Capture-Recapture Methods for Data on the
Activations of Applications on Mobile
Phones

This document gives additional details concerning the technical derivations and the
proofs presented in section 4 of the manuscript. The following notation is used throughout
the calculations. We distinguish (7) the notation used to describe the data themselves, (i7)

important summary statistics and (7i7) the robust design parameters for its analysis.

Capture-recapture data
e Subscript ¢ denotes primary sampling period i, 1 =1,...,1;

e Subscript j denotes a secondary capture occasion within a PSP, 7 = 1,....¢; ; ¢; is

the number of secondary capture occasions within PSP i;

e wisthen a > ¢; x 1 vector containing for secondary capture occasion j in PSP i the

outcome w;; = 1 if the unit has been captured on that occasion and 0 otherwise;

e The between PSP capture information can be summed up in a I x 1 vector § which
has entry §; = 1 if the unit has been captured at least once during PSP i, that is
if > wi; >0, and §; = 0 otherwise; §(w) denotes the I x 1 between PSP capture

history derived from w.

Statistics
e The frequency of the number of units that have capture history w is denoted n,, ;

e 1, is the number of unmarked units captured during PSP i;



e m,; represents the number of marked units captured during PSP 1;
® n; = u; +m,; is the number of units captured during PSP 1;
e v; is the number of units captured for the last time at PSP i;

o w; = Z;;ll(u] —wv;) is the number of units captured at least once during the first 1 —1

PSPs that will be seen at least once more, either in PSP ¢ or later;

e z; represents the number of units captured before PSP ¢, not seen at PSP ¢, but

captured subsequently;

e n is the total number of units captured at least once during the whole sampling

process.

Parameters

e The survival probability, for all units in the population, between primary periods i

and i + 1 is denoted ¢; € (0,1);

e The probability of being captured at least once during PSP i is denoted p} = Pr(d; =
1), this depends on the closed population model describing the captures within PSP

i

e the probability of not being seen after PSP 14, x;, satisfies the following recursive
relationship, x; = (1 — ¢;) + ¢:(1 — pf 1) Xi+1; Xi = 1 — X; is the probability of being
seen after PSP 1;

e N;,i=1,...,1 is the expected population at the start of the i"* PSP ;



e B; is the expected number of new units joining the population before the start of

PSP 1+ 1 such that Ni+1 = Nz(bz + Bz

e The expected number of unmarked units in the population just before PSP i, U;,

satisfies ljZ = Ui,1 (1 —p;k) ¢i—1 + Bifl for i = 1, ,[ — 17 U1 = N1 )

e M, is the expected number of marked units in the population just before PSP i such

that M; = (M;—1 + U;—1p;_)$i—1 ; M1 = 0;

e 1; = 1 — M;/N; is the proportion of unmarked units just before PSP i ; 7, = 1 —n; is
the proportion of marked units just before PSP 7 ;

e D; =1—(1—p)xini — m:ix: is the probability, for an unmarked unit, to be captured
at least once at PSP ¢ or later and, for a marked unit, to be captured for the last

time at PSP <.

For the asymptotic variance derivations, IV; is assumed large for every PSP 1.

A. Evaluation of var (]\7@) for model M,

This section presents the main steps to evaluate the asymptotic variance of N;. The follo-

wing notation is used throughout this section.
o Py =1—(1—p;)%—€ip;i(1 —p;)% 1 is the probability of obtaining two captures or
more at PSP 7 ,
o py; = ip;(1 — p;)% ! is the probability of being captured once at PSP i,

and note that p; = P,; 4+ p1;. In this section, we give further details to the proof of the

asymptotic variance of N; ,
var (N:) = NiDi(1 = )/ (i Xl + DiP). (1)
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In the derivations, we approximate the sufficient statistics u;, v;, and w; by their expecta-
tions,

u; ~ Nyipy, v = Nipixi, and w; = NifjiXi + Nip; X, (2)
as, when N; goes to oo, the ratio of a statistic over its expectation converges to 1 in

probability. Throughout the derivations, we will refer to the estimating equation that

leads to the maximum likelihood estimator for N,
fin(Ni) = N [nj (wi = ni + )/ {n] (wi — v;) + wvi} — {1 - Ci/(giNi)}gi]v (3)

where

The limit in probability of the derivative of f; y(1V;) with respect to NN; is proven in the

next section to be

A = —(pixani + Di % Py;) [ (MiXi)- (%)

A.1. Evaluation of A;

Using (4), the derivative of n} with respect to IV;, evaluated at the expectation, N;p;¢;, of
C;, is equal to Py;. Now, differentiating (3) using the chain rule and applying (2) gives

aNZ = Nz aNZ an: [nz (U)Z n,; + UZ)/ {nl (wz Uz) + uzvz}] Nz 8]\71 {1 Cz/<Nz£1>}
on’

= N ON; [{(nj)z(wl —v;) + (2n] — w; — ul)uzvl} JAni(w; —v;) + Uivi}z}
- (Ci/Ni) {1 — Ci/(Nigi)}éi—l

Q

—Poi {(1 — mixs + pimixa)/(ixi)} — pui = A,

where the last equality is obtained by setting py; = pf — Py; and A; is defined by (5).



A.2. Evaluation of ¥;

The first three random variables (u;, v;, w;) are, under Poisson sampling, Poisson random
variables. Their variances are equal to their expectations given in (2) while the covariances
are the expected number of units common to two random variables. Now C; does not
have a Poisson distribution. To find the elements of ¥; for C;, let N; be a Poisson random
variable equal to the actual number of units in the population during PSP 4. Given Nj,
C; has a binomial distribution with NZ x {; trials and probability p;. Conditioning on NZ

yields to the following expression for the variance of Cj,
var(C;) = E<Ni)£ipi(1 —pi) + Var(Ni)@P? = Nilipi(€ips + 1 — py).

The covariances with C; are calculated in a similar way. For instance that with u; involves
U;, the units that are not marked before the ith PSP. Given (NZ-, UZ) the conditional co-
variance between C; and u; is Ui&pi(l — pf) while their respective expectations are Ui&pi

and Ulpj Thus
COV(Ci, Uz) = E{Ui&pi(l - pf)} + COV(Ui&Pi, Uzp;k) = Uilip; = Nmilip;.

Similar derivations lead to the covariance matrix of the sufficient statistics u;, v;, w;, C;,

nmip;  Mii Xi 0 nilip;
X NiP; X CipiXi

5N, pixi X pix ©
n:(Xi + Pj Xi) Nilipi

Cipi(1 — pi + Lip;)



A.3. Derivation of Vf;

We have,

Vf _ afz,N afZ,N afl7N 0f27N
N 811,1 ) avi ) 811}," BC’Z .

Now, differentiating f; y with respect to u; and using (2) gives

O fin

3 Nnjw;(n; — v;) /{n} (w; —v;) + u,-vi}Q
Uj

Q

(Xi + pixi)/(MiXi)-

All of the other derivatives are calculated in a similar way.

A.4. Evaluation of V ZTNEivfi,N

The denominator (7;x;) of V f; x simplifies with that of A;; only the numerator is considered
here. To evaluate it we calculate separately the quadratic form (), involving the covariance
matrix of (u;, v;, w;) and Qs, involving the variance and the covariances with C;. As D; =

—2x:mi + X + 1 + P xami, patient calculations lead to

Q1 = P+ — 200 — mixi — mixXs 200X

(1 — 15— Xi 4 M + 202X + 2002 — 4023
+ () (mixi — 2xi — nox + 2020}

= pi{D? +mi+xi —4Anixi —0f — X5+ 300+ 307 — 207X

+p5 (1 = m:) (L= xs) + (07)*mixa (1 — i) (1 — xa) }-

Since 1; + xi — 4mixi — 07 — X7 + 307X + 3mixs — 202x7 = (L —n:) (L — x3) (mi + xi — 2mixa),

we have

Q1 = p;D? + pimixalx + i — 2xami + pi + (0 i -



To evaluate @3 note that py;(1 — p; + €ip;) = lipi(1 — Py;). Thus

Q2 = —2puDi{n:(1 — xi +xip;) + xa(1 —m) (1 —p;) +pi (1 —m)}
+ Dipt(1— pi + bipi)/ (ip:)
—2p; Di{p; (1 —n:)(1 — xi) + Di} + Dfpu(l — Py)

—2puDipiiiX: — Dip1i(1 + Pay).

Since pf — p1; — p1iPai = Poi(1 — py;), the quadratic form is
Q1+ Q2 = pimxa{xi + mi — 2xami + pf + (0})°nixs — 2p1:Di} + D; Poi(1 — py;).

As D?Py;(1 — py; — Py;) = D?Py(1 — p}), subtracting (5) squared, that is {p;(1 —n;)(1 —
Xi)}Y* + 2D; Pyp; (1 — 1;)(1 — x4) + D P3;, leads to

Qs = —{p;7ix:}* + D} Pyi(1 — p}) + pimiXs X Qu,
where

Qs = i+ Xi — 20ixi + Py + (0])nixi — 2(pri + Pai) D;
= 0+ X = 200X+ 07+ (072 + 20 % (20 =m0 — Xa — PiiXa)
= pimixi + (1= p;)D;.
Thus Qs = (1 — p})Di{D; Py + pi7iiXi+- It gives (1) when divided by the numerator of A?
and multiplied by N; ; A; is defined by (5).



B. Derivation of var (gz%) for model M,

In this section, we show the calculations that lead to the variance of ngﬁz-,

2 L = pia) X1 i1 + i L — pi)nixi 1—¢;
war(@y) = ¢4 LT PX +1{77_+1 UV (= i 9 )
Niy1pi 1 Mit1Xi+1 Nipixi(i + mipf)  Nigaflia
_ o { (1 = pia) (iss + Piamivn)*XF i Prira (1 = pP)nax; Pai }
Nip1MisaXiv1Pi1 (M1 X1 Pi1 + Digi Poiv1)  NiXapi (iXap; + DiPay)

It is useful to define the conditional expectation of the units that are marked before session

1 and available for capture at session 7 or later,

NI = 0 = w0 (w; = + 1)/ (0 — v3). (®)

There are two intermediate steps, the evaluation of the variance of f; and of M;,

var (Mz) = Ni(1 = p])0axa (i + pins) ;0 + Paimi)/ {p; (0 X + Di x Poi)}. (9)

B.1. Derivation of var (1)

~ N L;
Since n; = N; {1 — (1 - C;/ (&Nﬁ) }, a standard linearization argument leads to the
following approximation, f; &~ Nip? + Pai(N; — N;) 4+ (1—p;)%~1(C; — Nil;p;). The covariance
between C; and NL is evaluated as NN; times the fourth entry of the vector —%;V f; n/A;. It

is found to be equal to N;¢;p; . Thus the linearization approximation to the variance of n;



is
var (f;) = PZ{var(N;) + N;} + 2Ps;(1 — p))“ ' Nilip;
+(1 = p)*Nilipi(1 — p; + €ipy)
= Pyvar(Ny) + N{(p})* + (0} — Par) (1 = 1)}
= N;[Poi(1 = p;) { P2iDi/ (piiiXi + PaiDi) — 1} + p;]
= Nipi {1 = (1= pi)niXa Pas /(00X + Di X Pai) } .
Thus the variance of 7n; is equal to N;p;, the variance under an open population model,

minus a term representing the variance reduction under a robust design.

B.2. Derivation of var (MZ>

From equation (8),

The linearization approximation to M; is

T
w; — Nymipi
- vi — Nipi xi
wi — Niji {1 — (1 = pj)xi}
n; — Nip;

and VM; is limit of the vector of partial derivatives of Mi with respect to (u;, v;, w;, ;).
Using (2), it is given by
Xi

n:(1 = p})/v;
1

VM; = (1/x:)

—xi(7 + nip}) /vy

9



Following Jolly (1965), as M; = N;1;, the quadratic form for the variance is var (]\}[l> =
VMYV M; — Nyij;, where XF is the covariance matrix of u;, vy, w;, 7;. The covariance
matrix for u;, v;, w; is already discussed in sections (A.1) and (A.2). Using the linearization

for n;, one has
cov(ng, u;) = Pgicov(Ni, w;) + (1 — pi)éiflcov(C’i, ;).

The covariance between u; and Nl is evaluated as NN; times the first entry of the vector
-3,V fin/A;. It is equal to N;n;pf . The covariance between C; and u; is N;n;l;p;, see (6).
This gives cov(n;, u;) = Nymps. In the same fashion, we derive cov(n;,v;) = N;piy; and

cov(n;, w;) = N;m;pr. Thus, the covariance matrix between w;, v;, w;, n; is,

nip;  MiP; Xi 0 niD;
EZ ~ N, Di Xi :iD; Xi DPi Xi
{1 = A =p)xi}  7p;

var (7;)

To evaluate the quadratic form VM,V M;, first observe that the contribution of the

covariance matrix of (u;, vy, w;) is
Q1 = (Ni/X7) [mpfxf + 7+ (1 = p7)0ixi {0:/0; —mi + 2771'Xi}] .
The sum of the the three terms involving a covariance with n; is

Qa2 = {—=2Nip; x: (M + mipi )/ i Xa) } [0 + xa (s +mipi) / (pi Xi)] -

10



The last term, involving the variance of n;, is given by

OF

Nip; {(n; ‘|‘p;‘k77i)Xi/pri}2 {1 — (1 = p))miXi Pai/ (0] XiTi + Di % Pa;)}

Nop; L + pima)xa/ (i xa) Y

TV
Q3,1

Nip; {7+ pimi)xi/ 0ixa) Y AL = p7)iixa Pai/ (D Xafii + Di x Pay)}

/

TV
Q3,2

First we calculate the variance under an open population model, corresponding to the case

Q32 = Po; = 0. This gives

Q1+ Q2+ Q31 = Nixami (1 — pi) {7 + vini} /(0ixi) + Nijs.

Now adding @3- yields the expression for VM, X3V M; — N;ij; given in (9) .

In the next sections, we give some details on the last calculations that lead to the

variance of ¢;.

B.3. Derivation of VQBZ'

We have,

(9Mi+1 8MZ 8%1

Differentiating ¢; with respect to M;; and using (2) leads to

A, -
O+ w)
OM; 4

Q

L/ {Ni(n; +mip}) } -

The derivations with respect to Ml and u; are calculated in a similar way.
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B.4. Evaluation of I';

The variance of Miﬂ and MZ have been derived in section (B.2) ; the expectation of u; is

calculated in equation (2). The covariance between M1 and M; is evaluated as

cov(Miyy, M;) = VM, TIVM;,
where I'f is the 4 x 4 matrix of the covariances between the vectors (u;,v;, w;,n;) and
(Wit1, Vit1, Wit1,Niy1). The covariance between u; and w;1; is 0. The covariance between u;
and v; 41 is N;n;ip; ¢ip; 1 Xiv1. The other covariances involving the random variables u;, v;, w;
and u;11,v;11w;11 are derived in a similar way. The covariances involving 7n; and n;,; are
derived using the approach discussed in section (B.2). For example, the covariance between

n; and 41 gives N;p;¢;p;,,. Finally, the covariance matrix I'j is,

.
0 mpfdiDiiXivr  MiD; Di(Xit1 + Pip1Xit1) 1NiD; Diliy1
0 0 0 0
0 mgipiaxivn  M(1—pi)oi(1 —piy)Xern M(1 — pi)oipiy
0 pjoiDii1Xit1 P;di(Xit1 + Py Xiv1) P; QDI

To evaluate the quadratic form VM, IV M;, we first calculate the component featu-

ring the covariances between (u;, v;, w;) and (w11, Vit1, Wit1),

Q1 = {Nidi/(XiXi+1)} [mixi {71 (1 = piy ) Xi1 + f (Xis1 + PipaXit1) }]

+ {Nigi/ (XiXis1)} [7:(L = Do) {Tisaxisr + (L= p})Xis1}] -
The sum of the covariances between (u;, v;, w;) and 7,41 is

Q2 = —NiXiXi+10i(Xi+1 + Nig105 1) (X + 1607 ) / Xi-
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That involving (u;y1, Vi1, wir1) and ny; is,
Q3 = —Nip; bixi(Ti + 1)) { i1 (1 = Pi1) + Xiwr + DiaXia |/ (DFXiXis1)-
The component involving the covariance between n,; and n; is
Qs = NigiXiXit1 (i +1i07) (Ni1 + MivaPiy)/ (XiXiv1)-

Now adding up @1, Q2,2 and (4 gives the quadratic form VMZTHFZ‘VMi. It leads to

cov(M;yq, M;) = N;ij;¢;. In the same fashion, we derive cov(M;,1,u;) = Nynpi¢; and

COV(MZ', u;) = 0. The covariance matrix I'; is now completely derived.

B.5. Evaluation of the variance of ngSZ

To evaluate the quadratic form Vé:FiV(ﬁ;, first observe that the contribution of the three

covariances between M, 1,M;, and u; is

Qv = =207/ {Ni(7: +mip7)}
while the contribution of the the variances of (Mi_i.l, Mi, u;) to the quadratic form is

Q, — ¢2 (1 — p:+1)Xz'+1 iﬁi—i—l + mflp;‘fl} {p;:rlﬁi—&-l + P2,z’+17h'+1}
' NPl Mita {p;'k+1Xi+177i+1 + Dit1 X P2,i+1}
&2 { (1 — p))mxi {pi i + Poini} }
CLNp; A7+ mipf } ApiXans + Di X Pag}

+ ¢2{ ! + L }
"INl Ni( +mipd) |

+

Finally, adding up ¢, and Qs gives (7) .
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C. Derivation of var <NZ> for model M,

In this section, we show the calculations that lead to the variance of N;. The following

notation is used throughout this section.

L;

o pi, = ijl pij [1 (1 —pis) ¢ the probability of being captured once at PSP i,
s#j
1%
o Pf=1-— Hﬁ;l (1 —pij) — 25;1 pij [ (1 —pis) ¢ the probability of obtaining two
s=1
-y

captures or more at PSP 1.

Furthermore, for a PSP i, let p;; and n;; be (resp.) the probability of being captured

and the number of captures in a secondary sampling level 7 , j = 1,2,...,¢;; thus, p] =

£;
1— Hj:l (1 = pij)-

The estimating equation that leads to the maximum likelihood estimator for N; is

fin(Ni) = N; [”;k(wi —ny +w)/ {nj(wi —vi) + wvi} — H — nij/Ni ] (10)

This section give further details to the proof of the asymptotic variance of N;,

where

N

var (N:) = NiDi(1 = i)/ (i il + DiF3) (12)
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C.1. Evaluation of A}

We have,

N

.
ni = N; {1 —H(1 —n,.j/N,.)}

=1 .

Then, its derivative with respect to IV;, evaluated at the expectation of n;;, j = 1,2, ..., 4;,
is equal to Pj;, the probability of being captured more than once during PSP 7. Now,
differentiating (10) using the chain rule and applying (2) gives

Ofin
ON;

Q

—Ni Py [(1 = pi)xi/ (Nixi) + {1 — (1 = pi)xi}/(Mixi)] — pi;
= —{1/(xam)} (piximi + Di x Py;) = Aj.

C.2. Evaluation of X}

The variance and the covariance of the three Poisson random variables u;, v;, w; are already
discussed in section (A.2 ). Now, for j = 1,2, ..., {;, the variance of n;;, a Poisson random
variable, is

var(n;;) = Nipij.
The covariances with n;; are calculated in a similar way. For instance that with w; involves
U;, the units that are not marked before the ith PSP. Given (NZ-, UZ) the conditional co-
variance between n;; and w; is Ui&pij(l — pf) while their respective expectations are ]\Nfipij

and Ulpj Thus,
COV(?%]', Uz) = E{Uipij(l - P:)} + COV(Nipij> ffmi‘) = Upij = Ninipij.
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Finally, the covariance matrix of w;, v;, w;, i1, Nz, ..., Nig;, 2, 1S

nip;  Nip; Xi 0 NiPir -+ NP,
PiXi 1iP; X PaXi --- DPit;Xi
3 =N il — (L =pi)xi}t npa - Nipie, | - (13)
pin ... PilDi;
DPig;

C.3.  Derivation of V [y

e (Pin Ohin i (Ofin
LN 8uz ’ (%i ' 8wz ’ 8nij =1, b ’

The first three partial derivates are the same as calculated in section (A.3). Now, for a

We have,

fixed j (j =1,2,...,{;), deriving fy with respect to n;; using (2) gives

o~
~
.

~ Z (1 —=pis) = | | (1 = pis) {(Xa + pixa)/(ixa) + (1= pi)xi/ (X))}

S -
s

Ofin

3nij

» ®
SR
S
SR
S

o~
.

(1= pis) {1 = (Xa +Pixa)/ () — (1= pi)xa/ (Xo) }

Il
—

s=1
s$#£J
£;
= —D; (1 — pis) /(Mixa)-
%

The limit of the vector of partial derivatives of fy(N;) with respect to u;, v;, wi,

N41,12,5- 4310, 1S
Vi = {1/ (xam)} < (1= (1= p))xi, 1:(1 = p}),pi, —Di®y)
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where

4; 4; 4;
‘Ili: 1_pzs 7H 1—st 77H(1_pzs)
po jo) sl

C.4. Evaluation of VXV fy

From the previous evaluation of V f,[yX;V f; v, the only quantity that changes is the one

involving the variances and the covariances with n;;. Let that be A;;. We have,

2

l; 4; £;
Aij = D; (1 - pis) Dij + Z Z D2 H — Dis H pzt PijPsy
G e U o
J#J 7

I
- - afz N afz N afz N _
- 2Dz ' (1 - pis) { 8 nzpw + 8 ngXz + a nzpm}
J=1s=1
s#£j
= D} Zpij H (1 — pis) H (1 — pis) — pij H (1 —pis) + sz‘j H (1 — pis)
j=1 s=1 s=1 s=1 j=1 s=1
$#J s#] s#] s#]
Ofin — Ofin Afin
. 2Dz * i, : i, ; i, mi

Q

Dipi;(1 = p} + i) = 2Dipy; i {1 — (1= pi)xa} + 7(1 = p})xi + 7]
= =2p} Dip;iixs — Dipi (1 + Py),
which only depends on PSP ¢. Finally, A;; has the same form as ()2 defined in the evaluation

of Vf,IyEiV fi n. Therefore, V f\ X5V fy and V f;1y 5,V f; y have the same quadratic form
and the vaiance of N is given by (12).
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D. Derivation of var <QASZ> for model M,

In this section, we show the calculations that lead to the variance of ngﬁz-,

Var((ﬁi) _ $2 (1 = pj ) Xiv {T_h'+1 +p;<+177z'+1} n (1 — p})nixi 1 — ¢ (14)
‘ Niy1pi 1 Mit1Xi+1 Nipixi(i + mipf)  Nigaflia
B ¢2 { (1- pf+1)(ﬁz‘+1 +pf+177i+1)2X?+1P2*,z’+1 (1- p:)ﬁinZPik,z’ }
NiaMip1iXir1Pio MiaXiPi + DiciPoiy)  Naxawi (niXap; + DiPs;)

Throughout the section, we give details on the evaluation of the variance of 7; and of M;,

var (Z\ZQ) = Ni(1 — pi)0ixi (0 + i) (i + Pogmi)/ {pi (pi Xafls + Di X Py;) } (15)

D.1. Derivation of var (n;)

The covariance between C; and NZ is evaluated as N; times the fourth entry of the vector
=3V fin/A;. Ttis found to be equal to N; Zle pij - Thus the linearization approximation

to the variance of n; is

var () = (Pg,)*var(Ni) + N (p7)* + (0} — Py;) (1 — p)}
= Ni [Py (1 = pi) { P Di/ (piiXi + Py Di) = 1} + pj]

= Nipi {1 — (1 = p))nixiPo;/(0imixi + Di X Pyy)}.
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D.2. Derivation of var <MZ)

The only term that changes in the evaluation of var <Mz) from the previous derivations of

(B.2) is the last term, involving the variance of 7,

Qs = Nip; {( +pin)xi/pixi}* {1 — (1 — p)mxiPa:/ (0; Ximi + D x Pg;)}
= Nopi {(mi + pim)xa/ X)) Y
Qa1
Nip; {(7 +Pfﬁi)Xi/(pf>Zi)}2 {(X = p))0iXi P/ (i XiMi + D; x Py;)} .

J/
TV
Q3,2

First we calculate the variance under an open population model, corresponding to the case

Q32 = Py; = 0. This gives
Q1+ Q2+ Q31 = Nixii(1 — pi) {mi + pini} /(0 Xs) + Niths.

Now adding ()3 gives (15). The derivations of V¢fi and I'; are the exact same obtained in
(B.3) and (B.4) respectively.

D.3. Evaluation of the variance of ngSZ

The only term that changes from prior calculations in (B.5) is the contribution of the

variances of (M,-H, M;, u;) to the quadratic form,

o (1= p5 )X {71 + misapis Pl + Py aniva }
Q2 - ¢’L * — * <V = *

NP Mita {pz‘+1Xi+177¢+1 + Dy X P2,i+1}
e { (X — p)mixa {pin: + Pymi} }

C LNy L+ i Y Apixani + Dy x Py}
1 1
+ ¢ { — + —— . } :
Nigilier — Ni(7 + mip;)

Finally, adding up ¢, obtained in (B.5) and Q5 gives (14) .

+
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E. Simulation study

This section is a complement to Section 5.2 presenting the Monte Carlo validation of
the bootstrap variance estimation method. The within PSP capture probabilites were

generated using Darroch model,

Pk = (Z>exp{5k+7k2/2}/i;C)exp{ﬁJrrj?/z}, k=0,...,7 (16)

with parameters (8, 7) = (—3.3, 0.6), (—2.85, 0.6) corresponding to p* = 0.3, 0.5. The

daily capture probability for a unit was simulated using the method proposed in Section

2.2 of Rivest and Baillargeon (2007). We set the survival probabilities at ¢ = 0.6, 0.8.
We ran 1000 replications for the Monte Carlo study; for each replication there was

a burn-in period of 20 PSPs. We calculated the relative bias of N5 as RB <N5> =
. . . 2
<zl N5;/1000 — N5) /N5. The mean squared error, M SE (N5> = {ZZ <N5i — N5> /1000},

the relative root mean squared error, RRMSFE (N5) =MSE <N5> 2 /Ns. For each repli-
cation ¢ of the Monte Carlo simulation, we ran L = 100 replications of the bootstrap descri-
bed in Section 5.2 to calculate the bootstrap variance for N5, v (N5) The relative bias for
E {v (N5) } is calculated as RB [E {v (N5) H - [E {v (M)} — MSE (1\75)} IMSE (N5);
the 95% confidence interval for N is exp [log <]\75) + 1.96s.e {log (N5> }], the expected
relative length of the confidence interval is calculated as RLCT <N5> = (UB — LB)/Ns,
where UB and LB are respectively the expected upper and lower bounds of the confidence
interval for N5. In Table 1, the Monte Carlo standard errors, RRMSE <N5) /1000'/2, of
RB (N5> are also provided in parenthesis. They show that N; has a negative bias which

is important in scenario ED?2.
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Table 1: Simulation results for the estimation of N5 under the robust design model for M},
with p* = 0.3, 0.5, ¢ = 0.6, 0.8 and three scenarios for the entry process. All the results

are presented in percentages

¢ p* Scenario  RB(N;)  RB(E(v(N5))) RRMSE 95% Cov. RLCI(Ns)

RD  -0.02 (0.14) 12.79 4.54 93.3 18.34

05 EDI  -0.94 (0.15) 14.92 4.73 95.9 19.58
ED2  -6.68 (0.26) -63.23 8.12 74.2 18.99

- RD -2.2 (0.25) 5.8 7.8 95.5 30.7
0.3 EDI  -3.28 (0.24) 11.41 7.54 95 30.54
ED2  -9.17 (0.35) -53.08 11.19 78.9 29.44

RD 0.72 (0.29) -0.76 9.31 93.9 35.3

0.5 ED1I  -0.2(0.30) -2.45 9.6 93.4 36.12
o ED2  -11.36 (0.48) -63.83 15.10 72.4 34.56
RD  -4.34 (0.46) 8.35 14.61 93.3 58.12

0.3 ED1  -53(0.50) -5.16 15.7 93.7 58.14
ED2  -17.98 (0.73) -60.07 23.17 73.8 55.59

Additional simulations, using 1000 replications, were carried out for scenario ED2 to
investigate whether the relative change in population size, defined as inc = (N35 — N5)/Ns,
could be estimated accurately even if absolute population estimators were biased. The
set-up of this second simulation is presented in Figure 1: after a burn-in period of 21 PSPs
data are collected in weeks 1 to 9; this is used to estimate 5. Starting on week 10 daily

births are multiplied by 1+ inc and the process runs for 29 more weeks. Data are collected
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in weeks 31 to 39 to estimate Njs.

B B x (1 +inc)
Increase
9 PSPs 9 PSPs

/_/% /_/%

1 ~— 22 30 52 60 weeks
Burn-in
I T
1 39
Ng, N35

Figure 1: Data simulation process

For each replication i, the relative increase iﬁci = <N357,~ — Nm) /N5Z is calculated. A
bootstrap variance for inc, calculated using 100 bootstrap samples, was computed using
the formula v <zﬁc> = (N35/N5)2 X [v {log (]%) } +v {log <N35) }] , Where v {log (N5> }
and v {log <N35>} are the bootsrap variances for log <N5) and log (Ngg,) respectively; the
95% confidence interval for inc is {z’ﬁc £ 1.964 /v <zﬁc>] . The bias of inc, with its Monte
Carlo standard error, its root mean squared error and the coverage of its 95% confidence
interval are reported in Table 2. In general, the population increase is well estimated and
the bootstrap confidence level is equal to the target value. In most cases, there is a small
positive bias, which is always less than 10% of the true value of inc. Relatively large RMSEs

are found when both p* and ¢ are small.
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Table 2: The bias, with its Monte Carlo standard error in parenthesis, the root mean
squared error and the 95% coverage of the estimator of inc. The results are expressed in

percentages.

¢ p* inc  B(inc) RMSE(inc) 95%Cov.
20 0.45 (0.2) 8 98
0.5 50 0.08 (0.3) 9 96
80 0.26 (0.3) 10 98
08 20 0.71 (0.4) 12 97
0.3 50 0.8 (0.5) 14 97
80 0.59 (0.7) 24 97
20 0.74 (0.5) 16 96
0.5 50 1.75 (0.7) 21 94
80 -1.40 (0.7) 22 94
00 20 2.32 (1.0) 32 95
0.3 50 1.82(1.1) 35 94
80 5.30 (1.3) 42 95

F. Robustness investigations

The robustness of the estimates obtained was investigated by fitting the same model to
capture-recapture data from a different metropolitan area. The two sets of estimates for
{pt} are provided in Figure 2. They are very similar supporting the statement that the

capture mechanism is the same in the two metropolitan areas.
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Figure 2: Evolution of the detection probability for 76 weeks and for Metropolitan Area
(MA) 1 and 2.
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Alternative data sets were created by removing the first few days of data. In Figure 3,
the Sunday data set is the original data set. The Monday one is obtained by dropping the
first day: a PSP starts one day later than in the original data. In the Tuesday data set, it
starts two days later. The population size estimates appear to be invariant with respect to

a redefinition of the starting day of a PSP.

G. Demographic parameter and capture probability estimates for

the app data

In this section, estimates of the demographic parameters and the capture probabilities are
presented along with their coefficients of variation. The results are presented for the first
20 weeks of the experiment ; results for the 76 PSPs can be obtained in .xlsx file named
Estimations provided as a supplementary material.

Figure 4 present boxplots of the relative efficiencies computed with respect to the robust
design estimators for the 76 PSPs; for the Jolly Seber estimators this efficiency is defined
by {CV(N/5)/CV(NEP)}2. The results show that the robust design provides estimates
of N; that are much more efficient that those of the closed population and the Jolly-Seber
models. Furthermore, the gain in precision is more important for the closed population

estimates.
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Figure 3: Evolution of the population size for 76 weeks and for three starting days (Sunday,
Monday, Tuesday) for the PSPs.
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Efficiency (Squared Coefficient of Variation)

Robust Desig'n vs Clo.Pop. Robust Design'vs Jolly-Seber

Figure 4: Efficiency comparison (Squared Coefficient of variation) between the robust de-
sign estimate of IV; and those obtained under models M), closed population and Jolly-Seber.
The relative efficiencies are calculated with 1000 bootstrap samples and their values from

the 76 PSP plotted.
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Table 3: Clientele size estimates and their coefficients of variation for the first 20 weeks of

the experiment, under models M, for a closed population, Jolly-Seber and M}, .

Parameter Closed Pop. Robust Design M), Open Pop.
M 387 (27) 387 (27) -

Ny 672 (22) 438 (17) 315 (26)
Ns 461 (21) 327 (14) 275 (18)
Ny 708 (26) 487 (16) 411 (21)
Ns 291 (26) 345 (14) 365 (16)
N 446 (24) 416 (13) 405 (17)
Ny 290 (27) 312 (13) 317 (15)
Ns 375 (27) 457 (15) 492 (18)
Ny 300 (27) 383 (14) 416 (17)
Nio 311 (24) 370 (13) 392 (15)
Ny 332 (25) 349 (12) 354 (15)
Nis 280 (23) 316 (12) 327 (13)
Nis 355 (24) 367 (12) 370 (14)
Ny 368 (28) 428 (13) 446 (16)
Nis 465 (25) 497 (13) 509 (16)
Nig 248 (22) 379 (12) 464 (15)
Ni7 636 (48) 587 (21) 565 (28)
Nig 292 (37) 601 (21) 793 (28)
Nig 560 (49) 751 (22) 818 (29)
Nao 212 (41) 440 (20) 533 (26)
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weeks of the experiment, under Jolly-Seber and M}, models.

Table 4: Survival probability estimates and their coefficients of variation for the first 20

Parameter Closed Pop. Robust Design M), Open Pop.
b1 - 0.964 (6) 0.810 (3)
é2 - 0.554 (12) 0.543 (15)
s - 0.768 (11) 0.742 (12)
4 - 0.632 (12) 0.689 (14)
&5 - 0.835 (9) 0.804 (9)
P - 0.642 (12) 0.656 (14)
b7 - 0.869 (8) 0.896 (8)
b5 - 0.766 (11) 0.784 (12)
o - 0.704 (12) 0.699 (14)
10 - 0.705 (11) 0.694 (13)
o : 0.699 (10) 0.707 (11)
b12 - 0.842 (9) 0.835 (9)
P13 - 0.894 (7) 0.912 (7)
P14 - 0.829 (9) 0.826 (9)
P15 - 0.755 (10) 0.873 (10)
16 - 0.872 (7) 0.749 (9)
o : 0.648 (20) 0.749 (23)
s - 0.988 (8) 0.932 (10)
o - 0.715 (17) 0.776 (20)
$20 - 0.758 (14) 0.691 (17)
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Table 5: Capture probability estimates and their coefficients of variation for the first 20

weeks of the experiment, under models M), for a closed population, Jolly-Seber and M, .

Parameter Closed Pop. Robust Design M), Open Pop.
i 0.256 (25) 0.256 (22) -

I 0.222 (20) 0.324 (16) 0.474 (27)
Di 0.310 (18) 0.418 (13) 0.520 (19)
; 0.191 (23) 0.266 (16) 0.328 (22)
Di 0.347 (23) 0.299 (15) 0.276 (18)
Dé 0.287 (22) 0.305 (14) 0.316 (19)
P 0.352 (24) 0.330 (14) 0.321 (16)
Ds 0.304 (25) 0.255 (16) 0.232 (20)
Dq 0.334 (24) 0.269 (15) 0.240 (19)
Do 0.354 (22) 0.303 (13) 0.281 (17)
Dh 0.310 (23) 0.297 (13) 0.291 (16)
Dl 0.368 (20) 0.331 (12) 0.315 (14)
Dis 0.310 (21) 0.301 (13) 0.297 (16)
P 0.290 (26) 0.254 (15) 0.240 (18)
P 0.267 (23) 0.251 (14) 0.244 (17)
Dis 0.455 (20) 0.317 (13) 0.243 (17)
P 0.123 (48) 0.142 (22) 0.149 (29)
Dis 0.195 (34) 0.101 (22) 0.072 (30)
P 0.138 (51) 0.104 (22) 0.094 (29)
P 0.063 (42) 0.120 (21) 0.094 (27)
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Table 6: Estimates of new arrivals and their coefficients of variation for the first 20 weeks

of the experiment, under Jolly-Seber and M}, models.

Parameter Closed Pop. Robust Design M), Open Pop.
B, - 65 (62) -

B, - 84 (90) 20 (534)
By - 236 (29) 262 (38)
B, - 37 (189) 60 (346)
Bs - 128 (43) 153 (45)
Bg - 45 (134) 0 (382)

B - 186 (34) 284 (38)
Bq - 33 (146) 0 (198)

By - 100 (59) 66 (120)
Big - 88 (63) 81 (106)
By - 72 (76) 81 (118)
By, - 101 (43) 139 (50)
Bis - 100 (49) 137 (66)
Biy - 142 (48) 102 (72)
Bis - 3 (263) 44 (190)
Big - 256 (40) 160 (56)
By - 221 (86) 370 (177)
Bis - 157 (73) 224 (74)
Big - 0 (237) 0 (315)

Bag - 243 (70) 178 (98)

31



