Model Averaging for VCPLM

Online Supplementary Materials for ‘“A Mallows-type Model
Averaging Estimator for the Varying-Coefficient Partially Linear
Model”

The online supplemental file contains the proofs of Lemmas 1 and 2 and detailed proofs
of Theorems 1 and 2. The main challenge confronting our proofs is twofold. First, our proofs
require cumbersome matrix operations of complex combinations of random variables; e.g., the
quantity %DtT W(my Dy to appear in Lemma 1 contains not only Z and W, but also the kernel
function K}, (-) and the bandwidth h,,. In our proof, we rewrite each of these elements as a
non-random quantity plus a term bounded in probability. Second, for the VCPLM, the project
matrix P, in Equation (9) is neither symmetric nor idempotent as in a linear model. Thus, the
usual technique for decomposing P, is inapplicable to VCPLM. We overcome this difficulty by
writing P,y = p(m)(ln — Agm)) + A(m), where Ay = BC(n) Em) Fim)yH(m). See the proof of

Lemma 2.

S.1  Preliminary results
The proofs of Theorems 1 and 2 require the following lemmas.

Lemma 1. Let Conditions (C.3)-(C.5) hold. Then for allm = 1,2,..., M and t € A, we have

Lpnpie [ T+ O] et O+ 0uti)) o
" (B f'(8) + Oup(h2) (B (1) + O (1)
and
{ipgw(m)tDt}‘ _ ( PO+ Oull) — —huf (OF () +0up<h%n>> % C-s2)
" o f'OF 20 + Oup(h2) 3 (K)F (1) + Oup(12,)

where s (K) = fvESupp(K) K (v)v?dv, and if a function g(t) = O,,(b2,), then g(t) /b2, is bounded
in probability uniformly for any t within the interior of A.
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Therefore, we have to show
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Let us consider z;; 2, and .J;1 ;;, which are the ikth element of z;2;" and J;; respectively. Let C, ;
be the ¢kth element of C,. By Conditions (C.3)-(C.5), we have

E<J11,ik)
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with t* lying between ¢ and ¢ + h,,v, (the notation ¢* is used in subsequent formulae, although the

bounds for t* may not be the same everywhere), and

var(Jiix)
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where R(K) = [ .. K (v)dv. As f() and f”(-) are bounded in A, and K (v) is bounded in
supp(K) and R(K) < oo, we have

Ju
= C. {f<t> o | f”(t*)K(v)vzdv} +0, <\/ R f(R(K) + 0 (l)zR>
vesupp(K) nim n
= C.f(t) + Oup(h2Ir), (S.10)
which is (S.4).
Similarly,
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1 1 1 1
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’I’Lhm vesupp(K)
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Similar to the derivation of (S.4) above, noting that f(-) and f”(-) are bounded in A, and K (v) is
bounded in supp(K) and h,, = O(n~'/%), we obtain

T = cz{f'(t)hmm(z()+1h2 / f"(t*)K(v)vsdv}
vesupp(K)

2 m
+0 L/ﬂ f(t)/ K2 (v)v?dv + O (h—m)[
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Jor = J5y = Coia(K) b f'(t) + Oup(h2 IR), (S.14)

which are (S.5) and (S.6) respectively.

Now,
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1 1
_ e / K2w)otdv + 0 (_) | (5.16)
nh’m ( ) vEsupp(K) ( ) n

Again, given that f(-) and f”(-) are bounded in A, and K (v) is bounded in supp(K) and h,, =
O(n=1/?), we have

Jao
= e { st + 512 /vesuppmf"(t*)K(“)“4d“}

+0, —Iizf K2(v)vtdv 4+ O (l>]R
vEsupp (K) n

= Copa(K)f(t) + Oup(hZ IR), (S.17)
which is (S.7). Thus, by (S.4)-(S.7), we have
%Df Wy D
- Jin Ji2
N <J21 J22>
_ ( FO+ 0wt pa(E)haf (t) + oup<h3n>) o s18)
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which is (S.1).
Note that
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pia (K mf’ + Oup(hy,)  p2(K) f(t) + Oup(hi,)
( )+ Oup (h2) —ha f' () f2() + Oup(h?n)) | (5.1
mf’ )+ Oup(hz) 1z () f7H(t) + Oup(h7,)
Hence

%D Wi tDt}_l
( )+ 0ulliE) )b f (1) + 0up<ha>> e }
pa( K mf’ +Oulhh)  p(K)f(8)+ Ou(il) )

- |
_ ( )+ Ow(h2) KB f'(1) + Oup%)) R
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mf’ )+ Oup(h2,) 13 (K)f~1(t) 4 Oup(h2,)

) ®C;', (S.20)

which is (S.2).



Lemma 2. Assume that Conditions (C.3)-(C.5) are satisfied. Then we have

_ 13
lzgiﬁwwtr( m))| = Op(h™7), (S.21)
~1/2
1£%§gi1A(/4 y) = Op(777), (5.22)
and
~1/2
max A(Bom) = 0,77 (S.23)

Proof Lete; = (0,...,1,...,0)" be an n x 1 vector in which the ith element is one and the
other elements are zeros, and £; be an n x n matrix with the ¢th diagonal element being one and
other elements being zeros. By (7), (S.2) and Conditions (C.3)-(C.5), we have

Jpax [tr(Amm))|

(21> N Dy Wemyts Dimys } Dy, Wiampta

= max |tir
1<m<M

(Zmns O N Dy, Wyt Dimytn } ™ Dy, Wempt

n
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1<m<M |4
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" 1 11
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1<m<M —hu f'(t) f72 () + Oup(h) 1 () f7H(t3) + Oup(h7,) e
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m)z

IN

max K, (0 Z{f )+ Oup (B2 IA (Mo C.TTE, ) ™ 28, 2

1<m<M n



Model Averaging for VCPLM

< max —K Z{f +Oup(h2)}c Z(mz (m)i

1<m<M nh,,

< —K(0) Z{f )+ OuplI) )01

= Op (h 7’) >
which implies (S.21) is true.
Denote

n)
n/nxn2>

B = diag (e], €5, ...,€

C(m) = diag (D(m)tl, D(m)t27 ceny D(m)tn)

n2x2rm,mn’

1 -1
, 1
B = diag { ( Dy W(m)tlD(mm) ) (nDme W(m)tﬂ(m)m)

1

(S.25)

(S.26)

. 1 12 1 1/2 1/2
F(m) = diag (\/ﬁ (Tm)t1 W(m)t1’ \/EDEFW)Q W(m)tQ’ o \/ﬁDEFm)tn W(m)tn 9 . (5.28)
rmnXn

and

1 W1/2

m)tl

1 W1/2

min/ p2xn
It is easily seen that
Am)

( (m)1? 0T> {DT W(m)t1 D(m)t1 }_1D2Fm)t1 W(m)t1

<Z(m n’ >{D (m)tn W(m)tnD } 1D (m)tn W(m)tn
= BCum) Em) Fiom) Himy,

nxn

and

max (A (m)Almy)
1<m<M
= max MBCum) Em) Fom) Hm) Hon Fim) Eion) Clomy B")

1<m<M

(S.29)

(S.30)

(S.24)

-1
2rmnX2rm,mn



1<m<M

< max AN Hm) HE )M By Fony oy EE 0 )N BC iy C Ry BY). (S.31)

To prove (S.22), we only need to verify that

T O\ _
 ax AN H m) Hi,y) = Op(1), (S.32)
T T .
and
125711a<XM/\(BC’ 1 ClmyB") = Oy(7). (S5.34)

Let us first consider (S.32). By (S.29) and Conditions (C.3)-(C.5), we have

e AHm i)
— T
=  max )\(H(m)H(m))

(1
SRl o

(1<
= max A(ﬁ Zdlag{Khm(tl_ti)aKhm<t2_ti)a“-aKhm(tn_ti)}>

1<m<M

= max maX—ZKhmt —t;)

1<m<M 1<j<n N

= max max {f + Oup(h2,)}

1<m<M 1<j<n

= 0,(1). (S.35)

Next, consider (S.33). By (S.27), (S.28) and Lemma 1, we can show that

| o
- 1£1XM12]2§A{(5 o i, Do) }
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=  max max \
1<m<M 1<j<n

1 -1

(I ® 1) { ( F(t;) + Oup(h2) 1o (K )hon f' (1) + oup<h;n>> ) c;}
2(B)hi f'(t5) + Oup(hiy)  p2(K) f(t;) + Oup(hiy)

= max max \
1<m<M 1<j<n

(I, ® 115,

= max max
1<m<M 1<j<n

( JHOu0Z) Kb f () + oup<h3n>) T Cutt )}1
mf/ i)+ Oup(h2,) pa(K) f(t5) + 0p(1)

( )+ Owll) () f () + Ou(B, >> P )1}

>/ |

I
>~

= max max
1<m<M 1<j<n

pa (K mf’ )+ Ouplh)  p2(K) f(t;) + Oup(h,)

+ Oup(h2 ) _hmf/(tj)f_Q(tj) + Oup(hgn)) (H O HT )* }
“2(t)) + Oup(h2) 1y M) f1 () + Oup(R2,) am

f/
f! <tj> + 0up<h?n> R () f 2 (85) + oup<h3n>> }
(t;)

= max max A

1<m<M 1<j<n B

1<m<M 1<j<n

~hin f' () f72(t5) + Oup(hly) i () fH(t5) + Oup(7,)
max A <(H2mCZHgm)71)

- FUE) + 3 () () + Oupl(h2)
2

= max max )\{

IN

max Imax
1Sm<M 1<j<n

VU~ UOS )+ O + 4 4120+ oup<ha>}2) 1
2 C,
= max, max {77(6) + Oul1)}
— 0,(1). ) (S.36)

Hence (S.33) is correct. We now consider (S.34). By Condition (C.4), (S.25) and (S.26), we have

max A(BC(mn)C,,B")

1<m<M

= max A{diag (e}, €3, ..., en) diag (D1, Dimy2, - Dimyn)

1<m<M
diag (D15 Diyyas -+ Dimyn) diag (eq, €2, ..., ) }
= max /\{dlag (elD(m)lD( )161,€2D(m)2DEFm)2627...,GED(m)n (Tm)nen)}

1<m<M

= max A {diag (2,

1<m<M (m)1%(m )1’Z(Tm)2z(m)27"'7Z(Tm)nz(m)n)}

= max max Z -2 1
1<meM 1<jen (M)~

= O,(F). (S.37)
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By (S.31)-(S.34), we obtain

I
=
2
"
>/
=

BC(m) By Fom) H (my H () F ) E 3y C oy BT

VAN
=
&
"
>
g
[N}

H o H )N (B Fian) Fi) By )N (BC ) oy B)

A
=
o
"
>

=

k)

s~

max 5\1/2(E(m)F(m)F(fn)E(Tm)) max A/*(BC(, O

1<m<M 1<m<M

I
S
—~

i
—
~
(e}
<

mB")

(S.38)

which implies that (S.22) is true. As P(m) is an idempotent matrix, 5\(15 m)) < 1. Now, by (S.22),

max (P,

1<m<M )
max A(Pomy (I = Agm) + A)
 nax AP {1+ A Am)} + A(Agm)

1+2 max )\(A(m )
1<m<M

O, (7'/?),

IN N IA

which implies (S.23).

S.2 Proof of Theorem 1
Note that the C,(w) is
Co(w) = [IY = a(w)|* + 2tr(P(w)Q)
= La(w) + [[el|* = 2¢"(P(w) — In)u — 2{e" P(w)e — tr(P(w)Q)},

where ||¢||? is independent of w. Hence to prove Theorem 1, we need only to verify that

€'(P(w) = In)p
Ry (w)

sup TN 0,

wE Iy,

and

(S.39)

(S.40)

(S.41)

(S.42)

(S.43)
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We observe that for any § > 0,

T(P(w) — I,
P(sup < (P(w) )“‘ >6‘X,Z,\If)
weE My, Rn(w)
M
<P <Sup > W |€ (Pimy — L)n| > 66| X, Z, \1/>
weHy, m—1
= (1?5%\4 |e (Pimy — In),u‘ > 06,1 X, Z, \IJ)

p
= P ({6 (PG) ~ L] > 06} U (e (PO — L] > 8.}
U U{[e(Puly) — L)p| > 66} ‘X, Z, q:)

VAN
M=
~

({le" (Pt — T > 6.} X, 2,0)

B (ler(P(ut,) = LouPC | X, 2, w)

A
M= 1

— 52G£72LG
o [|(P(wd,) = L)ul*
< yaltrut)
m=1 n
M
ci{ Ry (wp,) 1
S - N W/J
Sl
< G
SR
o 1 m=1
Coee gl
= 0,(1), (S.44)

where c; is a positive constant, the second inequality follows from the Bonferroni’s inequality,
the third inequality is obtained by an extension of Chebyshev’s inequality, the fourth inequality is
guaranteed by Theorem 2 of Whittle (1960) and Condition (C.1), the fifth inequality follows from
(10), and the last equality is from Condition (C.2).

Denote A, (X, Z,¥) = P ( sup % > 6‘X, Z, \I!) Let F(X, Z, ) be the joint
weH, "
cumulative distribution function of X, Z and V¥, and ¢, -+ ,c9 be a sequence of positive con-

stants. Note that A,,;(X, Z, V) is the conditional probability density given X, Z and ¥ and thus
| A1 (X, Z,¥)| < 1. From (S.44), for any ¢ > 0, we obtain P(|A,1(X, Z, V)| > ¢) — 0. Then we

have
P | > )
= o {p (o [ ol 2 )}




= E{A.(X,Z,¥)}
- / A (X, Z,9)dF (X, Z,0) + / A (X, Z,0)dF (X, Z, D)
‘Anl(szv\Ij)‘2§

[An1(X,Z,0)|<¢

< P(lAn(X, Z, V)| =2 ¢) +¢ =0, (5.45)

which implies that (S.41) is true.
Similar to the proof of (S.41), we have

p ( sup | P(w)e — tr(P(w)Q)' - (5’X, z \IJ)
weHy, Rn<w)
M
< P ( sup Z Wi |€" Pimye — tr(PumyQ)| > 66,| X, Z, \IJ>
wWEA, m=1

I
s

( max }GTP(m)ﬁ — tT(P(m)Q)} > 0,

1<m<M

X, 7, w)

NE

P (|eTP(w;)e — tr(P(u?)Q)| > 8¢,

X, Z, \I/>

1

E (yeTP(an)e — tr(P(u?,))) % ‘X, Z, qf)

M= i

= GAEE
M
estr O {PT () P(wl,)02}
< n; (66,)2C
M 0\1G
- L o {Ra(uh)
= mZ=1 (6€,)26C
M
SR}
o 2 m=1
I
= 0,(1). (S.46)

Applying the steps in (S.45) to the above equation, we can obtain (S.42).
Now, note that

Ln(w)

R, (w)

To prove (S.43), it is sufficient to show that

€' P (w)(P(w) — In)p

267 Pr(w)(P(w) — L) + | P)el2 — tr(P7(w) Pw))
Ry (w) .

sup
wWE A,

— 1‘ = sup
wEM,

p
su — 0, S.47
wE}i)ﬁn Rn(w) ( )
and
2 _ T
oy [IPCOI? = (P () P))| 5, S48
wEM, Rn<w)
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By Lemma 1 and Conditions (C.1) and (C.2), we have

P ( sup €"P"(w)(P(w) — In)u’ - 5‘X, z \I/>
weIHMy Rn(w)
M M
< P ( sup Z Z Wi Wy, ‘ETP(%(P(m) — In)u‘ > 06,1X, Z, \Il)
WEHn 121 m=1
< P (122}1%41%85XM }ETP(%(P(m) — L)l > 66| X, Z, \IJ>

=P (I P @) (P () — 1)) > b,

NE

X, Z, \Il)

B (je P () (P(w},) - L)nf | X, 2,9)

M=
NE

~ = (065)%¢
M Y P (w)(P(w?) — I, 26
< ;z:l 1P >((5§(n)2G) )il
M oM esA2E (P (w? Pwl) —1I, 2G
< ;z_:l (P ))(!én)(m ) — Ln)ul]
Y es A2 (P(wI){ R, (w?)}¢
< 33t R
L MO S R0}
= 56 mé—%G
= o,(1). (5.49)

Equation (S.47) can be obtained by applying the steps in (S.45) to (S.49).

Furthermore,
P 2 tr(P"(w)P(w)$2
P(Sup [ P(w)el|* = tr(P (w) P(w)Q2) >5‘X7Z7\1,)
wEIH, Rn(w)
M M
< P ( sup > Y wywy, |[€" Pl Pinye — tr(Pl) Py Q)| > 66,| X, Z, 111)
CS L —

IN

1<t<M 1<m<M

P ( max max ‘eTPﬁ)P(m)e — tr(Pé)P(m)Q)} > 06,1 X, Z, \I/>

NE

Z P (}ETPT(wg)P(w&)E — tr(P"(w)) P(w),))| > 8¢,

t=1 m=1

X, Z, \11)

m m

=1 m=1 (065)%¢

E <|6TPT(w?)P(wO Ye — tr(P™(w?)P(w?)Q)* (X, 7z, \p)

NE
M=

15



IN

IN

IN

cstrO{ Q2P (w)) P(wy, )P (wy,) P(w]) Q2

(6§n)20

(P (wp))AC(QtrE{ P (w)) P(w))Q}

(S.50)

Equation (S.48) is obtained by applying the derivation steps in (S.45) to (S.50).

S.3  Proof of Theorem 2

When (2 is replaced by Q, C',(w) under the known 2 case is correspondingly changed to

Ch(w) + 2{tr(P(w)Q) — tr(P(w)Q)}.

From the result of Theorem 1, it suffices to prove that,

Let Q) = diag(pgT), ey P

wE Iy,

sup (Y = Py Y) Q) (Y — Pa)Y) — tr(Q(w)Q)] / Ru(w)

suwp | (€ + 1) (In = Par)) " Q(w) (In — P ) (e + 1) — tr(Q(w) Q)| /R (w)

sup |€"(In — Parv)) " Q(w) (I — Par+))e
we n

‘wwmmy%mmmmyam@:%m. (S.51)

)and Q(w) = M, WmQ(m)- It is readily seen that

[tr(P(w)Q) = tr(P(w)Q)| /B (w)

— tr{(L = Por+)) " Q(w) (I — Piary)Q2}| / R(w)
+2 sup }€T<In - P(M*))TQ(w>([n - P(M*))M| /Rn<w)

+ sup |p" (I — Pars))" Q(w)(In — Parwy)ps| /Rn(w)
+ su}; ‘tr{P&w*)Q(w)P(M*)Q}‘ /Ry (w)

+2 sup }tT{P(TM*)Q(w)Q}‘ /Ry (w)

16



Model Averaging for VCPLM

= :1+:2+53+Z4+:5.

Now, define p =  ax max | pz(zm ) |. From Lemma 2 and Condition (C.6), we have

< -l
p < ¢n 1£LzaugxM|tr(P(m))|

_ -1 s _
= o max (P (In = Aem) + Am)|

< -1 > -1 5 ~1
< cn 1%%1agXM|tT(P(m))|+m 1g71nagletr(P(m)A(m))| +cn 1£aéxM|tr(A(m))|

R —1o-1 2 T f -1
= cn k+cn 2 é%%XMHT(P(m)A(m) + Ay Pom) )| + cn é?%XM'tT(A(m)”

~ ~ ~

< en 'k +ent2t  fnax ]X(P(m)A(m) + Al Pimy ) rank (Pony Am) + Afy Pimy)|
+ent  fax tr(Agm))|
< en k4 enT2 Jnax |5\(]5(m))/_\(A(m))km| +ent  fnax [tr(Awm))|
= ok A+ en O, (P2 + csn” 1O, (RTF)
= O,(n Y2k + n~th7YF). (S.52)
It follows from (10) and Condition (C.2) that
& =0p(1), MEZTFY =0,(1) and & F|| Pasp — pl* = op(1). (S.53)

Using (S.23), (S.52), Chebyshev’s inequality, and Theorem 2 of Whittle (1960), we can ob-
tain, for any § > 0, that

P (El > 5()(, 7z, \p)

IN

M
> P (€ (In = Piars)) Q) (In — Prase)e
m=1

— tr{(In = Par)) Q) (In — Piars) )2} | > 06

X, Z, \p)

IN

M
67266,2 S ™ B{[€ (L — Pory) " Quy(In — Pary)e
m=1

— tr{(In — Pos=))" Qum)(In — Pasy)2}*¢

X, Z,\If}

IN

M
cod 229N QY (I — Piag)) " Qeany (In — Prar)) I — Poar)) " Qemy (In — Paa)) 2}

m=1

VAN

M
Cod 267N " N, — Py ) MY QN (Qmy )
m=1

IN

o022 MANT,) + M Pars) YN (Q)n% p*@
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— 69572G£;2GM{1 +Op(f1/2)}4GO(1)nGp2G
_ 552GMOp(f2G<n—1f1/2i% + n_lh_lf)ZGnG)
= £OMC0,((n 7Pk + n T )Y, (S.54)

where G is the integer defined in Condition (C.1). It follows from (S.53), (S.54) and Condition
(C.8) that P (51 > 5‘X, Z, \If) — 0,(1), which, along with the derivation steps in (S.45), implies
that =, = 0,(1).

By (5.23), (S.52), (S.53) and Condition (C.1), we have

—_

=2

IN

261 (1 = Parll sup Q) (U = Poase))e]

M)
26, 1(In — P )quA(I — Par) |lell
26, 1(In — P )qu{HA(P(M* )} el
&0, (F2) (1, — Poarey) l| pOy (n'/?)
0p,(1)O,(n~ V2712 4 =215y, (S.55)

IN

I IA

which, along with Condition (C.8), implies that =, = o0,(1). Using (S.23), (S.52), (S.53) and
Condition (C.7), we obtain

—_
—

—3

IN

& ol (L = Porsy)pl?
& (T = Poagey) pll p{1 + A(Poay) el
£;10p(f”2)||(fn — Pors))pllpO(n'/?)
0,(1)0,(n Y%7 2 4 =1 2p 1), (S.56)

I IA

which, along with Condition (C.8), implies that Z3 = 0,(1). By (5.23) and (S.52), we can show
that

B4+ 25
< & sup APl Q(w) Par)n + 26, Sup APy Qw)Q)n
< &N (Piym) sup MQ(w))MQ)n + 26, A(Ply-y) sup AQw)A()n
< &N (Pl pPAM Q) + 267 APy pAM(Q)n

€10, (7)0p(n 72k + n 7t h 1)
O, (6 Y270, (n =127k + n ™20 1 /%), (S.57)

which, along with Condition (C.9), implies that =4 + Z5 = 0,(1). Hence we obtain (S.51). This

completes the proof of Theorem 2.
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