated in the previous generation can unite, leading
to inbreeding. The coefficient of inbreeding is affected however, but not by
much.
The 'new inbreeding’ is
AF =1/2N (8)

Equation 7 can then be written as
F,=AF+(1—-AF)F, 4 9)
This can then be rearranged as
AF = (Fy — Fy1)/(1 = Fia) (10)

From this we can see that AF' is the rate of inbreeding in the form of a pro-
portionate increase. It is the increase in inbreeding relative to the inbreeding



left to go to reach complete inbreeding. This measure of inbreeding provides
a means of comparing the inbreeding effects of different breeding systems. It
is not restricted to the idealized population, however only in the idealized
population does equation 8 hold.

The inbreeding coefficient in any generation t (from the base population),
is

F,=1—(1-AF) (11)

3 Effective population size

If the breeding structure does not conform to the idealized scenario. Drift
can be evaluated in terms of the variance of gene frequencies or the rate of
inbreeding. To deal with deviations from the idealized breeding structure we
replace the number of breeding individuals N with the effective number of
breeding individuals or the effective population size, N.. This is the number
of individuals that would give rise to the calculated sampling variance or rate
of inbreeding, if they bred in a manner of the idealized population. If the
rate of inbreeding AF' can be calculated for a particular breeding structure by
looking at the probability of identical homozygotes, then N, can be estimated
using the formula

N, =1/2AF (12)
. All the conclusions drawn from the idealized population are valid in the non-
idealized case as long as NN, is used in place of N. When the breeding structure
is known, NN, can be derived (approximately) from the actual number N.
The three common departures from the idealized population are exclusion of
closely related matings, different numbers of males and females, and unequal
numbers in successive generations When self-fertilization is excluded

N.=N+1/2 (13)
When sib-mating is also excluded
Ne=N+2 (14)
When there are unequal numbers of males and females
Ne = 4N, N¢/(N,, + Ny) (15)

When there are unequal numbers in sucessive generations N, is the harmonic
mean of the numbers in each generation. A harmonic mean is a reciprocal of
the arithmetic mean of the reciprocals



