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2.3	Evaluation of the diffusion parameter
The theory for transmission of diffusing particles through a differential mobility analyzer (DMA) as originally presented in the thesis of Stolzenburg (1988) has appeared in several different forms in subsequent literature (e.g. Flagan, 1999; Stolzenburg and McMurry, 2008).  These forms represent more than a simple regrouping or rearrangement of factors; they produce different computational results.  Here, a detailed explanation of the differences is provided, and example calculations illustrate the magnitude of discrepancy in the different calculations.
The dimensional DMA diffusion parameter is defined as

		(S1)


























where  represents the path of a non-diffusing particle of mobility  that enters the classification region on the mid-streamline, , of the aerosol entrance flow, , and exits on the mid-streamline, , of the aerosol exit flow, .  In a cylindrical DMA with an annular classification region (Fig. 1a), this path begins in the aerosol entrance flow at the radius, , of the outer wall from where the particle is advected inward to a radial position  after which it continues its radial migration inward due to the electric field to  followed by advection to  and the exiting aerosol flow.  This is a somewhat simplified description in that radial advection and electrophoretic migration actually occur simultaneously.  However, in either case radial advection essentially accounts for the particle displacement from  to  and from  to , and electrophoretic migration acting alone need only account for the displacement from  to .  Thus, in the simplified flow field (Fig. 1b) in which these radial flow components have been eliminated, the corresponding  non-diffusing particle path begins at  and ends at .  In terms of the dimensionless radial position , the corresponding integral should be from  to  as determined by the location of the corresponding mid-streamlines in the simplified strictly-axial flow field (Eq. 27).  However, in the main text of Stolzenburg (1988), the integration is from  to corresponding to the wall radii  and .  This leads to a significantly longer path of integration.
[image: ]





Figure S1:  Scale schematic of the classification regions of the TSI 3085 DMA near the aerosol entrance and exit slits depicting an overlay of non-diffusing particle trajectories from the real and simplified DMA models.  The trajectories displayed are those of the paths of integration, , for the integral in Eq. (S1).  The dashed path, beginning (in the upper plot) and ending (in the lower plot) at open circles, represents a crude approximation to the real path including the effects of radial convection near the slits.  The solid path, beginning and ending with open circles and extending from the outer wall ( in upper plot) to the inner wall ( in lower plot) represents the path used in the formulation given in the main text of Stolzenburg (1988) for the simplified model.  The portion of that path bounded by the solid circles at  and  represents the path used in the later formulations of Flagan (1999) and Stolzenburg and McMurry (2008) for the same simplified model.


This is illustrated in Figure S1, depicting the regions near the aerosol entrance and exit slits in a TSI 3085 nano-DMA.  In the figure, the extended integration path of Stolzenburg (1988) is shown as the solid curve.  A crude approximation to the real particle path including the radial flow components is shown as a dashed curve.  Both paths begin and end at open circles and are shown to scale (for Poiseuille flow), clearly demonstrating that the migration only path neglecting radial convection is considerably longer in both distance and time at either end compared to the real path.  This likely results in an overestimation of the integral represented by the real (dashed curve) path.  Though the former path is longer, the particle speeds, , are greater along the latter path such that the relative magnitude of the two integrals is indeterminate.  A variant formulation of  given in Appendix C of Stolzenburg (1988) corrected this overestimate but added a somewhat complicated and poorly justified correction for the unknown radial flow components in the vicinities of the aerosol entrance and exit slits.



For the simplified strictly-axial flow field, the path indicated in the above description of is represented in the figure by the portion of the solid curve bounded by the solid circles at  and .  The transit time for this path is similar to that of the actual path, though the particle velocity is underestimated at either end.  This is the integration path used in Flagan (1999), Stolzenburg and McMurry (2008) and here.




The difference in magnitude between the original, , and the corrected, , formulations can be illustrated with a few examples as shown in Table S1.  The cylindrical DMAs used in the transfer function measurements of Jiang et al. (2011) are specifically included here.  From these examples, it is clear that the effect of this corrected formulation increases as the DMA classification length, , decreases relative to the radial displacement of the particle.  This can be understood by observing that the end effects become relatively more important for shorter DMAs.  It is also seen that the amount of correction increases with increasing flow ratio, .

Table S1:  Effects of corrected formulation of a
	DMA Type
	
	Go
	G
	Go / G

	TSI 3081 (long)
	0.1
	3.135
	3.026
	1.036

	TSI 3085 (nano)
	0.05
	2.918
	2.866
	1.018

	“
	0.1
	3.195
	3.067
	1.042

	“
	0.2
	3.788
	3.448
	1.098

	TSI 3086 (1nm)
	0.1
	3.605
	3.372
	1.069

	Grimm nano
	0.091
	3.526
	3.290
	1.071

	Karlsruhe-Vienna
	0.098
	3.279
	3.096
	1.059



a For all examples, the flows are balanced ().








In the characterization of DMA transfer functions of Jiang et al. (2011), the original formulation of  (Stolzenburg, 1988) was used.  Using the correction factors in the last column of Table S1, Table S2 shows the data from Table 2 of Jiang et al. (2011) with updated values for , , and .  Applying the corrected formulation of  to this data shifts a small factor (only slightly greater than 1) from  to  and similarly increases  but leaves the measured NFWHM (normalized full-width at half-maximum) and resolution unchanged as seen in Table 2 of that work.





Table S2:  Table 2 of Jiang et al. (2011) with updated values of , , and .
	DMA type
	
(nm)
	Flow ratio
	

	

	

	NFWHM
	R

	TSI
  nanoDMA
	1.16
	1.5/15
	0.145
	1.05
	0.046
	0.370
	2.70

	
	1.47
	1.5/15
	0.117
	1.00
	-0.005
	0.291
	3.44

	
	1.70
	1.5/15
	0.101
	1.10
	0.045
	0.277
	3.61

	
	1.16
	2/20
	0.129
	1.06
	0.044
	0.334
	3.00

	
	1.47
	2/20
	0.101
	1.00
	0.009
	0.257
	3.90

	
	1.70
	2/20
	0.086
	1.00
	0.006
	0.226
	4.43

	
	
	
	
	
	
	
	

	Grimm
  nanoDMA
	1.47
	2/21.9
	0.065
	1.05
	0.021
	0.185
	5.41

	
	1.78
	2/21.9
	0.054
	1.02
	0.010
	0.158
	6.35

	
	
	
	
	
	
	
	

	Caltech
  RDMA
	1.47
	1.5/15
	0.151
	1.34
	0.134
	0.481
	2.08

	
	1.70
	1.5/15
	0.129
	1.42
	0.130
	0.439
	2.28

	
	1.47
	2/20
	0.131
	1.42
	0.132
	0.445
	2.25

	
	1.70
	2/20
	0.112
	1.58
	0.137
	0.425
	2.35

	
	
	
	
	
	
	
	

	Caltech
  nanoRDMA
	1.16
	0.6/6
	0.081
	0.95
	-0.025
	0.206
	4.85

	
	1.47
	0.6/6
	0.063
	1.02
	0.013
	0.182
	5.50

	
	1.70
	0.6/6
	0.054
	1.09
	0.023
	0.171
	5.86

	
	1.16
	1/10
	0.063
	1.16
	0.037
	0.199
	5.01

	
	1.47
	1/10
	0.049
	1.21
	0.033
	0.171
	5.86

	
	1.70
	1/10
	0.042
	1.37
	0.039
	0.169
	5.93

	
	1.16
	1.5/15
	0.051
	1.38
	0.049
	0.194
	5.16

	
	1.47
	1.5/15
	0.040
	1.58
	0.049
	0.179
	5.58

	
	1.70
	1.5/15
	0.034
	1.84
	0.053
	0.179
	5.60

	
	1.47
	0.6/10
	0.050
	1.37
	0.046
	0.170
	5.87

	
	1.70
	0.6/10
	0.042
	1.44
	0.044
	0.155
	6.44

	
	
	
	
	
	
	
	

	Karlsruhe-
  Vienna
  DMA
	1.47
	6/61.4
	0.057
	1.25
	0.043
	0.193
	5.17

	
	1.78
	6/61.4
	0.047
	1.10
	0.021
	0.156
	6.43

	
	1.97
	6/61.4
	0.042
	1.10
	0.019
	0.147
	6.80



2.5	Inlet probability distribution alternatives


If a non-uniform inlet probability distribution, , to the DMA classification region can be approximated as a polynomial in the entering streamfunction, , as

		(S2)
subject to the normalization condition

	   ,	(S3)
then the corresponding diffusing transfer function can be expressed as

		(S4)
where

	   .	(S5)


As with Eq. (A3), it is computationally preferable to express this as the sum (Eq. A1) of the non-diffusing transfer function, , and a diffusion correction, , both using the same non-uniform inlet probability distribution.  Each of these can be expressed as a summation similar to Eq. (S4) using identical coefficients where

		(S6)
and

	   .	(S7)

The modified integral functions, , are given by

		(S8)

		(S9)

		(S10)
where

		(S11)
and

	   .	(S12)







For  corresponding to a uniform inlet probability distribution, note that , ,  such that , ,  and this is all consistent with the original results given in the Appendix of the main paper.



Seven-term polynomial forms of  were fit to the non-uniform inlet probability profiles of Fig. 3 in the main text, subject to the additional constraint

	   ,	(S13)





where  corresponds to the knife edge where the entering aerosol and sheath flows meet.  The fitted coefficients of Eq. (S2) for the non-uniform profiles are listed in Table S3 while the uniform profile corresponds to (,).  Note that all but the linear profile are symmetric about  such that only even order terms appear in the summation.
Table S3:  Coefficients of fits of Eq. (S2) to non-uniform inlet probability distributions in Figure 3.  Maximum absolute deviations in the fits ranged from 0.05 to 0.07 while root mean square deviations were in the range 0.02-0.03.
	Linear
	Parabolic
	Parallel Plate

	k
	bk
	k
	bk
	k
	bk

	0
	1.077330
	0
	1.240399
	0
	1.311895

	1
	-0.579925
	2
	0.324831
	2
	-0.167149

	2
	-0.501789
	4
	-12.103027
	4
	-9.077513

	3
	0.229047
	6
	58.217977
	6
	43.805065

	4
	1.193717
	8
	-127.315896
	8
	-95.797166

	5
	-0.376707
	10
	126.945534
	10
	95.522717

	6
	-1.041673
	12
	-47.309817
	12
	-35.597849


Using these coefficients and Eq. (S4), the corresponding non-diffusing and diffusing transfer functions are displayed in Figures 2a and 2b, respectively.  The transfer functions corresponding to the parabolic and parallel plate profiles are nearly indistinguishable.
[image: ]
Figure S2a:  Non-diffusing transfer functions for uniform and non-uniform inlet probability distributions.
[image: ]
Figure S2b:  Diffusing transfer functions for uniform and non-uniform inlet probability distributions.
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