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A  Proofs

Proof of Theorem 1. First, we show that € is finite and positive definite.

Finiteness of (2:

From Francq and Zakoian (2004) it follows that €,,, is finite and positive definite.
What remains to be shown is that Q.. is finite and positive definite. If this is true,
then by the Cauchy-Schwarz inequality the “off-diagonal matrices” will also be finite
and positive definite. Recall from equation (19) that Qrr = (k7 — 1)E[r5(x53)]. It
follows from Assumption 2 that 0 < kz — 1 < oco. Moreover, |[E[r§5(r53)]|| is finite if

E[|[rgs(rg%)'|[] < oo (throughout the paper || - || denotes the Euclidean norm). A typical

element of the K X 1 vector rg; is given by

Tokt = (Tpp — OéohTo Z Bf)ef_l_jxt,l,k,j)fé. (44)
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First, fj is bounded by Assumption 4 and E[|x;_;|?] < oo by Assumption 6. Second,
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for any p > 1 and ¢ > 1 such that p~!+¢~! = 1. The arguments used above are similar to
the ones in Francq and Zakoian (2004, Eq. (4.19), p.619). In particular, in equation (45)
we employ Minkowski’s inequality. In equation (46) we use that hg% > wo + agﬁgef_l_j.
Next, in equation (47) we use the fact that w/(1+w) < w® for all w > 0 and any s € (0, 1).
In the next equation, we apply the Holder inequality. Finally, Assumptions 1 and 2 imply

that under the null there exists some u > 0 such that E [|e;—1_;|*"] < oo (see Proposition



1 in Francq and Zakoian, 2004, p.607). Thus, for any p > 1, we can always choose an s
small enough such that 2sp = u. By Assumption 6, E Uxt_l_k_j|2q] < 00.

This implies E[|r§S,|*] < oo and E[|r§%,75%|] < oo by Cauchy-Schwarz inequality
which yields that €2, is finite.
Positive definiteness of (2:
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2

o0
Lot
for any non-zero ¢ € RGB+HK)x

(o) (o)
Yo, Yo,

cE o ( (¥63) (x8) ) c = 0. This implies E | | o = 0 and,
Lot Lot
o0
thus, ¢’ Yor | _ 0 a.s.. The last expression can be written as
Io
1, OB
(3255 (52) Po”an”
0=c ’ N R 0 Oh . (48)
/ —
Joxi —foeo(hgs) el X1 + fo(h3e) ™ B
=0

Using the notation ¢ = (c| )’ where ¢; = (¢11 ¢12 ¢13)" and co = (¢g1 ... cox )’ this can
be expressed as
on
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where F;_5 is a measurable function of {Z;_;_;,x;—1_;,7 > 1}. This implies that the
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expression in the upper line must be degenerate. Hence,
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with A;_» and B,_» measurable functions of {Z; ;_;,x;-1_;,7 > 1} is degenerate. This
equation could only be fulfilled either is left and right hand side are both degenerate, or

chX; is a linear function of Z2 |. The latter case, however, implies that Z2 | is measurable



with respect to {Z;,_1_;,%x,_1_j,7 > 1} which contradicts Assumption 2. The former case
is ruled out since cyx; is non-degenerate by Assumption 5 and Z? is non-degenerate by
Assumption 2. Thus, €2 must be positive definite.

Next, E[d°(n,)|Fi—1] = 0. From Francq and Zakoian (2004) and Assumptions 1-6 it
then follows that d°(mn,) is a stationary and ergodic martingale difference sequence with
finite second moment. Applying Billingsley’s (1961) central limit theorem for martingale
differences gives the result.

The following proposition will be used in the proof of Theorem 2.

Proposition 1. Under Assumptions 1-7, we have that
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where 1 =1y + op(1).
Proof of Proposition 1. We obtain (50) by showing that J.,(n) = —E [adg;;,(")] is finite

with a uniform bound for all 7 € ©. Then a uniform weak law of large numbers (see, e.g.,

Theorem 3.1. in Ling and McAleer, 2003) implies
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Equation (50) follows from the triangle inequality and the fact that 7 = n, + op(1).
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The last inequality follows with a generic constant 0 < C' < co and h® > w > 0.
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Using equation (21) we obtain
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First, consider the three elements of ||(y°)||. To simplify the notation note that

rleeo = 5 Since G = 1/(1 = §) we have | 3E] < 1/(w(1 = §) < 0. Then
agf = Zj:o ﬁjef_l_j < hy® and, therefore, h},o Oh < 1/a < 0. Flnally, —
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where we again use the fact that w/(1 + w) < w® for all w > 0 and any s € (0,1). It
follows that ||(y7°)'|| < C"(1+ 32727 |37 (w + ae?_,_;)*|) for some constant C’ > 0.
Hence, using the Cauchy-Schwarz inequality, the first summand in equation (51), i.e.

E [sup,7 7 + w| - ||[r5°]] - [|(y5°)']|], can be bounded from above by the terms

VElsup,[¢? + wlEfsup, [Ir7*][? (53)

and
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The finiteness of (53) follows from Assumption 7 and similar arguments as in the proof
of Theorem 1. The finiteness of (54) follows by applying Hélder’s inequality, since for the

elements in the sum which involve expectations of the squared observations we have
E[SuPn(W + af?—l—j)%kf + W|2] <
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and Assumption 7 applies again.

Using the Cauchy-Schwarz inequality for the two factors in the second term in (51),

we are left with the need to show that E [sup,,7 ’ ?—5 2] is finite. This follows from
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The first two terms vanish in the model with an explanatory variable x; from outside the

8Xt —

model as 5 = 0 or in a model with z;_; = &} .
n

Remark 7. There also exists a bound for E [Supn Hart

} in the case of x; with ele-

ments Ty_j = Tﬁ (the ‘ARCH nested in GARCH’ case). Here, in the first two terms in
equation (56) we have 68 -k = —Ulego;kpagt% and, hence, explicit bounds for terms of this
t—k

type can be obtained as before.

Boundedness of the norm of the third term follows for all 1 in expectation with a com-
bination of the argument directly above and the considerations in the proof of Theorem 1.

The fourth term can be written as:
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Hence, for typical elements of the second and third column it follows that
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by similar arguments as used before.

1
Proof of Theorem 2. First, consider a mean value expansion of v/T D;¥(n) around the
true value 1,

0 = VID () = VID (ny) + - iy

T 2 a—n,ﬁ(ﬁ — 1) (58)

with 7 = g+ o0p(1). Under Assumptions 1 and 2, Francq and Zakoian (2004) have shown
that

4 ad°° i B [w] (59)
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and, hence, equation (58) can be written as
VT( = ng) = TaVTDiY (o) + op(1). (60)

Similarly, a mean value expansion of v/TD2(#;) around the true value 1, leads to

1 0d3, (1)

ﬁDﬂ' (n) = ﬁDﬂ' (UO) + f v an/

\/T('ﬁ — 1) (61)

Combining equation (60) and Proposition 1 leads to

VIDX () = VIDE(n,) — Jand i VTD () + 0p(1) (62)
DOO
= [~Japd,)  IVT 7 (o) + op(1) (63)
D?f(no)
= [~Jandyh IVTD>(n,) + op(1). (64)
Applying Theorem 1 gives the asymptotic distribution
VIDE(7) 5 N0, [Trpd,t QI 0 1) (65)

which has the form of AQA’ in Halunga and Orme (2009, p.372/373). The covariance

matrix can be written as

Y = [Japdyy o 0Q=Jmd0 1)
= Qo+ Jend 0y QI I — Jrnd o Qe — Qe I, 0T,

nm-Tn nn-Twn’

Finally, using equations (19), (22) and (23) the expression for ¥ simplifies to:
S = 10— 1) (Bl )]~ Blrgs(v33)] (Blvas(ve2)) " Blvassa)]) - (66)
|
Proof of Theorem 3. We show that
VIDA(7) = VIDZ () + op(1). (67)

Hence, the observed quantity /7T D, (7)) will have the same asymptotic distribution as
the unobserved vTD2(7). The asymptotic distribution of the test statistic then follows

directly from Theorem 2. Standardization with the consistent estimator 3 instead of the
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theoretical ¥, has no effect on the final y?-distribution of the LM test statistic. This can
be easily seen from similar considerations as the ones outlined above and below in detail.

Since
1 T
sup,|[VTDZ (n) — VTDx(n)|| < 77 > " sup, [[d(n) — dri(n)]], (68)
t=1

we establish equation (67) by showing that

% S sup, 1422, (1) — ()] = 0p(1). (69)
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Next, consider a typical element:
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where in equation (71) we have used the Holder inequality with the same p and ¢ as in
the proof of Theorem 1. This shows that Esup,|[rp% — i[> = O(B"/?).

Hence,

Esup, e} [[r* —r.]| < \/Esupnlét!Esuanrt — 1|2 = 0(5"")

by Assumption 1 and equation (72). Therefore, \f ST Esup,|e7| |[rf° —r¢|| = o(1) and,
hence, by Markov’s inequality — s ST sup, |e7| [[r7° — || = op(1).

For the treatment of the second term we use the fact that
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The last line follows because it can be shown by similar arguments as in the proof of

Theorem 1 that Esup,|[r{°||* < co and because Hélder’s inequality and Assumption 7

imply that Elefef® ;| < <E|5f‘(1+5)|>1/(1+8) <E|5f(1j+s)|>8/(1+8) < 00. Equation (74) implies

that

e = he) o(1), (75)
hi

T
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and, again, by Markov’s inequality \/LT Sorsup,e? e[ [(h — hy) /h§°| = op(1).

The third term can be treated as follows:
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1
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B Mixed-Frequency LM Test

Here, we present the first variant of the LM test for the mixed-frequency setting from Sec-
tion 2.6. Since 7(, varies at the lower frequency only, we calculate the volatility adjusted

low-frequency returns &; from the ‘deGARCHed’ high-frequency returns as follows:
Mo
€ = Z +t = /T2, (76)

where 7, = Zf\il Z;y is 1.i.d. with mean zero and variance M by Assumption 2. This

leads to the score vector:

T =2 -1
g M
aim) =3 (55 1) . ()
t=1 M foxi
Thus, if & were observable, we could implement the test by simply regressing 2 on
a constant and x;. Again, this would be a test for heteroscedasticity in the spirit of
Godfrey (1978). To actually implement the test, we need to replace the unobservable &,

by
M

=Y (78)

i=1 \/hiy

where the ﬁi,t are obtained by estimating the GARCH model under the null for the daily
data. However, a simple Taylor expansion shows that & has measurement error due to

] 3 1,00 .
pre-estimating hg’ ,:

5 = il (1 . (\/th— \/738‘;,75) /\/ng;ﬂt +0p(ﬁ)) ~ 2+ W,
\/117.

i=1 0,i,t

where W; has mean zero but non-zero variance. Higher-order terms are negligible for
the test performance. Thus, tests based on the critical values from the y2-distribution
(derived in Theorem 3) will be size distorted (see also Li and Mak, 1994). However, the

correct distribution of the test statistic based on &, can be obtained by simulation.
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C Simulations

C.1 Empirical Size as a Function of Sample Size T

The following table shows the empirical size for model G-L with z; = &2 /h, and Z, ~ £(7).
For this specification, we observed the strongest size distortion in Table 1. The column
labelled T" = 1000 contains the same figures as in the respective column of Table 1. The

other columns show that the size distortion diminishes with increasing sample size.

Table 5: Empirical size for model G-L, Z; ~ t(7) depending on sample size T.

Ty = Ef/ﬁt T=1000 T =2500 T =5000 1T =7500 T = 10000
1% 0.7 0.9 0.9 0.9 1.3
LM 5% 3.1 4.2 4.6 4.4 5.2
10% 7.2 7.7 8.5 9.4 10.0
1% 0.9 1.1 0.9 1.1 1.3
LMyt 5% 3.4 3.5 4.4 4.6 5.1
10% 6.7 8.0 8.6 9.3 9.5

Notes: The number of observations is T € {1000, 2500, 5000, 7500, 10000}. Entries
are rejection rates in percent over R = 1000 replications at the 1%, 5% and 10%
nominal level. The model for the conditional variance is a GARCH(1,1) with wg =
0.05, g = 0.05 and 5, = 0.90 (i.e. model G-L). The LM tests are performed for a
GARCH(1,1) under Hy. Otherwise see Table 1.

C.2 Size-Adjusted Power: Exponential Long-Term Component

and ¢t Distributed Innovations.

The following table provides simulation results on the size-adjusted power for the case

that the innovation 7, is Student-¢ distributed with 7 degrees of freedom.
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Table 6: Size-adjusted power: exponential 7o, component, ¢ distributed innovations.

T4 VIX, vix®®  yrx(®
ap = 0.09 ag = 0.07 ap = 0.09
weighting scheme I F S I F S I I
LM 54.9 44.1 32.1 | 59.3 57.1 39.3 20.1 13.9
LMpr mod 30.5 25.8 22.7 | 50.7 48.7 394 12.2 9.5
LMy 5.8 5.7 5.7 5.0 5.2 5.1 5.6 5.3
VR 12.8 124 12.1 | 28.2 279 27.0 12.0 9.7

Notes: Innovations Z; are Student-t distributed with 7 degrees of freedom. The
specification of the long-term component is given by 7, = exp(w(x;). The number
of observations is T' = 1000. Results are based on R = 1000 replications. The LM
tests are performed for a GARCH(1,1) under Hy. Otherwise see Table 2.

C.3 Size-Adjusted Power for Different Values of K.

Table 7 illustrates how a misspecification of K affects the power of the LM test. We
simulate return data with the short-term component G-H (high persistence) and the
long-term component as in equation (5). We either choose o = 0.3, o = (0,0.3)" or
o = (0,0,0.3)". The first option corresponds to the immediately decaying weighting
scheme from Table 2. The second and third weighting schemes are extreme in the sense
that all weight is put on lag 2 or 3, respectively. Clearly, the correct choice of K in the
LM test is either K =1, K =2 or K = 3. In Panel A, we use the VIX as the explanatory
variable. In Panels B-D, we first simulate an AR(1) process with autoregressive coefficient
0 and i.i.d. normal innovations with mean zero and variance 0.025 and use the generated
time series as the explanatory variable. We vary ¢ between 0.98 0.9 and 0.8 to check
whether the persistence of the AR(1) process affects our findings.

As Table 7 shows, for all specifications we observe the highest size-adjusted power
when K is chosen correctly. This finding is also independent of the persistence of the
AR(1) process. Clearly, when the persistence of the AR(1) process decreases, the long-
term component becomes less variable relative to the short-term component and, hence,
the variance ratio (VR) decreases. For example, for § = 0.8 the variance ratio is less than
2%. The low variance ratio then leads to a decline of the power of the test. Nevertheless,
the simulations show that choosing K = 1 always delivers a reasonable power even in

the extreme case when all weight is put on the second or third lag. At first, it might
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be surprising that the power of the test is reasonably high for K = 1, even though zero
weight is attached to the first lag in the weighting scheme. However, for persistent x;, the
information in x;_; is very similar to that in x;_» and so the test works reasonably well
despite the misspecification of K. Given that in most real applications we can expect that
the true weighting scheme is declining from the first lag, we recommend always starting
with K = 1. If the test does not reject for K = 1 and x; has low persistence, it may be

advisable to redo the test for K =2, K =3, ....

Table 7: Size-adjusted power: exponential long-term component, variation in K.

K 1 2 1 2 3 1 2 3 4
weighting scheme | 79 =0.3 7o = (0,0.3)’ 7 = (0,0,0.3)’
Panel A: x, = VIX;

LM 744 683 | 51.4 68.6 67.5 | 42.7 46.7 67.0 61.1

VR 15.6 156 | 15.6 15.6 156 | 15.6 15.6 15.6 15.6
Panel B: z; is AR(1) with § = 0.98

LM 63.3 54.8 | 52.6 534 46.6 | 441 434 48.0 452

VR 11.3 113|113 113 11.3 | 11.3 11.3 11.3 11.3
Panel C: z; is AR(1) with 6 = 0.90

LM 37.0 303|240 29.0 236 | 13.8 182 248 21.5

VR 2.78 2.8 | 2.77 2.777 2.7 | 2.78 278 2.78 2.78
Panel D: 2 is AR(1) with 6 = 0.80

LM 36.0 29.0 | 21.3 29.1 238 | 13.2 16.2 25.0 21.2

VR 176 176 | 1.75 1.75 1.75 | 1.74 1.74 1.74 1.74

Notes: The number of observations is 7' = 1000. The table reports the size-
adjusted power in percent over the R = 1000 replications at the 5% nominal
level. The model for the conditional variance is a GARCH(1,1) with wy = 0.05,
ap = 0.09 and S, = 0.90 (i.e. model G-H). The specification of the long-term
component is given by 79, = exp(mwyx,) with parameter 7 as specified in the
table. We consider the LM test with the GARCH(1,1) under the null hypothesis.
K denotes the number of lags that are used in the test. The bold number indicates

the correct lag length. Otherwise see Table 2.
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C.4 Persistence in the GARCH component.

In this section, we investigate the power properties of the LM test when & + B is close
to or even above one. As in Appendix C.3, we first simulate an AR(1) process with
autoregressive coefficient ¢ and i.i.d. normal innovations with mean zero and variance 0.025
and use the generated time series as the explanatory variable. We choose ¢ € {0.9,0.98}
and impose an immediately decaying weighting scheme with 7y = 0.3 or wy = 0.4. The
GARCH component has either moderate (G-M), high (G-H) or extreme (G-E, ag = 0.095,
Bo = 0.90) persistence. As before, we choose T" and R as 1000.

Table 8 shows that — despite the fact that the simulation is under the alternative —
the median of the estimates of a and 8 over the M = 1000 simulations is close to the true
parameter values. In particular, in all scenarios the median of & + B is below (or equal
to) ag + B, This suggests that the misspecified GARCH model does not suffer from the
so-called IGARCH effect. This is true even for cases in which the variance ratio is as high
as VR = 39.4.

Further, the table shows that for all specifications in which the GARCH component has
moderate persistence, we never observe that the sum of the estimated GARCH parameters
is greater than or equal to one. For example, in Panel B when ag = 0.07, 5, = 0.90 (G-M)
and oy = 0.4, the GARCH component is severely misspecified and the LM test rejects
in 92.9% of the simulations, there is not a single simulation in which & + B > 1.

The picture changes slightly when the persistence in the GARCH component is high
(G-H). For this specification & +B is greater than or equal to one in 6 out of the 1000
simulations when 6 = 0.9 and in 11 (7y = 0.3) or 19 (w9 = 0.4) cases when § = 0.98.
However, for these cases the LM test has rejection rates which are (in all but one case)
even higher than the average rejections rates over all 1000 simulations. For example, when
0 =0.98 and 7y = 0.4, the LM test rejects in all 19 cases in which & +B > 1.

Finally, when the persistence in the GARCH component is extreme (G-E), & + 3 is
greater than or equal to one in 54 simulations when § = 0.9 and in 80 (7o = 0.3) or
92 (wo = 0.4) cases when § = 0.98. Nevertheless, we find that the LM test has very
reasonable power and that the rejection frequency among those cases in which & + B >1
is typically higher than the average power.

Our results suggest that the main reason for obtaining estimates & + B > 1 is unlikely

to be an omitted long-term component, but rather an extreme persistence in the true
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GARCH component. Nevertheless, the effect is strengthened if the omitted long-term
component is more relevant. However, the simulations also clearly suggest that — for a
given specification — the power of the LM test does not decrease in the persistence of the

estimated parameters (as measured by & + f3).

Table 8: Size-adjusted power: persistent GARCH component
Panel A: x; is AR(1) with 6 = 0.90
G-M G-H G-E
ap = 0.07, By = 0.90 ag=0.09, By =0.90 o= 0.095, B, = 0.90
=03 @w=04 w=03 wy=04 @w=03 mwu=04

median(é) 0.072 0.073 0.091 0.092 0.096 0.097
median(J3) 0.890 0.888 0.894 0.893 0.894 0.893
median(é + 3) 0.965 0.964 0.986 0.986 0.991 0.991
LM 38.7 62.1 37.0 60.8 36.2 59.7
VR 7.68 12.9 2.78 4.82 1.97 3.44
#(@+5>1) 0 0 6 6 54 54
Y%reject|(a+ 3 > 1) - - 50.0% 50.0% 33.3% 64.8%
Panel B: z; is AR(1) with § = 0.98
G-M G-H G-E

ap = 0.07, By =0.90 g =0.09, B, =0.90 g =0.095, B, = 0.90
Ty = 0.3 ™o = 0.4 Ty = 0.3 Ty = 0.4 Ty = 0.3 Ty = 0.4

median(a) 0.076 0.081 0.095 0.099 0.100 0.103
median(3) 0.888 0.885 0.889 0.885 0.891 0.887
median(d + ) 0.968 0.970 0.986 0.986 0.991 0.992
LM 73.4 92.9 63.3 86.9 58.2 83.9
VR 26.7 39.4 11.3 18.6 8.32 14.1
#a+5>1) 0 0 11 19 80 92
Y%reject|(&+ B > 1) - - 72.7% 100% 70.0% 91.3%

Notes: The number of observations is 7' = 1000. median(é), median(3) and median(é+ 3)
present the median of the parameter estimates over the R = 1000 replications. LM is
the size-adjusted power in percent at the 5% nominal level. VR is the variance ratio.
#(a+ B > 1) gives the number of simulations in which the condition & + B < 1 is violated.
%Teject|(d—|—3 > 1) presents the percentage of cases in which the LM test rejects given that
&+ 8 > 1. The model for the conditional variance is a GARCH(1,1) with moderate (G-M),
high (G-H) or extreme (G-E) persistence. The specification of the long-term component is
given by 79 = exp(mw(x;) with parameter m( as specified in the table. z; is an AR(1) with

autoregressive parameter . Otherwise see Table 2.
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This observation is also confirmed by the plots in Figure 3. The figure shows a scat-
terplot of the estimate of the persistence (& 4+ () in the GARCH component (z-axis)
and the corresponding LM statistics (y-axis). The horizontal green line indicates the 5%
critical value of the LM test and the vertical red line a persistence of one. In both plots
the true GARCH component has extreme persistence (G-E), the AR(1) parameter of the
explanatory variable is either 6 = 0.90 (left plot) or 6 = 0.98 (right plot) and 7, = 0.4.
Again, the figure shows that there is no indication that the power of the test decreases

when the estimated persistence is increasing.
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Figure 3: Scatterplot of estimated persistence (& + B) and LM test statistics. Green
horizontal line: critical value 5% level. Vertical red line: persistence of one. The true
GARCH component has extreme persistence (G-E specification). We choose an immedi-
ately decaying weighting scheme with o = 0.4. The explanatory variable is an AR(1)
process with autoregressive parameter ¢ = 0.90 (left) and § = 0.98 (right).

It is important to highlight that empirically & + B might be close to one for other
reasons than an omitted multiplicative component. For example, as shown in Hillebrand
(2005) the ‘IGARCH effect’ can be due to neglected parameter changes or, as discussed
in Baillie et al. (1996), due to neglected long-memory. Finally, even if the true model
is a stationary but very persistent GARCH model, it may happen that the sum of the

estimated GARCH parameters is above one.
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C.5 Size-Adjusted Power for Linear Long-Term Component.

Table 9: Size-adjusted power: linear long-term component, 7, normally distributed.

s VIX, vIX®  yIx®
ap = 0.09 ap = 0.07 ap = 0.09
weighting scheme I F S I F S I I
LM 572 548 392 | 665 64.6 515 | 289 18.0
LML 1. mod 348 341 303|592 581 51.1| 143 10.7
LMy 59 59 54 | 56 56 53 48 46
VR 124 123 121|295 204 29.0 | 120 10.5

Notes: Innovations Z; are standard normally distributed. The specification of the
long term component is given by 79+ = 1—|—Z£(:1 TokTi—k. The number of observations
is T'=1000. Results are based on R = 1000 replications. The LM tests are performed
for a GARCH(1,1) under Hy. Otherwise see Table 2.

Table 10: Size-adjusted power: linear long-term component, ¢ distributed innovations.

) VIX, vIX®  yIx®
ap = 0.09 ap = 0.07 ap = 0.09
weighting scheme I F S I F S I I
LM 39.7 345 284|483 46.7 379 | 174 12.3
LM L7 mod 274 259 246 | 430 42.8 385 | 11.1 9.1
LMypr 55 55 56 | 53 53 53 5.7 5.4
VR 100 99 98 [230 229 225| 97 8.5

Notes: Innovations Z; are Student-t distributed with 7 degrees of freedom. The
specification of the long term component is given by 70 =1 + Ei;l TokTi—k. The
number of observations is 7' = 1000. Results are based on R = 1000 replications. The

LM tests are performed for a GARCH(1,1) under Hy. Otherwise see Table 2.

18



C.6 Misspecification of the Short-Term Component.

In the following, we investigate the consequences of implementing the LM test under the
null of a GARCH(1,1) although the true short-term component is a GJR-GARCH(1,1), a
higher-order GARCH or a fractionally integrated GARCH (FIGARCH). We first consider
a situation in which the short-term component is given by a GJR-GARCH(1,1). We
simulate data from a model with a short-term component given by equation (35) with
parameters as specified in GJR-M and GJR-H and either 79, = 1 or 7o, = exp(m{x;).

Table 11, Panel A, presents the empirical size-adjusted rejection rates. First, consider
the case that 7o, = 1. When using VX, as the explanatory variable, we find that the
empirical rejection rates are close to the 5% nominal level. That is, using a truly exogenous
explanatory variable the LM test does not detect a deviation from the null hypothesis.
Even when testing for ‘ARCH nested in GARCH’, i.e. when using the ‘endogenous’ x; =
g2/ h as the explanatory variable, we obtain the same result. Second, we consider the case
that 7o, = exp(m{x;). Although the short-term component is misspecified, the empirical
power is only slightly lower than when the short-term component is correctly specified.
For example, for the GJR-M model with an immediately decaying weighting scheme the
LM test rejects in 80.4% of cases at the 5% nominal level. The corresponding figure for
the correctly specified GJR-GARCH model from Table 2 is 82.8%. On the other hand,
when testing for remaining ARCH effects both tests, LM and LMy, do not detect a
deviation.

Next, we investigate the performance of the LM test when the true short-term com-
ponent is higher-order GARCH or FIGARCH while the long-term component is constant
(1ot = 1). We consider a GARCH(1,2) and denote the second order ARCH parameter
by &p. As in model G-L in Section 3.1, we choose wy = 0.01, ap = 0.05, B, = 0.9 in
combination with &g € {0.02,0.04}. For the GARCH(2,2) model, we choose the parame-
ter estimates from Nelson and Cao (1992) for the Deutschmark/Dollar exchange rate (see

their Table 1):
hgy = 0.186 + 0.0573¢7_; 4 0.2262¢7_, + 0.3833h¢5_; + 0.3100h5,_,. (79)

Finally, we consider a FIGARCH(1, d, 1) model which features long-memory in the con-

ditional variance. For this model, the conditional variance is given by
(1= BoL)hgy = wo+[1 = BoL — (1 = ¢y L)(1 = L)™)]er_, (80)
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Table 11: Misspecified short-term component.

Panel A Top =1 T, = exp(mwoXy)
GJR-M GJR-H GJR-M GJR-H
4 VIX, e2/hy | VIX, €2/h, | VIX, €2/h, | VIX, 2 /hy
LM 5.4 5.8 5.0 5.9 80.4 6.4 70.6 6.2
LMpr /LML mod 6.2 5.7 69.4 6.2 43.8 5.9
Panel B: 79, =1 GARCH(1,2) GARCH(2,2) FIGARCH(1,d, 1)
oy =0.05, B, =0.9 parameters as in ¢, = 0.95, 3, = 0.9
g = 0.02 & = 0.04 equation (79) do = 0.3
4 VIX, &2/h, | VIX, €2/h, | VIX, &2/h, | VIX, 2 /hy
LM 4.2 9.2 3.2 194 5.8 88.0 6.1 404
LMyt 9.0 20.2 89.3 37.9

Notes: The table reports the empirical size-adjusted rejection rates over R = 1000 replications
at the 5% nominal level. In Panel A, the data generating process is a GJR-GARCH(1,1) with
parameters as given by GJR-M and GJR-H. In Panel B, the model for the conditional variance is
a GARCH(1, 2) with wg = 0.01, the GARCH(2,2) given in equation (79) and a FIGARCH(1,d, 1)
with wo = 0.05. The long-term component 7o is specified in the table. The LM tests are
performed for a GARCH(1,1) under Hy. Innovations Z; are standard normal distributed. All test

statistics are based on K = 1. The number of observations is 7' = 1000.

under Hj,, where L denotes the lag operator and d the fractional differencing parameter.
We set wy = 0.05, ¢y = 0.95 and S, = 0.9. For dy = 0 the FIGARCH reduces to a
GARCH(1,1) model with ag = ¢, — 3, = 0.05 and, hence, to model G-L. Also, note that
the parameters satisfy the conditions that ensure the positivity of the conditional variance
(see Conrad and Haag, 2006).

Again, Table 11, Panel B, shows that for all short-term specifications the rejection
rate of the LM test is quite close to the 5% nominal level for z; = VIX,;. When searching
for remaining ARCH effects (z; = €2/ iLt), the LM test tends to reject the null hypothesis
with higher rejection rates for models that are further away from the null hypothesis
(GARCH(2,2) and FIGARCH(1,d,1). The table also shows that for this choice of x; the
LM test has a similar power as the Lundbergh and Terésvirta (2002) test.
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C.7 Simulation Mixed-Frequency Test.

In this section we provide simulation evidence for the mixed-frequency version of the test.
All results are based on R = 1000 replications. We model z; as either evolving at a

quarterly or monthly frequency and assume that z; follows an AR(1), i.e.
Ty = 041 + Vg, (81)

with 6 = 0.98 and vy ~ N (0,02). As before, the specification of the long-term component
is given by 79+ = exp(7myx:). The model for the short-term component is the GJR-GARCH
with high (GJR-H) or moderate (GJR-M) persistence. In the simulations, we employ the
immediate (I) and slow (S) deca/y\ing weighting schemes presented in Section 3.2. We

consider the regression of either RV . or RV, on a constant, x;_; and its own first lag:

In(DV,) = ¢+ mx_y + pIn(DV,_1) + ¢, (82)

—_

with DV, € {RNVt,RV,;}. Table 12 reports the number of instances in which the null
hypothesis that the coefficient on x;_; is zero is rejected (by comparing the squared ¢-
statistic with the critical value from the asymptotic x?(1) distribution). E/DV is based on
the estimated conditional variances of the correctly specified GJR model.

Recall that in the mixed-frequency setting returns are denoted by €;;, where i =
1,..., M refers to the trading days within period ¢t = 1, ..., 7. In the simulations, we first
fixed T'= 172 and M = 66, which corresponds to 172 quarters of 66 days each. We then
choose M = 22 days which corresponds to monthly data. For M = 22, we either keep
the number of low frequency observations fixed at 7' = 172 (which reduces the number of
daily observations) or keep the number of daily observations fixed and, thereby, extend
the low frequency observations to T' = 516.

Table 12 shows that under Hy (7¢; = 1) the empirical size is close to the nominal
5% level for all scenarios. Next, for M = 66 and under the alternative, we observe that
the test based on ET\/ does indeed have a higher power than the test based on RV. For
example, for model GJR-H, an immediately decaying weighting scheme and o2 = 0.025
the test rejects in 74.8% of cases for }/%A‘? but only in 40.6% for RV. Interestingly, the
power decreases only modestly when the true weighting scheme has a slow decay but
the regression is still based on x;_; only. As expected, increasing the variability of the

long-term component (02 = 0.030) increases the power of both tests. Similarly, reducing
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the persistence of the short-term component (i.e. considering GJR-M), strongly increases
the power of both tests. The same effect was already observed in Table 2. Nevertheless,

the power for the test based on RV still remains higher than the power of the test based
on RV.

Table 12: Empirical size and power of low-frequency regression-based test.

Hy : GJR-GARCH GJR-H GJR-M
Top =1 To,t = exp(m(xy) Top =1 T, = exp(mwHXy)
02 =0.025 o2=0.030 02 =0.025 o2=0.030

weighting scheme - I S 1 S - I S 1 S

M =66, T =172 “quarterly” observations of x;
R/T\/ 6.5 74.8 694 80.3 T77.2 5.7 97.5 944 970 96.4
RV 4.4 40.6 38.1 48.6 44.1 5.8 89.4 86.5 91.7 89.0
VR - 581 539 7.15 6.48 - 19.2 182 222 21.1

M =22, T =172 “monthly” observations of x;
?X\/ 6.4 38.7 38.0 474 434 6.5 746 703 79.9 778
RV 6.3 26.2 264 32.7 305 7.1 62.3 59.2 70.1 67.5
VR - 591 549 6.97 6.33 - 16.6 15.7 18.6 17.9

M =22, T =516 “monthly” observations of x;

If%/\‘:/ 6.0 89.9 889 93.8 922 6.1 99.8 99.7 100 99.7
RV 6.8 61.4 63.9 67.7 69.6 5.2 99.2 979 99.5 9838
VR - 754 T7.28 8.76 8.67 - 21.5 206 244 235

Notes: The table reports size and power in percent over the R = 1000 replications at the 5%
nominal level. T denotes the number of low-frequency observations and M the number of days
within each period t. o2 is the variance of the innovation of the AR(1) process /f\or x¢. The
low-frequency regression version of the test is based on equation (82) with either RV or RV as
dependent variable. RQV is based on the estimated conditional variance from the correctly specified
GJR-GARCH model. T and S indicate the immediate and slow decaying weighting schemes and

V' R denotes the variance ratio. In all tests, we choose K = 1.

Switching to monthly observations, i.e. choosing M = 22, reduces the power of both
tests when keeping the number of low frequency observations constant (7" = 172). In-
tuitively, this is reasonable since the predictive regressions are now based on the same
number of low-frequency observations as before but the quality of the estimated con-
ditional variances deteriorates (because the number of high-frequency observations de-

—

creases) which means that the precision of RV ¢+ as an estimator of ET/t decreases. On the
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other hand, when decreasing M from 66 to 22 while keeping the number of high-frequency
observations fixed, the power of the test increases. In this scenario, the number of obser-
vations in the predictive regression increases (7' = 516) which makes it easier to detect
the omitted component.

Table/li shows the empirical size and power for the same GJR models as before, but
with an RV that is based on the estimated conditional variances from a misspecified
GARCH(1,1). First, note that both tests appear to be slightly oversized in this situation.
Second, as a result of the misspecification of the short-term component the power of the

test based on RV is lower than in Table 12, but still higher than the power of the test
based on RV

Table 13: Size and power of low-frequency regression test based on misspecified GARCH.

Hy : GARCH GJR-H GJR-M
Tot =1 To, = exp(mwHXy) Tot =1 To,t = exp(mw(xy)
02 =0.025 o2 =0.030 02 =0.025 o2 =0.030

weighting scheme - I S I S - I S I S

M =66, T = 172 “quarterly” observations of x;
EAT/ 6.3 62.8 59.2 69.6 64.9 6.9 95.2 916 96.6 93.0
RV 4.1 43.7 38.1 495 44.3 6.8 88.8 87.8 92.6 88.3
VR - 5.87 554 7.11 6.50 - 184 18.4 224 20.9

M =22, T =172 “monthly” observations of x;
Ev; 6.7 32.3 297 37.0 34.0 6.5 69.2 639 76.2 71.0
RV 8.0 28.1 26.2 33.1 28.7 6.4 65.9 61.2 725 67.5
VR - 5.86 5.61 7.00 6.40 - 16.6 15.0 19.2 18.2

M =22, T =516 “monthly” observations of x;

If%/\‘:/ 6.0 80.8 779 86.2 84.8 5.3 99.6 98.5 99.8 99.3
RV 7.2 64.8 63.3 729 70.0 6.5 98.8 98.0 99.3 98.2
VR - 752 T7.18 9.12 849 - 21.5 209 245 23.7

Notes: RV is based on the estimate of the conditional variance from the misspecified GARCH

model. Otherwise see Table 12.
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D Correlations of Explanatory Variables

Tables 14 and 15 show the contemporaneous correlations between VX Oy, RV;, EPU; and
ADS;. Among the daily variables VXO, and RV, have the highest correlation (0.52).
The other correlations also have the expected signs: VX0, is positively correlated with
economic policy uncertainty, £/ PUy, but negatively correlated with the business conditions
index, ADS;. The correlations of the rolling window versions of the four variables with

N = 22 are higher in absolute value but reveal the same relationships.

Table 14: Correlations between daily explanatory variables.
VXO; RV, EPU, ADS;
VX0, 1.00
RV, 0.52 1.00
EPU; 0.31 0.19 1.00
ADS; -0.48  -0.26 -0.28 1.00

Notes: The table presents the corre-
lations between the daily explanatory
variables. All correlation figures are for

the 1987M12-2016MO06 period.

Table 15: Correlations between explanatory variables, mgN), for N = 22.

vxo®® Rrv* Epul*®  ADS™
vxoP? | 1.00 0.92 0.59 -0.68
RV,* 1.00 0.52 -0.57
EPU*? 1.00 -0.42
ADS) 1.00

Notes: The table presents the correlations between
the rolling window explanatory variables. All corre-
lation figures are for the 1987M12-2016M06 period.
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