Supplementary Material for “Statistical Inference in a
Directed Network Model with Covariates”

This supplementary material contains the histograms of the estimated out-degree and in-
degree parameters for the Sino Weibo data, the proofs for Theorems 1 and 3, and the proof of
Lemma 4 in the main text. Section 2 presents the preliminaries that will be used in the proofs.
The proofs of Theorems 1 and 3 are in sections 3 and 4, respectively. Section 5 presents the

proof of Lemma, 4.

1 Histograms of estimates of degree parameters fitted

in the Sino Weibo data

Figure 1 provides the histograms of &;’s and ﬁ}-’s for the Sino Weibo data with 2242 nodes.

Histogram of the estimates of in-degree parameters Histogram of the estimates of out-degree parameters
o o
o o T
< wn
o
s |
o N <
s | —
@
o
S
> > @ —
o o
[= f= |
() o ()
=] o - =}
o o o
[ — o
w w o
S
o
o
S |
- o
S |
o o —
[ T T T T T 1 [ T T 1
-2 -1 0 1 2 3 4 -8 -6 -4 -2
A
B &

Figure 1: The histogram of the estimates of the in-degree (left) and out-degree (right) param-
eters in the Sino Weibo data.



2 Preliminaries

We first restate Lemma 1 giving the upper bound of the approximate error using S to approx-

imate the inverse of the matrix V' in the main text here for clarity.

Lemma 5. If V € L,(m, M) with M/m = o(n), then for large enough n,

_ ClM2
VII-9| < ——
V=Sl < e,
where ¢y is a constant that does not depend on M, m and n, and ||A|| := max; ; |a; ;| for a

general matriv A = (a; ;).

Let D be an open convex subset of R*~1 Q(x,r) denote the open ball {y € R*! :
|x — ¥|loo < r} and Q(x,7) be its closure, where x € R*"~1. In order to characterize the rate
of convergence of the Newton’s iterative sequence for the function defined in equation (7) in

the main text, we quote the theorem 7 from Yan et al. (2016), stated as one lemma below.

Lemma 6 (Yan et al. (2016)). Define a system of equations:

Fi0)=di— Y flai+B), i=1,....n,

k=1,k#i

where f(-) is a continuous function with the third derivative. Let D C R*"™! be a convex set

and assume for any X,y,v € D, we have

1P/ () = F' ()] oo < K% = ¥llocllVllo (1)
_max [[F/(x) = F(y)]leo < Kallx = ¥lloo, (2)

where F'(0) is the Jacobin matriz of F on @ and F}(0) is the gradient function of F; on
6. Consider 8° ¢ D with Q(0©,2r) ¢ D, where r = ||[F'(8)] ' F(0")| . For any
0 € Q00 2r), we assume that F'(8) € L,(m, M) or —F'(8) € L,(m,M). Fork=1,2,...,
define the Newton iterates 0% = 0% — [F"(0")]-1F(0W). Let

01(271 — 1)M2K1 K2
2m3n? (n—1)m’

p= (3)



If pr < 1/2, then 0% ¢ Q(O(O), 2r), k=1,2,..., are well-defined and satisfy
10V — 0Ol <r/(1— pr). (4)

Further, limy,_,o. 0% exists and the limiting point is precisely the solution of F(0) =0 in the

range of 0 € QO 2r).

Regarding the asymptotic normality of g; — E(g;), we note that both d; = i @i and
bj = > 4z ar,; are sums of n — 1 independent Bernoulli random variables. By the central
limit theorem for the bounded case in Loéve (1977, p.289), we know that v_1/2(d — E(d;))
and v;iégn +j(bj —E(bj)) are asymptotically standard normal if v;; diverges. Since we assume
that Z;;’s lie in a compact subset of R? and the parameter space © of covariate parameters is

compact, we have for all 7 # 7,

.
max | Z;;y| < £, (5)

2

where  is a constant. Since e”/(1 + €*)? is a decreasing function on x when x > 0 and an

increasing function when z < 0, we have

* T *
(n . 1)62”0 loo+5 eZU'y +oi+5; n—1

- < vy = < L i=1,...,2n. (6)
(1 + e2lle HooJrli)? ; (1 + eZiE’Y +aj +5j)2 4
When ||0%||o < Tlogn for 7 < 1/24, both the lower and upper bounds go to co as n — oc.

Thus, we have the following proposition.

Proposition 1. Assume that A ~ P g« with v* € L. If el®ll= = o(n'/2), then for any fized
k> 1, asn — 0o, the vector consisting of the first k elements of S{g —E(g)} is asymptotically

multivariate normal with mean zero and covariance matrix given by the upper left k x k block

of S.

3 Proofs for Theorem 1

The proof is similar to the proof of Theorem 1 in Yan et al. (2016) and we only give the
different steps here. Recall the definition of F., (@) in equation (7) in the main text. For
notation convenience, we suppress the subscript v in F.(6) here. Then the Jacobin matrix

F'(0) of F(0) can be calculated as follows. Fori=1,...,n,

Z” Y+ai+B

OF; OF;
aal 07 I 7n7 % Z) aO[,L . Zk 1 + eaz+ﬁk)27




aFl €Z£7+ai+6j OFZ

- ) .:1,..,7 _]_7 . ’ _:0
aﬁj (1 + 6Z;;7+ozi+ﬁj>2 J n J 7§ 7 aﬂl
and for j =1,...,n—1,
OFpnyj _ eZirterts, =1 n, l# j; OF sy 0
dar (14 cZorrethyet T i =0
o= i AN BN Y
o5 k=1;k+#;j (1+ €Z£7+0‘k+/8j)27 9B ’ e .

It is easily verified that —F"(0) € L,,(m, M). Thus Lemmas 5 and 6 can be applied. Note that
~* and 0" denote the true parameter vector. For every v € O, the constants K, K, and r in

Lemma 6 are given in the following.

Lemma 7. Take D = R*"* and 8°) = 0" in Lemma 6. Assume that v € © and

max{iirllax |d; — E(d;)|, max 1b; —E(b))|} < \/(n —1)log(n —1). (7)

..... n Jj=1,...,n
Then we can choose the constants Ky, Ky and r in Lemma 6 as

n—1 < (logn)/?

Klzn_]-a KQZ 9 ) = n1/2

6]|0* 2/|0*
(cnne®0 1 4 el

where ¢11 and c19 are constants.

Proof. The proof is similar to the proof of Lemma 2 in Yan et al. (2016). Note that —F’(8) €

Lon_1(my, M,), where
1 o216 loctr

A (1 + 210" llootr)2°

M, =
The left proof only requires verification of the fact that all the steps hold when we replace
F!/(0) in Yan et al. (2016) with the new expression here.

O

Since the out- and in-degree of each node are a sequence of independent Bernoulli random

variables, Lemma 3 in Yan et al. (2016) assures that condition (7) holds with a large probability.

Lemma 8 (Lemma 3 in Yan et al. (2016)). With probability at least 1 — 4n/(n — 1)?, we have

max{mzax |d; — E(d;)|, max b; —E(b)|} < +/(n—1)log(n — 1).

Combining the above two lemmas, we have the result of consistency.

4



Proof of Theorem 1. Assume that v € © and condition (7) holds. Recall the Newton’s iterates
") = k) _ [F/(@")) 1 F(0W) with 0 = 0*. Let r = O((logn)"/2e819"len=1/2) given in
Lemma 6. If 8 € Q(0",2r), then —F'(0) € L, (m, M) with

2016 [loo-+2r+5)

M =

1
A R R T P

Then similar to derive the bound of pr in the proof of Theorem 1 in Yan et al. (2016), by

Lemma 7 and condition (7), we have for sufficiently small r:

O ( (10g n)1/2€12||9*||oo )
pr = .

nl/2

Therefore, if ||0*|| s < 7logn, then pr — 0 as n — co. Consequently, by Lemma 6, lim,, b\(n)

exists. Denote the limit as 5, then it satisfies

. low 1) 1/26816% 1
||e—e*||ooszr—0((0g”) ¢ )_o<1>.

nl/2

By Lemma 8, condition (7) holds with probability approaching one, thus the above inequality
also holds with probability approaching one. Here, 5(’7) depends on « and the above inequality
holds for every 4 € ©. Since 4 € O, it shows the consistency of the MLE 6. Since the likelihood

is convex, if @ exists, then it is unique. O

4 Proofs for Theorem 3

The method of the proof of Theorem 3 follows the proof of Theorem 2 in Yan et al. (2016).

Before proving Theorem 3, we first establish two lemmas.
Lemma 9. Let R=V "' — S and U = Cov[R{g — Eg}|. Then

3(1 + 2197 leetryd

-1
| <|v="'-s|+ 1A T3 (1) (8)

Proof. Note that
U=WVW' ={V"'-5)-S(I-VS),

where [ is a (2n — 1) x (2n — 1) diagonal matrix, and by the inequality (C3) in Yan et al.

(2016), we have
3(1 + 2187 llootryd
464\\9*||oo+2n(n _ 1)2'

{SU =V S)hiyl <




Thus,

3(1 + 219"l

U < [V =S|+ 1SUzny — VS| < IV =S| + 1A T 25 (5 — 172

]

Lemma 10. Assume that the conditions in Theorem 1 hold. If ||0*||o < Tlogn and T < 1/40,

then for any 1,

0 —0; = (VA)] g —E(g)})i + o,(n"1?), 9)

where V(5) is a matriz by replacing v in V with its estimator 7.

Proof. The proof follows the same line of arguments as the proof of Lemma 9 in Yan et al.
(2016). The main difference is that the Taylor expansion for g — E(g) contains one more
term since it has the covariate term. We only present the different steps here. Let é\” =

a; + Ej — aj — B;. Specially, by Taylor’s expansion, for any 1 <i# j <n,

o2 ATai+B; o ZiAtai By A
5 Tl raiar — =&+ hij,
1+ eZ,E’y-&-OéH-ﬁj 14+ ezij’7+ai +5; (1 + ezij'H'o‘i +63 )2
where X R
o2t +B5 61,56 (1— eZ£v+a;‘+B;+¢i,j£i,j) o
B — _ 2
w (1+ eZ;;;Y\+af+B;+¢i,j£i,j)3 L
and 0 S Qbi,j S 1. Let
eZ;'J—ﬁ—i—ai—f—,Bj €Z£7*+a2‘+ﬁ}‘ ZJBZZ-E’)’Jra;‘Jrﬁ;

tij: -7,

g et 1y QA reitsy (1+ ez£ﬁ+a;+ﬂj)2

where 4 lies in between 4 and ~4*. In the above equation, the second equation is due to the

mean value theorem. By the likelihood equation (3) in the main paper, we have
g—E(g) = V(3)(0—6") +h+t,
where h = (hl, . ,hanl)T, t = (tl, c. ,thfl)T and,

n . n .

hi =Y peipgi higer T =1, n by = 300 gy P, i =1, n— 1,
n . n .

ti = Zk:l,k;&iti,kv =10ty = Zkzl’k?éitk’i’ 1=1,...,n—1.

Equivalently,
0-0"=[VAH) (g-E@®)+[VA) h+[VE)'t. (10)



The upper bound for |[V' ()] 7't);| can be derived as follows. By noting that e®/(1+¢*)=1/4

and Z;; is bounded by a constant, we have

i
il < 717 =" lloos

where ¢ is a constant. Therefore,

It | |t2n|

2n,2n

(V@] )il < ISt + I[RA)E] < + [ Rlloo x [(2n — 1) max [t:]] = o(n™'/?).

]

Proof of Theorem 3. Note that equation (10) holds. By Lemmas 9 and 10, if ||0"||.. < Tlogn
and 7 < 1/44, then

(6 8); = [SH){g — E@)}]; + 0,(n"V2).

Since [S(7)],x» is a consistent estimator of S,, for a fixed r, Theorem 3 follows directly from

Proposition 1. O

5 Proof for Lemma 4

Since a;;’s for 1 < 1 # j < n are independent random variables and s3_(v*,0") is only
associated with the random variable a;;, the n(n — 1) random variables 3, (v*,0%) (1 < i #
j < n) are also independent. Next, we will show that s7 (v*,8") is a bounded random vector.
Since s,,,(v*,0%) is a bounded random vector, it is sufficient to show that H.gHgg sg,,(v*, 0")

is bounded.

By calculations, we have

> iz Pif(L=pij)Zij D isn Pin(L — Pin) Zin

—H. S i = 5 , = 17 ceey by

(=Hse5), Vij * Vop 2n ' "

(—Hy0S) e — Zi# pij(1 = pij) Zij B Z#npm(l — Pin) Zin i1 n
7 e Un+j,n+j 'U2n,2n ’ ’ ’

Therefore,
i Pij (1 — pij) Zij i Dig (1 — Dij) Zi
(—qus)ﬂjzzﬁé i i) J_{_Z;éj i i) 2 (11)

(%7} Un+j,n+j




By lemma (5), we have

01M2 1
[HyoW || < (20— 1) % i — 1) 121 (12)
Combining (11) and (12), we have
[(—Hee)(—Hee) " Tl
= |(_H708Tij)k - (H“/BWTZ'J')H
24 Dij (1 — Dij) Zij i Dig (1 — pij) Zi M? 1
< Z];ézpj( Pij) Zijk 4 Z#pr( Pij) Zijh +2(2n— 1) x 301 % 1 Ziall
Vii Untj,n+j m3(n — 1) 4
= 0O(1).
Since
pZirtaith;

(—Hy0)(—Hoo) 50, (", 0%) = (—Hyo)(—Hoo) " T3 (a5 — s o Zirarts; )’

it shows that each element of HygHgg s, (7", 0") is bounded. It can be checked that

i g
= > > pi(1 = pi) (252 — 2Zi5(HaoHog Tj) " + HyoHog Ty T) Hog Holg
= NI,(v").

Then Lemma 4 follows by the central limit theorem for the bounded case in Loéve (1977,

p.289).
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